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DIRECT AND INVERSE APPROXIMATION THEOREMS OF
FUNCTIONS IN THE MUSIELAK-ORLICZ TYPE SPACES

FAHREDDIN ABDULLAYEV, STANISLAV CHAICHENKO AND ANDRII SHIDLICH

Abstract. In Musilak-Orlicz type spaces ., direct and inverse approximation theorems are
obtained in terms of the best approximations of functions and generalized moduli of smoothness.
The question of the exact constants in Jackson-type inequalities is studied.

1. Introduction

In Musilak-Orlicz type spaces .#a, we prove direct and inverse approximation
theorems in terms of the best approximations of functions and generalized moduli of
smoothness. Such theorems establish a connection between the smoothness proper-
ties of functions and the behavior of the error of their approximation by various meth-
ods. In particular, direct theorems show that good smoothness properties of a function
(the existence of derivatives of a given order, the specific behavior of the modulus of
smoothness, etc.) imply a good estimate of the error of its approximation. In the case
of best approximation by polynomials, these results are also known as Jackson-type
theorems or Jackson-type inequalities [[L8]]. Inverse theorems characterize smoothness
properties of functions depending on the rapidity with which the errors of best, or any
other, approximations tend to zero. The problem of obtaining inverse theorems in the
approximation of functions was first stated, and in some cases solved, by Bernstein [7].
In ideal cases, the direct and inverse theorems complement each other, and this allows
us to fully characterize a functional class having certain smoothness properties, using,
for example, sequences of best approximations. The results concerning direct and in-
verse connection between the smoothness properties of functions and the errors of their
approximations in classical functional spaces (such as Lebesgue and Hilbert spaces, the
spaces of continues functions, etc) are described quite fully in the monographs [31]],
(100, [[14], [15], [32] and others.
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In 2001, Stepanets [27] considered the spaces .7 = ./P(T) of 2z -periodic Lebe-
sgue summable functions f (f € L) with the finite norm
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where f(k) := [f]"(k) = (2z) ! Oznf(x)e_ik"dx, k € Z, are the Fourier coefficients
of the function f, and investigated some approximation characteristics of these spaces.
Stepanets and Serdyuk [29]] introduced the notion of kth modulus of smoothness in .7
and proved direct and inverse theorems on approximation in terms of these moduli of
smoothness and the best approximations of functions. Also this topic was investigated
actively in [30], [33]], [34], [28, Ch. 11], [32] Ch. 3], etc.

In [11]] and [}, some results for the spaces .7 were extended to the Orlicz type
spaces %) and YP’ u - In particular, in [11] and [T], direct and inverse approxima-
tion theorems were proved in terms of best approximations of functions and moduli of
smoothness of fractional order and a connection was established between K -functional
and such moduli of smoothness. In other Banach spaces, in particular, in Banach spaces
of Orlicz type, topics related to direct and inverse approximation theorems, were inves-
tigated in [16], [4], [19], [20], [26], [3] and others.

Here, we continue such studies and consider the Musilak-Orlicz type spaces %,
which are natural generalizations of the spaces .} and .}, ,, . In these spaces, we give
direct and inverse approximation theorems in terms of best approximations of functions
and generalized moduli of smoothness. Particular attention is paid to the study of the
accuracy of constants in Jackson-type inequalities.

2. Preliminaries

Let M = {M;(u) }rez, u > 0, be a sequence of Orlicz functions. In other words,
for every k € Z, the function M;(u) is a nondecreasing convex function for which
My (0) =0 and M (u) — oo as u — oo. The modular space (or Musilak-Orlicz space)
M 1is the space of all functions f € L such that the following quantity (which is also
called the Luxemburg norm of f) is finite:

Il = 0zl =it {a> 00 sl <1} @
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By definition, we say that the functions f € L and g € L are assumed to be equivalent
in the space #um, when || f —gl|,, =0.

