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ÂÑÒÓÏ

Àêòóàëüíiñòü òåìè. Äîñëiäæåííÿ ðiçíèöåâèõ ðiâíÿíü, ÿêi âiäîìi ùå ç

àíòè÷íèõ ÷àñiâ, äàâíî âèéøëè çà ìåæi ñóòî òåîðåòè÷íèõ äîñëiäæåíü. Âàæëè-

âèì âíåñêîì äëÿ ïîáóäîâè òåîði¨ ðiçíèöåâèõ òà ôóíêöiîíàëüíî-ðiçíèöåâèõ

ðiâíÿíü ùå áiëüø íiæ ñòî ðîêiâ òîìó áóëè ðîáîòè Äæîðäæà Áiðêãîôà òà éî-

ãî ó÷íiâ, ùî ñòâîðèëè îñíîâè òåîði¨ ëiíiéíèõ ðiçíèöåâèõ ðiâíÿíü ç íåïåðåðâ-

íèì àðãóìåíòîì. Ñó÷àñíà òåîðiÿ ðiçíèöåâèõ ðiâíÿíü ¹ âàæëèâèì ðîçäiëîì

ìàòåìàòè÷íîãî àíàëiçó, ðîçâèòêó ÿêîãî ïðèñâÿ÷åíî öiëèé ðÿä ôóíäàìåíòàëü-

íèõ ïðàöü, ñåðåä ÿêèõ âiäìiòèìî ìîíîãðàôi¨ Î.Î. Ãåëüôîíäà, À. Õàëàíàÿ, Ä.

Âåêñëåðà, Þ.Î. Ìèòðîïîëüñüêîãî, À.Ì. Ñàìîéëåíêà, Ä.I. Ìàðòèíþêà, Ã.Ï.

Ïåëþõà, Î.Ì. Øàðêîâñüêîãî, Þ.Ë. Ìàéñòðåíêà, Î.Þ. Ðîìàíåíêà, Ì.À. Ñîë-

äàòîâà, Î.Î. Ìèðîëþáîâà, Â.Þ. Ñëþñàð÷óêà òà iíøèõ âiäîìèõ ìàòåìàòèêiâ.

ßê âèÿâèëîñü, ðiçíèöåâi ðiâíÿííÿ äîáðå ïiäõîäÿòü äëÿ ìîäåëþâàííÿ áàãà-

òüîõ ðåàëüíèõ íåëiíiéíèõ ñèñòåì ó íàóöi i òåõíiöi. Îñêiëüêè äèñêðåòíiñòü ¹

îäíi¹þ ç ôóíäàìåíòàëüíèõ âëàñòèâîñòåé ìàòåðiàëüíîãî ñâiòó, à ðiçíèöåâi ðiâ-

íÿííÿ äîçâîëÿþòü îïèñàòè ¨¨, òî äëÿ àïðîêñèìàöi¨ áàãàòüîõ ñèñòåì íå ìîæëè-

âî îáiéòèñü áåç öüîãî ïîòóæíîãî àïàðàòó. Ç øèðîêèì çàñòîñóâàííÿì ÅÎÌ,

ïî÷èíàþ÷è ç 60-õ ðîêiâ ÕÕ ñòîëiòòÿ, íåëiíiéíi ðiçíèöåâi ðiâíÿííÿ òà ïîðî-

äæóâàíi íèìè äèíàìi÷íi ñèñòåìè ïðèâåðòàþòü çíà÷íó óâàãó áàãàòüîõ ìàòå-

ìàòèêiâ, çîêðåìà, Ä.Â. Àíîñîâà, Â.I. Àðíîëüäà, À.Á. Êàòêà, Ñ. Ñìåéëà, À.Í.

Øàðêîâñüêîãî, Ë.Ñ. Áëîêà, Ð. Áîóåíà, Ì. Êó÷ìè, Ã. Ëÿäàñà, Äæ. Ìiëíîðà,

Ì. Ìiñþðåâè÷à, Ã.Ï. Ïåëþõà, Ñ. âàí Ñòðèåíà, Ì.Â. ßêîáñîíà òà ií. Ðiçíî-

ìàíiòíèì íàïðÿìêàì òåîði¨ ðiçíèöåâèõ ðiâíÿíü ïðèñâÿ÷åíî âåëèêó êiëüêiñòü

ñòàòåé òà ìîíîãðàôié, çàñíîâàíî êiëüêà ìiæíàðîäíèõ æóðíàëiâ, ðiçêî çðî-

ñòà¹ êiëüêiñòü òåìàòè÷íèõ íàóêîâèõ êîíôåðåíöié, à ðåçóëüòàòè äîñëiäæåíü

âiäiãðàþòü âàæëèâó ðîëü â ìåäèöèíi, åêîíîìiöi, ôiçèöi, iíôîðìàòèöi, òîùî.

Â äàíèé ÷àñ îñíîâíi çóñèëëÿ íàóêîâîãî ñåðåäîâèùà çîñåðåäæóþòüñÿ ïå-

ðåâàæíî íà âèâ÷åííi ðiçíèöåâèõ ðiâíÿíü ç äèñêðåòíèì àðãóìåíòîì. Àëå ðîç-

âèòîê òåîði¨ íåëiíiéíèõ ðiçíèöåâèõ ðiâíÿíü ç íåïåðåðâíèì àðãóìåíòîì ¹ íå

ìåíø àêòóàëüíîþ çàäà÷åþ, êîðèñíiñòü ÿêî¨ âèêëèêàíà ÿê ïîòðåáàìè ñàìî¨
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òåîði¨ ðiçíèöåâèõ ðiâíÿíü, òàê i ïîòðåáàìè ïðèêëàäíîãî õàðàêòåðó, çîêðåìà,

âèìîãàìè ìàòåìàòè÷íî¨ ôiçèêè, òåîði¨ äèôåðåíöiàëüíî-ðiçíèöåâèõ ðiâíÿíü,

òåîði¨ õàîñó.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìà-

ìè. Äîñëiäæåííÿ ïðîâîäèëèñü íà êàôåäði äèôåðåíöiàëüíèõ ðiâíÿíü ôiçèêî-

ìàòåìàòè÷íîãî ôàêóëüòåòó Íàöiîíàëüíîãî òåõíi÷íîãî óíiâåðñèòåòó Óêðà¨íè

¾ÊÏI¿ çãiäíî ç äåðæáþäæåòíîþ òåìîþ ¾Àñèìïòîòè÷íi òà ÿêiñíi ìåòîäè äî-

ñëiäæåííÿ åâîëþöiéíèõ ñèñòåì¿ (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0107U010797),

¾Äîñëiäæåííÿ ÿêiñíèõ òà ñïåêòðàëüíèõ õàðàêòåðèñòèê äèíàìi÷íèõ ñèñòåì¿

(íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0113U004540); à òàêîæ çãiäíî ç ïðîåêòîì Äåð-

æàâíîãî ôîíäó ôóíäàìåíòàëüíèõ äîñëiäæåíü Óêðà¨íè, ïðîåêò Ô 25.1/021 òà

ó âiääiëi äèôåðåíöiàëüíèõ ðiâíÿíü òà òåîði¨ êîëèâàíü Iíñòèòóòó ìàòåìàòè-

êè ÍÀÍ Óêðà¨íè ó âiäïîâiäíîñòi äî ïëàíó íàóêîâî-äîñëiäíèõ ðîáiò çà òåìîþ

½Òåîðiÿ äèôåðåíöiàëüíèõ ðiâíÿíü òà íåëiíiéíèõ êîëèâàíü� (íîìåð äåðæàâíî¨

ðå¹ñòðàöi¨ 0101U000526).

Ìåòà i çàâäàííÿ äîñëiäæåííÿ. Ìåòîþ ðîáîòè ¹ äîñëiäæåííÿ âëà-

ñòèâîñòåé íåïåðåðâíèõ ðîçâ'ÿçêiâ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü ç íåïå-

ðåðâíèì àðãóìåíòîì.

Îá'¹êòîì äîñëiäæåííÿ ¹ ðiçíèöåâî-ôóíêöiîíàëüíi ðiâíÿííÿ ç íåïåðåðâ-

íèì àðãóìåíòîì.

Ïðåäìåòîì äîñëiäæåííÿ ¹ âèâ÷åííÿ ñòðóêòóðè ìíîæèíè íåïåðåðâíèõ

ðîçâ'ÿçêiâ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü.

Çàâäàííÿ äîñëiäæåííÿ:

� ðîçðîáèòè ìåòîä ïîáóäîâè íåïåðåðâíèõ ðîçâ'ÿçêiâ ëiíiéíèõ òà íåëiíiéíèõ

ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü;

� âñòàíîâèòè óìîâè iñíóâàííÿ íåïåðåðâíèõ îáìåæåíèõ ïðè t ∈ R ðîçâ'ÿç-

êiâ íåîäíîðiäíèõ ëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü;

� äîñëiäèòè ñòðóêòóðó ìíîæèíè íåïåðåðâíèõ îáìåæåíèõ ðîçâ'ÿçêiâ ñè-

ñòåì ëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü ó ãiïåðáîëi÷íîìó âèïàäêó;

� âñòàíîâèòè óìîâè iñíóâàííÿ òà ¹äèíîñòi íåïåðåðâíîãî îáìåæåíîãî

ðîçâ'ÿçêó ñèñòåì íåëiíiéíèõ ôóíêöiîíàëüíèõ ðiâíÿíü.
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Ìåòîäè äîñëiäæåííÿ. Ó ðîáîòi âèêîðèñòîâóþòüñÿ îñíîâíi ìåòîäè òåîði¨

çâè÷àéíèõ äèôåðåíöiàëüíèõ i ðiçíèöåâèõ ðiâíÿíü.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè ðîáîòè, ùî âè-

íîñÿòüñÿ íà çàõèñò, ïîëÿãàþòü ó íàñòóïíîìó:

� ðîçðîáëåíî ìåòîä ïîáóäîâè íåïåðåðâíèõ ðîçâ'ÿçêiâ ëiíiéíèõ òà íåëiíié-

íèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü;

� âñòàíîâëåíî óìîâè iñíóâàííÿ íåïåðåðâíèõ îáìåæåíèõ ïðè t ∈ R ðîçâ'ÿç-

êiâ íåîäíîðiäíèõ ëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü;

� äîñëiäæåíî ñòðóêòóðó ìíîæèíè íåïåðåðâíèõ îáìåæåíèõ ðîçâ'ÿçêiâ ñè-

ñòåì ëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü ó ãiïåðáîëi÷íîìó âèïàäêó;

� âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi íåïåðåðâíîãî îáìåæåíîãî

ðîçâ'ÿçêó ñèñòåì íåëiíiéíèõ ôóíêöiîíàëüíèõ ðiâíÿíü.

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Äèñåðòàöiéíà ðîáîòà

íîñèòü òåîðåòè÷íèé õàðàêòåð. Îòðèìàíi â íié ðåçóëüòàòè äîïîâíþþòü ðå-

çóëüòàòè ðîáiò áàãàòüîõ ìàòåìàòèêiâ, òåìàòèêà ÿêèõ ¹ áëèçüêîþ äî òåìàòèêè

äèñåðòàöiéíî¨ ðîáîòè, i ñïðèÿòèìóòü ïîäàëüøîìó ðîçâèòêó òåîði¨ ðiçíèöåâèõ

ðiâíÿíü. Âîíè òàêîæ ìîæóòü âèêîðèñòîâóâàòèñü ïðè äîñëiäæåííi çàäà÷ òåîði¨

êåðóâàííÿ, áiîëîãi¨, åêîíîìiêè òà â iíøèõ ãàëóçÿõ íàóêè i òåõíiêè, ìàòåìàòè-

÷íèìè ìîäåëÿìè ÿêèõ ¹ òàêi ðiâíÿííÿ.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Âñi ðåçóëüòàòè äèñåðòàöi¨, ùî âèíîñÿ-

òüñÿ íà çàõèñò, îäåðæàíi àâòîðîì ñàìîñòiéíî. Âèçíà÷åííÿ çàãàëüíîãî ïëàíó

äîñëiäæåíü i ïîñòàíîâêà çàäà÷ íàëåæàòü íàóêîâîìó êåðiâíèêîâi.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Ðåçóëüòàòè äèñåðòàöi¨ äîïîâiäà-

ëèñü òà îáãîâîðþâàëèñü íà òàêèõ êîíôåðåíöiÿõ òà ñåìiíàðàõ:

1. The 4th International Scienti�c Conference of Students and Young Scienti-

sts. Theoretical and Appied Aspects of Cybernetics. Proceedings. (Kyiv

�Bukrek�, 2014);

2. III Ìiæíàðîäíié íàóêîâî-ïðàêòè÷íié êîíôåðåíöi¨ �Ìàòåìàòèêà â ñó÷à-

ñíîìó òåõíi÷íîìó óíiâåðñèòåòi.� (Êè¨â, 2014 ð.).

3. XVI Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iì. àêàä. Ì. Êðàâ÷óêà (ì. Êè¨â,

2015);
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4. Ìiæíàðîäíié êîíôåðåíöi¨ ìîëîäèõ ìàòåìàòèêiâ (ì. Êè¨â, 2015);

5. XVII Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iì. àêàä. Ì. Êðàâ÷óêà, (ì. Êè-

¨â, 2016);

6. VII Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ ¾Ñó÷àñíi ïðîáëåìè ìàòåìà-

òè÷íîãî ìîäåëþâàííÿ, ïðîãíîçóâàííÿ òà îïòèìiçàöi¨¿. (ì. Êàì'ÿíåöü-

Ïîäiëüñüêèé, 2016);

7. Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ ¾Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çà-

ñòîñóâàííÿ¿ ïðèñâÿ÷åíî¨ 70-ði÷÷þ àêàäåìiêà ÍÀÍ Óêðà¨íè Ì.Î. Ïåðå-

ñòþêà. (ì. Óæãîðîä, 2016);

8. Íàóêîâèõ ñåìiíàðàõ êàôåäðè äèôåðåíöiàëüíèõ ðiâíÿíü Íàöiîíàëüíîãî

òåõíi÷íîãî óíiâåðñèòåòó Óêðà¨íè �ÊÏI�.

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ îïóáëiêîâàíî â 12 ðîáîòàõ, ç

ÿêèõ 5 - ó ñïåöiàëiçîâàíèõ ôàõîâèõ æóðíàëàõ, 7 - â çáiðíèêàõ òåç íàóêîâèõ

êîíôåðåíöié. Ñåðåä ñòàòåé 3 îïóáëiêîâàíî â æóðíàëàõ, ÿêi âõîäÿòü äî íàó-

êîìåòðè÷íèõ áàç äàíèõ (Web of Science).

Ñòðóêòóðà i îáñÿã äèñåðòàöi¨. Äèñåðòàöiéíà ðîáîòà ñêëàäà¹òüñÿ çi

âñòóïó, ÷îòèðüîõ ðîçäiëiâ, âèñíîâêiâ òà ñïèñêó âèêîðèñòàíèõ äæåðåë, ÿêèé

ìiñòèòü 93 íàéìåíóâàííÿ. Ïîâíèé îáñÿã ðîáîòè ñêëàäà¹ 148 ñòîðiíîê.

ÎÑÍÎÂÍÈÉ ÇÌIÑÒ ÐÎÁÎÒÈ

Ó âñòóïi îá ðóíòîâó¹òüñÿ àêòóàëüíiñòü òåìè äèñåðòàöiéíî¨ ðîáîòè, âèçíà-

÷åíî îá'¹êò òà ìåòó äîñëiäæåííÿ, ñôîðìóëüîâàíî îñíîâíi ðåçóëüòàòè.

Â ïåðøîìó ðîçäiëi íàâåäåíî êîðîòêèé îãëÿä ëiòåðàòóðè, ùî ¹ áëèçüêîþ

äî òåìàòèêè äèñåðòàöi¨.

Â äðóãîìó ðîçäiëi ðîçðîáëåíî ìåòîä ïîáóäîâè ñiì'¨ íåïåðåðâíèõ ðîçâ'ÿçêiâ

øèðîêèõ êëàñiâ ëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü. Ðîçãëÿäàþòüñÿ

ðiçíèöåâî-ôóíêöiîíàëüíi ðiâíÿííÿ âèãëÿäó

x (qt) = a (t)x (t) + b (t)x (t+ 1) + f (t) (2.1)

äå a (t), b (t), f (t) � äåÿêi äiéñíi ôóíêöi¨ i q � äiéñíà ñòàëà. Çîêðåìà, âèâ÷à-

þòüñÿ ïèòàííÿ iñíóâàííÿ íåïåðåðâíèõ îáìåæåíèõ ðîçâ'ÿçêiâ òàêèõ ðiâíÿíü i

äîñëiäæó¹òüñÿ ñòðóêòóðà ¨õ ìíîæèíè.
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Â ïiäðîçäiëàõ 2.1, 2.2 ðîçãëÿäàþòüñÿ îäíîðiäíi ðiâíÿííÿ âèãëÿäó

x (qt) = ax (t) + bx (t+ 1) , (2.2)

äå t ∈ R+ = (0,+∞), a, b, q � äåÿêi äiéñíi ñòàëi. Â çàëåæíîñòi âiä ïðèïóùåíü

âiäíîñíî a i q ðîçãëÿíóòî òàêi âèïàäêè:

1. 0 < q < 1, a > 1,

2. 0 < a < 1, q > 1,

3. 0 < q < 1, |a| > 1,

4. |a| < 1, q > 1.

Ïiäðîçäië 2.1 ïðèñâÿ÷åíèé äîñëiäæåííþ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâ-

íÿíü âèãëÿäó (2.2) ó âèïàäêó äîäàòíiõ a. Îñíîâíèìè éîãî ðåçóëüòàòàìè ¹

íàñòóïíi òåîðåìè.

Òåîðåìà 2.1. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < q < 1, a > 1,

2. ∆ = |b|
a−1 < 1, ν = ln a

ln q < 0.

Òîäi ðiâíÿííÿ (2.2) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0 (Ò -

äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ x(t) = x
(
t, ω

(
ln t
ln q

))
, ùî

çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ 1-ïåðiîäè÷íî¨ ôóíêöi¨ ω(τ).

Ïîêàçàíî, ùî íåïåðåðâíi ðîçâ'ÿçêè (2.2) ìîæíà ïðåäñòàâèòè ó âèãëÿäi ðÿäó:

x(t) =
∞∑
i=0

xi(t), (2.3)

äå xi(t), i = 0, 1, ...� äåÿêi íåïåðåðâíi ôóíêöi¨, ÿêi çàäîâîëüíÿþòü ðiâíÿííÿ:

x0(qt) = ax0(t), (2.50)

xi(qt) = axi(t) + bxi−1(t+ 1), i = 1, 2, ..., (2.5i)

ÿêi ìàþòü ðîçâ'ÿçêè ó âèãëÿäi:

x0(t) = t
ln a
ln qω

(
ln t

ln q

)
, (2.6)
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xi(t) = −
∞∑
j=0

ba−(j+1)xi−1(q
jt+ 1), i = 1, 2, ..., (2.7i)

äå ω(τ + 1) = ω(τ).

Â öüîìó ïiäðîçäiëi âèâ÷à¹òüñÿ òàêîæ íåîäíîðiäíå ðiâíÿííÿ âèãëÿäó

y (qt) = ay (t) + by (t+ 1) + f (t) , (2.13)

äå a, b, q � äåÿêi ñòàëi, f : R→ R. Äîâåäåíî íàñòóïíó òåîðåìó.
Òåîðåìà 2.2. Íåõàé âèêîíóþòüñÿ óìîâè

1. 0 < q < 1, a > 1;

2. ∆ = |b|
a−1 < 1;

3. ôóíêöiÿ f (t) ¹ íåïåðåðâíîþ é îáìåæåíîþ ïðè âñiõ t ∈ R i òàêîþ, ùî

sup
t
|f (t)| = M̃ <∞.

Òîäi ðiâíÿííÿ (2.13) ìà¹ íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê ȳ(t).

Ïîêàçàíî, ùî (2.13) ìà¹ íåïåðåðâíèé ðîçâ'ÿçîê ó âèãëÿäi ðÿäó:

ȳ(t) =
∞∑
i=0

ȳi(t), (2.14)

äå ȳi(t), i = 0, 1, ...� äåÿêi íåïåðåðâíi ôóíêöi¨, ÿêi çàäîâîëüíÿþòü ðiâíÿííÿ:

ȳ0(qt) = aȳ0(t) + f (t) , (2.160)

ȳi(qt) = aȳi(t) + bȳi−1(t+ 1), i = 1, 2, .... (2.16i)

Ðiâíÿííÿ (2.160) ìà¹ ðîçâ'ÿçîê âèãëÿäó:

ȳ0(t) = −
∞∑
j=0

a−(j+1)f(qjt). (2.170)

Ðiâíÿííÿ (2.16i), i = 0, 1, 2, ... ìàþòü ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ:

ȳi(t) = −
∞∑
j=0

ba−(j+1)ȳi−1(q
jt+ 1), i = 1, 2, .... (2.17i)

Çàóâàæåííÿ 2.1. Âèêîíóþ÷è â (2.13) çàìiíó çìiííèõ

y(t) = x(t) + ȳ(t), (2.24)
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îòðèìà¹ìî ðiâíÿííÿ (2.2) âiäíîñíî ôóíêöi¨ x(t). Îñêiëüêè äëÿ öüîãî ðiâíÿí-

íÿ ñïðàâåäëèâà Òåîðåìà 2.1, òî ïðèéìàþ÷è äî óâàãè çàìiíó çìiííèõ (2.24),

ìîæíà ïîáóäóâàòè ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0 ðîçâ'ÿçêiâ

ðiâíÿííÿ (2.13).

Ó çâ'ÿçêó iç äîâåäåíèìè âèùå òåîðåìàìè 2.1 i 2.2 âèíèêëî ïèòàííÿ ïðî

îïèñàííÿ ñòðóêòóðè ìíîæèíè íåïåðåðâíèõ ðîçâ'ÿçêiâ ðiâíÿííÿ (2.13) ó âè-

ïàäêó, êîëè b = b (t) - äåÿêà äiéñíà ôóíêöiÿ äiéñíî¨ çìiííî¨ t, òîáòî, êîëè

ðiâíÿííÿ (2.13) ìà¹ âèãëÿä

y (qt) = ay (t) + b̃ (t) y (t+ 1) + f̃ (t) , (2.25)

äå à, q � äåÿêi äiéñíi ñòàëi, b̃ (t) : R → R, f̃ (t) : R → R. Äîâåäåíà íàñòóïíà
òåîðåìà.

Òåîðåìà 2.3. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < q < 1, a > 1;

2. ∆̃ = b∗

a−1 < 1;

3. ôóíêöi¨ b̃ (t),f̃ (t) ¹ íåïåðåðâíèìè îáìåæåíèìè ïðè âñiõ t ∈ R i òàêè-

ìè, ùî sup
t

∣∣∣b̃ (t)
∣∣∣ = b∗ <∞, sup

t

∣∣∣f̃ (t)
∣∣∣ = f ∗ <∞.

Òîäi ðiâíÿííÿ (2.1) ìà¹ íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê ¯̄y(t).

Àíàëîãi÷íi ðåçóëüòàòè îòðèìàíi ó âèïàäêó 2. Çîêðåìà, äîâåäåíi òåîðåìè

2.4 òà 2.5.

Òåîðåìà 2.4. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < a < 1, q > 1,

2. ∆ = |b|
1−a < 1, ν = ln a

ln q < 0.

Òîäi ðiâíÿííÿ (2.2) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0(Ò -

äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ x(t) = x
(
t, ω

(
ln t
ln q

))
, ùî

çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ 1-ïåðiîäè÷íî¨ ôóíêöi¨ ω(τ).

Òåîðåìà 2.5. Íåõàé âèêîíóþòüñÿ íàâåäåíi âèùå óìîâè. Òîäi ðiâíÿííÿ

(2.13) ìà¹ íåïåðåðâíèé îáìåæåíèõ ïðè t ∈ R ðîçâ'ÿçîê ȳ(t).

Â ïiäðîçäiëi 2.2 äðóãîãî ðîçäiëó äîñëiäæó¹òüñÿ ïèòàííÿ iñíóâàííÿ íåïå-

ðåðâíèõ ðîçâ'ÿçêiâ ðiâíÿíü (2.2) ó âèïàäêàõ 3 òà 4. Ïðè öüîìó, çîêðåìà, äî-

âåäåíi òåîðåìè 2.6 � 2.9 .
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Òåîðåìà 2.6. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < q < 1, |a| > 1;

2. ∆ = |b|
|a|−1 < 1, ν = ln|a|

ln q < 0.

Òîäi ðiâíÿííÿ (2.2) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0

ðîçâ'ÿçêiâ x(t) = x
(
t, ω

(
ln t
ln q

))
, ùî çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ ôóí-

êöi¨ ω(τ) òàêî¨, ùî ω(τ + 1) = −ω(τ).

Òåîðåìà 2.8. Íåõàé âèêîíóþòüñÿ óìîâè:

1. |a| < 1, q > 1;

2. ∆ = |b|
1−|a| < 1, ν = ln|a|

ln q < 0.

Òîäi ðiâíÿííÿ (2.2) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0

ðîçâ'ÿçêiâ x(t) = x
(
t, ω

(
ln t
ln q

))
, ùî çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ ôóí-

êöi¨ ω(τ), ÿêà çàäîâîëüíÿ¹ óìîâi ω(τ + 1) = −ω(τ).

Òåîðåìà 2.7. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < q < 1, |a| > 1;

2. ∆ = |b|
|a|−1 < 1;

3. ôóíêöiÿ f (t) ¹ íåïåðåðâíîþ é îáìåæåíîþ ïðè âñiõ t ∈ R i òàêîþ, ùî

sup
t
|f (t)| = M̃ <∞.

Òîäi ðiâíÿííÿ (2.13) ìà¹ íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê y(t).

Òåîðåìà 2.9. Íåõàé âèêîíóþòüñÿ óìîâè:

1. |a| < 1, q > 1;

2. ∆ = |b|
1−|a| < 1;

3. ôóíêöiÿf (t) ¹ íåïåðåðâíîþ é îáìåæåíîþ ïðè âñiõ t ∈ R i òàêîþ, ùî

sup
t
|f (t)| = M̃ <∞.

Òîäi ðiâíÿííÿ (2.13) ìà¹ íåïåðåðâíèé îáìåæåíèõ ïðè t ∈ R ðîçâ'ÿçîê ȳ(t).

Îñòàííié ïiäðîçäië 2.3 ïðèñâÿ÷åíèé âèâ÷åííþ íåïåðåðâíèõ ðîçâ'ÿçêiâ

ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü iç áàãàòüìà âiäõèëåííÿìè àðãóìåíòó.

Çîêðåìà, ðîçãëÿíóòî ðiâíÿííÿ âèãëÿäó

x (qt) = ax (t) +
k∑
j=1

bjx (t+ δj) , (2.60)
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äå t ∈ R+ = (0,+∞), à, q, bj, δj, j=1,2,. . . ,k, äåÿêi äiéñíi ñòàëi, äëÿ ÿêîãî

äîâåäåíî íàñòóïíó òåîðåìó.

Òåîðåìà 2.10. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < q < 1, a > 1;

2. ∆̃ =

k∑
j=1

|bj |

a−1 < 1, ν = ln a
ln q < 0.

Òîäi ðiâíÿííÿ (2.60) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0

ðîçâ'ÿçêiâ x(t) = x
(
t, ω

(
ln t
ln q

))
, ùî çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ 1-

ïåðiîäè÷íî¨ ôóíêöi¨ ω(τ).

Â öüîìó ïiäðîçäiëi ðîçãëÿíóòî òàêîæ íåîäíîðiäíå ðiâíÿííÿ âèãëÿäó

y (qt) = ay (t) +
k∑
j=1

bjy (t+ δj) + f(t), (2.65)

äå à, bj δj, j=1,2,. . . ,k, q � äåÿêi ñòàëi; f : R → R. Äëÿ öüîãî ðiâíÿííÿ

äîâåäåíà íàñòóïíà òåîðåìà.

Òåîðåìà 2.11. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < q < 1, a > 1;

2. ∆̃ =

k∑
l=1

|bl|

a−1 < 1, ν = ln a
ln q < 0;

3. ôóíêöiÿ f (t) ¹ íåïåðåðâíîþ é îáìåæåíîþ ïðè âñiõ t ∈ R i òàêîþ, ùî

sup
t
|f (t)| = M̃ <∞.

Òîäi ðiâíÿííÿ (2.65) ìà¹ íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê ȳ(t).

Îñíîâíèì îá'¹êòîì äîñëiäæåííÿ òðåòüîãî ðîçäiëó ¹ ñèñòåìè ðiçíèöåâî-

ôóíêöiîíàëüíèõ ðiâíÿíü âèãëÿäó

x (qt) = A (t)x (t) +B (t)x (t+ 1) + F (t) , (3.1)

äå t ∈ R+ = [0,+∞), A (t), B (t) - äiéñíi (n× n) - ìàòðèöi, F (t) - äiéñíèé

âåêòîð ðîçìiðíîñòi n, q - äåÿêà äiéñíà ñòàëà. Âèâ÷àþòüñÿ ïèòàííÿ iñíóâàííÿ

íåïåðåðâíèõ îáìåæåíèõ ðîçâ'ÿçêiâ ñèñòåì ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü

âèãëÿäó (3.1) ç ïîñòiéíèìè êîåôiöi¹íòàìè.

Ìåòîþ ïiäðîçäiëó 3.1 ¹ âñòàíîâëåííÿ óìîâ iñíóâàííÿ ñiì'¨ íåïåðåðâíèõ

îáìåæåíèõ ïðè t ≥ T > 0 ðîçâ'ÿçêiâ äëÿ ñèñòåì îäíîðiäíèõ ðiâíÿíü âèãëÿäó

x (qt) = Ax (t) +Bx (t+ 1) , (3.2)
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äå A, B - äiéñíi ñòàëi (n× n) - ìàòðèöi, q - äåÿêà äiéñíà ñòàëà. Ïðè öüîìó

âiäíîñíî ìàòðèöi A ïðèïóñêà¹òüñÿ, ùî ¨¨ âëàñíi çíà÷åííÿ λi, i = 1, . . . , n

çàäîâîëüíÿþòü óìîâè

λi 6= λj; |λi| 6= 0, 1; i, j = 1, . . . , n.

Òîäi iñíó¹ çàìiíà çìiííèõ

x (t) = Cy (t) ,

äå Ñ � äåÿêà ñòàëà íåîñîáëèâà (n× n) - ìàòðèöÿ, ÿêà ïðèâîäèòü ñèñòåìó

ðiâíÿíü (3.2) äî âèãëÿäó

y (qt) = Λy (t) + B̃y (t+ 1) , (3.3)

äå Λ = diag (λ1, . . . , λn), B̃ = C−1BC.

Ðîçãëÿíóòî âèïàäîê, êîëè âèêîíóþòüñÿ òàêi óìîâè:

1. λi > 1, i = 1, . . . , n, 0 < q < 1,

2. ∆ = b̃
λ∗−1 < 1, äå b̃ =

∣∣∣B̃∣∣∣ = max
i

∑
j

∣∣∣b̃ij∣∣∣, λ∗ = min {λi, i = 1, . . . , n}.

Äîâåäåíà íàñòóïíà òåîðåìà.

Òåîðåìà 3.1. Íåõàé âèêîíóþòüñÿ óìîâè 1,2. Òîäi ñèñòåìà ðiâíÿíü (3.3)

ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0 (Ò - äåÿêà äîñòàòíüî

âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ y(t) = y
(
t, ω

(
ln t
ln q

))
, ùî çàëåæèòü âiä

äîâiëüíî¨ íåïåðåðâíî¨ 1-ïåðiîäè÷íî¨ âåêòîð-ôóíêöi¨ ω(τ).

Òàêîæ ðîçãëÿíóòî ñèñòåìó íåîäíîðiäíèõ ðiâíÿíü âèãëÿäó

y (qt) = Λy (t) + B̃y (t+ 1) + F (t) , (3.11)

äå ìàòðèöi Λ = diag (λ1, . . . , λn), B̃, ñòàëà q i âåêòîð-ôóíêöiÿ F (t) çàäîâîëü-

íÿþòü óìîâè:

1. λi > 1, i = 1, . . . , n, q 6= 0;

2. ∆ = b̃
λ∗−1 < 1, äå b̃ =

∣∣∣B̃∣∣∣ = max
i

∑
j

∣∣∣b̃ij∣∣∣, λ∗ = min {λi, i = 1, . . . , n};

3. âñi åëåìåíòè âåêòîð-ôóíêöi¨ F (t) ¹ íåïåðåðâíèìè îáìåæåíèìè ïðè âñiõ

t ∈ R ôóíêöiÿìè i sup
t
|F (t)| = M̃ < +∞.
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Äëÿ ñèñòåìè (3.11) äîâåäåíà íàñòóïíà òåîðåìà.

Òåîðåìà 3.2. Íåõàé âèêîíóþòüñÿ óìîâè 1-3. Òîäi ñèñòåìà ðiâíÿíü

(3.11) ìà¹ íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê ȳ(t) ó âèãëÿäi ðÿäó

ȳ(t) =
∞∑
i=0

ȳi(t), (3.12)

äå ȳi(t), i = 0, 1, . . . , - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ∈ R âåêòîð-ôóíêöi¨.

Äîñëiäæåíî ðiâíÿííÿ (3.3) ó âèïàäêó, êîëè 0 < λi < 1, i = 1, . . . , n, q > 1,

t ≥ T > 0. Çîêðåìà, äîâåäåíî íàñòóïíó òåîðåìó.

Òåîðåìà 3.3. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < λi < 1, i = 1, . . . , n, q > 1;

2. ∆ = b̃
1−λ∗ < 1, äå b̃ =

∣∣∣B̃∣∣∣ = max
i

∑
j

∣∣∣b̃ij∣∣∣, λ∗ = max {λi, i = 1, . . . , n}.

Òîäi ñèñòåìà ðiâíÿíü (3.3) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0

(T - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ y(t) = y
(
t, ω

(
ln t
ln q

))
,

ùî çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ 1-ïåðiîäè÷íî¨ âåêòîð-ôóíêöi¨ ω(τ).

Â öüîìó ïiäðîçäiëi äîñëiäæåíî òàêîæ íåîäíîðiäíå ðiâíÿííÿ âèãëÿäó

(3.11), äëÿ ÿêîãî âèêîíóþòüñÿ óìîâè 1-2 òåîðåìè 3.3 i âñi åëåìåíòè âåêòîð-

ôóíêöi¨ F (t) ¹ íåïåðåðâíèìè îáìåæåíèìè ïðè âñiõ t ∈ R ôóíêöiÿìè i

sup
t
|F (t)| = M̃ < +∞.
Çàóâàæåííÿ 3.1. Âèêîíóþ÷è â (3.11) çàìiíó çìiííèõ

y (t) = z (t) + ȳ (t) , (3.27)

îòðèìà¹ìî ñèñòåìó ðiâíÿíü (3.3) âiäíîñíî âåêòîð-ôóíêöi¨ z (t), äëÿ ÿêî¨

ñïðàâåäëèâà òåîðåìà 3.1.

Ó âèïàäêó, êîëè B̃ = ˜̃B (t) äëÿ ñèñòåìè ðiâíÿíü

y (qt) = Λy (t) + ˜̃B (t) y (t+ 1) + F̃ (t) , (3.28)

äå ìàòðèöi Λ = diag (λ1, . . . , λn), q - ñòàëà,
˜̃B (t) : R → Rn2

, F̃ (t) : R → Rn,

äîâåäåíà íàñòóïíà òåîðåìà.

Òåîðåìà 3.4. Íåõàé âèêîíóþòüñÿ óìîâè:

1. λi > 1, i = 1, . . . , n, q 6= 0;
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2. ∆̃ = b̃∗

λ∗−1 < 1;

3. âñi åëåìåíòè âåêòîð-ôóíêöié F̃ (t) òà ˜̃B (t) ¹ íåïåðåðâíèìè é îáìå-

æåíèìè ôóíêöiÿìè ïðè âñiõ t ∈ R i òàêèìè, ùî

sup
t

∣∣∣F̃ (t)
∣∣∣ = M̃ ∗ < +∞, sup

t

∣∣∣ ˜̃B (t)
∣∣∣ = b̃∗ < +∞.

Òîäi ñèñòåìà ðiâíÿíü (3.28) ìà¹ íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿ-

çîê y(t) ó âèãëÿäi ðÿäó

y(t) =
∞∑
i=0

yi(t),

äå yi(t), i = 0, 1, . . . , - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ∈ R âåêòîð-ôóíêöi¨.

Ïiäðîçäië 3.2. ïðèñâÿ÷åíèé ïîáóäîâi ñiì¨ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥
T > 0 ðîçâ'ÿçêiâ. Ðîçãëÿíóòî îäíîðiäíó ñèñòåìó ðiâíÿíü âèãëÿäó (3.3) ïðè

λi < 0, i = 1, . . . , n ó âèïàäêàõ, êîëè âèêîíóþòüñÿ óìîâè:

1. |λi| > 1, i = 1, . . . , n, 0 < q < 1;

2. |λi| < 1, i = 1, . . . , n, q > 1.

Ïîêàçàíî, ùî òàêà ñèñòåìà ðiâíÿíü ìà¹ ðîçâ'ÿçêè ó âèãëÿäi ðÿäó

y(t) =
∞∑
i=0

yi(t), (3.29)

äå yi(t), i = 0, 1, ..., - äåÿêi íåïåðåðâíi âåêòîð-ôóíêöi¨. Äîâåäåíà òåîðåìà 3.5.

Òåîðåìà 3.5. Íåõàé âèêîíóþòüñÿ óìîâè:

1. |λi| > 1, i = 1, . . . , n, λi < 0, 0 < q < 1,

2. ∆ = b̃
λ∗−1 < 1, äå b̃ =

∣∣∣B̃∣∣∣ = max
i

∑
j

∣∣∣b̃ij∣∣∣, λ∗ = min {|λi| , i = 1, . . . , n}.

Òîäi ñèñòåìà ðiâíÿíü (3.3) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0

(Ò - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ y(t) = y
(
t, ω

(
ln t
ln q

))
,

ùî çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ ω(τ), òàêî¨ ùî

ω(τ + 1) = −ω(τ).

Â ïiäðîçäiëi 3.3 ðîçãëÿäà¹òüñÿ ñèñòåìà ëiíiéíèõ ðiâíÿíü âèãëÿäó:

x (qt) = Ax (t) +
k∑
j=1

Bj (t)x (t+ ∆j (t)) + F (t) , (3.33)

äå t ∈ R, A, Bj (t), j = 1, . . . , k - äåÿêi äiéñíi (n× n) - ìàòðèöi, q - äåÿêà äiéñíà

ñòàëà, F (t) - äiéñíèé âåêòîð ðîçìiðíîñòi ï, ∆j (t) : R → R, j = 1, . . . , k.
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Äîñëiäæåíî ïèòàííÿ iñíóâàííÿ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T ðîçâ'ÿçêiâ

òàêî¨ ñèñòåìè ó âèïàäêó, êîëè âèêîíóþòüñÿ óìîâè:

1. âñi åëåìåíòè ìàòðèöü Bj (t), j = 1, . . . , k i âåêòîðà F (t) ¹ îáìåæåíèìè

ïðè t ≥ T ôóíêöiÿìè;

2. ôóíêöi¨ ∆j (t), j = 1, . . . , k ¹ íåïåðåðâíèìè îáìåæåíèìè ïðè t ≥ T ,

q 6= 0;

3. sup
t
|Bj (t)| = bj, j = 1, ..., k, sup

t
|F (t)| = M , |A| = max

1≤i≤n

n∑
j=1

|aij| = a<1;

4. ∆ =

k∑
l=1

bl

1−a < 1.

Äîâåäåíà íàñòóïíà òåîðåìà.

Òåîðåìà 3.6. Íåõàé âèêîíóþòüñÿ óìîâè 1-4. Òîäi ñèñòåìà ðiâíÿíü

(3.33) ìà¹ ¹äèíèé íåïåðåðâíèé îáìåæåíèé ïðè t ≥ T ðîçâ'ÿçîê x (t) ó âè-

ãëÿäi ðÿäó

x(t) =
∞∑
i=0

xi(t), (3.34)

äå xi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ≥ T âåêòîð-ôóíêöi¨.

Ïðè âèêîíàííi óìîâ òåîðåìè 3.6 ñèñòåìà ðiâíÿíü

y (qt) = Ay (t) +
k∑
j=1

Bj (t) y (t+ ∆j (t))

ìà¹ ¹äèíèé íåïåðåðâíèé ïðè t ∈ R ðîçâ'ÿçîê y ≡ 0. Òèì íå ìåíø, ïðè äåÿêèõ

äîäàòêîâèõ óìîâàõ âîíà ìà¹ íåñêií÷åííî áàãàòî íåïåðåðâíèõ ïðè t ≥ T > 0

(Ò � äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ. Öå ïîêàçàíî (äëÿ

ïðîñòîòè) ó âèïàäêó, êîëè ∆j (t) ≡ j, j = 1, . . . , k, à ìàòðèöÿ À ¹ òàêîþ, ùî

A = Λ = diag (λ1, . . . , λn), äå 0 < λi < 1, i = 1, . . . , n, i, îòæå, ðîçãëÿäóâàíà

ñèñòåìà ìà¹ âèãëÿä:

y (qt) = Λy (t) +
k∑
j=1

Bj (t) y (t+ j) . (3.38)

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 3.7. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 3.6 i óìîâè:
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1. 0 < λi < 1, i = 1, . . . , n, q > 1;

2. ∆̃ =

k∑
l=1

bl

1−λ∗ < 1,

äå bl = sup
t
|Bj (t)|, j = 1, . . . , k, λ∗ = max {λi, i = 1, . . . , n}.

Òîäi ñèñòåìà ðiâíÿíü (3.38) ìà¹ ñiì'þ íåïåðåðâíèõ ïðè t ≥ T > 0 (Ò �

äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ y(t) = y
(
t, ω

(
ln t
ln q

))
, ùî

çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ 1 � ïåðiîäè÷íî¨ âåêòîð-ôóíêöi¨ ω(τ).

Ïiäðîçäië 3.4 ïðèñâÿ÷åíèé äîñëiäæåííþ ñòðóêòóðè ìíîæèíè íåïåðåðâíèõ

ðîçâ'ÿçêiâ ñèñòåì ëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü â êðèòè÷íîìó

âèïàäêó. Äîñëiäæåíî ïèòàííÿ iñíóâàííÿ íåïåðåðâíèõ ðîçâ'ÿçêiâ òà äîñëiäæó-

¹òüñÿ ñòðóêòóðà ¨õ ìíîæèíè äëÿ ñèñòåìè ëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ

ðiâíÿíü âèãëÿäó

y (qt) = Λy (t) +By (t+ 1) , (3.43)

äå t ∈ R+ = [0,+∞), Λ òà B- äiéñíi (n× n) - ìàòðèöi, q - äåÿêà äiéñíà ñòàëà

ó âèïàäêó, êîëè ñåðåä âëàñíèõ ÷èñåë λi, i = 1, . . . , n ìàòðèöi Λ ¹ îäíàêîâi. Íå

îáìåæóþ÷è çàãàëüíîñòi ïðèïóñêà¹òüñÿ, ùî Λ = diag (Λ1, . . . ,Λm), m ≤ n, äå

Λi − (ki × ki) - ìàòðèöi âèãëÿäó

Λi =


λi ε 0 . . . 0

0 λi ε . . . 0

. . . . . . . . . . . . . . .

0 0 0 . . . λi

 , i = 1, 2, ...,m,
m∑
i=1

ki = n, (3.44)

ε - äîñòàòíüî ìàëà äîäàòíà ñòàëà. Äîâåäåíà íàñòóïíà òåîðåìà.

Òåîðåìà 3.8. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < λi < 1, i = 1, . . . ,m, q > 1;

2. ∆ = b
1−(λ∗+δ) < 1, äå λ∗ = max {λi, i = 1, . . . ,m}, δ = δ (ε) > 0 òàêå, ùî

δ → 0 ïðè ε→ 0, i λ∗ + δ < 1, b = |B| = max
1≤i≤n

n∑
j=1

|bij|.

Òîäi ñèñòåìà ðiâíÿíü (3.43) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè

t≥T >0 (T - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ

y(t) = y
(
t, ω

(
ln t
ln q

))
, ùî çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ 1-ïåðiîäè÷íî¨

âåêòîð-ôóíêöi¨ ω(τ) = (ω1(τ), . . . , ωn(τ)).
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Òàêîæ ðîçãëÿíóòî ñèñòåìó íåîäíîðiäíèõ ðiâíÿíü âèãëÿäó

y (qt) = Λy (t) +By (t+ 1) + F (t) , (3.49)

äå ìàòðèöi Λ, B çàäîâîëüíÿþòü óìîâè òåîðåìè 3.8, à F (t) : R→ Rn.

Òåîðåìà 3.9. Íåõàé âèêîíóþòüñÿ óìîâè 1, 2 òåîðåìè 3.8, i âñi åëå-

ìåíòè âåêòîð-ôóíêöi¨ F (t) ¹ íåïåðåðâíèìè îáìåæåíèìè ïðè âñiõ t ∈ R
ôóíêöiÿìè i sup

t
|F (t)| = M̃ < +∞. Òîäi ñèñòåìà ðiâíÿíü (3.49) ìà¹ íåïå-

ðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê ȳ(t) ó âèãëÿäi ðÿäó

ȳ(t) =
∞∑
i=0

ȳi(t), (3.50)

äå ȳi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ∈ R âåêòîð-ôóíêöi¨.

Äëÿ ðiâíÿíü âèãëÿäó (3.43) ïðîâåäåíi àíàëîãi÷íi äîñëiäæåííÿ ó âèïàäêó,

êîëè λi > 1, i = 1, . . . ,m, 0 < q < 1, t ≥ T > 0.

Â ïiäðîçäiëi 3.5 ðîçãëÿíóòî îäíîðiäíó ñèñòåìó ðiâíÿíü âèãëÿäó (3.43) â

ïðèïóùåííi, ùî 0 < λi < 1 < λj, i = 1, . . . , p, j = p + 1, . . . ,m, 0 ≤ m ≤ n,

q > 1. Ââîäÿ÷è òàêi ïîçíà÷åííÿ:

y (t) =
(
y1 (t) , y2 (t)

)
, y1 (t) = (y1 (t) , . . . , yp (t)) , y2 (t) = (yp+1 (t) , . . . , ym (t)) ;

B =

(
B11B12

B21B22

)
,

Λ = diag
(

Λ̃1, Λ̃2

)
, Λ̃1 = diag (Λ1, . . . ,Λp) , Λ̃2 = diag (Λp+1, . . . ,Λm) ,m ≤ n,

Λi−(ki × ki) - ìàòðèöi âèãëÿäó (3.44), ñèñòåìó ðiâíÿíü (3.43) ìîæíà çàïèñàòè
ó âèãëÿäi: {

y1 (qt) = Λ̃1y
1 (t) +B11y

1 (t+ 1) +B12y
2 (t+ 1) ,

y2 (qt) = Λ̃2y
2 (t) +B21y

1 (t+ 1) +B22y
2 (t+ 1) .

(3.57)

Äëÿ íå¨ äîâåäåíà òåîðåìà 3.11.

Òåîðåìà 3.11. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < λi < 1 < λj, i = 1, . . . , p, j = p+ 1, . . . ,m, 0 ≤ m ≤ n, q > 1;
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2. θ = max

{
b1

1−(λ∗+δ1) ;
b2(

λ
−1

∗ +δ2

)−1

−1

}
< 1,

äå b1 = |B11|+ |B12| , b2 = |B21|+ |B22|,

λ∗ = max {λi, i = 1, . . . , p}, δ1 = δ1 (ε) > 0 òàêå, ùî δ1 → 0 ïðè ε → 0,

i λ∗ + δ1 < 1,

λ̄∗ = min {λi, i = p+ 1, . . . ,m}, δ2 = δ2 (ε) > 0 òàêå, ùî δ2 → 0 ïðè

ε→ 0, i λ
−1

∗ + δ2 < 1 .

Òîäi ñèñòåìà ðiâíÿíü(3.57)ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0

(T - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ, ùî çàëåæèòü âiä

m äîâiëüíèõ íåïåðåðâíèõ 1-ïåðiîäè÷íèõ ôóíêöié ωi (τ), i = 1, . . . ,m.

Äëÿ ñèñòåì íåîäíîðiäíèõ ðiâíÿíü âèãëÿäó:{
y1 (qt) = Λ̃1y

1 (t) +B11y
1 (t+ 1) +B12y

2 (t+ 1) + F 1 (t) ,

y2 (qt) = Λ̃2y
2 (t) +B21y

1 (t+ 1) +B22y
2 (t+ 1) + F 2 (t) .

(3.63)

äå F (t) : R→ Rn,F (t) =
(
F 1 (t) , F 2 (t)

)
,

F 1 (t) = (F1 (t) , . . . , Fp (t)), F 2 (t) = (Fp+1 (t) , . . . , Fm (t))

ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 3.12. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < λi < 1 < λj, i = 1, . . . , p, j = p+ 1, . . . ,m, 0 ≤ m ≤ n, q > 0;

2. θ = max

{
b1

1−(λ∗+δ1) ;
b2(

λ
−1

∗ +δ2

)−1

−1

}
< 1,

äå b1 = |B11|+ |B12| , b2 = |B21|+ |B22|,

λ∗ = max {λi, i = 1, . . . , p}, δ1 = δ1 (ε) > 0 òàêå, ùî δ1 → 0 ïðè ε→ 0 i

λ∗ + δ1 < 1,

λ̄∗ = min {λi, i = p+ 1, . . . ,m}, δ2 = δ2 (ε) > 0 òàêå, ùî δ2 → 0 ïðè

ε→ 0 i λ
−1

∗ + δ2 < 1;

3. âñi åëåìåíòè âåêòîð-ôóíêöi¨ F (t) ¹ íåïåðåðâíèìè îáìåæåíèìè ïðè

âñiõ t ∈ R ôóíêöiÿìè.

Òîäi ñèñòåìà ðiâíÿíü (3.63) ìà¹ íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿ-

çîê y(t) =
(
y1(t), y2(t)

)
.



20

Îá'¹êòîì äîñëiäæåííÿ ÷åòâåðòîãî ðîçäiëó ¹ ñèñòåìè íåëiíiéíèõ ôóíêöiî-

íàëüíèõ ðiâíÿíü âèãëÿäó

x (qt) = F (t, x (t) , x (t+ f1 (t, x (t))) , ..., x (t+ fk (t, x (t))) , ε) , (4.1)

äå t ∈ R, q = const 6= 0, 1, ε � 1. Ðîçãëÿäàþòüñÿ ïèòàííÿ iñíóâàííÿ òà ¹äè-

íîñòi íåïåðåðâíèõ ðîçâ'ÿçêiâ òàêèõ ðiâíÿíü òà äîñëiäæóþòüñÿ ¨õ âëàñòèâîñòi.

