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Abstract. We aim this paper to develop the classical lattice models with unbounded spin to
the case of non-quadratic polynomial interaction.

We demonstrate that the distinct relation between the growths of potentials leads to the
uniqueness and the fast decay of correlations for Gibbs measure.

There is an approach initiated in the papers [9, 10, 23] to the description of the probability
measures on infinite dimensional spaces in the terms of conditional distributions. This approach
has already found its non-trivial applications to the natural construction of the different models
in the Quantum Field Theory, Mathematical and Statistical Physics [18, 26, 32, 33].

There were obtained the effective criteria on the existence and uniqueness of such systems, see
Dobrushin’s criterion [9, 10, 11], Dobrushin—Shlosman mixing condition [12, 13]. In the essence
of the Dobrushin’s type criteria lie the keen variational estimates on the one-point conditional
measures, which admit iteration and application of the fixed point arguments. Moreover, such
estimates were used in the applications to the lattice spin systems of the statistical physics
to the study of decay of correlations, differentiability of pressure and the connected questions
(7, 14, 16, 17, 21, 22, 33].

In the noncompact spin case the check of Dobrushin’s conditions is rather complicated by
principal unboundedness of interaction potentials. The results in this direction were mainly
centered around the regular interactions [3, 7, 20, 24, 28, 29, 30], i.e. when the many-point
potentials in the Hamiltonian
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admit the quadratic domination, for example with the quadratic two-point potentials

H(z)= ) Flzg) +A Y. bejlze — z))*
kez? kjez?
On the other hand, a wide class of models with nonregular interaction, associated with
massless free lattice field, perturbed by (V)?

H(x) = Z (xk—mj)2+)\ Z (xk—xj)4,

|k—jl=1 |k—j|=1

has already obtained a detail investigation through various techniques [4, 6, 15, 25, 27]. In par-
ticular, it was shown that the exponential decay of correlations for such systems does not occur
for all A > 0 [4], i.e. the Dobrushin uniqueness technique does not work for such Hamiltonians.

In this paper we demonstrate that there is a wide class of the Gibbs lattice systems, which do
not fulfill the regularity assumption but have the fast decay of correlations. We aim this paper
to show that the application of the Dobrushin’s uniqueness technique for the Hamiltonian

H(@)= Y F(zx)+ A Y Gz — )

kezd kjez?

with polynomials {G;} requires the distinct correlations between the growths of the interaction
potentials {G;} and selfaction {F'}. This gives us possibility to treat the problem on the exis-
tence, uniqueness and the exponentially fast decay of correlations in the case of non-quadratic
polynomial interaction. We base our investigation on the scheme of papers [9, 10, 11, 14, 16, 22]
and apply Brascamp-Lieb inequality [5] to obtain estimates on the distance in variations.

Consider Z? to be d- dimensional integer lattice, to each point of which corresponds the
linear spin space IR'. Let G{us} denote the set of Gibbs measures [9, 10, 23] on the product

o-algebra on IR% “. It means that the corresponding conditional measures {u} in the finite
volumes of the lattice A C Z? are defined by

1
dpy = ——exp{—A Z Gi—j(ar —x5)} x e " day, (1)
Z\ {k,TUA£D reh

i.e. for all cylinder bounded functions f € C’bﬁyl(BZd) we have u(pa(f)) = p(f), where u(f)
denotes the expectation and Z, is a normalization factor.
We put the following conditions on the interactive potentials {F, G;} in the Gibbs measure

(1).



A. Self-action potentials F' € C?(IR"), fulfill F(0) =0, 3¢ > 0 igl% F"(x) > ¢ and have no
more than the exponential growth on the infinity 3¢, a: Yo |F(x)| < cel;

B. Interaction potentials {G; € 02(R1>}jezd\{o}, fulfill G;(0) =0, Vj € Z"\{0} Vr € R":
Gi(z) >0and A1y Vj: |j|>10 = G; =0

G// _
C. Growth condition Vk € Z% |k| <7y sup |G} (x, — o)
z1,70C€ R \/F” xk \/F”

Immediately remark that the condition C states the domination of the one-point potentials
over the interaction. It always holds for the quadratic and less than quadratic interaction due
to sup |G”| < const. Actually condition C permits to consider the interaction {G;} to be of
polynomial type.

The following theorem states the uniqueness and the exponentially fast decay of correlations
for the Gibbs measure (1). The existence of such measure and finiteness of its moments is
shown in Theorem 2.

