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ÏÅÐÅËIÊ ÓÌÎÂÍÈÕ ÏÎÇÍÀ×ÅÍÜ

Áàçîâi ïîçíà÷åííÿ

∀ � êâàíòîð çàãàëüíîñòi: ¾äëÿ âñiõ¿;

∃ � êâàíòîð iñíóâàííÿ: ¾iñíó¹¿;

N � ìíîæèíà íàòóðàëüíèõ ÷èñåë;

R � ìíîæèíà äiéñíèõ ÷èñåë;

C � ìíîæèíà êîìïëåêñíèõ ÷èñåë;

x ∈ A � åëåìåíò x íàëåæèòü ìíîæèíi A;

A ∩B � ïåðåòèí ìíîæèí A i B;

A ⊂ B � ìíîæèíà A ìiñòèòüñÿ â ìíîæèíi B;

A \B � ðiçíèöÿ ìíîæèí A i B;

: = � äîðiâíþ¹ çà îçíà÷åííÿì;

sup
x∈A

F (x) � òî÷íà âåðõíÿ ìåæà çíà÷åíü ôóíêöiîíàëà F íà ìíîæèíi A;

inf
x∈A

F (x) � òî÷íà íèæíÿ ìåæà çíà÷åíü ôóíêöiîíàëà F íà ìíîæèíi A;

esssup � iñòîòíà òî÷íà âåðõíÿ ìåæà;

f ⊥ 1 äëÿ f ∈ L1 îçíà÷à¹, ùî
π∫
−π
f(t) dt = 0;

{x : S} � ñóêóïíiñòü åëåìåíòiâ x, ÿêi ìàþòü âëàñòèâiñòü S;

sign α � âåëè÷èíà, ÿêà äîðiâíþ¹ 1 ÿêùî α > 0, äîðiâíþ¹ -1 ÿêùî α < 0,

i íóëþ ÿêùî α = 0;

[α] � öiëà ÷àñòèíà äiéñíîãî ÷èñëà α;

‖f‖X � íîðìà ôóíêöi¨ f â ïðîñòîði X;

[a, b] � ñåãìåíò ÷èñëîâî¨ ïðÿìî¨;

(a, b) � iíòåðâàë ÷èñëîâî¨ ïðÿìî¨;

[a, b) � ïiâiíòåðâàë ÷èñëîâî¨ ïðÿìî¨;

Up � îäèíè÷íà êóëÿ â ïðîñòîði Lp, 1 6 p 6∞;

Re z � äiéñíà ÷àñòèíà êîìïëåêñíîãî ÷èñëà z;
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Im z � óÿâíà ÷àñòèíà êîìïëåêñíîãî ÷èñëà z.

Ôóíêöi¨ òà ôóíêöiîíàëè

ak = ak(f), bk = bk(f) � êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ f ;

(h ∗ g)(x) � çãîðòêà ôóíêöié f i g: (h ∗ g)(x) = 1
π

π∫
−π
h(x− t)g(t)dt;

f (r) � r�òà ïîõiäíà ôóíêöi¨ f ;

f rβ � (r, β)�ïîõiäíà â ñåíñi Âåéëÿ�Íàäÿ ôóíêöi¨ f ;

fψβ � (ψ, β)�ïîõiäíà ôóíêöi¨ f ;

B1(t) � ÿäðî Áåðíóëëi: B1(t) =
∞∑
k=1

k−1 sin kt;

Pq,β(t) � ÿäðà Ïóàññîíà: Pq,β(t) =
∞∑
k=1

qk cos
(
kt− βπ

2

)
, 0 < q < 1, β ∈ R;

Nq,β(t) � ÿäðà Íåéìàíà: Nq,β(t) =
∞∑
k=1

qk

k cos
(
kt− βπ

2

)
, 0 < q < 1, β ∈ R;

Hh,β(t) � ÿäðà àíàëiòè÷íèõ ôóíêöié:

Hh,β(t) =
∞∑
k=1

1
ch kh cos

(
kt− βπ

2

)
, h > 0, β ∈ R;

Pq(t) � ÿäðà àíàëiòè÷íèõ ôóíêöié: Pq(t) = 1
2 + 2

∞∑
k=1

cos kt
qk+q−k

, 0 < q < 1;

Ψβ(t) � ÿäðà âèãëÿäó: Ψβ(t) =
∞∑
k=1

ψ(k) cos
(
kt− βπ

2

)
, ψ(k) ≥ 0, β ∈ R;

Ψβ,1(t) � ôóíêöi¨ âèãëÿäó:

Ψβ,1(t) = (Ψβ ∗B1)(t) =
∞∑
k=1

ψ(k)
k cos

(
kt− (β+1)π

2

)
;

tn−1 � òðèãîíîìåòðè÷íèé ïîëiíîì ïîðÿäêó n− 1:

tn(x) = a0
2 +

n−1∑
k=1

(ak cos kx+ bk sin kx), ak, bk ∈ R;

SΨβ,1(·) � SK-ñïëàéí, ïîðîäæåíèé ÿäðîì Ψβ,1(t), çà ðîçáèòòÿì

∆2n = {xk}2n
k=1, òîáòî ôóíêöiÿ âèãëÿäó: SΨβ,1(·) = α0 +

2n∑
k=1

αkΨβ,1(· − xk),
2n∑
k=1

αk = 0, αk ∈ R, xk = kπ
n , k = 0, 1, . . . , 2n;

SΨβ,1(·) � ôóíäàìåíòàëüíèé SK-ñïëàéí, ïîðîäæåíèé ÿäðîì Ψβ,1;

dnu � äåëüòà àìïëiòóäè, åëiïòè÷íà ôóíêöiÿ ßêîái.
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Ëiíiéíi íîðìîâíi ïðîñòîðè

C � ïðîñòið íåïåðåðâíèõ 2π-ïåðiîäè÷íèõ ôóíêöié f ç íîðìîþ

‖f‖C = max
t
|f(t)|;

Lp � ïðîñòið 2π-ïåðiîäè÷íèõ ñóìîâíèõ íà (0, 2π) ó p-ìó ñòåïåíi ôóíêöié

ç íîðìîþ

‖f‖p =

( 2π∫
0

|f(t)|p dt
)1/p

, p ∈ [1,∞);

L∞ � ïðîñòið 2π-ïåðiîäè÷íèõ âèìiðíèõ òà iñòîòíî îáìåæåíèõ ôóíêöié

ç íîðìîþ

‖f‖∞ = ess sup
t
|f(t)|.

T2n−1 � ïðîñòið òðèãîíîìåòðè÷íèõ ïîëiíîìiâ tn−1 ïîðÿäêó n− 1;

SΨβ,1(∆2n) � ïðîñòið SK-ñïëàéíiâ SΨβ,1(·) çà ðîçáèòòÿì

∆2n = {xk = kπ
n }

2n
k=1.

Àïðîêñèìàöiéíi õàðàêòåðèñòèêè

En(N)X � íàéêðàùå íàáëèæåííÿ ìíîæèíè N ⊂ X òðèãîíîìåòðè÷íèìè

ïîëiíîìàìè ïîðÿäêó n− 1 ó ìåòðèöi ïðîñòîðó X;

dm(N, X) � ïîïåðå÷íèê çà Êîëìîãîðîâèì ïîðÿäêó m ìíîæèíè N ⊂ X

ó ïðîñòîði X;

bm(N, X) � ïîïåðå÷íèê çà Áåðíøòåéíîì ïîðÿäêó m ìíîæèíè N ⊂ X

ó ïðîñòîði X;

λm(N, X) � ëiíiéíèé ïîïåðå÷íèê ïîðÿäêó m ìíîæèíè N ⊂ X ó

ïðîñòîði X.



7

Ôóíêöiîíàëüíi êëàñè

W r
p � êëàñè âèãëÿäó: W r

p = {f ∈ C : ||f (r)||p ≤ 1}, r ∈ N, 1 ≤ p ≤ ∞;

W r
β,p � êëàñè Âåéëÿ�Íàäÿ: W r

β,p = {f ∈ L1 : ||f rβ||p ≤ 1}, r > 0, β ∈ R,

1 ≤ p ≤ ∞;

Cq
β,p � êëàñ íåïåðåðâíèõ 2π-ïåðiîäè÷íèõ ôóíêöié, ùî çîáðàæóþòüñÿ ó

âèãëÿäi çãîðòêè ôóíêöié ϕ ∈ Up ç ÿäðîì Ïóàññîíà Pq,β;

Cq,1
β,p � êëàñ íåïåðåðâíèõ 2π-ïåðiîäè÷íèõ ôóíêöié, ùî çîáðàæóþòüñÿ ó

âèãëÿäi çãîðòêè ôóíêöié ϕ ∈ Up ç ÿäðîì Íåéìàíà Nq,β;

Ch
β,p � êëàñ íåïåðåðâíèõ 2π-ïåðiîäè÷íèõ ôóíêöié, ùî çîáðàæóþòüñÿ ó

âèãëÿäi çãîðòêè ôóíêöié ϕ ∈ Up ç ÿäðîì Hh,β;

LψβN � êëàñè âèãëÿäó: LψβN = {f ∈ L1 : fψβ ∈ N}, N ⊂ L1;

Cψ
βN � êëàñè ôóíêöié âèãëÿäó: Cψ

βN = LψβN
⋂
C;

Ah � êëàñè ôóíêöié iç C, ÿêi äîïóñêàþòü àíàëiòè÷íå ïðîäîâæåííÿ ó

ñìóãó {z = x+ iy : −h < y < h} i òàêèõ, ùî ‖Re f(·+ iy)‖∞ 6 1, |y| < h;

Hρ � êëàñè ôóíêöié iç C, ÿêi äîïóñêàþòü çîáðàæåííÿ ó âèãëÿäi

f(x) = u(ρ, x), ρ < 1, äå ôóíêöiÿ u(ρ, x), 0 6 ρ < 1, −π 6 x 6 π ãàðìîíi÷íà

â îäèíè÷íîìó êðóçi ç öåíòðîì ó ïî÷àòêó êîîðäèíàò òà çàäîâîëüíÿ¹

íåðiâíiñòü |u(ρ, x)| 6 1.
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ÂÑÒÓÏ

Ðîáîòà ïðèñâÿ÷åíà çíàõîäæåííþ òî÷íèõ çíà÷åíü ïîïåðå÷íèêiâ êëàñiâ

2π-ïåðiîäè÷íèõ ôóíêöié, ùî çàäàþòüñÿ çà äîïîìîãîþ çãîðòîê iç

ôiêñîâàíèìè òâiðíèìè ÿäðàìè.

Àêòóàëüíiñòü òåìè. Ó 1936 ðîöi À.Ì. Êîëìîãîðîâ ïîñòàâèâ çàäà÷ó

ïðî îá÷èñëåííÿ âåëè÷èí âèãëÿäó

dm(N, X) = inf
Fm⊂X

sup
f∈N

inf
y∈Fm
‖f − y‖X , (B.1)

äå X � ëiíiéíèé íîðìîâàíèé ïðîñòið, N � öåíòðàëüíî-ñèìåòðè÷íà

ìíîæèíà, à çîâíiøíié inf ðîçãëÿäà¹òüñÿ ïî âñiõ m-âèìiðíèõ ëiíiéíèõ

ïiäïðîñòîðàõ Fm iç X. Âåëè÷èíà dm(N, X) îòðèìàëà íàçâó ïîïåðå÷íèêà

çà Êîëìîãîðîâèì ïîðÿäêó m ìíîæèíè N â ïðîñòîði X. Öå âåëè÷èíà, ÿêà

ïîêàçó¹, ùî äàíó öåíòðàëüíî-ñèìåòðè÷íó ìíîæèíó N íå ìîæíà íàáëèçèòè

ëiíiéíèìè ïiäïðîñòîðàìè ðîçìiðíîñòim â ïðîñòîðiX ç øâèäêiñòþ, êðàùîþ

çà dm(N, X). Ëiíiéíèé ïiäïðîñòið F ∗m, íà ÿêîìó äîñÿãà¹òüñÿ çîâíiøíié inf

ó (B.1), íàçèâà¹òüñÿ åêñòðåìàëüíèì ïiäïðîñòîðîì.

Ïðîáëåìà çíàõîäæåííÿ òî÷íèõ çíà÷åíü m-ïîïåðå÷íèêiâ dm(N, X) ìà¹

áàãàòó iñòîðiþ i ïðèâåðòàëà óâàãó áàãàòüîõ ñïåöiàëiñòiâ ç òåîði¨ íàáëèæåíü

ïî âñüîìó ñâiòó. Ïîðÿä iç âåëè÷èíàìè dm(N, X) â òåîði¨ íàáëèæåíü

òàêîæ âèíèêàëè i àêòèâíî äîñëiäæóâàëèñü iíøi ïîäiáíi õàðàêòåðèñòèêè,

iíøi ïîïåðå÷íèêè (ëiíiéíi, ïðîåêöiéíi, òðèãîíîìåòðè÷íi, ïîïåðå÷íèêè çà

Áåðøòåéíîì òà ií.). Ñàì À.Ì. Êîëìîãîðîâ çíàéøîâ òî÷íi çíà÷åííÿ

ïîïåðå÷íèêiâ êëàñiâ W r
2 ó ïðîñòîði L2.

Îñîáëèâèé iíòåðåñ äî ïîïåðå÷íèêiâ ôóíêöiîíàëüíèõ êëàñiâ ñòàâ

ïðîÿâëÿòèñü, ïî÷èíàþ÷è ç 60-õ ðîêiâ XX ñòîëiòòÿ, êîëè Â.Ì. Òèõîìèðîâ,

çàëó÷èâøè òîïîëîãi÷íi ìåòîäè äî çàäà÷ ïðî ïîïåðå÷íèêè, îá÷èñëèâ òî÷íi
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çíà÷åííÿ êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ êëàñiâ äèôåðåíöiéîâíèõ ôóíêöié

W r
∞, r ∈ N, â ðiâíîìiðíié ìåòðèöi i ïîêàçàâ, ùî âåëè÷èíè d2n−1(W

r
∞, C)

i d2n(W
r
∞, C), r ∈ N, ÷èñåëüíî ñïiâïàäàþòü ç íàéêðàùèìè íàáëèæåííÿìè

òðèãîíîìåòðè÷íèìè ïîëiíîìàìè ïîðÿäêó n− 1:

En(W
r
∞)C = sup

f∈W r
∞

inf
tn−1
‖f − tn−1‖C ,

òî÷íi çíà÷åííÿ ÿêèõ âñòàíîâèâ Æ. Ôàâàð ó 1936 ð. Ç òèõ ïið çàäà÷i

ïî îá÷èñëåííþ òî÷íèõ çíà÷åíü ïîïåðå÷íèêiâ äëÿ ðiçíèõ ôóíêöiîíàëüíèõ

êëàñiâ ó ðiçíèõ íîðìîâàíèõ ïðîñòîðàõ ðîçâ'ÿçóâàëèñü ó ðîáîòàõ

Â.Ô. Áàáåíêà, Î.Ï. Áóñëà¹âà, Ñ.Á. Âàêàð÷óêà, Ì.Ï. Êîðí¹é÷óêà,

Î.Ê. Êóøïåëÿ, À.Î. Ëèãóíà, Þ.I. Ìàêîâîçà, Â.Ï. Ìîòîðíîãî, Íãóåí

Òõè Òõ'¹ó Õîà, Ê.Þ. Îñiïåíêà, À. Ïiíêóñà, Â.I. Ðóáàíà, À.Ñ. Ñåðäþêà,

Î.I. Ñòåïàíöÿ, Þ.Ì. Ñóááîòiíà, Ë.Â. Òàéêîâà, Â. Ôîðñòà, Â.Ò. Øåâàëäiíà

òà áàãàòüîõ iíøèõ.

Íàéáiëüø ïîâíi ðåçóëüòàòè ïî ðîçâ'ÿçàííþ çàäà÷i Êîëìîãîðîâà ïðî

ïîïåðå÷íèêè âäàâàëîñü îäåðæàòè äëÿ êëàñiâ çãîðòîê ç òàê çâàíèìè CVD-

ÿäðàìè (ÿäðàìè, ÿêi íå çáiëüøóþòü îñöèëÿöi¨). 2π-ïåðiîäè÷íå ÿäðî K

íàçèâàþòü CVD-ÿäðîì (i çàïèñóþòü K ∈ CVD), ÿêùî äëÿ äîâiëüíî¨ ϕ ∈ C

âèêîíó¹òüñÿ íåðiâíiñòü ν(K ∗ ϕ) 6 ν(ϕ), äå ν(ϕ) � ÷èñëî çìií çíàêó 2π-

ïåðiîäè÷íî¨ ôóíêöi¨ ϕ íà [0, 2π), à (K ∗ ϕ)(x) = 1
π

π∫
−π
K(x − t)ϕ(t)dt �

çãîðòêà ôóíêöié K i ϕ.

Çîêðåìà, ó 1979 ðîöi À. Ïiíêóñ äëÿ êëàñiâ çãîðòîê

K ∗ U 0
p = {f ∈ L1 : f(x) = c+ (K ∗ ϕ)(x), c ∈ R, ϕ ∈ U 0

p}, (B.2)

U 0
p = {ϕ ∈ Lp : ‖ϕ‖p 6 1, ϕ ⊥ 1},

ïîðîäæåíèõ íåïåðåðâíèìè CVD-ÿäðàìè K, îá÷èñëèâ òî÷íi çíà÷åííÿ

êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ dm(K ∗ U 0
p , Ls), m ∈ N, ïðè p = ∞ i

1 6 s 6∞, à òàêîæ ïðè 1 6 p 6∞ i s = 1.
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Óìîâà K ∈ CVD ¹ äîâîëi æîðñòêîþ, â ìiðêóâàííÿõ âîíà ôàêòè÷íî

çàìiíþ¹ êëàñè÷íó òåîðåìó Ðîëëÿ i áàãàòî âiäîìèõ ÿäåð ¨¨ íå

çàäîâîëüíÿþòü. Öå ñòîñó¹òüñÿ, íàïðèêëàä, ñïðÿæåíèõ ÿäåð Áåðíóëëi

B̃r(t) =
∞∑
k=1

k−r cos(kt− (r+1)π
2 ), r ∈ N, ÿäåð Ïóàññîíà Pq(t) =

∞∑
k=1

qk cos kt,

q ∈ (0, 1), ñïðÿæåíèõ ÿäåð àíàëiòè÷íèõ ôóíêöié H̃h(t) =
∞∑
k=1

1
ch kh sin kt,

h > 0, òà ií.

Ó 1980-1990-õ ðîêàõ Î.Ê. Êóøïåëü çàïðîïîíóâàâ íîâèé ìåòîä

çíàõîäæåííÿ òî÷íèõ îöiíîê çíèçó êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ ó

ïðîñòîðàõ C i L êëàñiâ çãîðòîê, ïîðîäæåíèõ ÿäðàìè, ùî ìîæóòü

çáiëüøóâàòè îñöèëÿöi¨. Öåé ìåòîä áàçó¹òüñÿ íà çàñòîñóâàííi àïàðàòó SK-

ñïëàéíiâ. Ïîäàëüøèé ðîçâèòîê äàíî¨ òåìàòèêè ïîâ'ÿçàíèé ç ðîáîòàìè

Î.Ê. Êóøïåëÿ [28, 30, 31], Â.Ò. Øåâàëäiíà [83], Íãóåí Òõè Òõ'¹ó Õîà

[39], Î.I. Ñòåïàíöÿ òà À.Ñ. Ñåðäþêà [49, 51, 53, 63]. Íåçâàæàþ÷è íà

çíà÷íå ÷èñëî ðîáiò ç äàíî¨ òåìàòèêè, äåÿêi ïðèíöèïîâi ïèòàííÿ ùîäî

çíàõîäæåííÿ òî÷íèõ îöiíîê çíèçó êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ äî

îñòàííüîãî ÷àñó çàëèøàëèñü âiäêðèòèìè. Çîêðåìà, íå ïðè âñiõ çíà÷åííÿõ

òâiðíèõ ïàðàìåòðiâ áóëè âiäîìi îöiíêè ïîïåðå÷íèêiâ êëàñiâ çãîðòîê ç

ÿäðàìè Ïóàññîíà

Pq,β(t) =
∞∑
k=1

qk cos
(
kt− βπ

2

)
, q ∈ (0, 1), β ∈ R, (B.3)

ç ÿäðàìè Íåéìàíà

Nq,β(t) =
∞∑
k=1

qk

k
cos
(
kt− βπ

2

)
, q ∈ (0, 1), β ∈ R, (B.4)

òà ç ÿäðàìè

Hh,β(t) =
∞∑
k=1

1

ch kh
cos
(
kt− βπ

2

)
, h > 0, β ∈ R. (B.5)

Ðîçâ'ÿçàííþ öèõ âiäêðèòèõ ïðîáëåì ñó÷àñíî¨ òåîði¨ íàáëèæåííÿ i

ïðèñâÿ÷åíî äàíó ðîáîòó.
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Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.

Ðîáîòà âèêîíàíà ó âiääiëi òåîði¨ ôóíêöié Iíñòèòóòó ìàòåìàòèêè ÍÀÍ

Óêðà¨íè çãiäíî ç íàóêîâî�äîñëiäíîþ òåìîþ: �Àïðîêñèìàòèâíi òà ñòðóêòóðíi

õàðàêòåðèñòèêè ôóíêöiîíàëüíèõ ìíîæèí�, íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨

0111U002079.

Ìåòà i çàâäàííÿ äîñëiäæåííÿ.

Ìåòîþ ðîáîòè ¹ âñòàíîâëåííÿ òî÷íèõ çíà÷åíü êîëìîãîðîâñüêèõ

ïîïåðå÷íèêiâ êëàñiâ Cq
β,p = Pq,β ∗ U 0

p , C
q,1
β,p = Nq,β ∗ U 0

p òà Ch
β,p = Hh,β ∗ U 0

p

ïðè p = 1 òà p =∞ â ïðîñòîðàõ L òà C âiäïîâiäíî.

Îá'¹êòîì äîñëiäæåííÿ ¹ êëàñè Cq
β,p, C

q,1
β,p òà C

h
β,p ïðè p = 1,∞.

Ïðåäìåòîì äîñëiäæåííÿ äàíî¨ ðîáîòè ¹ êîëìîãîðîâñüêi ïîïåðå÷íèêè

êëàñiâ Cq
β,p, C

q,1
β,p òà C

h
β,p ïðè p = 1 òà p =∞ â ïðîñòîðàõ L òà C âiäïîâiäíî.

Çàäà÷i äîñëiäæåííÿ:

1. Çíàéòè òî÷íi çíà÷åííÿ ïîïåðå÷íèêiâ d2n(C
q
β,∞, C), d2n−1(C

q
β,∞, C) òà

d2n−1(C
q
β,1, L) äëÿ äîâiëüíèõ 0 < q < 1, β ∈ R òà âñiõ íîìåðiâ n, ïî÷èíàþ÷è

ç äåÿêîãî íîìåðà nq.

2. Âñòàíîâèòè òî÷íi çíà÷åííÿ êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ

d2n(C
q,1
β,∞, C), d2n−1(C

q,1
β,∞, C) òà d2n−1(C

q,1
β,1, L) äëÿ äîâiëüíèõ 0 < q < 1,

β ∈ R òà âñiõ íîìåðiâ n, ïî÷èíàþ÷è ç äåÿêîãî íîìåðà n∗q.

3. Îòðèìàòè òî÷íi çíà÷åííÿ êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ

d2n(C
h
β,∞, C), d2n−1(C

h
β,∞, C) òà d2n−1(C

h
β,1, L) äëÿ äîâiëüíèõ h > 0,

β ∈ R òà âñiõ íîìåðiâ n, ïî÷èíàþ÷è ç äåÿêîãî íîìåðà nh.

Ìåòîäè äîñëiäæåííÿ. Ïðè ðîçâ'ÿçàííi ïîñòàâëåíèõ çàäà÷ â

äèñåðòàöiéíié ðîáîòi âèêîðèñòîâóâàëèñü çàãàëüíi ìåòîäè ìàòåìàòè÷íîãî

àíàëiçó, åëåìåíòè òåîði¨ ôóíêöié äiéñíî¨ çìiííî¨, à òàêîæ ìåòîäè

çíàõîäæåííÿ çíà÷åíü êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ, ÿêi çàïðîïîíîâàíi ó

ðîáîòàõ Â.Ì. Òèõîìèðîâà, Ì.Ï. Êîðí¹é÷óêà, Î.Ê. Êóøïåëÿ, Íãóåí Òõè

Òõ'¹ó Õîà, Î.I. Ñòåïàíöÿ, À.Ñ. Ñåðäþêà, Â.Ò. Øåâàëäiíà òà ií.
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Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè ðîáîòè ¹

íîâèìè i ïîëÿãàþòü â íàñòóïíîìó.

1. Îäåðæàíî çîáðàæåííÿ äëÿ (ψ, β)�ïîõiäíèõ ôóíäàìåíòàëüíèõ SK-

ñïëàéíiâ, ïîðîäæåíèõ ÿäðàìè Ψβ,1 çàãàëüíîãî âèãëÿäó. Íà îñíîâi öèõ

çîáðàæåíü äîâåäåíî, ùî ÿäðà Ïóàññîíà Pq,β âèãëÿäó (B.3), ÿäðà Íåéìàíà

Nq,β âèãëÿäó (B.4) òà ÿäðà àíàëiòè÷íèõ ôóíêöié Hh,β âèãëÿäó (B.5)

çàäîâîëüíÿþòü ââåäåíó Î.Ê. Êóøïåëåì óìîâó Cy,2n äëÿ óñiõ íîìåðiâ n,

ïî÷èíàþ÷è ç äåÿêîãî íàòóðàëüíîãî ÷èñëà, ÿêå êîíñòðóêòèâíî âèçíà÷à¹òüñÿ

÷åðåç ïàðàìåòðè âiäïîâiäíèõ ÿäåð.

2. Âñòàíîâëåíî îöiíêè çíèçó êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ

d2n(C
q
β,∞, C), d2n(C

q,1
β,∞, C) i d2n(C

h
β,∞, C), à òàêîæ d2n−1(C

q
β,1, L),

d2n−1(C
q,1
β,1, L) i d2n−1(C

h
β,1, L), äëÿ óñiõ n, ïî÷èíàþ÷è ç äåÿêîãî íîìåðà.

Îòðèìàíi îöiíêè çáiãàþòüñÿ ç íàéêðàùèìè íàáëèæåííÿìè âêàçàíèõ êëàñiâ

òðèãîíîìåòðè÷íèìè ïîëiíîìàìè ïîðÿäêó n − 1 ó âiäïîâiäíèõ ìåòðèêàõ.

Â ðåçóëüòàòi çíàéäåíî òî÷íi çíà÷åííÿ ïîïåðå÷íèêiâ çàçíà÷åíèõ êëàñiâ

ôóíêöié i ïîêàçàíî, ùî îïòèìàëüíèìè ïiäïðîñòîðàìè äëÿ ïîïåðå÷íèêiâ

d2n−1 ¹ ïiäïðîñòîðè òðèãîíîìåòðè÷íèõ ïîëiíîìiâ ïîðÿäêó n− 1.

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Äèñåðòàöiéíà

ðîáîòà íîñèòü òåîðåòè÷íèé õàðàêòåð. Ðåçóëüòàòè ðîáîòè òà ìåòîäèêà

¨õ îòðèìàííÿ ìîæóòü áóòè âèêîðèñòàíi ïðè äîñëiäæåííi ðiçíîìàíiòíèõ

ïèòàíü ìàòåìàòè÷íîãî àíàëiçó, òåîði¨ íàáëèæåííÿ ôóíêöié, òîùî.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Âèçíà÷åííÿ íàïðÿìêó äîñëiäæåííÿ,

à òàêîæ ïîñòàíîâêà çàäà÷ íàëåæèòü íàóêîâîìó êåðiâíèêîâi À.Ñ. Ñåðäþêó.

Ðåçóëüòàòè ðîáiò [11, 12, 55�57] îòðèìàíi ñïiëüíî ç À.Ñ. Ñåðäþêîì, âíåñîê

ñïiâàâòîðiâ ¹ ðiâíîöiííèì. Ðåçóëüòàòè ðîáîòè [9] îòðèìàíî çäîáóâà÷åì

ñàìîñòiéíî.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Ðåçóëüòàòè ðîáîòè äîïîâiäàëèñÿ

íà:
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� ñåìiíàðàõ âiääiëó òåîði¨ ôóíêöié (Iíñòèòóò ìàòåìàòèêè ÍÀÍ

Óêðà¨íè; êåðiâíèê ñåìiíàðó: äîêòîð ôiç.�ìàò. íàóê, ïðîôåñîð

À.Ñ. Ðîìàíþê);

� ñåìiíàði �Ñó÷àñíèé àíàëiç� (ìåõàíiêî�ìàòåìàòè÷íèé ôàêóëüòåò

Êè¨âñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Òàðàñà Øåâ÷åíêà; êåðiâíèêè

ñåìiíàðó: äîêòîðè ôiç.�ìàò. íàóê, ïðîôåñîðè I.Î. Øåâ÷óê, Î.Î. Êóð÷åíêî,

Â.Ì. Ðàä÷åíêî);

� ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ �Òåîðiÿ íàáëèæåííÿ ôóíêöié

òà ¨¨ çàñòîñóâàííÿ�, ïðèñâÿ÷åíié 70-ði÷÷þ ç äíÿ íàðîäæåííÿ ÷ëåíà-

êîðåñïîíäåíòà ÍÀÍ Óêðà¨íè, ïðîôåñîðà Î.I. Ñòåïàíöÿ, Êàì'ÿíåöü-

Ïîäiëüñüêèé, 28 òðàâíÿ � 3 ÷åðâíÿ 2012 ðîêó;

� ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ �International Conference on

Mathematical Analysis, Di�erential Equations and Their Applications�,

Ìåðñií, 4�9 âåðåñíÿ 2012 ðîêó;

� ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ �Ñîâðåìåííûå ïðîáëåìû

ìàòåìàòèêè, ìåõàíèêè, èíôîðìàòèêè�, ïðèñâÿ÷åíié 90-ði÷÷þ ç äíÿ

íàðîäæåííÿ ïðîôåñîðà Ë.À. Òîëîêîííiêîâà, Òóëà, 16�20 âåðåñíÿ 2013

ðîêó;

� ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ �Áîãîëþáîâñüêi ÷èòàííÿ DIF-2013.

Äèôåðåíöiàëüíi ðiâíÿííÿ, òåîðiÿ ôóíêöié òà ¨õ çàñòîñóâàííÿ�, ç íàãîäè 75-

ði÷÷ÿ ç äíÿ íàðîäæåííÿ àêàäåìiêà À.Ì. Ñàìîéëåíêà, Ñåâàñòîïîëü, 23�30

÷åðâíÿ 2013 ðîêó;

� êðèìñüêié ìiæíàðîäíié ìàòåìàòè÷íié êîíôåðåíöi¨ ÊÌÌÊ-2013,

Ñóäàê, 23 âåðåñíÿ � 4 æîâòíÿ 2013 ðîêó;

� IV ìiæíàðîäíié ãàíñüêié êîíôåðåíöi¨, ïðèñâÿ÷åíié 135 ði÷íèöi âiä

äíÿ íàðîäæåííÿ Ãàíñà Ãàíà, ×åðíiâöi, 30 ÷åðâíÿ � 5 ëèïíÿ 2014 ðîêó;

� IX-ié Ëiòíié øêîëi �Àëãåáðà, òîïîëîãiÿ i àíàëiç�, Ïîëÿíèöÿ, 7�

18 ëèïíÿ 2014 ðîêó;
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� ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ �International Conference on

Mathematical Analysis, Di�erential Equations and Their Applications�, Áàêó,

8�13 âåðåñíÿ 2015 ðîêó.

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ îïóáëiêîâàíî ó

÷îòèðíàäöÿòè íàóêîâèõ ïóáëiêàöiÿõ, ñåðåä ÿêèõ øiñòü � ñòàòòi ó

íàóêîâèõ âèäàííÿõ, âíåñåíèõ äî ïåðåëiêó ôàõîâèõ âèäàíü ç ôiçèêî�

ìàòåìàòè÷íèõ íàóê, òà âiñiì îïóáëiêîâàíî ó çáiðíèêàõ òåç ìiæíàðîäíèõ

íàóêîâèõ êîíôåðåíöié.

Ñòðóêòóðà äèñåðòàöi¨. Äèñåðòàöiéíà ðîáîòà ñêëàäà¹òüñÿ ç ïåðåëiêó

óìîâíèõ ïîçíà÷åíü, âñòóïó, ÷îòèðüîõ ðîçäiëiâ, âèñíîâêiâ òà ñïèñêó

âèêîðèñòàíèõ äæåðåë, ÿêèé ìiñòèòü 86 íàéìåíóâàíü. Ïîâíèé îáñÿã

äèñåðòàöi¨ ñêëàäà¹ 120 ñòîðiíîê äðóêîâàíîãî òåêñòó.

