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JACKSON-TYPE INEQUALITIES AND WIDTHS OF FUNCTIONAL CLASSES IN
THE MUSIELAK-ORLICZ TYPE SPACES

FAHREDDIN ABDULLAYEV, STANISLAV CHAICHENKO,
MEERIM IMASHKYZY AND ANDRII SHIDLICH

In the Musielak—Orlicz-type spaces Sy, exact Jackson-type inequalities are obtained in terms of best
approximations of functions and the averaged values of their generalized moduli of smoothness. The
values of Kolmogorov, Bernstein, linear, and projective widths in Sy are found for classes of periodic
functions defined by certain conditions on the averaged values of the generalized moduli of smoothness.

1. Introduction

Let M = {Mi(t)}kez, t = 0, be a sequence of Orlicz functions. In other words, for every k € Z, the
function My (¢) is a nondecreasing convex function for which My (0) = 0 and My (¢t) — oo as t — oo.
The modular space (or Musielak—Orlicz-type space) Sny is the space of 2m-periodic complex-valued
Lebesgue summable functions f (f € L) such that the following quantity (which is also called the
Luxemburg norm of f) is finite:

(1) 1f v = 1 ezl = inf{a >0: Y M (1f(K)l/a) < 1},

keZ

where f k) =[fT"(k) = 2n)~! 02” f(x)e **dx, k € Z, are the Fourier coefficients of the function f.
The spaces Sy defined in this way are Banach spaces. Functional spaces of this type have been studied
by mathematicians since the 1930s (see, for example, the monographs [16], [17], [19]). If all functions
M, are identical (namely, My (t) = M(t), k € Z), the spaces Sy coincide with the ordinary Orlicz-type
spaces Sy [9]. If My (t) = pxt?*, pr =1, pix >0, then Sy coincide with the weighted spaces Sy, with
variable exponents [1]. If all My (¢) =P, p > 1, then the spaces Sy are the known spaces S? (see, for
example, [25, Chapter 11]), which in the case p = 2 coincide with ordinary Lebesgue spaces S> = L,.
In this paper, we study the approximative properties of the spaces Sy. In particular, exact Jackson-type
inequalities in Spy are obtained in terms of the best approximations of functions and the averaged values
of their generalized moduli of smoothness. The values of Kolmogorov, Bernstein, linear, and projective
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widths in the spaces Sy are found for classes of periodic functions defined by certain conditions on the
averaged values of the generalized moduli of smoothness.

Jackson-type (or Jackson—Stechkin-type) inequalities are inequalities that estimate the values of the
best approximations of functions via the value of their modulus of continuity (smoothness) at a certain
point. The first exact Jackson-type inequality for the best uniform approximations of 277 -periodic contin-
uous functions by trigonometric polynomials was obtained by Korneichuk [14] in 1962. A similar result
for the best uniform approximations of continuous functions given on the real axis by entire functions
of the exponential type was obtained by Dzyadyk in [11]. In 1967, Chernykh [35; 34] proved two
unimprovable inequalities for 2 -periodic functions from the Lebesgue spaces L,. In [34], it was shown
in particular that the averaged values of the moduli of smoothness can be more effective for characterizing
the structural and approximative properties of the functions f than the moduli themselves. In [27; 28]
(see also [18, Chapter 4]), Taikov originated systematic investigations of the problem of exact inequalities
that estimate the values of the best approximations of functions via the averaged values of their moduli
of smoothness. He first considered the functional classes of 27 -periodic functions defined by certain
conditions on the averaged values of their moduli of smoothness and found the exact values of the
widths of such classes in the spaces L. Later, similar topics were studied by numerous mathematicians
in various functional spaces (see, for example, [26; 30; 13; 4; 5; 24; 6; 3; 2]). For more detailed
information on the results obtained in this direction, see also [21; 32; 31; 6].

2. Preliminaries

2.1. Orlicz norm. In addition to the Luxemburg norm (1) of the space Sy, consider the Orlicz norm
that is defined as follows. Let M* = {M} (v)}xez, v = 0, be the sequence of functions defined by the
relations

M (v) :=sup{uv — My(u) :u >0}, keZ.

Consider the set A = A(M*) of sequences of positive numbers A = {At}xez such that ), , M () <I.
For any function f € Sy, define its Orlicz norm by the equality

) 1f 131 = 1{F ©Ohezllizy @) = sup{me(kn D he A(M*)}.
keZ

Further, we will mainly use the Orlicz norm for functions f € Sy. However, taking into account
Lemma 1, some corollaries can also be formulated from the results obtained when considering the
Luxemburg norm.

