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1. Preliminaries:
on evolution equations of quantum many-particle systems

Fu=E .

n=0

A(t) = (A, A1(t, 1), ..., An(t, 1, ... n),...) € £(Fy)
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The average values of observables (mean values of observables)
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(AM(#), DM(0)) = (Try . x DY) ' Try . xAn(t) D%
(A(t), D(0)) = (A(0), D(t)) = (I, D(t))~" Z%Trl ..... n An Dy(t)



1.1. The Heisenberg equation: the evolution of observables

d
%A(t) = NA(t),

A(t)]i=o = A(0)

Nn gn = _i(gan — HnQn)

A(t) = G(t)A(0)
G(t)gn = €l g,e ™

1

W — %11”11 _<gn(t>gn — gn) — _i(gan — Hngn)
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1.2. The von Neumann equation: the evolution of states



2. The hierarchies of quantum evolution equations
V.I. Gerasimenko, V.O. Shtyk, Ukrainian Math. J., 58 (9) 2006.
V.I. Gerasimenko, Oper. Theory Adv. Appl., 191 (2) 2009.

G. Borgioli, V.I. Gerasimenko, Nuovo Cimento, 33 C (1) 2010.

(A1), D(O) = (B(1), F0) = 3° ~ Tru_wBalt, 1,5  FYL . ,5),
(A(())v D<t)> — (B(())v F<t)> — Z%Trl ..... s BS(L 78) Fs<t7 L, 7S>

> ALY\ (1), s> 1
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F3<t,1,...,3):(1,D<t)>—1zﬁm+l ,,,,, winDon(t, 1, s4+n), s>1



2.1. The quantum BBGKY hierarchy
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- Z Tr$+l(_Mnt(j7 S+ 1>)Fs—i—1<t7 Y7 S+ 1)7
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A non-perturbative solution of the quantum BBGKY hierarchy

~ 1
E(t,Y) :ZHT%H ,,,,, sn (=, Y, X\Y)F?, (X), s>1

n=0

Cumulants of groups of operators

Ay (=, 4V} X\Y) = > (DPHIP =1 TT G 60x0)

P({Y}, X\Y)=U, X X,CP

Ry(—t,{Y'}) = Gs(—t,Y),
Ws(—t, {Y )V, s+1) =Gou1(—t,Y, s+ 1) — Go(—t,Y)Gi(—t, s + 1)



Remarks D.Ya. Petrina, TMP, 1972; 1995,
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n!

Upn(—t,{Y}, X\Y) = Z(—mkk!(n — k>!g5+n_k(—t, Y,s4+1,...,s+n—k)

(af)n = Trn—l—lfn—Fh F<t) — eag(_t)e_aF<O>

50 t tn—1 s
Fs(ta Y) — Z /dtl S / dtnTrs+1 ..... s+ngs<_t + tl) Z<_Mnt(j17 S+ 1)) X
n=0 0 0 jlzl
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ng+1<_t1 + t2> S gs+n—1<_tn—1 + tn) Z <_Mnt<jna C n)>gs+n(_tn>F50+n<X)-
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2.2. The dual quantum BBGKY hierarchy for marginal observables

J1<j2=1

%Bs(t,Y) = (;N(]) + Z Niut(g1; g2)) Bs(t,Y) +

+ Z Mnt(jla jQ)Bs—l(ta Y\(jl))7

J1#jo=1

B(1) o= B, s> 1

N(G)gn = —i(9. K (§) — K(5)gn),
Nint(J1, J2)gn = —i(gnP(j1, j2) — P(J1, J2)gn)
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Cumulants of groups of operators

QllJrn(tv {Y\X}7 X) =
= > (=PI =D T Gt 6(X0)), =0

P: ({Y\X}, X)=U,X; X,CP

2[1<t7 {Y}> - gS(tv Y)a
As(t,AY )}, 7) = Gs(t,Y) = Gor (8, Y\(4))G1 (2, J)

1
W — %g% ;(9[1@, {Y}> —I)g, = Ngs, gs € Lo(Hs) C L(Hs)

o ()
W _}I_I%;Q[n(t,l,...,n)gn—-/\/‘mt Yn
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A non-perturbative solution of the quantum dual BBGKY hierarchy

S

Bs(t,Y)ZZ% Z A, IY\XY, X)BY_ (Y\X), s>1

n=0 " ji#..#Ajn=1

By(t,1) = A(t,1)B)(1),
Bo(t,1,2) = 1(t, {1,2})By(1,2) + As(t, 1,2)(BY(1) + BY(2))

BY(0) = (0,a1(1),0,...),  BY(0)=1(0,...,0,a,(1,...,k),0,...)

Vs

BW(t,Y) = a1(7

]:1
[(N(¢), F(0)] = [Tty FP(1)] < HF{)HMH) < o0
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2.3. The evolution equations for quantum correlations

V.I. Gerasimenko, V.O. Shtyk, J. Stat. Mech. Theory Ezp., 3 2008.
V.1. Gerasimenko, D.O. Polishchuk, Math. Meth. Appl. Sci., 34 (1) 2011.
D.O. Polishchuk, Ukrainian J. Phys., 55 (5) 2010.

