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Numerous papers [1-11] dealt with the study of invariant tori of dynamical systems. The intro- 
duction [6] of the Green function Go(T, ~) of the problem on an invariant torus allowed exposing 
perturbation theory for differentiable and continuous invariant manifolds in a unified manner and 
necessitated studying the smoothness properties of that function [7-11]. The present paper also 
deals with this problem. 

We consider the system of differential equations 

d~/dt  = a(~), dx/dt  = A(~)x + f (~) ,  (1) 

where x E R n, ~ E 4 ,  4 is the m-dimensional torus, a(~o), A(~), f (~)  E C O ( 4 ) ,  and C ~ ( 4  / 
is the space of functions jointly continuous in ~ and 2r-periodic in each ~ ,  j = 1 , . . . ,  m. By ~t(~) 
one usually denotes the solution of the Cauchy problem 

d~o/dt = a(qo), ~olt=o = qo, (2) 

and flt(~) stands for the Cauchy matrix of the linear system 

dx /d t  = A x (3) 
normalized at the point t = r by the condition f~(~)  = IN, where In is the n • n identity matrix. 
We also introduce the following notation: C q ( 4 )  C C O ( 4 ! . q  > 1, is the subspace of functions 
F(qo) with continuous partial derivatives D~F(qo), IPl = E,=IPm, IP] = 1 , . . . , q ;  C ' ( 4 ; a )  c 
C O ( 4 )  is the subspace of functions F(qo) such that the composition F (qot(~.)) treated as a function 
of the variable t is continuously differentiable and dF (qot(q0))/dtlt=o := F(~)  E C O ( 4 ) ;  for an 
n • n matrix B(q0), we set IIBII0 = maxve3-m IIB(~)II and IIBII = maxllxll=l IIBxll; here Ilyll -- (y, y>, 
where (x, y) = )-~i~1 xiyi is the inner product in R n. 

Suppose that system (1) has an invariant torus x = u(qo) or a Green function. Then we can 
naturally ask how continuous these functions are with respect to ~ depending on the continuity of 
the matrix function A(~) and the vector functions a(~) and f(qo). The dependence is by no means 
obvious. For example, even if the right-hand sides of system (1) are continuously differentiable, the 
invariant torus need not satisfy the Lipschitz condition with respect to qo. It also turns out that 
the Green function G0(T, qo) has better continuity properties than the invariant torus. 

In the present paper, we study the behavior of the moduli of continuity for higher-order deriva- 
tives of the Green function and the invariant torus of system (1) and obtain estimates and conver- 
gence conditions for these derivatives. 

According to [6], the homogeneous system 

d~/dt = a(~), dx/dt  = A(~)x,  x �9 R '~, ~ �9 4 ,  (4) 

corresponding to (1) has a Green function of the invariant torus problem if there exists an n • n 
matrix function C(~) �9 C O ( 4 )  such that the function 

{f~ ~ for T _< O, 
] for (5) 
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MODULI OF CONTINUITY OF THE DERIVATIVES OF INVARIANT TORI 121 

satisfies the estimate 
IIG0( 7, ~)11 -< g exp(--')'lTI} , (6) 

where K and ~ are positive constants independent of ~ ~ ~ and t ~ R.  The function G0(~-, ~) 
is called the Green function of the invariant torus problem for system (4). The existence of 
this function implies the existence of an invariant torus of system (1) for each vector function 
f (~ )  ~ C O ( 4 ) ;  the invariant torus is given by 

--[- oo 
x = u(~) = / Go(T,~)f ( ~ ( ~ ) )  d~-. 

--CO 
(7) 

Recall that  a relation of the form x = u(~) determines an invariant torus of system (1) if 
u(~) E C'  (~m; a) and ~(~) - A(~)u(~) + f(~) for all ~ ~ R m. 

Note that  the estimate (6) for the Green function (5) is equivalent to the estimate 

IIG~(~,  )ll < K exp{-'Ylt - TI} (8) 

t+O for the function Gt(T,~) = 12to(~)Go(T, ~). This follows from the identity gt~ (~0(~)) = Ft~+0(~), 
which holds for the Cauchy matrix of system (3) for any t, T, 0 ~ R. 

