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1. Preliminaries:
on evolution equations of quantum many-particle systems

FH =
⊕∞

n=0
Hn

A(t) = (A0, A1(t, 1), . . . , An(t, 1, . . . , n), . . .) ∈ L(FH)

Hn =

n∑
i=1

K(i) +

n∑
k=1

n∑
i1<...<ik=1

Φ(k)(i1, . . . , ik)

ψn ∈ L2
0(Rνn) ⊂ D(Hn) ⊂ L2(Rνn)

K(i)ψn = −1

2
∆qiψn, h = 2π~ = 1,m = 1

Φ(2)(i1, i2)ψn = Φ(qi1, qi2)ψn
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The average values of observables (mean values of observables)

(A(t), D(0))
.
= (I,D(0))−1

∞∑
n=0

1

n!
Tr1,...,nAn(t)D0

n

D(0) ≡ (1, D0
1(1), . . . , D0

n(1, . . . , n), . . .) ∈ L1(FH)

A(N)(t) = (0, . . . , 0, AN(t), 0, . . .), D(N)(0) = (0, . . . , 0, D0
N , 0, . . .)

(A(N)(t), D(N)(0)) = (Tr1,...,ND
0
N)−1Tr1,...,NAN(t)D0

N

(A(t), D(0)) = (A(0), D(t))
.
= (I,D(t))−1

∞∑
n=0

1

n!
Tr1,...,nA

0
nDn(t)
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1.1. The Heisenberg equation: the evolution of observables

d

dt
A(t) = NA(t),

A(t)|t=0 = A(0)

Nn gn
.
= −i(gnHn −Hngn)

A(t) = G(t)A(0)

Gn(t)gn
.
= eitHngne

−itHn

w∗− lim
t→0

1

t
(Gn(t)gn − gn) = −i(gnHn −Hngn)
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1.2. The von Neumann equation: the evolution of states

d

dt
D(t) = −ND(t),

D(t)|t=0 = D(0)

(−Nn)fn
.
= −i(Hnfn − fnHn)

D(t) = G(−t)D(0)

Gn(−t)fn
.
= e−itHnfne

itHn

lim
t→0

∥∥1

t
(Gn(−t)fn − fn)− (−i(Hnfn − fnHn))

∥∥
L1(Hn)

= 0
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2. The hierarchies of quantum evolution equations
V.I. Gerasimenko, V.O. Shtyk, Ukrainian Math. J., 58 (9) 2006.

V.I. Gerasimenko, Oper. Theory Adv. Appl., 191 (2) 2009.

G. Borgioli, V.I. Gerasimenko, Nuovo Cimento, 33 C (1) 2010.

(A(t), D(0)) = (B(t), F (0)) =

∞∑
s=0

1

s!
Tr1,...,sBs(t, 1, . . . , s)F

0
s (1, . . . , s),

(A(0), D(t)) = (B(0), F (t)) =

∞∑
s=0

1

s!
Tr1,...,sB

0
s(1, . . . , s)Fs(t, 1, . . . , s)

Bs(t, 1, . . . , s) =

s∑
n=0

(−1)n

n!

s∑
j1 6=...6=jn=1

As−n(t, Y \ (j1, . . . , jn)), s ≥ 1

Fs(t, 1, . . . , s) = (1, D(t))−1
∞∑
n=0

1

n!
Trs+1,...,s+nDs+n(t, 1, . . . , s + n), s ≥ 1
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2.1. The quantum BBGKY hierarchy

d

dt
Fs(t, Y ) =

( s∑
j=1

(−N (j)) +

s∑
j1<j2=1

(−Nint(j1, j2))
)
Fs(t, Y ) +

+

s∑
j=1

Trs+1(−Nint(j, s + 1))Fs+1(t, Y, s + 1),

Fs(t, Y ) |t=0= F 0
s (Y ), s ≥ 1,

(−N (j))fn
.
= −i(K(j)fn − fnK(j)),

(−Nint)(j1, j2)fn
.
= −i(Φ(j1, j2)fn − fnΦ(j1, j2)).
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A non-perturbative solution of the quantum BBGKY hierarchy

Fs(t, Y ) =

∞∑
n=0

1

n!
Trs+1,...,s+nA1+n(−t, {Y }, X\Y )F 0

s+n(X), s ≥ 1

Cumulants of groups of operators

A1+n(−t, {Y }, X\Y ) =
∑

P :({Y }, X\Y )=
⋃
iXi

(−1)|P|−1(|P| − 1)!
∏
Xi⊂P

G|θ(Xi)|(−t, θ(Xi))

A1(−t, {Y }) = Gs(−t, Y ),

A2(−t, {Y }, s + 1) = Gs+1(−t, Y, s + 1)− Gs(−t, Y )G1(−t, s + 1)
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Remarks D.Ya. Petrina, TMP, 1972; 1995.