Êîðèñòóþ÷èñü íàãîäîþ, âèñëîâëþþ ùèðó âäÿ÷íiñòü íàóêîâîìó

êåðiâíèêîâi Àíàòîëiþ Ñåðãiéîâè÷ó ÑÅÐÄÞÊÓ çà ïîñòàíîâêó çàäà÷,

ïîñòiéíó óâàãó, êîðèñíi çàóâàæåííÿ, ïiäòðèìêó òà äîïîìîãó ó ðîáîòi.
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ÐÎÇÄIË 1

Îãëÿä ëiòåðàòóðè

1.1. Îçíà÷åííÿ êëàñiâ òà îñíîâíèõ àïðîêñèìàöiéíèõ

õàðàêòåðèñòèê

×åðåç Lp, 1 6 p < ∞, ïîçíà÷èìî ïðîñòið 2π-ïåðiîäè÷íèõ ñóìîâíèõ

íà (0, 2π) â p-ìó ñòåïåíi ôóíêöié f ç íîðìîþ ‖f‖p =

(
π∫
−π
|f(t)|pdt

) 1
p

,

÷åðåç L∞ � ïðîñòið 2π-ïåðiîäè÷íèõ âèìiðíèõ òà iñòîòíî îáìåæåíèõ

ôóíêöié ç íîðìîþ ‖f‖∞ = ess sup
t∈R

|f(t)|, à ÷åðåç C � ïðîñòið 2π-

ïåðiîäè÷íèõ íåïåðåðâíèõ ôóíêöié f , ó ÿêîìó íîðìà çàäà¹òüñÿ ðiâíiñòþ

‖f‖C = max
t∈R
|f(t)|. Ïðè p = 1 ïðîñòið Lp áóäåìî ïîçíà÷àòè ÷åðåç L, òîáòî

L = L1.

Íåõàé f ∈ L i

S[f ] =
a0

2
+
∞∑
k=1

(ak cos kx+ bk sin kx), (1.1)

� ¨¨ ðÿä Ôóð'¹ çà òðèãîíîìåòðè÷íîþ ñèñòåìîþ, ψ(k) � äîâiëüíà

ïîñëiäîâíiñòü äiéñíèõ ÷èñåë, β � ôiêñîâàíå äiéñíå ÷èñëî. ßêùî ðÿä

∞∑
k=1

1

ψ(k)

(
ak cos

(
kx+

βπ

2

)
+ bk sin

(
kx+

βπ

2

))
¹ ðÿäîì Ôóð'¹ äåÿêî¨ ñóìîâíî¨ ôóíêöi¨ ϕ, òî öþ ôóíêöiþ íàçèâàþòü

(ψ, β)-ïîõiäíîþ ôóíêöi¨ f i ïîçíà÷àþòü ÷åðåç fψβ . Ìíîæèíó óñiõ ôóíêöié

f(x), ÿêi ìàþòü (ψ, β)-ïîõiäíó, ïîçíà÷àþòü ÷åðåç Lψβ , à ïiäìíîæèíó

óñiõ íåïåðåðâíèõ ôóíêöié iç Lψβ � ÷åðåç Cψ
β . ßêùî f ∈ Lψβ (f ∈ Cψ

β )

i ïðè öüîìó fψβ ∈ N, äå N � äåÿêà ïiäìíîæèíà ç L, òî çàïèñóþòü,
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ùî f ∈ LψβN (f ∈ Cψ
βN). Íàäàëi â ðîëi N âèñòóïàòèìóòü ìíîæèíè

U1 = {f : f ∈ L1, ‖f‖1 6 1} òà U∞ = {f : f ∈ C, ‖f‖∞ 6 1}, ïðè öüîìó

áóäåìî âèêîðèñòîâóâàòè ïîçíà÷åííÿ Lψβ,1 = LψβU1 i C
ψ
β,∞ = Cψ

βU∞.

Íåõàé K ∈ L i 1 6 p 6∞. Ïîêëàäåìî

K ∗ U 0
p = {f ∈ L : f(x) = c+ (K ∗ ϕ)(x), c ∈ R, ϕ ∈ U 0

p},

äå

(K ∗ ϕ)(x) =
1

π

π∫
−π

K(x− t)ϕ(t)dt, (1.2)

U 0
p = {ϕ ∈ Lp : ‖ϕ‖p ≤ 1, ϕ ⊥ 1}.

ßêùî õî÷ îäíà iç ôóíêöié K àáî ϕ ó çãîðòöi (1.2) íàëåæèòü ïðîñòîðó

L∞, òî çãîðòêà (1.2) ¹ íåïåðåðâíîþ (äèâ., íàïðèêëàä, [64, ñ. 138]).

ßêùî ïîñëiäîâíiñòü ψ(k) i ïàðàìåòð β ∈ R òàêi, ùî ðÿä

∞∑
k=1

ψ(k) cos

(
kt− βπ

2

)
(1.3)

¹ ðÿäîì Ôóð'¹ äåÿêî¨ ôóíêöi¨ Ψβ ∈ L, òî åëåìåíòè f iç Lψβ ìàéæå ïðè âñiõ

x ∈ R çîáðàæóþòüñÿ ó âèãëÿäi çãîðòêè (äèâ., íàïðèêëàä, [64, ñ. 135])

f(x) = A+ (Ψβ ∗ ϕ) (x) = A+
1

π

π∫
−π

Ψβ(x− t)ϕ(t)dt, (1.4)

A ∈ R, ϕ ∈ L, ϕ ⊥ 1,

â ÿêié ϕ ìàéæå ñêðiçü ñïiâïàäà¹ ç fψβ . Çðîçóìiëî, ùî ÿêùî ïðè öüîìó

f ∈ Cψ
β , òî ðiâíiñòü (1.4) âèêîíó¹òüñÿ äëÿ âñiõ x ∈ R.

Ç îãëÿäó íà ïðåäñòàâëåííÿ (1.4), çà óìîâè, ùî ðÿä (1.3) ¹ ðÿäîì Ôóð'¹

ôóíêöi¨ Ψβ iç L, êëàñè L
ψ
β,1 òà C

ψ
β,∞ ìîæíà ðîçãëÿäàòè ÿê êëàñè çãîðòîê:

Lψβ,1 = Ψβ ∗ U 0
1 ;
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Cψ
β,∞ = Ψβ ∗ U 0

∞.

Ïîíÿòòÿ (ψ, β)-ïîõiäíî¨ fψβ ¹ ïðèðîäíèì óçàãàëüíåííÿì ïîíÿòòÿ (r, β)-

ïîõiäíî¨ f rβ â ðîçóìiííi Âåéëÿ-Íàäÿ. Ïðè ψ(k) = k−r, r > 0, ìàéæå ñêðiçü

fψβ = f rβ i, îòæå, L
ψ
βN = W r

βN (W r
βN � êëàñè Âåéëÿ-Íàäÿ). Ïðè ψ(k) = k−r,

r ∈ N i β = r (ψ, β)-ïîõiäíà fψβ ¹ çâè÷àéíîþ r-òîþ ïîõiäíîþ f r ôóíêöi¨ f .

Ó ðîáîòi ðîçãëÿäàòèìóòüñÿ ÿäðà Ψβ(t) âèãëÿäó

Ψβ(t) =
∞∑
k=1

ψ(k) cos

(
kt− βπ

2

)
, ψ(k) > 0. (1.5)

Âàæëèâèì ÷àñòêîâèì âèïàäêîì ÿäåð Ψβ(t) âèãëÿäó (1.5) ïðè ψ(k) = qk,

q ∈ (0, 1), ¹ ÿäðà Ïóàññîíà Pq,β(t) ç ïàðàìåòðàìè q i β, òîáòî ôóíêöi¨

âèãëÿäó

Pq,β(t) =
∞∑
k=1

qk cos

(
kt− βπ

2

)
, q ∈ (0, 1), β ∈ R. (1.6)

Ôóíêöi¨ f , ÿêi äîïóñêàþòü çîáðàæåííÿ ó âèãëÿäi çãîðòêè (1.4) ç ÿäðîì

Ψβ(t) = Pq,β(t), íàçèâàþòü iíòåãðàëàìè Ïóàññîíà. Â öüîìó âèïàäêó êëàñè

Cψ
β,p, p = 1,∞, áóäåìî ïîçíà÷àòè ÷åðåç Cq

β,p, à âiäïîâiäíi (ψ, β)-ïîõiäíi fψβ

ôóíêöi¨ f ∈ Cq
β,p ïðè ψ(k) = qk íàçèâàòè (q, β)-ïîõiäíèìè i ïîçíà÷àòè

÷åðåç f qβ . Ïðè β = 2l, l ∈ Z, p = ∞ i q = ρ êëàñè Cq
β,p çáiãàþòüñÿ

(äèâ., íàïðèêëàä, [77, ñ. 185]) ç âiäîìèìè êëàñàìè Hρ ôóíêöié f ∈ C,

ÿêi äîïóñêàþòü ïðåäñòàâëåííÿ ó âèãëÿäi f(x) = u(ρ, x), ρ < 1, äå ôóíêöiÿ

u(ρ, x), 0 6 ρ < 1, −π 6 x 6 π, ãàðìîíi÷íà â îäèíè÷íîìó êðóçi ç öåíòðîì

ó ïî÷àòêó êîîðäèíàò òà çàäîâîëüíÿ¹ íåðiâíiñòü |u(ρ, x)| 6 1.

ßêùî ψ(k) =
qk

kr
, q ∈ (0, 1), r ∈ N, òî êëàñè Cψ

β,p, p = 1,∞,

ïîçíà÷àòèìåìî ÷åðåç Cq,r
β,p. Ïðè r = 1 êëàñè Cq,r

β,p ¹ êëàñàìè çãîðòîê ç

ÿäðîì Íåéìàíà âèãëÿäó

Nq,β(t) =
∞∑
k=1

qk

k
cos

(
kt− βπ

2

)
, q ∈ (0, 1), β ∈ R. (1.7)
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ßê ïîêàçàíî â [15, ñ. 285�287] (äèâ. òàêîæ [14]), çãîðòêè ç ÿäðîì Íåéìàíà

¹ ðîçâ'ÿçêàìè êðàéîâî¨ çàäà÷i Íåéìàíà äëÿ ðiâíÿííÿ Ëàïëàñà â îäèíè÷íié

êóëi.

Òàêîæ â ðîáîòi ðîçãëÿäàòèìóòüñÿ ÿäðà Ψβ(t) âèãëÿäó (1.5) ó âèïàäêó,

êîëè ψ(k) =
1

ch kh
, h > 0, òîáòî ôóíêöi¨ âèãëÿäó

Hh,β(t) =
∞∑
k=1

1

ch kh
cos
(
kt− βπ

2

)
, h > 0, β ∈ R. (1.8)

Ïðè çàçíà÷åíèõ ψ êëàñè Cψ
β,p áóäåìî ïîçíà÷àòè ÷åðåç Ch

β,p. Ïðè β = 2l,

l ∈ Z, i p = ∞ êëàñè Ch
β,p çáiãàþòüñÿ ç âiäîìèìè êëàñàìè Ah

∞ ôóíêöié

f ∈ C, ÿêi äîïóñêàþòü àíàëiòè÷íå ïðîäîâæåííÿ ó ñìóãó

{z = x+ iy : −h < y < h} (1.9)

i òàêèõ, ùî ‖Re f(·+ iy)‖∞ 6 1, |y| < h (äèâ. [3, ñ. 269]).

×åðåç Dq, q ∈ [0, 1), ïîçíà÷àòèìåìî ìíîæèíó äîäàòíèõ ïîñëiäîâíîñòåé

ψ(k), ÿêi çàäîâîëüíÿþòü óìîâó Äàëàìáåðà

lim
k→∞

ψ(k + 1)

ψ(k)
= q. (1.10)

ßêùî ψ(k) ∈ Dq, q ∈ (0, 1), òî êëàñè Cψ
β,p, p = 1,∞, ñêëàäàþòüñÿ

ç 2π-ïåðiîäè÷íèõ ôóíêöié, ÿêi äîïóñêàþòü ðåãóëÿðíå ïðîäîâæåííÿ ó

ñìóãó | Im z| 6 ln 1
q êîìïëåêñíî¨ ïëîùèíè (äèâ., íàïðèêëàä, [64, ñ. 144]).

Íåâàæêî ïåðåêîíàòèñü, ùî ìîäóëi êîåôiöi¹íòiâ Ôóð'¹ ÿäåð Pq,β(t) òà Nq,β(t)

çàäîâîëüíÿþòü óìîâó Dq. Öþ óìîâó çàäîâîëüíÿþòü i ìîäóëi êîåôiöi¹íòiâ

Ôóð'¹ ÿäåð Hh,β(t) ïðè h = ln 1
q .

×åðåç En(N)X ïîçíà÷èìî íàéêðàùå íàáëèæåííÿ â ïðîñòîði X ⊂ L

ìíîæèíè N ⊂ X ïiäïðîñòîðîì T2n−1 òðèãîíîìåòðè÷íèõ ïîëiíîìiâ tn−1

ïîðÿäêó n− 1, òîáòî âåëè÷èíó âèãëÿäó

En(N)X = sup
f∈N

inf
tn−1∈T2n−1

‖f − tn−1‖X . (1.11)



19

×åðåç dm(N, X) ïîçíà÷àòèìåìî ïîïåðå÷íèê çà Êîëìîãîðîâèì ïîðÿäêó

m êëàñó N â ïðîñòîði X, òîáòî âåëè÷èíó âèãëÿäó

dm(N, X) = inf
Fm⊂X

sup
f∈N

inf
y∈Fm
‖f − y‖X , (1.12)

äå çîâíiøíié inf ðîçãëÿäà¹òüñÿ ïî âñiõ m-âèìiðíèõ ëiíiéíèõ ïiäïðîñòîðàõ

Fm iç X. Ëiíiéíèé ïiäïðîñòið F ∗m, äëÿ ÿêîãî âåëè÷èíà dm(N, X)

äîñÿãà¹òüñÿ, íàçèâà¹òüñÿ åêñòðåìàëüíèì.

×åðåç bm(N, X) ïîçíà÷èìî ïîïåðå÷íèê çà Áåðíøòåéíîì ïîðÿäêó m

êëàñó N ó ïðîñòîði X, òîáòî âåëè÷èíó âèãëÿäó

bm(N, X) = sup
Fm+1⊂X

sup
ε>0
{N ⊃ εU ∩ Fm+1}, (1.13)

äå çîâíiøíié sup ðîçãëÿäà¹òüñÿ ïî âñiõ ìîæëèâèõ ëiíiéíèõ ïiäïðîñòîðàõ

Fm+1 iç X ðîçìiðíîñòi m + 1, U � îäèíè÷íà êóëÿ ïðîñòîðó X, à ÷åðåç

λm(N, X) � ëiíiéíèé ïîïåðå÷íèê êëàñó N ó ïðîñòîði X, òîáòî âåëè÷èíó

âèãëÿäó

λm(N, X) = inf
Fm⊂X

inf
Λ∈L(X,Fm)

sup
f∈N
‖f − Λf‖X , (1.14)

äå L(X,Fm) � êëàñ íåïåðåðâíèõ ëiíiéíèõ âiäîáðàæåíü, ùî äiþòü içX â Fm,

à çîâíiøíié inf ðîçãëÿäà¹òüñÿ ïî âñiõm-âèìiðíèõ ëiíiéíèõ ïiäïðîñòîðàõ Fm

iç X.

Ïîðÿä iç ïðîñòîðàìè T2n−1 òðèãîíîìåòðè÷íèõ ïîëiíîìiâ ïîðÿäêó n− 1

ó äèñåðòàöiéíié ðîáîòi ðîçãëÿäàòèìóòüñÿ ïðîñòîðè iíòåðïîëÿöiéíèõ SK-

ñïëàéíiâ çà ðiâíîìiðíèì ðîçïîäiëîì âóçëiâ ñïëàéíiâ òà ñòàëèì çñóâîì

âóçëiâ iíòåðïîëÿöi¨.

Íåõàé ∆2n = {0 = x0 < x1 < · · · < x2n = 2π} � äîâiëüíå ðîçáèòòÿ

ïðîìiæêó [0, 2π] i K(t) � äîâiëüíà ñóìîâíà 2π-ïåðiîäè÷íà ôóíêöiÿ. SK-

ñïëàéíîì çà ðîçáèòòÿì ∆2n áóäåìî íàçèâàòè ôóíêöiþ âèãëÿäó

SK(·) = α0 +
2n∑
k=1

αkK(· − xk),
2n∑
k=1

αk = 0, αk ∈ R. (1.15)
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Áóäåìî ðîçãëÿäàòè SK-ñïëàéíè ó âèïàäêó, êîëè ðîçáèòòÿ ∆2n

ðiâíîìiðíå, òîáòî êîëè xk = kπ/n, à â ðîëi ôóíêöi¨ K(t) âèñòóïàòèìå

ôóíêöiÿ

Ψβ,1(t) = (Ψβ ∗B1)(t) =
∞∑
k=1

ψ(k)

k
cos

(
kt− (β + 1)π

2

)
, (1.16)

äå B1(t) =
∞∑
k=1

k−1 sin kt � ÿäðî Áåðíóëëi. Ïðîñòið SK-ñïëàéíiâ SΨβ,1(·) çà

ðîçáèòòÿì ∆2n ïîçíà÷àòèìåìî ÷åðåç SΨβ,1(∆2n).

Ôóíäàìåíòàëüíèì SK-ñïëàéíîì, ïîðîäæåíèì ÿäðîì Ψβ,1, íàçèâàþòü

ôóíêöiþ SΨβ,1(·) = SΨβ,1(y, ·) âèãëÿäó

α0 +
2n∑
k=1

αkΨβ,1(· − xk),
2n∑
k=1

αk = 0, αk ∈ R, (1.17)

ùî çàäîâîëüíÿ¹ óìîâè

SΨβ,1(y, yk) = δ0,k =

0, k = 1, 2n− 1,

1, k = 0,

äå yk = xk + y, xk = kπ/n, y ∈ [0,
π

n
). Ñïëàéí SΨβ,1(y, ·) ïîðîäæó¹ ñèñòåìó

ôóíäàìåíòàëüíèõ ñïëàéíiâ âèäó SΨβ,1(y, ·−xk), k = 0, 2n− 1, ÿêà óòâîðþ¹

áàçèñ â ïðîñòîði SΨβ,1(∆2n). Íåîáõiäíi i äîñòàòíi óìîâè iñíóâàííÿ i ¹äèíîñòi

ôóíäàìåíòàëüíîãî ñïëàéíà SΨβ,1(y, ·) â çàëåæíîñòi âiä ñïiââiäíîøåííÿ ìiæ

y � çñóâîì âóçëiâ iíòåðïîëÿöi¨ òà ïàðàìåòðàìè ψ i β òâiðíîãî ÿäðà Ψβ,1

äîñëiäæóâàëèñü ó ðîáîòàõ [30,49,50,62,82,85].

Îñêiëüêè, â ñèëó îçíà÷åííÿ (ψ, β)-ïîõiäíî¨, äëÿ ÿäðà Ψβ,1 âèêîíó¹òüñÿ

ðiâíiñòü

(Ψβ,1(·))ψβ = B1(·), (1.18)

òî âíàñëiäîê (1.15) ìà¹ìî

(SΨβ,1(·))ψβ =
2n∑
k=1

αkB1(· − xk),
2n∑
k=1

αk = 0. (1.19)
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Ðiâíîñòi â (1.18) òà (1.19) ðîçóìiþòü ÿê ðiâíîñòi ìiæ äâîìà ôóíêöiÿìè iç

L (òîáòî ìàéæå ñêðiçü). Â ñèëó ëåìè 2.3.4 ðîáîòè [26, ñ. 76] ôóíêöiÿ, ùî

çíàõîäèòüñÿ â ïðàâié ÷àñòèíi ðiâíîñòi (1.19) ¹ ñòàëîþ íà êîæíîìó iíòåðâàëi

(xk, xk+1). Îòæå, ñåðåä (ψ, β)-ïîõiäíèõ áóäü-ÿêîãî ñïëàéíà âèäó (1.17), à

çíà÷èòü, i äëÿ ôóíäàìåíòàëüíîãî ñïëàéíà SΨβ,1(·), iñíó¹ ôóíêöiÿ, ÿêà ¹

ñòàëîþ íà êîæíîìó iíòåðâàëi (xk, xk+1). Íàäàëi ñàìå öþ ôóíêöiþ áóäåìî

ðîçóìiòè ïiä çàïèñîì (SΨβ,1(·))ψβ .
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1.2. Ïðî íàéêðàùi íàáëèæåííÿ êëàñiâ çãîðòîê ó ïðîñòîðàõ C

i L

ßê ïðàâèëî, çàäà÷à ïðî îá÷èñëåííÿ ïîïåðå÷íèêiâ dm(N, X)

ðîçïàäà¹òüñÿ íà äâi ÷àñòèíè. Ñïî÷àòêó ôiêñó¹òüñÿ äåÿêèé ïðîñòið

F ∗m ⊂ X ðîçìiðíîñòi m ∈ N i îá÷èñëþ¹òüñÿ âåëè÷èíà

E(N, F ∗m)X = sup
x∈N

inf
y∈F ∗m
‖x− y‖X ,

Î÷åâèäíî, ùî

E(N, F ∗m)X ≥ dm(N, X). (1.20)

Ïîòiì äëÿ ïîïåðå÷íèêà dm(N, X) îòðèìóþòü îöiíêè çíèçó. Ìàéæå â óñiõ

âèïàäêàõ, êîëè âäà¹òüñÿ ðîçâ'ÿçàòè çàäà÷ó ïðî çíàõîäæåííÿ çíà÷åííÿ

ïîïåðå÷íèêiâ êëàñiâ Cψ
β,∞ (Lψβ,1), åêñòðåìàëüíèì ïiäïðîñòîðîì âèÿâëÿ¹òüñÿ

ïiäïðîñòið òðèãîíîìåòðè÷íèõ ïîëiíîìiâ àáî ïiäïðîñòîðè óçàãàëüíåíèõ

ñïëàéíiâ.

Ó äàíié ðîáîòi â ðîëi ïiäïðîñòîðiâ F ∗m áóäóòü âèêîðèñòîâóâàòèñÿ

ïiäïðîñòîðè T2n−1 òðèãîíîìåòðè÷íèõ ïîëiíîìiâ tn−1 ïîðÿäêó, íå âèùîãî

çà n− 1. Ïðè öüîìó áóäåìî ïîçíà÷àòè

En(C
ψ
β,∞)C = E(Cψ

β,∞, T2n−1)C , (1.21)

En(L
ψ
β,1)L = E(Lψβ,1, T2n−1)L. (1.22)

Çíà÷åííÿ âåëè÷èí (1.21) òà (1.22) ïðè òèõ ÷è iíøèõ äîäàòêîâèõ

îáìåæåííÿõ íà ψ òà β ∈ R áóëè îòðèìàíi ó ðîáîòàõ Æ. Ôàâàðà [79, 80],

Í.I. Àõi¹çåðà òà Ì.Ã. Êðåéíà [1], Á. Íàäÿ [37], Ñ.Ì. Íiêîëüñüêîãî [40],

Â.Ê. Äçÿäèêà [20�23], Ñ.Á. Ñò¹÷êiíà [66, 67], Ñóíü Þí-øåíà [70�72],

À. Ïiíêóñà [44], À.Â. Áóøàíñüêîãî [16], Â.Ò. Øåâàëäiíà [82, 83, 85, 86],

À.Ñ. Ñåðäþêà [46,49,50,52,53] òà ií.
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Óñi âiäîìi äî öüîãî ÷àñó òî÷íi çíà÷åííÿ íàéêðàùèõ íàáëèæåíü êëàñiâ

Cψ
β,∞ òà Lψβ,1 ó ðiâíîìiðíié òà iíòåãðàëüíié ìåòðèêàõ áóëè îäåðæàíi

äëÿ êëàñiâ çãîðòîê, ïîðîäæåíèõ ÿäðàìè, ùî çàäîâîëüíÿþòü óìîâó

Íiêîëüñüêîãî A∗n, àáî íàâiòü áiëüø æîðñòêó, óìîâó Íàäÿ N ∗n.

Îçíà÷åííÿ 1.1. Ñóìîâíà 2π-ïåðiîäè÷íà ôóíêöiÿ K(t), ÿêà òîòîæíî

íå äîðiâíþ¹ íóëþ, çàäîâîëüíÿ¹ óìîâó A∗n, n ∈ N (K ∈ A∗n), ÿêùî iñíóþòü

òðèãîíîìåòðè÷íèé ïîëiíîì T ∗n−1 ïîðÿäêó n − 1 i äîäàòíå ÷èñëî λ 6 π/n

òàêå, ùî äëÿ ôóíêöi¨ ϕ∗(t) − sign(K(t) − T ∗n−1(t)) ìàéæå ïðè âñiõ t

âèêîíó¹òüñÿ ðiâíiñòü ϕ∗(t− λ) = −ϕ∗(t).

Îçíà÷åííÿ 1.2. Ñóìîâíà 2π-ïåðiîäè÷íà ôóíêöiÿ K(t), ÿêà òîòîæíî

íå äîðiâíþ¹ íóëþ, çàäîâîëüíÿ¹ óìîâó N ∗n, n ∈ N (K ∈ N ∗n), ÿêùî iñíóþòü

òðèãîíîìåòðè÷íèé ïîëiíîì T ∗n−1 ïîðÿäêó n− 1 i òî÷êà ξ ∈ [0, π/n) òàêi,

ùî ðiçíèöÿ K(t)− T ∗n−1(t) çìiíþ¹ çíàê íà [0, 2π) ó òî÷êàõ tk = ξ + kπ/n,

k = 0, 1, . . . , 2n− 1, i òiëüêè â íèõ.

Iç îçíà÷åíü 1.1 òà 1.2 âèïëèâà¹ âêëþ÷åííÿ

N ∗n ⊂ A∗n. (1.23)

Ñ.Ì. Íiêîëüñüêèé [40] äîâiâ, ùî ÿêùî ÿäðî Ψβ, ÿêå ïîðîäæó¹ êëàñè

çãîðòîê Cψ
β,∞ i Lψβ,1, çàäîâîëüíÿ¹ óìîâó A

∗
n, òî ìàþòü ìiñöå ðiâíîñòi

En(C
ψ
β,∞)C = En(L

ψ
β,1)L =

1

π
En(Ψβ)L.

Ñåíñ óìîâè A∗n ïîëÿãà¹ ó òîìó, ùî òðèãîíîìåòðè÷íèé ïîëiíîì T ∗n−1,

êîòðèé ôiãóðó¹ â ¨¨ ôîðìóëþâàííi, çäiéñíþ¹ íàéêðàùå íàáëèæåííÿ â

ñåðåäíüîìó ÿäðà Ψβ, òîáòî

En(Ψβ)L = inf
tn−1∈T2n−1

‖Ψβ(·)− tn−1(·)‖1 = ‖Ψβ(·)− T ∗n−1(·)‖1.

Íàâåäåìî äåÿêi âiäîìi òâåðäæåííÿ ïðî çíà÷åííÿ íàéêðàùèõ íàáëèæåíü

êëàñiâ Cψ
β,∞ òà Lψβ,1 ó ðiâíîìiðíié òà iíòåãðàëüíié ìåòðèêàõ.
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Òåîðåìà 1.1 (Â.Ê. Äçÿäèê [23]). Íåõàé r > 0, β ∈ R. Òîäi ïðè

äîâiëüíèõ n ∈ N

En(W
r
β,∞)C = En(W

r
β,1)L =

1

π
En(Br,β)L =

Mr,β

nr
,

äå

Br,β(t) =
∞∑
k=1

k−r cos(kt− βπ/2), (1.24)

Mr,β =


4
π

∞∑
ν=0

1
(2ν+1)r+1 sin βπ

2 , r ∈ (0, 1], β ∈ [r, 2− r],

4
π

∣∣∣ ∞∑
ν=0

sin((2ν+1)θπ−βπ/2)
(2ν+1)r+1

∣∣∣, [
r ∈ (0, 1], β ∈ [0, 2] \ [r, 2− r],

r > 1, β ∈ R,
(1.25)

à θ ∈ (0, 1] � êîðiíü ðiâíÿííÿ

∞∑
ν=0

(2ν + 1)−r cos

(
(2ν + 1)θ − βπ

2

)
= 0. (1.26)

Òåîðåìà 1.2 (Ì.Ã. Êðåéí [27], Ñ.Ì. Íiêîëüñüêèé [40]). Íåõàé β ∈ Z,

0 < q < 1. Òîäi ïðè äîâiëüíèõ n ∈ N

En(C
q
β,∞)C = En(C

q
β,1)L =

4

π
arctg qn, β = 2l, l ∈ Z;

En(C
q
β,∞)C = En(C

q
β,1)L =

2

π
ln

1 + qn

1− qn
, β = 2l − 1, l ∈ Z.

Òåîðåìà 1.3 (Í.I. Àõi¹çåð [2], Ñ.Ì. Íiêîëüñüêèé [40]). Íåõàé β = 2l,

l ∈ Z, i h > 0. Òîäi ïðè âñiõ n ∈ N âèêîíóþòüñÿ ðiâíîñòi

En(C
h
β,∞)C = En(C

h
β,1)L = ‖Hh,β ∗ ϕn‖C =

4

π

∞∑
ν=0

(−1)ν

(2ν + 1) ch((2ν + 1)nh)
.

Òåîðåìà 1.4 (Á. Íàäü [37], Ñ.Ì. Íiêîëüñüêèé [40]). Íåõàé β ∈ Z i äëÿ

êîåôiöi¹íòiâ ψ(k) ÿäðà Ψβ(t) âèãëÿäó (1.5) âèêîíóþòüñÿ ñïiââiäíîøåííÿ

lim
k→∞

ψ(k) = 0, ψ(k) > ψ(k + 1);



25

∆2ψ(k) = ψ(k)− 2ψ(k + 1)− ψ(k + 2) > 0 (1.27)

i, êðiì òîãî, ïðè β = 2l, l ∈ Z, âèêîíó¹òüñÿ óìîâà

∆3ψ(k) = ψ(k)− 3ψ(k+ 1) + 3ψ(k+ 2)−ψ(k+ 3) > 0, k = 1, 2, . . . , (1.28)

à ïðè β = 2l − 1, l ∈ Z, � óìîâà

∞∑
k=1

ψ(k)

k
<∞. (1.29)

Òîäi äëÿ äîâiëüíîãî n ∈ N âèêîíóþòüñÿ ðiâíîñòi

En(C
ψ
β,∞)C = En(L

ψ
β,1)L =

4

π

∞∑
k=0

(−1)kψ((2k + 1)n)

2k + 1
, β = 2l, l ∈ Z;

En(C
ψ
β,∞)C = En(L

ψ
β,1)L =

4

π

∞∑
k=0

ψ((2k + 1)n)

2k + 1
, β = 2l + 1, l ∈ Z.

Òåîðåìà 1.5 (À.Â. Áóøàíñüêèé [16], Â.Ò. Øåâàëäií [83]). Íåõàé β ∈ R,

0 < q < 1. Òîäi Pq,β ∈ N ∗n òà ïðè äîâiëüíèõ n ∈ N

En(C
q
β,∞)C = En(C

q
β,1)L = ‖Pq,β ∗ ϕn‖C =

=
4

π

∣∣∣∣∣
∞∑
ν=0

q(2ν+1)n

2ν + 1
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ , (1.30)

äå

ϕn(t) = sign sinnt, (1.31)

à θn = θn(q, β) � ¹äèíèé íà [0, 1) êîðiíü ðiâíÿííÿ

∞∑
ν=0

q(2ν+1)n cos

(
(2ν + 1)θnπ −

βπ

2

)
= 0. (1.32)

Â ðîáîòi [6] çíàéäåíî ÿâíèé âèðàç äëÿ âåëè÷èíè θn(q, β), à â [7] �

êîìïàêòíå ïðåäñòàâëåííÿ ÷åðåç åëåìåíòàðíi ôóíêöi¨ äëÿ ñóìè â (1.30).
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Äëÿ êëàñiâ çãîðòîê Cq,r
β,∞ = Nq,r,β ∗ U 0

p , p = 1,∞, ïîðîäæåíèõ ÿäðàìè

Íåéìàíà Nq,r,β(t) âèãëÿäó

Nq,r,β(t) =
∞∑
k=1

qk

kr
cos
(
kt− βπ

2

)
, 0 < q < 1, β ∈ R, r ∈ N, (1.33)

ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 1.6 (À.Ñ. Ñåðäþê [51]). Äëÿ äîâiëüíèõ β ∈ R, 0 < q < 1,

r ∈ N, n ∈ N, ìà¹ ìiñöå âêëþ÷åííÿ Nq,r,β ∈ N ∗n òà âèêîíóþòüñÿ ðiâíîñòi

En(C
q,r
β,∞)C = En(C

q,r
β,1)L = ‖Nq,r,β ∗ ϕn‖C =

=
4

π

∣∣∣∣∣
∞∑
ν=0

q(2ν+1)n

nr(2ν + 1)r+1
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ , (1.34)

äå ϕn îçíà÷åíà ðiâíiñòþ (1.31), à θn = θn(q, β) � ¹äèíèé íà [0, 1) êîðiíü

ðiâíÿííÿ
∞∑
ν=0

q2νn

(2ν + 1)r
cos

(
(2ν + 1)θnπ −

βπ

2

)
= 0. (1.35)

Â çàãàëüíîìó âèïàäêó, äëÿ êëàñiâ Cψ
β,∞ i Lψβ,1 ìàþòü ìiñöå íàñòóïíi

òâåðäæåííÿ.