Let (I)(~) e C O ( 4 )  be a matrix or vector function. The scalar function 

w ( r  sup I1 r162  
II~o-ell_<~ 

is called the modulus of continuity of (I). If (I)(~) E C q ( 4 ) ,  q _> 1, then we set 

OJP((s : ( max  { 0 . ) ( D P ( ~ ; z ) , i q _ l ( ~ ) Z  ) fo r  ]Pl = q, 
Lip I((I))z for ]Pl = 1 , . . . , q  - 1, 

where Lp(O) = maxli[= 0 ..... [pl Li((I)) and Li((I)) is the Lipschitz constant of the corresponding ]ilth- 

order partial derivative of (I)(~), i.e., a constant such that  D~(I)(~) - D~(I)(V) -< ni((p) ] I v -  VII. 

We also write w0(A; z) = w(A; z), w0(f; z) = w(f; z), and w0(a; z) - 0. 
For an arbitrary function (I)(~) in the above-mentioned class, we set 

-~-oo 

J,(O;p;z) = f exp{-v la l}w p (O;F-I(F(z) + I 1))da, 
- - C O  

]p] = 0 , . . . , q ,  

where v is an arbitrary positive constant and F(z) = f w(a; z ) - l d a ,  ?7 = const > 0. 

Using the above-introduced notation, we estimate the difference between the values of a deriva- 
tive of the solution of the Cauehy problem (2) at points ~, ~ E 4 ,  ~ r ~. 

L e m m a .  / f  a(~) E C q ( ~ ) ,  q _> 1, then 

<_Mpexp{(,lPl+,)ltl)J (a;P;llv- ll), Ip]= 1,. . . ,q, (9) 

for an arbitrary positive constant v, where the Mp are positive constants and a is determined by 
the inequality a >_ maxlt~ll=l [[(Oa/O~)~[[. 

P r o o f .  Since a(~) is a periodic solution, it follows that  w(a; a) = w(a; ~) for sufficiently large 
a and ~. Let us represent the difference of solutions of the Cauchy problem (2) for t > 0 in the 
integral form ~t(~) - ~t (V) = ~P - V + f~ (a ( ~ ( ~ ) )  - a (~p~ (V))) da. Then this difference admits 

the estimate II~t(~) - ~t (~)11 -< I1~ - VII + fow (a; I1~(~)  - ~ (~)11)da, and so 

II~t(~) - ~t (~)II -< F - ~  ( F  (11~ - ~]1) + ]hi), (10) 
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where F -~ is the inverse function of F. In a similar way, we can show that the estimate (10) 
remains valid for t < 0. 

We substitute the solution of system (2) for different ~, q3 E . ~  into the system itself and write 
out the difference 

(d/dt) (9~t(9~) - ~P t  (~) ) = a (9~t(~)) - a(qot (9~)). (11) 

Since a(qa) ~ C q (~T~), it follows that the solution of this system also belongs to this class for any 
t ~ R; therefore, we can differentiate identity (11) q times with respect to any of the variables 9~i, 
i = 1 , . . . ,  m. In particular, we obtain 

= (0a (~)  Oa(~o) )O~t(~o___~)+(Oa(~p) )(O~t(9~) 
(12) 

Treating system (12) as a system of linear nonhomogeneous equations for the difference of 
derivatives of solutions of problem (2), we have 

t 

o 

Oa(~) ~ 0~o~ (~) da 
(13) 

for t > 0, where 12~(Oa/O~) is the Cauchy matrix of the system dy/dt = (Oa(qp)/Op[~=~,(~)) y, 
y E R m. 