V.I. Gerasimenko, D.O. Polishchuk, arXiv:1105.5822, 2011.

Ry [R0) = Y [ GutX | Ai)

P:y={J, X; X;CP
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3. Scaling limits of solutions of quantum evolution equations:
the nonlinear Schrodinger equation

A. Arnold, Lecture Notes in Math., 1946 (2008).

C. Bardos, F. Golse, A.D. Gottlieb, N.J. Mauser, J. Math. Pures Appl., 82 (2003).
J. Frohlich, S. Graffi, S. Schwarz, Comm. Math. Phys., 271 (2007).

L. Erdés, B. Schlein, H.-T. Yau, Invent. Math., 167 (3) (2007).

L. Erdés, B. Schlein, H.-T. Yau, Ann. of Math., 172 (2010).

A. Michelangeli, Kinet. Relat. Models, 3 (2010).

F. Pezzotti, M. Pulvirenti, Ann. Henri Poincaré, 10 (2009).

T. Chen, N. Pavlovic, J. Funct. Anal., 260 (4) (2011).

M. Grillakis, M. Machedon, D. Margetis, Comm. Math. Phys., 294 (1) (2010).

D. Benedetto, F. Castella, R. Esposito, M. Pulvirenti, Commun. Math. Sci., 5 (2007).

3.1. A mean field limit: the nonlinear Schrodinger and Gross-Pitaevskii

equations
hmHeSFO S(Y)Hgl =0
ll_l;%Hest ) fStY Hﬂl ):O
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The quantum Vlasov hierarchy

S

%fs(t) =Y (=N@) f(t) + ZTrS+1<_Mnt<@-, s 1) fon(t), s> 1

1=1

A chaos property

f5<t,1,...,8>:Hf1<tjj>7 s> 2
j=1

The quantum Vlasov equation

d

%fl(t’ 1) = —N(l)f1<t, 1) + TTQ(_MH’E(L 2)>f1(t7 1>f1<t7 2>
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lim || € Fy(t) = [0 (6] || 13, = O

The Hartree equation

0
it ) = —%Aqw(t, q) + / dq'D(q — ¢)|v(t, ¢)Y(t, q)

The nonlinear Schrodinger and Gross-Pitaevskir equations

0

1
im(t q) = =S A(t g) + Bl (E, q9)]*¥(t,q)
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3.2. A mean field limit of the dual quantum BBGKY hierarchy solution:
the Heisenberg picture of the kinetic evolution

V.1. Gerasimenko, Kinet. Relat. Models, 4 (1) 2011.

w*—lim(e *BY — b)) = 0,

e—0

w'—lim(e °By(t) — bs(t)) =0 s>1,

e—0

The dual quantum Vlasov hierarchy

ZN St Y) + Z Nint (J1, J2) bs—1(t, Y\ (51)),

J1#72=1

bs(t) li—o= by, 521
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An example
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A chaos tnitial state

F(t)—o = F19 = (F'(1),. .., H F(),..)

i | F2 = 9 1, =0

e—0

FO = (£901), .. .,Hflo(z'), )

00, 1) = 30 = Tn bt 1) T A
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Z N — 1y g 51 t, Hfl Tl"1 >f1<t 1)

s=0

where
the quantum Vlasov equation

%fl(t’ 1) = —N(l)f1<t, 1) + TTQ(_Mnt<17 2)>f1(t7 1>f1<t7 2)7
f1(t)]i=0 = 1

The propagation of a chaos

(k) (c)y — — (k) 0(7) —
(b <t>7 f ) o SZ; 8! Trl ----- S bs (tv 17 7S> gfl (7’) T

1 k

RN | FACH R
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4. The origin of quantum kinetic evolution
V.1. Gerasimenko, Ukrainian J. Phys., 54 (8-9) 2009.
V.I. Gerasimenko, Zh.A. Tsvir, J. Phys. A: Math. Theor., 43 (48) 2010.
V.1. Gerasimenko, Zh.A. Tsvir, Math. Bulletin Sh. Sci. Soc., 7 2010.

V.1. Gerasimenko, Kinet. Relat. Models, 4 (1) 2011.
4.1. The generalized quantum kinetic equation

A chaos tnitial state

F(t)]i—o = (FT(1 HF1

F(t)= (1, F(t),..., Fy(t),...) =
F(t]| Fi(t)) = (1,F1( ), By(t | Fi(t)), ..., Fy(t| Fi(t)),...)
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The generalized quantum kinetic equation

d

CF(t1) = —N(F (1) +
00 1 n+2
FTro (=N (1, 2)) ZETT?) w2 Bt {1,213, on+2) [ [ Fi(t, ),
n=0 1=1
Fy(t,1)]=0 = FY(1)
The marginal functionals of the state
00 1 s+n
Fo(t.Y | Fi(t) = 3 —Tronn s Drn(t AVEXAY) [ [ A(,0)
n=0 1=1

23



where

n n n—mi—..—ngp_—1
n!