Òåîðåìà 1.7 (À.Ñ. Ñåðäþê [52]). Íåõàé ïîñëiäîâíiñòü êîåôiöi¹íòiâ

ψ(k) ÿäðà Ψβ âèãëÿäó (1.5), ÿêå ïîðîäæó¹ êëàñè Cψ
β,∞ i Lψβ,1 çàäîâîëüíÿ¹

óìîâó (1.10). Òîäi çíàéäåòüñÿ íîìåð n0 òàêèé, ùî äëÿ áóäü-ÿêîãî

íàòóðàëüíîãî ÷èñëà n áiëüøîãî çà n0, ìà¹ ìiñöå âêëþ÷åííÿ Ψβ ∈ N ∗n òà

âèêîíóþòüñÿ ðiâíîñòi

En(C
ψ
β,∞)C = En(C

ψ
β,1)L = ‖Ψβ ∗ ϕn‖C =

=
4

π

∣∣∣∣∣
∞∑
ν=0

ψ((2ν + 1)n)

2ν + 1
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ , (1.36)
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â ÿêèõ ϕn îçíà÷åíà ðiâíiñòþ (1.31), à θn = θn(ψ, β) � ¹äèíèé íà [0, 1)

êîðiíü ðiâíÿííÿ

∞∑
ν=0

ψ((2ν + 1)n) cos

(
(2ν + 1)θnπ −

βπ

2

)
= 0. (1.37)

Òåîðåìà 1.8 (À.Ñ. Ñåðäþê [52]). Íåõàé ïîñëiäîâíiñòü êîåôiöi¹íòiâ

ψ(k) ÿäðà Ψβ âèãëÿäó (1.5), ÿêå ïîðîäæó¹ êëàñè Cψ
β,∞ i Lψβ,1 çàäîâîëüíÿ¹

óìîâó
ψ(k + 1)

ψ(k)
< ρ∗ = 0,3253678 . . . , k = 1, 2, . . . .

Òîäi ïðè êîæíîìó íàòóðàëüíîìó n ìàþòü ìiñöå ðiâíîñòi (1.36).

Âàðòî çàçíà÷èòè, ùî òî÷íi çíà÷åííÿ íàéêðàùèõ íàáëèæåíü, ÿêi

ìiñòÿòüñÿ â òåîðåìàõ 1.2�1.8 ðåàëiçóþòü ëiíiéíi ìåòîäè íàáëèæåííÿ

ñïåöiàëüíîãî âèãëÿäó, ÿêi â ÿâíîìó âèãëÿäi ìîæóòü áóòè âèðàæåíi ÷åðåç

ïàðàìåòðè êëàñiâ. Íàñëiäóþ÷è Á. Íàäÿ [37], çàäàìî ñèñòåìè ÷èñåë

µ0, µ1, . . . , µn−1, (1.38)

ν1, ν2, . . . , νn−1 (1.39)

i ïîáóäó¹ìî äëÿ êîæíî¨ ôóíêöi¨ f iç êëàñó Cψ
β,∞ (÷è âiäïîâiäíî Lψβ,1)

òðèãîíîìåòðè÷íèé ïîëiíîì Un−1(x) ïîðÿäêó n−1, ùî çàäà¹òüñÿ ñèñòåìàìè

(1.38) òà (1.39), íàñòóïíèì ÷èíîì:

Un−1(x) = Un−1(f ;x;µ, ν) =

=
1

2
µ0a0 +

n−1∑
k=1

(µk(ak cos kt+ bk sin kt) + νk(ak sin kt− bk cos kt)) , (1.40)

äå ak i bk � êîåôiöi¹íòè Ôóð'¹ ôóíêöi¨ ϕ = fψβ . Ïîñëiäîâíiñòü

Un−1(f ;x;µ, ν) çàäà¹ ëiíiéíèé ìåòîä íàáëèæåííÿ ôóíêöié f iç Cψ
β,∞ (÷è

âiäïîâiäíî Lψβ,1), ùî âèçíà÷à¹òüñÿ ñèñòåìàìè (1.38) i (1.39).
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Ðîçãëÿíåìî âåëè÷èíè

En(Cψ
β,∞;µ, ν)C = sup

f∈Cψβ,∞

‖f(·)− Un−1(f ; ·;µ, ν)‖C , (1.41)

En(Lψβ,1;µ, ν)L = sup
f∈Lψβ,1

‖f(·)− Un−1(f ; ·;µ, ν)‖1. (1.42)

Ìåòîä íàáëèæåííÿ âèãëÿäó (1.40) íàçèâàþòü íàéêðàùèì äëÿ êëàñó Cψ
β,∞

(÷è âiäïîâiäíî Lψβ,1) ó ìåòðèöi ïðîñòîðó C (L), ÿêùî âií âèçíà÷à¹òüñÿ

òàêèìè ñèñòåìàìè ÷èñåë (1.38) i (1.39), äëÿ ÿêèõ òî÷íà âåðõíÿ ìåæà â (1.41)

(÷è âiäïîâiäíî â (1.42)) áóäå íàéìåíøîþ ñåðåä óñiõ ìîæëèâèõ. Iç ðîáîòè

Ñ.Ì. Íiêîëüñüêîãî [40] âèïëèâà¹ íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 1.9 (Ñ.Ì. Íiêîëüñüêèé). Íåõàé íåïåðåðâíå ÿäðî Ψβ(t) âèãëÿäó

(1.5), ùî ïîðîäæó¹ êëàñè Cψ
β,∞ òà Lψβ,1, çàäîâîëüíÿ¹ óìîâó N ∗n. Òîäi

ëiíiéíèé ìåòîä Un−1(x) âèãëÿäó (1.40) ¹ íàéêðàùèì äëÿ êëàñiâ Cψ
β,∞ òà

Lψβ,1 ïðè µk = µ∗k, νk = ν∗k, k = 0, 1, 2, . . . , n − 1, äå µ∗k i ν∗k îçíà÷àþòüñÿ

ôîðìóëàìè

µ∗0 = 2
∞∑
ν=1

ψ(2nν) cos(2νθnπ −
βπ

2
),

µ∗k = ψ(k) cos
βπ

2
+
∞∑
ν=1

(ψ(2nν−k)+ψ(2nν+k)) cos(2νθnπ−
βπ

2
), k = 1, n− 1,

ν∗k = ψ(k) sin
βπ

2
+
∞∑
ν=1

(ψ(2nν−k)+ψ(2nν+k)) sin(2νθnπ−
βπ

2
), k = 1, n− 1.

Ïðè öüîìó âèêîíóþòüñÿ ðiâíîñòi

En(C
ψ
β,∞)C = En(Cψ

β,∞;µ∗, ν∗)C = En(L
ψ
β,1)L = En(Lψβ,1;µ

∗, ν∗)L =

=
1

π
En(Ψβ)L =

1

π
‖Ψβ(·)− T ∗n−1(·)‖1 =

= ‖Ψβ ∗ ϕn‖C =
4

π

∣∣∣∣∣
∞∑
ν=0

ψ((2ν + 1)n)

2ν + 1
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ , (1.43)

äå ϕn îçíà÷åíà ðiâíiñòþ (1.31), à θn = θn(ψ, β) ∈ [0, 1) � êîðiíü ðiâíÿííÿ

(1.37).
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1.3. Çàäà÷à ïðî çíàõîäæåííÿ îöiíîê çíèçó êîëìîãîðîâñüêèõ

ïîïåðå÷íèêiâ êëàñiâ çãîðòîê: iñòîðè÷íi âiäîìîñòi ïî ¨¨

ðîçâ'ÿçàííþ

Çíàõîäæåííÿ òî÷íèõ îöiíîê çíèçó ïîïåðå÷íèêiâ dm(N, X) ó ðÿäi

âèïàäêiâ ñòàëî ìîæëèâèì çàâäÿêè çàëó÷åííþ iäåé iç ñóìiæíèõ ðîçäiëiâ

ìàòåìàòèêè. Â.Ì. Òèõîìèðîâ [75], çàñòîñóâàâøè òîïîëîãi÷íi ìåòîäè äî

çàäà÷ ïðî ïîïåðå÷íèêè, äîâiâ òåîðåìó ïðî ïîïåðå÷íèê êóëi.

Òåîðåìà 1.10 (ïðî ïîïåðå÷íèê êóëi). Íåõàé Mn+1 � (n+ 1)-âèìiðíèé

ïiäïðîñòið ëiíiéíîãî íîðìîâàíîãî ïðîñòîðó X, à Un+1 � çàìêíåíà

îäèíè÷íà êóëÿ â Mn+1, òîáòî

Un+1 = {x : x ∈Mn+1, ‖x‖X ≤ 1}.

Òîäi

dn(Un+1, X) = 1.

Âèêîðèñòîâóþ÷è âêàçàíó òåîðåìó, Â.Ì. Òèõîìèðîâ çíàéøîâ òî÷íi

îöiíêè çíèçó ïîïåðå÷íèêiâ d2n−1(W
r
∞, C), r ∈ N, i çãîäîì ïîêàçàâ (äèâ.

[76]), ùî d2n−1(W
r
∞, C) = d2n(W

r
∞, C). Òî÷íi îöiíêè çíèçó äëÿ íåïàðíèõ

ïîïåðå÷íèêiâ d2n−1(W
r
1 , L), r ∈ N, îòðèìàëè íåçàëåæíî Þ.Ì. Ñóááîòií

[68, 69] òà Þ.I. Ìàêîâîç [33], à äëÿ ïàðíèõ ïîïåðå÷íèêiâ d2n(W
r
1 , L) �

Â.I. Ðóáàí (äèâ. êîìåíòàði äî ãë. 10 ó [25]). Çíà÷åííÿ ïîïåðå÷íèêiâ

d2n−1(W
r
p , Ls) òà d2n(W

r
p , Ls) ïðè p = ∞, 1 < s < ∞ òà 1 < p < ∞, s = 1

îá÷èñëèëè íåçàëåæíî i ðiçíèìè ìåòîäàìè À.Î. Ëèãóí [32], Þ.I. Ìàêîâîç

[34] òà À. Ïiíêóñ [43]. Íàâåäåìî òî÷íå ôîðìóëþâàííÿ çãàäàíèõ âèùå

ðåçóëüòàòiâ.

Òåîðåìà 1.11 (Â.Ì. Òèõîìèðîâ). Ïðè âñiõ n, r = 1, 2, . . . ñïðàâåäëèâi
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ñïiââiäíîøåííÿ

d2n−1(W
r
∞, C) = d2n(W

r
∞, C) = λ2n−1(W

r
∞, C) = λ2n(W

r
∞, C) =

Kr
nr
,

äå

Kr =
4

π

∞∑
k=0

(−1)k(r+1)

(2k + 1)r+1
, r = 0, 1, . . . � êîíñòàíòè Ôàâàðà. (1.44)

Òåîðåìà 1.12. Ïðè âñiõ n, r = 1, 2, . . . âèêîíóþòüñÿ ðiâíîñòi

d2n−1(W
r
∞, C) = d2n−1(W

r
1 , L) = λ2n−1(W

r
∞, C) = λ2n−1(W

r
1 , L) =

Kr
nr

;

d2n−1(W
r
1 , L) = d2n(W

r
1 , L) = λ2n−1(W

r
1 , L) = λ2n(W

r
1 , L) =

Kr
nr

;

d2n(W
r
∞, Lq) = λ2n(W

r
∞, Lq) = ‖Br ∗ ϕn‖q, q > 1;

d2n−1(W
r
p , L) = d2n(W

r
p , L) = λ2n(W

r
p , L) =

= ‖Br ∗ ϕn‖p′, 1 6 p 6∞, 1

p
+

1

p′
= 1,

äå Kr � êîíñòàíòè Ôàâàðà, Br(t) � ÿäðà Áåðíóëëi âèãëÿäó

Br(t) =
∞∑
k=1

cos(kt− rπ/2)

kr
, r ∈ N, (1.45)

à ϕn îçíà÷åíà ðiâíiñòþ (1.31).

Ó ðîáîòi Â.Ô. Áàáåíêà [4] áóëè çíàéäåíi òî÷íi îöiíêè çíèçó ïîïåðå÷íèêiâ

d2n−1 êëàñiâ ôóíêöié W 1
β,∞ òà W 1

β,1 â ìåòðèêàõ L∞ òà L âiäïîâiäíî ïðè

äîâiëüíèõ çíà÷åííÿõ ïàðàìåòðà β ∈ R.

Òåîðåìà 1.13 (Â.Ô. Áàáåíêî). Äëÿ âñiõ β ∈ R i n = 1, 2, . . . ìàþòü

ìiñöå ðiâíîñòi

d2n−1(W
1
β,∞, L∞) = d2n−1(W

1
β,∞, L1) =

= λ2n−1(W
1
β,∞, L∞) = λ2n−1(W

1
β,∞, L1) = ‖B1,β ∗ ϕn‖∞,

à ϕn îçíà÷åíà ðiâíiñòþ (1.31).
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Òî÷íi çíà÷åííÿ ïîïåðå÷íèêiâ áóëè çíàéäåíi òàêîæ äëÿ äåÿêèõ iíøèõ

êëàñiâ ôóíêöié (äèâ., íàïðèêëàä, [5, 17,18,24,36,41,42,45,73,78]).

Êëàñè W r
p , r ∈ N, p ≥ 1 ¹ êëàñàìè çãîðòîê iç ÿäðàìè Áåðíóëëi Br(t),

ÿêi ¹ òàê çâàíèìè CVD2n-ÿäðàìè.

Îçíà÷åííÿ 1.3. 2π-ïåðiîäè÷íó ôóíêöiþ K ∈ L íàçèâàþòü CVD2n-

ÿäðîì (ÿäðîì, ùî íå çáiëüøó¹ îñöèëÿöi¨) i ïîçíà÷àþòü K ∈ CVD2n, ÿêùî

äëÿ äîâiëüíî¨ ôóíêöi¨ f ∈ C òàêî¨, ùî ν(f) 6 2n, âèêîíó¹òüñÿ íåðiâíiñòü

ν(K ∗ f) 6 ν(f),

äå ν(g)� ÷èñëî çìií çíàêó ôóíêöi¨ g ∈ C íà [0, 2π). ßêùî K ¹ CVD2n-

ÿäðîì ïðè óñiõ n ∈ N, òî K íàçèâàþòü CVD-ÿäðîì i çàïèñóþòü

K ∈ CVD.

Ó 1979 ðîöi À. Ïiíêóñ [43] (äèâ. òàêîæ [44]) äëÿ êëàñiâ çãîðòîê K ∗ U 0
p ,

ïîðîäæåíèõ CVD2n-ÿäðîì K(·), îá÷èñëèâ êîëìîãîðîâñüêi ïîïåðå÷íèêè

d2n−1(K ∗ U 0
p , Ls) i d2n(K ∗ U 0

p , Ls) ïðè p = ∞, 1 ≤ s ≤ ∞, à òàêîæ

ïðè 1 ≤ p ≤ ∞, s = 1. À ñàìå, ó âêàçàíèõ âèïàäêàõ ìà¹ ìiñöå íàñòóïíå

òâåðäæåííÿ.

Òåîðåìà 1.14 (À. Ïiíêóñ). Íåõàé CVD2n-ÿäðî K ¹ íåïåðåðâíîþ

ôóíêöi¹þ i ïðè äîâiëüíèõ 0 ≤ y0 < y1 < · · · < y2n+1 < 2π ñèñòåìà ôóíêöié

{K(· − yi)}2n+1
i=0 ¹ ëiíiéíî íåçàëåæíîþ. Òîäi ìàþòü ìiñöå ðiâíîñòi

d2n−1(K ∗ U 0
∞, C) = λ2n−1(K ∗ U 0

∞, C) = b2n−1(K ∗ U 0
∞, C) =

= ‖K ∗ ϕn‖∞;

d2n(K ∗ U 0
∞, Ls) = λ2n(K ∗ U 0

∞, Ls) = ‖K ∗ ϕn‖s;

d2n−1(K ∗ U 0
1 , L) = λ2n−1(K ∗ U 0

1 , L) = b2n−1(K ∗ U 0
1 , L) =

= ‖K ∗ ϕn‖∞;



32

d2n(K ∗ U 0
p , L) = λ2n(K ∗ U 0

p , L) = ‖K ∗ ϕn‖p′,
1

p
+

1

p′
= 1;

d2n−1(K ∗ U 0
p , L) = ‖K ∗ ϕn‖p′, 1 6 p 6∞, 1

p
+

1

p′
= 1,

äå ϕn îçíà÷åíà ðiâíiñòþ (1.31).

Êðiì ÿäåð Áåðíóëëi Br(t) âèãëÿäó (1.45), ïðèêëàäàìè CVD2n-ÿäðàìè ¹

òàêîæ òàêi âiäîìi ÿäðà, ÿê ÿäðî Âàëëå-Ïóññåíà

wn(x) = sin2n x

2
;

ÿäðî ðiâíÿííÿ òåïëîïðîâiäíîñòi

φσ(x) =
1

π

(
1

2
+
∞∑
k=1

e−k
2σ cos kx

)
, σ > 0;

ÿäðî

Ω(Pr, x) =
∑
k∈Z

Pr(ik) 6=0

eikx

Pr(ik)
,

äå Pr(z) � ìíîãî÷ëåí ç äiéñíèìè êîåôiöi¹íòàìè i íóëÿìè ó ñìóçi | Im z| < 1
2 ;

ÿäðî àíàëiòè÷íî ïðîäîâæóâàíèõ ó ñìóãó {z ∈ C : | Im z| 6 ln 1
q} ôóíêöié

Pq(x) =
1

2
+ 2

∞∑
k=1

cos kx

qk + q−k
, 0 < q < 1,

òà iíøi (äèâ. [44, ñ. 62], [41,42]).

Çàçíà÷èìî, ùî äëÿ ïåðåâiðêè ôàêòó, ÷è äåÿêå ÿäðî K ¹ CVD2n-

ÿäðîì çðó÷íî êîðèñòóâàòèñü íàñòóïíèì òâåðäæåííÿì, ùî íàëåæèòü

Äæ. Ìåðõþáåðó, I. Øîíáåðãó òà Ð. Âiëüÿìñîíó [35] (äèâ. òàêîæ [44, ñ. 67]).

Òåîðåìà 1.15. Íåõàé K ∈ C òà K(x) ìà¹ ðàíã íå ìåíøèé çà 2n+ 2,

òîáòî iñíó¹ ðîçáèòòÿ ti, i = 1, 2n+ 2, ïðîìiæêó [0, 2π) òàêå, ùî

0 6 t1 < · · · < t2n+2 < 2π i äëÿ ÿêîãî dim(span{K(x − ti)}2n+2
i=1 ) =
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= 2n + 2. Òîäi äëÿ ñïðàâåäëèâîñòi âêëþ÷åííÿ K ∈ CVD2n íåîáõiäíî i

äîñòàòíüî, ùîá äëÿ äåÿêîãî ôiêñîâàíîãî ε = ±1 âèêîíóâàëàñü óìîâà

D2l+1(x,y) = det(εK(xi − yj))2l+1
i,j=1 > 0,

0 6 x1 < · · · < x2l+1 < 2π, 0 6 y1 < · · · < y2l+1 < 2π, l = 0, 1, . . . , n.

ßäðà Ψβ âèãëÿäó (1.5) ìàþòü òó âëàñòèâiñòü, ùî

dim(span{Ψβ(x− ti)}2n+2
i=1 ) = 2n+ 2 (äèâ., íàïðèêëàä, ëåìó 1.3 ðîáîòè [28]).

Òîìó ç òåîðåìè 1.15 âèïëèâà¹ íàñòóïíå òâåðäæåííÿ.

Íàñëiäîê 1.1. Íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ òîãî, ùîá ÿäðî Ψβ

âèãëÿäó (1.5) áóëî CVD2n-ÿäðîì, ¹ âèêîíàííÿ äëÿ äåÿêîãî ôiêñîâàíîãî

ε = ±1 óìîâè:

D2l+1(x,y) = det(εΨβ(xi − yj))2l+1
i,j=1 > 0

äëÿ äîâiëüíèõ íàáîðiâ x = {xi}2l+1
i=1 òà y = {yi}2l+1

i=1 òàêèõ, ùî

0 6 x1 < · · · < x2l+1 < 2π, 0 6 y1 < · · · < y2l+1 < 2π, l = 0, 1, . . . , n.

Óìîâà CVD2n (CVD) ¹ äîñèòü æîðñòêîþ, â ìiðêóâàííÿõ âîíà ôàêòè÷íî

çàìiíþ¹ òåîðåìó Ðîëëÿ i áàãàòî âiäîìèõ ÿäåð ¨é íå çàäîâîëüíÿ¹. Íàïðèêëàä

ÿäðà Âåéëÿ-Íàäÿ Br,β(t) =
∞∑
k=1

k−r cos(kt− βπ/2), r > 0, β ∈ R, ïðè ïåâíèõ

ñïiââiäíîøåííÿõ ìiæ ïàðàìåòðàìè r i β, ÿäðî Ïóàññîíà Pq(t) =
∞∑
k=1

qk cos kt

ïðè q = 1
7 , ÿäðîK(t) =

∞∑
k=1

1
5kk!

cos kt òà ií. íå ¹ CVD2n-ÿäðàìè (äèâ. [31,46]).

Î.Ê. Êóøïåëåì [28, 30] áóëî çàïî÷àòêîâàíî íîâèé ìåòîä çíàõîäæåííÿ

òî÷íèõ îöiíîê çíèçó ïîïåðå÷íèêiâ êëàñiâ çãîðòîê, ïîðîäæåíèõ ÿäðàìè, ùî

ìîæóòü çáiëüøóâàòè îñöèëÿöi¨. Öåé ìåòîä ñóòò¹âî ñïèðà¹òüñÿ íà àïàðàò

SK-ñïëàéíiâ äëÿ êëàñiâ çãîðòîê, ïîðîäæåíèõ ÿäðàìè, ùî çàäîâîëüíÿþòü

òàê çâàíó óìîâó Cy,2n.
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Îçíà÷åííÿ 1.4. Êàæóòü, ùî äëÿ äåÿêîãî äiéñíîãî ÷èñëà y i ðîçáèòòÿ

∆2n ÿäðî Ψβ âèãëÿäó (1.5) çàäîâîëüíÿ¹ óìîâó Cy,2n (i çàïèñóþòü

Ψβ ∈ Cy,2n), ÿêùî äëÿ öüîãî ÿäðà iñíó¹ ¹äèíèé ôóíäàìåíòàëüíèé ñïëàéí

SΨβ,1(y, ·) i äëÿ íüîãî âèêîíóþòüñÿ ðiâíîñòi

sign(SΨβ,1(y, tk))
ψ
β = (−1)kεek, k = 0, 2n− 1,

äå tk = (xk + xk+1)/2, ek äîðiâíþ¹ àáî 0, àáî 1, à ε ïðèéìà¹ çíà÷åííÿ ±1 i

íå çàëåæèòü âiä k.

Óìîâà Cy,2n áóëà ââåäåíà Î.Ê. Êóøïåëåì [28, 30] i ôîðìóëþâàëàñü

ó òåðìiíàõ òàê çâàíîãî òâiðíîãî ïîëiíîìà äëÿ ÿäðà Ψβ. Âií æå æ

âêàçàâ äîñòàòíi óìîâè âêëþ÷åííÿ Ψβ ∈ Cy,2n. Ïiçíiøå Î.I. Ñòåïàíåöü òà

À.Ñ. Ñåðäþê (äèâ. ëåìó 2 ðîáîòè [63]) âñòàíîâèëè íîâi äîñòàòíi óìîâè

âêëþ÷åííÿ Ψβ ∈ Cy,2n äëÿ ÿäåð âèãëÿäó (1.5) ç êîåôiöi¹íòàìè, ùî

çàäîâîëüíÿþòü óìîâó
∞∑
k=1

ψ(k)

k
<∞.

Ðîçðîáëåíèé Î.Ê. Êóøïåëåì ìåòîä áàçó¹òüñÿ íà íàñòóïíié òåîðåìi.

Òåîðåìà 1.16 (Î.Ê. Êóøïåëü [30, 31]). Íåõàé ïðè äåÿêîìó n ∈ N

ôóíêöiÿ Ψβ âèãëÿäó (1.5), ùî ïîðîäæó¹ êëàñè Cψ
β,∞ òà Lψβ,1, çàäîâîëüíÿ¹

óìîâó Cy0,2n, äå y0 � òî÷êà, â ÿêié ôóíêöiÿ |(Ψβ ∗ ϕn)(t)| (ϕn(t) çàäàíà

ðiâíiñòþ (1.31)) ïðèéìà¹ ìàêñèìàëüíå çíà÷åííÿ. Òîäi

d2n(C
ψ
β,∞, C) > ‖Ψβ ∗ ϕn‖C , (1.46)

d2n−1(L
ψ
β,1, L) > ‖Ψβ ∗ ϕn‖C . (1.47)

Âií æå âñòàíîâèâ íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 1.17 (Î.Ê. Êóøïåëü [28, 30, 31]). Íåõàé β ∈ Z i êîåôiöi¹íòè

ψ(k) ôóíêöi¨ Ψβ(t) âèãëÿäó (1.5) ìàþòü âèãëÿä ψ(k) = ϕ(k)ρk,
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0 < ρ 6 1/7, äå ϕ(k) � äîâiëüíi íåçðîñòàþ÷i ôóíêöi¨ íàòóðàëüíîãî

àðãóìåíòó. Òîäi Ψβ(t) çàäîâîëüíÿ¹ óìîâó Cy0,2n, äå y0 � òî÷êà ìàêñèìóìó

ôóíêöi¨ |(Ψβ ∗ ϕn)(t)|, à, îòæå, âèêîíóþòüñÿ íåðiâíîñòi (1.46) i (1.47).

Çãîäîì äîñëiäæåííÿ ó äàíîìó íàïðÿìi áóëî ïðîäîâæåíî ó ðîáîòàõ

Â.Ò. Øåâàëäiíà [83, 85], Íãóåí Òõè Òõ'¹ó Õîà [39], Î.I. Ñòåïàíöÿ [63],

À.Ñ. Ñåðäþêà [49, 63] òà ií. Àâòîðè çàçíà÷åíèõ ðîáiò âñòàíîâèëè ôàêò

âèêîíàííÿ óìîâè Cy0,2n äëÿ ÿäåð Ψβ(t) ïðè òèõ ÷è iíøèõ îáìåæåííÿõ íà ψ

i β. ßê íàñëiäîê, âñòàíîâëåíî íàñòóïíi òâåðäæåííÿ.

Òåîðåìà 1.18 (Â.Ò. Øåâàëäií [83]). Íåõàé β ∈ R i 0 < q ≤ q(β), äå

q(β) = 0, 2, ÿêùî β ∈ Z òà q(β) = 0, 196881..., ÿêùî β ∈ R \ Z. Òîäi ïðè

âñiõ n ∈ N ìàþòü ìiñöå ðiâíîñòi

d2n(C
q
β,∞, C) = d2n−1(C

q
β,∞, C) = d2n−1(C

q
β,1, L) = En(C

q
β,∞)C = En(C

q
β,1)L =

= ‖Pq,β ∗ ϕn‖C =
4

π

∣∣∣∣∣
∞∑
ν=0

q(2ν+1)n

2ν + 1
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ ,
äå ϕn îçíà÷åíà ðiâíiñòþ (1.31), à θn = θn(q, β) � ¹äèíèé íà [0, 1) êîðiíü

ðiâíÿííÿ (1.32).

Òåîðåìà 1.19 (Â.Ò. Øåâàëäií [84, 85]). Íåõàé β ∈ R, r ≥ 1 i

n ≤ c(β)(r + 1), äå c(β) = 0, 249971..., ÿêùî β ∈ Z òà c(β) = 0, 247812...,

ÿêùî β ∈ R \ Z. Òîäi ïðè âêàçàíèõ n ∈ N ìàþòü ìiñöå ðiâíîñòi

d2n(W
r
β,∞, C) = d2n−1(W

r
β,∞, C) = d2n−1(W

r
β,1, L) =

= En(W
r
β,∞)C = En(W

r
β,1)L = ‖Br,β ∗ ϕn‖C =

Mr,β

nr
,

äå Br,β(t) òà Mr,β çàäàíi ðiâíîñòÿìè (1.24) i (1.25) âiäïîâiäíî.

Òåîðåìà 1.20 (Íãóåí Òõè Òõ'¹ó Õîà [39]). Íåõàé q ∈ (0, 1) i

Pq(t) =
∞∑
k=1

qk cos kt.
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Òîäi iñíó¹ íîìåð n(q) òàêèé, ùî äëÿ âñiõ n > n(q) âèêîíóþòüñÿ ðiâíîñòi

d2n(C
q
β,∞, C) = d2n−1(C

q
β,∞, C) = En(C

q
β,∞)C =

= ‖Pq ∗ ϕn‖C =
4

π
arctg qn.

Òåîðåìà 1.21 (Î.I. Ñòåïàíåöü, À.Ñ. Ñåðäþê [63]). Íåõàé êîåôiöi¹íòè

ψ(k) ÿäðà Ψβ(t) âèãëÿäó (1.5) çàäîâîëüíÿþòü íåðiâíîñòi

ψ(k + 1)

ψ(k)
≤ ρ(β), k = 1, 2, ...,

äå ρ(β) = 0, 2 ÿêùî β ∈ Z òà ρ(β) = 0, 193864 ÿêùî β 6∈ Z. Òîäi ïðè óñiõ

n ∈ N âèêîíóþòüñÿ íåðiâíîñòi

d2n(C
ψ
β,∞, C) > ‖Ψβ ∗ ϕn‖C ,

d2n−1(L
ψ
β,1, L) > ‖Ψβ ∗ ϕn‖C .

Òåîðåìà 1.22 (À.Ñ. Ñåðäþê [47]). Íåõàé β = 2p − 1, p ∈ Z, i

êîåôiöi¹íòè ψ(k) ìàþòü âèãëÿä

ψ(k) = ϕ(k)e−αk
r

, 0 < r < 1, α > 0, (1.48)

äå ϕ(k) � íåçðîñòàþ÷à äîäàòíà ôóíêöiÿ íàòóðàëüíîãî àðãóìåíòó, àáî

β ∈ R, β 6= 2p− 1, p ∈ Z, à ψ(k) ìà¹ âèãëÿä (1.48) i ¹ òðè÷i ìîíîòîííîþ,

òîáòî

∆ψ(k) = ψ(k)− ψ(k + 1) > 0, ∆2ψ(k) = ∆(∆ψ(k)) > 0,

∆3ψ(k) = ∆(∆2ψ(k)) > 0, k = 1, 2, . . . .

Òîäi äëÿ óñiõ n ∈ N, ùî çàäîâîëüíÿþòü óìîâó

4n1−r

αr
+

2n

(αrnr)2
6 1, ÿêùî β ∈ Z,
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àáî (
4n1−r

αr
+

2n

(αrnr)2

)(
1− 4

3
exp(−αrnr−1)

)−1

6 1, ÿêùî β 6∈ Z,

ñïðàâåäëèâi íåðiâíîñòi

d2n(C
ψ
β,∞, C) > ‖Ψβ ∗ ϕn‖C ,

d2n−1(L
ψ
β,1, L) > ‖Ψβ ∗ ϕn‖C .

Òåîðåìà 1.23 (À.Ñ. Ñåðäþê [48]). Íåõàé ôóíêöiÿ ψ(k) ¹ òðè÷i

ìîíîòîííîþ, ÿêùî β = 2p− 1, p ∈ Z, i ïîäà¹òüñÿ ó âèãëÿäi

ψ(k) = ϕ(k)k−r, r > 1,

äå ϕ(k) � íåçðîñòàþ÷à äîäàòíà ôóíêöiÿ íàòóðàëüíîãî àðãóìåíò. Òîäi

äëÿ âñiõ n ∈ N, ùî çàäîâîëüíÿþòü ñïiââiäíîøåííÿì n 6 c(β)(r + 1), äå

c(β) = 0, 24996 . . . ÿêùî β ∈ Z àáî c(β) = 0, 249839 . . . ÿêùî β 6∈ Z, ìàþòü

ìiñöå íåðiâíîñòi

d2n(C
ψ
β,∞, C) > ‖Ψβ ∗ ϕn‖C ,

d2n−1(L
ψ
β,1, L) > ‖Ψβ ∗ ϕn‖C .