Next, using the estimate [7, p. 190] 

D~t(9~) < Cvexp{a[p[ It]}, IP] = 1 , . . . ,q ,  (14) 

where the Cp are some positive constants, we obtain 

1 

O~t(~) ~176 ( ~ ) [ <  / C 1  exp{a [ t -  a[}w (0~-~; [ ] ~ O a ( ( p ) -  ~ a  (~)[[)exp{a[a[}da 
0~oi - 

0 
t 

< C2exp{ait[} f e x p { u ( [ t [ -  Icrl)}w (~--~;F -1 (F(Hcp- cpH)+ [~[))exp{oda[}dcr 
0 

+oo 

-~ ~C 1 1  2 exp{(a + u)ltl} / exp{-ulal}Wl (a; F -1 (F (H~o - @11) + la[)) da. 
--C~3 

(15) 

We have thereby proved the assertion of the lemma for [p[ = 1. Further, we assume that the 
estimate (9) is valid for all p with [Pl -< Ill and prove it for p such that [Pl = [l[+ 1. Let us 
differentiate identity (11) [l I times with respect to arbitrary variables ~ ,  i = 1 , . . . ,  m, assuming 
that Ill + 1 <_ q. We have 

e~\ \ ~ ] - D ~ \  ~ ]] 

Oa(~t(~)) [D~ (0qvt(~)'~ t (0~t(@)'~] [0a(~t(~)) 0a(~t(@))] t (0~t(@)'~ 

+ - 
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MODULI OF CONTINUITY OF THE DERIVATIVES OF INVARIANT TORI 123 

where 
[Oa(~ot(V)) 0~ot (~o) ] 

R, (~t( : ) )  = D~ &Pt 0:, 

Since Rt (~'t(:)) is a differential expression containing the terms 

~-~DO ' Oa(:t(cp)) ~-~Co;(D~o~ot(:))r ,,. "r �9 ..[D~-S:,(qo)) D~ ~ ], 
{01=1 0 : t  r 

IJl = o , . . . , 1 i -  11, s =  1 , . . . , m ,  

with constant coefficients, where r + ~2 + " "  + 6-r = 101 and r + 2~2 + . . .  + IZ - J l 6 - r  = II - J l ,  

we can estimate the difference of (1 + 1)st-order partial derivatives of the solutions of the Cauchy 
problem (2), similar to (13), and take into account the relations IDa:,(:)/ = 0 use an argument 

L ~ t=0 
for IPl = 2 , . . . ,  q, thus obtaining 

t 
<O'k- / "t a ( -~--~)[Oa( :a(~))  Oa(~a(~) )  1 Dt+l~oa(~) do" 
- k 0e~(:) 0:~(~) J 

o 

t / .: (oo) 
+ ~ IIR,(~(~))- R~(:~(e))ll& :=  I1 q- /2. 

o 

Just as in (15), using inequality (14), we estimate the first integral as follows: 

1 : (.a ) I, <_ Clexp{alt-o.l}w ~--~;ll~o~(~o)--~o,,(qS)] I Ct+xexp{a(1 + 1)lo.]}do. 
o 

t 
_< (c) exp{altl} f exp{cdlo.l}w (a; F -1 (10.I + F (H~o - ~n))) do. 

o 

t 

_< (c) exp{(/+ 1)alt]} / exp{ - (N-  Io.I)}o:l (a; F-1 @l + F(ll~-~lD))do. 
o 

+oo 

<_ (c)exp{(a(1 + 1) + ,)[t[} f exp{-u[o.[}wl+l ( a ;F  -1 (lal + F(ll~o-r 
o 

Here and in the following, the symbols (c) and (K) stand for various positive constants. 
Let us estimate the second integral: 

t 

0 
t 

q- / C l e x p { o 4 ~ ,  O.[ } IDl_ j (Oa(~(~)))O~oa DjO~Oa(~)~p ~ DjO~o~r(~)~p g~  Ido.::jl..]_j2" 
o 
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124 SAMOILENKO et al. 

For the integrand of J1, we have 

tD~-' (Oa(~.(~)) lO~o.(~o))- D~-' (Oa(~. (+))logo. (+))11 
L 

Since 

2 (2 • IID~~ <' D~.(~) ... D;-'~.(~)~ <'-' 

+ D L (0a(~.(~))/0~.) 

