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Êîìïàêòíi òîïîëîãi÷íi íàïiâãðóïè
Îëåã Ãóòiê

Ìåõàíiêî-ìàòåìàòè÷íèé ôàêóëüòåò, Ëüâiâñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. I. Ôðàíêà,
Óíiâåðñèòåöüêà 1, Ëüâiâ, 79000, Óêðà¨íà
o gutik@franko.lviv.ua, ovgutik@yahoo.com

Â ëåêöiÿõ ïëàíó¹òüñÿ çðîáèòè îãëÿäîâèé âèêëàä ç åëåìåíòàìè äîâåäåíü îñíîâ òåîði¨
êîìïàêòíèõ òîïîëîãi÷íèõ íàïiâãðóï íà îñíîâi áàçîâèõ ìîíîãðàôié [1, 2, 4], îãëÿäiâ [3, 5]
òà íîâèõ ðåçóëüòàòiâ ó öüîìó íàïðÿìêîâi. Ëåêöi¨ áóäóòü ïðèñâÿ÷åíi íàñòóïíèì ïèòàííÿì:

• ñòðóêòóðà ìàêñèìàëüíèõ ïiäãðóï i ìiíiìàëüíîãî iäåàëó êîìïàêòíî¨ òîïîëîãi÷íî¨ íà-
ïiâãðóïè;

• íåïåðåðâíiñòü iíâåðñi¨ â ïiäãðóïàõ òà êëiôôîðäîâié ÷àñòèíi êîìïàêòíî¨ òîïîëîãi÷íî¨
íàïiâãðóïè;

• çàíóðåííÿ íàïiâãðóï (áiöèêëi÷íîãî ìîíî¨äà, íàïiâãðóï çi ùiëüíèìè iäåàëüíèìè ðÿ-
äàìè) â êîìïàêòíi òîïîëîãi÷íi íàïiâãðóïè;

• âiäíîøåííÿ Ãðiíà íà êîìïàêòíèõ òîïîëîãi÷íèõ íàïiâãðóïàõ.

Òàêîæ áóäå çðîáëåíî êîðîòêèé îãëÿä íîâèõ ðåçóëüòàòiâ äëÿ òîïîëîãi÷íèõ òà íàïiâ-
òîïîëîãi÷íèõ íàïiâãðóï áëèçüêèõ äî êîìïàêòíèõ, îòðèìàíèõ ó öèõ íàïðÿìêàõ.

Ïðèìiòêà. Êóðñ ëåêöié ç îñíîâ òåîði¨ òîïîëîãi÷íèõ íàïiâãðóï, ÿêèé ìiñòèòü äîêëàäíi
äîâåäåííÿ äàíîãî êóðñó ëåêöié, âèêëàäåíî íà web-ñòîðiíöi:
�http://www.franko.lviv.ua/faculty/mechmat/Departments/Topology/Gutik Book ukr.html�

1. J. H. Carruth, J. A. Hildebrant, and R. J. Koch, The Theory of Topological Semigroups, Vol.
I, Marcel Dekker, Inc., New York and Basel, 1983; Vol. II, Marcel Dekker, Inc., New York and
Basel, 1986.

2. K. H. Hofmann, and P. S. Mostert, Elements of Compact Semigroups, Charles E. Merril Books,
Inc., Columbus, Ohio, 1966.

3. P. S. Mostert, The structure of topological semigroups � revisited, Bull. Amer. Math. Soc. 72
(1966), 601�618.

4. A. B. Paalman-de Miranda, Topological Semigroups, Mathematical Centre Tracts, 11 Mathemati-
sch Centrum, Amsterdam, 1964.

5 A. D. Wallace, The structure of topological semigroups, Bull. Amer. Math. Soc. 61 (1955), 95�
112.
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K-òåîði¨ òà êàòåãîði¨
Âîëîäèìèð Ëþáàøåíêî

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà
lub@imath.kiev.ua

K-òåîðiÿ òîïîëîãi÷íèõ ïðîñòîðiâ X � öå, íàñïðàâäi, K-òåîðiÿ êàòåãîði¨ (äiéñíèõ àáî
êîìïëåêñíèõ) ñêií÷åííîâèìiðíèõ âåêòîðíèõ ðîçøàðóâàíü íà X. Óçàãàëüíþþ÷è, ìîæíà
âèçíà÷èòè àáåëåâi ãðóïè Kn(C) äëÿ (íå îáîâ'ÿçêîâî àäèòèâíî¨) êàòåãîði¨ Âàëüäãàóçåíà
C. Ïðèêëàäîì òàêî¨ ñëóãóþòü ñêií÷åííi CW-êîìïëåêñè. K-ãðóïè Kn(C) ¹ ãîìîòîïi÷íèìè
ãðóïàìè πn(K(C)) äåÿêîãî òîïîëîãi÷íîãî ïðîñòîðó K(C). Âèÿâëÿ¹òüñÿ, ùî K(C) � íåñêií-
÷åííîêðàòíèé ïðîñòið ïåòåëü (ñïåêòð).
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Åíòðîïiÿ Êîëìîãîðîâà-Ñèíàÿ
Ñåðãié Ìàêñèìåíêî

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, âóë. Òåðåùåíêiâñüêà, 3, 01601, Óêðà¨íà
maks@imath.kiev.ua

1 Âñòóï

Íåõàé (Ω,F , µ)� âèìiðíèé ïðîñòið, òîáòî Ω�öå äåÿêà ìíîæèíà, F � σ-àëãåáðà éîãî ïiä-
ìíîæèí, à µ�íåâiä'¹ìíà ìiðà íà F .

Âiäîáðàæåííÿ T : Ω→ Ω íàçèâà¹òüñÿ âèìiðíèì âiäíîñíî F , ÿêùî T−1(A) ∈ F äëÿ âñiõ
A ∈ F . ßêùî êðiì òîãî µ(T−1(A)) = µ(A) äëÿ âñiõ A ∈ F , òî êàæóòü, ùî T çáåðiãà¹ ìiðó
µ, à ïàðà (Ω, T ), àáî ñàìå âiäîáðàæåííÿ T , íàçèâà¹òüñÿ âèìiðíîþ äèíàìi÷íîþ ñèñòåìîþ.

Âèìiðíà äèíàìi÷íà ñèñòåìà íàçèâà¹òüñÿ içîìîðôiçìîì, ÿêùî T−1(F) = F i iñíó¹ ìíî-
æèíà ïîâíî¨ ìiðè Q ⊂ Ω òàêà, ùî îáìåæåííÿ T : T−1(Q)→ Q ¹ ái¹êöi¹þ.

Äâi âèìiðíi äèíàìi÷íi ñèñòåìè (Ω, T ) òà (Ω, T ′) íàçèâàþòüñÿ âèìiðíî åêâiâàëåíòíèìè,
ÿêùî iñíó¹ içîìîðôiçì f : Ω→ Ω òàêèé, ùî f ◦ T = T ′ ◦ f .

Çàãàëüíà çàäà÷à òåîði¨ äèíàìi÷íèõ ñèñòåì ïîëÿãà¹ â êëàñèôiêàöi¨ âèìiðíèõ äèíàìi÷íèõ
ñèñòåì ç òî÷íiñòþ äî åêâiâàëåíòíîñòi, àáî õî÷à á ó ðîçðiçíåííi òàêèõ ñèñòåì.

Àíàëîãi÷íî, (íåïåðåðâíîþ) äèíàìi÷íîþ ñèñòåìîþ íàçèâà¹òüñÿ ïàðà (Ω, T ), äå Ω�äî-
âiëüíèé òîïîëîãi÷íèé ïðîñòið, à f : Ω → Ω�íåïåðåðâíå âiäîáðàæåííÿ. Òàê ñàìî äâi
äèíàìi÷íi ñèñòåìè (Ω, T ) òà (Ω, T ′) íàçèâàþòüñÿ òîïîëîãi÷íî åêâiâàëåíòíèìè, ÿêùî iñíó¹
ãîìåîìîðôiçì f : Ω→ Ω òàêèé, ùî f ◦ T = T ′ ◦ f .

Îïèøåìî äåÿêi âçà¹ìîçâ'ÿçêè ìiæ òåîðiÿìè âèìiðíèõ òà íåïåðåðâíèõ äèíàìi÷íèõ ñè-
ñòåì.

1) Íà êîæíîìó òîïîëîãi÷íîìó ïðîñòîði Ω ìîæíà âèçíà÷èòè σ-àëãåáðó, ùî ïîðîäæó-
¹òüñÿ âñiìà âiäêðèòèìè ïiäìíîæèíàìè ç Ω. Öÿ σ-àëãåáðà íàçèâà¹òüñÿ áîðåëiñüêîþ. Òîäi
êîæíå íåïåðåðâíå âiäîáðàæåííÿ T : Ω → Ω ¹, î÷åâèäíî, âèìiðíèì, (çà îçíà÷åííÿì ïðî-
îáðàç êîæíî¨ âiäêðèòî¨ ïiäìíîæèíè ¹ âiäêðèòèì), õî÷à íå êîæíå âèìiðíå âiäîáðàæåííÿ ¹
íåïåðåðâíèì.

Êðiì òîãî, ÿêùî µ�äåÿêà ìiðà íà B(Ω), òî T , âçàãàëi êàæó÷è, íå çáåðiãà¹ µ. Àëå
ÿêùî Ω�êîìïàêòíèé ìåòðèçîâíèé ïðîñòið, òî, çãiäíî òåîðåìè Êðèëîâà-Áîãîëþáîâà, äëÿ
äîâiëüíîãî íåïåðåðâíîãî âiäîáðàæåííÿ T : Ω→ Ω iñíó¹ iíâàðiàíòíà ìiðà.

Òàêèì ÷èíîì äèíàìi÷íi ñèñòåìè íà êîìïàêòíèõ ìåòðèçîâíèõ ïðîñòîðàõ ìîæíà âèâ÷àòè
ç òî÷êè çîðó òåîði¨ âèìiðíèõ äèíàìi÷íèõ ñèñòåì.

2) Íàãàäà¹ìî, ùî êîæíà íåçëi÷åíà áîðåëiâñüêà ïiäìíîæèíà ñåïàðàáåëüíîãî ìåòðè÷íîãî
ïðîñòîðó íàçèâà¹òüñÿ ïîëüñüêèì ïðîñòîðîì. Äîáðå âiäîìî, ùî ÿêùî Ω, Ω′ �äîâiëüíi ïîëü-
ñüêi ïðîñòîðè, òî ïàðè (Ω,B(Ω)) òà (Ω′,B(Ω′)) içîìîðôíi, òîáòî iñíó¹ ái¹êöiÿ f : Ω → Ω′

ÿêà iíäóêó¹ äåÿêèé içîìîðôiçì f ìiæ àëãåáðàìè B(Ω) òà B(Ω′). Àëå òàêèé içîìîðôiçì,
âçàãàëi êàæó÷è, íå áóäå íàâiòü íåïåðåðâíèì.

Çîêðåìà, êîæíà òàêà ïàðà (Ω,B(Ω)) içîìîðôíà ïàði (I,B(I)), äå I = [0, 1]� îäèíè÷íèé
iíòåðâàë.

3) Íàãàäà¹ìî, ùî ìiðà µ íà σ-àëãåáði F íàçèâà¹òüñÿ ïîâíîþ, ÿêùî äëÿ äîâiëüíî¨ ïiä-
ìíîæèíè A ∈ F òàêî¨, ùî µ(A) = 0, êîæíà ¨¨ ïiäìíîæèíà B òàêîæ íàëåæèòü äî F .

Çëi÷åíà ñiì'ÿ ïiäìíîæèí {Al}l∈N ⊂ F íàçèâà¹òüñÿ ïîâíèì áàçèñîì äëÿ (Ω,F , µ), ÿêùî
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(a) äëÿ êîæíîãî A ∈ F iñíó¹ B ∈ σ({Ai}∞l=1) òàêå, ùî A ⊂ B i µ(B \ A) = 0;

(b) äëÿ äîâiëüíèõ ω1, ω2 ∈ Ω iñíó¹ l ∈ N òàêå, ùî ω1 ∈ Al i ω2 ∈ Ω \ Al;

(c) êîæåí ïåðåòèí
⋂
l∈NBl, äå Bl ñïiâïàäà¹ àáî ç Al àáî ç Ω \ Al, ¹ íåïîðîæíiì.

Éìîâiðíiñíèé ïðîñòið (Ω,F , µ) íàçèâà¹òüñÿ ñòàíäàðòíèì, ÿêùî âií ìà¹ ïîâíèé áàçèñ,
à ìiðà µ ¹ ïîâíîþ.

Â. Ðîõëií (1961) äîâiâ, ùî êîæåí ñòàíäàðòíèé éìîâiðíiñíèé ïðîñòið ç íåàòîìàðíîþ
ìiðîþ µ içîìîðôíèé äî éìîâiðíiñíîãî ïðîñòîðó (I,B(I), λ), äå λ� çâè÷àéíà ìiðà Ëåáåãà
íà I.

Äëÿ íåïåðåðâíèõ âiäîáðàæåíü iñíó¹ áàãàòî ðiçíèõ iíâàðiàíòiâ, íàïðèêëàä åíäîìîðôi-
çìè âiäïîâiäíèõ ãîìîïi÷íèõ ãðóï òà ãðóï ãîìîëîãié ïðîñòîðó Ω. Ç iíøîãî áîêó, âèìiðíi
âiäîáðàæåííÿ íå îáîâ'ÿçêîâî ¹ íåïåðåðâíèìè i äëÿ ðîçðèâíèõ âèìiðíèõ âiäîáðàæåíü ãîìî-
òîïi÷íi iíâàðiàíòè íå ïðàöþþòü. Îäíèì ç ïîíÿòü, ùî äîçâîëÿ¹ ðîçðiçíÿòè ìiðîçáåðiãàþ÷i
äèíàìi÷íi ñèñòåìè ¹ åíòðîïiÿ.

Âîíà áóëà ââåäåíà À. Ì. Êîëìîãîðîâèì (1958) i äîçâîëèëà ðîçðiçíÿòè òàê çâàíi çñó-
âè Áåðíóëëi (äèâ. íèæ÷å). Ç iíøîãî áîêó I. Ã. Ñèíàé (1962) äîâiâ, ùî çñóâè Áåðíóëëi ç
îäíàêîâîþ åíòðîïi¹þ âèìiðíî åêâiâàëåíòíi. Iíøèìè ñëîâàìè åíòðîïiÿ Êîëìîãîðîâà-Ñèíàÿ
êëàñèôiêó¹ çñóâè Áåðíóëëi.

Íåõàé Ω�íåïîðîæíÿ ìíîæèíà. Äëÿ ñiì'¨ ïiäìíîæèí A = {Ai}i∈I ç Ω ïîçíà÷èìî ÷åðåç
σ(A)� σ-àëãåáðó ïîðîäæåíó A. Äëÿ âiäîáðàæåííÿ Θ : Ω → X â äåÿêèé òîïîëîãi÷íèé
ïðîñòið X ïîçíà÷àòèìåìî ÷åðåç σ(Θ)� σ-àëãåáðó íà Ω ùî ¹ ïðîîáðàçîì σ-àëãåáðè B(X)
âñiõ áîðåëiâñüêèõ ïiäìíîæèí ç X âiäíîñíî âiäîáðàæåííÿ Θ.

Àíàëîãi÷íî, äëÿ äîâiëüíî¨ ñiì'¨ ïiäìíîæèí A = {Ai}i∈I ïîçíà÷àòèìåìî ÷åðåç σ(A)
íàéìåíøó σ-àëãåáðó íà Ω, ùî ìiñòèòü âñi åëåìåíòè ç A.

ßêùî A = {Ai}i∈I òà B = {Bj}j∈J �äâà ðîçáèòòÿ Ω, òî ìîæíà âèçíà÷èòè íîâå ðîçáèòòÿ
A ∨ B ìíîæèíè Ω, ùî ñêëàäà¹òüñÿ ç óñiõ ìîæëèâèõ ïåðåòèíiâ åëåìåíòiâ ç A òà B, òîáòî

A ∨ B = {Ai ∩Bj | Ai ∈ A, Bj ∈ B}.

Áóäåìî òàêîæ ïèñàòè, ùî
A ≺ B

ÿêùî êîæåí åëåìåíò A ∈ A ¹ ñêií÷åííèì îá'¹äíàííÿì äåÿêèõ åëåìåíòiâ ç B. Çîêðåìà,
A ∨ B ≺ A òà A ∨ B ≺ B.

Äëÿ äâîõ ïiä-σ-àëãåáð A,B ⊂ F ïèñàòèìåìî

B
◦
⊂ A

ÿêùî äëÿ êîæíîãî B ∈ B iñíó¹ òàêå A ∈ A, ùî µ(B4A) = 0, äå B4A = (B \A)∪(A\B)�
ñèìåòðè÷íà ðiçíèöÿ A òà B. Âiäïîâiäíî, çàïèñ

B ◦
= A

îçíà÷àòèìå, ùî îäíî÷àñíî âèêîíóþòüñÿ äâi óìîâè: A
◦
⊂ B òà B

◦
⊂ A.

Íåõàé F � σ-àëãåáðà of ïiäìíîæèí ç Ω i µ�éìîâiðíiñíà ìiðà íà F . Ñêií÷åíå ðîçáèòòÿ
A = {A0, . . . , An} ìíîæèíè Ω íàçâåìî âèìiðíèì, ÿêùî Ai ∈ F äëÿ âñiõ i = 0, . . . , n.
Ïîçíà÷èìî ÷åðåç Π(F) ìíîæèíó âñiõ ñêií÷åíèõ âèìiðíèõ ðîçáèòòiâ ìíîæèíè Ω. Òîäi ÷èñëî

Hµ(A) = −
n∑
i=0

µ(Ai) log µ(Ai) (1.1)
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íàçèâà¹òüñÿ åíòðîïi¹þ ðîçáèòòÿ A ∈ Π(F) âiäíîñíî ìiðè µ, äå log ìîæíà áðàòè çà äîâiëü-
íîþ îñíîâîþ > 1.

2 Àêñiîìàòè÷íà õàðàêòåðèçàöiÿ ôóíêöi¨ åíòðîïi¨

Íåõàé
Bn = {(x1, . . . , xn) ∈ Rn | xi ≥ 0, x1 + · · ·+ xn = 1}

� (n− 1)-âèìiðíèé ñèìïëåêñ â Rn. Ââàæàþ÷è, ùî 0 log 0 = 0, âèçíà÷èìî ôóíêöiþ

Hn : Bn → R, Hn(x0, . . . , xn) = −
n∑
i=1

xi log xi,

äå log áåðåòüñÿ çà äîâiëüíîþ ôiêñîâàíîþ îñíîâîþ > 1.

Çàäà÷à 2.1. ßê çìiíþ¹òüñÿ ôóíêöiÿ Hn ïðè çàìiíi îñíîâè ëîãàðèôìà, ñêàæiìî ç a íà
b?

Î÷åâèäíî, ùîHn íåïåðåðâíà i ñèìåòðè÷íà âiäíîñíî ïåðåñòàíîâîê çìiííèõ. Òàêîæ ëåãêî
ïåðåâiðèòè, ùî Hn äîñÿãà¹ ìàêñèìàëüíîãî çíà÷åííÿ â öåíòði ñèìïëåêñà ( 1

n
, . . . , 1

n
), òîáòî

Hn( 1
n
, . . . , 1

n
) = −

n∑
i=1

1
n

log 1
n

= −n
n

log 1
n

= − log 1
n

= log(n),

à ìiíiìàëüíîãî çíà÷åííÿ â âåðøèíàõ ñèìïëåêñà:

Hn(1, 0, . . . , 0) = −1 log 1− 0 log 0− · · · − 0 log 0 = 0.

Çàóâàæåííÿ 2.2. Âiäìiòèìî, ùî äëÿ ñêií÷åíîãî âèìiðíîãî ðîçáèòòÿ A = {A1, . . . , An}
ìíîæèíè Ω âåêòîð çíà÷åíü ìið

(µ(A1), . . . , µ(An))

íàëåæèòü äî Bn, à ôîðìóëó (1.1) ìîæíà ïåðåïèñàòè ó òàêîìó âèãëÿäi:

Hµ(A) = Hn

(
µ(A1), . . . , µ(An)

)
.

Òàêèì ÷èíîì åíòðîïiÿ ðîçáèòòÿ A = {A1, . . . , An}�ìàêñèìàëüíà, ÿêùî ìiðè âñiõ åëåìåí-
òiâ îäíàêîâi. ßêùî æ íàâïàêè, ìiðà îäíîãî ç åëåìåíòiâ Ai áëèçüêà äî 1, à ìiðè âñiõ iíøèõ,
âiäïîâiäíî, áëèçüêi äî 0, òî åíòðîïiÿ ïðèéìà¹ íàéìåíøå çíà÷åííÿ áëèçüêå äî 0.

Çàäà÷à 2.3. Ïåðåâiðòå íàñòóïíi âëàñòèâîñòi åíòðîïi¨ H.

1) Hn(p1, . . . , pn−1, 0) = Hn−1(p1, . . . , pn−1).

2) Hn( 1
n
, . . . , 1

n
) < Hm( 1

m
, . . . , 1

m
) ïðè n < m.

3) ßêùî (p1, . . . , pn) ∈ Bn i p1 =
∑m

i=1 qi, äå qi ∈ [0, 1], òî

Hm+n−1(q1, . . . , qm, p2, . . . , pn) = Hn(p1, . . . , pn) + p1Hm

(
q1
p1
, q2
p1
, . . . , qm

p1

)
.
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Òåîðåìà 2.4. Hn : ∆n → R, n ≥ 0, � äîâiëüíà ñiì'ÿ íåïåðåðâíèõ íåâiä'¹ìíèõ ôóíêöié,
ùî çàäîâîëüíÿþòü óìîâè (1)-(3) çàäà÷i 2.3. Òîäi iñíó¹ a > 1 òàêå, ùî

Hn(x1, . . . , xn) = −
n∑
i=1

xi loga xi (2.1)

äëÿ âñiõ n ≥ 1.

Çàäà÷à 2.5. Äîâåäiòü òåîðåìó 2.4 âñòàíîâèâøè íàñòóïíi âëàñòèâîñòi.

(a) Ïîçíà÷èìî Q(n) = Hn( 1
n
, . . . , 1

n
). Òîäi Q(mn) = Q(m)+Q(n), äëÿ äîâiëüíèõ m,n ∈ N.

(b) Âèâåäiòü ç (a) iñíóâàííÿ òàêîãî a > 1, ùî Q(n) = loga n äëÿ n ≥ 1.

(ñ) Ïîêàæiòü, ùî ôîðìóëà (2.1) âèêîíó¹òüñÿ äëÿ âñiõ òî÷îê (x1, . . . , xn) ç ðàöiîíàëüíèìè
êîîðäèíàòàìè.

(d) Äîâåäiòü ôîðìóëó (2.1) â çàãàëüíîìó âèïàäêó.

Âèõîäÿ÷è ç òåîðåìè 2.4 ìîæíà ñôîðìóëþâàòè ¾íà¨âíèé¿ çìiñò åíòðîïi¨.
Âèáåðåìî íàâìàííÿ òî÷êó x ∈ Ω i ïîñòàâèìî òàêå ïèòàííÿ: çíàþ÷è ìiðè âñiõ ìíîæèí

ðîçáèòòÿ, ÷è ìîæíà ñêàçàòè äî ÿêî¨ ç ìíîæèí Ai öÿ òî÷êà íàëåæèòü? Åíòðîïiþ
ðîçáèòòÿ A ìîæíà ðîçãëÿäàòè ÿê ìiðó ¾íåâèçíà÷åíîñòi¿ òîãî, äî ÿêî¨ ç ìíîæèí íàëåæèòü
òî÷êà.

ßêùî ìiðè âñiõ ìíîæèí Ai ìàéæå îäíàêîâi, òî òàêà ¾íåâèçíà÷åíiñòü¿ ¹ ìàêñèìàëüíîþ i
öå óçãîäæó¹òüñÿ ç òèì, ùî â äàíié ñèòóàöi¨ åíòðîïiÿ íàéáiëüøà. Êðiì òîãî, ïðè ïîäðiáíåííi
äåÿêèõ åëåìåíòiâ ðîçáèòòÿ åíòðîïiÿ òàêîæ çáiëüøó¹òüñÿ (âëàñòèâiñòü (3) çàäà÷i 2.3).

Íàâïàêè, ÿêùî ìàéæå âñÿ ìiðà ñêîíöåíòðîâàíà â îäíié ç ìíîæèí Ai, òî ¾ñêîðiøå çà
âñå¿ äàíà òî÷êà íàëåæèòü äî Ai, i â öüîìó âèïàäêó åíòðîïiÿ âèÿâëÿ¹òüñÿ íàéìåíøîþ.

3 Åíòðîïiÿ Êîëìîãîðîâà-Ñèíàÿ äèíàìi÷íî¨ ñèñòåìè

Íåõàé òåïåð T : Ω → Ω� âèìiðíå âiäîáðàæåííÿ i A ∈ Π(F)� ñêií÷åíå âèìiðíå ðîçáèòòÿ
Ω. Ïîçíà÷èìî ÷åðåç

T−1A = {T−1(A1), . . . , T−1(Ak)}

ðîçáèòòÿ Ω, ùî ñêëàäà¹òüñÿ ç óñiõ ïðîîáðàçiâ åëåìåíòiâ ç A.

Çàäà÷à 3.1. Äîâåäiòü, ùî T−1A ∈ Π(F).

Êðiì òîãî, äëÿ êîæíîãî n ≥ 1 ðîçãëÿíåìî íîâå ðîçáèòòÿ Ω:

τk(A) = A ∨ T−1A ∨ · · · T−(k−1)A.

Çàäà÷à 3.2. Äîâåäiòü, ùî τk(A) ∈ Π(F).

Çàäà÷à 3.3. Äîâåäiòü, ùî äëÿ äîâiëüíèõ k, l, n ≥ 1 âèêîíóþòüñÿ ñïiââiäíîøåííÿ

τk(τl(T,A)) = τk+l(T,A), (3.1)

τk(T
n, τn(T,A)) = τkn(T,A) ≺ τk(T

n,A). (3.2)

10



Çðîçóìiëî, ùî âiäîáðàæåííÿ T ïåðiîäè÷íå, ñêàæiìî ïåðiîäó p, òîáòî T p = idΩ, òîäi,
T−kA = T−k−mpA äëÿ âñiõ k, n ≥ 0, à òîìó τp+1(T,A) = τp+2(T,A) = · · · . Çîêðåìà, çíà÷åííÿ
åíòðîïi¨ Hµ(τk(T,A)) òåæ ñòàáiëiçó¹òüñÿ.

Ïðèïóñòèìî, ùî ðîçáèòòÿ A ñêëàäà¹òüñÿ ç n åëåìåíòiâ. Òîäi τk(T,A) ìiñòèòü ùî-
íàéáiëüøå nk åëåìåíòiâ, à òîìó ìàêñèìàëüíå çíà÷åííÿ åíòðîïi¨ Hµ(τk(T,A)) äîðiâíþ¹
log(nk) = k log(n). Òîìó ïðèðîäíî âèçíà÷èòè ¾øâèäêiñòü ðîñòó åíòðîïi¨¿ äëÿ ïàðè (T,A)
ïî âiäíîøåííþ äî k:

hµ(T,A) = lim
k→∞

1

k
Hµ(τk(T,A)).

Çàäà÷à 3.4. Äîâåäiòü, ùî êîëè ðîçáèòòÿ A ñêëàäà¹òüñÿ ç n åëåìåíòiâ, òî

hµ(T,A) ≤ log(n).

Çàäà÷à 3.5. Äîâåäiòü, ùî hµ(T,A) = 0 äëÿ äîâiëüíîãî ïåðiîäè÷íîãî T òà A ∈ Π(F).

Öå ïðèâîäèòü äî îçíà÷åííÿ åíòðîïi¨ Êîëìîãîðîâà-Ñèíàÿ.

Îçíà÷åííÿ 3.6. Íåõàé T : Ω → Ω� âiäîáðàæåííÿ, ùî çáåðiãà¹ ìiðó µ. Òîäi éîãî
åíòðîïiÿ Êîëìîãîðîâà-Ñèíàÿ âèçíà÷à¹òüñÿ çà òàêîþ ôîðìóëîþ:

hKSµ (T ) = sup
A∈Π(F)

hµ(T,A) = sup
A∈Π(F)

lim
k→∞

1

k
Hµ(τk(T,A)).

Òàêèì ÷èíîì îá÷èñëåííÿ åíòðîïi¨ Êîëìîãîðîâà-Ñèíàÿ âèìàãà¹ ðîçãëÿäó âñiõ ñêií÷åí-
íèõ ðîçáèòòiâ Ω, ùî íàëåæàòü Π(F).

Çàäà÷à 3.7. Äîâåäiòü, ùî hKSµ (T ) = 0 äëÿ äîâiëüíîãî ïåðiîäè÷íîãî T .

Íàñòóïíà ëåìà ïîêàçó¹, ùî hKSµ (T ) ìîæíà îá÷èñëþâàòè ÷åðåç ñïåöiàëüíó çðîñòàþ÷ó
ïîñëiäîâíiñòü ñêií÷åííèõ ðîçáèòòiâ.

Ëåìà 3.8. Íåõàé T : Ω → Ω� âiäîáðàæåííÿ, ùî çáåðiãà¹ ìiðó µ. Ïðèïóñòèìî, ùî
iñíó¹ ïîñëiäîâíiñòü {Ad}d≥1 ñêií÷åííèõ ðîçáèòòiâ F òàêà, ùî

A1 ≺ A2 ≺ · · · ≺ Ad ≺ · · ·

òà σ ({Ad}∞d=1)
◦
= F . Òîäi

hKSµ (T ) = lim
k→∞

1

k
Hµ(τk(T,Ad)).

Çàäà÷à 3.9. Âèâåäiòü ç (3.2), ùî äëÿ äîâiëüíîãî âiäîáðàæåííÿ T : Ω→ Ω, ùî çáåðiãà¹
ìiðó µ, òà n ≥ 1 âèêîíó¹òüñÿ òîòîæíiñòü

hKSµ (T n) = nhKSµ (T ).

Çîêðåìà, ÿêùî 0 < hKSµ (T ) < ∞, òî äëÿ m 6= n âiäîáðàæåííÿ Tm òà T n íå ¹ âèìiðíî
åêâiâàëåíòíèìè.

Äëÿ öüîãî

(a) âèâåäiòü iç ñïiââiäíîøåííÿ τkn(T,A) ≺ τk(T
n,A), ùî hµ(T n,A) ≤ nhµ(T,A) äëÿ

äîâiëüíîãî A ∈ Π(F), à òîìó hKSµ (T n) ≤ nhKSµ (T ),

(b) âèâåäiòü iç ñïiââiäíîøåííÿ τk(T n, τn(T,A)) = τkn(T,A), ùî hKSµ (T n) ≥ nhKSµ (T ).
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4 Çñóâ Áåðíóëëi

Ìè ðîçãëÿíåìî íàéïðîñòiøèé âèïàäîê çñóâiâ Áåðíóëëi.
Íåõàé Ω = {(aj)j∈Z | aj ∈ {0, 1}}�ìíîæèíà âñiõ íåñêií÷åííèõ â îáèäâi ñòîðîíè ïîñëi-

äîâíîñòåé, ùî ñêëàäàþòüñÿ ëèøå ç ÷èñåë 0 òà 1.
Äëÿ ñêií÷åííî¨ ïîñëiäîâíîñòi ïàð ÷èñåë ξ = {(ni, bi) |, i = 1, . . . , k}, òàêî¨, ùî ni 6= nj

äëÿ i 6= j, bi ∈ {0, 1} âèçíà÷èìî ¾öèëiíäðè÷íó¿ ïiäìíîæèíó

P b1,...,bk
n1,...,nk

= {(aj)j∈Z ∈ Ω | ani = bi, i = 1, . . . , k},

ùî ñêëàäà¹òüñÿ ç óñiõ ïîñëiäîâíîñòåé ç Ω ó ÿêèõ ni-òà êîîðäèíàòà äîðiâíþ¹ bi. Íåõàé
òàêîæ F � σ-àëãåáðà íà Ω ïîðîäæåíà âñiìà öèëiíäðè÷íèìè ìíîæèíàìè.

Çàäà÷à 4.1. Äîâåäiòü, ùî P a
m ∩ P b

n = P a,b
m,n äëÿ m 6= n òà a, b ∈ {0, 1}.