Òî÷íi çíà÷åííÿ ïîïåðå÷íèêiâ êëàñiâ çãîðòîê áóëè îäåðæàíi òàêîæ â ðÿäi

iíøèõ âèïàäêiâ (äèâ., íàïðèêëàä, [49,51,53]).
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ÐÎÇÄIË 2

Òî÷íi îöiíêè êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ êëàñiâ

iíòåãðàëiâ Ïóàññîíà

Äàíèé ðîçäië äèñåðòàöiéíîãî äîñëiäæåííÿ ïðèñâÿ÷åíî âñòàíîâëåííþ

òî÷íèõ îöiíîê çíèçó ïîïåðå÷íèêiâ çà Êîëìîãîðîâèì d2n(C
q
β,∞, C) òà

d2n−1(C
q
β,1, L) ïðè äîâiëüíèõ β ∈ R, q ∈ (0, 1) i âñiõ íàòóðàëüíèõ n

ïî÷èíàþ÷è ç äåÿêîãî íîìåðà nq.

2.1. Ñóìàòîðíi çîáðàæåííÿ äëÿ (ψ, β)-ïîõiäíèõ

ôóíäàìåíòàëüíèõ SK-ñïëàéíiâ, ïîðîäæåíèõ ÿäðàìè Ψβ,1

Äëÿ âñòàíîâëåííÿ ôàêòó, ùî äåÿêå ÿäðî Ψβ(t) âèãëÿäó (1.5)

çàäîâîëüíÿ¹ óìîâó Cy,2n íåîáõiäíî îòðèìàòè ïåâíó iíôîðìàöiþ ïðî

ïîâåäiíêó ôóíêöié (SΨβ,1(y, t))
ψ
β . Ó ðîáîòi [46] îòðèìàíî çîáðàæåííÿ

ôóíêöi¨ (SΨβ,1(y, t))
ψ
β , çãiäíî ç ÿêèì çà óìîâè |λj(y)| 6= 0, j = 1, n, äëÿ

äîâiëüíîãî t ∈ (xk−1, xk) âèêîíó¹òüñÿ ðiâíiñòü

(SΨβ,1(y, t))
ψ
β =

π

4n2

(
2
n−1∑
j=1

sin jtk · ρj(y)− cos jtk · σj(y)

|λj(y)|2 sin jπ
2n

+
(−1)k+1ρn(y)

|λn(y)|2

)
,

(2.1)

äå

λj(·) = λj(ψ, β, n, ·) =
1

n

2n∑
ν=1

eijνπ/nΨβ,1(· −
νπ

n
), (2.2)

i � óÿâíà îäèíèöÿ, ρj(·) = Re(λj(·)), σj(·) = Im(λj(·)), tk = kπ
n −

π
2n .

Âñòàíîâèìî ùå îäíå çðó÷íå çîáðàæåííÿ ôóíêöi¨ (SΨβ,1(y, t))
ψ
β . Ìà¹

ìiñöå íàñòóïíå òâåðäæåííÿ.
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Ëåìà 2.1. Íåõàé β ∈ R,
∞∑
k=1

ψ(k) <∞ i y ∈ [0, πn) òàêå, ùî

|λj(y)| 6= 0, j = 1, n, (2.3)

äå λj(·) îçíà÷åíi ôîðìóëîþ (2.2). Òîäi äëÿ äîâiëüíîãî t ∈ ( (k−1)π
n , kπn ),

k = 1, 2n, âèêîíó¹òüñÿ ðiâíiñòü

(SΨβ,1(y, t))
ψ
β = (−1)k+1 π

4nψ(n)
×

×

((
1

2
+2

ψ(n)

n

n−1∑
j=1

cos j(tk − y)

|λn−j(y)| cos jπ
2n

)
sign sin(ny−βπ

2
)+γ1(y)+γ2(y)

)
, (2.4)

â ÿêié tk = kπ
n −

π
2n, à

γ1(y) = γ1(ψ, β, k, y) =
ψ(n)

n

(
z0(y)

|λn(y)|2
+ 2

n−1∑
j=1

zj(y)

|λn−j(y)|2 cos jπ
2n

)
, (2.5)

γ2(y) = γ2(ψ, β, y) = −
R0(y) n

ψ(n)

2(2 +R0(y) n
ψ(n))

sign sin(ny − βπ

2
), (2.6)

zj(y) = zj(ψ, β, k, y) = |rj(y)| cos(j(tk − y) + arg(rj(y)))−

−Rj(y) cos(j(tk − y)) sign sin(ny − βπ

2
), j = 0, n− 1, (2.7)

Rj(y) = Rj(ψ, β, y) = |λn−j(y)| − ψ(n− j)
n− j

− ψ(n+ j)

n+ j
, j = 0, n− 1, (2.8)

rj(y) =
3∑

ν=1

r
(ν)
j (y), j = 0, n− 1, (2.9)

r
(1)
j (y) = r

(1)
j (ψ, β, y) =

ψ(3n− j)ei(3ny−
(β+1)π

2 )

3n− j
+

+
∞∑
m=2

(
ψ((2m+ 1)n− j)ei((2m+1)ny− (β+1)π

2 )

(2m+ 1)n− j
+

+
ψ((2m− 1)n+ j)e−i((2m−1)ny− (β+1)π

2 )

(2m− 1)n+ j

)
, (2.10)

r
(2)
j (y) = r

(2)
j (ψ, β, y) = i

(
ψ(n+ j)

n+ j
− ψ(n− j)

n− j

)
cos(ny − βπ

2
), (2.11)
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r
(3)
j (y) = r

(3)
j (ψ, β, y) =

(
ψ(n− j)
n− j

+
ψ(n+ j)

n+ j

)
×

× (| sin(ny − βπ

2
)| − 1) sign sin(ny − βπ

2
). (2.12)

Äîâåäåííÿ. Çìiíèâøè ïîðÿäîê ïiäñóìîâóâàííÿ äîäàíêiâ ó ñóìi â

ïðàâié ÷àñòèíi ðiâíîñòi (2.1), ìà¹ìî

n−1∑
j=1

sin jtk · ρj(y)− cos jtk · σj(y)

|λj(y)|2 sin jπ
2n

=

=
n−1∑
j=1

sin(n− j)tk · ρn−j(y)− cos(n− j)tk · σn−j(y)

|λn−j(y)|2 sin (n−j)π
2n

=

= (−1)k+1
n−1∑
j=1

cos jtk · ρn−j(y)− sin jtk · σn−j(y)

|λn−j(y)|2 cos jπ
2n

. (2.13)

Ç óðàõóâàííÿì (2.1) i (2.13) äëÿ ôóíäàìåíòàëüíîãî SK-ñïëàéíà

SΨβ,1(y, t), çà óìîâè |λj(y)| 6= 0, j = 1, n, îäåðæó¹ìî çîáðàæåííÿ

(SΨβ,1(y, t))
ψ
β =

=
(−1)k+1π

4n2

(
2
n−1∑
j=1

cos jtk · ρn−j(y)− sin jtk · σn−j(y)

|λn−j(y)|2 cos jπ
2n

+
ρn(y)

|λn(y)|2

)
. (2.14)

Ïîêàæåìî, ùî âåëè÷èíè λn−j(y) âèäó (2.2) ïðè j = 0, n− 1 ìîæíà âèðàçèòè

íàñòóïíèì ÷èíîì:

λn−j(y) = e−ijy
((

ψ(n− j)
n− j

+
ψ(n+ j)

n+ j

)
sign sin(ny − βπ

2
) + rj(y)

)
,

(2.15)

äå âåëè÷èíè rj(y) çàäàþòüñÿ ðiâíîñòÿìè (2.9).

Ïåðåïèøåìî ÿäðî Ψβ,1 ó êîìïëåêñíié ôîðìi

Ψβ,1(t) = (Ψβ ∗B1)(t) =
∞∑
k=1

ψ(k)

k
cos(kt− (β + 1)π

2
) =

1

2

∞∑′

k=−∞

cke
ikt,

äå

ck =
ψ(k)

k
e−i

(β+1)π
2 , c−k =

ψ(k)

k
ei

(β+1)π
2 , k ∈ N, (2.16)
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à øòðèõ áiëÿ çíàêà ñóìè îçíà÷à¹, ùî ïðè ïiäñóìîâóâàííi âiäñóòíié äîäàíîê

ç íóëüîâèì íîìåðîì.

Ïiäñòàâèâøè ó (2.2) çàìiñòü ÿäðà Ψβ,1 éîãî ðîçêëàä ó êîìïëåêñíèé ðÿä

Ôóð'¹, îäåðæèìî

λl(y) =
1

n

2n∑
ν=1

eilνπ/n
1

2

∞∑′

k=−∞

cke
ik(y−νπ/n) =

1

2n

2n∑
ν=1

∞∑′

k=−∞

cke
i(ky+(l−k)νπ/n) =

=
1

2n

∞∑′

k=−∞

cke
iky

2n∑
ν=1

ei((l−k)νπ/n). (2.17)

Íåâàæêî ïåðåêîíàòèñü, ùî

2n∑
ν=1

ei((l−k)νπ/n) =

0, ÿêùî k 6= l − 2mn,m ∈ Z;

2n, ÿêùî k = l − 2mn,m ∈ Z.
(2.18)

Ç (2.17) òà (2.18) ïðè l = 1, n âèïëèâà¹ íàñòóïíå ïðåäñòàâëåííÿ:

λl(y) =
+∞∑

m=−∞
cl−2mne

i(l−2mn)y =
+∞∑

m=−∞
c2mn+le

i(2mn+l)y.

Çâiäñè ïðè l = n− j , j = 0, n− 1, îòðèìó¹ìî

λn−j(y) =
+∞∑

m=−∞
c(2m+1)n−je

i((2m+1)n−j)y =

= e−ijy(cn−je
iny + c−(n+j)e

−iny + r
(1)
j (y)). (2.19)

Ç óðàõóâàííÿì (2.16) ïåðåòâîðèìî ïåðøi äâà äîäàíêè â (2.19)

íàñòóïíèì ÷èíîì:

cn−je
iny + c−(n+j)e

−iny =
ψ(n− j)
n− j

ei(ny−
(β+1)π

2 ) +
ψ(n+ j)

n+ j
e−i(ny−

(β+1)π
2 ) =

=

(
ψ(n− j)
n− j

+
ψ(n+ j)

n+ j

)
cos(ny − (β + 1)π

2
)+

+i

(
ψ(n− j)
n− j

− ψ(n+ j)

n+ j

)
sin(ny − (β + 1)π

2
) =
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=

(
ψ(n− j)
n− j

+
ψ(n+ j)

n+ j

)
sin(ny − βπ

2
) + r

(2)
j (y). (2.20)

Çàïèñàâøè sin(ny − βπ
2 ) ó âèãëÿäi

sin

(
ny − βπ

2

)
= | sin(ny − βπ

2
)| sign sin(ny − βπ

2
), (2.21)

ç (2.20) ìà¹ìî

cn−je
iny + c−(n+j)e

−iny =

(
ψ(n− j)
n− j

+
ψ(n+ j)

n+ j

)
sign sin(ny − βπ

2
)+

+

(
ψ(n− j)
n− j

+
ψ(n+ j)

n+ j

)
(| sin(ny− βπ

2
)| − 1) sign sin(ny− βπ

2
) + r

(2)
j (y) =

=

(
ψ(n− j)
n− j

+
ψ(n+ j)

n+ j

)
sign sin(ny − βπ

2
) + r

(2)
j (y) + r

(3)
j (y). (2.22)

Ðiâíîñòi (2.19) òà (2.22) äîâîäÿòü ôîðìóëó (2.15).

Ïåðåòâîðèìî ÷èñåëüíèê êîæíîãî äîäàíêà â ïðàâié ÷àñòèíi ðiâíîñòi

(2.14). Äëÿ öüîãî, ç óðàõóâàííÿì (2.15), çàïèøåìî

ρn−j(y) = Re(λn−j(y)) =

=

(
ψ(n− j)
n− j

+
ψ(n+ j)

n+ j

)
cos jy sign sin(ny− βπ

2
)+Re(e−ijyrj(y)); (2.23)

σn−j(y) = Im(λn−j(y)) =

= −
(
ψ(n− j)
n− j

+
ψ(n+ j)

n+ j

)
sin jy sign sin(ny − βπ

2
) + Im(e−ijyrj(y)).

(2.24)

Çàñòîñîâóþ÷è (2.23) òà (2.24), îòðèìó¹ìî

cos jtk · ρn−j(y)− sin jtk · σn−j(y) =

=

(
ψ(n− j)
n− j

+
ψ(n+ j)

n+ j

)
cos(j(tk − y)) sign sin(ny − βπ

2
)+

+ cos jtk · Re(e−ijyrj(y))− sin jtk · Im(e−ijyrj(y)) =

=

(
ψ(n− j)
n− j

+
ψ(n+ j)

n+ j
+Rj(y)

)
cos(j(tk − y)) sign sin(ny − βπ

2
)+
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+ zj(y) = |λn−j(y)| cos(j(tk − y)) sign sin(ny − βπ

2
) + zj(y), (2.25)

äå

zj(y) = cos jtk · Re(e−ijyrj(y))− sin jtk · Im(e−ijyrj(y))−

−Rj(y) cos(j(tk − y)) sign sin(ny − βπ

2
),

à Rj(y) îçíà÷åíi ó (2.8).

Â ñèëó î÷åâèäíî¨ ðiâíîñòi

e−ijyrj(y) = |rj(y)|(cos(arg(rj(y))− jy) + i sin(arg(rj(y))− jy))

âåëè÷èíó zj(y) ìîæíà çîáðàçèòè ó âèãëÿäi (2.7).

Ïðè j = 0 ôîðìóëà (2.15) ïåðåòâîðþ¹òüñÿ â íàñòóïíó ðiâíiñòü:

λn(y) = 2
ψ(n)

n
sign sin(ny − βπ

2
) + r0(y), (2.26)

äå r0(y) âèçíà÷à¹òüñÿ ôîðìóëîþ (2.9), ó ÿêié

r
(1)
0 (y) = 2

∞∑
m=2

ψ((2m− 1)n)

(2m− 1)n
cos((2m− 1)ny − (β + 1)π

2
), (2.27)

r
(2)
0 (y) = 0, (2.28)

r
(3)
0 (y) = 2

ψ(n)

n
(| sin(ny − βπ

2
)| − 1) sign sin(ny − βπ

2
). (2.29)

Ç (2.26)�(2.29) âèïëèâà¹, ùî σn(y) = 0 i òîìó

ρn(y) = λn(y) = 2
ψ(n)

n
sign sin(ny − βπ

2
) + r0(y).

Çâiäñè, âðàõîâóþ÷è (2.7) òà (2.8), ìîæíà çàïèñàòè

ρn(y) =

(
2
ψ(n)

n
+R0(y)

)
sign sin(ny − βπ

2
) + z0(y) =

= |λn(y)| sign sin(ny − βπ

2
) + z0(y), (2.30)
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äå

z0(y) = r0(y)−R0(y) sign sin(ny − βπ

2
).

Iç çîáðàæåííÿ (2.14) i ðiâíîñòåé (2.25) òà (2.30) îòðèìó¹ìî

(SΨβ,1(y, t))
ψ
β =

=
(−1)k+1π

4nψ(n)

(
sign sin(ny − βπ

2
)

(
2
ψ(n)

n

n−1∑
j=1

cos j(tk − y)

|λn−j(y)| cos jπ
2n

+
ψ(n)

n|λn(y)|

)
+

+2
ψ(n)

n

n−1∑
j=1

zj(y)

|λn−j(y)|2 cos jπ
2n

+
ψ(n)z0(y)

n|λn(y)|2

)
=

=
(−1)k+1π

4nψ(n)

(
sign sin(ny − βπ

2
)×

×

(
2
ψ(n)

n

[
√
n]∑

j=1

cos j(tk − y)

|λn−j(y)| cos jπ
2n

+
ψ(n)

n|λn(y)|

)
+ γ1(y)

)
. (2.31)

Â ñèëó (2.8)

ψ(n) sign sin(ny − βπ
2 )

n|λn(y)|
=
sign sin(ny − βπ

2 )

2 +R0(y) n
ψ(n)

=

=

(
1

2
−

R0(y) n
ψ(n)

2(2 +R0(y) n
ψ(n))

)
sign sin(ny − βπ

2
) =

=
1

2
sign sin(ny − βπ

2
) + γ2(y). (2.32)

Iç (2.31) òà (2.32) îòðèìó¹ìî (2.4). Ëåìó äîâåäåíî.

Ëåìà 2.1 äîçâîëÿ¹ îäåðæàòè çðó÷íå äëÿ ïîäàëüøèõ äîñëiäæåíü

çîáðàæåííÿ âåëè÷èí (SΨβ,1(y, t))
ψ
β , ùî ïîðîäæóþòüñÿ ÿäðàìè Ψβ âèãëÿäó

(1.5), êîåôiöi¹íòè ψ(k) ÿêèõ íàëåæàòü ìíîæèíi Dq, òîáòî âèêîíó¹òüñÿ

óìîâà (1.10).
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Ëåìà 2.2. Íåõàé ψ ∈ Dq, q ∈ (0, 1), β ∈ R, y ∈ [0, πn). Òîäi ïðè

âèêîíàííi óìîâè (2.3) äëÿ äîâiëüíîãî t ∈ ( (k−1)π
n , kπn ), k = 1, 2n, ñïðàâåäëèâà

ðiâíiñòü

(SΨβ,1(y, t))
ψ
β = (−1)k+1 π

4nψ(n)

(
Pq(tk− y) sign sin(ny− βπ

2
) +

5∑
m=1

γm(y)

)
,

(2.33)

â ÿêié tk = kπ
n −

π
2n, Pq(t) � ÿäðî àíàëiòè÷íî ïðîäîâæóâàíèõ â ñìóãó

ôóíêöié:

Pq(t) =
1

2
+ 2

∞∑
j=1

cos jt

qj + q−j
, q ∈ (0, 1), (2.34)

âåëè÷èíè γ1(y) òà γ2(y) çàäàíi ðiâíîñòÿìè (2.5) i (2.6) âiäïîâiäíî, à

γ3(y) = γ3(ψ, β, k, y) = 2
n−1∑

j=[
√
n]+1

cos j(tk − y)
n

ψ(n)|λn−j(y)| cos jπ
2n

sign sin(ny − βπ

2
),

(2.35)

γ4(y) = γ4(ψ, β, k, y) = −2

[
√
n]∑

j=1

δj(y) cos j(tk − y)
n

ψ(n)|λn−j(y)| cos jπ
2n

sign sin(ny − βπ

2
), (2.36)

γ5(y) = γ5(q, β, k, y) = −2
∞∑

j=[
√
n]+1

cos j(tk − y)

qj + q−j
sign sin(ny − βπ

2
), (2.37)

δj(y) = δj(ψ, y) =
n|λn−j(y)| cos jπ

2n

(q−j + qj)ψ(n)
− 1, j = 1, [

√
n], (2.38)

[a] � öiëà ÷àñòèíà ÷èñëà a.

Äîâåäåííÿ. Çãiäíî ç (2.35)

2
ψ(n)

n

n−1∑
j=1

cos j(tk − y)

|λn−j(y)| cos jπ
2n

sign sin(ny − βπ

2
) =

= 2
ψ(n)

n

[
√
n]∑

j=1

cos j(tk − y)

|λn−j(y)| cos jπ
2n

sign sin(ny − βπ

2
) + γ3(y). (2.39)
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Äàëi â ñèëó ôîðìóë (2.36)�(2.38) ìîæíà çàïèñàòè ðiâíîñòi

2
ψ(n)

n

[
√
n]∑

j=1

cos j(tk − y)

|λn−j(y)| cos jπ
2n

sign sin(ny − βπ

2
) =

= 2

[
√
n]∑

j=1

cos j(tk − y)

(qj + q−j)(1 + δj(y))
sign sin(ny − βπ

2
) =

=

2

[
√
n]∑

j=1

cos j(tk − y)

qj + q−j
− 2

[
√
n]∑

j=1

δj(y) cos j(tk − y)

(qj + q−j)(1 + δj(y))

 sign sin(ny − βπ

2
) =

=

(
Pq(tk − y)− 1

2

)
sign sin(ny − βπ

2
) + γ4(y) + γ5(y), (2.40)

Iç (2.4), (2.39) òà (2.40) îòðèìó¹ìî (2.33). Ëåìó äîâåäåíî.
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2.2. Îöiíêè çíèçó êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ êëàñiâ

iíòåãðàëiâ Ïóàññîíà

Äëÿ êîæíîãî ôiêñîâàíîãî q ∈ (0, 1) ïîçíà÷èìî ÷åðåç nq íàéìåíøèé ç

íîìåðiâ n > 9, äëÿ ÿêèõ âèêîíó¹òüñÿ íåðiâíiñòü

43

10(1− q)
q
√
n +

q

(1− q)2
min

{
160

57(n−
√
n)
,

8

3n− 7
√
n

}
6

6

(
1

2
+

2q

(1 + q2)(1− q)

)(
1− q
1 + q

) 4
1−q2

. (2.41)

Òåîðåìà 2.1. Íåõàé q ∈ (0, 1). Òîäi äëÿ äîâiëüíîãî β ∈ R òà âñiõ

íîìåðiâ n > nq ìàþòü ìiñöå îöiíêè

d2n(C
q
β,∞, C) > ‖Pq,β ∗ ϕn‖C , (2.42)

d2n−1(C
q
β,1, L) > ‖Pq,β ∗ ϕn‖C , (2.43)

â ÿêèõ ϕn îçíà÷åíà ðiâíiñòþ (1.31).

Äîâåäåííÿ. Âiäïîâiäíî äî òåîðåìè 1.16 äîñòàòíüî ïîêàçàòè, ùî äëÿ

äîâiëüíèõ q ∈ (0, 1), β ∈ R i âñiõ íîìåðiâ n > nq ÿäðà Ïóàññîíà Pq,β(t)

çàäîâîëüíÿþòü óìîâó Cy0,2n, äå y0 � òî÷êà, â ÿêié ôóíêöiÿ |Φq,β,n(·)|, äå

Φq,β,n(·) = (Pq,β ∗ϕn)(·), à ϕn(·) çàäàíà ðiâíiñòþ (1.31), äîñÿãà¹ íàéáiëüøîãî

çíà÷åííÿ, òîáòî

|Φq,β,n(y0)| = |(Pq,β ∗ ϕn)(y0)| = ‖Pq,β ∗ ϕn‖C .

Ôóíêöiÿ

Φq,β,n(·) = (Pq,β ∗ ϕn)(·) =
4

π

∞∑
ν=0

q(2ν+1)n

2ν + 1
sin

(
(2ν + 1)n · −βπ

2

)
,

ïåðiîäè÷íà ç ïåðiîäîì 2π/n i òàêà, ùî Φq,β,n(·+
π

n
) = −Φq,β,n(·). Òîìó

ìàêñèìàëüíå çíà÷åííÿ π/n-ïåðiîäè÷íî¨ ôóíêöi¨ |Φq,β,n(·)| íà [0,
π

n
)
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äîñÿãà¹òüñÿ ó òî÷öi y0 = y0(n, q, β) =
θnπ

n
, äå θn � êîðiíü ðiâíÿííÿ (1.32),

θn ∈ [0, 1). Îñêiëüêè |Φq,β,n(·)| = |Φq,β+2,n(·)|, òî, íå çìåíøóþ÷è çàãàëüíîñòi,

ìîæíà ââàæàòè, ùî β ∈ [0, 2). Äëÿ âêàçàíèõ çíà÷åíü β ¹äèíèé íà [0, 1)

êîðiíü ðiâíÿííÿ (1.32) ìîæíà çàïèñàòè â ÿâíîìó âèãëÿäi íàñòóïíèì ÷èíîì:

θn = 1− [β]− 1

π
arcsin

(1− q2n) cos
βπ

2√
1− 2q2n cos βπ + q4n

, β ∈ [0, 2), (2.44)

äå [a] � öiëà ÷àñòèíà ÷èñëà a.

Ôóíêöi¨ Ψβ,1(t) âèãëÿäó (1.16), ÿêi ïîðîäæóþòüñÿ ÿäðàìè Ïóàññîíà

Ψβ(t) = Pq,β(t), ïîçíà÷àòèìåìî ÷åðåç Pq,β,1(t), à ôóíäàìåíòàëüíèé SK-

ñïëàéí SΨβ,1(y, ·) � ÷åðåç SP q,β,1(y, ·).

Íàñòóïíå òâåðäæåííÿ ìiñòèòü îöiíêó çâåðõó ñóìè
5∑

k=1

|γk(y0)| ó âèïàäêó,

êîëè ψ(k) = qk, q ∈ (0, 1).

Ëåìà 2.3. Íåõàé ψ(k) = qk, q ∈ (0, 1), β ∈ R, y0 = y0(n, q, β) =
θnπ

n
,

äå θn � êîðiíü ðiâíÿííÿ (1.32) i θn ∈ [0, 1), à âåëè÷èíè γk(y0), k = 1, 5

çàäàþòüñÿ ðiâíîñòÿìè (2.5), (2.6), (2.35)�(2.37) ïðè ψ(k) = qk. Òîäi ïðè

n > 9 òà ïðè âèêîíàííi óìîâè

qn

1− q2n
6

7q
√
n

37n2
(2.45)

äëÿ äîâiëüíîãî t ∈ ( (k−1)π
n , kπn ), k = 1, 2n, ìà¹ ìiñöå çîáðàæåííÿ

(SΨβ,1(y0, t))
ψ
β =

= (−1)k+1 π

4nqn

(
Pq(tk − y0) sign sin(ny0 −

βπ

2
) +

5∑
l=1

γl(y0)

)
, (2.46)

òà ñïðàâåäëèâà îöiíêà
5∑

k=1

|γk(y0)| 6

6
43

10(1− q)
q
√
n +

q

(1− q)2
min

{
160

57(n−
√
n)
,

8

3n− 7
√
n

}
. (2.47)
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Äîâåäåííÿ. ßê âèïëèâà¹ ç (2.44) (äèâ. òàêîæ [65, ñ. 114]), âèêîíóþòüñÿ

âêëþ÷åííÿ

ny0 ∈ [
π

2
, π) ïðè β ∈ [0, 1) ∪ [2, 3), (2.48)

ny0 ∈ [0,
π

2
) ïðè β ∈ [1, 2) ∪ [3, 4). (2.49)

Òîäi, çãiäíî ç ðiâíiñòþ (19) ðîáîòè [62] i ëåìîþ 2 iç [62], |λj(y0)| 6= 0, j = 1, n.

Îòæå, âiäïîâiäíî äî ëåìè 2.2, ìà¹ ìiñöå çîáðàæåííÿ (2.46).

Îöiíèìî îêðåìî êîæåí ç äîäàíêiâ |γk(y0)|, k = 1, 5. Äëÿ öüîãî ñïî÷àòêó

çíàéäåìî îöiíêè çâåðõó âåëè÷èí |rj(y0)| òà |Rj(y0)| ïðè j = 0, n− 1.

Âðàõîâóþ÷è, ùî âíàñëiäîê îïóêëîñòi ïîñëiäîâíîñòi
qk

k
âèêîíó¹òüñÿ

íåðiâíiñòü
qk−j

k − j
+

qk+j

k + j
<

qk−n

k − n
+

qk+n

k + n
, k > n, j = 0, n− 1, ç (2.10)

çíàõîäèìî

|r(1)
j (y0)| 6

q3n−j

3n− j
+
∞∑
m=2

(
q(2m+1)n−j

(2m+ 1)n− j
+

q(2m−1)n+j

(2m− 1)n+ j

)
=

=
∞∑
m=1

(
q(2m+1)n−j

(2m+ 1)n− j
+

q(2m+1)n+j

(2m+ 1)n+ j

)
6

6
∞∑
m=1

(
q2mn

2mn
+

q2(m+1)n

2(m+ 1)n

)
=

=
q2n

2n
+
∞∑
m=2

q2mn

mn
6

1

2n

∞∑
m=1

q2mn =
q2n

2n(1− q2n)
. (2.50)

Îñêiëüêè y0 =
θnπ

n
, òî ç (1.32) îòðèìó¹ìî∣∣∣∣cos

(
ny0 −

βπ

2

)∣∣∣∣ =

∣∣∣∣∣
∞∑
ν=1

q2νn cos

(
(2ν + 1)ny0 −

βπ

2

)∣∣∣∣∣ 6
6

∞∑
ν=1

q2νn =
q2n

1− q2n
. (2.51)

Ç (2.11) òà (2.51) ìà¹ìî

|r(2)
j (y0)| 6 | cos(ny0 −

βπ

2
)|
(
qn−j

n− j
− qn+j

n+ j

)
6
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6
q2n

1− q2n

(
q − q2n−1

2n− 1

)
. (2.52)

Ç (2.51) âèïëèâà¹, ùî

0 6 1− | sin(ny0 −
βπ

2
)| 6 | cos(ny0 −

βπ

2
)| 6 q2n

1− q2n
. (2.53)

Iç (2.12) òà (2.53) çíàõîäèìî

|r(3)
j (y0)| 6

q2n

1− q2n

(
q +

q2n−1

2n− 1

)
. (2.54)

Îòæå, äëÿ âåëè÷èíè rj(y0) ç (2.50), (2.52) òà (2.54) âèïëèâà¹ îöiíêà

|rj(y0)| 6 |
3∑

ν=1

r
(ν)
j (y0)| 6

6
q2n

1− q2n

(
2q +

1

2n

)
6

37q2n

18(1− q2n)
, j = 0, n− 1. (2.55)

Ïðè j = 0 îöiíêó (2.55) ìîæíà ïîêðàùèòè. Äiéñíî, â ñèëó (2.27) òà

(2.29) ïðè j = 0 ìà¹ìî

|r(1)
0 (y0)| 6 2

∞∑
m=2

q(2m−1)n

(2m− 1)n
6

2

3n

∞∑
m=2

q(2m−1)n =
2

3n

q3n

1− q2n
,

∣∣∣r(3)
0 (y0)

∣∣∣ 6 2q3n

n(1− q2n)
.

Òîäi, âðàõîâóþ÷è (2.28),

|r0(y0)| 6 |r(1)
0 (y0) + r

(3)
0 (y0)| 6

8

3n

q3n

1− q2n
. (2.56)

Iç (2.15) äëÿ âåëè÷èíè |Rj(y0)| âèãëÿäó (2.8) îòðèìó¹ìî çîáðàæåííÿ

|λn−j(y0)| =
∣∣∣∣(−1)s

(
qn−j

n− j
+

qn+j

n+ j

)
+ rj(y0)

∣∣∣∣ ,
ç ÿêîãî áåçïîñåðåäíüî âèïëèâàþòü îöiíêè

|λn−j(y0)| 6
qn−j

n− j
+

qn+j

n+ j
+ |rj(y0)|, (2.57)
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|λn−j(y0)| >
qn−j

n− j
+

qn+j

n+ j
− |rj(y0)|. (2.58)

Â ñèëó (2.8), (2.57) òà (2.58)

|Rj(y0)| 6 |rj(y0)|, j = 0, n− 1. (2.59)

Ïåðåéäåìî äî îöiíêè âåëè÷èíè |γ1(y0)|. Âðàõîâóþ÷è, ùî äëÿ x ∈ [0,
π

2
)

ñïðàâäæó¹òüñÿ íåðiâíiñòü cosx > 1− 2x

π
> 0, îòðèìó¹ìî

cos
jπ

2n
> 1− j

n
=
n− j
n

, j = 0, n− 1. (2.60)

Âçÿâøè äî óâàãè îöiíêè (2.58), (2.55) òà (2.60), ìà¹ìî

n

qn
|λn−j(y0)| cos

jπ

2n
>

n

qn

(
qn−j

n− j
+

qn+j

n+ j
− 37q2n

18(1− q2n)

)
n− j
n

=

= q−j +
n− j
n+ j

qj − 37(n− j)qn

18(1− q2n)
. (2.61)

Îñêiëüêè ïðè n > 9

9q−j

10
>

9

10
>

7

9
>

7q
√
n

n
,

òî ç óìîâè (2.45) âèïëèâà¹ íåðiâíiñòü

9q−j

370n
>

qn

1− q2n
,

ÿêà åêâiâàëåíòíà íàñòóïíié íåðiâíîñòi:

q−j

20
>

37nqn

18(1− q2n)
, j = 0, n− 1. (2.62)

Â ñèëó (2.62) âèêîíóþòüñÿ îöiíêè

q−j +
n− j
n+ j

qj − 37(n− j)qn

18(1− q2n)
=

=
19

20
q−j +

q−j

20
+
n− j
n+ j

qj − 37(n− j)qn

18(1− q2n)
>

19

20
q−j, j = 0, n− 1. (2.63)
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Îá'¹äíóþ÷è (2.61) òà (2.63), ìà¹ìî

n

qn
|λn−j(y0)| cos

jπ

2n
>

19q−j

20
. (2.64)

Òîìó, âçÿâøè äî óâàãè (2.64), ç (2.35) çíàõîäèìî

|γ1(y0)| 6
40

19

n−1∑
j=[
√
n]+1

qj =
40(q[

√
n]+1 − qn−1)

19(1− q)
6

40q
√
n

19(1− q)
. (2.65)

Îöiíèìî âåëè÷èíó |γ2(y0)|. Âçÿâøè äî óâàãè îöiíêè (2.55), (2.58), (2.60)

òà (2.63), ìà¹ìî
n

qn
|λn−j(y0)|2 cos

jπ

2n
>

>
n

qn

(
qn−j

n− j
+

qn+j

n+ j
− 37q2n

18(1− q2n)

)2
n− j
n

=

=
qn

n− j

(
q−j +

n− j
n+ j

qj − 37(n− j)qn

18(1− q2n)

)2

>
361qn−2j

400n
. (2.66)

Ç (2.59) i (2.7) âèïëèâà¹, ùî |zj(y0)| 6 2|rj(y0)|. Òîìó âðàõîâóþ÷è (2.55),

(2.66) òà óìîâó (2.45), ç (2.5) îäåðæó¹ìî

|γ2(y0)| 6
1600

361
max

06j6n−1
|rj(y0)|

n

qn

n−1∑
j=0

q2j <
29600nqn

3249(1− q2n)

∞∑
j=0

q2j 6

6
29600n

3249

7q
√
n

37n2

1

1− q2
6

5600

3249n
q
√
n 1

1− q2
. (2.67)

Îöiíèìî |γ3(y0)|. Ç óìîâè (2.45) ïðè n > 9 âèïëèâà¹ íåðiâíiñòü

q2n ≤ 49

8982009
.