• [iID.~.(~)-~. (+)ii I (D: ( ~ . ( ~ ) ) < ' ) ' "  (VS-' (~'(~))"-')II + " '"  

: ~  D ,  

_ (:p (max {I D~~176 t ' 1D~" (43)[ })('-' I D~~176 - D~o. (+)t' 
and I01 varies from 1 to IZ- Jl, we have 

D <_ (g)exp{alO I I~1} ~ w. (a; F-:  (1~1 + F (11~-ell)))exp { ( l l - J l - ( 8 )  lal) 

-< (g)exp{~ Jl I~1}~,-~ (a; F-~ (F (11~- ~11) + Io11) �9 
Therefore, 

t 

a, <__ (g)/exp{<,( I t -ol  + I f -  Jl t~l)}~i,-Ji (a;F-' (F(ll~o- ~11) + I~111 DD+~o.(~)I do 
0 

___ exp{(a(1 + :) + ~')ltl} f exp{-vl~,l}~o,+: (a;F-' (F (11~o-~11)+ I~'1)) a~. 

06) 

Finally, since [Jl-t- 1 _< Ill, it follows that 

t 

0 

t +oo 

g (K) Sexp{a l t - . I  + (a(j + I)+ u)lal} i exp{-~'lrl}~j+: (a;F -1 (lal + F(ll~-ell)l)drda 
0 --c~ 

t +oo 

<_ (K) exp{altl}/exp{(aj +")1ol} I exp{vlrl}w'+l (a;F-: (F( l l~-+11)+ I,I)) d~d-  
0 --oo 

+oo 

< (K)exp{(a(l -f- 1) -f- v)ltl} i exp{-ulrl)w, (a;F-' (F (11~ - ~11) + Irl)) dT. 

Therefore, we have proved the estimate (9) for IPl = Ill-t- I as well. The case t < 0 can be 
considered in a similar way. This completes the proof of the lemma. 

By analyzing the moduli of continuity of the Green function of system (4), one can obtain the 
following assertion. 
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MODULI OF CONTINUITY OF THE DERIVATIVES OF INVARIANT TORI 125 

T h e o r e m  1. Let a(99),A(99) 6 C q ( ~ ) ,  and let system (4) have a unique Green function (5) 
satisfying the estimate (6) for the invariant torus problem. If 

2"/> aq, (17) 

then there exist all partial derivatives of order <_ q of the function Gt (T, 99) with respect to 99, and 

D~,Gt(T, 99) - D~,Gt (T, ~) 

_ e x p { - ~ ' l t  - rl + (~lpl  + u ) m a x { I t l ,  I~1}1 (K~J~ (a;p;  1199 - ~11) + / ~ J ~  (A;p;  1199 - ~11)),  
IPl = O , . . . , q ,  

for each ~ e ( 0 , 2 ~ -  ~lpl), ~here K,  and lip are some positive constants. 

Proof .  As was mentioned above, the existence of a Green function (5) satisfying the estimate (6) 
provides the existence of Gt(T, 99) and the validity of the estimate (8). By [7, p. 126], the difference 
of values of this function at points 99 7~ @ admits the representation 

-~-oo 

Gt(T, 99) -- Gt (T, ~) = f Gt(a, 99) [A (99~(99)) - A (99~ (~))] G~ (T, ~) da. (18) 

Moreover, it was shown in [11] that inequality (17) guarantees the qth-order differentiability of the 
Green function and the validity of the estimates 

D~at(~-,99) <_ K~ exp{-~,J t -  r I + alplmax{itJ, I~lt}, IPl = 1 , . . . ,q ,  (19) 

where the K~ are positive constants. Therefore, we can differentiate both sides of inequality (18). 
Since condition (17) provides the convergence of the integral occurring on the right-hand side in 
the representation (32) in [11], we have 

D~Gt(T, 99) - D~ (T, r 
+oo 

--/ Z 
-oo I~[+l,x2l+P, al=lpl 

D ~'~f' ~': (T, ~)] da, 
(20) 

where the C~1,~2,)~ 3 a r e  some constants, A~ = (A i l , . . .  ,Aim) , Alj ~_~ 0, A2j ~_~ 1, Aaj _> 0, BAit = 
~ j ~ l  A#, and 

I)~21 
2 o~ (21) 

= E ' 

101=1 o 

01 + 02 + " "  + O = 101, 01 + 202 + ' "  + iA21 0:~ = IA~I. 
In the following, we estimate the difference of derivatives of the unique Green function on the 

basis of the representation (20). 
We can readily see that 

- ( I t  - ~1 + I~ - ~1) -< -21~1  + It + ~1 
It - TI + It + TI --- m a x { l t l ,  Irl} 