U1+n(−t, {Y }, X\Y ) =

n∑
k=0

(−1)k
n!

k!(n− k)!
Gs+n−k(−t, Y, s + 1, . . . , s + n− k)

(af )n
.
= Trn+1fn+1, F (t) = eaG(−t)e−aF (0)

Fs(t, Y ) =

∞∑
n=0

t∫
0

dt1 . . .

tn−1∫
0

dtnTrs+1,...,s+nGs(−t + t1)

s∑
j1=1

(−Nint(j1, s + 1))×

×Gs+1(−t1 + t2) . . .Gs+n−1(−tn−1 + tn)

s+n−1∑
jn=1

(−Nint(jn, s + n))Gs+n(−tn)F 0
s+n(X).
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2.2. The dual quantum BBGKY hierarchy for marginal observables

d

dt
Bs(t, Y ) =

( s∑
j=1

N (j) +

s∑
j1<j2=1

Nint(j1, j2)
)
Bs(t, Y ) +

+

s∑
j1 6=j2=1

Nint(j1, j2)Bs−1(t, Y \(j1)),

Bs(t) |t=0= B0
s , s ≥ 1

N (j)gn
.
= −i(gnK(j)−K(j)gn),

Nint(j1, j2)gn
.
= −i(gnΦ(j1, j2)− Φ(j1, j2)gn)
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Cumulants of groups of operators

A1+n(t, {Y \X}, X)
.
=

.
=

∑
P: ({Y \X}, X)=

⋃
iXi

(−1)|P|−1(|P| − 1)!
∏
Xi⊂P

G|θ(Xi)|(t, θ(Xi)), n ≥ 0

A1(t, {Y }) = Gs(t, Y ),

A2(t, {Y \(j)}, j) = Gs(t, Y )− Gs−1(t, Y \(j))G1(t, j)

w∗− lim
t→0

1

t
(A1(t, {Y })− I)gs = Nsgs, gs ∈ L0(Hs) ⊂ L(Hs)

w∗− lim
t→0

1

t
An(t, 1, . . . , n)gn = N (n)

int gn
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A non-perturbative solution of the quantum dual BBGKY hierarchy

Bs(t, Y ) =

s∑
n=0

1

n!

s∑
j1 6=...6=jn=1

A1+n(t, {Y \X}, X)B0
s−n(Y \X), s ≥ 1

B1(t, 1) = A1(t, 1)B0
1(1),

B2(t, 1, 2) = A1(t, {1, 2})B0
2(1, 2) + A2(t, 1, 2)(B0

1(1) + B0
1(2))

B(1)(0) = (0, a1(1), 0, . . .), B(k)(0) = (0, . . . , 0, ak(1, . . . , k), 0, . . .)

B(1)
s (t, Y ) = As(t, 1, . . . , s)

s∑
j=1

a1(j), s ≥ 1

∣∣(N(t), F (0))
∣∣ =

∣∣Tr1 F
0
1 (1)

∣∣ ≤ ∥∥F 0
1

∥∥
L1(H) <∞.
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2.3. The evolution equations for quantum correlations

V.I. Gerasimenko, V.O. Shtyk, J. Stat. Mech. Theory Exp., 3 2008.

V.I. Gerasimenko, D.O. Polishchuk, Math. Meth. Appl. Sci., 34 (1) 2011.

D.O. Polishchuk, Ukrainian J. Phys., 55 (5) 2010.

V.I. Gerasimenko, D.O. Polishchuk, arXiv:1105.5822, 2011.