Çàäà÷à 4.2. Äëÿ äâîõ öèëiíäðè÷íèõ ìíîæèí P a1,...,al
m1,...,mk

òà P b1,...,bk
n1,...,nk

îïèøiòü ¨õ ïåðåòèí.

Äàìî iíøèé îïèñ ïðîñòîðó Ω. Âiäìiòèìî, ùî Ω =
∏∞
−∞{0, 1} ¹ òîïîëîãi÷íèì äîáóòêîì

çëi÷åíîãî ÷èñëà êîïié äèñêðåòíîãî ïðîñòîðó {0, 1}. Çàäàìî íà Ω iíäóêîâàíó òîïîëîãiþ.
Òîäi F ñïiâïàäà¹ ç áîðåëiâñüêîþ àëãåáðîþ òîïîëîãi÷íîãî ïðîñòîðó Ω.

Âèçíà÷èìî éìîâiðíiñíó ìiðó µ íà F çà òàêèì ïðàâèëîì:

µ(P b1,...,bk
n1,...,nk

) =
1

2k
.

Çàäà÷à 4.3. Ïåðåâiðòå, ùî ïîïåðåäíÿ ôîðìóëà äiéñíî âèçíà÷à¹ ìiðó íà F . ßêîþ ¹
ìiðà ìíîæèíè P b1,...,bk,...

n1,...,nk,...
, ùî ñêëàäà¹òüñÿ ç ïîñëiäîâíîñòåé ó ÿêèõ çàôiêñîâàíî íåñêií÷åííà

êiëüêiñòü êîîðäèíàò.

Âèçíà÷èìî âiäîáðàæåííÿ φ : Ω→ Ω çà ôîðìóëîþ φ
(
(aj)j∈Z

)
= (aj+1)j∈Z. Âîíî íàçèâà-

¹òüñÿ çñóâîì Áåðíóëëi i ïîëÿãà¹ â çñóâi âïðàâî íà 1 âñiõ êîîðäèíàò.

Çàäà÷à 4.4. Äîâåäiòü, ùî çñóâ Áåðíóëëi çáåðiãà¹ ìiðó µ.

Íàøà ìåòà îá÷èñëèòè åíòðîïiþ Êîìîãîðîâà-Ñèíàÿ äëÿ φ òà âñiõ éîãî iòåðàöié. Ïðî-
áëåìà ïîëÿãà¹ â äîâåäåííi òîãî, ùî φk òà φl íå ¹ ñïðÿæåíèìè äëÿ |k| 6= |l|.

Çàäà÷à 4.5. Äîâåäiòü, ùî çñóâè Áåðíóëëi φk òà φ−k ¹ ñïðÿæåíèìè äëÿ âñiõ k ≥ 1.
Çîêðåìà, âîíè ìàþòü îäíàêîâi åíòðîïi¨.

Òåîðåìà 4.6. hKSµ (φ) = log 2, à òîìó, çãiäíî çàäà÷i 3.9, hKSµ (φn) = n log 2 äëÿ n ≥ 1.

Çàäà÷à 4.7. Äîâåäiòü òåîðåìó 4.6 âñòàíîâèâøè òàêi òâåðäæåííÿ.

(a) Íåõàé Ai = {P 0
i , P

1
i }, i ∈ Z, � ðîçáèòòÿ Θ íà äâi ïiäìíîæèíè. Òîäi

hµ(φ,Ai) = lim
k→∞

1

k
Hµ(τk(φ,Ai)) = log 2.

(b) σ ({Ad}∞d=1)
◦
= F .

Òîäi ç (b) òà ëåìè 3.8 âèïëèâàòèìå, ùî hKSµ (T ) = log 2.
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Ïðèìåíåíèå òîðè÷åñêèõ ìåòîäîâ â ïîñòðîåíèè
F-òåîðèè
Ò.Â. Îáèõîä

Èíñòèòóò ÿäåðíûõ èññëåäîâàíèé ÍÀÍ Óêðàèíû, Êèåâ, Óêðàèíà
obikhod@kinr.kiev.ua

F-òåîðèÿ, êàê 12-ìåðíàÿ òåîðèÿ, ÿâëÿþùàÿñÿ ïðåòåíäåíòîì Theory of everything â 4-
ìåðíîì ìèðå òåîðåòè÷åñêîé ôèçèêè, äîëæíà áûòü êîìïàêòèôèöèðîâàíà íà ýëëèïòè÷åñêè
ðàññëîåííûå òðèôîëäû èëè ôîóðôîëäû Êàëàáè-ßó, X. Òàêèå ìíîãîîáðàçèÿ èìåþò â êà-
÷åñòâå ñëîÿ ýëëèïòè÷åñêóþ êðèâóþ, à èõ áàçîé ÿâëÿþòñÿ ïîâåðõíîñòè Õèðöåáðóõà, Fk [1].
Äëÿ ïîâåðõíîñòåé äåëü Ïåöî, Bk, âëîæåííûõ â ìíîãîîáðàçèÿ X, âû÷èñëÿþòñÿ ãðóïïû
êîãîìîëîãèé, H1,1(Bk), îïðåäåëÿþùèå êðèâûå îïðåäåëåííîé ñòåïåíè è àðèôìåòè÷åñêîãî
ðîäà, ÷èñëî êîòîðûõ äàåò ïðåäñòàâëåíèå ãðóïï Âåéëÿ, Ek. Áëàãîäàðÿ âëîæåíèþ ãðóïï
êîãîìîëîãèé H1,1(Bk) → H1,1(X), ìû ïîëó÷àåì ðåàëèçàöèþ ìíîãîîáðàçèé Êàëàáè-ßó âî
âçâåøåííîì ïðîåêòèâíîì ïðîñòðàíñòâå, êîòîðîå ñâÿçàííî ñ ïðåäñòàâëåíèÿìè ãðóïï Âåéëÿ
[2], äàþùèìè ìóëüòèïëåòû ÷àñòèö ôèçèêè âûñîêèõ ýíåðãèé. Îêàçûâàåòñÿ, ÷òî ñâîéñòâà
ìíîãîîáðàçèÿ Êàëàáè-ßó âî âçâåøåííîì ïðîåêòèâíîì ïðîñòðàíñòâå, òàêæå êàê è ðàñ÷åò
÷èñëà ðàöèîíàëüíûõ êðèâûõ, ìîãóò áûòü ðåàëèçîâàíû â ïðîåêòèâíûõ òîðè÷åñêèõ ìíî-
ãîîáðàçèÿõ [3]. Ñ ïîìîùüþ êîìáèíàòîðíûõ ìåòîäîâ ðàçðàáîòàíà òîðè÷åñêàÿ òåõíèêà ðà-
çðåøåíèÿ îñîáåííîñòåé ìíîãîîáðàçèé. Èñïîëüçîâàíèå çåðêàëüíîé ñèììåòðèè ïîçâîëÿåò
ïðåäñòàâëÿòü ìíîãîîáðàçèÿ Êàëàáè-ßó â âèäå äóàëüíûõ ïîëèýäðîâ ñ âåðøèíàìè, âûðà-
æàåìûìè â òåðìèíàõ ãåíåðàòîðîâ Ìîðè li, à äèôôåðåíöèàëüíûå óðàâíåíèÿ äëÿ ïåðèîäîâ
äàþò ãëàâíûå ÷àñòè îïåðàòîðîâ Ïèêàðà-Ôóêñà Li [4]. Ñ ïîìîùüþ ãåíåðàòîðîâ Ìîðè è
ãëàâíûõ ÷àñòåé îïåðàòîðîâ Ïèêàðà-Ôóêñà âû÷èñëåíû èíâàðèàíòû Ãðîìîâà-Âèòòåíà nijk,
êîòîðûå îïðåäåëÿþò ÷èñëî BPS ñîñòîÿíèé â F-òåîðèè [5].

1. C. Vafa, Evidence for F-theory, arXiv: hep-th/9602022; D. R. Morrison and C. Vafa, Compacti-
�cations of F-theory on Calabi-Yau threefolds (I), Nucl. Phys. B473 (1996) 74; D. R. Morrison
and C. Vafa, Compacti�cations of F-theory on Calabi-Yau threefolds (II), Nucl. Phys. B476
(1996) 437.

2. A. Klemm, P. Mayr, C. Vafa, BPS states of exceptional non-critical strings, Harvard, 1996. � 29
p. � (Preprint, HUTP-96/A031).

3. V. V. Batyrev, Variations of the Mixed Hodge Structure of A�ne Hypersurfaces in Algebraic

Tori, Duke Math. J. 69, (1993), 349-409.

4. S. Hosono, A. Klemm, S. Theisen, S.-T. Yau, Mirror symmetry, mirror map and applications to

complete intersection Calabi-Yau spaces, Nucl. Phys. B433 (1995) 501.

5. Þ. Ì. Ìàëþòà, Ò.Â. Îáèõîä, ÁÏÑ-ñîñòîÿíèÿ â F-òåîðèè, Óêðà¨íñüêèé ìàòåìàòè÷íèé æóð-
íàë. ò.54, �9 (2002) 1284.
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Òîïîëîãiÿ ãàìiëüòîíîâèõ âåêòîðíèõ ïîëiâ
Î. Î. Ïðèøëÿê

Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Øåâ÷åíêà
prishlyak@yahoo.com

1. Ðiìàíîâà ìåòðèêà íà ìíîãîâèäi.

2. Âåêòîðíå ïîëå ãðàäi¹íòà.

3. Ïîòiê (äèíàìi÷íà ñèñòåìà ç íåïåðåðâíèì ÷àñîì).

4. Òîïîëîãi÷íà åêâiâàëåíòíiñòü òà ñïðÿæåíiñòü. Ñòðóêòóðíà ñòiéêiñòü (ãðóáiñòü).

5. Ïîëå Ìîðñà-Ñìåéëà íà ïîâåðõíi.

6. Ïîòîêè íà ïîâåðõíÿõ ç ìåæåþ.

7. Ñèìïëåêòè÷íi ìíîãîâèäè.

8. Ãàìiëüòîíîâå âåêòîðíå ïîëå (ïîëå êîñîãî ãðàäi¹íòà).

9. Ôóíêöi¨ Ìîðñà òà êëàñèôiêàöiÿ ãàìiëüòîíîâèõ âåêòîðíèõ ïîëiâ íà ïîâåðõíÿõ.

10. Iíòåãðîâíi ãàìiëüòîíîâi ñèñòåìè íà ÷îòèðèâèìiðíèõ ìíîãîâèäàõ.
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Ýêñòðåìàëüíî íåñâÿçíûå ãðóïïû è óëüòðàôèëüòðû
Î. Â. Ñèïà÷åâà

Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Â. Ëîìîíîñîâà, Ìîñêâà, Ðîññèÿ
o-sipa@yandex.ru

Ìû îáñóäèì ÷ðåçâû÷àéíî èíòåðåñíóþ ïðîáëåìó ñóùåñòâîâàíèÿ íåäèñêðåòíîé õàóñäîð-
ôîâîé ýêñòðåìàëüíî íåñâÿçíîé òîïîëîãè÷åñêîé ãðóïïû â ZFC, êîòîðàÿ áûëà ïîñòàâëåíà
À.Â. Àðõàíãåëüñêèì â 1967 ã. è äî ñèõ ïîð ïðèâëåêàåò ìíîãî âíèìàíèÿ. Áûëî ïîñòðîå-
íî íåñêîëüêî ïðèìåðîâ òàêèõ ãðóïï â ðàçíûõ ìîäåëÿõ òåîðèè ìíîæåñòâ, íî ¾íàèâíûé¿
ïðèìåð íå ïîñòðîåí äî ñèõ ïîð. Îäíàêî ïîïûòêè ðåøèòü ïðîáëåìó Àðõàíãåëüñêîãî ïðè-
âåëè ê îáíàðóæåíèþ èíòåðåñíûõ ñâÿçåé ìåæäó òåîðèåé òîïîëîãè÷åñêèõ ãðóïï è òåîðèåé
óëüòðàôèëüòðîâ; â ÷àñòíîñòè, îêàçàëîñü, ÷òî ñóùåñòâîâàíèå òîïîëîãè÷åñêèõ ãðóïï ñ îïðå-
äåëåííûìè ýêñòðåìàëüíûìè ñâîéñòâàìè òåñíî ñâÿçàíî ñ ñóùåñòâîâàíèåì óëüòðàôèëüòðîâ
îïðåäåëåííîãî òèïà. Êðîìå òîãî, ïðîáëåìà Àðõàíãåëüñêîãî ñûãðàëà íåìàëîâàæíóþ ðîëü
â ïîñòðîåíèè òåîðèè ñõîäÿùèõñÿ óëüòðàôèëüòðîâ íà òîïîëîãè÷åñêèõ ãðóïïàõ.

1 Ýêñòðåìàëüíî íåñâÿçíûå ãðóïïû

Îïðåäåëåíèå. Òîïîëîãè÷åñêîå ïðîñòðàíñòâî íàçûâàåòñÿ ýêñòðåìàëüíî íåñâÿçíûì, åñëè
çàìûêàíèå ëþáîãî îòêðûòîãî ìíîæåñòâà â ýòîì ïðîñòðàíñòâå îòêðûòî (èëè, ÷òî òî æå
ñàìîå, ëþáûå äâà íåïåðåñåêàþùèõñÿ îòêðûòûõ ìíîæåñòâà èìåþò íåïåðåñåêàþùèåñÿ çà-
ìûêàíèÿ).

Ïðîáëåìà (À.Â. Àðõàíãåëüñêèé, 1967). Ñóùåñòâóåò ëè â ZFC íåäèñêðåòíàÿ îòäåëèìàÿ
ýêñòðåìàëüíî íåñâÿçíàÿ òîïîëîãè÷åñêàÿ ãðóïïà?

Â.È. Ìàëûõèí çàìåòèë, ÷òî ëþáàÿ ýêñòðåìàëüíî íåñâÿçíàÿ òîïîëîãè÷åñêàÿ ãðóïïà ñî-
äåðæèò îòêðûòóþ áóëåâó ïîäãðóïïó. Âñÿêàÿ áóëåâà ãðóïïà ÿâëÿåòñÿ ëèíåéíûì ïðîñòðàíñ-
òâîì íàä ïîëåì F2 = {0, 1}, à êàæäîå ëèíåéíîå ïðîñòðàíñòâî èìååò áàçèñ; çíà÷èò, ëþáàÿ
áóëåâà ãðóïïà ñâîáîäíà.

2 Óëüòðàôèëüòðû íà ω

Îïðåäåëåíèå. Óëüòðàôèëüòð U íà ω íàçûâàåòñÿ

• P -óëüòðàôèëüòðîì, åñëè äëÿ ëþáîãî ðàçáèåíèÿ {An : n ∈ ω} ìíîæåñòâà ω, ãäå
An /∈ U äëÿ âñåõ n, íàéäåòñÿ A ∈ U òàêîé, ÷òî |A ∩ An| < ℵ0 äëÿ ëþáîãî n;

• Q-óëüòðàôèëüòðîì, åñëè äëÿ ëþáîãî ðàçáèåíèÿ {An : n ∈ ω} ìíîæåñòâà ω, ãäå An
êîíå÷íû äëÿ âñåõ n, íàéäåòñÿ A ∈ U òàêîé, ÷òî |A ∩ An| 6 1 äëÿ ëþáîãî n;

• áûñòðûì, åñëè äëÿ ëþáîãî ðàçáèåíèÿ {An : n ∈ ω} ìíîæåñòâà ω, ãäå An êîíå÷íû äëÿ
âñåõ n, íàéäåòñÿ A ∈ U òàêîé, ÷òî |A∩An| 6 n äëÿ ëþáîãî n (èëè, ýêâèâàëåíòíî, åñëè
ëþáàÿ ôóíêöèÿ ω → ω ìàæîðèðóåòñÿ ïîñëåäîâàòåëüíîñòüþ, ïîëó÷åííîé â ðåçóëüòàòå
íóìåðàöèè ýëåìåíòîâ íåêîòîðîãî A ∈ U â ïîðÿäêå âîçðàñòàíèÿ);

• ñåëåêòèâíûì, èëè ðàìñååâñêèì, åñëè äëÿ ëþáîãî ðàçáèåíèÿ {An : n ∈ ω} ìíîæåñòâà
ω, ãäå An /∈ U äëÿ âñåõ n, íàéäåòñÿ A ∈ U òàêîé, ÷òî |A ∩ An| 6 1 äëÿ ëþáîãî n.
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ßñíî, ÷òî ñåëåêòèâíîñòü = P +Q.
Èçâåñòíî, ÷òî â CH ñóùåñòâóþò ñåëåêòèâíûå óëüòðàôèëüòðû, è P 6= Q 6= ñåëåêòèâ-

íîñòü 6= P . Èçâåñòíî òàêæå, ÷òî â ZFC ñóùåñòâóåò óëüòðàôèëüòð, íå ÿâëÿþùèéñÿ íè
P -óëüòðàôèëüòðîì, íè Q-óëüòðàôèëüòðîì. Íå âñÿêèé áûñòðûé óëüòðàôèëüòð ÿâëÿåòñÿ
Q-óëüòðàôèëüòðîì, îäíàêî ñóùåñòâîâàíèå áûñòðûõ óëüòðàôèëüòðîâ ðàâíîñèëüíî ñóùå-
ñòâîâàíèþ Q-óëüòðàôèëüòðîâ.

Øåëàõ ïîñòðîèë ìîäåëü, â êîòîðîé íåò P -óëüòðàôèëüòðîâ. Ìèëëåð äîêàçàë, ÷òî â
ìîäåëè Ëàâåðà íåò Q-óëüòðàôèëüòðîâ (íî åñòü P -óëüòðàôèëüòðû).

Ñòàðàÿ çàäà÷à: Ñóùåñòâóåò ëè ìîäåëü, â êîòîðîé íåò íè P -óëüòðàôèëüòðîâ, íè Q-
óëüòðàôèëüòðîâ?

Äëÿ ïîëíîòû êàðòèíû ñòîèò óïîìÿíóòü ðåçóëüòàò Ìàòèàñà è Òýéëîðà: óëüòðàôèëüòð
U ÿâëÿåòñÿ Q-óëüòðàôèëüòðîì ⇐⇒ äëÿ ëþáîãî îòîáðàæåíèÿ ϕ : ω → ω íàéäåòñÿ A ∈ U
òàêîé, ÷òî ϕ(a) < b äëÿ ëþáûõ a, b ∈ A, a < b.

Ïóñòü X è Y � ìíîæåñòâà, U � óëüòðàôèëüòð íà X è f : X → Y � îòîáðàæåíèå.
Òîãäà ñåìåéñòâî

V = {A ⊂ Y : f−1(A) ∈ U }
ÿâëÿåòñÿ óëüòðàôèëüòðîì íà Y . Îáîçíà÷åíèå: V = f(U ). Ýòî íàáëþäåíèå ïîçâîëÿåò ââå-
ñòè åñòåñòâåííûé ïîðÿäîê Ðóäèí�Êåéñëåðà íà êëàññå óëüòðàôèëüòðîâ:

V 6RK U ⇐⇒ ∃f : X → Y, äëÿ êîòîðîãî V = f(U ).

3 Ýêñòðåìàëüíî íåñâÿçíûå ãðóïïû è óëüòðàôèëüòðû

Â 1969 ã. Ñèìîí Ñèðîòà ïîñòðîèë ïåðâûé ïðèìåð íåäèñêðåòíîé ýêñòðåìàëüíî íåñâÿçíîé
ãðóïïû (â CH). Ïî ñóùåñòâó ãðóïïà Ñèðîòû âûãëÿäèò òàê.

Äëÿ ôèëüòðà F íà ω ïóñòü ωF = ω ∪∞; òî÷êè ω èçîëèðîâàíû, îêðåñòíîñòè ∞ èìåþò
âèä {∞} ∪ A, ãäå A ∈ F . Âëîæåíèå ωF â [ω]<ω, ïðè êîòîðîì i 7→ {0, i + 1} è ∞ 7→ 0,
îòîæäåñòâëÿåò ñâîáîäíóþ áóëåâó ãðóïïó B(ωF ) è ãðóïïó [ω]<ω ñ îïåðàöèåé 4. Íà ãðóïïå
B(ωF ) èìåþòñÿ ñëåäóþùèå åñòåñòâåííûå òîïîëîãèè:

• òîïîëîãèÿ Ìàòèàñà τM (îêðåñòíîñòè 0: 〈A〉, A ∈ F );

• ñâîáîäíàÿ òîïîëîãèÿ τf ;

• òîïîëîãèÿ èíäóêòèâíîãî ïðåäåëà τl îòíîñèòåëüíî ðàçëîæåíèÿ

B(ωF ) =
⋃
n∈ω

{ñëîâà (êîíå÷íûå ìíîæåñòâà) ðàçìåðà 6 n}.

Ïîíÿòíî, ÷òî τM ⊂ τf ⊂ τf .

Òåîðåìà (Ýãáåðò Òþììåëü). (i) Åñëè F � ðàìñååâñêèé ôèëüòð, òî τM = τf = τf ;

(ii) ãðóïïà B(ωF ) ýêñòðåìàëüíî íåñâÿçíà ⇐⇒ F � ðàìñååâñêèé (ñåëåêòèâíûé) óëü-
òðàôèëüòð.

Äðóãèå (ñîâìåñòèìûå ñ ZFC) ïðèìåðû ïîñòðîèëè Ëóâî, Çåëåíþê è Ìàëûõèí. Áûëè
ïîëó÷åíû è íåêîòîðûå ðåçóëüòàòû â íàïðàâëåíèè äîêàçàòåëüñòâà íåñóùåñòâîâàíèÿ íåäèñ-
êðåòíîé ýêñòðåìàëüíî íåñâÿçíîé ãðóïïû â ZFC.
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Òåîðåìà (Çåëåíþê). Åñëè ñóùåñòâóåò íåäèñêðåòíàÿ ýêñòðåìàëüíî íåñâÿçíàÿ ãðóïïà
G, ñîäåðæàùàÿ íåçàìêíóòîå ñèëüíî äèñêðåòíîå ìíîæåñòâîD, òî ñóùåñòâóåò P -óëüòðàôèëüòð
íà ω.

Ïðîáëåìà (Ïðîòàñîâ). Ñóùåñòâóåò ëè â ZFC (ñ÷åòíàÿ) íåäèñêðåòíàÿ òîïîëîãè÷åñêàÿ
ãðóïïà, â êîòîðîé âñå äèñêðåòíûå ïîäíîæåñòâà çàìêíóòû?

Òåîðåìà. Åñëè ñóùåñòâóåò íåäèñêðåòíàÿ ýêñòðåìàëüíî íåñâÿçíàÿ áóëåâà ãðóïïà (ëè-
íåéíîå ïðîñòðàíñòâî) B ñ áàçèñîì X òàêèì, ÷òî ëþáûå íåïåðåñåêàþùèåñÿ çàìêíóòûå
A,B ⊂ X ðàçäåëÿþòñÿ íåïðåðûâíûì ãîìîìîðôèçìîì B → {0, 1}, òî ñóùåñòâóåò P -
óëüòðàôèëüòð íà ω.

Íà ñàìîì äåëå â òåîðåìå Çåëåíþêà ðå÷ü èäåò íå î P -óëüòðàôèëüòðàõ íà ω, à î ÷àñòè÷íî
ñåëåêòèâíûõ óëüòðàôèëüòðàõ íà D.

Îïðåäåëåíèå (Çåëåíþê). Óëüòðàôèëüòð U íà X ñ |X| = κ íàçûâàåòñÿ ÷àñòè÷íî ñåëå-
êòèâíûì, åñëè ñóùåñòâóåò E ⊂ [X]2 òàêîå, ÷òî {x ∈ X : {y ∈ X : {x, y} ∈ E} ∈ U } ∈ U
è äëÿ ëþáîãî ðàçáèåíèÿ {Aα : α < κ} ìíîæåñòâà X, ãäå Aα /∈ U ∀α < κ, íàéäåòñÿ A ∈ U
ñî ñâîéñòâîì [A ∩ Aα]2 ∩ E = ∅ ∀α < κ.

Ðàâíîñèëüíîå îïðåäåëåíèå. Óëüòðàôèëüòð U íà X ñ |X| = κ íàçûâàåòñÿ ÷àñòè÷íî
ñåëåêòèâíûì, åñëè ñóùåñòâóåò ϕ : X → U òàêîå, ÷òî äëÿ ëþáîãî ðàçáèåíèÿ {Aα : α < κ}
ìíîæåñòâà X, ãäå Aα /∈ U äëÿ âñåõ α < κ, íàéäåòñÿ A ∈ U òàêîé, ÷òî A ∩ Aα ∩ ϕ(x) = ∅
äëÿ ëþáûõ α < κ è x ∈ A ∩ Aα.

Óòâåðæäåíèå (Çåëåíþê). Äëÿ ëþáîãî ÷àñòè÷íî ñåëåêòèâíîãî óëüòðàôèëüòðà U íà
ëþáîì X ñóùåñòâóåò f : X → ω, äëÿ êîòîðîãî f(U ) ÿâëÿåòñÿ P -óëüòðàôèëüòðîì.

Óòâåðæäåíèå. Äëÿ ëþáîãî ÷àñòè÷íî ñåëåêòèâíîãî P -óëüòðàôèëüòðà U íà ω ñóùå-
ñòâóåò f : ω → ω, äëÿ êîòîðîãî f(U ) ÿâëÿåòñÿ Q-óëüòðàôèëüòðîì (à çíà÷èò, è ñåëåêòèâ-
íûì óëüòðàôèëüòðîì).

Ïóñòü B � áóëåâà ãðóïïà (= ëèíåéíîå ïðîñòðàíñòâî). Ëþáîé áàçèñ â B îïðåäåëÿåò
ïðåäñòàâëåíèå B = σ{0, 1}|B|.

Ñëåäñòâèå. Åñëè ñóùåñòâóåò ñ÷åòíàÿ ýêñòðåìàëüíî íåñâÿçíàÿ áóëåâà ãðóïïà B, îáëà-
äàþùàÿ íåçàìêíóòûì áàçèñîì, ïðè÷åì òîïîëîãèÿ B ñèëüíåå òèõîíîâñêîé òîïîëîãèè, ïî-
ðîæäåííîé ýòèì áàçèñîì, òî ñóùåñòâóåò è ñåëåêòèâíûé óëüòðàôèëüòð íà ω.

Âñå (ñîâìåñòèìûå ñ ZFC) ïðèìåðû ýêñòðåìàëüíî íåñâÿçíûõ ãðóïï, ïîñòðîåííûå äî ñèõ
ïîð, èìåþò áàçó îêðåñòíîñòåé íóëÿ, ñîñòîÿùóþ èç ïîäãðóïï. Îäíàêî ¾íàèâíûé¿ ñ÷åòíûé
ïðèìåð òàêèì îáðàçîì ïîñòðîèòü íåëüçÿ.

Ëåììà 1. Ïóñòü G � ñ÷åòíàÿ íåäèñêðåòíàÿ áóëåâà òîïîëîãè÷åñêàÿ ãðóïïà, êîòîðàÿ
ñîäåðæèò (ñ÷åòíîå) óáûâàþùåå ñåìåéñòâî îòêðûòûõ ïîäãðóïï Gi ⊂ G, i ∈ ω ñî ñâîé-
ñòâîì

⋂
Gi = {0}. Òîãäà ñóùåñòâóåò íåïðåðûâíûé èçîìîðôèçì ϕ : G →

⊕
ω Z2, ò.å. òà-

êîé èçîìîðôèçì ϕ, ÷òî òîïîëîãèÿ íà G èíäóöèðîâàííàÿ ýòèì èçîìîðôèçìîì (òîïîëîãèÿ
¾ïðîèçâåäåíèÿ¿) ñîäåðæèòñÿ â äàííîé òîïîëîãèè ãðóïïû G.
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Çàôèêñèðîâàâ èçîìîðôèçì ϕ : G →
⊕

ω Z2, ìû ìîæåì îòîæäåñòâëÿòü ýëåìåíòû ãðóï-
ïû G ñ îòîáðàæåíèÿìè ω → Z2 ñ êîíå÷íûì íîñèòåëåì. Òàêèì îáðàçîì, îïðåäåëåíû îòî-
áðàæåíèÿ

min: G→ ω, min g = min supp g

è
max: G→ ω, max g = max supp g.

Ëåììà 2. Ïóñòü G � ñ÷åòíàÿ áóëåâà òîïîëîãè÷åñêàÿ ãðóïïà, êîòîðóþ ìîæíî ïðåä-
ñòàâèòü â âèäå G ∼=

⊕
ω Z2 òàêèì îáðàçîì, ÷òî

äëÿ ëþáîé ôóíêöèè f : ω → ω ìíîæåñòâî

Uf = {x 6= 0 : maxx > f(minx)} ∪ {0}
ÿâëÿåòñÿ îêðåñòíîñòüþ 0.

(1)

Ïðåäïîëîæèì, ÷òî f : ω → ω � ëþáàÿ âîçðàñòàþùàÿ ôóíêöèÿ è V � òàêàÿ îêðåñòíîñòü
íóëÿ, ÷òî 2V ⊂ Ug äëÿ ôóíêöèè g : ω → ω, îïðåäåëåííîé ïðàâèëîì g(n) = f(2n+1). Òî-
ãäà âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü {m0,m1, . . . }, ïîëó÷åííàÿ íóìåðàöèåé ýëåìåíòîâ
ìíîæåñòâà max(V \ {0}), ìàæîðèðóåò f , ò.å. mi > f(i) äëÿ âñåõ i ∈ ω.

Òåîðåìà. Ñóùåñòâîâàíèå ñ÷åòíîé ýêñòðåìàëüíî íåñâÿçíîé òîïîëîãè÷åñêîé ãðóïïû,
ñîäåðæàùåé ñåìåéñòâî îòêðûòûõ ïîäãðóïï, ïåðåñå÷åíèå êîòîðûõ èìååò ïóñòóþ âíóòðåí-
íîñòü, âëå÷åò ñóùåñòâîâàíèå áûñòðîãî óëüòðàôèëüòðà.

Ëåãêî âèäåòü, ÷òî äëÿ ëþáîé ñ÷åòíîé áóëåâîé ãðóïïû G ñ ôèêñèðîâàííûì èçîìîðôè-
çìîì ϕ : G→

⊕
ω Z2 è ëþáîãî îòîáðàæåíèÿ f : ω → ω ìíîæåñòâî

Cf = G \ Uf = {x ∈ G \ {0} : maxx ≤ f(minx)}

äèñêðåòíî â òîïîëîãèè ¾ïðîèçâåäåíèÿ¿, èíäóöèðîâàííîé èçîìîðôèçìîì ϕ, è Cf ∪ {0}
çàìêíóòî â ýòîé òîïîëîãèè. Îòñþäà âûòåêàåò ñëåäóþùåå óòâåðæäåíèå, êîòîðîå äàåò ÷à-
ñòè÷íûé îòâåò íà âîïðîñ Ïðîòàñîâà.

Ñëåäñòâèå. Ïóñòü (G, τ) � ñ÷åòíàÿ íåäèñêðåòíàÿ áóëåâà òîïîëîãè÷åñêàÿ ãðóïïà, êî-
òîðàÿ íå èìååò äèñêðåòíûõ ïîäìíîæåñòâ ñ åäèíñòâåííîé ïðåäåëüíîé òî÷êîé è ñîäåðæèò
ñåìåéñòâî îòêðûòûõ ïîäãðóïï Gi ⊂ G, i ∈ ω, ñî ñâîéñòâîì

⋂
Gi = {0}. Òîãäà ñóùåñòâóåò

áûñòðûé óëüòðàôèëüòð.

Ñëåäñòâèå. Ñëåäóþùåå óòâåðæäåíèå ñîâìåñòèìî â ZFC: Ëþáàÿ ñ÷åòíàÿ áóëåâà ãðóï-
ïà ñ ìàêñèìàëüíîé íåäèñêðåòíîé ãðóïïîâîé òîïîëîãèåé ñîäåðæèò äèñêðåòíîå ïîäìíîæå-
ñòâî ñ åäèíñòâåííîé ïðåäåëüíîé òî÷êîé.