Vt, T, a 6 R, (22) 
Vt, T E R, (23) 

and 
- ~ ( I t  - ~l + I~ - ~1) -< - ( ~  - 6)It - ~1 - 6(It - o] + [~ - ~1) (24) 
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126 S A M O I L E N K O  et al. 

for any t, 7, a ~ R and 7, 5 such that 7 > 
write out the chain of inequalities 

- ' ) ' ( i t  - al  + I o" - " l )  + ~'lal < - ( 7  - (v  

< - ( 7 -  (v 
= -71~- ~1 

Therefore, for any positive constants 7, fll 
any t, T, a ~ R, we have 

> 0. Using (22)-(24), for each ~3 ~ (0, 27 - v) we can 

+ Z)/2)lt  - ' , - I -  ((v + J) /2) ( I t  - a l  + Io - "1) + Zlal 
+ Z) /2) l t  - " ,1-  ((7 + ~ ) / 2 ) ( 2 1 a l -  It + ' r l )  + Zlal 
+ ((v +/~)/2)(1~ - r l  + I~ + "1) - (7 - ~)1o'1 + ~'lal 
+ (v + ~) max{Itl, b'l} - vial. 

(25) 

, ~2, ~3, and v such that 27 > fit + ~2 + ~3 + v and for 

- 7(It - al + la - d)  + ~llal + ~ max{It[, [a[} + ~3 max{lTI, lal} 
_< - T i t -  rl + (~1 + fh + ~3 + v)max{Itl, lrl} - vial. 

(26) 

Further, using inequality (25) and the representation (18), we write out the estimate 

IIG~(T, ~)-G~ (r, @)11_ K 2 f exp{-7([t- a[ + la-  rl)}~ (A; I1~=(~)- ~ (~)ll)da 
- -O0 

+oo 

< K 2 exp{-7[t  - T[ + vmax{[t[, [T[}} f exp{--vlal}w (A; F -1 (F ([[~p - q3[[) + laD) da. 
--OO 

(27) 

The norm of the difference of the values of the function (21) at different points ~ can be estimated 
with the help of inequality (16) and the assertion of the lemma as follows: 

D~2A(~(~))- ~ D r A ( ~  (@)) 

<_ ~ ~_,Coo[ D~A(~p)~=w(~)- D~A(~p)v=~.(~) 
0=1 0 

• 

+ D~A(qo) ~=~,(~) ([[(Dvw(~)) ~ - ( D v ~  (@))o111 

I,~2i IA21 [ +f l-~21 
< ~  ~ I - [ c o e x p { ( ~ l ~ l + v ) l a l }  max D~ exp{-v la l }~M~o~C; 1 

0=1 0 0=1 -oo i=1 

x w~ (a; F -1 (}u] + F (11~- @ll)))du + exp{-vla[}w (D~A; F -t (F (1[~- @[[)+ la[))].  

By a lemma in [11], the validity of the inequality 27 > #, where # = #1 + #2 + #3, provides the 
convergence of the integral 

-~-0o 

J(T, t, #) = / exp {--7(it -- a] + la -- T D + #l[a[ + #2 max{[al, [T]} + #3 max{la[, It]}} da 
--OO 

with respect to the parameters t, r E R, where % #1 are positive constants, and #2, #3 are non- 
negative constants, and the validity of the estimate J(T, t, #) <_ g exp{-71t - T I + # max{It [, M} }, 
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MODULI OF CONTINUITY OF THE DERIVATIVES OF INVARIANT TORI 127 

where K = 2(27 + m a x { % # } ) / ( # 1 ( 2 7 - # ) ) .  Using this inequality and relations (19) and (26), 
for the derivatives of the Green function (20) we obtain 

D~Gt('r, ~) - D~Gt (T, ~) 
+oo 

< K ~ K ~ / - ~ ~ exp{--7(I t--al+la--TI)+A~max{It l ,  lal}+Aamax{Icrl, ITI}} 
- -  0 0  