Fs
(
t, Y | F1(t)

)
=

∑
P:Y=

⋃
iXi

∏
Xi⊂P

G|Xi|
(
t,Xi | F1(t)

)
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3. Scaling limits of solutions of quantum evolution equations:
the nonlinear Schr�odinger equation

A. Arnold, Lecture Notes in Math., 1946 (2008).

C. Bardos, F. Golse, A.D. Gottlieb, N.J. Mauser, J. Math. Pures Appl., 82 (2003).

J. Fr�ohlich, S. Gra�, S. Schwarz, Comm. Math. Phys., 271 (2007).

L. Erd�os, B. Schlein, H.-T. Yau, Invent. Math., 167 (3) (2007).

L. Erd�os, B. Schlein, H.-T. Yau, Ann. of Math., 172 (2010).

A. Michelangeli, Kinet. Relat. Models, 3 (2010).

F. Pezzotti, M. Pulvirenti, Ann. Henri Poincar�e, 10 (2009).

T. Chen, N. Pavlovic, J. Funct. Anal., 260 (4) (2011).

M. Grillakis, M. Machedon, D. Margetis, Comm. Math. Phys., 294 (1) (2010).

D. Benedetto, F. Castella, R. Esposito, M. Pulvirenti, Commun. Math. Sci., 5 (2007).

3.1. A mean �eld limit: the nonlinear Schr�odinger and Gross-Pitaevskii

equations

lim
ε→0

∥∥εsF 0
s (Y )− f 0s (Y )

∥∥
L1(Hs)

= 0

lim
ε→0

∥∥εsFs(t, Y )− fs(t, Y )
∥∥
L1(Hs)

= 0
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The quantum Vlasov hierarchy

d

dt
fs(t) =

s∑
i=1

(−N (i))fs(t) +

s∑
i=1

Trs+1(−Nint(i, s + 1))fs+1(t), s ≥ 1

A chaos property

fs(t, 1, . . . , s) =

s∏
j=1

f1(t, j), s ≥ 2

The quantum Vlasov equation

d

dt
f1(t, 1) = −N (1)f1(t, 1) + Tr2(−Nint(1, 2))f1(t, 1)f1(t, 2)
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lim
ε→0

∥∥ εsFs(t)− |ψt〉〈ψt|⊗s ∥∥L1(Hs)
= 0

The Hartree equation

i
∂

∂t
ψ(t, q) = −1

2
∆qψ(t, q) +

∫
dq′Φ(q − q′)|ψ(t, q′)|2ψ(t, q)

The nonlinear Schr�odinger and Gross-Pitaevskii equations

i
∂

∂t
ψ(t, q) = −1

2
∆qψ(t, q) + b|ψ(t, q)|2ψ(t, q)
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3.2. A mean �eld limit of the dual quantum BBGKY hierarchy solution:

the Heisenberg picture of the kinetic evolution

V.I. Gerasimenko, Kinet. Relat. Models, 4 (1) 2011.

w∗− lim
ε→0

(ε−sB0
s − b0s) = 0,

w∗− lim
ε→0

(ε−sBs(t)− bs(t)) = 0 s ≥ 1,

The dual quantum Vlasov hierarchy

d

dt
bs(t, Y ) =

s∑
i=1

N (i) bs(t, Y ) +

s∑
j1 6=j2=1

Nint(j1, j2) bs−1(t, Y \(j1)),

bs(t) |t=0= b0s, s ≥ 1
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An example

B(1)(0) = (0, a1(1), 0, . . .)

w∗− lim
ε→0

(ε−1a1(1)− b01(1)) = 0

w∗− lim
ε→0

(ε−sB(1)
s (t)− b(1)s (t)) = 0

where

b
(1)
1 (t, 1) = G1(t, 1) b01(1),

b
(1)
2 (t, 1, 2) =

t∫
0

dτ

2∏
i=1

G1(t− τ, i)Nint(1, 2)

2∑
j=1

G1(τ, j) b01(j)
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A chaos initial state

F (t)|t=0 = F (c) ≡ (F 0
1 (1), . . . ,

s∏
i=1

F 0
1 (i), . . .)

lim
ε→0

∥∥ ε F 0
1 − f 01

∥∥
L1(H) = 0

f (c) ≡ (f 01 (1), . . . ,

s∏
i=1

f 01 (i), . . .)

(b(t), f (c)) =

∞∑
s=0

1

s!
Tr1,...,s bs(t, 1, . . . , s)

s∏
i=1

f 01 (i)
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(b(1)(t), f (c)) =

∞∑
s=0

1

s!
Tr1,...,s b

(1)
s (t, 1, . . . , s)

s∏
i=1

f 01 (i) = Tr1 b
0
1(1)f1(t, 1)

where
the quantum Vlasov equation

d

dt
f1(t, 1) = −N (1)f1(t, 1) + Tr2(−Nint(1, 2))f1(t, 1)f1(t, 2),

f1(t)|t=0 = f 01

The propagation of a chaos

(b(k)(t), f (c)) =

∞∑
s=0

1

s!
Tr1,...,s b

(k)
s (t, 1, . . . , s)

s∏
i=1

f 01 (i) =

=
1

k!
Tr1,...,k b

0
k(1, . . . , k)

k∏
i=1

f1(t, i), k ≥ 2
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4. The origin of quantum kinetic evolution
V.I. Gerasimenko, Ukrainian J. Phys., 54 (8-9) 2009.