4 Ñâîéñòâà, áëèçêèå ê ýêñòðåìàëüíîé íåñâÿçíîñòè

1. G \ {0} C∗-âëîæåíî â G;

2. {0} 6= A ∩B, ãäå A è B êàíîíè÷åñêè çàìêíóòû (ò.å. 0 � íå π2-òî÷êà);

3. {0} 6=
⋂
i≤nAi, ãäå Ai êàíîíè÷åñêè çàìêíóòû (ò.å. 0 � íå π-òî÷êà);
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4. G ýêñòðåìàëüíî íåñâÿçíà;

5. G ñèëüíî ýêñòðåìàëüíî íåñâÿçíà (â ëþáîì íåîòêðûòîì çàìêíóòîì ìíîæåñòâå åñòü
èçîëèðîâàííàÿ òî÷êà ⇐⇒ äëÿ ëþáîãî îòêðûòîãî U ñî ñâîéñòâîì U 6= U ñóùåñòâóåò
òî÷êà g ∈ U \ U , äëÿ êîòîðîé U ∪ {g} îòêðûòî;

6. åñëè U îòêðûòî è g ∈ U \ U , òî U ∪ {g} îòêðûòî;

7. G íåðàçëîæèìà (G 6= A ∪B: A ∩B = ∅, A = B = G);

8. òîïîëîãèÿ G ìàêñèìàëüíà (åå íåëüçÿ óñèëèòü äî òîïîëîãèè áåç èçîëèðîâàííûõ òî-
÷åê).

5 Âîïðîñû

Çàäà÷à 1. Âåðíî ëè, ÷òî äëÿ ëþáîãî ÷àñòè÷íî ñåëåêòèâíîãî óëüòðàôèëüòðà U íà ω ñó-
ùåñòâóåò îòáðàæåíèå f : ω → ω, äëÿ êîòîðîãî f(U ) ÿâëÿåòñÿ Q-óëüòðàôèëüòðîì?

Çàäà÷à 2. Âåðíî ëè, ÷òî äëÿ ëþáîãî ÷àñòè÷íî ñåëåêòèâíîãî óëüòðàôèëüòðà U íà ω
ñóùåñòâóåò îòîáðàæåíèå f : ω → ω, äëÿ êîòîðîãî f(U ) ñåëåêòèâåí?

Çàäà÷à 3. Âåðíî ëè, ÷òî åñëè 6∃ Q-óëüòðàôèëüòð (èëè åñëè 6∃ P -óëüòðàôèëüòð), òî
ëþáîå ëèíåéíî íåçàâèñèìîå ìíîæåñòâî â ëþáîé ýêñòðåìàëüíî íåñâÿçíîé ãðóïïå çàìêíóòî
(⇒ äèñêðåòíî)?

Ñòàðàÿ çàäà÷à (Ïðîòàñîâ). Ñóùåñòâóåò ëè â ZFC íåäèñêðåòíàÿ òîïîëîãè÷åñêàÿ ãðóï-
ïà, â êîòîðîé âñå äèñêðåòíûå ïîäìíîæåñòâà çàìêíóòû?

Ìàëûõèí äîêàçàë, ÷òî Ëåììà Áóñà âëå÷åò ñóùåñòâîâàíèå ñ÷åòíîé íåäèñêðåòíîé ýê-
ñòðåìàëüíî íåñâÿçíîé ãðóïïû, â êîòîðîé âñå äèñêðåòíûå ïîäìíîæåñòâà çàìêíóòû.

6 Ïðîáëåìà Õðóøàêà

Ïóñòü G � ýêñòðåìàëüíî íåñâÿçíàÿ ãðóïïà è f : G→ 2ℵ0 � ëþáîå íåïðåðûâíîå îòîáðàæå-
íèå. Âåðíî ëè, ÷òî íàéäåòñÿ îòêðûòîå ìíîæåñòâî U ⊂ G, îáðàç êîòîðîãî f(U) íèãäå íå
ïëîòåí â 2ℵ0?

Åñëè îòâåò íà ýòîò âîïðîñ ïîëîæèòåëåí, òî ¾íàèâíîãî¿ ïðèìåðà ñ÷åòíîé íåäèñêðåòíîé
ýêñòðåìàëüíî íåñâÿçíîé ãðóïïû íåò.
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Ñêðåùåííûå ìîäóëè
Í. Õìåëüíèöêèé

Êèåâñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Òàðàñà Øåâ÷åíêà
khmelnit@meta.ua

Îïðåäåëåíèå 1. Ñêðåùåííûì ìîäóëåì (íàä ãðóïïîé)M = (µ : M → P ) íàçûâàåòñÿ
ìîðôèçì ãðóïï µ : M → P (íàçûâàåìûé ãðàíèöåé M) âìåñòå ñ äåéñòâèåì (m, p) 7→ mp

ãðóïïû P íà M è óäîâëåòâîðÿþùèé àêñèîìàì

(CM1) µ(mp) = p−1µ(m)p

(CM2) n−1mn = mµn

äëÿ âñåõ m,n ∈M , p ∈ P .
Êîãäà íåîáõîäèìî âûäåëèòü îáëàñòü çíà÷åíèé P , òîãäà M íàçûâàåòñÿ ñêðåùåííûì

P -ìîäóëåì.
Îñíîâíûìè àëãåáðàè÷åñêèìè ïðèìåðàìè ñêðåùåííûõ ìîäóëåé ÿâëÿþòñÿ:

• Âëîæåíèå N C G íîðìàëüíîé ïîäãðóïïû N â ãðóïïó G âìåñòå ñ äåéñòâèåì ñîïðÿ-
æåíèÿ, òàê íàçûâàåìûé ñîïðÿæåííûé ñêðåùåííûé ìîäóëü. Â ÷àñòíîñòè, äëÿ ëþáîé
ãðóïïû P òîæäåñòâåííîå îòîáðàæåíèå idP : P → P ÿâëÿåòñÿ ñêðåùåííûì ìîäóëåì ñ
äåéñòâèåì P íà ñåáå ñîïðÿæåíèåì. Çàìåòèì, ÷òî ïîíÿòèå ñêðåùåííîãî ìîäóëÿ ìîæíî
ðàññìàòðèâàòü êàê îáëå÷åíèå â êîíêðåòíóþ ôîðìó ïîíÿòèÿ íîðìàëüíîé ïîäãðóïïû.
Òî åñòü, âëîæåíèå çàìåíÿåòñÿ ãîìîìîðôèçìîì ñ îñîáûìè ñâîéñòâàìè. Ýòîò ïðîöåññ
âñòðå÷àåòñÿ è â äðóãèõ àëãåáðàè÷åñêèõ ñèòóàöèÿõ.

• Ãîìîìîðôèçì ãðóïï χ : M → Aut(M), ãäå χ(m) � âíóòðåííèé àâòîìîðôèçì, îòîáðà-
æàþùèé n â m−1nm, � àâòîìîðôíûé ñêðåùåííûé ìîäóëü. Åñëè A óäîâëåòâîðÿåò
óñëîâèÿì Inn(M) 6 A 6 Aut(M) è χ(M) ⊆ A, òî ìîðôèçì χ : M → A òàêæå íàçûâà-
åòñÿ àâòîìîðôíûì ñêðåùåííûì ìîäóëåì.

• Òðèâèàëüíûé ñêðåùåííûé ìîäóëü 0: M → P âñåãäà, êîãäà àáåëåâà ãðóïïà M ÿâëÿ-
åòñÿ P -ìîäóëåì.

• Ëþáîé ãîìîìîðôèçì µ : M → P , ãäå M àáåëåâà è Imµ ëåæèò â öåíòðå P , ïðåäñòàâ-
ëÿåò ñîáîé ñêðåùåííûé ìîäóëü ñ P , äåéñòâóþùåé òðèâèàëüíî íà M .

• Ñþðúåêòèâíûé ãîìîìîðôèçì µ : M → P ñ ÿäðîì, ñîäåðæàùèìñÿ â öåíòðå M , è
p ∈ P äåéñòâóåò íà m ∈M ñîïðÿæåíèåì ëþáûì ýëåìåíòîì èç µ−1p.

Êàòåãîðèÿ ×Mod/Gr ñêðåùåííûõ ìîäóëåé èìååò â êà÷åñòâå îáúåêòîâ âñå ñêðåùåííûå
ìîäóëè íàä ãðóïïàìè. Ìîðôèçìàìè â ×Mod/Gr èçM = (µ : M → P ) â N = (ν : N → Q)
ÿâëÿåòñÿ ïàðà ãîìîìîðôèçìîâ (g, f), äåëàþùèõ êîììóòàòèâíîé äèàãðàììó

M
µ //

g

��

P

f
��

N ν
// Q,
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è ñîõðàíÿþùèõ äåéñòâèå â ñìûñëå, ÷òî äëÿ âñåõ m ∈ M è p ∈ P èìååò ìåñòî òîæäå-
ñòâî g(mp) = (g m)fp. Åñëè P � ãðóïïà, òî P -ìîðôèçìîì P -ñêðåùåííûõ ìîäóëåé íà-
çûâàåòñÿ ãîìîìîðôèçì g : M → N òàêîé, ÷òî (g, idP ) � ìîðôèçì ñêðåùåííûõ ìîäóëåé.
Âñå P -ñêðåùåííûå ìîäóëè è P -ìîðôèçìû îáðàçóþò ïîäêàòåãîðèþ ×Mod/P êàòåãîðèè
×Mod/Gr.

Ïðåäëîæåíèå 1. Äëÿ ëþáîãî ñêðåùåííîãî ìîäóëÿ µ : M → P ñïðàâåäëèâî, ÷òî µM C
P .

Äîêàçàòåëüñòâî. Ýòî ñëåäóåò íåïîñðåäñòâåííî èç ÑÌ1.

Ëþáîå ïîäìíîæåñòâî èç öåíòðà Z(M) ãðóïïû M íàçûâàåòñÿ öåíòðàëüíûì â M .
Ïðåäëîæåíèå 2. Ïóñòü µ : M → P � ñêðåùåííûé ìîäóëü. Òîãäà

1. kerµ öåíòðàëüíî â M .

2. µ(M) äåéñòâóåò òðèâèàëüíî íà Z(M).

3. Íà Z(M) è kerµ èíäóöèðóåòñÿ äåéñòâèå cokerµ, ïðåâðàùàÿ èõ â cokerµ-ìîäóëü.

Äîêàçàòåëüñòâî. Àêñèîìà ÑÌ2 ïîêàçûâàåò, ÷òî åñëè m,n ∈ M è µn = 1, òî mn =
nm. Ýòî äîêàçûâàåò 1. Ñ äðóãîé ñòîðîíû, â ñèëó ÑÌ2 è ÑÌ1, èç mn = nm ñëåäóåò
mµn = m, ÷òî äîêàçûâàåò 2. Ïóíêò 3 ñëåäóåò èç ïóíêòîâ 1 è 2 è ïðåäëîæåíèÿ 1, ïðè÷åì
cokerµ = P/µ(M).

Àáåëåíèçàöèåé ãðóïïû M íàçûâàåòñÿ ãðóïïà Mab = M/[M,M ], ãäå [M,M ] � êîììó-
òàíò ãðóïû M .

Ïðåäëîæåíèå 3. Ïóñòü µ : M → P � ñêðåùåííûé ìîäóëü. Òîãäà P äåéñòâóåò íà
Mab è µ(M) äåéñòâóåò òðèâèàëüíî íà Mab, ïðåâðàùàÿ Mab â cokerµ-ìîäóëü.

Äîêàçàòåëüñòâî. Òàê êàê [m,n]p = [mp, np] äëÿ m,n ∈ M è p ∈ P , òî [M,M ] ÿâëÿå-
òñÿ P -èíâàðèàíòíîé ïîäãðóïïîé ãðóïïû M òàê, ÷òî P äåéñòâóåò íà Mab. Îäíàêî â ýòîì
äåéñòâèè µ(M) äåéñòâóåò òðèâèàëüíî òàê êàê

mµn = n−1mn = m mod [M,M ]

äëÿ m,n ∈M .

Òàêèì îáðàçîì, äëÿ ëþáîãî ñêðåùåííîãî ìîäóëÿ µ : M → P ìîæíî çàïèñàòü òî÷íóþ
ïîñëåäîâàòåëüíîñòü cokerµ-ìîäóëåé

kerµ→Mab → (µM)ab → 1.

Ïåðâîå îòîáðàæåíèå â îáùåì ñëó÷àå íå èíúåêòèâíî. ×òî áû ýòî óâèäåòü, ðàññìîòðèì
ñêðåùåííûé ìîäóëü χ : M → Aut(M), àññîöèèðîâàííûé ñ ãðóïïîéM . Òîãäà kerχ = Z(M).
Ñóùåñòâóþò ãðóïïû M äëÿ êîòîðûõ 1 6= Z(M) ⊂ [M,M ], íàïðèìåð, ãðóïïà êâàòåð-
íèîíîâ, äèåäðàëüíàÿ ãðóïïà è ìíîãèå äðóãèå. Äëÿ âñåõ íèõ êîìïîçèöèÿ îòîáðàæåíèé
kerµ→ Z(M)→Mab ÿâëÿåòñÿ òðèâèàëüíîé, è ïîýòîìó íå èíúåêòèâíîé.

Ñêðåùåííûå ìîäóëè åñòåñòâåííûì îáðàçîì ïîÿâëÿþòñÿ â òîïîëîãèè, è èìåííî â ýòîì
êîíòåêñòå îíè âïåðâûå áûëè ââåäåíû Óàéòõåäîì [1]. Èìåííî, åñëè X åñòü òîïîëîãè÷åñêîå
ïðîñòðàíñòâî è Y � åãî ïîäïðîñòðàíñòâî, òî ãðàíè÷íûé ãîìîìîðôèçì ∂ : π2(X, Y )→ π1Y
ÿâëÿåòñÿ ñêðåùåííûì π1Y -ìîäóëåì.
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Ñðåäè ñêðåùåííûõ ìîäóëåé âàæíîå ìåñòî çàíèìàþò òàê íàçûâàåìûå ñâîáîäíûå ñêðå-
ùåííûå ìîäóëè, îïðåäåëåííûå Óàéòõåäîì [1].

Îïðåäåëåíèå 2. Ïóñòü µ : M → P � ñêðåùåííûé ìîäóëü, {mi | i ∈ I} � íåêîòîðîå
ìíîæåñòâî ôèêñèðîâàííûõ ýëåìåíòîâ èç M . Òîãäà µ : M → P íàçûâàåòñÿ ñâîáîäíûì
ñêðåùåííûì ìîäóëåì ñ áàçèñîì {mi | i ∈ I}, åñëè äëÿ êàæäîãî ñêðåùåííîãî ìîäóëÿ
ν : N → Q è ïðîèçâîëüíûõ ìíîæåñòâà ýëåìåíòîâ {ni | i ∈ I} èç N è ãîìîìîðôèçìà
f : P → Q òàêîãî, ÷òî fµ(mi) = ν(ni), ñóùåñòâóåò åäèíñòâåííûé ãîìîìîðôèçì g : M →
N , äëÿ êîòîðîãî g(mi) = ni è (g, f) � ãîìîìîðôèçì ñêðåùåííûõ ìîäóëåé.

Óàéòõåä [1] êîíñòðóêòèâíî äîêàçàë ñóùåñòâîâàíèå ñâîáîäíûõ ñêðåùåííûõ ìîäóëåé
µ : M → P äëÿ ïðîèçâîëüíîé ãðóïïû P ñ ìíîæåñòâîì ôèêñèðîâàííûõ ýëåìåíòîâ {pi |
i ∈ I}. Ðàññìîòðèì îñíîâíûå ìîìåíòû ýòîãî ïîñòðîåíèÿ.

Ïóñòü P � ãðóïïà, à {pi ∈ P | i ∈ I} � ìíîæåñòâî âûáðàííûõ â íåé ýëåìåíòîâ. Îáî-
çíà÷èì ÷åðåç E ñâîáîäíóþ ãðóïïó, ïîðîæäåííóþ ìíîæåñòâîì P × I. Ðàññìîòðèì ôàêòîð-
ãðóïïó M , ïîëó÷åííóþ ïóòåì ôàêòîðèçàöèè ãðóïïû E ïî ïîäãðóïïå W , ÿâëÿþùåéñÿ
íîðìàëüíûì çàìûêàíèåì ìíîæåñòâà

{(x, a)(y, b)(x, a)−1(xpax
−1y, b) | x, y ∈ P, a, b ∈ I}.

Äåéñòâèå ãðóïïû P íà ãðóïïå M èíäóöèðóåòñÿ äåéñòâèåì P íà ãðóïïå E ïîñðåäñòâîì
ñîîòíîøåíèÿ (x, a)p = (px, a), ãäå x, p ∈ P , a ∈ I. Ãðàíè÷íûé ãîìîìîðôèçì µ : M → P
èíäóöèðóåòñÿ ãîìîìîðôèçìîì ∂ : E → P , çàäàâàåìûì ôîðìóëîé ∂(x, a) = xpax

−1. Ïóñòü
π : E → M � åñòåñòâåííàÿ ïðîåêöèÿ è mi = π(1, i). Óàéòõåä äîêàçàë, ÷òî µ : M → P
ÿâëÿåòñÿ ñâîáîäíûì ñêðåùåííûì ìîäóëåì ñ áàçèñîì {mi | i ∈ I}.

Óàéòõåä [1] ïîëó÷èë ñëåäóþùóþ ôóíäàìåíòàëüíóþ òåîðåìó.
Òåîðåìà 1. Ïóñòü Y ëèíåéíî ñâÿçíîå òîïîëîãè÷åñêîå ïðîñòðàíñòâî è X ïîëó÷å-

íî èç Y ñ ïîìîùüþ ïðèêëåèâàíèÿ äâóìåðíûõ êëåòîê. Òîãäà ãðàíè÷íûé ãîìîìîðôèçì
∂ : π2(X, Y ) → π1Y ÿâëÿåòñÿ ñêðåùåííûì π1Y -ìîäóëåì ñ áàçèñîì, ñîîòâåòñòâóþùèì
ïðèêëåèâàåìûì êëåòêàì.

Áîëüøå ïðî ñêðåùåííûå ìîäóëè, â ÷àñòíîñòè, ïðî ñâîáîäíûå ñêðåùåííûå ìîäóëè, ìî-
æíî óçíàòü â èñòî÷íèêàõ [2]�[5].

1. Whitehead J. H. C. Combinatorial homotopy // Bull. Amer. Math. Soc. � 1949. � 55, N 4. �
P. 453�496.

2. Øàðêî Â. Â. Ôóíêöèè íà ìíîãîîáðàçèÿõ (àëãåáðàè÷åñêèå è òîïîëîãè÷åñêèå àñïåêòû). �
Êèåâ: Íàóê. äóìêà, 1990. � 196 ñ.

3. Áðàóí Ê. Ñ. Êîãîìîëîãèè ãðóïï. � Ì.: Íàóêà, 1987. � 384 ñ.

4. Brown R., Higgins P. J., Sivera R. Nonabelian algebraic topology. � Z�urich: European
Mathematical Society, 2011. � 668 p.

5. Ratcli�e J. Free and projective modules // J. London Math. Soc. � 1980. � 22, N 1. � P. 66�74.
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Monogenic functions as a tool for the biharmonic
boundary value problems

S. V. Gryshchuk

Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine
serhii.gryshchuk@gmail.com

We consider the commutative algebra B over the �eld of complex numbers C with the bases
{e1, e2}: e2

1 = e1, e2e1 = e2, e2
2 = e1 + 2ie2, where i is the imaginary unit in C. The algebra B

is associated with the 2-D biharmonic equation:

∆2 u(x, y) ≡ ∂4u(x, y)

∂x4
+ 2

∂4u(x, y)

∂x2∂y2
+
∂4u(x, y)

∂y4
= 0. (1)

Let Dζ be a bounded domain in the plane µ := {xe1 + ye2 : x, y ∈ R}, where R is the �eld
of real numbers. We consider monogenic functions Φ : Dζ −→ B having the classic derivative
Φ′(ζ) := lim

h→0, h∈µ

(
Φ(ζ + h)− Φ(ζ)

)
h−1 ∈ B in every point ζ ∈ Dζ .

Let D ≡ {(x, y) ∈ R2 : ζ = xe1 + ye2 ∈ Dζ}. Every component Uk : D −→ R, k = 1, 4, of
the expansion

Φ(ζ) = U1(x, y) e1 + U2(x, y) ie1 + U3(x, y) e2 + U4(x, y) ie2 (2)

is a biharmonic function in D (cf., e.g., [1]), i.e., ∆2Uk = 0 in D.
Consider a Schwarz-type boundary value problem on �nding a monogenic in Dζ function Φ

which is continuous in the closure Dζ when values of components U1 and U3 of the expansion (2)
are given on the boundary ∂Dζ , i.e., the following boundary conditions are satis�ed: U1(x, y) =
u1(ζ) , U3(x, y) = u3(ζ) for every point ζ = xe1 + e2y ∈ ∂Dζ , where uk : ∂Dζ −→ R, k ∈ {1, 3},
are given functions. We call this problem as (1-3)-problem.

It is known that the biharmonic boundary value problem on �nding a biharmonic function
U : D −→ R with given limiting values of partial derivatives ∂U/∂x, ∂U/∂y on the boundary
∂D can be reduced to the (1-3)-problem (cf., e.g., [2,3]).

Using the hypercomplex Cauchy type integral and conformal mappings of the complex plane
C we reduce (1-3)-problem (as well as the biharmonic boundary value problem) to a system
of Fredholm equations for a pair of unknown real-valued functions (de�ned on the real line)
under some natural assumptions (see [3]). Note that similar arguments are applicable to any
(m-n)-problem (or (n-m)-problem), 1 ≤ m < n ≤ 4.

1. Gryshchuk S. V., Plaksa S. A. Basic Properties of Monogenic Functions in a Biharmonic Plane //
Contemporary Mathematics (�Complex Analysis and Dynamical Systems V�). � 2013. � 591. �
Amer. Math. Soc., Providence, RI. � P. 127 � 134.

2. Gryshchuk S. V., Plaksa S. A. Schwartz-type integrals in a biharmonic plane // Intern. Journal
of Pure and Appl. Math. � 2013. � 83, No. 1. � P. 193 � 211

(on-line version: http://www.ijpam.eu/contents/2013-83-1/13/13.pdf).

3. Gryshchuk S.V., Plaksa S.A. Monogenic functions in the biharmonic boundary value problem //
ArXiv preprint (arXiv:1505.02518v1 [math.AP]). � 2015.
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Introduction to Poisson and bihamiltonian geometry
Andriy Panasyuk
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Lecture I

References: [Arn73]
Basic objects:M a manifold (smooth, analytic etc.), for exampleM = Rn; the tangent bundle
τ : TM → M , for example pr1 : Rn × Rn → Rn; the cotangent bundle π : T ∗M → M , for
example pr1 : Rn × (Rn)∗ → Rn, E(M) the set of functions on M (smooth, analytic, etc.)

A vector �eld v ∈ Γ (TM): a section of the tangent bundle, i.e. a map (smooth, analytic
etc.) v : M → TM such that τ ◦ v = IdM . Local description v(x) = (

∑
i)v

i(x) ∂
∂xi

(we will skip
the sum sign - �Einstein convention�), here x ∈ M , (x1, . . . , xn) local coordinates on U ⊂ M ,
{ ∂
∂xi
} the corresponding basis of the �ber of the tangent bundle, vi ∈ E(U). For example

v(x) = (x, v1(x) . . . , vn(x)) (a vector function).
Another point of view: v is a di�erentiation of the algebra E(M), i.e. an R-linear map

v : E(M)→ E(M) with v(fg) = v(f)g + fv(g).

Commutator of vector �elds: [, ] : Γ (TM) × Γ (TM) → Γ (TM), [v, w]i(x) = vj(x)∂w
i(x)
∂xj
−

wj(x)∂v
i(x)
∂xj

.
Another point of view: [v, w]f = (vw − wv)f (commutator of di�erentiations). Exercise:

check that the commutator of di�erentiations is a di�erentiation.

A Lie algebra on a vector space V : a bilinear skew-symmetric operation [, ] : V × V → V
satisfying the Jacobi Identity:

1. [x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 ∀x, y, z ∈ V , or, equivalently,

2. adx[y, z] = [adxy, z] + [y, adxz] ∀x, y, z ∈ V , where adxy := [x, y], or, equivalently,

3. ad[x,y] = [adx, ady] ∀x, y ∈ V , where the bracket in the RHS denotes the commutator of
the operators.

The second condition means that adx is a di�erentiation of the bracket [, ]. The third one has
the following interpretation. A pair (V, [, ]), where V is a vector space and [, ] : V × V → V is
a bilinear operation, is called an algebra. Given algebras (V1, [, ]1) and (V2, [, ]2), we say that a
linear map L : V1 → V2 is a homomorphism of algebras, if L[x, y]1 = [Lx, Ly]2 ∀x, y ∈ V1.

So the third condition means that the map x 7→ adx : V → End(V ) a homomorphism
of algebras (V, [, ]) and (End(V ), [, ]). Note that the last algebra is in fact a Lie algebra. A
homomorphism of Lie algebras (V, [, ]) → (End(W ), [, ]) is called a representation of the Lie
algebra (V, [, ]) in the vector space W (so x 7→ adx is a representation of (V, [, ]) in V ).

Examples:

1. V = End(W ) with commutator, in other words V = Matn×n(R) = gl(n,R), [A,B] :=
AB −BA.

2. V = sl(n,R) (traceless matrices), V = so(n,R) (skew symmetric matrices), etc.
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3. V = Γ (TM) with commutator of vector �elds.

Ordinary di�erential equation on a manifold:

dc

dt
(x) = v(x), (or ẋ = v(x) for short)

here v ∈ Γ (TM) is given, c is unknown. A solution of this equation (or a trajectory of v) with
an initial condition x0 ∈ M is a curve c : R → M such that c(0) = x0 and the vector v(x) is
tangent to c at any x ∈ c(R).

A solution always exists locally and is unique: in local coordinates (x1, . . . , xn) we have
v = vi(x) ∂

∂xi
and the equation is equivalent to the system of ODE

dci(t)

dt
= vi(c1(t), . . . , cn(t)), i = 1, . . . , n

with the initial condition ci(0) = xi0, i = 1, . . . , n, and we can use the corresponding existence-
uniqueness theorem.

Globally, if supp v := {x ∈M | v(x) 6= 0} is compact (eg. M is compact itself) one can
extend any local solution to a global (in time and space) solution.

Example 1: �nonextendability in time�: M :=]0, 1[, ẋ = 1.

Example 2: �nonextendability in space�: M := R, ẋ = x2.

Example 3: �Winding line on a torus�: M := T2 = R2/Z2, the vector �eld va,b :=
a ∂
∂x1

+ b ∂
∂x2

, where a, b ∈]0,∞[ are �xed, can be projected onto the vector �eld ṽa,b on T2. Its
trajectories are the projections t→ P (x1 + at, x2 + bt) of the lines t→ (x1 + at, x2 + bt).

Rational case: b/a is a rational number, b = mλ, a = nλ for some λ ∈ R. Then for t := 1/λ
we have (x1 + at, x2 + bt) = (x1 +m,x2 +n) and P (x1 + at, x2 + bt) = P (x1, x2) (the trajectory
is closed, i.e. periodic).

Irrational case: b/a is an irrational number (any trajectory is dense in M).
A submanifold S of M of codimension r: A subset N ⊂M such that there exists an atlas
A := {(Uα, ψα)}α∈A, ψα = (ψ1

α, . . . ψ
n
α) : Uα → Rn, on M with N ∩ Uα = {x ∈ Uα | ψ1

α(x) =
0, . . . ψrα(x) = 0} for those α ∈ A for which N ∩ Uα 6= ∅.

Smooth maps and submanifolds: A smooth map F : M1 → M2 is called an immersion
if TmF : TmM1 → TF (m)M2 is injective for any m ∈ M1. The image of an injective immersi-
on is called an immersed submanifold. An injective immersion F is an embedding if F is a
homeomorphism onto F (M1), where F (M1) is endowed with the topology induced from M2.

Remarks: 1. The image N := F (M1) of an embedding is a submanifold in M2 and, vice
versa, given a submanifold N ⊂M , the inclusion N ↪→M is an embedding. 2. If N ⊂M is an
immersed submanifold, then for any x ∈ N there exists an open neighbourhood U of x in M
such that the connected component of N ∩ U containing x is a submanifold in U .

Example of an immersed submanifold, which is not a submanifold: �The irrational
torus winding� R→ T2.

A foliation F of codimension r on M : A collection F = {Fβ}β∈B of path-connected sets
on M such that there exists an atlas A := {(Uα, ψα)}α∈A on M with the following properties:

1. M =
⋃
β∈B Fβ;
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2. Fβ ∩ Fγ = ∅ for any β, γ, β 6= γ;

3. for any α ∈ A and any (c1, . . . , cr) ∈ ψα(Uα) there exists β ∈ B such that the set {x ∈
Uα | ψ1(x) = c1, . . . ψ

r(x) = cr} coincides with one of the path-connected components of
the set Uα ∩ Fβ if it is nonempty.

By the remark above the sets Fβ are immersed submanifolds.

Example: Collection of the trajectories of the vector �eld ṽa,b on T2.

A distribution D on M of codimension r: A subbundle of the tangent bundle TM with
the r-codimensional �ber, or in other words a collection of subspaces Dx ⊂ TxM smoothly
(analytically) depending on x ∈ M . Such a distribution is locally spanned by n − r linearly
independent (at each point) vector �elds.

Example : The distribution tangent to a foliation: D = TF := {v ∈ TM | v is tangent to F}.

Integrable distribution: A distribution which is tangent to some foliation.

Example: Take a nonvanishing vector �eld v ∈ Γ (TM) (if it exists) and put Dx = Rv(x).
This is an integrable 1-dimensional distribution tangent to the trajectories of the vector �eld
v.

Involutive distribution: A distribution D such that for any two vector �elds X, Y ∈ Γ (TM)
which are tangent to D (i.e. X(x), Y (x) ∈ Dx for any x ∈ M) their commutator [X, Y ] is also
tangent to D (equivalently, locally there exist v1, . . . , vm, vi ∈ Γ (TM), and functions fkij such
that Span{v1, . . . , vm} = D and [vi, vj] = fkijvk; Exercise: prove the equivalence).

The Frobenius theorem (standard): A distribution D is integrable if and only if it is
involutive.

Example of nonintegrable distribution: X = ∂
∂x

+ y ∂
∂z
, Y = ∂

∂y
.

A generalized distribution D on M of codimension r: A collection of subspaces Dx ⊂
TxM locally spanned by n− r vector �elds linearly independent at least at one point (but not
necessarily linearly independent at other points).

A generalized foliation F on M .

Example of a generalized foliation which is not a foliation: The trajectories of a vector
�eld x1 ∂

∂x1
+ x2 ∂

∂x2
.

The generalized Frobenius theorem (Nagano [Nag66]): An analytic generalized distri-
bution D is integrable if and only if it is involutive, i.e. for any two vector �elds X, Y ∈ Γ (TM)
which are tangent to D (i.e. X(x), Y (x) ∈ Dx for any x ∈ M) their commutator [X, Y ] is also
tangent to D.

An example of smooth involutive nonintegrable distribution: Let ϕ(x) be a smooth
function on R such that ϕ(x) ≡ 0 for x 6 0 and ϕ(x) > 0 for x > 0. Take X = ∂

∂x
, Y = ϕ ∂

∂y

on R2. Then [X, Y ] := ∂ϕ
∂x

∂
∂y

can be expressed as a linear combination of X, Y . But it is
nonintegrable: look at its �leaves�.
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Lecture II

References: [dSW99, Arn89]
A bivector �eld on M : A section (smooth, analytic) η of the second exterior power of the
tangent bundle

∧2 TM . Locally η = ηij(x) ∂
∂xi
∧ ∂

∂xj
, ηij(x) being a skew-symmetric matrix

depending on x ∈M .

A covector �eld on M (di�erential 1-form): A section γ of the bundle T ∗M . Locally
γ = γi(x)dxi.

A di�erential 2-form on M : A section ω of the second exterior power of the cotangent
bundle

∧2 T ∗M . Locally ω = ωij(x)dxi ∧ dxj.
Bivector �elds and 2-forms as morphisms: Let η ∈ Γ (

∧2 TM) and γ ∈ Γ (T ∗M). The
contraction γy η =: η(γ) (in the �rst index) is a vector �eld de�ned by v = vj(x) ∂

∂xj
, vj(x) :=

γi(x)ηij(x). Since this operation is pointwise it de�nes a morphism of bundles η] : T ∗M → TM ,
i.e a smooth map such that the following diagram is commutative

T ∗M
η]−−−→ TM

τ

y yπ
M M

and the induced mappings η]x : T ∗xM → TxM are linear for any x ∈ M . Note that it is skew-
symmetric, i.e. (η])∗ = −η]. Conversely, given such a morphism, we can construct a bivector
�eld.

