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REGULARIZATION OF SINGULAR STURM-LIOUVILLE
EQUATIONS

ANDRII GORIUNOV AND VLADIMIR MIKHAILETS

ABSTRACT. The paper deals with the singular Sturm-Liouville expressions
Uy) =—(py") +ay

with the coefficients

q:Q/7 1/p7Q/p7Q2/pEL17
where the derivative of the function @ is understood in the sense of distributions.
Due to a new regularization, the corresponding operators are correctly defined as
quasi-differentials. Their resolvent approximation is investigated and all self-adjoint
and maximal dissipative extensions and generalized resolvents are described in terms
of homogeneous boundary conditions of the canonical form.

1. INTRODUCTION

This paper studies operators generated by the differential expressions

(1) y) = —(py) (1) +qy(t), ted
on a finite interval J := (a,b).
If the coefficients in (1) are real-valued and

(2) qeC(T), 0<pel(T),

then the equation I(y) = f is a differential Sturm-Liouville equation that has been
investigated quite comprehensively. A modern exposition of the classical Sturm-Liouville
theory may be found in many studies. Principal statements of this theory remain true
under the weaker assumptions

(3) ¢,1/p € L1 (J,C) =: L,

see [1] and references therein. This is achieved through a regularization of the expres-
sion I(y) applying Shin-Zettl quasi-derivatives. They were introduced in [2] and later
generalized in [3], see also [4].

A further essential development of that approach was achieved in the paper [5]. It
was proved there that if p(t) = 1, then the condition on ¢ may be significantly weakened.
Namely, it is sufficient to suppose that

(4) p(t)E 1, q:le Q€ Ly (j,(C) =: Lo,
where the derivative of the function () is understood in the sense of distributions. Note
that the one-dimension Schrédinger operators with potentials that are Radon measures

were introduced and investigated long before that by physicists applying operator theory
methods (see [6] and references therein).
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The main goal of this paper is to define and investigate Sturm-Liouville operators on
a finite interval J under the assumptions more general than those in (3) and (4),

(5) ¢=Q', 1/p.Q/p.Q°/p € L.

To achieve this goal, in Section 2, we propose a new regularization of the formal
differential expression (1) under assumptions (5) by means of Shin-Zettl quasi-derivatives.
We also define the corresponding maximal and minimal operators on the Hilbert space
L. If conditions (3) hold, then these operators coincide with the classical ones and,
under assumptions (4), they are identical to the operators introduced in [5].

Section 3 shows that, in the case of two-point boundary conditions, resolvents of the
constructed operators may be approximated in the sense of the norm with resolvents of
other Sturm-Liouville operators; for instance, ones that have more regular coefficients.

In Section 4, the minimal operator is supposed to be symmetric and all its self-adjoint
extensions are described in terms of the homogeneous boundary conditions of the canon-
ical form.

In addition, in Section 5, all maximal dissipative extensions and generalized resolvents
of the minimal symmetric operator are described in the same form.

Extensions in Sections 4 and 5 are described by applying the boundary triplet theory
(see [7] and references therein). They are parametrized by certain classes of operators
on C?, and this parametrization is bijective and continuous. Also, separated boundary
conditions are singled out.

Note that in the case where p(t) = 1, the results of Sections 3 and 4 improve the
corresponding results of [5] where stronger conditions are required for the approximation,
and self-adjoint extensions are described on the basis of the Glazman-Krein-Naimark
theory. Results of Section 5 deal with the questions not considered in [5].

2. REGULARIZATION OF SINGULAR EXPRESSION

Consider the formal differential expression (1), assuming that conditions (5) hold. We
introduce the quasi-derivatives

DUy =y,
DMy = py’ — Q.

2
DBy = (DMyy + %Dmy + %y

Then expression (1) is defined to be the quasi-differential expression
I[y] := —DPly.
Definition 1. A solution of the Cauchy problem for the resolvent equation
(6) W) =2y =1€Ls, ylc)=ar, (DMy)(c)=as,
where ¢ € J and a1, as are arbitrary complex numbers, is defined to be the first com-

ponent of the solution of the Cauchy problem for the correspondent system of the first
order differential equations

(7) w'(t) = A(w(t) +¢(t), w(ec) = (o, ),
where w(t) = (y(t), D!My(t)), the matrix-valued function is
Q 1
AN(t) = ( _Cﬁp_ \ _pQ ) € L3

and () := (0, —f(t)).