Ïiäðîçäië 4.1 ïðèñâÿ÷åíèé äîâåäåííþ iñíóâàííÿ òà ¹äèíîñòi íåïåðåðâíî-

ãî ïðè t ∈ R ðîçâ'ÿçêó íåëiíiéíèõ ôóíêöiîíàëüíèõ ðiâíÿíü âèãëÿäó (4.1) â

ïðèïóùåíi, ùî âèêîíóþòüñÿ óìîâè:

1. âåêòîð-ôóíêöiÿ F
(
t, x0, x1, ..., xk, ε

)
i ôóíêöi¨ fi (t, x), i = 1, 2, ..., k, ¹

íåïåðåðâíèìè ïðè âñiõ t ∈ R, xi ∈ Rn, i = 0, 1, ..., k, x ∈ Rn i ìà¹ ìiñöå

ñïiââiäíîøåííÿ sup
t∈R
|F (t, 0, ..., 0, ε)| = M < +∞;

2. âåêòîð-ôóíêöiÿ F
(
t, x0, x1, ..., xk, ε

)
i ôóíêöi¨ fi (t, x), i = 1, 2, ..., k, çà-

äîâîëüíÿþòü óìîâè:∣∣F (t̄, x̄0, x̄1, ..., x̄k, ε
)
−F

(¯̄t, ¯̄x0, ¯̄x1, ..., ¯̄xk, ε
)∣∣ ≤ L0

∣∣t̄− ¯̄t
∣∣+ L

k∑
i=0

∣∣x̄i − ¯̄xi
∣∣ ,

(4.2)∣∣fi (t̄, x̄)− fi
(¯̄t, ¯̄x

)∣∣ ≤ l′i
∣∣t̄− ¯̄t

∣∣+ l′′i |x̄− ¯̄x| , i = 1, 2, ..., k, (4.3)

äå L0, L, l
′
i, l
′′
i , i = 1, 2, ..., k, - äåÿêi äîäàòíi ñòàëi,(

t̄, x̄0, x̄1, ..., x̄k, ε
)
,
(¯̄t, ¯̄x0, ¯̄x1, ..., ¯̄xk, ε

)
∈ R× Rkn;

3. ïðè äîñòàòíüî ìàëèõ L0, L, l
′
i, l
′′
i , i = 1, 2, ..., k, âèêîíóþòüñÿ ñïiââiäíî-

øåííÿ L0

ql + L
q (k + 1 + (l∗ + l∗l) k) ≤ 1, L (k + 1 + ll∗k) = θ < 1, äå

l∗ = max {l′i, l′′i }, l > 0.

Ïîêëàâøè â (4.1) ε = 0, îòðèìà¹ìî ñèñòåìó ðiâíÿíü, äëÿ ÿêî¨ äîâåäåíà

íàñòóïíà òåîðåìà.

Òåîðåìà 4.1. Íåõàé âèêîíóþòüñÿ óìîâè 1-3. Òîäi ñèñòåìà ðiâíÿíü

x (qt) = F (t, x (t) , x (t+ f1 (t, x (t))) , ..., x (t+ fk (t, x (t))) , 0) , (4.4)

ìà¹ ¹äèíèé íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê, ùî çàäîâîëüíÿ¹

óìîâó ∣∣x(t̄)− x(¯̄t)
∣∣ ≤ l

∣∣t̄− ¯̄t
∣∣ , (4.5)
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äå t̄, ¯̄t ∈ R, l - äåÿêà äîäàòíà ñòàëà.
Âèêîíóþ÷è â (4.1) âçà¹ìíî îäíîçíà÷íó çàìiíó çìiííèõ

x (t) = y (t) + γ(t),

äå γ(t) - íåïåðåðâíèé ðîçâ'ÿçîê ñèñòåìè (4.4), îòðèìà¹ìî ñèñòåìó ðiâíÿíü

âèãëÿäó

y (qt) = F̃
(
t, y (t) , y

(
t+ f̃1 (t, y (t))

)
, ..., y

(
t+ f̃k (t, y (t))

)
, ε
)
, (4.10)

äå

F
(
t, y (t) , y

(
t+ f̃1 (t, y (t))

)
, ..., y

(
t+ f̃k (t, y (t))

)
, ε
)

=

= F (t, y (t) + γ (t) , y (t+ f1 (t, y (t) + γ (t))) + γ (t+ f1 (t, y (t) + γ (t))) , ...

..., y (t+ fk (t, y (t) + γ (t))) + γ (t+ fk (t, y (t) + γ (t))) , ε)−

−F (t, γ (t) , γ (t+ f1 (t, γ (t))) , ..., γ (t+ fk (t, γ (t))) , 0) ;

3'. ïðè äîñòàòíüî ìàëèõ L0, L, l
′
i, l
′′
i , i = 1, 2, ..., k, âèêîíóþòüñÿ ñïiâ-

âiäíîøåííÿ L0

ql + L
q

(
k + 1 +

[
l∗ + l∗l̃

]
k
)
≤ 1, L

[
k + 1 + l̃l∗k

]
= θ < 1, äå

l∗ = max {l′i, l′′i }, l̃ > 0.

Òåîðåìà 4.2. Íåõàé âèêîíóþòüñÿ óìîâè 1,2 òà 3`. Òîäi ñèñòåìà ðiâ-

íÿíü (4.10) ìà¹ ¹äèíèé íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê, ùî

çàäîâîëüíÿ¹ óìîâè∣∣y(t̄, ε)− y(¯̄t, ε)
∣∣ ≤ l̃

∣∣t̄− ¯̄t
∣∣ , lim

ε→0
y(t, ε) = 0,

äå t, t̄, ¯̄t ∈ R, l̃ = l̃ (ε) - äîäàòíà ñòàëà, ùî çàëåæèòü âiä ε, ε� 1.

Ìåòîþ ïiäðîçäiëó 4.2 ¹ ïîáóäîâà íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T

ðîçâ'ÿçêiâ íåëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü âèãëÿäó

x (qt) = Λx (t) + f (t, x (t+ 1)) , (4.15)

äå t ∈ R, Λ−äiéñíà (n× n) - ìàòðèöÿ âèãëÿäó Λ = diag (λ1, . . . , λn),

f : R×Rn → Rn, q - äåÿêà äiéñíà ñòàëà, â ïðèïóùåíi, ùî âèêîíóþòüñÿ óìîâè:
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1. |λi| 6= 0, i = 1, 2, ..., n, q > 0;

2. âåêòîð-ôóíêöiÿ f (t, x) ¹ íåïåðåðâíîþ îáìåæåíîþ ïðè âñiõ t ∈ R, x ∈ Rn

i f (t, 0) = 0;

3. äëÿ äîâiëüíèõ t ∈ R, x, y ∈ Rn âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

|f (t, x)− f (t, y)| ≤ l |x− y| , (4.16)

äå l - äåÿêà äîäàòíà ñòàëà.

Òåîðåìà 4.3. Íåõàé âèêîíóþòüñÿ óìîâè 1-3 i óìîâè:

4. 0 < λi < 1, i = 1, . . . , n, q > 1;

5. ∆ = l
1−λ∗ < 1, äå 1 > λ∗ > max {λi, i = 1, . . . , n}.

Òîäi ñèñòåìà ðiâíÿíü (4.15) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t≥T >0

(T - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ ó âèãëÿäi ðÿäó

x(t) =
∞∑
i=0

xi(t), (4.17)

äå xi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ≥ T > 0 âåêòîð-

ôóíêöi¨.

Òåîðåìà 4.4. Íåõàé âèêîíóþòüñÿ óìîâè 1-3 i óìîâè:

6. λi > 1, i = 1, . . . , n, 0 < q < 1;

7. ∆ = l
λ∗−1 < 1, äå 1 < λ∗ < min {λi, i = 1, . . . , n}.

Òîäi ñèñòåìà ðiâíÿíü(4.15)ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0

(Ò - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ ó âèãëÿäi ðÿäó

x(t) =
∞∑
i=0

xi(t), (4.22)

äå xi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ≥ T > 0 âåêòîð-

ôóíêöi¨.

Àíàëîãi÷íi ðåçóëüòàòè îòðèìàíi ïðè λi < 0, i = 1, . . . , n ó âèïàäêàõ, êîëè

âèêîíóþòüñÿ óìîâè:

1. |λi| > 1, i = 1, . . . , n, 0 < q < 1;

2. |λi| < 1, i = 1, . . . , n, q > 1.
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Â ïiäðîçäiëi 4.3 ðîçãëÿíóòî ñèñòåìó íåëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ

ðiâíÿíü (4.15) ó âèïàäêó, êîëè âèêîíóþòüñÿ íàñòóïíi óìîâè:

1) Λ - äiéñíà (n× n) - ìàòðèöÿ âèãëÿäó Λ = diag (Λ1,Λ2),

äå Λ1,Λ2 - äiéñíi (p× p) òà (r × r) - ìàòðèöi (p+ r = n), det Λ 6= 0.

f : R× Rn → Rn,

f (t, x (t+ 1)) =
(
f 1
(
t, x1 (t+ 1) , x2 (t+ 1)

)
, f 2
(
t, x1 (t+ 1) , x2 (t+ 1)

))
,

q - äåÿêà äiéñíà äîäàòíà ñòàëà;

2) ∣∣f 1
(
t, x̄1, x̄2

)
− f 1

(
t, ¯̄x1, ¯̄x2

)∣∣ ≤ l1
(∣∣x̄1 − ¯̄x1

∣∣+
∣∣x̄2 − ¯̄x2

∣∣) ,∣∣f 2
(
t, x̄1, x̄2

)
− f 2

(
t, ¯̄x1, ¯̄x2

)∣∣ ≤ l2
(∣∣x̄1 − ¯̄x1

∣∣+
∣∣x̄2 − ¯̄x2

∣∣) , (4.30)

äå l1, l2 - äåÿêi äîäàòíi ñòàëi, ùî çàëåæàòü âiä l (l1 = l1 (l) , l2 = l2 (l) ,

l1 → 0, l2 → 0 ïðè l→ 0).

Ââîäÿ÷è âiäïîâiäíi ïîçíà÷åííÿ, ñèñòåìó ðiâíÿíü (4.15) ìîæíà çàïèñàòè ó

âèãëÿäi {
x1 (qt) = Λ1x

1 (t) + f 1
(
t, x1 (t+ 1) , x2 (t+ 1)

)
,

x2 (qt) = Λ2x
2 (t) + f 2

(
t, x1 (t+ 1) , x2 (t+ 1)

)
,

(4.31)

äå x1 = (x1, ..., xp) , x
2 = (xp+1, ..., xp+r) , f

1 = (f1, ..., fp) , f
2 = (fp+1, ..., fp+r) .

Âèêîíóþ÷è â (4.31) âçà¹ìíî-îäíîçíà÷íó çàìiíó çìiííèõ

x1 (t) = y1 (t) + γ̃1 (t) ,

x2 (t) = y2 (t) + γ̃2 (t),

äå γ (t) = (γ̃1 (t) , γ̃2 (t)) - íåïåðåðâíèé îáìåæåíèé ðîçâ'ÿçîê ñèñòåìè (4.31),

îòðèìà¹ìî ñèñòåìó ðiâíÿíü{
y1 (qt) = Λ1y

1 (t) + F 1
(
t, y1 (t+ 1) , y2 (t+ 1)

)
,

y2 (qt) = Λ2y
2 (t) + F 2

(
t, y1 (t+ 1) , y2 (t+ 1)

)
,

(4.32)

äå

F 1(t, y1(t+ 1), y2(t+ 1)) =

= f 1(t, y1(t+ 1) + γ1(t+ 1), y2(t+ 1) + γ2(t+ 1))− f 1(t, γ1(t+ 1), γ2(t+ 1)),
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F 2(t, y1(t+ 1), y2(t+ 1)) =

= f 2(t, y1(t+ 1) + γ1(t+ 1), y2(t+ 1) + γ2(t+ 1))− f 2(t, γ1(t+ 1), γ2(t+ 1)),

ïðè÷îìó âåêòîð-ôóíêöi¨ F 1
(
t, y1, y2

)
, F 2

(
t, y1, y2

)
çàäîâîëüíÿþòü óìîâi 2) i

F 1 (t, 0, 0) ≡ 0, F 2 (t, 0, 0) ≡ 0. Äëÿ ñèñòåìè (4.32) äîâåäåíà òåîðåìà 4.7.

Òåîðåìà 4.7. Íåõàé âèêîíóþòüñÿ óìîâè 1)-2) i óìîâè:

3) 0 < λi < 1 < λj, i = 1, 2, . . . , j = + 1, . . . n, 0 ≤ p ≤ n, q > 1;

4) θ = max
{

2l1
1−λ∗ ,

2l2
λ∗−1

}
< 1,

äå 1 > λ∗ > max {λi, i = 1, . . . , p}, 1 < λ∗ < min {λi, i = p+ 1, . . . , n}.

Òîäi ñèñòåìà ðiâíÿíü (4.32) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t≥T >0

(T - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ ó âèãëÿäi ðÿäiâ

y1(t) =
∞∑
i=0

y1
i (t),

y2(t) =
∞∑
i=0

y2
i (t),

(4.33)

äå y1
i (t), y

2
i (t), i = 0, 1, ... - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ≥ T > 0 âåêòîð-

ôóíêöi¨.

Àíàëîãi÷íèé ðåçóëüòàò äîâåäåíî äëÿ âèïàäêó 0 < λi < 1 < λj, i = 1, 2, . . . ,

j = + 1, . . . n, 0 ≤ p ≤ n, 0 < q < 1.

Â ïiäðîçäiëi 4.4 ïîáóäîâàíî íåïåðåðâíi îáìåæåíi ðîçâ'ÿçêè ñèñòåì íåëi-

íiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü âèãëÿäó

x (qt) = Λx (t) + f (t, x (t) , x (t+ 1)) , (4.45)

äå t ∈ R, Λ− äiéñíà (n× n) - ìàòðèöÿ âèãëÿäó Λ = diag (λ1, . . . , λn),

f : R× Rn × Rn → Rn, q - äåÿêà äiéñíà ñòàëà, ó âèïàäêàõ:

1. 0 < λi < 1, i = 1, . . . , n, q > 1;

2. λi > 1, i = 1, . . . , n, 0 < q < 1.

Ïðè öüîìó ïðèïóñêà¹òüñÿ, ùî âèêîíóþòüñÿ óìîâè:

3. âåêòîð-ôóíêöiÿ f (t, x, y) ¹ íåïåðåðâíîþ îáìåæåíîþ ïðè âñiõ t ∈ R,
x ∈ Rn, y ∈ Rn i f (t, 0, 0) ≡ 0;
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4. äëÿ äîâiëüíèõ t ∈ R, x̄, ȳ, ¯̄x, ¯̄y ∈ Rn âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

|f (t, x̄, ȳ)− f (t, ¯̄x, ¯̄y)| ≤ l (|x̄− ¯̄x|+ |ȳ − ¯̄y|) , (4.46)

äå l - äåÿêà äîäàòíà ñòàëà.

Çîêðåìà, äîâåäåíî íàñòóïíi òåîðåìè.

Òåîðåìà 4.9. Íåõàé âèêîíóþòüñÿ óìîâè 1, 3-4 i óìîâà:

5. ∆ = 2l
λ̄−λ∗ < 1 , äå 1 > λ̄ > λ∗ = max {λi, i = 1, . . . , n}.

Òîäi ñèñòåìà ðiâíÿíü (4.45) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t≥T >0

(T - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ ó âèãëÿäi ðÿäó

x(t) =
∞∑
i=0

xi(t), (4.47)

äå xi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ≥ T > 0 âåêòîð-

ôóíêöi¨, ÿêi çàäîâîëüíÿþòü óìîâi

lim
t→+∞

xi(t) = 0.

Òåîðåìà 4.10. Íåõàé âèêîíóþòüñÿ óìîâè 2-4 i óìîâà:

6. ∆ = 2l
λ∗−λ < 1, äå 1 < λ < λ∗ = min {λi, i = 1, 2, ..., n} .

Òîäi ñèñòåìà ðiâíÿíü (4.45) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t≥T >0

(T - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ ó âèãëÿäi ðÿäó

x(t) =
∞∑
i=0

xi(t),

äå xi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ≥ T > 0 âåêòîð-

ôóíêöi¨, ÿêi çàäîâîëüíÿþòü óìîâi

lim
t→+∞

xi(t) = 0.
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ÐÎÇÄIË 1

ÎÃËßÄ ËIÒÅÐÀÒÓÐÈ ÇÀ ÒÅÌÎÞ ÄÈÑÅÐÒÀÖI�

Ðiçíèöåâî-ôóíêöiîíàëüíi ðiâíÿííÿ ïî¹äíóþòü â ñîái âëàñòèâîñòi ðiçíèöå-

âèõ òà q � ðiçíèöåâèõ (ôóíêöiîíàëüíèõ) ðiâíÿíü i ¹ âàæëèâèì iíñòðóìåíòîì

ïðè ðîçâ'ÿçàííi áàãàòüîõ ïðèêëàäíèõ çàäà÷. Ïðè ðiçíèõ ïðèïóùåííÿõ, òàêi

ðiâíÿííÿ áóëè i ¹ îá'¹êòîì äîñëiäæåííÿ áàãàòüîõ ìàòåìàòèêiâ, ðîçâèòîê ¨õ òå-

îði¨ íàáóâ öiëèé ðÿä íàïðÿìêiâ, ñåðåä ÿêèõ âàæëèâå çíà÷åííÿ ìà¹ íàïðÿìîê,

îñíîâíèì çàâäàííÿì ÿêîãî ¹ ïîáóäîâà çàãàëüíîãî ðîçâ'ÿçêó òà âèâ÷åííÿ éîãî

ñòðóêòóðè.

Ñëiä âiäìiòèòè, ùî âïåðøå ïîáóäóâàòè çàãàëüíèé ðîçâ'ÿçîê äëÿ øèðîêîãî

êëàñó ñèñòåì ëiíiéíèõ ðiçíèöåâèõ ðiâíÿíü òà äîñëiäèòè éîãî âëàñòèâîñòi âäà-

ëîñÿ Áiðêãîôó òà éîãî ó÷íÿì â ðîáîòàõ [5-7]. Öi ïðàöi ìàëè âåëèêèé âïëèâ íà

ïîäàëüøèé ðîçâèòîê òåîði¨ ðiçíèöåâèõ ðiâíÿíü. Â äàíèé ÷àñ öÿ òåîðiÿ íàáóëà

øèðîêîãî ðîçãàëóæåííÿ i ìà¹ äóæå áàãàòî âàæëèâèõ ðåçóëüòàòiâ. Çîêðåìà, â

[54] äîñëiäæó¹òüñÿ ñèñòåìà ëiíiéíèõ ðiçíèöåâèõ ðiâíÿíü âèãëÿäó

x (t+ 1) = A (t)x (t) , (1.1)

äå t ∈ R+,A (t) - äiéñíà (n× n) - ìàòðèöÿ, äëÿ ÿêî¨ ïîáóäîâàíî ïðåäñòàâëåííÿ

çàãàëüíîãî ðîçâ'ÿçêó i äîñëiäæåíî éîãî ñòðóêòóðó.

Ïðîäîâæóþ÷è äîñëiäæåííÿ ñèñòåìè (1.1), â ðîáîòàõ [56-58] ðîçðîáëåíî

ñàì ìåòîä ïîáóäîâè çàãàëüíîãî íåïåðåðâíîãî ðîçâ'ÿçêó ñèñòåìè (1.1) äëÿ âè-

ïàäêó, êîëè âèêîíóþòüñÿ íàñòóïíi óìîâè:

1) åëåìåíòè ìàòðèöi A (t) ¹ íåïåðåðâíèìè N - ïåðiîäè÷íèìè (N � öiëå

äîäàòíå ÷èñëî) ôóíêöiÿìè;

2) detA (t) 6= 0 ïðè âñiõ t ∈ R.

Ðîçøèðþþ÷è êîëî äîñëiäæåíü, â ðîáîòi [69] ðîçãëÿäà¹òüñÿ ðiâíÿííÿ âè-

ãëÿäó

x (t+ 1) = (Λ + A (t))x (t) , (1.2)

äå t ∈ R+ = [0,+∞), Λ - ñòàëà äiéñíà (n× n) - ìàòðèöÿ, A (t) � äiéñíà

(n× n)-ìàòðèöÿ, äëÿ ÿêîãî äîâåäåíî íàñòóïíó òåîðåìó.
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Òåîðåìà 1.1. Íåõàé âèêîíóþòüñÿ óìîâè:

1. detA (t) 6= 0, det (Λ + A (t)) 6= 0 ïðè âñiõ t ∈ R+;

2. ïðè âñiõ t ∈ R+ iñíó¹ íåïåðåðâíà, äîäàòíà ôóíêöiÿ a (t) òàêà, ùî

‖A (t)‖ ≤ a (t) , äå ‖A (t)‖ = max
1≤i≤n

n∑
j=1

|aij| ;

3. ðÿä h (t) =
∞∑
i=0

λ∗λ
∗a (t+ i) , äå λ∗ =

∥∥Λ−1
∥∥, λ∗ = ‖Λ‖, ðiâíîìiðíî

çáiãà¹òüñÿ ïðè âñiõ t ∈ R+,

i âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

λ∗h (t) ≤ θ < 1.

Òîäi ïðè t ≥ T , äå T - äîñòàòíüî âåëèêå, iñíó¹ çàìiíà çìiííèõ

x (t) = γ (t) y (t) ,

(γ (t) - íåïåðåðâíà îáìåæåíà íåîñîáëèâà ïðè t ≥ T ìàòðèöÿ, ÿêà ìà¹ íå-

ïåðåðâíó îáìåæåíó ïðè t ≥ T îáåðíåíó ìàòðèöþ γ−1 (t)), ÿêà ïðèâîäèòü

ñèñòåìó ðiâíÿíü (1.2) äî âèãëÿäó

y (t+ 1) = Λy (t) .

Ïèòàííÿ ïîáóäîâè çàãàëüíîãî íåïåðåðâíîãî ðîçâ'ÿçêó ñèñòåìè íåîäíîði-

äíèõ ðiâíÿíü âèãëÿäó

x (t+ 1) = A (t)x (t) + f (t) , (1.3)

äå t ∈ R+, A (t) - äiéñíà (n× n) - ìàòðèöÿ f (t) - n-ìiðíèé äiéñíèé âåêòîð,

ðîçãëÿäà¹òüñÿ â ðîáîòi [67].

Òåîðåìà 1.2. Íåõàé âèêîíóþòüñÿ óìîâè:

1. âñi åëåìåíòè ìàòðèöi A (t) i âåêòîðà f (t) ¹ íåïåðåðâíèìè ïðè t ∈ R+

ôóíêöiÿìè;

2. detA (t) 6= 0 ïðè t ∈ R+,

det
N−1∏
i=0

A (N − i− 0) 6= 0.
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Òîäi äîâiëüíèé íåïåðåðâíèé ïðè t ∈ R+ ðîçâ'ÿçîê x (t) ñèñòåìè ðiâíÿíü (1.3)

ìà¹ âèãëÿä

x (t) =
∏[t]

i=1A (τ + [t]− j) Φ (τ)ω (t) +
∏[t]

i=1A (τ + [t]− j)ϕ (τ) +

+
∏[t]−1

i=1 A (τ + [t]− j) f (τ) + ...+ A (τ + [t]− 1) f (τ + [t]− 2) +

+f (τ + [t]− 1) ,

äå íåîñîáëèâà ïðè τ ∈ [0, 1) ìàòðè÷íà ôóíêöiÿ Φ (τ) i âåêòîð-ôóíêöiÿ ϕ (τ)

¹ íåïåðåðâíèìè i çàäîâîëüíÿþòü óìîâè

Φ (1− 0) = Φ1,Φ1 = A (0) Φ (0) , ϕ1 = A (0)ϕ (0) + f (0)

âiäïîâiäíî, à ω(t) - äåÿêà íåïåðåðâíà ïðè t ∈ R+ 1-ïåðiîäè÷íà âåêòîð-

ôóíêöiÿ.

Â ðîáîòàõ [70, 72-73, 85] äîñëiäæóþòüñÿ ôóíêöiîíàëüíî-ðiçíèöåâi ðiâíÿííÿ

âèãëÿäó

x (t+ 1) = ax (t) + bx (qt) , (1.4)

äå t ∈ R+ = (0,+∞), a, b, q � äåÿêi äiéñíi ñòàëi, äëÿ ÿêèõ äîâåäåíà íèçêà

òâåðäæåíü. Ïðè öüîìó ïðèïóñêàþòüñÿ âèêîíàíèìè óìîâè:

1. 0 < a < 1, q > 1,

2. ∆ = |b|
a−aq < 1.

Ëåìà 1.1. ßêùî âèêîíóþòüñÿ óìîâè 1,2, òî ðiâíÿííÿ (1.4) ìà¹ ñiì'þ

íåïåðåðâíèõ i îáìåæåíèõ ïðè t ≥ 0 ðîçâ'ÿçêiâ x(t) = x (t, ω (t)), ùî çàëå-

æèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ 1�ïåðiîäè÷íî¨ ôóíêöi¨ ω(t).

Ëåìà 1.2. ßêùî γ (t) - äîâiëüíèé íåïåðåðâíèé i îáìåæåíèé ïðè t ≥ 0

ðîçâ'ÿçîê ðiâíÿííÿ (1.4) i âèêîíóþòüñÿ óìîâè 1,2 ëåìè 1, òî ïðè âñiõ t ≥ 0

ìà¹ ìiñöå îöiíêà

|γ (t)| ≤ M̃at,

äå M̃ - äåÿêà äîäàòíà ñòàëà.

Òåîðåìà 1.3. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < a < 1, q > 1;

2. ∆ = |b|
a−aq <

1
2 .
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Òîäi äîâiëüíèé íåïåðåðâíèé i îáìåæåíèé ïðè t ≥ 0 ðîçâ'ÿçîê γ (t) ðiâíÿííÿ

(1.4) ìîæíà çîáðàçèòè ó âèãëÿäi ðÿäó

x (t) =
∞∑
i=0

xi (t) ,

â ÿêîìó ôóíêöi¨ xi(t) = xi (t, ω (t)), i = 0, 1, ..., âèçíà÷àþòüñÿ ñïiââiäíîøåí-

íÿìè

xi(t) = −
∞∑
j=0

a−(j+1)bxi−1(q (t+ j)), i = 0, 1, ...,

à ω(t) � äåÿêà íåïåðåðâíà 1-ïåðiîäè÷íà ôóíêöiÿ.

Îòðèìàíi ðåçóëüòàòè ïîøèðåíî òàêîæ íà âèïàäîê íåîäíîðiäíèõ ðiâíÿíü

âèãëÿäó

x (t+ 1) = ax (t) + bx (qt) + f (t) ,

äå t ∈ R+ = (0,+∞), a, b, q � äåÿêi äiéñíi ñòàëi, f (t) � n-ìiðíèé äiéñíèé

âåêòîð.

Â ðîáîòi [38] ðîçãëÿäà¹òüñÿ ëiíiéíå ôóíêöiîíàëüíî-ðiçíèöåâå ðiâíÿííÿ âè-

ãëÿäó

x(t+ 1) = ax(t) +
∞∑
j=1

bj x(qjt), (1.5)

äå t ∈ R + = [0,+∞), a, bj, qj, j = 1, 2, ...− äiéñíi ñòàëi. Ïðîäîâæóþ÷è äî-

ñëiäæåííÿ ðîáiò [70, 72-73, 85], âèâ÷àþòüñÿ àíàëîãi÷íi ïèòàííÿ äëÿ ðiâíÿííÿ

(1.5) ïðè ïåâíèõ ïðèïóùåííÿõ âiäíîñíî a òà qj, j = 1, n.

Ëåìà 1.3. ßêùî âèêîíóþòüñÿ óìîâè:

1. 0 < a < 1, qj ≥ q > 1, j = 1, 2, ...;

2. b =
∞∑
j=1

|bj| <∞, ∆ = b
a−aq < 1.

Òî ðiâíÿííÿ (1.5) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ 0 ðîçâ'ÿçêiâ

x(t) = x(t, ω(t)), ùî çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ 1-ïåðiîäè÷íî¨ ôóí-

êöi¨ ω(t).

Ëåìà 1.4. ßêùî γ(t)− äîâiëüíèé íåïåðåðâíèé îáìåæåíèé ïðè t ≥ 0

ðîçâ'ÿçîê ðiâíÿííÿ (1.5) i âèêîíóþòüñÿ óìîâè 1, 2 ëåìè 1.3, òî ïðè âñiõ

t ≥ 0 âèêîíó¹òüñÿ îöiíêà

|γ(t)| ≤Mat,
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äå M - äåÿêà äîäàòíà ñòàëà.

Òåîðåìà 1.4. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < a < 1, q > 1;]

2. b =
∞∑
j=1

|bj| <∞, ∆ = b
a−aq <

1
2 .

Òîäi äîâiëüíèé íåïåðåðâíèé îáìåæåíèé ïðè t ≥ 0 ðîçâ'ÿçîê γ(t) ðiâíÿííÿ

(1.5) ìîæíà ïðåäñòàâèòè ó âèãëÿäi ðÿäó

x(t) =
∞∑
i=0

xi(t),

â ÿêîìó ôóíêöi¨ xi(t) = xi(t, ω(t)), i = 0, 1, ..., âèçíà÷àþòüñÿ ñïiââiäíîøåí-

íÿìè

xi(t) = −
∞∑
p=0

a−(p+1)

( ∞∑
j=1

bj xi−1(qj(t+ p))

)
, i = 1, 2, ... ,

à ω (t)−äåÿêà íåïåðåðâíà 1-ïåðiîäè÷íà ôóíêöiÿ.
Ïðîäîâæóþ÷è äîñëiäæåííÿ, â ðîáîòi [76] ðîçãëÿäà¹òüñÿ ëiíiéíå

ôóíêöiîíàëüíî-ðiçíèöåâå ðiâíÿííÿ âèãëÿäó

x (t+ 1) = a (t)x (t) + b (t)x (qt) + f (t) , (1.6)

äå t ∈ R = (−∞,+∞), a (t) , b (t) , f (t) : R → R, a (t), b (t) - äåÿêi äiéñíi

ìàòðèöi ðîçìiðíîñòi n× n, q � äåÿêà äiéñíà ñòàëà.
Äîñëiäæó¹òüñÿ ñòðóêòóðà ìíîæèíè íåïåðåðâíèõ ðîçâ'ÿçêiâ ïðè âèêîíàííi

íàñòóïíèõ óìîâ:

1. 0 < a∗ ≤ a (t) ≤ a∗ < 1, q > 0;

2. ôóíêöi¨ b (t) , f (t) ¹ íåïåðåðâíèìè îáìåæåíèìè ïðè âñiõ t ∈ R i òàêèìè,

ùî sup
t
|b (t)| = b∗, sup

t
|f (t)| = f ∗;

3. ∆ = b∗

1−a∗ < 1.

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà. 1.5. ßêùî âèêîíóþòüñÿ óìîâè 1-3, òî ðiâíÿííÿ (1.6) ìà¹ íå-

ïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê x (t) ó âèãëÿäi ðÿäó

x(t) =
∞∑
i=0

xi(t),
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äå xi (t) , i = 0, 1, . . . , - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ∈ R ôóíêöi¨.

Â [70, 72-73, 85] óçàãàëüíåíî îòðèìàíi ðåçóëüòàòè íà âèïàäîê ñèñòåì

ôóíêöiîíàëüíî-ðiçíèöåâèõ ðiâíÿíü âèãëÿäó

x (t+ 1) = A (t)x (t) +B (t)x (qt) + F (t) , (1.7)

äå t ∈ R+ = [0,+∞), A (t), B (t) - äiéñíi (n× n)-ìàòðèöi, F (t) - äiéñíèé

âåêòîð ðîçìiðíîñòi n, q - äåÿêà äiéñíà ñòàëà. Çîêðåìà, â [13] äîñëiäæó¹òüñÿ

cèñòåìà îäíîðiäíèõ ðiâíÿíü âèãëÿäó

x (t+ 1) = Ax (t) +Bx (qt) , (1.8)

äå A, B - äiéñíi ñòàëi (n× n)-ìàòðèöi, q - äåÿêà äiéñíà ñòàëà. Ïðè öüîìó

ïðèïóñêà¹òüñÿ, ùî âëàñíi çíà÷åííÿ λi, i = 1, . . . , n ìàòðèöi A çàäîâîëüíÿþòü

óìîâè

λi 6= λj; |λi| 6= 0, 1; i, j = 1, . . . , n.

Òîäi, ÿê âiäîìî, iñíó¹ çàìiíà çìiííèõ

x (t) = Cy (t) ,

äå Ñ � äåÿêà ñòàëà íåîñîáëèâà (n× n)-ìàòðèöÿ, ùî ïðèâîäèòü ñèñòåìó ðiâ-

íÿíü (1.8) äî âèãëÿäó

y (t+ 1) = Λy (t) + B̃y (qt) , (1.9)

äå Λ = diag (λ1, . . . , λn), B̃ = C−1BC, äëÿ ÿêî¨ äåòàëüíî äîñëiäæåíi âèïàäêè:

a) 0 < λi < 1, i = 1, . . . , n, q > 1,

b) λi > 1, i = 1, . . . , n, 0 < q < 1.

Íàïðèêëàä, ÿêùî âèêîíóþòüñÿ óìîâè:

1. 0 < λi < 1, i = 1, . . . , n, q > 1;

2. λ∗ > λ∗q, ∆ = b̃
λ∗−λ∗q < 1, äå b̃ =

∣∣∣B̃∣∣∣ = max
i

∑
j

∣∣∣b̃ij∣∣∣,
λ∗ = min {λi, i = 1, . . . , n}, λ∗ = max {λi, i = 1, . . . , n},
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òî ìà¹ ìiñöå íàñòóïíà ëåìà.

Ëåìà 1.5. Íåõàé âèêîíóþòüñÿ óìîâè 1, 2. Òîäi ñèñòåìà ðiâíÿíü (1.9)

ìà¹ ñiì'þ íåïåðåðâíèõ i îáìåæåíèõ ïðè t ≥ T > 0 ðîçâ'ÿçêiâ, ùî çàëåæèòü

âiä äîâiëüíî¨ íåïåðåðâíî¨ 1-ïåðiîäè÷íî¨ âåêòîð-ôóíêöi¨ ω(t).

Çàóâàæèìî, ùî ó [84] âèâ÷à¹òüñÿ òàêîæ âèïàäîê, êîëè ñåðåä âëàñíèõ ÷èñåë

ìàòðèöi À ¹ îäíàêîâi.

Óçàãàëüíåííÿ ðîáîòè [69] íà âèïàäîê ñèñòåì íåëiíiéíèõ ðiçíèöåâèõ ðiâ-

íÿíü âèãëÿäó

x (t+ 1) = (Λ + A (t))x (t) + f (t, x (t)) , (1.10)

äå t ∈ R+, Λ, A (t) - äiéñíi (m× n)-ìàòðèöi, f : R+ × Rm → Rm, îòðèìàíî â

[55], äå, çîêðåìà, äîâåäåíà íàñòóïíà òåîðåìà.

Òåîðåìà 1.6. Íåõàé âèêîíóþòüñÿ óìîâè:

1. âëàñíi çíà÷åííÿ λi, i = 1, . . . ,m ìàòðèöi Λ çàäîâîëüíÿþòü óìîâi

1 > |λ1| > |λ2| > ... > |λm| > 0;

2. ìàòðèöÿ A (t) i âåêòîð-ôóíêöiÿ f (t, x) ¹ íåïåðåðâíèìè ïðè t ∈ R+,

|x| ≤ a, N-ïåðiîäè÷íèìè ïî t i çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

|A (t)| ≤ l, f (t, 0) ≡ 0,

|f (t, x′)− f (t, x′′)| ≤ L (|x′|+ |x′′|)k−1 |x′ − x′′| ,

|x′| ≤ a, |x′′| ≤ a,

äå |A (t)| = max
1≤i≤m

n∑
j=1

|aij| , l � äîñòàòíüî ìàëå äîäàòíå ÷èñëî, k > l,

L = const > 0, Λ = diag (λ1, . . . , λm) , A (t) = diag (a1 (t) , . . . , an (t)).

Òîäi ïðè t ∈ R+, |y| ≤ a1 < a, äîñòàòíüî ìàëîìó l iñíó¹ çàìiíà çìiííèõ

x (t) = y (t) + γ (t, y (t)) ,

äå âåêòîð-ôóíêöiÿ γ (t, y) ¹ íåïåðåðâíîþ ïî t, ó, N- ïåðiîäè÷íîþ ïî t i çàäî-

âîëüíÿ¹ óìîâè

γ (t, 0) ≡ 0, |γ (t, y′)− γ (t, y′′)| ≤M (|y′|+ |y′′|)k−1 |y′ − y′′| ,
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M = const > 0, ÿêà ïðèâîäèòü ñèñòåìó ðiâíÿíü (1.10) äî âèãëÿäó

y (t+ 1) = (Λ + A (t)) y (t) .

Â [62] äîâåäåíî iñíóâàííÿ òà ¹äèíiñòü íåïåðåðâíîãî i îáìåæåíîãî íà âñié

äiéñíié îñi ðîçâ'ÿçêó ñèñòåìè âèãëÿäó

x (t+ 1) = Λx (t) + f (t, x (t)) , (1.11)

äå t ∈ R+ = (−∞,+∞), Λ - äiéñíà, ñòàëà (n× n)-ìàòðèöÿ, f (t, x) - çàäà-

íà äiéñíà âåêòîð-ôóíêöiÿ, x (t) - íåâiäîìà âåêòîð-ôóíêöiÿ ó âèïàäêó, êîëè

âèêîíóþòüñÿ íàñòóïíi óìîâè:

1) âëàñíi çíà÷åííÿ λi, i = 1, . . . ,m ìàòðèöi Λ çàäîâîëüíÿþòü óìîâi

0 < |λi| < 1, i = 1, . . . , n;

2) âåêòîð-ôóíêöiÿ f (t, x) ¹ íåïåðåðâíîþ ïî âñiõ àðãóìåíòàõ i çàäîâîëüíÿ¹

óìîâi Ëiïøèöà

|f (t, x)− f (t, y)| ≤ l |x− y| ,

äå (t, x) , (t, y) ∈ R× Rn, |x| = max
1≤i≤n

|xi| , l = const > 0;

3) sup
t∈R
|f (t, 0)| = M <∞.

Äîñëiäæåííþ ñòðóêòóðè ìíîæèíè íåïåðåðâíèõ ðîçâ'ÿçêiâ ñèñòåì ðiçíè-

öåâèõ ðiâíÿíü (1.11), ùî çíàõîäÿòüñÿ â îêîëi ¨¨ òðèâiàëüíîãî ðîçâ'ÿçêó

(f (t, 0) ≡ 0) , ïðèñâÿ÷åíi ðîáîòè [61, 63-64].

Çîêðåìà, â ðîáîòi [61] ðîçãëÿäà¹òüñÿ ñèñòåìà (1.11), â ÿêié

t ∈ R+ = [0,+∞), Λ− ñòàëà äiéñíà (n× n)-ìàòðèöÿ, f : R× Cn → Cn,

x(t)− íåâiäîìà êîìïëåêñíî-çíà÷íà âåêòîð-ôóíêöiÿ i äîñëiäæó¹òüñÿ ñòðóêòó-

ðà ¨¨ çàãàëüíîãî ðîçâ'ÿçêó. Äîâåäåíî, ùî iñíó¹ âçà¹ìíî-îäíîçíà÷íà çàìiíà

çìiííèõ

x(t) = γ(t, y(t)),

ÿêà ïðèâîäèòü ñèñòåìó ðiâíÿíü (1.11) äî ëiíiéíîãî âèãëÿäó

y(t+ 1) = Λy(t),
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ÿêùî âèêîíóþòüñÿ íàñòóïíi óìîâè:

1) âëàñíi çíà÷åííÿ λi, i = 1, ..., n, ìàòðèöi Λ çàäîâîëüíÿþòü ñïiââiäíîøå-

ííÿ λi 6= λj, i 6= j, 0 < |λi| < 1; i, j = 1, ..., n;

2) äëÿ äîâiëüíîãî íàáîðó i1, ..., in öiëèõ íåâiä'¹ìíèõ ÷èñåë

(
n∑
j=1

ij ≥ 2

)
âèêîíóþòüñÿ íåðiâíîñòi λi 6= λi11 ...λ

in
n , i = 1, ..., n;

3) âåêòîð-ôóíêöiÿ f(t, x) ðîçêëàäà¹òüñÿ â ðÿä

f(t, x) =
∞∑
|i|=2

fi(t)x
i,

äå fi(t)−âåêòîðíi ôóíêöi¨, i = (i1, ..., in)− âåêòîð-ðÿäîê, êîìïîíåíòè ÿêîãî

íåâiä'¹ìíi öiëi ÷èñëà, |i| = i1 + ... + in, xi = xi11 ...x
in
n i ïiäñóìîâóâàííÿ ïðîâî-

äèòüñÿ ïî âñiõ i, äëÿ ÿêèõ |i| ≥ 2;

4) |fij(t)| ≤ Fij ïðè âñiõ t ∈ R i |i| ≥ 2, j = 1, ..., n, äå Fij = const > 0,

Fi = (Fi1, ..., Fin);

5) ðÿä F (x) =
∞∑
|i|=2

Fix
i çáiãà¹òüñÿ ïðè |x| < ρ, ρ > 0.

Îäíèì ç íàéåôåêòèâíiøèõ ìåòîäiâ äîñëiäæåííÿ ñèñòåì íåëiíiéíèõ ðiçíè-

öåâèõ ðiâíÿíü âèãëÿäó

x (t+ 1) = Λx (t) + F (x (t)) (1.12)

¹ ìåòîä íîðìàëüíèõ ôîðì Ïóàíêàðå, ùî äîçâîëÿ¹ çâåñòè äîñëiäæåííÿ òàêèõ

ñèñòåì ðiâíÿíü â îêîëi ñòàíó ðiâíîâàãè äî äîñëiäæåííÿ ñèñòåì ðiâíÿíü íàé-

áiëüø ïðîñòîãî âèãëÿäó. Ïðè öüîìó òàêi íàéáiëüø ïðîñòi ôîðìè çàëåæàòü

âiä óìîâ, ÿêèì çàäîâîëüíÿþòü ìàòðèöÿ Λ i âåêòîð-ôóíêöiÿ F (x) . Íàïðè-

êëàä, ÿêùî âñi âëàñíi ÷èñëà ìàòðèöi Λ ïî ìîäóëþ ìåíøi (àáî âñi áiëüøi)

îäèíèöi i âiäñóòíi ðåçîíàíñè, âåêòîð-ôóíêöiÿ F (x) - ãîëîìîðôíà â îáëàñòi

D : |x| < a, F (0) = 0, ∂F (x)
∂x

∣∣∣
x=0

= 0, òî iñíó¹ çàìiíà çìiííèõ

x = y + γ (y) ,

äå âåêòîð-ôóíêöiÿ γ (y) - ãîëîìîðôíà â äåÿêié îáëàñòi D̃ ⊆ D, γ (0) = 0,
∂γ(y)
∂y

∣∣∣
y=0

= 0, ÿêà ïðèâîäèòü ñèñòåìó ðiâíÿíü (1.12) äî ëiíiéíîãî âèãëÿäó

y (t+ 1) = Λy (t) . (1.13)
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Öåé ðåçóëüòàò, äîâåäåíèé Ïóàíêàðå â [19, 77], ïîêëàâ ïî÷àòîê ÷èñëåííèì

äîñëiäæåííÿì, íàïðàâëåíèì íà ðîçâèòîê òà çàñòîñóâàííÿ öüîãî ìåòîäó ïðè

âèâ÷åííi iíøèõ êëàñiâ ðiâíÿíü [54-74]. Çîêðåìà, â [63-64] ìåòîä íîðìàëüíèõ

ôîðì ðîçâèíóòî äëÿ äîñëiäæåííÿ íåàâòîíîìíèõ ðiçíèöåâèõ ðiâíÿíü

x (t+ 1) = Λx (t) + F (t, x (t))

â îêîëi ñòàíó ðiâíîâàãè x = 0 (F (t, 0) ≡ 0) ïðè ðiçíèõ ïðèïóùåííÿõ âiäíîñíî

ìàòðèöi Λ i âåêòîð-ôóíêöi¨ F. Àëå â äàíèé ÷àñ iñíóþòü ðiâíÿííÿ, äîñëiäæåííÿ

ÿêèõ çà äîïîìîãîþ ìåòîäó íîðìàëüíèõ ôîðì íå äà¹ ïîòðiáíèõ ðåçóëüòàòiâ.

Äî òàêèõ ðiâíÿíü âiäíîñÿòüñÿ, çîêðåìà, ôóíêöiîíàëüíî-ðiçíèöåâi ðiâíÿííÿ

âèãëÿäó

x (t+ 1) = Λx (t) + F (t, x (t) , x (f (t))) , (1.14)

äå Λ - ïîñòiéíà äiéñíà (n× n)-ìàòðèöÿ, F : R+×Rn×Rn→Rn, f :R+→R+. Òàêi

ðiâíÿííÿ äîñëiäæóþòüñÿ â ðîáîòi [93], äå îñíîâíèì ðåçóëüòàòîì ¹ íàñòóïíà

òåîðåìà.

Òåîðåìà 1.7. Íåõàé âèêîíóþòüñÿ óìîâè:

1. det Λ 6= 0;

2. âñi åëåìåíòè âåêòîðà F (t, x, y) i ôóíêöiÿ f (t) ¹ íåïåðåðâíèìè âiä-

íîñíî âñiõ ñâî¨õ àðãóìåíòiâ â îáëàñòi D : t ∈ R+, |x| < a, |y| < a,

F (t, 0, 0) ≡ 0;

3. âåêòîð-ôóíêöiÿ F (t, x, y) çàäîâîëüíÿ¹ ñïiââiäíîøåííþ

|F (t, x′, y′)− F (t, x′′, y′′)| ≤ ϕ(t) (|x′ − x′′|+ |y′ − y′′|) ,

äå ϕ (t) - äåÿêà íåïåðåðâíà íåâiä'¹ìíà ôóíêöiÿ òàêà, ùî ðÿä

Φ (t) =
∞∑
i=0

∣∣∆−1
∣∣i ϕ (t+ i)

ðiâíîìiðíî çáiãà¹òüñÿ ïðè âñiõ t ∈ R+ i 2
∣∣∆−1

∣∣Φ (t) ≤ ∆ < 1.

Òîäi iñíó¹ íåïåðåðâíà â îáëàñòi D̃ ⊆ D,âçà¹ìíî îäíîçíà÷íà çàìiíà

çìiííèõx (t) = Γ (t, y (t)) , ùî ïðèâîäèòü ñèñòåìó ðiâíÿíü (1.14) äî ëiíié-

íîãî âèãëÿäó (1.13).
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Öiëà íèçêà ðîáiò ïðèñâÿ÷åíà äîñëiäæåííþ ðiçíèöåâèõ ðiâíÿíü âèãëÿäó

x (t+ 1) = f (t, x (t)) , (1.15)

äå t ∈ R+ = (−∞,+∞), f (t, x) - çàäàíà äiéñíà âåêòîð-ôóíêöiÿ. Âñòàíîâ-

ëåííþ óìîâ iñíóâàííÿ òà ¹äèíîñòi ïåðiîäè÷íèõ ðîçâ'ÿçêiâ òàêèõ ðiâíÿíü òà

äîñëiäæåííþ ¨õ âëàñòèâîñòåé ïðèñâÿ÷åíi ðîáîòè [59-60, 66]. Çîêðåìà, â ðîáîòi

[66], â ïðèïóùåííi, ùî âèêîíóþòüñÿ óìîâè:

1) ôóíêöiÿ f(t, x) ¹ íåïåðåðâíîþ ïðè t ∈ R, x ∈ R i N -ïåðiîäè÷íîþ ïî t;

2) äëÿ äîâiëüíèõ t, x, y ∈ R ôóíêöiÿ f(t, x) çàäîâîëüíÿ¹ óìîâó

|f(t, x)− f(t, y)| ≤ ω(t)|x− y|,

äå ω(t)−äåÿêà íåâiä'¹ìíà, N -ïåðiîäè÷íà ôóíêöiÿ;

3) ω(t)ω(t+ 1)...ω(t+N − 1) ≤ θ < 1, t ∈ R

äîñëiäæó¹òüñÿ ïèòàííÿ iñíóâàííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ ðiçíèöåâîãî ðiâíÿ-

ííÿ (1.15).

Îñíîâíîþ ìåòîþ ðîáîòè [25] ¹ âñòàíîâëåííÿ óìîâ iñíóâàííÿ íåïåðåðâíèõ

N - ïåðiîäè÷íèõ ðîçâÿçêiâ (N - öiëå äîäàòíå ÷èñëî) ñèñòåìè ðiâíÿíü

x (t+ 1) = f (t, x (t) , ε) , (1.16)

äå t ∈ R+ = (−∞,+∞), x ∈ Rn, ε ∈ (0, ε0] , ε0 > 0 i äîñëiäæåííÿ ¨õ âëàñòèâî-

ñòåé ïðè ε→ 0.

Ñèñòåìà ðiçíèöåâèõ ðiâíÿíü (1.16) ðîçãëÿäà¹òüñÿ ïðè òàêèõ ïðèïóùåííÿõ:

1) âåêòîð-ôóíêöiÿ f (t, x, ε) ¹ íåïåðåðâíîþ ïî âñiõ çìiííèõ òà N-

ïåðiîäè÷íîþ ïî t (N - öiëå äîäàòíå ÷èñëî);

2) ∀t, x, y ∈ R âåêòîð-ôóíêöiÿ f (t, x, ε) çàäîâîëüíÿ¹ óìîâó

|f(t, x, ε)− f(t, y, ε)| ≤ w(t, ε)|x− y|,

äå w(t, ε) � äåÿêà íåâiä'¹ìíà, íåïåðåðâíà ïî t, ε òà N - ïåðiîäè÷íà ïî t

ôóíêöiÿ;

3) w(t, ε)w(t+ 1, ε)w(t+ 2, ε) . . . w(t+N − 1, ε) ≤ ∆ < 1, t ∈ R.
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Äîñòàòíi óìîâè iñíóâàííÿ òà ¹äèíîñòi ïåðiîäè÷íèõ (ãëîáàëüíèõ) ðîçâ'ÿçêiâ

ñèñòåì ðiçíèöåâèõ ðiâíÿíü âèãëÿäó

x(t+ 1) = F (t, x(t), x(t− 1), ..., x(t− k)),

x(t+ 1) = Ax(t) + F (t, x(t), x(t− 1), ..., x(t− k)),

äå t ∈ R, k ≥ 1, A - äiéñíà (n × n)-ìàòðèöÿ, F : R × Rn × ... × Rn → Rn

âñòàíîâëåíî â ðîáîòàõ [27, 72] .