Òîäi ç (2.6), (2.59), (2.56) i (2.45) îòðèìó¹ìî

|γ3(y0)| 6

8q2n

3(1− q2n)

2

∣∣∣∣2− 8q2n

3(1− q2n)

∣∣∣∣ =
2q2n

3− 7q2n
=

1− q2n

3− 7q2n

2q2n

1− q2n
=



53

=

(
1

7
+

4

7(3− 7q2n)

)
2q2n

1− q2n
<

<
3

7

2q2n

1− q2n
<

6qn+
√
n

37n2
. (2.68)

Ïåðø íiæ îöiíèòè âåëè÷èíó |γ4(y0)| âñòàíîâèìî îöiíêè çâåðõó äëÿ

|δj(y0)| âèãëÿäó (2.38). Â ñèëó (2.8)

n

qn
|λn−j(y0)| cos

jπ

2n
=

=

(
n

n− j
qn−j

qn
+

n

n+ j

qn+j

qn
+Rj(y0)

n

qn

)
cos

jπ

2n
=

=

(
(1 +

j

n− j
)q−j + (1− j

n+ j
)qj +Rj(y0)

n

qn

)
cos

jπ

2n
=

= (q−j + qj)(1− 2 sin2 jπ

4n
)+

+

(
j

n− j
q−j − j

n+ j
qj +Rj(y0)

n

qn

)
cos

jπ

2n
. (2.69)

Ç (2.38), (2.55), (2.59), (2.69) òà îïóêëîñòi ïîñëiäîâíîñòi qk äëÿ âåëè÷èí

|δj(y0)| âèïëèâàþòü íåðiâíîñòi

|δj(y0)| 6 2 sin2 jπ

4n
+

1

q−j + qj

(
j

n− j
q−j +

j

n− j
qj + |Rj(y0)|

n

qn

)
6

6 2

(
jπ

4n

)2

+
j

n− j
+

n|rj(y0)|
qn−j + qn+j

6
j2π2

8n2
+

j

n− j
+

37nqn

36(1− q2n)
=

=
4j

3(n− j)
+

(
j2π2

8n2
+

37nqn

36(1− q2n)
− j

3(n− j)

)
. (2.70)

Ïîêàæåìî, ùî äëÿ óñiõ j = 1, [
√
n] âèðàç ó äóæêàõ â ïðàâié ÷àñòèíi

(2.70) âiä'¹ìíèé, òîáòî ìà¹ ìiñöå íåðiâíiñòü

j

3(n− j)
− j2π2

8n2
>

37nqn

36(1− q2n)
. (2.71)

Òîäi ç (2.70) i (2.71) âèïëèâàòèìå, ùî

|δj(y0)| 6
4j

3(n− j)
. (2.72)
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Äiéñíî, ïðè êîæíîìó ôiêñîâàíîìó x > 9 ôóíêöiÿ

f(x, τ) =
τ

3(x− τ)
− τ 2π2

8x2

îïóêëà âãîðó íà [1,
√
x]. Òîìó âîíà íàáóâà¹ íàéìåíøîãî çíà÷åííÿ ïðè τ = 1

àáî τ =
√
x. Ðîçãëÿíåìî ðiçíèöþ f(x, 1)− f(x,

√
x) ïðè x > 9:

f(x, 1)− f(x,
√
x) =

1

3(x− 1)
− π2

8x2
−

√
x

3(x−
√
x)

+
xπ2

8x2
=

=
−8x2

√
x+ 3π2(x− 1)2

24x2(x− 1)
. (2.73)

Îñêiëüêè, ÿê íå âàæêî ïåðåêîíàòèñÿ, ôóíêöiÿ g(x) = −8x2
√
x+3π2(x−1)2

ñïàäà¹ íà [9,+∞) i g(9) < 0, òî â ñèëó (2.73) f(x, 1) − f(x,
√
x) < 0. Ïðè

n > 9, ç óðàõóâàííÿì (2.45), ìà¹ìî äëÿ âñiõ j = 1, [
√
n]

j

3(n− j)
− j2π2

8n2
>

1

3(n− 1)
− π2

8n2
>

1

3n

(
1− π2

24

)
>

>
7

36n
>

7q
√
n

36n
>

37nqn

36(1− q2n)
.

Çâiäñè âèïëèâà¹ ñïðàâåäëèâiñòü (2.71), à îòæå, i (2.72).

Ôîðìóëè (2.36), (2.64) òà (2.72) äîçâîëÿþòü îäåðæàòè ïðè n > 9

íàñòóïíó îöiíêó âåëè÷èíè γ4(y0):

|γ4(y0)| 6 2

[
√
n]∑

j=1

4j

3(n− j)
19q−j

20

=
160

57

[
√
n]∑

j=1

j

n− j
qj 6

6
160

57(n−
√
n)

[
√
n]∑

j=1

jqj <
160

57(n−
√
n)

∞∑
j=1

jqj <

<
160

57(n−
√
n)

q

(1− q)2
. (2.74)

Ïîðÿä ç (2.74) ìîæíà îòðèìàòè òàêîæ iíøó îöiíêó çâåðõó âåëè÷èíè

γ4(y0). Çàïèñàâøè ðiâíiñòü (2.38) ó âèãëÿäi

n

qn
|λn−j(y0)| cos

jπ

2n
= (qj + q−j)(1 + δj(y0)),
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ç (2.36) òà (2.72) îäåðæó¹ìî, ùî ïðè n > 9

|γ4(y0)| 6 2

[
√
n]∑

j=1

4j

3(n− j)

|1− 4j

3(n− j)
|
qj = 2

[
√
n]∑

j=1

4j

3n− 7j
qj 6

6
8

3n− 7
√
n

[
√
n]∑

j=1

jqj <
8

3n− 7
√
n

∞∑
j=1

jqj <

<
8

3n− 7
√
n

q

(1− q)2
. (2.75)

Ç (2.74) òà (2.75) îòðèìó¹ìî

|γ4(y0)| <
q

(1− q)2
min

{
160

57(n−
√
n)
,

8

3n− 7
√
n

}
. (2.76)

Â ñèëó (2.37) äëÿ âåëè÷èíè |γ5(y0)| ìà¹ìî

|γ5(y0)| 6 2
∞∑

j=[
√
n]+1

qj = 2
q[
√
n]+1

1− q
< 2

q
√
n

1− q
. (2.77)

Âçÿâøè äî óâàãè îöiíêè (2.65), (2.67), (2.68), (2.76) òà (2.77), ïðè n > 9

îäåðæèìî
5∑

k=1

|γk(y0)| <

<
40q

√
n

19(1− q)
+

5600

3249n
q
√
n 1

1− q2
+

6qn+
√
n

37n2
+

+
q

(1− q)2
min

{
160

57(n−
√
n)
,

8

3n− 7
√
n

}
+

2q
√
n

1− q
<

<
q
√
n

1− q
(2,1053 + 0,1916 + 0,0021 + 2)+

+
q

(1− q)2
min

{
160

57(n−
√
n)
,

8

3n− 7
√
n

}
<

<
43

10(1− q)
q
√
n +

q

(1− q)2
min

{
160

57(n−
√
n)
,

8

3n− 7
√
n

}
.

Ëåìó äîâåäåíî.
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Íàñòóïíà ëåìà ìiñòèòü îöiíêó çíèçó ìiíiìàëüíîãî çíà÷åííÿ ÿäðà Pq(·)

âèãëÿäó (2.34).

Ëåìà 2.4. Íåõàé q ∈ (0, 1). Òîäi äëÿ äîâiëüíîãî x ∈ R ìà¹ ìiñöå

íåðiâíiñòü

Pq(x) >

(
1

2
+

2q

(1 + q2)(1− q)

)(
1− q
1 + q

) 4
1−q2

. (2.78)

Äîâåäåííÿ. Âèêîðèñòà¹ìî íàñòóïíå çîáðàæåííÿ äëÿ ÿäðà Pq(x), ÿêå

âèâîäèòüñÿ ó òåîði¨ åëiïòè÷íèõ ôóíêöié (äèâ., íàïðèêëàä, [19, ñ. 925]):

Pq(x) =
K

π
dn

(
Kx

π

)
, (2.79)

äå

K = π

(
1

2
+ 2

∞∑
j=1

qj

1 + q2j

)
. (2.80)

Çãiäíî ç ôîðìóëîþ (8.146.22) iç [19, ñ. 926], ìà¹ìî

dn

(
Kx

π

)
= exp

{
−8

∞∑
j=1

1

2j − 1

q2j−1

1− q2(2j−1)
sin2 2j − 1

2
x

}
, (2.81)

Â ñèëó ðiâíîñòi
∞∑
ν=1

q2ν−1

2ν − 1
=

1

2
ln

1 + q

1− q

(äèâ., íàïðèêëàä, [19, ñ. 58]) ñïðàâåäëèâà îöiíêà

∞∑
j=1

1

2j − 1

q2j−1

1− q2(2j−1)
sin2 2j − 1

2
x <

<
1

1− q2

∞∑
j=1

q2j−1

2j − 1
=

1

1− q2

1

2
ln

1 + q

1− q
. (2.82)

Ç (2.81) i (2.82) âèïëèâà¹ íåðiâíiñòü

dn

(
Kx

π

)
>

(
1− q
1 + q

) 4
1−q2

, (2.83)
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à ç (2.80) � íåðiâíiñòü

K

π
>

1

2
+

2

1 + q2

∞∑
j=1

qj =
1

2
+

2q

(1 + q2)(1− q)
. (2.84)

Ôîðìóëè (2.79), (2.83) i (2.84) äîâîäÿòü (2.78). Ëåìó äîâåäåíî.

Ç äîâåäåíèõ âèùå ëåì 2.1�2.4 âèïëèâà¹, ùî ïðè n > 9 çà óìîâ (2.41) òà

(2.45)

Pq(tk − y0) +
5∑

m=1

γm(y0) > 0. (2.85)

Â ñèëó çîáðàæåííÿ (2.46), à òàêîæ íåðiâíîñòi (2.85) ðîáèìî âèñíîâîê, ùî

ïðè n > 9 çà âèêîíàííÿ óìîâ (2.41) òà (2.45) ñïðàâåäëèâå âêëþ÷åííÿ

Pq,β(t) ∈ Cy0,2n.

Çàçíà÷èìî, ùî ïðè q ∈
(

0,
91

250

]
óìîâà (2.45) âèêîíó¹òüñÿ äëÿ äîâiëüíèõ

n > 9. Äëÿ òîãî, ùîá ó öüîìó ïåðåêîíàòèñü äîñèòü ïîìiòèòè, ùî

ïîñëiäîâíiñòü

ξ(n) = (n−
√
n) ln

91

250
+ 2 lnn− ln

(
7

37

(
1−

(
91

250

)18
))

ìîíîòîííî ñïàäíà ïðè n > 9 i ξ(9) < 0. Òîìó ïðè n > 9

(n−
√
n) ln

91

250
+ 2 lnn− ln

(
7

37

(
1−

(
91

250

)18
))

< 0. (2.86)

Íåðiâíiñòü (2.86) åêâiâàëåíòíà íåðiâíîñòi(
91

250

)n−√n
1−

(
91

250

)18 <
7

37n2
,

à, òîìó ïðè q ∈
(

0,
91

250

]

qn−
√
n

1− q2n
<

(
91

250

)n−√n
1−

(
91

250

)18 <
7

37n2
.
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Îòæå, äëÿ äîâåäåííÿ òåîðåìè 2.1 äîñòàòíüî ïîêàçàòè, ùî ïðè n > 9 i

q ∈
(

91

250
, 1

)
ìà¹ ìiñöå iìïëiêàöiÿ

(2.41)⇒ (2.45). (2.87)

Äîâåäåìî âêàçàíó iìïëiêàöiþ ñïî÷àòêó äëÿ íîìåðiâ n òàêèõ, ùî

min

{
8

3n− 7
√
n
,

160

57(n−
√
n)

}
=

160

57(n−
√
n)
.

Îñêiëüêè
1

2
+

2q

(1 + q2)(1− q)
6

1 + q

1− q
, (2.88)

òî ç (2.41) âèïëèâà¹ íåðiâíiñòü

160

57(n−
√
n)

q

(1− q)2
<

(
1− q
1 + q

) 4
1−q2−1

,

à, îòæå, é åêâiâàëåíòíà ¨é íåðiâíiñòü

n−
√
n− 160q

57(1− q)2

(
1 + q

1− q

) 4
1−q2−1

> 0. (2.89)

Iç (2.89) âèïëèâà¹

n >
160q

57(1− q)2

(
1 + q

1− q

)3

. (2.90)

Îòæå, ïðè n > 9 i q ∈ (0, 1)

(2.41)⇒ (2.90). (2.91)

Äàëi ïîêàæåìî, ùî ïðè n > 9 i q ∈ (0, 1) íåðiâíiñòü (2.45) âèïëèâà¹ ç

íåðiâíîñòi

n >

(
9(1 + q)

4(1− q)

)2

. (2.92)

Îñêiëüêè (äèâ., íàïðèêëàä, [19, ñ. 58]) äëÿ äîâiëüíîãî q ∈ (0, 1)

ln
1

q
= 2

∞∑
k=1

1

2k − 1

(
1− q
1 + q

)2k−1

> 2
1− q
1 + q

,
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òî (
9(1 + q)

4(1− q)

)2

>

(
9

41−q
1+q

) 125
79

>

(
9

2 ln 1/q

) 125
79

. (2.93)

Iç (2.92) i (2.93) âèïëèâà¹ íåðiâíiñòü

n >

(
9

2 ln 1/q

) 125
79

,

ÿêà åêâiâàëåíòíà íåðiâíîñòi

2

3
n ln

1

q
> 3n

46
125 . (2.94)

Îñêiëüêè ïðè n ∈ N lnn < n
46
125 i ïðè n > 9 1 − 1√

n
>

2

3
, òî ç (2.94)

âèïëèâà¹

n

(
1− 1√

n

)
ln

1

q
> 3 lnn. (2.95)

Ïðè n > 9 iç (2.95) îäåðæó¹ìî

1

qn
>

n3

q
√
n
>

9n2

q
√
n
>

38n2

7q
√
n

=
37n2

7q
√
n

+
n2

7q
√
n
>

37n2

7q
√
n

+ qn.

Îòæå, ïðè n > 9 i q ∈ (0, 1)

(2.92)⇒ (2.45). (2.96)

Çàëèøèëîñü äîâåñòè, ùî ïðè q ∈
(

91

250
, 1

)
i n > 9

(2.90)⇒ (2.92). (2.97)

Äëÿ öüîãî ðîçãëÿíåìî ðiçíèöþ ïðàâèõ ÷àñòèí â íåðiâíîñòÿõ (2.90) òà (2.92),

ïîêëàâøè

v(q) =
160q

57(1− q)2

(
1 + q

1− q

)3

−
(

9(1 + q)

4(1− q)

)2

=

=

(
1 + q

1− q

)2
(

160q(1 + q)

57(1− q)3
−
(

9

4

)2
)
. (2.98)
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Îñêiëüêè q ∈
(

91

250
, 1

)
, òî

160q(1 + q)

57(1− q)3
−
(

9

4

)2

> 0. (2.99)

Ç (2.98) òà (2.99) îòðèìó¹ìî íåðiâíiñòü v(q) > 0, à òàêîæ i (2.97). Ïðè

q ∈
(

91

250
, 1

)
ç (2.91), (2.96) òà (2.97) âèïëèâà¹ (2.87).

Òîìó çàëèøà¹òüñÿ äîâåñòè iìïëiêàöiþ (2.87) ïðè òèõ n ∈ N, äëÿ ÿêèõ

min

{
8

3n− 7
√
n
,

160

57(n−
√
n)

}
=

8

3n− 7
√
n
. (2.100)

Ç (2.41), (2.88) òà (2.100) âèïëèâà¹ íåðiâíiñòü

8

3n− 7
√
n

q

(1− q)2
<

(
1− q
1 + q

) 4
1−q2−1

,

à, îòæå, é åêâiâàëåíòíà ¨é íåðiâíiñòü

3n− 7
√
n− 8q

(1− q)2

(
1 + q

1− q

) 4
1−q2−1

> 0. (2.101)

Ç (2.101) âèïëèâà¹

n >
8q

3(1− q)2

(
1 + q

1− q

)3

. (2.102)

Îòæå, ïðè n > 9 i q ∈ (0, 1)

(2.41)⇒ (2.102). (2.103)

Çàëèøèëîñü äîâåñòè, ùî ïðè q ∈
(

91

250
, 1

)
i n > 9

(2.102)⇒ (2.92). (2.104)

Äëÿ öüîãî ðîçãëÿíåìî ðiçíèöþ v(q) ïðàâèõ ÷àñòèí â íåðiâíîñòÿõ (2.102) òà

(2.92)

v(q) =
8q

3(1− q)2

(
1 + q

1− q

)3

−
(

9(1 + q)

4(1− q)

)2

=
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=

(
1 + q

1− q

)2
(

8q(1 + q)

3(1− q)3
−
(

9

4

)2
)
. (2.105)

Îñêiëüêè q ∈
(

91

250
, 1

)
, òî

8q(1 + q)

3(1− q)3
−
(

9

4

)2

> 0. (2.106)

Ç (2.105) òà (2.106) îòðèìó¹ìî íåðiâíiñòü v(q) > 0, à ðàçîì ç íåþ i

(2.104). Îá'¹äíóþ÷è ôîðìóëè (2.103), (2.96) òà (2.104) îäåðæó¹ìî (2.87)

ïðè q ∈
(

91

250
, 1

)
. Òåîðåìó äîâåäåíî.
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2.3. Òåîðåìè ïðî òî÷íi çíà÷åííÿ ïîïåðå÷íèêiâ êëàñiâ

iíòåãðàëiâ Ïóàññîíà

Íàñòóïíå òâåðäæåííÿ ìiñòèòü òî÷íi îöiíêè êîëìîãîðîâñüêèõ

ïîïåðå÷íèêiâ êëàñiâ Cq
β,∞ òà Cq

β,1.

Òåîðåìà 2.2. Íåõàé q ∈ (0, 1). Òîäi äëÿ äîâiëüíîãî β ∈ R òà óñiõ

íîìåðiâ n > nq, äå nq � íàéìåíøèé ç íîìåðiâ n > 9, äëÿ ÿêèõ âèêîíó¹òüñÿ

óìîâà (2.41), ìàþòü ìiñöå íàñòóïíi ðiâíîñòi:

d2n(C
q
β,∞, C) = d2n−1(C

q
β,∞, C) = d2n−1(C

q
β,1, L) =

= En(C
q
β,∞)C = En(C

q
β,1)L = ‖Pq,β ∗ ϕn‖C =

=
4

π

∣∣∣∣∣
∞∑
ν=0

q(2ν+1)n

2ν + 1
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ , (2.107)

äå θn = θn(q, β) � ¹äèíèé íà [0, 1) êîðiíü ðiâíÿííÿ (1.32), à ϕn îçíà÷åíà

ðiâíiñòþ (1.31).

Çîêðåìà, ïðè n > nq i β ∈ Z âèêîíóþòüñÿ ðiâíîñòi

d2n(C
q
β,∞, C) = d2n−1(C

q
β,∞, C) = d2n−1(C

q
β,1, L) = En(C

q
β,∞)C =

= En(C
q
β,1)L =

4

π
arctg qn, β = 2k, k ∈ Z; (2.108)

d2n(C
q
β,∞, C) = d2n−1(C

q
β,∞, C) = d2n−1(C

q
β,1, L) = En(C

q
β,∞)C =

= En(C
q
β,1)L =

2

π
ln

1 + qn

1− qn
, β = 2k − 1, k ∈ Z. (2.109)

Äîâåäåííÿ. Çãiäíî ç òåîðåìîþ 2.1 äëÿ n > nq ìàþòü ìiñöå

íåðiâíîñòi (2.42) i (2.43), ÿêi â ïî¹äíàííi ç ôîðìóëàìè (1.20), (1.30) òà

ñïiââiäíîøåííÿì d2n−1(C
q
β,∞, C) > d2n(C

q
β,∞, C) äîâîäÿòü (2.107) ïðè β ∈ R.

Äîâåäåìî (2.108) òà (2.109).
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ßê âèïëèâà¹ ç (2.44) ïðè β = 2k, k ∈ Z ¹äèíèì íà [0, 1) êîðåíåì

ðiâíÿííÿ (1.32) ¹ çíà÷åííÿ θn =
1

2
. Îñêiëüêè â äàíîìó âèïàäêó

∞∑
ν=0

q(2ν+1)n

2ν + 1
sin

(
(2ν + 1)θnπ −

βπ

2

)
=

= (−1)k
∞∑
ν=0

(−1)ν
q(2ν+1)n

2ν + 1
= (−1)k arctg qn,

òî ç (2.107) îäåðæó¹ìî (2.108).

Ïðè β = 2k − 1, k ∈ Z êîðåíåì ðiâíÿííÿ (1.32), ÿê âèïëèâà¹ ç (2.44), ¹

çíà÷åííÿ θn = 0. Îñêiëüêè
∞∑
ν=0

q(2ν+1)n

2ν + 1
sin

(
(2ν + 1)θnπ −

βπ

2

)
=

= (−1)k
∞∑
ν=0

q(2ν+1)n

2ν + 1
= (−1)k

1

2
ln

1 + qn

1− qn
,

òî ç (2.107) îòðèìó¹ìî ðiâíîñòi (2.109). Òåîðåìó äîâåäåíî.

Òåîðåìè 2.2 òà 1.18 äàþòü çìîãó çàïèñàòè íàñòóïíå òâåðäæåííÿ ïðî

çíà÷åííÿ ïîïåðå÷íèêiâ dm(Cq
β,∞, C) òà d2m−1(C

q
β,1, L), ÿêå îõîïëþ¹ âiäîìi íà

äàíèé ÷àñ ðåçóëüòàòè [30,39,55,57,83]. Äëÿ éîãî ôîðìóëþâàííÿ ïîçíà÷èìî

nq,β =

1, ÿêùî q ∈ (0, 0,2] i β ∈ Z àáî q ∈ (0, 0,196881] i β ∈ R \ Z,

nq, ÿêùî q ∈ (0,2, 1) i β ∈ Z àáî q ∈ (0,196881, 1) i β ∈ R \ Z.

Òåîðåìà 2.3. Íåõàé q ∈ (0, 1). Òîäi äëÿ äîâiëüíîãî β ∈ R òà óñiõ

íîìåðiâ n > nq,β ìàþòü ìiñöå ðiâíîñòi

d2n(C
q
β,∞, C) = d2n−1(C

q
β,∞, C) = d2n−1(C

q
β,1, L) =

= En(C
q
β,∞)C = En(C

q
β,1)L = ‖Pq,β ∗ ϕn‖C =

=
4

π

∣∣∣∣∣
∞∑
ν=0

q(2ν+1)n

2ν + 1
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ , (2.110)

äå θn = θn(q, β) � ¹äèíèé íà [0, 1) êîðiíü ðiâíÿííÿ (1.32), à ϕn îçíà÷åíà

ðiâíiñòþ (1.31).
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Ïîâòîðþþ÷è ìiðêóâàííÿ, âèêîðèñòàíi ïðè äîâåäåííi òåîðåìè iç ðîáîòè

Î.Ê. Êóøïåëÿ [31], ìîæíà ïîêàçàòè, ùî ïðè âèêîíàííi óìîâ òåîðåìè 2.3

âèêîíóþòüñÿ íåðiâíîñòi

d2n(C
q
β,∞, C) > b2n−1(C

q
β,∞, C) > ‖Pq,β ∗ ϕn‖C , (2.111)

d2n−1(C
q
β,1, L) > b2n−1(C

q
β,1, L) > ‖Pq,β ∗ ϕn‖C . (2.112)

Ç òåîðåì 1.5 òà 1.9 âèïëèâà¹ ñïðàâåäëèâiñòü ðiâíîñòåé (1.43) ïðè ψ(k) = qk,

q ∈ (0, 1). Òîìó, ñïiâñòàâëÿþ÷è îöiíêè (2.111) òà (2.112) ç ðiâíîñòÿìè (1.43),

(1.30) i î÷åâèäíèìè ñïiââiäíîøåííÿìè

d2n(C
q
β,∞, C) 6 λ2n(C

q
β,∞, C) 6 λ2n−1(C

q
β,∞, C) 6 En(Cq

β,∞;µ∗, ν∗)C ,

d2n−1(C
q
β,1, L) 6 λ2n−1(C

q
β,1, L) 6 En(Cq

β,1;µ
∗, ν∗)L,

äå µ∗ i ν∗ îçíà÷àþòüñÿ ðiâíîñòÿìè

µ∗0 = 2
∞∑
ν=1

q2nν cos(2νθnπ −
βπ

2
),

µ∗k = qk cos
βπ

2
+
∞∑
ν=1

(q2nν−k + q2nν+k) cos(2νθnπ −
βπ

2
), k = 1, n− 1,

ν∗k = qk sin
βπ

2
+
∞∑
ν=1

(q2nν−k + q2nν+k) sin(2νθnπ −
βπ

2
), k = 1, n− 1,

îòðèìó¹ìî íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 2.4. Íåõàé q ∈ (0, 1). Òîäi äëÿ äîâiëüíîãî β ∈ R òà óñiõ

íîìåðiâ n > nq,β ìàþòü ìiñöå ðiâíîñòi

d2n(C
q
β,∞, C) = d2n−1(C

q
β,∞, C) = b2n−1(C

q
β,∞, C) = λ2n(C

q
β,∞, C) =

= λ2n−1(C
q
β,∞, C) = d2n−1(C

q
β,1, L) = b2n−1(C

q
β,1, L) = λ2n−1(C

q
β,1, L) =

= En(C
q
β,∞)C = En(Cq

β,∞;µ∗, ν∗)C = En(C
q
β,1)L = En(Cq

β,1;µ
∗, ν∗)L =
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= ‖Pq,β ∗ ϕn‖C =
4

π

∣∣∣∣∣
∞∑
ν=0

q(2ν+1)n

2ν + 1
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ , (2.113)

äå θn = θn(q, β) � ¹äèíèé íà [0, 1) êîðiíü ðiâíÿííÿ (1.32).

Çàçíà÷èìî, ùî ó ðîáîòi [7] áóëî âñòàíîâëåíî, ùî äëÿ äîâiëüíèõ

0 < q < 1, β ∈ R, n ∈ N ñïðàâåäëèâà ðiâíiñòü

4

∣∣∣∣∣
∞∑
ν=0

q(2ν+1)n

2ν + 1
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ =

= 2 cos β arctg
2qn cos β√

1− 2q2n cos 2β + q4n
+

+ sin β ln

√
1− 2q2n cos 2β + q4n + 2qn sin β√
1− 2q2n cos 2β + q4n − 2qn sin β

.

Îòæå, òåîðåìó 2.4 ìîæíà ïåðåïèñàòè ó íàñòóïíîìó âèãëÿäi.

Òåîðåìà 2.4′. Íåõàé q ∈ (0, 1). Òîäi äëÿ äîâiëüíîãî β ∈ R òà óñiõ

íîìåðiâ n > nq,β ìàþòü ìiñöå ðiâíîñòi

d2n(C
q
β,∞, C) = d2n−1(C

q
β,∞, C) = b2n−1(C

q
β,∞, C) = λ2n(C

q
β,∞, C) =

= λ2n−1(C
q
β,∞, C) = d2n−1(C

q
β,1, L) = b2n−1(C

q
β,1, L) = λ2n−1(C

q
β,1, L) =

= En(C
q
β,∞)C = En(Cq

β,∞;µ∗, ν∗)C = En(C
q
β,1)L = En(Cq

β,1;µ
∗, ν∗)L =

= ‖Pq,β ∗ ϕn‖C =
2

π
cos β arctg

2qn cos β√
1− 2q2n cos 2β + q4n

+

+
1

π
sin β ln

√
1− 2q2n cos 2β + q4n + 2qn sin β√
1− 2q2n cos 2β + q4n − 2qn sin β

.

Òåîðåìà 2.2 äîçâîëÿ¹ îöiíèòè àñèìïòîòè÷íó ïðè n→∞ ïîâåäiíêó

ïîïåðå÷íèêiâ d2n(C
q
β,∞, C), d2n−1(C

q
β,∞, C), d2n−1(C

q
β,1, L), λ2n(C

q
β,∞, C),

λ2n−1(C
q
β,∞, C), λ2n−1(C

q
β,1, L), b2n−1(C

q
β,∞, C) òà b2n−1(C

q
β,1, L).
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Òåîðåìà 2.5. Íåõàé q ∈ (0, 1) òà β ∈ R. Òîäi ïðè n > nq,β

d2n(C
q
β,∞, C) = d2n−1(C

q
β,∞, C) = b2n−1(C

q
β,∞, C) = λ2n(C

q
β,∞, C) =

= λ2n−1(C
q
β,∞, C) = d2n−1(C

q
β,1, L) = b2n−1(C

q
β,1, L) = λ2n−1(C

q
β,1, L) =

= En(C
q
β,∞)C = En(Cq

β,∞;µ∗, ν∗)C = En(C
q
β,1)L = En(Cq

β,1;µ
∗, ν∗)L =

= En(C
q
β,1)L = qn

(
4

π
+ γn

q2n

1− q2n

)
, (2.114)

äå |γn| 6
16

3π
.

Äîâåäåííÿ. Çíàéäåìî äâîñòîðîííi îöiíêè ïðàâî¨ ÷àñòèíè ôîðìóëè

(2.113). Îñêiëüêè,∣∣∣∣∣
∞∑
ν=1

q(2ν+1)n

2ν + 1
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ 6
6

∞∑
ν=1

q(2ν+1)n

2ν + 1
6

1

3

q3n

1− q2n
, n ∈ N,

i â ñèëó ôîðìóëè (2.21)

1− | sin(θnπ −
βπ

2
)| 6 q2n

1− q2n
, n ∈ N,

òî îäåðæó¹ìî äëÿ äîâiëüíèõ n ∈ N, q ∈ (0, 1) i β ∈ R∣∣∣∣∣
∞∑
ν=0

q(2ν+1)n

2ν + 1
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ > qn − qn
(

1− | sin(θnπ −
βπ

2
)|
)
−

−

∣∣∣∣∣
∞∑
ν=1

q(2ν+1)n

2ν + 1
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ >
> qn

(
1− 4

3

q2n

1− q2n

)
, (2.115)∣∣∣∣∣

∞∑
ν=0

q(2ν+1)n

2ν + 1
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ 6 qn + qn
(

1− | sin(θnπ −
βπ

2
)|
)

+
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+

∣∣∣∣∣
∞∑
ν=1

q(2ν+1)n

2ν + 1
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ 6
6 qn

(
1 +

4

3

q2n

1− q2n

)
. (2.116)

Ç òåîðåìè 2 òà îöiíîê (2.115) i (2.116) âèïëèâà¹, ùî ïðè n > nq,β

âèêîíó¹òüñÿ (2.114). Òåîðåìó äîâåäåíî.