Lemma 1. Problem (6), with assumptions (5), has only a unique solution defined on J .
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Proof of Lemma 1. Problem (7) with Ay(-) € foz has only a unique solution for any
c € J and (ay, az) € C? due to Theorem 1.2.1 [1]. This implies the statement of Lemma
1 by Definition 1. O

The quasi-differential expression I[y] gives rise to the mazimal quasi-differential oper-
ator

Linax 1y — Uy, Dom(Liax) = {y € Lo )y,D[”y € AC(J,C), D%y ¢ L2}

on the Hilbert space Lo (see [3, 4]). The minimal quasi-differential operator is defined
as a restriction of the operator L. onto the set

Dom(Luin) = {y € Dom(Lax) |DMy(a) = DFy(b) = 0,k = 0,1 } .

Remark 1. One can easily see that if ) is replaced with C~2 =@ + ¢, ¢ € C, then the
operators Ly ax, Limin do not change.

If the coefficients in (1) satisfy (3), then the operators Lyax, Lmin introduced above
coincide with the usual maximal and minimal Sturm-Liouville operators [1].

Consider the expression
(y) = =@y (t) +at)y(t),

formally adjoint to (1), where the bar denotes complex conjugation. Denote by Lt and
Liﬁn the maximal and the minimal operators generated by this expression on the space
Ls. Then results of this section, together with results of [4] for general quasi-differential

expressions, yield following theorem.

Theorem 1. The operators Lyin, L:;in, Liax, L., are closed and densely defined on
the space Lo,
L:nin = L;;ax? Lfnax = le’_lin'

In the case where p and Q are real-valued, the operator Ly, = Ljﬁ 18 symmetric with

the deficiency index (2,2), and

* _ *
min Lmaxa Lmax

n

= Lmin'

3. APPROXIMATION OF RESOLVENT
Consider the class of quasi-differential expressions I.[y] = —DE]y with the coefficients
Pesq= = QL, €€ [0,&0].

On the Hilbert space Lo with norm || - ||2, these expressions generate the operators
LE,.. for every e. Let a(e), 3(e) € C**? be matrices and consider the vectors

Vo) = {y(@), Dly()},  2.(0) == {y(b), DLy(0) } € C*.
Consider the quasi-differential operators
Loy =l.[y], Dom(L.) = {y € Dom (L) ca(e)Ve(a) + B(e) Ve (b) = 0}
It is evident that L%, C L. C L% e €0, eq].

min max?

We denote by p(L) the resolvent set of the operator L. Recall that the operators L.

LE

min?

converge to the operator Ly in the sense of the norm resolvent convergence, L. i Ly, if
the there is a number p € C such that u € p(Lg) and p € p(L.) (for all sufficiently small
g), and
Mo =) = (Lo —p) =0, e—0+.
This definition does not depend on the choice of the point p € p(Lg) [8].
In the case where the matrices a(c), 3(¢) do not depend on € and p.(t) = 1, it is shown
in [5] that if ||Q. — Qoll2 — 0 for € — 0+ and the resolvent set of the operator Ly is not

empty, then L. Eid Lg. The following theorem generalizes this result.
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Theorem 2. Suppose p(Lg) is not empty and, for e — 0+, the following conditions hold:
(1) 11/pe = 1/pollx — O,
(2) 1Q</p- — Qo/poll1 — 0,
(3) 1Q2/p — Q3 /pollr — 0,

(4) a(e) = a(0), B(e) — 6(0),

where || - ||1 is the norm in the space L1(J,C). Then L. £ Lo.

Remark 2. In the case where p.(t) = 1, condition (1) is automatically fulfilled and
conditions (2) and (3) are weaker than the assumption that ||Q: — Qoll2 — 0.

To prove Theorem 2 we will need some auxiliary results.
We start by introducing the following definition ([9, 10]).