Theorem 1. Suppose conditions A-C hold and the set of measures p € G{up}, which satisfy

my, = sup | p*(zx,0)dp < oo, p(r,y) = |/y VE"(s)ds, (2)

d
ReZ!

e o
15 nonempty. Denote vg = Y. e 0 sup |Gz — o)
kez? zp,x0€IR! \/F”<$k)\/F”(330)
semimetric d(k,j) on the lattice Z°.
Then Y\ € [0,1/va) measure fi € G{un}, my < oo is unique and has exponentially fast
decay of correlations, i.e.

for some transitional invariant

1 )
> " Ocov(f,mig)| < T > 05D e™65(g)) (3)
kez? Vd ez jez?
Above T3, is a shift operator on vector k € Z°,
O f(x of (x
)= s L, kst =0 = e (@)
zeR% k

Inequality (3) is understood on the cylinder bounded differentiable functions f,g € Cbljcyl(]RZd)
such that Y e®00§,;(f) < oo.

jez

Proof. 'We discuss the main tool, which enables us to deal with the polynomial interaction in
the Gibbs measure. First note that the usual estimate on the covariance 2, §]

cov(f, ) = / /chm< / (5)

for the probability measure pu, du = e~ m)dx on the line IR', holds for arbitrary function
F € C?(IR) such that F"(z) > & > 0 for all x € IR'. Actually the above inequality (5) is not
optimal and in the paper [5, Th.4.1] it was found that the next weighted generalization is true

condf. )< [ o | Tean (6)

with the weight 1/F”, which in the cases when F” grows on the infinity improves inequality

(5).

Introduce the family of one-point conditional measures {1} e zd

1
duy, = ?exp{ A Groj(ag — xy) ye T dy, (7)
Jii#k




where Zj is a normalization factor. Below we also understand the measure py as the operator
of conditional expectation

def
i Chog () 5 f — ) S [ fdpn € Gy (R

The next identity for j, k € Z%, j # k
i (f) = 1(0; f) — Acovy, (f, 0;Gr—j(xx — ;)

leads to
0;(1x(f))
= sup |,Lbk(/]/f) _ )‘COUM(fy J k_j(”xk - xj)>| < (8>
Fr(;) . F(x5)
< 0,() + Asup couy, (1, ZHAT_ )
Fr(;)
Using the convexness of GG; we obtain the following consequence of the weighted inequality
(6)
|0 S
cov,, (f, f) < ! e <
i (S f) R F"(xy) + Z Gk—j(fk — z;) HE
o,
dpg, < [0 2 9
= I F”({Ek) M = [ k(f)] ( )

Inequality (9) enables us to estimate the second term in (8)

0;Gr—j(xr — ;)
F'(x;)

05Gh—(wn — ;) DGy — )y
Fr(z;) Py

|G (zr — z5)]

VE (@) (x))

sup [covy, (f, )<

< sup cov}f( I f )cov}f(

000, Gz — ;)2
<ol [, P I ) < s

Finally from (8) we obtain that
05 (e (f)) < 0;(f) + ACh;0r(f) (10)

|Gy — ;)]
Cyj = sup
v el \JF () \[F"(x;)

The estimate (10) is a key point of the Dobrushin’s uniqueness technique and the special
structure of the covariance matrix Cy; permits the polynomiality of {G;} in the interaction.

with

Below we follow scheme of [14, 16, 22]. The principal modification lies in the use of weighted
inequality (6) and weighted estimate on covariances (10).

1. Uniqueness of the Gibbs measure. Like in [14] we say that the vector {a;};cza is an

estimate for probability measures p, v if V f € Cgocyl(ﬂ%ld): > Ok(f) < oo we have
’ kez?

e ddn= [ Fdvl <Y i) (11)
jez?
For any two measures ji1, o € G{ua} with property (2) there is an estimate a = {a; =
mo = const} e za with mg = m}/? +m/2. To show this, note first that for f € Cl,l7cyl(RZd)
with > x(f) < oo we have

kezd

[f(2) = f)I < > a(f)p(wi,vi)

ieZ?



and therefore

o fam= [ Fdul =1 [ (F@) = fO)du = [ () = FO))dp] <
<3 0 [ ol 0 dn(@) + dpale)} Smo Y 0u(f) (12)

kez? kez? .
By (10) the operator f — pux(f) preserves the class of functions {f € C’gjcyl(jRZ ) -
> 0k(f) < oo}. From (10) and (12) we have
kez?

la () = p2(F)] = [ — p2) (e (f))] <
< D0 @0 (uk(f) < D0 a0;(f) + A0k(f) D @Ch (13)

jez? Jij#k i1k
Iterating the above estimate by choosing some enumeration ki, ..., k,, .. of the points of lattice
Z* one can in a purely algebraic way achieve the following estimate, see [14, Lemma 2.3]

| (f) = pa () <A Y0 (A @;Chy)

kez? jez*

() = (Nl < 32 @AC)")rdi(f)

kez?

which gives

for all n > 0.
Due to

[a(AC)"[[,.. (zd) = Mo SUP Z {AC)" i =

kEZ jezd

= Mo Sup A" Z Z Z ij(l) j(n 1)j (14)

KEZ? ezt j(n-1)ezt jez?