V.I. Gerasimenko, Zh.A. Tsvir, J. Phys. A: Math. Theor., 43 (48) 2010.

V.I. Gerasimenko, Zh.A. Tsvir, Math. Bulletin Sh. Sci. Soc., 7 2010.

V.I. Gerasimenko, Kinet. Relat. Models, 4 (1) 2011.

4.1. The generalized quantum kinetic equation

A chaos initial state

F (t)|t=0 = (F 0
1 (1), . . . ,

s∏
i=1

F 0
1 (i), . . .)

F (t) ≡ (1, F1(t), . . . , Fs(t), . . .) =

F (t | F1(t)) ≡ (1, F1(t), F2(t | F1(t)), . . . , Fs(t | F1(t)), . . .)
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The generalized quantum kinetic equation

d

dt
F1(t, 1) = −N (1)F1(t, 1) +

+Tr2(−Nint(1, 2))

∞∑
n=0

1

n!
Tr3,...,n+2V1+n(t, {1, 2}, 3, . . . , n + 2)

n+2∏
i=1

F1(t, i),

F1(t, 1)|t=0 = F 0
1 (1)

The marginal functionals of the state

Fs(t, Y | F1(t))
.
=

∞∑
n=0

1

n!
Trs+1,...,s+nV1+n(t, {Y }, X \ Y )

s+n∏
i=1

F1(t, i),

s ≥ 1
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where

V1+n(t, {Y }, X \ Y )
.
=

n∑
k=0

(−1)k
n∑

n1=1

. . .

n−n1−...−nk−1∑
nk=1

n!

(n− n1 − . . .− nk)!

×Â1+n−n1−...−nk(t, {Y }, s + 1, . . . , s + n− n1 − . . .− nk)×

×
k∏
j=1

∑
Dj : Zj =

⋃
lj

Xlj ,

|Dj | ≤ s+ n− n1 − · · · − nj

1

|Dj|!

s+n−n1−...−nj∑
i1 6=...6=i|Dj |=1

∏
Xlj⊂Dj

1

|Xlj|!
Â1+|Xlj |

(t, ilj, Xlj)

Â1+n(t, {Y }, X \ Y ) =
∑

P :({Y }, X\Y )=
⋃
iXi

(−1)|P|−1(|P| − 1)!
∏
Xi⊂P

Ĝ|θ(Xi)|(t, θ(Xi))

Ĝn(t) = Gn(−t, 1, . . . , n)

n∏
i=1

G1(t, i)

n ≥ 1
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Examples:

V1(t, {Y }) = Â1(t, {Y }),

V2(t, {Y }, s + 1) = Â2(t, {Y }, s + 1)− Â1(t, {Y })
s∑
i=1

Â2(t, i, s + 1).

A non-perturbative solution of the generalized quantum kinetic equation

F1(t, 1) =

∞∑
n=0

1

n!
Tr2,...,1+n A1+n(−t, 1, . . . , n + 1)

n+1∏
i=1

F 0
1 (i)
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Remarks:

(B(t), F (0)) = (B(0), F (t | F1(t)))

On a mean �eld asymptotics

lim
ε→0

∥∥ε F 0
1 − f 01

∥∥
L1(H) = 0, lim

ε→0

∥∥ε F1(t)− f1(t)
∥∥
L1(H1)

= 0

d

dt
f1(t, 1) = −N (1)f1(t, 1) +

1

v
Tr2(−Nint)(1, 2)f1(t, 1)f1(t, 2)

lim
ε→0

∥∥εsFs(t, Y | F1(t))−
s∏
j=1

f1(t, j)
∥∥
L1(Hs)

= 0
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On the Markovian generalized quantum kinetic equation:

the Bogolyubov quantum kinetic equation

lim
ε→0

Fs
(
ε−1t, Y | F1(t)

)
= Ĝs(∞, Y )

s∏
i=1

F1(t, i) +

+

∫ ∞
0

dτ Gs(−τ, Y )Trs+1

( s∑
i=1

(−Nint(i, s + 1))Ĝs+1(∞, Y, s + 1)−

−Ĝs(∞, Y )

s∑
i=1

(−Nint(i, s + 1))Ĝ2(∞, i, s + 1)
) s+1∏
j=1

G1(τ, j)F1(t, j) + etc.
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4.2. The method of kinetic cluster expansions

A1+n(−t, {Y }, s + 1, . . . , s + n) =

=

n∑
n1=0

n!