Analogously, a di�erential 2-form ω de�nes a skew-symmetric morphism ω[ : TM → T ∗M .
A symplectic form on M : A di�erential 2-form (2-form for short) ω on M such that

1. ω is nondegenerate, i.e. ω[ is an isomorphism of bundles, or, equivalently, ωij(x) is a
nondegenerate matrix for any x in some (consequently in any) local coordinate system;

2. dω = 0.

A nondegenerate Poisson structure on M : A bivector �eld (bivector for short) η such
that η] : T ∗M → TM is inverse to ω[ : TM → T ∗M for some symplectic form ω.

The Poisson bracket on E(M): Given a bivector �eld η : T ∗M → TM (not necessarily
Poisson), put {f, g} := η(df)g, f, g ∈ E(M). (From now on we will often skip ] and [ indices.)
Then {, } is a bilinear skew-symmetric operation on E(M). We say that η(f) := η(df) is a
hamiltonian vector �eld corresponding to the function f .

Proposition. Let η be a nondegenerate bivector. Then it is Poisson if and only if {, }
satis�es the Jacobi identity,

∑
c.p. f,g,h{{f, g}, h} = 0. 2

Proof Put ω := η−1, i.e. ω(η(α), v) = α(v) for any vector �eld v and 1-form α. Then
η(f)ω(η(g), η(h)) = η(f)(dg(η(h))) = η(f)(η(h)g) = η(f){h, g} = {f, {h, g}} = −{f, {g, h}}
and ω([η(f), η(g)], η(h)) = −ω(η(h), [η(f), η(g)]) = −dh([η(f), η(g)]) = −[η(f), η(g)]h =
− η(f)η(g)h+ η(g)η(f)h = −η(f){g, h}+ η(g){f, h} = −{f, {g, h}}+ {g, {f, h}}. Thus
dω(η(f), η(g), η(h)) =

∑
c.p. f,g,h η(f)ω(η(g), η(h))−ω([η(f), η(g)], η(h)) = −

∑
c.p. f,g,h{g, {f, h}}

(we use the Cartan formula (dω)(X, Y, Z) =
∑

c.p.X,Y,Z Xω(Y, Z)−ω([X, Y ], Z)). So, if dω = 0,
then {, } satis�es the Jacobi identity.
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Conversely, if the JI holds, dω vanishes on all hamiltonian vector �elds. To �nish the proof
it remains to note that the hamiltonian vector �elds span TxM at any x ∈ M . Indeed, it is
enough to take η(xi), where (xi) are local coordinates.

Example: the canonical symplectic structure on the cotangent bundle T ∗Q: Let
πQ : T ∗Q→ Q be a cotangent bundle to a manifold Q. There is a canonical di�erential 1-form
λ ∈ Γ (T ∗M),M := T ∗Q determined uniquely by the following condition: for any α ∈ Γ (T ∗Q),
the following equality holds α∗λ = α, here α in the LHS is regarded as a map α : Q→ T ∗Q. We
call λ the Liouville 1-form. If (U, q1, . . . , qn) is a local chart on Q, the 1-forms dq1, . . . , dqn form
a basis of the vector space T ∗xQ, x ∈ U , and de�ne the chart (π−1

Q (U), q1, . . . , qn, p1, . . . , pn).
In these coordinates λ = pidq

i. Indeed, α : (q1, . . . , qn) 7→ (q1, . . . , qn, α1(q), . . . , αn(q)), where
α = αi(q)dq

i. Thus α∗λ = αi(q)dq
i = α.

The canonical symplectic form ω on M is given by ω := dλ, or, locally, ω = dpi ∧ dqi.
Hamiltonian di�erential equation on a symplectic manifold (M,ω): The ODE related
to a hamiltonian vector �eld η(f), f ∈ E(M), here η = ω−1. In the context of the example above
(in the canonical coordinates (q, p)): η = − ∂

∂pi
∧ ∂

∂qi
, η(H) = ∂H

∂qi
∂
∂pi
− ∂H

∂pi

∂
∂qi
, the corresponding

equations read:

q̇i = −∂H(q, p)

∂pi
, ṗi =

∂H(q, p)

∂qi
.

A Poisson structure on M : A bivector η : T ∗M → TM (not necessarily nondegenerate)
such that the corresponding bracket {, } on E(M) satis�es the Jacobi identity (JI for short).

Consider the Lie algebra (E(M), {, }) on a Poisson manifold. The corresponding adf -operator,
f ∈ E(M), coincides with η(f) : E(M)→ E(M).

The characteristic (generalized) distribution of a Poisson structure η : T ∗M →
TM : Dη := im η (locally generated by the hamiltonian vector �elds η(x1), . . . , η(xn), where
(x1, . . . , xn) are some local coordinates).

By the third form of the JI the map f 7→ η(f), (E(M), {, })→ (Γ (TM), [, ]) is a homomorphi-
sm of Lie algebras, here [, ] is the commutator of vector �elds. This implies involutivity of
Dη: [η(xi), η(xj)] = η({xi, xj}) = η(ηij(x)), where η = ηij(x) ∂

∂xi
∧ ∂

∂xj
. On the other hand,

η(f) = ηij(x) ∂f
∂xi

∂
∂xj

= ∂f
∂xi
η(xi) for any f . In particular, [η(xi), η(xj)] is a linear combination

(with smooth coe�cients) of η(x1), . . . , η(xn).

Theorem: The characteristic distribution Dη is integrable (we call the corresponding foliation
characteristic or symplectic).
Proof In analytic category this follows from the involutivity of D by the generalized Frobenius
theorem. In the smooth case this is also true, but the proof is more complicated, so we skip it.
2

Digression on linear algebra of bivectors: Let V be a vector space and e a bivector on V .
Then e can be treated as: 1) an element e ∈

∧2 V ; 2) a linear skew-symmetric map e] : V ∗ → V ;
3) a bilinear form ẽ on V ∗.

Proposition. Let W := im e] ⊂ V . Then there exists a correctly de�ned bivector e|W ∈∧2W , called the restriction of e to W . Moreover, the restriction e|W is nondegenerate, i.e.
e|]W : W ∗ → W is an isomorphism.

Proof I. A theorem from linear algebra says that there exists a basis v1, . . . , vn of V such that
e = v1 ∧ v2 + · · ·+ v2k−1 ∧ v2k (the number 2k is equal to dimW and is called the rank of e). It
is easy to see that v1, . . . , v2k span W . 2
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Proof II. e is skew-symmetric, i.e. (e])∗ = −e]. This implies ker e] = (im e])⊥, where (·)⊥ stands
for the annihilator of (·). So the natural isomorphism ê : V ∗/ ker e] → im e] = W induced by
e] can regarded as a map from W ∗ ∼= V ∗/(W⊥) to W ⊂ V . The map ê being skew-symmetric
induces the element of

∧2W , which we denote by e|W . 2
Proof III. Let ω be a skew-symmetric bilinear form on a vector space L. Put kerω := {x ∈ L |
ω(x, y) = 0 ∀y ∈ L}. The form is called nondegenerate if kerω = {0}.

Any ω induces a nondegenerate skew-symmetric bilinear form on the vector space L/ kerω.
Treating e as a skew-symmetric bilinear form ẽ on V ∗ we have ker ẽ = ker e]. The restriction

e|W treated as a skew-symmetric bilinear form on W ∗ ∼= V ∗/ ker ẽ is the above mentioned
nondegenerate form induced from ẽ. 2

Symplectic leaves of a Poisson structure η onM : These are the leaves of the characteristic
foliation Dη. Since Dη,x = im η]x for any x ∈ M , the bivector η admits a restriction η|S to any
symplectic leaf S ⊂M , which is a nondegenerate bivector on S. Moreover, since any hamiltonian
vector �eld η(f) is tangent to S at points of S, the value {f, g}(x) = (η(f)g)(x), x ∈ S, depends
only of g|S and by the skew-symmetry the same is true with respect to f . In other words,
{f |S, g|S}η|S = ({f, g}η)|S for any f, g ∈ E(M) and the operation {, }η|S satis�es the JI, hence
η|S is a nondegenerate Poisson structure on S. This explains the term �symplectic leaf� ((η|S)−1

is a symplectic form).

Example 1: Let M := R2, η = x1 ∂
∂x1
∧ ∂

∂x2
. On the open set U := {x1 6= 0} the form

(η|U)−1 = −(1/x1)dx1∧ dx2 is symplectic. Thus the JI holds for {, }η on U and by continuity it
holds also on the wholeM . The symplectic leaves are U and all the points on the line {x1 = 0}.

Example 2: Let M := R3, η = ∂
∂x1
∧ ∂

∂x2
. On each plane Pc := {x3 = c} the form (η|Pc)−1 =

−dx1 ∧ dx2 is symplectic. The JI holds for {, }η on Pc for any c ∈ R. Since Pc sweep the whole
space M as c runs through R, the JI holds for {, }η globally. The symplectic leaves are the
planes Pc.

Example 3: Let M := R3, η = x1 ∂
∂x2
∧ ∂

∂x3
+ x2 ∂

∂x3
∧ ∂

∂x1
+ x3 ∂

∂x1
∧ ∂

∂x2
(we will prove that this

is a Poisson bivector later). The symplectic leaves are . . .

Example 4: LetM = T2×R, let y be a coordinate on the second component. Put η = ṽa,b∧ ∂
∂y
,

where ṽa,b is the generator of winding line. η is Poisson because locally it looks like the bivector
from Example 2. If b/a is irrational, the symplectic leaves (which are two-dimensional) are
dense in M .

Casimir functions of a Poisson structure η on M : Let U ⊂ M be an open set. We say
that f ∈ E(U) is a Casimir function if η(f) ≡ 0 on U . In particular, since {f, g} = η(f)g on
U the Casimir functions constitute the centre of the Lie algebra (E(U), {, }|U). The space of
Casimir functions over U will be denoted by Cη(U).

Proposition. The Casimir functions are constant on the leaves of the symplectic foliation.

Proof We have η(f)g = −η(g)f = 0 for any f ∈ Cη(U), g ∈ E(U). So, since η(g) span the
characteristic distribution, f is constant along its leaves. 2

Example 1': Cη(M) = R, the space of constant functions.

Example 2': Cη(M) = Fun(x3), the space of functions functionally generated by x3.

Example 3': Cη(M) = Fun((x1)2+(x2)2+(x3)2). Hence the symplectic leaves are the concentric
spheres and the point {(0, 0, 0)}.
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Example 4': If b/a is irrational Cη(M) = R. However, for su�ciently small U the space Cη(U)
will be functionally generated by one nonconstant function. So �local Casimirs� are not obtained
as the restriction of the �global Casimirs�.

Lie�Poisson structures, De�nition I: Let (g, [, ]) be a �nite-dimensional Lie algebra, g∗

its dual space (space of linear functionals on g). Given f, g ∈ E(g∗) de�ne {f, g}g(x) :=
〈x, [df |x, dg|x]〉, x ∈ g∗. Here we identify T ∗xg

∗ with g, 〈, 〉 stands for the canonical pairing
between vectors and covectors.

Lie�Poisson structures, De�nition II: Let (g, [, ]) be a �nite-dimensional Lie algebra,
e1, . . . , en ∈ g its basis, x1 = e1, . . . , xn = en these vectors regarded as linear functions on
g∗ (in particular x1, . . . , xn are linear coordinates on g∗). Let [ei, ej] = ckijek (c

k
ij are called the

structure constants corresponding to the basis e1, . . . , en). Put ηg := ckijxk
∂
∂xi
∧ ∂

∂xj
.

Proposition. The bivector corresponding to the bracket {, }g coincides with ηg.

Proof Exercise: Prove that, given {, } : E(M) × E(M) → E(M), a bilinear skew-symmetric
operation being a di�erentiation with respect to each argument, there exists a bivector η ∈
Γ (
⊗2 TM) such that {f, g} = η(df, dg).
Let η = ηij(x) ∂

∂xi
∧ ∂

∂xj
be the bivector corresponding to {, }g. Take f := xi, g := xj, then

{f, g}(x) = ηij(x). On the other hand, by De�nition I, {f, g}(x) = 〈x, [xi, xj]〉 = ckijxk. 2

Exercise: 1) Let η ∈ Γ (
∧2 TM), in local coordinates η = ηij(x) ∂

∂xi
∧ ∂

∂xj
. Show that the JI for

{, }, {f, g} = ηij(x) ∂f
∂xi

∂g
∂xj

holds if and only if the expression

[η, η]ijkS :=
∑

c.p. i,j,k

ηir(x)
∂

∂xr
ηjk(x)

vanishes for all i, j, k ∈ {1, . . . , n}. 2) Show that, given η, ζ ∈ Γ (
∧2 TM), η = ηij(x) ∂

∂xi
∧ ∂
∂xj
, ζ =

ζ ij(x) ∂
∂xi
∧ ∂

∂xj
, the expression

[η, ζ]ijkS :=
1

2

∑
c.p. i,j,k

ηir(x)
∂

∂xr
ζjk(x) + ζ ir(x)

∂

∂xr
ηjk(x)

is a local representation of a trivector on M (called the Schouten bracket of η and ζ).

Proof of the Jacobi identity for the Lie�Poisson structure: [ηg, ηg]
ijk
S =

∑
c.p. i,j,k c

l
irxlc

r
jk.

The last expression vanishes for all i, j, k if and only if
∑

c.p. i,j,k c
l
irc

r
jk = 0 for all l, i, j, k, which

is equivalent to the JI for [, ]. 2

An action of a Lie algebra g on a manifold: A homomorphism of Lie algebras ρ : (g, [, ])→
(Γ (TM), [, ]) (in the target space [, ] stands for the commutator of vector �elds) is called a (right)
action of g on M (a left action corresponds to an antihomomorphism, i.e. a map ρ : (g, [, ])→
(Γ (TM), [, ]) such that ρ([v, w]) = −[ρ(v), ρ(w)], v, w ∈ g).

Orbits of an action ρ : (g, [, ])→ (Γ (TM), [, ]): Put Dx := {ρ(v)|x | v ∈ g}, x ∈M .

Proposition. Let g be �nite-dimensional. Then the generalized distribution D := {Dx}x∈M
is integrable.
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Proof The distribution D is involutive: [ρ(v), ρ(w)] = ρ([v, w]). Thus in the analytic category
the proof follows from the generalized Frobenius theorem. We skip the proof in the smooth
case (roughly it consists in integrating the action of the Lie algebra to a local action of the
corresponding Lie group). 2

The leaves of the corresponding generalized foliation are called the orbits of the action ρ. If
the Lie algebra g is �nite-dimensional, the action can be �integrated� to a local action of a Lie
group G such that g is its Lie algebra. Then the orbits of the Lie algebra action and of the Lie
group action coincide.

Linear representations and actions: Let V be a vector space and A ∈ End(V ) a linear
operator. It induces a uniquely de�ned vector �eld Ã on V given by x 7→ (x,Ax) : V →
V × V ∼= TV . If e1, . . . , en is a basis of V , x1, . . . , xn the dual basis of V ∗ (i.e. the coordinates
on V ) and Aei = Ajiej, we have Ã = Ajix

i ∂
∂xj

.

Exercise: The map A 7→ Ã : End(V )→ Γ (TV ) is an antihomorphism of Lie algebras, i.e. a
left action of the Lie algebra End(V ) on V .

Let L : (g, [, ]) → (End(V ), [, ]) be a representation of a Lie algebra g in a vector space V .

Then the map L̃ : g→ Γ (TM), L̃(x) := L̃(x) is a left action of g on the manifold V . Note, that
the dual representation L∗ : g→ End(V ∗) given by L∗(v) := (L(v))∗ is an antihomomorphism,

hence the map L̃∗ : g→ Γ (TM), L̃∗(v) := ˜(L(v))∗ is a right action of g on V .

The adjoint and coadjoint actions: Let (g, [, ]) be a Lie algebra. The homomorphism v 7→
adv : g → End(g), where advw := [v, w], gives the adjoint representation (of g on g). The
corresponding (left) action v 7→ ãdv : g → Γ (Tg) is also called adjoint. The homomorphism
v 7→ ad∗v : g → End(g∗), where ad∗v is the transposed operator to adv, and the corresponding

(right) action v 7→ ãd∗v : g → Γ (Tg∗) are called the coadjoint (anti)representation and action,
respectively.

The symplectic leaves of the Lie-Poisson structure ηg on g∗ coincide with the orbits

of the coadjoint action : We claim that ãd∗v = ηg(v
′), where v′ denotes the linear function

on g∗ de�ned by an element v ∈ g. Indeed, let v = vjej, then v′ = vjxj. Here x1, . . . , xn are the
elements e1, . . . , en regarded as linear functions on g∗. Then advei = vjckjiek, ad∗vx

i = vjcijkx
k,

hence ãd∗v = vjcijkxi
∂
∂xk

. The last expression obviously coincides with ηg(v′). 2

An invariant symmetric bilinear form on (g, [, ]): A symmetric bilinear form (, ) : g×g→ R
satisfying the equality (adxy, z) = −(y, adxz) for any x, y, z ∈ g.

Proposition. Let (, ) be a nondegenerate invariant symmetric bilinear form on g. Identify
g with g∗ by means of the map v 7→ (v, ·). Then the adjoint orbits become coadjoint ones under
this identi�cation.

Proof Indeed, if A : g → g is a linear operator the transposed operator A∗ : g∗ → g∗ becomes
the adjoint one under this identi�cation: (A∗y, z) = (y, Az) for any y, z ∈ g. Thus ad∗x becomes
−adx. 2

Notations (for the Lie algebras): gl(n,R) := {n×n−matrices with real entries}, sl(n,R) :=
{x ∈ gl(n,R) | Tr(x) = 0}, so(n,R) := {x ∈ gl(n,R) | x = −xT}

The sets above are Lie algebras with respect to the commutator of matrices.
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Notations (for the Lie Groups): GL(n,R) := {X ∈ gl(n,R) | detX 6= 0}, SL(n,R) :=
{X ∈ gl(n,R) | detX = 1}, SO(n,R) := {X ∈ gl(n,R) | XXT = In}. All these sets are groups
with respect to the matrix multiplication. It is easy to see that if x ∈ g, where g is one of the
Lie algebras above, then exp(x) ∈ G, where G is the corresponding Lie group. Also g = TIG.

The Lie algebras from Examples 1-4, below, have an invariant nondegenerate symmetric form
(x, y) = Tr(xy) by means of which we can make an identi�cation g ∼= g∗. The coadjoint orbits
are identi�ed with the adjoint ones, which can be described as the orbits of the corresponding
Lie group with respect to the conjugation of matrices: {XxX−1 | X ∈ G}, x ∈ g.
Example 1: g := gl(n,R), Cηg(g) = Fun(Tr(x),Tr(x2), . . . ,Tr(xn)).

Example 2: g := sl(n,R), Cηg(g) = Fun(Tr(x2), . . . ,Tr(xn)). In particular, for n = 2 we have
a basis e1 := e11−e22, e2 := e12, e2 := e21 and the commutation relations [e1, e2] = 2e2, [e1, e3] =
−2e3, [e2, e3] = e1. Hence ηg = x1

∂
∂x2
∧ ∂

∂x3
+ 2x2

∂
∂x1
∧ ∂

∂x2
− 2x3

∂
∂x1
∧ ∂

∂x3
. The Casimir function

Tr(x2) reads as x2
1/2 + 2x2x3. The symplectic leaves are the 1-sheet hyperboloids, sheets of

2-sheet hyperboloids, two sheets of the cone (without zero) and the point 0.

Example 3: g := so(2n,R), Cηg(g) = Fun(Tr(x2),Tr(x4) . . . ,Tr(x2n−2),Pf(x)).

Example 4: g := so(2n+ 1,R), Cηg(g) = Fun(Tr(x2),Tr(x4) . . . ,Tr(x2n)).

Example 5 (the Heisenberg algebra): g := R3, [e1, e2] = e3, here e1, e2, e3 is the standard
basis of R3. We have ηg = x3

∂
∂x1
∧ ∂

∂x2
, Cηg(g∗) = Fun(x3), so the coadjoint orbits consist of the

planes {x3 = c}, c 6= 0 and of the points of the plane {x3 = 0}. The adjoint orbits are generated
by the vector �elds ckijx

i ∂
∂xk

, where {xi} is the basis dual to {xi}, i. e. by x1 ∂
∂x3
, x2 ∂

∂x3
, so they

are the lines parallel to the x3-axis and the points of this axis.

The Arnold�Liouville theorem: Let (M,ω) be symplectic, dimM = 2n. Assume a hami-
ltonian vector �eld v(H) admits n functionally independent integrals g1 = H, g2, . . . , gn in
involution. Then

1. if the common level sets Mc := {x ∈ M | gi = ci, i = 1, . . . , n} of these integrals are
compact and connected, they are di�eomorphic to (n-dimensional) tori
Tn = {(ϕ1, . . . , ϕn)mod2π};

2. the restriction of the initial hamiltonian equation to Tn gives an almost periodic motion
on Tn, i.e. in the �angle coordinates� ϕ the equation has the form

d−→ϕ
dt

= −→a ,

here −→a = (a1, . . . , an) is a constant vector depending only on the level;

3. the initial equation can be integrated in �quadratures�, i.e. the solutions can be obtained
by means of a �nite number of algebraic operations and operations of taking integral.

The proof of this theorem essentially breaks into two parts. The �rst shows that a compact
n-dimensional manifold with n commuting nonvanishing vector �elds v1, . . . , vn (in our case
vi = η(gi)) is di�eomorphic to Tn.

The second builds special coordinates on M , the �action-angle� coordinates. The �angles�
ϕ1, . . . , ϕn are de�ned in the �est part of the proof for a �xed level setMc, but it turns out that
they smoothly depend on c. The �action� coordinates I1, . . . , In depend only on g1, . . . , gn and
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satisfy ω = dI i ∧ dϕi (i.e. (ϕ, I) are canonical or Darboux coordinates). The initial equations
in these coordinates are of the form

d
−→
I

dt
= 0,

d−→ϕ
dt

= −→a (I).

Due to the fact that (I, ϕ)-coordinates are canonical, we get −→a (I) = − ∂H

∂
−→
I
, ∂H
∂−→ϕ = 0. Thus,

knowing the �action-angle� coordinates, we can easily calculate the vector of �frequencies� −→a
and the solutions: −→ϕ = −→ϕ0 + t−→a .
Example (harmonic oscillator I): LetM = R2, H = (1/2)(p2 +q2), ω = dp∧dq. Then in the
polar coordinates q = r cosϕ, p = r sinϕ we have dp ∧ dq = − sinϕdr ∧ r sinϕdϕ+ cosϕrdϕ ∧
cosϕdr = −rdr ∧ dϕ = d(−r2/2) ∧ dϕ. Hence I = −H, a1 = 1, the solution is ϕ(t) = ϕ(0) + t,
i.e.

t 7→ (R cos(ϕ(0) + t), R sin(ϕ(0) + t)).

Example (harmonic oscillator II): Let M = R2, H = (1/2)(a2p2 + b2q2), ω = dp ∧ dq.
The hamiltonian vector �eld is η(H) = −a2p∂

∂q
+ b2q ∂

∂p
, here η = ω−1 = − ∂

∂p
∧ ∂

∂q
. The

level sets Mc = {(q, p) | H(q, p) = c} are ellipses {(q, p) | q2/(2c/b2) + q2/(2c/a2) = 1}
with the semiaxes

√
2c/b,

√
2c/a. Note that the standard parametrization of the ellipse, ϕ 7→

(
√

2c/b cosϕ,
√

2c/a sinϕ) is not a trajectory of η(H)
The recipe gives I(c) = 1

2π

∫
Mc
pdq = 1

2π

∫
Mc

ω = − c
ab
, which up to − 1

2π
is the area of

the �gure M c := {(q, p) | q2/(2c/b2) + q2/(2c/a2) 6 1} bounded by the ellipse. From this we
conclude that H = −abI and that the solution of the hamiltonian system

q̇ = −a2p, ṗ = b2q

is given by H = c, ϕ(t) = ϕ(0)− t∂H
∂I

= ϕ(0) + tab or, in other words, by

t 7→ ((
√

2c/b) cos(t0 + tab), (
√

2c/a) sin(t0 + tab)).

Example (harmonic oscillator III): Let M = R4, H = (1/2)(p2
1 + p2

2 + q2
1 + q2

2), ω = dp∧ dq.
The hamiltonian vector �eld is η(H) = −p1

∂
∂q1
− p2

∂
∂q2

+ q1
∂
∂p1

+ q2
∂
∂p2

. Obviously η(H)f = 0
for f := q1q2 + p1p2 so this is a Liouville�Arnold integrable system.

Lecture III

References: [Mag78, GZ89, Bol91]

A Poisson pencil on M : Let a pair (η1, η2) of linearly independent bivectors on a manifold
M be given. Assume ηt := t1η1 + t2η2 is a Poisson structure for any t = (t1, t2) ∈ R2. We say
that the Poisson structures η1, η2 are compatible (or form a bihamiltonian structure or a Poisson
pair) and that the whole family Θ := {ηt}t∈R2 is a Poisson pencil.

Exercise: Show that the following conditions are equivalent:

1. ηt is Poisson, i.e. [ηt, ηt]S = 0, for any t ∈ R2 (here [, ]S is the Schouten bracket);

2. [ηt, ηt]S = 0 for any three pairwise nonproportional values of t ∈ R2;
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3. [η1, η1]S = 0, [η1, η2]S = 0, [η2, η2]S = 0.

Example 1: Let η1, η2 be bivectors on Rn with constant coe�cients. Then they form a Poisson
pair (recall that, given a bivector η = ηij(x) ∂

∂xi
∧ ∂
∂xj

, we have [η, η]ijkS :=
∑

c.p. i,j,k η
ir(x) ∂

∂xr
ηjk(x)).

Example 2: Let g be a Lie algebra and ηg the Lie�Poisson structure on g∗. Let c : g× g→ R
be a 2-cocycle on g, i.e. c is skew-symmetric and

∑
c.p. v,w,u c([v, w], u) = 0 for any v, w, u ∈ g.

Then c ∈ (g ∧ g)∗ ∼= g∗ ∧ g∗ can be regarded as a bivector on g∗ with constant coe�cients. It
turns out that (η1, η2), where η1 := ηg, η2 := c, is a Poisson pair.

Indeed, it is easy to see that the bracket [(v, α), (w, β)]′ := ([v, w], c(v, w)) de�nes a Lie
algebra structure on g′ := g× R (Exercise: check this). The R-component lies in the centre of
g′, we say that g′ is a central extension of g. The a�ne subspaces g∗x0 := g∗×x0 ⊂ (g′)∗ = g∗×R
are Poisson submanifolds of the Poisson manifold ((g′)∗, ηg′). The restriction ηg′|g∗x0 coincides
with η1 + x0η2, i.e. the last bivector is Poisson at least for three di�erent values of x0. We
conclude that (η1, η2) is a Poisson pair.

In coordinates this looks as follows. Let e1, . . . , en be a basis of g and [ei, ej] = ckijek, c(ei, ej) =
cij, i, j, k = 1, . . . , n, for some constants ckij, cij ∈ R. Put η′0 := (0, 1), η′i := (ηi, 0) ∈ g′, i =
1, . . . , n, and let x′0, . . . , x

′
n denote the same elements regarded as coordinates on (g′)∗. Then

ηg′ = (ckijx
′
k + x′0cij)

∂
∂x′i
∧ ∂

∂x′j
and ηt = (t1c

k
ijxk + t2cij)

∂
∂xi
∧ ∂

∂xj
. Here x1, . . . , xn are coordinates

on g∗ corresponding to e1, . . . , en.

Example 3: In a particular case when the cocycle c is trivial, i.e. c(v, w) = a([v, w]) for
some a ∈ g∗ we get a Poisson pencil {ηt}, ηt := (t1c

k
ijxk + t2c

k
ijak)

∂
∂xi
∧ ∂

∂xj
, here a1, . . . , an are

coordinates of a in the dual basis e1, . . . , en of g∗. In the corresponding Poisson pair (η1, η2) the
�rst bivector is the Lie-Poisson one, ηg, and the second one is ηg(a), the Lie-Poisson bivector
�frozen� at a.

Example 4: Let g : gl(n,R) and A ∈ g. Put [x, y]A := xAy− yAx. It is easy to see that [, ]A is
a Lie bracket on g for any A (Exercise: check this). In particular, for a �xed A ∈ g the bracket
[, ]t := t1[, ] + t2[, ]A = [, ]t1I+t2A is a Lie bracket for any t ∈ R2 (any family of Lie brackets
linearly spanned by two �xed brackets will be called a Lie pencil). Denote gt := (g, [, ]t). The
Lie�Poisson structures ηgt form a Poisson pencil on g∗.

We get a generalization of this example taking g := so(n,R) and A a symmetric n×n-matrix.

I mechanism of constructing functions in involution (the Magri�Lenard scheme):
Let (η1, η2) be a pair of Poisson structures (not necessarily compatible). Assume we can found
a sequence of functions H0, H1, . . . ∈ E(M) satisfying

η1(H0) = η2(H1)

η1(H1) = η2(H2)
... (1)

Proposition. For any indices i, j the following equality holds:

{Hi, Hj}η1 = {Hi+1, Hj−1}η1 .

Proof η1(Hi)Hj = η2(Hi+1)Hj = −η2(Hj)Hi+1 = −η1(Hj−1)Hi+1 = η1(Hi+1)Hj−1 2

Now assume i < j. If j− i = 2k, we can apply the proposition k times and get {Hi, Hj}η1 =
{Hi+k, Hj−k}η1 = {Hi+k, Hi+k}η1 = 0. If j − i = 2k + 1, we get {Hi, Hj}η1 = {Hi+k, Hj−k}η1 =

34



{Hi+k, Hi+k+1}η1 = η1(Hi+k)Hi+k+1 = η2(Hi+k+1)Hi+k+1 = 0. Hence the sequence H0, H1, . . . is
a family of �rst integrals in involution for any of vector �elds vi := η1(Hi), i = 0, 1, . . . Note
that all these vector �elds are �bihamiltonian�, i.e. hamiltonian with respect to both the Poisson
structures η1, η2.

In general it is hard to �nd the sequences of functions H0, H1, . . . with the required properti-
es. However, if we assume additionally that (η1, η2) is a Poisson pair, there are some cases, when
such sequences naturally appear. For instance, assume that all the bivectors ηt := t1η1 + t2η2 of
the corresponding Poisson pencil are degenerate. Let ηλ := λη1 + η2, λ := t1/t2, and let fλ be a
Casimir function of ηλ. It turns out that fλ depends smoothly, let fλ = f0 + λf1 + λ2f2 + · · ·
be the corresponding Tailor expansion. Then we deduce from the equality ηλ(fλ) = 0 that
0 = η2(f0), η1(f0) + η2(f1), η1(f1) + η2(f2), . . . (coe�cients of di�erent powers of λ). Thus we
can put H0 := f0, H1 := −f1, H2 := f2, . . . Note that such a Magri�Lenard chain starts from a
Casimir function of η2. If gλ = g0 + λg1 + · · · is another Casimir function of ηλ, we get another
sequence of functions in involution. A question arises, is it true that {fi, gj}ηk = 0? Another
important question concerns the completeness of the obtained family of functions.

II mechanism of constructing functions in involution (based on the Casimir functi-
ons of a Poisson pencil): Let {ηt}t∈R2 be a Poisson pencil on M . Denote by Ct(M) the space
of Casimir functions of ηt.

Proposition. Let t′, t′′ ∈ R2 be linearly independent and let f ∈ Ct′(M), g ∈ Ct′′(M). Then

{f, g}ηt = 0

for any t ∈ R2.

Proof Indeed for any t ∈ R2 there exist c′, c′′ ∈ R such that t = c′t′ + c′′t′′. Then {f, g}ηt =
ηt(f)g = (c′ηt

′
+ c′′ηt

′′
)(f)g = c′′ηt

′′
(f)g = −c′′ηt′′(g)f = 0. 2

It is not clear from this fact whether {f, g}ηt = 0 if f, g are Casimir functions of the same
bivector ηt

′
. We will discuss this question in the next lecture.

The Jordan�Kronecker decomposition of a pair of bivectors: A bivector b on a vector
space V is an element of

∧2 V . We will view a bivector b sometimes as a skew-symmetric map
V ∗ → V (then its value at x ∈ V ∗ will be denoted by b(x)) and sometimes as a skew-symmetric
bilinear form on V ∗ (then its value at x, y ∈ V ∗ will be denoted by b(x, y)). In particular,
b(x, y) = 〈b(x), y〉.