Âàæëèâi ðåçóëüòàòè ùîäî âèâ÷åííÿ àñèìïòîòè÷íî¨ ïîâåäiíêè ðîçâ'ÿçêiâ

íåëiíiéíèõ ðiçíèöåâèõ ðiâíÿíü ç íåïåðåðâíèì àðãóìåíòîì îòðèìàíî â ðîáî-

òàõ [53, 65]. Ïðàöÿ [53] ïðèñâÿ÷åíà ïîáóäîâi ïðåäñòàâëåííÿ àñèìïòîòè÷íî ïå-

ðiîäè÷íèõ ðîçâ'ÿçêiâ íåëiíiéíèõ ðiçíèöåâèõ ðiâíÿíü âèãëÿäó

x(t+ 1) = f(x(t)),

äå t ∈ [0,∞), f ∈ C2
[a,b], x(t) : [0,∞)→ [a, b].

Â [65] ðîçðîáëåíî ìåòîä, ùî äîçâîëÿ¹ äîñëiäæóâàòè âëàñòèâîñòi ðîçâ'ÿçêiâ

øèðîêèõ êëàñiâ ðiâíÿíü âèãëÿäó

x(t+ 1) = λx(t) + f(t, x(t)),

äå t ∈ R = [0,+∞), λ = const 6= 0, f : [0,+∞)× R → R. Äëÿ âèïàäêó, êîëè
λ = 1 äîñëiäæó¹òüñÿ çàäà÷à ïðî iñíóâàííÿ íåïåðåðâíèõ ïðè t ≥ 0 ðîçâ'ÿçêiâ,

ùî çàäîâîëüíÿþòü óìîâi

lim
t→+∞

[x(t)− ω(t)] = 0,

äå ω(t)−íåïåðåðâíà 1 -ïåðiîäè÷íà ôóíêöiÿ. Ïðè öüîìó ïðèïóñêàþòüñÿ âèêî-

íàíèìè óìîâè:

1) ôóíêöiÿ f(t, x) ¹ íåïåðåðâíîþ ïðè t ≥ 0, f(t, 0) ≡ 0 i çàäîâîëüíÿ¹

ñïiââiäíîøåííþ

|f(t, x)− f(t, y)| ≤ ϕ(t)|x− y|,

äå ϕ(t)−äåÿêà íåâiä'¹ìíà ôóíêöiÿ i x, y ∈ R;
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2) ðÿä Φ(t) =
∞∑
i=0

ϕ(t + i) ðiâíîìiðíî çáiãà¹òüñÿ ïðè âñiõ t ∈ [0,+∞) i

Φ(t) ≤ θ < 1.

Áiëüø øèðîêi êëàñè ðiâíÿíü ðîçãëÿíóòî â [21, 74], çîêðåìà, â [74] âèâ÷à¹-

òüñÿ ïèòàííÿ iñíóâàííÿ i ¹äèíîñòi íåïåðåðâíèõ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ ñèñòåì

íåëiíiéíèõ ôóíêöiîíàëüíèõ ðiâíÿíü âèãëÿäó

x (t) = F (t, x (q1t+ f1 (t, x (t))) , ..., x (qkt+ fk (t, x (t)))) , (1.17)

äå F : R × Rn × ... × Rn → Rn, qi = const 6= 0, 1, R × Rn → R, i = 1, 2, ..., k.

Çîêðåìà, äîâåäåíî íàñòóïíó òåîðåìó.

Òåîðåìà 1.8. Íåõàé âèêîíóþòüñÿ óìîâè:

1. qi, i = 1, 2, ..., k - öiëi äîäàòíi ÷èñëà;

2. âåêòîð-ôóíêöiÿ F
(
t, x1, ..., xk

)
i ôóíêöi¨ fi (t, x), i = 1, 2, ..., k, ¹ íå-

ïåðåðâíèìè ïðè âñiõ t ∈ R, xi ∈ Rn, i = 1, 2, ..., k, x ∈ Rn, T -

ïåðiîäè÷íèìè ïî t i ìà¹ ìiñöå ñïiââiäíîøåííÿ

sup
t∈R,xi∈Rn,i=1,k

∣∣F (t, x1, ..., xk
)∣∣ = M <∞;

3. âåêòîð-ôóíêöiÿ F
(
t, x1, ..., xk

)
i ôóíêöi¨ fi (t, x), i = 1, 2, ..., k, çàäî-

âîëüíÿþòü óìîâè

∣∣F (t̄, x̄1, ..., x̄k
)
− F

(¯̄t, ¯̄x1, ..., ¯̄xk
)∣∣ ≤ L0

∣∣t̄− ¯̄t
∣∣+

k∑
i=1

Li
∣∣x̄i − ¯̄xi

∣∣ ,
∣∣fi (t̄, x̄)− fi

(¯̄t, ¯̄x
)∣∣ ≤ l′i

∣∣t̄− ¯̄t
∣∣+ l′′i |x̄− ¯̄x| , i = 1, 2, ..., k,

äå Li, i = 0, 1, ..., k, l′i, l
′′
i , i = 1, 2, ..., k, - äåÿêi äîäàòíi ñòàëi,(

t̄, x̄1, ..., x̄k
)
,
(¯̄t, ¯̄x1, ..., ¯̄xk

)
∈ R× Rkn.

4. ïðè äîñòàòíüî ìàëèõ Li, i = 0, 1, ..., k, l′i, l
′′
i , i = 1, 2, ..., k, âèêîíóþ-

òüñÿ ñïiââiäíîøåííÿ

L0

l
+ L∗ (q + l∗ + l∗l) ≤ 1, L∗ + ll∗L∗ = ∆ < 1,

äå L∗ =
∑k

i=1 Li, l
∗ = max {l′i, l′′i }, q = maxi {qi} , l > 0.
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Òîäi ñèñòåìà ðiâíÿíü (1.17) ìà¹ ¹äèíèé íåïåðåðâíèé Ò-ïåðiîäè÷íèé ðîçâ'ÿ-

çîê, ùî çàäîâîëüíÿ¹ óìîâó∣∣x(t̄)− x(¯̄t)
∣∣ ≤ l

∣∣t̄− ¯̄t
∣∣ ,

äå t̄, ¯̄t ∈ R.
Â [21] îòðèìàíî óçàãàëüíåííÿ äëÿ íåëiíiéíèõ ôóíêöiîíàëüíèõ ðiâíÿíü âè-

ãëÿäó

x (t) = f
(
t, x
(
ϕ

(1)
1

(
t, x
(
ϕ

(2)
1

(
t, x
(
...x
(
ϕ

(k)
1 (t, x (t))

)
...
)))))

, ...

..., x
(
ϕ(1)
m

(
t, x
(
ϕ(2)
m

(
t, x
(
...x
(
ϕ(k)
m (t, x (t))

)
...
))))))

, (1.18)

äå k,m ∈ N, t ∈ R, f : Rm+1 → R, ϕi (t, x) : R2 → R, j = 1, 2, ...,m,

i = 1, 2, ..., k. Çîêðåìà, äîâåäåíî íàñòóïíó òåîðåìó.

Òåîðåìà 1.9. Íåõàé âèêîíóþòüñÿ óìîâè:

1. ôóíêöiÿ f (t, x1, ..., xm) ¹ íåïåðåðâíîþ íà Rm+1 i

sup
(t,x1,...,xm)∈Rm+1

|f (t, x1, ..., xm)| = M <∞;

2. ôóíêöi¨ ϕ
(i)
j (t, x), íåïåðåðâíi íà R2 äëÿ âñiõ j = 1, 2, ...,m, i = 1, 2, ..., k,

3. ôóíêöi¨ f (t, x1, ..., xm) i ϕ
(i)
j (t, x), j = 1, 2, ...,m, i = 1, 2, ..., k, çàäî-

âîëüíÿþòü íàñòóïíi óìîâè Ëiïøèöà

|f (t1, x1, ..., xm)− f (t2, y1, ..., ym)| ≤ L0 |t1 − t2|+
m∑
j=1

Lj |xj − yj| ,

∣∣∣ϕ(i)
j (t1, x)− ϕ(i)

j (t2, y)
∣∣∣ ≤ l

(i)
j,1 |t1 − t2|+ l

(i)
j,2 |x− y| ,

äå Lj, j = 0, 1, ...,m, l
(i)
j,1, l

(i)
j,2, j = 1, 2, ...,m, i = 1, 2, ..., k - äîäàòíi

ñòàëi, (t1, x1, ..., xm) , (t2, y1, ..., ym) ∈ Rm+1, (t1, x) , (t2, y) ∈ R2;

4. ïðè äîäàòíüîìó L òàêîìó, ùî

Lk+1
m∑
j=1

Lj

k∏
i=1

l
(i)
j,2 + Lk

m∑
j=1

Lj

(
k−1∏
i=1

l
(i)
j,2

)
l
(k)
j,1 + ...

...+ L2
m∑
j=1

Ljl
(1)
j,2 l

(2)
j,1 + L

m∑
j=1

Ljl
(1)
j,1 + L0 ≤ L,



40

q =
m∑
j=1

Lj + L
m∑
j=1

Ljl
(1)
j,2 + ...+ Lk

m∑
j=1

Lj

k∏
i=1

l
(i)
j,2 < 1.

Òîäi ðiâíÿííÿ (1.18) ìà¹ ¹äèíèé íåïåðåðâíèé ðîçâ'ÿçîê x (t) íà R , ùî

çàäîâîëüíÿ¹ óìîâè

|x(t)| ≤M, |x(t)− x(s)| ≤ L |t− s| ,

äëÿ âñiõ t, s ∈ R.
Ðåçóëüòàòè, ÿêi îòðèìàíi â [65], óçàãàëüíåíî â [20] ïðè äîñëiäæåííi ðiçíè-

öåâîãî ðiâíÿííÿ ç íåïåðåðâíèì àðãóìåíòîì âèãëÿäó

x(t+ 2)− 2λx(t+ 1) + λ2x(t) = f(t, x(t)),

äå λ > 0, t ∈ [0,∞)× R→ R. Äëÿ öüîãî ðiâíÿííÿ âñòàíîâëåíî äîñòàòíi óìî-
âè iñíóâàííÿ òà ¹äèíîñòi íåïåðåðâíèõ àñèìïòîòè÷íî ïåðiîäè÷íèõ ðîçâ'ÿçêiâ.

Òàêîæ äîâåäåíî, ùî ÿêùî x (t) - äåÿêà äiéñíà íåïåðåðâíà ôóíêöiÿ òàêà, ùî

lim
t→∞

(x(t+ 2)− (1− α)x(t+ 1)− αx(t)) = 0,

äå α ∈ R, òî ç îáìåæåíîñòi x (t) çàâæäè âèïëèâà¹, ùî

lim
t→∞

(x(t+ 1)− x(t)) = 0,

ÿêùî i òiëüêè ÿêùî α ∈ R\ {1} .
Äëÿ ðiçíèöåâèõ ðiâíÿíü âèãëÿäó

∆2x(t) = f(t, x(t)), (1.19)

äå ∆x(t) = x(t + 1)− x(t) äîâåäåíî òåîðåìó ïðî iñíóâàííÿ òà ¹äèíiñòü íåïå-

ðåðâíîãî ðîçâÿçêó ðiâíÿííÿ (1.19) äëÿ t ≥ 0, ùî çàäîâîëüíÿ¹ óìîâó

lim
t→∞

(x(t)− ω(t)) = 0,

äå ω (t) - íåïåðåðâíà 1-ïåðiîäè÷íà ôóíêöiÿ.

Òàêîæ ðîçãëÿíóòî áiëüø çàãàëüíèé âèïàäîê � ðiçíèöåâå ðiâíÿííÿ âèãëÿäó

∆nx(t) = f(t, x(t)), (1.20)

äëÿ ÿêîãî äîâåäåíî íàñòóïíó òåîðåìó.

Òåîðåìà 1.10. Íåõàé âèêîíóþòüñÿ óìîâè:
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1. f(t, 0) ≡ 0, |f(t, x)− f(t, y)| ≤ ϕ(t)|x− y|, x, y ∈ R, äå ϕ (t) - äîäàòíî-

âèçíà÷åíà íà [0,∞);

2. ðÿä Φn (t) =
∞∑
i=0

(i+ 1)n−1 ϕ (t+ i) ðiâíîìiðíî çáiãà¹òüñÿ íà [0,∞), äå

Φ1 (t) ≤ θ < 1.

Òîäi ðiâíÿííÿ (1.20) ìà¹ îäèí i òiëüêè îäèí íåïåðåðâíèé ðîçâ'ÿçîê íà [0,∞),

ùî çàäîâîëüíÿ¹ ðiâíÿííÿ (1.20).

Âèêîðèñòîâóþ÷è ðåçóëüòàòè [65], â [22] îòðèìàíî âiäïîâiäü íà ïèòàííÿ:

ïðè ÿêèõ óìîâàõ ðîçâ'ÿçîê x (t) ðiçíèöåâîãî ðiâíÿííÿ ç íåïåðåðâíèì àðãó-

ìåíòîì çàâæäè çàäîâîëüíÿ¹ óìîâi

lim
t→∞

(x(t+ 1)− x(t)) = 0.

Â [2] âèâ÷à¹òüñÿ ïèòàííÿ àñèìïòîòè÷íî¨ ñòiéêîñòi êóñêîâî-íåïåðåðâíèõN -

ïåðiîäè÷íèõ ðîçâ'ÿçêiâ ðiâíÿííÿ

x(t+ 1) = f(x(t)) + εg(t, x(t), x(t+ 1)),

äå t ∈ R+, f, g−äåÿêi íåïåðåðâíi ôóíêöi¨, g ¹ N -ïåðiîäè÷íà ïî t, N � öiëå

äîäàòíå ÷èñëî.

Êëàñ q-ðiçíèöåâèõ ðiâíÿíü âèãëÿäó

x(qt+ 1) = f(x(t)),

äå q > 1, t ∈ R+ äîñëiäæó¹òüñÿ â [79]. Òóò ïîêàçàíî, ùî ãëàäêi ðîçâ'ÿçêè ïðè

�íå äóæå âåëèêèõ� q > 1 óñïàäêîâóþòü àñèìïòîòè÷íi âëàñòèâîñòi ðîçâ'ÿçêiâ

âiäïîâiäíîãî ðiçíèöåâîãî ðiâíÿííÿ, ðîçâ'ÿçîê ÿêîãî íå îáîâ'ÿçêîâî ¹ àñèìïòî-

òè÷íî ñòàëèì, â òèïîâèõ ñèòóàöiÿõ âií êîëèâà¹òüñÿ ç íåñïàäàþ÷îþ äî íóëÿ

àìïëiòóäîþ.

Ïðàêòè÷íå çàñòîñóâàííÿ ôóíêöiîíàëüíèõ ðiâíÿíü, ÿêi äîñëiäæóþòüñÿ â

ðîáîòàõ [52-75] ïðè ìîäåëþâàííi ðiçíèõ ïðîöåñiâ íàóêè òà òåõíiêè îïèñàíî â

ïðàöi [8]. Â [9] öi ìåòîäè ïîøèðåíi òàêîæ íà âèðiøåííÿ åêîíîìi÷íèõ çàäà÷.

Ïðîäîâæóþ÷è ðîáîòè [52,75] â [13] ïðè ðiçíèõ ïðèïóùåííÿõ âiäíîñíî ôóí-

êöié ϕ, fi, i = 1, 2, ..., n, äîñëiäæóþòüñÿ ðiâíÿííÿ âèãëÿäó:

F (x, ϕ(x), ϕ(f1 (x)), ..., ϕ(fn (x))) = 0.
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Â [80] íàâåäåíî óçàãàëüíåííÿ [78]. Çîêðåìà, â [80] ðîçãëÿäàþòüñÿ ðiçíèöåâi

ðiâíÿííÿ âèãëÿäó

x (n+ 1) =
m−1∑
k=0

Akx (n− k) + y (n) , n ∈ Z (1.21)

äå y := {y (n) : n ∈ Z} - âiäîìà îáìåæåíà ïîñëiäîâíiñòü åëåìåíòiâ B,
x := {x (n) : n ∈ Z} � øóêàíà îáìåæåíà ïîñëiäîâíiñòü åëåìåíòiâ B,
(B, ‖·‖) � êîìïëåêñíèé áàíàõiâ ïðîñòið ç íóëüîâèì åëåìåíòîì ~0, L (B) � ïðî-

ñòið óñiõ ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ â B, I � îäèíè÷íèé îïåðàòîð,

S := {z ∈ C| |z| = 1} , D ⊂ B � ëiíiéíà ìíîæèíà, Ak : D → B � çàìêíå-

íi îïåðàòîðè.

Ïðèïóñêà¹òüñÿ, ùî îïåðàòîðè A1, A2, ..., Am−1 ïîïàðíî êîìóòóþòü, òîáòî

∀k, l, 1 ≤ k, l ≤ m− 1∀x ∈ D,Akx ∈ D,Alx ∈ D : AkAlx = AlAkx.

Â ðîáîòi [78] ðîçãëÿíóòî àíàëîãi÷íå ðiâíÿííÿ ïåðøîãî ïîðÿäêó

x (n+ 1) = A0x (n) + y (n) , n ∈ Z (1.22)

ïðè óìîâi, ùî ñïåêòð σ (A0)íå ïåðåòèíà¹òüñÿ ç S , à ïðîñòið B ðîçêëàäà¹òüñÿ

â ïðÿìó ñóìó ïiäïðîñòîðiâ B+ òà B− , ÿêi âiäïîâiäàþòü ÷àñòèíàì ñïåêòðà

σ (A0) , ùî ëåæàòü âiäïîâiäíî çîâíi òà âñåðåäèíi S. Äëÿ öüîãî ðiâíÿííÿ äîâå-

äåíî íàñòóïíó òåîðåìó.

Òåîðåìà 1.11. Íåõàé σ (A0)
⋂
S = Θ, y := {y (n) : n ∈ Z} � ôiêñîâàíà

îáìåæåíà ïîñëiäîâíiñòü åëåìåíòiâ B, x := {x (n) : n ∈ Z} � ¹äèíèé îáìå-

æåíèé ðîçâ'ÿçîê ðiçíèöåâîãî ðiâíÿííÿ (1.22), âiäïîâiäíèé ïîñëiäîâíîñòi y.

Òîäi iñíóþòü ÷èñëà q± ∈ (0, 1), N± ∈ N òàêi, ùî äëÿ âñiõ α− ∈ B− ,

α+ ∈ B+, à òàêîæ äëÿ âñiõ íàòóðàëüíèõ ÷èñåë m, k , ÿêi çàäîâîëüíÿþòü

óìîâè m ≥ max {N+, N−} , N− ≤ k ≤ 2m−N+,âèêîíó¹òüñÿ íåðiâíiñòü

‖x (−m+ k)− u (−m+ k)‖ ≤ qk− ‖x− (−m)− α−‖+ q2m−k
+ ‖x+ (m)− α+‖ ,

äå u � ñóìà ðîçâ'ÿçêiâ äâîõ çàäà÷ Êîøi, ùî âiäïîâiäàþòü ðiâíÿííþ (1.22) â

iíâàðiàíòíèõ ïiäïðîñòîðàõ, α− , α+ � âiäïîâiäíi ïî÷àòêîâi óìîâè.

Â [80] öåé ðåçóëüòàò óçàãàëüíþ¹òüñÿ íà âèïàäîê ðiâíÿííÿ (1.21) ç îäíèì

íåîáìåæåíèì îïåðàòîðíèì êîåôiöi¹íòîì.
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ÐÎÇÄIË 2

ÍÅÏÅÐÅÐÂÍI ÐÎÇÂ'ßÇÊÈ ÐIÇÍÈÖÅÂÎ-ÔÓÍÊÖIÎÍÀËÜÍÈÕ

ÐIÂÍßÍÜ Ç ËIÍIÉÍÈÌ ÂIÄÕÈËÅÍÍßÌ ÀÐÃÓÌÅÍÒÓ

Îñíîâíèì îá'¹êòîì äîñëiäæåííÿ äàíîãî ðîçäiëó ¹ ðiçíèöåâî-

ôóíêöiîíàëüíi ðiâíÿííÿ âèãëÿäó

x (qt) = a (t)x (t) + b (t)x (t+ 1) + f (t) (2.1)

äå a (t), b (t), f (t) � äåÿêi äiéñíi ôóíêöi¨ i q � äiéñíà ñòàëà. Ðîçãëÿäàþòüñÿ

ïèòàííÿ iñíóâàííÿ íåïåðåðâíèõ îáìåæåíèõ ðîçâ'ÿçêiâ òàêèõ ðiâíÿíü i äîñëi-

äæó¹òüñÿ ñòðóêòóðà ¨õ ìíîæèíè.

2.1. Ïðî iñíóâàííÿ ñiì'¨ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0

ðîçâ'ÿçêiâ.

Ðîçãëÿíåìî îäíîðiäíå ðiçíèöåâî-ôóíêöiîíàëüíå ðiâíÿííÿ

x (qt) = ax (t) + bx (t+ 1) , (2.2)

äå t ∈ R+ = (0,+∞), a, b, q - äåÿêi äiéñíi ñòàëi. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ

óìîâè:

1. 0 < q < 1, a > 1,

2. ∆ = |b|
a−1 < 1, ν = ln a

ln q < 0.

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 2.1. Íåõàé âèêîíóþòüñÿ óìîâè 1,2. Òîäi ðiâíÿííÿ (2.2) ìà¹

ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0 (Ò - äåÿêà äîñòàòíüî âåëèêà

äîäàòíà ñòàëà) ðîçâ'ÿçêiâ x(t) = x
(
t, ω

(
ln t
ln q

))
, ùî çàëåæèòü âiä äîâiëüíî¨

íåïåðåðâíî¨ 1 -ïåðiîäè÷íî¨ ôóíêöi¨ ω(τ).

Äîâåäåííÿ. Ïîêàæåìî, ùî (2.2) ìà¹ íåïåðåðâíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäó:

x(t) =
∞∑
i=0

xi(t), (2.3)
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äå xi(t), i = 0, 1, ...� äåÿêi íåïåðåðâíi ôóíêöi¨. Äiéñíî, ïiäñòàâëÿþ÷è (2.3) â

(2.2) îòðèìó¹ìî

∞∑
i=0

xi(qt) = a
∞∑
i=0

xi(t) + b
∞∑
i=0

xi(t+ 1). (2.4)

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî ôóíêöi¨ xi(t), i = 0, 1, ..., çàäîâîëü-

íÿþòü ðiâíÿííÿ: x0(qt) = ax0(t); (2.50)

xi(qt) = axi(t) + bxi−1(t+ 1), i = 1, 2, ..., (2.5i)

òî ðÿä (2.3) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.2).

Ðiâíÿííÿ (2.50) ìà¹ ñiì'þ íåïåðåðâíèõ ðîçâ'ÿçêiâ âèãëÿäó:

x0(t) = t
ln a
ln qω

(
ln t

ln q

)
, (2.6)

äå ω(τ + 1) = ω(τ).

Ðîçãëÿäàþ÷è ïîñëiäîâíî ðiâíÿííÿ (2.5i), i = 1, 2, ..., ìîæíà ïåðåêîíàòèñÿ,

ùî âîíè ìàþòü ôîðìàëüíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ:

xi(t) = −
∞∑
j=0

ba−(j+1)xi−1(q
jt+ 1), i = 1, 2, .... (2.7i)

Ïîêàæåìî, ùî ïðè âèêîíàííi óìîâ 1, 2 ðÿäè (2.7i), i = 1, 2, ..., ðiâíîìið-

íî çáiãàþòüñÿ äî äåÿêèõ íåïåðåðâíèõ ôóíêöié xi(t), i = 1, 2, ..., äëÿ ÿêèõ

âèêîíóþòüñÿ îöiíêè

|xi(t)| ≤M∆i, i = 1, 2, .... (2.8)

Äiéñíî, îñêiëüêè |x0(t)| ≤ Mtv, äå M = max
t
|ω(τ)|, òî â ñèëó (2.71), i

ν < 0, îòðèìó¹ìî

|x1(t)| ≤
∞∑
j=0

|b| a−(j+1)
∣∣x0(q

jt+ 1)
∣∣ ≤ |b| ∞∑

j=0

a−(j+1)M(qjt+ 1)ν ≤

≤ M |b|
a

∞∑
j=0

1

aj(qjt+ 1)|ν|
≤ M |b|

a

∞∑
j=0

(
1

a

)j
. (2.9)

Çâiäñè âèïëèâà¹

|x1(t)| ≤
M |b|
a

∞∑
j=0

(
1

a

)j
≤ M |b|

a
· 1

1− 1
a

=
M |b|
a− 1

= M∆.
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Îòæå, îöiíêà (2.8) ìà¹ ìiñöå ïðè i = 1. Ðîçìiðêîâóþ÷è çà iíäóêöi¹þ,

ïðèïóñòèìî, ùî îöiíêó (2.8) äîâåäåíî óæå äëÿ äåÿêîãî i ≥ 1, i ïîêàæåìî ¨¨

ñïðàâåäëèâiñòü äëÿ i+ 1. Äiéñíî, îñêiëüêè

xi+1(t) = −
∞∑
j=0

ba−(j+1)xi(q
jt+ 1), (2.10)

òî

|xi+1(t)| ≤
∞∑
j=0

|b| a−(j+1)
∣∣xi(qjt+ 1)

∣∣ ≤ |b|M ∞∑
j=0

a−(j+1)∆i ≤

≤ M |b|
a
· ∆i

1− 1
a

=
M |b|∆i

a− 1
= M∆i+1. (2.11)

Îòæå, ðÿäè (2.7i), i = 1, 2, ..., ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ≥ T > 0 äî

äåÿêèõ íåïåðåðâíèõ ôóíêöié xi (t), i = 1, 2, ..., äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè

(2.8).

Ïðèéìàþ÷è äî óâàãè, ùî ν < 0, ìîæåìî çðîáèòè âèñíîâîê, ùî ïðè âñiõ

t ≥ T > 0 âèêîíó¹òüñÿ îöiíêà |x0(t)| ≤ Mtv ≤ M. À ç (2.8) áåçïîñåðåäíüî

âèïëèâà¹, ùî ðÿä (2.3) ðiâíîìiðíî çáiãà¹òüñÿ ïðè âñiõ t ≥ T > 0 äî äåÿêî¨

íåïåðåðâíî¨ ôóíêöi¨ x (t), ÿêà çàäîâîëüíÿ¹ óìîâi

|x (t)| ≤
∞∑
i=0

|xi (t)| ≤M

∞∑
i=0

∆i ≤ M

1−∆
. (2.12)

Òåîðåìó 2.1 äîâåäåíî.

Ðîçãëÿíåìî òåïåð íåîäíîðiäíå ðiâíÿííÿ âèãëÿäó

y (qt) = ay (t) + by (t+ 1) + f (t) , (2.13)

äå a, b, q - äåÿêi ñòàëi, f : R→ R. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:

1. 0 < q < 1, a > 1;

2. ∆ = |b|
a−1 < 1;

3. ôóíêöiÿf (t) ¹ íåïåðåðâíîþ é îáìåæåíîþ ïðè âñiõ t ∈ R i òàêîþ, ùî

sup
t
|f (t)| = M̃ <∞.
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Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 2.2. Íåõàé âèêîíóþòüñÿ óìîâè 1-3. Òîäi ðiâíÿííÿ (2.13) ìà¹

íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê ȳ(t).

Äîâåäåííÿ. Ïîêàæåìî, ùî (2.13) ìà¹ íåïåðåðâíèé ðîçâ'ÿçîê ó âèãëÿäi

ðÿäó:

ȳ(t) =
∞∑
i=0

ȳi(t), (2.14)

äå ȳi(t), i = 0, 1, ...� äåÿêi íåïåðåðâíi ôóíêöi¨. Äiéñíî, ïiäñòàâëÿþ÷è (2.14) â

(2.13) îòðèìó¹ìî:

∞∑
i=0

ȳi(qt) = a
∞∑
i=0

ȳi(t) + b
∞∑
i=0

ȳi(t+ 1) + f (t) . (2.15)

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî ôóíêöi¨ ȳi(t), i = 0, 1, ..., çàäîâîëü-

íÿþòü ðiâíÿííÿ:

ȳ0(qt) = aȳ0(t) + f (t) , (2.160)

ȳi(qt) = aȳi(t) + bȳi−1(t+ 1), i = 1, 2, ..., (2.16i)

òî ðÿä (2.14) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.13).

Ðiâíÿííÿ (2.160) ìà¹ ôîðìàëüíèé ðîçâ'ÿçîê âèãëÿäó:

ȳ0(t) = −
∞∑
j=0

a−(j+1)f(qjt). (2.170)

Ðîçãëÿäàþ÷è ïîñëiäîâíî ðiâíÿííÿ (2.16i), i = 0, 1, 2, ... ìîæíà ïåðåêîíàòèñÿ,

ùî âîíè ìàþòü ôîðìàëüíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ:

ȳi(t) = −
∞∑
j=0

ba−(j+1)ȳi−1(q
jt+ 1), i = 1, 2, .... (2.17i)

Ïîêàæåìî, ùî ðÿäè (2.17i) i = 0, 1, 2, ..., ðiâíîìiðíî çáiãàþòüñÿ äî äåÿêèõ

íåïåðåðâíèõ ôóíêöié ȳi(t), i = 1, 2, ..., äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè

|ȳi(t)| ≤ M̃ ′∆i, i = 1, 2, .... (2.18)

Äiéñíî, îñêiëüêè

|ȳ0(t)| ≤
∞∑
j=0

a−(j+1)
∣∣f(qjt)

∣∣ ≤ M̃

a

∞∑
j=0

a−j ≤ M̃

a

1

1− 1
a

=
M̃

a− 1
= M̃ ′, (2.19)
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òî

|ȳ1(t)| ≤
∞∑
j=0

|b| · a−(j+1)
∣∣ȳ0(q

jt+ 1)
∣∣ ≤ |b| ∞∑

j=0

a−(j+1)M̃ ′ ≤

≤ M̃ ′ |b|
a

1

1− 1
a

=
M̃ ′ |b|
a− 1

= M̃ ′∆. (2.20)

Îòæå, îöiíêà (2.18) ìà¹ ìiñöå ïðè i = 1. Ðîçìiðêîâóþ÷è çà iíäóêöi¹þ,

ïðèïóñòèìî, ùî îöiíêó (2.18) äîâåäåíî óæå äëÿ äåÿêîãî i ≥ 1, i ïîêàæåìî ¨¨

ñïðàâåäëèâiñòü äëÿ i+ 1. Äiéñíî, îñêiëüêè

ȳi+1(t) = −
∞∑
j=0

ba−(j+1)ȳi(q
jt+ 1), (2.21)

òî

|ȳi+1(t)| ≤
∞∑
j=0

|b| · a−(j+1)
∣∣ȳi(qjt+ 1)

∣∣ ≤ |b| M̃ ′
∞∑
j=0

a−(j+1)∆i ≤

≤ M̃ ′ · |b|
a

· ∆i

1− 1
a

=
M̃ ′ |b|∆i

a− 1
= M̃ ′ ·∆i+1. (2.22)

Òàêèì ÷èíîì, ðÿäè (2.17i), i = 1, 2, ..., ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ

t ∈ R äî äåÿêèõ íåïåðåðâíèõ ôóíêöié ȳi (t), i = 1, 2, ..., äëÿ ÿêèõ âèêîíóþòüñÿ

îöiíêè (2.18). Â ñèëó (2.18) ðÿä (2.14) ðiâíîìiðíî çáiãà¹òüñÿ ïðè âñiõ t ∈ R äî

äåÿêî¨ íåïåðåðâíî¨ ôóíêöi¨ ȳ (t), ÿêà çàäîâîëüíÿ¹ óìîâi

|ȳ (t)| ≤
∞∑
i=0

|ȳi (t)| ≤ M̃ ′
∞∑
i=0

∆i ≤ M̃ ′

1−∆
. (2.23)

Òåîðåìó 2.2 äîâåäåíî.

Çàóâàæåííÿ 2.1. Âèêîíóþ÷è â (2.13) çàìiíó çìiííèõ

y(t) = x(t) + ȳ(t), (2.24)

îòðèìà¹ìî ðiâíÿííÿ (2.2) âiäíîñíî ôóíêöi¨ x(t). Îñêiëüêè äëÿ öüîãî ðiâíÿí-

íÿ ñïðàâåäëèâà Òåîðåìà 2.1, òî ïðèéìàþ÷è äî óâàãè çàìiíó çìiííèõ (2.24),

ìîæíà ïîáóäóâàòè ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0 ðîçâ'ÿçêiâ

ðiâíÿííÿ (2.13).

Ó çâ'ÿçêó iç äîâåäåíèìè âèùå òåîðåìàìè âèíèêà¹ ïèòàííÿ ïðî îïèñàííÿ

ñòðóêòóðè ìíîæèíè íåïåðåðâíèõ ðîçâ'ÿçêiâ ðiâíÿííÿ (2.13) ó âèïàäêó, êîëè

b = b (t) - äåÿêà äiéñíà ôóíêöiÿ äiéñíî¨ çìiííî¨ t.
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Ðîçãëÿíåìî, íàïðèêëàä, ðiâíÿííÿ âèãëÿäó

y (qt) = ay (t) + b̃ (t) y (t+ 1) + f̃ (t) , (2.25)

äå a, q - äåÿêi äiéñíi ñòàëi, b̃ (t) : R → R, f̃ (t) : R → R. Òîäi àíàëîãi÷íî
òîìó, ÿê áóëà äîâåäåíà òåîðåìà 2.2, ìîæíà äîâåñòè, ùî ðiâíÿííÿ (2.25) ìà¹

íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê.

Òåîðåìà 2.3. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < q < 1, a > 1;

2. ∆̃ = b∗

a−1 < 1;

3. ôóíêöi¨ b̃ (t), f̃ (t) ¹ íåïåðåðâíèìè îáìåæåíèìè ïðè âñiõ t ∈ R i òàêè-

ìè, ùî sup
t

∣∣∣b̃ (t)
∣∣∣ = b∗ <∞, sup

t

∣∣∣f̃ (t)
∣∣∣ = f ∗ <∞.

Òîäi ðiâíÿííÿ (2.1) ìà¹ íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê ¯̄y(t).

Äîâåäåííÿ. Ïîêàæåìî, ùî (2.25) ìà¹ íåïåðåðâíèé ðîçâ'ÿçîê ó âèãëÿäi

ðÿäó

¯̄y(t) =
∞∑
i=0

¯̄yi(t), (2.26)

äå ¯̄yi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi ôóíêöi¨. Äiéñíî, ïiäñòàâëÿþ÷è (2.26) â

(2.25) îòðèìó¹ìî

∞∑
i=0

¯̄yi(qt) = a

∞∑
i=0

¯̄yi(t) + b̃ (t)
∞∑
i=0

¯̄yi(t+ 1) + f̃ (t) . (2.27)

Çâiäñè âèïëèâà¹, ùî ÿêùî ôóíêöi¨ ¯̄yi(t), i = 0, 1, ..., çàäîâîëüíÿþòü ðiâíÿííÿ

¯̄y0(qt) = a¯̄y0(t) + f̃ (t) , (2.280)

¯̄yi(qt) = a¯̄yi(t) + b̃ (t) ¯̄yi−1(t+ 1), i = 1, 2, ... (2.28i)

òî ðÿä (2.26) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.25).

Ðiâíÿííÿ (2.280) ìà¹ ôîðìàëüíèé ðîçâ'ÿçîê ó âèãëÿäi ðÿäó

¯̄y0(t) = −
∞∑
j=0

a−(j+1)f̃(qjt). (2.290)

Òîäi, ðîçãëÿäàþ÷è ïîñëiäîâíî ðiâíÿííÿ (2.28i), i = 1, 2, . . . ìîæíà ïåðåêîíà-

òèñÿ, ùî âîíè ìàþòü ôîðìàëüíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ
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¯̄yi(t) = −
∞∑
j=0

a−(j+1)b̃
(
qjt
)

¯̄yi−1(q
jt+ 1), i = 1, 2, . . . (2.29i)

Ïîêàæåìî, ùî ðÿäè (2.29i), i = 0, 1, ..., ðiâíîìiðíî çáiãàþòüñÿ äî äåÿêèõ

íåïåðåðâíèõ ôóíêöié ¯̄yi(t), i = 0, 1, ..., äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè

|¯̄yi(t)| ≤M ′′∆̃i, i = 0, 1, .... (2.30)

Äiéñíî, îñêiëüêè

|¯̄y0(t)| ≤
∞∑
j=1

a−(j+1)f̃
∣∣(qjt)∣∣ ≤ f ∗

a

∞∑
j=1

a−j ≤ f ∗

a

1

1− 1
a

=
f ∗

a− 1
= M ′′,

òî

|¯̄y1(t)| ≤
∞∑
j=0

a−(j+1)
∣∣∣b̃ (qjt)∣∣∣ · ∣∣¯̄y0(q

jt+ 1)
∣∣ ≤ b∗M ′′

a

∞∑
j=0

a−j ≤

≤ b∗M ′′

a

1

1− 1
a

=
b∗M ′′

a− 1
= M ′′∆̃.

Îòæå, îöiíêà (2.30) ìà¹ ìiñöå ïðè i = 0, 1. Ðîçìiðêîâóþ÷è çà iíäóêöi¹þ,

ïðèïóñòèìî, ùî îöiíêó (2.30) äîâåäåíî óæå äëÿ äåÿêîãî i ≥ 1, i ïîêàæåìî ¨¨

ñïðàâåäëèâiñòü äëÿ i+ 1. Äiéñíî, îñêiëüêè

¯̄yi+1(t) = −
∞∑
j=0

a−(j+1)b̃(qjt)¯̄yi(q
jt+ 1),

òî

|¯̄yi+1(t)| ≤
∞∑
j=0

a−(j+1)
∣∣∣b̃(qjt)∣∣∣ · ∣∣¯̄yi(qjt+ 1)

∣∣ ≤ b∗M ′′

a
∆̃i

∞∑
j=0

a−j ≤

≤ b∗M ′′

a− 1
∆̃i = M ′′∆̃i+1.

Îòæå, ðÿäè (2.29i), i = 0, 1, ..., ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ∈ R äî

äåÿêèõ íåïåðåðâíèõ ôóíêöié ¯̄yi (t), i = 0, 1, ..., äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè

(2.30). Çâiäñè âèïëèâà¹, ùî ðÿä (2.26) ðiâíîìiðíî çáiãà¹òüñÿ ïðè âñiõ t ∈ R äî

äåÿêî¨ íåïåðåðâíî¨ ôóíêöi¨ ¯̄y (t), ÿêà çàäîâîëüíÿ¹ óìîâi

|¯̄y (t)| ≤
∞∑
i=0

|¯̄yi (t)| ≤M ′′
∞∑
i=0

∆̃i ≤ M ′′

1− ∆̃
.
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Òåîðåìó 2.3 äîâåäåíî.

Äîñëiäèìî òåïåð ðiâíÿííÿ (2.2) ó âèïàäêó, êîëè 0 < a < 1, q > 1.

Òåîðåìà 2.4. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < a < 1, q > 1;

2. ∆ = |b|
1−a < 1, ν = ln a

ln q < 0.

Òîäi ðiâíÿííÿ (2.2) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0 (Ò -

äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ x(t) = x
(
t, ω

(
ln t
ln q

))
, ùî

çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ 1-ïåðiîäè÷íî¨ ôóíêöi¨ ω(τ).

Äîâåäåííÿ. Ïîêàæåìî, ùî (2.2) ìà¹ íåïåðåðâíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäó:

x(t) =
∞∑
i=0

xi(t), (2.31)

äå xi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi ôóíêöi¨. Äiéñíî, ïiäñòàâëÿþ÷è (2.31) â

(2.2) îòðèìó¹ìî:
∞∑
i=0

xi(qt) = a

∞∑
i=0

xi(t) + b

∞∑
i=0

xi(t+ 1). (2.32)

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî ôóíêöi¨ xi(t), i = 0, 1, ..., çàäîâîëü-

íÿþòü ðiâíÿííÿ: x0(qt) = ax0(t), (2.330)

xi(qt) = axi(t) + bxi−1(t+ 1), i = 1, 2, ..., (2.33i)

òî ðÿä (2.31) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.2).

Ðiâíÿííÿ (2.330) ìà¹ ñiì'þ íåïåðåðâíèõ ðîçâ'ÿçêiâ âèãëÿäó:

x0(t) = t
ln a
ln qω

(
ln t

ln q

)
, (2.34)

äå ω(τ + 1) = ω(τ).

Ðîçãëÿäàþ÷è ïîñëiäîâíî ðiâíÿííÿ (2.33i), i = 1, 2, ... ìîæíà ïåðåêîíàòèñÿ,

ùî âîíè ìàþòü ôîðìàëüíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ:

xi(t) =
∞∑
j=0

bajxi−1(q
−(j+1)t+ 1), i = 1, 2, .... (2.35i)



51

Ïîêàæåìî, ùî ïðè âèêîíàííi óìîâ 1, 2 ðÿäè (2.35i), i = 1, 2, ..., ðiâíî-

ìiðíî çáiãàþòüñÿ äî äåÿêèõ íåïåðåðâíèõ ôóíêöié xi(t), i = 1, 2, ..., äëÿ ÿêèõ

âèêîíóþòüñÿ îöiíêè

|xi(t)| ≤M∆i, i = 1, 2, .... (2.36)

Äiéñíî, îñêiëüêè |x0(t)| ≤ Mtv, äå M = max
τ
|ω(τ)|, òî â ñèëó (2.351), i

ν < 0, îòðèìó¹ìî

|x1(t)| ≤
∞∑
j=0

|b| aj
∣∣∣x0(q

−(j+1)t+ 1)
∣∣∣ ≤M |b|

∞∑
j=0

aj
(

1

qj+1
t+ 1

)ν
≤

≤M |b|
∞∑
j=0

aj ≤ M |b|
1− a

= M∆.

Òàêèì ÷èíîì, îöiíêà (2.36) ìà¹ ìiñöå ïðè i = 1. Ðîçìiðêîâóþ÷è çà iíäóêöi-

¹þ, ïðèïóñòèìî, ùî îöiíêó (2.36) äîâåäåíî óæå äëÿ äåÿêîãî i ≥ 1, i ïîêàæåìî

¨¨ ñïðàâåäëèâiñòü äëÿ i+ 1. Äiéñíî, îñêiëüêè

xi+1(t) =
∞∑
j=0

bajxi(q
−(j+1)t+ 1),

òî

|xi+1(t)| ≤
∞∑
j=0

|b| · aj
∣∣∣xi(q−(j+1)t+ 1)

∣∣∣ ≤M |b|
∞∑
j=0

aj∆i ≤ M |b|∆i

1− a
= M∆i+1.

Îòæå, ðÿäè (2.35i), i = 1, 2, ..., ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ≥ T > 0 äî

äåÿêèõ íåïåðåðâíèõ ôóíêöié xi (t), i = 1, 2, ..., äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè

(2.36). Iç (2.36) áåçïîñåðåäíüî âèïëèâà¹, ùî ðÿä (2.31) ðiâíîìiðíî çáiãà¹òüñÿ

ïðè âñiõ t ≥ T > 0 äî äåÿêî¨ íåïåðåðâíî¨ ôóíêöi¨ x (t), ÿêà çàäîâîëüíÿ¹ óìîâi

|x (t)| ≤
∞∑
i=0

|xi (t)| ≤M
∞∑
i=0

∆i ≤ M

1−∆
.

Òåîðåìó 2.4 äîâåäåíî.

Ðîçãëÿíåìî òåïåð íåîäíîðiäíå ðiâíÿííÿ âèãëÿäó (2.13), äëÿ ÿêîãî âèêîíó-

þòüñÿ óìîâè 1-2 òåîðåìè 2.4 i ôóíêöiÿ f (t) ¹ íåïåðåðâíîþ é îáìåæåíîþ ïðè

âñiõ t ∈ R i òàêîþ, ùî sup
t
|f (t)| = M̃ <∞.

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 2.5. Íåõàé âèêîíóþòüñÿ óìîâè:
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1. 0 < a < 1, q > 1;

2. ∆ = |b|
1−a < 1, ν = ln a

ln q < 0;

3. ôóíêöiÿ f (t) ¹ íåïåðåðâíîþ é îáìåæåíîþ ïðè âñiõ t ∈ R i òàêîþ, ùî

sup
t
|f (t)| = M̃ <∞.

Òîäi ðiâíÿííÿ (2.13) ìà¹ íåïåðåðâíèé îáìåæåíèõ ïðè t ∈ R ðîçâ'ÿçîê ȳ(t).

Äîâåäåííÿ. Ïîêàæåìî, ùî (2.13) ìà¹ íåïåðåðâíèé ðîçâ'ÿçîê ó âèãëÿäi

ðÿäó:

ȳ(t) =
∞∑
i=0

ȳi(t), (2.37)

äå ȳi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi ôóíêöi¨. Äiéñíî, ïiäñòàâëÿþ÷è (2.37) â

(2.13) îòðèìó¹ìî:

∞∑
i=0

ȳi(qt) = a

∞∑
i=0

ȳi(t) + b

∞∑
i=0

ȳi(t+ 1) + f (t) . (2.38)

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî ôóíêöi¨ ȳi(t), i = 0, 1, ..., çàäîâîëü-

íÿþòü ðiâíÿííÿ:

ȳ0(qt) = aȳ0(t) + f (t) , (2.390)

ȳi(qt) = aȳi(t) + bȳi−1(t+ 1), i = 1, 2, ..., (2.39i)

òî ðÿä (2.37) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.13).

Ðiâíÿííÿ (2.390) ìà¹ ôîðìàëüíèé ðîçâ'ÿçîê âèãëÿäó:

ȳ0(t) =
∞∑
j=0

ajf(q−(j+1)t), (2.400)

Ðîçãëÿäàþ÷è ïîñëiäîâíî ðiâíÿííÿ (2.39i), i = 1, 2, . . . ìîæíà ïåðåêîíàòèñÿ,

ùî âîíè ìàþòü ôîðìàëüíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ:

ȳi(t) =
∞∑
j=0

baj ȳi−1(q
−(j+1)t+ 1), i = 1, 2, . . . . (2.40i)

Ïîêàæåìî, ùî ðÿäè (2.40i), i = 0, 1, ..., ðiâíîìiðíî çáiãàþòüñÿ äî äåÿêèõ

íåïåðåðâíèõ ôóíêöié ȳi(t), i = 0, 1, ..., äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè:

|ȳi(t)| ≤ M̃ ′∆i, i = 0, 1, .... (2.41)
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Äiéñíî, îñêiëüêè

|ȳ0(t)| ≤
∞∑
j=0

aj
∣∣∣f(q−(j+1)t)

∣∣∣ ≤ M̃
∞∑
j=0

aj ≤ M̃
1

1− a
= M̃ ′,

òî

|ȳ1(t)| ≤
∞∑
j=0

|b| aj
∣∣∣ȳ0(q

−(j+1)t+ 1)
∣∣∣ ≤ |b| ∞∑

j=0

ajM̃ ′ ≤ M̃ ′ |b|
1− a

= M̃ ′∆. (2.42)

Îòæå, îöiíêà (2.41) ìà¹ ìiñöå ïðè i=1. Ðîçìiðêîâóþ÷è çà iíäóêöi¹þ, ïðè-

ïóñòèìî, ùî îöiíêó (2.41) äîâåäåíî óæå äëÿ äåÿêîãî i≥1, i ïîêàæåìî ¨¨ ñïðà-
âåäëèâiñòü äëÿ i+1. Äiéñíî, îñêiëüêè

ȳi+1(t) =
∞∑
j=0

baj ȳi(q
−(j+1)t+ 1),

òî

|ȳi+1(t)| ≤
∞∑
j=0

|b| · aj
∣∣∣ȳi(q−(j+1)t+ 1)

∣∣∣ ≤ |b| M̃ ′
∞∑
j=0

aj∆i ≤ M̃ ′ |b|∆i

1− a
= M̃ ′∆i+1.

Îòæå, ðÿäè (2.40i), i = 0, 1, ..., ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ∈ R äî

äåÿêèõ íåïåðåðâíèõ ôóíêöié ȳi (t), i = 0, 1, ..., äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè

(2.41). Çâiäñè âèïëèâà¹, ùî ðÿä (2.37) ðiâíîìiðíî çáiãà¹òüñÿ ïðè âñiõ t ∈ R äî

äåÿêî¨ íåïåðåðâíî¨ ôóíêöi¨ ȳ (t), ÿêà çàäîâîëüíÿ¹ óìîâi

|ȳ (t)| ≤
∞∑
i=0

|ȳi (t)| ≤ M̃ ′
∞∑
i=0

∆i ≤ M̃ ′

1−∆
.

Òåîðåìó 2.5 äîâåäåíî.

Çàóâàæåííÿ 2.2. Âèêîíóþ÷è â (2.13) çàìiíó çìiííèõ

y(t) = x(t) + ȳ(t), (2.43)

îòðèìà¹ìî ðiâíÿííÿ (2.2) âiäíîñíî ôóíêöi¨ x(t). Îñêiëüêè äëÿ öüîãî ðiâíÿí-

íÿ ñïðàâåäëèâà Òåîðåìà 2.4, òî ïðèéìàþ÷è äî óâàãè çàìiíó çìiííèõ (2.43),

ìîæíà ïîáóäóâàòè ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0 ðîçâ'ÿçêiâ

ðiâíÿííÿ (2.13).

Ïîäiáíi ðåçóëüòàòè ìîæíà îòðèìàòè äëÿ ðiâíÿííÿ (2.13) ó âèïàäêó, êîëè

b = b (t) - äåÿêà äiéñíà ôóíêöiÿ äiéñíî¨ çìiííî¨ t i òàêà, ùî sup
t
|b̃ (t) | = b∗<∞.
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2.2. Ïðî ïîáóäîâó ñiì'¨ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0

ðîçâ'ÿçêiâ.

Ðîçãëÿíåìî ðiâíÿííÿ (2.2)

x (qt) = ax (t) + bx (t+ 1) ,

äå t ∈ R+ = (0,+∞), a, b, q - äåÿêi äiéñíi ñòàëi. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ

óìîâè:

1. 0 < q < 1, |a| > 1;

2. ∆ = |b|
|a|−1 < 1, ν = ln|a|

ln q < 0.

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 2.6. Íåõàé âèêîíóþòüñÿ óìîâè 1,2. Òîäi ðiâíÿííÿ (2.2) ìà¹

ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t≥T >0 ðîçâ'ÿçêiâ x(t) = x
(
t, ω

(
ln t
ln q

))
,

ùî çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ ôóíêöi¨ ω(τ), òàêî¨ ùî

ω(τ + 1)=−ω(τ).

Äîâåäåííÿ. Ïîêàæåìî, ùî (2.2) ìà¹ íåïåðåðâíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäó:

x(t) =
∞∑
i=0

xi(t), (2.44)

äå xi(t), i = 0, 1, ...- äåÿêi íåïåðåðâíi ôóíêöi¨. Äiéñíî, ïiäñòàâëÿþ÷è (2.44) â

(2.2), îòðèìó¹ìî:

∞∑
i=0

xi(qt) = a
∞∑
i=0

xi(t) + b

∞∑
i=0

xi(t+ 1).

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî ôóíêöi¨ xi(t), i = 0, 1, ..., çàäîâîëü-

íÿþòü ðiâíÿííÿ:

x0(qt) = ax0(t), (2.450)

xi(qt) = axi(t) + bxi−1(t+ 1), i = 1, 2, ..., (2.45i)

òî ðÿä (2.44) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.2).

