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ÏÅÐÅËIÊ ÓÌÎÂÍÈÕ ÏÎÇÍÀ×ÅÍÜ

[x] � öiëà ÷àñòèíà äiéñíîãî ÷èñëà x;

δij � ñèìâîë Êðîíåêåðà;

(x, y) � ñêàëÿðíèé äîáóòîê âåêòîðiâ x, y â êîìïëåêñíîìó n-âèìiðíîìó ïðî-

ñòîði;

E � îäèíè÷íà ìàòðèöÿ;

Ei � îäèíè÷íà ìàòðèöÿ i-ãî ïîðÿäêó;

A−1 � îáåðíåíà ìàòðèöÿ äî ìàòðèöi A;

A+ � íàïiâîáåðíåíà ìàòðèöÿ äî ìàòðèöi A, òîáòî ìàòðèöÿ, ùî çàäîâîëüíÿ¹

óìîâó AA+A = A;

A∗ � ìàòðèöÿ, ñïðÿæåíà ç A;

‖x‖ � åâêëiäîâà íîðìà âåêòîðà x;
Ck[0;T ] � ìíîæèíà ôóíêöié (ñêàëÿðíèõ, âåêòîðíèõ, ìàòðè÷íèõ), k ðàçiâ äè-

ôåðåíöiéîâíèõ íà âiäðiçêó [0;T ];

O(x) � ñèìâîë ïîðÿäêó;

N � ìíîæèíà íàòóðàëüíèõ ÷èñåë;

C � ìíîæèíà êîìïëåêñíèõ ÷èñåë.
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ÂÑÒÓÏ

Àêòóàëüíiñòü òåìè. Ïî÷èíàþ÷è ç äðóãî¨ ïîëîâèíè 1970-õ ðîêiâ, óâàãó äî-

ñëiäíèêiâ ïðèâåðíóëè ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü, íå ðîçâ'ÿçàíèõ âiäíî-

ñíî ñòàðøèõ ïîõiäíèõ, ó ÿêèõ ïðè ñòàðøèõ ïîõiäíèõ ìiñòèòüñÿ òîòîæíî âèðî-

äæåíà ìàòðèöÿ. Iíòåðåñ äî âèâ÷åííÿ òàêèõ ñèñòåì îáóìîâëåíèé òèì, ùî äî íèõ

çâîäÿòüñÿ ìàòåìàòè÷íi ìîäåëi áàãàòüîõ òåõíi÷íèõ, ôiçè÷íèõ, áiîëîãi÷íèõ, åêî-

íîìi÷íèõ òà iíøèõ ïðîöåñiâ. Îñîáëèâî ÷àñòî íà ïðàêòèöi çóñòði÷àþòüñÿ ìàòå-

ìàòè÷íi ìîäåëi ðiçíèõ ôiçè÷íèõ ÿâèù, ÿêi îïèñóþòüñÿ òàê çâàíèìè ãiáðèäíèìè

ñèñòåìàìè, äå ÷àñòèíà ðiâíÿíü � äèôåðåíöiàëüíi, à ÷àñòèíà � àëãåáðà¨÷íi. Òà-

êi ñèñòåìè òàêîæ íàëåæàòü äî ñèñòåì äàíîãî òèïó, ÿêi íàé÷àñòiøå íàçèâàþòü

äèôåðåíöiàëüíî-àëãåáðà¨÷íèìè àáî âèðîäæåíèìè.

Íà äàíèé ÷àñ êiëüêiñòü íàóêîâèõ ðîáiò, ïðèñâÿ÷åíèõ äîñëiäæåííþ âèðîäæå-

íèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü, ¹ äîñèòü âåëèêîþ, i ¨õ êiëüêiñòü ïðîäîâ-

æó¹ çðîñòàòè. Íàéáiëüø âàãîìi ðåçóëüòàòè îòðèìàíî âïðîäîâæ 1980 � 2010 ðð.

ó ðîáîòàõ âiò÷èçíÿíèõ ìàòåìàòèêiâ À.Ì. Ñàìîéëåíêà, Â.Ï. ßêîâöÿ, Ì.I. Øêi-

ëÿ, Î.À. Áîé÷óêà, Â.Ã. Ñàìîéëåíêà, Ï.Ô. Ñàìóñåíêà òà ðÿäó çàðóáiæíèõ: S.L.

Campbell, R.L. Petzold, C.W. Gear, K.E. Brenan (ÑØÀ), E. Griepentrong, R.

Maerz (Íiìå÷÷èíà), Þ.�. Áîÿðèíöåâà, Â.Ô. ×èñòÿêîâà, À.Î. Ùåãëîâî¨ (Ðîñié-

ñüêà Ôåäåðàöiÿ) òà ií.

Ïðè öüîìó îñíîâíi çóñèëëÿ áóëè íàïðàâëåíi íà äîñëiäæåííÿ ëiíiéíèõ ñèñòåì

B(t)
dx

dt
= A(t)x+ f(t), (1)

äå x(t) � øóêàíèé n-âèìiðíèé âåêòîð, A(t), B(t) � êâàäðàòíi ìàòðèöi n-ãî ïî-

ðÿäêó. Ó ðåçóëüòàòi áóëî âñòàíîâëåíî, ùî çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (1) ìà¹

íàéïðîñòiøó ñòðóêòóðó (òèïó Êîøi), êîëè öÿ ñèñòåìà çâîäèòüñÿ äî òàê çâàíî¨

öåíòðàëüíî¨ êàíîíi÷íî¨ ôîðìè (ÖÊÔ), ïîíÿòòÿ ÿêî¨ áóëî ââåäåíî â 1983 ð. S.L.

Campbell i R.L. Petzold. Ïiçíiøå â ðîáîòàõ À.Ì. Ñàìîéëåíêà i Â.Ï. ßêîâöÿ áóëî

çíàéäåíî óìîâè, çà âèêîíàííÿ ÿêèõ ñèñòåìà (1) çâîäèòüñÿ äî ÖÊÔ, ùî äîçâîëèëî

âñòàíîâèòè ñòðóêòóðó ¨¨ çàãàëüíîãî ðîçâ'ÿçêó òà óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi

âiäïîâiäíî¨ ïî÷àòêîâî¨ çàäà÷i. Äåÿêi óìîâè çâiäíîñòi ñèñòåìè (1) äî ÖÊÔ áóëî

âñòàíîâëåíî òàêîæ ó ðîáîòàõ Þ.�. Áîÿðèíöåâà i Â.Ô. ×èñòÿêîâà.
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Öi ðåçóëüòàòè äàëè ìîæëèâiñòü Â.Ï. ßêîâöþ óçàãàëüíèòè êëàñè÷íó òåîðiþ

àñèìïòîòè÷íîãî iíòåãðóâàííÿ ëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ ñèñòåì äèôåðåíöi-

àëüíèõ ðiâíÿíü, çàïî÷àòêîâàíó G. Birkho� i ß.Ä. Òàìàðêiíèì i ðîçâèòó â ïðàöÿõ

Õ.Ë. Òåððèòiíà, Â. Âàçîâà, Ñ.Ô. Ôåùåíêà, Ì.I. Øêiëÿ, Ã.Ñ. Æóêîâî¨, I.I. Ñòà-

ðóíà òà ií., íà ñèíãóëÿðíî çáóðåíi ñèñòåìè âèãëÿäó

εhB(t, ε)
dx

dt
= A(t, ε)x+ f(t, ε), (2)

â ÿêèõ ε � ìàëèé ïàðàìåòð, à ìàòðèöÿ B(t, ε) àáî òîòîæíî âèðîäæåíà, àáî âè-

ðîäæó¹òüñÿ ïðè ε→ 0.

Ïðîòå íà ïðàêòèöi äîñèòü ÷àñòî äîâîäèòüñÿ ìàòè ñïðàâó ç ñèñòåìàìè äèôå-

ðåíöiàëüíèõ ðiâíÿíü âèùèõ ïîðÿäêiâ, ÿêi ó âåêòîðíî-ìàòðè÷íèé ôîðìi ìîæíà

ïîäàòè ó âèãëÿäi

Am(t)
dmx

dtm
+ Am−1(t)

dm−1x

dtm−1
+ · · ·+ A1(t)

dx

dt
+ A0(t)x = f(t). (3)

Ïðè öüîìó ìàòðèöÿ Am(t) ïðè ñòàðøèé ïîõiäíèé áóäå òîòîæíî âèðîäæåíîþ,

ÿêùî ñåðåä ðiâíÿíü, ÿêi óòâîðþþòü ñèñòåìó (3), ìiñòÿòüñÿ ðiâíÿííÿ ðiçíèõ ïî-

ðÿäêiâ. Äî òàêîãî âèãëÿäó çâîäÿòüñÿ òàêîæ ñèñòåìè ðiâíÿíü, ó ÿêèõ ÷àñòèíà

ðiâíÿíü ¹ àëãåáðà¨÷íèìè.

Ðîçãëÿäàþ÷è òàêi ñèñòåìè, ðiçíi àâòîðè, ÿê ïðàâèëî, íàìàãàþòüñÿ çâåñòè ¨õ

äî ñèñòåìè âèãëÿäó (1) çà äîïîìîãîþ âiäïîâiäíî¨ çàìiíè, ùî ïðèçâîäèòü äî çðî-

ñòàííÿ ðîçìiðíîñòi ñèñòåìè, à öå çíà÷íî óñêëàäíþ¹ ¨¨ äîñëiäæåííÿ, ðåçóëüòàòè

ÿêîãî âñåîäíî òðåáà âèðàæàòè â òåðìiíàõ ìàòðèöü Ai(t), i = 0,m, âèõiäíî¨ ñè-

ñòåìè (3).

Ó çâ'ÿçêó ç öèì äîöiëüíèì ¹ ðîçðîáëåííÿ çàãàëüíî¨ òåîði¨ ñèñòåìè ðiâíÿíü

âèùèõ ïîðÿäêiâ âèãëÿäó (3), à òàêîæ àíàëîãi÷íî¨ ñèíãóëÿðíî çáóðåíî¨ ñèñòåìè

εmhAm(t, ε)
dmx

dtm
+. . .+εhA1(t, ε)

dx

dt
+A0(t, ε)x = f(t, ε) exp

(
ε−h

∫ t

0

α(τ)dτ

)
, (4)

â ÿêié ìàòðèöÿ Am(t, ε) òîòîæíî âèðîäæåíà àáî âèðîäæó¹òüñÿ ïðè ε = 0.

Íåçâàæàþ÷è íà íàìàãàííÿ ðiçíèõ àâòîðiâ óçàãàëüíèòè òåîðiþ àñèìïòîòè÷íî-

ãî iíòåãðóâàííÿ ëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü

ïåðøîãî ïîðÿäêó íà ñèñòåìè âèùèõ ïîðÿäêiâ (ðîáîòè Ñ.Ô. Ôåùåíêà, Ì.À. Ñî-

òíè÷åíêà, Ì.I. Øêiëÿ i éîãî ó÷íiâ Ï.Ê. Ìåéëi¹âà, I.Ì. Êîíåòà, Â.À. Êóøíiðà òà
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ií.), óñi âîíè ðîçãëÿäàëè ëèøå îêðåìi ÷àñòèííi âèïàäêè, êîëè ìàòðèöÿ ïðè ñòàð-

øèõ ïîõiäíèõ îäèíè÷íà, à ìàòðèöi áiëÿ ïîõiäíèõ íèæ÷îãî ïîðÿäêó àáî íóëüîâi,

àáî æ íóëüîâèìè ¹ ¨õ ãîëîâíi ÷àñòèíè.

Áiëüø äåòàëüíî ñèñòåìè âèãëÿäó (3), (4) áóëè ðîçãëÿíóòi Â.Ï. ßêîâöåì ó

âèïàäêó m = 2, ÿêèé çàñòîñîâóâàâ äëÿ ¨õ äîñëiäæåííÿ òåîðiþ êâàäðàòè÷íèõ

ìàòðè÷íèõ â'ÿçîê. Ùî æ ñòîñó¹òüñÿ ñèñòåì âèùèõ ïîðÿäêiâ, ó ÿêèõ m > 2,

òî, íåçâàæàþ÷è íà ¨õ ïðàêòè÷íå i òåîðåòè÷íå çíà÷åííÿ, äî äàíîãî ÷àñó âîíè

çàëèøèëèñü íå äîñëiäæåíèìè. Òîìó òåìà äàíî¨ äèñåðòàöi¨ ¹ äîñèòü âàæëèâîþ i

àêòóàëüíîþ.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.

Ðîáîòà âèêîíóâàëàñü ó Íàöiîíàëüíîìó ïåäàãîãi÷íîìó óíiâåðñèòåòi iìåíi Ì.Ï.

Äðàãîìàíîâà íà êàôåäði ìàòåìàòè÷íîãî àíàëiçó òà äèôåðåíöiàëüíèõ ðiâíÿíü

Ôiçèêî-ìàòåìàòè÷íîãî iíñòèòóòó çãiäíî iç çàãàëüíèì ïëàíîì äîñëiäæåíü â ðàì-

êàõ íàóêîâî¨ òåìè "Àñèìïòîòè÷íå iíòåãðóâàííÿ âèðîäæåíèõ ñèíãóëÿðíî çáóðå-

íèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü"(íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0110U001582).

Ìåòà i çàâäàííÿ äîñëiäæåííÿ.

Îñíîâíèì îá'¹êòîì äîñëiäæåííÿ ¹ ëiíiéíà ñèíãóëÿðíî çáóðåíà ñèñòåìà çâè-

÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó (4).

Ïðåäìåòîì äîñëiäæåííÿ ¹ àñèìïòîòè÷íi âëàñòèâîñòi ðîçâ'ÿçêiâ ñèñòåìè ðiâ-

íÿíü (4) ïðè ε→ 0.

Ìåòà äèñåðòàöiéíîãî äîñëiäæåííÿ ïîëÿãà¹ â ðîçðîáöi òåîði¨ àñèìïòîòè÷íî-

ãî iíòåãðóâàííÿ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü äàíîãî òèïó.

Çàâäàííÿ äîñëiäæåííÿ:

1. Çíàéòè óìîâè, çà âèêîíàííÿ ÿêèõ ñèñòåìà ðiâíÿíü âèùèõ ïîðÿäêiâ âèãëÿäó

(3) ìà¹ çàãàëüíèé ðîçâ'ÿçîê òèïó Êîøi, i âèçíà÷èòè éîãî ñòðóêòóðó. Äîñëiäèòè

ïèòàííÿ iñíóâàííÿ i ¹äèíîñòi ðîçâ'ÿçêó âiäïîâiäíî¨ ïî÷àòêîâî¨ çàäà÷i.

2. Çäiéñíèòè àñèìïòîòè÷íèé àíàëiç çàãàëüíîãî ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü (4)

çà óìîâè ðåãóëÿðíîñòi ãðàíè÷íî¨ â'ÿçêè ìàòðèöü

P (t, λ) =
m∑
i=0

λiAi(t, 0)
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íà çàäàíîìó ïðîìiæêó çìiíè t ó ðiçíèõ âèïàäêàõ, ïîâ'ÿçàíèõ iç êðîíåêåðîâîþ

ñòðóêòóðîþ ¨¨ ñïåêòðà.

Ìåòîäè äîñëiäæåííÿ. Äëÿ ðåàëiçàöi¨ çàâäàíü äîñëiäæåííÿ âèêîðèñòîâó-

¹òüñÿ òåîðiÿ ïîëiíîìiàëüíèõ â'ÿçîê ìàòðèöü, òåõíiêà óçàãàëüíåíîãî îáåðíåííÿ

ìàòðèöü, ìåòîä äiàãðàì Íüþòîíà òà àñèìïòîòè÷íi ìåòîäè ëiíiéíî¨ òåîði¨ ñèíãó-

ëÿðíèõ çáóðåíü.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Îñíîâíèìè ðåçóëüòàòàìè, ùî

âiäîáðàæàþòü íàóêîâó íîâèçíó ¹ íàñòóïíi:

1. Çíàéäåíî äîñòàòíi óìîâè, çà âèêîíàííÿ ÿêèõ ñèñòåìà ðiâíÿíü (3) ìà¹ çà-

ãàëüíèé ðîçâ'ÿçîê òèïó Êîøi i âèçíà÷åíî éîãî ñòðóêòóðó. Âèõîäÿ÷è ç öüîãî,

âñòàíîâëåíî óìîâè iñíóâàííÿ i ¹äèíîñòi ðîçâ'ÿçêó âiäïîâiäíî¨ ïî÷àòêîâî¨ çàäà÷i.

2. Äîñëiäæåíî ïèòàííÿ ïîáóäîâè àñèìïòîòèêè ïðè ε→ 0 çàãàëüíîãî ðîçâ'ÿç-

êó îäíîðiäíî¨ ñèñòåìè

εmhAm(t, ε)
dmx

dtm
+ε(m−1)hAm−1(t, ε)

dm−1x

dtm−1
+· · ·+εhA1(t, ε)

dx

dt
+A0(t, ε)x = 0, (5)

ÿêà âiäïîâiäà¹ (4), çà óìîâè ðåãóëÿðíîñòi ãðàíè÷íî¨ â'ÿçêè ìàòðèöü.

Âèçíà÷åíî âèãëÿä i ðîçðîáëåíî àëãîðèòì ïîáóäîâè âiäïîâiäíèõ àñèìïòîòè-

÷íèõ ðîçâ'ÿçêiâ äàíî¨ ñèñòåìè ó âñiõ ìîæëèâèõ âèïàäêàõ ñòàáiëüíî¨ ïîâåäiíêè

ñïåêòðà ãðàíè÷íî¨ â'ÿçêè ìàòðèöü.

3. Ó âèïàäêó, êîëè ãðàíè÷íà â'ÿçêà ìàòðèöü ìà¹ ïî îäíîìó êðàòíîìó ñêií÷åí-

íîìó òà íåñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó, âèâåäåíî âiäïîâiäíi ðiâíÿííÿ

ðîçãàëóæåííÿ i çäiéñíåíî ¨õ àíàëiç ç âèêîðèñòàííÿì ìåòîäó äiàãðàì Íüþòî-

íà. Âèêîðèñòîâóþ÷è éîãî ðåçóëüòàòè, ïðîâåäåíî ïîâíå äîñëiäæåííÿ ñòðóêòóðè

àñèìïòîòè÷íèõ ðîçâ'ÿçêiâ ñèñòåìè (5) çàëåæíî âiä ïîâåäiíêè ¨¨ êîåôiöi¹íòiâ.

4. Ïîáóäîâàíî àñèìïòîòèêó ÷àñòèííîãî ðîçâ'ÿçêó íåîäíîðiäíî¨ ñèñòåìè (4) â

íåðåçîíàíñíîìó òà ðåçîíàíñíîìó âèïàäêàõ.

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Îäåðæàíi ðåçóëüòàòè ìà-

þòü òåîðåòè÷íèé õàðàêòåð. Âîíè óçàãàëüíþþòü ðåçóëüòàòè, îòðèìàíi äëÿ âèðî-

äæåíèõ ëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî

ïîðÿäêó, íà àíàëîãi÷íi ñèñòåìè ðiâíÿíü âèùèõ ïîðÿäêiâ.
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Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ ïîëÿãà¹ â ìîæëèâîñòi ¨õ çàñòîñó-

âàííÿ äëÿ ðîçâ'ÿçàííÿ êîíêðåòíèõ ïðèêëàäíèõ çàäà÷, ìàòåìàòè÷íi ìîäåëi ÿêèõ

çâîäÿòüñÿ äî ñèñòåì äàíîãî òèïó.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Óñi íàóêîâi ðåçóëüòàòè äèñåðòàöi¨ îäåðæàíî

çäîáóâà÷åì îñîáèñòî. Ó ñïiëüíèõ ðîáîòàõ ç íàóêîâèì êåðiâíèêîì Â.Ï. ßêîâöþ

íàëåæèòü ïîñòàíîâêà çàäà÷i òà îáãîâîðåííÿ ðåçóëüòàòiâ, àâòîðó äèñåðòàöi¨ �

ïðîâåäåííÿ äîñëiäæåíü òà äîâåäåííÿ âñiõ òâåðäæåíü.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ äîïî-

âiäàëèñü i îáãîâîðþâàëèñü íà:

� Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ "Äèôåðåíöiàëüíi ðiâíÿííÿ òà ¨õ çàñòî-

ñóâàííÿ", ïðèñâÿ÷åíié 70-ði÷÷þ ïðîô. Â. Â. Ìàðèíöÿ (ì. Óæãîðîä, âåðåñåíü

2012 ð.);

� Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ "Àñèìïòîòè÷íi ìåòîäè â òåîði¨ äèôå-

ðåíöiàëüíèõ ðiâíÿíü", ïðèñâÿ÷åíié 80-ði÷÷þ äîêòîðà ôiç.-ìàò. íàóê, ïðîôåñîðà,

àêàäåìiêà ÍÀÏÍ Óêðà¨íè Øêiëÿ Ìèêîëè Iâàíîâè÷à (ì. Êè¨â, ãðóäåíü 2012 ð.);

� XVI International Conference "Dynamical system: modelling and stability

investigation"(c. Kyiv, may 2013);

� Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ "Áîãîëþáiâñüêi ÷èòàííÿ DIF-2013. Äè-

ôåðåíöiàëüíi ðiâíÿííÿ, òåîðiÿ ôóíêöié òà ¨õ çàñòîñóâàííÿ" ç íàãîäè 75-ði÷÷ÿ ç

äíÿ íàðîäæåííÿ àêàäåìiêà À. Ì. Ñàìîéëåíêà (ì. Ñåâàñòîïîëü, ÷åðâåíü 2013);

� "Ëåòíåé ìàòèìàòè÷åêîé øêîëå Â. Ïëîòíèêîâà"(ì. Îäåñà, ëèïåíü 2013 ð.);

� Ìiæíàðîäíié ìàòåìàòè÷íié êîíôåðåíöi¨ "Äèôåðåíöiàëüíi ðiâíÿííÿ, îá÷è-

ñëþâàëüíà ìàòåìàòèêà, òåîðiÿ ôóíêöié òà ìàòåìàòè÷íi ìåòîäè ìåõàíiêè"äî 100-

ði÷÷ÿ âiä äíÿ íàðîäæåííÿ ÷ëåíà-êîðåñïîíäåíòà ÍÀÍ Óêðà¨íè Ïîëîæîãî Ãåîðãiÿ

Ìèêîëàéîâè÷à (ì. Êè¨â, êâiòåíü 2014);

� XV ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iìåíi àêàäåìiêà Ìèõàéëà Êðàâ÷óêà

(ì. Êè¨â, òðàâåíü 2014);

� íàóêîâîìó ñåìiíàði êàôåäðè ìàòåìàòè÷íîãî àíàëiçó òà äèôåðåíöiàëüíèõ

ðiíÿíü Íàöiîíàëüíîãî ïåäàãîãi÷íîãî óíiâåðñèòåòó iì. Ì. Ï. Äðàãîìàíîâà (íàó-

êîâèé êåðiâíèê äîêòîð ôiç.-ìàò. íàóê, ïðîô. Òîðáií Ã.Ì.) (2014�2015 ðð.);
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� çâiòíèõ íàóêîâèõ êîíôåðåíöiÿõ ÍÏÓ iì. Ì.Ï. Äðàãîìàíîâà (2012�2015

ðð.).

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ îïóáëiêîâàíî â 11 ðîáîòàõ [44�

51,105,106,120], 5 ç ÿêèõ � ñòàòòi â ôàõîâèõ íàóêîâèõ âèäàííÿõ, çàòâåðäæåíèõ

ÄÀÊ Óêðà¨íè, i 6 � òåçè äîïîâiäåé íà íàóêîâèõ êîíôåðåíöiÿõ.

Ñòðóêòóðà òà îáñÿã ðîáîòè. Äèñåðòàöiéíà ðîáîòà ñêëàäà¹òüñÿ çi âñòó-

ïó, ÷îòèðüîõ ðîçäiëiâ, ÿêi îá'¹äíóþòü 18 ïiäðîçäiëiâ, òà ñïèñêó âèêîðèñòàíèõ

äæåðåë iç 125 íàéìåíóâàíü. Ïîâíèé îáñÿã äèñåðòàöi¨ ñòàíîâèòü 191 ñòîðiíêó

äðóêîâàíîãî òåêñòó, îñíîâíèé çìiñò âèêëàäåíî íà 165 ñòîðiíêàõ.
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ÐÎÇÄIË 1.

ÎÃËßÄ ËIÒÅÐÀÒÓÐÈ

Ðiçíîìàíiòíi ïðàêòè÷íi çàäà÷i ïðèâîäÿòü äî ìàòåìàòè÷íèõ ìîäåëåé, ùî îïè-

ñóþòüñÿ ñèñòåìàìè äèôåðåíöiàëüíèõ ðiâíÿíü, ÿêi çàëåæàòü âiä ìàëîãî ïàðàìå-

òðà òà ìàþòü ðiçíîãî ðîäó âèðîäæåííÿ. Äî íèõ íàëåæàòü ñèñòåìè ç íàÿâíiñòþ

ïðè ñòàðøèõ ïîõiäíèõ âèðîäæåíî¨ ìàòðèöi, ìàëèõ ïàðàìåòðiâ àáî òàêî¨ ìàòðèöi,

ÿêà âèðîäæó¹òüñÿ ïðè ïåâíèõ çíà÷åííÿõ íåçàëåæíî¨ çìiííî¨ ÷è ïàðàìåòðiâ.

Àñèìïòîòè÷íi ìåòîäè ¹ îäíèìè ç íàéåôåêòèâíiøèõ òà íàéïîøèðåíiøèõ íà-

áëèæåíèõ ìåòîäiâ äîñëiäæåííÿ ðîçâ'ÿçêiâ òàêèõ ñèñòåì ðiâíÿíü. Îñíîâíà iäåÿ

àñèìïòîòè÷íèõ ìåòîäiâ ïîëÿãà¹ â òîìó, ùî øóêàíèé ðîçâ'ÿçîê ñèñòåìè äèôåðåí-

öiàëüíèõ ðiâíÿíü áóäóþòü ó âèãëÿäi ôîðìàëüíîãî ðÿäó çà ñòåïåíÿìè íåçàëåæíî¨

çìiííî¨ ÷è ïàðàìåòðà òàê, ùîá öåé ðÿä ôîðìàëüíî çàäîâîëüíÿâ äàíó ñèñòåìó.