Lemma 1. For any function f € Sm, the following relation holds:

3 1T = 1 = 210 f e

Relation (3) follows from the similar relation for corresponding norms in the modular Orlicz sequence
spaces (see, for example [16, Chapter 4]).
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2.2. Generalized moduli of smoothness and their averaged values. Let w,(f, §) be the modulus of
smoothness of a function f € Sy of order o > 0, i.e.,

“) wo (f, Dy = SUP A, fllp = sup

|h|=<t |h|=<t

’

M

S

where (%) = ﬁa(a —1)---(@—j+1for j eNand (§) =1 for j = 0. By the definition, for any k € Z,
we have

(5) A FT 0O = 11 —e %) (k)| =22 (1 — coskh) 2| f (k).

Consider the set ® of all continuous bounded nonnegative pair functions ¢ such that ¢(0) = 0 and the
Lebesgue measure of the set {t € R: ¢(¢) = 0} is equal to zero. For a fixed function ¢ € ®, h € R and
for any f € Sy, we denote by {[Af f17(k)}xez the sequence of numbers such that for any k € Z,

(6) [AY F17(k) = @(kh) f (k).

If there exists a function Az f € L whose Fourier coefficients coincide with the numbers [Af f17(k),
k € Z, then, as above, the expression || AZ £y denotes the Orlicz norm of the function Aﬁ f. If such a func-
tion does not exist, then the notation || Af flIyy denotes the norm || - Iz, 2) of the sequence {[Az 1 (k) }kez.

As in [23], [8], [7], define the generalized modulus of smoothness of a function f € Sy by the equality

(M oy (f, O = sup 1A} f Iy

|n|<t

It follows from (5) that w, (f, )y = @, (f, )3 When @(1) = @4 (t) = 2%(1 — cos kt)%. In the general
case, such modules were considered, in particular, in [33], [15], [31], [6].

Further, let M(t), T > 0, be the set of all functions ©, bounded nondecreasing and nonconstant on
the segment [0, 7]. By Q,(f, 7, , u)y;, u > 0, denote the average value of the generalized modulus of
smoothness w, ( f, t)y; of the function f with the weight u € M(7), that is,

* L 1 ! * T_t
®) (.= s | w¢<f,r>Mdu(u).

Note that for any f € Sm, T >0, u € M(r) and u > 0 the functionals 2, (f, 7, i, u)y; do not exceed
the value w, ( f, u)y;, and therefore in a number of questions they can be more effective for characterizing
the structural and approximative properties of the function f.

2.3. Definition of yr-integrals, {-derivatives and functional classes. Let ¢ = {y/(k)};cz be an arbi-
trary sequence of complex numbers. If, for a given function f € L with the Fourier series ) , ., f f (k)eikx,
the series ) ., ¥ (k) f (k)e‘k" is the Fourier series of a certain function F' € L, then F is called (see, for
example, [25, Chapter 11]) ¥ -integral of the function f and is denoted as F = J 4 (f, -). In turn, the
function f is called the v -derivative of the function F and is denoted as f = FY. The Fourier coefficients
of functions f and fV are related by the equalities

) fy=vk frk), kez
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The set of y-integrals of functions f of L is denoted as LY. If 01 C L, then LY denotes the set of
-integrals of functions f € 91. In particular, LY Sy is the set of y-integrals of functions f € S.
For arbitrary fixed ¢ € ®, 7 > 0 and u € M(t), define the functional classes

*
(10) LY (g, T, 1, n)ly = {f e LVSy: SZ(p(f‘”, I i, %)M <l,ne N},
(11) LV (o, 7, Dy ={f e LVSm: Q(f¥ 1. )iy < Qw), 0 <u <},

where €2(u) is a fixed continuous monotonically increasing function of the variable # > 0 such that
Q@) =0.

Note that in the Lebesgue spaces Lo, for (k) =k, r e N, ¢(t) = 22(1 —cosk?)?, and the weight
function w(t) = ¢, Taikov [27; 28] (see also [18, Chapter 4]) first considered the functional classes similar
to (10) and (11). He found the exact values of the widths of such classes in the spaces L; in the case
when the majorants 2 of the averaged values of the moduli of smoothness satisfied some constraints.
The problem of finding the exact values of the widths in different spaces of functional classes of this
kind was also studied in [36; 22; 12; 20; 30; 31; 2].