Ðiâíÿííÿ (2.450) ìà¹ ñiì'þ íåïåðåðâíèõ ðîçâ'ÿçêiâ âèãëÿäó:

x0(t) = t
ln|a|
ln q ω

(
ln t

ln q

)
, (2.460)
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äå ω(τ + 1) = −ω(τ).

Ðîçãëÿäàþ÷è ïîñëiäîâíî ðiâíÿííÿ (2.45i), i = 1, 2, ... ìîæíà ïåðåêîíàòèñÿ,

ùî âîíè ìàþòü ôîðìàëüíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ:

xi(t) = −
∞∑
j=0

ba−(j+1)xi−1(q
jt+ 1), i = 1, 2, . . . (2.46i)

Ïîêàæåìî, ùî ïðè âèêîíàííi óìîâ 1, 2 ðÿäè (2.46i), i = 1, 2, ... , ðiâíî-

ìiðíî çáiãàþòüñÿ äî äåÿêèõ íåïåðåðâíèõ ôóíêöié xi(t), i = 1, 2, ... , äëÿ ÿêèõ

âèêîíóþòüñÿ îöiíêè

|xi(t)| ≤M∆i, i = 1, 2, . . . . (2.47)

Äiéñíî, îñêiëüêè |x0(t)| ≤ Mtv, äå M = max
τ
|ω(τ)|, òî â ñèëó (2.461), i

ν < 0, îòðèìó¹ìî

|x1(t)| ≤
∞∑
j=0

|b| · |a|−(j+1)
∣∣x0(q

jt+ 1)
∣∣ ≤ |b| ∞∑

j=0

|a|−(j+1)M(qjt+ 1)ν ≤

≤ M |b|
|a|

∞∑
j=0

|a|−j (qjt+ 1)ν ≤ M |b|
|a|

∞∑
j=0

1

|a|j (qjt+ 1)|ν|
≤ M |b|
|a|

∞∑
j=0

(
1

|a|

)j
Çâiäñè âèïëèâà¹

|x1(t)| ≤
M |b|
|a|

∞∑
j=0

(
1

|a|

)j
≤ M |b|
|a|
· 1

1− 1
|a|

=
M |b|
|a| − 1

= M∆,

äå ∆ = |b|
|a|−1 < 1.

Îòæå, îöiíêà (2.47) ìà¹ ìiñöå ïðè i = 1. Ðîçìiðêîâóþ÷è çà iíäóêöi¹þ,

ïðèïóñòèìî, ùî îöiíêó (2.47) äîâåäåíî óæå äëÿ äåÿêîãî i≥1, i ïîêàæåì ¨¨

ñïðàâåäëèâiñòü äëÿ i+ 1. Äiéñíî, îñêiëüêè

xi+1(t) = −
∞∑
j=0

ba−(j+1)xi(q
jt+ 1),

òî

|xi+1(t)| ≤
∞∑
j=0

|b| · |a|−(j+1)
∣∣xi(qjt+ 1)

∣∣ ≤ |b|M ∞∑
j=0

|a|−(j+1) ∆i ≤

≤ M |b|
|a|
· ∆i

1− 1
|a|

=
M |b|∆i

|a| − 1
= M∆i+1.
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Îòæå, ðÿäè (2.46i), i = 1, 2, . . . , ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t≥T >0 äî

äåÿêèõ íåïåðåðâíèõ ôóíêöié xi (t), i = 1, 2, . . . , äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè

(2.47). Iç (2.47) áåçïîñåðåäíüî âèïëèâà¹, ùî ðÿä (2.44) ðiâíîìiðíî çáiãà¹òüñÿ

ïðè âñiõ t ≥ T > 0 äî äåÿêî¨ íåïåðåðâíî¨ ôóíêöi¨ x (t), ÿêà çàäîâîëüíÿ¹ óìîâi

|x (t)| ≤
∞∑
i=0

|xi (t)| ≤M
∞∑
i=0

∆i ≤ M

1−∆
.

Òåîðåìó 2.6 äîâåäåíî.

Ðîçãëÿíåìî òåïåð íåîäíîðiäíå ðiâíÿííÿ âèãëÿäó (2.13)

y (qt) = ay (t) + by (t+ 1) + f (t) ,

äå à, b, q � äåÿêi ñòàëi, f : R→ R. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:

1. 0 < q < 1, |a| > 1;

2. ∆ = |b|
|a|−1 < 1;

3. ôóíêöiÿf (t) ¹ íåïåðåðâíîþ é îáìåæåíîþ ïðè âñiõ t ∈ R i òàêîþ, ùî

sup
t
|f (t)| = M̃ <∞.

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 2.7. Íåõàé âèêîíóþòüñÿ óìîâè 1-3. Òîäi ðiâíÿííÿ (2.13) ìà¹

íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê y(t).

Äîâåäåííÿ. Ïîêàæåìî, ùî (2.13) ìà¹ íåïåðåðâíèé ðîçâ'ÿçîê ó âèãëÿäi ðÿäó:

y(t) =
∞∑
i=0

yi(t), (2.48)

äå yi(t), i = 0, 1, ...- äåÿêi íåïåðåðâíi ôóíêöi¨. Äiéñíî, ïiäñòàâëÿþ÷è (2.48) â

(2.13) îòðèìó¹ìî:

∞∑
i=0

yi(qt) = a
∞∑
i=0

yi(t) + b
∞∑
i=0

yi(t+ 1) + f (t) .

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî ôóíêöi¨ yi(t), i = 0, 1, ..., çàäîâîëü-

íÿþòü ðiâíÿííÿ:

y0(qt) = ay0(t) + f (t) , (2.490)

yi(qt) = ayi(t) + byi−1(t+ 1), i = 1, 2, ..., (2.49i)
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òî ðÿä (2.48) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.13).

Ðiâíÿííÿ (2.490) ìà¹ ôîðìàëüíèé ðîçâ'ÿçîê âèãëÿäó:

y0(t) = −
∞∑
j=0

a−(j+1)f(qjt). (2.500)

Ðîçãëÿäàþ÷è ïîñëiäîâíî ðiâíÿííÿ (2.49i), i = 1, 2, . . . ìîæíà ïåðåêîíàòèñÿ,

ùî âîíè ìàþòü ôîðìàëüíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ:

yi(t) = −
∞∑
j=0

ba−(j+1)yi−1(q
jt+ 1), i = 1, 2, . . . (2.50i)

Ïîêàæåìî, ùî ðÿäè (2.50i), i = 0, 1, ..., ðiâíîìiðíî çáiãàþòüñÿ äî äåÿêèõ

íåïåðåðâíèõ ôóíêöié yi(t), i = 0, 1, ..., äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè:

|yi(t)| ≤ M̃ ′∆i, i = 0, 1, . . . , (2.51)

Äiéñíî, îñêiëüêè

|y0(t)| ≤
∞∑
j=0

|a|−(j+1)
∣∣f(qjt)

∣∣ ≤ M̃

|a|

∞∑
j=0

|a|−j ≤ M̃

|a|
1

1− 1
|a|

=
M̃

|a| − 1
= M̃ ′,

òî

|y1(t)| ≤
∞∑
j=0

|b| · |a|−(j+1)
∣∣y0(q

jt+ 1)
∣∣ ≤ |b| ∞∑

j=0

|a|−(j+1) M̃ ′ ≤

≤ M̃ ′ |b|
|a|

1

1− 1
|a|

=
M̃ ′ |b|
|a| − 1

= M̃ ′∆.

Îòæå, îöiíêà (2.51) ìà¹ ìiñöå ïðè i = 1. Ðîçìiðêîâóþ÷è çà iíäóêöi¹þ,

ïðèïóñòèìî, ùî îöiíêó (2.51) äîâåäåíî óæå äëÿ äåÿêîãî i≥1, i ïîêàæåìî ¨¨

ñïðàâåäëèâiñòü äëÿ i+ 1. Äiéñíî, îñêiëüêè

yi+1(t) = −
∞∑
j=0

ba−(j+1)yi(q
jt+ 1),

òî

|yi+1(t)| ≤
∞∑
j=0

|b| · |a|−(j+1)
∣∣yi(qjt+ 1)

∣∣ ≤ |b| M̃ ′
∞∑
j=0

|a|−(j+1) ∆i ≤

≤ M̃ ′ · |b|
|a|

· ∆i

1− 1
|a|

=
M̃ ′ |b|∆i

|a| − 1
= M̃ ′∆i+1.
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Îòæå, ðÿäè (2.50i), i=0,1,. . . , ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ∈ R äî

äåÿêèõ íåïåðåðâíèõ ôóíêöié yi (t), i = 0, 1, . . . , äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè

(2.51). Çâiäñè âèïëèâà¹, ùî ðÿä (2.48) ðiâíîìiðíî çáiãà¹òüñÿ ïðè âñiõ t ∈ R äî

äåÿêî¨ íåïåðåðâíî¨ ôóíêöi¨ y (t), ÿêà çàäîâîëüíÿ¹ óìîâi

|y (t)| ≤
∞∑
i=0

|yi (t)| ≤ M̃ ′
∞∑
i=0

∆i ≤ M̃ ′

1−∆
.

Òåîðåìó 2.7 äîâåäåíî.

Äîñëiäèìî òåïåð ðiâíÿííÿ (2.2) ó âèïàäêó, êîëè q > 1, |a| < 1, t ≥ T > 0.

Òåîðåìà 2.8. Íåõàé âèêîíóþòüñÿ óìîâè:

1. |a| < 1, q > 1, t ≥ T > 0;

2. ∆ = |b|
1−|a| < 1, ν = ln|a|

ln q < 0.

Òîäi ðiâíÿííÿ (2.2) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t≥T >0 ðîçâ'ÿç-

êiâ x(t) = x
(
t, ω

(
ln t
ln q

))
, ùî çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ ôóíêöi¨

ω(τ), ÿêà çàäîâîëüíÿ¹ óìîâi ω(τ + 1) = −ω(τ).

Äîâåäåííÿ. Ïîêàæåìî, ùî (2.2)ìà¹ íåïåðåðâíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäó:

x(t) =
∞∑
i=0

xi(t), (2.52)

äå xi(t), i = 0, 1, ...- äåÿêi íåïåðåðâíi ôóíêöi¨. Äiéñíî, ïiäñòàâëÿþ÷è (2.52) â

(2.2) îòðèìó¹ìî:

∞∑
i=0

xi(qt) = a

∞∑
i=0

xi(t) + b

∞∑
i=0

xi(t+ 1).

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî ôóíêöi¨ xi(t), i = 0, 1, ..., çàäîâîëü-

íÿþòü ðiâíÿííÿ:

x0(qt) = ax0(t), (2.530)

xi(qt) = axi(t) + bxi−1(t+ 1), i = 1, 2, ... (2.53i)

òî ðÿä (2.52) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.2).

Ðiâíÿííÿ (2.530) ìà¹ ñiì'þ íåïåðåðâíèõ ðîçâ'ÿçêiâ âèãëÿäó:

x0(t) = t
ln|a|
ln q ω

(
ln t

ln q

)
, (2.540)
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äå ω(τ) - äîâiëüíà ôóíêöiÿ, ùî çàäîâîëüíÿ¹ óìîâi ω(τ + 1) = −ω(τ).

Ðîçãëÿäàþ÷è ïîñëiäîâíî ðiâíÿííÿ (2.53i), i = 1, 2, . . . ìîæíà ïåðåêîíàòè-

ñÿ, ùî âîíè ìàþòü ôîðìàëüíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ:

xi(t) =
∞∑
j=0

bajxi−1(q
−(j+1)t+ 1), i = 1, 2, . . . (2.54i)

Ïîêàæåìî, ùî ïðè âèêîíàííi óìîâ 1, 2 ðÿäè (2.53i), i = 1, 2, . . . , ðiâíî-

ìiðíî çáiãàþòüñÿ äî äåÿêèõ íåïåðåðâíèõ ôóíêöié xi(t), i = 1, 2, . . . , äëÿ ÿêèõ

âèêîíóþòüñÿ îöiíêè:

|xi(t)| ≤M∆i, i = 1, 2, . . . . (2.55i)

Äiéñíî, îñêiëüêè |x0(t)| ≤Mtv, äå M = max
τ
|ω(τ)|, òî â ñèëó (2.541), i ν < 0,

îòðèìó¹ìî

|x1(t)| ≤
∞∑
j=0

|b| · |a|j
∣∣∣x0(q

−(j+1)t+ 1)
∣∣∣ ≤ |b| ∞∑

j=0

|a|jM(q−(j+1)t+ 1)ν =

= M |b|
∞∑
j=0

|a|j (q−(j+1)t+ 1)ν = M |b|
∞∑
j=0

|a|j
(

1

qj+1
t+ 1

)ν
≤M |b|

∞∑
j=0

|a|j .

Çâiäñè âèïëèâà¹

|x1 (t)| ≤M |b|
∞∑
j=0

|a|j ≤ M |b|
1− |a|

= M∆,

äå ∆ = |b|
1−|a| < 1.

Îòæå, îöiíêà (2.55i) ìà¹ ìiñöå ïðè i = 1. Ðîçìiðêîâóþ÷è çà iíäóêöi¹þ,

ïðèïóñòèìî, ùî îöiíêó (2.55i) äîâåäåíî óæå äëÿ äåÿêîãî i≥1, i ïîêàæåìî ¨¨
ñïðàâåäëèâiñòü äëÿ i+1. Äiéñíî, îñêiëüêè

xi+1(t) =
∞∑
j=0

bajxi(q
−(j+1)t+ 1),

òî

|xi+1(t)| ≤
∞∑
j=0

|b|·|a|j
∣∣∣xi(q−(j+1)t+ 1)

∣∣∣ ≤ |b|M ∞∑
j=0

|a|j ∆i ≤ M |b|∆i

1− |a|
= M∆i+1.
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Îòæå, ðÿäè (2.54i), i = 1, 2, . . . , ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t≥T > 0äî

äåÿêèõ íåïåðåðâíèõ ôóíêöié xi (t), i = 1, 2, . . . , äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè

(2.55i). Iç (2.55i) áåçïîñåðåäíüî âèïëèâà¹, ùî ðÿä (2.52) ðiâíîìiðíî çáiãà¹òüñÿ

ïðè âñiõ t ≥ T > 0 äî äåÿêî¨ íåïåðåðâíî¨ ôóíêöi¨ x (t), ÿêà çàäîâîëüíÿ¹ óìîâi

|x (t)| ≤
∞∑
i=0

|xi (t)| ≤M
∞∑
i=0

∆i ≤ M

1−∆
.

Òåîðåìó 2.8 äîâåäåíî.

Ðîçãëÿíåìî òåïåð íåîäíîðiäíå ðiâíÿííÿ âèãëÿäó (2.13), äå a, b, q - äåÿêi

ñòàëi, f : R→ R. Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:

1. |a| < 1, q > 1;

2. ∆ = |b|
1−|a| < 1;

3. ôóíêöiÿf (t) ¹ íåïåðåðâíîþ é îáìåæåíîþ ïðè âñiõ t ∈ R i òàêîþ, ùî

sup
t
|f (t)| = M̃ <∞.

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 2.9. Íåõàé âèêîíóþòüñÿ óìîâè 1-3. Òîäi ðiâíÿííÿ (2.13) ìà¹

íåïåðåðâíèé îáìåæåíèõ ïðè t ∈ R ðîçâ'ÿçîê ȳ(t).

Äîâåäåííÿ. Ïîêàæåìî, ùî (2.13) ìà¹ íåïåðåðâíèé ðîçâ'ÿçîê ó âèãëÿäi ðÿäó:

y(t) =
∞∑
i=0

yi(t), (2.56)

äå yi(t), i = 0, 1, ...- äåÿêi íåïåðåðâíi ôóíêöi¨. Äiéñíî, ïiäñòàâëÿþ÷è (2.56) â

(2.13) îòðèìó¹ìî:

∞∑
i=0

yi(qt) = a
∞∑
i=0

yi(t) + b
∞∑
i=0

yi(t+ 1) + f (t) .

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî ôóíêöi¨ yi(t), i = 0, 1, ..., çàäîâîëü-

íÿþòü ðiâíÿííÿ:

y0(qt) = ay0(t) + f (t) , (2.570)

yi(qt) = ayi(t) + byi−1(t+ 1), i = 1, 2, ..., (2.57i)

òî ðÿä (2.56) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.13).
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Ðiâíÿííÿ (2.570) ìà¹ ôîðìàëüíèé ðîçâ'ÿçîê âèãëÿäó:

y0(t) =
∞∑
j=0

ajf(q−(j+1)t). (2.580)

Ðîçãëÿäàþ÷è ïîñëiäîâíî ðiâíÿííÿ (2.57i), i = 1, 2, . . . ìîæíà ïåðåêîíàòèñÿ,

ùî âîíè ìàþòü ôîðìàëüíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ:

yi(t) =
∞∑
j=0

bajyi−1(q
−(j+1)t+ 1), i = 1, 2, . . . . (2.58i)

Ïîêàæåìî, ùî ðÿäè (2.58i), i = 0, 1, . . . , ðiâíîìiðíî çáiãàþòüñÿ äî äåÿêèõ

íåïåðåðâíèõ ôóíêöié yi(t), i = 0, 1, . . . , äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè:

|yi(t)| ≤ M̃ ′∆i, i = 0, 1, . . . . (2.59i)

Äiéñíî, îñêiëüêè

|y0(t)| ≤
∞∑
j=0

|a|j
∣∣∣f(q−(j+1)t)

∣∣∣ ≤ M̃

∞∑
j=0

|a|j ≤ M̃
1

1− |a|
= M̃ ′,

òî

|y1(t)| ≤
∞∑
j=0

|b| |a|j
∣∣∣y0(q

−(j+1)t+ 1)
∣∣∣ ≤ |b| ∞∑

j=0

|a|j M̃ ′ ≤ M̃ ′ |b| 1

1− |a|
= M̃ ′∆.

Îòæå, îöiíêà (2.59i) ìà¹ ìiñöå ïðè i = 0, 1 . Ðîçìiðêîâóþ÷è çà iíäóêöi¹þ,

ïðèïóñòèìî, ùî îöiíêó (2.59i) äîâåäåíî óæå äëÿ äåÿêîãî i ≥ 1, i ïîêàæåìî ¨¨

ñïðàâåäëèâiñòü äëÿ i+ 1. Äiéñíî, îñêiëüêè

yi+1(t) =
∞∑
j=0

bajyi(q
−(j+1)t+ 1),

òî

|yi+1(t)| ≤
∞∑
j=0

|b| |a|j
∣∣∣yi(q−(j+1)t+ 1)

∣∣∣ ≤ |b| M̃ ′
∞∑
j=0

|a|j ∆i ≤ M̃ ′ |b|∆i

1− |a|
= M̃ ′∆i+1.

Îòæå, ðÿäè (2.58i), i = 0, 1, ..., ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ∈ R äî äåÿêèõ

íåïåðåðâíèõ ôóíêöié yi (t), i = 0, 1, ..., äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè (2.59i),
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i = 0, 1, .... Çâiäñè âèïëèâà¹, ùî ðÿä (2.56) ðiâíîìiðíî çáiãà¹òüñÿ ïðè âñiõ

t ∈ R äî äåÿêî¨ íåïåðåðâíî¨ ôóíêöi¨ y (t), ÿêà çàäîâîëüíÿ¹ óìîâi

|y (t)| ≤
∞∑
i=0

|yi (t)| ≤ M̃ ′
∞∑
i=0

∆i ≤ M̃ ′

1−∆
.

Òåîðåìó 2.9 äîâåäåíî.
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2.3. Íåïåðåðâíi ðîçâ'ÿçêè ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü iç

áàãàòüìà âiäõèëåííÿìè àðãóìåíòó.

Ðîçãëÿíåìî ðiâíÿííÿ âèãëÿäó

x (qt) = ax (t) +
k∑
j=1

bjx (t+ δj) , (2.60)

äå t ∈ R+ = (0,+∞), a, q, bj, δj, j = 1, 2, . . . , k, äåÿêi äiéñíi ñòàëi (δj ≥ 1).

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè:

1. 0 < q < 1, a > 1;

2. ∆̃ =

k∑
j=1

|bj |

a−1 < 1, ν = ln a
ln q < 0.

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 2.10. Íåõàé âèêîíóþòüñÿ óìîâè 1,2. Òîäi ðiâíÿííÿ (2.60) ìà¹

ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0ðîçâ'ÿçêiâ x(t) = x
(
t, ω

(
ln t
ln q

))
,

ùî çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ 1-ïåðiîäè÷íî¨ ôóíêöi¨ ω(τ).

Äîâåäåííÿ.Ïîêàæåìî, ùî (2.60) ìà¹ íåïåðåðâíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäó:

x(t) =
∞∑
i=0

xi(t), (2.61)

äå xi(t), i = 0, 1, ...- äåÿêi íåïåðåðâíi ôóíêöi¨. Äiéñíî, ïiäñòàâëÿþ÷è (2.61) â

(2.60) îòðèìó¹ìî:

∞∑
i=0

xi(qt) = a
∞∑
i=0

xi(t) +
k∑
j=1

bj

∞∑
i=0

xi(t+ δj).

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî ôóíêöi¨ xi(t), i = 0, 1, ..., çàäîâîëü-

íÿþòü ðiâíÿííÿ:

x0(qt) = ax0(t), (2.620)

xi(qt) = axi(t) +
k∑
j=1

bjxi−1(t+ δj), i = 1, 2, ..., (2.62i)

òî ðÿä (2.61) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.60).



64

Ðiâíÿííÿ (2.620) ìà¹ ñiì'þ íåïåðåðâíèõ ðîçâ'ÿçêiâ âèãëÿäó:

x0(t) = t
ln a
ln qω

(
ln t

ln q

)
, (2.630)

äå ω(τ + 1) = ω(τ).

Ðîçãëÿäàþ÷è ïîñëiäîâíî ðiâíÿííÿ (2.62i), i = 1, 2, . . . , ìîæíà ïåðåêîíà-

òèñÿ, ùî âîíè ìàþòü ôîðìàëüíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ:

xi(t) = −
∞∑
l=0

a−(l+1)
k∑
j=1

bjxi−1(q
lt+ δj), i = 1, 2, . . . (2.63i)

Ïîêàæåìî, ùî ïðè âèêîíàííi óìîâ 1-3 ðÿäè (2.63i), i = 1, 2, . . . , ðiâíî-

ìiðíî çáiãàþòüñÿ äî äåÿêèõ íåïåðåðâíèõ ôóíêöié xi(t),i = 1, 2, . . . , äëÿ ÿêèõ

âèêîíóþòüñÿ îöiíêè:

|xi(t)| ≤M ′∆̃i, i = 1, 2, . . . . (2.64i)

Äiéñíî, îñêiëüêè |x0(t)| ≤ M ′tv, äå M ′ = max
τ
|ω(τ)|, òî â ñèëó (2.621), i

ν < 0, îòðèìó¹ìî

|x1(t)| ≤
∞∑
l=0

a−(l+1)

[
k∑
j=1

|bj|
∣∣x0

(
qlt+ δj

)∣∣] ≤
≤

∞∑
l=0

a−(l+1)

[
k∑
j=1

|bj|M ′ (qlt+ δj
)ν] ≤M ′

∞∑
l=0

a−(l+1)

[
k∑
j=1

|bj|
(qlt+ δj)

|ν|

]
≤

≤ M ′

a

∞∑
l=0

(
1

a

)l [ k∑
j=1

|bj|

]
.

Çâiäñè âèïëèâà¹

|x1(t)| ≤
M ′

a

∞∑
l=0

[(
1

a

)l k∑
j=1

|bj|

]
≤ M ′

a
·
∑k

j=1 |bj|
1− 1

a

=
M ′∑k

j=1 |bj|
a− 1

= M ′∆̃,

äå ∆̃ =
∑k
j=1|bj |
a−1 < 1.

Îòæå, îöiíêà (2.64i) ìà¹ ìiñöå ïðè i = 1. Ðîçìiðêîâóþ÷è çà iíäóêöi¹þ,

ïðèïóñòèìî, ùî îöiíêó (2.64i) äîâåäåíî óæå äëÿ äåÿêîãî i ≥ 1, i ïîêàæåìî ¨¨
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ñïðàâåäëèâiñòü äëÿ i+ 1. Äiéñíî, îñêiëüêè

xi+1(t) = −
∞∑
l=0

a−(l+1)
k∑
j=1

bjxi(q
lt+ δj),

òî

|xi+1(t)| ≤
∞∑
l=0

a−(l+1)

[
k∑
j=1

|bj| ·
∣∣xi (qlt+ δj

)∣∣] ≤ ∞∑
l=0

a−(l+1)

[
k∑
j=1

|bj| ·M ′∆̃i

]
≤

≤ M ′

a
∆̃i ·

∑k
j=1 |bj|

1− 1
a

= M ′∆̃i+1.

Îòæå, ðÿäè (2.63i), i = 1, 2, . . . , ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ≥ T > 0

äî äåÿêèõ íåïåðåðâíèõ ôóíêöié xi (t), i = 1, 2, . . . , äëÿ ÿêèõ âèêîíóþòüñÿ

îöiíêè (2.64i), i = 1, 2, . . . . Iç (2.64i), i = 1, 2, . . . áåçïîñåðåäíüî âèïëèâà¹,

ùî ðÿä (2.61) ðiâíîìiðíî çáiãà¹òüñÿ ïðè âñiõ t ≥ T > 0 äî äåÿêî¨ íåïåðåðâíî¨

ôóíêöi¨ x (t), ÿêà çàäîâîëüíÿ¹ óìîâi

|x (t)| ≤
∞∑
i=0

|xi (t)| ≤M ′
∞∑
i=0

∆̃i ≤ M ′

1− ∆̃
, ∀t ≥ T > 0.

Òåîðåìó 2.10 äîâåäåíî.

Ðîçãëÿíåìî òåïåð íåîäíîðiäíå ðiâíÿííÿ âèãëÿäó

y (qt) = ay (t) +
k∑
j=1

bjy (t+ δj) + f(t), (2.65)

äå a, bj δj, j = 1, 2, . . . , k, q - äåÿêi ñòàëi; f : R→ R. Ïðèïóñòèìî, ùî âèêîíó-
þòüñÿ óìîâè:

1. 0 < q < 1, a > 1;

2. ∆̃ =
∑k
l=1|bl|
a−1 < 1, ν = ln a

ln q < 0.

3. ôóíêöiÿf (t) ¹ íåïåðåðâíîþ é îáìåæåíîþ ïðè âñiõ t ∈ R i òàêîþ, ùî

sup
t
|f (t)| = M̃ <∞.

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 2.11. Íåõàé âèêîíóþòüñÿ óìîâè 1-3. Òîäi ðiâíÿííÿ (2.65) ìà¹

íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê ȳ(t).
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Äîâåäåííÿ. Ïîêàæåìî, ùî (2.65) ìà¹ íåïåðåðâíèé ðîçâ'ÿçîê ó âèãëÿäi

ðÿäó:

ȳ(t) =
∞∑
i=0

ȳi(t), (2.66)

äå ȳi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi ôóíêöi¨. Äiéñíî, ïiäñòàâëÿþ÷è (2.66) â

(2.65) îòðèìó¹ìî:

∞∑
i=0

ȳi(qt) = a
∞∑
i=0

ȳi(t) +
k∑
j=1

bj

∞∑
i=0

ȳi(t+ δj) + f (t) .

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî ôóíêöi¨ ȳi(t), i = 0, 1, ..., çàäîâîëü-

íÿþòü ðiâíÿííÿ:

ȳ0(qt) = aȳ0(t) + f (t) , (2.670)

ȳi(qt) = aȳi(t) +
k∑
j=1

bj ȳi−1(t+ δj), i = 1, 2, ..., (2.67i)

òî ðÿä (2.66) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.65).

Ðiâíÿííÿ (2.670) ìà¹ ôîðìàëüíèé ðîçâ'ÿçîê âèãëÿäó:

ȳ0(t) = −
∞∑
l=0

a−(l+1)f(qlt). (2.680)

Ðîçãëÿäàþ÷è ïîñëiäîâíî ðiâíÿííÿ (2.67i), i = 1, 2, . . . ìîæíà ïåðåêîíàòèñÿ,

ùî âîíè ìàþòü ôîðìàëüíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ:

ȳi(t) = −
∞∑
l=0

a−(l+1)
k∑
j=1

bj ȳi−1(q
lt+ δj), i = 1, 2, . . . (2.68i)

Ïîêàæåìî, ùî ðÿäè (2.68i), i = 0, 1, . . . , ðiâíîìiðíî çáiãàþòüñÿ äî äåÿêèõ

íåïåðåðâíèõ ôóíêöié ȳi(t), i = 0, 1, . . . , äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè:

|ȳi(t)| ≤ M̃ ′∆̃i, i = 0, 1, . . . . (2.69)

Äiéñíî, îñêiëüêè

|ȳ0(t)| ≤
∞∑
l=0

a−(l+1)
∣∣f(qlt)

∣∣ ≤ M̃

a

∞∑
l=0

a−l ≤ M̃

a

1

1− 1
a

=
M̃

a− 1
= M̃ ′,



67

òî

|ȳ1(t)| ≤
∞∑
l=0

a−(l+1)

[
k∑
j=1

|bj|
∣∣ȳi (qlt+ δj

)∣∣] ≤ ∞∑
l=0

a−(l+1)

[
k∑
j=1

|bj| M̃ ′∆̃i

]
≤

≤ M̃ ′

a
∆̃i

∑k
j=1 |bj|

1− 1
a

= M̃ ′∆̃.

Îòæå, îöiíêà (2.69) ìà¹ ìiñöå ïðè i=1. Ðîçìiðêîâóþ÷è çà iíäóêöi¹þ, ïðè-

ïóñòèìî, ùî îöiíêó (2.69) äîâåäåíî óæå äëÿ äåÿêîãî i ≥ 1, i ïîêàæåìî ¨¨

ñïðàâåäëèâiñòü äëÿ i+1. Äiéñíî, îñêiëüêè

ȳi+1(t) = −
∞∑
l=0

a−(l+1)
k∑
j=1

bj ȳi(q
lt+ δj),

òî

|ȳi+1(t)| ≤
∞∑
l=0

a−(l+1)

(
k∑
j=1

|bj|
∣∣ȳi(qlt+ δj)

∣∣) ≤ |b| ∞∑
l=0

a−(l+1)
k∑
j=1

|bj| M̃ ′∆̃i ≤

≤
M̃ ′∑k

j=1 |bj|
a

∆̃i

1− 1
a

= M̃ ′
∑k

j=1 |bj|
a− 1

∆̃i = M̃ ′∆̃i+1.

Îòæå, ðÿäè (2.68i), i = 1, 2, . . . , ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ∈ R äî

äåÿêèõ íåïåðåðâíèõ ôóíêöié ȳi (t), i = 1, 2, . . . , äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè

(2.69). Çâiäñè âèïëèâà¹, ùî ðÿä (2.66) ðiâíîìiðíî çáiãà¹òüñÿ ïðè âñiõ t ∈ R äî

äåÿêî¨ íåïåðåðâíî¨ ôóíêöi¨ ȳ (t), ÿêà çàäîâîëüíÿ¹ óìîâi

|ȳ (t)| ≤
∞∑
i=0

|ȳi (t)| ≤ M̃ ′
∞∑
i=0

∆̃i ≤ M̃ ′

1− ∆̃
.

Òåîðåìó 2.11 äîâåäåíî.
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ÂÈÑÍÎÂÊÈ ÄÎ ÄÐÓÃÎÃÎ ÐÎÇÄIËÓ

Â äðóãîìó ðîçäiëi ðîçãëÿäàþòüñÿ ðiçíèöåâî-ôóíêöiîíàëüíi ðiâíÿííÿ âè-

ãëÿäó

x (qt) = a (t)x (t) + b (t)x (t+ 1) + f (t) ,

äå t ∈ R+ = (0,+∞), a (t), b (t), f (t) - äåÿêi äiéñíi ôóíêöi¨, a, q - äiéñíà

ñòàëà. Äîñëiäæóþòüñÿ ïèòàííÿ iñíóâàííÿ íåïåðåðâíèõ ðîçâ'ÿçêiâ òàêèõ ðiâ-

íÿíü i âèâ÷àþòüñÿ ¨õ âëàñòèâîñòi. Ñåðåä îñíîâíèõ ðåçóëüòàòiâ öüîãî ðîçäiëó

âiäìiòèìî íàñòóïíi:

� ðîçðîáëåíî ìåòîä ïîáóäîâè ñiì'¨ íåïåðåðâíèõ ïðè t ≥ T > 0 ðîçâ'ÿç-

êiâ øèðîêèõ êëàñiâ ëiíiéíèõ îäíîðiäíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâ-

íÿíü;

� âñòàíîâëåíî óìîâè iñíóâàííÿ íåïåðåðâíèõ îáìåæåíèõ ïðè t ∈ R+

ðîçâ'ÿçêiâ ëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü;

� äîñëiäæåíî íåïåðåðâíi ðîçâ'ÿçêè ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü iç

áàãàòüìà âiäõèëåííÿìè àðãóìåíòó.
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ÐÎÇÄIË 3

ÄÎÑËIÄÆÅÍÍß ÑÒÐÓÊÒÓÐÈ ÌÍÎÆÈÍÈ ÍÅÏÅÐÅÐÂÍÈÕ

ÐÎÇÂ'ßÇÊIÂ ÑÈÑÒÅÌ ËIÍIÉÍÈÕ

ÐIÇÍÈÖÅÂÎ-ÔÓÍÊÖIÎÍÀËÜÍÈÕ ÐIÂÍßÍÜ

Îñíîâíèì îá'¹êòîì äîñëiäæåííÿ äàíîãî ðîçäiëó ¹ ðiçíèöåâî-

ôóíêöiîíàëüíi ðiâíÿííÿ âèãëÿäó

x (qt) = A (t)x (t) +B (t)x (t+ 1) + F (t) (3.1)

äå t ∈ R+ = [0,+∞), A (t), B (t) - äiéñíi (n× n)-ìàòðèöi, F (t) - äiéñíèé

âåêòîð ðîçìiðíîñòi n, q - äåÿêà äiéñíà ñòàëà. Âèâ÷àþòüñÿ ïèòàííÿ iñíóâàííÿ

íåïåðåðâíèõ îáìåæåíèõ ðîçâ'ÿçêiâ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü âèãëÿ-

äó (3.1) ç ïîñòiéíèìè êîåôiöi¹íòàìè.

3.1. Ïðî iñíóâàííÿ ñiì'¨ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0

ðîçâ'ÿçêiâ.

Ðîçãëÿíåìî ñèñòåìó îäíîðiäíèõ ðiâíÿíü âèãëÿäó

x (qt) = Ax (t) +Bx (t+ 1) , (3.2)

äå A, B - äiéñíi ñòàëi (n× n)-ìàòðèöi, q - äåÿêà äiéñíà ñòàëà. Ïðè öüîìó

âiäíîñíî ìàòðèöi A ïðèïóñòèìî, ùî ¨¨ âëàñíi çíà÷åííÿ λi, i = 1, . . . , n çàäî-

âîëüíÿþòü óìîâè

λi 6= λj; |λi| 6= 0, 1; i, j = 1, . . . , n.

Òîäi iñíó¹ çàìiíà çìiííèõ

x (t) = Cy (t) ,

äå Ñ - äåÿêà ñòàëà íåîñîáëèâà (n× n)-ìàòðèöÿ, ÿêà ïðèâîäèòü ñèñòåìó ðiâ-

íÿíü (3.2) äî âèãëÿäó

y (qt) = Λy (t) + B̃y (t+ 1) , (3.3)

äå Λ = diag (λ1, . . . , λn), B̃ = C−1BC.

Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê, êîëè âèêîíóþòüñÿ òàêi óìîâè:
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1. λi > 1, i = 1, . . . , n, 0 < q < 1;

2. ∆ = b̃
λ∗−1 < 1, äå b̃ =

∣∣∣B̃∣∣∣ = max
i

∑
j

∣∣∣b̃ij∣∣∣, λ∗ < min {λi, i = 1, . . . , n}.

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 3.1. Íåõàé âèêîíóþòüñÿ óìîâè 1,2. Òîäi ñèñòåìà ðiâíÿíü (3.3)

ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0 (Ò - äåÿêà äîñòàòíüî

âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ y(t) = y
(
t, ω

(
ln t
ln q

))
, ùî çàëåæèòü âiä

äîâiëüíî¨ íåïåðåðâíî¨ 1-ïåðiîäè÷íî¨ âåêòîð-ôóíêöi¨ ω(τ).

Äîâåäåííÿ. Ïîêàæåìî, ùî ñèñòåìà ðiâíÿíü (3.3) ìà¹ íåïåðåðâíi ðîçâ'ÿç-

êè ó âèãëÿäi ðÿäó:

y(t) =
∞∑
i=0

yi(t), (3.4)

äå yi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi âåêòîð-ôóíêöi¨. Äiéñíî, ïiäñòàâëÿþ÷è

(3.4) â (3.3), îòðèìó¹ìî:

∞∑
i=0

yi(qt) = Λ
∞∑
i=0

yi(t) + B̃

∞∑
i=0

yi(t+ 1).

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî ôóíêöi¨ yi(t), i = 0, 1, ... ¹ ðîçâ'ÿç-

êàìè ïîñëiäîâíîñòi ñèñòåì ðiâíÿíü:

y0(qt) = Λy0(t), (3.50)

yi(qt) = Λyi(t) + B̃yi−1(t+ 1), i = 1, 2, ..., (3.5i)

òî ðÿä (3.4) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (3.3).

Ñèñòåìà ðiâíÿíü (3.50) ìà¹ ìíîæèíó íåïåðåðâíèõ ïðè t ≥ T > 0 ðîçâ'ÿçêiâ

âèãëÿäó:

y0(t) = tνω

(
ln t

ln q

)
, (3.60)

äå ω (τ) = (ω1 (τ) , ω2 (τ) , . . . , ωn (τ)), ωi (τ), i = 1, . . . , n - äîâiëüíi íåïåðåðâíi

1-ïåðiîäè÷íi ôóíêöi¨,

tν = diag
(
t

lnλ1
ln q , t

lnλ2
ln q , . . . , t

lnλn
ln q

)
.

Ðîçãëÿäàþ÷è ïîñëiäîâíî ñèñòåìè ðiâíÿíü (3.5i), i = 1, 2, . . . , ìîæíà ïåðå-

êîíàòèñÿ, ùî âîíè ìàþòü ôîðìàëüíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ:
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yi(t) = −
∞∑
j=0

Λ−(j+1)B̃yi−1(q
jt+ 1), i = 1, 2, . . . . (3.6i)

Ïîêàæåìî, ùî ïðè âèêîíàííi óìîâ 1, 2, ðÿäè (3.5i), i = 1, 2, . . . , ðiâíîìiðíî

çáiãàþòüñÿ äî äåÿêèõ íåïåðåðâíèõ âåêòîð-ôóíêöié yi(t), i = 1, 2, . . . , äëÿ ÿêèõ

âèêîíóþòüñÿ îöiíêè:

|yi(t)| ≤M∆i, i = 1, 2, . . . . (3.7i)

Äiéñíî, îñêiëüêè

|y0(t)| ≤ |tv| |ω (τ)| ≤ t
lnλ∗
ln q |ω (τ)| ≤ M

t|
lnλ∗
ln q |

,

äå M = max
τ
|ω(τ)|, òî â ñèëó (3.61) i

lnλ∗
ln q < 0, îòðèìó¹ìî

|y1(t)| ≤
∞∑
j=0

∣∣Λ−1
∣∣j+1

∣∣∣B̃∣∣∣ ∣∣y0(q
jt+ 1)

∣∣ ≤ ∞∑
j=0

(
1

λ∗

)j+1

b̃M
1

(qjt+ 1)|
lnλ∗
ln q |
≤

≤ Mb̃

λ∗

∞∑
j=0

(
1

λ∗

)j
≤ Mb̃

λ∗

1

1− 1
λ∗

=
Mb̃

λ∗ − 1
= M∆.

Îòæå, îöiíêà (3.71) ìà¹ ìiñöå. Ðîçìiðêîâóþ÷è çà iíäóêöi¹þ, ïðèïóñòèìî,

ùî îöiíêó (3.7i) äîâåäåíî óæå äëÿ äåÿêîãî i ≥ 1, i ïîêàæåìî ¨¨ ñïðàâåäëèâiñòü

äëÿ i+ 1. Äiéñíî, îñêiëüêè

yi+1(t) = −
∞∑
j=0

Λ−(j+1)B̃yi(q
jt+ 1), i = 1, 2, . . . , (3.8)

òî

|yi+1(t)| ≤
∞∑
j=0

∣∣Λ−1
∣∣j+1

∣∣∣B̃∣∣∣ ∣∣yi(qjt+ 1)
∣∣ ≤ b̃M

∞∑
j=0

(
1

λ∗

)j+1

∆i ≤

≤ Mb̃

λ∗
· ∆i

1− 1
λ∗

=
Mb̃∆i

λ∗ − 1
= M∆i+1. (3.9)

Îòæå, ðÿäè (3.6i), i = 1, 2, . . . , ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ≥ T > 0

äî äåÿêèõ íåïåðåðâíèõ ôóíêöié yi (t), i = 1, 2, . . . , äëÿ ÿêèõ âèêîíóþòüñÿ

îöiíêè (3.7i). Ïðèéìàþ÷è äî óâàãè, ùî λi > 1, i = 1, . . . , n, 0 < q < 1, ìîæåìî

çðîáèòè âèñíîâîê, ùî ïðè âñiõ t ≥ T > 0 âèêîíó¹òüñÿ îöiíêà |x0(t)| ≤M. À iç
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(3.7i), i = 1, 2, . . . , áåçïîñåðåäíüî âèïëèâà¹, ùî ðÿä (3.4) ðiâíîìiðíî çáiãà¹òüñÿ

ïðè âñiõ t ≥ T > 0 äî äåÿêî¨ íåïåðåðâíî¨ ôóíêöi¨ y (t), ÿêà çàäîâîëüíÿ¹ óìîâi

|y (t)| ≤
∞∑
i=0

|yi (t)| ≤M
∞∑
i=0

∆i ≤ M

1−∆
. (3.10)

Òåîðåìó 3.1 äîâåäåíî.

Ðîçãëÿíåìî òåïåð ñèñòåìó íåîäíîðiäíèõ ðiâíÿíü âèãëÿäó

y (qt) = Λy (t) + B̃y (t+ 1) + F (t) , (3.11)

äå ìàòðèöi Λ = diag (λ1, . . . , λn), B̃, ñòàëà q i âåêòîð-ôóíêöiÿ F (t) çàäîâîëü-

íÿþòü óìîâè:

1. λi > 1, i = 1, . . . , n, q 6= 0;

2. ∆ = b̃
λ∗−1 < 1, äå b̃ =

∣∣∣B̃∣∣∣ = max
i

∑
j

∣∣∣b̃ij∣∣∣, λ∗ = min {λi, i = 1, . . . , n};

3. âñi åëåìåíòè âåêòîð-ôóíêöi¨ F (t) ¹ íåïåðåðâíèìè îáìåæåíèìè ïðè âñiõ

t ∈ R ôóíêöiÿìè i sup
t
|F (t)| = M̃ < +∞.

Äëÿ ñèñòåìè (3.11) ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 3.2. Íåõàé âèêîíóþòüñÿ óìîâè 1-3. Òîäi ñèñòåìà ðiâíÿíü

(3.11) ìà¹ íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê ȳ(t) ó âèãëÿäi ðÿäó

ȳ(t) =
∞∑
i=0

ȳi(t), (3.12)

äå ȳi(t), i = 0, 1, . . . , - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ∈ R âåêòîð-ôóíêöi¨.

Äîâåäåííÿ. Ïiäñòàâëÿþ÷è (3.12) â (3.11), îòðèìó¹ìî:

∞∑
i=0

ȳi(qt) = Λ
∞∑
i=0

ȳi(t) + B̃
∞∑
i=0

ȳi(t+ 1) + F (t) . (3.13)

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî âåêòîð-ôóíêöi¨ ȳi(t), i = 0, 1, . . . ,

çàäîâîëüíÿþòü ñèñòåìè ðiâíÿíü:

ȳ0(qt) = Λȳ0(t) + F (t) , (3.140)

ȳi(qt) = Λȳi(t) + B̃ȳi−1(t+ 1), i = 1, 2, ..., (3.14i)
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òî ðÿä (3.12) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (3.11).

Ñèñòåìà ðiâíÿíü (3.140) ìà¹ ôîðìàëüíèé ðîçâ'ÿçîê ó âèãëÿäi ðÿäó:

ȳ0(t) = −
∞∑
j=0

Λ−(j+1)F
(
qjt
)
. (3.150)

Ðîçãëÿäàþ÷è ïîñëiäîâíî ñèñòåìè ðiâíÿíü (3.14i), i = 1, 2, . . . ìîæíà ïåðåêî-

íàòèñÿ, ùî âîíè òàêîæ ìàþòü ôîðìàëüíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ:

ȳi(t) = −
∞∑
j=0

Λ−(j+1)B̃ȳi−1(q
jt+ 1), i = 1, 2, . . . . (3.15i)

Ïîêàæåìî, ùî ðÿäè (3.15i), i = 0, 1, . . . , ðiâíîìiðíî çáiãàþòüñÿ äî äåÿêèõ

íåïåðåðâíèõ âåêòîð-ôóíêöié ȳi(t), i = 0, 1, . . . , äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè:

|ȳi(t)| ≤ M̃ ′∆i, i = 0, 1, . . . , (3.16)

äå M̃ ′ - äåÿêà äîäàòíà ñòàëà. Äiéñíî, îñêiëüêè

|ȳ0(t)| ≤
∞∑
j=0

∣∣∣Λ−(j+1)
∣∣∣ ∣∣F (qjt)∣∣ ≤ ∞∑

j=0

∣∣Λ−1
∣∣j+1 ∣∣F (qjt)∣∣ ≤ ∞∑

j=0

(
1

λ∗

)j+1

M̃ ≤

≤ M̃

λ∗

∞∑
j=0

(
1

λ∗

)j
≤ M̃

λ∗

1

1− 1
λ∗

≤ M̃

λ∗ − 1
= M̃ ′, (3.17)

òî íà ïiäñòàâi (3.151), îòðèìó¹ìî

|ȳ1(t)| ≤
∞∑
j=0

∣∣∣Λ−(j+1)
∣∣∣ ∣∣∣B̃∣∣∣ ∣∣ȳ0(q

jt+ 1)
∣∣ ≤ ∞∑

j=0

∣∣Λ−1
∣∣j+1

∣∣∣B̃∣∣∣ ∣∣ȳ0(q
jt+ 1)

∣∣ ≤
≤

∞∑
j=0

(
1

λ∗

)j+1

b̃M̃ ′ ≤ M̃ ′b̃

λ∗

1

1− 1
λ∗

=
M̃ ′b̃

λ∗ − 1
= M̃ ′∆. (3.18)

Îòæå, îöiíêà (3.18) ìà¹ ìiñöå ïðè i = 1. Ðîçìiðêîâóþ÷è çà iíäóêöi¹þ,

ïðèïóñòèìî, ùî îöiíêó (3.18) äîâåäåíî óæå äëÿ äåÿêîãî i ≥ 1, i ïîêàæåìî ¨¨

ñïðàâåäëèâiñòü äëÿ i+ 1. Äiéñíî, îñêiëüêè

ȳi+1(t) = −
∞∑
j=0

Λ−(j+1)B̃ȳi(q
jt+ 1), i = 1, 2, . . . , (3.19)
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òî

|ȳi+1(t)| ≤
∞∑
j=0

∣∣Λ−1
∣∣j+1

∣∣∣B̃∣∣∣ ∣∣ȳi(qjt+ 1)
∣∣ ≤ b̃M̃ ′

∞∑
j=0

(
1

λ∗

)j+1

∆i ≤

≤ M̃ ′b̃

λ∗

∆i

1− 1
λ∗

=
M̃ ′b̃∆i

λ∗ − 1
= M̃ ′∆i+1. (3.20)

Îòæå, ðÿäè (3.15i), i = 0, 1, . . . , ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ≥ T > 0 äî

äåÿêèõ íåïåðåðâíèõ ôóíêöié ȳi(t), i = 0, 1, . . . , äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè

(3.16). Çâiäñè âèïëèâà¹, ùî ðÿä (3.12) ðiâíîìiðíî çáiãà¹òüñÿ ïðè âñiõ t ∈ R äî

äåÿêî¨ íåïåðåðâíî¨ ôóíêöi¨ ȳ(t), ÿêà çàäîâîëüíÿ¹ óìîâi

|ȳ (t)| ≤
∞∑
i=0

|ȳi (t)| ≤ M̃ ′
∞∑
i=0

∆i ≤ M̃ ′

1−∆
. (3.21)

Òåîðåìó 3.2 äîâåäåíî.

Äîñëiäèìî òåïåð ðiâíÿííÿ (3.3) ó âèïàäêó, êîëè 0 < λi < 1, i = 1, . . . , n,

q > 1, t ≥ T > 0.

Òåîðåìà 3.3. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < λi < 1, i = 1, . . . , n, q > 1;

2. ∆ = b̃
1−λ∗ < 1, äå b̃ =

∣∣∣B̃∣∣∣ = max
i

∑
j

∣∣∣b̃ij∣∣∣, λ∗ = max {λi, i = 1, . . . , n}.
Òîäi ñèñòåìà ðiâíÿíü (3.3) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0

(T - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ y(t) = y
(
t, ω

(
ln t
ln q

))
,

ùî çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ 1-ïåðiîäè÷íî¨ âåêòîð-ôóíêöi¨ ω(τ).

Äîâåäåííÿ. Ïîêàæåìî, ùî ñèñòåìà ðiâíÿíü (3.3) ìà¹ íåïåðåðâíi ðîçâ'ÿç-

êè ó âèãëÿäi ðÿäó:

y(t) =
∞∑
i=0

yi(t), (3.22)

äå yi(t), i = 0, 1, ...- äåÿêi íåïåðåðâíi âåêòîð-ôóíêöi¨. Äiéñíî, ïiäñòàâëÿþ÷è

(3.22) â (3.3), îòðèìó¹ìî:

∞∑
i=0

yi(qt) = Λ
∞∑
i=0

yi(t) + B̃
∞∑
i=0

yi(t+ 1).

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî ôóíêöi¨ yi(t), i = 0, 1, ..., ¹ ðîçâ'ÿç-

êàìè ïîñëiäîâíîñòi ñèñòåì ðiâíÿíü:

y0(qt) = Λy0(t), (3.230)
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yi(qt) = Λyi(t) + B̃yi−1(t+ 1), i = 1, 2, ... (3.23i)

òî ðÿä (3.22) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (3.3).