Âàæëèâî çàçíà÷èòè, ùî âñòàíîâëåíi â äàíîìó ðîçäiëi îöiíêè (2.42),

(2.43), (2.107)�(2.109) òà (2.113) íåìîæëèâî îòðèìàòè, êîðèñòóþ÷èñü

ìåòîäàìè i ïiäõîäàìè, ÿêi ðîçâèíóòî À. Ïiíêóñîì [44] äëÿ êëàñiâ çãîðòîê

iç ÿäðàìè, ùî íå çáiëüøóþòü îñöèëÿöi¨. Äîâåäåìî öå íà ïðèêëàäi ÿäåð

Ïóàññîíà Pq,0(t) òà Pq,1(t) ïðè q = 0,21.

Çãiäíî ç íàñëiäêîì 1.1, ùîá äîâåñòè, ùî ÿäðî Ïóàññîíà Pq,β(t) íå ¹

CVD2n-ÿäðîì íi ïðè ÿêèõ n ∈ N, äîñòàòíüî ïîêàçàòè, ùî çíàéäóòüñÿ

âåêòîðè x = (x1, x2, x3), 0 6 x1 < x2 < x3 < 2π, òà y = (y1, y2, y3),

0 6 y1 < y2 < y3 < 2π, äëÿ ÿêèõ äåòåðìiíàíò

D3(x,y) =

∣∣∣∣∣∣∣∣∣
Pq,β(x1 − y1) Pq,β(x1 − y2) Pq,β(x1 − y3)

Pq,β(x2 − y1) Pq,β(x2 − y2) Pq,β(x2 − y3)

Pq,β(x3 − y1) Pq,β(x3 − y2) Pq,β(x3 − y3)

∣∣∣∣∣∣∣∣∣ (2.117)

çìiíþ¹ çíàê. Âèáåðåìî âåêòîðè

x(k) = (x
(k)
1 , x

(k)
2 , x

(k)
3 ), k = 1, 2,

òà

y(k) = (y
(k)
1 , y

(k)
2 , y

(k)
3 ), k = 1, 2,

íàñòóïíèì ÷èíîì:

x
(1)
1 =

π

18
, x

(1)
2 =

π

9
, x

(1)
3 =

π

6
, y

(1)
1 =

13π

36
, y

(1)
2 =

11π

30
, y

(1)
3 =

67π

180
,

x
(2)
1 =

π

18
, x

(2)
2 =

π

9
, x

(2)
3 =

π

6
, y

(2)
1 =

13π

30
, y

(2)
2 =

10π

9
, y

(2)
3 =

7π

6
.
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Îá÷èñëåííÿ ïîêàçóþòü, ùî äëÿ ÿäðà Pq,0 ïðè q = 0,21

D3(x
(1),y(1)) < −9,98 · 10−10, D3(x

(2),y(2)) > 1,97 · 10−6,

à äëÿ ÿäðà Pq,1 ïðè q = 0,21

D3(x
(1),y(1)) < −1,3 · 10−8, D3(x

(2),y(2)) > 1,17 · 10−6.

Îòæå, â ñèëó íàñëiäêó 1.1 äëÿ q = 0,21 i áóäü-ÿêèõ n ∈ N âiðíî, ùî

Pq,0 6∈ CVD2n i Pq,1 6∈ CVD2n.
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Âèñíîâêè äî ðîçäiëó 2

Ó öüîìó ðîçäiëi âñòàíîâëåíî, ùî ÿäðà Ïóàññîíà âèãëÿäó

Ψβ(t) =
∞∑
k=1

qk cos
(
kt− βπ

2

)
, q ∈ (0, 1), β ∈ R, çàäîâîëüíÿþòü ââåäåíó

Î.Ê. Êóøïåëåì óìîâó Cy,2n, ïî÷èíàþ÷è ç äåÿêîãî íîìåðà nq, ÿêèé

çàëåæèòü ëèøå âiä ïàðàìåòðà q ãëàäêîñòi ÿäðà. Ó ðåçóëüòàòi äëÿ âñiõ

n > nq îòðèìàíî îöiíêè çíèçó êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ d2n(C
q
β,∞, C),

d2n−1(C
q
β,∞, C) i d2n−1(C

q
β,1, L).

Îäåðæàíi îöiíêè ñïiâïàëè ç íàéêðàùèìè íàáëèæåííÿìè êëàñiâ Cq
β,1

òà Cq
β,∞ òðèãîíîìåòðè÷íèìè ïîëiíîìàìè ïîðÿäêó n − 1 â ìåòðèêàõ L

òà C âiäïîâiäíî. ßê íàñëiäîê, çíàéäåíî òî÷íi çíà÷åííÿ ïîïåðå÷íèêiâ

d2n(C
q
β,∞, C), d2n−1(C

q
β,∞, C), d2n−1(C

q
β,1, L), λ2n(C

q
β,∞, C), λ2n−1(C

q
β,∞, C),

λ2n−1(C
q
β,1, L), b2n−1(C

q
β,∞, C) òà b2n−1(C

q
β,1, L).

Îñíîâíi ðåçóëüòàòè, ÿêi âèñâiòëåíi ó äàíîìó ðîçäiëi, îïóáëiêîâàíî â

ðîáîòàõ [13,54�59].
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ÐÎÇÄIË 3

Òî÷íi îöiíêè êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ êëàñiâ

çãîðòîê ç ÿäðîì Íåéìàíà

Ó äàíîìó ðîçäiëi ðîçâ'ÿçó¹òüñÿ çàäà÷à ïðî çíàõîäæåííÿ òî÷íèõ

çíà÷åíü ïîïåðå÷íèêiâ d2n(C
q,1
β,∞, C), d2n−1(C

q,1
β,∞, C) òà d2n−1(C

q,1
β,1, L) äëÿ óñiõ

q ∈ (0, 1), β ∈ R òà íàòóðàëüíèõ n, áiëüøèõ äåÿêîãî íîìåðà n∗q, çàëåæíîãî

ëèøå âiä q.

Îöiíêè çâåðõó êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ êëàñiâ çãîðòîê ç ÿäðàìè

Íåéìàíà ìîæíà îòðèìàòè ç òåîðåìè 1.6 (ïðè β ∈ Z âîíè âèïëèâàþòü òàêîæ

ç òåîðåìè 1.4). À ñàìå, çãiäíî ç òåîðåìîþ 1.6, äëÿ ψ(k) =
qk

k
ïðè äîâiëüíèõ

q ∈ (0, 1), β ∈ R i n ∈ N ìàþòü ìiñöå ðiâíîñòi

En(C
q,1
β,∞)C = En(C

q,1
β,1)L = ‖Nq,β ∗ ϕn‖C =

=
4

π

∣∣∣∣∣
∞∑
ν=0

q(2ν+1)n

n(2ν + 1)2
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ , (3.1)

äå ϕn(t) çàäà¹òüñÿ ðiâíiñòþ (1.31), à θn = θn(q, β) � ¹äèíèé íà [0, 1) êîðiíü

ðiâíÿííÿ
∞∑
ν=0

q2νn

2ν + 1
cos

(
(2ν + 1)θnπ −

βπ

2

)
= 0. (3.2)

Òîìó äëÿ âñòàíîâëåííÿ òî÷íèõ çíà÷åíü êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ

êëàñiâ çãîðòîê ç ÿäðîì Íåéìàíà çàëèøà¹òüñÿ âñòàíîâèòè îöiíêè çíèçó.
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3.1. Îöiíêè çíèçó êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ êëàñiâ

çãîðòîê ç ÿäðîì Íåéìàíà

Äëÿ êîæíîãî ôiêñîâàíîãî q ∈ (0, 1) ïîçíà÷èìî ÷åðåç n∗q íàéìåíøèé ç

íîìåðiâ n > 2, äëÿ ÿêèõ âèêîíóþòüñÿ íåðiâíîñòi

qn

1− q2n
6 min{2q

√
n

15n2
,

8

3n2

(
2n− 1

7(n− 1)2
− π2

8n2

)
}, (3.3)

24

5(1− q)
q
√
n +

160

63

2
√
n− 1

n(
√
n− 1)

q

(1− q)2
6

6

(
1

2
+

2q

(1 + q2)(1− q)

)(
1− q
1 + q

) 4
1−q2

. (3.4)

Ó ïðèéíÿòèõ ïîçíà÷åííÿõ ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 3.1. Íåõàé q ∈ (0, 1). Òîäi äëÿ äîâiëüíîãî β ∈ R i âñiõ íîìåðiâ

n > n∗q âèêîíóþòüñÿ íåðiâíîñòi

d2n(C
q,1
β,∞, C) > ‖Nq,β ∗ ϕn‖C , (3.5)

d2n−1(C
q,1
β,1, L) > ‖Nq,β ∗ ϕn‖C . (3.6)

Çàóâàæèìî, ùî ïðè q ∈ (0, 1/7], β ∈ Z íåðiâíîñòi (3.5) òà (3.6)

âèïëèâàþòü ç ðåçóëüòàòiâ Î.Ê. Êóøïåëÿ (äèâ. òåîðåìó 1.17), à

ïðè q ∈ (0, 0,2], β ∈ Z i q ∈ (0, 0,193864], β ∈ R \ Z � âñòàíîâëåíi

À.Ñ. Ñåðäþêîì (äèâ. òåîðåìó 6 ðîáîòè [51]). Ó âêàçàíèõ âèïàäêàõ

íåðiâíîñòi (3.5) òà (3.6) äîâåäåíî äëÿ óñiõ n ∈ N.

Äîâåäåííÿ. Âiäïîâiäíî äî òåîðåìè 1.16 äëÿ äîâåäåííÿ (3.5) i (3.6)

äîñòàòíüî ïîêàçàòè, ùî äëÿ äîâiëüíèõ q ∈ (0, 1), β ∈ R i âñiõ íîìåðiâ

n > n∗q ÿäðà Íåéìàíà Nq,β(t) çàäîâîëüíÿþòü óìîâó Cy0,2n, äå y0 � òî÷êà, â

ÿêié ôóíêöiÿ |Φq,β,n(·)|, äå Φq,β,n(·) = (Nq,β ∗ϕn)(·), à ϕn(·) çàäàíà ðiâíiñòþ

(1.31), äîñÿãà¹ íàéáiëüøîãî çíà÷åííÿ, òîáòî

|Φq,β,n(y0)| = |(Nq,β ∗ ϕn)(y0)| = ‖Nq,β ∗ ϕn‖C .
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Ôóíêöiÿ

Φq,β,n(t) = (Nq,β ∗ ϕn)(t) =
4

π

∞∑
ν=0

q(2ν+1)n

n(2ν + 1)2
sin

(
(2ν + 1)nt− βπ

2

)
,

ïåðiîäè÷íà ç ïåðiîäîì 2π/n i òàêà, ùî Φq,β,n(t +
π

n
) = −Φq,β,n(t).

Òîìó ìàêñèìàëüíå çíà÷åííÿ π/n-ïåðiîäè÷íî¨ ôóíêöi¨ |Φq,β,n(·)| íà [0,
π

n
)

äîñÿãà¹òüñÿ ó òî÷öi y0 = y0(n, q, β) =
θnπ

n
, äå θn � êîðiíü ðiâíÿííÿ (3.2),

θn ∈ [0, 1).

Íàñòóïíå òâåðäæåííÿ ìiñòèòü îöiíêó çâåðõó ñóìè
5∑
l=1

|γl(y0)| äëÿ ÿäåð

Nq,β(t).

Ëåìà 3.1. Íåõàé ψ(k) = qk

k , q ∈ (0, 1), β ∈ R, y0 = y0(n, q, β) = θnπ
n ,

äå θn � êîðiíü ðiâíÿííÿ (3.2) i θn ∈ [0, 1), à âåëè÷èíè γl(y0), l = 1, 5,

çàäàþòüñÿ ðiâíîñòÿìè (2.5), (2.6), (2.35)�(2.37), ïðè ψ(k) = qk

k . Òîäi ïðè

n > 2 òà âèêîíàííi óìîâ (3.3) äëÿ äîâiëüíîãî t ∈ ( (k−1)π
n , kπn ), k = 1, 2n,

ìà¹ ìiñöå çîáðàæåííÿ

(SΨβ,1(y0, t))
ψ
β =

= (−1)k+1 π

4qn

(
Pq(tk − y0) sign sin(ny0 −

βπ

2
) +

5∑
l=1

γl(y0)

)
, (3.7)

òà ñïðàâåäëèâà îöiíêà

5∑
l=1

|γl(y0)| 6
24

5(1− q)
q
√
n +

160

63

2
√
n− 1

n(
√
n− 1)

q

(1− q)2
.

Äîâåäåííÿ ëåìè 3.1. Âñòàíîâèìî ñïðàâåäëèâiñòü çîáðàæåííÿ (3.7).

Äëÿ öüîãî ðîçãëÿíåìî ôóíêöi¨

Gq(x) =
∞∑
ν=0

q(2ν+1)n

(2ν + 1)n
cos(2ν + 1)x =

1

4
ln

1 + 2qn cosx+ q2n

1− 2qn cosx+ q2n
, (3.8)

Hq(x) =
∞∑
ν=0

q(2ν+1)n

(2ν + 1)n
sin(2ν + 1)x =

1

2
arctg

2qn sinx

1− q2n
. (3.9)
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Ç (3.8) âèïëèâà¹, ùî

Gq(x) > 0, x ∈ (0,
π

2
) ∪ (

3π

2
, 2π),

Gq(x) < 0, x ∈ (
π

2
,
3π

2
).

Â ñèëó (3.9) ôóíêöiÿ Hq(x) äîäàòíà íà (0, π) i âiä'¹ìíà íà (π, 2π). Îñêiëüêè

∞∑
ν=0

q(2ν+1)n

(2ν + 1)n
cos

(
(2ν + 1)θnπ −

βπ

2

)
= Gq(θnπ) cos

βπ

2
+Hq(θnπ) sin

βπ

2
,

òî, âðàõîâóþ÷è çàçíà÷åíi âèùå âëàñòèâîñòi ôóíêöié Gq(x) òà Hq(x) òà

ðiâíiñòü (3.2), îòðèìó¹ìî íàñòóïíi âêëþ÷åííÿ:

ny0 ∈ [
π

2
, π) ïðè β ∈ [0, 1) ∪ [2, 3), (3.10)

ny0 ∈ [0,
π

2
) ïðè β ∈ [1, 2) ∪ [3, 4). (3.11)

Çãiäíî ç ðiâíîñòÿìè (3.10), (3.11), ðiâíiñòþ (19) ðîáîòè [62] i ëåìîþ 2

ç [62] äëÿ ÿäåð Ψβ(t) = Nq,β(t) âèêîíó¹òüñÿ óìîâà |λj(y0)| 6= 0, j = 1, n.

Òîìó, âiäïîâiäíî äî ëåìè 2.2, äëÿ ôóíäàìåíòàëüíîãî SK-ñïëàéíà

SΨβ,1(y, t) = SN q,β,1(y, t), ïîðîäæåíîãî ÿäðîì Íåéìàíà Nq,β(t), ìà¹ ìiñöå

ïðåäñòàâëåííÿ (2.33), ÿêå íàáóâà¹ âèãëÿäó (3.7).

Äëÿ îöiíêè êîæíîãî ç äîäàíêiâ |γl(y0)|, l = 1, 5, íàì áóäóòü ïîòðiáíi

îöiíêè çâåðõó âåëè÷èí |rj(y0)| òà |Rj(y0)| ïðè j = 0, n− 1. Çíàéäåìî ¨õ. Ç

(2.10) ìà¹ìî

|r(1)
j (y0)| 6

q3n−j

(3n− j)2
+
∞∑
m=2

(
q(2m+1)n−j

((2m+ 1)n− j)2
+

q(2m−1)n+j

((2m− 1)n+ j)2

)
=

=
∞∑
m=1

(
q(2m+1)n−j

((2m+ 1)n− j)2
+

q(2m+1)n+j

((2m+ 1)n+ j)2

)
. (3.12)

Îñêiëüêè ïîñëiäîâíiñòü
qk

k2
îïóêëà, òî âèêîíó¹òüñÿ íåðiâíiñòü

qk−j

(k − j)2
+

qk+j

(k + j)2
<

qk−n

(k − n)2
+

qk+n

(k + n)2
, k > n, j = 0, n− 1. Òîìó ç
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(3.12) çíàõîäèìî

|r(1)
j (y0)| 6

∞∑
m=1

(
q2mn

(2mn)2
+

q2(m+1)n

(2(m+ 1)n)2

)
=

=
q2n

4n2
+
∞∑
m=2

q2mn

2m2n2
6

1

4n2

∞∑
m=1

q2mn =
q2n

4n2(1− q2n)
. (3.13)

Ç (3.2) îòðèìó¹ìî∣∣∣∣cos

(
θnπ −

βπ

2

)∣∣∣∣ =

∣∣∣∣∣
∞∑
ν=1

q2νn

2ν + 1
cos

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ 6
6

1

3

∞∑
ν=1

q2νn =
q2n

3(1− q2n)
. (3.14)

Âðàõîâóþ÷è (3.14) òà (2.11), ìà¹ìî

|r(2)
j (y0)| 6 | cos(ny0 −

βπ

2
)|
(

qn−j

(n− j)2
− qn+j

(n+ j)2

)
6

6
q2n

3(1− q2n)

(
q − q2n−1

(2n− 1)2

)
. (3.15)

Ç (3.14) âèïëèâà¹, ùî

0 6 1− | sin(θnπ −
βπ

2
)| 6 | cos(θnπ −

βπ

2
)| 6 q2n

3(1− q2n)
. (3.16)

Iç (3.16) òà (2.12) çíàõîäèìî

|r(3)
j (y0)| 6

q2n

3(1− q2n)

(
q +

q2n−1

(2n− 1)2

)
. (3.17)

Îá'¹äíàâøè (3.13), (3.15) òà (3.17), äëÿ âåëè÷èíè rj(y0) îòðèìó¹ìî

îöiíêó

|rj(y0)| 6 |
3∑

ν=1

r
(ν)
j (y0)| 6

q2n

1− q2n

(
2q

3
+

1

4n2

)
6

3

4

q2n

1− q2n
, j = 0, n− 1.

(3.18)

Ïðè j = 0 îöiíêó (3.18) ìîæíà ïîêðàùèòè. Äiéñíî, â ñèëó (2.27) ìà¹ìî

|r(1)
0 (y0)| 6 2

∞∑
m=2

q(2m−1)n

((2m− 1)n)2
6

2

9n2

∞∑
m=2

q(2m−1)n =
2

9n2

q3n

1− q2n
,
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à ç (2.29) òà (3.16) ∣∣∣r(3)
0 (y0)

∣∣∣ 6 2

3n2

q3n

1− q2n
.

Òîäi, âðàõîâóþ÷è (2.28),

|r0(y0)| 6 |r(1)
0 (y0) + r

(3)
0 (y0)| 6

8

9n2

q3n

1− q2n
. (3.19)

Iç (2.15) äëÿ âåëè÷èíè |λn−j(y0)| îòðèìó¹ìî çîáðàæåííÿ

|λn−j(y0)| =
∣∣∣∣sign sin(ny − βπ

2
)

(
qn−j

(n− j)2
+

qn+j

(n+ j)2

)
+ rj(y0)

∣∣∣∣ ,
ç ÿêîãî áåçïîñåðåäíüî âèïëèâà¹ îöiíêà

|λn−j(y0)| 6
qn−j

(n− j)2
+

qn+j

(n+ j)2
+ |rj(y0)|. (3.20)

Îñêiëüêè âíàñëiäîê (3.10) i (3.11)

sin(ny0 −
βπ

2
) = sinny0 cos

βπ

2
− cosny0 sin

βπ

2
6= 0. (3.21)

òî îòðèìó¹ìî òàêîæ îöiíêó

|λn−j(y0)| >
qn−j

(n− j)2
+

qn+j

(n+ j)2
− |rj(y0)|. (3.22)

Â ñèëó (2.8), (3.20) òà (3.22)

|Rj(y0)| 6 |rj(y0)|, j = 0, n− 1. (3.23)

Ïåðåéäåìî äî îöiíêè âåëè÷èíè |γ1(y0)|. Âçÿâøè äî óâàãè îöiíêè (3.22)

òà (3.18), ìà¹ìî

|λn−j(y0)| >

>
qn−j

(n− j)2
+

qn+j

(n+ j)2
− 3

4

q2n

1− q2n
=

=
qn

(n− j)2

(
q−j +

(n− j)2

(n+ j)2
qj − 3(n− j)2

4

qn

1− q2n

)
. (3.24)
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Îñêiëüêè ïðè j = 0, n− 1
2

15(n− j)2
q−j >

2

15n2
>

2q
√
n

15n2
, òî ç óìîâè

(3.3) âèïëèâà¹ íåðiâíiñòü

2

15(n− j)2
q−j >

qn

1− q2n
,

ÿêà åêâiâàëåíòíà íàñòóïíié íåðiâíîñòi:

q−j

10
>

3(n− j)2

4

qn

1− q2n
, j = 0, n− 1. (3.25)

Â ñèëó (3.25) âèêîíóþòüñÿ îöiíêè

q−j +
(n− j)2

(n+ j)2
qj − 3(n− j)2

4

qn

1− q2n
=

=
9q−j

10
+
q−j

10
+

(n− j)2

(n+ j)2
qj − 3(n− j)2

4

qn

1− q2n
>

>
9q−j

10
, j = 0, n− 1. (3.26)

Îá'¹äíóþ÷è (3.24) òà (3.26), ìà¹ìî

|λn−j(y0)| >
9qn−j

10(n− j)2
. (3.27)

Âðàõîâóþ÷è, ùî äëÿ x ∈ [0,
π

2
) ñïðàâäæó¹òüñÿ íåðiâíiñòü

cosx > 1− 2x

π
> 0, îòðèìó¹ìî

cos
jπ

2n
> 1− j

n
=
n− j
n

, j = 0, n− 1. (3.28)

Ç (3.27) òà (3.28) ìà¹ìî

n2

qn
|λn−j(y0)|2 cos

jπ

2n
>

81n

100(n− j)3
qn−2j. (3.29)

Ç (2.7) i (3.23) âèïëèâà¹, ùî |zj(y0)| 6 2|rj(y0)|. Òîìó âðàõîâóþ÷è (3.18),

(3.29) òà óìîâó (3.3), ç (2.5) îäåðæó¹ìî

|γ1(y0)| 6
400

81
max

06j6n−1
|rj(y0)|

1

qn

n−1∑
j=0

(n− j)3

n
q2j <

100n2qn

27(1− q2n)

∞∑
j=0

q2j 6
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6
40

81
q
√
n 1

1− q2
. (3.30)

Îöiíèìî |γ2(y0)|. Ç óìîâè (3.3) ïðè n > 2 âèïëèâà¹ íåðiâíiñòü

q2n ≤ 1

900
.

Òîäi ç (2.6), (3.23), (3.19) i (3.3) îòðèìó¹ìî

|γ2(y0)| 6

8q2n

9(1− q2n)

2

∣∣∣∣2− 8q2n

9(1− q2n)

∣∣∣∣ =
2q2n

9− 13q2n
=

1− q2n

9− 13q2n

2q2n

1− q2n
=

=

(
1

13
+

4

13(9− 13q2n)

)
2q2n

1− q2n
<

<
3

26

2q2n

1− q2n
<

2qn+
√
n

65n2
. (3.31)

Îöiíèìî âåëè÷èíó |γ3(y0)|. Âçÿâøè äî óâàãè îöiíêè (3.18), (3.22), (3.28)

òà (3.26), ìà¹ìî

n2

qn
|λn−j(y0)| cos

jπ

2n
>
n2

qn

(
qn−j

(n− j)2
+

qn+j

(n+ j)2
− 3

4

q2n

1− q2n

)
n− j
n

=

=
nq−j

n− j
+
n(n− j)
(n+ j)2

qj − 3n(n− j)
4

qn

1− q2n
>

9nq−j

10(n− j)
. (3.32)

Òîìó, âçÿâøè äî óâàãè (3.32), ç (2.35) çíàõîäèìî

|γ3(y0)| <
20

9

n−1∑
j=[
√
n]+1

n− j
n

qj <

<
20

9

n−1∑
j=[
√
n]+1

qj =
20(q[

√
n]+1 − qn−1)

9(1− q)
6

20q
√
n

9(1− q)
. (3.33)

Ùîá îöiíèòè âåëè÷èíó |γ4(y0)| ñïî÷àòêó îöiíèìî çâåðõó âåëè÷èíó

|δj(y0)| âèãëÿäó (2.38). Â ñèëó (2.8)

n2

qn
|λn−j(y0)| cos

jπ

2n
=
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=

(
n2

(n− j)2

qn−j

qn
+

n2

(n+ j)2

qn+j

qn
+Rj(y0)

n2

qn

)
cos

jπ

2n
=

=

(
(1 +

j(2n− j)
(n− j)2

)q−j + (1− j(2n+ j)

(n+ j)2
)qj +Rj(y0)

n2

qn

)
cos

jπ

2n
=

= (q−j + qj)(1− 2 sin2 jπ

4n
)+

+

(
j(2n− j)
(n− j)2

q−j − j(2n+ j)

(n+ j)2
qj +Rj(y0)

n2

qn

)
cos

jπ

2n
. (3.34)

Ç (2.38), (3.18), (3.23), (3.34) iç âðàõóâàííÿì îïóêëîñòi ïîñëiäîâíîñòi qk

äëÿ âåëè÷èí |δj(y0)| âèïëèâàþòü íåðiâíîñòi

|δj(y0)| 6 2 sin2 jπ

4n
+

1

q−j + qj

(
j(2n− j)
(n− j)2

q−j +
j(2n− j)
(n− j)2

qj + |Rj(y0)|
n2

qn

)
6

6 2

(
jπ

4n

)2

+
j(2n− j)
(n− j)2

+
n2|rj(y0)|
qn−j + qn+j

6
j2π2

8n2
+
j(2n− j)
(n− j)2

+
3n2

8

qn

1− q2n
=

=
8j(2n− j)
7(n− j)2

+

(
j2π2

8n2
+

3n2

8

qn

1− q2n
− j(2n− j)

7(n− j)2

)
. (3.35)

Ïðè êîæíîìó ôiêñîâàíîìó n ôóíêöiÿ fn(j) =
j(2n− j)
7(n− j)2

− j
2π2

8n2
çðîñòà¹.

Äiéñíî
d

dj

(
j(2n− j)
7(n− j)2

− j2π2

8n2

)
=

2n2

7(n− j)3
− jπ2

4n2
=

=
8n4 − 7jπ2(n− j)3

28n2(n− j)3
> 0

(îñêiëüêè ôóíêöiÿ gn(x) = 8n4 − 7xπ2(n − x)3 â òî÷öi ìiíiìóìó x = 1
4n

íàáóâà¹ äîäàòíå çíà÷åííÿ). Òîìó, ç âðàõóâàííÿì (3.3), ïðè j = 1, [
√
n] òà

n > 2 îòðèìó¹ìî

j(2n− j)
7(n− j)2

− j2π2

8n2
>

2n− 1

7(n− 1)2
− π2

8n2
>

3n2

8

qn

1− q2n
.

Îòæå, âèðàç ó äóæêàõ â ïðàâié ÷àñòèíi (3.35) âiä'¹ìíèé. Òîäi ç (3.35)

âèïëèâà¹, ùî

|δj(y0)| 6
8j(2n− j)
7(n− j)2

. (3.36)



79

Ôîðìóëè (2.36), (3.32) òà (3.36) äîçâîëÿþòü îäåðæàòè ïðè n > 2

íàñòóïíó îöiíêó âåëè÷èíè γ4(y0):

|γ4(y0)| 6 2

[
√
n]∑

j=1

8j(2n− j)
7(n− j)2

9nq−j

10(n− j)

=
160

63n

[
√
n]∑

j=1

j(2n− j)
n− j

qj 6

6
160

63

2n−
√
n

n(n−
√
n)

[
√
n]∑

j=1

jqj <
160

63

2
√
n− 1

n(
√
n− 1)

∞∑
j=1

jqj <

<
160

63

2
√
n− 1

n(
√
n− 1)

q

(1− q)2
. (3.37)

Îá'¹äíàâøè îöiíêè (3.30), (3.31), (3.33), (3.37) òà (2.77), ïðè n > 2

îäåðæèìî
5∑

k=1

|γk(y0)| <

<
40

81
q
√
n 1

1− q2
+

2qn+
√
n

65n2
+

20q
√
n

9(1− q)
+

160

63

2
√
n− 1

n(
√
n− 1)

q

(1− q)2
+

2q
√
n

1− q
<

<
q
√
n

1− q
(0,494 + 0,008 + 2,223 + 2) +

160

63

2
√
n− 1

n(
√
n− 1)

q

(1− q)2
<

<
24

5(1− q)
q
√
n +

160

63

2
√
n− 1

n(
√
n− 1)

q

(1− q)2
.

Ëåìó 3.1 äîâåäåíî.

Ç ëåìè 3.1 òà íåðiâíîñòi (2.78) âèïëèâà¹, ùî ïðè n > 2 çà óìîâ (3.4) òà

(3.3)

Pq(tk − y0) +
5∑

m=1

γm(y0) sign sin(ny0 −
βπ

2
) > 0. (3.38)

Â ñèëó çîáðàæåííÿ (2.46), à òàêîæ (3.21) i íåðiâíîñòi (3.38) ðîáèìî

âèñíîâîê, ùî ïðè n > 2 çà óìîâ (3.4) òà (3.3) ñïðàâåäëèâå âêëþ÷åííÿ

Nq,β(t) ∈ Cy0,2n. Òåîðåìó äîâåäåíî.
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3.2. Òåîðåìè ïðî òî÷íi çíà÷åííÿ ïîïåðå÷íèêiâ êëàñiâ çãîðòîê

ç ÿäðîì Íåéìàíà

ßê áóëî çàçíà÷åíî âèùå, ç ðîáîòè À.Ñ. Ñåðäþêà [51] âèïëèâà¹, ùî ïðè

q ∈ (0, 0,2], β ∈ Z i q ∈ (0, 0,193864], β ∈ R \ Z íåðiâíîñòi (3.5) i (3.6) âiðíi

äëÿ óñiõ n ∈ N. Òîäi, ç óðàõóâàííÿì òåîðåìè 3.1, ïîêëàâøè

n∗q,β=

1, ÿêùî q ∈ (0, 0,2] i β ∈ Z àáî q ∈ (0, 0,193864] i β ∈ R \ Z,

n∗q, ÿêùî q ∈ (0,2, 1) i β ∈ Z àáî q ∈ (0,193864, 1) i β ∈ R \ Z

îäåðæèìî iñòèííiñòü íåðiâíîñòåé (3.5) i (3.6) äëÿ óñiõ íîìåðiâ

n > n∗q,β. Âðàõóâàâøè íåðiâíîñòi (1.20), ðiâíîñòi (3.1), ñïiââiäíîøåííÿ

d2n−1(C
q,1
β,∞, C) > d2n(C

q,1
β,∞, C) ç íåðiâíîñòÿìè (3.5) òà (3.6), îòðèìó¹ìî

íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 3.2. Íåõàé q ∈ (0, 1) i β ∈ R. Òîäi äëÿ äîâiëüíîãî β ∈ R òà

óñiõ íîìåðiâ n > n∗q,β ìàþòü ìiñöå ðiâíîñòi

d2n(C
q,1
β,∞, C) = d2n−1(C

q,1
β,∞, C) = d2n−1(C

q,1
β,1, L) =

= En(C
q,1
β,∞)C = En(C

q,1
β,1)L = ‖Nq,β ∗ ϕn‖C =

=
4

π

∣∣∣∣∣
∞∑
ν=0

q(2ν+1)n

n(2ν + 1)2
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ , (3.39)

äå ϕn îçíà÷åíà ðiâíiñòþ (1.31), à θn = θn(q, β) � ¹äèíèé íà [0, 1) êîðiíü

ðiâíÿííÿ (3.2).