Theorem. (Gelfand�Zakharevich, 1989) Given a �nite-dimensional vector space V over
C and a pair of bivectors (b(1), b(2)), b(i) :

∧2 V ∗ → C, there exists a direct decomposition
V ∗ = ⊕km=1V

∗
m such that b(i)(V ∗l , V

∗
m) = 0 for i = 1, 2, l 6= m, and the triples (V ∗m, b

(1)
m , b

(2)
m ),

where b(i)
m := b(i)|V ∗m, are from the following list:

1. [the Jordan block j2jm(λ)]: dimV ∗m = 2jm and in an appropriate basis of V ∗m the matrices
of b(1)

m , b
(2)
m are equal to [

0 Ijm
−Ijm 0

]
,

[
0 Jjm(λ)

−Jjm(λ)T 0

]
where Ijm is the unity jm × jm-matrix and

Jjm(λ) :=


λ 1 0 · · · 0
0 λ 1 · · · 0

· · ·
0 0 0 · · · 1
0 0 0 · · · λ
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is the Jordan jm × jm-block with the eigenvalue λ;

2. [the Jordan block j2jm(∞)]: dimV ∗m = 2jm and in an appropriate basis of V ∗m the matrices
of b(1)

m , b
(2)
m are equal to [

0 Jjm(0)
−Jjm(0)T 0

]
,

[
0 Ijm
−ITjm 0

]
;

3. [the Kronecker block k2km+1]: dimV ∗m = 2km + 1 and in an appropriate basis of V ∗m the
matrices of b(1)

m , b
(2)
m are equal to

K1,km :=

[
0 B1,km

−BT
1,km

0

]
, K2,km :=

[
0 B2,km

−BT
2,km

0

]
,

where

B1,km :=


1 0 0 . . . 0 0
0 1 0 . . . 0 0

. . .
0 0 0 . . . 1 0

 , B2,km :=


0 1 0 . . . 0 0
0 0 1 . . . 0 0

. . .
0 0 0 . . . 0 1


(km × (km + 1)-matrices).

Kronecker Poisson pencils: Let {ηt}t∈R2 , ηt := t1η1 + t2η2, be a Poisson pencil on M . We
say that it is Kronecker at a point x ∈ M , if the Jordan�Kronecker decomposition of the pair
of bivectors η1|x, η2|x (regarded as elements of

∧2 TCxM , here TCxM is the complexi�ed tangent
space) does not contain Jordan blocks.

Proposition. {ηt}t∈R2 is Kronecker at x if and only if

rank (t1η1|x + t2η2|x) = const, (t1, t2) ∈ C2 \ {0}.

Proof It is easy to see that any nontrivial linear combination of matrices K1,km , K2,km has
constant rank equal to 2km. So the rank can �jump� at some t 6= 0 if and only if there are
Jordan blocks in the decomposition. 2

We say that a Poisson pencil Θ on M is Kronecker if there exists an open dense set U ⊂M
such that Θ is Kronecker at any x ∈ U .
Involutivity of Casimir functions for Kronecker Poisson pencils: We have already
proven that, if t′, t′′ ∈ R2 are linearly independent, then {f, g}ηt = 0 for any f ∈ Ct′(M), g ∈
Ct′′(M), t ∈ R2. In the same way one can prove that ηt|x(α, β) = 0 for any α ∈ ker ηt

′|x, β ∈
ker ηt

′′ |x, t ∈ R2.

Proposition. Let {ηt}t∈R2 be Kronecker and let t′ ∈ R2, t′ 6= 0. Then {f, g}ηt = 0 for any
f, g ∈ Ct′(M), t ∈ R2.

Proof Fix x ∈ U . Let t(n) ∈ R2 be such that t(n) is linearly independent with t′ and t(n)
n→∞−→ t′.

The kernel of the map ηt|x : T ∗xM → TxM continuously depend on t ∈ R2 \ {0} and is of
constant dimension. Consequently we can �nd a sequence of covectors αn ∈ ker ηt(n)|x such that
αn

n→∞−→ dxg. We get ηt|x(dxf, αn) = 0 and by continuity we conclude that ηt|x(dxf, dxg) = 0.
In other words, {f, g}ηt(x) = 0 for any x ∈ U . Since U is dense, using again the continuity
argument we get the proof. 2

Summarizing, we get the following result.
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Proposition. Let Θ = {ηt}t∈R2 be a Kronecker Poisson pencil and let

CΘ(M) := Span{
⋃

t∈R2\{0}

Ct(M)}.

Then CΘ(M) is a family of functions in involution with respect to any Poisson bivector ηt.

Remark: It can be shown that in the Kronecker case the family of functions in involution
obtained by the Magri-Lenard scheme starting from Casimir functions coincide with the family
CΘ(M).

Completeness of Casimir functions for Kronecker Poisson pencils: Let (M, η) be a
Poisson structure. We say that an open set W ⊂ M is correct for η if the set W ′ := W \
(W ∩ Sing η) is nonempty and the common level sets of the functions from Cη(W ′) coincide
with the symplectic foliation of η on the set W ′. In other words, the set W is correct if the
Poisson structure does not have regular symplectic leaves dense in W . Equivalent de�nition:
W is correct if {dxf | f ∈ Cη(W )} = ker ηx for any x ∈ W ′. Note that in analytic category any
su�ciently small open set is correct.

Proposition. Let Θ = {ηt}t∈R2 be a Kronecker Poisson pencil. Assume W ⊂ M is an
open set that is correct for ηt for a countable set {t(1), t(2), . . .} of pairwise linearly independent
values of the parameter t and the set W ′ := W \

⋃∞
i=1 Sing ηt(i) is nonempty. Then the set of

functions in involution CΘ(W ′) is complete with respect to any ηt, t 6= 0.

Proof Fix x ∈ U ∩W ′. Let us �rst prove that the set Cx := {dxf | f ∈ CΘ(W ′)} ⊂ T ∗xM
coincides with the set Lx := Span{

⋃
t∈R2\{0} ker ηtx}. Indeed, the vector space Lx is �nite-

dimensional, hence is generated by a �nite number of kernels ker ηtx = {dxf | f ∈ Ct(W )}.
Hence Lx ⊂ Cx. The same considerations show that Cx ⊂ Lx.

It is easy to see that the set Lx is of dimension (1/2)rank ηtx + dimM − rank ηtx. Assume
for a moment that the Jordan�Kronecker decomposition of the pair η1|x, η2|x consists of one
Kronecker block k2km+1. The kernel of the matrix λK1,km + K2,km is 1-dimensional and is
spanned by the vector [0, . . . , 0, 1,−λ, . . . , (−λ)km ]. Taking km + 1 di�erent values of λ we get
km + 1 = (1/2)rank ηtx + dimM − rank ηtx linearly independent vectors (recall the Vandermonde
determinant) spanning the set Lx. In the case of several Kronecker blocks you repeat these
considerations for each block. 2

Remark: In fact it is su�cient to require that W is correct for a �nite number of ηt. However,
this number depends on the number and dimension of the Kronecker blocks, so we make a bit
stronger assumption (which in practice is always satis�ed).

Example (method of the argument translation): Let M := g∗, η1 := ηg, η2 := ηg(a), S :=
Sing ηg, where a ∈ g∗ \ S. Assume that codimS > 2 (if g is semisimple it is known that
codimS > 3). Note that S is an algebraic set, i.e. it is de�ned by a �nite number of algebraic
equations f1(x) = 0, . . . , fm(x) = 0 on g∗. Any algebraic set in a neighbourhood of its generic
point is di�eomorphic to a manifold, hence its dimension is correctly de�ned.

If e1, . . . , en is a basis of g and the corresponding structure constants are de�ned by [ei, ej] =
ckijek, the polynomials f1, . . . , fm are the r × r-minors of the matrix cij(x) = ckijxk, where
r = maxx rank [cij(x)]. Here x1 = e1, . . . , xn = en are the corresponding coordinates on g∗.

In order to check the condition of Kroneckerity we need to consider the complexi�cation
gC of the initial Lie algebra. It can be regarded as a vector space SpanC{e1, . . . , en} ∼= Cn
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with the Lie bracket de�ned by the same structure constants. The set SC := {(z1, . . . , zn) ∈
g∗C
∼= Cn | rank ckijzk < maxz∈Cn rank ckijzk} is a complex algebraic set de�ned by the equations

f1(z) = 0, . . . , fm(z) = 0, where f1, . . . , fm are the same polynomials as above. In particular,
the set SC is of complex codimension at least 2.

We know that t1η1|x + t2η2|x = ckij(t1xk + t2ak), t1, t2 ∈ C. Thus rank (t1η1|x + t2η2|x) is
maximal (over t) and independent of t ∈ C2 \ {0} if and only if t1x + t2a ∈ g∗C \ S if and only
if x 6∈ a, SC, where a, SC := {z ∈ g∗C | ∃(t1, t2) ∈ C2 \ {0} : t1z + t2a ∈ SC}.

Note that the set SC is homogeneous (stable under rescaling). Passing to the projectivization
the set a, SC becomes a cone in CPn−1 over the projectivization of S. This shows that the set
a, SC is also algebraic (by the standard arguments from algebraic geometry) and, moreover,
dimC a, SC = dimC SC+1. In particular codimC a, SC > 1 and we can put U := g∗\(g∗∩a, SC) =
g∗ \ (a, S). Here a, S := {x ∈ g∗ | ∃(t1, t2) ∈ R2 \ {0} : t1x+ t2a ∈ S} and codimR a, S > 1. The
set U is an open dense set in g∗ such that {ηt} is Kronecker at any x ∈ U .

Finally assume that g is semisimple. Then ηg has enough global Casimir functions and the
whole space g∗ is a correct set for ηg. In particular, the assumptions of the proposition above
are satis�ed and we get a complete set CΘ(g∗) of functions in involution (with respect to any
ηt). This set is generated by the �translations� f(x+ λa), λ ∈ R, of the Casimir functions f of
ηg.

III mechanism of constructing functions in involution (based on eigenvalue functi-
ons of a Poisson pencil):

Theorem 2. Let {ηt} be a Poisson pencil on M , w1(x), w2(x) two eigenvalues of Jordan
blocks. Then

{w1, w2}ηt = 0 ∀ t ∈ R2.

Lemma. If w(x) is an egenvalue of a Jordan block (in other words, rank (η1(x)−w(x)η2(x)) <
maxv 6=w(x) rank (η1(x)− vη2(x))), then dxw ∈ ker(η1 − v0η2)(x) for any x ∈Mv0 := {x | w(x) =
v0}.

In particular, {w, f}(1,−v0)|Mv0
= 0 for any function f .

Proof Consider a Poisson structure η1 − v0η2 and a point x ∈ Mv0 . A symplectic leaf
S, dimS < dimM passes through x. The function w is constant on S. Indeed, if y ∈ S is close
to x, then rank (η1(y)− v0η2(y)) < maxv 6=v0 rank (η1(y)− vη2(y)), i.e. v0 must be an eigenvalue
of �the same� Jordan block at a point y, hence w(y) = v0.

Proof of the theorem Let w1(x), w2(x) be functionally independent. Then there exists a local
coordinate system on M of the form w1, w2, x3, . . . , xm.

let v1 6= v2. Then there exist α(v1, v2), β(v1, v2) ∈ R such that ηλ := λ1η1 + λ2η2 =
α(v1, v2)(η1 − v1η2) + β(v1, v2)(η1 − v2η2). Thus

{w1, w2}λ|(v1,v2,x3,...,xm) = ((λ1η1 + λ2η2)(dw1)w2)|(v1,v2,x3,...,xm) =

α(v1, v2){w1, w2}(1,−v1)|(v1,v2,x3,...,xm) + β(v1, v2){w1, w2}(1,−v2)|(v1,v2,x3,...,xm)

= 0− β(v1, v2){w2, w1}(1,−v2)|(v1,v2,x3,...,xm) = 0.

By continuity we also have 0 for v1 = v2.
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Con�gurations. We consider the n-simplex ∆n as the largest simplicial complex on the
vertex set [n+1]. LetX be a cell complex. The space F (X, k) = Xk\{(x1, . . . , xk) ∈ Xk|xi = xj}
is called the con�guration space of the complex X.

Let k, n ≥ 1 be �xed integers such that k ≤ n andK be a simplicial complex with dimK = n.
We de�ne Dk(K) to be the largest cell complex that is contained in the product Kk minus its
diagonal {(x1, . . . , xk) ∈ Kk|xi = xj for some i 6= j}. More explicitly, Dk(K) =

⋃
σ1 × · · · × σk

where the above summation is over all pairwise disjoint closed cells in K [A. Abrams, D. Gay
and V. Hover, Discretized con�gurations and partial partitions, Proceedings of AMS, 2011]. The
space Dk(K) is called the k-discretized con�guration space of K. If K = ∆n, the maximum
dimension of a cell of Dk(∆

n) is equal to n−k+ 1. The complexes Dk(∆
n) and F (K, k) are the

Zk and Sk-complexes in the standard way where Sk is the symmetric group on [k]. In this talk,
we review topological homological properties of Dk(∆

n). We also describe some homological
properties of F (Rn, k), the space that is related to Dk(∆

n).
Application in combinatorics. Let F be the set system on [n] and r ≤ n be the �xed

positive integer. Let H = KGr(F) be the Kneser r-hypergraph determined by the set system F .
In combinatorics, it is known a procedure which allows to associate with a Kneser r-hypergraph
H a cellular complex X with a free action of the symmetric group Sr or the cyclic group Zr
on it. In one particular case, X can be represented as a r-fold deleted product (or deleted join)
of some simplicial complex Y associated with X. It turns out, the equivariant topology of X
re�ects some combinatorial properties of the hypergraph (graph) H. The second purpose of the
present talk is to describe the relation between coloring properties of hypergraphs (graphs) H
and topological properties of equivariant G-complexes associated with H (in particular, con�-
guration and discrete con�guration spaces). For references on this subject, see for example,
[J. Matou�sek, Using the Borsuk-Ulam Theorem: Lecture on Topological Methods in Combi-
natorics and geometry, Springer, 2003] or [P. Csorba, C. Lange, I. Schurr, and A. Wassmer,
Note Box complexes, and the chromatic number, Journal of Combinatorial Theory, Ser.A (108)
2004, 159-168].
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Shadows problems in Euclidian spaces
Yuri Zelinskii

Institute of Mathematics Ukrainian National Academy of Science, Kyiv, Ukraine
zel@imath.kiev.ua

De�nition 1. We shall say that a set E ⊂ Rn is m-convex for points x ∈ Rn\E if there
exists an m-dimensional plane L, such that x ∈ L and L ∩ E = ∅; the set E is m-convex if it
is m-convex for each point x ∈ Rn\E.

Problem 1 (about shade). What is the minimum number of non-overlapping closed
balls with the centers on the sphere Sn−1 with radii smaller than the radius of that sphere such
that any straight line, passing through the center of the sphere, cross at least one of these balls?

Theorem 1. The center of an (n − 1)-sphere in n-dimensional Euclidean space, n > 2,
belongs to the 1-shell of a family of open (closed) balls of radii not exceeding (smaller) than
the radius of the sphere and with centers on this sphere if and only if n+ 1 balls form a shell.

De�nition 2.We shall say that a set E ⊂ Rn is m-semiconvex for points x ∈ Rn\E if there
exists an m-dimensional half-plane P , such as x ∈ P and P ∩E = ∅; the set E is m-semiconvex
if it is m-semiconvex for each points x ∈ Rn\E.

Let F be a 1-semiconvex hull of a family of non-overlapping closed sets (in the n-dimensional
Euclidean space) generated by the given convex set having a non-empty interior with the help
of a transformation group consisting of movements and homotheties.

Theorem 2. A selected point in the n-dimensional Euclidean space, n > 2, belongs to F
for 2n elements of this family.

(Hyper)complex case. Problem 2. What is the minimum number of non-overlapping
closed balls, having centers on the sphere and radii which are smaller than the radius of the
given sphere, and a property that any complex (hypercomplex) line passing through the center
of the sphere intersects at least one of these balls?

Theorem 3. The selected point in the n-dimensional complex (hyper)complex Euclidean
space belongs to the 1-(hyper)complex hull of the family of disjoint open (closed) balls that do
not contain the given point if and only if the number of balls is equal to n.

1. G. Khudayberganov, On uniform-polynomial convex shell of the union balls, Manuscript dep. in
VINITI 21.02.1982, No. 1772 - 85 Dep.

2. Yu. Zelinskii, I. Vyhovska, M. Stefanchuk, Generalized convex sets and shadows problem, ArXiv
preprint /arXiv:1501.06747 [math.MG]/, 2015, 15 P. (in Russian).
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Âèä 2-ÊÍÔ áóëåâûõ ôóíêöèé, çàäàþùèõ òîïîëîãèè
íà êîíå÷íîì ìíîæåñòâå
Í. Ï. Áàøîâà*, À. Â. Ñêðÿáèíà

ÇÍÒÓ*, ÇÍÓ, Çàïîðîæüå, Óêðàèíà
bashovanp82@gmail.com, anna_29_95@mail.ru

Ïóñòü çàäàíî n - ýëåìåíòíîå óïîðÿäî÷åííîå ìíîæåñòâî X = {x1, x2, ..., xn}. Êàæäîìó
èç ïîäìíîæåñòâ äàííîãî ìíîæåñòâà ïîñòàâèì âî âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå áóëåâ
âåêòîð (x1, x2, ..., xn), â êîòîðîì xi = 1, åñëè i-òûé ýëåìåíò ìíîæåñòâà X ïðèíàäëåæèò
ýòîìó ïîäìíîæåñòâó, è xi = 0, åñëè íå ïðèíàäëåæèò. Ðàññìîòðèì âñåâîçìîæíûå íàáîðû
ïîäìíîæåñòâ ìíîæåñòâà X. Êàæäîìó èç íèõ ïîñòàâèì â ñîîòâåòñòâèå áóëåâó ôóíêöèþ
f(x1, x2, ..., xn), îáëàñòü èñòèííîñòè êîòîðîé çàäàåò âñå ïîäìíîæåñòâà, ïðèíàäëåæàùèå âû-
áðàííîìó íàáîðó. Ñîîòâåòñòâèå ìåæäó ìíîæåñòâîì âñåõ áóëåâûõ ôóíêöèé îò n-ìåðíûõ
áóëåâûõ âåêòîðîâ è ìíîæåñòâîì âñåõ íàáîðîâ ïîäìíîæåñòâ n-ýëåìåíòíîãî ìíîæåñòâà X
áèåêòèâíî [1].

Íàáîð ïîäìíîæåñòâ n-ýëåìåíòíîãî ìíîæåñòâà ÿâëÿåòñÿ òîïîëîãèåé íà ýòîì ìíîæåñòâå
òîãäà è òîëüêî òîãäà, êîãäà áóëåâà ôóíêöèÿ, îïèñûâàþùàÿ ýòó ñèñòåìó ïîäìíîæåñòâ,
óäîâëåòâîðÿåò ñëåäóþùèì òðåáîâàíèÿì:

1) Â îáëàñòü åå èñòèííîñòè âêëþ÷àþòñÿ áóëåâû âåêòîðû (0, 0, . . . , 0) è (1, 1, . . . , 1), òî
åñòü ÿâëÿåòñÿ 0-âûïîëíèìîé è 1-âûïîëíèìîé.

2) Âìåñòå ñ ëþáîé ïàðîé áóëåâûõ âåêòîðîâ (x1, x2, ..., xn) è (y1, y2, ..., yn) â îáëàñòü èñòèí-
íîñòè âõîäÿò áóëåâû âåêòîðû (x1 ∨ y1, x2 ∨ y2, ..., xn ∨ yn) è (x1 ∧ y1, x2 ∧ y2, ..., xn ∧ yn), òî
åñòü áóëåâà ôóíêöèÿ ÿâëÿåòñÿ áèþíêòèâíîé (ýòî ñëåäóåò èç êðèòåðèÿ áèþíêòèâíîñòè [2]).

Äàäèì òîïîëîãè÷åñêîå òîëêîâàíèå ïîíÿòèÿì ñóùåñòâåííàÿ è íåñóùåñòâåííàÿ ïåðåìåí-
íàÿ.

Îïðåäåëåíèå 1. Ïåðåìåííàÿ xi ∈ X íàçûâàåòñÿ íåñóùåñòâåííîé â òîïîëîãèè τ ,
åñëè äëÿ ëþáîãî U ∈ τ âûïîëíåíû óñëîâèÿ: U ∪ {xi} ∈ τ è U \ {xi} ∈ τ . Â ïðîòèâíîì
ñëó÷àå ïåðåìåííàÿ xi íàçûâàåòñÿ ñóùåñòâåííîé.

Óòâåðæäåíèå 1. (Êðèòåðèé íåñóùåñòâåííîñòè ïåðåìåííîé) Ïåðåìåííàÿ xi áó-
äåò íåñóùåñòâåííîé â òîïîëîãèè τ òîãäà è òîëüêî òîãäà, êîãäà ìíîæåñòâî {xi} îäíîâ-
ðåìåííî îòêðûòî è çàìêíóòî.

Óòâåðæäåíèå 2. Áèþíêòèâíàÿ áóëåâà ôóíêöèÿ f(x1, x2, ..., xn) çàäàåò òîïîëîãèþ,
åñëè å¼ 2-ÊÍÔ èìååò âèä: (x̄j ∨ xk), ãäå k, j ∈ {1, . . . , n}, j 6= k.

Òåîðåìà 1. Áóëåâà ôóíêöèÿ f(x1, x2, . . . , xn) ñ âåñîì, áîëüøèì ÷èñëà 2n−1, çàäàåò
òîïîëîãèþ íà n-ýëåìåíòíîì ìíîæåñòâå òîãäà è òîëüêî òîãäà, êîãäà å¼ 2-ÊÍÔ èìååò
âèä:

1) ∧αni=1(x̄n ∨ xi) , ãäå 1 ≤ αn ≤ n − 1. Ïðè ýòîì ÷èñëî ñóùåñòâåííûõ ïåðåìåííûõ
ôóíêöèè ðàâíî αn + 1;

2) (x̄n∨xi)∧(x̄n−1∨xi)∧ . . .∧(x̄k+1∨xi), ãäå 1 ≤ k ≤ n−2 è i = 1, k. Ïðè ýòîì ôóíêöèÿ
áóäåò ñîäåðæàòü (n− k + 1) ñóùåñòâåííûõ ïåðåìåííûõ.

3) (x̄n ∨ xi) ∧ (x̄n−1 ∨ xj), ãäå i = 1, n− 2, j = 1, n− 2, i 6= j. Ïðè ýòîì ñóùåñòâåííûõ
ïåðåìåííûõ áóäåò 4.

1. Àäàìåíêî Í.Ï. Îïèñàíèå òîïîëîãèé íà êîíå÷íûõ ìíîæåñòâàõ áóëåâûìè ôóíêöèÿìè. Âå-
ñòíèê ÇÍÓ. (2006), 5-8

2. Òàðàñîâ À. Â. Îáîáùåíèå êðèòåðèÿ áèþíêòèâíîñòè Øåôåðà. Äèñêðåòíàÿ ìàòåìàòèêà. 24:2
(2012), 92-99
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Ëîêàëüíûå èíâàðèàíòû ãëàäêîé ñóáìåðñèè
f : En → R
Â. Ì. Êóçàêîíü

ÎÍÀÏÒ, Îäåññà, Óêðàèíà
kuzakon_v@ukr.net

Ïóñòü En � åâêëèäîâî ïðîñòðàíñòâî ðàçìåðíîñòè n, p � ïðîèçâîëüíàÿ òî÷êà â En, ei
� ïîäâèæíîé ðåïåð â En, i, j, k, ... = 1, 2, . . . , n. Äåðèâàöèîííûå óðàâíåíèÿ èìåþò âèä:

dp = ωjej, dei = ωji ej.

Ìû èñïîëüçóåì ïî÷òè îðòîíîðìèðîâàííûå ðåïåðû (AO-ðåïåðû), êîòîðûå óäîâëåòâîðÿþò
óñëîâèÿì

(euev) = δuv, u, v, w = 1, 2, . . . , n− 1; (euen) = 0; (enen) = g2,

ãäå g � ãëàäêàÿ ôóíêöèÿ îò ëîêàëüíûõ êîîðäèíàò òî÷êè p.
Ïðåîáðàçîâàíèå, ïåðåâîäÿùåå îäèí AO-ðåïåð â äðóãîé, èìååò âèä P = G−1(g̃)O(n)G(g),

ãäå O(n) � îðòîãîíàëüíàÿ ìàòðèöà ïîðÿäêà n, G � äèàãîíàëüíàÿ ìàòðèöà, ó êîòîðîé âñå
ýëåìåíòû êðîìå ïîñëåäíåãî åäèíèöû, à ïîñëåäíèé åñòü g. Îáîçíà÷èì ìíîæåñòâî òàêèõ ïðå-
îáðàçîâàíèé P . Ñòðóêòóðíûå óðàâíåíèÿ ïñåâäîãðóïïû äèôôåîìîðôèçìîâ, äåéñòâóþùåé
íà ïðÿìîé R:

dϑ1 = ϑ1 ∧ ϑ1
1, dϑ

1
1 = ϑ1 ∧ ϑ1

11, dϑ
1
11 = ϑ1

1 ∧ ϑ1
11 + ϑ1 ∧ ϑ1

111, . . . , (1)

ïðè÷åì, ϑ1 = λi ω
i. Ñïðàâåäëèâû ñëåäóþùèå ñîîòíîøåíèÿ:

ϑ1
1 = d ln g − auωu − aωn.

(5avu + avuω
n
n) ∧ ωu +5av ∧ ωn + Avuω

v ∧ ωn = 0,

5(gavu) = avuzω
z + gbvuω

n,

5av = (bvu − Avu)ωu + bvω
n,

ãäå:
Avu = Auv = g2Σ

z
avzazu + avau,

5avu = davu − avzωzu − azuωzv ,
5av = dav − auωuv .

Òåîðåìà 1. Âåëè÷èíû gavu av bvu, Avu bv
g
îáðàçóþò òåíçîðû îòíîñèòåëüíî ïðåîáðà-

çîâàíèé ïñåâäîãðóïïû P.
Òåîðåìà 2. Ïóñòü çàäàíà ñóáìåðñèÿ f : En → R, ïðè÷åì ïðîñòðàíñòâî En îòíåñåíî

ê ïî÷òè îðòîíîðìèðîâàííîìó ðåïåðó, à ñòðóêòóðíûå óðàâíåíèÿ ïñåâäîãðóïïû ïðåîáðàçî-
âàíèé íà R èìåþò âèä (1). Òîãäà ñåìåéñòâî êîðåïåðîâ â En è íà R ìîæíî âûáðàòü òàê,
÷òî ôîðìà ωn àííóëèðóåòñÿ íà ñëîÿõ ñîîòâåòñòâóþùåãî ñëîåíèÿ Φ, à ôîðìû ϑ1

1, ϑ
1
11, . . .

ñòàíîâÿòñÿ ãëàâíûìè è çàâèñÿò òîëüêî îò ñëîåâûõ ôîðì ωv è, âîçìîæíî, åùå îò êà-
ëèáðîâêè.

1. Kuzakon V. M., Shelekhov A. M. Local invariants of smooth foliations./ V. M. Kuzakon Mathemati-
cal Modelling and Geometry. �2014, V. 2, No 3, �C.48-59.

2. Ëàïòåâ Ã. Ô.Ê èíâàðèàíòíîé òåîðèè äèôôåðåíöèðóåìûõ îòîáðàæåíèé./ Ã. Ô. Ëàïòåâ Òðó-
äû ãåîìåòðè÷åñêîãî ñåìèíàðà. �Ìîñêâà, ÂÈÍÈÒÈ ÀÍ ÑÑÑÐ, 1974 ò. 6, � ñ. 37-42.
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Èíôèíèòåçèìàëüíûå ãîëîìîðôíî-ïðîåêòèâíûå
ïðåîáðàçîâàíèÿ ñîõðàíÿþùèå òåíçîð Ýéíøòåéíà

íà êåëåðîâûõ ìíîãîîáðàçèÿõ íåíóëåâîé
ïîñòîÿííîé ñêàëÿðíîé êðèâèçíû

Å. Å. ×åïóðíàÿ

ÎÍÀÏÒ, Îäåññà, Óêðàèíà
culeshova@ukr.net

Èíôèíèòåçèìàëüíûå ãîëîìîðôíî-ïðîåêòèâíûå ïðåîáðàçîâàíèÿ îïðåäåëÿþòñÿ óñëîâè-
åì:

LξΓ
h
ij =

1

2
(ϕiδ

h
j + ϕjδ

h
i − ϕsF s

i F
h
j − ϕsF s

j F
h
i )

Çäåñü F j
i �êîìïëåêñíàÿ ñòðóêòóðà, òàêîé àôôèíîð, ÷òî:

F j
sF

s
i = −δji , F j

i,k = 0,

à ñèìâîë Lξ îçíà÷àåò ïðîèçâîäíóþ Ëè âäîëü ïîëÿ ξ. Òåíçîð

Eij
def
= Rij −

1

n
Rgij (1)

íàçûâàþò òåíçîðîì Ýéíøòåéíà. Èç òðåáîâàíèÿ ñîõðàíåíèÿ òåíçîðà (1) äîëæíî âûïîë-
íÿòüñÿ óðàâíåíèå

LξEij = ξαEij,α + ξα,iE
α
j + ξα,jE

α
i = 0 (2)

Èç (2) è ïîñòîÿíñòâà ñêàëÿðíîé êðèâèçíû R = Rijg
ij 6= 0 ñëåäóåò, ÷òî

Lξgij = −n(n+ 2)

R
ϕi,j

Ïîëàãàÿ

pi = ξi +
n(n+ 2)

2R
ϕi

ìû ïîëó÷àåì pi � êîíòðàâàðèàíòíûé àíàëèòè÷åñêèé âåêòîð, êîòîðûé ê òîìó æå, ÿâëÿåòñÿ
âåêòîðîì Êèëëèíãà [1]. Òàêæå, âåêòîðîì Êèëëèíãà ÿâëÿåòñÿ

qi =
n(n+ 2)

2R
ϕkF i

k.

Íàìè äîêàçàía ñëåäóþùàÿ òåîðåìà:
Òåîðåìà. Â êåëåðîâûõ ìíîãîîáðàçèÿõ ïîñòîÿííîé íåíóëåâîé ñêàëÿðíîé êðèâèçíû ëþáîé
àíàëèòè÷åñêèé êîíòðàâàðèàíòíûé âåêòîð ξi, ïîðîæäàþùèé ãîëîìîðôíî-ïðîåêòèâíûå
èíôèíèòåçèìàëüíîå ïðåîáðàçîâàíèå, ñîõðàíÿþùåå òåíçîð Ýéíøòåéíà, ìîæåò áûòü åäèí-
ñòâåííûì îáðàçîì ïðåäñòàâëåí â ôîðìå:

ξi = pi + F i
kq
i,

ãäå pi è qi � âåêòîðû Êèëëèíãà.

1. K. Yano Di�erential geometry on complex and almost complex spaces,- Pure and Applied Math.
vol. 49, Pergamon Press Book, New York (1965).

2. É. Ìèêåø Ãîëîìîðôíî-ïðîåêòèâíûå îòîáðàæåíèÿ è èõ îáîáùåíèÿ.,- Ãåîìåòðèÿ � 3, Èòîãè
íàóêè è òåõí. Ñåð. Ñîâðåì. ìàò. è åå ïðèë. Òåìàò. îáç., 30, ÂÈÍÈÒÈ, Ì., 2002, 258�289

3. S. Tachibana S. Ishihara On in�nitesimal holomorphically projective transformations in kahlerian
manifolds,- Tohoku Math. J. (2) 12 (1960), no. 1, 77�101.
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Ïðî íàáîðè îðòîïðîåêòîðiâ, ùî çàäîâîëüíÿþòü �all
but two� ñïiââiäíîøåííÿ

Å.Í. Àøóðîâà

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà
work1991@ukr.net

Äàíà ðîáîòà ïðèñâÿ÷åíà âèâ÷åííþ çîáðàæåííÿ ∗-àëãåáðè, ïîðîäæåíî¨ íàáîðîì ïðîåê-
òîðiâ P1,P2, Q1, . . . , Qn, ÿêi çàäîâîëüíÿþòü ñïiââiäíîøåííÿ:

P1 ⊥ P2, Q1 + · · ·+Qn = I. (1)

Ïîêàçàíî, ùî çà óìîâè, ùî êîæíà ïàðà ïðîåêòîðiâ (Pj, Qk), j = 1, 2, k = 1 . . . , n,
çíàõîäèòüñÿ ó çàãàëüíîìó ïîëîæåííi, çàäà÷à îïèñó ç òî÷íiñòþ äî óíiòàðíî¨ åêâiâàëåíòíîñòi
íàáîðiâ (1), åêâiâàëåíòíà äî çàäà÷i îïèñó áëî÷íèõ 2×2 äîäàòíèõ ñàìîñïðÿæåíèõ ìàòðèöü
A1, . . . , An ç óìîâîþ: A1 + · · ·+ An = I.