Öi ðÿäè, ÿê ïðàâèëî, ðîçáiãàþòüñÿ â çâè÷àéíîìó ðîçóìiííi, àëå, ÿê âèÿâèëîñÿ,

¨õ ÷àñòèííi ñóìè çà ïåâíèõ óìîâ ïðÿìóþòü äî òî÷íîãî ðîçâ'ÿçêó âèõiäíî¨ ñèñòå-

ìè ðiâíÿíü ç ïðÿìóâàííÿì ïàðàìåòðà ÷è íåçàëåæíî¨ çìiííî¨ äî ñâî¨õ ãðàíè÷íèõ

çíà÷åíü. Øâèäêiñòü àñèìïòîòè÷íî¨ çáiæíîñòi ïîáóäîâàíèõ ó òàêèé ñïîñiá ðÿäiâ

ìîæå áóòè íàñòiëüêè âåëèêîþ, ùî äëÿ ïðàêòè÷íîãî çàñòîñóâàííÿ iíêîëè äîñòà-

òíüî âæå íóëüîâîãî íàáëèæåííÿ.

Ó äàíèé ÷àñ ðîçðîáëåíî áàãàòî ðiçíèõ ìåòîäiâ àñèìïòîòè÷íîãî iíòåãðóâàí-

íÿ äèôåðåíöiàëüíèõ ðiâíÿíü, êîæíèé ç ÿêèõ ìà¹ ñâî¨ ïåðåâàãè ùîäî ðîçâ'ÿçà-

ííÿ ïåâíîãî òèïó çàäà÷. Ñåðåä îñíîâíèõ àñèìïòîòè÷íèõ ìåòîäiâ, ÿêi àêòèâíî

ðîçâèâàþòüñÿ â íàø ÷àñ, ìîæíà âèäiëèòè íàñòóïíi: ìåòîä Ëÿïóíîâà-Ïóàíêàðå,

ìåòîä ïðèìåæîâèõ ôóíêöié Ì.É. Âèøèêà, Ë.À. Ëþñòåðíèêà [17,18] òà À.Ì. Òè-

õîíîâà, À.Á. Âàñèëü¹âî¨ [14,15,16,72], àñèìïòîòè÷íi ìåòîäè íåëiíiéíî¨ ìåõàíiêè

Ì.Ì. Êðèëîâà, Ì.Ì. Áîãîëþáîâà, Þ.Î. Ìèòðîïîëüñüêîãî, À.Ì. Ñàìîéëåíêà

[3,36,40,41,42,43,55], ìåòîäè àñèìïòîòè÷íîãî àíàëiçó ëiíiéíèõ ñèíãóëÿðíî çáóðå-

íèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ðîçâèíóòi â ïðàöÿõ Äæ. Áiðêãîôà, Õ.Ë. Òåððèòi-

íà, Â. Âàçîâà, Ñ.Ô. Ôåùåíêà, Ì.I. Øêiëÿ, Ã.Ñ. Æóêîâî¨, Â.Ï. ßêîâöÿ òà iíøèõ

[12,23,29,30,71,74�77,85�90,94,97�99,101].
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Êëàñè÷íà òåîðiÿ àñèìïòîòè÷íîãî iíòåãðóâàííÿ ëiíiéíèõ ñèíãóëÿðíî çáóðå-

íèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü áóëà çàïî÷àòêîâàíà ùå íà ïî÷àòêó XX ñò.

â ðîáîòàõ Ë. Øëåçiíãåðà [122], Äæ. Áiðêãîôà [107], ß.Ä. Òàìàðêiíà [66].

Ðîçãëÿäàþ÷è ëiíiéíå äèôåðåíöiàëüíå ðiâíÿííÿ n−ãî ïîðÿäêó

dnx

dtn
+ ρan−1(t, ρ)

dn−1x

dtn−1
+ · · ·+ ρn−1a1(t, ρ)

dx

dt
+ ρna0(t, ρ)x = 0, (1.1)

äå x(t, ρ) � íåâiäîìà ñêàëÿðà ôóíêöiÿ, à ai(t, ρ), i = 0, n− 1, � ôóíêöi¨, àíàëiòè-

÷íi âiäíîñíî âåëèêîãî ïàðàìåòðà ρ íà íåñêií÷åííîñòi òà íåñêií÷åííî äèôåðåíöi-

éîâíi ïî çìiííié t ∈ [t0;T ], àìåðèêàíñüêèé ìàòåìàòèê Äæ. Áiðêãîô âñòàíîâèâ,

ùî n ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ ðiâíÿííÿ (1.1) âèðàæàþòüñÿ àñèìïòîòè÷íè-

ìè ôîðìóëàìè çà íåäîäàòíèìè ñòåïåíÿìè ïàðàìåòðà ρ:

xi(t, ρ) =

(
m∑
k=0

ρ−kx
(k)
i (t) +O(ρ−m)

)
exp

(
ρ

∫ t

t0

λi(τ)dτ

)
, i = 1, n, (1.2)

äå λi(t), i = 1, n, � êîðåíi âiäïîâiäíîãî õàðàêòåðèñòè÷íîãî ðiâíÿííÿ

λn + an−1(t)λ
n−1 + · · ·+ a1(t)λ+ a0(t) = 0.

ß.Ä. Òàìàðêií óçàãàëüíèâ ðåçóëüòàò Äæ. Áiðêãîôà íà ëiíiéíó ñèñòåìó äè-

ôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó

dx

dt
= ρ−hA(t, ρ)x, (1.3)

äå x(t, ρ) � øóêàíèé n-âèìiðíèé âåêòîð, A(t, ρ) � êâàäðàòíà ìàòðèöÿ n-ãî ïîðÿä-

êó, ÿêà çàëåæèòü âiä âåëèêîãî ïàðàìåòðà ρ àíàëiòè÷íî â îêîëi òî÷êè ρ =∞, à h

� äåÿêå íàòóðàëüíå ÷èñëî. Âií âñòàíîâèâ, ùî êîëè âiäïîâiäíå õàðàêòåðèñòè÷íå

ðiâíÿííÿ

det (A(t,∞)− λE) = 0 (1.4)

ìà¹ n ïðîñòèõ êîðåíiâ λi(t), i = 1, n, òî ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ

ñèñòåìè ðiâíÿíü (1.3) çîáðàæó¹òüñÿ àñèìïòîòè÷íèìè ôîðìóëàìè, àíàëîãi÷íèì

(1.2):

xi(t, ρ)=

(
m∑
k=0

ρ−ku
(k)
i (t)+O(ρ−m)

)
exp

(
ρh
∫ t

t0

(
λi(τ)+

h−1∑
k=1

ρ−kλ
(k)
i (τ)

)
dτ

)
, (1.5)
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i = 1, n, äå u(k)
i (t), k = 0,m, i = 1, n, � n-âèìiðíi âåêòîðè, à λ(k)

i (t), k = 1, h− 1,

i = 1, n, � cêàëÿðíi ôóíêöi¨.

Ðåçóëüòàòè, îòðèìàíi Äæ. Áiðêãîôîì òà Ä.ß. Òàìàðêiíèì, ìàþòü âàæëèâå

çíà÷åííÿ, îñêiëüêè êîåôiöi¹íòè âiäïîâiäíèõ àñèìïòîòè÷íèõ ðîçâèíåíü âèçíà÷à-

þòüñÿ â ÿâíié ôîðìi ç àëãåáðà¨÷íèõ òà äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïî-

ðÿäêó. Êðiì òîãî, ÿêùî Reλi(t), i = 1, n, çáåðiãàþòü ñòàëèé çíàê íà âiäðiçêó

[t0;T ], òî îòðèìàíi m-íàáëèæåííÿ ïðÿìóþòü âiäïîâiäíî äî òî÷íèõ ðîçâ'ÿçêiâ

ðiâíÿííÿ (1.1) òà ñèñòåìè ðiâíÿíü (1.3) ïðè ρ→∞ ç åêñïîíåíöiàëüíîþ øâèäêi-

ñòþ. Òîìó âæå íóëüîâi íàáëèæåííÿ ìîæíà âèêîðèñòîâóâàòè ÿê äëÿ ïðàêòè÷íèõ

ðîçðàõóíêiâ, òàê i äëÿ ïðîâåäåííÿ ðiçíîãî ðîäó òåîðåòè÷íèõ äîñëiäæåíü.

Çàçíà÷èìî, ùî êîëè â ðiâíÿííi (1.1) òà ñèñòåìi ðiâíÿíü (1.3) ïîêëàñòè ε =

ρ−1, òî îòðèìà¹ìî ñèíãóëÿðíî çáóðåíå äèôåðåíöiàëüíå ðiâíÿííÿ òà âiäïîâiäíó

ñèñòåìó ðiâíÿíü ç ìàëèì ïàðåìåòðîì ïðè ñòàðøié ïîõiäíié:

εn
dnx

dtn
+ εn−1an−1(t, ε)

dn−1x

dtn−1
+ · · ·+ εa1(t, ε)

dx

dt
+ a0(t, ε)x = 0,

εh
dx

dt
= A(t, ε)x. (1.6)

Àëå öi ðåçóëüòàòè Äæ. Áiðêãîôîì i Ä.ß. Òàìàðêiíèì ñòîñóâàëèñü ëèøå âè-

ïàäêó, êîëè âñi êîðåíi âiäïîâiäíîãî õàðàêòåðèñòè÷íîãî ðiâíÿííÿ ¹ ïðîñòèìè.

Âèïàäîê, êîëè ñåðåä öèõ êîðåíiâ ¹ êðàòíèé, âèÿâèâñÿ íàäçâè÷àéíî ñêëàäíèì.

Íåçâàæàþ÷è íà çóñèëëÿ áàãàòüîõ ìàòåìàòèêiâ ðiçíèõ êðà¨í, öåé âèïàäîê äîâãèé

÷àñ çàëèøàâñÿ íåäîñëiäæåíèì.

Âàæëèâèì êðîêîì íà øëÿõó ðîçâ'ÿçàííÿ ïðîáëåìè êðàòíèõ êîðåíiâ õàðàêòå-

ðèñòè÷íîãî ðiâíÿííÿ ñòàëè ðîáîòè É. Ñèáóéÿ [123,124] òà Ñ.Ô. Ôåùåíêà [75,76],

îïóáëiêîâàíi â 1950-õ ðð., ó ÿêèõ áóëè äîâåäåíi òåîðåìè ïðî àñèìïòîòè÷íå ðîç-

ùåïëåííÿ ëiíiéíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü, êîåôiöi¹íòè ÿêèõ ñèíãó-

ëÿðíî çàëåæàòü âiä ïàðàìåòðà, íà ïiäñèñòåìè ìåíøî¨ ðîçìiðíîñòi.

Çîêðåìà, Ñ.Ô. Ôåùåíêî, ðîçãëÿíóâ ëiíiéíó ñèñòåìó äèôåðåíöiàëüíèõ ðiâ-

íÿíü ç ïîâiëüíî çìiííèìè êîåôiöi¹íòàìè âèãëÿäó

dx

dt
= A(τ, ε)x, (1.7)
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â ÿêié x(t, ε) � øóêàíèé n-âèìiðíèé âåêòîð, A(τ, ε) � êâàäðàòíà ìàòðèöÿ n-ãî

ïîðÿäêó, ÿêà çîáðàæó¹òüñÿ ó âèãëÿäi ðÿäó

A(τ, ε) =
∞∑
s=0

εsAs(τ), (1.8)

à τ = εt � ò. ç. "ïîâiëüíèé ÷àñ", äå t ∈ [0;T ]. Âií âñòàíîâèâ, ùî êîëè âiäïîâiäíå

õàðàêòåðèñòè÷íå ðiâíÿííÿ

det (A0(τ)− λE) = 0 (1.9)

ìà¹ êiëüêà içîëüîâàíèõ ãðóï êîðåíiâ ðiçíî¨ êðàòíîñòi, ÿêi íå ïåðåêðèâàþòüñÿ ç

êîðåíÿìè iíøèõ ãðóï, òî çà äîïîìîãîþ íåîñîáëèâî¨ ïiäñòàíîâêè

x(t, ε) = U(τ, ε) exp

(
ε−1

∫ t

0

W (s, ε)ds

)
y(t, ε) (1.10)

öþ ñèñòåìó ìîæíà àñèìïòîòè÷íî ðîçùåïèòè íà ïiäñèñòåìè ìåíøî¨ ðîçìiðíîñòi.

Ïðè öüîìó õàðàêòåðèñòè÷íå ðiâíÿííÿ êîæíî¨ ç óòâîðåíèõ â òàêèé ñïîñiá ïiäñè-

ñòåì ìàòèìå òiëüêè òi êîðåíi, ÿêi óòâîðþþòü äàíó içîëüîâàíó ãðóïó êîðåíiâ ó

ñêëàäi êîðåíiâ ðiâíÿííÿ (1.9). ßê íàñëiäîê, ç òåîðåìè Ñ.Ô. Ôåùåíêà âèïëèâàëè

ðåçóëüòàòè Äæ. Áiðêãîôà é Ä.ß. Òàìàðêiíà.

Òåîðåìè Ñ.Ô. Ôåùåíêà òà É. Ñèáóéÿ äåùî ñïðîùóâàëè ïðîáëåìó êðàòíèõ

êîðåíiâ õàðàêòåðèñòèíîãî ðiâíÿííÿ. Çîêðåìà, çà íàÿâíîñòi içîëüîâàíèõ êðàòíèõ

êîðåíiâ âèõiäíó ñèñòåìó ìîæíà çâåñòè äî ñèñòåìè, â ÿêié õàðàêòåðèñòè÷íå ðiâíÿ-

ííÿ ìà¹ òiëüêè îäèí êîðiíü, êðàòíiñòü ÿêîãî çáiãà¹òüñÿ ç ðîçìiðíiñòþ îòðèìàíî¨

ñèñòåìè. Àëå öå íå âèðiøóâàëî ïèòàííÿ ïðî ïîáóäîâó àñèìïòîòèêè ëiíiéíî íåçà-

ëåæíèõ ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü (1.7), ÿêi âiäïîâiäàþòü êðàòíîìó âëàñíîìó

çíà÷åííþ ãîëîâíî¨ ìàòðèöi A0(τ).

Öÿ çàäà÷à áóëà óñïiøíî ðîçâ'ÿçàíà â 1960-õ ðð. óêðà¨íñüêèì ìàòåìàòèêîì

Ì.I. Øêiëåì [86�90]. Âií ðîçãëÿíóâ ñèñòåìó ðiâíÿíü (1.7) ç ïîâiëüíî çìiííèìè

êîåôiöi¹íòàìè ó âèïàäêó, êîëè õàðàêòåðèñòè÷íå ðiâíÿííÿ (1.9) ìà¹ îäèí êðà-

òíèé êîðiíü λ0(τ) êðàòíîñòi n, ÿêîìó âiäïîâiäà¹ åëåìåíòàðíèé äiëüíèê òàêî¨ ñà-

ìî¨ êðàòíîñòi. Ì.I. Øêiëü âñòàíîâèâ, ùî n ëiíiéíî íåçàëåæíèõ àñèìïòîòè÷íèõ

ðîçâ'ÿçêiâ öi¹¨ ñèñòåìè ìîæíà ïîáóäóâàòè ó âèãëÿäi

xi(t, ε) = ui(τ, µ) exp

(∫ τ

0

(λ0(s) + λi(s, µ))ds

)
, i = 1, n, (1.11)
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äå ui(τ, µ), i = 1, n, � n-âèìiðíi âåêòîðè, à λi(τ, µ), i = 1, n, � ñêàëÿðíi ôóíêöi¨,

ÿêi çîáðàæóþòüñÿ ôîðìàëüíèìè ðîçâèíåííÿìè

ui(τ, µ) =
∞∑
s=0

µsu
(s)
i (τ);λi(τ, µ) =

∞∑
s=1

µsλ
(s)
i (τ) (1.12)

çà äðîáîâèìè ñòåïåíÿìè µ = n
√
ε ìàëîãî ïàðàìåòðà ε, ÿêùî âèêîíó¹òüñÿ óìîâà

cn1(τ) 6= 0,∀t ∈ [0;T ], (1.13)

â ÿêié cn1(τ) � åëåìåíò ìàòðèöi

C(τ) = V −1(τ)A1(τ)V (τ)− V −1(τ)
dV (τ)

dt
, (1.14)

äå V (τ) � ïåðåòâîðþâàëüíà ìàòðèöÿ, ùî çâîäèòü A0(τ) äî êàíîíi÷íîãî âèãëÿäó.

Öèì ñàìèì Ì.I. Øêiëåì áóëà â öiëîìó ðîçâ'ÿçàíà ïðîáëåìà êðàòíîãî êîðåíÿ

õàðàêòåðèñòè÷íîãî ðiâíÿííÿ. Ñëiä çàçíà÷èòè, ùî âií íå òiëüêè çíàéøîâ âèãëÿä

ôîðìàëüíèõ ðîçâ'ÿçêiâ ëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ ñèñòåì ó âèïàäêó êðàòíèõ

êîðåíiâ õàðàêòåðèñòè÷íîãî ðiâíÿííÿ, à é ðîçðîáèâ åôåêòèâíèé ìåòîä çíàõîäæå-

ííÿ êîåôiöi¹íòiâ âiäïîâiäíèõ ðîçâèíåíü (1.12) òà äîñëiäèâ ¨õ àñèìïòîòè÷íèé

õàðàêòåð. Íèì òàêîæ áóëî âñòàíîâëåíî, ùî äðîáîâi ïîêàçíèêè ñòåïåíiâ ìàëî-

ãî ïàðàìåòðà, çà ÿêèìè íåîáõiäíî áóäóâàòè âiäïîâiäíi ðîçâèíåííÿ, çàëåæàòü íå

òiëüêè âiä êðàòíîñòi êîðåíÿ λ0(t) õàðàêòåðèñòè÷íîãî ðiâíÿííÿ òà âiäïîâiäíèõ

åëåìåíòàðíèõ äiëüíèêiâ, à é ó çíà÷íié ìiði � âiä ñòóêòóðè çáóðþâàëüíî¨ ìàòðèöi

A1(t).

Çîêðåìà, Ì.I. Øêiëåì áóëî âñòàíîâëåíî, ùî êîëè óìîâà (1.13) òîòîæíî íå

âèêîíó¹òüñÿ, òî n−1 ðîçâ'ÿçêiâ ñèñòåìè (1.7) ñëiä áóäóâàòè ó âèãëÿäi ôîðìàëü-

íèõ ðîçâèíåíü çà ñòåïåíÿìè µ = n−1
√
ε, à îäèí ðîçâ'ÿçîê � çà öiëèìè ñòåïåíÿìè

ε. Ïðè öüîìó ç'ÿâëÿ¹òüñÿ íîâà óìîâà

cn−1,1(τ) + cn2(τ) 6= 0, (1.15)

ÿêó íåîáõiäíî íàêëàñòè íà ìàòðèöþ (1.14).

Íèì áóâ äîñëiäæåíèé i áiëüø ñêëàäíèé âèïàäîê, êîëè êðàòíîìó âëàñíîìó

çíà÷åííþ λ0(τ) ìàòðèöi A0(τ) âiäïîâiäà¹ s åëåìåíòàðíèõ äiëüíèêiâ îäíàêîâî¨

êðàòíîñòi r (rs = n). Áóëî äîâåäåíî, ùî â öüîìó âèïàäêó äëÿ iñíóâàííÿ n ëiíiéíî
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íåçàëåæíèõ àñèìïòîòè÷íèõ ðîçâ'ÿçêiâ âèãëÿäó (1.11) íåîáõiäíî i äîñòàòíüî, ùîá

óñi êîðåíi ðiâíÿííÿ

det

(∥∥∥∥(A(1)(τ)ϕi(τ)− dϕi(τ)

dt
, ψj(τ)

)∥∥∥∥
i,j=1,s

− ηEs

)
= 0 (1.16)

íà çàäàíîìó âiäðiçêó [0;T ] áóëè ïðîñòèìè i âiäìiííèìè âiä íóëÿ, äå ϕi(τ), ψj(τ),

i, j = 1, s, � âëàñíi âåêòîðè ìàòðèöü A0(τ) òà (A0(τ))∗ âiäïîâiäíî. Ïðè öüîìó

âiäïîâiäíi ðîçâèíåííÿ ïîòðiáíî áóäóâàòè âæå çà ñòåïåíÿìè µ = r
√
ε.

Ïiçíiøå öåé ðåçóëüòàò áóâ óçàãàëüíåíèé Ì.I. Øêiëåì òà éîãî ó÷íåì I.I. Ñòà-

ðóíîì íà áiëüø çàãàëüíèé âèïàäîê, êîëè êðàòíîìó êîðåíþ õàðàêòåðèñòè÷íîãî

ðiâíÿííÿ (1.9) âiäïîâiäà¹ êiëüêà åëåìåíòàðíèõ äiëüíèêiâ ÿê îäíàêîâî¨, òàê i ði-

çíî¨ êðàòíîñòi [65].

Ïðîòÿãîì òðèâàëîãî ÷àñó áàãàòî ìàòåìàòèêiâ íàìàãàëèñü âñòàíîâèòè çàëå-

æíiñòü ìiæ ïîêàçíèêàìè ñòåïåíiâ ìàëîãî ïàðàìåòðà ε, çà ÿêèìè ïîòðiáíî áóäó-

âàòè àñèìïòîòè÷íi ðîçâèíåííÿ ðîçâ'ÿçêiâ ñèíãóëÿðíî çáóðåíî¨ ñèñòåìè (1.6) ó

âèïàäêó êðàòíèõ êîðåíiâ õàðàêòåðèñòè÷íîãî ðiâíÿííÿ (1.4), òà ñòðóêòóðîþ çáó-

ðþâàëüíî¨ ìàòðèöi A1(t) [23,24,64]. Àëå âñi ¨õ çóñèëëÿ çíàéòè òàêó çàëåæíiñòü

áóëè ìàðíèìè. Áóëî ëèøå âñòàíîâëåíî, ùî êîëè óìîâè (1.13) òà (1.15) íå âèêîíó-

þòüñÿ, òî ç'ÿâëÿþòüñÿ íîâi óìîâè, ÿêi ïîòðiáíî íàêëàäàòè íå òiëüêè íà ìàòðèöþ

A1(t), à é íà çáóðþâàëüíi ìàòðèöi Ai(t), i ≥ 2.

Öþ ïðîáëåìó ó 1980-õ ðð. ðîçâ'ÿçàëà Ã.Ñ. Æóêîâà [28�31], âèêîðèñòîâóþ÷è

äåÿêi iäå¨, âèêëàäåíi â ìîíîãðàôi¨ [13]. Âèâ÷àþ÷è ñèíãóëÿðíî çáóðåíó ñèñòåìó

(1.6), âîíà ïîêàçàëà, ùî äëÿ âèçíà÷åííÿ äðîáîâèõ ïîêàçíèêiâ ñòåïåíiâ ïàðàìå-

òðà, çà ÿêèìè íåîáõiäíî áóäóâàòè àñèìïòîòè÷íi ðîçâèíåííÿ ¨¨ ðîçâ'ÿçêiâ, ìîæíà

åôåêòèâíî âèêîðèñòîâóâàòè ìåòîä äiàãðàì Íüþòîíà. Ðîçãëÿäàþ÷è âèïàäîê, êî-

ëè ãîëîâíà ìàòðèöÿ A0(t) ìà¹ âëàñíå çíà÷åííÿ λ0(t) êðàòíîñòi p, ÿêîìó âiäïî-

âiäà¹ åëåìåíòàðíèé äiëüíèê òàêî¨ ñàìî¨ êðàòíîñòi, âîíà ïîêàçàëà, ùî ñèñòåìà

ðiâíÿíü (1.6) ìàòèìå ôîðìàëüíèé ðîçâ'ÿçîê âèãëÿäó

x(t, ε) = u(t, ε) exp

(
ε−h

∫ t

0

(λ0(s) + λ(s, ε)) ds

)
, (1.17)
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äå u(t, ε) � n-âèìiðíèé âåêòîð, à λ(t, ε) � ñêàëÿðíà ôóíêöiÿ, òîäi i òiëüêè òîäi,

êîëè íåâiäîìà ôóíêöiÿ λ(t, ε) çàäîâîëüíÿ¹ ðiâíÿííÿ ðîçãàëóæåííÿ

λp +
∞∑
s=1

εsL0s +
∞∑
k=1

∞∑
s=1

εsLks[λ
k] = 0, (1.18)

â ÿêîìó Lks[λk] � îïåðàòîðíi ôóíêöi¨, ÿêi âèðàæàþòüñÿ ÷åðåç çáóðþâàëüíi ìà-

òðèöi Ai(t), i ≥ 1.