Ïîâòîðþþ÷è ìiðêóâàííÿ, âèêîðèñòàíi ïðè äîâåäåííi òåîðåìè iç ðîáîòè

Î.Ê. Êóøïåëÿ [31], ìîæíà ïîêàçàòè, ùî ïðè âèêîíàííi óìîâ òåîðåìè 3.1

âèêîíóþòüñÿ íåðiâíîñòi

d2n(C
q,1
β,∞, C) > b2n−1(C

q,1
β,∞, C) > ‖Nq,β ∗ ϕn‖C , (3.40)
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d2n−1(C
q,1
β,1, L) > b2n−1(C

q,1
β,1, L) > ‖Nq,β ∗ ϕn‖C . (3.41)

Ç òåîðåì 1.6 òà 1.9 âèïëèâà¹ ñïðàâåäëèâiñòü ðiâíîñòåé (1.43) ïðè ψ(k) = qk

k ,

q ∈ (0, 1). Òîìó, ñïiâñòàâëÿþ÷è îöiíêè (3.40) òà (3.41) ç ðiâíîñòÿìè (1.43),

(1.30) i î÷åâèäíèìè ñïiââiäíîøåííÿìè

d2n(C
q,1
β,∞, C) 6 λ2n(C

q,1
β,∞, C) 6 λ2n−1(C

q,1
β,∞, C) 6 En(Cq,1

β,∞;µ∗, ν∗)C ,

d2n−1(C
q,1
β,1, L) 6 λ2n−1(C

q,1
β,1, L) 6 En(Cq,1

β,1;µ
∗, ν∗)L,

â ÿêèõ µ∗ i ν∗ îçíà÷àþòüñÿ ðiâíîñòÿìè

µ∗0 =
1

n

∞∑
ν=1

q2nν

ν
cos(2νθnπ −

βπ

2
),

µ∗k =
qk

k
cos

βπ

2
+
∞∑
ν=1

(
q2nν−k

2nν − k
+

q2nν+k

2nν + k
) cos(2νθnπ −

βπ

2
), k = 1, n− 1,

ν∗k =
qk

k
sin

βπ

2
+
∞∑
ν=1

(
q2nν−k

2nν − k
+

q2nν+k

2nν + k
) sin(2νθnπ −

βπ

2
), k = 1, n− 1,

îòðèìó¹ìî íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 3.3. Íåõàé q ∈ (0, 1) i β ∈ R. Òîäi äëÿ äîâiëüíîãî β ∈ R òà

óñiõ íîìåðiâ n > n∗q,β ìàþòü ìiñöå ðiâíîñòi

d2n(C
q,1
β,∞, C) = d2n−1(C

q,1
β,∞, C) = b2n−1(C

q,1
β,∞, C) = λ2n(C

q,1
β,∞, C) =

= λ2n−1(C
q,1
β,∞, C) = d2n−1(C

q,1
β,1, L) = b2n−1(C

q,1
β,1, L) = λ2n−1(C

q,1
β,1, L) =

= En(C
q,1
β,∞)C = En(Cq,1

β,∞;µ∗, ν∗)C = En(C
q,1
β,1)L = En(Cq,1

β,1;µ
∗, ν∗)L =

= ‖Nq,β ∗ ϕn‖C =
4

π

∣∣∣∣∣
∞∑
ν=0

q(2ν+1)n

n(2ν + 1)2
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ , (3.42)

äå θn = θn(q, β) � ¹äèíèé íà [0, 1) êîðiíü ðiâíÿííÿ (3.2).

Òåîðåìà 3.2 äîçâîëÿ¹ îöiíèòè àñèìïòîòè÷íó ïðè n→∞ ïîâåäiíêó

ïîïåðå÷íèêiâ d2n(C
q,1
β,∞, C), d2n−1(C

q,1
β,∞, C), d2n−1(C

q,1
β,1, L), λ2n(C

q,1
β,∞, C),

λ2n−1(C
q,1
β,∞, C), λ2n−1(C

q,1
β,1, L), b2n−1(C

q,1
β,∞, C) òà b2n−1(C

q,1
β,1, L).
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Òåîðåìà 3.4. Íåõàé q ∈ (0, 1) òà β ∈ R. Òîäi ïðè n > n∗q,β

d2n(C
q,1
β,∞, C) = d2n−1(C

q,1
β,∞, C) = b2n−1(C

q,1
β,∞, C) = λ2n(C

q,1
β,∞, C) =

= λ2n−1(C
q,1
β,∞, C) = d2n−1(C

q,1
β,1, L) = b2n−1(C

q,1
β,1, L) = λ2n−1(C

q,1
β,1, L) =

= En(C
q,1
β,∞)C = En(Cq,1

β,∞;µ∗, ν∗)C = En(C
q,1
β,1)L = En(Cq,1

β,1;µ
∗, ν∗)L =

=
qn

n

(
4

π
+ γn

q2n

1− q2n

)
, (3.43)

äå |γn| 6
16

9π
.

Äîâåäåííÿ. Äiéñíî, çíàéäåìî äâîñòîðîííi îöiíêè ïðàâî¨ ÷àñòèíè

ôîðìóëè (3.42). Îñêiëüêè,∣∣∣∣∣
∞∑
ν=1

q(2ν+1)n

n(2ν + 1)2
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ 6
6

∞∑
ν=1

q(2ν+1)n

n(2ν + 1)2
6

1

9n

q3n

1− q2n
, n ∈ N,

òî, âðàõîâóþ÷è (3.16), îäåðæó¹ìî äëÿ äîâiëüíèõ n ∈ N, q ∈ (0, 1) i β ∈ R∣∣∣∣∣
∞∑
ν=0

q(2ν+1)n

n(2ν + 1)2
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ > qn

n
−q

n

n

(
1− | sin(θnπ −

βπ

2
)|
)
−

−

∣∣∣∣∣
∞∑
ν=1

q(2ν+1)n

n(2ν + 1)2
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ >
>
qn

n

(
1− 4

9

q2n

1− q2n

)
, (3.44)

∣∣∣∣∣
∞∑
ν=0

q(2ν+1)n

n(2ν + 1)2
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ 6 qn

n
+
qn

n

(
1− | sin(θnπ −

βπ

2
)|
)

+

+

∣∣∣∣∣
∞∑
ν=1

q(2ν+1)n

n(2ν + 1)2
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ 6
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6
qn

n

(
1 +

4

9

q2n

1− q2n

)
, (3.45)

Ç òåîðåìè 3.2 òà îöiíîê (3.44) i (3.45) âèïëèâà¹, ùî ïðè n > n∗q,β

âèêîíó¹òüñÿ (3.43). Òåîðåìó äîâåäåíî.

Çàçíà÷èìî, ùî îöiíêè (3.5) i (3.6) äëÿ äîâiëüíèõ q ∈ (0, 1) íåìîæëèâî

âñòàíîâèòè, âèêîðèñòîâóþ÷è ìåòîäè çíàõîäæåííÿ îöiíîê çíèçó äëÿ

êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ êëàñiâ çãîðòîê iç ÿäðàìè, ùî íå çáiëüøóþòü

îñöèëÿöi¨, ðîçðîáëåíi À. Ïiíêóñîì [43], îñêiëüêè ÿäðà Íåéìàíà Nq,β(t)

ìîæóòü çáiëüøóâàòè îñöèëÿöiþ. Ïðîiëþñòðó¹ìî öå íà ïðèêëàäi ÿäåð

Íåéìàíà Nq,0(t) òà Nq,1(t) ïðè q = 0,21.

Çãiäíî ç íàñëiäêîì 1.1, ùîá äîâåñòè, ùî ÿäðà Íåéìàíà Nq,β(t) ïðè

q = 0,21 i β = 0 àáî β = 1 íå ¹ CVD2n-ÿäðàìè íi ïðè ÿêèõ n ∈ N, äîñòàòíüî

ïîêàçàòè, ùî çíàéäóòüñÿ âåêòîðè x = (x1, x2, x3), 0 6 x1 < x2 < x3 < 2π,

òà y = (y1, y2, y3), 0 6 y1 < y2 < y3 < 2π, äëÿ ÿêèõ äåòåðìiíàíò

D3(x,y) çìiíþ¹ çíàê. Âèáåðåìî âåêòîðè x(k) = (x
(k)
1 , x

(k)
2 , x

(k)
3 ) òà

y(k) = (y
(k)
1 , y

(k)
2 , y

(k)
3 ), k = 1, 2, íàñòóïíèì ÷èíîì:

x
(1)
1 =

π

18
, x

(1)
2 =

π

9
, x

(1)
3 =

π

6
, y

(1)
1 =

13π

36
, y

(1)
2 =

11π

30
, y

(1)
3 =

67π

180
,

x
(2)
1 =

π

18
, x

(2)
2 =

π

9
, x

(2)
3 =

π

6
, y

(2)
1 =

13π

30
, y

(2)
2 =

10π

9
, y

(2)
3 =

7π

6
.

Îá÷èñëåííÿ ïîêàçóþòü, ùî äëÿ ÿäðà Nq,0

D3(x
(1),y(1)) < −2,74 · 10−10, D3(x

(2),y(2)) > 1,09 · 10−6,

à äëÿ ÿäðà Nq,1

D3(x
(1),y(1)) < −2,26 · 10−8, D3(x

(2),y(2)) > 2,09 · 10−6.

Îòæå, â ñèëó íàñëiäêó 1.1 äëÿ q = 0,21 i áóäü-ÿêèõ n ∈ N âiðíî, ùî

Nq,0 6∈ CVD2n i Nq,1 6∈ CVD2n.
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Âèñíîâêè äî ðîçäiëó 3

Ó äàíîìó ðîçäiëi âñòàíîâëåíî, ùî ÿäðà Íåéìàíà âèãëÿäó

Nq,β(t) =
∞∑
k=1

qk

k cos
(
kt− βπ

2

)
, q ∈ (0, 1), β ∈ R, çàäîâîëüíÿþòü ââåäåíó

Î.Ê. Êóøïåëåì óìîâó Cy,2n, ïî÷èíàþ÷è ç äåÿêîãî íîìåðà n∗q,

çàëåæíîãî ëèøå âiä q. Ó ðåçóëüòàòi äëÿ âñiõ n > n∗q îòðèìàíî îöiíêè

çíèçó êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ d2n(C
q,1
β,∞, C), d2n−1(C

q,1
β,∞, C) òà

d2n−1(C
q,1
β,1, L).

Îäåðæàíi îöiíêè ñïiâïàëè ç íàéêðàùèìè íàáëèæåííÿìè êëàñiâ Cq,1
β,1

òà Cq,1
β,∞ òðèãîíîìåòðè÷íèìè ïîëiíîìàìè ïîðÿäêó n − 1 â ìåòðèêàõ L

òà C âiäïîâiäíî. ßê íàñëiäîê, çíàéäåíî òî÷íi çíà÷åííÿ ïîïåðå÷íèêiâ

d2n(C
q,1
β,∞, C), d2n−1(C

q,1
β,∞, C), d2n−1(C

q,1
β,1, L), λ2n(C

q,1
β,∞, C), λ2n−1(C

q,1
β,∞, C),

λ2n−1(C
q,1
β,1, L), b2n−1(C

q,1
β,∞, C) òà b2n−1(C

q,1
β,1, L).

Îñíîâíi ðåçóëüòàòè, ÿêi âèñâiòëåíi ó öüîìó ðîçäiëi, îïóáëiêîâàíî ó

ðîáîòàõ [9] òà [10].
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ÐÎÇÄIË 4

Òî÷íi îöiíêè êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ êëàñiâ

àíàëiòè÷íèõ ôóíêöié

Äàíèé ðîçäië äèñåðòàöi¨ ïðèñâÿ÷åíî çíàõîäæåííþ òî÷íèõ çíà÷åíü

ïîïåðå÷íèêiâ d2n(C
h
β,∞, C), d2n−1(C

h
β,∞, C) òà d2n−1(C

h
β,1, L) äëÿ äîâiëüíèõ

h > 0, β ∈ R òà óñiõ íàòóðàëüíèõ n, áiëüøèõ äåÿêîãî íîìåðà nh, çàëåæíîãî

ëèøå âiä ïàðàìåòðà h.

4.1. Îöiíêè çâåðõó êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ êëàñiâ

àíàëiòè÷íèõ ôóíêöié

Äëÿ êîæíîãî ôiêñîâàíîãî h > 0 ïîêëàäåìî

n∗h =

1, ÿêùî h > ln 10
3 ,

n∗∗h , ÿêùî 0 < h < ln 10
3 ,

äå n∗∗h � íàéìåíøå íàòóðàëüíå ÷èñëî, äëÿ ÿêîãî âèêîíó¹òüñÿ íåðiâíiñòü

(1− e−h)2 >
5 + 3e−2h

1− e−2h

(
1+e−2h

2

)2n

√
1−

(
1+e−2h

2

)2n
+ (2 + e−2nh)e−2nh. (4.1)

Ìà¹ ìiñöå òâåðäæåííÿ.

Òåîðåìà 4.1. Íåõàé h > 0 i β ∈ R. Òîäi äëÿ âñiõ íîìåðiâ n òàêèõ, ùî

n > n∗h, ìà¹ ìiñöå âêëþ÷åííÿ Hh,β ∈ N ∗n òà âèêîíóþòüñÿ ðiâíîñòi

En(C
h
β,∞)C = En(C

h
β,1)L = ‖Hh,β ∗ ϕn‖C =
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=
4

π

∣∣∣∣∣
∞∑
ν=0

1

(2ν + 1) ch((2ν + 1)nh)
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ , (4.2)

â ÿêèõ ϕn(t) � ôóíêöiÿ âèãëÿäó (1.31), à θn = θn(h, β) � ¹äèíèé íà [0, 1)

êîðiíü ðiâíÿííÿ

∞∑
ν=0

1

ch((2ν + 1)nh)
cos

(
(2ν + 1)θnπ −

βπ

2

)
= 0. (4.3)

Äîâåäåííÿ. Çãiäíî ç òåîðåìîþ 1.8 ðiâíîñòi (1.36) ñïðàâäæóþòüñÿ äëÿ

óñiõ β ∈ R i n ∈ N çà óìîâè, ùî

ψ(k + 1)

ψ(k)
< 0,3253678 . . . , k = 1, 2, . . . .

Îñêiëüêè êîåôiöi¹íòè ψ(k) = 1
ch kh ÿäðà Hh,β(t) çàäîâîëüíÿþòü óìîâó Dq

ïðè q = e−h i âiäíîøåííÿ

ψ(k + 1)

ψ(k)
=

ch kh

ch(k + 1)h
= q

1 + q2k

1 + q2k+2

óòâîðþ¹ ñïàäíó ïîñëiäîâíiñòü, òî ïðè q ∈ (0, 3
10 ]

ψ(k + 1)

ψ(k)
6 q

1 + q2

1 + q4
6 0,3253678, k = 1, 2, . . . .

Îòæå, ÿêùî h > ln 10
3 , òî ðiâíîñòi (4.2) âèêîíóþòüñÿ äëÿ óñiõ n ∈ N.

Âiäïîâiäíî äî òåîðåìè 1.7, ÿêùî ïîñëiäîâíiñòü êîåôiöi¹íòiâ ψ(k) ÿäðà

Ψβ âèãëÿäó (1.5), ÿêå ïîðîäæó¹ êëàñè Cψ
β,p, p = 1,∞, çàäîâîëüíÿ¹ óìîâó

Äàëàìáåðà (1.10), òî çíàéäåòüñÿ íîìåð n0 òàêèé, ùî äëÿ áóäü-ÿêîãî

íàòóðàëüíîãî n > n0 ìàþòü ìiñöå ðiâíîñòi (1.36). Ïðè öüîìó (äèâ. [52,

ñ. 188�190]) íîìåð n0 îçíà÷à¹òüñÿ êîíñòðóêòèâíî ÿê íàéìåíøå íàòóðàëüíå

÷èñëî, äëÿ êîòðîãî âèêîíóþòüñÿ íåðiâíîñòi

(1− q)2 >
5 + 3q2

1− q2

(
1+q2

2

)2n

√
1−

(
1+q2

2

)2n
+ εn(2 + εn), n = n0, n0 + 1, . . . , (4.4)



87

äå

εn = εn(ψ) := sup
k>n
|ψ(k + 1)

ψ(k)
− q|. (4.5)

Ïðè ψ(k) = 1
ch kh äëÿ âåëè÷èí εn = εn(ψ) âèãëÿäó (4.5) ìàþòü ìiñöå

ñïiââiäíîøåííÿ

εn = q2n+1 1− q2

1 + q2n+2
< q2n+1 < q2n, q = e−h.

Òîìó âèêîíàííÿ íåðiâíîñòi (4.1) ãàðàíòó¹ âèêîíàííÿ óìîâè (4.4), à îòæå, â

ñèëó [52], i ðiâíîñòåé (4.2) äëÿ óñiõ íîìåðiâ n òàêèõ, ùî n > n∗∗h . Òåîðåìó

äîâåäåíî.
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4.2. Îöiíêè çíèçó êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ êëàñiâ

àíàëiòè÷íèõ ôóíêöié

Äëÿ êîæíîãî ôiêñîâàíîãî h > 0 ÷åðåç nh áóäåìî ïîçíà÷àòè íàéìåíøèé

ç íîìåðiâ n > 9, äëÿ ÿêîãî âèêîíó¹òüñÿ íåðiâíiñòü

37

5(1− e−h)
e−h

√
n +

e−h

(1− e−h)2
min

{
160

27(n−
√
n)
,

8

3n− 7
√
n

}
6

6

(
1

2
+

1

(1− e−h) chh

)(
1− e−h

1 + e−h

) 4

1−e−2h

(4.6)

Ó ïðèéíÿòèõ ïîçíà÷åííÿõ ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 4.2. Íåõàé h > 0, β ∈ R. Òîäi äëÿ âñiõ íîìåðiâ n òàêèõ, ùî

n > nh, âèêîíóþòüñÿ íåðiâíîñòi

d2n(C
h
β,∞, C) > ‖Hh,β ∗ ϕn‖C , (4.7)

d2n−1(C
h
β,1, L) > ‖Hh,β ∗ ϕn‖C . (4.8)

Çàóâàæèìî, ùî äëÿ óñiõ h > 0 òàêèõ, ùî

ch kh

ch(k + 1)h
6

chh

ch 2h
6 ρ(β), k ∈ N, (4.9)

äå ρ(β) = 0,2, ÿêùî β ∈ Z i ρ(β) = 0,193864, ÿêùî β ∈ R \ Z íåðiâíîñòi

(4.7) òà (4.8) ïðè äîâiëüíèõ n ∈ N âèïëèâàþòü ç òåîðåìè 1.21. Îá÷èñëåííÿ

ïîêàçóþòü, ùî óìîâà (4.9), à ðàçîì ç íåþ i îöiíêè (4.7) òà (4.8), ìà¹ ìiñöå

ïðè óñiõ h > 1,644651, ÿêùî β ∈ Z i h > 1,67423, ÿêùî β ∈ R \ Z.

Äîâåäåííÿ. Âiäïîâiäíî äî òåîðåìè 1.16 äëÿ âñòàíîâëåííÿ íåðiâíîñòåé

(4.7) i (4.8) äîñòàòíüî ïîêàçàòè, ùî äëÿ äîâiëüíèõ h > 0, β ∈ R i âñiõ

íîìåðiâ n > nh ÿäðà Hh,β(t) çàäîâîëüíÿþòü óìîâó Cy0,2n, äå y0 � òî÷êà, â

ÿêié ìîäóëü ôóíêöi¨ Φh,β,n(·) = (Hh,β ∗ ϕn)(·), ϕn(t) = sign sinnt, äîñÿãà¹

íàéáiëüøîãî çíà÷åííÿ, òîáòî

|Φh,β,n(y0)| = |(Hh,β ∗ ϕn)(y0)| = ‖Hh,β ∗ ϕn‖C .



89

Îñêiëüêè, ÿê íå âàæêî ïåðåêîíàòèñü,

Φh,β,n(t) = (Hh,β ∗ ϕn)(t) =

=
4

π

∞∑
ν=0

1

(2ν + 1) ch((2ν + 1)nh)
sin

(
(2ν + 1)nt− βπ

2

)
,

òî Φh,β,n(·) ïåðiîäè÷íà ç ïåðiîäîì 2π/n äèôåðåíöiéîâíà ôóíêöiÿ i òàêà,

ùî Φh,β,n(·+ π
n) = −Φh,β,n(·). Òîìó ìàêñèìàëüíå çíà÷åííÿ π/n-ïåðiîäè÷íî¨

ôóíêöi¨ |Φh,β,n(·)| íà [0, πn) äîñÿãà¹òüñÿ ó òî÷öi y0 = y0(n, h, β) = θnπ
n , äå θn

� ¹äèíèé íà [0, 1) êîðiíü ðiâíÿííÿ (4.3).

ßê çàçíà÷àëîñü âèùå, ïîñëiäîâíîñòi ψ(k) = 1
ch kh ÿäðà Hh,β(t) âèãëÿäó

(1.8) çàäîâîëüíÿþòü óìîâó Dq ïðè q = e−h, à òîìó äëÿ âêàçàíèõ ψ

çàñòîñîâíà ëåìà 2.2.

Íàñòóïíå òâåðäæåííÿ ìiñòèòü îöiíêó çâåðõó ñóìè
5∑

k=1

|γk(y)| ó âèïàäêó,

êîëè ψ(n) = 1
chnh , h > 0, òà y = y0, äå y0 � òî÷êà, â ÿêié ôóíêöiÿ |Ψβ ∗ ϕn|

íàáóâà¹ íàéáiëüøîãî çíà÷åííÿ.

Ëåìà 4.1. Íåõàé ψ(n) = 1
chnh = 2qn

1+q2n , h > 0, q = e−h, β ∈ R,

y0 = y0(n, h, β) = θnπ
n , äå θn � êîðiíü ðiâíÿííÿ (4.3), θn ∈ [0, 1), à

âåëè÷èíè γl(y0), l = 1, 5, çàäàþòüñÿ ðiâíîñòÿìè (2.5), (2.6), (2.35)�(2.37)

ç ψ(n) = 1
chnh. Òîäi ïðè n > 9 òà âèêîíàííi óìîâè (2.45) äëÿ äîâiëüíîãî

t ∈ ( (k−1)π
n , kπn ), k = 1, 2n, ìà¹ ìiñöå çîáðàæåííÿ

(SΨβ,1(y0, t))
ψ
β =

= (−1)k+1π chnh

4n

(
Pq(tk − y0) sign sin(ny0 −

βπ

2
) +

5∑
l=1

γl(y0)

)
, (4.10)

òà ñïðàâåäëèâà îöiíêà

5∑
l=1

|γl(y0)| 6
37

5(1− q)
q
√
n +

q

(1− q)2
min

{
160

27(n−
√
n)
,

8

3n− 7
√
n

}
.
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Äîâåäåííÿ ëåìè 4.1. Âñòàíîâèìî ñïî÷àòêó ñïðàâåäëèâiñòü

çîáðàæåííÿ (4.10). Äëÿ öüîãî äîñòàòíüî ïîêàçàòè, ùî ïðè y = y0

âèêîíó¹òüñÿ óìîâà (2.3). Çíàéäåìî îöiíêè çâåðõó âåëè÷èí |rj(y0)| òà

|Rj(y0)| ïðè j = 0, n− 1. Ç (2.10) ìà¹ìî

|r(1)
j (y0)| 6

6
2q3n−j

(3n− j)(1 + q2(3n−j))
+ 2

∞∑
m=2

(
q(2m+1)n−j

((2m+ 1)n− j)(1 + q2((2m+1)n−j))
+

+
q(2m−1)n+j

((2m− 1)n+ j)(1 + q2((2m−1)n+j))

)
<

<
2q3n−j

3n− j
+ 2

∞∑
m=2

(
q(2m+1)n−j

(2m+ 1)n− j
+

q(2m−1)n+j

(2m− 1)n+ j

)
=

= 2
∞∑
m=1

(
q(2m+1)n−j

(2m+ 1)n− j
+

q(2m+1)n+j

(2m+ 1)n+ j

)
. (4.11)

Âðàõîâóþ÷è, ùî âíàñëiäîê îïóêëîñòi ïîñëiäîâíîñòi
qk

k
âèêîíó¹òüñÿ

íåðiâíiñòü

qk−j

k − j
+

qk+j

k + j
<

qk−n

k − n
+

qk+n

k + n
, k > n, j = 0, n− 1,

iç (4.11) çíàõîäèìî

|r(1)
j (y0)| 6 2

∞∑
m=1

(
q2mn

2mn
+

q2(m+1)n

2(m+ 1)n

)
=

=
q2n

n
+ 2

∞∑
m=2

q2mn

mn
6

1

n

∞∑
m=1

q2mn =
q2n

n(1− q2n)
. (4.12)

Ç ðiâíÿííÿ (4.3) ïðè q = e−h îòðèìó¹ìî∣∣∣∣cos

(
θnπ −

βπ

2

)∣∣∣∣ =

= (1 + q2n)

∣∣∣∣∣
∞∑
ν=1

q2νn

1 + q2(2ν+1)n
cos

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ <
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< (1 + q2n)
∞∑
ν=1

q2νn =
q2n

1− q2n
(1 + q2n). (4.13)

Ó ñâîþ ÷åðãó, ç (4.13) âèïëèâà¹, ùî

0 6 1− | sin(θnπ −
βπ

2
)| 6 | cos(θnπ −

βπ

2
)| < q2n

1− q2n
(1 + q2n). (4.14)

Ç (4.13) òà (2.11) ìà¹ìî

|r(2)
j (y0)| <

2q2n(1 + q2n)

1− q2n

(
qn−j

(n− j)(1 + q2(n−j))
− qn+j

(n+ j)(1 + q2(n+j))

)
.

(4.15)

Iç (4.14) òà (2.12) çíàõîäèìî

|r(3)
j (y0)| <

2q2n(1 + q2n)

1− q2n

(
qn−j

(n− j)(1 + q2(n−j))
+

qn+j

(n+ j)(1 + q2(n+j))

)
.

(4.16)

Ç óìîâè (2.45) âèïëèâà¹, ùî

q2n <
49

1369n4
. (4.17)

Îòæå, ç (4.12), (4.15), (4.16) òà (4.17) ïðè n > 9 âèïëèâà¹ îöiíêà âåëè÷èíè

|rj(y0)|

|rj(y0)| 6 |
3∑

ν=1

r
(ν)
j (y0)| <

<
q2n

1− q2n

(
4(1 + q2n)qn−j

(n− j)(1 + q2(n−j))
+

1

n

)
<

<
q2n

1− q2n

(
4q(1 + q2n) +

1

n

)
<

38

9

q2n

1− q2n
, j = 0, n− 1. (4.18)

Ïðè j = 0 îöiíêó (4.18) ìîæíà ïîêðàùèòè. Äiéñíî, â ñèëó (2.27) ìà¹ìî

|r(1)
0 (y0)| 6 4

∞∑
m=2

q(2m−1)n

((2m− 1)n)(1 + q2(2m−1)n)
<

<
4

3n

∞∑
m=2

q(2m−1)n =
4

3n

q3n

1− q2n
,
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à ç (2.29) òà (4.14) âèïëèâà¹∣∣∣r(3)
0 (y0)

∣∣∣ < 4q3n

n(1− q2n)
.

Òîäi, âðàõîâóþ÷è (2.28), ìîæåìî çàïèñàòè

|r0(y0)| 6 |r(1)
0 (y0) + r

(3)
0 (y0)| 6

16

3n

q3n

1− q2n
. (4.19)

Iç (2.15) îòðèìó¹ìî çîáðàæåííÿ

|λn−j(y0)| =

=

∣∣∣∣sign sin(ny − βπ

2
)

(
2qn−j

(n− j)(1 + q2(n−j))
+

2qn+j

(n+ j)(1 + q2(n+j))

)
+ rj(y0)

∣∣∣∣ ,
ç ÿêîãî áåçïîñåðåäíüî âèïëèâà¹ îöiíêà

|λn−j(y0)| 6
2qn−j

(n− j)(1 + q2(n−j))
+

2qn+j

(n+ j)(1 + q2(n+j))
+ |rj(y0)|. (4.20)

Îñêiëüêè âíàñëiäîê (4.14) òà óìîâè (2.45)

| sin(ny0 −
βπ

2
)| > 1− q2n

1− q2n
(1 + q2n) > 0, (4.21)

òî îòðèìó¹ìî òàêîæ îöiíêó

|λn−j(y0)| >
2qn−j

(n− j)(1 + q2(n−j))
+

2qn+j

(n+ j)(1 + q2(n+j))
− |rj(y0)|. (4.22)

Â ñèëó (2.8), (4.20) òà (4.22)

|Rj(y0)| 6 |rj(y0)|, j = 0, n− 1. (4.23)

Âçÿâøè äî óâàãè îöiíêè (4.22) òà (4.18), ìà¹ìî

|λn−j(y0)| >
qn−j

n− j
+

qn+j

n+ j
− 38

9

q2n

1− q2n
=

=
qn

n− j

(
q−j +

n− j
n+ j

qj − 38(n− j)qn

9(1− q2n)

)
. (4.24)
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Îñêiëüêè ïðè j = 0, n− 1 òà n > 9

9q−j

380(n− j)
>

9

380n
>

7q
√
n

37n2
,

òî ç óìîâè (2.45) âèïëèâà¹ íåðiâíiñòü

9

380(n− j)
q−j >

qn

1− q2n
,

ÿêà åêâiâàëåíòíà íàñòóïíié íåðiâíîñòi:

q−j

10
>

38(n− j)qn

9(1− q2n)
, j = 0, n− 1. (4.25)

Â ñèëó (4.25) âèêîíóþòüñÿ îöiíêè

q−j +
n− j
n+ j

qj − 38(n− j)qn

9(1− q2n)
=

=
9q−j

10
+
q−j

10
+
n− j
n+ j

qj − 38(n− j)qn

9(1− q2n)
>

9q−j

10
, j = 0, n− 1. (4.26)

Îá'¹äíóþ÷è (4.24) òà (4.26), ìà¹ìî

|λn−j(y0)| >
9qn−j

10(n− j)
. (4.27)

Ç íåðiâíîñòi (4.27) âèïëèâà¹ âèêîíàííÿ óìîâè (2.3), à îòæå, i

ñïðàâåäëèâiñòü çîáðàæåííÿ (4.10).