Çàäà÷à îïèñó íàáîðiâ îðòîïðîåêòîðiâ ç óìîâàìè (1) ç òî÷íiñòþ äî óíiòàðíî¨ åêâiâàëåíò-
íîñòi ¹ ∗-äèêîþ. Òîìó äîñëiäæóþòüñÿ íàáîðè ç äîäàòêîâèìè êîìóòàöiéíèìè ñïiââiäíî-
øåííÿìè, ÿêi åêâiâàëåíòíi óìîâi, ùî ó íåçâiäíîìó çîáðàæåííi îáðàçè îðòîïðîåêòîðiâ P1,
P2 îäíîâèìiðíi. Ó öüîìó âèïàäêó çàäà÷à îïèñó íåçâiäíèõ íàáîðiâ ¹ ðó÷íîþ.

Îñíîâíèì ðåçóëüòàòîì ðîáîòè ¹ òåîðåìà 1, ÿêà îïèñó¹ êîìóòàòèâíèé íàáið íîðìàëüíèõ
îïåðàòîðiâ, ñïåêòðàëüíèé ðîçêëàä ÿêèõ äà¹ ðîçêëàä íàáîðó íà íåçâiäíi íàáîðè.

Îòæå, íåõàé Λ � ìíîæèíà óñiõ ìóëüòèiíäåêñiâ

α = (j1, k1, j2, . . . , kl−1, jl, kl, j1),

js = 1, 2; ks = 1, . . . , n; s = 1, . . . , l; l = 0, 1, . . . .

Ðîçãëÿíåìî íàáið îïåðàòîðiâ Cα, α ∈ Λ:

Cα = Pj1Qk1Pj2 . . . Qkl−1
PjlQklPj1 , (2)

Ïîçíà÷èìî Λi ⊂ Λ ïiäìíîæèíó iíäåêñiâ, ùî ïî÷èíàþòüñÿ òà çàêií÷óþòüñÿ íà i, i = 1, 2.
Òåîðåìà 1. Íåõàé íàáið îðòîïðîåêòîðiâ P1, P2, Q1, . . . , Qn, ùî çàäîâîëüíÿ¹ óìîâi (1)

íåçâiäíèé òà âèêîíóþòüñÿ óìîâè:
i) P1 6= 0, P2 6= 0;
ii) ïðè êîæíîìó j = 1, . . . , n ïàðà ïðîåêòîðiâ P0 = P1 + P2 òà Qj çíàõîäÿòüñÿ ó çàãàëü-

íîìó ïîëîæåííi;
iii) îïåðàòîðè Cα, α ∈ Λ, ùî âèçíà÷àþòüñÿ ôîðìóëîþ (2) óòâîðþþòü êîìóòàòèâíèé

íàáið.
Òîäi Cα = cαPj, cα ∈ C, α ∈ Λj, i íàáið ÷èñåë

cα, α ∈ {(j, k, j), (1, k, 2, l, 1) | j = 1, 2; k, l = 1, . . . , n},

âèçíà÷à¹ ïðîåêòîðè P1, P2, Q1, . . . , Qn îäíîçíà÷íî ç òî÷íiñòþ äî óíiòàðíî¨ åêâiâàëåíòíîñòi.
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Ïðî äåÿêi êîíòðïðèêëàäè â òåîði¨ áàãàòîâèìiðíèõ
ñèíãóëÿðíèõ éìîâiðíiñíèõ ìið

Âîëîøèíà Âiêòîðiÿ

Ñèíãóëÿðíi éìîâiðíiñíi ìiðè âèâ÷àþòüñÿ ïðîòÿãîì îñòàííiõ ñòà ðîêiâ. Ñóòò¹âå ïiäâè-
ùåííÿ iíòåðåñiâ äî âèâ÷åííÿ òàêèõ ìið âiäáóëîñÿ â êiíöi ÕÕ-ãî ñòîëiòòÿ ó çâ'ÿçêó ç òàê
çâàíèì �ôðàêòàëüíèì âèáóõîì� òà ãëèáîêèì çâ'ÿçêîì ìiæ òåîði¹þ ôðàêòàëiâ òà òåîði¹þ
ñèíãóëÿðíèõ ìið.

Âàæëèâèé êëàñ îäíîâèìiðíèõ ñèíãóëÿðíèõ éìîâiðíiñíèõ ìið ïîðîäæó¹òüñÿ â.â. ç íå-
çàëåæíèìè ñèìâîëàìè àáñòðàêòíèõ ðîçêëàäiâ äiéñíèõ ÷èñåë. Öåé êëàñ ¹ óçàãàëüíåííÿì
êëàñó âèïàäêîâèõ âåëè÷èí Äæåññåíà-Âiíòíåðà. Äëÿ ìið òàêîãî òèïó ¹ õàðàêòåðíîþ ÷è-
ñòîòà ðîçïîäiëó (â ñåíñi ðîçêëàäó Ëåáåãà), à êðèòåðié äèñêðåòíîñòi ñïiâïàäà¹ ç êðèòåði¹ì
äèñêðåòíîñòi ðîçïîäiëiâ â.â., ùî ¹ ñóìîþ ì.í. çáiæíèõ ðÿäiâ äèñêðåòíî ðîçïîäiëåíèõ íåçà-
ëåæíèõ â.â. (òåîðåìà Ëåâi). Êëàñ áàãàòîâèìiðíèõ ñèíãóëÿðíèõ éìîâiðíiñíèõ ìið ¹ çíà÷íî
áàãàòøèì i ìåíø âèâ÷åíèì. Ó äîïîâiäi ðîçãëÿíóòà êîíñòðóêöiÿ äâîâèìiðíèõ éìîâiðíiñíèõ
ìið, ïîðîäæåíèõ ñèìâîëüíèìè ðîçáèòòÿìè îäèíè÷íîãî êâàäðàòó i áóäóþòüñÿ êîíòðïðè-
êëàäè äî òåîðåì ïðî ÷èñòîòó ðîçïîäiëó âêàçàíèõ â.â., ùî ìàþòü ìiñöå ó îäíîâèìiðíîìó
âèïàäêó.

Ïîáóäîâà ðîçáèòòÿ
Ðîçãëÿíåìî ðîçáèòòÿ îäèíè÷íîãî êâàäðàòà E = [0; 1]×[0; 1] ⊂ <2 íà n (n ≥ 3) çàìêíåíèõ

ó öüîìó ïðîñòîði ìíîæèí ∆0,∆1, ...,∆n−1. Ïðè öüîìó ìàþòü âèêîíóâàòèñÿ óìîâè

n−1⋃
i=0

∆i = E, λ
(

∆i

⋂
∆j

)
= 0, i 6= j, i, j ∈ 0, n− 1,

λ (∆0) : λ (∆1) : ... : λ (∆n−1) = q0 : q1 : ... : qn−1, qi 6= 0

Äàëi íà äðóãîìó, òðåòüîìó i, âçàãàëi k-òîìó êðîöi êîæíó ìíîæèíó ∆α1α2,...αk−1, α1, α2, ..., αk−
1 ∈ 0, n− 1 äiëèòèìåìî íà n ÷àñòèí ∆α1α2,...αk−10, ∆α1α2...αk−11, ..., ∆α1α2...αk−1[n−1], êîæíà ç
ÿêèõ çàìêíåíà â <2. Ïðè öüîìó äëÿ äîâiëüíîãî ôiêñîâàíîãî íàáîðó α1, α2, ..., αk−1 ∈ 0, n− 1
ìàþòü âèêîíóâàòèñÿ óìîâè

1.
n−1⋃
i=0

∆α1...αk−1i = ∆α1...αk−1
.

2. λ
(
∆α1...αk−1i

⋂
∆α1...αk−1j

)
= 0, i 6= j.

3. λ
(
∆α1...αk−10

)
: λ
(
∆α1...αk−11

)
: ... : λ

(
∆α1...αk−1[n−1]

)
= q0 : q1 : ... :

: qn−1.

4. diam (∆α1...αk)→ 0, k →∞.

Äëÿ òàêîãî ðîçáèòòÿ Å ìàþòü ìiñöå òåîðåìè 1, 2.
Òåîðåìà 1. Äëÿ äîâiëüíî¨ ïîñëiäîâíîñòi {αk}∞k=1, αk ∈ A,A = {0, 1, ..., n− 1} iñíó¹

ïîñëiäîâíiñòü ∆α1 ⊃ ∆α1α2 ⊃ ... ⊃ ∆α1α2...αk ⊃ ... òà ¹äèíà òî÷êà õ òàêà, ùî

x =
∞⋂
k=1

∆α1α2...αk .
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Òåîðåìà 2. ∀x ∈ E ∃{αk(x)}∞k=1 : x =
∞⋂
k=1

∆α1(x)α2(x)...αk(x) =:∆α1α2...αk...

Äîñëiäæåííÿ îäíîãî êëàñó âèïàäêîâèõ âåëè÷èí
Ðîçãëÿíåìî îäèí êëàñ âèïàäêîâèõ âåëè÷èí, ïîâ'ÿçàíèõ iç äàíèì ïðåäñòàâëåííÿì, à

ñàìå: âèïàäêîâó âåëè÷èíó, çàäàíó ó âèãëÿäi

ξ = ∆ξ1ξ2...ξk..., (5)

äå ξk ðîçïîäiëåíi çà ïðàâèëîì

ξk 0 1 2 ... n− 1
pik p0k p1k p2k ... p[n−1]k

(6)

Äëÿ ðîçïîäiëó âèïàäêîâî¨ âåëè÷èíè ζ: ζ = ∆0,ζ1ζ2...ζk... (7), äå ∆0,α1α2...αk � öèëiíäð Q
∗ k-ãî

ðàíãó, äå ζk ðîçïîäiëåíi çà ïðàâèëîì (6), ìà¹ ìiñöå òåîðåìà 3*.
Òåîðåìà 3*. Ðîçïîäië âèïàäêîâî¨ âåëè÷èíè ζ, çàäàíî¨ óìîâàìè (6) i (7) ¹ ÷èñòî íåïå-

ðåðâíèì òîäi i òiëüêè òîäi, êîëè P :=
∞∏
k=1

max pik = 0 [1].

Òåîðåìà 4*. Ðîçïîäië âèïàäêîâî¨ âåëè÷èíè ζ, çàäàíî¨ óìîâàìè (6) i (7) ¹ ÷èñòèì i
àáñîëþòíî íåïåðåðâíèì òîäi i òiëüêè òîäi, êîëè

ρ :=
∞∏
k=1

( ∑
i∈Nk

√
pikqi

)
> 0 [2].

Îäíàê, àíàëîã òåîðåì 3*, 4* íå ìîæíà çàñòîñóâàòè äî âèïàäêîâî¨ âåëè÷èíè ξ, çàäàíî¨
óìîâàìè (5), (6) ó çàãàëüíîìó âèïàäêó.

Îñíîâíèé ðåçóëüòàò: âèñíîâêè òåîðåì 3∗ i 4∗ ¹ ñïðàâåäëèâèìè äëÿ ξ, çàäàíî¨ óìîâàìè
(5), (6), ÿêùî ó ñïåêòði ξ êîæíà òî÷êà ìà¹ íå áiëüøå, íiæ ç÷èñëåííó êiëüêiñòü çîáðàæåíü.

1 S. Albeverio, V. Koshmanenko, G. Torbin, Fine structure of the singular continuous spectrum
Methods Funct. Anal. Topology, 9(2003), No. 2, 101-119.

2 M. V. Pratsiovytyi, Fractal approach to investigations of singular distributions, National Pedagogi-
cal Univ., Kyiv, 1998.

3 S. Albeverio, V. Koshmanenko, M. V. Pratsiovytyi, G. Torbin, On �ne structure of singularly
continuous probability measures and random variables with independent Q̃-symbols
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Ìåòðè÷íèé âiäðiçîê òà äåÿêi ïîâ'ÿçàíi ç íèì
ïîíÿòòÿ

Ãàëóùàê Ñâiòëàíà

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Âàñèëÿ Ñòåôàíèêà
sv.halushchak@ukr.net

Âiäðiçîê, ùî ç'¹äíó¹ òî÷êè A òà B, ó çâè÷àéíîìó ðîçóìiííi ¹ ãåîìåòðè÷íèì ìiñöåì
òî÷îê âèãëÿäó {αA + (1− α)B : 0 ≤ α ≤ 1}. Ó äàíié ðîáîòi ìè ðîçãëÿäàëè iíøå ïîíÿòòÿ,
òàê çâàíîãî ìåòðè÷íîãî âiäðiçêà.

Äîáðå âiäîìî, ùî íåðiâíiñòü òðèêóòíèêà âèêîíó¹òüñÿ â êîæíîìó ìåòðè÷íîìó ïðîñòîði.
Ìíîæèíó òèõ òî÷îê ïðîñòîðó, ÿêi ïåðåòâîðþþòü íåðiâíiñòü òðèêóòíèêà ó ðiâíiñòü, íàçè-
âàþòü ìåòðè÷íèì âiäðiçêîì.

Íàãàäà¹ìî, ùî ïðîñòið R2 ¹ ìåòðè÷íèì ïðîñòîðîì ç ìåòðèêàìè d1 òà d∞, çàäàíèìè ÿê
d1(x, y) = |x1−y1|+ |x2−y2| i d∞(x, y) = max{|x1−y1|, |x2−y2|} äëÿ äîâiëüíèõ x = (x1, x2),
y = (y1, y2) ∈ R 2.

Ìè äîñëiäèëè ïèòàííÿ ïîáóäîâè êîëà, åëiïñà òà ãiïåðáîëè ó ìåòðè÷íèõ ïðîñòîðàõ
(R2, d1) òà (R2, d∞) ó ñåíñi ìåòðè÷íîãî âiäðiçêà. Òàêîæ ó äîïîâiäi áóäóòü ðîçãëÿíóòi äåÿêi
ïèòàííÿ, ùî ñòîñóþòüñÿ ïîíÿòòÿ îïóêëîñòi.
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Íàáëèæåííÿ ¹ìíîñòåé ëiïøèöåâèìè ¹ìíîñòÿìè
Ãëóøàê Iííà Äìèòðiâíà

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Âàñèëÿ Ñòåôàíèêà
inna_gl@rambler.ru

Ðîçãëÿäà¹ìî êëàñ ¹ìíîñòåé [1] âèçíà÷åíèõ íà ìåòðè÷íîìó ïðîñòîði (X, d) ñêií÷åííîãî
äiàìåòðà, ðåãóëÿðíèõ ùîäî ìåòðèêè d, òîáòî òàêèõ ìîíîòîííî íåñïàäíèõ äiéñíîçíà÷íèõ
ôóíêöié c íà ñóêóïíîñòi ExpX âñiõ çàìêíåíèõ ïiäìíîæèí ïðîñòîðó X, ùî c(∅) = 0, i
c(OεA) → c(A) ïðè ε → +0 äëÿ êîæíî¨ çàìêíåíî¨ A ⊂ X. Ââàæàþ÷è d ôiêñîâàíîþ, ó
çâè÷àéíîìó ïîçíà÷åííi öüîãî êëàñó MdX îïóñêà¹ìî d i ïèøåìî MX.

Âiäñòàíü d̂(c1, c2) ìiæ ¹ìíîñòÿìè c1, c2 ∈MX ¹ òî÷íîþ íèæíüîþ ãðàííþ ìíîæèíè âñiõ
òàêèõ ε ≥ 0, ùî äëÿ êîæíî¨ A ⊂

cl
X âèêîíàíî íåðiâíîñòi

c1(OεA) + ε ≥ c2(A), c2(OεA) + ε ≥ c1(A)

(ó òàêîìó âèïàäêó êàæåìî, ùî ¹ìíîñòi c1 òà c2 ¹ ε-áëèçüêèìè). Òîäi d̂(c1, c2) ≤ ε, ÿêùî i
òiëüêè ÿêùî äëÿ âñiõ ε′ > ε, A ⊂

cl
X âèêîíàíî

c1(Oε′A) + ε′ ≥ c2(A), c2(Oε′A) + ε′ ≥ c1(A).

Îñòàííÿ òî÷íà íèæíÿ ãðàíü äîñÿãà¹òüñÿ äëÿ êîìïàêòíîãî ïðîñòîðó, i, øèðøå, äëÿ êîæíîãî
(X, d), ó ÿêîìó dH(Oε′A,OεA)→ 0 ïðè ε′ ↘ ε äëÿ âñiõ A ⊂

cl
X, ε > 0 (çàóâàæèìî, ùî ïðè

ε = 0 çáiæíiñòü ¹ àâòîìàòè÷íîþ). Ó òàêîìó ïðîñòîði d̂(c1, c2) ≤ ε, ÿêùî i òiëüêè ÿêùî c1

òà c2 ε-áëèçüêi.
Êëàñ ëiïøèöåâèõ ç êîåôiöi¹íòîì q > 0 ¹ìíîñòåé � öå ìíîæèíà

M qX = {c ∈MX | ∀F,G ⊂
cl
X |c(F )− c(G)| ≤ q · dH(F,G)}.

Ëiïøèöåâiñòü ñèëüíiøà âiä iíøèõ âëàñòèâîñòåé òèïó ðåãóëÿðíîñòi [3] � ðåãóëÿðíîñòi
ùîäî ìåòðèêè, ðåãóëÿðíîñòi ùîäî òîïîëîãi¨, ω-ãëàäêîñòi òà τ -ãëàäêîñòi.

Òåîðåìà 1. M qX � çàìêíåíèé ïiäïðîñòið ïðîñòîðó MX ç ìåòðèêîþ d̂.

Äëÿ äîâiëüíî¨ ¹ìíîñòi äîâåäåíî iñíóâàííÿ i îòðèìàíî ÿâíèé âèãëÿä íàéáëèæ÷èõ äî íå¨
¹ìíîñòåé iç M qX.

Òåîðåìà 2. Âiäñòàíü âiä ¹ìíîñòi c ∈ MX äî ïiäïðîñòîðó M qX ðiâíà òî÷íié íèæíié
ãðàíi εq ìíîæèíè

Eq = {ε ≥ 0 | c(A) ≤ c(Oε(B)) + q sup
x∈Oε(A)

d(x,B) + 2ε : ∀A,B ⊂
cl
X}

à äîâiëüíà ¹ìíiñòü c0 ∈ M qX ¹ ε-áëèçüêîþ äî äàíî¨ ¹ìíîñòi c ∈ MX, ÿêùî i òiëüêè ÿêùî
−
c
q

ε ≤ c0 ≤
+
c
q

ε, äå ¹ìíîñòi
−
c
q

ε,
+
c
q

ε ∈M qX âèçíà÷åíi ôîðìóëàìè

−
c
q

ε(F ) = sup
A⊂

cl
X
{max{c(A)− ε− q sup

x∈Oε(A)

d(x, F ), 0}}

òà
+
c
q

ε(F ) = inf
B⊂

cl
X
{c(Oε(B)) + ε+ q sup

x∈F
d(x,B)},

äëÿ F 6= ∅, i −c
q

ε(∅) =
+
c
q

ε(∅) = 0.
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Ó âèïàäêó êîëè εq = minEq, òî íàéáëèæ÷i äî c ∈MX ¹ìíîñòi c0 ∈M qX âèçíà÷àþòüñÿ

íåðiâíiñòþ
−
c
q

εq ≤ c0 ≤
+
c
q

εq . ßêùî Eq íå ìà¹ íàéìåíøîãî åëåìåíòà, òî äëÿ äîâiëüíîãî ε′ >

εq = inf Eq iñíó¹ ε′−áëèçüêà äî c ¹ìíiñòü c′ ∈M qX, àëå εq−áëèçüêî¨ ¹ìíîñòi iç ïiäïðîñòîðó
M qX ìîæå é íå iñíóâàòè. Ïðîòå ¹ìíiñòü cq ∈ M qX, äëÿ ÿêî¨ d̂(c, cq) = εq = d̂(c,M qX),
iñíó¹ i âèçíà÷à¹òüñÿ íåðiâíiñòþ

−
c
q

≤ cq ≤
+
c
q

,

äå
−
c
q

= sup
ε>εq

−
c
q

ε òà
+
c
q

= inf
ε>εq

+
c
q

ε ¹ âiäïîâiäíî íàéìåíøîþ i íàéáiëüøîþ ç ¹ìíîñòåé iç êëàñó

M qX, íàéáëèæ÷èõ äî äàíî¨ ¹ìíîñòi c.

1. Zarichnyi M.M., Nykyforchyn O.R. Capacity functor in the category of compacta, Sb.: Mathemati-
cs 2008, 199 (2), 159�184. doi: 10.1070/SM2008v199n02ABEH003914

2. Nykyforchyn O.R., Repov�s D. Inclusion hyperspaces and capacities on Tyhono� spaces: functors

and monads. Topology and Its Appl. 2010, 157 (15), 2421�2434. doi: 10.1016/j.topol.2010.07.032

3. Cherkovsky T.M. Metric spaces of regular capacities. Carpathian Mathematical Publications
2014, 6 (1), 166�176. doi 10.15330/cmp.6.1.166-176. (in Ukrainian)
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Íàðiçíî íåïåðåðâíi i ñèëüíî íàðiçíî íåïåðåðâíi
ôóíêöi�i íåñêií÷åííî�� êiëüêîñòi çìiííèõ

Îëåíà Êàðëîâà

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Âàñèëÿ Ñòåôàíèêà
maslenizza.ua@gmail.com

Íåõàé X =
∏
t∈T

Xt � äîáóòîê ñiì'¨ ìíîæèí Xt, äå |Xt| > 1 äëÿ êîæíîãî t ∈ T . Äëÿ

ìíîæèíè S ⊆ S1 ⊆ T i òî÷îê a = (at)t∈T ∈ X òà x = (xt)t∈S1 ∈
∏
t∈S1

Xt ÷åðåç axS ìè áóäåìî

ïîçíà÷àòè òî÷êó (yt)t∈T ∈ X, òàêó, ùî

yt =

{
xt, t ∈ S,
at, t ∈ T \ S.

Äëÿ êîæíîãî n ∈ N ïîçíà÷èìî

σn(a) = {(xt)t∈T ∈ X : |{t ∈ T : xt 6= at}| ≤ n}, σ(a) =
∞⋃
n=1

σn(a).

ßêùî a ∈ X, E ⊆ σ(a) i S ⊆ T , òî ïîêëàäåìî

XS =
∏
t∈S

Xt, ES = {x ∈ XS : axS ∈ E}.

Îçíà÷åííÿ 1. Ìíîæèíà A ⊆ X íàçèâà¹òüñÿ S-âiäêðèòîþ, ÿêùî σ1(x) ⊆ A äëÿ âñiõ x ∈ A.

Îçíà÷åííÿ 2. Íåõàé (Xt : t ∈ T ) � ñiì'ÿ òîïîëîãi÷íèõ ïðîñòîðiâ, Y � òîïîëîãi÷íèé
ïðîñòið i íåõàé X ⊆ XT � S-âiäêðèòà ìíîæèíà. Âiäîáðàæåííÿ f : X → Y íàçèâà¹òüñÿ
íàðiçíî íåïåðåðâíèì â òî÷öi a = (at)t∈T ∈ X âiäíîñíî t-î¨ çìiííî¨, ÿêùî âiäîáðàæåííÿ
g : Xt → Y , âèçíà÷åíå ôîðìóëîþ g(x) = f(axt ) äëÿ âñiõ x ∈ Xt, íåïåðåðâíå â êîæíié òî÷öi
at ∈ Xt.

Îçíà÷åííÿ 3. Íåõàé T � äåÿêà òîïîëîãiÿ íà S-âiäêðèòié ìíîæèíi X ⊆
∏
t∈T

Xt i (Y, d) �

ìåòðè÷íèé ïðîñòið. Ôóíêöiÿ f : X → Y íàçèâà¹òüñÿ ñèëüíî íàðiçíî íåïåðåðâíîþ â òî÷öi
a ∈ X âiäíîñíî t-î¨ çìiííî¨, ÿêùî

lim
x→a

d(f(x), f(xat )) = 0.

Ôóíêöiÿ f : X → Y ¹ (ñèëüíî) íàðiçíî íåïåðåðâíîþ â òî÷öi a ∈ X, ÿêùî f (ñèëüíî)
íàðiçíî íåïåðåðâíà â òî÷öi a âiäíîñíî êîæíî¨ çìiííî¨ t ∈ T , i ôóíêöiÿ f ¹ (ñèëüíî) íàðiçíî
íåïåðåðâíîþ íà ìíîæèíi X, ÿêùî f (ñèëüíî) íàðiçíî íåïåðåðâíà â êîæíié òî÷öi a ∈ X
âiäíîñíî êîæíî¨ çìiííî¨ t ∈ T .

Ïîíÿòòÿ ñèëüíî íàðiçíî íåïåðåðâíî¨ äiéñíîçíà÷íî¨ ôóíêöi¨ âiä n äiéñíèõ çìiííèõ ââiâ
Î. Äçà íiäçå â ñòàòòi [2] i âñòàíîâèâ, ùî ôóíêöiÿ f ñèëüíî íàðiçíî íåïåðåðâíà íà Rn òîäi i
òiëüêè òîäi, êîëè f íåïåðåðâíà. Ïðîäîâæóþ÷è öi äîñëiäæåííÿ, â [1] i [3] àâòîðè ðîçãëÿäàëè
ñèëüíî íàðiçíî íåïåðåðâíi ôóíêöi¨, âèçíà÷åíi íà ïðîñòîði ïîñëiäîâíîñòåé `2, íàäiëåíîìó
ñòàíäàðòíîþ òîïîëîãi¹þ, ïîðîäæåíîþ `2-íîðìîþ.

Ïðèðîäíî âèíèêëî ïèòàííÿ ïðî äîñëiäæåííÿ ñèëüíî íàðiçíî íåïåðåðâíèõ ôóíêöié,
âèçíà÷åíèõ íà ïðîñòîðàõ ïîñëiäîâíîñòåé ç iíøèìè òîïîëîãiÿìè (íàïðèêëàä, ç òîïîëîãi¹þ
äîáóòêó, òîïîëîãi¹þ ïðÿìî¨ ãðàíèöi ÷è ÿùèêîâîþ òîïîëîãi¹þ).
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1. Õàðàêòåðèçàöiÿ ìàéæå âiäêðèòèõ ìíîæèí.

Îçíà÷åííÿ 4. Ìíîæèíà W ⊆ σ(a) íàçèâà¹òüñÿ ìàéæå âiäêðèòîþ â σ(a), ÿêùî äëÿ
äîâiëüíî¨ ñêií÷åííî¨ ìíîæèíè S ⊆ T ìíîæèíà WS âiäêðèòà â ïðîñòîði XS, íàäiëåíîìó
òîïîëîãi¹þ ïîòî÷êîâî¨ çáiæíîñòi.

Òåîðåìà 1. Íåõàé (Xn)∞n=1 � ïîñëiäîâíiñòü ëîêàëüíî êîìïàêòíèõ ñåïàðàáåëüíèõ ìå-

òðè÷íèõ ïðîñòîðiâ, a ∈
∞∏
n=1

Xn i W ⊆ σ(a). Òîäi íàñòóïíi óìîâè ðiâíîñèëüíi:

1. W � ìàéæå âiäêðèòà â σ(a);

2. W = f−1((0, 1]) äëÿ äåÿêî¨ ñèëüíî íàðiçíî íåïåðåðâíî¨ ôóíêöi¨ f : σ(a)→ [0, 1].

2. Òî÷êè ðîçðèâó ñèëüíî íàðiçíî íåïåðåðâíèõ ôóíêöié. Ñèìâîëîì C(f) (D(f))
ìè ïîçíà÷à¹ìî ìíîæèíó óñiõ òî÷îê íåïåðåðâíîñòi (ðîçðèâó) âiäîáðàæåííÿ f : X → Y .

Òåîðåìà 2. Íåõàé X ⊆
∏
t∈T

Xt � S-âiäêðèòà ìíîæèíà, |T | < ℵ0 i Y � ìåòðèçîâíèé

ïðîñòið. Òîäi âiäîáðàæåííÿ f : X → Y íåïåðåðâíå òîäi i òiëüêè òîäi, êîëè f : X → Y
ñèëüíî íàðiçíî íåïåðåðâíå.

Òåîðåìà 3. Íåõàé (Xn)∞n=1 � ïîñëiäîâíiñòü ëîêàëüíî êîìïàêòíèõ ñåïàðàáåëüíèõ ìå-

òðè÷íèõ ïðîñòîðiâ, a ∈
∞∏
n=1

Xn iW ⊆ σ(a). ÒîäiW � ìíîæèíà òî÷îê ðîçðèâó äåÿêî¨ ñèëüíî

íàðiçíî íåïåðåðâíî¨ ôóíêöi¨ f : σ(a) → R òîäi i òiëüêè òîäi, êîëè W � ìàéæå âiäêðèòà â
σ(a).

Òåîðåìà 4. Äëÿ äîâiëüíî¨ íåïîðîæíüî¨ âiäêðèòî¨ ìíîæèíè G ⊆ `p ïðè 1 ≤ p < ∞
iñíó¹ ñèëüíî íàðiçíî íåïåðåðâíà ôóíêöiÿ f : `p → R, òàêà, ùî D(f) = G.

3. Áåðiâñüêà êëàñèôiêàöiÿ. Íåõàé B0(X, Y ) � ñóêóïíiñòü óñiõ íåïåðåðâíèõ âiäîáðà-
æåíü f : X → Y . Ïðèïóñòèìî, ùî âæå âèçíà÷åíi êëàñè Bξ(X, Y ) äëÿ âñiõ 0 ≤ ξ < α, äå
α < ω1. Òîäi f : X → Y íàëåæèòü äî α-ãî êëàñó Áåðà, f ∈ Bα(X, Y ), ÿêùî f ¹ ïîòî÷êîâîþ
ãðàíèöåþ ïîñëiäîâíîñòi âiäîáðàæåíü fn ∈ Bξn(X, Y ), äå ξn < α. ßêùî f ∈

⋃
0≤α<ω1

Bα(X, Y ),

òî êàæóòü, ùî âiäîáðàæåííÿ f âèìiðíå çà Áåðîì.
Âiäîáðàæåííÿ f : X → Y íàëåæèòü äî α-ãî ñòàáiëüíîãî êëàñó Áåðà, f ∈ Bd

α(X, Y ),
ÿêùî iñíó¹ ïîñëiäîâíiñòü âiäîáðàæåíü fn ∈ Bαn(X, Y ), äå αn < α, òàêà, ùî äëÿ êîæíîãî
x ∈ X iñíó¹ òàêå N ∈ N, ùî fn(x) = f(x) äëÿ âñiõ n ≥ N .

Òåîðåìà 5. Íåõàé (Xn)∞n=1 � ïîñëiäîâíiñòü òîïîëîãi÷íèõ ïðîñòîðiâ, a ∈
∞∏
n=1

Xn i

f : σ(a)→ R.

1. ßêùî f � ñèëüíî íàðiçíî íåïåðåðâíà ôóíêöiÿ, òî f ∈ Bd
1(σ(a),R).

2. ßêùî f � íàðiçíî íåïåðåðâíà i Xn � ìåòðèçîâíèé ïðîñòið äëÿ êîæíîãî n ∈ N, òî
f ∈ Bω0(σ(a),R).

Òåîðåìà 6. Iñíó¹ ñèëüíî íàðiçíî íåïåðåðâíà ôóíêöiÿ f : Rω → R, ÿêà íå âèìiðíà çà
Áåðîì.
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Òåîðåìà 7. Iñíó¹ íàðiçíî íåïåðåðâíà ôóíêöiÿ f : σ(0)→ [0, 1], äå σ(0) ∈ Rω, òàêà, ùî
f 6∈

∞⋃
n=1

Bn(σ(0), [0, 1]).

Òåîðåìà 8. Íåõàé α ∈ [1, ω1) i p ∈ [1,+∞). Òîäi iñíó¹ ñèëüíî íàðiçíî íåïåðåðâíà
ôóíêöiÿ f : `p → R, ÿêà íàëåæèòü äî (α + 1)-ãî êëàñó Áåðà i íå íàëåæèòü äî α-ãî êëàñó
Áåðà.

