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SEPARATION OF VARIABLES IN LINEAR EXTENSIONS
OF DYNAMICAL SYSTEMS ON TORI

0. A. Burylko UDC 517.928

We study the problem of separation of variables in linear extensions of dynamical systems on tori.
Consider a system of differential equations

ao dx

- = , — =A , 1

P a(o) & (@)x ey
where @ = Q,'n, x € R", and the vector function a(¢) and matrix function A(@) are continuous in the collection

of variables @,,..., ¢, onan mdimensional torus 7,,. We also assume that the vector function a(¢) is such that
the Cauchy problem

o _ -
— =a(@) 9| _, =0
has a unique solution ¢,(¢,) for every fixed @, € T,

Theorems that guarantee the separation of variables x into three blocks by the change of variables x=L(9)y
were proved in {1-3]. In the present paper, we consider more general theorems that guarantee the separation of
variables into k£ + 1 blocks, where k2> 2.

Below, we use the notation from [1].

Theorem 1. Suppose that, for some scalar functions A (9)s C O(Q:n), there exist nondegenerate sym-

metric matrices S, (9)e C'(T ,a), i=1,...,k, that satisfy the inequality

([Si101+ 5:(@) A@) + A" (9)5:(@) + A (@S, (@)]x, x) < ~[lx]. @

Also assume that the quadratic forms (S (@) x, x) reduce to algebraic sums of squares, i.e., there exist nonde-

generate matrices Q (¢)e C'(ZT ,a), i=1,...,k, such that

0/ (9)S,(9)Q,(9) = diag {7, -1, }. 3)

Furthermore, we assume that ry <r, <...<ry. Then the validity of the inequality

m< min {r,-r_;}, @)
2<5i<k
where m is the number of variables ¢y, ..., Q. is a sufficientcondition for the existence of a nondegenerate

matrix L(9)e C’(Z,,a) such that
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L Y (@)[A(@)L(9) - L(9)] = diag{B(9), By(@)r ..., B (®)}, (%)

where Bi(@), By(©), ..., By, (@) are matrices of dimensions riXr|, (ry—r| )X (rp=r1), ..., (n—r) X (n-ry),
respectively.

Proof. According to [1, Sec. 3], for system (1) to be decomposable into k subsystems with respect to the
variables x, it is sufficient that a decomposition of the n-dimensional identity matrix into a sum of variable projec-
tion matrices satisfying the invariance condition can be transformed into another decomposition into a sum of con-
stant projection matrices.

Forevery i=1,..., k, the validity of inequality (2) guarantees the exponential dichotomy of the torus x=0 of
the system
. . 1
¢ =a(e) x= [A(cp) + 5%(@)1"}& (6)
For these systems, the matrices C;(@), i=1,..., k, of projection onto the subspaces E; (@) along E; (@) con-

tinuously depend on the parameter ¢ while their ranks are independent of ¢, namely, rank C;(¢) = r;.

Let us show that the matrices [Ci((p) -Ci (®)], i=2,...,k, are projection matrices. Inequalities (2) yield

exp {% | x,-(cpc(cp»dc} QL@ Ci(e:(@)] < Kexp{-vt-D}, 751,

(N
1 !
exp {5 fk,-(%(cp))dc} | QL@[Ciloc(@) - 1,]| s Kexp{-v(r-1)} 1<t
T
Note that the matrices C,;(¢), i=1,..., k, possess the invariance property
Ci(9:(9)Q0(9) = Q(9) C(9). 8)

Assume that 1 <i<j<k. Since
[Ci(@) - C(@]Ci(e) = [C(o)-1]C (o),
C(@[C(o)-Ci(9)] = C(DIC(9)-1,],

taking into account the relation dim E; (@) = r<r= dim Ef((p) and inequality (7) for fixed { and j, we get

[Ci(@)-C(]Ci(9) = 0, CPIC(e)-C(@)] = 0. 9)
It follows from (9) that, forany i,j=1,..., k%,
C(@) (@) = C(9)Ci(9) = C(9), (10)

where [=min {i,j}. Taking (10) into account, we obtain
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[Ci(@) - C_ (@] = CH(@) = CO)C,_1(0) = C,_ (9)Ci(9) + CL1(9) = Ci(9) - C;_,(9),
[Ci(@) = Ci_ (MI[Ci(9)-C;_1 (9]
= C(O)C(0) - GO (9) - C_ (@) Ci(0) + €1 (0)C;_ 1 (¢) = 0 Viz]
Finally, for every i,j=2,...,k we get