• D 2 A ( : ~ ( : ) ) -  D2A(: . (~) )  d~ 

_<K'~IK'~ 1~21~ ~1C. exp{'ylt-~'l+(alPl+v)}max{Itl, lTI} exp{-vla[}  

[ ,- ,~A.F-I  _ lal)) dG • ~ t,L,~ , (F (lifo ~11) + 

-b E MiCi-1 max D~A o f exp{-q'([t  - a[ + [a - T[) + (alpl + v)l~l} 
i=1 IJl=0 ..... 1~21 

] • f exp{-vlal}~p (a; F -~ (lul + f (ll~ - ~ll))) duda 
- - O O  ( ' :  <_exp{-~lt-~-l+(alpl+t,)max{ltl, l~-I}} Kp exp{-t, lal}~p(a;f-X(F(ll~-~ll)+l~rl))da 

- -  0 0  

) -{- Kp f exp{-t:lal}wp(A;F -1 ( F ( I I ~ -  ~ll) + I~l)) da  
- - O O  

with some sufficiently large constants Kp a n d / f p .  This completes the proof of the theorem. 

R e m a r k  1. Under the assumptions of Theorem 1, the projection matrix C(qo) occurring in the 
definition of the Green function and the derivatives of C(~o) satisfy the estimates 

D~V(qo)- D~C(~) < KpJ,(a;p;ll~-Cp[[) + KpJ,(A;p;[ l~-~l l )  , Ip[ = 0 , . . . , q .  

R e m a r k  2. To investigate the moduli  of continuity of a nonunique Green function of system (4), 
one can use Theorem 1 and the method of extending weakly regular systems to regular ones 
[7, p. 137]. 

As was shown in [11], the smoothness conditions for the function determining an invariant torus 
of system (1) are more restrictive than the smoothness conditions for the corresponding Green 
function. Therefore, the continuity properties of the invariant torus with respect to ~ are worse 
than those of the Green function of system (4). 

T h e o r e m  2. If  the condition 
"~ > aq (29) 

is imposed under the assumptions of Theorem 1, then for any v e (0, "y -alp[) and for each vector 
function f(~p) E C q (~m), there exists a unique invariant torus x = u(~o) with all partial derivatives 
of order <_ q, and 

D~u(~) - D~u(~) < YpJ, (a;p; [1~o - ~ll) + N,J~ (A;p; 1[~ - ~ll) 
(30) 

+ ~ , J ,  (f; P; I1~ - ~ll), IPl = 0 , . . . ,  q, 

where Np, Np, and f? p are positive constants. 
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Proof .  The existence and uniqueness of the invariant torus follow from the assumption on 
the existence and uniqueness of the Green function. Let us prove the estimates (30). Using the 
representation (7), we can write out the relation 

-~-oo 

u(~o) - u(  #) = f ([Co(r, ~o) - Go (r, ~)] f (~Or(qO) ) + Go (r, ~) [f (~o~(qo) ) - f (qOr ( ~) )]) dr, 
--00 

(31) 

which, together with (27), yields 

T[ I lu(~)-  u(~)ll <_ K~exp{(-~+v)lTI}J~(A;O;ll~-~ll)~llf(~)ll 
oo 

+ K exp{-Tlrl}oa (f; if-1 (F (11 - ~11)+ [rl))ldr 
___ 2K=llfll~ J~ (A;0; I1~- ~11) + K& if;0; I1~ - ~11)- ,), --// 

By Theorem 2 in [11], inequality (29) provides the existence of continuous partial derivatives 
D~u(~), IPl = 1, . . . ,q .  Therefore, we can differentiate relation (31) q times, and condition (29) 
provides the uniform convergence of the integral occurring on the right-hand side. We have 

-~-oo 

-oo Isl+lrl=lpl 

+ D~Co (T, Cp) (D~f  (~,(~)) - DiS ( ~  (e)))] da, 

(32) 

where C,r = const, s = ( s l , . . . ,  Sin) and r = (r l , . . . , rm)  are multiindices such that si >_ 0 and 
ri > O, and 

m m 

tsl = E s , ,  trl = Er , 
i=1  i=1  

trl 
D;S (qot(qo)) = ~ D~,S (qot(qo)) ~ Cor (Dvqot(qo)) r (D~ot(qo)) r 

IO1=1 r 

~ + if2 + . . .  + C~ = 101, ~1 + 2C~ + . . .  + Irl~ = Irl. 