2.4. Best approximations and widths of functional classes. Let 7,11, n =0, 1, ..., be the set of all
trigonometric polynomials 7,,(x) = ZI kl<n cxe'®™ of the order n, where c; are arbitrary complex numbers.
For any function f € Sy denote by E, (f)yy its best approximation by the trigonometric polynomials
T,_1 € J2,—1 in the space Sy with respect to the norm | - ||y i.€.,
12) En(f)?{/[::T inf  [|f = Tyl
1

n—1€J2n—

From (2), it follows [10, Lemma 2] that for any f e Sy and alln =0, 1, ...,

(13) Ea(Nir= IS = Sact(Nlis = sup{ 3 mdf ) he A},

|k|=n

where S,_1(f) = S,—1(f, ) = Zlklin—l f(k)eik' is the partial Fourier sum of the order n — 1 of the
function f.

Further, let K be a convex centrally symmetric subset of Sy and let By; be a unit ball of the space Sy
with respect to the norm || - [|y;. Let also Fyy be an arbitrary N-dimensional subspace of the space Swm,
N € N, and £(Swm, Fn) be a set of linear operators from Sy to Fy. By P(Sm, Fy) denote the subset
of projection operators of the set £(Swm, Fi), that is, the set of the operators A of linear projection onto
the set Fiy such that Af = f when f € Fy. The following quantities are called Bernstein, Kolmogorov,
linear, and projection N-widths of the set K in the space Sy, respectively:

by (K, Sm) = sup sup{e > 0:eByN Fyt1 C K},
Fn+i

dy(K,Sm) =inf sup inf || f —ully,

FN fGK”E N
Anv(K,Sv) =inf  inf su —Aflx,
~N(K, Sm) [ L feg If—AflIm

ay(K,Sy) =inf  inf su —Af -
v (K, Sw) = Inf AGT(SM,FN)feE”f et
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3. Main results

3.1. Jackson-type inequalities. In this subsection, Jackson-type inequalities are obtained in terms of

the best approximations and the averaged values of generalized moduli of smoothness in the spaces Sy.

To state these results, denote by W the set of arbitrary sequences ¢ = {1/ (k) }xez of complex numbers

such that |y (k)| = | (—k)| = | (k + 1)| for k € N. Here and below, we also assume that the sequence
= {M} (v)}kez satisfies the condition

(14) M:w)>M1)=1, v>1, keZ.

Theorem 2. Assume that f € LY Sm, condition (14) holds, pe®, >0, ueM(t)and € V. Then
foranyn e N,

« _ (@) — ) v T\*
(15) En(f)Mme/(nNQw(f » Ty M, ;)M,
where
. k
(16) I (1) = inf f o ("1 )dun(o).

keN 0

If, in addition, the function ¢ is nondecreasing on the interval [0, ] and the condition

T

(17) Ing(to ) = / o()du (o),

0
holds, then inequality (15) cannot be improved and therefore,
ENy _ w(@—p©)

sup =
fEL‘//SM Q(ﬂ(fws T, U, %)K/I fot (p(t)dﬂ(t)
f#const

(18)

[V ()]

Proof Let f € LY Su. By virtue of (9) and (13), we have

19 EOh=sop{ 3 aalfols nenf=supl ¥ K forsne al
|k|=n |k|=n
f( ) Yk
=y () sup} Y A AeA L= [YyMIE(f )y

|k|=n

As shown in [10, Proof of Theorem 1], forany g € Sy, 7>0, p € ®, pe M(r)andn e N,

20) Ev@% = T ( m / w8 L) 4.
n,p
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Let us set g = f¥ in (20). Then

Q) E(fMy<

w(0) = () Jy @Yy Dydn®) _ u() — () AR
Lny (T, 1) w(@) —p© T L) "n/m
Combining inequalities (19) and (21), we obtain (15).
Now assume that the function ¢ is nondecreasing on the interval [0, 7] and condition (17) holds. Then
by virtue of (15), we have

(22) sup E(fy_ _ #E®)—p©)

rervsn (VT Dy T fy edp)
f#const

[V (n)].