Ñèñòåìà ðiâíÿíü (3.230) ìà¹ ìíîæèíó íåïåðåðâíèõ ïðè t ≥ T > 0 ðîçâ'ÿç-

êiâ âèãëÿäó:

y0(t) = tνω

(
ln t

ln q

)
, (3.240)

äå ω (τ) = (ω1 (τ) , ω2 (τ) , . . . , ωn (τ)), ωi (τ), i = 1, . . . , n - äîâiëüíi íåïåðåðâíi

1-ïåðiîäè÷íi ôóíêöi¨,

tν = diag
(
t

lnλ1
ln q , t

lnλ2
ln q , . . . , t

lnλn
ln q

)
.

Ðîçãëÿäàþ÷è ïîñëiäîâíî ñèñòåìè ðiâíÿíü (3.23i), i = 1, 2, . . . ìîæíà ïåðå-

êîíàòèñÿ, ùî âîíè ìàþòü ôîðìàëüíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ:

yi(t) =
∞∑
j=0

ΛjB̃yi−1(q
−(j+1)t+ 1), i = 1, 2, . . . . (3.24i)

Ïîêàæåìî, ùî ïðè âèêîíàííi óìîâ 1, 2 ðÿäè (3.24i), i = 1, 2, . . . , ðiâíîìiðíî

çáiãàþòüñÿ äî äåÿêèõ íåïåðåðâíèõ âåêòîð-ôóíêöié yi(t), i = 1, 2, . . . , äëÿ ÿêèõ

âèêîíóþòüñÿ îöiíêè

|yi(t)| ≤M∆i, i = 1, 2, . . . . (3.25)

Äiéñíî, îñêiëüêè |y0(t)|≤|tv| |ω (τ)|≤ t
lnλ∗
ln q |ω (τ)| ≤ t

lnλ∗
ln q M, äå M=max

τ
|ω(τ)|,

λ∗ = max {λi, i = 1, . . . , n}, òî â ñèëó (3.231), i lnλ∗

ln q < 0, îòðèìó¹ìî

|y1(t)| ≤
∞∑
j=0

|Λ|j
∣∣∣B̃∣∣∣ ∣∣∣y0(q

−(j+1)t+ 1)
∣∣∣ ≤ ∞∑

j=0

|Λ|j
∣∣∣B̃∣∣∣ ( 1

qj+1
t+ 1

) lnλ∗
ln q

M ≤

≤M
∞∑
j=0

(λ∗)j b̃ ≤ Mb̃

1− λ∗
≤M∆. (3.26)

Îòæå, îöiíêà (3.25) ìà¹ ìiñöå ïðè i = 1. Ðîçìiðêîâóþ÷è çà iíäóêöi¹þ, ïðè-

ïóñòèìî, ùî îöiíêó (3.25) äîâåäåíî óæå äëÿ äåÿêîãî i ≥ 1, i ïîêàæåìî ¨¨

ñïðàâåäëèâiñòü äëÿ i+ 1. Äiéñíî, îñêiëüêè

yi+1(t) =
∞∑
j=0

ΛjB̃yi(q
−(j+1)t+ 1), i = 1, 2, . . . ,
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òî

|yi+1(t)| ≤
∞∑
j=0

|Λ|j
∣∣∣B̃∣∣∣ ∣∣∣yi(q−(j+1)t+ 1)

∣∣∣ ≤Mb̃
∞∑
j=0

(λ∗)j ∆i ≤ Mb̃∆i

1− λ∗
= M∆i+1.

Îòæå, ðÿäè (3.24i), i = 1, 2, . . . , ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ≥ T > 0

äî äåÿêèõ íåïåðåðâíèõ ôóíêöié yi (t), i = 1, 2, . . . , äëÿ ÿêèõ âèêîíóþòüñÿ

îöiíêè (3.25). Iç (3.25) áåçïîñåðåäíüî âèïëèâà¹, ùî ðÿä (3.22) ðiâíîìiðíî çáiãà-

¹òüñÿ ïðè âñiõ t ≥ T > 0 äî äåÿêî¨ íåïåðåðâíî¨ ôóíêöi¨ y (t), ÿêà çàäîâîëüíÿ¹

óìîâi

|y (t)| ≤
∞∑
i=0

|yi (t)| ≤M
∞∑
i=0

∆i ≤ M

1−∆
.

Òåîðåìó 3.3 äîâåäåíî.

Ðîçãëÿíåìî òåïåð íåîäíîðiäíå ðiâíÿííÿ âèãëÿäó (3.11), äëÿ ÿêîãî âèêîíó-

þòüñÿ óìîâè 1-2 òåîðåìè 3.3 i âñi åëåìåíòè âåêòîð-ôóíêöi¨ F (t) ¹ íåïåðåðâ-

íèìè îáìåæåíèìè ïðè âñiõ t ∈ R ôóíêöiÿìè i sup
t
|F (t)| = M̃ < +∞.

Àíàëîãi÷íî òîìó, ÿê áóëà äîâåäåíà òåîðåìà 3.2, ìîæíà äîâåñòè, ùî ðiâíÿ-

ííÿ (3.13) ìà¹ íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê ȳ (t), ÿêèé ìîæíà

ïðåäñòàâèòè ó âèãëÿäi ðÿäó

ȳ(t) =
∞∑
i=0

ȳi(t),

â ÿêîìó ôóíêöi¨ ȳi(t), i = 0, 1, . . . , ¹ ðîçâ'ÿçêàìè ïîñëiäîâíîñòi ðiâíÿíü

ȳ0(qt) = Λȳ0(t) + F (t) ,

ȳi(qt) = Λȳi(t) + B̃ȳi−1(t+ 1), i = 1, 2, ...,

i âèçíà÷àþòüñÿ çà äîïîìîãîþ ñïiââiäíîøåíü

ȳ0(t) =
∞∑
j=0

ΛjF
(
q−(j+1)t

)
,

ȳi(t) =
∞∑
j=0

ΛjB̃ȳi−1(q
−(j+1)t+ 1), i = 1, 2, . . . .

Çàóâàæåííÿ 3.1. Âèêîíóþ÷è â (3.11) çàìiíó çìiííèõ

y (t) = z (t) + ȳ (t) , (3.27)
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îòðèìà¹ìî ñèñòåìó ðiâíÿíü (3.3) âiäíîñíî âåêòîð-ôóíêöi¨ z (t), äëÿ ÿêî¨

ñïðàâåäëèâà òåîðåìà 3.1.

Ó âèïàäêó, êîëè B̃ = ˜̃B (t) òàêîæ ìàþòü ìiñöå àíàëîãi÷íi ðåçóëüòàòè ïðî

iñíóâàííÿ íåïåðåðâíèõ ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü (3.11). Íàïðèêëàä, äëÿ ñè-

ñòåìè ðiâíÿíü

y (qt) = Λy (t) + ˜̃B (t) y (t+ 1) + F̃ (t) , (3.28)

äå ìàòðèöi Λ = diag (λ1, . . . , λn), q - ñòàëà,
˜̃B (t) : R → Rn2

, F̃ (t) : R → Rn,

ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 3.4. Íåõàé âèêîíóþòüñÿ óìîâè:

1. λi > 1, i = 1, . . . , n, q 6= 0;

2. ∆̃ = b̃∗

λ∗−1 < 1;

3. âñi åëåìåíòè âåêòîð-ôóíêöié F̃ (t) òà ˜̃B (t) ¹ íåïåðåðâíèìè é îáìå-

æåíèìè ôóíêöiÿìè ïðè âñiõ t ∈ R i òàêèìè, ùî

sup
t

∣∣∣F̃ (t)
∣∣∣ = M̃ ∗ < +∞, sup

t

∣∣∣ ˜̃B (t)
∣∣∣ = b̃∗ < +∞.

Òîäi ñèñòåìà ðiâíÿíü (3.28) ìà¹ íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿ-

çîê y(t) ó âèãëÿäi ðÿäó

y(t) =
∞∑
i=0

yi(t),

äå yi(t), i = 0, 1, . . . , - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ∈ R âåêòîð-ôóíêöi¨.
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3.2. Ïðî ïîáóäîâó ñiì¨ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0

ðîçâ'ÿçêiâ.

Ðîçãëÿíåìî òåïåð îäíîðiäíó ñèñòåìó ðiâíÿíü âèãëÿäó (3.3) ïðè λi < 0,

i = 1, . . . , n ó âèïàäêàõ, êîëè âèêîíóþòüñÿ óìîâè:

1) |λi| > 1, i = 1, . . . , n, 0 < q < 1;

2) |λi| < 1, i = 1, . . . , n, q > 1.

Ïîêàæåìî, ùî òàêà ñèñòåìà ðiâíÿíü ìà¹ ðîçâ'ÿçêè ó âèãëÿäi ðÿäó

y(t) =
∞∑
i=0

yi(t), (3.29)

äå yi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi âåêòîð-ôóíêöi¨. Äiéñíî, ïiäñòàâèâøè

(3.29) â (3.3), îòðèìà¹ìî
∞∑
i=0

yi(qt) = Λ
∞∑
i=0

yi(t) + B̃

∞∑
i=0

yi(t+ 1),

çâiäêè âèïëèâà¹, ùî ÿêùî âåêòîð-ôóíêöi¨ yi(t), i = 0, 1, ..., ¹ ðîçâ'ÿçêàìè

ïîñëiäîâíîñòi ñèñòåì ðiâíÿíü:

y0(qt) = Λy0(t), (3.300)

yi(qt) = Λyi(t) + B̃yi−1(t+ 1), i = 1, 2, ..., (3.30i)

òî ðÿä (3.29) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (3.3).

Ñèñòåìà ðiâíÿíü (3.300) ìà¹ ìíîæèíó íåïåðåðâíèõ ïðè t ≥ T > 0 ðîçâ'ÿç-

êiâ âèãëÿäó:

y0(t) = tνω

(
ln t

ln q

)
, (3.310)

äå ω (τ) = (ω1 (τ) , ω2 (τ) , . . . , ωn (τ)), ωi (τ), i = 1, . . . , n - äîâiëüíi íåïåðåðâíi

âåêòîð-ôóíêöi¨, ùî çàäîâîëüíÿþòü óìîâi ωi(τ + 1) = −ωi(τ) i

tν = diag
(
t

ln|λ1|
ln q , t

ln|λ2|
ln q , . . . , t

ln|λn|
ln q

)
.

Ðîçãëÿäàþ÷è ïîñëiäîâíî ñèñòåìè ðiâíÿíü (3.30i), i = 1, 2, . . . , ìîæíà ïå-

ðåêîíàòèñÿ, ùî âîíè ìàþòü ôîðìàëüíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ:

yi(t) = −
∞∑
j=0

Λ−(j+1)B̃yi−1(q
jt+ 1), i = 1, 2, . . . . (3.31i)
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Àíàëîãi÷íî òîìó, ÿê áóëî äîâåäåíî òåîðåìó 3.1, ìîæíà ïîêàçàòè, ùî ïðè

âèêîíàííi óìîâ: 1) i ∆ = b̃
λ∗−1 < 1, äå b̃ =

∣∣∣B̃∣∣∣ = max
i

∑
j

∣∣∣b̃ij∣∣∣,
λ∗=min {|λi| , i = 1, ..., n}, ðÿäè (3.31i), i = 1, 2, . . . , ðiâíîìiðíî çáiãàþòüñÿ äî

äåÿêèõ íåïåðåðâíèõ âåêòîð-ôóíêöié yi(t), i = 1, 2, . . . , äëÿ ÿêèõ âèêîíóþòüñÿ

îöiíêè:

|yi(t)| ≤M∆i, i = 1, 2, . . . . (3.32)

Îòæå, ðÿäè (3.31i), i = 1, 2, . . . , ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ≥ T > 0

äî äåÿêèõ íåïåðåðâíèõ ôóíêöié yi (t), i = 1, 2, . . . , äëÿ ÿêèõ âèêîíóþòüñÿ

îöiíêè (3.32). Iç (3.32) áåçïîñåðåäíüî âèïëèâà¹, ùî ðÿä (3.29) ðiâíîìiðíî çáiãà-

¹òüñÿ ïðè âñiõ t ≥ T > 0 äî äåÿêî¨ íåïåðåðâíî¨ ôóíêöi¨ y (t), ÿêà çàäîâîëüíÿ¹

óìîâi

|y (t)| ≤ M

1−∆
.

Òèì ñàìèì äîâåäåíî íàñòóïíó òåîðåìó.

Òåîðåìà 3.5. Íåõàé âèêîíóþòüñÿ óìîâè:

1. |λi| > 1, i = 1, . . . , n, λi < 0, 0 < q < 1;

2. ∆ = b̃
λ∗−1 < 1, äå b̃ =

∣∣∣B̃∣∣∣ = max
i

∑
j

∣∣∣b̃ij∣∣∣, λ∗ = min {|λi| , i = 1, . . . , n}.

Òîäi ñèñòåìà ðiâíÿíü (3.3) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0

(Ò - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ y(t) = y
(
t, ω

(
ln t
ln q

))
,

ùî çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ ω(τ), òàêî¨ ùî

ω(τ + 1) = −ω(τ).

Àíàëîãi÷íî òåîðåìi 3.3, ìîæíà äîâåñòè ïîäiáíèé ðåçóëüòàò äëÿ âèïàäêó

|λi| < 1, i = 1, . . . , n, λi < 0, q > 1.
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3.3. Íåïåðåðâíi îáìåæåíi ðîçâ'ÿçêè ñèñòåì ëiíiéíèõ ðiçíèöåâî-

ôóíêöiîíàëüíèõ ðiâíÿíü iç áàãàòüìà âiäõèëåííÿìèàðãóìåíòó.

Ðîçãëÿíåìî ñèñòåìó ëiíiéíèõ ðiâíÿíü âèãëÿäó

x (qt) = Ax (t) +
k∑
j=1

Bj (t)x (t+ ∆j (t)) + F (t) , (3.33)

äå t ∈ R, A, Bj (t), j = 1, . . . , k - äåÿêi äiéñíi (n× n)-ìàòðèöi, q - äåÿêà äiéñíà

ñòàëà, F (t) - äiéñíèé âåêòîð ðîçìiðíîñòi n, ∆j (t) : R → R, j = 1, . . . , k.

Äîñëiäèìî ïèòàííÿ iñíóâàííÿ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T ðîçâ'ÿçêiâ

òàêî¨ ñèñòåìè ó âèïàäêó, êîëè âèêîíóþòüñÿ óìîâè:

1) âñi åëåìåíòè ìàòðèöü Bj (t), j = 1, . . . , k i âåêòîðà F (t) ¹ îáìåæåíèìè

ïðè t ≥ T ôóíêöiÿìè;

2) ôóíêöi¨ ∆j (t), j = 1, . . . , k ¹ íåïåðåðâíèìè îáìåæåíèìè ïðè t ≥ T ,

∆j (t) ≥ 1, q 6= 0;

3) sup
t
|Bj (t)| = bj, j = 1, . . . , k, sup

t
|F (t)| = M ,

|A| = max
1≤i≤n

n∑
j=1

|aij| = a < 1;

4) ∆̃ =

k∑
l=1

bl

1−a < 1.

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 3.6. Íåõàé âèêîíóþòüñÿ óìîâè 1)-4). Òîäi ñèñòåìà ðiâíÿíü

(3.33) ìà¹ ¹äèíèé íåïåðåðâíèé îáìåæåíèé ïðè t ≥ T ðîçâ'ÿçîê x (t) ó âè-

ãëÿäi ðÿäó

x(t) =
∞∑
i=0

xi(t), (3.34)

äå xi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ≥ T âåêòîð-ôóíêöi¨.

Äîâåäåííÿ. Ïiäñòàâëÿþ÷è (3.34) â (3.33), îòðèìó¹ìî:

∞∑
i=0

xi(qt) = A
∞∑
i=0

xi(t) +
k∑
j=1

Bj (t)
∞∑
i=0

xi (t+ ∆j (t)) + F (t) .
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Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî âåêòîð-ôóíêöi¨ xi(t), i = 0, 1, ..., ¹

ðîçâ'ÿçêàìè ïîñëiäîâíîñòi ñèñòåì ðiâíÿíü:

x0(qt) = Ax0(t) + F (t) , (3.350)

xi(qt) = Axi(t) +
k∑
j=1

Bj (t)xi−1 (t+ ∆j (t)) , i = 1, 2, ..., (3.35i)

òî ðÿä (3.34) ¹ ôîðìàëüíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (3.33).

Áåçïîñåðåäíüîþ ïiäñòàíîâêîþ â (3.350) ìîæíà ïåðåêîíàòèñÿ, ùî ðÿä

x0(t) =
∞∑
j=0

AjF
(
q−(j+1)t

)
, (3.360)

¹ ôîðìàëüíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (3.360). Áiëüøå öüîãî, â ñèëó óìîâ

1)-4) ðÿä (3.360) ðiâíîìiðíî çáiãà¹òüñÿ ïðè âñiõ t ∈ R i çàäîâîëüíÿ¹ óìîâó

|x0(t)| ≤
∞∑
j=0

∣∣Aj
∣∣ ∣∣∣F (q−(j+1)t

)∣∣∣ ≤M
∞∑
j=0

aj ≤ M

1− a
= M ′.

Ðîçãëÿäàþ÷è ïîñëiäîâíî ñèñòåìè ðiâíÿíü (3.35i), i = 1, 2, . . . , ìîæíà ïå-

ðåêîíàòèñÿ, ùî ðÿäè:

xi(t) =
∞∑
j=0

Aj

(
k∑
l=1

Bl

(
q−(j+1)t

)
xi−1

(
q−(j+1)t+ ∆j

(
q−(j+1)t

)))
, (3.36i)

i = 1, 2, . . . .

ðiâíîìiðíî çáiãàþòüñÿ ïðè t ∈ R äî äåÿêèõ íåïåðåðâíèõ âåêòîð-ôóíêöié xi(t),

i = 1, 2, . . . , ÿêi ¹ ðîçâ'ÿçêàìè âiäïîâiäíèõ ñèñòåì (3.35i), i = 1, 2, . . . , i çàäî-

âîëüíÿþòü óìîâè

|xi(t)| ≤M ′∆̃i, i = 1, 2, . . . . (3.37i)

Äiéñíî, â ñèëó (3.361) i óìîâ 1)-4) îòðèìó¹ìî

|x1(t)| ≤
∞∑
j=0

|A|j
(

k∑
l=1

∣∣∣Bl

(
q−(j+1)t

)∣∣∣ ∣∣∣x0

(
q−(j+1)t+ ∆j

(
q−(j+1)t

))∣∣∣) ≤

≤M ′
∞∑
j=0

aj
k∑
l=1

bl ≤M ′

k∑
l=1

bl

1− a
= M ′∆̃



82

i, îòæå, îöiíêà (3.371) ìà¹ ìiñöå. Çà iíäóêöi¹þ, ïðèïóñòèìî, ùî îöiíêó (3.37i)

äîâåäåíî óæå äëÿ äåÿêîãî i ≥ 1, i ïîêàæåìî ¨¨ ñïðàâåäëèâiñòü äëÿ i + 1.

Ñïðàâäi, ïðèéìàþ÷è äî óâàãè (3.36i+1), (3.37i) i óìîâè òåðåìè, çíàõîäèìî

|xi+1(t)| ≤
∞∑
j=0

|A|j
(

k∑
l=1

∣∣∣Bl

(
q−(j+1)t

)∣∣∣ ∣∣∣xi−1

(
q−(j+1)t+ ∆j

(
q−(j+1)t

))∣∣∣) ≤

≤
∞∑
j=0

aj

(
k∑
l=1

bl

)
M ′∆̃i ≤M ′

k∑
l=1

bl

1− a
∆̃i = M ′∆̃i+1.

Îòæå, îöiíêè (3.37i), âèêîíóþòüñÿ äëÿ âñiõ i ≥ 1.

Òàêèì ÷èíîì, ðÿäè (3.36i), i = 0, 1, ..., ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ

t ≥ T > 0 äî äåÿêèõ íåïåðåðâíèõ âåêòîð-ôóíêöié xi(t), i = 0, 1, . . . , äëÿ

ÿêèõ âèêîíóþòüñÿ îöiíêè (3.37i), i = 0, 1, . . . . Òîäi áåçïîñåðåäíüî iç (3.37i),

i = 0, 1, ... âèïëèâà¹, ùî ðÿä (3.34) ðiâíîìiðíî çáiãà¹òüñÿ ïðè âñiõ t ∈ R
äî äåÿêî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ x(t), ÿêà ¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü

(3.33).

Ïðèïóñòèìî òåïåð, ùî ñèñòåìà (3.33) ìà¹ ùå îäèí ðîçâ'ÿçîê y(t) òàêèé,

ùî y (t) 6= x(t). Îñêiëüêè

y (qt) ≡ Ay (t) +
k∑
j=1

Bj (t) y (t+ ∆j (t)) + F (t) ,

òî ïðèéìàþ÷è äî óâàãè óìîâè òåîðåìè 3.6, îäåðæèìî

|x (qt)− y (qt)| ≤ |A| |x (t)− y (t)|+
k∑
j=1

|Bj (t)| |x (t+ ∆j (t))− y (t+ ∆j (t))| ≤

≤

(
a+

k∑
j=1

bj

)
‖x (t)− y (t)‖ ,

äå ‖x (t)− y (t)‖ = max
t
|x (t)− y (t)| . Çâiäñè âèïëèâà¹ ñïiââiäíîøåííÿ

‖x (t)− y (t)‖ ≤

(
a+

k∑
j=1

bj

)
‖x (t)− y (t)‖ ,
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ÿêå â ñèëó óìîâ òåîðåìè, ìîæå ìàòè ìiñöå ëèøå ó âèïàäêó, êîëè y (t) ≡ x (t).

Îòðèìàíå ïðîòèði÷÷ÿ çàâåðøó¹ äîâåäåííÿ.

Âèêîíóþ÷è â (3.33) âçà¹ìíî-îäíîçíà÷íó çàìiíó çìiííèõ

x(t) = y(t) + γ(t),

äå γ(t) - ïîáóäîâàíèé âèùå íåïåðåðâíèé îáìåæåíèé ïðè t ≥ T ðîçâ'ÿçîê

ñèñòåìè (3.33), äîñëiäæåííÿ ñèñòåìè ðiâíÿíü (3.33) ìîæíà çâåñòè äî äîñëi-

äæåííÿ ñèñòåìè ðiâíÿíü

y (qt) = Ay (t) +
k∑
j=1

Bj (t) y (t+ ∆j (t)) .

Ïðè âèêîíàííi óìîâ òåîðåìè 3.6 öÿ ñèñòåìà ðiâíÿíü ìà¹ ¹äèíèé íåïåðåðâíèé

ïðè t ∈ R ðîçâ'ÿçîê y ≡ 0. Òèì íå ìåíø, ïðè äåÿêèõ äîäàòêîâèõ óìîâàõ

âîíà ìà¹ íåñêií÷åííî áàãàòî íåïåðåðâíèõ ïðè t ≥ T > 0 ðîçâ'ÿçêiâ. Öå ìè

ïîêàæåìî (äëÿ ïðîñòîòè) ó âèïàäêó, êîëè ∆j (t) ≡ j, j = 1, . . . , k, à ìàòðèöÿ

À ìà¹ âèãëÿä A = Λ = diag (λ1, . . . , λn), äå 0 < λi < 1, i = 1, . . . , n.

Îòæå, ðîçãëÿíåìî ñèñòåìó ðiâíÿíü

y (qt) = Λy (t) +
k∑
j=1

Bj (t) y (t+ j) (3.38)

i äîâåäåìî, ùî äëÿ íå¨ ìà¹ ìiñöå òàêà òåîðåìà.

Òåîðåìà 3.7. Íåõàé âèêîíóþòüñÿ óìîâè òåîðåìè 3.6 i óìîâè:

1. 0 < λi < 1, i = 1, . . . , n, q > 1;

2. ∆̄ =

k∑
l=1

bj

1−λ∗ < 1,

äå bj = sup
t
|Bj (t)|, j = 1, . . . , k, λ∗ = max {λi, i = 1, . . . , n}.

Òîäi ñèñòåìà ðiâíÿíü (3.38) ìà¹ ñiì'þ íåïåðåðâíèõ ïðè t ≥ T > 0 (Ò -

äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ y(t) = y
(
t, ω

(
ln t
ln q

))
, ùî

çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ 1-ïåðiîäè÷íî¨ âåêòîð-ôóíêöi¨ ω(τ).

Äîâåäåííÿ. Ïîêàæåìî, ùî ñèñòåìà ðiâíÿíü (3.38) ìà¹ íåïåðåðâíi

ðîçâ'ÿçêè ó âèãëÿäi ðÿäó

y(t) =
∞∑
i=0

yi(t), (3.39)
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äå yi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi âåêòîð-ôóíêöi¨. Äiéñíî, ïiäñòàâëÿþ÷è

(3.39) â (3.38), îòðèìó¹ìî

∞∑
i=0

yi (qt) = Λ
∞∑
i=0

yi (t) +
k∑
j=1

Bj (t)
∞∑
i=0

yi (t+ j) .

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî ôóíêöi¨ yi(t), i = 0, 1, ..., ¹ ðîçâ'ÿç-

êàìè ïîñëiäîâíîñòi ñèñòåì ðiâíÿíü:

y0(qt) = Λy0(t), (3.400)

yi(qt) = Λyi(t) +
k∑
j=1

Bj (t) yi−1(t+ j), i = 1, 2, ..., (3.40i)

òî ðÿä (3.39) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (3.38).

Ñèñòåìà ðiâíÿíü (3.400) ìà¹ ìíîæèíó íåïåðåðâíèõ ïðè t ≥ T > 0 ðîçâ'ÿç-

êiâ âèãëÿäó

y0(t) = tνω

(
ln t

ln q

)
, (3.410)

äå ω (τ) = (ω1 (τ) , ω2 (τ) , . . . , ωn (τ)), ωi (τ), i = 1, . . . , n - äîâiëüíi íåïåðåðâíi

1-ïåðiîäè÷íi ôóíêöi¨,

tν = diag
(
t

lnλ1
ln q , t

lnλ2
ln q , . . . , t

lnλn
ln q

)
.

Ðîçãëÿäàþ÷è ïîñëiäîâíî ñèñòåìè ðiâíÿíü (3.40i), i = 1, 2, . . . ìîæíà ïåðåêî-

íàòèñÿ, ùî âîíè ìàþòü ôîðìàëüíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ

yi(t) =
∞∑
j=0

Λj
k∑
l=1

Bl

(
q−(j+1)t

)
yi−1(q

−(j+1)t+ l + 1), i = 1, 2, . . . . (3.41i)

Ïîêàæåìî, ùî ïðè âèêîíàííi óìîâ òåîðåìè ðÿäè (3.41i), i = 1, 2, . . . , ðiâ-

íîìiðíî çáiãàþòüñÿ äî äåÿêèõ íåïåðåðâíèõ âåêòîð-ôóíêöié yi(t), i = 1, 2, . . . ,

äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè:

|yi(t)| ≤ M̃∆̄i, i = 1, 2, . . . . (3.42)

Äiéñíî, îñêiëüêè

|y0(t)| ≤ |tv| |ω (τ)| ≤ t
lnλ∗
ln q M̃,
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äå M̃ = max
τ
|ω(τ)|, λ∗ = min {λi, i = 1, . . . , n}, òî â ñèëó (3.401), i

lnλ∗
ln q < 0,

îòðèìó¹ìî

|y1(t)| ≤
∞∑
j=0

|Λ|j
(

k∑
l=1

∣∣∣Bl

(
q−(j+1)t

)∣∣∣ ∣∣∣y0(q
−(j+1)t+ l + 1)

∣∣∣) ≤
≤ M̃

∞∑
j=0

|Λ|j
(

k∑
l=1

|bl|
(

t

qj+1
+ l + 1

) lnλ∗
ln q

)
≤

≤ M̃
∞∑
j=0

(λ∗)j
k∑
l=1

|bl| ≤ M̃

k∑
l=1

|bl|

1− λ∗
≤ M̃∆̄.

Îòæå, îöiíêà (3.42) ìà¹ ìiñöå ïðè i = 1. Ïðèïóñòèìî, ùî âîíà äîâåäåíà óæå

äëÿ äåÿêîãî i ≥ 1, i ïîêàæåì ¨¨ ñïðàâåäëèâiñòü äëÿ i + 1. Äiéñíî, â ñèëó

(3.41i+1), (3.42), i = 1, 2, . . . , ìà¹ìî

|yi+1(t)| ≤
∞∑
j=0

|Λ|j
(

k∑
l=1

∣∣∣Bl

(
q−(j+1)t

)∣∣∣ ∣∣∣yi(q−(j+1)t+ l + 1)
∣∣∣) ≤

≤
∞∑
j=0

|λ∗|j
(
M̃

k∑
l=1

|bl|

)
∆̄i ≤ M̃

k∑
l=1

|bl|

1− λ∗
∆̄i = M̃∆̄i+1.

Îòæå, îöiíêè (3.42) âèêîíóþòüñÿ äëÿ âñiõ i ≥ 1, i ðÿäè (3.41i), i = 1, 2, . . . , ðiâ-

íîìiðíî çáiãàþòüñÿ äî äåÿêèõ íåïåðåðâíèõ âåêòîð-ôóíêöié yi (t), i = 1, 2, . . . .

Öèì ñàìèì ìè äîâåëè, ùî ðÿä (3.39) ðiâíîìiðíî çáiãà¹òüñÿ ïðè âñiõ t ≥ T > 0

äî äåÿêî¨ íåïåðåðâíî¨ ôóíêöi¨ y (t), ÿêà ¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (3.38) i

çàäîâîëüíÿ¹ óìîâó

|y (t)| ≤
∞∑
i=0

|yi (t)| ≤ M̃
∞∑
i=0

∆̄i ≤ M̃

1− ∆̄
.

Òåîðåìó 3.7 äîâåäåíî.
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3.4. Äîñëiäæåííÿ ñòðóêòóðè ìíîæèíè íåïåðåðâíèõ ðîçâ'ÿçêiâ ñè-

ñòåì ëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü â êðèòè÷íî-

ìó âèïàäêó.

Ðîçãëÿíåìî ïèòàííÿ iñíóâàííÿ íåïåðåðâíèõ ðîçâ'ÿçêiâ òà äîñëiäèìî ñòðó-

êòóðó ¨õ ìíîæèíè äëÿ ñèñòåìè ëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü

âèãëÿäó

y (qt) = Λy (t) +By (t+ 1) , (3.43)

äå t ∈ R+ = [0,+∞), Λ òà B - äiéñíi (n× n)-ìàòðèöi, q - äåÿêà äiéñíà ñòàëà

ó âèïàäêó, êîëè ñåðåä âëàñíèõ ÷èñåë λi, i = 1, . . . , n ìàòðèöi Λ ¹ îäíàêîâi.

Íå îáìåæóþ÷è çàãàëüíîñòi ïðèïóñòèìî, ùî Λ = diag (Λ1, . . . ,Λm), m ≤ n,

Λi − (ki × ki)-ìàòðèöi âèãëÿäó

Λi =


λi ε 0 . . . 0

0 λi ε . . . 0

. . . . . . . . . . . . . . .

0 0 0 . . . λi

 , i = 1, 2, ...,m,
m∑
i=1

ki = n, (3.44)

ε- äîñòàòíüî ìàëà äîäàòíà ñòàëà. Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 3.8. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < λi < 1, i = 1, . . . ,m, q > 1;

2. ∆ = b
1−(λ∗+δ) < 1, äå λ∗ = max {λi, i = 1, . . . ,m}, δ = δ (ε) > 0 òàêå, ùî

δ → 0 ïðè ε→ 0, i λ∗ + δ < 1, b = |B| = max
1≤i≤n

n∑
j=1

|bij|.

Òîäi ñèñòåìà ðiâíÿíü (3.43) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t≥T >0

(Ò - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ y(t) = y
(
t, ω

(
ln t
ln q

))
,

ùî çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ 1-ïåðiîäè÷íî¨ âåêòîð-ôóíêöi¨

ω(τ) = (ω1(τ), . . . , ωn(τ)).

Äîâåäåííÿ. Ïîêàæåìî, ùî ñèñòåìà ðiâíÿíü (3.43) ìà¹ íåïåðåðâíi

ðîçâ'ÿçêè ó âèãëÿäi ðÿäó

y(t) =
∞∑
i=0

yi(t), (3.45)
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äå yi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi âåêòîð-ôóíêöi¨. Äiéñíî, ïiäñòàâëÿþ÷è

(3.45) â (3.43), îòðèìó¹ìî

∞∑
i=0

yi(qt) = Λ
∞∑
i=0

yi(t) +B
∞∑
i=0

yi(t+ 1).

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî âåêòîð-ôóíêöi¨ yi(t), i = 0, 1, ..., ¹

ðîçâ'ÿçêàìè ïîñëiäîâíîñòi ñèñòåì ðiâíÿíü:

y0(qt) = Λy0(t), (3.460)

yi(qt) = Λyi(t) +Byi−1(t+ 1), i = 1, 2, ..., (3.46i)

òî ðÿä (3.45) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (3.43).

Äîñëiäæåííÿ ñèñòåìè ðiâíÿíü (3.460) çâîäèòüñÿ äî äîñëiäæåííÿ m ïiäñè-

ñòåì ðiâíÿíü âèãëÿäó

yi0(qt) = Λiy
i
0(t), i = 1, . . . ,m ≤ n, (3.47i0)

äå yi0 =
(
yi1, . . . , y

i
ki

)
, i = 1, . . . ,m.

Âèêîðèñòîâóþ÷è ïðåäñòàâëåííÿ çàãàëüíîãî íåïåðåðâíîãî ðîçâ'ÿçêó ñèñòå-

ìè (3.460) i óìîâó 1, ìîæíà ïîêàçàòè, ùî iñíó¹ äîäàòíà ñòàëàM òàêà, ùî ïðè

âñiõ t ≥ T (T - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) âèêîíó¹òüñÿ îöiíêà

|y0(t)| ≤Mt
lnα
ln q , (3.480)

äå λ∗ < α < 1.

Îñêiëüêè ðÿäè

yi(t) =
∞∑
j=0

ΛjByi−1(q
−(j+1)t+ 1), i = 1, 2, . . . (3.49i)

¹ ôîðìàëüíèìè ðîçâ'ÿçêàìè âiäïîâiäíèõ ñèñòåì ðiâíÿíü (3.46i), i = 1, 2, . . . ,

òî ïðèéìàþ÷è äî óâàãè (3.480) òà óìîâè 1 i 2, ïîêàæåìî, ùî ðÿäè (3.49i),

i = 1, 2, . . . ðiâíîìiðíî çáiãàþòüñÿ äî äåÿêèõ íåïåðåðâíèõ âåêòîð-ôóíêöié

yi(t), i = 1, 2, . . . , äëÿ ÿêèõ ïðè âñiõ i ≥ 1, t ≥ T > 0 âèêîíóþòüñÿ îöiíêè:

|yi (t)| ≤M∆i, i = 1, 2, . . . . (3.48i)
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Äiéñíî, âðàõîâóþ÷è (3.480), â ñèëó (3.491) îòðèìó¹ìî

|y1(t)| ≤
∞∑
j=0

|Λ|j |B|
∣∣∣y0(q

−(j+1)t+ 1)
∣∣∣ ≤ ∞∑

j=0

(λ∗ + δ)j bM

(
1

qj+1
t+ 1

) lnα
ln q

≤

≤Mb
∞∑
j=0

(λ∗ + δ)j ≤ Mb

1− (λ∗ + δ)
= M∆.

Îòæå, îöiíêà (3.48i) ìà¹ ìiñöå ïðè i = 1. Ðîçìiðêîâóþ÷è çà iíäóêöi¹þ, ïðè-

ïóñòèìî, ùî îöiíêó (3.48i) äîâåäåíî âæå äëÿ äåÿêîãî i≥1, i ïîêàæåìî ¨¨ ñïðà-
âåäëèâiñòü äëÿ i+ 1. Äiéñíî, âiäïîâiäíî äî (3.49i+1) i (3.48i) ìà¹ìî

|yi+1(t)| ≤
∞∑
j=0

|Λ|j |B|
∣∣∣yi(q−(j+1)t+ 1)

∣∣∣ ≤ b
∞∑
j=0

(λ∗ + δ)jM∆i ≤

≤ Mb∆i

1− (λ∗ + δ)
= M∆i+1.

Îòæå, îöiíêà (3.48i) âèêîíó¹òüñÿ ïðè âñiõ i ≥ 1, t ≥ T > 0. Çâiäñè âè-

ïëèâà¹, ùî ðÿäè (3.49i), i = 1, 2, . . . , ðiâíîìiðíî çáiãàþòüñÿ ïðè t ≥ T > 0 äî

äåÿêèõ íåïåðåðâíèõ âåêòîð-ôóíêöié yi (t), i = 1, 2, . . . , äëÿ ÿêèõ ìàþòü ìiñöå

îöiíêè (3.48i). Iç (3.48i) áåçïîñåðåäíüî âèïëèâà¹, ùî ðÿä (3.45) ðiâíîìiðíî

çáiãà¹òüñÿ ïðè âñiõ t ≥ T > 0 äî äåÿêî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ y (t), ÿêà

¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (3.43) i çàäîâîëüíÿ¹ óìîâi

|y (t)| ≤ M

1−∆
.

Òåîðåìó 3.8 äîâåäåíî.

Ðîçãëÿíåìî òåïåð ñèñòåìó íåîäíîðiäíèõ ðiâíÿíü âèãëÿäó

y (qt) = Λy (t) +By (t+ 1) + F (t) , (3.49)

äå ìàòðèöi Λ, B çàäîâîëüíÿþòü óìîâè òåîðåìè 3.8, à F (t) : R → Rn. Ñïðà-

âåäëèâîþ ¹ íàñòóïíà òåîðåìà.

Òåîðåìà 3.9. Íåõàé âèêîíóþòüñÿ óìîâè 1, 2 òåîðåìè 3.8, i âñi åëå-

ìåíòè âåêòîð-ôóíêöi¨ F (t) ¹ íåïåðåðâíèìè îáìåæåíèìè ïðè âñiõ t ∈ R
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ôóíêöiÿìè i sup
t
|F (t)| = M̃ < +∞. Òîäi ñèñòåìà ðiâíÿíü (3.49) ìà¹ íåïå-

ðåðâíèé îáìåæåíèé ïðè t ∈R ðîçâ'ÿçîê ȳ(t) ó âèãëÿäi ðÿäó

ȳ(t) =
∞∑
i=0

ȳi(t), (3.50)

äå ȳi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ∈ R âåêòîð-ôóíêöi¨.

Äîâåäåííÿ. Ïiäñòàâëÿþ÷è (3.50) ó (3.49), îòðèìó¹ìî

∞∑
i=0

ȳi(qt) = Λ
∞∑
i=0

ȳi(t) +B
∞∑
i=0

ȳi(t+ 1) + F (t) .

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî âåêòîð-ôóíêöi¨ ȳi(t), i = 0, 1, ...,

çàäîâîëüíÿþòü ñèñòåìè ðiâíÿíü:

ȳ0(qt) = Λȳ0(t) + F (t) , (3.510)

ȳi(qt) = Λȳi(t) +Bȳi−1(t+ 1), i = 1, 2, ..., (3.51i)

òî ðÿä (3.50) ¹ ôîðìàëüíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (3.49).

Ñèñòåìà ðiâíÿíü (3.510) ìà¹ ôîðìàëüíèé ðîçâ'ÿçîê ó âèãëÿäi ðÿäó

ȳ0(t) =
∞∑
j=0

ΛjF
(
q−(j+1)t

)
. (3.520)

Ðîçãëÿäàþ÷è ïîñëiäîâíî ñèñòåìè ðiâíÿíü (3.51i), i = 1, 2, ... ìîæíà ïåðåêîíà-

òèñÿ, ùî âîíè òàêîæ ìàþòü ôîðìàëüíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ:

ȳi(t) =
∞∑
j=0

ΛjBȳi−1(q
−(j+1)t+ 1), i = 1, 2, . . . . (3.52i)

Ïîêàæåìî, ùî ðÿäè (3.52i), i = 1, 2, . . . , ðiâíîìiðíî çáiãàþòüñÿ äî äåÿêèõ

íåïåðåðâíèõ âåêòîð-ôóíêöié ȳi(t), i = 1, 2, . . . , äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè

|ȳi(t)| ≤M ′∆i, i = 1, 2, . . . , (3.53i)

äå M ′ - äåÿêà äîäàòíà ñòàëà. Äiéñíî, îñêiëüêè

|ȳ0(t)| ≤
∞∑
j=0

∣∣Λj
∣∣ ∣∣∣F (q−(j+1)t

)∣∣∣ ≤ ∞∑
j=0

(λ∗ + δ)j M̃ ≤ M̃

1− (λ∗ + δ)
= M ′,
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òî íà ïiäñòàâi (3.521), îòðèìó¹ìî

|ȳ1(t)| ≤
∞∑
j=0

∣∣Λj
∣∣ |B| ∣∣∣ȳ0(q

−(j+1)t+ 1)
∣∣∣ ≤ b

∞∑
j=0

(λ∗ + δ)jM ′ ≤

≤ M ′b

1− (λ∗ + δ)
= M ′∆.

Îòæå, îöiíêà (3.53i) ìà¹ ìiñöå ïðè i=1. Ðîçìiðêîâóþ÷è çà iíäóêöi¹þ, ïðè-

ïóñòèìî, ùî îöiíêó (3.53i) äîâåäåíî óæå äëÿ äåÿêîãî i≥1, i ïîêàæåìî ¨¨ ñïðà-
âåäëèâiñòü äëÿ i+ 1. Äiéñíî, îñêiëüêè

ȳi+1(t) =
∞∑
j=0

ΛjBȳi(q
−(j+1)t+ 1), i = 1, 2, . . . ,

òî

|ȳi+1(t)| ≤
∞∑
j=0

|Λ|j |B|
∣∣∣ȳi(q−(j+1)t+ 1)

∣∣∣ ≤ b

∞∑
j=0

(λ∗ + δ)jM ′∆i ≤

≤ M ′b∆i

1− (λ∗ + δ)
= M ′∆i+1.

Îòæå, ðÿäè (2.52i), i = 1, 2, ..., ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ∈ R äî

äåÿêèõ íåïåðåðâíèõ ôóíêöié ȳi(t), i = 1, 2, ..., äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè

(3.52i). Çâiäñè âèïëèâà¹, ùî ðÿä (3.50) ðiâíîìiðíî çáiãà¹òüñÿ ïðè âñiõ t ∈ R
äî äåÿêî¨ íåïåðåðâíî¨ ôóíêöi¨ ȳ(t), ÿêà çàäîâîëüíÿ¹ óìîâi

|ȳ (t)| ≤ M ′

1−∆
.

Òåîðåìó 3.9 äîâåäåíî.

Çàóâàæåííÿ 3.2. Âèêîíóþ÷è â (3.49) çàìiíó çìiííèõ

y(t) = z (t) + ȳ (t) ,

îòðèìà¹ìî ñèñòåìó ðiâíÿíü (3.43) âiäíîñíî âåêòîð-ôóíêöi¨ z (t) , äëÿ ÿêî¨

ñïðàâåäëèâà òåîðåìà 3.8.

Äîñëiäèìî òåïåð ðiâíÿííÿ (3.43) ó âèïàäêó, êîëè λi > 1, i = 1, . . . ,m,

0 < q < 1, t ≥ T > 0.



91

Òåîðåìà 3.10. Íåõàé âèêîíóþòüñÿ óìîâè:

1. λi > 1, i = 1, . . . ,m, 0 < q < 1;

2. ∆̃ = b

(λ−1
∗ +δ̃)

−1
−1

< 1, äå λ∗ = min {λi, i = 1, . . . ,m}, δ̃ = δ̃ (ε) > 0 òàêå,

ùî δ̃ → 0, ïðè ε→ 0, i λ−1
∗ + δ̃ < 1, b = |B| = max

1≤i≤n

n∑
j=1

|bij|.

Òîäi ñèñòåìà ðiâíÿíü (3.43) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t≥T >0

ðîçâ'ÿçêiâ y(t) = y
(
t, ω

(
ln t
ln q

))
, ùî çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ 1-

ïåðiîäè÷íî¨ âåêòîð-ôóíêöi¨ ω(τ) = (ω1(τ), . . . , ωn(τ)).

Äîâåäåííÿ. Ïîêàæåìî, ùî ñèñòåìà ðiâíÿíü (3.43) ìà¹ ðîçâ'ÿçêè ó âè-

ãëÿäi ðÿäó

y(t) =
∞∑
i=0

yi(t), (3.54)

äå yi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi âåêòîð-ôóíêöi¨. Äiéñíî, ïiäñòàâëÿþ÷è

(3.54) â (3.43), îòðèìó¹ìî

∞∑
i=0

yi(qt) = Λ
∞∑
i=0

yi(t) +B

∞∑
i=0

yi(t+ 1).

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî ôóíêöi¨ yi(t), i = 0, 1, ..., ¹ ðîçâ'ÿç-

êàìè ïîñëiäîâíîñòi ñèñòåì ðiâíÿíü:

y0(qt) = Λy0(t), (3.550)

yi(qt) = Λyi(t) +Byi−1(t+ 1), i = 1, 2, ..., (3.55i)

òî ðÿä (3.54) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (3.43).

Äîñëiäæåííÿ ñèñòåìè ðiâíÿíü (3.550) çâîäèòüñÿ äî äîñëiäæåííÿ m ïiäñè-

ñòåì ðiâíÿíü âèãëÿäó

yi0(qt) = Λiy
i
0(t), i = 1, . . . ,m ≤ n, (3.55i0)

äå yi0 =
(
yi1, . . . , y

i
ki

)
, i = 1, . . . ,m.

Âèêîðèñòîâóþ÷è çîáðàæåííÿ çàãàëüíîãî íåïåðåðâíîãî ðîçâ'ÿçêó ñèñòåìè

(3.550) i óìîâó 1, ìîæíà ïîêàçàòè, ùî iñíó¹ äîäàòíà ñòàëà M òàêà, ùî ïðè

âñiõ t ≥ T > 0 âèêîíó¹òüñÿ îöiíêà

|y0(t)| ≤Mt
lnα′
ln q , (3.560)
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äå 1 < α′ < λ∗.

Îñêiëüêè ðÿäè

yi(t) = −
∞∑
j=0

Λ−(j+1)Byi−1(q
jt+ 1), i = 1, 2, . . . (3.57i)

¹ ôîðìàëüíèìè ðîçâ'ÿçêàìè âiäïîâiäíèõ ñèñòåì ðiâíÿíü (3.55i), i = 1, 2, ...,

òî âçÿâøè äî óâàãè (3.560) é óìîâè 1 i 2, ïîêàæåìî, ùî ðÿäè (3.57i),

i = 1, 2, ..., ðiâíîìiðíî çáiãàþòüñÿ äî äåÿêèõ íåïåðåðâíèõ âåêòîð-ôóíêöié

yi(t), i = 1, 2, ..., äëÿ ÿêèõ ïðè âñiõ i ≥ 1, t ≥ T > 0 âèêîíóþòüñÿ îöiíêè

|yi (t)| ≤M∆̃i, i = 1, 2, . . . . (3.56i)

Ñïðàâäi, âðàõîâóþ÷è (3.560), (3.571) i lnα′

ln q < 0, ìà¹ìî

|y1(t)| ≤
∞∑
j=0

∣∣Λ−1
∣∣j+1 |B|

∣∣y0(q
jt+ 1)

∣∣ ≤ ∞∑
j=0

(
λ−1
∗ + δ̃

)j+1

b
M

(qjt+ 1)|
lnα′
ln q |
≤

≤Mb

∞∑
j=0

(
λ−1
∗ + δ̃

)j+1

≤Mb
λ−1
∗ + δ̃

1−
(
λ−1
∗ + δ̃

) =
Mb(

λ−1
∗ + δ̃

)−1

− 1
= M∆̃,

òîáòî îöiíêà (3.56i) ñïðàâåäëèâà ïðè i = 1. Çà iíäóêöi¹þ ïðèïóñòèìî, ùî îöií-

êó (3.56i) äîâåäåíî âæå äëÿ äåÿêîãî i≥1, i ïîêàæåìî, ùî âîíà íå çìiíèòüñÿ
ïðè ïåðåõîäi âiä i äî i+ 1. Âiäïîâiäíî äî (3.57i+1) i (3.56i) ìà¹ìî

|yi+1(t)| ≤
∞∑
j=0

∣∣Λ−1
∣∣j+1 |B|

∣∣yi(qjt+ 1)
∣∣ ≤ b

∞∑
j=0

(
λ−1
∗ + δ̃

)j+1

M∆̃i ≤

≤Mb
λ−1
∗ + δ̃

1−
(
λ−1
∗ + δ̃

)∆̃i =
Mb∆̃i(

λ−1
∗ + δ̃

)−1

− 1
= M∆̃i+1.

Îòæå, îöiíêà (3.56i) âèêîíó¹òüñÿ ïðè âñiõ i ≥ 1, t ≥ T > 0. Çâiäñè âèïëèâà¹,

ùî ðÿäè (3.57i), i = 1, 2, . . . , ðiâíîìiðíî çáiãàþòüñÿ ïðè t ≥ T > 0 äî äåÿêèõ

íåïåðåðâíèõ âåêòîð-ôóíêöié yi (t), i = 1, 2, ..., äëÿ ÿêèõ ìà¹ ìiñöå îöiíêà

(3.56i). Çãiäíî ç (3.56i) ðÿä (3.54) ðiâíîìiðíî çáiãà¹òüñÿ ïðè t ≥ T > 0 äî

äåÿêî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ y (t), ÿêà ¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü

(3.43) i çàäîâîëüíÿ¹ óìîâó

|y (t)| ≤ M

1− ∆̃
.
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Òåîðåìó 3.10 äîâåäåíî.

Ðîçãëÿíåìî òåïåð íåîäíîðiäíó ñèñòåìó ðiâíÿíü âèãëÿäó (3.49), äëÿ ÿêî¨

âèêîíóþòüñÿ óìîâè 1, 2 òåîðåìè 3.9, âñi åëåìåíòè âåêòîð-ôóíêöi¨ F (t) ¹ íå-

ïåðåðâíèìè îáìåæåíèìè ïðè âñiõ t ∈ R ôóíêöiÿìè i sup
t
|F (t)| = M̃ < +∞.

Àíàëîãi÷íî òîìó, ÿê áóëî äîâåäåíî òåîðåìó 3.10, ìîæíà ïîêàçàòè, ùî ñè-

ñòåìà ðiâíÿíü (3.49) ìà¹ íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê ȳ (t),

ÿêèé ìîæíà çàïèñàòè ó âèãëÿäi ðÿäó

ȳ(t) =
∞∑
i=0

ȳi(t),

â ÿêîìó ôóíêöi¨ ȳi(t), i = 0, 1, . . . , ¹ ðîçâ'ÿçêàìè ïîñëiäîâíîñòi ñèñòåì ðiâíÿíü

ȳ0(qt) = Λȳ0(t) + F (t) ,

ȳi(qt) = Λȳi(t) +Bȳi−1(t+ 1), i = 1, 2, ...,

i âèçíà÷àþòüñÿ çà äîïîìîãîþ ñïiââiäíîøåíü

ȳ0(t) = −
∞∑
j=0

Λ−(j+1)F
(
qjt
)
,

ȳi(t) = −
∞∑
j=0

Λ−(j+1)Bȳi−1(q
jt+ 1), i = 1, 2, ....
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3.5. Äîñëiäæåííÿ ñòðóêòóðè ìíîæèíè íåïåðåðâíèõ ðîçâ'ÿçêiâ ñè-

ñòåì ëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü â ãiïåðáîëi-

÷íîìó âèïàäêó.