By analogy with the estimate (28), for the difference of derivatives of the function f (qot(qo)) we 
can write 

Irl Iri 
D ; f  (qo~(qo)) - D ; f  (~o,(~)) <_ ~ ~ l ]  Ckexp{(alrl + v )M} 

0=1  ( k = l  

[ 7 x max D~ exp{-vlrl}Y~M~C,C;Xw~(a;F-l(l~l+F(ll~-ell)))d~ 
~oEJ-,n - o o  i =  l 

(33) 

Further, taking account of the choice of the constant v and using (19), (32), (33), and the assertion 
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of Theorem 1, we obtain the chain of inequalities 

D~u(qv) - D~u(~) < Y~ C~r max D;f(qv) exp{(-  7 + c~ls I + u)ITI} exp{--ul~rl} 
lsITlrl~-IPl r -co  - -~  

• (Kpwp(a;F -1 (F(H~o-~II)+ lal)) + Kp%,(A;F -1 (F(II~-@I) + lal)))dadT 

+0o Irl H C k e x p { ( - - ~ / T a ( ] s ] T ] r ] ) ) M } l r l  [ D~f(~) exp{ulal} +?  + / K ~ '  ~--~ ~ max e x p { - P l ~ l }  
~E,Tm 

- o c  0=1 ~ k=l  -oo  

x ~_, Mi~C[lw~ (a; F -1 (1~1 + F (11~o- ell)))d~ aJ (D~ F -1 (F (llqo- e l l ) +  I"1) dT 
/=1 

[ (( ~ ) < ~ C,~ a-Is I u gpmax r -t-Ktro~__ 1 E CkMo~oCol 
Isl+trl=lN 7 -- -- ~o~s-.~ ff 

+0o 

x f exp{-ulcrl}w, (a;F -1 (1~1 + F ( l@-  @ll) ) ) da 
- - 0 0  

[j+~ (Z; (1~1 ) + K,, max D ; f  _ exp{-@rl}w~ F -1 + F (11~o - ~11))) &r 
qOE,Tm 0_Cx~ 

§ ] f ~lpl)lrl}~o~ (f; F -1 (F (lifo - ~11) + Irl)) dT + 
--(X3 

< NpJ. (a; p; I1~ - ~11) + NpJ~ (A; p; I1~ - ~11) + N vJ. (f;  P; I1~ - ~11). 
This completes the proof of the theorem. 

Suppose that a(qp),A(qo), f(qo) E C O ( ~ ) .  Then we can ask whether the Green functions 
Gt(T, qo) and the invariant torus u(qo) are continuous with respect to the variables ~. It follows 
from (27) that for the continuity of the Green function with respect to qo it is sufficient that 
J~ (A; 0; ~ - ~1 ) ~ 0 as q? ~ qa, and for the continuity of the invariant torus we must additionally 
require that J~ (f; 0; I1~ - ~11) -~ 0 as ~ -~ ~ (see Theorem 2). By Theorems 1 and 2, to investigate 
the continuity of derivatives of Gt(T, ~v) and u(~v), we must impose similar conditions on J,(.  ;p; .). 
Hence finding a criterion for the convergence of the functions J ,  to zero is quite important. 

T h e o r e m  3. Let a(qo) E C ~ ( .~ )  and O(qv) E C q ( .~) .  The integrals J~ (O;p; Il ia- ~11), 
IPl = 0 , . . . ,  q, converge to zero as ~ ~ ~ if and only if F(z) is a divergent integral, i.e., 

lim F ( z ) = - c r  (34) 
z--*+O 

Proof .  Let condition (34) be satisfied. Since ~(~v) is a periodic function, it follows that the 
continuity has the following property: w -  - ( D ~ ; a )  - w ( D ~ ; r / ) ,  ]Pl = 0 , . . . , q ,  are modulus o f  

constant for all a > r/, where r/is a sufficiently large number (for example, ~/= 27rv/-m). Hence we 
write out the integral J~ (r I1~ - ~11) as a sum of integrals, in the first of which we perform the 
change of variables F-~(cr + F(z)) = ~ and set z = [[qo - ~511. We have 