Íåçâàæàþ÷è íà òå, ùî ðiâíÿííÿ (1.18) ¹ äîñèòü ñêëàäíèì íåëiíiéíèì äèôå-

ðåíöiàëüíèì ðiâíÿííÿì íåñêií÷åííîãî ïîðÿäêó, Ã.Ñ. Æóêîâà ïîêàçàëà, ùî éîãî

ðîçâ'ÿçêè ìîæíà ïîáóäóâàòè ó âèãëÿäi ôîðìàëüíèê ðÿäiâ Ïþiçî çà äðîáîâèìè

ñòåïåíÿìè ìàëîãî ïàðàìåòðà ε, ïîêàçíèêè ÿêèõ âèçíà÷àþòüñÿ çà äîïîìîãîþ äi-

àãðàì Íüþòîíà. Äëÿ öüîãî íà êîîðäèíàòíó ïëîùèíó íåîáõiäíî íàíåñòè òî÷êè

(k; s) ç öiëî÷èñëîâèìè êîîðäèíàòàìè, ùî âiäïîâiäàþòü âiäìiííèì âiä íóëÿ âè-

ðàçàì Lks[λ
k], i ïîáóäóâàòè âiäïîâiäíó äiàãðàìó çà öèìè òî÷êàìè. Ïðè öüîìó

áóëî âñòàíîâëåíî, ùî íåçàëåæíî âiä ñòðóêòóðè çáóðþâàëüíèõ ìàòðèöü Ai(t),

i ≥ 1, ðiâíÿííÿ (1.18) çàâæäè ìà¹ p ðîçâ'ÿçêiâ, ñåðåä ÿêèõ ëèøå îäèí ìîæå áóòè

íóëüîâèì.

Ó ðåçóëüòàòi ãðóíòîâíîãî àíàëiçó êîåôiöi¹íòiâ ðiâíÿííÿ ðîçãàëóæåííÿ (1.18)

Ã.Ñ. Æóêîâà òàêîæ âñòàíîâèëà, ùî çà óìîâè, êîëè ñòðóêòóðà âiäïîâiäíèõ äià-

ãðàì Íüþòîíà çàëèøà¹òüñÿ ñòàáiëüíîþ íà âñüîìó ïðîìiæêó çìiíè àðãóìåíòà

t, çàâæäè ìîæíà ïîáóäóâàòè p ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü

(1.6) ó âèãëÿäi (1.17). Ïðè öüîìó âåêòîð u(t, ε) òà ôóíêöiÿ λ(t, ε) çîáðàæóþòüñÿ

ó âèãëÿäi ôîðìàëüíèõ ðîçâèíåíü çà äðîáîâèìè ñòåïåíÿìè ïàðàìåòðà ε, ïîêà-

çíèêè ÿêèõ âèçíà÷àþòüñÿ çà âiäïîâiäíèìè äiàãðàìàìè Íüþòîíà.

Iç ðåçóëüòàòiâ Ã.Ñ. Æóêîâî¨, çîêðåìà, âèïëèâàëè ðåçóëüòàòè, îòðèìàíi Ì.I.

Øêiëåì òà éîãî ó÷íÿìè. Òàê, óìîâà (1.13), âïåðøå îòðèìàíà Ì.I. Øêiëåì, âiäïî-

âiäà¹ íàéïðîñòiøié ñèòóàöi¨, êîëè L01 6= 0, à óìîâà (1.15) � ñêëàäíiøîìó âèïàäêó,

êîëè L01 ≡ 0, L11[λ] 6= 0.

Ðîçâèâàþ÷è iäå¨ Ã.Ñ. Æóêîâî¨, Â.Ï. ßêîâåöü [101] âèâiâ ðiâíÿííÿ ðîçãàëóæå-

ííÿ äëÿ âèçíà÷åííÿ ôóíêöi¨ λ(t, ε) ç (1.17) ó ò. ç. áàãàòîâèìiðíîìó âèïàäêó, êî-

ëè êðàòíîìó âëàñíîìó çíà÷åííþ λ0(t) ãîëîâíî¨ ìàòðèöi A0(t) âiäïîâiäà¹ êiëüêà

åëåìåíòàðíèõ äiëüíèêiâ îäíàêîâî¨ êðàòíîñòi. Çàñòîñóâàâøè ìåòîä âíóòðiøíüîãî
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ïðîåêòóâàííÿ, éîìó âäàëîñü çâåñòè áàãàòîâèìiðíó çàäà÷ó ïðî çáóðåííÿ âëàñíèõ

çíà÷åíü i âëàñíèõ âåêòîðiâ ìàòðèöi A0(t) äî îäíîâèìiðíî¨, ùî äàëî ìîæëèâiñòü

ïîáóäóâàòè ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü (1.6) i â òîìó âèïàäêó, êîëè ðiâíÿííÿ

(1.16) ìà¹ êðàòíi êîðåíi.

Òàêèì ÷èíîì, íà äàíèé ÷àñ òåîðiÿ àñèìïòîòè÷íîãî iíòåãðóâàííÿ ëiíiéíèõ

ñèíãóëÿðíî çáóðåíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó (1.6) íàáóëà âñå-

ñòîðîííüîãî ðîçâèòêó, à ¨¨ ðåçóëüòàòè åôåêòèâíî âèêîðèñòîâóþòüñÿ äëÿ ðîçâ'ÿ-

çàííÿ ðiçíîìàíiòíèõ ïðèêëàäíèõ çàäà÷.

Ïî÷èíàþ÷è ç êiíöÿ 1970-õ ðîêiâ, óâàãó â÷åíèõ ïðèâåðíóëè ñèñòåìè çâè-

÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, íå ðîçâ'ÿçàíèõ âiäíîñíî ñòàðøèõ ïîõiäíèõ.

Çîêðåìà, ðîçïî÷àëîñÿ àêòèâíå âèâ÷åííÿ ëiíiéíèõ ñèñòåì âèãëÿäó

B(t)
dx

dt
= A(t)x+ f(t), (1.19)

ç òîòîæíî âèðîäæåíîþ ìàòðèöåþ B(t) ïðè ïîõiäíèõ, ÿêi äîñèòü ÷àñòî çóñòði-

÷àþòüñÿ â çàäà÷àõ îïòèìàëüíîãî êåðóâàííÿ, ìàñîâîãî îáñëóãîâóâàííÿ, òåîði¨

åëåêòðè÷íèõ êië òà iíøèõ ïðèêëàäíèõ íàóê.

Äî ïåðøèõ ðåçóëüòàòiâ, ïðèñâÿ÷åíèõ äîñëiäæåííþ öèõ ñèñòåì, ìîæíà âiäíå-

ñòè ðîáîòè óêðà¨íñüêèõ ìàòåìàòèêiâ Â.À. �ðåìåíêà [25] i Þ.Ä. Øëàïàêà [95],

ó÷íiâ À.Ì. Ñàìîéëåíêà, â ÿêèõ ðîçãëÿäàëàñü ñèñòåìà (1.19) ç ïåðiîäè÷íèìè

êîåôiöi¹íòàìè. Ñëiä, îäíàê, çàçíà÷èòè, ùî ñèñòåìè äàíîãî òèïó iç ñòàëèìè ìà-

òðèöÿìè âèâ÷àëèñü çíà÷íî ðàíiøå â ðîáîòàõ Ì.Ì. Ëóçiíà [39].

Óïðîäîâæ 1980 � 2010-õ ðð. òåîðiÿ ñèñòåì âèãëÿäó (1.19) ç òîòîæíî âèðîäæå-

íîþ ìàòðèöåþ ïðè ñòàðøèõ ïîõiäíèõ iíòåíñèâíî ðîçâèâà¹òüñÿ â ðîáîòàõ ìàòå-

ìàòèêiâ áàãàòüîõ êðà¨í. Ðiçíi ìàòåìàòèêè íàçèâàþòü ¨õ ïî-ðiçíîìó: âèðîäæåíè-

ìè, ñèíãóëÿðíèìè, äèôåðåíöiàëüíî-àëãåáðà¨÷íèìè, àëãåáðî-äèôåðåíöiàëüíèìè.

Ó äàíèé ðîáîòi ìè íàçèâàòèìåìî ¨õ âèðîäæåíèìè. Âàæëèâi ðåçóëüòàòè ç ðîçâè-

òêó òåîði¨ âèðîäæåíèõ ñèñòåì îòðèìàíi ðîñiéñüêèìè ìàòåìàòèêàìè Þ.�. Áîÿ-

ðèíöåâèì, Â.Ô ×èñòÿêîâèì, Â.Î. Äàíèëîâèì, Î.Î. Ëîãiíîâèì, À.Î. Ùåãëîâîþ

[8�11;78,79], àìåðèêàíñüêèìè äîñëiäíèêàìè Ñ. Êåìïáåëëîì, ×. Ãi¹ðîì, Ë. Ïå-

òöîëüäîì [109�113], íiìåöüêèìè íàóêîâöÿìè I. Ãðiïïåíòðîã i Ð. Ìüîðö [117,118].
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Äîñëiäæóþ÷è ñèñòåìó (1.19), áiëüøiñòü ìàòåìàòèêiâ íàìàãàëèñÿ ïîáóäóâàòè

ïiäñòàíîâêè, çà äîïîìîãîþ ÿêèõ öþ ñèñòåìó ìîæíà çâåñòè äî ïðîñòiøîãî âè-

ãëÿäó àáî ïîíèçèòè ¨¨ ïîðÿäîê. Òàê, ó ðîáîòi [111] Ñ. Êåìïáåëë ïîêàçàâ, ùî

ñèñòåìó ðiâíÿíü (1.19) ìîæíà çâåñòè äî ñèñòåìè çi ñòàëèìè ìàòðèöÿìè, ÿêùî

âèêîíó¹òüñÿ óìîâà:

det

(
B(t)− λA(t) +

dA(t)

dt

)
6= 0

ïðè äåÿêîìó λ, à ìàòðèöÿ A(t)
(
B(t)− λA(t) + dA(t)

dt

)−1

� ñòàëà ïðè âñiõ çíà÷å-

ííÿõ àðãóìåíòà iç çàäàíîãî âiäðiçêà [a; b].

Þ.�. Áîÿðèíöåâ [10] âñòàíîâèâ, ùî êîëè â'ÿçêà ìàòðèöü A(t)− λB(t) ðåãó-

ëÿðíà, à iíäåêñè ìàòðèöü B(t) (A(t)− λB(t))−1 òà (A(t)− λB(t))−1B(t) äîðiâ-

íþþòü íóëþ àáî îäèíèöi, òî ñèñòåìó (1.19) ìîæíà çâåñòè äî ñèñòåìè âèãëÿäó

C(t)
dy

dt
= y + g(t). (1.20)

Ó ñâîþ ÷åðãó Ñ. Êåìïáåëë ïîêàçàâ, ùî àíàëîãi÷íèé ðåçóëüòàò ìîæíà îòðèìà-

òè, ÿêùî ðàíãè ìàòðèöü A(t), B(t) ñòàëi íà âiäðiçêó [a; b], à ðàíã (2n×n)-ìàòðèöi

[A(t), B(t)] äîðiâíþ¹ n.

Ó çâ'ÿçêó ç öèì ïðîòÿãîì äåÿêîãî ÷àñó äîñèòü àêòèâíî ïðîâîäèëèñÿ äîñëi-

äæåííÿ ñèñòåìè âèãëÿäó (1.20) òà âiäïîâiäíî¨ çàäà÷i Êîøi çà ðiçíèõ óìîâ, ùî

íàêëàäàëèñÿ íà ìàòðèöþ C(t) [10;11]. Çîêðåìà, äåòàëüíî áóëî äîñëiäæåíî âè-

ïàäêè, êîëè ìàòðèöþ C(t) çà äîïîìîãîþ ñòàëî¨ íåâèðîäæåíî¨ ìàòðèöi N ìî-

æíà çâåñòè äî âèãëÿäó N−1C(t)N = diag{I,W (t)}, äå I � íiëüïîòåíòíà ìàòðè-
öÿ, à W (t) � íåîñîáëèâà. Ðîçãëÿíóòî òàêîæ âèïàäêè, êîëè ñòàëèìè ¹ ìàòðèöi(
E − CD(t)C(t)

)
Ck(t), k = 1, 3, äå CD(t) � óçàãàëüíåíà îáåðíåíà ìàòðèöÿ Äðà-

çiíà.

Àëå öi ðåçóëüòàòè ìàëè ÷àñòêîâèé õàðàêòåð i íå ñòâîðþâàëè öiëiñíî¨ òåîði¨

âèðîäæåíèõ ëiíiéíèõ ñèñòåì. Áiëüøå òîãî, øèðîêå âèêîðèñòàííÿ â ïðîöåñi öèõ

äîñëiäæåíü óçàãàëüíåíî¨ îáåðíåíî¨ ìàòðèöi Äðàçiíà ïðèçâîäèëî äî íàäìiðíî¨

ãðîìiçäêîñòi âiäïîâiäíèõ ïåðåòâîðåíü, ùî ôàêòè÷íî çàãàëüìîâóâàëî ïîäàëüøèé

ðîçâèòîê öi¹¨ òåîði¨ [79]. Òîìó â ïîäàëüøîìó áiëüøiñòü àâòîðiâ âiäìîâèëèñÿ âiä

âèêîðèñòàííÿ ìàòðèöi Äðàçiíà.
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Ïåðñïåêòèâíèé íàïðÿì ðîçâèòêó çàãàëüíî¨ òåîði¨ âèðîäæåíèõ ëiíiéíèõ ñè-

ñòåì áóëî çàïî÷àòêîâàíî â ðîáîòi [110] Ñ. Êåìïáåëëà òà Ë. Ïåòöîëüäà, îïóáëi-

êîâàíié ó 1983 ð., â ÿêié áóëî ââåäåíî ïîíÿòòÿ öåíòðàëüíî¨ êàíîíi÷íî¨ ôîðìè

ñèñòåìè (1.19). Òàê âîíè íàçâàëè ñèñòåìó âèãëÿäó[
En−s 0

0 N(t)

]
dx

dt
=

[
M(t) 0

0 Es

]
x+ g(t), (1.21)

äå x(t), g(t) � n-âèìiðíi âåêòîðè, M(t) � êâàäðàòíà ìàòðèöÿ (n− s)-ãî ïîðÿäêó,
à N(t) � âåðõíüîòðèêóòíà (s × s)-ìàòðèöÿ ç íóëüîâèìè êâàäðàòíèìè áëîêàìè

íà äiàãîíàëi.

Îñêiëüêè ñèñòåìè ðiâíÿíü âèãëÿäó (1.21) ¹ çàãàëüíiøèìè, íiæ ñèñòåìè çi ñòà-

ëèìè êîåôiöi¹íòàìè, áàãàòî ìàòåìàòèêiâ ñïðÿìóâàëè ñâî¨ çóñèëëÿ íà âèäiëåííÿ

êëàñiâ ñèñòåì, ùî çâîäÿòüñÿ äî öåíòðàëüíî¨ êàíîíi÷íî¨ ôîðìè, òà ïîáóäîâó âiä-

ïîâiäíèõ ïiäñòàíîâîê.

Çîêðåìà, ó [11] áóëî äîâåäåíî, ùî çà óìîâè àíàëiòè÷íîñòi ìàòðèöü A(t), B(t)

çâiäíiñòü ñèñòåìè (1.19) äî öåíòðàëüíî¨ êàíîíi÷íî¨ ôîðìè ¹ íåîáõiäíîþ i äî-

ñòàòíüîþ óìîâîþ iñíóâàííÿ â íå¨ çàãàëüíîãî ðîçâ'ÿçêó òèïó Êîøi. Òàêîæ ó

ðîáîòi [11] áóëî âñòàíîâëåíî, ùî ñèñòåìà (1.19) çâîäèòüñÿ äî öåíòðàëüíî¨ êà-

íîíi÷íî¨ ôîðìè i ìà¹ çàãàëüíèé ðîçâ'ÿçîê òèïó Êîøi, ÿêùî ñòåïiíü ìíîãî÷ëåíà

det (A(t)− λB(t)) ïî λ äîðiâíþ¹ ðàíãó ìàòðèöi B(t).

Ïîøóê ïåðåòâîðåíü, çà äîïîìîãîþ ÿêèõ ñèñòåìó (1.19) ìîæíà çâåñòè äî âè-

ãëÿäó (1.21), ïðèâiâ àâòîðiâ ðîáîòè [11] äî ïîíÿòòÿ ëiâîãî ðåãóëÿðèçóþ÷îãî îïå-

ðàòîðà. Òàê âîíè íàçâàëè îïåðàòîð âèãëÿäó

L(t) =
k∑
i=0

Li(t)
di

dti
, (1.22)

äå Li(t) � íåïåðåðâíi (n× n)-ìàòðèöi, çà äîïîìîãîþ ÿêèõ îïåðàòîð L = A(t)−
B(t) ddt , ùî çàäà¹ ñèñòåìó (1.19), çâîäèòüñÿ äî âèãëÿäó

LL =
d

dt
+ L[B].

Ó [11] òàêîæ áóëî âñòàíîâëåíî, ùî êîëè ñèñòåìà (1.19) ìà¹ çàãàëüíèé ðîçâ'ÿçîê

òèïó Êîøi, òî äëÿ íå¨ iñíó¹ ëiâèé ðåãóëÿðèçóþ÷èé îïåðàòîð (1.22), àëå ïèòàííÿ
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ïðî òå, ÷è äîñòàòíüî iñíóâàííÿ îïåðàòîðà (1.22) äëÿ òîãî, ùîá ñèñòåìà (1.19)

ìàëà çàãàëüíèé ðîçâ'ÿçê òèïó Êîøi, çàëèøàëîñü âiäêðèòèì. Öi ðåçóëüòàòè íî-

ñèëè â îñíîâíîìó òåîðåòè÷íèé õàðàêòåð, ¨õ ìîæíà áóëî çàñòîñóâàòè äî äîñèòü

âóçüêîãî êëàñó ñèñòåì âèãëÿäó (1.19), îñêiëüêè ìàòðèöi A(t), B(t) ìàëè ïðè öüî-

ìó çàäîâîëüíÿòè äîñèòü æîðñòêi óìîâè. Êðiì òîãî, ñèñòåìà ðiâíÿíü, îòðèìàíà

â ðåçóëüòàòi çàñòîñóâàííÿ ëiâîãî ðåãóëÿðèçàòîðà, íå åêâiâàëåíòíà âèõiäíié, ùî

ñòâîðþ¹ ïðîáëåìó âèëó÷åííÿ ñòîðîííiõ ðîçâ'ÿçêiâ.

Áiëüø çàãàëüíèé êîíñòðóêòèâíèé ðåçóëüòàò áóëî îòðèìàíî â 1993 ð. óêðà-

¨íñüêèìè ìàòåìàòèêàìè À.Ì. Ñàìîéëåíêîì òà Â.Ï. ßêîâöåì [56]. Âîíè âñòàíî-

âèëè, ùî êîëè ìàòðèöi A(t), B(t) äîñòàòíüî ãëàäêi, rankB(t) = n − r = const

i ìàòðèöÿ B(t) ìà¹ ïîâíèé æîðäàíiâ íàáið âåêòîðiâ âiäíîñíî îïåðàòîðà L(t) =

A(t) − B(t) ddt , ÿêèé ñêëàäà¹òüñÿ ç r ëàíöþæêiâ çàâäîâæêè si, i = 1, r, òî iñíó-

þòü íåîñîáëèâi ïðè âñiõ t ∈ [t0;T ] êâàäðàòíi ìàòðèöi n-ãî ïîðÿäêó P (t), Q(t)

òàêi, ùî ìíîæåííÿì íà P (t) òà çàìiíîþ x = Q(t)y ñèñòåìà ðiâíÿíü (1.19) çâî-

äèòüñÿ äî öåíòðàëüíî¨ êàíîíi÷íî¨ ôîðìè (1.21), â ÿêié s = s1 + · · ·+ sr, N(t) =

diag{I1, . . . , Ir}, äå Ij � íiëüïîòåíòíi áëîêè Æîðäàíà ïîðÿäêó sj (j = 1, r). Ïðè

öüîìó â [56] íå òiëüêè äîâåäåíî iñíóâàííÿ ïåðåòâîðþâàëüíèõ ìàòðèöü P (t), Q(t),

à é âêàçàíî êîíñòðóêòèâíèé ñïîñiá ¨õ ïîáóäîâè.

Âèêîðèñòîâóþ÷è öåé ðåçóëüòàò, Â.Ï. ßêîâåöü [101] âñòàíîâèâ, ùî çà âèêîíà-

ííÿ çàçíà÷åíèõ óìîâ çâiäíîñòi ñèñòåìè (1.19) äî öåíòðàëüíî¨ êàíîíi÷íî¨ ôîðìè

âîíà ìà¹ çàãàëüíèé ðîçâ'ÿçîê òèïó Êîøi, ÿêèé ìîæíà ïîäàòè ó âèãëÿäi

x(t) = Xn−s(t)c+

∫ t

t0

Xn−s(t)Y
∗
n−s(τ)dτ−Φ(t)

m−1∑
k=0

Nk d
k

dtk
[Ψ∗(t)LΦ(t)]−1 Ψ∗(t)f(t),

äå Xn−s(t) � ôóíäàìåíòàëüíà ìàòðèöÿ ðîçìiðíîñòi n× (n− s), ñòîâïöÿìè ÿêî¨
¹ n− s ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ âiäïîâiäíî¨ îäíîðiäíî¨ ñèñòåìè

B(t)
dx

dt
= A(t)x, (1.23)

c � ñòàëèé (n − s)-âèìiðíèé âåêòîð, Yn−s(t) � ôóíäàìåíòàëüíà ìàòðèöÿ âiäïî-

âiäíî¨ ñïðÿæåíî¨ ñèñòåìè

d

dt
(B∗(t)y) = −A∗(t)y, (1.24)
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Φ(t),Ψ(t) � (n × s)-ìàòðèöi, ñêëàäåíi ç âåêòîðiâ, ùî óòâîðþþòü æîðäàíîâi íà-
áîðè ìàòðèöi B(t) âiäíîñíî îïåðàòîðà L(t) òà ìàòðèöi B∗(t) âiäíîñíî îïåðàòîðà

L∗(t) = A∗(t) + d
dtB

∗(t), äå m = max{s1, . . . , sr}.
Íèì òàêîæ áóëà âñòàíîâëåíà óìîâà ðîçâ'ÿçíîñòi çàäà÷i Êîøi äëÿ ñèñòåìè

ðiâíÿíü (1.19) ç ïî÷àòêîâîþ óìîâîþ x(t0) = x0. À ñàìå, áóëî äîâåäåíî, ùî êîëè

âèêîíóþòüñÿ óìîâè çâiäíîñòi ñèñòåìè (1.19) äî öåíòðàëüíî¨ êàíîíi÷íî¨ ôîðìè

(1.21), òî âiäïîâiäíà çàäà÷à Êîøi ìà¹ ¹äèíèé ðîçâ'ÿçîê òîäi i òiëüêè òîäi, êîëè

ïî÷àòêîâèé âåêòîð x0 çàäîâîëüíÿ¹ óìîâó

k−1∑
i=0

di

dti

(
A(t)x0 + f(t), ψ

(k−i)
j (t)

) ∣∣∣
t=t0

= 0, k = 1, sj, j = 1, r,

äå ψ(j)
i (t), j = 1, si, i = 1, r, � âåêòîðè, ùî óòâîðþþòü æîðäàíiâ íàáið ìàòðèöi

B∗(t) âiäíîñíî îïåðàòîðà L∗(t).

Âàæëèâi ðåçóëüòàòè â öüîìó íàïðÿìêó áóëî îòðèìàíî Â.Ô. ×èñòÿêîâèì òà

À.Î. Ùåãëîâîþ â ìîíîãðàôi¨ [79], ÿêà áóëà îïóáëiêîâàíà ó 2003 ð. Ðîçâèâàþ÷è

iäå¨, âèêëàäåíi â [11], âîíè âñòàíîâèëè, ùî êîëè äëÿ ñèñòåìè (1.19) iñíó¹ ëi-

âèé ðåãóëÿðèçóþ÷èé îïåðàòîð (1.22), òî äëÿ íå¨ iñíó¹ é ïðàâèé ðåãóëÿðèçóþ÷èé

îïåðàòîð

R =
k∑
i=0

Ri(t)
di

dti
,

çà äîïîìîãîþ ÿêîãî, âèêîðèñòîâóþ÷è çàìiíó x = Ry, ñèñòåìà (1.19) çâîäèòüñÿ

äî ñèñòåìè âèãëÿäó
dy

dt
= L[R0]y + f(t).

Òàêîæ áóëî âñòàíîâëíî, ùî öÿ ñèñòåìà ìà¹ çàãàëüíèé ðîçâ'ÿçîê òèïó Êîøi, ÿêèé

çíàõîäèòüñÿ çà ôîðìóëîþ

x(t) = Xd(t)c+

∫ t

t0

K(t, s)f(s)ds+
k−1∑
i=0

Ci(t)
dif(t)

dti
,

äå K(t, s), Ci(t) � (n × n)-ìàòðèöi, ÿêi âèðàæàþòüñÿ ÷åðåç êîåôiöi¹íòè ïðàâîãî

ðåãóëÿðèçóþ÷îãî îïåðàòîðà, ÿêùî ìàòðèöi A(t), B(t) òà âåêòîð f(t) äîñòàòíüî

ãëàäêi íà çàäàíîìó ïðîìiæêó.

Êðiì òîãî, íèìè áóëî äîâåäåíî, ùî ó âèïàäêó àíàëiòè÷íîñòi ìàòðèöü A(t),

B(t), åêâiâàëåíòíèìè ¹ íàñòóïíi òâåðäæåííÿ:
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1) iñíóþòü àíàëiòè÷íi ìàòðèöi P (t), Q(t), ùî çâîäÿòü ñèñòåìó (1.19) äî öåí-

òðàëüíî¨ êàíîíi÷íî¨ ôîðìè (1.21);

2) öÿ ñèñòåìà ìà¹ çàãàëüíèé ðîçâ'ÿçîê òèïó Êîøi;

3) íà çàäàíîìó âiäðiçêó [t0;T ] iñíó¹ ëiâèé ðåãóëÿðèçóþ÷èé îïåðàòîð;

4) iñíó¹ ïðàâèé ðåãóëÿðèçóþ÷èé îïåðàòîð íà öüîìó âiäðiçêó.