(n− n1)!
V1+n−n1(t, {Y }, s + 1, . . . , s + n− n1)

∑
D : Z =

⋃
k Xk,

|D| ≤ s+ n− n1

1

|D|!
×

×
s+n−n1∑

i1 6=...6=i|D|=1

∏
Xk⊂D

1

|Xk|!
A1+|Xk|(−t, ik, Xk)

s+n−n1∏
m = 1,

m 6= i1, . . . , i|D|

A1(−t,m)
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4.3. On quantum kinetic equations in case of correlated systems

F (t)|t=0 =
(
1, F 0

1 (1), h2(1, 2)F 0
1 (1)F 0

1 (2), . . . , hn(1, ..., n)
∏n

i=1
F 0
1 (i), . . .

)

G1+n(t, {Y }, X \ Y )
.
= n!

n∑
k=0

(−1)k
n∑

n1=1

. . .

n−n1−...−nk−1∑
nk=1

1

(n− n1 − . . .− nk)!

×Ă1+n−n1−...−nk(t, {Y }, s + 1, . . . , s + n− n1 − . . .− nk)×

×
k∏
j=1

∑
Dj : Zj =

⋃
lj

Xlj ,

|Dj | ≤ s+ n− n1 − · · · − nj

1

|Dj|!

s+n−n1−...−nj∑
i1 6=...6=i|Dj |=1

∏
Xlj⊂Dj

1

|Xlj|!
Ă1+|Xlj |

(t, ilj, Xlj),

where

Ă1+n(t, {Y }, X\Y ) = A1+n(−t, {Y }, X\Y )h1+n({Y }, X\Y )

s+n∏
i=1

A1(t, i)
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Fs(t, Y | F1(t))
.
=

∞∑
n=0

1

n!
Trs+1,...,s+nG1+n(t, {Y }, X \ Y )

s+n∏
i=1

F1(t, i).

A mean �eld asymptotics

lim
ε→0

∥∥εsFs(t, Y | F1(t))−
s∏

i1=1

G1(−t, i1)h1({Y })
s∏

i2=1

G1(t, i2)
s∏
j=1

f1(t, j)
∥∥
L1(Hs)

= 0

The modi�ed Vlasov quantum kinetic equation

d

dt
f1(t, 1) = −N (1)f1(t, 1) +

+Tr2(−Nint)(1, 2)

2∏
i1=1

G1(−t, i1)h1({1, 2})
2∏

i2=1

G1(t, i2)f1(t, 1)f1(t, 2)
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The Gross-Pitaevskii-type equation

Φ(q) = δ(q)

i
∂

∂t
ψ(t, q) = −1

2
∆qψ(t, q) +

∫
dq′dq′′b(t, q, q; q′, q′′)ψ(t, q′′)ψ∗(t, q)ψ(t, q′)

where

(

2∏
i1=1

G1(−t, i1)b1({1, 2})
2∏

i2=1

G1(t, i2)ψ)(q1, q2, ; q
′
1, q
′
2) =

=

∫
dq′′1dq

′′
2 b(t, q1, q2, ; q

′′
1 , q
′′
2)ψ(q′′1 , q

′′
2 ; q′1, q

′
2)
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5. On the classi�cation of quantum kinetic equations

F2

(
t, 1, 2 | F1(t)

)
= F1(t, 1)F1(t, 2) + G2

(
t, 1, 2 | F1(t)

)
.

Gs(t, Y | F1(t)) =

=

∞∑
n=0

1

n!
Trs+1,...,s+nV1+n(t, θ({Y }), s + 1, . . . , s + n)

s+n∏
i=1

F1(t, i), s ≥ 2,

G1(t, i) = F1(t, i),

V1(t, θ({1, 2})) = Ĝ2(t, 1, 2)− I.

〈(A(1) − 〈A(1)〉(t))2〉(t) =

= Tr1 (a21(1)− 〈A(1)〉2(t))F1(t, 1) + Tr1,2 a1(1)a1(2)G2

(
t, 1, 2 | F1(t)

)
,
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