Çíàéäåìî îöiíêè çâåðõó êîæíî¨ ç âåëè÷èí |γl(y0)|, l = 1, 5. Ðîçïî÷íåìî ç

îöiíêè âåëè÷èíè |γ1(y0)|. Îñêiëüêè äëÿ x ∈ [0, π2 ) ñïðàâäæó¹òüñÿ íåðiâíiñòü

cosx > 1− 2x
π > 0, îòðèìó¹ìî ñïiââiäíîøåííÿ

cos
jπ

2n
> 1− j

n
=
n− j
n

, j = 0, n− 1. (4.28)

Ç (4.27) òà (4.28) ìà¹ìî

n(1 + q2n)

2qn
|λn−j(y0)|2 cos

jπ

2n
>

81(1 + q2n)

200n
qn−2j. (4.29)
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Ç (4.23) i (2.7) âèïëèâà¹, ùî |zj(y0)| 6 2|rj(y0)|. Òîìó âðàõîâóþ÷è (4.18),

(4.29) òà óìîâó (2.45), ç (2.5) îäåðæó¹ìî

|γ1(y0)| 6
800

81(1 + q2n)
max

06j6n−1
|rj(y0)|

n

qn

n−1∑
j=0

q2j <

<
30400nqn

729(1 + q2n)(1− q2n)

∞∑
j=0

q2j 6
212800

26973n
q
√
n 1

1− q2
. (4.30)

Îöiíèìî |γ2(y0)|. Ç (2.6), (4.23), (4.19), (2.45) i (4.17) îòðèìó¹ìî

|γ2(y0)| 6
8q2n(1+q2n)

3(1−q2n)

2
∣∣∣2− 8q2n(1+q2n)

3(1−q2n)

∣∣∣ =
2q2n(1 + q2n)

|3− 7q2n − 4q4n|
<

4q2n

3− 11q2n
=

=
1− q2n

3− 11q2n

4q2n

1− q2n
=

(
1

11
+

8

11(3− 11q2n)

)
4q2n

1− q2n
<

<
5

11

4q2n

1− q2n
<

140qn+
√
n

407n2
. (4.31)

Îöiíèìî âåëè÷èíó |γ3(y0)|. Âçÿâøè äî óâàãè (4.27) òà (4.28), ìà¹ìî

n(1 + q2n)

2qn
|λn−j(y0)| cos

jπ

2n
>

9(1 + q2n)q−j

20
. (4.32)

Òîìó, çâàæàþ÷è íà (4.32), ç (2.35) çíàõîäèìî

|γ3(y0)| <
40

9(1 + q2n)

n−1∑
j=[
√
n]+1

qj =
40(q[

√
n]+1 − qn)

9(1− q)(1 + q2n)
6

40q
√
n

9(1− q)
. (4.33)

Ïåðø íiæ îöiíèòè |γ4(y0)| âñòàíîâèìî îöiíêè çâåðõó äëÿ âåëè÷èíè

|δj(y0)|, îçíà÷åíî¨ â (2.38). Ç óðàõóâàííÿì (2.8)

n(1 + q2n)

2qn
|λn−j(y0)| cos

jπ

2n
=

=

(
n

n− j
(1 + q2n)qn−j

qn(1 + q2(n−j))
+

n

n+ j

(1 + q2n)qn+j

qn(1 + q2(n+j))
+Rj(y0)

(1 + q2n)n

2qn

)
cos

jπ

2n
=

= (q−j + qj)(1− 2 sin2 jπ

4n
) +

(
n

n− j
q−j(1 + q2n)

1 + q2(n−j) − q
−j+
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+
n

n+ j

qj(1 + q2n)

1 + q2(n+j)
− qj +Rj(y0)

n(1 + q2n)

2qn

)
cos

jπ

2n
. (4.34)

Îñêiëüêè∣∣∣∣ n

n− j
1 + q2n

1 + q2(n−j) − 1

∣∣∣∣ =

∣∣∣∣(1 +
j

n− j

)(
1− q2(n−j) − q2n

1 + q2(n−j)

)
− 1

∣∣∣∣ =

=

∣∣∣∣ j

n− j
− n

n− j
q2(n−j) − q2n

1 + q2(n−j)

∣∣∣∣ < j

n− j
+

n

n− j
q2(n−j),∣∣∣∣ n

n+ j

1 + q2n

1 + q2(n+j)
− 1

∣∣∣∣ =

∣∣∣∣(1− j

n+ j

)(
1 +

q2n − q2(n+j)

1 + q2(n+j)

)
− 1

∣∣∣∣ =

=

∣∣∣∣− j

n+ j
+

n

n+ j

q2n − q2(n+j)

1 + q2(n+j)

∣∣∣∣ < j

n+ j
+

n

n+ j
q2n,

òî

max{| n

n− j
1 + q2n

1 + q2(n−j) − 1|, | n

n+ j

1 + q2n

1 + q2(n+j)
− 1|} <

<
j

n− j
+

n

n− j
q2(n−j). (4.35)

Òîäi ç (2.38), (4.18), (4.23), (4.34), (4.35) òà ç óðàõóâàííÿì îïóêëîñòi

ïîñëiäîâíîñòi qk äëÿ âåëè÷èí |δj(y0)| áóäåìî ìàòè

|δj(y0)| 6 2 sin2 jπ

4n
+

1

q−j + qj

((
j

n− j
+
nq2(n−j)

n− j

)
(q−j + qj)+

+|Rj(y0)|
n(1 + q2n)

2qn

)
6 2

(
jπ

4n

)2

+
j

n− j
+
nq2(n−j)

n− j
+
n(1 + q2n)|rj(y0)|

2(qn−j + qn+j)
6

6
j2π2

8n2
+

j

n− j
+
nq2(n−j)

n− j
+

19n(1 + q2n)

18

qn

1− q2n
=

=
4j

3(n− j)
+

(
j2π2

8n2
+
nq2(n−j)

n− j
+

19n(1 + q2n)

18

qn

1− q2n
− j

3(n− j)

)
. (4.36)

Ïîêàæåìî, ùî äëÿ óñiõ j = 1, [
√
n]

|δj(y0)| 6
4j

3(n− j)
. (4.37)
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Äëÿ öüîãî, â ñèëó (4.36) äîñèòü ïåðåêîíàòèñÿ, ùî ïðè j = 1, [
√
n] ìà¹

ìiñöå íåðiâíiñòü

j

3(n− j)
− j2π2

8n2
−
√
nq2(n−

√
n)

√
n− 1

>
19n(1 + q2n)

18

qn

1− q2n
. (4.38)

Äiéñíî, ÿê ïîêàçàíî ïðè äîâåäåííi ëåìè 2.3, ïðè êîæíîìó ôiêñîâàíîìó

x > 9 ôóíêöiÿ

f(x, τ) =
τ

3(x− τ)
− τ 2π2

8x2

íà [1,
√
x] íàáóâà¹ íàéìåíøîãî çíà÷åííÿ ó òî÷öi τ = 1. Òîìó ïðè n > 9, ç

óðàõóâàííÿì (2.45), ìà¹ìî äëÿ âñiõ j = 1, [
√
n]

j

3(n− j)
− j2π2

8n2
−
√
nq2(n−

√
n)

√
n− 1

>
1

3(n− 1)
− π2

8n2
−
√
nq2(n−

√
n)

2
>

>
1

3(n− 1)
− π2

8n2
− 49

2738n3
√
n
. (4.39)

Ïðè n = 9, âðàõîâóþ÷è (2.45) òà (4.17), îòðèìó¹ìî

1

3(n− 1)
− π2

8n2
− 49

2738n3
√
n

=

=
1

24
− π2

648
− 49

5988006
>

17

648
− 49

5988006
>

> 0,025 >
7 · 19(1 + q18)q3

18 · 37 · 9
=

7 · 19(1 + q2n)q
√
n

18 · 37n
>

19n(1 + q2n)qn

18(1− q2n)
. (4.40)

Ïðè n > 10, âðàõîâóþ÷è (2.45) òà (4.17), îòðèìó¹ìî

1

3(n− 1)
− π2

8n2
− 49

2738n3
√
n
>

1

n

(
1

3
− π2

80

)
− 49

2738n3
√
n
>

>
5

24n
− 49

2738n3
√
n
>

7 · 19(1 + q2n)q
√
n

18 · 37n
>

19n(1 + q2n)qn

18(1− q2n)
. (4.41)

Ç (4.39), (4.40) òà (4.41) âèïëèâà¹ ñïðàâåäëèâiñòü (4.38), à îòæå, i (4.37).

Ôîðìóëè (2.36), (4.32) òà (4.37) äîçâîëÿþòü îäåðæàòè ïðè n > 9

íàñòóïíó îöiíêó âåëè÷èíè γ4(y0):

|γ4(y0)| 6 2

[
√
n]∑

j=1

4j
3(n−j)

9(1+q2n)q−j

20

=
160

27(1 + q2n)

[
√
n]∑

j=1

j

n− j
qj 6
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6
160

27(n−
√
n)

[
√
n]∑

j=1

jqj <
160

27(n−
√
n)

∞∑
j=1

jqj <

<
160

27(n−
√
n)

q

(1− q)2
. (4.42)

Âîäíî÷àñ äëÿ âåëè÷èíè |γ4(y0)| ìîæíà îòðèìàòè iíøó îöiíêó çâåðõó. Ç

öi¹þ ìåòîþ, ïîìiòèâøè, ùî â ñèëó (2.38)

n(1 + q2n)

2qn
|λn−j(y0)| cos

jπ

2n
= (qj + q−j)(1 + δj(y0)),

ç (2.36) òà (4.37) ïðè n > 9 îäåðæó¹ìî

|γ4(y0)| 6 2

[
√
n]∑

j=1

4j
3(n−j)

1− 4j
3(n−j)

qj = 2

[
√
n]∑

j=1

4j

3n− 7j
qj 6

6
8

3n− 7
√
n

[
√
n]∑

j=1

jqj <
8

3n− 7
√
n

∞∑
j=1

jqj <
8

3n− 7
√
n

q

(1− q)2
. (4.43)

Iç (4.42) i (4.43) âèïëèâà¹ îöiíêà

|γ4(y0)| 6
q

(1− q)2
min

{
160

27(n−
√
n)
,

8

3n− 7
√
n

}
. (4.44)

Â ñèëó (2.37) äëÿ âåëè÷èíè |γ5(y0)| ìà¹ìî

|γ5(y0)| 6 2
∞∑

j=[
√
n]+1

qj = 2
q[
√
n]+1

1− q
< 2

q
√
n

1− q
. (4.45)

Âçÿâøè äî óâàãè îöiíêè (4.30), (4.31), (4.33), (4.44) òà (4.45), ïðè n > 9

îäåðæèìî, ùî ïðè âèêîíàííi óìîâè (2.45)

5∑
k=1

|γk(y0)| <
212800

26973n
q
√
n 1

1− q2
+

140qn+
√
n

407n2
+

40q
√
n

9(1− q)
+

+
q

(1− q)2
min

{
160

27(n−
√
n)
,

8

3n− 7
√
n

}
+

2q
√
n

1− q
<

<
q
√
n

1− q
(0,877+0,0043+4,45+2)+

q

(1− q)2
min

{
160

27(n−
√
n)
,

8

3n− 7
√
n

}
<
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<
37

5(1− q)
q
√
n +

q

(1− q)2
min

{
160

27(n−
√
n)
,

8

3n− 7
√
n

}
.

Ëåìó äîâåäåíî.

Ç ëåìè 4.1 i íåðiâíîñòi (2.78) âèïëèâà¹, ùî ïðè n > 9, q = e−h, k = 1, 2n,

çà óìîâ (4.6) òà (2.45) âèêîíó¹òüñÿ íåðiâíiñòü

Pq(tk − y0) +
5∑

m=1

γm(y0) sign sin(ny0 −
βπ

2
) > 0. (4.46)

Â ñèëó çîáðàæåííÿ (4.10), à òàêîæ íåðiâíîñòåé (4.21) i (4.46) ðîáèìî

âèñíîâîê, ùî ïðè n > 9 çà óìîâ (4.6) òà (2.45) ñïðàâåäëèâå âêëþ÷åííÿ

Hh,β ∈ Cy0,2n. Çàëèøà¹òüñÿ ëèøå ïåðåêîíàòèñü, ùî (2.45) âèïëèâà¹ ç (4.6).

Ïðè äîâåäåííi òåîðåìè 2.1 áóëî ïîêàçàíî, ùî íåðiâíiñòü (2.45) âèïëèâà¹

ç óìîâè (2.41). Ïðè q = e−h áåçïîñåðåäíüî ïåðåêîíó¹ìîñÿ, ùî (4.6)⇒ (2.41),

à îòæå (4.6)⇒ (2.45). Òåîðåìó äîâåäåíî.
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4.3. Òåîðåìè ïðî òî÷íi çíà÷åííÿ ïîïåðå÷íèêiâ êëàñiâ

àíàëiòè÷íèõ ôóíêöié

Òåîðåìà 4.3. Íåõàé h > 0, β ∈ R. Òîäi äëÿ âñiõ íîìåðiâ n òàêèõ, ùî

n > nh, âèêîíóþòüñÿ ðiâíîñòi

d2n(C
h
β,∞, C) = d2n−1(C

h
β,∞, C) = d2n−1(C

h
β,1, L) =

= En(C
h
β,∞)C = En(C

h
β,1)L = ‖Hh,β ∗ ϕn‖C =

=
4

π

∣∣∣∣∣
∞∑
ν=0

1

(2ν + 1) ch((2ν + 1)nh)
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ , (4.47)

äå θn = θn(h, β) � ¹äèíèé íà [0, 1) êîðiíü ðiâíÿííÿ (4.3).

Äîâåäåííÿ. Iç òåîðåì 4.1 òà 4.2, à òàêîæ iç ñïiââiäíîøåííÿ (1.20)

âèïëèâà¹, ùî ðiâíîñòi (4.47) ìàþòü ìiñöå äëÿ óñiõ íîìåðiâ n > max{n∗h, nh}.

Ïîêàæåìî, ùî nh > n∗h. Ïðè h > ln 10
3 âêàçàíà íåðiâíiñòü î÷åâèäíà,

îñêiëüêè â öüîìó âèïàäêó n∗h = 1. Òîìó çàëèøà¹òüñÿ ïåðåêîíàòèñü, ùî

ïðè h ∈ (0, ln 10
3 ) nh > n∗h = n∗∗h , äå n

∗∗
h � íàéìåíøå íàòóðàëüíå ÷èñëî, äëÿ

ÿêîãî âèêîíó¹òüñÿ íåðiâíiñòü (4.1).

Ïîêëàäåìî, ÿê i ðàíiøå, q = e−h. Òîäi äëÿ äîâåäåííÿ òåîðåìè äîñòàòíüî

ïîêàçàòè, ùî ïðè q ∈ ( 3
10 , 1) i n > 9 ç íåðiâíîñòi

37

5(1− q)
q
√
n +

q

(1− q)2
min

{
160

27(n−
√
n)
,

8

3n− 7
√
n

}
6

6

(
1

2
+

2q

(1 + q2)(1− q)

)(
1− q
1 + q

) 4
1−q2

(4.48)

âèïëèâà¹ íåðiâíiñòü

(1− q)2 >
5 + 3q2

1− q2

(
1+q2

2

)2n

√
1−

(
1+q2

2

)2n
+ (2 + q2n)q2n. (4.49)
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ßê ïîêàçàíî ïðè äîâåäåííi òåîðåìè 2.1, ïðè n > 9 i q ∈ (0, 1) iç óìîâè

(2.41) âèïëèâà¹ íåðiâíiñòü

n >
160q

57(1− q)2

(
1 + q

1− q

)3

.

Îñêiëüêè
160q

57(1− q)2

(
1 + q

1− q

)3

>
8q(1 + q)

3(1− q)5
.

òî, ç óðàõóâàííÿì î÷åâèäíî¨ iìïëiêàöi¨ (4.48) ⇒ (2.41), îäåðæó¹ìî, ùî ç

óìîâè (4.48) ïðè n > 9 i q ∈ (0, 1) âèïëèâà¹ íåðiâíiñòü

n >
8q(1 + q)

3(1− q)5
. (4.50)

Ïîêàæåìî, ùî ïðè q ∈ ( 3
10 , 1) iç (4.50) âèïëèâà¹ íåðiâíiñòü

n >
5

1− q2
ln

2

1− q
. (4.51)

Ðîçãëÿíåìî ðiçíèöþ

v(q) =
8q(1 + q)

3(1− q)5
− 5

1− q2
ln

2

1− q
, q ∈ [

3

10
, 1). (4.52)

Ïîõiäíà öi¹¨ ôóíêöi¨ çðîñòà¹ i ìà¹ âèãëÿä

v′(q) =
8(1 + 6q + 3q2)

3(1− q)6
− 5

(1 + q)(1− q)2

(
2q

1 + q
ln

2

1− q
+ 1

)
. (4.53)

Iç âiäîìîãî ðîçêëàäó (äèâ., íàïðèêëàä, [19, ñ. 58])

ln t =
∞∑
k=1

1

k

(
t− 1

t

)k
, t >

1

2
, (4.54)

ïðè t = 2
1−q ìîæåìî çàïèñàòè îöiíêó

ln
2

1− q
=

∞∑
k=1

1

k

(
1 + q

2

)k
<

∞∑
k=1

(
1 + q

2

)k
=

1 + q

1− q
. (4.55)

Â ñèëó (4.53) i (4.55) îäåðæó¹ìî

v′(q) >
8(1 + 6q + 3q2)

3(1− q)6
− 5

(1− q)3
.
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Îñêiëüêè v′(q) çðîñòà¹ i v′( 3
10) > 0, òî v′(q) > 0, q ∈ [ 3

10 , 1). Îòæå, v(q)

òàêîæ çðîñòà¹ íà ïðîìiæêó [ 3
10 , 1), à òîìó

v(q) > v(
3

10
) > 0, q ∈ [

3

10
, 1). (4.56)

Iç (4.52) i (4.56) âèïëèâà¹, ùî ïðè q ∈ ( 3
10 , 1) (4.50)⇒ (4.51).

Íàðåøòi íàì çàëèøà¹òüñÿ äîâåñòè iìïëiêàöiþ (4.51)⇒ (4.49).

Çàïèñàâøè ëàíöþæîê î÷åâèäíèõ ñïiââiäíîøåíü

5 ln
2

1− q
> ln

16

(1− q)5
> ln

2(5+3q2)
(1−q2)(1−q) + 3

(1− q)2
> ln

5+3q2

1−q2
2√

3(1−q2)
+ 3

(1− q)2

i âðàõóâàâøè íåðiâíiñòü

ln
2

1 + q2
>

1− q2

2
,

ÿêà áåçïîñåðåäíüî âèïëèâà¹ ç ðîçêëàäó (4.54) ïðè t = 2
1+q2 , ç (4.51)

îòðèìó¹ìî

n >
1

2 ln 1+q2

2

ln

5+3q2

1−q2
2√

3(1−q2)
+ 3

(1− q)2
.

Îñòàííÿ íåðiâíiñòü ðiâíîñèëüíà íàñòóïíié íåðiâíîñòi

(1− q)2 >
5 + 3q2

1− q2

(
1+q2

2

)2n

√
1−

(
1+q2

2

)2
+ 3

(
1 + q2

2

)2n

. (4.57)

Îñêiëüêè

3

(
1 + q2

2

)2n

> (2 + q2n)q2n,

òî iç (4.57) âèïëèâà¹ (4.49). Òàêèì ÷èíîì

(4.48)⇒ (4.50)⇒ (4.51)⇒ (4.49).

Òåîðåìó äîâåäåíî.

Ïðè β = 2l − 1, l ∈ Z, iç òåîðåìè 4.3 îäåðæó¹ìî íàñòóïíå òâåðäæåííÿ.
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Íàñëiäîê 4.1. Íåõàé h > 0, β = 2l − 1, l ∈ Z. Òîäi äëÿ âñiõ íîìåðiâ

òàêèõ, ùî n > nh, âèêîíóþòüñÿ ðiâíîñòi

d2n(C
h
β,∞, C) = d2n−1(C

h
β,∞, C) = d2n−1(C

h
β,1, L) = En(C

h
β,∞)C =

= En(C
h
β,1)L = ‖Hh,β ∗ ϕn‖C =

4

π

∣∣∣∣∣
∞∑
ν=0

1

(2ν + 1) ch((2ν + 1)nh)

∣∣∣∣∣ .
Ïîâòîðþþ÷è ìiðêóâàííÿ, âèêîðèñòàíi ïðè äîâåäåííi òåîðåìè iç ðîáîòè

Î.Ê. Êóøïåëÿ [31], ìîæíà ïîêàçàòè, ùî ïðè âèêîíàííi óìîâ òåîðåìè 4.3

âèêîíóþòüñÿ íåðiâíîñòi

d2n(C
h
β,∞, C) > b2n−1(C

h
β,∞, C) > ‖Hh,β ∗ ϕn‖C , (4.58)

d2n−1(C
h
β,1, L) > b2n−1(C

h
β,1, L) > ‖Hh,β ∗ ϕn‖C . (4.59)

Ç òåîðåì 4.1 òà 1.9 âèïëèâà¹ ñïðàâåäëèâiñòü ðiâíîñòåé (1.43) ïðè

ψ(k) = 1
ch kh , h > 0, i n > nh. Òîìó, ñïiâñòàâëÿþ÷è îöiíêè (4.58) òà (4.59) ç

ðiâíîñòÿìè (1.43), (1.36) i î÷åâèäíèìè ñïiââiäíîøåííÿìè

d2n(C
h
β,∞, C) 6 λ2n(C

h
β,∞, C) 6 λ2n−1(C

h
β,∞, C) 6 En(Ch

β,∞;µ∗, ν∗)C ,

d2n−1(C
h
β,1, L) 6 λ2n−1(C

h
β,1, L) 6 En(Ch

β,1;µ
∗, ν∗)L,

äå µ∗ i ν∗ îçíà÷àþòüñÿ ðiâíîñòÿìè

µ∗0 = 2
∞∑
ν=1

1

ch(2nνh)
cos(2νθnπ −

βπ

2
),

µ∗k =
1

ch kh
cos

βπ

2
+

+
∞∑
ν=1

(
1

ch((2nν − k)h)
+

1

ch((2nν + k)h)

)
cos(2νθnπ −

βπ

2
), k = 1, n− 1,

ν∗k =
1

ch kh
sin

βπ

2
+

+
∞∑
ν=1

(
1

ch((2nν − k)h)
+

1

ch((2nν + k)h)

)
sin(2νθnπ −

βπ

2
), k = 1, n− 1,

îòðèìó¹ìî íàñòóïíå òâåðäæåííÿ.
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Òåîðåìà 4.4. Íåõàé h > 0, β ∈ R. Òîäi äëÿ âñiõ íîìåðiâ n òàêèõ, ùî

n > nh, âèêîíóþòüñÿ ðiâíîñòi

d2n(C
h
β,∞, C) = d2n−1(C

h
β,∞, C) = b2n−1(C

h
β,∞, C) = λ2n(C

h
β,∞, C) =

= λ2n−1(C
h
β,∞, C) = d2n−1(C

h
β,1, L) = b2n−1(C

h
β,1, L) = λ2n−1(C

h
β,1, L) =

= En(C
h
β,∞)C = En(Ch

β,∞;µ∗, ν∗)C = En(C
h
β,1)L = En(Ch

β,1;µ
∗, ν∗)L =

= ‖Hh,β ∗ ϕn‖C =
4

π

∣∣∣∣∣
∞∑
ν=0

1

(2ν + 1) ch((2ν + 1)nh)
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ ,
(4.60)

äå θn = θn(h, β) � ¹äèíèé íà [0, 1) êîðiíü ðiâíÿííÿ (4.3).

Iç òåîðåìè 4.4 ëåãêî îäåðæàòè àñèìïòîòè÷íi ïðè n→∞ îöiíêè

ïîïåðå÷íèêiâ d2n(C
h
β,∞, C), d2n−1(C

h
β,∞, C), d2n−1(C

h
β,1, L), λ2n(C

h
β,∞, C),

λ2n−1(C
h
β,∞, C), λ2n−1(C

h
β,1, L), b2n−1(C

h
β,∞, C) òà b2n−1(C

h
β,1, L).

Òåîðåìà 4.5. Íåõàé h > 0 òà β ∈ R. Òîäi ïðè n > nh

d2n(C
h
β,∞, C) = d2n−1(C

h
β,∞, C) = b2n−1(C

h
β,∞, C) = λ2n(C

h
β,∞, C) =

= λ2n−1(C
h
β,∞, C) = d2n−1(C

h
β,1, L) = b2n−1(C

h
β,1, L) = λ2n−1(C

h
β,1, L) =

= En(C
h
β,∞)C = En(Ch

β,∞;µ∗, ν∗)C = En(C
h
β,1)L = En(Ch

β,1;µ
∗, ν∗)L =

=
1

chnh

(
4

π
+ γn

e−2nh

1− e−2nh

)
, (4.61)

äå |γn| 6 28
3π .

Äîâåäåííÿ. Çíàéäåìî äâîñòîðîííi îöiíêè ïðàâî¨ ÷àñòèíè ôîðìóëè

(4.60). Îñêiëüêè∣∣∣∣∣
∞∑
ν=1

2q(2ν+1)n

(2ν + 1)(1 + q2(2ν+1)n)
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ 6
6

∞∑
ν=1

2q(2ν+1)n

(2ν + 1)(1 + q2(2ν+1)n)
6

2

3(1 + q2n)

q3n

1− q2n
, n ∈ N,
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òî, âðàõîâóþ÷è (4.14), îäåðæó¹ìî äëÿ äîâiëüíèõ n ∈ N, q ∈ (0, 1) i β ∈ R∣∣∣∣∣
∞∑
ν=0

2q(2ν+1)n

(2ν + 1)(1 + q2(2ν+1)n)
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ >
>

2qn

1 + q2n
− 2qn

1 + q2n

(
1− | sin(θnπ −

βπ

2
)|
)
−

−

∣∣∣∣∣
∞∑
ν=1

2q(2ν+1)n

(2ν + 1)(1 + q2(2ν+1)n)
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ >
>

2qn

1 + q2n

(
1− 7

3

q2n

1− q2n

)
, (4.62)

∣∣∣∣∣
∞∑
ν=0

2q(2ν+1)n

(2ν + 1)(1 + q2(2ν+1)n)
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ 6
6

2qn

1 + q2n
+

2qn

1 + q2n

(
1− | sin(θnπ −

βπ

2
)|
)

+

+

∣∣∣∣∣
∞∑
ν=1

2q(2ν+1)n

(2ν + 1)(1 + q2(2ν+1)n)
sin

(
(2ν + 1)θnπ −

βπ

2

)∣∣∣∣∣ 6
6

2qn

1 + q2n

(
1 +

7

3

q2n

1− q2n

)
. (4.63)

Ç òåîðåìè 4.4 òà îöiíîê (4.62) i (4.63) âèïëèâà¹, ùî ïðè n > nh

âèêîíó¹òüñÿ (4.61). Òåîðåìó äîâåäåíî.

Çàçíà÷èìî, ùî ïðè β = 2l, l ∈ Z, Â.Ì. Òèõîìèðîâ ó [75] òà [77] îäåðæàâ

ðiâíîñòi

d2n−1(C
h
β,∞, C) = d2n(C

h
β,∞, C) = ‖Hh,β ∗ ϕn‖C , n ∈ N. (4.64)

Àëå äîâåäåííÿ ðiâíîñòåé (4.64) ó âêàçàíèõ ðîáîòàõ íå áóëè ïîâíèìè.

Êîðåêòíå äîâåäåííÿ çðåøòîþ áóëî îòðèìàíî Â. Ôîðñòîì [81], ÿêèé

ôàêòè÷íî ïîêàçàâ, ùî ÿäðî Hh,β(t) ïðè β = 2l, l ∈ Z, ¹ CVD-ÿäðîì.

Îäíàê ó çàãàëüíîìó âèïàäêó äëÿ äîâiëüíèõ β ∈ R òà h > 0 âñòàíîâëåíi

â äàíîìó ðîçäiëi îöiíêè (4.7) òà (4.8) íåìîæëèâî îòðèìàòè, êîðèñòóþ÷èñü
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ìåòîäàìè i ïiäõîäàìè, ÿêi ðîçâèíóòî À. Ïiíêóñîì [44], îñêiëüêè ïðè äåÿêèõ

ñïiââiäíîøåííÿõ ìiæ ïàðàìåòðàìè h i β ÿäðà Hh,β(t) ìîæóòü çáiëüøóâàòè

îñöèëÿöi¨. Äîâåäåìî öå íà ïðèêëàäi ÿäðà Hh,1(t) ïðè h = ln 100
21 .

Çãiäíî ç íàñëiäêîì 1.1, ùîá äîâåñòè, ùî ÿäðî Hh,β(t) íå ¹ CVD2n-

ÿäðîì íi ïðè ÿêèõ n ∈ N, äîñòàòíüî ïîêàçàòè, ùî çíàéäóòüñÿ

âåêòîðè x = (x1, x2, x3), 0 6 x1 < x2 < x3 < 2π, òà y = (y1, y2, y3),

0 6 y1 < y2 < y3 < 2π, äëÿ ÿêèõ äåòåðìiíàíò D3(x,y) çìiíþ¹ çíàê.

Âèáåðåìî âåêòîðè

x(k) = (x
(k)
1 , x

(k)
2 , x

(k)
3 ), k = 1, 2,

òà

y(k) = (y
(k)
1 , y

(k)
2 , y

(k)
3 ), k = 1, 2,

íàñòóïíèì ÷èíîì:

x
(1)
1 =

π

18
, x

(1)
2 =

π

9
, x

(1)
3 =

π

6
, y

(1)
1 =

13π

36
, y

(1)
2 =

11π

30
, y

(1)
3 =

67π

180
,

x
(2)
1 =

π

18
, x

(2)
2 =

π

9
, x

(2)
3 =

π

6
, y

(2)
1 =

13π

30
, y

(2)
2 =

10π

9
, y

(2)
3 =

7π

6
.

Îá÷èñëåííÿ ïîêàçóþòü, ùî äëÿ ÿäðà Hh,1 ïðè h = ln 100
21

D3(x
(1),y(1)) < −1,269 · 10−8, D3(x

(2),y(2)) > 3,81 · 10−5.

Îòæå, â ñèëó íàñëiäêó 1.1 äëÿ h = ln 100
21 i áóäü-ÿêèõ n ∈ N âiðíî, ùî

Hh,1 6∈ CVD2n.
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Âèñíîâêè äî ðîçäiëó 4

Ó äàíîìó ðîçäiëi âñòàíîâëåíî, ùî ÿäðà àíàëiòè÷íèõ ôóíêöié âèãëÿäó

Hh,β(t) =
∞∑
k=1

1
ch kh cos

(
kt− βπ

2

)
, h > 0, β ∈ R, çàäîâîëüíÿþòü ââåäåíó

Î.Ê. Êóøïåëåì óìîâó Cy,2n, ïî÷èíàþ÷è ç äåÿêîãî íîìåðà nh, ÿêèé

çàëåæèòü ëèøå âiä ïàðàìåòðà h ãëàäêîñòi ÿäðà. Ó ðåçóëüòàòi äëÿ âñiõ

n > nh îòðèìàíî îöiíêè çíèçó êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ d2n(C
h
β,∞, C),

d2n−1(C
h
β,∞, C) òà d2n−1(C

h
β,1, L).

Îäåðæàíi îöiíêè ñïiâïàëè ç íàéêðàùèìè íàáëèæåííÿìè êëàñiâ Ch
β,1

òà Ch
β,∞ òðèãîíîìåòðè÷íèìè ïîëiíîìàìè ïîðÿäêó n − 1 â ìåòðèêàõ L

òà C âiäïîâiäíî. ßê íàñëiäîê, çíàéäåíî òî÷íi çíà÷åííÿ ïîïåðå÷íèêiâ

d2n(C
h
β,∞, C), d2n−1(C

h
β,∞, C), d2n−1(C

h
β,1, L), λ2n(C

h
β,∞, C), λ2n−1(C

h
β,∞, C),

λ2n−1(C
h
β,1, L), b2n−1(C

h
β,∞, C) òà b2n−1(C

h
β,1, L).

Îñíîâíi ðåçóëüòàòè, ÿêi âèñâiòëåíi ó öüîìó ðîçäiëi, îïóáëiêîâàíî â

ðîáîòàõ [11], [12] òà [60].
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ÂÈÑÍÎÂÊÈ

1. Äîâåäåíî, ùî ÿäðî Ïóàññîíà Pq,β(t) ïðè q ∈ (0, 1) òà β ∈ R

çàäîâîëüíÿ¹ óìîâó Cy,2n ïî÷èíàþ÷è ç äåÿêîãî íîìåðà nq, çàëåæíîãî

ëèøå âiä q. ßê íàñëiäîê, äëÿ âñiõ n > nq âñòàíîâëåíî îöiíêè çíèçó

êîëìîãîðîâñüêèõ ïîïåðå÷íèêiâ â ïðîñòîði C (L) êëàñiâ iíòåãðàëiâ Ïóàññîíà

Cq
β,∞ (Cq

β,1). Îòðèìàíi îöiíêè ñïiâïàëè ç íàéêðàùèìè íàáëèæåííÿìè

çàçíà÷åíèõ êëàñiâ òðèãîíîìåòðè÷íèìè ïîëiíîìàìè â ïðîñòîði C (L). Ó

ðåçóëüòàòi çíàéäåíî òî÷íi çíà÷åííÿ êîëìîãîðîâñüêèõ, áåðíøòåéíîâñüêèõ

òà ëiíiéíèõ ïîïåðå÷íèêiâ êëàñiâ iíòåãðàëiâ Ïóàññîíà i ïîêàçàíî, ùî

ïiäïðîñòîðè òðèãîíîìåòðè÷íèõ ïîëiíîìiâ ïîðÿäêó n − 1 ¹ îïòèìàëüíèìè

ïiäïðîñòîðàìè äëÿ ïîïåðå÷íèêiâ ðîçìiðíîñòi 2n− 1.

2. Âñòàíîâëåíî âêëþ÷åííÿ Nq,β(t) ∈ Cy,2n i çíàéäåíî òî÷íi îöiíêè

çíèçó êîëìîãîðîâñüêèõ n-ïîïåðå÷íèêiâ â ïðîñòîðàõ C i L êëàñiâ Cq,1
β,∞

i Cq,1
β,1 ïðè q ∈ (0, 1), β ∈ R, äëÿ óñiõ íàòóðàëüíèõ n, áiëüøèõ äåÿêîãî

íîìåðà, çàëåæíîãî ëèøå âiä q. ßê íàñëiäîê, îá÷èñëåíî òî÷íi çíà÷åííÿ

êîëìîãîðîâñüêèõ, áåðíøòåéíîâñüêèõ òà ëiíiéíèõ ïîïåðå÷íèêiâ çàçíà÷åíèõ

êëàñiâ.

3. Ïîêàçàíî, ùî ÿäðà Hh,β(t) ïðè h > 0 i β ∈ R çàäîâîëüíÿþòü óìîâó

Íàäÿ N ∗n, à òàêîæ óìîâó Cy,2n, ïî÷èíàþ÷è ç äåÿêîãî íîìåðà nh, ÿêèé

âèðàæà¹òüñÿ ÷åðåç ïàðàìåòð h ãëàäêîñòi ÿäðà. Ó ðåçóëüòàòi äëÿ âñiõ n > nh

îòðèìàíî òî÷íi îöiíêè êîëìîãîðîâñüêèõ, áåðíøòåéíîâñüêèõ òà ëiíiéíèõ

ïîïåðå÷íèêiâ êëàñiâ Ch
β,∞ (Ch

β,1) â ïðîñòîði C (L).
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