Ïàðàëåëüíî ç àêòèâíèì ðîçâèòêîì òåîði¨ âèðîäæåíèõ ñèñòåì âèãëÿäó (1.19),

ïî÷èíàþ÷è ç 1980-õ ðîêiâ, áàãàòî ìàòåìàòèêiâ ñïðÿìóâàëè ñâî¨ çóñèëëÿ íà âè-

â÷åííÿ ëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ ñèñòåì âèãëÿäó

εhB(t, ε)
dx

dt
= A(t, ε)x+ f(t, ε), (1.26)

äå x(t, ε), f(t, ε) � n-âèìiðíi âåêòîðè, A(t, ε), B(t, ε) � (n× n)-ìàòðèöi, ïðè÷îìó

B(t, 0) òîòîæíî âèðîäæåíà íà çàäàíîìó âiäðiçêó [0;T ], h � öiëå íåâiä'¹ìíå ÷èñëî,

ε � ìàëèé ïàðàìåòð.

Àìåðèêàíñüêi ìàòåìàòèêè Ñ. Êåìïáåëë i Ð. Î'Ìåëëi [111,119] äîñëiäæóâàëè

àâòîíîìíó ñèñòåìó âèãëÿäó

(B0 + εB1)
dx

dt
= Ax, (1.27)

äå x(t) � øóêàíèé n-âèìiðíèé âåêòîð, à A, B0, B1 � (n× n)-ìàòðèöi çi ñòàëèìè

åëåìåíòàìè. Çîêðåìà, Ð. Î'Ìåëëi â [119] ïîáóäóâàâ ôóíäàìåíòàëüíó ìàòðèöþ

ñèñòåìè ðiâíÿíü (1.27) ó âèãëÿäi ðîçâèíåíü çà ñòåïåíÿìè ïàðàìåòðà ε çà óìî-

âè, ùî ìàòðèöÿ B0 + εB1 íåâèðîäæåíà ïðè ε > 0, à â'ÿçêà ìàòðèöü A − λB0

ðåãóëÿðíà.

Çàçíà÷èìî, ùî ïiä ÷àñ äîñëiäæåííÿ ñèñòåì ðiâíÿíü âèãëÿäó (1.26) ðîçðiçíÿ-

þòü äâà ïðèíöèïîâî âiäìiííi âèïàäêè: âèïàäîê íåïîâíîãî âèðîäæåííÿ, êîëè

ìàòðèöÿ B(t, ε) çàëèøà¹òüñÿ íåîñîáëèâîþ ïðè äîñòàòíüî ìàëèõ ε, âiäìiííèõ âiä

íóëÿ, íåçâàæàþ÷è íà âèðîäæåíiñòü ãðàíè÷íî¨ ìàòðèöi B(t, 0), i âèïàäîê ïîâíîãî

âèðîäæåííÿ, êîëè detB(t, ε) ≡ 0.

I.I. Ñòàðóí [65], äîñëiäæóþ÷è ñèñòåìó ðiâíÿíü (1.26) çà óìîâè, êîëè ìàòðèöi

A(t, ε), B(t, ε) äîïóñêàþòü àñèìïòîòè÷íi ðîçâèíåííÿ çà ñòåïåíÿìè ìàëîãî ïàðà-

ìåòðà ε

A(t, ε) ∼
∞∑
s=0

εsAs(t), B(t, ε) ∼
∞∑
s=0

εsBs(t), (1.28)
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çâåðíóâ óâàãó íà åôåêòèâíiñòü âèêîðèñòàííÿ òåîði¨ ìàòðè÷íèõ â'ÿçîê [22] äëÿ

ïîáóäîâè ÷àñòèííèõ ðîçâ'ÿçêiâ öi¹¨ ñèñòåìè ðiâíÿíü. Ðîçãëÿäàþ÷è âèïàäêè, êîëè

ãðàíè÷íà â'ÿçêà ìàòðèöü A0(t)−λB0(t) ðåãóëÿðíà íà âiäðiçêó [0;T ], à âiäïîâiäíå

õàðàêòåðèñòè÷íå ðiâíÿííÿ

det (A0(t)− λB0(t)) = 0 (1.29)

ìà¹ ïðîñòi êîðåíi àáî æ îäèí êðàòíèé, ÿêîìó âiäïîâiäà¹ ñêií÷åííèé åëåìåíòàð-

íèé äiëüíèê òàêî¨ ñàìî¨ êðàòíîñòi, âií âñòàíîâèâ, ùî ÷àñòèíó ëiíiéíî íåçàëå-

æíèõ ðîçâ'ÿçêiâ îäíîðiäíî¨ ñèñòåìè ðiâíÿíü

εhB(t, ε)
dx

dt
= A(t, ε)x, (1.30)

ÿêà âiäïîâiäà¹ (1.26), ìîæíà ïîáóäóâàòè ó âèãëÿäi (1.17), äå ñêàëÿðíà ôóíêöiÿ

λ(t, ε) òà âåêòîð u(t, ε) çîáðàæàþòüñÿ ôîðìàëüíèìè ðîçâèíåííÿìè çà öiëèìè

àáî äðîáîâèìè ñòåïåíÿìè ε.

Îäíàê âíàñëiäîê âèðîäæåíîñòi ìàòðèöi B0(t) ðiâíÿííÿ (1.29) ìà¹ ìåíøå, íiæ

n, êîðåíiâ iç âðàõóâàííÿì ¨õ êðàòíîñòi i ìîæå íàâiòü çîâñiì ¨õ íå ìàòè. Òîìó

íàâiòü çà óìîâè íåïîâíîãî âèðîäæåííÿ ìàòðèöi B(t, ε) çíàéäåíi â [65] ÷àñòèí-

íi ðîçâ'ÿçêè îäíîðiäíî¨ ñèñòåìè ðiâíÿíü (1.30) íå äàþòü çìîãè ïîáóäóâàòè ¨¨

çàãàëüíèé ðîçâ'ÿçîê. Ñèòóàöiÿ ùå áiëüø óñêëàäíþ¹òüñÿ, êîëè ãðàíè÷íà â'ÿçêà

ìàòðèöü âèÿâëÿ¹òüñÿ ñèíãóëÿðíîþ, òîáòî êîëè

det (A0(t)− λB0(t)) ≡ 0,∀λ ∈ C, t ∈ [0;T ].

Ïðîáëåìà ïîáóäîâè çàãàëüíîãî àñèìïòîòè÷íîãî ðîçâ'ÿçêó ñèñòåìè ðiâíÿíü

(1.26) áóëà âñåái÷íî äîñëiäæåíà i åôåêòèâíî ðîçâ'ÿçàíà â ïåðøèé ïîëîâèíi 1990-

õ ðð. Â.Ï. ßêîâöåì [85;97�99;101]. Íèì áóëè ðîçãëÿíóòi âèïàäêè ÿê íåïîâíîãî,

òàê i ïîâíîãî âèðîäæåííÿ. Òåîðåòè÷íîþ îñíîâîþ, íà ÿêié ãðóíòóþòüñÿ öi äîñëi-

äæåííÿ, ñòàëà äîâåäåíà íèì ñïiëüíî ç À.Ì. Ñàìîéëåíêîì òåîðåìà ïðî çâiäíiñòü

âèðîäæåíî¨ ëiíiéíî¨ ñèñòåìè äî öåíòàëüíî¨ êàíîíi÷íî¨ ôîðìè.

Â.Ï. ßêîâåöü ïîêàçàâ, ùî çà óìîâè ñòàáiëüíî¨ êðîíåêåðîâî¨ ñòðóêòóðè ãðà-

íè÷íî¨ â'ÿçêè ìàòðèöü A0(t)−λB0(t) òà âèêîíàííÿ ïåâíèõ óìîâ ñòàáiëüíî¨ ïîâå-

äiíêè çáóðþâàëüíèõ îïåðàòîðiâ íà çàäàíîìó âiäðiçêó [t0;T ] ñèñòåìà (1.26) ïðè

äîñèòü ìàëèõ ε > 0 çàäîâîëüíÿ¹ óìîâè ïðî çâiäíiñòü äî öåíòðàëüíî¨ êàíîíi÷íî¨
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ôîðìè i ìà¹ çàãàëüíèé ðîçâ'ÿçîê òèïó Êîøi. Òàêîæ áóëî âñòàíîâëåíî, ùî çàãàëü-

íèé ðîçâ'ÿçîê îäíîðiäíî¨ ñèñòåìè (1.30) ¹ ëiíiéíîþ êîìáiíàöi¹þ ¨¨ n− s ëiíiéíî
íåçàëåæíèõ ÷àñòèííèõ ðîçâ'ÿçêiâ, äå s � ñóìà äîâæèí æîðäàíîâèõ ëàíöþæêiâ

ìàòðèöi B(t, ε) âiäíîñíî îïåðàòîðà A(t, ε)− εhB(t, ε) ddt .

Íèì òàêîæ âïåðøå áóëî âèÿâëåíî, ùî ó âèïàäêó âèðîäæåíîñòi ìàòðèöi B0(t)

ñèñòåìà (1.30), êðiì êëàñè÷íèõ ðîçâ'ÿçêiâ òèïó Äæ. Áiðêãîôà âèãëÿäó (1.17),

ÿêi, ñëiäóþ÷è [28], íàçèâàòèìåìî ðîçâ'ÿçêàìè ïåðøî¨ ãðóïè, ìîæå ìàòè ùå òàê

çâàíi ðîçâ'ÿçêè äðóãî¨ ãðóïè, ÿêi ìîæíà ïîáóäóâàòè ó âèãëÿäi

x(t, ε) = v(t, ε) exp

(
ε−h

∫ t

0

dτ

ξ(τ, ε)

)
, (1.31)

äå v(t, ε) � n-âèìiðíèé âåêòîð, à ξ(t, ε) � ñêàëÿðíà ôóíêöiÿ, ÿêi çîáðàæóþòüñÿ

ôîðìàëüíèìè ðîçâèíåííÿìè çà öiëèìè àáî äðîáîâèìè ñòåïåíÿìè ìàëîãî ïàðàìå-

òðà ε. Ó âèïàäêó ðåãóëÿðíîñòi ãðàíè÷íî¨ â'ÿçêè ìàòðèöü ðîçâ'ÿçêè ïåðøî¨ ãðóïè

âiäïîâiäàþòü ñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì öi¹¨ â'ÿçêè, à ðîçâ'ÿçêè äðó-

ãî¨ � íåñêií÷åííèì. Ëiíiéíà êîìáiíàöiÿ âñiõ öèõ ðîçâ'ÿçêiâ óòâîðþ¹ çàãàëüíèé

ðîçâ'ÿçîê äàíî¨ ñèñòåìè.

Â.Ï. ßêîâåöü ïðîâiâ òàêîæ äåòàëüíèé àñèìïòîòè÷íèé àíàëiç ñèñòåì (1.26),

(1.30) ó âèïàäêó, êîëè ãðàíè÷íà â'ÿçêà ìàòðèöü A0(t)− λB0(t) ñèíãóëÿðíà. Âií

ïîêàçàâ, ùî i â öüîìó âèïàäêó ñèñòåìà ðiâíÿíü (1.26) ìîæå áóòè ðåãóëÿðíîþ,

òîáòî ìàòè çàãàëüíèé ðîçâ'ÿçîê òèïó Êîøi, çà ðàõóíîê çáóðþâàëüíèõ îïåðàòî-

ðiâ, òà âèâiâ äîñòàòíi óìîâè öi¹¨ ðåãóëÿðíîñòi.

ßê ó âèïàäêó ðåãóëÿðíî¨, òàê i ñèíãóëÿðíî¨ ãðàíè÷íèõ â'ÿçîê ìàòðèöü íèì

áóëî âèâåäåíî âiäïîâiäíi ðiâíÿííÿ ðîçãàëóæåííÿ òà ïðîâåäåíî ¨õ äåòàëüíèé àíà-

ëiç ìåòîäîì äiàãðàì Íüþòîíà.

Ôóíäàìåíòàëüíi ðåçóëüòàòè, îòðèìàíi Â.Ï. ßêîâöåì â òåîði¨ àñèìïòîòè÷íîãî

iíòåãðóâàííÿ ëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ ñèñòåì äèôåðíöiàëüíèõ ðiâíÿíü ç

âèðîäæåííÿìè, óïðîäîâæ îñòàííiõ ðîêiâ ðîçâèâàþòüñÿ áàãàòüìà éîãî ó÷íÿìè

òà iíøèìè ìàòåìàòèêàìè [1,2,19�21,32�35,59�63,67�69,80�82,94,102�104].

Çîêðåìà, â ðîáîòàõ [1,2,102,103] äîñëiäæåíî ïèòàííÿ ïðî iñíóâàííÿ i ïîáó-

äîâó àñèìïòîòèêè ïåðiîäè÷íèõ ðîçâ'ÿçêiâ ñèñòåì ðiâíÿíü âèãëÿäó (1.26), êîåôi-

öi¹íòè ÿêèõ ïåðiîäè÷íi ïî çìiííié t, à â [32�35] ðîçðîáëåíî àëãîðèòì ïîáóäîâè

àñèìïòîòèêè ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ ñèñòåì äàíîãî òèïó. Äâîòî÷êîâi êðàéîâi
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çàäà÷i äëÿ ñèñòåìè ðiâíÿíü (1.26) ãðóíòîâíî äîñëiäæåíî â ðîáîòàõ [19�21,104].

Çàïðîïîíîâàíi â öèõ ðîáîòàõ ìåòîäè àñèìïòîòè÷íîãî àíàëiçó êðàéîâèõ çàäà÷

âèêîðèñòàíi â [67�70] äëÿ ïîáóäîâè íàáëèæåíèõ ðîçâ'ÿçêiâ ëiíiéíèõ ñèíãóëÿðíî

çáóðåíèõ çàäà÷ îïòèìàëüíîãî êåðóâàííÿ.

Iäå¨ i ìåòîäè, âèêëàäåíi â íàóêîâèõ ïðàöÿõ À.Ì. Ñàìîéëåíêà, Ì.I. Øêiëÿ òà

Â.Ï. ßêîâöÿ, âèêîðèñòàíi òàêîæ â ðîáîòàõ [5,53,54,83,108,121] äëÿ äîñëiäæåííÿ

iíøèõ òèïiâ ëiíiéíèõ i íåëiíiéíèõ ñèñòåì ðiâíÿíü ç âèðîäæåííÿìè. Çîêðåìà, â

[4�7,84] äîñëiäæóâàëèñü íåòåðîâi êðàéîâi çàäà÷i äëÿ âèðîäæåíèõ ñèñòåì äèôå-

ðåíöiàëüíèõ ðiâíÿíü, ó [53,54,121] ðîçãëÿäàëèñü âèðîäæåíi ñèíãóëÿðíî çáóðåíi

ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ç iìïóëüñíîþ äi¹þ, à òàêîæ âèâ÷àëàñü çàëå-

æíiñòü ðîçâ'ÿçêiâ âèðîäæåíèõ ñèñòåì âiä ïàðàìåòðà, à ó [26,27] ðåçóëüòàòè À.Ì.

Ñàìîéëåíêà i Â.Ï. ßêîâöÿ ùîäî çâiäíîñòi âèðîäæåíèõ ëiíiéíèõ ñèñòåì äî öåí-

òðàëüíî¨ êàíîíi÷íî¨ ôîðìè òà ñòðóêòóðè ¨õ ðîçâ'ÿçêiâ óçàãàëüíåíî íà ñèñòåìè

ðiâíÿíü iç ïðÿìîêóòíèìè ìàòðèöÿìè.

Óñi ïðîàíàëiçîâàíi âèùå äîñëiäæåííÿ ñòîñóâàëèñü ñèñòåì äèôåðåíöiàëüíèõ

ðiâíÿíü ïåðøîãî ïîðÿäêó. Àëå íà ïðàêòèöi ÷àñòiøå çóñòði÷àþòüñÿ ñèñòåìè ðiâ-

íÿíü âèùèõ ïîðÿäêiâ, ÿêi ó âåêòîðíî-ìàòðè÷íié ôîðìi ìîæíà ïîäàòè ó âèãëÿäi

Am(t)
dmx

dtm
+ Am−1(t)

dm−1x

dtm−1
+ · · ·+ A1(t)

dx

dt
+ A0(t)x = f(t), (1.32)

äå x(t) � n-âèìiðíèé âåêòîð, Ai(t), i = 0,m, � êâàäðàòíi ìàòðèöi n-ãî ïîðÿäêó.

Ñèíãóëÿðíî çáóðåíi ñèñòåìè ðiâíÿíü m-ãî ïîðÿäêó ó íàéáiëüø çàãàëüíié

ôîðìi ìîæíà ïðåäñòàâèòè ó âèãëÿäi

εmhAm(t, ε)
dmx

dtm
+· · ·+εhA1(t, ε)

dx

dt
+A0(t, ε)x = f(t, ε) exp

(
ε−h
∫ t

t0

α(τ)dτ

)
, (1.33)

äå h � íàòóðàëüíå ÷èñëî, ε � ìàëèé ïàðàìåòð.

Õî÷à ñèñòåìè (1.32), (1.33) çà äîïîìîãîþ çàìiíè x = y1,
dx
dt = y2, . . . ,

dm−1x
dtm−1 =

ym (àáî x = y1, ε
h dx
dt = y2, . . . , ε

(m−1)h dm−1x
dtm−1 = ym � äëÿ ñèñòåìè (1.33)) ìîæíà çâå-

ñòè äî ñèñòåì ïåðøîãî ïîðÿäêó âèãëÿäó (1.19), (1.26) âiäïîâiäíî, öå, ïî-ïåðøå,

ïðèçâîäèòü äî çíà÷íîãî çáiëüøåííÿ ðîçìiðíîñòi îñòàííiõ, à, ïî-äðóãå, äî íåîá-

õiäíîñòi çíàõîäæåííÿ íå òiëüêè øóêàíîãî âåêòîðà x(t), à é éîãî ïîõiäíèõ äî

(m − 1)-ãî ïîðÿäêó, ùî íå çàâæäè âèïðàâäàíî. Êðiì òîãî, ðåçóëüòàòè äîñëi-

äæåííÿ ñèñòåì ðiâíÿíü (1.32), (1.33) âñåîäíî íåîáõiäíî âèðàæàòè â òåðìiíàõ
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ìàòðè÷íèõ êîåôiöi¹íòiâ öèõ ñèñòåì, à íå â òåðìiíàõ ìàòðèöü ñèñòåì ïåðøîãî

ïîðÿäêó, äî ÿêèõ âîíè çâîäÿòüñÿ, ùî iíêîëè äîñèòü âàæêî çäiéñíèòè.

Òîìó, ïî÷èíàþ÷è ç 1970-õ ðîêiâ, êîëè çàâäÿêè ðîçâ'ÿçíîñòi ïðîáëåìè êðà-

òíîãî ñïåêòðà ãîëîâíîãî îïåðàòîðà ó ïðàöÿõ Ì.I. Øêiëÿ íàáóëà ïîäàëüøîãî

ðîçâèòêó ëiíiéíà òåîðiÿ ñèíãóëÿðíèõ çáóðåíü, ç'ÿâèëèñü ñïðîáè óçàãàëüíèòè öþ

òåîðiþ i íà ñèñòåìè ðiâíÿíü âèùèõ ïîðÿäêiâ [27,38,73,59,91�93]. Ïðîòå ïåðåâà-

æíà áiëüøiñòü öèõ ðîáiò ñòîñóâàëàñü ñèñòåì ðiâíÿíü äðóãîãî ïîðÿäêó âèãëÿäó

εh
d2x

dt2
= A(t, ε)x+ f(t, ε),

ε2hA(t, ε)
d2x

dt2
+ εh+1B(t, ε)

dx

dt
+ C(t, ε)x = f(t, ε),

ç õàðàêòåðèñòè÷íèìè ðiâíÿííÿìè

det(A0(t)− λ2E) = 0;

det(C0(t)− λ2A0(t)) = 0

âiäïîâiäíî, ùî áóëî îáóìîâëåíî ìåòîäîì ïîáóäîâè àñèìïòîòè÷íèõ ðîçâ'ÿçêiâ,

ÿêèé ãðóíòó¹òüñÿ íà çâåäåííi ãîëîâíî¨ ìàòðèöi A0(t) äî êàíîíi÷íî¨ ôîðìè Æîð-

äàíà àáî íà âèêîðèñòàííi òåîði¨ ëiíiéíèõ ìàòðè÷íèõ â'ÿçîê ìàòðèöü çà óìîâè

íåîñîáëèâîñòi ìàòðèöi A0(t).

Ç âèêîðèñòàííÿì òàêîãî ïiäõîäó âèâ÷àëèñü i ñèñòåìè äèôåðåíöiàëüíèõ ðiâ-

íÿíü ïîðÿäêóm > 2. Çîêðåìà, â [37] ïîáóäîâàíî àñèìïòîòèêó çàãàëüíîãî ðîçâ'ÿç-

êó ñèñòåìè ðiâíÿíü âèãëÿäó

εm
dmx

dtm
= A(t, ε)x+ f(t, ε).

Ïiçíiøå â ðîáîòi [38] ðîçãëÿíóòà é ñèñòåìà ðiâíÿíü âèãëÿäó (1.33), â ÿêié Am(t, ε)

= E, h = 1, çà óìîâè, ùî ¨¨ õàðàêòåðèñòè÷íå ðiâíÿííÿ

det(A0(t, 0) + λA1(t, 0) + · · ·+ λm−1Am−1(t, 0) + λmE) = 0

ìà¹ ëèøå ïðîñòi êîðåíi. Ïðè öüîìó äëÿ ïîáóäîâè àñèìïòîòè÷íèõ ðîçâ'ÿçêiâ âè-

êîðèñòîâó¹òüñÿ ðîçêëàä õàðàêòåðèñòè÷íîãî ïîëiíîìà íà ëiíiéíi ìíîæíèêè, íà-

êëàäàþ÷è äîäàòêîâi îáìåæåííÿ íà çáóðþâàëüíi ìàòðèöi ñèñòåìè.
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Iç ðîçâèòêîì òåîði¨ àñèìïòîòè÷íîãî iíòåãðóâàííÿ ñèñòåì ðiâíÿíü âèãëÿäó

(1.26) ç ìàòðèöåþ B(t, ε) ïðè ïîõiäíèõ, ÿêà âèðîäæó¹òüñÿ ïðè ε → 0, àêòó-

àëüíiñòü óçàãàëüíåííÿ öi¹¨ òåîði¨ íà ñèñòåìè ðiâíÿíü âèùèõ ïîðÿäêiâ ùå áiëüø

ïîñèëèëàñü, îñêiëüêè äî ñèñòåì âèãëÿäó (1.33) çâîäÿòüñÿ òàê çâàíi ãiáðèäíi ñè-

ñòåìè, ÿêi ìiñòÿòü ó ñâî¨é ñòðóêòóði äèôåðåíöiàëüíi ðiâíÿííÿ ðiçíîãî ïîðÿäêó.

Çàïèñàâøè ¨õ ó âèãëÿäi (1.33), îòðèìà¹ìî ñèñòåìó ç òîòîæíî âèðîäæåíîþ ìà-

òðèöåþ Am(t, ε) ïðè ñòàðøèõ ïîõiäíèõ. Öå æ ñàìå ñòîñó¹òüñÿ é ñèñòåìè (1.32).

Òàêå óçàãàëüíåííÿ áóëî çäiéñíåíî ó 1990-õ ðîêàõ Â.Ï. ßêîâöåì äëÿ îäíîði-

äíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü 2-ãî ïîðÿäêó

ε2hA(t, ε)
d2x

dt2
+ εhB(t, ε)

dx

dt
+ C(t, ε)x = 0, (1.34)

ùî ñòàëî ìîæëèâèì çàâäÿêè çàñòîñóâàííþ òåîði¨ êâàäðàòè÷íèõ â'ÿçîê ìàòðèöü

λ2A + λB + C, ÿêà áóëà ðîçøèðåíà íèì i íà òîé âèïàäîê, êîëè ìàòðèöÿ A

îñîáëèâà [101].

Ðîçãëÿäàþ÷è ñèñòåìó ðiâíÿíü

A(t)
d2x

dt2
+B(t)

dx

dt
+ C(t)x = f(t), t ∈ [a, b], (1.35)

âií âñòàíîâèâ, ùî âîíà ìà¹ çàãàëüíèé ðîçâ'ÿçîê òèïó Êîøi, ÿêùî âèêîíóþòüñÿ

òàêi óìîâè:

1◦. rankA(t) = 2n− r = const;

2◦. Ìàòðèöÿ A(t) ìà¹ ïîâíèé æîðäàíiâ íàáið âåêòîðiâ âiäíîñíî îïåðàòîðiâ

L1(t) = B(t) + 2A(t)
d

dt
, L2(t) = C(t) +B(t)

d

dt
+ A(t)

d2

dt2
,

ÿêèé ñêëàäà¹òüñÿ ç r ëàíöþæêiâ çàâäîâæêè si, i = 1, r;

3◦. A(t), B(t), C(t) ∈ C3m−2[a; b], f(t) ∈ Cm−1[a; b], äå m = max si.

Öåé ðîçâ'ÿçîê ìà¹ âèãëÿä

x(t) = X2n−s(t)c+ x̃(t),

äå s = s1 + · · ·+sr, X2n−s(t) � ïðÿìîêóòíà ôóíäàìåíòàëüíà ìàòðèöÿ âiäïîâiäíî¨

îäíîðiäíî¨ ñèñòåìè ðîçìiðíiñòþ n×(2n−s), ñòîâïöÿìè ÿêî¨ ¹ ëiíiéíî íåçàëåæíi
ðîçâ'ÿçêè öi¹¨ ñèñòåìè, c � äîâiëüíèé ñòàëèé (2n − s)-âèìiðíèé âåêòîð, x̃(t) �

÷àñòèííèé ðîçâ'ÿçîê íåîäíîðiäíî¨ ñèñòåìè.
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Â.Ï. ßêîâåöü òàêîæ âñòàíîâèâ, ùî êîëè ãðàíè÷íà â'ÿçêà ìàòðèöü C(t, 0) +

λB(t, 0) + λ2A(t, 0) ñèíãóëÿðíî çáóðåíî¨ ñèñòåìè (1.34) ðåãóëÿðíà íà çàäàíîìó

âiäðiçêó [t0;T ], i ìà¹ ñòàáiëüíèé ñïåêòð, à êîåôiöi¹íòè öi¹¨ ñèñòåìè äîñòàòíüî

ãëàäêi i äîïóñêàþòü ðiâíîìiðíi àñèìïòîòè÷íi ðîçâèíåííÿ çà ñòåïåíÿìè ε, òî âîíà

çàäîâîëüíÿ¹ ïåðåëi÷åíi âèùå óìîâè 1◦�3◦ i, îòæå, ìà¹ çàãàëüíèé ðîçâ'ÿçîê òèïó

Êîøi.