To prove the unimprovability of (22), consider the function
folx) =y 4+ e_p8e " 4,88,

where y and § are arbitrary complex numbers, and &, k € {—n, n}, are integers such that |&, |+ |e_,| = 1.
Taking into account (6), (9) and (14), we have

@(nh) @(nh)
[INAL EE] sup{lé—n|A—p + [€nlAn 1 A € A} = 4] :
M=y ) V@]
Since the function ¢(nh) is nondecreasing on the interval [0, 3], then for 0 <t <,
@(nt)
(23) wp(fl 1) = 18] =
! [y )
Taking into account (8), (23) and the equality E,(f,)y; = |8], we see that
Eq(f)y En(fuy 18l (@)= ONY ()| pu(r)—p(0)
(24)  sup e o [ ()]
rertsu (ot Dy (i Dy S Blemndumn  fy 9(du()
f#const
Relations (22) and (24) yield (18). O

3.2. Widths of the classes L"’((p, i, T, n)y;. In this subsection, the values of Kolmogorov, Bernstein,
linear, and projection widths are found for the classes LY (¢, i, T, n)y; in the case when the sequences
Y (k) satisfy some natural restrictions.

Theorem 3. Assume that v € ¥, 1 > 0, condition (14) holds, the function ¢ € ® is nondecreasing on
the interval [0, t] and i € M(t). Then for anyn € Nand N € {2n — 1, 2n},

wu(t) — n(0) () — u(0)

Y )| < Py(LY (9, T, . Mg, SM) £ —————— [ ()],
Jo @®du(t) M Iny (T, 11)
where the quantity I, ,(t, jt) is defined by (16), and Py is any of the widths by, dy, Ay or wy. If, in
addition, condition (17) holds, then

(25)

p(t) — u(0)

(26) PN(LW((P’ T, 1, ”)f{/p Sm) = W
0

1Y (n)].
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Proof. The proof of Theorems 3 and 4 basically repeats the proof of corresponding theorems in the
spaces SP (see [20; 2]) and is adapted in accordance with the properties of the spaces Sy. Based on
Theorem 2, taking into account the definition of the set W, for an arbitrary function f € LY (¢, T, i, e

w(r) — p(0) * p(r) — p(0)
EEE0, (1 now 5) ool = 522wl

In,(p(f, ) n/M In,go(fy )
Then, taking into account the definition of the projection width my, and relations (13) and (27), we
conclude that

(27) E,(fy <

* « _ (@) — ()
(28) Tt (LY T i S < sup By s o)l
FELV (.7, 11, )y (T, 1)

Since the widths by, dy, Ay and my do not increase with increasing N and
(29) by(K, X) <dn(K,X) <An(K, X) <my(K, X)

(see, for example, [29, Chapter 4]), then by virtue of (28), we get the upper estimate in (25).
To obtain the necessary lower estimate, it suffices to show that
u(r) — p(0)

= Jo ew)du(u)

In the (2n+1)-dimensional space J5,4; of trigonometric polynomials of order n, consider the ball By, 1,
whose radius is equal to the number R, defined in (30), that is,

(30) bon (LY (@, 11, T, n)yp, SM) = —7—————|¥ ()| =: R

Bony1 = {ty € Tony1 @ lItullyg < Ra},

and prove the embedding Ba,41 C LY (¢, T, jt, 1)}y
For an arbitrary polynomial 7,, € By, 11, due to (7) and the parity of the function ¢, we have

w,(TY, )iy = sup sup{ > k)| TY (k)] : h € A}

0<v<t k<

Then, taking into account (9) and the nondecrease of the function ¢ on [0, a], for T € (0, a] we get

(@) = O (T 7. T)

:/w(p(Tn'p,%);du(t):/ sup sup{Zkkqo(kv)lT‘”(k)l keA}du(t)
5 O<v<y Ik|<n

:f sup sup{ZAk(p(kv) (k)':,\ A}du(t)
0 0<u<— \k|< W( )

T

7 [
A T k re Azd d .
IW(H)I/W)SHP{;M: (Ta ()] 1 e } po =1 ) o(t)du(r)
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Thus, given the inclusion 7, € By, it follows that Q(p(an, T, MU, %);[ <1.S0,T, € L‘/’((p, T, U, n)f{,[ and
Bons1 CLY (@, 11, T, n)y- By the definition of Bernstein width, (30) holds. Thus, (25) is proved. Itis easy
to see that, under condition (17), the upper and lower bounds for the quantities Py (LY (p, T, 1, )y SM)
coincide and, therefore, (26) holds. [l

3.3. Widths of the classes LY (¢, u, T, @)y~ Let us find the widths of the classes LY(p, i, 1, Qm
that are defined by a majorant €2 of the averaged values of generalized moduli of smoothness.