Ðîçãëÿíåìî òåïåð îäíîðiäíó ñèñòåìó ðiâíÿíü âèãëÿäó (3.43) â ïðèïóùåííi,

ùî 0 < λi < 1 < λj, i = 1, . . . , p, j = p + 1, . . . ,m, 0 ≤ m ≤ n, q > 1.

Ïîçíà÷èìî

y (t) =
(
y1 (t) , y2 (t)

)
, y1 (t) = (y1 (t) , . . . , yp (t)) , y2 (t) = (yp+1 (t) , . . . , ym (t)) ;

B =

(
B11B12

B21B22

)
,

Λ = diag
(

Λ̃1, Λ̃2

)
, Λ̃1 = diag (Λ1, . . . ,Λp) , Λ̃2 = diag (Λp+1, . . . ,Λm) ,m ≤ n,

Λi − (ki × ki)-ìàòðèöi âèãëÿäó (3.44),

Λi =


λi ε 0 . . . 0

0 λi ε . . . 0

. . . . . . . . . . . . . . .

0 0 0 . . . λi

 , i = 1, 2, ...,m,
m∑
i=1

ki = n,

ε - äîñòàòíüî ìàëà äîäàòíà ñòàëà. Òîäi ñèñòåìà ðiâíÿíü (3.43) íàáåðå âèãëÿäó{
y1 (qt) = Λ̃1y

1 (t) +B11y
1 (t+ 1) +B12y

2 (t+ 1) ,

y2 (qt) = Λ̃2y
2 (t) +B21y

1 (t+ 1) +B22y
2 (t+ 1) .

(3.57)

Äëÿ ñèñòåìè (3.57) ñïðàâåäëèâîþ ¹ íàñòóïíà òåîðåìà.

Òåîðåìà 3.11. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < λi < 1 < λj, i = 1, . . . , p, j = p+ 1, . . . ,m, 0 ≤ m ≤ n, q > 1;

2. θ = max

{
b1

1−(λ∗+δ1) ;
b2(

λ∗
−1

+δ2

)−1

−1

}
< 1,

äå b1 = |B11|+ |B12| , b2 = |B21|+ |B22|,
λ∗ = max {λi, i = 1, . . . , p}, δ1 = δ1 (ε) > 0 òàêå, ùî δ1 → 0 ïðè ε → 0,

i λ∗ + δ1 < 1,

λ̄∗ = min {λi, i = p+ 1, . . . ,m}, δ2 = δ2 (ε) > 0 òàêå, ùî δ2 → 0 ïðè

ε→ 0, i λ∗
−1

+ δ2 < 1 .



95

Òîäi ñèñòåìà ðiâíÿíü (3.57) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t≥T >0

(T - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ, ùî çàëåæèòü âiä

m äîâiëüíèõ íåïåðåðâíèõ 1-ïåðiîäè÷íèõ ôóíêöié ωi (τ), i = 1, ...,m.

Äîâåäåííÿ. Ïîêàæåìî, ùî ñèñòåìà ðiâíÿíü (3.57) ìà¹ ðîçâ'ÿçêè ó âèãëÿ-

äi ðÿäiâ:

y1(t) =
∞∑
i=0

y1
i (t),

y2(t) =
∞∑
i=0

y2
i (t),

(3.58)

äå y1
i (t), y

2
i (t), i = 0, 1, ... - äåÿêi íåïåðåðâíi âåêòîð-ôóíêöi¨. Äiéñíî, ïiäñòàâ-

ëÿþ÷è (3.58) ó (3.57), îòðèìó¹ìî
∞∑
i=0

y1
i (qt) = Λ̃1

∞∑
i=0

y1
i (t) +B11

∞∑
i=0

y1
i (t+ 1) +B12

∞∑
i=0

y2
i (t+ 1),

∞∑
i=0

y2
i (qt) = Λ̃2

∞∑
i=0

y2
i (t) +B21

∞∑
i=0

y1
i (t+ 1) +B22

∞∑
i=0

y2
i (t+ 1).

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî âåêòîð-ôóíêöi¨ y1
i (t), y

2
i (t),

i = 0, 1, ..., ¹ ðîçâ'ÿçêàìè ïîñëiäîâíîñòi ñèñòåì ðiâíÿíü:

y1
0(qt) = Λ̃1y

1
0(t),

y2
0(qt) = Λ̃2y

2
0(t),

(3.590)

y1
i (qt) = Λ̃1y

1
i (t) +B11y

1
i−1(t+ 1) +B12y

2
i−1(t+ 1),

y2
i (qt) = Λ̃2y

2
i (t) +B21y

1
i−1(t+ 1) +B22y

2
i−1(t+ 1), i = 1, 2, ...,

(3.59i)

òî ðÿäè (3.58) áóäóòü ôîðìàëüíèìè ðîçâ'ÿçêàìè ñèñòåìè ðiâíÿíü (3.57).

Äîâiëüíèé íåïåðåðâíèé, îáìåæåíèé ïðè t ≥ T ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü

y1
0(qt) = Λ̃1y

1
0(t),

y2
0(t) = 0,

(3.59′0)

çàäîâîëüíÿ¹ ñèñòåìó ðiâíÿíü (3.590), äå y1
0 =

(
y1

1, . . . , y
1
ki

)
, i = 1, . . . , p. Âèêî-

ðèñòîâóþ÷è çîáðàæåííÿ çàãàëüíîãî íåïåðåðâíîãî ðîçâ'ÿçêó ñèñòåì (3.59′0) i

óìîâó 1, ìîæíà ïîêàçàòè, ùî iñíó¹ äîäàòíà ñòàëà M̃ òàêà, ùî ïðè âñiõ t ≥ T

äëÿ äîâiëüíîãî íåïåðåðâíîãî îáìåæåíîãî ðîçâ'ÿçêó (T - äåÿêà äîñòàòíüî âå-

ëèêà äîäàòíà ñòàëà) âèêîíóþòüñÿ ñïiââiäíîøåííÿ∣∣y1
0(t)
∣∣ ≤ M̃t

lnα
ln q ,∣∣y2

0(t)
∣∣ = 0,

(3.600)
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äå λ∗ < α < 1.

Îñêiëüêè ðÿäè

y1
i (t) =

∞∑
j=0

Λ̃j
1

(
B11y

1
i−1(q

−(j+1)t+ 1) +B12y
2
i−1(q

−(j+1)t+ 1)
)
,

y2
i (t) = −

∞∑
j=0

Λ̃
−(j+1)
2

(
B21y

1
i−1(q

jt+ 1) +B22y
2
i−1(q

jt+ 1)
)
,

(3.61i)

i = 1, 2, . . . . ¹ ôîðìàëüíèìè ðîçâ'ÿçêàìè âiäïîâiäíèõ ñèñòåì ðiâíÿíü (3.60i),

i = 1, 2, ..., òî, âçÿâøè äî óâàãè (3.600) òà óìîâè 1-2, ïîêàæåìî, ùî ðÿ-

äè (3.61i),i = 1, 2, ... ðiâíîìiðíî çáiãàþòüñÿ äî äåÿêèõ íåïåðåðâíèõ âåêòîð-

ôóíêöié y1
i (t), y

2
i (t), i = 1, 2, ..., äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè:∣∣y1

i (t)
∣∣ ≤ M̃θi,∣∣y2

i (t)
∣∣ ≤ M̃θi, i = 1, 2, . . . .

(3.62i)

Äiéñíî, âðàõîâóþ÷è (3.600), â ñèëó (3.611) îòðèìó¹ìî

∣∣y1
1(t)
∣∣ ≤ ∞∑

j=0

∣∣∣Λ̃1

∣∣∣j ∣∣∣B11y
1
0(q−(j+1)t+ 1) +B12y

2
0(q−(j+1)t+ 1)

∣∣∣ ≤
≤

∞∑
j=0

(λ∗ + δ1)
j
(
|B11|

∣∣∣y1
0(q−(j+1)t+ 1)

∣∣∣+ |B12|
∣∣∣y2

0(q−(j+1)t+ 1)
∣∣∣) ≤

≤
∞∑
j=0

(λ∗ + δ1)
j
(
|B11| M̃(q−(j+1)t+ 1)

lnα
ln q

)
≤ M̃

∞∑
j=0

(λ∗ + δ1)
j |B11| ≤

≤ M̃b1

∞∑
j=0

(λ∗ + δ1)
j ≤ M̃b1

1− (λ∗ + δ1)
≤ M̃θ,

∣∣y2
1(t)
∣∣ ≤ ∞∑

j=0

∣∣∣Λ̃−1
2

∣∣∣j+1 ∣∣B21y
1
0(qjt+ 1) +B22y

2
0(qjt+ 1)

∣∣ ≤
≤

∞∑
j=0

(
λ∗
−1

+ δ2

)j+1

|B21| M̃(qjt+ 1)
lnα
ln q ≤ M̃

∞∑
j=0

(
λ∗
−1

+ δ2

)j+1

|B21| ≤

≤ M̃b2

∞∑
j=0

(
λ∗
−1

+ δ2

)j+1

≤ M̃b2(
λ∗
−1

+ δ2

)−1

− 1
≤ M̃θ.
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Îòæå, îöiíêè (3.62i) ìàþòü ìiñöå ïðè i = 1. Çà iíäóêöi¹þ, ïðèïóñòèìî, ùî

îöiíêè (3.62i) äîâåäåíî óæå äëÿ äåÿêîãî i ≥ 1, i ïîêàæåìî ¨õ ñïðàâåäëèâiñòü

äëÿ i+ 1. Äiéñíî, âiäïîâiäíî äî (3.61i+1) i (3.62i) ìà¹ìî

∣∣y1
i+1(t)

∣∣ ≤ ∞∑
j=0

∣∣∣Λ̃1

∣∣∣j ∣∣∣B11y
1
i (q
−(j+1)t+ 1) +B12y

2
i (q
−(j+1)t+ 1)

∣∣∣ ≤
≤ M̃θi

∞∑
j=0

(λ∗ + δ1)
j (|B11|+ |B12|) ≤

≤ M̃θib1

∞∑
j=0

(λ∗ + δ1)
j ≤ M̃θi

b1

1− (λ∗ + δ1)
≤ M̃θi+1,

∣∣y2
i+1(t)

∣∣ ≤ ∞∑
j=0

∣∣∣Λ̃−1
2

∣∣∣j+1 ∣∣B21y
1
i (q

jt+ 1) +B22y
2
i (q

jt+ 1)
∣∣ ≤

≤ M̃θi
∞∑
j=0

(
λ∗
−1

+ δ2

)j+1

(|B21|+ |B22|) ≤

≤ M̃θi
b2

(
λ∗
−1

+ δ2

)
1−

(
λ∗
−1

+ δ2

) ≤ M̃θib2(
λ∗
−1

+ δ2

)−1

− 1
≤ M̃θi+1, i = 1, 2, . . . .

Îòæå, îöiíêè (3.62i) âèêîíó¹òüñÿ ïðè âñiõ i ≥ 1, t ≥ T > 0. Çâiäñè áåçïî-

ñåðåäíüî âèïëèâà¹, ùî ðÿäè (3.58) ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ≥ T > 0

äî äåÿêî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ y(t) =
(
y1(t), y2(t)

)
, ÿêà ¹ ðîçâ'ÿçêîì

ñèñòåìè ðiâíÿíü (3.57) i çàäîâîëüíÿ¹ óìîâó

|y (t)| ≤ M̃

1− θ
.

Òåîðåìó 3.11 äîâåäåíî.

Àíàëîãi÷íî òîìó, ÿê áóëî äîâåäåíî òåîðåìó 3.11, ìîæíà ïîêàçàòè, ùî ñè-

ñòåìà ðiâíÿíü (3.49) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0 ðîçâ'ÿç-

êiâ, ùî çàëåæèòü âiä m − p äîâiëüíèõ íåïåðåðâíèõ 1-ïåðiîäè÷íèõ ôóíêöié,

äëÿ âèïàäêó, êîëè âèêîíóþòüñÿ òàêi óìîâè:

3. 0 < λi < 1 < λj, i = 1, . . . , p, j = p+ 1, . . . ,m, 0 ≤ m ≤ n, 0 < q < 1;

4. θ = max

{
b1

1−(λ∗+δ1) ;
b2(

λ∗
−1

+δ2

)−1

−1

}
< 1,



98

äå b1 = |B11|+ |B12| , b2 = |B21|+ |B22|,
λ∗ = max {λi, i = 1, . . . , p}, δ1 = δ1 (ε) > 0 òàêå, ùî δ1 → 0

ïðè ε→ 0, i λ∗ + δ1 < 1,

λ̄∗ = min {λi, i = p+ 1, . . . ,m}, δ2 = δ2 (ε) > 0 òàêå, ùî δ2 → 0

ïðè ε→ 0, i λ∗
−1

+ δ2 < 1 .

Ðîçãëÿíåìî òåïåð ñèñòåìó íåîäíîðiäíèõ ðiâíÿíü âèãëÿäó{
y1 (qt) = Λ̃1y

1 (t) +B11y
1 (t+ 1) +B12y

2 (t+ 1) + F 1 (t) ,

y2 (qt) = Λ̃2y
2 (t) +B21y

1 (t+ 1) +B22y
2 (t+ 1) + F 2 (t) .

(3.63)

äå F (t) : R → Rn, F (t) =
(
F 1 (t) , F 2 (t)

)
, F 1 (t) = (F1 (t) , . . . , Fp (t)),

F 2 (t) = (Fp+1 (t) , . . . , Fm (t)).

Òåîðåìà 3.12. Íåõàé âèêîíóþòüñÿ óìîâè:

1. 0 < λi < 1 < λj, i = 1, . . . , p, j = p+ 1, . . . ,m, 0 ≤ m ≤ n, q > 0;

2. θ = max

{
b1

1−(λ∗+δ1) ;
b2(

λ∗
−1

+δ2

)−1

−1

}
< 1,

äå b1 = |B11|+ |B12| , b2 = |B21|+ |B22|,
λ∗ = max {λi, i = 1, . . . , p}, δ1 = δ1 (ε) > 0 òàêå, ùî δ1 → 0 ïðè ε→ 0 i

λ∗ + δ1 < 1,

λ̄∗ = min {λi, i = p+ 1, . . . ,m}, δ2 = δ2 (ε) > 0 òàêå, ùî δ2 → 0 ïðè

ε→ 0 i λ∗
−1

+ δ2 < 1;

3. âñi åëåìåíòè âåêòîð-ôóíêöi¨ F (t) ¹ íåïåðåðâíèìè îáìåæåíèìè ïðè

âñiõ t ∈ R ôóíêöiÿìè.

Òîäi ñèñòåìà ðiâíÿíü (3.63) ìà¹ íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿ-

çîê y(t) =
(
y1(t), y2(t)

)
.

Äîâåäåííÿ. Ïîêàæåìî, ùî ñèñòåìà ðiâíÿíü (3.63) ìà¹ ðîçâ'ÿçêè ó âèãëÿ-

äi ðÿäiâ:

y1(t) =
∞∑
i=0

y1
i (t),

y2(t) =
∞∑
i=0

y2
i (t),

(3.64)
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äå y1
i (t), y

2
i (t), i = 0, 1, ... - äåÿêi íåïåðåðâíi âåêòîð-ôóíêöi¨. Äiéñíî, ïiäñòàâ-

ëÿþ÷è (3.64) â (3.63), îòðèìó¹ìî

∞∑
i=0

y1
i (qt) = Λ̃1

∞∑
i=0

y1
i (t) +B11

∞∑
i=0

y1
i (t+ 1) +B12

∞∑
i=0

y2
i (t+ 1) + F 1 (t) ,

∞∑
i=0

y2
i (qt) = Λ̃2

∞∑
i=0

y2
i (t) +B21

∞∑
i=0

y1
i (t+ 1) +B22

∞∑
i=0

y2
i (t+ 1) + F 2 (t) .

Çâiäñè áåçïîñåðåäíüî âèïëèâà¹, ùî ÿêùî âåêòîð-ôóíêöi¨ y1
i (t), y

2
i (t),

i = 0, 1, ..., çàäîâîëüíÿþòü ñèñòåìè ðiâíÿíü:

y1
0(qt) = Λ̃1y

1
0(t) + F 1 (t) ,

y2
0(qt) = Λ̃2y

2
0(t) + F 2 (t) ,

(3.650)

y1
i (qt) = Λ̃1y

1
i (t) +B11y

1
i−1(t+ 1) +B12y

2
i−1(t+ 1), i = 1, 2, ...,

y2
i (qt) = Λ̃2y

2
i (t) +B21y

1
i−1(t+ 1) +B22y

2
i−1(t+ 1), i = 1, 2, ...,

(3.65i)

òî ðÿäè (3.64) áóäóòü ôîðìàëüíèìè ðîçâ'ÿçêàìè ñèñòåìè ðiâíÿíü (3.63).

Ïðèéìàþ÷è äî óâàãè óìîâè òåîðåìè, ìîæíà ïåðåêîíàòèñÿ, ùî ðÿäè

y1
0(t) =

∞∑
j=0

Λ̃j
1F

1
(
q−(j+1)t

)
,

y2
0(t) = −

∞∑
j=0

Λ̃
−(j+1)
2 F 2

(
qjt
)

ðiâíîìiðíî çáiãàþòüñÿ ïðè t ∈ R, çàäîâîëüíÿþòü ïîñëiäîâíiñòü ñèñòåì ðiâ-

íÿíü (3.650) i âèêîíóþòüñÿ îöiíêè:∣∣y1
0(t)
∣∣ ≤ M̃1

1−(λ∗+δ1) ≤M ′′,

∣∣y2
0 (t)

∣∣ ≤ M̃2(
λ∗
−1

+δ2

)−1

−1
≤M ′′,

(3.660)

äå M̃1 = sup
t

∣∣F 1 (t)
∣∣, M̃2 = sup

t

∣∣F 2 (t)
∣∣, M ′′ = max

{
M̃1

1−(λ∗+δ1) ,
M̃2(

λ∗
−1

+δ2

)−1

−1

}
.

Îñêiëüêè ðÿäè

y1
i (t) =

∞∑
j=0

Λ̃j
1

(
B11y

1
i−1(q

−(j+1)t+ 1) +B12y
2
i−1(q

−(j+1)t+ 1)
)
,

y2
i (t) = −

∞∑
j=0

Λ̃
−(j+1)
2

(
B21y

1
i−1(q

jt+ 1) +B22y
2
i−1(q

jt+ 1)
)
,

(3.67i)
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i = 1, 2, . . . ¹ ôîðìàëüíèìè ðîçâ'ÿçêàìè âiäïîâiäíèõ ñèñòåì ðiâíÿíü (3.66i),

i = 1, 2, ..., òî ïðèéìàþ÷è äî óâàãè (3.660) òà óìîâè 1-2, ïîêàæåìî, ùî ðÿ-

äè (3.67i), i = 1, 2, ... ðiâíîìiðíî çáiãàþòüñÿ äî äåÿêèõ íåïåðåðâíèõ âåêòîð-

ôóíêöié y1
i (t), y

2
i (t), i = 1, 2, ..., äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè:∣∣y1

i (t)
∣∣ ≤M ′′θi,∣∣y2

i (t)
∣∣ ≤M ′′θi, i = 1, 2, . . . .

(3.68i)

Äiéñíî, âðàõîâóþ÷è (3.660), â ñèëó (3.671) îòðèìó¹ìî

∣∣y1
1(t)
∣∣ ≤ ∞∑

j=0

∣∣∣Λ̃1

∣∣∣j ∣∣∣B11y
1
0(q−(j+1)t+ 1) +B12y

2
0(q−(j+1)t+ 1)

∣∣∣ ≤
≤

∞∑
j=0

(λ∗ + δ1)
j
(
|B11|

∣∣∣y1
0(q−(j+1)t+ 1)

∣∣∣+ |B12|
∣∣∣y2

0(q−(j+1)t+ 1)
∣∣∣) ≤

≤
∞∑
j=0

(λ∗ + δ1)
jM ′′ (|B11|+ |B12|) ≤M ′′b1

∞∑
j=0

(λ∗ + δ1)
j ≤

≤ M ′′b1

1− (λ∗ + δ1)
≤M ′′θ,

∣∣y2
1(t)
∣∣ ≤ ∞∑

j=0

∣∣∣Λ̃−1
2

∣∣∣j+1 ∣∣B21y
1
0(qjt+ 1) +B22y

2
0(qjt+ 1)

∣∣ ≤
≤

∞∑
j=0

(
λ∗
−1

+ δ2

)j+1

M ′′ (|B21|+ |B22|) ≤M ′′b2

∞∑
j=0

(
λ∗
−1

+ δ2

)j+1

≤

≤ M ′′b2(
λ∗
−1

+ δ2

)−1

− 1
= M ′′θ.

Îòæå, îöiíêè (3.68i) ìàþòü ìiñöå ïðè i = 1. Çà iíäóêöi¹þ, ïðèïóñòèìî, ùî

îöiíêè (3.68i) äîâåäåíî óæå äëÿ äåÿêîãî i ≥ 1, i ïîêàæåìî ¨õ ñïðàâåäëèâiñòü

äëÿ i+ 1. Äiéñíî, âiäïîâiäíî äî (3.67i+1) i (3.68i) ìà¹ìî

∣∣y1
i+1(t)

∣∣ ≤ ∞∑
j=0

∣∣∣Λ̃1

∣∣∣j ∣∣∣B11y
1
i (q
−(j+1)t+ 1) +B12y

2
i (q
−(j+1)t+ 1)

∣∣∣ ≤
≤M ′′θi

∞∑
j=0

(λ∗ + δ1)
j (|B11|+ |B12|) ≤
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≤M ′′θib1

∞∑
j=0

(λ∗ + δ1)
j ≤M ′′θi

b1

1− (λ∗ + δ1)
= M ′′θi+1, i = 1, 2, . . . ,

∣∣y2
i+1(t)

∣∣ ≤ ∞∑
j=1

∣∣∣Λ̃−1
2

∣∣∣j+1 ∣∣B21y
1
i (q

jt+ 1) +B22y
2
i (q

jt+ 1)
∣∣ ≤

≤M ′′θi
∞∑
j=0

(
λ∗
−1

+ δ2

)j+1

(|B21|+ |B22|) ≤M ′′θi
b2

(
λ∗
−1

+ δ2

)
1−

(
λ∗
−1

+ δ2

) ≤
≤M ′′θi

b2(
λ∗
−1

+ δ2

)−1

− 1
= M ′′θi+1, i = 1, 2, . . . .

Îòæå, îöiíêè (3.68i) âèêîíóþòüñÿ ïðè âñiõ i ≥ 1, t ≥ T > 0. Çâiäñè áåçïîñå-

ðåäíüî âèïëèâà¹, ùî ðÿäè (3.64) ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ≥ T > 0

äî äåÿêî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ y(t) =
(
y1(t), y2(t)

)
, ÿêà ¹ ðîçâ'ÿçêîì

ñèñòåìè ðiâíÿíü (3.63) i çàäîâîëüíÿ¹ óìîâi

|y (t)| ≤ M ′′

1− θ
.

Òåîðåìó 3.12 äîâåäåíî.
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ÂÈÑÍÎÂÊÈ ÄÎ ÒÐÅÒÜÎÃÎ ÐÎÇÄIËÓ

Â òðåòüîìó ðîçäiëi ðîçãëÿäàþòüñÿ ñèñòåìè ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâ-

íÿíü âèãëÿäó

x (qt) = A (t)x (t) +B (t)x (t+ 1) + F (t) (3.1)

äå t ∈ R+ = [0,+∞), A (t), B (t) - äiéñíi (n× n)-ìàòðèöi, F (t) - äiéñíèé âå-

êòîð ðîçìiðíîñòi n, q - äåÿêà äiéñíà ñòàëà. Äîñëiäæóþòüñÿ ïèòàííÿ iñíóâàííÿ

íåïåðåðâíèõ îáìåæåíèõ ðîçâ'ÿçêiâ òàêèõ ñèñòåì i âèâ÷àþòüñÿ ¨õ âëàñòèâîñòi.

Ñåðåä îñíîâíèõ ðåçóëüòàòiâ öüîãî ðîçäiëó âiäìiòèìî íàñòóïíi:

� ðîçðîáëåíî ìåòîä ïîáóäîâè ñiì'¨ íåïåðåðâíèõ îáìåæåíèõ ïðè t ≥ T > 0

ðîçâ'ÿçêiâ ñèñòåì ëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü;

� âñòàíîâëåíî óìîâè iñíóâàííÿ íåïåðåðâíèõ îáìåæåíèõ ïðè t ∈ R ðîçâ'ÿç-

êiâ ñèñòåì ëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü;

� äîñëiäæåíî ñòðóêòóðó ìíîæèíè íåïåðåðâíèõ ðîçâ'ÿçêiâ ñèñòåì ëiíiéíèõ

ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü ó êðèòè÷íîìó òà ó ãiïåðáîëi÷íîìó

âèïàäêàõ.
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ÐÎÇÄIË 4

ÍÅÏÅÐÅÐÂÍI ÐÎÇÂ'ßÇÊÈ ÑÈÑÒÅÌ ÍÅËIÍIÉÍÈÕ

ÔÓÍÊÖIÎÍÀËÜÍÈÕ ÐIÂÍßÍÜ ÒÀ �Õ ÂËÀÑÒÈÂÎÑÒI

Îá'¹êòîì äîñëiäæåííÿ äàíîãî ðîçäiëó ¹ ñèñòåìè íåëiíiéíèõ ôóíêöiîíàëü-

íèõ ðiâíÿíü âèãëÿäó

x (qt) = F (t, x (t) , x (t+ f1 (t, x (t))) , ..., x (t+ fk (t, x (t))) , ε) , (4.1)

äå t ∈ R, q = const 6= 0, 1, ε � 1. Ðîçãëÿäàþòüñÿ ïèòàííÿ iñíóâàííÿ òà ¹äè-

íîñòi íåïåðåðâíèõ ðîçâ'ÿçêiâ òàêèõ ðiâíÿíü òà äîñëiäæóþòüñÿ ¨õ âëàñòèâîñòi.

4.1. Óìîâè iñíóâàííÿ òà ¹äèíîñòi íåïåðåðâíîãî ïðè t ∈ R ðîçâ'ÿçêó

íåëiíiéíèõ ôóíêöiîíàëüíèõ ðiâíÿíü.

Ðîçãëÿíåìî ñèñòåìó íåëiíiéíèõ ôóíêöiîíàëüíèõ ðiâíÿíü âèãëÿäó

x (qt) = F (t, x (t) , x (t+ f1 (t, x (t))) , ..., x (t+ fk (t, x (t))) , ε) ,

äå t ∈ R, q = const 6= 0, 1, ε << 1 i ïðèïóñòèìî, ùî âèêîíóþòüñÿ òàêi óìîâè:

1. âåêòîð-ôóíêöiÿ F
(
t, x0, x1, ..., xk, ε

)
i ôóíêöi¨ fi (t, x), i = 1, 2, ..., k, ¹

íåïåðåðâíèìè ïðè âñiõ t ∈ R, xi ∈ Rn, i = 0, 1, ..., k, x ∈ Rn i ìà¹ ìiñöå

ñïiââiäíîøåííÿ

sup
t∈R
|F (t, 0, ..., 0, ε)| = M < +∞;

2. âåêòîð-ôóíêöiÿ F
(
t, x0, x1, ..., xk, ε

)
i ôóíêöi¨ fi (t, x), i = 1, 2, ..., k, çà-

äîâîëüíÿþòü óìîâè:∣∣F (t̄, x̄0, x̄1, ..., x̄k, ε
)
− F

(¯̄t, ¯̄x0, ¯̄x1, ..., ¯̄xk, ε
)∣∣ ≤

≤ L0

∣∣t̄− ¯̄t
∣∣+ L

k∑
i=0

∣∣x̄i − ¯̄xi
∣∣ , (4.2)∣∣fi (t̄, x̄)− fi

(¯̄t, ¯̄x
)∣∣ ≤ l′i

∣∣t̄− ¯̄t
∣∣+ l′′i |x̄− ¯̄x| , i = 1, 2, ..., k, (4.3)
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äå L0, L, l
′
i, l
′′
i , i = 1, 2, ..., k, - äåÿêi äîäàòíi ñòàëi,(

t̄, x̄0, x̄1, ..., x̄k, ε
)
,
(¯̄t, ¯̄x0, ¯̄x1, ..., ¯̄xk, ε

)
∈ R× Rkn;

3. ïðè äîñòàòíüî ìàëèõ L0, L, l
′
i, l
′′
i , i = 1, 2, ..., k, âèêîíóþòüñÿ ñïiââiäíî-

øåííÿ

L0

ql
+
L

q
(k + 1 + (l∗ + l∗l) k) ≤ 1, L (k + 1 + ll∗k) = θ < 1,

äå l∗ = max {l′i, l′′i }, l > 0.

Ïîêëàâøè â (1) ε = 0, îòðèìà¹ìî ñèñòåìó ðiâíÿíü

x (qt) = F (t, x (t) , x (t+ f1 (t, x (t))) , ..., x (t+ fk (t, x (t))) , 0) , (4.4)

äëÿ ÿêî¨ äîâåäåìî íàñòóïíó òåîðåìó.

Òåîðåìà 4.1. Íåõàé âèêîíóþòüñÿ óìîâè 1-3. Òîäi ñèñòåìà ðiâíÿíü (4.4)

ìà¹ ¹äèíèé íåïåðåðâíèé ðîçâ'ÿçîê, ùî çàäîâîëüíÿ¹ óìîâó∣∣x(t̄)− x(¯̄t)
∣∣ ≤ l

∣∣t̄− ¯̄t
∣∣ , (4.5)

äå t̄, ¯̄t ∈ R, l - äåÿêà äîäàòíà ñòàëà.
Äîâåäåííÿ. Ðîçãëÿíåìî ïîñëiäîâíiñòü ôóíêöié

x0(t) = 0, (4.60)

xm (t) = F (q−1t, xm−1

(
q−1t

)
, xm−1

(
q−1t+ f1

(
q−1t, xm−1

(
q−1t

)))
, ...

..., xm−1

(
q−1t+ fk

(
q−1t, xm−1

(
q−1t

)))
, 0
)
, m = 1, 2, .... (4.6m)

Çà äîïîìîãîþ ìåòîäó ìàòåìàòè÷íî¨ iíäóêöi¨ ìîæíà ïîêàçàòè, ùî ôóíêöi¨

xm (t), m = 0, 1, ... ¹ íåïåðåðâíèìè ïðè t ∈ R. Áiëüøå öüîãî, äîâåäåìî, ùî
ïðè t ∈ R i âñiõ m ≥ 0 âèêîíóþòüñÿ íåðiâíîñòi:

|xm (t)| ≤M ′, (4.7)∣∣xm(t̄)− xm(¯̄t)
∣∣ ≤ l

∣∣t̄− ¯̄t
∣∣ , (4.8)

äå M ′ > M òà l � äåÿêà äîäàòíà ñòàëà.
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Äiéñíî, îñêiëüêè x0(t) = 0, òî ìà¹ìî
∣∣x0(t̄)− x0(¯̄t)

∣∣ = 0. Â ñèëó (4.61)

îòðèìà¹ìî

|x1 (t)| =
∣∣F (q−1t, x0

(
q−1t

)
, x0

(
q−1t+ f1

(
q−1t, x0

(
q−1t

)))
, ...

..., x0

(
q−1t+ fk

(
q−1t, x0

(
q−1t

)))
, 0
)∣∣ ≤ ∣∣F (q−1t, 0, ..., 0, 0

)∣∣ ≤M < M ′,∣∣x1 (t̄)− x1

(¯̄t)∣∣ ≤ |F (q−1t̄, x0

(
q−1t̄

)
, x0

(
q−1t̄+ f1

(
q−1t̄, x0

(
q−1t̄

)))
, ...

..., x0

(
q−1t̄+ fk

(
q−1t̄, x0

(
q−1t̄

)))
, 0
)
−

− F
(
q−1¯̄t, x0

(
q−1¯̄t

)
, x0

(
q−1¯̄t+ f1

(
q−1¯̄t, x0

(
q−1¯̄t

)))
, ...

..., x0

(
q−1¯̄t+ fk

(
q−1¯̄t, x0

(
q−1¯̄t

)))
, 0
)∣∣ ≤

≤ |F
(
q−1t̄, 0, ..., 0, 0

)
− F

(
q−1¯̄t, 0, ..., 0, 0

)∣∣ ≤
≤ L0

∣∣q−1t̄− q−1¯̄t
∣∣ ≤ L0

q

∣∣t̄− ¯̄t
∣∣ ≤ lL0

ql

∣∣t̄− ¯̄t
∣∣ ≤ l

∣∣t̄− ¯̄t
∣∣ .

Ïðèïóñòèìî,ùî ôóíêöi¨ xn (t), n = 0, 1, ...,m−1, ÿêi âèçíà÷åíi ñïiââiäíîøåí-

íÿìè (4.6m), òàêîæ çàäîâîëüíÿþòü íåðiâíîñòi (4.7), (4.8). Òîäi â ñèëó (4.6m),

(4.7) òà óìîâ òåîðåìè îòðèìà¹ìî

|xm (t)| ≤
∣∣F (q−1t, xm−1

(
q−1t

)
, xm−1

(
q−1t+ f1

(
q−1t, xm−1

(
q−1t

)))
, ...

..., xm−1

(
q−1t+ fk

(
q−1t, xm−1

(
q−1t

)))
, 0
)
− F

(
q−1t, 0, ..., 0, 0

)∣∣+
+
∣∣F (q−1t, 0, ..., 0, 0

)∣∣ ≤
≤ L

(∣∣xm−1

(
q−1t

)∣∣+
∣∣xm−1

(
q−1t+ f1

(
q−1t, xm−1

(
q−1t

)))∣∣+ ...

...+
∣∣xm−1

(
q−1t+ fk

(
q−1t, xm−1

(
q−1t

)))∣∣)+M ≤
≤ LM ′ (k + 1) +M ≤M ′ (L (k + 1) + M

M ′

)
≤M ′,∣∣xm (t̄)− xm

(¯̄t)∣∣ ≤
≤ |F

(
q−1t̄, xm−1

(
q−1t̄

)
, xm−1

(
q−1t̄+ f1

(
q−1t̄, xm−1

(
q−1t̄

)))
, ...

..., xm−1

(
q−1t̄+ fk

(
q−1t̄, xm−1

(
q−1t̄

)))
, 0
)
−

− F
(
q−1¯̄t, xm−1

(
q−1¯̄t

)
, xm−1

(
q−1¯̄t+ f1

(
q−1¯̄t, xm−1

(
q−1¯̄t

)))
, ...

..., xm−1

(
q−1¯̄t+ fk

(
q−1¯̄t, xm−1

(
q−1¯̄t

)))
, 0
)∣∣ ≤

≤ L0

∣∣q−1t̄− q−1¯̄t
∣∣+ L

(∣∣xm−1

(
q−1t̄

)
− xm−1

(
q−1¯̄t

)∣∣ +

+
∣∣xm−1

(
q−1t̄+ f1

(
q−1t̄, xm−1

(
q−1t̄

)))
−

−xm−1

(
q−1¯̄t+ f1

(
q−1¯̄t, xm−1

(
q−1¯̄t

)))∣∣+ ...

...+
∣∣xm−1

(
q−1t̄+ fk

(
q−1t̄, xm−1

(
q−1t̄

)))
−

−xm−1

(
q−1¯̄t+ fk

(
q−1¯̄t, xm−1

(
q−1¯̄t

)))∣∣) ≤
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≤ L0

∣∣q−1t̄− q−1¯̄t
∣∣+ L

(
l
∣∣q−1t̄− q−1¯̄t

∣∣+
+l
∣∣q−1t̄+ f1

(
q−1t̄, xm−1

(
q−1t̄

))
− q−1¯̄t− f1

(
q−1¯̄t, xm−1

(
q−1¯̄t

))∣∣+ ...

...+ l
∣∣q−1t̄+ fk

(
q−1t̄, xm−1

(
q−1t̄

))
− q−1¯̄t− fk

(
q−1¯̄t, xm−1

(
q−1¯̄t

))∣∣) ≤
≤ L0

∣∣q−1t̄− q−1¯̄t
∣∣+ Ll

(∣∣q−1t̄− q−1¯̄t
∣∣+
∣∣q−1t̄− q−1¯̄t

∣∣+
+
∣∣f1

(
q−1t̄, xm−1

(
q−1t̄

))
− f1

(
q−1¯̄t, xm−1

(
q−1¯̄t

))∣∣+ ...

...+
∣∣q−1t̄− q−1¯̄t

∣∣+
∣∣fk (q−1t̄, xm−1

(
q−1t̄

))
− fk

(
q−1¯̄t, xm−1

(
q−1¯̄t

))∣∣) ≤
≤ L0

∣∣q−1t̄− q−1¯̄t
∣∣+ Ll

(∣∣q−1t̄− q−1¯̄t
∣∣ (k + 1) +

+
∣∣f1

(
q−1t̄, xm−1

(
q−1t̄

))
− f1

(
q−1¯̄t, xm−1

(
q−1¯̄t

))∣∣+ ...

...+
∣∣fk (q−1t̄, xm−1

(
q−1t̄

))
− fk

(
q−1¯̄t, xm−1

(
q−1¯̄t

))∣∣) ≤
≤ L0

∣∣q−1t̄− q−1¯̄t
∣∣+ Ll

(∣∣q−1t̄− q−1¯̄t
∣∣ (k + 1) +

+
∑k

i=1

∣∣fi (q−1t̄, xm−1

(
q−1t̄

))
− fi

(
q−1¯̄t, xm−1

(
q−1¯̄t

))∣∣) ≤
≤ L0

∣∣q−1t̄− q−1¯̄t
∣∣+ Ll

(∣∣q−1t̄− q−1¯̄t
∣∣ (k + 1) +

+
∑k

i=1

(
l′i
∣∣q−1t̄− q−1¯̄t

∣∣+ l′′i
∣∣xm−1

(
q−1t̄

)
− xm−1

(
q−1¯̄t

)∣∣)) ≤
≤ L0

q

∣∣t̄− ¯̄t
∣∣+ Ll

(∣∣t̄− ¯̄t
∣∣ (k+1)

q +
∑k

i=1

[
l′i
q

∣∣t̄− ¯̄t
∣∣+ l′′i

q l
∣∣t̄− ¯̄t

∣∣]) ≤
≤ L0

q

∣∣t̄− ¯̄t
∣∣+ L

q l
(∣∣t̄− ¯̄t

∣∣ (k + 1) +
∑k

i=1 [l′i + l′′i l]
∣∣t̄− ¯̄t

∣∣) ≤
≤
[
L0

q + L
q l
(
k + 1 +

∑k
i=1 [l′i + l′′i l]

)] ∣∣t̄− ¯̄t
∣∣ ≤

≤ l
q

[
L0

l + L
(
k + 1 +

∑k
i=1 [l′i + l′′i l]

)] ∣∣t̄− ¯̄t
∣∣ ≤

≤ l
q

[
L0

l + L (k + 1 + [l∗ + l∗l] k)
] ∣∣t̄− ¯̄t

∣∣ ≤ l
∣∣t̄− ¯̄t

∣∣ .
Îòæå, âñi ôóíêöi¨ xm (t), m = 0, 1, ..., ïðè t ∈ R çàäîâîëüíÿþòü íåðiâíîñòi

(4.7), (4.8).

Òåïåð ïîêàæåìî, ùî ïîñëiäîâíiñòü âåêòîð-ôóíêöié xm (t), m = 1, 2, ... ðiâ-

íîìiðíî çáiãà¹òüñÿ äî äåÿêî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ x (t). Äëÿ öüîãî äî-

ñòàòíüî, ùîá ïðè âñiõ t ∈ R i m = 0, 1, ... ìàëà ìiñöå îöiíêà

|xm(t)− xm−1(t)| ≤ M̃θm−1,m = 1, 2, ..., (4.9m)

äå M̃ - äåÿêà äîäàòíà ñòàëà
(
M̃ ≥M

)
.

Äiéñíî, îñêiëüêè x0(t) = 0, òî ìà¹ìî

|x1 (t)− x0 (t)| =
∣∣F (q−1t, x0

(
q−1t

)
, x0

(
q−1t+ f1

(
q−1t, x0

(
q−1t

)))
, ...

..., x0

(
q−1t+ fk

(
q−1t, x0

(
q−1t

)))
, 0
)∣∣ ≤∣∣F (q−1t, 0, ..., 0, 0

)∣∣ ≤M ≤ M̃.
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Îòæå, ïðèm = 1 íåðiâíiñòü(4.9m)âèêîíó¹òüñÿ. Ïðèïóñòèìî, ùî îöiíêó (4.9m)

äîâåäåíî óæå äëÿ äåÿêîãî m ≥ 1, i ïîêàæåìî ¨¨ ñïðàâåäëèâiñòü äëÿ m+ 1.

|xm+1 (t)− xm (t)| ≤
≤
∣∣F (q−1t, xm

(
q−1t

)
, xm

(
q−1t+ f1

(
q−1t, xm

(
q−1t

)))
, ...

..., xm
(
q−1t+ fk

(
q−1t, xm

(
q−1t

)))
, 0
)
−

− F
(
q−1t, xm−1

(
q−1t

)
, xm−1

(
q−1t+ f1

(
q−1t, xm−1

(
q−1t

)))
, ...

..., xm−1

(
q−1t+ fk

(
q−1t, xm−1

(
q−1t

)))
, 0
)∣∣ ≤

≤ L
[∣∣xm (q−1t

)
− xm−1

(
q−1t

)∣∣+
+
∣∣xm (q−1t+ f1

(
q−1t, xm

(
q−1t

)))
−xm−1

(
q−1t+ f1

(
q−1t, xm−1

(
q−1t

)))∣∣ + ...

...+
∣∣xm(q−1t+ fk

(
q−1t, xm

(
q−1t

)))
− xm−1

(
q−1t+ fk

(
q−1t, xm−1

(
q−1t

)))∣∣] ≤
≤ L

[∣∣xm (q−1t
)
− xm−1

(
q−1t

)∣∣+
+
∣∣xm (q−1t+ f1

(
q−1t, xm

(
q−1t

)))
− xm

(
q−1t+ f1

(
q−1t, xm−1

(
q−1t

)))
+

+xm
(
q−1t+ f1

(
q−1t, xm−1

(
q−1t

)))
−

−xm−1

(
q−1t+ f1

(
q−1t, xm−1

(
q−1t

)))∣∣+ ...

...+
∣∣xm (q−1t+ fk

(
q−1t, xm

(
q−1t

)))
− xm

(
q−1t+ fk

(
q−1t, xm−1

(
q−1t

)))
+

+xm
(
q−1t+ fk

(
q−1t, xm−1

(
q−1t

)))
−

− xm−1

(
q−1t+ fk

(
q−1t, xm−1

(
q−1t

)))∣∣] ≤
≤ L

[
M̃ θm−1 +

∣∣xm (q−1t+ f1

(
q−1t, xm

(
q−1t

)))
−

−xm
(
q−1t+ f1

(
q−1t, xm−1

(
q−1t

)))∣∣+
+
∣∣xm (q−1t+ f1

(
q−1t, xm−1

(
q−1t

)))
−

−xm−1

(
q−1t+ f1

(
q−1t, xm−1

(
q−1t

)))∣∣+ ...

...+
∣∣xm (q−1t+ fk

(
q−1t, xm

(
q−1t

)))
− xm

(
q−1t+ fk

(
q−1t, xm−1

(
q−1t

)))∣∣+
+
∣∣xm (q−1t+ fk

(
q−1t, xm−1

(
q−1t

)))
−

−xm−1

(
q−1t+ fk

(
q−1t, xm−1

(
q−1t

)))∣∣] ≤
≤ L

[
M̃θm−1 + l

∣∣f1

(
q−1t, xm

(
q−1t

))
− f1

(
q−1t, xm−1

(
q−1t

))∣∣ + M̃θm−1 + ...

...+ l
∣∣fk (q−1t, xm

(
q−1t

))
− fk

(
q−1t, xm−1

(
q−1t

))∣∣+ M̃θm−1
]
≤

≤ L
[
M̃θm−1 (k + 1) + l

∑k
i=1

∣∣fi (q−1t, xm
(
q−1t

))
− fi

(
q−1t, xm−1

(
q−1t

))∣∣] ≤
≤ L

[
M̃θm−1 (k + 1) + l

∑k
i=1 l

′′
i

∣∣xm (q−1t
)
− xm−1

(
q−1t

)∣∣] ≤
≤ L

[
M̃θm−1 (k + 1) + l

∑k
i=1

(
l′′i M̃θm−1

)]
≤

≤ L
[
k + 1 + l

∑k
i=1 l

′′
i

]
M̃θm−1 ≤ L [k + 1 + ll∗k] M̃θm−1 ≤ M̃θm.
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Òàêèì ÷èíîì, îöiíêà (4.9m) âèêîíó¹òüñÿ ïðè âñiõ m ≥ 1. Çâiäñè âèïëèâà¹,

ùî ïîñëiäîâíiñòü íåïåðåðâíèõ âåêòîð-ôóíêöié xm (t), m = 0, 1, ... ðiâíîìiðíî

çáiãà¹òüñÿ äî äåÿêî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ x̄ (t) = lim
m→∞

xm (t), ÿêà ¹

íåïåðåðâíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (4.4) òà çàäîâîëüíÿ¹ íåðiâíiñòü

|x̄ (t)| ≤M ′

(â öüîìó ìîæíà ïåðåêîíàòèñü, ÿêùî â (4.7) , (4.9m) ïåðåéòè äî ãðàíèöi ïðè

m→∞).

Äëÿ çàâåðøåííÿ äîâåäåííÿ òåîðåìè ïîêàæåìî, ùî ðîçâ'ÿçîê x̄(t) � ¹äè-

íèé. Äiéñíî, ïðèïóñòèìî, ùî iñíó¹ ùå îäèí íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R
ðîçâ'ÿçîê x̃(t) ñèñòåìè (4.4) òàêèé, ùî x̃ (t) 6= x̄(t). Òîäi,âèêîðèñòîâóþ÷è óìî-

âè òåîðåìè, ìà¹ìî

|x̃ (t)− x̄ (t)| ≤
≤ |F

(
q−1t, x̃

(
q−1t

)
, x̃
(
q−1t+ f1

(
q−1t, x̃

(
q−1t

)))
, ...

..., x̃
(
q−1t+ fk

(
q−1t, x̃

(
q−1t

)))
, 0
)
−

− F
(
q−1t, x̄

(
q−1t

)
, x̄
(
q−1t+ f1

(
q−1t, x̄

(
q−1t

)))
, ...

..., x̄
(
q−1t+ fk

(
q−1t, x̄

(
q−1t

)))
, 0
)∣∣ ≤

≤ L (
∣∣x̃ (q−1t

)
− x̄

(
q−1t

)∣∣+
+
∣∣x̃ (q−1t+ f1

(
q−1t, x̃

(
q−1t

)))
− x̄

(
q−1t+ f1

(
q−1t, x̄

(
q−1t

)))∣∣+ ...

...+
∣∣x̃ (q−1t+ fk

(
q−1t, x̃

(
q−1t

)))
− x̄

(
q−1t+ fk

(
q−1t, x̄

(
q−1t

)))∣∣ ) ≤
≤ L (‖x̃ (t)− x̄ (t)‖ +

+
∣∣x̃ (q−1t+ f1

(
q−1t, x̃

(
q−1t

)))
− x̃

(
q−1t+ f1

(
q−1t, x̄

(
q−1t

)))
+

+ x̃
(
q−1t+ f1

(
q−1t, x̄

(
q−1t

)))
− x̄

(
q−1t+ f1

(
q−1t, x̄

(
q−1t

)))∣∣+ ...

...+
∣∣x̃ (q−1t+ fk

(
q−1t, x̃

(
q−1t

)))
− x̃

(
q−1t+ fk

(
q−1t, x̄

(
q−1t

)))
+

+ x̃
(
q−1t+ fk

(
q−1t, x̄

(
q−1t

)))
− x̄

(
q−1t+ fk

(
q−1t, x̄

(
q−1t

)))∣∣) ≤
≤ L (‖x̃ (t)− x̄ (t)‖ +

+l
∣∣f1

(
q−1t, x̃

(
q−1t

))
− f1

(
q−1t, x̄

(
q−1t

))∣∣+ ‖x̃ (t)− x̄ (t)‖+ ...

...+ l
∣∣fk (q−1t, x̃

(
q−1t

))
− fk

(
q−1t, x̄

(
q−1t

))∣∣+ ‖x̃ (t)− x̄ (t)‖) ≤
≤ L (‖x̃ (t)− x̄ (t)‖ (k + 1) +

+ l
∑k

i=1

∣∣fi (q−1t, x̃
(
q−1t

))
− fi

(
q−1t, x̄

(
q−1t

))∣∣) ≤
≤ L

(
‖x̃ (t)− x̄ (t)‖ (k + 1) + l

∑k
i=1 l

′′
i

∣∣x̃ (q−1t
)
− x̄

(
q−1t

)∣∣) ≤
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≤ L
(
‖x̃ (t)− x̄ (t)‖ (k + 1) + l

∑k
i=1 l

′′
i ‖x̃ (t)− x̄ (t)‖

)
≤

≤ L
(
k + 1 + l

∑k
i=1 l

′′
i

)
‖x̃ (t)− x̄ (t)‖ ≤

≤ L (k + 1 + ll∗k) ‖x̃ (t)− x̄ (t)‖ ≤ θ ‖x̃ (t)− x̄ (t)‖ ,

äå ‖x̃(t)− x̄(t)‖ = sup
t
|x̃(t)− x̄(t)|. Çâiäñè áåçïîñåðåäíüî âèïëèâà¹ ñïiââiä-

íîøåííÿ ‖x̃(t)− x̄(t)‖ ≤ θ ‖x̃(t)− x̄(t)‖, ÿêå ìîæëèâå ëèøå ó âèïàäêó, êîëè

x̃ (t) = x̄(t), ùî ñóïåðå÷èòü ïðèïóùåííþ. Òàêèì ÷èíîì, ñèñòåìà ðiâíÿíü (4.4)

ìà¹ ¹äèíèé íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê x̄(t). Òåîðåìó 4.1

äîâåäåíî.

Çàóâàæèìî, ùî òåîðåìà 4.1 ìà¹ ìiñöå ëèøå ó âèïàäêó, êîëè âèêîíó¹òüñÿ

ñïiââiäíîøåííÿ

L (k + 1) +
M

M ′ ≤ 1,

ÿêå ìà¹ ìiñöå ïðè äîñòàòíüî ìàëèõ L òà M .