1. �Cin�cura J., �Sal�at T., Visnyai T. On separately continuous functions f : `2 → R, Acta Acad.
Paedagog. Agriensis, XXXI (2004), 11�18.

2. Dzagnidze O. Separately continuous function in a new sense are continuous, Real Anal. Exchange
24 (1998-99), 695�702.

3. Visnyai T. Strongly separately continuous and separately quasicontinuous functions f : `2 → R,
Real Anal. Exchange 38:2 (2013), 499�510.

4. Êàðëîâà Î. Äåÿêi âëàñòèâîñòi ñèëüíî íàðiçíî íåïåðåðâíèõ ôóíêöié íà äîáóòêàõ, Áóê. ìàò.
æóðíàë 2 (2-3) (2014), 119-125.

5. Karlova O. The Baire classi�cation of strongly separately continuous functions, Real Anal. Exch.,
40 (2) (2015).

6. Êàðëîâà Î. Ñèëüíî íàðiçíî íåïåðåðâíi ôóíêöi¨ i îäíà õàðàêòåðèçàöiÿ âiäêðèòèõ ìíîæèí

â ÿùèêîâié òîïîëîãi¨, Ìàò. Ñòóäi¨ 43 (1) (2015), 36-42.

7. Karlova O., Mykhaylyuk V. On strongly separately continuous mappings on products, Math.
Slovaca (accepted)

8. Karlova O., Visnyai T. On strongly separately continuous functions on sequence spaces, (submi-
tted to JMAA)
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Ïðîäîâæåííÿ (îáìåæåíèõ) íåïåðåðâíèõ ôóíêöié ç
ïiäìíîæèí êâàäðàòó ïðÿìî�� Çîðãåíôðåÿ

Îëåíà Êàðëîâà

Ïðèêàðïàòñüêèé íàöiîíàëüíèé óíiâåðñèòåò iì. Âàñèëÿ Ñòåôàíèêà
maslenizza.ua@gmail.com

Ïiäìíîæèíà E òîïîëîãi÷íîãî ïðîñòîðó X íàçèâà¹òüñÿ

• C-âêëàäåíîþ (C∗-âêëàäåíîþ) â X, ÿêùî äîâiëüíó íåïåðåðâíó (îáìåæåíó) äiéñíîçíà-
÷íó ôóíêöiþ f íà E ìîæíà ïðîäîâæèòè äî íåïåðåðâíî¨ ôóíêöi¨ íà X;

• z-âêëàäåíîþ â X, ÿêùî êîæíó ôóíêöiîíàëüíî çàìêíåíó â E ìíîæèíó ìîæíà ïðî-
äîâæèòè äî ôóíêöiîíàëüíî çàìêíåíî¨ â X ìíîæèíè;

• äîáðå âêëàäåíîþ â X, ÿêùî âîíà öiëêîì âiäîêðåìíà âiä äîâiëüíî¨ ôóíêöiîíàëüíî
çàìêíåíî¨ ìíîæèíè F ⊆ X, òàêî¨, ùî F ∩ E = ∅.

Êàæóòü, ùî ïðîñòið X ìà¹ âëàñòèâiñòü (C∗ = C), ÿêùî äîâiëüíà C∗-âêëàäåíà ìíî-
æèíà E ⊆ X ¹ C-âêëàäåíîþ.

Êëàñè÷íà òåîðåìà Òiòöå-Óðèñîíà ñòâåðäæó¹, ùî ó âèïàäêó, êîëè ïðîñòið X íîðìàëü-
íèé, òî êîæíà çàìêíåíà ïiäìíîæèíà X ¹ C∗-âêëàäåíîþ i X ìà¹ âëàñòèâiñòü (C∗ = C).
Áiëüøå òîãî, ïðîñòið X ¹ íîðìàëüíèì òîäi i òiëüêè òîäi, êîëè êîæíà éîãî çàìêíåíà ïiä-
ìíîæèíà ¹ z-âêëàäåíîþ [2, Proposition 3.7].

Íàñòóïíèé ðåçóëüòàò áóâ äîâåäåíèé â [1, Corollary 3.6].
Òåîðåìà 1. Ïiäìíîæèíà E òîïîëîãi÷íîãî ïðîñòîðó X ¹ C-âêëàäåíîþ â X òîäi i òiëüêè

òîäi, êîëè E � z-âêëàäåíà i äîáðå âêëàäåíà â X.
Ïðîñòið X ¹ δ-íîðìàëüíî âiäîêðåìíèì, ÿêùî êîæíèé éîãî çàìêíåíèé ïiäïðîñòið äîáðå

âêëàäåíèé â X. Êëàñ δ-íîðìàëüíî âiäîêðåìíèõ ïðîñòîðiâ âêëþ÷à¹ â ñåáå âñi íîðìàëüíi
ïðîñòîðè i âñi çëi÷åííî êîìïàêòíi ïðîñòîðè. Ç òåîðåìè 1 âèïëèâà¹ íàñòóïíèé ôàêò.

Íàñëiäîê 1. Êîæíèé δ-íîðìàëüíî âiäîêðåìíèé ïðîñòið ìà¹ âëàñòèâiñòü (C∗ = C).

Äîáðå âiäîìî, ùî êîæíèé C∗-âêëàäåíèé ïiäïðîñòið öiëêîì ðåãóëÿðíîãî ïðîñòîðó ç
ïåðøîþ àêñiîìîþ çëi÷åííîñòi çàìêíåíèé. Íàñòóïíå ïèòàííÿ ¹ âiäêðèòèì:

Ïèòàííÿ 1 (5). ×è iñíó¹ öiëêîì ðåãóëÿðíèé ïðîñòið ç ïåðøîþ àêñiîìîþ çëi÷åííîñòi
áåç âëàñòèâîñòi (C∗ = C)?

Îõòà [4] âñòàíîâèâ, ùî ïëîùèíà Íåìèöüêîãî ìà¹ âëàñòèâiñòü (C∗ = C) i çàïèòàâ, ÷è
ìà¹ öþ âëàñòèâiñòü êâàäðàò ïðÿìî¨ Çîð åíôðåÿ S2? Âiäïîâiäü íà öå ïèòàííÿ íàðàçi íå
âiäîìà. Ó öüîìó ïîâiäîìëåííi ïîäàíî äåÿêi âëàñòèâîñòi C- i C∗-âêëàäåíèõ ïiäïðîñòîðiâ
S2.

Òåîðåìà 2. Íåõàé E ⊆ S2.

1. ßêùî E � C∗-âêëàäåíèé, òî E � R2-ñïàäêîâî áåðiâñüêèé.

2. ßêùî E � äèñêðåòíèé C∗-âêëàäåíèé, òî E � çëi÷åííà ìíîæèíà òèïó Gδ â R2.
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Çàóâàæèìî, ùî îáåðíåíå òâåðäæåííÿ äî äðóãîãî ïóíêòó öi¹¨ òåîðåìè íå âiðíå.
Òåîðåìà 3. Iñíó¹ S2-çàìêíåíèé çëi÷åííèé äèñêðåòíèé Gδ-ïiäïðîñòið E ïëîùèíè R2,

ÿêèé íå ¹ C∗-âêëàäåíèì â S2.
Ìíîæèíè A i B íàçèâàþòüñÿ öiëêîì âiäîêðåìíèìè â X, ÿêùî iñíó¹ íåïåðåðâíà ôóíêöiÿ

f : X → R, òàêà, ùî A ⊆ f−1(0) i B ⊆ f−1(1).
Ìíîæèíè A i B ç R2 íàçâåìî

• öiëêîì âiäîêðåìíèìè ó ìíîæèíi C, ÿêùî C ∩ A 6= ∅ 6= C ∩ B i ìíîæèíè A ∩ C i
B ∩ C öiëêîì âiäîêðåìíi â S2.

• äåñü âiäîêðåìíèìè â S2, ÿêùî iñíó¹ òàêà R2-âiäêðèòà ìíîæèíà O, ùî A i B öiëêîì
âiäîêðåìíi â O.

Òåîðåìà 4. Íåõàé E � äèñêðåòíèé C∗-âêëàäåíèé ïiäïðîñòið S2. Òîäi ìíîæèíè E i
(clR2E) \ E äåñü âiäîêðåìíi â S2.

×åðåç D ìè ïîçíà÷èìî àíòè-äiàãîíàëü {(x,−x) : x ∈ R} êâàäðàòó ïðÿìî¨ Çîð åíôðåÿ.
Çàóâàæèìî, ùî D ¹ çàìêíåíèì äèñêðåòíèì ïiäïðîñòîðîì S2.

Òåîðåìà 5. Äëÿ ìíîæèíè E ⊆ D íàñòóïíi óìîâè ðiâíîñèëüíi:

1. E � C-âêëàäíèé â S2;

2. E � C∗-âêëàäåíèé â S2;

3. E � çëi÷åííèé Gδ-ïiäïðîñòið R2;

4. E � ðîçðiäæåíèé ïiäïðîñòið R2;

5. E � çëi÷åííèé ôóíêöiîíàëüíî çàìêíåíèé ïiäïðîñòið S2.

Òåîðåìà 6. Êâàäðàò ïðÿìî¨ Çîð åíôðåÿ íå ¹ δ-íîðìàëüíî âiäîêðåìíèì ïðîñòîðîì.

1. Blair R., Hager A. Extensions of zero-sets and of real-valued functions, Math. Zeit. 136 (1974),
41�52.

2. Karlova O. On α-embedded sets and extension of mappings, Comment. Math. Univ. Carolin., 54
(3) (2013), 377�396.

3. Karlova O. On C-embedded subspaces of the Sorgenfrey plane, Appl. Gen. Topol. 16 (1) (2015),
65-74.

4. Ohta H. Extension properties and the Niemytzki plane, Appl. Gen. Topol. 1 (1) (2000), 45�60.

5. Ohta H., Yamazaki K. Extension problems of real-valued continuous functions, in: �Open problems
in topology II�, E. Pearl (ed.), Elsevier, 2007, 35�45.
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Òîïîëîãi÷íà åêâiâàëåíòíiñòü óñåðåäíåíü ôóíêöié
Ìàðóíêåâè÷ Îêñàíà

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè
marunkevych@imath.kiev.ua

Òîäi äëÿ äîâiëüíî¨ ôóíêöi¨ f : R→ R òà ÷èñëà α > 0 ìîæíà âèçíà÷èòè α-óñåðåäíåííÿ
fα : R→ R ôóíêöi¨ f âiäíîñíî ξ çà òàêîþ ôîðìóëîþ:

fα(x) =
n∑
i=1

f(x+ αti)pi.

Çîêðåìà, ÿêùî ξ = {(−1, 0.5), (1, 0.5)}, òî

fα(x) =
1

2

(
f(x− α) + f(x+ α)

)
.

Óñåðåäíåííÿ äàíèõ ¹ îäíèì ç âàæëèâèõ iíñòðóìåíòiâ â áàãàòüîõ ãàëóçÿõ íàóêè. Çîêðå-
ìà, óñåðåäíåííÿ çàñòîñîâóþòü â êîìï'þòåðíié ãðàôiöi òà ïðè îöèôðîâóâàííi àíàëîãîâèõ
ñèãíàëiâ. Ïðè äîñëiäæåííi ïîâåäiíêè íàéïðîñòiøèõ α-óñåðåäíåíü â òî÷êàõ ëîêàëüíèõ åêñ-
òðåìóìiâ äëÿ ðiçíèõ êëàñiâ ôóíêöié áóëî ïîìi÷åíî, ùî äóæå ÷àñòî ïðè äîñèòü ìàëèõ α
¾ôîðìè ãðàôiêiâ íå çìiíþþòüñÿ¿. Áiëüø ñòðîãî öå îçíà÷à¹, ùî fα òîïîëîãi÷íî åêâiâàëåí-
òíà f äëÿ âñiõ äîñèòü ìàëèõ α.

Îçíà÷åííÿ. Íàãàäà¹ìî, ùî äâi íåïåðåðâíi ôóíêöi¨ f, g : R → R íàçèâàþòüñÿ òîïî-
ëîãi÷íî åêâiâàëåíòíèìè, ÿêùî iñíóþòü ãîìåîìîðôiçìè h, φ : R→ R, ùî f = φ−1◦g◦h.

Ðîçãëÿíåìî íàéïðîñòiøó ñèòóàöiþ, êîëè f : R → R�íåïåðåðâíà ôóíêöiÿ, ùî çàäî-
âîëüíÿ¹ òàêi óìîâè:

(1) iñíó¹ x̄ ∈ R òàêå, ùî f ñòðîãî ñïàäà¹ íà (−∞, x̄] i ñòðîãî çðîñòà¹ íà [x̄,+∞);

(2) limx→∞ f(x) = +∞.

Äëÿ òàêèõ ôóíêöié çðó÷íî ïîçíà÷àòè fL = f |(−∞,x̄] òà fR = f |[x̄,+∞).
Ïðèêëàäàìè òàêèõ ôóíêöié ¹ x2, |x|, |x− x̄|s äëÿ äîâiëüíèõ s > 0 òà x̄ ∈ R, cosh(x).
Íåâàæêî ïîêàçàòè, ùî áóäü-ÿêi äâi ôóíêöi¨, ùî çàäîâîëüíÿþòü óìîâè (1) òà (2) ¹ òî-

ïîëîãi÷íî åêâiâàëåíòíèìè.
Íåõàé, ÿê i âèùå, ξ = {(t1, p1), . . . , (tn, pn)}�äèñêðåòíèé éìîâiðíiñíèé ðîçïîäië íà

[−1, 1]. Ñêàæåìî, ùî ôóíêöiÿ f : R → R ¹ òîïîëîãi÷íî ñòiéêîþ âiäíîñíî óñåðåäíåíü
çà äîïîìîãîþ ξ, ÿêùî iñíó¹ òàêå ε > 0, ùî äëÿ âñiõ α ∈ (0, ε) ôóíêöiÿ fα òîïîëîãi÷íî
åêâiâàëåíòíà f .

Íàñòóïíi òåîðåìè 1 òà 2 äàþòüñÿ äîñòàòíi óìîâè äëÿ òîïîëîãi÷íî¨ ñòiéêîñòi íåïåðåðâíèõ
ôóíêöié çi ñêií÷åíèì ÷èñëîì òî÷îê åêñòðåìóìó.

Òåîðåìà 1. (Ëîêàëüíèé âàðiàíò) Íåõàé ξ = {(t1, p1), . . . , (tn, pn)}� äèñêðåòíèé
éìîâiðíiñíèé ðîçïîäië íà [−1, 1]. Ïðèïóñòèìî, ùî ôóíêöiÿ f : R → R çàäîâîëüíÿ¹ (1)
òà (2) äëÿ äåÿêîãî x̄, à òàêîæ îäíó ç òàêèõ óìîâ.

(a) f ¹ îïóêëîþ â äåÿêîìó îêîëi x̄.

(b) Iñíó¹ òàêå ε > 0, ùî f íàëåæèòü êëàñó C1 íà (x̄ − ε, x̄) ∪ (x̄, x̄ + ε), ïðè÷îìó f ′L
çðîñòà¹ íà (x̄− ε, x̄), à f ′R ñïàäà¹ íà (x̄, x̄+ ε).
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(c) Iñíó¹ òàêå ε > 0, ùî fL íàëåæèòü êëàñó C1 íà (x̄ − ε, x̄], fR íàëåæèòü êëàñó C1

íà [x̄, x̄+ ε), ti 6= 0 äëÿ âñiõ i = 1, . . . , n i âèêîíó¹òüñÿ íåðiâíiñòü

p−f ′L(x̄) + p+f ′R(x̄) 6= 0,

äå p− =
∑
ti>0

pi, p+ =
∑
ti<0

pi

Òîäi f ¹ òîïîëîãi÷íî ñòiéêîþ âiäíîñíî ξ.

Òåîðåìà 2. (Ãëîáàëüíèé âàðiàíò) Íåõàé ξ = {(t1, p1), . . . , (tn, pn)}� äèñêðåòíèé
éìîâiðíiñíèé ðîçïîäië íà [−1, 1]. Íåõàé òàêîæ f : R → R íåïåðåðâíà ôóíêöiÿ, ùî ìà¹
ñêií÷åííó êiëüêiñòü ëîêàëüíèõ åêñòðåìóìiâ x1, . . . , xn i äëÿ ÿêî¨ âèêîíóþòüñÿ óìîâè:

1) f(xi) 6= f(xj) äëÿ i 6= j;

2) â êîæíié òî÷öi x̄ = xi âèêîíó¹òüñÿ îäíà ç óìîâ (a)-(c) òåîðåìè 1.

Òîäi f ¹ òîïîëîãi÷íî ñòiéêîþ âiäíîñíî óñåðåäíåíü çà äîïîìîãîþ ξ.
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Ïàêåòè ñèñòåìè êîìï'þòåðíî¨ àëãåáðè GAP: îãëÿä
òà ðîçðîáêà

Ðà¹âñüêà I.Þ., Ðà¹âñüêà Ì.Þ.

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà
raevskaya.irina@gmail.com

Ñèñòåìà êîìï'þòåðíî¨ àëãåáðè GAP (�Groups, Algorithms and Programming�) [1] ¹ âiëüíî
ðîçïîâñþäæóâàíîþ, âiäêðèòîþ òà ðîçøèðþâàíîþ. Âîíà ðîçïîâñþäæó¹òüñÿ ó âiäïîâiäíîñòi
ç GNU Public License (äèâ. http://www.gap-system.org/Download/copyright.html).

Ðîçðîáíèêè ïðîãðàì äëÿ GAP ìîæóòü îôîðìèòè ñâî¨ ðîçðîáêè ó âèãëÿäi ñïåöiàëüíî
îôîðìëåíîãî ïàêåòó òà ïîäàòè éîãî íà ðîçãëÿä ó GAP. Ïiñëÿ ïðîõîäæåííÿ ïðîöåäóðè
ðåöåíçóâàííÿ òà ñõâàëåííÿ, ïàêåò äîäà¹òüñÿ äî äèñòðèáóòèâó GAP i ðîçïîâñþäæó¹òüñÿ
ðàçîì ç íèì.

Â äîïîâiäi áóäå çðîáëåíî îãëÿä iñíóþ÷èõ ïàêåòiâ GAP òà ðîçãëÿíóòî ïðèêëàä ðîçðîáêè
ïàêåòó.

1. The GAP Group, GAP � Groups, Algorithms, and Programming, Version 4.7.8 ; 2015,

(http://www.gap-system.org).
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Ïîðÿäêîâi îöiíêè íàéêðàùèõ îðòîãîíàëüíèõ
òðèãîíîìåòðè÷íèõ íàáëèæåíü êëàñiâ çãîðòîê â

ðiâíîìiðíié ìåòðèöi
À. Ñ. Ñåðäþê1, Ò. À. Ñòåïàíþê2

1Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà
2Ñõiäíî¹âðîïåéñüêèé íàö. óíiâåðñèòåò iìåíi Ëåñi Óêðà¨íêè, Ëóöüê, Óêðà¨íà

sanatolii@ukr.net1, tania_stepaniuk@ukr.net2

Íåõàé C � ïðîñòið 2π�ïåðiîäè÷íèõ íåïåðåðâíèõ ôóíêöié, ó ÿêîìó íîðìà çàäàíà çà
äîïîìîãîþ ðiâíîñòi ‖f‖C = max

t
|f(t)|; L1 � ïðîñòið 2π�ïåðiîäè÷íèõ ñóìîâíèõ íà [0, 2π)

ôóíêöié f(t) ç íîðìîþ ‖f‖1 :=
2π∫
0

|f(t)|dt. Ïîçíà÷èìî ÷åðåç Cψ
β,1 � êëàñ 2π�ïåðiîäè÷íèõ

ôóíêöié f(x), êîòði äëÿ âñiõ x ∈ R çîáðàæóþòüñÿ ó âèãëÿäi çãîðòêè

f(x) =
a0

2
+

1

π

π∫
−π

Ψβ(x− t)ϕ(t)dt, ϕ ⊥ 1, ‖ϕ‖1 ≤ 1, a0 ∈ R,

äå

Ψβ(t)=
∞∑
k=1

ψ(k)cos
(
kt− βπ

2

)
,

∞∑
k=1

ψ(k) <∞, β ∈ R.

Ðîçãëÿäà¹òüñÿ çàäà÷à ïðî çíàõîäæåííÿ òî÷íèõ ïîðÿäêîâèõ îöiíîê âåëè÷èí

e⊥m(Cψ
β,1)C = sup

f∈Cψβ,1

inf
γm
‖f(x)−

∑
k∈γm

f̂(k)eikx‖C ,

äå γm, m ∈ N, � äîâiëüíi íàáîðè iç m öiëèõ ÷èñåë, à f̂(k) = 1
2π

π∫
−π
f(t)e−iktdt, k ∈ Z, �

êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ f .
Ïîçíà÷èìî ÷åðåçM ìíîæèíó íåïåðåðâíèõ, ñïàäíèõ äî íóëÿ, îïóêëèõ äîíèçó, äîäàòíèõ

ôóíêöié ψ(t), t ≥ 1. Áóäåìî ââàæàòè, ùî ïîñëiäîâíiñòü ψ(k), ÿêà çàäà¹ êëàñ Cψ
β,1 ¹ ñëiäîì

íà ìíîæèíi íàòóðàëüíèõ ÷èñåë ôóíêöi¨ ψ(t) ç ìíîæèíè M. Âñëiä çà Î.I. Ñòåïàíöåì (äèâ.,
íàïðèêëàä, [1, ñ. 160]) ðîçãëÿíåìî íàñòóïíi ïiäìíîæèíè ìíîæèíè M

M0 = {ψ ∈M : ∃K > 0 ∀t ≥ 1 α(ψ; t) ≥ K},
MC := {ψ ∈M : ∃K1, K2 > 0 ∀t ≥ 1 K1 ≤ α(ψ; t) ≤ K2 <∞} ,

äå α(ψ; t) := ψ(t)
t|ψ′(t)| , ψ

′(t) := ψ′(t+ 0).
Î÷åâèäíî, ùî MC ⊂M0.

Òåîðåìà. Íåõàé
∞∑
k=1

ψ(k) < ∞ i β ∈ R. Òîäi, ÿêùî ôóíêöiÿ g(t) = ψ(t)t òàêà, ùî

g ∈M0, òî

e⊥n (Cψ
β,1)C �


∞∑
k=n

ψ(k), cos βπ
2
6= 0,

ψ(n)n, cos βπ
2

= 0,

ÿêùî æ g ∈MC, òî
e⊥n (Cψ

β,1)C � ψ(n)n.

1. Ñòåïàíåö À.È. Ìåòîäû òåîðèè ïðèáëèæåíèé: Â 2 ÷. // Ïðàöi Iíñòèòóòó ìàòåìàòèêè ÍÀÍ
Óêðà¨íè. � Êèåâ: Èí-ò ìàòåìàòèêè ÍÀÍ Óêðàèíû, 40 (2002), ×.I. � 427 ñ.
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Ãðóïè ñèìåòðié íåñèíãóëÿðíèõ øàðóâàííÿ ïëîùèíè
Þ. Þ. Ñîðîêà

Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà, Êè¨â, Óêðà¨íà
soroka_yulya@inbox.ru

Íåñèíãóëÿðíi øàðóâàííÿ ïëîùèíè ðîçãëÿäàëèñÿ â ðîáîòàõ Â. Êàïëàíà [1,2]. Ïðèêëà-
äîì òàêîãî øàðóâàííÿ ¹ ëiíi¨ ðiâíÿ ôóíêöi¨ f(x; y) = arctg(y − tg2x), ùî ëîêàëüíî ãî-
ìåîìîðôíi ïàðàëåëüíèì ïðÿìèì. Ðîçãëÿíåìî äåòàëüíiøå ñòðóêòóðó íåñèíãóëÿðíèõ øà-
ðóâàíü.

Ìîäåëüíîþ ñìóãîþ íàçâåìî âiäêðèòó ïiäìíîæèíó S ⊂ R × [−1; 1], ÿêà çàäîâîëüíÿ¹
óìîâàì: 1) R × (−1; 1) ⊂ S òà 2) S ∩ R × {−1, 1} ¹ íåçâ'ÿçíèì îá'¹äíàííÿì iíòåðâàëiâ,
çàìèêàííÿ ÿêèõ â R × [−1; 1] ïîïàðíî íå ïåðåòèíà¹òüñÿ i óòâîðþþòü ëîêàëüíî ñêií÷åííó
ìíîæèíó.

Ïîçíà÷èìî: ∂S = S ∩ R× {−1; 1}; ∂−S = S ∩ R× {−1}; ∂+S = S ∩ R× {1}.
Íåõàé {Sλ}λ∈Λ - äîâiëüíà ñiì'ÿ ìîäåëüíèõ ñìóã, X = ∪

λ∈Λ
∂−Sλ, Y = ∪

λ∈Λ
∂+Sλ, äå Λ -äåÿêà

ìíîæèíà iíäåêñiâ. Òîáòî X, Y ¹ íåçâ'ÿçíèì îá'¹äíàííÿì âiäêðèòèõ iíòåðâàëiâ X = ∪
α∈A

Xα,

Y = ∪
β∈B

Xβ. Ñêëå¨ìî ìîäåëüíi ñìóãè, îòîòîæíèâøè äåÿêi ç iíòåðâàëiâ Xλ ç äåÿêèìè ç

iíòåðâàëiâ Yβ. Äëÿ öüîãî çàôiêñó¹ìî ÿêó-íåáóäü ìíîæèíó iíäåêñiâ C i äâà ií'¹êòèâíèõ âiä-
îáðàæåííÿ p : C → A òà q : C → B. Òåïåð äëÿ êîæíîãî c ∈ C íåõàé ϕc : Xp(c) → Yq(c)
¹äèíèé àôiííèé içîìîðôiçì, ùî çáåðiãà¹ îði¹íòàöiþ. Ôàêòîð ïðîñòið Σ =

⊔
λ Sλ�{ϕc} íà-

çèâàòèìåìî ñìóãàñòîþ ïîâåðõíåþ.
Êîæíà ìîäåëüíà ñìóãà ìà¹ êàíîíi÷íå îði¹íòîâàíå øàðóâàííÿ íà ãîðèçîíòàëüíi äóãè

R × t, t ∈ (−1; 1) òà êîìïîíåíòè çâ'ÿçíîñòi ∂S. Òàê ÿê ãîìåîìîðôiçìè ϕc îòîòîæíþþòü
øàðè òàêèõ øàðóâàíü, òî êîæíà ñìóãàñòà ïîâåðõíÿ òàêîæ íåñå íà ñîái øàðóâàííÿ F , ùî
ñêëàäà¹òüñÿ ç øàðiâ øàðóâàíü íà ìîäåëüíèõ ñìóãàõ. Öå øàðóâàííÿ òàêîæ ¹ îði¹íòîâàíèì,
íàçèâàòèìåìî éîãî êàíîíi÷íèì.

Ïîçíà÷èìî ÷åðåç N(ω) - äîâiëüíèé îêië, ÿêèé ìiñòèòü øàð ω, ω ∈ F , à ÷åðåç Sat (N(ω))
- íàñè÷åííÿ ìíîæèíè N(ω), òîáòî îá'¹äíàííÿ âñiõ øàðiâ øàðóâàííÿ F , ùî ïåðåòèíàþòü
N(ω). Øàð íàçèâà¹òüñÿ ñïåöiàëüíèì, ÿêùî ω 6=

⋂
N(ω)

Sat (N(ω)). Ìîæíà ïîêàçàòè, ùî êî-

æåí ñïåöiàëüíèé øàð ω ¹ îáðàçîì ñêëå¹íèõ øàðiâ Xp(c) t Yq(c) äëÿ äåÿêîãî c ∈ C.
Äëÿ êîæíî¨ ñìóãàñòî¨ ïîâåðõíi Σ âèçíà÷èìî îði¹íòîâàíèé ãðàô Γ(Σ), ðåáðî ÿêîãî - öå

ñïåöiàëüíi øàðè, à âåðøèíè - êîìïîíåíòè äîïîâíåííÿ äî îá'¹äíàííÿ ñïåöiàëüíèõ øàðiâ.
Íåõàé ω = Xp(c) ∼ Yq(c) - ñïåöiàëüíèé øàð òàêèé, ùî Xp(c) ⊂ ∂−Sλ0 , Yq(c) ⊂ ∂+Sλ1 . Íå-
õàé òàêîæ Vi - êîìïîíåíòà äîïîâíåííÿ äî îá'¹äíàííÿ ñïåöiàëüíèõ øàðiâ, ùî ìiñòÿòü Sλi ,
i = 0, 1. Òîäi ω - öå ðåáðà ìiæ âåðøèíàìè V0 òà V1 â ãðàôi Γ(Σ). Îði¹íòó¹ìî éîãî âiä V1

äî V0. Ïðè öüîìó ãðàô Γ(Σ) ñòà¹ îði¹íòîâíèì. Çàóâàæèìî, ùî ãðàô Γ(Σ) íå ¹ ëîêàëüíî
ñêií÷åííèé, àëå ìîæå ìàòè ñêií÷åííèé äiàìåòð.

Ïîçíà÷èìî ÷åðåç H+(F ) - ãðóïó âñiõ ãîìåîìîðôiçìiâ h : S → S òàêèõ, ùî äëÿ äîâiëü-
íîãî øàðó ω ∈ F éîãî îáðàç h(ω) ¹ òàêîæ øàðîì F i ïðè öüîìó h : ω → h(ω) çáåðiãà¹
îði¹íòàöiþ.

Íåõàé òàêîæ π0H
+(F ) = H+(F )�H+

0 (F ) - ãðóïà ãîìåîòîïié F , äå H+
0 (F ) - ïiäìíîæèíà

H+(F ), ùî ñêëàäà¹òüñÿ ç ãîìåîìîðôiçìiâ, ÿêi içîòîïíi òîòîæíîìó â H+(F ).
Íåõàé F ñïåöiàëüíèé êëàñ ñìóãàñòèõ ïîâåðõîíü äëÿ ÿêèõ:

1) ∂−Sλ = (−1; 1) × {−1},∀λ ∈ Λ, òîáòî â êîæíó âåðøèíó ãðàôó Γ âõîäèòü ëèøå îäíå
ðåáðî;
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2) ãðàô Γ çâ'ÿçíèé, ìà¹ ñêií÷åííèé äiàìåòð i íå ìiñòèòü öèêëiâ.

Âèçíà÷èìî ìiíiìàëüíèé êëàñ ãðóï Z, ùî çàäîâîëüíÿþòü óìîâàì:
1) {1} ∈ Z;

2) ÿêùî {Ai} ∈ Z, i ∈ Z, òîäi
∞∏

i=−∞
Ai ∈ Z;

3) ÿêùî A ∈ Z, òîäi âiíöåâèé äîáóòîê A o Z = Map(Z, A)o Z ∈ Z.
Íàñòóïíà òåîðåìà îïèñó¹ ñòðóêòóðó ãðóï ãîìåîòîïié øàðóâàíü êëàñó F.
Òåîðåìà. Êëàñ G = {π0H

+(F )| F êàíîíi÷íå øàðóâàííÿ íà S ∈ F} óñiõ ãðóï ãîìåòîïié
êàíîíi÷íèõ øàðóâàíü ñìóãàñòèõ ïîâåðõîíü ç êëàñó F ñïiâïàäà¹ ç êëàñîì ãðóï Z.

1. W. Kaplan. Regular curve-families �lling the plane I. Duke Math. J., 7, (1940),154�185.

2. W. Kaplan. Regular curve-families �lling the plane II. Duke Math. J., 8, (1941), no. 1, 11-46.
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Óçàãàëüíåíî îïóêëi ìíîæèíè i çàäà÷à ïðî òiíü
Ì. Â. Ñòåôàí÷óê

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, Óêðà¨íà
stefanmv43@gmail.com

Ìíîæèíà E ⊂ Rn íàçèâà¹òüñÿ m-îïóêëîþ âiäíîñíî òî÷êè x ∈ Rn \E, ÿêùî çíàéäåòüñÿ
m-âèìiðíà ïëîùèíà L, òàêà, ùî x ∈ L i L

⋂
E = ∅; ìíîæèíà E m-îïóêëà, ÿêùî âîíà

m-îïóêëà âiäíîñíî êîæíî¨ òî÷êè x ∈ Rn \ E.
×àñòêîâèì âèïàäêîì íàëåæíîñòi òî÷êè 1-îáîëîíöi îá'¹äíàííÿ äåÿêîãî íàáîðó êóëü ¹

çàäà÷à ïðî òiíü, ÿêó ðîçãëÿäàâ Ã. Õóäàéáåðãàíîâ.
Çàäà÷à (ïðî òiíü). ßêà ìiíiìàëüíà êiëüêiñòü ïîïàðíî íåïåðåòèííèõ çàìêíåíèõ êóëü

ç öåíòðàìè íà ñôåði Sn−1 òà ðàäióñàìè, ìåíøèìè âiä ðàäióñà ñôåðè, äîñòàòíÿ äëÿ òîãî,
ùîá äîâiëüíà ïðÿìà, ÿêà ïðîõîäèòü ÷åðåç öåíòð ñôåðè, ïåðåòèíàëà õî÷à á îäíó ç öèõ
êóëü?