Vi, (YL X\Y)=) (D" ) ...
xﬁHnm__%@&Y}s+l 3+n—ﬁn—.”—n@x

stN—n1—...—n;

1
S1END SIS SRR | L
D;: Z; = Uy, Xu,, J i1F.. 3&2 |1Xl CD ]

Dj|<s+n—n1—--—ny

At VL X\Y) =
P:({Y}, X\Y)

(=D P = 1) TT Gt 0

:Uz’Xi XZ'CP

G\n(t) — gn<_t> 17 T 7n) ﬁ gl(t7 Z)
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Examples:

V(¢ {Y}) = At (YD), S
Vo(t, {Y}, 5+ 1) = Wa(t, {Y}, s+ 1) — W (t, {Y}) Y As(t, 4,5+ 1).

A non-perturbative solution of the generalized quantum kinetic equation

n+1
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Remarks:
(B(t), F(0)) = (B(0), F'(t | F(1)))

On a mean field asymptotics

lim || /Y = f}]|g1q =0, lm[Je Fi(t) = fa(t)]| g1z, = O

e—0 e—0

%fﬂt) 1) = —N(1>f1<t, 1) + %Tf2<_j\/;nt>(1v 2)f1<t7 1>f1<t7 2)

11_{% HESFs(tay | Fl(t>) o 11f1<t7]>“£1(ﬂs) =0
j=

26



On the Markovian generalized quantum kinetic equation:
the Bogolyubov quantum kinetic equation

lim F, (7', Y | Fi(t)) = Gu(oo,Y) [ [ Filt,4) +
1=1

e—0

S

+/ dT Gs(—7,Y ) Tre iy ( Z(—Mnt(i, s -+ 1))§5+1(oo, Y,s+1)—

0 i=1
S s+1

~Gul00,Y) 3 (~Niwliy s+ 1)Gal00,i, s+ 1)) ] Gilr ) Fae, ) + ete.

i=1 j=1
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4.2. The method of kinetic cluster expansions

Q[14r71<_t {Y} S—l—l S—I—n):

n! 1
= n—ny (£, 1Y L. — —
Z =gt Dt (Yl s 15 4n =) > o7 -

n1=0

s+n—nq s+n—nq

Xy H lexk\( i Xp) ] W(—t,m)

217§ 7&2|D| leCD m=1,

m#i1,...,9p|
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4.3. On quantum kinetic equations in case of correlated systems

F<t)‘t:0 — (17 F10(1>7 h2<17 2>F10<1)F10<2)7 IR hTL(l? e H)szlF{)(Z)?

n n—mij—..—ng_1
. 1
61t V) XAY) 0l Y Y Y CErTE——
o - - n 1 ce ng).
xQullen_nl_.,._nk(t, {Y},s+1,...,8s+n—n;—...—ny) X
k 1 stn—mi—...—n;
31 D SRR SHR | QL WA
=1 Dj: Zj =U, Xy J 217& 7é2|D = 1 Xl CD ]

|Dj| <'s +n—n1—-~—nj

where
s+n

QullJrn(tv {Y}7 X\Y) — Q[1+n<_t7 {Y}v X\Y>h1+n<{y}7 X\Y) H U (tv Z)

1=1
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s+n

1
Fi(t,Y | Fy(t) Z—, Lot,sn S AY 1 XA\ Y) [ Fi(9).

1=1

oo

A mean field asymptotics

ll_I)l’(l)HGsF t Y|F1 Hgl t 21 h1 {Y} Hglt Z2 Hflt] H)31

11=1 19=1

The modified Viasov quantum kinetic equation

d
%fl(t, 1) = —N(l)fl(t 1)+ 2

FTro(— N ) (1, 2) Hg1 —t, i) ({1,2}) || Gu(t,i2) fult, 1) fi(2,2)

11=1 19=1
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The Gross-Pitaevskii-type equation

®(g) = d(q)
.0 B 1A dd' dd"'b o I\ ) % /
where
2 2
(H Gi(—t,i1)bi({1,2}) H Gi(t,12)¥)(q1, @2, 1, @) =
i1=1 in=1

- / dgdgy b(t, qu, 2,5 41, &5) ¥ (d!, 45 qf, @b)
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5. On the classification of quantum kinetic equations

B (8,1,2 | Fi(t) = Fu(t, 1) Fi(t,2) + Go(¢, 1,2 | F1(1)).

00 1 s+n
:Z_'Trerl ..... s+nm1+N(t79<{Y}>73+17---7S+n>HF1<t7i)7 S 2 27
=0 1=1

(AW — (AW (#$))*)(8) =
= Try (a3(1) — (ADY2 () Fi(t,1) + Try 2 ar(Dar (2)Ga (2, 1,2 | Fi(1),
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