+ ~  

f exp{-ulal}w v (O;F-I(F(z) A-I~1))da 
- - 0 0  

= 2 exp{-ua}w,(r + F(z)))  da + exp{-ua}co,(r (35) 
0 - F ( ~ )  

= 2exp{vF(z)} (WP(~;~) + J~(z)l , 
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r/ 

where J~(z) -- f exp{-vF(a)}  wp(O; a)da. Suppose that w(a;a) 
Z 

lim Jr(z) = C < oc. 
z--.~+O 

Then it follows from condition (34) that 

lira exp{vF(z)} (wP~ ;~?) 
z--*+0 

- -  + y~(z)) = (~'(~ ;') + C) z~mo exp{vF(z)} = O. 

If 

then, using l'H6pital's rule, we obtain 

lim J~,(z) = oo, 
z~+O 

lim J~(O;p;z)= lim ((wp(~;~?)+ J~(z))/exp{-uF(z)}) 
z~+O z---,+O 

~p(r z) =*li~n~o (-exp{-vF(z)} ~(a',~ / ( ( - v ) e x p { - v F ( z ) } ~ ) )  
1 

= -  ~ o ~ , ( r  = 0. / ] z  

Let us show that the convergence of any of the integrals J~ (r [[W - ~[[), [p[ = 0,. , q, to zero 
leads to the validity of condition (34). Indeed, if this is not the case, i.e., F ([[~ - @[[) > - c  > - o c  
(where c is a positive constant), then 

Jr (r I1~ - ~11) >- 2exp{ -cv}  (wp((I); rl)/v + Jr(z)) ~_ (2wp((I); ~)/v) exp{-cv} ,  

which contradicts the convergence of the integral Jr (O;p; [[~ - @[[) to zero as @ --* W and completes 
the proof of the theorem. 

Note that  condition (34) provides the uniqueness of the solution of the Cauchy problem (2) 
(the well-known Osgood theorem). In particular, the functions Lo, ia[ In at, La I In a[ ln[ ln  al, . . . ,  
where L is a positive constant, satisfy this condition. 

Let us consider the case in which the right-hand sides of (4) satisfy the Lipschitz condition, i.e., 
a(~), A(~) E CLip ( 4 ) .  Then 

w(a;a)={L~ for aE[0?, ,~  w(A;a)={La for a E [ 0 , , ] ,  
for a e ), Lr/ for a �9 [~?,cx)), 

and the function F(z) has the form 

= S L-1 In(z/n) for z e [0,~], F(z) 
t (n~?)-l(z-~?) for z e [~?,oc). 

Therefore, with regard for (25), we obtain 

J v ( A ; O ; z ) = 2 z ~ / L { W ( A ; ~ ) L ] )  ~ vrl~lL + -~ �9 a-~lLda 

for z E [0, 77], since we are interested only in z close to 0. The integral Jr(A; 0; z) converges to zero 
as z ~ +0. 

Since, by (27), the unique Green function satisfies the inequality 

tlGo(r, qo)-  Go (r, q5)l I _<2K2exp{(-7+v)lTl}tlqo-@ll~'/L ~ vrf'---/z(~v(A; r/) +L t  II,-~tl f'7 a-~'/Lda) 
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for any u �9 (0,7), it follows that  the condition a(~o),A(~) �9 CLi, ( ~ )  is sufficient for 
Gt(T,~O) �9 C ~  Moreover, choosing u �9 (0, min{L,7}),  we find that  under the above as- 
sumptions the Green function satisfies the Hhlder condition 

Ilao( ,- ,  - Co (T, e ) l l  -< k - e l l  , �9 

with exponent ~ = u / L  and cons t an t /~  independent of ~ E ~ .  In a similar way, using the esti- 
mates established in Theorem 2, we find that  the invariant torus also satisfies the H51der condition 
with the same exponent ~ if, in addition to the above-mentioned conditions, we require that  the 
vector function f (~ )  also belongs to the class CLip ( ~ ) .  
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