Definition 2. Denote by M™(J) =: M™, m € N, the class of matrix-valued functions
R(:e) 1 [0,&0] — LT
parametrized by e such that the solution of the Cauchy problem
Z'(t;e) = R(t;e)Z(t;e), Z(aje) = I,
satisfies the limit condition
Jim [|Z(5€) = Imllc =0,

where || - ||¢ is the sup-norm.
In paper [10], the following general result is established:
Theorem 3. Suppose that the vector boundary-value problem
(8) y'(tie) = Alte)y(tie) + f(tie), ted, e€l0,e,

(9) Uey(se) =0,
where the matriz-valued functions A(-,e) € LT"*™, the vector-valued functions f(-,€) €
LT, and the linear continuous operators

U.:C(J;C™) —C™, mEeN,
satisfy the following conditions.
1)  The homogeneous limit boundary-value problem (8),(9) with e =0 and f(-;0) =0
has only a trivial solution;
2) A(se) — A(50) e M™;
3) |U:=Uol| =0, e€—0+.

Then, for a small enough e, there exist Green matrices G(t, s;e) for problems (8), (9)
and, on the square J X J,

(10) IG(s58) =G5 0)lo0 = 0, & — 0+,
where || - ||oo s the norm in the space Lo,

Remark 3. Condition 3) in Theorem 3 cannot be replaced with the weaker condition on
the operator U, to strongly converge, U. = U [10]. However, one can easily see that,
for the two-point boundary operators

Usy = Bl(g)y(a’) + BQ(E)y(b)7 Bk(g) € (Cme7 k= 17 27
both the strong convergence and the norm convergence conditions are equivalent to
|Bi(e) = Br(0)[| = 0, e—0+, k=12
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There are different sufficient conditions for the matrix-valued function R(-;¢) to belong
to M™. In particular, the results of [11] give that conditions (1), (2), (3) of Theorem 2
imply
A(e) = A(50) € M,
where the matrix-valued function A(-;¢) is given by the formula
Q:/pe 1/pe > 2x2
11 A(e) = e Li7”.
( ) ( ) < _Qg/pe _Qs/pe !
Before proving Theorem 2, we will need the following two lemmas require to reduce
Theorem 2 to Theorem 3.

Lemma 2. The function y(t) is a solution of the boundary-value problem
(12) L[yl(t) = f(t;¢) € L2, € €[0,0],
(13) a(e)Ve(a) + B(£)Ye(b) = 0,

if and only if the vector-valued function w(t) = (y(t),DE]y(t)) is a solution of the
boundary-value problem

(14) w'(t) = A(t;e)w(t) + o(t;€),
(15) a(e)w(a) + Behuw(b) = 0,
where the matriz-valued function A(-;e) is given by (11) and o(-;¢) := (0, —f(-;€)).

Proof of Lemma 2. Consider the system of equations

(0] _ Qe(t) o L o
(Dey(1)) PO D¢ y(t)+p€(t)D€ y(t),
1 , Q) Q:(t) n ,

Let y(-) be a solution of (12), then the definition of a quasi-derivative implies that y(-)
is a solution of this system. On the other hand, denoting w(t) = (Dg)]y(t), Dy]y(t)) and
o(t;e) = (0, —f(t;€)), we rewrite this system in the form of equation (14).

Taking into account that V. (a) = w(a), Ve(b) = w(b), one can see that the boundary
conditions (13) are equivalent to the boundary conditions (15). O

Due to Lemma 2, that statement that

(U) the homogeneous boundary-value problem lo[y](t) = 0, «(0)Vo(a)+3(0)Vo(b) =
0, has only a trivial solution

implies that the homogeneous boundary-value problem
w'(t) = At 0)w(t),  a(0)w(a) + B0)w(b) =0
has only a trivial solution.
Lemma 3. Let a Green matrix
G(t,s,€) = (gi5(t, 3))?,;‘:1 € L

exist for the problem (14), (15) for small enough €. Then there exists a Green function
T'(t,s;€) for the semi-homogeneous boundary-value problem (12), (13) and

T'(t,s;e) = —g12(t, s;¢)  a.e.

Proof of Lemma 3. According to the definition of a Green matrix, a unique solution of
problem (14), (15) can be written in the form
b
we(t) = /G(t,s;a)gp(s;s)ds, te J.

a
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Due to Lemma 2, the latter equality can be rewritten in the form

b

DOy (1) = / gua(t, :6)(—f(s:€))ds,
ab

Dty (1) = / gon(t,5:€)(—F (5:.2))ds,

where y.(-) is a unique solution of the problem (12), (13). This implies the statement of
Lemma 3. |

Proof of Theorem 2. Note that, due to the equality
(Q=+ 1) /pe = (Qo + 1)* /po = (QZ/pe — Q3 /po) + 214(Qe /pe — Qo /o) + 1*(1/pe — 1/po),

where u € C, conditions (1)—(3) of Theorem 2 imply that we can assume without loss of
generality that 0 € p(Ly).