The spaces -y defined in this way are Banach spaces. Sequence spaces of this
type have been studied by mathematicians since the 1940s (see, for example, the mono-
graphs [23]], [24])). If all functions M;, are identical (namely, My (u) =M (u), k € Z), the
spaces Ay coincide with the ordinary Orlicz type spaces %y [1L11]. If My (u) = wuP*,
Pk =1, W >0, then S coincide with the weighted spaces ., |, with variable expo-
nents [[1]. If all My (u) =uP, p > 1, then the spaces A are the above-defined spaces
S



In addition to the Luxembourg norm (@), in the space ., consider the Orlicz
norm that is defined as follows. Let M = {M;(v)}1cz be the sequence of functions
defined by the relations

My (v) := sup{uv —M(u) : u>0}, keZ.

Consider the set A=A(M) of sequences of positive numbers A = {A;}scz such that
Y ez Mi(24)<1. For any function f € .#y1, define its Orlicz norm by the equality

1y 2= IO bzl g = sup{ ¥ A7) : 2 €A}, ©

keZ

The following auxiliary Lemma [T] establishes the equivalence of the Luxembourg
norm (2) and the Orlicz norm ().

LEMMA 1. For any function f € v, the following relation holds:

1Ay < WIS < 201 - ©)

Relation @) follows from the similarly relation for corresponding norms in the
modular Orlicz sequence spaces (see, for example [23, Ch. 4]).

Further, denote by || -[| one of the norms || - [|y, or || - [|3, -

Let 7, n=0,1,..., be the set of trigonometric polynomials #,(x) = ¥q<x etk
of the order n, where ¢, are arbitrary complex numbers. For any f € %, denote
by Eu(f)y and Ex( f)l’:/I the best approximations of f by trigonometric polynomials
tn—1 € -1 in the space . with respect to the norms || -[|,, and || - HI*VI respectively,
ie.,

E(f)y = inf  |f—tually and E,(f)y = inf [lf—taally- 5)

t,l,1€=7,l,1 t,l,1€=7,l,1
The following auxiliary Lemma[2]characterizes the polynomial of the best approx-
imation in ..

LEMMA 2. Assume that f € . Then

E(f)= inf ||f=tpa]| = |f = Saar (DI, (©)

th1€Tp-1

where S,—1(f) = Su-1(f,") = Ljj<n—1 f(k)eik' is the Fourier sum of the function f.

Proof. Indeed, for any polynomial #, | = Z‘k‘gn_lckeik' € 7,1, the quantities
(F =t (K)] = LK) — cal when [kl < n—1 and |(f — ta1)"(K)| = |7(6)| when
|k| > n. Therefore, in view of @) and (3), the infimum in (@) is reached in the case
when all ¢, = f(k), i.e., when #,_1 = S, (f). O
Let @y (f,d) be the modulus of smoothness of a function f € .y of order o >0,

ie.,

0u(1:8) = sp 7511 = sup | (- (%) s m)| 0
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where (q) _ a(a—l)‘.‘j.i(oc—j+1)

for j€ N and (%) =1 for j=0. By the definition, for
any k € Z

, we have

~ —ikhjo | 7 ol .- kho ~
AR ()] = 1 = e~ F(k) | = 22| sin | 1 F K1 ®)

Now consider the set @ of all continuous bounded nonnegative pair functions ¢ such
that @(0) =0 and the Lebesgue measure of the set { € R: ¢(¢) =0} is equal to zero.
For a fixed function ¢ € ®, h € R and for any f € .y, we denote by {[A} f]7(k) }rez
the sequence of numbers such that for any k € Z,

(AL 117 (k) = @(kh) f (k). )

If there exists a function AZ’ f € L whose Fourier coefficients coincide with the numbers
[AY f17(k), k € Z, then, as above, the expressions ||A;ff||M and ||A;ff||;/[ denote Lux-
emburg and Orlicz norms of the function AZ) f. If such a function does not exist, then we
also keep the notation [|Af f |y and AT f [y - But in this case, by these notations we
) of the sequence {[A} f]7(k)}rez -
Also we denote by ||A} f|| any of the expressions ||A;ff|\M and ||A;ff||;/[

Similarly to [23], [8], [9], [22], define the generalized modulus of smoothness @y
of a function f € %\ by the equality:

mean the corresponding norm || - ”lM(Z) or || - H%(Z

@ (f,8) = sup [|A7f]]. (10)
hi<8

In particular, we set

@n(1,8)y = sup 47y and o1,y = sup AT 115,

It follows from (8)) that wq(f,8) = @y (f,8) when @(r) =2%|sin(r/2)|*.