Theorem 4. Let € WV, condition (14) hold, the function ¢ € ® be nondecreasing on a certain interval
[0,al, a >0, and p(a) =sup{e(t) : t € R}. Let also T € (0, al, the function u € M(t) and Q2 (u) be a
fixed continuous monotonically increasing function of the variable u > 0 such that 2(0) = 0 and for all
& >0and 0 < u < a, the condition

Et T
31) Q(g) f w*(t)du(é) < Q) / o(Odu (o).
0 0

is satisfied, where

_Je@®, 0=<t=<a,
(32) @s(t) == {(p(a)’ ‘> a.
Then for anyn € Nand N € {2n — 1, 2n},
p(7) — (0 T v * u(t) — p(0) T
(33) fo,gp(t)du(t)wm)m(n) = Pu(LY (ot D S = 5 E R ) (%),

where the quantity I, ,(t, u) is defined by (16), and Py is any of the widths by, dy, Ay or wy. If, in
addition, condition (17) holds, then

v x _ w(r) —u(0) T
(34) P (LY (v o D So0) = e 09 ().
Proof. Based on (15), for an arbitrary function f € LY (¢, 7, u, Q)
« _ k(@) —u) T
(35) En(fia = 5= S (1)

whence, taking into account the definition of the width 7 and (13), we obtain

(1) — (0)
(36) T 1 (LY (¢, 11, T, iy Sm) = sup E.(Hiy <5t
FELV (9.7, )iy Ino(T, 1)

I (T).

To obtain the necessary lower estimate, let us show that
wu(t) — n(0)
In,qa (t, )

For this purpose, in the (2n+1)-dimensional space T, of trigonometric polynomials of order n, con-
sider the ball By, 1, whose radius is equal to the number R} defined in (37), that is,

(37) ban(LY (9. 1.7, Dy, Sw) = Wi (T) = R;.

By =Ty € Tongr : 1 Tully < Ry}

and prove the validity of the embedding B3, | C LY(p, u, 7, Q)
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Assume that T, € B}, 41 Taking into account the nondecrease of the function ¢ on [0, a] and on (9)
and (32), we have

(1(t) = r(0) - Q(T,Y , T, i, Wiy

:/ww(an,z)l’Qd,u<%) :/ sup sup{ Z A (kv)

O<v<t

0 0 |kl<n

| -enf )

1 i = ) Tt
< W(—nnof‘”*(m) sup{ PIRNACIEPR A}du(;)

|k|<n

u nu

Ty wt\ _ Tl i1
=) J w*(m)du<u ) = J w*(t)du<nu).

From the inclusion of 7, € Bj, | and relation (31) with § = =, it follows that

nu t d '[_[
Qu(TY, T, 1wy < Jo fw*( ) M(””)Q(z) < Q(u).
Jg e(dpt) ~\n
Therefore, By, | C LY(p, T, 1, Q)y; and by the definition of Bernstein width, relation (37) is true.

Combining (29), (35) and (37), and taking into account monotonic nonincrease of each of the widths by,
dy, Ay and my on N, we get (33). Under the additional condition (17), the upper and lower estimates
of the quantities Py (LY (¢, T, i, Q)y> Sm) coincide in (33) and hence, (34) holds. O

3.4. Some corollaries and remarks. As mentioned above, the functional classes similar to the classes
of the kind (10) and (11) were studied by many authors. To compare our results with the results of these
studies, let us give some notation.

Consider the case where M (1) =t?(p~/Pq=VP, p>1, 1/p+1/q = 1. Here, for M (v) = ve,
the set A(M¥) is a set of all sequences of positive numbers A = {A;}rcz such that ||A|| o = 1. Then the
spaces Sm coincide with the mentioned above spaces S? of functions f € L with the finite norm

1/p
(38) 1f1lp =1 fllsr = IHF O ezl @) = (Z |f<k>|”) . l=p<oo.
kez
As shown in [10], forany f e SP and p > 1, || fllyy=I1f1lp-

In the case p = 1, the similar equality for norms || f|l3; = Il f1l1 obviously can be obtained if we
consider all My(u) =u, k € Z, and the set A is a set of all sequences of positive numbers A = {At}rez
such that ||Al], , = supgez Ak < 1.