We need to show that sup ||[L-'f — Ly f|| — 0, & — 0+

[l £ll2=1

The equation LZ!f = y. is equivalent to L.y. = f, i. e., y. is a solution of problem
(12), (13). Also the statement (i) is verified due to 0 € p(Lg). From the conditions 1)-3)
of Theorem 2, it follows that A(-;e)—A(+;0) € M?, where A(+; €) is given by formula (11).
Thus statement of Theorem 2 implies that the problem (14), (15) satisfies conditions of
Theorem 3. This means that Green matrices G(t, s;€) of the problems (14), (15) exist
and the limit relation (10) is satisfied. Taking into account Lemma 3 this yields limit
equality

IT(,5e) =T(,50)]]oo =0, £€—0+.

Then
e BT / (t,512) — T(t, :0)] f(s) ds]la
<®-a)V? swp | / IT(t,5:€) — T(t, 5:0)[ |£(5)] dsl|c
[[fll2=1
b_a)||1—‘(77)_ e )HOO_)O 5_>0+7
which proves Theorem 2. O

For the case p.(t) = 1, a statement stronger than Theorem 2 was proved in [12].

4. SELF-ADJOINT BOUNDARY CONDITIONS

In what follows we will require the functions p, @ and, consequently, the distribution
¢ = Q' to be real-valued. In this case, the expression [[y] is formally self-adjoint [4] and,
according to Theorem 1, the minimal operator Ly, is symmetric. So one may pose
a problem of describing (in terms of homogeneous boundary conditions) all extensions
of the operator L, that are self-adjoint in the space Ls. To give an answer to this
question, we will apply the concept of the boundary triplet.

Let us recall following definition.

Definition 3. Let L be a closed densely defined symmetric operator in a Hilbert space
‘H with equal (finite or infinite) deficient indices. The triplet (H,T'1,T'3), where H is an
auxiliary Hilbert space and I'y, I's are the linear mappings of Dom(L*) onto H, is called
a boundary triplet of the symmetric operator L, if

(1) for any f,g € Dom (L*),

(L*f, )y — (f: L79)y = (D1 f . T29) iy — (T2 f . Thg) gy
(2) for any fi, fo € H there is a vector f € Dom (L*) such that Ty f = f1, Taof = fo.
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The definition of a boundary triplet implies that f € Dom (L) if and only if I’y f =
T'sf = 0. A boundary triplet exists for any symmetric operator with equal non-zero
deficient indices (see [7] and references therein). It is not unique.

The following result is crucial for the rest of the paper.

Basic Lemma. Triplet (C?,T1,T), where T'1,Ty are the linear mappings
(16) Ty := (D[”y(a), *D[”y(b)> , Tay = (y(a),y(b)),
from Dom(Lyax) onto C? is a boundary triplet for the operator Luyiy.

For convenience, we introduce the following notation.

Definition 4. Denote by L the restriction of the operator L., onto the set of functions
y(t) € Dom(Lyax) satisfying the homogeneous boundary condition in the canonical form

(17) (K—DTwy+i(K+1)Thy =0,
where K is any bounded operator on the space C2.

Basic Lemma together with results of [7, Ch. 3] gives the following description of all
self-adjoint extensions of Lyip.

Theorem 4. Every Ly, with K being a unitary operator on the space C2, is a self-
adjoint extension of the operator Luy,. Conversely, for any self-adjoint extension L of
the operator Ly, there is a unitary operator K such that L= L. This correspondence
between unitary operators { K} and self-adjoint extensions {E} is bijective.

We start a proof of the Basic Lemma with the following two lemmas that are special
cases of the corresponding results for general quasi-differential expressions (see [4]).
Lemma 4. Suppose y,z € Dom(Lyax). Then

b (b
/ (D[Q]y Z—y- sz) dt = (—D[O]y - DIz + DUy D[O]z)

a

Lemma 5. Suppose that {ag, a1}, {Bo, 81} are arbitrary sets of complex numbers. Then
there is a function y € Dom(Lyax) such that

D¥ly(a) = oy, DWy(b) =B, k=0,1.