3. Direct approximation theorems

In this section, we prove direct approximation theorems in the space . in terms
of the best approximations and generalized moduli of smoothness, and also establish
Jackson type inequalities with the constants that are the best possible in some important
cases.

Let V(7), T > 0, be a set of bounded nondecreasing functions v that differ from
a constant on [0, 7].

THEOREM 1. Assume that f € . Then forany © >0, n€ N and ¢ € O, the
following inequality holds:

E(y < Cro(Map(f,7) . an

M



where

Crp(T) = inf v(®) —v(0). (12)
vev(r) In,(p T,V)
and .
. ku
hote) =, daf, [o(5) 4 )
S0

In this case, there exists a function v* € V(T) that realizes the greatest lower bound in

(3D
Proof. Let f € %y, n€N and h € R. According to (@) and (@), we have

By = I =Su1(N) iy =sup{ ¥ A7 (012 A €A}, (14)

k| >n

and by the definition of supremum, for arbitrary € > 0 there exists a sequence A €A,
A = A(€), such that the following relations holds:

Y A7l +e = sup{ ¥ Adfk)|: 2enb,
|k|>n |k[>n
In view of (3) and (9)), we have
188 flly, = sup{ ¥ A (kh)|F(K)|: A€ A} > PR
k|>n

[k|>n
—"“’” A Al kh—M.
ORGP A T (ot - es)
For any u € [O,T],we get

18313, > S0 ¥ AW+ T Al (o) - ). a9

0) 1S = n (7)—v(0)

The both sides of inequality (I3)) are nonnegative and, in view of the boundedness of the
function @, the series on its right-hand side is majorized on the entire real axis by the
absolutely convergent series C(@) ¥ x>, Al f (k)|, where C(¢) := max,cgr ¢(u). Then
integrating this inequality with respect to dv(u) from 0 to 7, we get

Pk
/||A(ff||* dv>1I,6(7,v) Z lk|f )|+ Z lk|f (/ (:)dv—ln,(p(‘c,v))
[k|>n |k >n 0

By virtue of the definition of 1, »(7,v), we see that the second term on the right-hand
side of the last relation is nonnegative. Therefore, for any function v € V(t), we have

/HA“’fH* dv> 1 o(t,v) Y Al F(R)] > Ig(,v) <sup{ Y Alf(k) xeA}—s>,

|k|=n |k|>n



wherefrom due to an arbitrariness of choice of the number €, we conclude that the
inequality

T
J 18215y > Lg(eWE);,
0

is true. Hence,

B S 7 / A2 flv < 7—— / ap(1.2)" av
0

whence taking into account nondecreasing of the function @y, we immediately obtain
relation (I0I). The existence of the function v* € V(1) realizing the greatest lower
bound in (I3) will be given below in the proof of Theorem[2l O

COROLLARY 1. Assume that f € . Then forany T>0, n€ N and ¢ € O,
the following inequality holds:

T
By < 2@ 0 (f) (16)
where the quantity C, o(7) is defined by (19).

COROLLARY 2. Assume that f € . Thenforany T >0, n € N and o0 > 0 the
following inequality holds:

Ef) < 2Cua(®)ou(f. ).

where the quantity Cy o(7) is defined by ([19) with @(t) =2%|sin(r/2)|*.

For moduli of smoothness @y (f,8),,, in the mentioned above spaces -7} and
Yp u » the inequalities of the type (18) were proved in [11] and [1]] correspondingly.
Unlike to [11] and [1]l, here we find the constant C, () in Jackson-type inequality
(Id). Let us see how accurate this constant is. For this, consider the case where all

p

functions My (u) = uP (p_l/l’q_l/q) ,p>1,1/p+1/g=1. Inthis case, all functions
M;(v) =19, the set A is a set of all sequences of positive numbers A = {A; }1cz such
that [[A]|;,(zy < 1. Then the spaces .#m coincide with the spaces .7, p > 1, and by
Holder inequality for any f € .7, the following relation holds:

111 —Supzlklf |<;UI/)\|MHIP(Z>'H{f(k)}keszp(@SHfIIp-
S

AEAKET,

~ ~ -1/
Furthermore, if £ 0, then for the sequence A;" = | f(k)|P/¢ (ZjeZ |f(k)|”) q, kez,

we have Zkezlﬂf(kﬂ = [Ifll, and [[A*[|;,z) = 1. Therefore, in this case ||f||}, =
£, p>1.