<mg(sup A Y Cii)" <mo(Mya)” =0, n— oo,
k:EZd ]ezd

we obtain the uniqueness of the Gibbs measure.

2. Decay of correlations. Fix function g € C’l}’cyl(ﬂ%zd) such that [,z«gdu =1, g > 0

and Y e¥*94,(g) < co. Then measure dv = gdu for the unique measure p € G{up} with
kez?
property (2) has the same property

sup [ p(ax, 0)dv(x) < |lglle,my/* < oo

d
ReZ!

In analog to (12) this gives the estimate a = {aj =m)/*(lgllc, + 1)} ez« on measures p and v
() =v(HI < 32 adn(f) = m2(lglle, +1) 3 oS
kez kez

Now we prove that if {a;},cz« is an estimate, then { 3> a;Cjx + bi}peze for by = di(g) is an
JEZ
estimate too. Indeed

[u(f) = v(N < (= V)y{/le SCly)dp(-ly) H+

+|uy{/ (i) = [ FCl)dmCl)} =
= % @b D)+ [, FCdmCly) = [ FCdni)] (15)

jez?
Using (10) the first term in (15) can be estimated by

> ;05 (f) + Xok(F{D_aiCin}

pors ik



g
1x(g)

We apply inequality (6) to the second term. We use that dv = gdpu, so dv, =

duy, and

obtain

v [ Fduely) = [ FamCl} =

9
=l { 17 = N = - s Y =

= bt 5 [ =m0 = (o))

The result of integration on IR doesn’t depend on variable x € IRy, therefore we continue

o s [ =m0 = (o)) =

= n{ [ (F = m(1)lo — mela)din)}| <

< sup cov,*(f, f)eovy*(9,9) < 6c(f)ok(g) = bidi(f)
Finally we have obtained the estimate on (15)

() = v(N] < D a;0;(f) + (LD arCik + bi} (16)
j#k i#k
By iteration of (16) like in [14, 16, 22] one achieves that (@aAC' + b) is an estimate too
u(f) = v(HI < 32 {@rCix + br}or(f) (17)
kez?

The vector b io: (AC)™ is also an estimate because of the following convergence in (4 (Z?)
n=0

b g:(/\(])” +a(AC)YN Tt = b i(m)n, N — o0

Thus we achieve estimate [14, 16, 22]
con(fo) =1 [ fav— [ fdul < X Disdi(£)3(9) (18)

de de k,]GZd

for D = § (AC)". Therefore
n=0
cou,(f,mg) €160 < T 109 D 160, (1)etig, ()
kjez?

Summing up on i € Z% we have the required decay of correlations for g > 0.

The case of arbitrary g € C’l}cyl(ﬂi’zd) with 3 ed*®96,(g) < oo is obvious due to the
’ kez?
identity cov,(f,c1g + c2) = cicov,(f,g) M

Theorem 2. Under conditions A-C the set of Gibbs measures G{ua} with condition

= sup [ e, 0)du(x) < oo (19)
keZdR d

18 nonempty.
Moreover, at the coupling interaction constant A € [0,1/74), the Gibbs measure i of Theorem

1 fulfills estimate a
sup [ explast}dfi < exp(—-) (20)

d g — za
keZz Rzl

for all a € [0,¢/2).



Proof. Let
Uy =) Fla) + X > Gijlzr — )

keA {k,j}CA
and consider the family of Gibbs measures {5} with the free boundary conditions in the finite
volumes A C Z*
o _ 1 u
duy = € dxp

The potentials (Uy)” > el are convex, so the measures p3 satisfy inequality (24) in form

2, 8]
1
covg (f£) < = [ 3 1ons PP

RA keA
Substituting f = z; and using that [pa 7, duQ = 0 by the symmetry of 4} we have that
uniformly on A and k£ € A
sup [ af duf <1/ (21)
ACZ?, keA A
The convexness of the potentials U, also imply the Log-Sobolev inequality for the measures

{13} (2]
/}R P - /}R fPden /}R P < i /]RA S0k f (@) P (zn)  (22)

keA
Fix A ¢ Z% and k € A. Consider increasing on n > 1 sequence of functions

-n, xp<-n
fo=2X% x, |zr| <n
n, ITp>n

Like in [8] introduce sequence of functions h,(a) = [ exp(af?)du} > 1 on half-line a €
BA