Âèêîíà¹ìî â ñèñòåìi ðiâíÿíü (4.1) âçà¹ìíî îäíîçíà÷íó çàìiíó çìiííèõ

x (t) = y (t)+γ(t), äå γ(t) - íåïåðåðâíèé ðîçâ'ÿçîê ñèñòåìè (4.4). Â ðåçóëüòàòi

îòðèìà¹ìî ñèñòåìó ðiâíÿíü âèãëÿäó

y (qt) = F̃
(
t, y (t) , y

(
t+ f̃1 (t, y (t))

)
, ..., y

(
t+ f̃k (t, y (t))

)
, ε
)
, (4.10)

äå
F̃
(
t, y (t) , y

(
t+ f̃1 (t, y (t))

)
, ..., y

(
t+ f̃k (t, y (t))

)
, ε
)

=

= F (t, y (t) + γ (t) , y (t+ f1 (t, y (t) + γ (t))) + γ (t+ f1 (t, y (t) + γ (t))) , ...

..., y (t+ fk (t, y (t) + γ (t))) + γ (t+ fk (t, y (t) + γ (t))) , ε)−
−F (t, γ (t) , γ (t+ f1 (t, γ (t))) , ..., γ (t+ fk (t, γ (t))) , 0) .

Î÷åâèäíî, ùî âåêòîð-ôóíêöiÿ

F̃
(
t, y (t) , y

(
t+ f̃1 (t, y (t))

)
, ..., y

(
t+ f̃k (t, y (t))

)
, ε
)

çàäîâîëüíÿ¹ óìîâè 1-2 òà âèêîíó¹òüñÿ óìîâà:

3`) ïðè äîñòàòíüî ìàëèõ L0, L, l
′
i, l
′′
i , i = 1, 2, ..., k, âèêîíóþòüñÿ ñïiââiäíî-

øåííÿ

L0

ql
+
L

q

(
k + 1 +

[
l∗ + l∗l̃

]
k
)
≤ 1, L

[
k + 1 + l̃l∗k

]
= θ < 1,
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äå l∗ = max {l′i, l′′i }, l̃ > 0.

Òåîðåìà 4.2. Íåõàé âèêîíóþòüñÿ óìîâè 1,2 òà 3`. Òîäi ñèñòåìà ðiâ-

íÿíü (4.10) ìà¹ ¹äèíèé íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê, ùî

çàäîâîëüíÿ¹ óìîâè: ∣∣y(t̄, ε)− y(¯̄t, ε)
∣∣ ≤ l̃

∣∣t̄− ¯̄t
∣∣ ,

lim
ε→0

y(t, ε) = 0,

äå t, t̄, ¯̄t ∈ R, l̃ = l̃ (ε) - äîäàòíà ñòàëà, ùî çàëåæèòü âiä ε, ε << 1.

Äîâåäåííÿ: Ðîçãëÿíåìî ïîñëiäîâíiñòü ôóíêöié:

y0(t, ε) = 0, (4.110)

ym (t, ε) = F̃
(
q−1t, ym−1

(
q−1t, ε

)
, ym−1

(
q−1t+ f̃1

(
q−1t, ym−1

(
q−1t, ε

))
, ε
)
, ...

..., ym−1

(
q−1t+ f̃k

(
q−1t, ym−1

(
q−1t, ε

))
, ε
)
, ε
)
, (4.11m)

m = 1, 2, .... Àíàëîãi÷íî äî äîâåäåííÿ òåîðåìè 4.1 ìîæíà ïîêàçàòè, ùî ïðè

t ∈ R i âñiõ m ≥ 0 ôóíêöi¨ ym (t, ε), m = 0, 1, ... ¹ íåïåðåðâíèìè ïðè t ∈ R i

âèêîíóþòüñÿ íåðiâíîñòi:

|ym (t, ε)| ≤M ′′, (4.12)∣∣ym(t̄, ε)− ym(¯̄t, ε)
∣∣ ≤ l̃

∣∣t̄− ¯̄t
∣∣ , (4.13)

äå M ′′ = M ′′ (ε) > M òà l̃ - äåÿêi äîäàòíi ñòàëi.

Äiéñíî, îñêiëüêè y0(t, ε) = 0, òî ïðè m = 0 íåðiâíîñòi (4.12) òà (4.13)

âèêîíóþòüñÿ.

Ïðèïóñòèìî, ùî ôóíêöi¨ yn (t, ε), n = 0, 1, ...,m − 1, ÿêi âèçíà÷åíi ñïiâ-

âiäíîøåííÿìè (4.11m), òàêîæ çàäîâîëüíÿþòü íåðiâíîñòi (4.12), (4.13). Òîäi â

ñèëó (4.11m), (4.12), (4.13) òà óìîâ òåîðåìè îòðèìà¹ìî

|ym (t, ε)| ≤
≤
∣∣∣F̃ (q−1t, ym−1

(
q−1t, ε

)
, ym−1

(
q−1t+ f̃1

(
q−1t, ym−1

(
q−1t, ε

))
, ε
)
, ...

..., ym−1

(
q−1t+ f̃k

(
q−1t, ym−1

(
q−1t, ε

))
, ε
)
, ε
)∣∣∣ ≤

≤ L
(∣∣ym−1

(
q−1t, ε

)∣∣+
∣∣∣ym−1

(
q−1t+ f̃1

(
q−1t, ym−1

(
q−1t, ε

))
, ε
)∣∣∣+ ...

...+
∣∣∣ym−1

(
q−1t+ f̃k

(
q−1t, ym−1

(
q−1t, ε

))
, ε
)∣∣∣)+M ≤

≤ LM ′′ (k + 1) +M ≤M ′′ (L (k + 1) + M
M ′′

)
≤M ′′,
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∣∣ym (t̄, ε)− ym
(¯̄t, ε)∣∣ ≤

≤
∣∣∣F̃ (q−1t̄, ym−1

(
q−1t̄, ε

)
, ym−1

(
q−1t̄+ f̃1

(
q−1t̄, ym−1

(
q−1t̄, ε

))
, ε
)
, ...

..., ym−1

(
q−1t̄+ f̃k

(
q−1t̄, ym−1

(
q−1t̄, ε

))
, ε
)
, ε
)
−

− F̃
(
q−1¯̄t, ym−1

(
q−1¯̄t, ε

)
, ym−1

(
q−1¯̄t+ f̃1

(
q−1¯̄t, ym−1

(
q−1¯̄t, ε

))
, ε
)
, ...

..., ym−1

(
q−1¯̄t+ f̃k

(
q−1¯̄t, ym−1

(
q−1¯̄t, ε

))
, ε
)
, ε
)∣∣∣ ≤

≤ L0

∣∣q−1t̄− q−1¯̄t
∣∣+ L

(∣∣ym−1

(
q−1t̄, ε

)
− ym−1

(
q−1¯̄t, ε

)∣∣ +

+
∣∣∣ym−1

(
q−1t̄+ f̃1

(
q−1t̄, ym−1

(
q−1t̄, ε

))
, ε
)
−

−ym−1

(
q−1¯̄t+ f̃1

(
q−1¯̄t, ym−1

(
q−1¯̄t, ε

))
, ε
)∣∣∣+ ...

...+
∣∣∣ym−1

(
q−1t̄+ f̃k

(
q−1t̄, ym−1

(
q−1t̄, ε

))
, ε
)
−

−ym−1

(
q−1¯̄t+ f̃k

(
q−1¯̄t, ym−1

(
q−1¯̄t, ε

))
, ε
)∣∣∣) ≤

≤ L0

∣∣q−1t̄− q−1¯̄t
∣∣+ L

(
l̃
∣∣q−1t̄− q−1¯̄t

∣∣+
+l̃
∣∣∣q−1t̄+ f̃1

(
q−1t̄, ym−1

(
q−1t̄, ε

))
− q−1¯̄t− f̃1

(
q−1¯̄t, ym−1

(
q−1¯̄t, ε

))∣∣∣+ ...

...+ l̃
∣∣∣q−1t̄+ f̃k

(
q−1t̄, ym−1

(
q−1t̄, ε

))
− q−1¯̄t− f̃k

(
q−1¯̄t, ym−1

(
q−1¯̄t, ε

))∣∣∣) ≤
≤ L0

∣∣q−1t̄− q−1¯̄t
∣∣+ Ll̃

(∣∣q−1t̄− q−1¯̄t
∣∣+

+
∣∣q−1t̄− q−1¯̄t

∣∣+
∣∣∣f̃1

(
q−1t̄, ym−1

(
q−1t̄, ε

))
− f̃1

(
q−1¯̄t, ym−1

(
q−1¯̄t, ε

))∣∣∣+ ...

...+
∣∣q−1t̄− q−1¯̄t

∣∣+
∣∣∣f̃k (q−1t̄, ym−1

(
q−1t̄, ε

))
− f̃k

(
q−1¯̄t, ym−1

(
q−1¯̄t, ε

))∣∣∣) ≤
≤ L0

∣∣q−1t̄− q−1¯̄t
∣∣+ Ll̃

(∣∣q−1t̄− q−1¯̄t
∣∣ (k + 1) +

+
∑k

i=1

∣∣∣f̃i (q−1t̄, ym−1

(
q−1t̄, ε

))
− f̃i

(
q−1¯̄t, ym−1

(
q−1¯̄t, ε

))∣∣∣) ≤
≤ L0

∣∣q−1t̄− q−1¯̄t
∣∣+ Ll̃

(∣∣q−1t̄− q−1¯̄t
∣∣ (k + 1) +

+
∑k

i=1

(
l′i
∣∣q−1t̄− q−1¯̄t

∣∣+ l′′i
∣∣ym−1

(
q−1t̄, ε

)
− ym−1

(
q−1¯̄t, ε

)∣∣)) ≤
≤ L0

∣∣q−1t̄− q−1¯̄t
∣∣+ Ll̃

(∣∣q−1t̄− q−1¯̄t
∣∣ (k + 1) +

+
∑k

i=1

(
l′i
∣∣q−1t̄− q−1¯̄t

∣∣+ l′′i l
∣∣q−1t̄− q−1¯̄t

∣∣)) ≤
≤ L0

q

∣∣t̄− ¯̄t
∣∣+ L

q l̃
(
k + 1 +

∑k
i=1

(
l′i + l′′i l̃

)) ∣∣t̄− ¯̄t
∣∣ ≤

≤ l̃
[
L0

ql̃
+ L

q

(
k + 1 +

∑k
i=1

(
l′i + l′′i l̃

))] ∣∣t̄− ¯̄t
∣∣ ≤

≤ l̃
[
L0

ql̃
+ L

q

(
k + 1 +

(
l∗ + l∗l̃

)
k
)] ∣∣t̄− ¯̄t

∣∣ ≤ l̃
∣∣t̄− ¯̄t

∣∣ .
Îòæå, âñi ôóíêöi¨ ym (t, ε), m = 0, 1, ..., ïðè t ∈ R çàäîâîëüíÿþòü íåðiâíîñòi

(4.12) òà (4.13).
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Ïîêàæåìî, ùî ñèñòåìà ôóíêöiîíàëüíèõ ðiâíÿíü (4.10) ìà¹ íåïåðåðâíèé

îáìåæåíèé ïðè t ∈ R ðîçâ'ÿçîê ȳ(t, ε), ÿêèé çàäîâîëüíÿ¹ óìîâó

lim
ε→0
|ȳ(t, ε)| = 0.

Äëÿ öüîãî äîâåäåìî, ùî ïðè âñiõ m ≥ 0 ìà¹ ìiñöå ñïiââiäíîøåííÿ

lim
ε→0
|ym(t, ε)| = 0. (4.13m)

Ðîçãëÿäàþ÷è ïîñëiäîâíî (4.11m), m = 0, 1, ..., çíàõîäèìî

lim
ε→0
|y0(t, ε)| = 0,

lim
ε→0

[y1 (t, ε)] =

= lim
ε→0

F̃
(
q−1t, y0

(
q−1t, ε

)
, y0

(
q−1t+ f̃1

(
q−1t, y0

(
q−1t, ε

))
, ε
)
, ...

..., y0

(
q−1t+ f̃k

(
q−1t, y0

(
q−1t, ε

))
, ε
)
, ε
)

=

= lim
ε→0

[F
(
q−1t, y0

(
q−1t, ε

)
+ γ

(
q−1t

)
, y0

(
q−1t+ f1

(
q−1t, y0

(
q−1t, ε

)
+

+γ
(
q−1t

))
, ε
)

+ γ
(
q−1t+ f1

(
q−1t, y0

(
q−1t, ε

)
+ γ

(
q−1t

)))
, ...

..., y0

(
q−1t+ fk

(
q−1t, y0

(
q−1t, ε

)
+ γ

(
q−1t

))
, ε
)

+

+γ
(
q−1t+ fk

(
q−1t, y0

(
q−1t, ε

)
+ γ

(
q−1t

)))
, ε
)
−

−F
(
q−1t, γ

(
q−1t

)
, γ
(
q−1t+ f1

(
q−1t, γ

(
q−1t

)))
, ...

..., γ
(
q−1t+ fk

(
q−1t, γ

(
q−1t

)))
, 0
)]

=

= F
(
q−1t, γ

(
q−1t

)
, γ
(
q−1t+ f1

(
q−1t, γ

(
q−1t

)))
, ...

... , γ
(
q−1t+ fk

(
q−1t, γ

(
q−1t

)))
, 0
)
−

−F
(
q−1t, γ

(
q−1t

)
, γ
(
q−1t+ f1

(
q−1t, γ

(
q−1t

)))
, . ...

... , γ
(
q−1t+ fk

(
q−1t, γ

(
q−1t

)))
, 0
)

= 0,

. . .

lim
ε→0

[ym (t, ε)] =

= lim
ε→0

[
F̃
(
q−1t, ym−1

(
q−1t, ε

)
, ym−1

(
q−1t+ f̃1

(
q−1t, ym−1

(
q−1t, ε

))
, ε
)
, ...

..., ym−1

(
q−1t+ f̃k

(
q−1t, ym−1

(
q−1t, ε

))
, ε
)
, ε
)]

=
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= lim
ε→0

[F
(
q−1t, ym−1

(
q−1t, ε

)
+ γ

(
q−1t

)
,

ym−1

(
q−1t+ f1

(
q−1t, ym−1

(
q−1t, ε

)
+ γ

(
q−1t

))
, ε
)

+

+γ
(
q−1t+ f1

(
q−1t, ym−1

(
q−1t, ε

)
+ γ

(
q−1t

)))
, ...

..., ym−1

(
q−1t+ fk

(
q−1t, ym−1

(
q−1t, ε

)
+ γ

(
q−1t

))
, ε
)

+

+γ
(
q−1t+ fk

(
q−1t, ym−1

(
q−1t, ε

)
+ γ

(
q−1t

)))
, ε
)
−

−F
(
q−1t, γ

(
q−1t

)
, γ
(
q−1t+ f1

(
q−1t, γ

(
q−1t

)))
, ...

... , γ
(
q−1t+ fk

(
q−1t, γ

(
q−1t

)))
, 0
)]

=

= F
(
q−1t, γ

(
q−1t

)
, γ
(
q−1t+ f1

(
q−1t, γ

(
q−1t

)))
, ...

... , γ
(
q−1t+ fk

(
q−1t, γ

(
q−1t

)))
, 0
)
−

−F
(
q−1t, γ

(
q−1t

)
, γ
(
q−1t+ f1

(
q−1t, γ

(
q−1t

)))
, ...

... , γ
(
q−1t+ fk

(
q−1t, γ

(
q−1t

)))
, 0
)

= 0,

m ≥ 2,

ùî i íåîáõiäíî áóëî äîâåñòè.

Òåïåð ïîêàæåìî, ùî ïðè âñiõ t ∈ R i âñiõ m ≥ 1 âèêîíó¹òüñÿ îöiíêà

|ym(t, ε)− ym−1(t, ε)| ≤ M̄θm−1, (4.14m)

äå M̄ = M̄ (ε) > M . Äiéñíî, îñêiëüêè y0(t, ε) = 0, òî ìà¹ìî

|y1 (t, ε)− y0 (t, ε)| =
=
∣∣∣F̃ (q−1t, y0

(
q−1t, ε

)
, y0

(
q−1t+ f̃1

(
q−1t, y0

(
q−1t, ε

)))
, ...

..., y0

(
q−1t+ f̃k

(
q−1t, y0

(
q−1t, ε

)))
, ε
)∣∣∣ ≤

≤
∣∣∣F̃ (q−1t, 0, ..., 0, ε

)∣∣∣ ≤M < M̄.

Îòæå, ïðè m = 1 íåðiâíiñòü (4.14m) âèêîíó¹òüñÿ. Ïðèïóñòèìî, ùî îöiíêó

(4.14m) äîâåäåíî óæå äëÿ äåÿêîãî m ≥ 1, i ïîêàæåìî ¨¨ ñïðàâåäëèâiñòü äëÿ

m+ 1.
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|ym+1 (t, ε)− ym (t, ε)| ≤
≤
∣∣∣F̃ (q−1t, ym

(
q−1t, ε

)
, ym

(
q−1t+ f̃1

(
q−1t, ym

(
q−1t, ε

))
, ε
)
, ...

..., ym

(
q−1t+ f̃k

(
q−1t, ym

(
q−1t, ε

))
, ε
)
, ε
)
−

− F̃
(
q−1t, ym−1

(
q−1t, ε

)
, ym−1

(
q−1t+ f̃1

(
q−1t, ym−1

(
q−1t, ε

))
, ε
)
, ...

..., ym−1

(
q−1t+ f̃k

(
q−1t, ym−1

(
q−1t, ε

))
, ε
)
, ε
)∣∣∣ ≤

≤ L
[∣∣ym (q−1t, ε

)
− ym−1

(
q−1t, ε

)∣∣+
+
∣∣∣ym (q−1t+ f̃1

(
q−1t, ym

(
q−1t, ε

))
, ε
)
−

− ym−1

(
q−1t+ f̃1

(
q−1t, ym−1

(
q−1t, ε

))
, ε
)∣∣∣ + ...

...+
∣∣∣ym (q−1t+ f̃k

(
q−1t, ym

(
q−1t, ε

))
, ε
)
−

− ym−1

(
q−1t+ f̃k

(
q−1t, ym−1

(
q−1t, ε

))
, ε
)∣∣∣] ≤

≤ L
[∣∣ym (q−1t, ε

)
− ym−1

(
q−1t, ε

)∣∣+
+
∣∣∣ym (q−1t+ f̃1

(
q−1t, ym

(
q−1t, ε

))
, ε
)
−

− ym
(
q−1t+ f̃1

(
q−1t, ym−1

(
q−1t, ε

))
, ε
)

+

+ ym

(
q−1t+ f̃1

(
q−1t, ym−1

(
q−1t, ε

))
, ε
)
−

− ym−1

(
q−1t+ f̃1

(
q−1t, ym−1

(
q−1t, ε

))
, ε
)∣∣∣+ ...

...+
∣∣∣ym (q−1t+ f̃k

(
q−1t, ym

(
q−1t, ε

))
, ε
)
−

− ym
(
q−1t+ f̃k

(
q−1t, ym−1

(
q−1t, ε

))
, ε
)

+

+ ym

(
q−1t+ f̃k

(
q−1t, ym−1

(
q−1t, ε

))
, ε
)
−

− ym−1

(
q−1t+ f̃k

(
q−1t, ym−1

(
q−1t, ε

))
, ε
)∣∣∣∣∣∣ ≤

≤ L
[∣∣ym (q−1t, ε

)
− ym−1

(
q−1t, ε

)∣∣ +

+
∣∣∣ym (q−1t+ f̃1

(
q−1t, ym

(
q−1t, ε

)))
−

− ym
(
q−1t+ f̃1

(
q−1t, ym−1

(
q−1t, ε

)))∣∣∣+
+
∣∣∣ym (q−1t+ f̃1

(
q−1t, ym−1

(
q−1t, ε

)))
−

− ym−1

(
q−1t+ f1

(
q−1t, ym−1

(
q−1t, ε

)))∣∣+ ...

...+
∣∣∣ym (q−1t+ f̃k

(
q−1t, ym

(
q−1t, ε

)))
−

− ym
(
q−1t+ f̃k

(
q−1t, ym−1

(
q−1t, ε

)))∣∣∣+
+
∣∣∣ym (q−1t+ f̃k

(
q−1t, ym−1

(
q−1t, ε

)))
−

−ym−1

(
q−1t+ f̃k

(
q−1t, ym−1

(
q−1t, ε

)))∣∣∣] ≤
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≤ L
[
M̄θm−1 + l̃

∣∣∣f̃1

(
q−1t, ym

(
q−1t, ε

))
− f̃1

(
q−1t, ym−1

(
q−1t, ε

))∣∣∣ +

+M̄θm−1 + ...+ l̃
∣∣∣f̃k (q−1t, ym

(
q−1t, ε

))
−

− f̃k
(
q−1t, ym−1

(
q−1t, ε

))∣∣∣+ M̄θm−1
]
≤

≤ L
[
M̄θm−1 (k + 1) + l̃

∑k
i=1

∣∣∣f̃i (q−1t, ym
(
q−1t, ε

))
−

− f̃i
(
q−1t, ym−1

(
q−1t, ε

))∣∣∣] ≤
≤ L

[
M̄θm−1 (k + 1) + l̃

∑k
i=1 l

′′
i

∣∣ym (q−1t, ε
)
− ym−1

(
q−1t, ε

)∣∣] ≤
≤ L

[
M̄θm−1 (k + 1) + l̃

∑k
i=1 l

′′
i M̄θm−1

]
≤

≤ L
[
k + 1 + l̃l∗k

]
M̄θm−1 ≤ L

[
k + 1 + l̃l∗k

]
M̄θm−1 ≤ M̄θm,m = 2, 3, ....

Òàêèì ÷èíîì, îöiíêà (4.14m) âèêîíó¹òüñÿ ïðè âñiõm ≥ 1. Çâiäñè âèïëèâà¹, ùî

ïîñëiäîâíiñòü íåïåðåðâíèõ âåêòîð-ôóíêöié ym (t, ε), m = 0, 1, ..., ðiâíîìiðíî

çáiãà¹òüñÿ äî äåÿêî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ ȳ (t, ε) = lim
m→∞

ym (t, ε), ÿêà ¹

íåïåðåðâíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü (4.10), ÿêèé çàäîâîëüíÿ¹ íåðiâíiñòü

|ȳ (t, ε)| ≤M ′′

òà òàêèé, ùî lim
ε→0

ȳ(t, ε) = 0 (â öüîìó ìîæíà ïåðåêîíàòèñü, ÿêùî â (4.12),

(4.11m), (4.13m) ïåðåéòè äî ãðàíèöi ïðè m→∞).

Äëÿ çàâåðøåííÿ äîâåäåííÿ òåîðåìè ïîêàæåìî, ùî ðîçâ'ÿçîê ȳ(t, ε)- ¹äè-

íèé. Äiéñíî, ïðèïóñòèìî, ùî iñíó¹ ùå îäèí íåïåðåðâíèé îáìåæåíèé ïðè t ∈ R
ðîçâ'ÿçîê ỹ(t, ε) ñèñòåìè (4.10) òàêèé, ùî ỹ (t, ε) 6= ȳ(t, ε). Òîäi, âèêîðèñòîâó-

þ÷è óìîâè òåîðåìè, ìà¹ìî

|ỹ (t, ε)− ȳ (t, ε)| ≤
≤
∣∣∣F̃ (q−1t, ỹ

(
q−1t, ε

)
, ỹ
(
q−1t+ f̃1

(
q−1t, ỹ

(
q−1t, ε

))
, ε
)
, ...

..., ỹ
(
q−1t+ f̃k

(
q−1t, ỹ

(
q−1t, ε

))
, ε
)
, ε
)
−

−F̃
(
q−1t, ȳ

(
q−1t, ε

)
, ȳ
(
q−1t+ f̃1

(
q−1t, ȳ

(
q−1t, ε

))
, ε
)
, ...

..., ȳ
(
q−1t+ f̃k

(
q−1t, ȳ

(
q−1t, ε

))
, ε
)
, ε
)∣∣∣ ≤

≤ L (
∣∣ỹ (q−1t, ε

)
− ȳ

(
q−1t, ε

)∣∣+
∣∣∣ỹ (q−1t+ f̃1

(
q−1t, ỹ

(
q−1t, ε

))
, ε
)
−

−ȳ
(
q−1t+ f̃1

(
q−1t, ȳ

(
q−1t, ε

))
, ε
)∣∣∣+...+

∣∣∣ỹ (q−1t+ f̃k
(
q−1t, ỹ

(
q−1t, ε

))
, ε
)
−

−ȳ
(
q−1t+ f̃k

(
q−1t, ȳ

(
q−1t, ε

))
, ε
)∣∣∣ ) ≤
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≤ L (‖ỹ (t, ε)− ȳ (t, ε)‖ +

+
∣∣∣ỹ (q−1t+ f̃1

(
q−1t, ỹ

(
q−1t, ε

))
, ε
)
− ỹ

(
q−1t+ f̃1

(
q−1t, ȳ

(
q−1t, ε

))
, ε
)

+

+ ỹ
(
q−1t+ f̃1

(
q−1t, ȳ

(
q−1t, ε

))
, ε
)
− ȳ

(
q−1t+ f̃1

(
q−1t, ȳ

(
q−1t, ε

))
, ε
)∣∣∣+ ...

...+
∣∣∣ỹ (q−1t+ f̃k

(
q−1t, ỹ

(
q−1t, ε

))
, ε
)
− ỹ

(
q−1t+ f̃k

(
q−1t, ȳ

(
q−1t, ε

))
, ε
)

+

+ ỹ
(
q−1t+ f̃k

(
q−1t, ȳ

(
q−1t, ε

))
, ε
)
− ȳ

(
q−1t+ f̃k

(
q−1t, ȳ

(
q−1t, ε

))
, ε
)∣∣∣) ≤

≤ L (‖ỹ (t, ε)− ȳ (t, ε)‖ + l̃
∣∣∣f̃1

(
q−1t, ỹ

(
q−1t, ε

))
− f̃1

(
q−1t, ȳ

(
q−1t, ε

))∣∣∣+
+ ‖ỹ (t, ε)− ȳ (t, ε)‖+ ...

...+ l̃
∣∣∣f̃k (q−1t, ỹ

(
q−1t, ε

))
− f̃k

(
q−1t, ȳ

(
q−1t, ε

))∣∣∣+ ‖ỹ (t, ε)− ȳ (t, ε)‖) ≤

≤ L (‖ỹ (t, ε)− ȳ (t, ε)‖ (k + 1) + l̃
∑k

i=1 l
′′
i

∣∣ỹ (q−1t, ε
)
− ȳ

(
q−1t, ε

)∣∣) ≤
≤ L (‖ỹ (t, ε)− ȳ (t, ε)‖ (k + 1) + l̃

∑k
i=1 l

′′
i ‖ỹ (t, ε)− ȳ (t, ε)‖

)
≤

≤ L
(
k + 1 + l̃

∑k
i=1 l

′′
i

)
‖ỹ (t, ε)− ȳ (t, ε)‖ ≤

≤ L
(
k + 1 + l̃l∗k

)
‖ỹ (t, ε)− ȳ (t, ε)‖ ≤

≤ θ ‖ỹ (t, ε)− ȳ (t, ε)‖ ,

äå ‖ỹ(t, ε)− ȳ(t, ε)‖ = sup
t
|ỹ(t, ε)− ȳ(t, ε)|. Çâiäñè áåçïîñåðåäíüî âèïëèâà¹

ñïiââiäíîøåííÿ ‖ỹ(t, ε)− ȳ(t, ε)‖ ≤ θ ‖ỹ(t, ε)− ȳ(t, ε)‖, ÿêå ìîæëèâå ëèøå ó
âèïàäêó, êîëè ỹ (t, ε) = ȳ(t, ε), ùî ñóïåðå÷èòü ïðèïóùåííþ. Òàêèì ÷èíîì,

ñèñòåìà ðiâíÿíü (4.10) ìà¹ ¹äèíèé íåïåðåðâíèé ðîçâ'ÿçîê ȳ(t, ε). Òåîðåìó 4.2

äîâåäåíî.

Çàóâàæèìî, ùî òåîðåìà 4.2 ìà¹ ìiñöå ëèøå òîäi, êîëè âèêîíó¹òüñÿ ñïiâ-

âiäíîøåííÿ

L (k + 1) +
M

M ′′ ≤ 1,

ÿêå ìà¹ ìiñöå ïðè äîñòàòíüî ìàëèõ L òà M .
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4.2. Ïðî ïîáóäîâó íåïåðåðâíèõ ðîçâ'ÿçêiâ ñèñòåì íåëiíiéíèõ

ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü.

Ìåòîþ öüîãî ïiäðîçäiëó ¹ ïîáóäîâà íåïåðåðâíèõ îáìåæåíèõ ðîçâ'ÿçêiâ íå-

ëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü âèãëÿäó

x (qt) = Λx (t) + f (t, x (t+ 1)) , (4.15)

äå t ∈ R, Λ− äiéñíà (n× n)-ìàòðèöÿ âèãëÿäó Λ = diag (λ1, . . . , λn),

f : R× Rn → Rn, q - äåÿêà äiéñíà ñòàëà.

Ðîçãëÿíåìî ñèñòåìó íåëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü âèãëÿ-

äó (4.15). Ïðè öüîìó ïðèïóñòèìî, ùî âèêîíóþòüñÿ íàñòóïíi óìîâè:

1. |λi| 6= 0, i = 1, 2, ..., n, q > 0;

2. âåêòîð-ôóíêöiÿ f (t, x) ¹ íåïåðåðâíîþ îáìåæåíîþ ïðè âñiõ t ∈ R, x ∈ Rn

i f (t, 0) = 0;

3. äëÿ äîâiëüíèõ t ∈ R, x, y ∈ Rn âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

|f (t, x)− f (t, y)| ≤ l |x− y| , (4.16)

äå l - äåÿêà äîäàòíà ñòàëà.

Òåîðåìà 4.3. Íåõàé âèêîíóþòüñÿ óìîâè 1.-3. i óìîâè:

4. 0 < λi < 1, i = 1, . . . , n, q > 1;

5. ∆ = l
1−λ∗ < 1, äå 1 > λ∗ > max {λi, i = 1, . . . , n}.

Òîäi ñèñòåìà ðiâíÿíü (4.15) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè

t ≥ T > 0 (Ò - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ ó âèãëÿäi

ðÿäó

x(t) =
∞∑
i=0

xi(t), (4.17)

äå xi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t≥T >0 âåêòîð-ôóíêöi¨.

Äîâåäåííÿ. Ðîçãëÿíåìî ïîñëiäîâíiñòü ñèñòåì ðiâíÿíü âèãëÿäó:

x0(qt) = Λx0(t), (4.180)

x1(qt) = Λx1(t) + f (t, x0(t+ 1)) , (4.181)
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xi(qt) = Λxi(t) + f

(
t,
i−1∑
l=0

xl(t+ 1)

)
− f

(
t,
i−2∑
l=0

xl(t+ 1)

)
, (4.18i)

i = 2, 3, ..., i ïîêàæåìî, ùî âîíè ìàþòü ñiì'¨ íåïåðåðâíèõ îáìåæåíèõ ïðè

t ≥ T > 0 ðîçâ'ÿçêiâ, ÿêi çàäîâîëüíÿþòü óìîâè:

|xi(t)| ≤M∆i, i = 1, 2, . . . , (4.19i)

äå M - äåÿêà äîäàòíà ñòàëà.

Ñèñòåìà ðiâíÿíü (4.180) ìà¹ ìíîæèíó íåïåðåðâíèõ ïðè t ≥ T > 0 ðîçâ'ÿç-

êiâ âèãëÿäó

x0(t) = tνω

(
ln t

ln q

)
, (4.200)

äå ω (τ) = (ω1 (τ) , ω2 (τ) , . . . , ωn (τ)), ωi (τ), i = 1, . . . , n - äîâiëüíi íåïåðåðâíi

1-ïåðiîäè÷íi ôóíêöi¨,

tν = diag
(
t

lnλ1
ln q , t

lnλ2
ln q , . . . , t

lnλn
ln q

)
,

ÿêi çàäîâîëüíÿþòü óìîâi

|x0(t)| ≤ |tv| |ω (τ)| ≤ t
lnλ∗
ln q |ω (τ)| ≤ t

lnλ∗
ln q M, (4.190)

äå M = max
τ
|ω(τ)|. Ïiäñòàâëÿþ÷è â (4.181) ðÿä

x1(t) =
∞∑
j=0

Λjf
(
q−(j+1)t, x0(q

−(j+1)t+ 1)
)
, (4.201)

ìîæíà ïåðåêîíàòèñÿ, ùî âií ¹ ¨¨ ôîðìàëüíèì ðîçâ'ÿçêîì. Áiëüøå öüîãî, â

ñèëó (4.16), (4.190) i lnλ∗

ln q < 0, îòðèìà¹ìî

|x1(t)| ≤
∞∑
j=0

|Λ|j
∣∣f (q−(j+1)t, x0(q

−(j+1)t+ 1)
)∣∣ ≤ ∞∑

j=0

(λ∗)j l
∣∣x0(q

−(j+1)t+ 1)
∣∣ ≤

≤
∞∑
j=0

(λ∗)j lM
(

1
qj+1 t+ 1

) lnλ∗
ln q ≤ lM

∞∑
j=0

(λ∗)j ≤M l
1−λ∗ ≤M∆.

Îòæå, ñèñòåìè ðiâíÿíü (4.180), (4.181) ìàþòü ñiì'¨ íåïåðåðâíèõ ïðè t≥T >0

ðîçâ'ÿçêiâ, äëÿ êîæíîãî ç ÿêèõ âèêîíóþòüñÿ ñïiââiäíîøåííÿ (4.190), (4.191).
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Âðàõîâóþ÷è óìîâè òåîðåìè i îöiíêè (4.190), (4.191), ìîæíà ïîñëiäîâíî ïîêà-

çàòè, ùî ðÿäè

xi(t) =
∞∑
j=0

Λj

[
f

(
q−(j+1)t,

i−1∑
l=0

xl
(
q−(j+1)t+ 1

))
−

−f
(
q−(j+1)t,

i−2∑
l=0

xl
(
q−(j+1)t+ 1

))]
,

(4.20i)

i = 2, 3, ... ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ≥ T > 0 i ¹ ðîçâ'ÿçêàìè âiä-

ïîâiäíèõ ñèñòåì ðiâíÿíü (4.18i), i = 2, 3, .... Äiéñíî, ëåãêî ïåðåêîíàòèñÿ, ùî

ðÿäè (4.20i), i = 2, 3, ... ¹ ôîðìàëüíèìè ðîçâ'ÿçêàìè ñèñòåì ðiâíÿíü (4.18i),

i = 2, 3, .... Äîâåäåìî ¨õ çáiæíiñòü.

Îñêiëüêè ðÿä (4.201) ðiâíîìiðíî çáiãà¹òüñÿ ïðè t ≥ T > 0, òî ðîçìiðêîâó-

þ÷è çà iíäóêöi¹þ, ïðèïóñòèìî, ùî çáiæíiñòü ðÿäó (4.20i) äîâåäåíà óæå äëÿ

äåÿêîãî i ≥ 1 i äîâåäåìî, ùî ðÿä (4.20i+1) òàêîæ ðiâíîìiðíî çáiãà¹òüñÿ ïðè

t ≥ T > 0 i âèêîíó¹òüñÿ îöiíêà (4.19i+1). Â ñèëó (4.16), (4.20i+1) òà (4.19i)

îòðèìà¹ìî

|xi+1(t)| ≤
∞∑
j=0

|Λ|j
∣∣∣∣f (q−(j+1)t,

i∑
l=0

xl
(
q−(j+1)t+ 1

))
−

−f
(
q−(j+1)t,

i−1∑
l=0

xl
(
q−(j+1)t+ 1

))∣∣∣∣ ≤
≤
∞∑
j=0

|Λ|j l
∣∣∣∣ i∑
l=0

xl
(
q−(j+1)t+ 1

)
−

i−1∑
l=0

xl
(
q−(j+1)t+ 1

)∣∣∣∣ ≤
≤
∞∑
j=0

|Λ|j l
∣∣xi (q−(j+1)t+ 1

)∣∣ ≤ lM∆i
∞∑
j=0

(λ∗)j ≤M∆i l
1−λ∗ = M∆i+1.

Îòæå, ñèñòåìè ðiâíÿíü (4.18i), i=1,2,. . . ìàþòü ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ

(4.20i), i=1,2,. . . , ùî ðiâíîìiðíî çáiãàþòüñÿ ïðè t ≥ T > 0 äî äåÿêèõ íå-

ïåðåðâíèõ âåêòîð-ôóíêöié xi (t), i=1,2,. . . , ÿêi çàäîâîëüíÿþòü óìîâè (4.19i).

Iç (4.19i) áåçïîñåðåäíüî âèïëèâà¹, ùî ðÿä (4.17) ðiâíîìiðíî çáiãà¹òüñÿ ïðè

âñiõ t ≥ T > 0 äî äåÿêî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ x (t), ÿêà çàäîâîëüíÿ¹

óìîâi

|x (t)| ≤ M

1−∆
.

Òåîðåìà 4.3 äîâåäåíà.

Òåîðåìà 4.4. Íåõàé âèêîíóþòüñÿ óìîâè 1.-3. i óìîâè:
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6. λi > 1, i = 1, . . . , n, 0 < q < 1;

7. ∆ = l
λ∗−1 < 1, äå 1 < λ∗ < min {λi, i = 1, . . . , n}.

Òîäi ñèñòåìà ðiâíÿíü (4.15) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè

t ≥ T > 0 (Ò - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ ó âèãëÿäi

ðÿäó

x(t) =
∞∑
i=0

xi(t), (4.22)

äå xi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ≥ T > 0 âåêòîð-

ôóíêöi¨.

Äîâåäåííÿ. Ðîçãëÿíåìî ïîñëiäîâíiñòü ñèñòåì ðiâíÿíü âèãëÿäó:

x0(qt) = Λx0(t), (4.230)

x1(qt) = Λx1(t) + f (t, x0(t+ 1)) , (4.231)

xi(qt) = Λxi(t) + f

(
t,
i−1∑
l=0

xl(t+ 1)

)
− f

(
t,
i−2∑
l=0

xl(t+ 1)

)
, (4.23i)

i = 2, 3, .... Ïîêàæåìî, ùî âîíè ìàþòü ñiì'¨ íåïåðåðâíèõ îáìåæåíèõ ïðè

t ≥ T > 0 ðîçâ'ÿçêiâ, ÿêi çàäîâîëüíÿþòü óìîâè:

|xi(t)| ≤M∆i, i = 1, 2, . . . . (4.24i)

äå M - äåÿêà äîäàòíà ñòàëà. Äiéñíî, ñèñòåìà ðiâíÿíü (4.230) ìà¹ ñiì'þ íåïå-

ðåðâíèõ ïðè t ≥ T > 0 ðîçâ'ÿçêiâ, ÿêi çàäîâîëüíÿþòü óìîâi

|x0(t)| ≤
M

t|
lnλ∗
ln q |

, (4.240)

äå 1 < λ∗ < min {λi, i = 1, . . . , n}. Äàëi, ïiäñòàâëÿþ÷è â (4.231) ðÿä

x1(t) = −
∞∑
j=0

Λ−(j+1)f
(
qjt, x0(q

jt+ 1)
)
, (4.251)

ìîæíà ïåðåêîíàòèñÿ, ùî âií ¹ ¨¨ ôîðìàëüíèì ðîçâ'ÿçêîì. Áiëüøå òîãî, â ñèëó

(4.16), (4.240), îòðèìó¹ìî

|x1(t)| ≤
∞∑
j=0

∣∣Λ−1
∣∣j+1 ∣∣f (qjt, x0(q

jt+ 1)
)∣∣ ≤ ∞∑

j=0

(
1
λ∗

)j+1

l
∣∣x0(q

jt+ 1)
∣∣ ≤

≤ 1
λ∗

∞∑
j=0

(
1
λ∗

)j
l M

(qjt+1)| lnλ∗ln q | ≤
1
λ∗

∞∑
j=0

(
1
λ∗

)j
lM ≤ M

λ∗
l

1− 1
λ∗
≤

≤M l
λ∗−1 ≤M∆.
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Îòæå, ñèñòåìè ðiâíÿíü (4.230), (4.231) ìàþòü ñiì'¨ íåïåðåðâíèõ ïðè t≥T >0

ðîçâ'ÿçêiâ, äëÿ êîæíîãî ç ÿêèõ âèêîíóþòüñÿ ñïiââiäíîøåííÿ (4.240), (4.241).

Âðàõîâóþ÷è óìîâè òåîðåìè i îöiíêè (4.240), (4.241), ìîæíà ïîñëiäîâíî

ïîêàçàòè, ùî ðÿäè

xi(t) = −
∞∑
j=0

Λ−(j+1)

[
f

(
qjt,

i−1∑
l=0

xl
(
qjt+ 1

))
− f

(
qjt,

i−2∑
l=0

xl
(
qjt+ 1

))]
,

(4.25i)

i = 2, 3, ... ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ≥ T > 0 i ¹ ðîçâ'ÿçêàìè âiäïî-

âiäíèõ ñèñòåì ðiâíÿíü (4.23i), i = 2, 3, ... . Äiéñíî, ëåãêî ïåðåêîíàòèñÿ, ùî

ðÿäè (4.25i), i = 2, 3, ... ¹ ôîðìàëüíèìè ðîçâ'ÿçêàìè ñèñòåì ðiâíÿíü (4.23i),

i = 2, 3, .... Äîâåäåìî ¨õ çáiæíiñòü.

Ñïðàâäi, îñêiëüêè ðÿä (4.251) ðiâíîìiðíî çáiãà¹òüñÿ ïðè t ≥ T > 0, òî

ðîçìiðêîâóþ÷è çà iíäóêöi¹þ, ïðèïóñòèìî, ùî çáiæíiñòü ðÿäó (4.25i) äîâåäåíà

óæå äëÿ äåÿêîãî i ≥ 1 i äîâåäåìî, ùî ðÿä (4.25i+1) òàêîæ ðiâíîìiðíî çáiãà¹-

òüñÿ ïðè t ≥ T > 0 i âèêîíó¹òüñÿ îöiíêà (4.24i+1). Â ñèëó (4.16), (4.25i+1) òà

(4.24i) îòðèìà¹ìî

|xi+1(t)| ≤
∞∑
j=0

∣∣Λ−1
∣∣j+1

∣∣∣∣f (qjt, i∑
l=0

xl
(
qjt+ 1

))
− f

(
qjt,

i−1∑
l=0

xl
(
qjt+ 1

))∣∣∣∣ ≤
≤
∞∑
j=0

∣∣Λ−1
∣∣j+1

l

∣∣∣∣ i∑
l=0

xl
(
qjt+ 1

)
−

i−1∑
l=0

xl
(
qjt+ 1

)∣∣∣∣ ≤
≤
∞∑
j=0

∣∣Λ−1
∣∣j+1

l
∣∣xi (qjt+ 1

)∣∣ ≤ lM∆i 1
λ∗

∞∑
j=0

(
1
λ∗

)j
≤M∆i l

λ∗−1 = M∆i+1.

Îòæå, ñèñòåìè ðiâíÿíü (4.23i), i = 1, 2, . . . ìàþòü ðîçâ'ÿçêè ó âèãëÿäi

ðÿäiâ (4.25i), i = 1, 2, . . . , ùî ðiâíîìiðíî çáiãàþòüñÿ ïðè t ≥ T > 0 äî äå-

ÿêèõ íåïåðåðâíèõ âåêòîð-ôóíêöié xi (t), i=1,2,. . . , ÿêi çàäîâîëüíÿþòü óìîâè

(4.24i). Iç (4.24i) áåçïîñåðåäíüî âèïëèâà¹, ùî ðÿä (4.22) ðiâíîìiðíî çáiãà¹òüñÿ

ïðè âñiõ t ≥ T > 0 äî äåÿêî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ x (t), ÿêà çàäîâîëü-

íÿ¹ óìîâi

|x (t)| ≤ M

1−∆
.

Òåîðåìó 4.4 äîâåäåíî.

Ðîçãëÿíåìî òåïåð ñèñòåìó íåëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü

âèãëÿäó (4.15) ïðè λi < 0, i = 1, . . . , n ó âèïàäêàõ, êîëè âèêîíóþòüñÿ óìîâè:
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a) |λi| > 1, i = 1, . . . , n, 0 < q < 1;

b) |λi| < 1, i = 1, . . . , n, q > 1. Ïîêàæåìî, ùî òàêà ñèñòåìà ðiâíÿíü ìà¹

ðîçâ'ÿçêè ó âèãëÿäi ðÿäó

x(t) =
∞∑
i=0

xi(t), (4.26)

äå xi(t), i = 0, 1, ..., - äåÿêi íåïåðåðâíi âåêòîð-ôóíêöi¨. Äiéñíî, ïiäñòàâèâøè

(4.26) â (4.150), îòðèìà¹ìî

∞∑
i=0

xi(qt) = Λ
∞∑
i=0

xi(t) + f

(
t,
∞∑
i=0

xi(t+ 1)

)
,

çâiäêè âèïëèâà¹, ùî ÿêùî âåêòîð-ôóíêöi¨ xi(t), i = 0, 1, ..., ¹ ðîçâ'ÿçêàìè

ïîñëiäîâíîñòi ñèñòåì ðiâíÿíü:

x0(qt) = Λx0(t), (4.270)

x1(qt) = Λx1(t) + f (t, x0(t+ 1)) , (4.271)

xi(qt) = Λxi(t) + f

(
t,
i−1∑
l=0

xl(t+ 1)

)
− f

(
t,
i−2∑
l=0

xl(t+ 1)

)
, (4.27i)

i = 2, . . . , n, òî ðÿä (4.26) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü

(4.15).

Ñèñòåìà ðiâíÿíü (4.270) ìà¹ ìíîæèíó íåïåðåðâíèõ ïðè t ≥ T > 0 ðîçâ'ÿç-

êiâ âèãëÿäó:

x0(t) = tνω

(
ln t

ln q

)
, (4.280)

äå ω (τ) = (ω1 (τ) , ω2 (τ) , . . . , ωn (τ)), ωi (τ), i = 1, . . . , n - äîâiëüíi íåïåðåðâíi

âåêòîð-ôóíêöi¨, ùî çàäîâîëüíÿþòü óìîâi ωi(τ + 1) = signλi · ωi(τ), i

tν = diag
(
t

ln|λ1|
ln q , t

ln|λ2|
ln q , . . . , t

ln|λn|
ln q

)
.

Ðîçãëÿäàþ÷è ïîñëiäîâíî ñèñòåìè ðiâíÿíü (4.27i), i = 1, 2, . . . , ìîæíà ïå-

ðåêîíàòèñÿ, ùî âîíè ìàþòü ôîðìàëüíi ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ:

x1(t) = −
∞∑
j=0

Λ−(j+1)f
(
qjt, x0(q

jt+ 1)
)
, (4.281)

xi(t) = −
∞∑
j=0

Λ−(j+1)

[
f

(
qjt,

i−1∑
l=0

xl
(
qjt+ 1

))
− f

(
qjt,

i−2∑
l=0

xl
(
qjt+ 1

))]
,

(4.28i)
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i=2,3. . . . Àíàëîãi÷íî òîìó, ÿê áóëî äîâåäåíî òåîðåìó 4.2, ìîæíà ïîêàçàòè, ùî

ïðè âèêîíàííi óìîâ 1-3, à) i ∆ = l
λ∗−1 < 1, äå 1<λ∗<min {|λi| , i = 1, . . . , n},

ðÿäè (4.28i), i=1,2,. . . , ðiâíîìiðíî çáiãàþòüñÿ äî äåÿêèõ íåïåðåðâíèõ âåêòîð-

ôóíêöié xi(t), i=1,2,. . . , äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè

|xi(t)| ≤M∆i, i = 1, 2, . . . . (4.29)

Îòæå, ðÿäè (4.28i), i = 1, 2, . . . , ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t≥T >0 äî

äåÿêèõ íåïåðåðâíèõ ôóíêöié xi(t), i = 1, 2, . . . , äëÿ ÿêèõ âèêîíóþòüñÿ îöiíêè

(4.29). Iç (4.29) áåçïîñåðåäíüî âèïëèâà¹, ùî ðÿä (4.28) ðiâíîìiðíî çáiãà¹òüñÿ

ïðè âñiõ t≥T >0 äî äåÿêî¨ íåïåðåðâíî¨ ôóíêöi¨x(t), ÿêà çàäîâîëüíÿ¹ óìîâi

|x (t)| ≤ M

1−∆
.

Òèì ñàìèì äîâåäåíî íàñòóïíó òåîðåìó.

Òåîðåìà 4.5. Íåõàé âèêîíóþòüñÿ óìîâè 1.-3. i óìîâè:

8. |λi| > 1, i = 1, . . . , n, λi < 0, 0 < q < 1;

9. ∆ = l
λ∗−1 < 1, äå λ∗ = min {|λi| , i = 1, . . . , n}.

Òîäi ñèñòåìà ðiâíÿíü (4.15) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè

t ≥ T > 0 (Ò - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ

x(t) = x
(
t, ω

(
ln t
ln q

))
, ùî çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨

ω(τ), òàêî¨ ùî ω(τ + 1) = −ω(τ).

Àíàëîãi÷íî òåîðåìi 4.3, ìîæíà äîâåñòè ïîäiáíèé ðåçóëüòàò äëÿ âèïàäêó

b) , êîëè |λi| < 1, i = 1, . . . , n, λi < 0, q > 1.

Òåîðåìà 4.6. Íåõàé âèêîíóþòüñÿ óìîâè 1-3 i óìîâè:

10. |λi| < 1, i = 1, . . . , n, λi < 0, q > 1,

11. ∆ = l
1−λ∗ < 1, äå 1 > λ∗ > max {|λi| , i = 1, . . . , n}.

Òîäi ñèñòåìà ðiâíÿíü (4.15) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t≥T >0

(Ò-äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ x(t) = x
(
t, ω

(
ln t
ln q

))
,

ùî çàëåæèòü âiä äîâiëüíî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ ω(τ), òàêî¨ ùî

ω(τ + 1) = −ω(τ).
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4.3. Äîñëiäæåííÿ âëàñòèâîñòåé íåïåðåðâíèõ îáìåæåíèõ ðîçâ'ÿç-

êiâ ñèñòåì íåëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü ó

ãiïåðáîëi÷íîìó âèïàäêó.

Ðîçãëÿíåìî òåïåð ñèñòåìó íåëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü

(4.15) ó âèïàäêó, êîëè âèêîíóþòüñÿ íàñòóïíi óìîâè:

1. Λ - äiéñíà (n× n)-ìàòðèöÿ âèãëÿäó Λ = diag (Λ1,Λ2),

äå Λ1,Λ2 - äiéñíi (p× p) òà (r × r)-ìàòðèöi (p+ r = n), det Λ 6= 0.

f : R× Rn → Rn,

f (t, x (t+ 1)) =
(
f 1
(
t, x1 (t+ 1) , x2 (t+ 1)

)
, f 2
(
t, x1 (t+ 1) , x2 (t+ 1)

))
,

q - äåÿêà äiéñíà äîäàòíà ñòàëà.