In the case p = 1, the similar equality for norms

£ = A1 (17

obviously can be obtained if we consider all M (u) = u, k € Z, and the set A is a set
of all sequences of positive numbers A = {A }rez such that [|A ], (z) = supgez A < 1.
For fixed n € N, 7> 0 and for a given ¢ € ®, consider the quantity

1€ T-1

En(f)p B inf Hf_tl’l*al

Kng(T), = sup ———"=— = sup
MO e wo(fiT/n),  gegw sup AP £,

f#const f#const |h|<é8

THEOREM 2. Assume that f € /P, 1 < p < 0. Then forany T >0, n €N and
¢ € D, the following inequality holds:

Ex(f), < Cron(D)0p(f:) . (1)
where o 1P
o= (40 o) ®
and
Ligp(T,v) kell\Tnka/(pp (20)

In this case, there exists a function v* € V(T) that realizes the greatest lower bound in
@Q). Inequality (I8) is unimprovable on the set of all functions f € #P, f % const, in
the sense that the following equality is true:

Knp(7)p = Cup.p(7)- (2D

Proof. Here, we basically use the arguments given in [15], [12], [13] and [29]. Let
fes?, neN and h € R. By virtue of (9) and (), we have

A7 FID = Y @F (ki) f (k)|

|k|>n
_ I"a‘PaP(TaV) i I n(pp(l' V)
RCEOR A P (97 k) — B0 ).

For any u € [0, 7], we get

,,(p (t,v) ku Lipp(T,v)
185115 2 S TP+ X170 P(or(2)- pelt). )

k|>n |k|>n

The both sides of inequality (22)) are nonnegative and, in view of the boundedness of the
function @, the series on its right-hand side is majorized on the entire real axis by the



absolutely convergent series C” (@) ¥j|>n |7(k)|?, where C(¢) := max,cp @ (u). Then
integrating this inequality with respect to dv(u) from 0 to 7, we get

/||A‘Pf||pdv>1n(,,,, o) ¥ 1F(k)
0

|k|>n

+ Y If(k |"</<p" — I p(T, v)> (23)

|k|>n

By virtue of the definition of I, ¢ ,(7,v), we see that the second term on the right-hand
side of (3) is nonnegative. Therefore, for any function v € V(7), we have

/ 1AL 12y = Lupp(2) T IFOF = g o2 VEL(S) -

|k|>n

Hence,

EL(f) / A2 v < - / oh(r%) av @b

"_I,,(pp

whence taking into account nondecreasing of the function @y, we immediately obtain
relation (I8) and the estimate

Kn,(p(r)p S Cn,(p,p(r)- (25)

Let us show that relation (23) is the equality. By virtue of Lemmal[2] we have

Koo(t), — sup Yol F(R)]P 26)
e ;‘;W SUP |y Ljk=n O (kh/n)| f(K) [P
const

and in (26), it is sufficient to consider supremum over all functions f € .#? such that
Yikj=n |f (k)P < 1. Therefore, taking into account the parity of the function ¢, we get

4 N
Kif(0)y <ugp():= inf [l . @7
where the set
Wagp = {0() = ¥ pj0" (ju/n) :p; >0, ¥ pj=1}. 28)
j=n j=n

For what follows, we need a duality relation in the space C[a’b] , (see, e.g., [21, Ch. 1.4]).



PROPOSITION A. [21} Ch. 1.4] If F' is a convex set in the space Ci,p), then for
any function x € Cly ),

b b

inf [lv—ul, = swp ( / x(t)dg() —sup [ u(t)dg(1)). (29)
uckF [a,b] b( <1 ucF
V(g)<l a a

For x € Clay \I~:, where F is the closure of a set F, there exists a function g. with
variation equal to 1 on |a,b] that realizes the least upper bound in (29).