[0,00), increasing on both a and n with all derivatives h{®)(a) > 0, @ > 0. Then for g, =
exp(af?/2) we apply Log-Sobolev inequality (22)

alia) = [ afZexplafd)aul = [ g2ing? duf <

R R
2
<z / S 10,9 2dpS, + (@) In hy(a) <
€ RAjEA

2
< o [ fesp(af2)dp + ho(@) b, (a)
e J,
Therefore the family h,(a), increasing on both n and a > 0, h,(0) = 1, satisfy inequality
a(l —22)h (a) < hy(a)Inhy,(a). To find the major function we must set h(0) = 1 and take the

highest growth of its derivative, so a(1 — 22)h/(a) = h(a)Inh(a) and h(a) = exp( ) for

a
1—2a/e
some D. The restriction on D we obtain from the highest growth of h,, at zero

and achieve estimate h,(a) < exp{lc;/ / N xidpl (r)}. Tending n — oo we obtain the
—2a/e /R
estimate of the next form at a € [0,¢/2)
a
/]RA exp(axy)duy < eXP(W /]RA widpy)
which by (21) gives

Vae[0,e/2) sup / exp(axi)du} < exp(
Aczd, ken /RY

) (23)

€ —2a



Compactness of the function exp(az?) leads by the Prochorov’s theorem [33] to the existence

of the weak local limit 1
. 0 __
Al}rgd RA Jaa)diiy = /de

f(x)dji

on any cylinder function f € C’bycyl(]RZ d).

Due to the finiteness of the interaction radius B the limit measure g has the conditional
measures {fia} in the finite volumes, i.e. 1 € G{up} and the set of the Gibbs measures is
non-empty. From (23) we also have that the measure [ is tempered, i.e.

sup [, exp(axi)dji < exp( ), a€l0,e/2)

a
kezd R 6—2@

which obviously gives the statement (20). W
Model 1. Let the potentials be defined by
F(op) = (L+2p)" & Gioylay — aj) = byl — 2)*"
and assume that the coefficients {b;} ¢z« satisfy
Vi€ Z b;>0 & I V|j| >ro:b; =0

Then for 1

0< A< c o Iblle = b;e?00) < o
(0 + D, 20

the statements of Theorems 1,2 are valid.

Model 2. Lattice spin system on Riemannian manifold.
Denote M = M, k € Z* a noncompact Riemannian manifold with covariant derivative 0y
and Ricci curvature tensor Ricy.
Let potentials Fy(zx), Gi;(zk, x;) satisty
1) F, € 02<M), de >0Vax, € M, Ric, + akékF(xk) > €
2) ij S 02(M X M), Ja € R ak@kaj(:Ek,Ij) > —a, k,j€ z
and Gy; = 0, for |k — j| > 0.

3) aj; = sup B2 (ax) B2 (25) 00y G (o, ) | oasy xrna; < 00
xeEMZ
where B(xy) = Ricy(xy) + OOk Fi (1) and || - ||7as, <70z, is a standard Hilbert norm on tangent

space to My x M;.
Then for X € [0, min(e/a(2ro + 1)¢,1/74)) the lattice system, described by Hamiltonian

H = Z Fk(:ck)—l—)\ Z ij(xkvxj)

kez? |k—j]<ro

has exponentially fast decay of correlations and Gibbs measure is unique [1]. Above 74 =
sup Y, ed(k’j)ozkj.
kezd jez?

This result is achieved by the scheme of this paper. One needs to consider

ox(f) = sup |[(Ricy + OxOkF (1)) 20k f(2)|| s,

reMZ4

and apply in corresponding places the following generalization of Brascamp-Lieb inequality (6)
to the case of arbitrary Riemannian manifold [1]: under condition 3¢ > 0 Ric + J0F > € we
have

cov,(f, f) < /M < (Ric + 0F)'0f,8f > du, [ € CH(M) (24)

with probability measure du = e Fdo (o denotes Riemannian volume on manifold M) and
Riemannian pairing < -,- > on tangent space to manifold.



Developing idea of Helffer [19, 27] we can shortly explain inequality (24) next way. Take
u = 0H;' (g — [gdp) for H, = 970 with dual gradient 0jv = —divv+ < OF,v >, then
Ohu = Hqul(g — [gdu) =g — [ gdu and we have

covu(g, 9) Z/g(g—/gdu)du=/<u,0g>d/t=

_ / < (H, + Ric+ 89F) 199,89 > dp < / < (Ric + 09F)"'8g,09 > du
M

where we used positivity of H, and v = (H, + Ric + 00F) 'dg by a simple commutation
dg = 005u = (9,0 + Ric + JOF )u.
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