2. ∣∣f 1
(
t, x̄1, x̄2

)
− f 1

(
t, ¯̄x1, ¯̄x2

)∣∣ ≤ l1
(∣∣x̄1 − ¯̄x1

∣∣+
∣∣x̄2 − ¯̄x2

∣∣) ,∣∣f 2
(
t, x̄1, x̄2

)
− f 2

(
t, ¯̄x1, ¯̄x2

)∣∣ ≤ l2
(∣∣x̄1 − ¯̄x1

∣∣+
∣∣x̄2 − ¯̄x2

∣∣) , (4.30)

äå l1, l2 - äåÿêi äîäàòíi ñòàëi, ùî çàëåæàòü âiä l(l1 = l1 (l) , l2 = l2 (l) ,

l1 → 0, l2 → 0 ïðè l→ 0). Òîäi ñèñòåìà ðiâíÿíü (4.15) çàïèøåòüñÿ ó âèãëÿäi{
x1 (qt) = Λ1x

1 (t) + f 1
(
t, x1 (t+ 1) , x2 (t+ 1)

)
,

x2 (qt) = Λ2x
2 (t) + f 2

(
t, x1 (t+ 1) , x2 (t+ 1)

)
,

(4.31)

äå x1 = (x1, ..., xp) , x
2 = (xp+1, ..., xp+r) , f

1 = (f1, ..., fp) , f
2 = (fp+1, ..., fp+r) .

Âèêîíàâøè â (4.31) âçà¹ìíî-îäíîçíà÷íó çàìiíó çìiííèõ

x1 (t) = y1 (t) + γ̃1 (t) ,

x2 (t) = y2 (t) + γ̃2 (t),

äå γ (t) = (γ̃1 (t) , γ̃2 (t)) - íåïåðåðâíèé îáìåæåíèé ðîçâ'ÿçîê ñèñòåìè (4.31),

îòðèìà¹ìî ñèñòåìó ðiâíÿíü{
y1 (qt) = Λ1y

1 (t) + F 1
(
t, y1 (t+ 1) , y2 (t+ 1)

)
,

y2 (qt) = Λ2y
2 (t) + F 2

(
t, y1 (t+ 1) , y2 (t+ 1)

)
,

(4.32)

äå
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F 1
(
t, y1 (t+ 1) , y2 (t+ 1)

)
=

= f 1
(
t, y1 (t+ 1) + γ1 (t+ 1) , y2 (t+ 1) + γ2 (t+ 1)

)
−

−f 1
(
t, γ1 (t+ 1) , γ2 (t+ 1)

)
,

F 2
(
t, y1 (t+ 1) , y2 (t+ 1)

)
=

= f 2
(
t, y1 (t+ 1) + γ1 (t+ 1) , y2 (t+ 1) + γ2 (t+ 1)

)
−

−f 2
(
t, γ1 (t+ 1) , γ2 (t+ 1)

)
.

Ëåãêî ïåðåêîíàòèñÿ, ùî âåêòîð-ôóíêöi¨ F 1
(
t, y1, y2

)
, F 2

(
t, y1, y2

)
çàäîâîëü-

íÿþòü óìîâi 2. i F 1 (t, 0, 0) ≡ 0, F 2 (t, 0, 0) ≡ 0. Äëÿ ñèñòåìè (4.32) ñïðàâåäëè-

âà íàñòóïíà òåîðåìà.

Òåîðåìà 4.7. Íåõàé âèêîíóþòüñÿ óìîâè 1-2 i óìîâè:

3. 0 < λi < 1 < λj, i = 1, 2, . . . p, j = p+ 1, 2, . . . n, 0 ≤ p ≤ n, q > 1;

4. θ = max
{

2l1
1−λ∗ ,

2l2
λ∗−1

}
< 1,

äå 1 > λ∗ > max {λi, i = 1, . . . , p}, 1 < λ∗ < min {λi, i = p+ 1, . . . , n}.
Òîäi ñèñòåìà ðiâíÿíü (4.32) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè

t ≥ T > 0 (Ò - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ ó âèãëÿäi

ðÿäiâ

y1(t) =
∞∑
i=0

y1
i (t),

y2(t) =
∞∑
i=0

y2
i (t),

(4.33)

äå y1
i (t), y

2
i (t), i = 0, 1, ... - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ≥ T > 0 âåêòîð-

ôóíêöi¨.

Äîâåäåííÿ. Ðîçãëÿíåìî ïîñëiäîâíiñòü ñèñòåì ðiâíÿíü âèãëÿäó:

y1
0(qt) = Λ1y

1
0(t),

y2
0(qt) = 0,

(4.340)

y1
1(qt) = Λ1y

1
1(t) + F 1

(
t, y1

0(t+ 1), 0
)
,

y2
1(qt) = Λ2y

2
1(t) + F 2

(
t, y1

0(t+ 1), 0
)
,

(4.341)

y1
i (qt) = Λ1y

1
i (t)+

+F 1

(
t,
i−1∑
l=0

y1
l (t+ 1),

i−1∑
l=0

y2
l (t+ 1)

)
− F 1

(
t,
i−2∑
l=0

y1
l (t+ 1),

i−2∑
l=0

y2
l (t+ 1)

)
,
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y2
i (qt) = Λ2y

2
i (t)+

+F 2

(
t,
i−1∑
l=0

y1
l (t+ 1),

i−1∑
l=0

y2
l (t+ 1)

)
− F 2

(
t,
i−2∑
l=0

y1
l (t+ 1),

i−2∑
l=0

y2
l (t+ 1)

)
,

(4.35i)

i = 2, 3, ..., i ïîêàæåìî, ùî âîíè ìàþòü ñiì'¨ íåïåðåðâíèõ îáìåæåíèõ ïðè

t ≥ T > 0 ðîçâ'ÿçêiâ, ÿêi çàäîâîëüíÿþòü óìîâè:∣∣y1
i (t)

∣∣ ≤ M̃θi,∣∣y2
i (t)

∣∣ ≤ M̃θi, i = 1, 2, . . . .
(4.36i)

äå M̃ - äåÿêà äîäàòíà ñòàëà.

Âèêîðèñòîâóþ÷è çîáðàæåííÿ çàãàëüíîãî íåïåðåðâíîãî ðîçâ'ÿçêó ñèñòåìè

(4.360) i óìîâó 3, ìîæíà ïîêàçàòè, ùî iñíó¹ äîäàòíà ñòàëà M̃ òàêà, ùî ïðè

âñiõ t ≥ T äëÿ äîâiëüíîãî íåïåðåðâíîãî îáìåæåíîãî ðîçâ'ÿçêó (Ò - äåÿêà

äîñòàòíüî âåëèêà äîäàòíà ñòàëà) âèêîíóþòüñÿ ñïiââiäíîøåííÿ∣∣y1
0(t)
∣∣ ≤ M̃t

lnλ∗
ln q ,∣∣y2

0(t)
∣∣ = 0,

(4.360)

äå M̃ = max
τ
|ω(τ)|. Ïiäñòàâëÿþ÷è â (4.341) ðÿäè

y1
1(t) =

∞∑
j=0

Λj
1F

1
(
q−(j+1)t, y1

0(q−(j+1)t+ 1), 0
)
,

y2
1(t) = −

∞∑
j=0

Λ
−(j+1)
2 F 2

(
qjt, y1

0(qjt+ 1), 0
)
,

(4.371)

ìîæíà ïåðåêîíàòèñÿ, ùî âîíè ¹ ¨¨ ôîðìàëüíèì ðîçâ'ÿçêîì. Áiëüøå öüîãî, â

ñèëó óìîâè 2., (4.360), i lnλ∗

ln q < 0, îòðèìà¹ìî

∣∣y1
1(t)
∣∣ ≤ ∞∑

j=0

|Λ1|j
∣∣F 1

(
q−(j+1)t, y1

0(q−(j+1)t+ 1), 0
)∣∣ ≤

≤
∞∑
j=0

(λ∗)j l1
∣∣y1

0(q−(j+1)t+ 1)
∣∣ ≤∑∞j=0 (λ∗)j l12M̃

(
1

qj+1 t+ 1
) lnλ∗

ln q ≤

≤ l12M̃
∞∑
j=0

(λ∗)j ≤ M̃ 2l1
1−λ∗ ≤ M̃θ.
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∣∣y2
1(t)
∣∣ ≤ ∞∑

j=0

∣∣Λ−1
2

∣∣j+1 ∣∣F 2
(
qjt, y1

0(qjt+ 1), 0
)∣∣ ≤

≤
∞∑
j=0

(
1
λ∗

)j+1

l2
∣∣y1

0(qjt+ 1)
∣∣ ≤ 1

λ∗

∞∑
j=0

(
1
λ∗

)j
l2

2M̃

(qjt+1)| lnλ
∗

ln q |
≤

≤ 1
λ∗

∞∑
j=0

(
1
λ∗

)j
l22M̃ ≤ 2M̃

λ∗
l2

1− 1
λ∗
≤ M̃ 2l2

λ∗−1 ≤ M̃θ.

Îòæå, ñèñòåìè ðiâíÿíü (4.340), (4.341) ìàþòü ñiì'¨ íåïåðåðâíèõ ïðè t≥T >0

ðîçâ'ÿçêiâ, äëÿ êîæíîãî ç ÿêèõ âèêîíóþòüñÿ ñïiââiäíîøåííÿ (4.360), (4.361).

Âðàõîâóþ÷è óìîâè òåîðåìè i îöiíêè (4.360), (4.361), ìîæíà ïîñëiäîâíî ïîêà-

çàòè, ùî ðÿäè

y1
i (t) =

∞∑
j=0

Λj
1

[
F 1

(
q−(j+1)t,

i−1∑
l=0

y1
l

(
q−(j+1)t+ 1

)
,
i−1∑
l=0

y2
l

(
q−(j+1)t+ 1

))
−

−F 1

(
q−(j+1)t,

i−2∑
l=0

y1
l

(
q−(j+1)t+ 1

)
,
i−2∑
l=0

y2
l

(
q−(j+1)t+ 1

))]
,

y2
i (t) = −

∞∑
j=0

Λ
−(j+1)
2

[
F 2

(
qjt,

i−1∑
l=0

y1
l

(
qjt+ 1

)
,
i−1∑
l=0

y2
l

(
qjt+ 1

))
−

−F 2

(
qjt,

i−2∑
l=0

y1
l

(
qjt+ 1

)
,
i−2∑
l=0

y2
l

(
qjt+ 1

))]
,

(4.38i)

i = 2, 3, ... ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ≥ T > 0 i ¹ ðîçâ'ÿçêàìè âiä-

ïîâiäíèõ ñèñòåì ðiâíÿíü (4.35i), i = 2, 3, .... Äiéñíî, ëåãêî ïåðåêîíàòèñÿ, ùî

ðÿäè (4.37i), i = 2, 3, ... ¹ ôîðìàëüíèìè ðîçâ'ÿçêàìè ñèñòåì ðiâíÿíü (4.35i),

i = 2, 3, .... Äîâåäåìî ¨õ çáiæíiñòü.

Îñêiëüêè ðÿä (4.371) ðiâíîìiðíî çáiãà¹òüñÿ ïðè t ≥ T > 0, òî ðîçìiðêîâó-

þ÷è çà iíäóêöi¹þ, ïðèïóñòèìî, ùî çáiæíiñòü ðÿäó (4.37i) äîâåäåíà óæå äëÿ

äåÿêîãî i ≥ 1 i äîâåäåìî, ùî ðÿä (4.37i+1) òàêîæ ðiâíîìiðíî çáiãà¹òüñÿ ïðè

t ≥ T > 0 i âèêîíó¹òüñÿ îöiíêà (4.36i+1). Â ñèëó (4.30), (4.37i+1) òà (4.36i)

îòðèìà¹ìî∣∣y1
i+1(t)

∣∣ ≤ ∞∑
j=0

|Λ1|j
∣∣∣∣F 1

(
q−(j+1)t,

i∑
l=0

y1
l

(
q−(j+1)t+ 1

)
,
i∑
l=0

y2
l

(
q−(j+1)t+ 1

))
−

−F 1

(
q−(j+1)t,

i−1∑
l=0

y1
l

(
q−(j+1)t+ 1

)
,
i−1∑
l=0

y2
l

(
q−(j+1)t+ 1

))∣∣∣∣ ≤
≤
∞∑
j=0

|Λ1|j l1
(∣∣∣∣ i∑

l=0

y1
l

(
q−(j+1)t+ 1

)
−

i−1∑
l=0

y1
l

(
q−(j+1)t+ 1

)∣∣∣∣+
+

∣∣∣∣ i∑
l=0

y2
l

(
q−(j+1)t+ 1

)
−

i−1∑
l=0

y2
l

(
q−(j+1)t+ 1

)∣∣∣∣) ≤
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≤
∞∑
j=0

|Λ1|j l1
(∣∣y1

i

(
q−(j+1)t+ 1

)∣∣+
∣∣y2
i

(
q−(j+1)t+ 1

)∣∣) ≤
≤ 2l1M̃θi

∞∑
j=0

(λ∗)j ≤ M̃θi 2l1
1−λ∗ = M̃θi+1.∣∣y2

i+1(t)
∣∣ ≤ ∞∑

j=0

∣∣Λ−1
2

∣∣j+1

∣∣∣∣F 2

(
qjt,

i∑
l=0

y1
l

(
qjt+ 1

)
,
i∑
l=0

y2
l

(
qjt+ 1

))
−

−F 2

(
qjt,

i−1∑
l=0

y1
l

(
qjt+ 1

)
,
i−1∑
l=0

y2
l

(
qjt+ 1

))∣∣∣∣ ≤
≤
∞∑
j=0

∣∣Λ−1
2

∣∣j+1
l2

(∣∣∣∣ i∑
l=0

y1
l

(
qjt+ 1

)
−

i−1∑
l=0

y1
l

(
qjt+ 1

)∣∣∣∣+
+

∣∣∣∣ i∑
l=0

y2
l

(
qjt+ 1

)
−

i−1∑
l=0

y2
l

(
qjt+ 1

)∣∣∣∣) ≤
≤
∞∑
j=0

∣∣Λ−1
2

∣∣j+1
l2
(∣∣y1

i

(
qjt+ 1

)∣∣+
∣∣y2
i

(
qjt+ 1

)∣∣) ≤
≤ 2l2M̃θi 1

λ∗

∞∑
j=0

(
1
λ∗

)j
≤ M̃θi 2l2

λ∗−1 = M̃θi+1.

i = 1, 2, . . . . Îòæå, ñèñòåìè ðiâíÿíü (4.35i), i=1,2,. . . ìàþòü ðîçâ'ÿçêè ó âèãëÿ-

äi ðÿäiâ (4.37i), i=1,2,. . . , ùî ðiâíîìiðíî çáiãàþòüñÿ ïðè t ≥ T > 0 äî äåÿêèõ

íåïåðåðâíèõ âåêòîð-ôóíêöié y1
i (t) , y2

i (t), i=1,2,. . . , ÿêi çàäîâîëüíÿþòü óìîâè

(4.36i). Iç (4.36i) áåçïîñåðåäíüî âèïëèâà¹, ùî ðÿäè (4.33) ðiâíîìiðíî çáiãàþ-

òüñÿ ïðè âñiõ t ≥ T > 0 äî äåÿêèõ íåïåðåðâíèõ âåêòîð-ôóíêöié y1 (t) , y2 (t),

ÿêi çàäîâîëüíÿþòü óìîâàì ∣∣y1 (t)
∣∣ ≤ M̃

1−θ ,∣∣y2 (t)
∣∣ ≤ M̃

1−θ ,

ùî i çàâåðøó¹ äîâåäåííÿ òåîðåìè 4.7.

Òåîðåìà 4.8. Íåõàé âèêîíóþòüñÿ óìîâè 1-2 i óìîâè:

5. 0 < λi < 1 < λj, i = 1, 2, . . . p, j = p+ 1, 2, . . . n, 0 ≤ p ≤ n, 0 < q < 1;

6. θ = max
{

2l1
1−λ∗ ,

2l2
λ∗−1

}
< 1,

äå 1 > λ∗ > max {λi, i = 1, . . . , p}, 1 < λ∗ < min {λi, i = p+ 1, . . . , n}.
Òîäi ñèñòåìà ðiâíÿíü (4.32) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè

t≥ T > 0 (Ò - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ ó âèãëÿäi

ðÿäiâ

y1(t) =
∞∑
i=0

y1
i (t),

y2(t) =
∞∑
i=0

y2
i (t),

(4.39)
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äå y1
i (t), y

2
i (t), i = 0, 1, ... - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ≥ T > 0 âåêòîð-

ôóíêöi¨.

Äîâåäåííÿ. Ðîçãëÿíåìî ïîñëiäîâíiñòü ñèñòåì ðiâíÿíü âèãëÿäó:

y1
0(qt) = 0,

y2
0(qt) = Λ2y

2
0(t),

(4.400)

y1
1(qt) = Λ1y

1
1(t) + F 1

(
t, 0, y2

0(t+ 1)
)
,

y2
1(qt) = Λ2y

2
1(t) + F 2

(
t, 0, y2

0(t+ 1)
)
,

(4.401)

y1
i (qt) = Λ1y

1
i (t) + F 1

(
t,
i−1∑
l=0

y1
l (t+ 1),

i−1∑
l=0

y2
l (t+ 1)

)
−

−F 1

(
t,
i−2∑
l=0

y1
l (t+ 1),

i−2∑
l=0

y2
l (t+ 1)

)
,

y2
i (qt) = Λ2y

2
i (t) + F 2

(
t,
i−1∑
l=0

y1
l (t+ 1),

i−1∑
l=0

y2
l (t+ 1)

)
−

−F 2

(
t,
i−2∑
l=0

y1
l (t+ 1),

i−2∑
l=0

y2
l (t+ 1)

)
,

(4.41i)

i = 2, 3, ..., i ïîêàæåìî, ùî âîíè ìàþòü ñiì'¨ íåïåðåðâíèõ îáìåæåíèõ ïðè

t ≥ T > 0 ðîçâ'ÿçêiâ, ÿêi çàäîâîëüíÿþòü óìîâè:∣∣y1
i (t)

∣∣ ≤ M̃θi,∣∣y2
i (t)

∣∣ ≤ M̃θi, i = 1, 2, . . . .
(4.42i)

äå M̃ - äåÿêà äîäàòíà ñòàëà. Âèêîðèñòîâóþ÷è çîáðàæåííÿ çàãàëüíîãî íåïå-

ðåðâíîãî ðîçâ'ÿçêó ñèñòåìè (4.400) i óìîâó 5, ìîæíà ïîêàçàòè, ùî iñíó¹ äîäà-

òíà ñòàëà M̃ òàêà, ùî ïðè âñiõ t ≥ T äëÿ äîâiëüíîãî íåïåðåðâíîãî îáìåæåíîãî

ðîçâ'ÿçêó (Ò - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) âèêîíóþòüñÿ ñïiââiä-

íîøåííÿ: ∣∣y1
0(t)
∣∣ = 0,∣∣y2

0(t)
∣∣ ≤ M̃

t| lnλ∗ln q | ,
(4.420)

äå M̃ = max
τ
|ω(τ)|. Ïiäñòàâëÿþ÷è â (4.401) ðÿäè

y1
1(t) =

∞∑
j=0

Λj
1F

1
(
q−(j+1)t, 0, y2

0(q−(j+1)t+ 1)
)
,

y2
1(t) = −

∞∑
j=0

Λ
−(j+1)
2 F 2

(
qjt, 0, y2

0(qjt+ 1)
)
,

(4.431)
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ìîæíà ïåðåêîíàòèñÿ, ùî âîíè ¹ ¨¨ ôîðìàëüíèì ðîçâ'ÿçêîì. Áiëüøå öüîãî, â

ñèëó óìîâè 2., (4.420) i
lnλ∗
ln q < 0, îòðèìà¹ìî∣∣y1

1(t)
∣∣ ≤ ∞∑

j=0

|Λ1|j
∣∣F 1

(
q−(j+1)t, 0, y2

0(q−(j+1)t+ 1)
)∣∣ ≤

≤
∞∑
j=0

(λ∗)j l1
∣∣y2

0(q−(j+1)t+ 1)
∣∣ ≤ ∞∑

j=0

(λ∗)j l12M̃
(

1
qj+1 t+ 1

) lnλ∗
ln q ≤

≤ l12M̃
∞∑
j=0

(λ∗)j ≤ M̃ 2l1
1−λ∗ ≤ M̃θ.∣∣y2

1(t)
∣∣ ≤ ∞∑

j=0

∣∣Λ−1
2

∣∣j+1 ∣∣F 2
(
qjt, 0, y2

0(qjt+ 1)
)∣∣ ≤

≤
∞∑
j=0

(
1
λ∗

)j+1

l2
∣∣y2

0(qjt+ 1)
∣∣ ≤ 1

λ∗

∞∑
j=0

(
1
λ∗

)j
l2

2M̃

(qjt+1)| lnλ∗ln q | ≤

≤ 1
λ∗

∞∑
j=0

(
1
λ∗

)j
l22M̃ ≤ 2M̃

λ∗
l2

1− 1
λ∗
≤ M̃ 2l2

λ∗−1 ≤ M̃θ.

Îòæå, ñèñòåìè ðiâíÿíü (4.400), (4.401) ìàþòü ñiì'¨ íåïåðåðâíèõ ïðè t≥T >0

ðîçâ'ÿçêiâ, äëÿ êîæíîãî ç ÿêèõ âèêîíóþòüñÿ ñïiââiäíîøåííÿ (4.420), (4.421).

Âðàõîâóþ÷è óìîâè òåîðåìè i îöiíêè (4.420), (4.421), ìîæíà ïîñëiäîâíî ïîêà-

çàòè, ùî ðÿäè

y1
i (t) =

∞∑
j=0

Λj
1

[
F 1

(
q−(j+1)t,

i−1∑
l=0

y1
l

(
q−(j+1)t+ 1

)
,
i−1∑
l=0

y2
l

(
q−(j+1)t+ 1

))
−

−F 1

(
q−(j+1)t,

i−2∑
l=0

y1
l

(
q−(j+1)t+ 1

)
,
i−2∑
l=0

y2
l

(
q−(j+1)t+ 1

))]
,

y2
i (t) = −

∞∑
j=0

Λ
−(j+1)
2

[
F 2

(
qjt,

i−1∑
l=0

y1
l

(
qjt+ 1

)
,
i−1∑
l=0

y2
l

(
qjt+ 1

))
−

−F 2

(
qjt,

i−2∑
l=0

y1
l

(
qjt+ 1

)
,
i−2∑
l=0

y2
l

(
qjt+ 1

))]
,

(4.44i)

i = 2, 3, ... ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ≥ T > 0 i ¹ ðîçâ'ÿçêàìè âiä-

ïîâiäíèõ ñèñòåì ðiâíÿíü (4.41i), i = 2, 3, .... Äiéñíî, ëåãêî ïåðåêîíàòèñÿ, ùî

ðÿäè (4.43i), i = 2, 3, ... ¹ ôîðìàëüíèìè ðîçâ'ÿçêàìè ñèñòåì ðiâíÿíü (4.41i),

i = 2, 3, .... Äîâåäåìî ¨õ çáiæíiñòü.

Îñêiëüêè ðÿä (4.431) ðiâíîìiðíî çáiãà¹òüñÿ ïðè t ≥ T > 0, òî ðîçìiðêîâó-

þ÷è çà iíäóêöi¹þ, ïðèïóñòèìî, ùî çáiæíiñòü ðÿäó (4.43i) äîâåäåíà óæå äëÿ

äåÿêîãî i ≥ 1 i äîâåäåìî, ùî ðÿä (4.43i+1) òàêîæ ðiâíîìiðíî çáiãà¹òüñÿ ïðè

t ≥ T > 0 i âèêîíó¹òüñÿ îöiíêà (4.42i+1). Â ñèëó (4.30), (4.43i+1) òà (4.42i)
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îòðèìà¹ìî

∣∣y1
i+1(t)

∣∣ ≤ ∞∑
j=0

|Λ1|j
∣∣∣∣F 1

(
q−(j+1)t,

i∑
l=0

y1
l

(
q−(j+1)t+ 1

)
,
i∑
l=0

y2
l

(
q−(j+1)t+ 1

))
−

−F 1

(
q−(j+1)t,

i−1∑
l=0

y1
l

(
q−(j+1)t+ 1

)
,
i−1∑
l=0

y2
l

(
q−(j+1)t+ 1

))∣∣∣∣ ≤
≤
∞∑
j=0

|Λ1|j l1
(∣∣∣∣ i∑

l=0

y1
l

(
q−(j+1)t+ 1

)
−

i−1∑
l=0

y1
l

(
q−(j+1)t+ 1

)∣∣∣∣+
+

∣∣∣∣ i∑
l=0

y2
l

(
q−(j+1)t+ 1

)
−

i−1∑
l=0

y2
l

(
q−(j+1)t+ 1

)∣∣∣∣) ≤
≤
∞∑
j=0

|Λ1|j l1
(∣∣y1

i

(
q−(j+1)t+ 1

)∣∣+
∣∣y2
i

(
q−(j+1)t+ 1

)∣∣) ≤ 2l1M̃θi
∞∑
j=0

(λ∗)j ≤

≤ M̃θi 2l1
1−λ∗ = M̃θi+1.∣∣y2

i+1(t)
∣∣ ≤ ∞∑

j=0

∣∣Λ−1
2

∣∣j+1

∣∣∣∣F 2

(
qjt,

i∑
l=0

y1
l

(
qjt+ 1

)
,
i∑
l=0

y2
l

(
qjt+ 1

))
−

−F 2

(
qjt,

i−1∑
l=0

y1
l

(
qjt+ 1

)
,
i−1∑
l=0

y2
l

(
qjt+ 1

))∣∣∣∣ ≤
≤
∞∑
j=0

∣∣Λ−1
2

∣∣j+1
l2

(∣∣∣∣ i∑
l=0

y1
l

(
qjt+ 1

)
−

i−1∑
l=0

y1
l

(
qjt+ 1

)∣∣∣∣+
+

∣∣∣∣ i∑
l=0

y2
l

(
qjt+ 1

)
−

i−1∑
l=0

y2
l

(
qjt+ 1

)∣∣∣∣) ≤
≤
∞∑
j=0

∣∣Λ−1
2

∣∣j+1
l2
(∣∣y1

i

(
qjt+ 1

)∣∣+
∣∣y2
i

(
qjt+ 1

)∣∣) ≤ 2l2M̃θi 1
λ∗

∞∑
j=0

(
1
λ∗

)j
≤

≤ M̃θi 2l2
λ∗−1 = M̃θi+1,

i = 1, 2, . . . . Îòæå, ñèñòåìè ðiâíÿíü (4.41i), i=1,2,. . . ìàþòü ðîçâ'ÿçêè ó âèãëÿ-

äi ðÿäiâ (4.43i), i=1,2,. . . , ùî ðiâíîìiðíî çáiãàþòüñÿ ïðè t ≥ T > 0 äî äåÿêèõ

íåïåðåðâíèõ âåêòîð-ôóíêöié y1
i (t) , y2

i (t), i=1,2,. . . , ÿêi çàäîâîëüíÿþòü óìîâè

(4.42i). Iç (4.42i) áåçïîñåðåäíüî âèïëèâà¹, ùî ðÿäè (4.39) ðiâíîìiðíî çáiãàþ-

òüñÿ ïðè âñiõ t ≥ T > 0 äî äåÿêèõ íåïåðåðâíèõ âåêòîð-ôóíêöié y1 (t) , y2 (t),

ÿêi çàäîâîëüíÿþòü óìîâàì: ∣∣y1 (t)
∣∣ ≤ M̃

1−θ ,∣∣y2 (t)
∣∣ ≤ M̃

1−θ .

Äîâåäåííÿ òåîðåìè 4.8 çàâåðøåíî.
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4.4. Ïîáóäîâà íåïåðåðâíèõ îáìåæåíèõ ðîçâ'ÿçêiâ îäíîãî êëàñó ñè-

ñòåì íåëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü.

Ïîáóäó¹ìî íåïåðåðâíi îáìåæåíi ðîçâ'ÿçêè ñèñòåì íåëiíiéíèõ ðiçíèöåâî-

ôóíêöiîíàëüíèõ ðiâíÿíü âèãëÿäó

x (qt) = Λx (t) + f (t, x (t) , x (t+ 1)) , (4.45)

äå t ∈ R, Λ− äiéñíà (n× n)-ìàòðèöÿ âèãëÿäó Λ = diag (λ1, . . . , λn),

f : R×Rn ×Rn → Rn, q - äåÿêà äiéñíà ñòàëà. Ïðè öüîìó áóäåìî ïðèïóñêàòè

âèêîíàíèìè íàñòóïíi óìîâè:

1. |λi| 6= 0, i = 1, 2, ..., n, q > 0;

2. âåêòîð-ôóíêöiÿ f (t, x, y) ¹ íåïåðåðâíîþ îáìåæåíîþ ïðè âñiõ t ∈ R,
x ∈ Rn, y ∈ Rn i f (t, 0, 0) ≡ 0;

3. äëÿ äîâiëüíèõ t ∈ R, x̄, ȳ, ¯̄x, ¯̄y ∈ Rn âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

|f (t, x̄, ȳ)− f (t, ¯̄x, ¯̄y)| ≤ l (|x̄− ¯̄x|+ |ȳ − ¯̄y|) , (4.46)

äå l - äåÿêà äîäàòíà ñòàëà.

Òåîðåìà 4.9. Íåõàé âèêîíóþòüñÿ óìîâè 1.-3. i óìîâè:

4. 0 < λi < 1, i = 1, . . . , n, q > 1;

5. ∆ = 2l
λ̄−λ∗ < 1 , äå 1 > λ̄ > λ∗ = max {λi, i = 1, . . . , n}.

Òîäi ñèñòåìà ðiâíÿíü (4.45) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè

t ≥ T > 0 (Ò - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ ó âèãëÿäi

ðÿäó

x(t) =
∞∑
i=0

xi(t), (4.47)

äå xi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ≥ T > 0 âåêòîð-

ôóíêöi¨, ÿêiçàäîâîëüíÿþòü óìîâi lim
t→+∞

xi(t) = 0.

Äîâåäåííÿ. Ðîçãëÿíåìî ïîñëiäîâíiñòü ñèñòåì ðiâíÿíü âèãëÿäó:

x0(qt) = Λx0(t), (4.480)

x1(qt) = Λx1(t) + f (t, x0(t), x0(t+ 1)) , (4.481)
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xi(qt) = Λxi(t) +f

(
t,

i−1∑
l=0

xl(t),
i−1∑
l=0

xl(t+ 1)

)
−f

(
t,

i−2∑
l=0

xl(t),
i−2∑
l=0

xl(t+ 1)

)
,

(4.48i)

i = 2, 3, ..., i ïîêàæåìî, ùî âîíè ìàþòü ñiì'¨ íåïåðåðâíèõ îáìåæåíèõ ïðè

t ≥ T > 0 ðîçâ'ÿçêiâ, ÿêi çàäîâîëüíÿþòü óìîâó

|xi(t)| ≤M∆itν̄, i = 1, 2, . . . . (4.49i)

äå M - äåÿêà äîäàòíà ñòàëà, ν̄ = ln λ̄
ln q , 1 > λ̄ > λ∗ = max {λi, i = 1, . . . , n}.

Äiéñíî, ñèñòåìà ðiâíÿíü (4.480) ìà¹ ìíîæèíó íåïåðåðâíèõ ïðè t ≥ T > 0

ðîçâ'ÿçêiâ, ÿêi çàäîâîëüíÿþòü óìîâi

|x0(t)| ≤Mtν̄, (4.490)

äå M = max
τ
|ω (τ)|. Ïiäñòàâëÿþ÷è â (4.481) ðÿä

x1(t) =
∞∑
j=0

Λjf
(
q−(j+1)t, x0

(
q−(j+1)t

)
, x0(q

−(j+1)t+ 1)
)
, (4.501)

ìîæíà ïåðåêîíàòèñÿ, ùî âií ¹ ¨¨ ôîðìàëüíèì ðîçâ'ÿçêîì. Áiëüøå öüîãî, â

ñèëó (4.46), (4.490), i 1 > λ̄ > λ∗ = max {λi, i = 1, . . . , n}, ν̄ < 0 îòðèìà¹ìî

|x1(t)| ≤
∞∑
j=0

|Λ|j
∣∣f (q−(j+1)t, x0

(
q−(j+1)t

)
, x0(q

−(j+1)t+ 1)
)∣∣ ≤

≤
∞∑
j=0

(λ∗)j l
(∣∣x0

(
q−(j+1)t

)∣∣+
∣∣x0(q

−(j+1)t+ 1)
∣∣) ≤

≤
∞∑
j=0

(λ∗)j l
(
M
(
q−(j+1)t

)ν̄
+M

(
q−(j+1)t+ 1

)ν̄) ≤
≤Ml

∞∑
j=0

(λ∗)j 2
(
q−(j+1)t

)ν̄ ≤M2l
∞∑
j=0

(λ∗)j (qν̄)−(j+1) tν̄ ≤

≤M2l
∞∑
j=0

(λ∗)j
(
λ̄
)−(j+1)

tν̄ ≤M2l 1
λ̄

∞∑
j=0

(
λ∗

λ̄

)j
tν̄ ≤

≤M2l 1
λ̄

1
1−λ∗

λ̄

tν̄ ≤M 2l
λ̄−λ∗ t

ν̄ ≤M∆tν̄.

Îòæå, ñèñòåìè ðiâíÿíü (4.480), (4.481) ìàþòü ñiì'¨ íåïåðåðâíèõ ïðè t≥T >0

ðîçâ'ÿçêiâ, äëÿ êîæíîãî ç ÿêèõ âèêîíóþòüñÿ ñïiââiäíîøåííÿ (4.490), (4.491).

Âðàõîâóþ÷è óìîâè òåîðåìè i îöiíêè (4.490), (4.491), ìîæíà ïîñëiäîâíî ïîêà-
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çàòè, ùî ðÿäè

xi(t) =
∞∑
j=0

Λj

[
q−(j+1)t, f

(
i−1∑
l=0

xl
(
q−(j+1)t

)
,
i−1∑
l=0

xl
(
q−(j+1)t+ 1

))
−

−f
(
t,
i−2∑
l=0

xl
(
q−(j+1)t

)
,
i−2∑
l=0

xl
(
q−(j+1)t+ 1

))]
,

(4.50i)

i = 2, 3, ... ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ≥ T > 0 i ¹ ðîçâ'ÿçêàìè âiäïî-

âiäíèõ ñèñòåì ðiâíÿíü (4.48i), i = 2, 3, ... . Äiéñíî, ëåãêî ïåðåêîíàòèñÿ, ùî

ðÿäè (4.50i), i = 2, 3, ... ¹ ôîðìàëüíèìè ðîçâ'ÿçêàìè ñèñòåì ðiâíÿíü (4.48i),

i = 2, 3, .... Äîâåäåìî ¨õ çáiæíiñòü.

Îñêiëüêè ðÿä (4.501) ðiâíîìiðíî çáiãà¹òüñÿ ïðè t ≥ T > 0, òî ðîçìiðêîâó-

þ÷è çà iíäóêöi¹þ, ïðèïóñòèìî, ùî çáiæíiñòü ðÿäó (4.50i) äîâåäåíà óæå äëÿ

äåÿêîãî i ≥ 1 i äîâåäåìî, ùî ðÿä (4.50i+1) òàêîæ ðiâíîìiðíî çáiãà¹òüñÿ ïðè

t ≥ T > 0 i âèêîíó¹òüñÿ îöiíêà (4.49i+1). Â ñèëó (4.46), (4.50i+1), (4.49i) òà

1 > λ̄ > λ∗ îòðèìà¹ìî

|xi+1(t)| ≤
∞∑
j=0

|Λ|j
∣∣∣∣f (q−(j+1)t,

i∑
l=0

xl
(
q−(j+1)t

)
,
i∑
l=0

xl
(
q−(j+1)t+ 1

))
−

−f
(
q−(j+1)t,

i−1∑
l=0

xl
(
q−(j+1)t

)
,
i−1∑
l=0

xl
(
q−(j+1)t+ 1

))∣∣∣∣ ≤
≤
∞∑
j=0

|Λ|j l
(∣∣∣∣ i∑

l=0

xl
(
q−(j+1)t

)
−

i−1∑
l=0

xl
(
q−(j+1)t

)∣∣∣∣+
+

∣∣∣∣ i∑
l=0

xl
(
q−(j+1)t+ 1

)
−

i−1∑
l=0

xl
(
q−(j+1)t+ 1

)∣∣∣∣) ≤
≤
∞∑
j=0

|λ∗|j l
(∣∣xi (q−(j+1)t

)∣∣+
∣∣xi (q−(j+1)t+ 1

)∣∣) ≤
≤
∞∑
j=0

(λ∗)j 2lM∆i
(
q−(j+1)t

)ν̄ ≤ 2lM
∞∑
j=0

(λ∗)j ∆i (qν̄)−(j+1) tν̄ ≤

≤ 2lM
∞∑
j=0

(λ∗)j ∆i
(
λ
)−(j+1)

tν̄ ≤ 2lM 1
λ̄

∞∑
j=0

(
λ∗

λ̄

)j
∆itν̄ ≤

≤ 2l
1−λ∗

λ̄

1
λ̄
M∆itν̄ ≤ 2l

λ̄−λ∗M∆itν̄ ≤M∆i+1tν̄.

Îòæå, ñèñòåìè ðiâíÿíü (4.48i), i = 1, 2, . . . ìàþòü ðîçâ'ÿçêè ó âèãëÿäi

ðÿäiâ (4.50i), i = 1, 2, . . . , ùî ðiâíîìiðíî çáiãàþòüñÿ ïðè t ≥ T > 0 äî äå-

ÿêèõ íåïåðåðâíèõ âåêòîð-ôóíêöié xi (t),i = 1, 2, . . . , ÿêi çàäîâîëüíÿþòü óìîâè

(4.49i). Iç (4.49i) áåçïîñåðåäíüî âèïëèâà¹, ùî ðÿä (4.47) ðiâíîìiðíî çáiãà¹òüñÿ
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ïðè âñiõ t ≥ T > 0 äî äåÿêî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ x (t), ÿêà ¹ ðîçâ'ÿç-

êîì ñèñòåìè ðiâíÿíü (4.45) i çàäîâîëüíÿ¹ óìîâi

|x (t)| ≤ M

1−∆
tν̄.

Òåîðåìó 4.9 äîâåäåíî.

Òåîðåìà 4.10. Íåõàé âèêîíóþòüñÿ óìîâè 1.-3. i óìîâè:

6. λi > 1, i = 1, . . . , n, 0 < q < 1;

7. ∆ = 2l
λ∗−λ < 1 , äå 1 < λ < λ∗ = min {λi, i = 1, 2, ..., n} .

Òîäi ñèñòåìà ðiâíÿíü (4.45) ìà¹ ñiì'þ íåïåðåðâíèõ îáìåæåíèõ ïðè t≥T >0

(T - äåÿêà äîñòàòíüî âåëèêà äîäàòíà ñòàëà) ðîçâ'ÿçêiâ ó âèãëÿäi ðÿäó

x(t) =
∞∑
i=0

xi(t), (4.52)

äå xi(t), i = 0, 1, ... - äåÿêi íåïåðåðâíi îáìåæåíi ïðè t ≥ T > 0 âåêòîð-

ôóíêöi¨, ÿêi çàäîâîëüíÿþòü óìîâi lim
t→+∞

xi(t) = 0.

Äîâåäåííÿ. Ðîçãëÿíåìî ïîñëiäîâíiñòü ñèñòåì ðiâíÿíü âèãëÿäó:

x0(qt) = Λx0(t), (4.530)

x1(qt) = Λx1(t) + f (t, x0(t), x0(t+ 1)) , (4.531)

xi(qt) = Λxi(t) + f

(
t,
i−1∑
l=0

xl(t),
i−1∑
l=0

xl(t+ 1)

)
− f

(
t,
i−2∑
l=0

xl(t),
i−2∑
l=0

xl(t+ 1)

)
,

(4.53i)

i = 2, 3, ..., i ïîêàæåìî, ùî âîíè ìàþòü ñiì'¨ íåïåðåðâíèõ îáìåæåíèõ ïðè

t ≥ T > 0 ðîçâ'ÿçêiâ, ÿêi çàäîâîëüíÿþòü óìîâó

|xi(t)| ≤M∆itν, i = 1, 2, . . . . (4.54i)

äå M - äåÿêà äîäàòíà ñòàëà, ν = lnλ
ln q , 1 < λ < λ∗ = min {λi, i = 1, 2, ..., n} .

Äiéñíî, ñèñòåìà ðiâíÿíü (4.480) ìà¹ ìíîæèíó íåïåðåðâíèõ ïðè t ≥ T > 0

ðîçâ'ÿçêiâ, ÿêi çàäîâîëüíÿþòü óìîâi

|x0(t)| ≤Mtν, (4.540)
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äå M = max
τ
|ω (τ)|. Ïiäñòàâëÿþ÷è â (4.531) ðÿä

x1(t) = −
∞∑
j=0

Λ−(j+1)f
(
qjt, x0

(
qjt
)
, x0(q

jt+ 1)
)
, (4.551)

ìîæíà ïåðåêîíàòèñÿ, ùî âií ¹ ¨¨ ôîðìàëüíèì ðîçâ'ÿçêîì. Áiëüøå òîãî, â ñèëó

óìîâ 2., 3. òà (4.540), îòðèìó¹ìî

|x1(t)| ≤
∞∑
j=0

∣∣Λ−1
∣∣j+1 ∣∣f (qjt, x0

(
qjt
)
, x0(q

jt+ 1)
)∣∣ ≤

≤
∞∑
j=0

(
1
λ∗

)j+1

l
(∣∣x0

(
qjt
)∣∣+

∣∣x0(q
jt+ 1)

∣∣) ≤
≤ 1

λ∗

∞∑
j=0

(
1
λ∗

)j
l
(
M
(
qjt
)ν

+M
(
qjt+ 1

)ν) ≤ 1
λ∗

∞∑
j=0

(
1
λ∗

)j
2lM

(
qjt
)ν ≤

≤ 2lM 1
λ∗

∞∑
j=0

(
λ
λ∗

)j
tν ≤M 1

λ∗
2l

1− λ
λ∗
tν ≤M 2l

λ∗−λt
ν ≤M∆tν.

Îòæå, ñèñòåìè ðiâíÿíü (4.530), (4.531) ìàþòü ñiì'¨ íåïåðåðâíèõ ïðè t ≥ T > 0

ðîçâ'ÿçêiâ, äëÿ êîæíîãî ç ÿêèõ âèêîíóþòüñÿ ñïiââiäíîøåííÿ (4.540), (4.541).

Âðàõîâóþ÷è óìîâè òåîðåìè i îöiíêè (4.540), (4.541), ìîæíà ïîñëiäîâíî

ïîêàçàòè, ùî ðÿäè

xi(t) = −
∞∑
j=0

Λ−(j+1)

[
f

(
qjt,

∑i−1
l=0 xl

(
qjt
)
,
i−1∑
l=0

xl
(
qjt+ 1

))
−

−f
(
qjt,

i−2∑
l=0

xl
(
qjt
)
,
i−2∑
l=0

xl
(
qjt+ 1

))]
,

(4.55i)

i = 2, 3, ... ðiâíîìiðíî çáiãàþòüñÿ ïðè âñiõ t ≥ T > 0 i ¹ ðîçâ'ÿçêàìè âiäïî-

âiäíèõ ñèñòåì ðiâíÿíü (4.53i), i = 2, 3, ... . Äiéñíî, ëåãêî ïåðåêîíàòèñÿ, ùî

ðÿäè (4.55i), i = 2, 3, ... ¹ ôîðìàëüíèìè ðîçâ'ÿçêàìè ñèñòåì ðiâíÿíü (4.53i),

i = 2, 3, .... Äîâåäåìî ¨õ çáiæíiñòü.

Ñïðàâäi, îñêiëüêè ðÿä (4.551) ðiâíîìiðíî çáiãà¹òüñÿ ïðè t ≥ T > 0, òî

ðîçìiðêîâóþ÷è çà iíäóêöi¹þ, ïðèïóñòèìî, ùî çáiæíiñòü ðÿäó (4.55i) äîâåäåíà

óæå äëÿ äåÿêîãî i ≥ 1 i äîâåäåìî, ùî ðÿä (4.55i+1) òàêîæ ðiâíîìiðíî çáiãà¹-

òüñÿ ïðè t ≥ T > 0 i âèêîíó¹òüñÿ îöiíêà (4.54i+1). Â ñèëó óìîâè 3., (4.55i+1),

(4.54i) òà 1 < λ < λ∗ îòðèìà¹ìî
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|xi+1(t)| ≤
∑∞

j=0

∣∣Λ−1
∣∣j+1

∣∣∣∣f (qjt, i∑
l=0

xl
(
qjt
)
,
i∑
l=0

xl
(
qjt+ 1

))
−

−
(
qjt,

i−1∑
l=0

xl
(
qjt
)
,
i−1∑
l=0

xl
(
qjt+ 1

))∣∣∣∣ ≤
≤
∞∑
j=0

∣∣Λ−1
∣∣j+1

l

(∣∣∣∣ i∑
l=0

xl
(
qjt
)
−

i−1∑
l=0

xl
(
qjt
)∣∣∣∣+

+

∣∣∣∣ i∑
l=0

xl
(
qjt+ 1

)
−

i−1∑
l=0

xl
(
qjt+ 1

)∣∣∣∣) ≤
≤
∞∑
j=0

(
1
λ∗

)j+1

l
(∣∣xi (qjt)∣∣+

∣∣xi (qjt+ 1
)∣∣) ≤ 2Ml∆i 1

λ∗

∞∑
j=0

(
1
λ∗

)j (
qjt
)ν ≤

≤ 2Ml∆i 1
λ∗

∞∑
j=0

(
1
λ∗

)j
(qν)j tν ≤ 2Ml∆i 1

λ∗

∞∑
j=0

(
λ
λ∗

)j
tν ≤

≤M∆i 1
λ∗

2l

1− λ
λ∗
tν ≤M∆i 2l

λ∗−λt
ν ≤M∆i+1tν.

Îòæå, ñèñòåìè ðiâíÿíü (4.53i), i = 1, 2, . . . ìàþòü ðîçâ'ÿçêè ó âèãëÿäi ðÿäiâ

(4.55i), i = 1, 2, . . . , ùî ðiâíîìiðíî çáiãàþòüñÿ ïðè t ≥ T > 0 äî äåÿêèõ íåïå-

ðåðâíèõ âåêòîð-ôóíêöié xi (t), i = 1, 2, . . . , ÿêi çàäîâîëüíÿþòü óìîâè (4.54i).

Iç (4.54i) áåçïîñåðåäíüî âèïëèâà¹, ùî ðÿä (4.52) ðiâíîìiðíî çáiãà¹òüñÿ ïðè

âñiõ t ≥ T > 0 äî äåÿêî¨ íåïåðåðâíî¨ âåêòîð-ôóíêöi¨ x (t), ÿêà çàäîâîëüíÿ¹

óìîâi

|x (t)| ≤ M

1−∆
tν.

Òåîðåìó 4.10 äîâåäåíî.
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ÂÈÑÍÎÂÊÈ ÄÎ ×ÅÒÂÅÐÒÎÃÎ ÐÎÇÄIËÓ

Â ÷åòâåðòîìó ðîçäiëi ðîçãëÿäàþòüñÿ ñèñòåìè íåëiíiéíèõ ôóíêöiîíàëüíèõ

ðiâíÿíü. Äîñëiäæóþòüñÿ ïèòàííÿ iñíóâàííÿ òà ¹äèíîñòi íåïåðåðâíèõ îáìåæå-

íèõ ðîçâ'ÿçêiâ òàêèõ ðiâíÿíü òà âèâ÷àþòüñÿ ¨õ âëàñòèâîñòi. Ñåðåä îñíîâíèõ

ðåçóëüòàòiâ öüîãî ðîçäiëó âiäìiòèìî íàñòóïíi:

� âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi íåïåðåðâíîãî îáìåæåíîãî

ðîçâ'ÿçêó ñèñòåì íåëiíiéíèõ ôóíêöiîíàëüíèõ ðiâíÿíü âèãëÿäó

x (qt) = F (t, x (t) , x (t+ f1 (t, x (t))) , ..., x (t+ fk (t, x (t))) , ε) ,

äå t ∈ R, q = const 6= 0, 1, ε� 1;

� ðîçðîáëåíî ìåòîä ïîáóäîâè íåïåðåðâíèõ ðîçâ'ÿçêiâ ñèñòåì íåëiíiéíèõ

ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü âèãëÿäó

x (qt) = Λx (t) + f (t, x (t+ 1)) ,

äå t ∈ R, Λ−äiéñíà (n× n)-ìàòðèöÿ âèãëÿäó Λ = diag (λ1, . . . , λn),

f : R× Rn → Rn, q - äåÿêà äiéñíà ñòàëà;

� äîñëiäæåíî âëàñòèâîñòi íåïåðåðâíèõ îáìåæåíèõ ðîçâ'ÿçêiâ ñèñòåì íåëi-

íiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü;

� çàïðîïîíîâàíî ìåòîä ïîáóäîâè íåïåðåðâíèõ ðîçâ'ÿçêiâ ñèñòåì íåëiíié-

íèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü âèãëÿäó

x (qt) = Λx (t) + f (t, x (t) , x (t+ 1)) ,

äå t ∈ R, Λ−äiéñíà (n× n)-ìàòðèöÿ âèãëÿäó Λ = diag (λ1, . . . , λn),

f : R× Rn × Rn → Rn, q - äåÿêà äiéñíà ñòàëà.
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ÂÈÑÍÎÂÊÈ

Äèñåðòàöiÿ ïðèñâÿ÷åíà âèâ÷åííþ ïèòàíü iñíóâàííÿ íåïåðåðâíèõ ðîçâ'ÿç-

êiâ ñèñòåì ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü i äîñëiäæåííþ ¨õ âëàñòèâîñòåé.

Ïðè öüîìó îäåðæàíî íàñòóïíi íîâi ðåçóëüòàòè:

� ðîçðîáëåíî ìåòîä ïîáóäîâè íåïåðåðâíèõ ðîçâ'ÿçêiâ ñèñòåì ëiíiéíèõ òà

íåëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü;

� âñòàíîâëåíî óìîâè iñíóâàííÿ íåïåðåðâíèõ îáìåæåíèõ ïðè t ∈ R ðîçâ'ÿç-

êiâ ñèñòåì íåîäíîðiäíèõ ëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü;

� äîñëiäæåíî ñòðóêòóðó ìíîæèíè íåïåðåðâíèõ îáìåæåíèõ ðîçâ'ÿçêiâ ñè-

ñòåì ëiíiéíèõ ðiçíèöåâî-ôóíêöiîíàëüíèõ ðiâíÿíü ó ãiïåðáîëi÷íîìó âè-

ïàäêó;

� âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi íåïåðåðâíîãî îáìåæåíîãî

ðîçâ'ÿçêó ñèñòåì íåëiíiéíèõ ôóíêöiîíàëüíèõ ðiâíÿíü.
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