It is easy to show that the set W, ¢ , is a convex subset of the space Cjg 7. There-
fore, setting a =0, b=1, x(t) =0, u(t) =w(t) € Wy 9,p, F =W, ¢, from relation

@9) we get

Jn,(p,p(r) = wEiWnnf(pp ”0 - WHC[O,r]
T T
= sup (O— sup w(t)dg(t)) = sup weiv{/lf w(t)dg(t). (30)
Vst ey Vst "

Furthermore, according to the Proposition A, there exists a function g.(¢), that realizes
T

the least upper bound in (3) and such that V(g.) = 1. Since every function w € W, ¢,
0

is nonnegative, it suffices to take the supremum on the right-hand side of (3) over the
set of nondecreasing functions v(¢) for which v(7) —v(0) < 1. For such functions, by
virtue of (I3) and (28), the following equality is true:

T

inf w(t)dv(t) = Inep(T,v). 31

WE‘/V)L(p‘p
0

Hence, there exists a function v, € V() such that v,(7) —v,(0) =1 and

Lupp(Tve) = sup  Ingp(T,v) = Jugp(7). (32)
veV(r):g(v)gl

From relations (27) and (32)), we get the necessary estimate:

KPo(7), > 1 B 1 ~ vi(1) —4(0)
O T Dagp (D) g p(Tve)  Iupp(T,ve)

=Crop(T).

O

From Theorem 2] in particular, follows that the constant G, ¢(7) = Cy.¢,1(7) is

exact in the Jackson-type inequality (II)) in the case when .#y; = .%!. In this case,

estimate (23) in the proof obviously follows directly from estimate (II) and relation

(D). For p > 1, estimate (23) is more accurate than the estimate that can be obtained
using similar arguments from Theorem[Il



In the Lebesgue space Ly(T), such result was proved for ordinary moduli of
smoothness @y, (f,5)p with @ = 1 by Babenko [5]. In the spaces .7, for moduli
®q(f,8),, this theorem was proved by Stepanets and Serdyuk [29]. In the spaces
P(T?) of functions of several variables, for moduli @g/(f, &) »» such result was ob-
tained in [2l]. For generalized moduli of smoothness, the similar result was proved by
Vasil’ev [36] in L, (T). We also mention the paper of Vakarchuk [35] which, in particu-
lar, contains a survey of the main results on Jackson-Type inequalities with generalized
moduli of smoothness in the spaces L (T).

4. Inverse approximation theorem.

THEOREM 3. Let f € A\, the function ¢ € @ is nondecreasing on an interval
[0,7] and @(t) = max{@(t) :t € R}. Then for any n € N, the following inequality

holds:
(5= (o) -o( Dain o

Proof. Let us use the proof scheme from [29], modifying it taking into account the
peculiarities of the spaces .#) and the definition of the modulus of smoothness @, .

Let f € Am. For any € > 0 there exist a number Ny = Ny(€) € N, Ny > n, such
that for any N > Ny, we have

En(f) = If =Sn—1 (NIl <&/o(7).
Let us set fp := Sy, (f). Then in view of (@), we see that
AR AL < AR foll + A7 (F = fo)| < 187 foll + @(2)Eng+1 (f) < A7 foll +&. (34)

Further, let S,_; := S,—1(fo) be the Fourier sum of fy. Then by virtue of (8), for
|| < t/n, we have

(35)

”A(pfOH_HA(p(fO_ n— 1)+A¢Sn 1||< H(p fO_ n— 1 + Z (P kh |f( )lelk

[k|<n—1

<ot L Zo )

where Hy(x) := Hy(f,x) = |f(V)|e"* + |f(=V)]e ¥, v=1,2,...
Now we use the following assertion which is proved directly.