Proof of the Basic Lemma. To prove the Basic Lemma, we need to prove that the triplet
(C2,T1,Ty) satisfies conditions 1) and 2) in the definition of the boundary triplet for the
operator Lmyin. According to Theorem 1, LY, = Lj,ax. Due to Lemma 4,

—_\ b
(Lmaxyv Z) - (ya Lmaxz) = (D[O]y ' sz - D[l]y ! D[O]Z>

a

But
(I1y, T2z) = DYy(a) - DOIz(a) — DYy(b) - DO2(b),
(T2y,T12) = DUly(a) - DUz(a) — DLy (b) - DI2().
This means that condition 1) is fulfilled. Condition 2) is true due to Lemma 5. g

Proof of Theorem 4. The claim in Theorem 4 follows from the Basic Lemma and Theo-
rem 1.6 Ch. 3 [7] for the boundary triplet of an abstract symmetric operator. O

Remark 4. Theorem 2, together with Theorem 4, implies that the mapping K — L is
not only bijective but also continuous. More accurately, if unitary operators K,, converge
to an operator K, then

H(LK AN = (Lk, - /\)_1H —0, n—oo, Im\#DO0.
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The converse is also true, because the set of unitary operators in the space C2? is a
compact set. This means that the mapping

K— (Lxk—X)"", Im\#0,
is a homeomorphism for any fixed A € C\ R.

Now we pass to a description of separated self-adjoint boundary conditions for expres-
sion (1).
Denote by f, the germ of a continuous function f at the point a.

Definition 5. The boundary conditions that define the operator L C L.y are called
separated if for arbitrary functions y € Dom(L) and g, h € Dom(Lax),

g,h€Dom(L) if ga=ya, 8=0, h,=0, hp=yp

Theorem 5. Self-adjoint boundary conditions (17) are separated if and only if the matriz
K is of the form (18), where K,, K, € C and |K,| = |Kp| = 1.

A proof of Theorem 5 is based on the following lemma.

Lemma 6. Boundary conditions of the form (17), with K being any C**2-matriz are
separated if and only if

K, 0
where K., K, € C.

Proof of Lemma 6. 1t is evident that y. = g, implies

(19) y(e) = g(c),  (DMy)(e) = (DMg)(c), c€ [a,b].
Let the matrix K have the form (18) in boundary condition (17). Then conditions (17)
can be written in the form of a system,

{ (K, —1)DMy(a) +i(K, + 1)y(a) = 0,
—(Ky — 1) DUy (b) + (K, + 1)y (b) = 0.

It is evident that these boundary conditions are separated.
Inversely, suppose that the boundary conditions (17) are separated. The matrix K €
C2*2 can be written in the form

K= (ke k)
We need to prove K15 = K91 = 0.
Let us rewrite the boundary conditions (17) in the form of the system
(K11 — 1)DMy(a) — Ko DMy () + (K11 + 1)y(a) + iK12y(b) = 0,
{ Ko DMy(a) — (Kaz — 1)DMy(b) + iKa1y(a) + i(Ka2 + 1)y(b) = 0.

The fact that the boundary conditions are separated implies that a function g such
that ga = ya, gb = 0 also satisfies this system. Due to equalities (19) this gives

K11 [Dmy(a) + Zy(a)i| = D[l]y(a) - iy(a)’
Ko [DWy(a) + iy(a)] =0

for any y € Dom(Lk).
This means that either Ko; = 0 or DYy (a)+iy(a) = 0 for any y € Dom(Lx). Suppose
K #0.
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Let us return to the boundary conditions (17). For any F = (Fy, F») € C?, consider
the vectors —i (K 4+ I) F and (K — I) F. Due to the Basic Lemma and the definition of
the boundary triplet, there exists a function yg € Dom(Lyayx) such that

{—i(K+I)F =T1yr,

20) (K —=1I)F =Tayp.

A simple calculation shows that yr satisfies the boundary conditions (17) and, therefore,
yr € Dom(Lg). We can rewrite (20) in the form of the system

—i(Ky1 +1)Fy — iK19F, = DMyp(a),

—iKy Fy —i(Kag + 1)Fy = —DWyp(b),
(K11 — 1)Fy + Ki2F, = yr(a),
Ko F1 + (K22 — 1)Fy = yp(b).