Âèõîäÿ÷è ç öüîãî, éîìó âäàëîñü ÷àñòêîâî óçàãàëüíèòè ðîçðîáëåíó íèì òåî-

ðiþ àñèìïòîòè÷íîãî iíòåãðóâàííÿ ñèíãóëÿðíî çáóðåíèõ ñèñòåì äèôåðåíöiàëüíèõ

ðiâíÿíü ïåðøîãî ïîðÿäêó i íà ñèñòåìè ðiâíÿíü äðóãîãî ïîðÿäêó âèãëÿäó (1.34),

äåòàëüíî äîñëiäèâøè âèïàäîê, êîëè ãðàíè÷íà â'ÿçêà ìàòðèöü ðåãóëÿðíà i ìà¹

ïðîñòi ñêií÷åííi i íåñêií÷åííi åëåìåíòàðíi äiëüíèêè àáî ïî îäíîìó êðàòíîìó.

Ç ïðîâåäåíîãî àíàëiçó ëiòåðàòóðè âèïëèâà¹, ùî ñèñòåìè ðiâíÿíü (1.33), ïî-

ðÿäîê ÿêèõ âèùå äðóãîãî, íåçâàæàþ÷è íà ¨õ ïðàêòè÷íå i òåîðåòè÷íå çíà÷åííÿ,

äî öüîãî ÷àñó çàëèøàþòüñÿ íå äîñëiäæåíèìè. Öå áóëî îáóìîâëåíî íåîáõiäíiñòþ

çàñòîñóâàííÿ ïîëiíîìiàëüíèõ ìàòðè÷íèõ â'ÿçîê, òåîðiÿ ÿêèõ íåäîñòàòíüî ðîç-

âèíåíà, à òàêîæ ñåðéîçíèìè òðóäíîùàìè òåõíi÷íîãî õàðàêòåðó, ÿêi äîâîäèòüñÿ

äîëàòè ïðè äîñëiäæåííi ñèñòåì äàíîãî òèïó.

Ïîäîëàííþ öèõ òðóäíîùiâ i ðîçâèòêó çàãàëüíî¨ òåîði¨ ñèñòåì ðiâíÿíü âè-

ãëÿäó (1.32) òà òåði¨ àñèìïòîòè÷íîãî iíòåãðóâàííÿ ñèíãóëÿðíî çáóðåíèõ ñèñòåì

âèãëÿäó (1.33) i ïðèñâÿ÷åíà äàíà ðîáîòà.
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ÐÎÇÄIË 2.

ÄÅßÊI ÄÎÏÎÌIÆÍI ÐÅÇÓËÜÒÀÒÈ

Ó äàíîìó ðîçäiëi íàâîäÿòüñÿ äîïîìiæíi ðåçóëüòàòè, ÿêi âèêîðèñòîâóþòüñÿ

â ïîäàëüøèõ ðîçäiëàõ. Âîíè ñòîñóþòüñÿ ïîëiíîìiàëüíèõ ìàòðè÷íèõ â'ÿçîê òà

ñòðóêòóðè çàãàëüíîãî ðîçâ'ÿçêó âèðîäæåíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü

âèùèõ ïîðÿäêiâ.

Öi ðåçóëüòàòè îïóáëiêîâàíî â ðîáîòàõ [44,45].

2.1. Ïîëiíîìiàëüíi â'ÿçêè ìàòðèöü

Ðîçãëÿíåìî íàä ïîëåì êîìïëåêñíèõ ÷èñåë â'ÿçêó ìàòðèöü

P (λ) =
m∑
i=0

λiAi, (2.1)

äå Ai, i = 0,m, � êâàäðàòíi ìàòðèöi n−ãî ïîðÿäêó çi ñòàëèìè êîåôiöi¹íòàìè, λ �
äîâiëüíèé ïàðàìåòåð. Ñëiäóþ÷è [58,113], öþ â'ÿçêó íàçèâàòèìåìî ïîëiíîìiàëü-

íîþ. Ïðè öüîìó ââàæàòèìåìî, ùî ìàòðèöÿ Am âèðîäæåíà, òîáòî detAm = 0.

Îçíà÷åííÿ 2.1. Â'ÿçêó ìàòðèöü (2.1) áóäåìî íàçèâàòè ðåãóëÿðíîþ, ÿêùî

detP (λ) 6= 0 ïðè äåÿêîìó λ ∈ C, i ñèíãóëÿðíîþ, ÿêùî detP (λ) ≡ 0,∀λ ∈ C.
Ïî àíàëîãi¨ ç òåîði¹þ ëiíiéíèõ ìàòðè÷íèõ â'ÿçîê [22] ââåäåìî ïîíÿòòÿ ñêií-

÷åííèõ i íåñêií÷åííèõ åëåìåíòàðíèõ äiëüíèêiâ ïîëiíîìiàëüíî¨ â'ÿçêè ìàòðèöü

P (λ). Äëÿ öüîãî ïîðÿä ç (2.1) ðîçãëÿíåìî â'ÿçêó ìàòðèöü

P (λ, ξ) =
m∑
i=0

ξm−iλiAi,

ÿêà çàëåæèòü âiä äâîõ ïàðàìåòðiâ λ i ξ. Çíàéäåìî ¨¨ iíâàðiàíòíi ìíîãî÷ëåíè çà

ôîðìóëîþ

is(λ, ξ) =
Dn−s+1(λ, ξ)

Dn−s(λ, ξ)
, s = 1, n

äå Dk(λ, ξ) � íàéáiëüøèé ñïiëüíèé äiëüíèê óñiõ ìiíîðiâ k-ãî ïîðÿäêó ìàòðè-

öi P (λ, ξ) [22, ñ. 314]. Ðîçêëàâøè iíâàðiàíòíi ìíîãî÷ëåíè is(λ, ξ), s = 1, n, íà

íåçâiäíi ìíîæíèêè íàä ïîëåì êîìïëåêñíèõ ÷èñåë, îòðèìà¹ìî äâi ãðóïè åëåìåí-

òàðíèõ äiëüíèêiâ: ei(λ, ξ) = (αiλ+βiξ)
ki i ej(λ, ξ) = ξsj , äå αi, βi ∈ C, ki, sj ∈ N .

Ïîêëàâøè â ei(λ, ξ) ξ = 1, äiñòàíåìî åëåìåíòàðíi äiëüíèêè â'ÿçêè (2.1). Ùî
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æ ñòîñó¹òüñÿ äðóãî¨ ãðóïè åëåìåíòàðíèõ äiëüíèêiâ, òî âîíè ¹ åëåìåíòàðíèìè

äiëüíèêàìè â'ÿçêè ìàòðèöü

M(ξ) =
m∑
i=0

ξm−iAi, (2.2)

ñèìåòðè÷íî¨ â'ÿçöi P (λ), ùî âiäïîâiäàþòü ¨¨ íóëüîâîìó âëàñíîìó çíà÷åííþ. Ñëi-

äóþ÷è [58, ñ. 42], åëåìåíòàðíi äiëüíèêè ïåðøî¨ ãðóïè íàçèâàòèìåìî ñêií÷åííèìè

åëåìåíòàðíèìè äiëüíèêàìè ïîëiíîìiàëüíî¨ â'ÿçêè ìàòðèöü P (λ), à åëåìåíòàðíi

äiëüíèêè äðóãî¨ ãðóïè � íåñêií÷åííèìè åëåìåíòàðíèìè äiëüíèêàìè öi¹¨ â'ÿçêè.

Äîòðèìóþ÷èñü [113], ââåäåìî ïîíÿòòÿ æîðäàíîâîãî ëàíöþæêà âåêòîðiâ äëÿ

ïîëiíîìiàëüíî¨ â'ÿçêè (2.1).

Îçíà÷åííÿ 2.2. ×èñëî λ0 íàçèâàòèìåìî âëàñíèì çíà÷åííÿì â'ÿçêè ìàòðèöü

P (λ), à íåíóëüîâi âåêòîðè ϕ(1), ϕ(2), . . . , ϕ(p) � âiäïîâiäíèì æîðäàíîâèì ëàíöþæ-

êîì âëàñíîãî òà ïðè¹äíàíèõ âåêòîðiâ çàâäîâæêè p, ÿêùî âèêîíóþòüñÿ ðiâíîñòi

P (λ0)ϕ
(1) = 0;

P (λ0)ϕ
(i) +

min(i−1,m)∑
k=1

∂kP (λ0)

k!∂λk
ϕ(i−k) = 0, i = 2, p;

à ðiâíÿííÿ

P (λ0)y +

min(p,m)∑
k=1

∂kP (λ0)

k!∂λk
ϕ(p+1−k) = 0

íå ìà¹ ðîçâ'ÿçêiâ âiäíîñíî y.

Ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 2.1. ßêùî â'ÿçêà ìàòðèöü P (λ) ðåãóëÿðíà, òî:

1) ñóìà êðàòíîñòåé âñiõ ¨¨ ñêií÷åííèõ òà íåñêií÷åííèõ åëåìåíòàðíèõ äiëüíè-

êiâ äîðiâíþ¹ mn;

2) êîæíîìó ñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó êðàòíiñòþ p âiäïîâiäà¹

æîðäàíiâ ëàíöþæîê âåêòîðiâ çàâäîâæêè p;

3) ÿêùî â'ÿçêà ìàòðèöü P (λ) ìà¹ íåñêií÷åííèé åëåìåíòàðíèé äiëüíèê êðà-

òíiñòþ q, òî íóëüîâîìó âëàñíîìó çíà÷åííþ ñèìåòðè÷íî¨ â'ÿçêè M(ξ) âiäïîâiäà¹

æîðäàíiâ ëàíöþæîê âåêòîðiâ çàâäîâæêè q.

Äîâåäåííÿ. Ïîðÿä ç ïîëiíîìiàëüíîþ â'ÿçêîþ ìàòðèöü (2.1) ðîçãëÿíåìî ëiíié-

íó â'ÿçêó ìàòðèöü L(λ) = Ã+ λB̃ (ðîçìiðíîñòi mn×mn), â ÿêié ìàòðèöi Ã, B̃
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ìàþòü áëîêîâèé âèãëÿä:

Ã =



0 0 0 0 . . . 0 0 . . . 0 E

(−1)m−1A0 0 0 0 . . . 0 0 . . . 0 0

(−1)m−2A1 E 0 0 . . . 0 0 . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(−1)kAm−k−1 0 0 0 . . . E 0 . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(−1)2Am−3 0 0 0 . . . 0 0 . . . 0 0

(−1)1Am−2 0 0 0 . . . 0 0 . . . E Am−1


;

B̃ = diag{E, . . . , E,Am}. (2.3)

Ïîêàæåìî, ùî âèçíà÷íèêè â'ÿçîê ìàòðèöü P (λ) i L(λ) çáiãàþòüñÿ. Ç öi¹þ ìå-

òîþ âèêîíà¹ìî íàä âèçíà÷íèêîì ëiíiéíî¨ â'ÿçêè L(λ) åêâiâàëåíòíi ïåðåòâîðåííÿ.

Ìíîæèìî m-é ñòîâïåöü âèçíà÷íèêà

detL(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λE 0 0 0 . . . 0 0 . . . 0 E

(−1)m−1A0 λE 0 0 . . . 0 0 . . . 0 0

(−1)m−2A1 E λE 0 . . . 0 0 . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(−1)kAm−k−1 0 0 0 . . . E λE . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(−1)2Am−3 0 0 0 . . . 0 0 . . . λE 0

(−1)1Am−2 0 0 0 . . . 0 0 . . . E Am−1 + λAm

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
íà λ-ìàòðèöþ −λE i äîäà¹ìî äî 1-ãî ñòîâïöÿ, ïîòiì 1-é ðÿäîê îòðèìàíîãî âè-

çíà÷íèêà ìíîæèìî íà λ-ìàòðèöþ −Am−1 − λAm i äîäà¹ìî äî m-ãî ðÿäêà. Ó

ðåçóëüòàòi îòðèìà¹ìî
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detL(λ)=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0 0 . . . 0 0 . . . 0 E

(−1)m−1A0 λE 0 0 . . . 0 0 . . . 0 0

(−1)m−2A1 E λE 0 . . . 0 0 . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(−1)kAm−k−1 0 0 0 . . . E λE . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(−1)2Am−3 0 0 0 . . . 0 0 . . . λE 0

(−1)1
(
Am−2 + λAm−1 + λ2Am

)
0 0 0 . . . 0 0 . . . E 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Ïiñëÿ öüîãî i-é ðÿäîê (i = m, 3) çíàéäåíîãî âèçíà÷íèêà ìíîæèìî íà λ−ìàòðèöþ
−λE i äîäà¹ìî äî (i − 1)-ãî, ïîòiì (i − 1)-é ñòîâïåöü îòðèìàíîãî âèçíà÷íèêà

ìíîæèìî íà λ−ìàòðèöþ

(−1)m−i+2
m−i+2∑
j=0

λm+2−i−jAm−j

i äîäà¹ìî äî 1-ãî. Ó ðåçóëüòàòi öèõ ïåðåòâîðåíü äiñòàíåìî

detL(λ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0 0 . . . 0 0 . . . 0 E

(−1)m−1P (λ) 0 0 0 . . . 0 0 . . . 0 0

0 E 0 0 . . . 0 0 . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 0 . . . E 0 . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 0 . . . 0 0 . . . 0 0

0 0 0 0 . . . 0 0 . . . E 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Íàðåøòi, ïîìiíÿâøè ìiñöÿìè â îñòàííüîìó âèçíà÷íèêó 1-é òà 2-é ðÿäêè, à ïîòiì

i-é ñòîâïåöü çm-ì (i = 2,m− 1), îòðèìà¹ìî detL(λ) = det diag{P (λ), E, . . . , E},
çâiäêè âèïëèâà¹, ùî detL(λ) = detP (λ). Îòæå, âëàñíi çíà÷åííÿ â'ÿçîê L(λ) i

P (λ) çáiãàþòüñÿ.

Âðàõîâóþ÷è ïðîâåäåíi âèùå ïåðåòâîðåííÿ âèçíà÷íèêà â'ÿçêè ìàòðèöü L(λ),

ïîêàæåìî, ùî ñêií÷åííi òà íåñêií÷åííi åëåìåíòàðíi äiëüíèêè â'ÿçîê L(λ) i P (λ)



33

òàêîæ çáiãàþòüñÿ. Äëÿ öüîãî, ïîìíîæèâøè ëiíiéíó â'ÿçêó ìàòðèöü L(λ) çëiâà i

ñïðàâà âiäïîâiäíî íà íåîñîáëèâi ìàòðèöi

(−1)m−1(λm−2Am−1 + λm−1Am) E −λE λ2E . . . (−λ)m−3E (−λ)m−2E

E 0 0 0 . . . 0 0

(−1)m−2(λm−3Am−1 + λm−2Am) 0 E −λE . . . (−λ)m−4E (−λ)m−3E

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(−1)k(λk−1Am−1 + λkAm) 0 0 0 . . . (−λ)k−2E (−λ)k−1E

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(−1)2(λAm−1 + λ2Am) 0 0 0 . . . E −λE
(−1)1(Am−1 + λAm) 0 0 0 . . . 0 E


,



(−1)m−1E 0 0 0 . . . 0 0 . . . 0 0

(−1)2m−2
∑m−1

j=0 λ
m−1−jAm−j 0 E 0 . . . 0 0 . . . 0 0

(−1)2m−3
∑m−2

j=0 λ
m−2−jAm−j 0 0 E . . . 0 0 . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(−1)m+k−1
∑k

j=0 λ
k−jAm−j 0 0 0 . . . 0 0 . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(−1)m+1
∑2

j=0 λ
2−jAm−j 0 0 0 . . . 0 0 . . . 0 E

(−1)mλE E 0 0 . . . 0 0 . . . 0 0


,

çâåäåìî ¨¨ äî åêâiâàëåíòíî¨ λ-ìàòðèöi diag {P (λ), E, . . . , E}, åëåìåíòàðíi äiëüíè-
êè ÿêî¨ çáiãàþòüñÿ ç åëåìåíòàðíèìè äiëüíèêàìè ïîëiíîìiàëüíî¨ â'ÿçêè ìàòðèöü

P (λ). Îñêiëüêè æ åêâiâàëåíòíi λ-ìàòðèöi ìàþòü îäíi é òi ñàìi åëåìåíòàðíi äiëü-

íèêè [22], òî çâiäñè âèïëèâà¹, ùî ñêií÷åííi åëåìåíòàðíi äiëüíèêè ïîëiíîìiàëüíî¨

â'ÿçêè P (λ) çáiãàþòüñÿ iç ñêií÷åííèìè åëåìåíòàðíèìè äiëüíèêàìè ëiíiéíî¨ â'ÿç-

êè L(λ).

Àíàëîãi÷íî âñòàíîâëþ¹ìî, ùî åëåìåíòàðíi äiëüíèêè ïîëiíîìiàëüíî¨ â'ÿçêè

ìàòðèöüM(ξ) çáiãàþòüñÿ ç åëåìåíòàðíèìè äiëüíèêàìè âiäïîâiäíî¨ ëiíiéíî¨ â'ÿç-

êè N(ξ) = B̃ + ξÃ, ñèìåòðè÷íî¨ â'ÿçöi L(λ). Äëÿ öüîãî ëiíiéíó â'ÿçêó ìàòðèöü

N(ξ) ïîìíîæèìî çëiâà i ñïðàâà âiäïîâiäíî íà íåîñîáëèâi ìàòðèöi
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E 0 0 0 . . . 0 0 . . . 0 0

0 E 0 0 . . . 0 0 . . . 0 0

0 −ξE E 0 . . . 0 0 . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 0 . . . −ξE E . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .∑m−2
j=0 ξ

m−1−jAj 0 0 0 . . . 0 0 . . . −ξE E


,



E 0 0 0 . . . 0 0 . . . 0 −ξE
(−1)mξA0 E 0 0 . . . 0 0 . . . 0 (−1)m−1ξ2A0

(−1)m−1
∑1

j=0 ξ
2−jAj 0 E 0 . . . 0 0 . . . 0 (−1)m−2

∑1
j=0 ξ

3−jAj

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(−1)m−k+1
∑k−1

j=0 ξ
k−jAj 0 0 0 . . . 0 E . . . 0 (−1)m−k

∑k−1
j=0 ξ

k+1−jAj

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(−1)3
∑m−3

j=0 ξ
m−2−jAj 0 0 0 . . . 0 0 . . . E (−1)2

∑m−3
j=0 ξ

m−1−jAj

0 0 0 0 . . . 0 0 . . . 0 E


.

Ó ðåçóëüòàòi ìàòðèöþ N(ξ) çâåäåìî äî âèãëÿäó diag {E, . . . , E,M(ξ)}, çâiäêè
âèïëèâà¹, ùî çáiãàþòüñÿ òàêîæ i íåñêií÷åííi åëåìåíòàðíi äiëüíèêè â'ÿçîê P (λ)

i L(λ).

Îñêiëüêè ñóìà êðàòíîñòåé âñiõ ñêií÷åííèõ i íåñêií÷åííèõ åëåìåíòàðíèõ äiëü-

íèêiâ ëiíiéíî¨ ðåãóëÿðíî¨ â'ÿçêè ìàòðèöü L(λ) äîðiâíþ¹ mn, òî òàêîþ áóäå é ñó-

ìà êðàòíîñòåé âiäïîâiäíèõ åëåìåíòàðíèõ äiëüíèêiâ ïîëiíîìiàëüíî¨ â'ÿçêè P (λ).

Íåõàé â'ÿçêà ìàòðèöü P (λ) ìà¹ ñêií÷åííèé åëåìåíòàðíèé äiëüíèê (λ− λ0)
p

êðàòíiñòþ p, ùî âiäïîâiäà¹ âëàñíîìó çíà÷åííþ λ0. Çà äîâåäåíèì âèùå òàêèé ñà-

ìèé ñêií÷åííèé åëåìåíòàðíèé äiëüíèê ìàòèìå òàêîæ âiäïîâiäíà áëîêîâà ëiíié-

íà â'ÿçêà L(λ). Çãiäíî òåîðåìîþ 1.7 iç [58, ñ. 38] öüîìó åëåìåíòàðíîìó äiëüíèêó

âiäïîâiäà¹ æîðäàíiâ ëàíöþæîê çàâäîâæêè p mn-âèìiðíèõ âåêòîðiâ, ùî ñêëà-

äà¹òüñÿ ç âëàñíîãî âåêòîðà y(1) i p − 1 ïðè¹äíàíèõ âåêòîðiâ y(i), i = 2, p, ÿêi

çàäîâîëüíÿþòü ñïiââiäíîøåííÿ(
Ã+ λ0B̃

)
y(1) = 0, (2.4)(

Ã+ λ0B̃
)
y(i) + B̃y(i−1) = 0, i = 2, p, (2.5)
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à ðiâíÿííÿ (
Ã+ λ0B̃

)
y + B̃y(p) = 0 (2.6)

íå ìà¹ ðîçâ'ÿçêó âiäíîñíî y. Ïîçíà÷èìî y(i) = col
[
y

(i)
1 , . . . , y

(i)
m

]
, äå y(i)

k , i =

1, p, k = 1,m, � n-âèìiðíi âåêòîðè, êîîðäèíàòàìè ÿêèõ ¹ âiäïîâiäíi êîîðäèíàòè

âåêòîðà y(i). Âçÿâøè äî óâàãè ñòðóêòóðó ìàòðèöü Ã, B̃, ç ôîðìóë (2.4), (2.5)

ìà¹ìî

P (λ0)y
(1)
1 = 0,

P (λ0)y
(i)
1 +

min(i−1,m)∑
k=1

∂kP (λ0)

k!∂λk
y

(i−k)
1 = 0, i = 2, p.

Âîäíî÷àñ iç íåñóìiñíîñòi ðiâíÿííÿ (2.6) âèïëèâà¹ íåñóìiñíiñòü ðiâíÿííÿ

P (λ0)y +

min(p,m)∑
k=1

∂kP (λ0)

k!∂λk
y

(p+1−k)
1 = 0.

Òàêèì ÷èíîì, ñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó êðàòíiñòþ p ïîëiíîìi-

àëüíî¨ â'ÿçêè ìàòðèöü P (λ) âiäïîâiäà¹ æîðäàíiâ ëàíöþæîê âåêòîðiâ, äîâæèíà

ÿêîãî çáiãà¹òüñÿ ç êðàòíiñòþ öüîãî åëåìåíòàðíîãî äiëüíèêà.

Íåõàé òåïåð â'ÿçêà ìàòðèöü P (λ) ìà¹ íåñêií÷åííèé åëåìåíòàðíèé äiëüíèê

êðàòíiñòþ q. Òîäi çà äîâåäåíèì âèùå òàêèé ñàìèé åëåìåíòàðíèé äiëüíèê ìà-

òèìå ëiíiéíà â'ÿçêà ìàòðèöü L(λ). Çãiäíî ç òi¹þ æ òåîðåìîþ 1.7 iç [58, ñ. 38]

íóëüîâîìó âëàñíîìó çíà÷åííþ â'ÿçêè ìàòðèöü N(ξ), ñèìåòðè÷íî¨ â'ÿçöi L(λ),

âiäïîâiäà¹ æîðäàíiâ ëàíöþæîê âåêòîðiâ çàâäîâæêè q, ùî ñêëàäà¹òüñÿ ç mn-

âèìiðíèõ âåêòîðiâ z(i), i = 1, q, ÿêi çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

B̃z(1) = 0, (2.7)

B̃z(i) + Ãz(i−1) = 0, i = 2, q, (2.8)

à ðiâíÿííÿ

B̃z + Ãz(p) = 0 (2.9)

íå ìà¹ ðîçâ'ÿçêó.

Ïîçíà÷èìî z(i) = col
[
z

(i)
1 , . . . , z

(i)
m

]
, äå z(i)

k , i = 1, q, k = 1,m, � n-âèìiðíi

âåêòîðè, êîîðäèíàòàìè ÿêèõ ¹ âiäïîâiäíi êîîðäèíàòè âåêòîðà z(i). Âðàõóâàâøè
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ñòðóêòóðó ìàòðèöü Ã òà B̃, ç ôîðìóë (2.7), (2.8) ìà¹ìî

Amz
(1)
m = 0,

Amz
(i)
m +

min(i−1,m)∑
k=1

Am−kz
(i−k)
m = 0, i = 2, q,

à ç íåñóìiñíîñòi ðiâíÿííÿ (2.9) âèïëèâà¹ íåñóìiñíiñòü ðiâíÿííÿ

Amz +

min(i−1,m)∑
k=1

Am−kz
(q+1−k)
m = 0.

Îòæå, ÿêùî ïîëiíîìiàëüíà â'ÿçêà ìàòðèöü P (λ) ìà¹ íåñêií÷åííèé åëåìåí-

òàðíèé äiëüíèê êðàòíiñòþ q, òî íóëüîâîìó âëàñíîìó çíà÷åííþ â'ÿçêè ìàòðèöü

M(ξ) âiäïîâiäà¹ æîðäàíiâ ëàíöþæîê çàâäîâæêè q. Òåîðåìó äîâåäåíî.