Cilo)-Ci(9), =],

[C,'((p)_C,'_]((P)][Cj((?)_cj_l(@)] = {0, i%j

It follows from (8) that each matrix [C;(9)-C;_,(9)], i=2, ... k possesses the invariance property

[Ci((pt(@)) - C,‘._l ((P[((P))] QE)((P) = QE)((P)[C,'((P) - C,'_l ((P)] (1 1)
Thus, the identity matrix can be represented as the sum of X+ 1 projection matrices
1,1 = C1 (@) + [Cz(q))_ CI(CP)] +...+ [[n—Ck((P)], (12)

and each projection matrix satisfies (11).
It follows from identity (3) with i =1 that there exists a nondegenerate matrix T(¢)e C’(Z,, a) such that

T (@) C(9)T(9) = diag{/, ,0},
and
IO (9)- C (9] T(9) = diag {0. P ()},
where P;(¢) isthe (n—r )X (n-r)-dimensional projection matrix.

By using the condition m < r,~r;, which follows from (4), we establish [4] that there exists an
(n-r;)x(n~-r)) matrix T;{(¢)e C’(7Z,, a) such that

L (@)P(@)T1 (9) = diag {1, _, . 0}.

Then there exists a nondegenerate matrix L,(@)€ C’(Z,,a) of the form L(¢)=T(¢)diag{/ ,T;(@)} such
. 1
that

L' (@) C (@)L (@) = diag {Z, ,0,0},

LN [Cy(0)- C (P Ly (o) = diag{0,1, _, ,0}.

This yields

L1 (@) Cy (@) L1 (@) = LTH(@)C(9L1(9) + LT (9)[C,(9) - C(P]Ly () = diag {1, ,0}.
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Hence,

L (@) [C5(9) = Co(@)] L1 (9) = diag {0, Py()},
where P,(@) 1sthe (n—r,)X (n-r,) projection matrix.

By repeating an analogous operation k—2 times, we prove that there exists a nondegenerate matrix L{@)e
C’(Z,,a) of the form

L(g) = T()diag 11, , Ty (9)} ... diag {/, . Ti (@)}

By using this matrix, we can transform identity (12) into the following identity:

L= L7H@)C(®)L(®) + LT @) [Co(9) = C,(@TL(9) + ... + L™ (@) [, - C,(®)] L(9)
= diag {]’1’ 0,...,0} + diag {0, I’z"l’ .., 0} +...+ diag {0,0,..., In_rk}. (13)

This result, according to [1], is sufficient for the validity of relation (5). Theorem 1 is proved.

If we omit condition (4) in Theorem 1, then the separation of variables can become impossible. Nevertheless,
this condition can be omitted if we impose additional restrictions on the matrices S, (@), i=1,..., k. Let us formu-
late the corresponding statement as a theorem.

Theorem 2. Suppose that, for some L (9)e CO(Q;H), i=1,...,k, there exist nondegenerate symmetric

matrices S, (9)e C'(T ,a), i=1,...,k, that satisfy inequality (5) and have the form

5,(9) = diag{5, -5},

v

5(9) = diag{$, ~S(@)}, i=2....k

\4 A % A
where S(@) are r,Xr; matrices, S;(9) and S(9), i=1,...,k, are positive definite, and S;(9), i =
2,....k, have r,—r, positive eigenvalues and n —r; negative ones. Then for the existence of a nondegenerate

matrix L(@)e C’(T,, a) satisfying (5), it is necessary and sufficient that the quadratic forms (S,- (®)z, z),

i=2,...,k, ze R™"\, be reducible to an algebraic sum of squares, i.e., that there exist (n—r;)x(n—ry)
matrices Q;(9)e C'(T ,a), i=2,...,k suchthat

0 (0)S,(@)0;(0) = diag{I,_,,~1,_, }
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