Ïî-iíøîìó öþ çàäà÷ó ìîæíà ñôîðìóëþâàòè òàê: ñêiëüêè çàìêíåíèõ êóëü ç ðàäióñà-
ìè, ìåíøèìè âiä ðàäióñà ñôåðè, i ç öåíòðàìè íà ñôåði (íàéìåíøà êiëüêiñòü) çàáåçïå÷èòü
íàëåæíiñòü öåíòðà ñôåðè 1-îáîëîíöi ñiì'¨ êóëü?

Òåîðåìà 1. Iñíóþòü äâi çàìêíåíi (âiäêðèòi) êóëi ç öåíòðàìè íà îäèíè÷íîìó êîëi i ç
ðàäióñàìè, ìåíøèìè âiä îäèíèöi, ÿêi çàáåçïå÷óþòü íàëåæíiñòü öåíòðà êîëà 1-îáîëîíöi
ñiì'¨ êóëü.

Òåîðåìà 2. Äëÿ òîãî, ùîá öåíòð (n− 1)-ñôåðè â n-âèìiðíîìó åâêëiäîâîìó ïðîñòîði
ïðè n > 2 íàëåæàâ 1-îáîëîíöi ñiì'¨ âiäêðèòèõ (çàìêíåíèõ) êóëü ç ðàäióñàìè, ÿêi íå áiëüøi
(ìåíøi) âiä ðàäióñà ñôåðè, i ç öåíòðàìè íà ñôåði, íåîáõiäíî i äîñòàòíüî (n+ 1)-¨ êóëi.

Ìíîæèíà E ⊂ Rn íàçèâà¹òüñÿ m-íàïiâîïóêëîþ âiäíîñíî òî÷êè x ∈ Rn\E, ÿêùî çíàéäå-
òüñÿ m-âèìiðíà ïiâïëîùèíà P, òàêà ùî x ∈ P i P

⋂
E = ∅. Ìíîæèíà E ⊂ Rn m-íàïiâîïóêëà,

ÿêùî âîíà m-íàïiâîïóêëà âiäíîñíî êîæíî¨ òî÷êè x ∈ Rn \ E.
Ðîçãëÿíåìî àíàëîã çàäà÷i ïðî òiíü äëÿ íàïiâîïóêëîñòi. ßêà ìiíiìàëüíà êiëüêiñòü ïî-

ïàðíî íåïåðåòèííèõ çàìêíåíèõ (âiäêðèòèõ) êóëü ç öåíòðàìè íà ñôåði Sn−1 òà ðàäióñàìè,
ìåíøèìè âiä ðàäióñà ñôåðè, äîñòàòíÿ äëÿ òîãî, ùîá äîâiëüíèé ïðîìiíü, ÿêèé âèõîäèòü iç
öåíòðà ñôåðè, ïåðåòèíàâ õî÷à á îäíó ç öèõ êóëü?

Òåîðåìà 3. Äëÿ òîãî, ùîá öåíòð êîëà S1 ⊂ R2 íàëåæàâ 1-íàïiâîïóêëié îáîëîíöi ñiì'¨
âiäêðèòèõ (çàìêíåíèõ) êðóãiâ ç ðàäióñàìè, ÿêi íå ïåðåâèùóþòü (ìåíøi) âiä ðàäióñà êîëà,
i ç öåíòðàìè íà öüîìó êîëi, íåîáõiäíî i äîñòàòíüî òðüîõ êðóãiâ.

Òåîðåìà 4. Äëÿ òîãî, ùîá öåíòð äâîâèìiðíî¨ ñôåðè â òðüîõâèìiðíîìó åâêëiäîâîìó
ïðîñòîði íàëåæàâ 1-íàïiâîïóêëié îáîëîíöi ñiì'¨ âiäêðèòèõ (çàìêíåíèõ) êóëü ç ðàäióñàìè,
ÿêi íå áiëüøi (ìåíøi) âiä ðàäióñà ñôåðè, i ç öåíòðàìè íà ñôåði, äîñòàòíüî äåñÿòè êóëü.

1. Çåëèíñêèé Þ. Á., Âûãîâñêàÿ È. Þ., Ñòåôàí÷óê Ì. Â. Îáîáù¼ííî âûïóêëûå ìíîæåñòâà è
çàäà÷à î òåíè. � arXiv:1501.06747. � 2015.
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Ïðî äåÿêi íàïiâîäíîðiäíi åëiïòè÷íi êðàéîâi
çàäà÷i ó ïðîñòîðàõ Õåðìàíäåðà

×åïóðóõiíà I.Ñ.

Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â
chepuruhina@mail.ru

Äîïîâiäü ïðèñâÿ÷åíà çàñòîñóâàííÿì ãiëüáåðòîâèõ ïðîñòîðiâ Ë. Õåðìàíäåðà äî åëiïòè÷íèõ
çàäà÷ ç äîäàòêîâèìè íåâiäîìèìè ôóíêöiÿìè ó êðàéîâèõ óìîâàõ. Öi çàäà÷i ââåäåíi Á. Ëàâ-
ðóêîì ó 1963 ð. Âîíè âèíèêàþòü ïðè ïåðåõîäi âiä äîâiëüíî¨ (íåðåãóëÿðíî¨) åëiïòè÷íî¨
êðàéîâî¨ çàäà÷i äî ôîðìàëüíî ñïðÿæåíî¨ çàäà÷i.

Íåõàé Ω ¹ îáìåæåíà îáëàñòü â Rn, äå n ≥ 2, ç ìåæåþ Γ êëàñó C∞. Ðîçãëÿíåìî â Ω
íàïiâîäíîðiäíó åëiïòè÷íó çàäà÷ó ç κ ≥ 1 äîäàòêîâèìè íåâiäîìèìè ôóíêöiÿìè ó êðàéîâèõ
óìîâàõ:

Au = 0 â Ω, Bju+
κ∑
k=1

Cj,kvk = gj íà Γ, j = 1, ..., q + κ. (1)

Òóò A = A(x,D) � ïðàâèëüíî åëiïòè÷íèé äèôåðåíöiàëüíèé îïåðàòîð íà Ω ïàðíîãî ïî-
ðÿäêó 2q ≥ 2, êîæíå Bj = Bj(x,D) � ãðàíè÷íèé äèôåðåíöiàëüíèé îïåðàòîð íà Γ ïîðÿäêó
mj ≤ 2q − 1, à êîæíå Cj,k = Cj,k(x,Dτ ) � äîòè÷íèé äèôåðåíöiàëüíèé îïåðàòîð íà Γ ïîðÿä-
êó ≤ mj + rk. Êîåôiöi¹íòè öèõ îïåðàòîðiâ ¹ íåñêií÷åííî ãëàäêèìè êîìïëåêñíîçíà÷íèìè
ôóíêöiÿìè.

Öÿ çàäà÷à äîñëiäæó¹òüñÿ ó ãiëüáåðòîâèõ ïðîñòîðàõ Õåðìàíäåðà, ÿêi óòâîðþþòü óòî-
÷íåíó ñîáîë¹âñüêó øêàëó {Hs,ϕ : s ∈ R, ϕ ∈ M}. Òóò M � ìíîæèíà âñiõ íåïåðåðâíèõ
ôóíêöié ϕ : [1,∞) → (0,∞), ïîâiëüíî çìiííèõ íà íåñêií÷åííîñòi çà É. Êàðàìàòîþ, òîáòî
ϕ(λt)/ϕ(t)→ 1 ïðè t→∞ äëÿ êîæíîãî λ > 0. Ïðîñòið Hs,ϕ(Rn) ñêëàäà¹òüñÿ ç óñiõ ðîçïî-
äiëiâ w ∈ S ′(Rn) òàêèõ, ùî 〈ξ〉sϕ(〈ξ〉)ŵ(ξ) ∈ L2(Rn, dξ). Òóò 〈ξ〉 := (1 + |ξ|2)1/2, à ŵ � ïåðå-
òâîðåííÿ Ôóð'¹ ðîçïîäiëó w. Óòî÷íåíi ñîáîë¹âñüêi øêàëè íà Ω i Γ âèçíà÷àþòüñÿ ó ñòàí-
äàðòíèé ñïîñiá çà ïðîñòîðàìè Hs,ϕ(Rn). Ïîêëàäåìî K∞A (Ω) := {u ∈ C∞(Ω) : Au = 0 â Ω} i
ðîçãëÿíåìî ïiäïðîñòið Ks,ϕ

A (Ω) := {u ∈ Hs,ϕ(Ω) : Au = 0 â Ω}.
Òåîðåìà [1].Äëÿ äîâiëüíèõ s ∈ R i ϕ ∈M âiäîáðàæåííÿ Λ′ : (u, v1, ..., vκ) 7→ (g1, ..., gq+κ),

äå u ∈ K∞A (Ω) i v1, . . . , vκ ∈ C∞(Γ), ùî âiäïîâiäà¹ çàäà÷i (1), ïðîäîâæó¹òüñÿ ¹äèíèì ÷èíîì
(çà íåïåðåðâíiñòþ) äî îáìåæåíîãî îïåðàòîðà

Λ′ : Ks,ϕ
A (Ω)⊕

κ⊕
k=1

Hs+rk−1/2,ϕ(Γ)→
q+κ⊕
j=1

Hs−mj−1/2,ϕ(Γ).

Öåé îïåðàòîð íåòåðiâ. Éîãî ÿäðî òà iíäåêñ íå çàëåæàòü âiä s òà ϕ.
Ó ñïiëüíèõ ðîáîòàõ ç Î. Î. Ìóðà÷åì [2, 3] âñòàíîâëåíî âåðñi¨ öi¹¨ òåîðåìè äëÿ íåîäíî-

ðiäíèõ åëiïòè÷íèõ êðàéîâèõ çàäà÷ âèãëÿäó (1).

1. ×åïóðóõiíà I. Ñ. Íàïiâîäíîðiäíà åëiïòè÷íà çàäà÷à ç äîäàòêîâèìè íåâiäîìèìè ôóíêöiÿìè ó
êðàéîâèõ óìîâàõ // Äîïîâiäi ÍÀÍ Óêðà¨íè. � 2015. � � 7.

2. Chepurukhina I. S., Murach A. A. Elliptic problems in the sense of B. Lawruk on two-sided
re�ned scale of spaces // Methods Funct. Anal. Topology. � 2015. � 21, no. 1. � P. 6 � 21.
(arXiv:1412.0495.)

3. Murach A. A., Chepurukhina I. S. Elliptic boundary-value problems in the sense of Lawruk
on Sobolev and H�ormander spaces // Óêð. ìàò. æóðí. � 2015. � 67, � 5. � C. 672 � 691.
(arXiv:1503.05039.)
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Ïiäìíîãîâèäè ëîêàëüíî êîíôîðìíî-êåëåðîâèõ
ìíîãîâèäiâ
Å. Â. ×åðåâêî

ÎÍÅÓ, Îäåñà, Óêðà¨íà
cherevko@usa.com

Íåõàé {Mn, J, g}, � ëîêàëüíî êîíôîðìíî-êåëåðîâèé ìíîãîâèä ç ôîðìîþ Ëi ω. Ðîçãëÿíå-
ìî àíàëiòè÷íå çàíóðåííÿ f : {Nk, g̃} → {Mn, J, g}, äå {Nk, g̃} ¹ ïiäìíîãîâèäîì ðîçìiðíîñòi
k = 2l < n. Öå çàíóðåííÿ çàäà¹òüñÿ àíàëiòè÷íèìè ôóíêöiÿìè

zi = f i(ua),

äå ua òà zi � ëîêàëüíi êîîðäèíàòè íà ìíîãîâèäàõ {Nk, g̃} òà {Mn, J, g}. Âíàñëiäîê àíàëiòè-
÷íîñòi ìà¹ìî, ùî òåíçîð

J̃ab = Ba
kJ

k
j B

j
b

¹ ìàéæå êîìïëåêñíîþ ñòðóêòóðîþ íà {Nk, g̃}. ÒóòBj
b = ∂fj

∂ub
,Ba

k = g̃acBi
cgik. Îòæå, {Nk, J̃

a
b , g̃}

� ìàéæå êîìïëåêñíèé ìíîãîâèä. Òåíçîð Íåé¹åõå¹ñà ìíîãîâèäó {Nk, J̃
a
b , g̃} äîðiâíþ¹ íóëþ:

Ña
bc = J̃ tb(∂tJ̃

a
c − ∂cJ̃at )− J̃ tc(∂tJ̃ab − ∂bJ̃at ) = 0.

Òàêèì ÷èíîì, {Nk, J̃
a
b , g̃} ¹ åðìiòîâèì ìíîãîâèäîì. Äîâåäåíî íàñòóïíó òåîðåìó:

Òåîðåìà.Íåõàé iñíó¹ àíàëiòè÷íå çàíóðåííÿ àíàëiòè÷íå çàíóðåííÿ f : {Nk, g̃} → {Mn, J, g},
äå {Mn, J, g} � ëîêàëüíî êîíôîðìíî-êåëåðîâèé ìíîãîâèä ç ôîðìîþ Ëi ω. Òîäi, {Nk, J̃

a
b , g̃}

ìà¹ áóòè òàêîæ ËÊÊ ìíîãîâèäîì ç ôîðìîþ Ëi ω̃a = Bj
aωj.

Íàñëiäîê. ßêùî âåêòîðíå ïîëå Ëi ξ = ω#, âèçíà÷åíå íà {Mn, J, g} ¹ îðòîãîíàëüíèì äî
àíàëiòè÷íî çàíóðåíîãî ìíîãîâèäó {Nk, J̃

a
b , g̃}, òî ìíîãîâèä {Nk, J̃

a
b , g̃} ¹ êåëåðîâèì.

1. Êèðè÷åíêî Â. Ô. Äèôôåðåíöèàëüíî-ãåîìåòðè÷åñêèå ñòðóêòóðû íà ìíîãîîáðàçèÿõ / Â. Ô.
Êèðè÷åíêî �Ì.: ÌÏÃÓ, 2003, 495 ñ.

2. Yano K. Di�erential geometry on complex and almost complex spaces / K. Yano�New York:
Pergamon Press Book � 1965, 326p.

3. Dragomir S., Ornea L. Locally conformal K�ahler geometry / S. Dragomir �Boston; Basel; Berlin:
Birkh�auser � 1998, 328p.
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Extremal decomposition of the complex plane
Aleksandr Bakhtin, Inna Dvorak, Iryna Denega

Institute of Mathematics of NAS of Ukraine, Kyiv, Ukraine

The report is devoted to investigation of one problem of the geometric function theory of a
complex variable.

Let N, R be a set of natural and real numbers, respectively, C be a complex plane, C =
C
⋃
{∞} be a one point compacti�cation and R+ = (0,∞).
A �nite set of arbitrary domains {Bk}nk=1, n ∈ N, n > 2 such, as Bk ⊂ C, Bk ∩ Bm = ∅,

k 6= m, k,m = 1, n is called a system of non-overlapping domains.
Denote for di�erent points ak, k = 1, n on the unit circle αk := 1

π
arg ak+1

ak
, αn+1 := α1,

k = 1, n.
Let

r(B, a) =

exp(lim
z→a

(gB(z, a) + log |z − a|)), a 6=∞

exp(lim
z→a

(gB(z, a)− log |z|)), a =∞

be a inner radius of the domain B ⊂ C with respect to the point a ∈ B, gB(z, a) is Green's
function for the domain B. Consider the following problem.

Problem. Show that the maximum of the product

Jn(γ) = rγ (B0, 0)
n∏
k=1

r (Bk, ak) ,

where B0, B1, B2,...,Bn, n > 2 are pairwise non-overlapping domains in C, a0 = 0, |ak| = 1,
k = 1, n and γ > 0, achieved for some con�guration of the domains Bk and points ak, which
are having n-fold symmetry.

This Problem was formulated in 1994 [2] and then repeated in 2009 [5]. Currently it is not
solved in general, known only partial results. This problem has a solution only if γ 6 n, as soon
as γ = n+ ε, ε > 0 the Problem has no solution.

In 1988 in Dubinin's work [1] this problem was solved for γ = 1 and n > 2, and from the
method of this work it implies that the result is true and for 0 < γ < 1. In 1996 L.V. Kovalev
[3] got the solution to this problem with some restrictions on the geometry location of sets of
points on the unit circle and, namely, for n > 5 and subclass points systems satisfying condition

0 < αk 6 2/
√
γ, k = 1, n.

In 2008 A. K. Bakhtin [4] showed, that the result of V.N. Dubinin holds for arbitrary γ ∈ R+,
but since some number n0(γ). It should be noted in the case γ > 1 method, developed in the
paper of V. N. Dubinin [1], can not be applied. In 2013 Y. V. Zabolotnii [6] got the solution of
Problem for n > 2 and 0 < γ 6 4

√
n, and for 0 < γ 6 nα, where 1

3
< α < 2

3
, since some number

n = n(α).
We got the following result:
Theorem 1. Let n ∈ N, n > 12, γ ∈ (0, γn], γn = n0,45. Then for any system of di�erent

points, which lie on the unit circle An = {ak}nk=1 and any system of non-overlapping domains
Bk, ak ∈ Bk ⊂ C, a0 = 0 ∈ B0, (k = 1, n), we have inequality

rγ (B0, 0)
n∏
k=1

r (Bk, ak) 6

(
4

n

)n
·

(
4γ
n2

) γ
n(

1− γ
n2

)n+ γ
n

·

(
1−

√
γ

n

1 +
√
γ

n

)2
√
γ

,
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where equality holds if ak and Bk, k = 0, n, are, respectively, poles and circular domains of the
quadratic di�erential

Q(w)dw2 = −(n2 − γ)wn + γ

w2(wn − 1)2
dw2.

We also obtained another most strong result, but we need next function

Fδ(x) = 2x
2+6 · xx2+2−2δ · (2− x)−

1
2

(2−x)2(2 + x)−
1
2

(2+x)2 ,

x ∈ (0, 2], 0 6 δ 6 0, 7.

The next result holds:
Theorem 2. Let n ∈ N, n > 5, γ ∈ (0, γ0], γ0 = 1, 75, 0 6 δ 6 0, 7. Then for any system of

di�erent points An = {ak}nk=1, which lie on the unit circle and any system of non-overlapping
domains Bk, ak ∈ Bk ⊂ C, k = 0, n, a0 = 0, we have inequality

rγ (B0, 0)
n∏
k=1

r (Bk, ak) 6 γ−
δ·n
2 ·

(
n∏
k=1

αk

)δ

·
[
Fδ

(
2

n

√
γ

)]n
2

,

where equality holds in the same case as in Theorem 1.

1. V.N. Dubinin. Separating transformation of domains and problems on extremal decomposition.
Notes scienti�c. sem. Leningr. Dep. of Math. Inst. AN USSR. 168, 48�66 (1988) (Russian);
translation in J. Soviet Math. 53, no.3, 252�263 (1991).

2. V.N. Dubinin. Symmetrization method in geometric function theory of complex variables. Successes
Mat. Science. 49, no.1 (295), 3�76 (1994) (Russian); translation in Russian Math. Surveys 49,
no.1, 1�79 (1994).

3. L.V. Kovalev. To the problem of extremal decomposition with free poles on the circle. Far Eastern
Math. collection. 2, 96�98 (1996). (Russian)

4. A.K. Bakhtin, G.P. Bakhtina, Yu.B. Zelinskii. Topological-algebraic structures and geometric

methods in complex analysis. Proceedings of the Institute of Mathematics of NAS of Ukraine.
308 (2008). (Russian)

5. V.N. Dubinin. Capasities of condensers and symmetrization in geometric function theory of

complex variables. Vladivostok: Dal'nayka. 390 (2009). (Russian)

6. Y.V. Zabolotnii. The problem of calculating the maximum of product of inner radii of non-
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H-closed quasitopological groups
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We shall follow the terminology of [2,4].
An H-closed quasitopological group (in the class of quasitopological groups) is a Hausdor�

quasitopological group which is contained in each Hausdor� quasitopological group as a closed
subspace. We obtained a su�cient condition for a quasitopological group to be H-closed, which
allowed us to solve a problem by Arhangel'skii and Choban from [1]:

Theorem 1. A topological group G is H-closed in the class of quasitopological groups if and
only if G is Ra��kov complete.

We shall call a quasitopological group G Cauchy completty if each Cauchy �lter F on G
with an base consisting of its open subsets, has a limit point. A �lter F on a quasitopological
group G we shall call Cauchy �lter, provided for each neighborhood U of the unit e of the group
G there exists a member F ∈ F such that yU ∩ Uy ∈ F for each point y ∈ F [3].

Theorem 2. Let (G, τ) be a Cauchy completty quasitopological group, (G, σ) be a quasitopologi-
cal group, σ ⊃ τ , and the space (G, σ) has a π-base, consisting of open subsets of the space (G, τ).
Then (G, σ) is a Cauchy completty quasitopological group.

Also we present examples of non-compact quasitopological groups which are H-closed
topological spaces.

1. A. Arhangel'skii and M. Choban, Semitopological groups and the theorems of Montgomery and
Ellis, Compt. Rend. Acad. Bulg. Sci. 62:8 (2009), 917�922.

2. A. Arhangel'skii and M. Tkachenko, Topological Groups and Related Structures, Atlantis Press,
2008.

3. B. Bat�ikov�a, Completion of quasi-topological groups, Topology Appl. 156 (2009), 2123�2128.

4. R. Engelking, General Topology, 2nd ed., Heldermann, Berlin, 1989.
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We will use the following notation: Dk is a k-disk, Sk is a k-sphere, ∂Dk is the boundary of
Dk, which is a (k − 1)-sphere, and for a set A denote by A the closure of A.

Let K be a Hausdor� topological space such that K =
⋃
iK

i, where K0 is a disjoint union of
points and Ki+1 obtained by attaching to Ki a disjoint union of (i+ 1)-disks

⊔
α∈AD

i+1
α , i ≥ 0

via a continuous map φi :
⊔
α∈A ∂D

i+1
α → Ki. The restriction φi|∂Di+1

α
is denoted by φiα. The

map Φi
α : Di+1

α → Ki+1 such that Φi
α|∂Di+1

α
= φiα is called a characteristic map and the image

of Φi
α is called i-cell of K. The subspace K

i =
⋃
j≤i e

j
αj

of K is called i-skeleton of K.
Let Θi = Ki \Ki−1 be a set of i-dimensional cells of K, 1 ≤ i ≤ n, and for i = 0 we put

Θ0 = K0. The set Θ =
⋃
i Θ

i is said to be a cellular partition of K.
De�nition 1.([1]) A CW complex K is said to be regular if all its attaching maps φjα :

∂ej+1
α → Kj are embeddings.
Examples of regular complexes are polyhedrons, graphs without loops. Also note that if K

is a regular CW n-complex, n ≥ 1 then card(K0) ≥ 2. The following result gives a description
of the structure of regular CW complexes.

Theorem 1([1], Chapter 5) Let K be a regular CW complex, and φ : ∂Di+1 ∼= Si → Ki be
a attaching map of some cell e ∈ Θi, i = 0, 1, . . . , n. Then φ(Si) is a subpartition of Ki, i.e.
φi(Si) is a union of cells of Ki.

Suppose G is a group and X is a topological space. A (right) group action ψ of G on X is a
continuous map φ : X×G→ X such that φ(x, gh) = φ(x ·g, h) for all g, h ∈ G and φ(x, 1) = x,
where 1 is the unit element of G, x ∈ X.

Let K be a CW complex, H(K) be a group of homeomorphisms of K. Denote by HCW (K)
the subgroup of H(K) which preserves cellular structure, i.e. HCW (K) = {h ∈ H(K) |h(Θi) =
Θi, i = 0, 1, . . . n}. Such homeomorphisms h ∈ HCW (K) are said to be cellular. EndowH(K)with
the compact-open topology, i.e a topology with following base

WU,V = {f ∈ C(K,K) | f(U) ⊂ V }, U is compact , V is open

This topology induces the topology on HCW (K).
Evidently, every cellular G-action on K satis�es two following conditions: for each g ∈ G

(C1) g(Θi) = Θi,

(C2) for cells e, e′ such that e′ ⊂ e we have g(e′) ⊂ g(e), g ∈ G.

So, G induces the action on Θ. Then conditions (C1) and (C2) can be taken as the de�nition.
De�nition 2. The action of a group G on Θ is said to be a combinatorial G-action on K if

it satis�es (C1) and (C2). Obviously, each cellular action induces a combinatorial action. The
following theorem shows that for regular complex a combinatorial action is induced by some
cellular action.

Theorem 2. Suppose K is a regular complex. Then every combinatorial G-action on K is
induced by some cellular G-action.

1. W. S. Massey, Homology and Cohomology Theory: An Approach Based on Alexander-Spanier

Cochains, Marcel Dekkon Inc. New York, 1978.

68



On M�obius equivalence of rational differential
forms

N. Konovenko, V. Lychagin

Department of Mathematics, ONAFT, Odessa, Ukraine
Department of Mathematics, University of Tromsø, Norway

konovenko@ukr.net,valentin.lychagin@uit.no

Let CP1 = C ∪∞ be the Riemann sphere, equipped with the natural action of the M�obius
group PSL2 (C). We say that two di�erential forms ωi with rational coe�cients on CP1 are
M�obius equivalent if there is a M�obius transformation A : CP1 → CP1 such that A∗ (ω1) = ω2

([1]).
Let τ ∗ : T∗1,0CP1 → CP1 be the cotangent bundle, then di�erential forms with rational

coe�cients are exactly rational sections of the bundle.
Denote by Jk (τ ∗) the bundles of k-jets of holomorphic sections of τ ∗ and by πk,l : Jk (τ ∗)→

Jl (τ ∗), k > l, the natural projections. Functions on Jk (τ ∗) rational along �bres πk,0 and
invariant with respect to the M�obius group PSL2 (C) we call M�obius di�erential invariants of
order ≤ k.

Theorem. The �eld of M�obius di�erential invariants is generated by basic di�erential
invariant

I2 =

(
u2 −

u2
1

2

)
e−2u

and invariant derivation

∇ = e−u
d

dz
.

Remark.

• In this theorem z, u, u1, . . . , uk are canonical coordinates in Jk (τ ∗).

• Due to Lie-Tresse theorem, [2], the �eld of M�obius di�erential invariants separates regular
orbits.

Let
I3 = ∇ (I2) =

(
u3 − 3u1u2 + u3

1

)
e−3u,

I4 = ∇ (I3) =
(
u4 − 6u1u3 + 12u2

1u2 − 3u2
2 − 3u4

1

)
e−4u

be the correspondent invariants of order 3 and 4.
Then values of di�erential invariants I4

I22
and I23

I32
on a di�erential 1-form ω with rational

coe�cients are rational functions on CP1 and therefore satis�ed an algebraic equation

Pω

(
I4

I2
2

,
I2

3

I3
2

)
= 0,

for some irreducible polynomial P ∈ C[X, Y ].
Theorem

• If two di�erential 1-forms ωi with rational coe�cients are M�obius equivalent then polynomi-
als Pω1 and Pω2 are proportional.
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• If for regular di�erential 1-forms ωi polynomials Pω1 and Pω2 are proportional then ω1

M�obius equivalent to ω2 + c dz, with c ∈ C.

1. Í. Ã. Êîíîâåíêî. Äèôôåðåíöèàëüíûå èíâàðèàíòû è sl2 - ãåîìåòðèè // Êè¨â: "Íàóêîâà äóì-
êà"ÍÀÍ Óêðà¨íè, (2013), 192 ñ.

2. B. Kruglikov, V. Lychagin. Global Lie-Tresse theorem // (2013), 48p., arXiv:1111.5480
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The aim of this paper is to investigate the structure of Sylow 2-subgroups and to construct
a minimal generating system for such subgroups. The case of Sylow subgroup where p = 2 is
very special because it admits odd permutations, this case was not investigated in [1,2]. There
was a mistake in a statement about irreducibility that system of k + 1 elements for Syl2(A2k)
which was in abstract [3] in 2015 year. All undeclared terms are from [4]. A minimal system of
generators for a Sylow subgroup of An was found.

Let's denote by Tk+1 a regular binary tree labeled by vertex. If the state in the vertex is
non-trivial, then its label is 1, in other case it is 0. We denote by vj,i the vertex of Lj, which
has the number i. An automorphism of Tk+1 with non-trivial state in

v1,i1 , . . . , v1,ij , v2,j2 , . . . , vk,km

is denoted by βl1,(i1,...,iJ );l1(i1,...,iJ );...;lk−1(i1,...,iJ ) where the index li is the number of level with
non-trivial state. In parentheses after this numbers we denote a cortege of vertices of this level,
where the non-trivial states in this automorphism are present. Denote by τ the automorphism,
which has a non-trivial vertex permutation only in the �rst and the last vertices vk,1 and vk,2k
of the last level Lk.

Theorem 1. Every state from Ll, l < k determinate a even permutation at vertexes of
Lk+1.

Vertex permutations from Tk−1 form a group: Bk−1 = C2 o . . . o C2︸ ︷︷ ︸
k−1

which acts at Lk+1 by

even permutations, because Lemma 1. Order of Bk−1 equal to 22k−1−1.
On Lk−1 we have 2k−1 vertexes where can be group Vk−1 ' C2 × C2 × . . . × C2 ' (C2)k−1

but as a result of the fact that Lk−1 contain only even permutations there only half of all

permutations from Vk−1. So it's subgroup of Vk−1: Wk−1 ' C2k−1

2 /C2 . So we can state:

Proposition 1. Order of Wk−1 or number of pairs of transpositions on Lk−1 is equal to
22k−1−1, k ≥ 2.

Theorem 2. Orders of groups 〈α0,(1), α1,(1), α2,(1), αk−2,(1), τ〉 and Syl2(A2k) are equal to
22k−2.

In accordance with formula of Legendre power of 2 in 2k!:[
2k

2

]
+

[
2k

22

]
+

[
2k

23

]
+ . . .+

[
2k

2k

]
=

2k − 1

2− 1
.

We need to subtract 1 from it because we have only n!
2
of all permutations as a result:

2k − 1

2− 1
− 1 = 2k − 2.

So |Syl(A2k)| = 22k−2. The same order has group Gk = Bk−1 nWk−1: |Gk| = |Bk−1| · |Wk−1|.
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Theorem 3. The set Sα = {α0,(1), α1,(1), α2,(1), . . . , αk−2,(1), τ}, of elements from subgroup
of AutTk generates for a group Gk which is isomorphic to Syl2(A2k).

Theorem 1. The set Sβ = {β0,(1);k,(1,2k), β1,(1);k,(2k−1,2k−1+1), β2,(1), βk−2,(1)} of elements from
subgroup of AutTk is minimal generators for a group isomorphic to Sylow 2-subgroup of A2k .

For example the minimal system of generators for Syl2(A16):

β0

·

· ·

•1 · · ·

·

· ·

· · · •1

•
1

·· ·· ·· ·· ·· ·· ·· ··

β2

·

•1 ·

· · · ·

·

· ·

· · · ·

·

·· ·· ·· ·· ·· ·· ·· ··

β1

•1

· ·

· · · •1

·

· ·

•1 · · ·

·

·· ·· ·· ·· ·· ·· ·· ··

Let's deduce Sα from Sβ for G4. Note that β2
0 = τ23 and τ23β1 = α1. Moreover β1 = α1τ23

this implies α1 = τ−1
23 β1. So it follows that α0 = τ14β0.

It was proved that the structure of Sylow 2-subgroup of A2k is the following:

k−1

o
i=1

C2 n
2k−1−1∏
i=1

C2,

where we take C2 as group of action on two elements and the action is faithful.
Number of such minimal systems of generators for Gk:

C1
2k−1C

1
2k−1−1 + C1

2k−2C
1
2k−2−1 + · · ·+ C1

2C
1
2−1.
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