ßêùî êðàòíîìó âëàñíîìó çíà÷åííþ λ0 â'ÿçêè ìàòðèöü (2.1) âiäïîâiäà¹ êiëü-

êà ñêií÷åííèõ åëåìåíòàðíèõ äiëüíèêiâ, òî çãiäíî ç òåîðåìîþ 2.1 êîæíîìó òàêî-

ìó äiëüíèêó âiäïîâiäà¹ æîðäàíiâ ëàíöþæîê âåêòîðiâ, äîâæèíà ÿêîãî ñïiâïàäà¹

ç êðàòíiñòþ öüîãî äiëüíèêà. Ñóêóïíiñòü óñiõ öèõ ëàíöþæêiâ áóäåìî íàçèâàòè

æîðäàíîâèì íàáîðîì â'ÿçêè ìàòðèöü P (λ), ùî âiäïîâiäà¹ ¨¨ âëàñíîìó çíà÷åííþ

λ0. Ó âèïàäêó, êîëè â'ÿçêà ìàòðèöü (2.1) ìà¹ íåñêií÷åííi åëåìåíòàðíi äiëüíè-

êè, àíàëîãi÷íèì ÷èíîì ââîäèòüñÿ ïîíÿòòÿ æîðäàíîâîãî íàáîðó â'ÿçêèM(ξ), ùî

âiäïîâiäà¹ ¨¨ íóëüîâîìó âëàñíîìó çíà÷åííþ.

Íåõàé æîðäàíiâ íàáið â'ÿçêè ìàòðèöü P (λ) ñêëàäà¹òüñÿ ç âåêòîðiâ ϕ(j)
i , j =

1, pi, i = 1, r, ùî óòâîðþþòü r ëàíöþæêiâ çàâäîâæêè pi, i = 1, r. Çãiäíî ç

îçíà÷åííÿì (2.2) öi âåêòîðè ìàþòü çàäîâîëüíÿòè íàñòóïíi ñïiââiäíîøåííÿ

P (λ0)ϕ
(1)
i = 0, i = 1, r;

P (λ0)ϕ
(j)
i +

min(j−1,m)∑
k=1

∂kP (λ0)

k!∂λk
ϕ

(j−k)
i = 0, j = 2, pi, i = 1, r; (2.10)

à ðiâíÿííÿ

P (λ0)yi +

min(p,m)∑
k=1

∂kP (λ0)

k!∂λk
ϕ

(p+1−k)
i = 0, i = 1, r (2.11)

íå ìà¹ ðîçâ'ÿçêiâ âiäíîñíî yi, i = 1, r.
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Ïîçíà÷èìî ÷åðåç ψ(1)
i , i = 1, r, áàçèñíi åëåìåíòè íóëü-ïðîñòîðó ìàòðèöi

P ∗(λ0). Òîäi çàâäÿêè ðîçâ'ÿçíîñòi ðiâíÿíü (2.10) ìà¹ìî

min(s,m)∑
k=1

(
∂kP (λ0)

k!∂λk
ϕ

(s+1−k)
i , ψ

(1)
j

)
= 0, s = 1, pi − 1, i, j,= 1, r,

à ç íåðîçâ'ÿçíîñòi ðiâíÿííÿ (2.11) âèïëèâà¹, ùî r-âèìiðíi âåêòîðè

gi = col

min(pi,m)∑
k=1

(
∂kP (λ0)

k!∂λk
ϕ

(pi+1−k)
i , ψ

(1)
1

)
, . . . ,

min(pi,m)∑
k=1

(
∂kP (λ0)

k!∂λk
ϕ

(pi+1−k)
i , ψ(1)

r

),
i = 1, r, íå äîðiâíþþòü íóëüîâîìó.

ßêùî ïðè öüîìó

det

∥∥∥∥∥∥
min(pi,m)∑

k=1

(
∂kP (λ0)

k!∂λk
ϕ

(pi+1−k)
i , ψ

(1)
j

)∥∥∥∥∥∥
i,j=1,r

6= 0,

òî äàíèé æîðäàíiâ íàáið áóäåìî íàçèâàòè ïîâíèì.

Àíàëîãi÷íî îçíà÷à¹òüñÿ é ïîíÿòòÿ ïîâíîòè æîðäàíîâîãî íàáîðó â'ÿçêèM(ξ).

Cïðàâäæó¹òüñÿ íàñòóïíà òåîðåìà.

Òåîðåìà 2.2. ßêùî ðåãóëÿðíà â'ÿçêà ìàòðèöü (2.1) ìà¹ êðàòíå âëàñíå çíà-

÷åííÿ λ0, ÿêîìó âiäïîâiäà¹ ri ñêií÷åííèõ åëåìåíòàðíèõ äiëüíèêiâ êðàòíîñòi pi

(i = 1, α), à òàêîæ ìà¹ sj íåñêií÷åííèõ åëåìåíòàðíèõ äiëüíèêiâ êðàòíiñòþ qj

(j = 1, β), ïðè÷îìó
∑α

i=1 ripi +
∑β

j=1 sjqj = mn, òî ïðàâèëüíi íàñòóïíi òâåðäæå-

ííÿ:

1) æîðäàíiâ íàáið â'ÿçêè ìàòðèöü P (λ), ÿêèé ñêëàäà¹òüñÿ ç âåêòîðiâ

ϕ
(j)
r1+r2+···+rk−1+i, j = 1, pk, i = 1, rk, k = 1, α, ¹ ïîâíèì;

2) æîðäàíiâ íàáið ñèìåòðè÷íî¨ â'ÿçêè ìàòðèöü M(ξ), ÿêèé âiäïîâiäà¹ ¨¨ íó-

ëüîâîìó âëàñíîìó çíà÷åííþ i ñêëàäà¹òüñÿ ç âåêòîðiâ ϕ̃(j)
s1+s2+···+sk−1+i, j = 1, qk,

i = 1, sk, k = 1, β, òàêîæ ¹ ïîâíèì.

Äîâåäåííÿ. Äîâåäåìî ïåðøå òâåðäæåííÿ òåîðåìè 2.2, äðóãå äîâîäèòüñÿ àíà-

ëîãi÷íî.

Ïîðÿä ç ïîëiíîìiàëüíîþ â'ÿçêîþ ìàòðèöü (2.1) ðîçãëÿíåìî âiäïîâiäíó ëiíié-

íó â'ÿçêó (mn ×mn)-ìàòðèöü L(λ) = Ã + λB̃, äå ìàòðèöi A, B âèçíà÷àþòüñÿ

çà ôîðìóëàìè (2.3).
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Çãiäíî ç óìîâîþ òåîðåìè 2.2 òà òåîðåìîþ 2.1 λ0 áóäå ¹äèíèì âëàñíèì çíà÷å-

ííÿì â'ÿçîê ìàòðèöü P (λ), L(λ). Öi â'ÿçêè ìàþòü îäíàêîâi ñêií÷åííi òà íåñêií-

÷åííi åëåìåíòàðíi äiëüíèêè. Îñêiëüêè â'ÿçêà ìàòðèöü L(λ) ìà¹ ri ñêií÷åííèõ

åëåìåíòàðíèõ äiëüíèêiâ êðàòíiñòþ pi, i = 1, α, âiäïîâiäíî, òî âëàñíîìó çíà÷åí-

íþ λ0 öi¹¨ â'ÿçêè âiäïîâiäà¹ ri æîðäàíîâèõ ëàíöþæêiâ çàâäîâæêè pi, i = 1, α.

Âåêòîðè öèõ ëàíöþæêiâ âèçíà÷àþòüñÿ ç ðiâíîñòåé

L(λ0)hr1+r2+···+rk−1+i = 0, i = 1, rk, k = 1, α, (2.12)

L(λ0)h
(j)
r1+r2+···+rk−1+i = −B̃h(j−1)

r1+r2+···+rk−1+i, i = 1, rk, j = 2, pk, k = 1, α, (2.13)

à ðiâíÿííÿ

L(λ0)yr1+r2+···+rk−1+i = −B̃h(pk)
r1+r2+···+rk−1+i, i = 1, rk, k = 1, α,

íåðîçâ'ÿçíi âiäíîñíî âåêòîðiâ yr1+r2+···+rk−1+i, i = 1, rk, k = 1, α. Çãiäíî ç [58, ñ.

107�108] öi ëàíöþæêè óòâîðþþòü ïîâíèé æîðäàíiâ íàáið. Îòæå,

det
∥∥∥−(B̃h(pk)

r1+r2+···+rk−1+i, dr1+r2+···+rk−1+j

)∥∥∥
i,j=1,rk,k=1,α

6= 0, (2.14)

ïðè áóäü-ÿêîìó âèáîði âåêòîðiâ dr1+r2+···+rk−1+j � áàçèñíèõ åëåìåíòiâ íóëü-ïðîñòîðó

ìàòðèöi L∗(λ0). Âðàõîâóþ÷è ñòðóêòóðó â'ÿçêè ìàòðèöü L∗(λ0), âñòàíîâèìî, ùî

dr1+r2+···+rk−1+j =



(−1)m−1
(
λ
m−2

0 A∗m−1 + λ
m−1

0 A∗m

)
ψr1+r2+···+rk−1+j

ψr1+r2+···+rk−1+j

(−1)1λ0ψr1+r2+···+rk−1+j

(−1)2λ
2

0ψr1+r2+···+rk−1+j

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(−1)m−2λ
m−2

0 ψr1+r2+···+rk−1+j


,

j = 1, rk, k = 1, α, äå âåêòîðè ψr1+r2+···+rk−1+j, j = 1, rk, k = 1, α, � áàçèñíi

åëåìåíòè íóëü-ïðîñòîðó ìàòðèöi P ∗(λ0).
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Âîäíî÷àñ, âðàõîâóþ÷è ñòðóêòóðó ìàòðèöü Ã, B̃, âåêòîðè h(pk)
r1+r2+···+rk−1+i, i =

1, rk, k = 1, α, âèçíà÷èìî ç ñèñòåì (2.12) òà (2.13) çà ôîðìóëîþ:

h
(pk)
r1+r2+···+rk−1+i=



ϕ
(pk)
r1+r2+···+rk−1+i

(−1)m−1
∑min(pk−1,m)

γ=0
∂γP1(λ0)
γ!∂λγ ϕ

(pk−γ)
r1+r2+···+rk−1+i

(−1)m−2
∑min(pk−1,m)

γ=0
∂γP2(λ0)
γ!∂λγ ϕ

(pk−γ)
r1+r2+···+rk−1+i

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(−1)2
∑min(pk−1,m)

γ=0
∂γPm−2(λ0)

γ!∂λγ ϕ
(pk−γ)
r1+r2+···+rk−1+i

−λ0ϕ
(pk)
r1+r2+···+rk−1+i − ϕ

(pk−1)
r1+r2+···+rk−1+i


, i = 1, rk, k = 1, α,

äå

Pk(λ0) =
m∑
i=k

λi−k0 Ai, k = 1,m.

Ïiäñòàâèâøè öi âåêòîðè â (2.14), äiñòàíåìî

det

∥∥∥∥∥∥
min(pk,m)∑

γ=1

(
∂γP (λ0)

γ!∂λγ
ϕ

(pk+1−γ)
r1+r2+···+rk−1+i, ψ

(1)
r1+r2+···+rk−1+j

)∥∥∥∥∥∥
i,j=1,rk,k=1,α

6= 0,

ùî é òðåáà áóëî äîâåñòè.

Çàóâàæåííÿ 2.1. Îòðèìàíi ðåçóëüòàòè ñïðàâäæóþòüñÿ òàêîæ äëÿ ïîëiíî-

ìiàëüíî¨ â'ÿçêè ìàòðèöü

P (t, λ) =
m∑
i=0

λiAi(t)

çi çìiííèìè ìàòðèöÿìè, ÿêùî êðàòíîñòi âñiõ ¨¨ ñêií÷åííèõ òà íåñêií÷åííèõ åëå-

ìåíòàðíèõ äiëüíèòêiâ çàëèøàþòüñÿ ñòàëèìè íà ïðîìiæêó çìiíè àðãóìåíòà t.

Ïðè öüîìó, ÿêùî åëåìåíòè ìàòðèöü Ai(t), i = 0,m, ìàþòü íà âiäðiçêó [0;T ] íå-

ïåðåðâíi ïîõiäíi äî k-ãî ïîðÿäêó âêëþ÷íî, òî âñi âëàñíi çíà÷åííÿ ïîëiíîìiàëüíî¨

â'ÿçêè ìàòðèöü P (t, λ) òàêîæ ìàòèìóòü íà öüîìó âiäðiçêó íåïåðåðâíi ïîõiäíi äî

k-ãî ïîðÿäêó. Âëàñíi âåêòîðè â'ÿçêè ìàòðèöü P (t, λ) òà ñèìåòðè÷íî¨ ¨é â'ÿçêè

M(t, ξ) ìîæíà âèçíà÷èòè òàê, ùîá i âîíè ìàëè òîé ñàìèé ñòóïiíü ãëàäêîñòi [58,

ñ. 46].

2.2. Ñòðóêòóðà çàãàëüíîãî ðîçâ'ÿçêó âèðîäæåíèõ ëiíiéíèõ ñèñòåì

äèôåðåíöiàëüíèõ âèùèõ ïîðÿäêiâ. Çàäà÷à Êîøi

Ðîçãëÿíåìî ñèñòåìó ðiâíÿíü

Am(t)
dmx

dtm
+ Am−1(t)

dm−1x

dtm−1
+ · · ·+ A1(t)

dx

dt
+ A0(t)x = f(t), t ∈ [a, b], (2.15)
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äå Ai(t), i = 0,m, � êâàäðàòíi ìàòðèöi n-ãî ïîðÿäêó, f(t) � n-âèìiðíèé âåêòîð,

ÿêi ìîæóòü ìàòè ÿê äiéñíi, òàê i êîìïëåêñíîçíà÷íi åëåìåíòè, x(t) -� øóêàíèé

n-âèìiðíèé âåêòîð.

Ââàæàòèìåìî, ùî

detAm(t) ≡ 0,∀t ∈ [a, b], (2.16)

òîáòî ìàòðèöÿ Am(t) ïðè ñòàðøié ïîõiäíié òîòîæíî âèðîäæåíà íà çàäàíîìó

ïðîìiæêó.

Äîñëiäèìî ñòðóêòóðó çàãàëüíîãî ðîçâ'ÿçêó ñèñòåì (2.15) çà âèêîíàííÿ óìîâè

(2.16).

Ïîçíà÷èìî

Lk(t) =
k∑
i=0

Ck−i
m−iAm−i(t)

dk−i

dtk−i
, k = 1,m, (2.17)

äèôåðåíöiàëüíi îïåðàòîðè, ùî äiþòü â óíiòàðíîìó ïðîñòîði Un n-âèìiðíèõ âåêòîð-

ôóíêöié êëàñó Ck[a, b], k ≥ m.

Îçíà÷åííÿ 2.3. Áóäåìî ãîâîðèòè, ùî ìàòðèöÿ Am(t) ìà¹ íà âiäðiçêó [a, b]

æîðäàíiâ ëàíöþæîê âåêòîðiâ çàâäîâæêè s âiäíîñíî îïåðàòîðiâ Li(t), i = 1,m,

ÿêùî iñíóþòü íåíóëüîâi âåêòîðè ϕ(j)(t) ∈ Un, j = 1, s, òàêi, ùî äëÿ âñiõ t ∈ [a, b]

âèêîíóþòüñÿ ñïiââiäíîøåííÿ

Am(t)ϕ(1)(t) = 0,

Am(t)ϕ(j)(t) +

min(j−1,m)∑
k=1

Lk(t)ϕ
(j−k)(t) = 0, j = 2, s,

à ðiâíÿííÿ

Am(t)z +

min(s,m)∑
k=1

Lk(t)ϕ
(s+1−k)(t) = 0

íå ìà¹ ðîçâ'ÿçêó â æîäíèé òî÷öi âiäðiçêà [a, b].

ßêùî ìàòðèöÿ Am(t) ìà¹ êiëüêà æîðäàíîâèõ ëàíöþæêiâ âiäíîñíî îïåðàòîðiâ

Li(t), i = 1,m, òî âåêòîðè, ÿêi ¨õ óòâîðþþòü, íàçèâàòèìåìî æîðäàíîâèõ íàáîðîì

ìàòðèöi Am(t) âiäíîñíî îïåðàòîðiâ Li(t), i = 1,m.

Íåõàé æîðäàíiâ íàáið ìàòðèöi Am(t) âiäíîñíî îïåðàòîðiâ Li(t), i = 1,m,

ñêëàäà¹òüñÿ ç âåêòîðiâ ϕ(j)
i (t), j = 1, si, i = 1, r, ùî óòâîðþþòü r ëàíöþæêiâ
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çàâäîâæêè si, i = 1, r. Çãiäíî ç îçíà÷åííÿì 2.3 öi âåêòîðè äëÿ âñiõ t ∈ [a, b]

çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

Am(t)ϕ
(1)
i (t) = 0, i = 1, r,

Am(t)ϕ
(j)
i (t) +

min(j−1,m)∑
k=1

Lk(t)ϕ
(j−k)
i (t) = 0, j = 2, si, i = 1, r. (2.18)

Ïîçíà÷èìî ÷åðåç ψ(1)
j (t), j = 1, r, áàçèñíi åëåìåíòè íóëü-ïðîñòîðó ìàòðèöi A∗m(t),

ñïðÿæåíî¨ äî ìàòðèöi Am(t). Òîäi çàâäÿêè ñóìiñíîñòi ðiâíÿíü (2.18) ìà¹ìîmin(j,m)∑
k=1

Lk(t)ϕ
(j+1−k)
i (t), ψ

(1)
l (t)

 = 0, j = 1, si − 1, i, l = 1, r, t ∈ [a, b]. (2.19)

Ó ñâîþ ÷åðãó ç íåñóìiñíîñòi ðiâíÿíü

Am(t)z +

min(si,m)∑
k=1

Lk(t)ϕ
(si+1−k)
i (t) = 0, i = 1, r,

âèïëèâà¹, ùî r-âèìiðíi âåêòîðè

li(t)=col

min(si,m)∑
k=1

Lk(t)ϕ
(si+1−k)
i (t), ψ

(1)
1 (t)

, . . . ,
min(si,m)∑

k=1

Lk(t)ϕ
(si+1−k)
i (t), ψ(1)

r (t)

,
i = 1, r, íå äîðiâíþþòü íóëüîâîìó â æîäíèé òî÷öi âiäðiçêà [a, b].

ßêùî ïðè öüîìó

det

∥∥∥∥∥∥
min(si,m)∑

k=1

Lk(t)ϕ
(si+1−k)
i (t), ψ

(1)
j (t)

∥∥∥∥∥∥
r

1

6= 0,∀t ∈ [a, b],

òî, ñëiäóþ÷è [58, ñ. 85], äàíèé æîðäàíiâ íàáið áóäåìî íàçèâàòè ïîâíèì.

Ïðèïóñòèìî òåïåð, ùî âèêîíóþòüñÿ íàñòóïíi óìîâè:

2.1◦. rankAm(t) = n− r = const .

2.2◦. Ìàòðèöÿ Am(t) ìà¹ íà âiäðiçêó [a, b] ïîâíèé æîðäàíiâ íàáið âåêòîðiâ

âiäíîñíî îïåðàòîðiâ Li(t), i = 1,m, ÿêèé ñêëàäà¹òüñÿ ç r ëàíöþæêiâ çàâäîâæêè

si, i = 1, r, äå max si = p.

2.3◦.Ai(t) ∈ C3p−2[a, b], i = 1,m.

2.4◦.f(t) ∈ Cp−1[a, b].
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Çðîáèâøè â ñèñòåìi (2.15) çàìiíó

yi =
di−1x

dti−1
, i = 1,m, (2.20)

i ââiâøè ïîçíà÷åííÿ

y = col [y1, y2, . . . , ym] , (2.21)

çâåäåìî ¨¨ äî åêâiâàëåíòíî¨ ñèñòåìè ðiâíÿíü ïåðøîãî ïîðÿäêó

B̃(t)
dy

dt
= Ã(t)y + f̃(t), (2.22)

â ÿêié

B̃(t) = diag {E, . . . , E,Am(t)} ,

Ã(t) =



0 E 0 . . . 0 0

0 0 E . . . 0 0

0 0 0 . . . 0 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . 0 E

−A0(t) −A1(t) −A2(t) . . . −Am−2(t) −Am−1(t)


,

f̃(t) = col [0, . . . , 0, f(t)] .

Ïîêàæåìî, ùî ñèñòåìà (2.22) çàäîâîëüíÿ¹ óìîâè òåîðåìè 2.2 iç [58, ñ. 62], ÿêi

ãàðàíòóþòü íàÿâíiñòü ó íå¨ çàãàëüíîãî ðîçâ'ÿçêó òèïó Êîøi.

Äiéñíî, ç óìîâ 2.1◦, 2.3◦, 2.4◦ îäðàçó âèïëèâà¹, ùî Ã(t), B̃(t) ∈ C3p−2[a, b],

f̃(t) ∈ Cp−1[a, b], rank B̃(t) = = mn− r = const.

Çíàéäåìî æîðäàíiâ íàáið ìàòðèöi B̃(t) âiäíîñíî îïåðàòîðà L̃(t) = Ã(t) −
B̃(t) ddt ó ïðîñòîði U

pn äîñòàòíüî ãëàäêèõ mn-âèìiðíèõ âåêòîð-ôóíêöié.

Íåõàé g(1)
i (t), i = 1, r, � âëàñíi âåêòîðè ìàòðèöi B̃(t), ùî âiäïîâiäàþòü ¨¨ íó-

ëüîâîìó âëàñíîìó çíà÷åííþ. Ïîäàìî ¨õ ó âèãëÿäi g(1)
i (t) = col

[
g

(1)
i1 (t), . . . , g

(1)
im(t)

]
,

i = 1, r, äå g(1)
ik (t), k = 1,m, -� n-âèìiðíi âåêòîð-ñòîâïöi. Âiäïîâiäíî äî ñòðóêòó-

ðè ìàòðèöi B̃(t) ìàòèìåìî

g
(1)
ik (t) = 0, k = 1,m− 1,

g
(1)
im(t) = ϕ

(1)
i (t), i = 1, r,
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äå ϕ(1)
i (t), i = 1, r, � âëàñíi âåêòîðè ìàòðèöi Am(t), ùî âiäïîâiäàþòü ¨¨ íóëüîâîìó

âëàñíîìó çíà÷åííþ. Îòæå,

g
(1)
i (t) = col

[
0, . . . , 0, ϕ

(1)
i (t)

]
, i = 1, r.

Çàôiêñó¹ìî îäèí iç öèõ âëàñíèõ âåêòîðiâ i áóäåìî øóêàòè âiäïîâiäíi éîìó ïðè-

¹äíàíi âåêòîðè. Ïåðøèé ç íèõ ïîçíà÷èìî g(2)
i (t) òà ïîäàìî ó âèãëÿäi

g
(2)
i (t) = col

[
g

(2)
i1 (t), . . . , g

(2)
im(t)

]
, i = 1, r,

äå g(2)
ik (t), k = 1,m, -� n-âèìiðíi âåêòîð-ñòîâïöi. Çà îçíà÷åííÿì æîðäàíîâîãî

ëàíöþæêà öåé âåêòîð ìà¹ çàäîâîëüíÿòè ðiâíÿííÿ

B̃(t)g
(2)
i (t) = L̃(t)g

(1)
i (t).

Âðàõóâàâøè ñòðóêòóðó ìàòðèöü Ã(t), B̃(t), ç íüîãî äiñòàíåìî

g
(2)
ik (t) = 0, k = 1,m− 2,

g
(2)
i,m−1(t) = ϕ

(1)
i (t),

Am(t)g
(2)
im(t) + Am−1(t)ϕ

(1)
i (t) + Am(t)

dϕ
(1)
i (t)

dt
= 0. (2.23)

Äîäàâøè òà âiäíÿâøè â ëiâié ÷àñòèíi ðiâíÿííÿ (2.23) âåêòîð C1
m−1Am(t)

dϕ
(1)
i (t)
dt i

âçÿâøè äî óâàãè ôîðìóëè (2.17), çàïèøåìî éîãî ó âèãëÿäi

Am(t)

(
g

(2)
im(t)− C1

m−1

dϕ
(1)
i (t)

dt

)
+ L1(t)ϕ

(1)
i (t) = 0.

Çãiäíî ç óìîâîþ 2.2◦ òà ñïiââiäíîøåííÿìè (2.18) öå ðiâíÿííÿ ðîçâ'ÿçíå ïðè âñiõ

t ∈ [a, b], i ç íüîãî çíàéäåìî

g
(2)
im(t) = ϕ

(2)
i (t) + C1

m−1

dϕ
(1)
i (t)

dt
,

äå ϕ(2)
i (t) � ïåðøèé ïðè¹äíàíèé âåêòîð i-ãî æîðäàíîâîãî ëàíöþæêà ìàòðèöi

Am(t) âiäíîñíî îïåðàòîðiâ Lk(t), k = 1,m. Îòæå,

g
(2)
i (t) = col

[
0, . . . , 0, ϕ

(1)
i (t), ϕ

(2)
i (t) + C1

m−1

dϕ
(1)
i (t)

dt

]
.
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Àíàëîãi÷íî, ïîçíà÷èâøè äðóãèé ïðè¹äíàíèé âåêòîð ÷åðåç g(3)
i (t) i ïîäàâøè éîãî

ó âèãëÿäi

g
(3)
i (t) = col

[
g

(3)
i1 (t), . . . , g

(3)
im(t)

]
,

ç ðiâíÿííÿ

B̃(t)g
(3)
i (t) = L̃(t)g

(2)
i (t)

äiñòàíåìî

g
(3)
ik (t) = 0, k = 1,m− 3,

g
(3)
i,m−2(t) = ϕ

(1)
i (t),

g
(3)
i,m−1(t) = ϕ

(2)
i (t) + C1

m−2

dϕ
(1)
i (t)

dt
,

Am(t)g
(3)
im(t) + Am−2(t)ϕ

(1)
i (t) + Am−1(t)ϕ

(2)
i (t) + C1

m−1Am−1(t)
dϕ

(1)
i (t)

dt
+

+Am(t)
dϕ

(2)
i (t)

dt
+ C1

m−1Am(t)
d2ϕ

(1)
i (t)

dt2
= 0.