In particular, for My (t) = ’Z, the space Sy coincides with the Lebesgue space L, of functions f € L

with finite norm
| 2 12
I fllz, = (E/U(I)th) .
0
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In the spaces S”, we denote the generalized modulus of smoothness of a function f by wy(f, 1)), and
the best approximation of f by the trigonometric polynomials 7,,_; € T2, is denoted by E, (f),. By
Qy(f, T, u,u)p, u>0,we denote the average value of the generalized modulus of smoothness w, (f, 1),
of the function f with the weight u € M(t). Theorems 2, 3 and 4 yields the following corollaries:

Corollary 5. Assume that f € SP, 1 < p<oo, o€ ®, >0, ue M(t)and ¥ € V. Then for any
nelN,

u(t) —pn(0)

(39) E.(f)p = oo 1)

OIEAGRNR

p

where the quantity 1, ,(t, ) is defined by (16). If , in addition, the function ¢ is nondecreasing on [0, 7]
and condition (17) holds, then (39) cannot be improved and therefore,

E.(f)p w(t) — u(0)

40 _m |

- rervsr QU T Dy o e0du() W)l
f #const

Corollary 6. Assume that 1 < p < oo, ¥ € ¥, t > 0, the function ¢ € ® is nondecreasing on the
interval [0, ] and © € M(t). Then for anyn € Nand N € {2n — 1, 2n},

%W(rm < Py(LY (0.7 o m),, Py < MO RO ),
0

In,(p(fa )
where the quantity 1, ,(t, ) is defined by (16), and Py is any of the widths by, dy, Ay or y. If, in
addition, condition (17) holds, then

(41)

p(t) — pu(0)
Jo edu()
Corollary 7. Let 1 < p < 00, Y € W, the function ¢ € ® be nondecreasing on a certain interval [0, a],
a>0,and p(a) =sup{p(t) : t € R}. Let also T € (0, a], the function u be in M(t) and for all £ > 0

and 0 <u < a, Qu) be a fixed continuous monotonically increasing function of the variable u > 0 such
that 2(0) = 0 and condition (31) is satisfied. Then for any n € Nand N € {2n — 1, 2n},

w(t) — m(0) pu(t) — n(0)
Jo o(du() Ing(T, )

where the quantity I, ,(t, 1) is defined by (16), and Py is any of the widths by, dy, Ay or wy. If, in
addition, condition (17) holds, then

(42) Py(LY (¢, T, 1, 1), SP) = [¥ (n)].

(43) el (%) = Pu(LY (9.7, 12,87 = w25,

p(t) — pn(0)
Jo #(0du()
Let us note that in S”, statements similar to Corollaries 5-7 were also obtained in [2] and [20]. In [2],

instead of the average values Q,(f, 7, i, u), of the generalized moduli of smoothness w,(f, t),, the
authors considered the quantities

1 v )
45) 2. ms.y = (s [ ancrin,an(T)

(44) Py(LY (¢, 7. 1t. Q). S7) = Iw(n)m(%).
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in the case where s = p. In [20], the quantities 2, (f, T, u, p, u), were considered when ¢ (1) = ¢, (1) =
22(1 —coskr)2. Inthe case s = p = 1 and ¢ € W, the results of Corollaries 5-7 coincide with the
corresponding results of [2].

Inthecase p=2, ¥ (k) =(k)™", r=0,1,...and u;(t) = 1 — cost, equalities of the kind in (39)
with the quantities Q4 (f, T, 1, 2, u)2 follow from the result of Chernykh [34] when « = 1, and from
results of Yussef [36] when o = k € N and n € N. For the weight function u,(¢) =t and ¥ (k) = (ik) ™",
r =0,1,..., equalities of the kind in (39) with the quantities 2., (f, T, u2, 2, u)> were obtained by
Taikov [27; 28] (k=1orr > 1/2 and k € N).

The widths of the classes

LY (p, 7,5, Q) ={f € LVS?: Qu(fV, 7, 1,5, u), < Qu), u €0, 7]},

when p=s=2, u@t) = ua(t) =1, ¢@t) = po(t) =2%(1 —coskt)?, (k) = (ik)~", for r > 0 and
a=1orr>1/2and @ € N, were obtained in [27; 28] (see also [18, Chapter 4]), where the existence of
functions €2 satisfying conditions similar to (31) was also proved.
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