LEMMA 3. Let {cv}y_, and {av}y_, be arbitrary numerical sequences. Then
the following equality holds for all natural m, M and N m <M < N:

Zavcv—achV+ Z y—ay_i ch—aM Z cy. (36)

v=m+1 v=M+1

10



el oy No
L o5 )it =L i)
+'V’ZL( (%) _(p(‘c(vn— 1))) izH’(x) —QD(T(nn_ 1)) iHv(x)
Therefore . »
wagfm Lo (5 )

)5

IA

(7)o () L5
<[ £ (o(F) o)) K
Z::( (W) (y))Ev(fO)- 37)

Combining relations (34), (33) and (@) and taking into account the definition of the
function fy, we see that for |h| < 7/n, the following inequality holds:

a1 < ¥ (o(5) ~o () )Evin +e

which, in view of arbitrariness of €, gives us @])
As noted above, for ¢(t) = in(¢/2) (f,0) = a)a( 5).

In this case, the number T =x. If o > 1, then usmg the inequality x% — y* <

ax® '(x—y), x>0,y > 0 (see, for example, [17, Ch. 1]), and the usual trigonometric

formulas, for v =1,2,...,n, we get
VY | . m(v—1)\|@
G =[sn(Z5)1) <
n n

()05 <[
a_l‘sin (%) —sin (77{(‘/”_ 1))‘ < a(%)ava”.

If 0 < a < 1, then the similar estimate can be obtained using the inequality x* —
y* < ay®*~!(x —y), which holds for any x > 0,y > 0, [17, Ch. 1]. Hence, we get the
following statement:

[:I

. v
<2%a|sin (—)
n

COROLLARY 3. Let f € %M and a > 0. Then for any n € N, the following
inequality holds:

ou(s3) a(5) L v E) (38)

v=I

11



Note that in the above-mentioned spaces .%); and 5”“ Lo the similar estimates
were obtained for moduli of smoothness and best approximations determined with re-
spect to the corresponding Luxemburg norms in [1] and [L1]]. In .7, such estimates
were obtained in [30] and [29]. For the Lebesgue spaces L, inequalities of the type

(38) were proved by M. Timan (see, for example, [32, Ch. 2], [31}, Ch. 6]).

COROLLARY 4. Assume that the sequence of the best approximations E,(f) of a
Sunction [ € A\ satisfies the following relation for some § > 0:

E,(f)=06(n"F).
Then, for any o > 0, one has
oB)  for B <a,

0q(f,1) = § O(t*Int]) for B =a,
o@t*) for B> a.

5. Constructive characteristics of the classes of functions defined by the o th
moduli of smoothness

In this section we give the constructive characteristics of the classes AHg of
functions for which the o th moduli of smoothness wy(f,6) do not exceed some ma-
jorant.

Let @ be a function defined on interval [0, 1]. For a fixed o > 0, we set

yMHg’z{feyM: wu(f,8) = 0(a(5)), 6—>0+}. (39)

Further, we consider the functions @(0), & € [0, 1], satisfying the following conditions
1)-4): 1) ®(98) is continuous on [0,1]; 2) ®(6) T; 3) w(d) # 0 forany 6 € (0,1];
4) ©(8) — 0 as 6 — 0+; and the well-known condition (%), o > 0 (see, e.g. [6]):

(Ba) Zn"lvala)(vl)—ﬁ(naw(nl)), n— .

THEOREM 4. Assume that & > 0 and the function o satisfies conditions 1)—4)
and (PBy). Then, in order a function f € Sy to belong to the class SMHE, it is
necessary and sufficient that

Ey(f)=O(o(n™")). (40)
Proof. Let f € SMmHE, by virtue of Corollary[2] we have

Eq(f) < 2Cha(1)@a(f;n 1), (41)

Therefore, relation (39) yields (@Q). On the other hand, if relation @Q) holds, then by

virtue of (38)), taking into account the condition (%), we obtain
_ P AN _ C & _ _ _
ou(fn ) <a( =) Y v E(f) < = Y v ol = o). @)
v=I v=1

12



Thus, the function f belongs to the set SAMH . |

The function h(t) =", r < a, satisfies the condition (%). Hence, denoting

by AmH) the class AMHS for w(r) =1", 0 < r < a, we establish the following
Statement:

COROLLARY 5. Let o0 >0, 0 < r < . In order a function f € Sy to belong to

SMHY, it is necessary and sufficient that
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Ey(f) = O(n").
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