Äîäàâøè i âiäíÿâøè â ëiâié ÷àñòèíi îñòàííüîãî ðiâíÿííÿ âåêòîðè C2
m−1Am(t)

d2ϕ
(1)
i (t)
dt2

òà C1
m−1Am(t)

dϕ
(2)
i (t)
dt , çàïèøåìî éîãî ó âèãëÿäi

Am(t)

(
g

(3)
im(t)− C1

m−1

dϕ
(2)
i (t)

dt
− C2

m−1

d2ϕ
(1)
i (t)

dt2

)
+L1(t)ϕ

(2)
i (t) +L2(t)ϕ

(1)
i (t) = 0,

çâiäêè çãiäíî ç óìîâîþ 2.2◦ òà ñïiââiäíîøåííÿì (2.19) âèïëèâà¹, ùî

g
(3)
im(t) = ϕ

(3)
i (t) + C1

m−1

dϕ
(2)
i (t)

dt
+ C2

m−1

d2ϕ
(1)
i (t)

dt2
,

äå ϕ(3)
i (t) � äðóãèé ïðè¹äíàíèé âåêòîð i-ãî æîðäàíîâîãî ëàíöþæêà ìàòðèöi

Am(t) âiäíîñíî îïåðàòîðiâ Lk(t), k = 1,m. Îòæå,

g
(3)
i (t)=col

[
0, . . . ,0,ϕ

(1)
i (t),ϕ

(2)
i (t)+C1

m−2

dϕ
(1)
i (t)

dt
,ϕ

(3)
i (t)+C1

m−1

dϕ
(2)
i (t)

dt
+C2

m−1

d2ϕ
(1)
i (t)

dt2

]
.

Ïðîäîâæóþ÷è öåé ïðîöåñ, ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ âñòàíîâèìî, ùî

ðiâíÿííÿ

B̃(t)g
(j)
i (t) = L̃(t)g

(j−1)
i (t), i = 1, r,
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ðîçâ'ÿçíi ïðè j = 1, si, âiäíîñíî âåêòîðiâ g
(j)
i (t) = col

[
g

(j)
i1 (t), . . . , g

(j)
im(t)

]
. Ïðè

öüîìó n-âèìiðíi âåêòîðè g(j)
ik (t) âèðàæàþòüñÿ ÷åðåç âåêòîðè ϕ(j)

i (t), j = 1, si, i-ãî

æîðäàíîâîãî ëàíöþæêà ìàòðèöi Am(t) âiäíîñíî îïåðàòîðiâ Lk(t), k = 1,m, çà

ôîðìóëîþ

g
(j)
ik (t) =

k−1∑
l=0

C l
k−1

dlϕ
(j+k−m−l)
i (t)

dtl
, k = 1,m. (2.24)

Âîäíî÷àñ ïåðåêîíó¹ìîñü, ùî ðiâíÿííÿ B̃(t)z = L̃(t)g
(si)
i (t), i = 1, r, íåñóìiñíi.

Îòæå, ìàòðèöÿ B̃(t) ìà¹ âiäíîñíî îïåðàòîðà L̃(t) æîðäàíiâ íàáið âåêòîðiâ, ÿêèé

ñêëàäà¹òüñÿ ç r ëàíöþæêiâ çàâäîâæêè si, i = 1, r. Ïîêàæåìî, ùî öåé æîðäàíiâ

íàáið ¹ ïîâíèì. Äëÿ öüîãî ñêîðèñòà¹ìîñü íàñòóïíèì òâåðäæåííÿì.

Ëåìà 2.1. Ïðè âñiõ t ∈ [a, b] âèêîíó¹òüñÿ ðiâíiñòü

(
L̃(t)g

(si)
i (t), h

(1)
j (t)

)
= −

min(si,m)∑
k=1

Lk(t)ϕ
(si+1−k)
i (t), ψ

(1)
j (t)

 , i, j = 1, r, (2.25)

äå h(1)
j (t), ψ(1)

j (t), j = 1, r, � áàçèñíi åëåìåíòè íóëü-ïðîñòîðiâ ìàòðèöü B̃∗(t) òà

A∗m(t) âiäïîâiäíî.

Äîâåäåííÿ. Âðàõîâóþ÷è ñòðóêòóðó ìàòðèöi B̃∗(t), íåâàæêî ïåðåêîíàòèñÿ, ùî

h
(1)
j (t) = col

[
0, . . . , 0, ψ

(1)
j (t)

]
, j = 1, r. (2.26)

Âçÿâøè äî óâàãè ôîðìóëè (2.26), (2.24) òà ñòðóêòóðó ìàòðèöü Ã(t), B̃(t), ìà¹ìî

(
L̃(t)g

(si)
i (t), h

(1)
j (t)

)
= −

(
min(si,m−1)∑

k=0

(
k∑
l=0

C l
kAk(t)

dlϕ
(si+1+k−m−l)
i (t)

dtl
+

+Ck
m−1Am(t)

dk+1ϕ
(si−k)
i (t)

dtk+1

)
, ψ

(1)
j (t)

)
.

Ïåðåãðóïóâàâøè äîäàíêè â ïðàâié ÷àñòèíi îñòàííüî¨ ðiâíîñòi, äiñòàíåìî

(
L̃(t)g

(si)
i (t), h

(1)
j (t)

)
= −

(
min(si,m−1)∑

k=0

(
k∑
l=0

C l
m+l−k−1Am+l−k−1(t)

dlϕ
(si−k)
i (t)

dtl
+

+Ck
m−1Am(t)

dk+1ϕ
(si−k)
i (t)

dtk+1

)
, ψ

(1)
j (t)

)
.
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Äîäàâøè òà âiäíÿâøè m− 1 ðàç âiä âèðàçó

min(si,m−1)∑
k=0

(
k∑
l=0

C l
m+l−k−1Am+l−k−1(t)

dlϕ
(si−k)
i (t)

dtl
+ Ck

m−1Am(t)
dk+1ϕ

(si−k)
i (t)

dtk+1

)

âåêòîð Ck+1
m−1Am(t)

dk+1ϕ
(si−k)
i (t)

dtk+1 , (k = 0,m− 2), ïåðåãðóïóâàâøè äîäàíêè â îòðè-

ìàíié ðiâíîñòi òà çìiíèâøè iíäåêñ k íà k − 1, îòðèìà¹ìî

(
L̃(t)g

(si)
i (t), h

(1)
j (t)

)
= −

(
min(si,m)∑
k=1

Lk(t)ϕ
(si+1−k)
i (t), ψ

(1)
j (t)

)
−

−

(
min(si,m−1)∑

k=1

Ck
m−1Am(t)

dkϕ
(si−k)
i (t)

dtk
, ψ

(1)
j (t)

)
.

Îñêiëüêè A∗m(t)ψ
(1)
j (t) = 0, ìà¹ìî

(
L̃(t)g

(si)
i (t), h

(1)
j (t)

)
= −

min(si,m)∑
k=1

Lk(t)ϕ
(si+1−k)
i (t), ψ

(1)
j (t)

 ,

ùî é òðåáà áóëî äîâåñòè. Ëåìó äîâåäåíî.

Ç öi¹¨ ëåìè òà óìîâè 2.2◦ îäðàçó âèïëèâà¹, ùî

det
∥∥∥(L̃(t)g

(si)
i (t), h

(1)
j (t)

)∥∥∥r
1
=(−1)rdet

∥∥∥∥∥∥
min(si,m)∑

k=1

Lk(t)ϕ
(si+1−k)
i (t), ψ

(1)
j (t)

∥∥∥∥∥∥
r

1

6=0,

∀t ∈ [a, b].

Îòæå, ïîáóäîâàíèé âèùå æîðäàíiâ íàáið âåêòîðiâ ìàòðèöi B̃(t) âiäíîñíî îïå-

ðàòîðà L̃(t) ¹ ïîâíèì.

Òàêèì ÷èíîì, äëÿ ñèñòåìè ðiâíÿíü (2.22) âèêîíóþòüñÿ âñi óìîâè òåîðåìè 2.2

iç [58, ñ. 62]. Òîäi çãiäíî ç öi¹þ òåîðåìîþ çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü

(2.22) ìàòèìå âèãëÿä

y(t) = Ymn−s(t)c+ ỹ(t),

äå Ymn−s(t) � ìàòðèöÿ ðîçìiðíiñòþ mn × (mn − s), ñòîâïöÿìè ÿêî¨ ¹ mn −
s ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ âiäïîâiäíî¨ îäíîðiäíî¨ ñèñòåìè; c - äîâiëüíèé

ñòàëèé (mn − s)-âèìiðíèé âåêòîð; ỹ(t) � ÷àñòèííèé ðîçâ'ÿçîê ñèñòåìè (2.22);

s = s1 + s2 + · · · + sr � ñóìà äîâæèí æîðäàíîâèõ ëàíöþæêiâ ìàòðèöi B̃(t)
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âiäíîñíî îïåðàòîðà L̃(t). Âiäïîâiäíî äî çàìiíè (2.20) òà ïîçíà÷åííÿ (2.21) ïåðøi

n êîîðäèíàò âåêòîðà y(t) óòâîðþþòü ðîçâ'ÿçîê âèõiäíî¨ ñèñòåìè ðiâíÿíü (2.15),

à íàñòóïíi � éîãî ïîõiäíi äî (m−1)-ãî ïîðÿäêó âêëþ÷íî. Òîìó n-âèìiðíi âåêòîðè

xi(t), i = 1,mn− s, ñêëàäåíi ç ïåðøèõ n åëåìåíòiâ ñòîâïöiâ ìàòðèöi Ymn−s(t),

¹ ëiíiéíî íåçàëåæíèìè ðîçâ'ÿçêàìè îäíîðiäíî¨ ñèñòåìè ðiâíÿíü, ÿêà âiäïîâiäà¹

(2.15). Óòâîðèâøè ç öèõ âåêòîðiâ n× (mn− s) ìàòðèöþ

Xmn−s(t) = [x1(t), x2(t), . . . , xmn−s(t)] ,

i ïîçíà÷èâøè ÷åðåç x̃(t) � ÷àñòèííèé ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (2.15), ñêëàäåíèé

ç ïåðøèõ n êîîðäèíàò âåêòîðà ỹ(t), çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (2.15)

îòðèìà¹ìî ó âèãëÿäi

x(t) = Xmn−s(t)c+ x̃(t), (2.27)

äå c � äîâiëüíèé ñòàëèé (mn− s)-âèìiðíèé âåêòîð.
Ïiäñóìîâóþ÷è íàâåäåíi âèêëàäêè, ïðèõîäèìî äî òàêî¨ òåîðåìè.

Òåîðåìà 2.3. ßêùî âèêîíóþòüñÿ óìîâè 2.1◦ − 2.4◦, òî çàãàëüíèé ðîçâ'ÿçîê

ñèñòåìè ðiâíÿíü (2.15) âèçíà÷à¹òüñÿ ôîðìóëîþ (2.27), äå Xmn−s(t) � ïðÿìîêó-

òíà ìàòðèöÿ ðîçìiðíiñòþ n× (mn− s), ñêëàäåíà ç mn− s ëiíiéíî íåçàëåæíèõ
ðîçâ'ÿçêiâ îäíîðiäíî¨ ñèñòåìè, ÿêà âiäïîâiäà¹ (2.15) s = s1 + · · · + sr, c � äî-

âiëüíèé ñòàëèé (mn − s)-âèìiðíèé âåêòîð; x̃(t) � ÷àñòèííèé ðîçâ'ÿçîê ñèñòåìè

(2.15).

ßê ïîêàçàíî ïiä ÷àñ äîâåäåííÿ òåîðåìè 2.1, çà âèêîíàííÿ ¨¨ óìîâ ìàòðèöÿ

B̃(t) ìà¹ ïîâíèé æîðäàíiâ íàáið âåêòîðiâ âiäíîñíî îïåðàòîðà L̃(t), ùî ñêëàäà-

¹òüñÿ ç r ëàíöþæêiâ çàâäîâæêè si, i = 1, r. Òîäi çãiäíî ç [58, ñ. 55], ìàòðè-

öÿ B̃∗(t) ìàòèìå ïîâíèé æîðäàíiâ íàáið âåêòîðiâ âiäíîñíî îïåðàòîðà L̃∗(t) =

Ã∗(t) + d
dtB̃

∗(t), ùî ñêëàäà¹òüñÿ ç r æîðäàíîâèõ ëàíöþæêiâ òàêî¨ ñàìî¨ äîâæè-

íè. Öå äîçâîëÿ¹ äîâåñòè òàêå òâåðäæåííÿ.

Ëåìà 2.3. ßêùî âèêîíóþòüñÿ óìîâè 2.1◦, 2.2◦, òî ñïðÿæåíà ìàòðèöÿ A∗m(t)

ìà¹ íà âiäðiçêó [a, b] ïîâíèé æîðäàíiâ íàáið âåêòîðiâ âiäíîñíî îïåðàòîðiâ

L∗k(t) =
k∑
i=0

(−1)k−iCk−i
m−i

dk−i

dtk−i
A∗m−i(t), k = 1,m, (2.28)

ùî ñêëàäà¹òüñÿ ç r æîðäàíîâèõ ëàíöþæêiâ çàâäîâæêè si, i = 1, r.
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Äîâåäåííÿ. ßê óæå çàçíà÷àëîñü, çà âèêîíàííÿ óìîâ 2.1◦, 2.2◦ ìàòðèöÿ B̃∗(t)

ìàòèìå ïîâíèé æîðäàíiâ íàáið âåêòîðiâ âiäíîñíî îïåðàòîðà L̃∗(t) = Ã∗(t) +

d
dtB̃

∗(t), ùî ñêëàäà¹òüñÿ ç r ëàíöþæêiâ çàâäîâæêè si, i = 1, r. Ïîçíà÷èìî ÷åðåç

h
(j)
i (t) = col

[
h

(j)
i1 (t), h

(j)
i2 (t), . . . , h

(j)
im(t)

]
, j = 1, si, i = 1, r âiäïîâiäíi âåêòîðè

öüîãî íàáîðó. Çàôiêñó¹ìî i. Ïðè âèêîíàííi óìîâ 2.1◦, 2.2◦ ðiâíÿííÿ

B̃∗(t)h
(2)
i (t) = L̃∗(t)h

(1)
i (t)

ðîçâ'ÿçíå. Iç âðàõóâàííÿì ñòðóêòóðè ìàòðèöü Ã∗(t), B̃∗(t) òà âåêòîðà h(1)
i (t) âîíî

íàáóâà¹ âèãëÿäó

h
(2)
ik (t) = −A∗k−1(t)ψ

(1)
i (t), k = 1,m− 1,

A∗m(t)h
(2)
im(t) + A∗m−1(t)ψ

(1)
i (t)− d

dt

(
A∗m(t)ψ

(1)
i (t)

)
= 0. (2.29)

Äîäàâøè i âiäíÿâøè ó ëiâié ÷àñòèíi ðiâíÿííÿ (2.29) âåêòîð C1
m−1

d
dt

(
A∗m(t)ψ

(1)
i (t)

)
i âçÿâøè äî óâàãè (2.28), ìàòèìåìî

A∗m(t)h
(2)
im(t) + L∗1(t)ψ

(1)
i (t) = 0.

Îòæå, h(2)
im(t) = ψ

(2)
i (t), äå ψ(2)

i (t) � ïåðøèé ïðè¹äíàíèé âåêòîð i-ãî æîðäàíî-

âîãî ëàíöþæêà ìàòðèöi A∗m(t) âiäíîñíî îïåðàòîðiâ L∗k(t), k = 1,m. Àíàëîãi÷íî

âèçíà÷à¹ìî äðóãèé ïðè¹äíàíèé âåêòîð ψ
(3)
i (t) öüîãî ëàíöþæêà. Çà âèêîíàííÿ

óìîâ 2.1◦, 2.2◦ ðiâíÿííÿ

B̃∗(t)h
(3)
i (t) = L̃∗(t)h

(2)
i (t)

ðîçâ'ÿçíå. Âðàõîâóþ÷è ñòðóêòóðó ìàòðèöü Ã∗(t), B̃∗(t) òà âåêòîðiâ h(2)
ik (t), k =

1,m, çàïèøåìî éîãî ó âèãëÿäi

h
(3)
ik (t) = −A∗k−2(t)ψ

(1)
i (t)− A∗k−1(t)ψ

(2)
i (t)− d

dt

(
A∗k−1(t)ψ

(1)
i (t)

)
, k = 1,m− 1

A∗m(t)h
(3)
im(t) + A∗m−2(t)ψ

(1)
i (t) + A∗m−1(t)ψ

(2)
i (t)− d

dt

(
A∗m(t)ψ

(2)
i (t)

)
= 0. (2.30)

Ó ðiâíîñòi (2.30) ïîñëiäîâíî âèêîíà¹ìî òàêi ïåðåòâîðåííÿ:

1. Äîäàìî i âiäíiìåìî âåêòîð C1
m−1

d
dt

(
A∗m(t)ψ

(2)
i (t)

)
.

2. Âèêîðèñòîâóþ÷è ôîðìóëó (2.28), â îòðèìàíié ðiâíîñòi âèäiëèìî äîäàíîê

L∗1(t)ψ
(2)
i (t).
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3. Ïiäñòàâèìî çàìiñòü âåêòîðà d
dt

(
A∗m(t)ψ

(2)
i (t)

)
ðiâíèé éîìó âåêòîð

− d
dt

(
A∗m−1(t)ψ

(1)
i (t)

)
+
d2

dt2

(
A∗m(t)ψ

(1)
i (t)

)
.

4. Äîäàìî i âiäíiìåìî âåêòîð C2
m−1

d2

dt2

(
A∗m(t)ψ

(1)
i (t)

)
.

5. Âèêîðèñòîâóþ÷è (2.28), â îòðèìàíié ðiâíîñòi âèäiëèìî äîäàíîê L∗2(t)ψ
(1)
i (t).

Ó ðåçóëüòàòi ðiâíiñòü (2.30) íàáóäå âèãëÿäó

A∗mh
(3)
im(t) + L∗1(t)ψ

(2)
i (t) + L∗2(t)ψ

(1)
i (t) = 0,

çâiäêè ψ(3)
i (t) = h

(3)
im(t).

Ïðîäîâæóþ÷è öåé ïðîöåñ, ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ âñòàíîâèìî, ùî

ìàòðèöÿ A∗m(t) ìà¹ íà âiäðiçêó [a, b] r æîðäàíîâèõ ëàíöþæêiâ çàâäîâæêè si, i =

1, r, âiäíîñíî îïåðàòîðiâ L∗k(t), k = 1,m, âåêòîðè ÿêèõ ψ(j)
i (t), j = 1, si, i = 1, r,

ïîâ'ÿçàíi ç âåêòîðàìè h(j)
ik (t), k = 1,m, j = 1, si, i = 1, r, òàêèìè ñïiââiäíîøåí-

íÿìè:

h
(j)
ik (t)=−

k−1∑
α=0

j−α−2∑
β=0

Cα
α+β

dβ

dtβ

(
A∗k−α−1(t)ψ

(j−α−β−1)
i (t)

)
, k=1,m− 1, h

(j)
im(t)=ψ

(j)
i (t).

Ïîêàæåìî, ùî öåé æîðäàíiâ íàáið ïîâíèé. Îñêiëüêè çà óìîâîþ æîðäàíiâ

íàáið ìàòðèöi B̃∗(t) âiäíîñíî îïåðàòîðà L̃∗(t) ïîâíèé, òî

det
∥∥∥(L∗(t)h(si)

i (t), g
(1)
j (t)

)∥∥∥r
1
6= 0,∀t ∈ [a, b],

çâiäêè, âðàõóâàâøè ñòðóêòóðó ìàòðèöü Ã(t), B̃(t) òà âåêòîðiâ h(j)
ik (t), k = 1,m,

ìà¹ìî

det

∥∥∥∥∥
(
− A∗m−1(t)ψ

(si)
i (t)−

m−2∑
α=0

si−α−2∑
β=0

Cα
α+β

dβ

dtβ

(
A∗m−α−2(t)ψ

(si−α−β−1)
i (t)

)
+

+
d

dt

(
A∗m(t)ψ

(si)
i (t)

)
, ϕ

(1)
j (t)

)∥∥∥∥∥
r

1

6= 0,∀t ∈ [a, b]. (2.31)

Âèêîíà¹ìî íàä âèðàçîì

−A∗m−1(t)ψ
(si)
i (t)−

m−2∑
α=0

si−α−2∑
β=0

Cα
α+β

dβ

dtβ

(
A∗m−α−2(t)ψ

(si−α−β−1)
i (t)

)
+
d

dt

(
A∗m(t)ψ

(si)
i (t)

)
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ó ôîðìóëi (2.31) m− 1 ðàçiâ (k = 1,m− 1) íàñòóïíi ïåðåòâîðåííÿ:

1. Äîäàìî i âiäíiìåìî âåêòîð Ck
m−1

dk

dtk

(
A∗m(t)ψ

(si+1−k)
i (t)

)
.

2. Âèêîðèñòîâóþ÷è ôîðìóëó (2.28), âèäiëèìî äîäàíîê L∗k(t)ψ
(si+1−k)
i (t).

3. Çàìiíèìî â îòðèìàíîìó âèðàçi âåêòîð dk

dtk

(
A∗m(t)ψ

(si+1−k)
i (t)

)
íà ðiâíèé

éîìó âåêòîð

− d
k

dtk

(
A∗m−1(t)ψ

(si−k)
i (t)

)
+
m−2∑
α=0

si−k−α−2∑
β=0

Cα
α+β

dβ

dtβ

(
A∗m−α−2(t)ψ

(si−α−β−1)
i (t)

)
− d
dt

(
A∗m(t)ψ

(si−k)
i (t)

)
.

Ó ðåçóëüòàòi îòðèìà¹ìî

det

∥∥∥∥∥∥
min(si,m)∑

k=1

L∗k(t)ψ
(si+1−k)
i (t), ϕ

(1)
j (t)

∥∥∥∥∥∥
r

1

6= 0,∀t ∈ [a, b],

çâiäêè âèïëèâà¹, ùî æîðäàíiâ íàáið ìàòðèöi A∗m(t) âiäíîñíî îïåðàòîðiâ L∗k(t),

k = 1,m, ¹ ïîâíèì. Ëåìó äîâåäåíî.

Ðîçãëÿíåìî òåïåð äëÿ ñèñòåìè (2.15) çàäà÷ó Êîøi ç ïî÷àòêîâèìè óìîâàìè

dk

dtk
x(t)

∣∣∣
t=t0

= x
(k)
0 , k = 0,m− 1. (2.32)

Ùîá çíàéòè óìîâè ¨¨ ðîçâ'ÿçíîñòi, ðîçãëÿíåìî âiäïîâiäíó çàäà÷ó Êîøi äëÿ

åêâiâàëåíòíî¨ ñèñòåìè (2.22) ïåðøîãî ïîðÿäêó ç ïî÷àòêîâîþ óìîâîþ

y(t0) = y0, (2.33)

äå y0 = col
[
x

(0)
0 , x

(1)
0 , . . . , x

(m−1)
0

]
. Çãiäíî ç òåîðåìîþ 2.4 iç [58, ñ. 67] äëÿ iñíóâàííÿ

i ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (2.22), (2.33) íåîáõiäíî i äîñòàòíüî, ùîá âåêòîð y0

çàäîâîëüíÿâ óìîâó

k−1∑
i=0

di

dti

(
Ã(t)y0 + f̃(t), h

(k−i)
j (t)

) ∣∣∣
t=t0

= 0, k = 1, sj, j = 1, r.

Âèðàçèâøè öþ óìîâó ÷åðåç êîåôiöi¹íòè âèõiäíî¨ ñèñòåìè (2.15), âåêòîðè ψ(j)
i (t),

j = 1, si, i = 1, r òà ïî÷àòêîâi âåêòîðè x(k)
0 , k = 0,m− 1, äiñòàíåìî

k−1∑
i=0

m−1∑
s=1

s−1∑
α=0

k−i−α−2∑
β=0

Cα
α+β

dβ+i

dtβ+i

(
As−α−1(t0)x

(s)
0 , ψ

(k−i−α−β−1)
j (t0)

)
−
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−
k−1∑
i=0

m−1∑
s=0

di

dti

(
As(t)x

(s)
0 , ψ

(k−i)
j (t0)

)
= 0, k = 1, sj, j = 1, r. (2.34)

Ó ðåçóëüòàòi, íà ïiäñòàâi åêâiâàëåíòíîñòi ïî÷àòêîâèõ çàäà÷ (2.15), (2.32) òà

(2.22), (2.33), ïðèõîäèìî äî òàêîãî òâåðäæåííÿ.

Òåîðåìà 2.4. ßêùî âèêîíóþòüñÿ óìîâè 2.1◦− 2.4◦, òî äëÿ òîãî, ùîá çàäà÷à

Êîøi (2.15), (2.32) ìàëà ðîçâ'ÿçîê, íåîáõiäíî i äîñòàòíüî, ùîá ïî÷àòêîâi âåêòî-

ðè x(s)
0 , s = 0,m− 1, çàäîâîëüíÿëè óìîâó (2.34), äå ψ(j)

i (t), j = 1, si, i = 1, r, �

n-âèìiðíi âåêòîðè, ùî óòâîðþþòü æîðäàíiâ íàáið ìàòðèöi A∗m(t) âiäíîñíî îïå-

ðàòîðiâ L∗k(t) =
∑k

i=0(−1)k−iCk−i
m−i

dk−i

dtk−i
A∗m−i(t), k = 1,m. Çà âèêîíàííÿ öi¹¨ óìîâè

ðîçâ'ÿçîê çàäà÷i (2.15), (2.32) áóäå ¹äèíèì.