The first and the third equations of the system above imply that 0 = DMyp(a) +
iyp(a) = —2iF) for any F; € C. We arrived at a contradiction, therefore, Ko = 0.
Similarly one may prove Ko = 0. ]

Proof of Theorem 5. Due to Lemma 6, we only need to remark that a matrix of the form
(18) is unitary if and only if |K,| = | K| = 1. 0

5. NON-SELF-ADJOINT BOUNDARY CONDITIONS AND GENERALIZED RESOLVENTS

Recall the following definition.

Definition 6. A densely defined linear operator L on a complex Hilbert space H is
called dissipative if

Im (Lf,f)y =0, fe€Dom(L)
and it is called mazimal dissipative if, besides this, L has no nontrivial dissipative exten-
sions on the space H.

For instance, every symmetric operator is dissipative and every self-adjoint operator
is a maximal dissipative one. Thus, if the minimal operator Ly, is symmetric, then
one can state the problem of describing its maximal dissipative extensions. According to
Phillips’ Theorem [7, 13], every mazimal dissipative extension of a symmetric operator
is a restriction of its adjoint operator. Therefore, every maximal dissipative extension of
the operator Ly, is a restriction of operator L ax.

Parametric bijective description of the class of maximal dissipative extensions of the
symmetric quasi-differential operator L, is given by the following theorem.

Theorem 6. Every Ly, with K being a contracting operator on the space C2, is a maz-
imal dissipative extension of the operator Lyi,. Conversely, for any maximal dissipative
extension L of the operator Ly, there exists a contracting operator K such that L= L.
This correspondence between contracting operators {K} and the mazimal dissipative ex-
tensions {L} is bijective.

Proof of Theorem 6. Theorem 6 is a direct consequence of Basic Lemma and Theorem 1.6
Ch. 3 [7] for the boundary triplet of an abstract symmetric operator. |

Remark 5. The mapping
K— (Lxk—X"", Im\A<0,
for any fixed A is a homeomorphism (see Remark 4).

Theorem 7. Dissipative boundary conditions (17) are separated if and only if the matriz
K is of the form (18), where |K,| <1, |Kp| < 1.
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Proof of Theorem 7. As in the proof of Theorem 5, due to Lemma 6, we only need to
remark that the matrix K of the form (18) is a contracting operator on C? if and only if
|Ka| <1, [Kp| < 1. U

Recall the following definition.

Definition 7. A generalized resolvent of a closed symmetric operator L is the operator-
valued function R) of the complex parameter A € C\R which can be represented in the
form

Raf =Pt (LY =XIT)T'f, feH,
where LT is a self-adjoint extension of the operator L, generally, on the space HT which
is wider than H, IT is the identity operator on HT, and P is the orthogonal projection
operator from HT onto H.

The operator-valued function Ry  (Im A # 0) is a generalized resolvent of a symmetric
operator L if and only if

(Bafo = |

— 00

+oo
d(Fﬂfvg)v fageHa
w—A
where F), is the generalized spectral function of the operator L. In other words, the
operator-valued function F), should have following properties [14]:

19, For po > pi1, the difference F,, — F},, is a bounded non-negative operator,

20. F, . = F,, for any real p,

30, for any = € H,

HEIPOO [[Fu|ln =0, uglfoo ||Fz = [[3 = 0.

A parametric inner description of all generalized resolvents of the operator L, is
given by the following theorem.

Theorem 8. There is a one-to-one correspondence between the generalized resolvents of
the operator Ly, and the boundary-value problems

llyl = Ay + 1,
(K(A) =) Ty +i (K(A) +1)Tay = 0,
where A € C, ImA < 0, h(z) € Lo, and K(\) is an operator-valued function into the
space C2, regular in the lower half-plane, such that ||[K(\)|| < 1. This correspondence is

given by the identity
Ryh =y, Im\<O.

Proof of Theorem 8. Due to Basic Lemma Theorem, 8 is a consequence of Theorem 1 of
the paper [15]. O

For general quasi-differential operators of even and odd orders, respectively, the as-
sertions of Theorems 4, 6 and 8 are announced without proofs in [16, 17].
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