Çàçíà÷èìî, ùî òåîðåìè 2.3, 2.4 óçàãàëüíþþòü òåîðåìè 2.9, 2.10, äîâåäåíi â

[58], äëÿ âèðîäæåíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó. Îñòàííi

âèïëèâàþòü ç òåîðåì 2.3, 2.4 ÿê íàñëiäîê.

2.3. Âèñíîâêè äî ðîçäiëó 2

Ó äàíîìó ðîçäiëi îòðèìàíî äåÿêi ðåçóëüòàòè, ÿêi ñòîñóþòüñÿ ïîëiíîìiàëüíèõ

â'ÿçîê ìàòðèöü òà âèðîäæåíèõ ëiíiéíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü âèùèõ

ïîðÿäêiâ.

Çîêðåìà, â ïóíêòi 2.1 äëÿ ïîëiíîìiàëüíî¨ â'ÿçêè ìàòðèöü (2.1) óçàãàëüíåíî

ïîíÿòòÿ æîðäàíîâîãî ëàíöþæêà âåêòîðiâ. Âñòàíîâëåíî çâ'ÿçîê ìiæ êðàòíîñòÿ-

ìè ñêií÷åííèõ òà íåñêií÷åííèõ åëåìåíòàðíèõ äiëüëüíèêiâ öi¹¨ â'ÿçêè òà äîâæè-

íàìè âiäïîâiäíèõ æîðäàíîâèõ ëàíöþæêiâ âåêòîðiâ.

Ó ïóíêòi 2.2 çíàéäåíî óìîâè, çà âèêîíàííÿ ÿêèõ âèðîäæåíà ëiíiéíà ñèñòåìà

(2.10) ìà¹ çàãàëüíèé ðîçâ'ÿçîê òèïó Êîøi. Âñòàíîâëåíî çàëåæíiñòü ìiæ âíó-

òðiøíüîþ ñòðóêòóðîþ ñèñòåìè (2.10) òà êiëüêiñòþ ÷àñòèííèõ ðîçâ'ÿçêiâ, ÿêi

óòâîðþþòü ôóíäàìåíòàëüíó ñèñòåìó ¨¨ ðîçâ'ÿçêiâ. Çíàéäåíî óìîâè iñíóâàííÿ

i ¹äèíîñòi ðîçâ'ÿçêó âiäïîâiäíî¨ ïî÷àòêîâî¨ çàäà÷i.

Îòðèìàíi òåîðåòè÷íi ðåçóëüòàòè ñôîðìóëüîâàíî ó âèãëÿäi ÷îòèðüîõ òåîðåì.
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ÐÎÇÄIË 3

ÏÎÁÓÄÎÂÀ ÀÑÈÌÏÒÎÒÈ×ÍÈÕ ÐÎÇÂ'ßÇÊIÂ ËIÍIÉÍÈÕ

ÑÈÍÃÓËßÐÍÎ ÇÁÓÐÅÍÈÕ ÑÈÑÒÅÌ ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ

ÐIÂÍßÍÜ ÂÈÙÈÕ ÏÎÐßÄÊIÂ Ç ÂÈÐÎÄÆÅÍÍßÌÈ

Ó äàíîìó ðîçäiëi, âèêîðèñòîâóþ÷è äîïîìiæíi ðåçóëüòàòè, îòðèìàíi â ïîïåðå-

äíüîìó ðîçäiëi, áóäó¹òüñÿ àñèìïòîòèêà çàãàëüíîãî ðîçâ'ÿçêó äëÿ ëiíiéíî¨ ñèíãó-

ëÿðíî çáóðåíî¨ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü m-ãî ïîðÿäêó ç âèðîäæåííÿìè

ó ðiçíèõ âèïàäêàõ, ïîâ'ÿçàíèõ çi ñòðóêòóðîþ ãðàíè÷íî¨ â'ÿçêè ìàòðèöü, çà óìî-

âè ¨¨ ðåãóëÿðíîñòi íà çàäàíîìó âiäðiçêó. Ðåçóëüòàòè öüîãî ðîçäiëó îïóáëiêîâàíî

â ðîáîòàõ [44,46,47].

3.1. Ïîñòàíîâêà çàäà÷i

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó

εmhAm(t, ε)
dmx

dtm
+· · ·+εhA1(t, ε)

dx

dt
+A0(t, ε)x = f(t, ε) exp

(
ε−h
∫ t

0

α(τ)dτ

)
, (3.1)

äå x(t, ε) � øóêàíèé n-âèìiðíèé âåêòîð, Ai(t, ε), i = 0,m, � (n × n)-ìàòðèöi,

f(t, ε) � n-âèìiðíèé âåêòîð, åëåìåíòàìè ÿêèõ ¹ äiéñíi àáî êîìïëåêñíîçíà÷íi ôóí-

êöi¨; α(t) � ñêàëÿðíà ôóíêöiÿ, ε ∈ (0; ε0] � ìàëèé äiéñíèé ïàðàìåòð, h ∈ N, t ∈
[0;T ].

Ïðèïóñêà¹ìî, ùî âèêîíóþòüñÿ íàñòóïíi óìîâè:

3.1◦. Ìàòðèöi Ai(t, ε), i = 0,m, i âåêòîð f(t, ε) äîïóñêàþòü íà âiäðiçêó [0;T ]

ðiâíîìiðíi àñèìïòîòè÷íi ðîçâèíåííÿ çà ñòåïåíÿìè ε:

Ai(t, ε) ∼
∑
s≥0

εsA
(s)
i (t), i = 0,m,

f(t, ε) ∼
∑
s≥0

εsf (s)(t). (3.2)

3.2◦. Êîåôiöi¹íòè A
(s)
i (t), f (s)(t), i = 0,m, s = 0, 1, . . ., ðîçâèíåíü (3.2) i

ôóíêöiÿ α(t) � íåñêií÷åííî äèôåðåíöiéîâàíi íà âiäðiçêó [0;T ].

3.3◦. detA
(0)
m (t) = 0, ∀t ∈ [0;T ].

Çà öèõ óìîâ áóäåìî äîñëiäæóâàòè ïèòàííÿ ïðî ïîáóäîâó çàãàëüíîãî ðîçâ'ÿç-

êó ñèñòåìè (3.1) ó âèãëÿäi àñèìïòîòè÷íèõ ðîçâèíåíü çà ñòåïåíÿìè ìàëîãî ïàðà-

ìåòðà.
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Âèðîäæåíiñòü ãðàíè÷íî¨ ìàòðèöi A(0)
m (t) ïðè ñòàðøié ïîõiäíié âíîñèòü çíà-

÷íi òðóäíîùi â ðîçâ'ÿçàííi öi¹¨ çàäà÷i. Çàëåæíî âiä ñòðóêòóðè çáóðþâàëüíèõ

ìàòðèöü A(i)
m (t), i ≥ 1, ìîæëèâi äâà âèïàäêè:

à) íåçâàæàþ÷è íà âèðîäæåíiñòü ìàòðèöi A(0)
m (t), ìàòðèöÿ Am(t, ε) âñå æ çà-

ëèøà¹òüñÿ íåîñîáëèâîþ ïðè äîñèòü ìàëèõ ε > 0;

á) ìàòðèöÿ Am(t, ε) îñîáëèâà ïðè âñiõ t ∈ [0;T ], ε ∈ [0; ε0].

Îñêiëüêè ïîáóäîâà àñèìïòîòè÷íîãî ðîçâèíåííÿ ìàòðèöi, îáåðíåíî¨ äîAm(t, ε),

ïðè âèðîäæåíîñòi ìàòðèöi A(0)
m (t) ¹ äîñèòü ñêëàäíîþ çàäà÷åþ, òî, ñëiäóþ÷è [58],

äîñëiäæóâàòèìåìî ñèñòåìó (3.1), íå âèäiëÿþ÷è îêðåìî îáèäâà çàçíà÷åíi âèïàä-

êè. Áiëüøå òîãî, ÿê áóäå âèäíî iç ïîäàëüøèõ âèêëàäîê, îòðèìàíi ðåçóëüòàòè

ïîøèðþþòüñÿ é íà òîé âèïàäîê, êîëè ìàòðèöÿ A(0)
m (t) íåîñîáëèâà íà âiäðiçêó

[0;T ].

Çàâäÿêè ëiíiéíîñòi ñèñòåìè (3.1) ¨¨ çàãàëüíèé ðîçâ'ÿçîê ìà¹ âèãëÿä ñóìè çà-

ãàëüíîãî ðîçâ'ÿçêó âiäïîâiäíî¨ îäíîðiäíî¨ ñèñòåìè ðiâíÿíü

εmhAm(t, ε)
dmx

dtm
+ · · ·+ εhA1(t, ε)

dx

dt
+ A0(t, ε)x = 0 (3.3)

òà ÷àñòèííîãî ðîçâ'ÿçêó íåîäíîðiäíî¨. Òîìó îêðåìî äîñëiäèìî ìîæëèâiñòü ïî-

áóäîâè çàãàëüíîãî ðîçâ'ÿçêó îäíîðiäíî¨ ñèñòåìè (3.3) òà ÷àñòèííîãî ðîçâ'ÿçêó

íåîäíîðiäíî¨ ñèñòåìè (3.1).

Ïîáóäîâà àñèìïòîòè÷íèõ ðîçâ'ÿçêiâ ñèñòåì (3.1), (3.3) çàëåæèòü âiä ïîâåäií-

êè êîðåíiâ õàðàêòåðèñòè÷íîãî ðiâíÿííÿ

detP (t, λ) = 0 (3.4)

i ñòðóêòóðè ñêií÷åííèõ òà íåñêií÷åííèõ åëåìåíòàðíèõ äiëüíèêiâ ïîëiíîìiàëüíî¨

â'ÿçêè ìàòðèöü

P (t, λ) =
m∑
i=0

λiA
(0)
i (t). (3.5)

Òîìó îêðåìî ðîçãëÿäàòèìåìî ðiçíi âèïàäêè. Ïiä ÷àñ ïîáóäîâè ÷àñòèííîãî ðîçâ'ÿç-

êó íåîäíîðiäíî¨ ñèñòåìè (3.1) áóäåìî ðîçðiçíÿòè äâà ñóòò¹âî âiäìiííi âèïàäêè:

íåðåçîíàíñíèé, êîëè ôóíêöiÿ α(t) íå çáiãà¹òüñÿ ç æîäíèì êîðåíåì ðiâíÿííÿ

(3.4), i ðåçîíàíñíèé, êîëè âîíà òîòîæíî äîðiâíþ¹ îäíîìó ç íèõ.

3.2. Ïîáóäîâà ôîðìàëüíèõ ðîçâ'ÿçêiâ îäíîðiäíî¨ ñèñòåìè
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3.2.1. Âèïàäîê ïðîñòèõ ñêií÷åííèõ òà íåñêií÷åííèõ åëåìåíòàðíèõ

äiëüíèêiâ

Ïðèïóñòèìî, ùî êðiì óìîâ 3.1◦ − 3.3◦, ñôîðìóëüîâàíèõ ó ïóíêòi 3.1, âèêî-

íóþòüñÿ òàêîæ íàñòóïíi:

3.4◦. Ãðàíè÷íà â'ÿçêà ìàòðèöü P (t, λ) ñèñòåìè (3.3) ðåãóëÿðíà ïðè âñiõ t ∈
[0;T ] i ìà¹ òiëüêè ïðîñòi åëåìåíòàðíi äiëüíèêè: mn − 1 ñêií÷åííèõ λ − λi(t),

i = 1,mn− 1, i îäèí � íåñêií÷åííèé.

3.5◦.
(
A

(1)
m (t)ϕ̃(t), ψ̃(t)

)
6= 0,∀t ∈ [0;T ], äå ϕ̃(t), ψ̃(t) � åëåìåíòè íóëü-ïðîñòîðiâ

ìàòðèöü A(0)
m (t) òà

(
A

(0)
m (t)

)∗
âiäïîâiäíî.

ßê ïîêàçàíî â [58, ñ. 95], çà óìîâè 3.5◦ ìàòðèöÿ Am(t, ε) áóäå íåîñîáëèâîþ

ïðè äîñèòü ìàëèõ ε > 0, t ∈ [0;T ], ùî çãiäíî ç òåîðåìîþ 2.2 ãàðàíòó¹ iñíóâàííÿ

â ñèñòåìi (3.3) mn ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ, ÿêi íåîáõiäíî ïîáóäóâàòè.

Ðîçâ'ÿçêè ñèñòåìè (3.3), ùî âiäïîâiäàþòü ñêií÷åííèì åëåìåíòàðíèì äiëüíè-

êàì ãðàíè÷íî¨ â'ÿçêè ìàòðèöü P (t, λ), áóäåìî øóêàòè ó âèãëÿäi

x(t, ε) = u(t, ε) exp

(
ε−h

∫ t

0

λ(τ, ε)dτ

)
, (3.6)

äå u(t, ε) � n-âèìiðíà âåêòîð-ôóíêöiÿ, à λ(t, ε) � ñêàëÿðíà ôóíêöiÿ, ÿêi çîáðà-

æóþòüñÿ ó âèãëÿäi ôîðìàëüíèõ ðîçâèíåíü çà ñòåïåíÿìè ìàëîãî ïàðàìåòðà:

u(t, ε) =
∞∑
s=0

εsu(s)(t), (3.7)

λ(t, ε) =
∞∑
s=0

εsλ(s)(t). (3.8)

Ïîêàæåìî, ùî âåêòîð (3.6) ôîðìàëüíî çàäîâîëüíÿ¹ ñèñòåìó (3.3). Äëÿ öüîãî,

ïðîäèôåðåíöiþâàâøè éîãî k (k = 1,m) ðàçiâ, îòðèìà¹ìî

dkx

dtk
=

k∑
i=0

i∑
j=0

ε−jhC i
kDi−j[λ

j]
dk−iu(t, ε)

dtk−i
exp

(
ε−h

∫ t

0

λ(τ, ε)dτ

)
, k = 0,m, (3.9)

äå Di−j[λ
j] � ñóìà âñiõ ìîæëèâèõ äîáóòêiâ i − j îïåðàòîðiâ äèôåðåíöiþâàí-

íÿ D = d
dt , ÿêi äiþòü íà âèðàçè, ðîçìiùåíi ïðàâîðó÷ âiä íèõ, òà j ôóíêöié

λ(t, ε); ïðè÷îìó îñòàííiì ìíîæíèêîì ó âñiõ äîäàíêàõ ìà¹ áóòè λ(t, ε). Çîêðåìà,

D0[λ
0] = 1.
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Íàïðèêëàä, D2[λ
2] = d2λ2(t,ε)

dt2 + d
dt

(
λ(t, ε)dλ(t,ε)

dt

)
+ λ(t, ε)d

2λ(t,ε)
dt2 .

Îñêiëüêè ôóíêöiÿ λ(t, ε) çîáðàæó¹òüñÿ ó âèãëÿäi ôîðìàëüíîãî ðîçâèíåííÿ

(3.8), òî ôóíêöi¨ Di−j[λ
j], j = 1, i, i = 1,m, òåæ ìîæåìî ïîäàòè ó âèãëÿäi ôîð-

ìàëüíèõ ðîçâèíåíü çà ñòåïåíÿìè ε:

Di−j[λ
j] =

∞∑
s=0

εsD
(s)
i−j[λ

j], j = 1, i, i = 1,m, (3.10)

äåD(s)
i−j[λ

j] � ñóìà âñiõ ìîæëèâèõ äîáóòêiâ i−j îïåðàòîðiâ äèôåðåíöiþâàííÿD =

d
dt , ÿêi äiþòü íà âèðàçè, ðîçìiùåíi ïðàâîðó÷ âiä íèõ, òà j ôóíêöié λ(sk)(t), k =

1, j, ñóìà iíäåêñiâ ÿêèõ äîðiâíþ¹ s.

Íàïðèêëàä,D(1)
2 [λ2] = 2 d2

dt2

(
λ(0)(t)λ(1)(t)

)
+ d
dt

(
λ(1)(t)dλ

(0)(t)
dt + λ(0)(t)dλ

(1)(t)
dt

)
+

+λ(1)(t) d
2

dt2

(
λ(0)(t)

)
+ λ(0)(t) d

2

dt2

(
λ(1)(t)

)
.

Ïiäñòàâèâøè âåêòîðè (3.9) â ñèñòåìó (3.3), äiñòàíåìî

m∑
k=0

k∑
i=0

i∑
j=0

ε(k−j)hC i
kDi−j[λ

j]Ak(t, ε)
dk−iu(t, ε)

dtk−i
= 0.

Âèäiëèâøè äîäàíêè, â ÿêèõ k = i = j, îòðèìà¹ìî

m∑
k=0

D0[λ
k]Ak(t, ε)u(t, ε) = −

m∑
k=1

k−1∑
i=0

i∑
j=0

ε(k−j)hC i
kDi−j[λ

j]Ak(t, ε)
dk−iu(t, ε)

dtk−i
−

−
m∑
k=2

k−1∑
j=1

ε(k−j)hDk−j[λ
j]Ak(t, ε)u(t, ε).

Ïiäñòàâèâøè â îñòàííþ ðiâíiñòü ðîçâèíåííÿ (3.2), (3.7), (3.8), (3.10) òà çãðó-

ïóâàâøè êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ ìàëîãî ïàðàìåòðà, ìàòèìåìî

∞∑
s=0

εsP (t, λ(0)(t))u(s)(t) +
∞∑
s=1

εs

(
m∑
k=1

D
(s)
0 [λk]A

(0)
k (t)u(0)(t)

)
+

+
∞∑
s=2

εs

(
m∑
k=1

s−1∑
α=1

D
(α)
0 [λk]A

(0)
k (t)u(s−α)(t)

)
+
∞∑
s=1

εs

 m∑
k=0

s−1∑
α=0

s−α∑
β=1

D
(α)
0 [λk]A

(β)
k (t)u(s−α−β)(t)

=

= −
∞∑
s=1

εs

 m∑
k=2

k−1∑
j=1

s−(k−j)h∑
α=0

s−α−(k−j)h∑
β=0

D
(α)
k−j[λ

j]A
(β)
k (t)u(s−α−β−(k−j)h)(t)

−
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−
∞∑
s=1

εs

 m∑
k=1

k−1∑
i=0

i∑
j=0

s−(k−j)h∑
α=0

s−α−(k−j)h∑
β=0

C i
kD

(α)
i−j[λ

j]A
(β)
k (t)

dk−iu(s−α−β−(k−j)h)(t)

dtk−i

.
Âèêîðèñòàâøè ôîðìóëè

D
(s)
0 [λk] =

s∑
i=1

C i
k

(
λ(0)(t)

)k−i
P

(s)
i (λ), s = 1, 2, . . . , (3.11)

∂iP (t, λ(0)(t))

i!∂λi
=

m∑
k=i

C i
k

(
λ(0)(t)

)k−i
A

(0)
k (t), i = 1,m, (3.12)

äå

P
(s)
i (λ) =

∑
j1+j2+···+ji=s

λ(j1)(t)λ(j2)(t) . . . λ(ji)(t)

� ñóìà âñåìîæëèâèõ äîáóòêiâ i ôóíêöié λ(j)(t) ç íàòóðàëüíèìè iíäåêñàìè jk, ñó-

ìà ÿêèõ äîðiâíþ¹ s, òà ïðèðiâíÿâøè êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ ìàëîãî

ïàðàìåòðà, îòðèìà¹ìî

P
(
t, λ(0)(t)

)
u(0)(t) = 0; (3.13)

P
(
t, λ(0)(t)

)
u(s)(t) = −λ(s)(t)

∂P
(
t, λ(0)(t)

)
1!∂λ

u(0)(t) + a(s)(t), s = 1, 2, . . . , (3.14)

äå

a(s)(t) = −
s−1∑
i=1

P
(s)
i+1(λ)

∂i+1P (t, λ(0)(t))

(i+ 1)!∂λi+1
u(0)(t)−

m∑
k=1

s−1∑
α=1

D
(α)
0 [λk]A

(0)
k (t)u(s−α)(t)−

−
m∑
k=1

k−1∑
i=0

i∑
j=0

s−(k−j)h∑
α=0

s−α−(k−j)h∑
β=0

C i
kD

(α)
i−j[λ

j]A
(β)
k (t)

dk−iu(s−α−β−(k−j)h)(t)

dtk−i
−

−
m∑
k=2

k−1∑
j=1

s−(k−j)h∑
α=0

s−α−(k−j)h∑
β=0

D
(α)
k−j[λ

j]A
(β)
k (t)u(s−α−β−(k−j)h)(t)−

−
m∑
k=0

s−1∑
α=0

s−α∑
β=1

D
(α)
0 [λk]A

(β)
k (t)u(s−α−β)(t). (3.15)

Ñèñòåìà (3.13) ìàòèìå íåíóëüîâèé ðîçâ'ÿçîê òîäi i òiëüêè òîäi, êîëè ôóí-

êöiÿ λ(0)(t) áóäå âëàñíèì çíà÷åííÿì ïîëiíîìiàëüíî¨ â'ÿçêè ìàòðèöü (3.5). Îòæå,

çãiäíî ç óìîâîþ 3.4◦ ìàòèìåìî

λ(0)(t) = λi(t), i = 1,mn− 1, (3.16)
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u(0)(t) = ϕi(t), i = 1,mn− 1, (3.17)

äå ϕi(t) � âëàñíi âåêòîðè ïîëiíîìiàëüíî¨ â'ÿçêè ìàòðèöü (3.5), ùî âiäïîâiäàþòü

âëàñíèì çíà÷åííÿì λi(t).

Iç âðàõîâàííÿì (3.16) òà (3.17) ñèòåìà (3.14) íàáóâà¹ âèãëÿó

P (t, λi(t))u
(s)
i (t) = −λ(s)

i (t)
∂P (t, λi(t))

1!∂λ
ϕi(t) + a

(s)
i (t), (3.18)

i = 1,mn− 1, s = 1, 2, . . . , äå âåêòîðè a(s)
i (t) ìiñòÿòü òiëüêè òi ôóíêöi¨ λ(j)

i (t) òà

âåêòîðè u(j)
i (t), iíäåêñè ÿêèõ j < s.

Ó (3.18) çàôiêñó¹ìî i. Ñèñòåìà ðiâíÿíü (3.18) ñóìiñíà òîäi i òiëüêè òîäi, êî-

ëè ¨¨ ïðàâà ÷àñòèíà îðòîãîíàëüíà äî âåêòîðà ψi(t) � åëåìåíòà íóëü-ïðîñòîðó

ìàòðèöi P ∗(t, λi(t)), òîáòî

−λ(s)
i (t)

(
∂P (t, λi(t))

∂λ
ϕi(t), ψi(t)

)
+
(
a

(s)
i (t), ψi(t)

)
= 0, s = 1, 2, . . . . (3.19)

Îñêiëüêè çãiäíî ç óìîâîþ 3.4◦ ñêií÷åííi åëåìåíòàðíi äiëüíèêè ïîëiíîìiàëüíî¨

â'ÿçêè ìàòðèöü (3.5) ïðîñòi, òî çà òåîðåìîþ 2.1 ¨ì âiäïîâiäàþòü æîðäàíîâi ëàí-

öþæêè âåêòîðiâ çàâäîâæêè 1 êîæíèé. Òîìó(
∂P (t, λi(t))

∂λ
ϕi(t), ψi(t)

)
6= 0,∀t ∈ [0;T ].

Çàâäÿêè ñêàëÿðíîìó ìíîæíèêó, ç òî÷íiñòþ äî ÿêîãî âèçíà÷à¹òüñÿ âåêòîð ψi(t),

îñòàííié âèçíà÷èìî òàê, ùîá(
∂P (t, λi(t))

∂λ
ϕi(t), ψi(t)

)
= 1,∀t ∈ [0;T ].

Òîäi ç ðiâíÿííÿ (3.19) ìà¹ìî

λ
(s)
i (t) =

(
a

(s)
i (t), ψi(t)

)
, s = 1, 2, . . . . (3.20)

Ïiäñòàâèâøè îòðèìàíó ôóíêöiþ λ
(s)
i (t) â (3.18), âiäïîâiäíèé âåêòîð u(s)

i (t) çíà-

éäåìî çà ôîðìóëîþ

u
(s)
i (t) = P+(t, λi(t))ã

(s)
i (t), s = 1, 2, . . . , (3.21)

äå P+(t, λi(t)) � íàïiâîáåðíåíà ìàòðèöÿ äî ìàòðèöi P (t, λi(t)), à ã
(s)
i (t) � ïðàâà

÷àñòèíà ñèñòåìè ðiâíÿíü (3.18).
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Îòðèìàíi ôîðìóëè (3.20), (3.21) ðåêóðåíòíi i äîçâîëÿþòü âèçíà÷èòè áóäü-ÿêi

êîåôiöi¹íòè ðîçâèíåíü (3.7), (3.8). Iñíóâàííÿ ïîõiäíèõ, ÿêi âõîäÿòü â öi ôîðìóëè,

âèïëèâà¹ ç óìîâè 3.2◦ òà çàóâàæåííÿ 2.1. Îïèñàíèì ñïîñîáîì ìîæíà çíàéòè

mn− 1 ðiçíèõ ðîçâ'ÿçêiâ ñèñòåìè (3.3).

Ñëiäóþ÷è [58], ùå îäèí íåíóëüîâèé ðîçâ'ÿçîê ñèñòåìè (3.3), ÿêèé âiäïîâiä-

à¹ íåñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó â'ÿçêè ìàòðèöü (3.5), øóêàòèìåìî ó

âèãëÿäi

x(t, ε) = v(t, ε) exp

(
ε−h−1

∫ t

0

dτ

ξ(τ, ε)

)
, (3.22)

äå n-âèìiðíèé âåêòîð v(t, ε) i ñêàëÿðíà ôóíêöiÿ ξ(t, ε) çîáðàæóþòüñÿ ðîçâèíåí-

íÿìè

v(t, ε) =
∞∑
s=0

εsv(s)(t), (3.23)

ξ(t, ε) =
∞∑
s=0

εsξ(s)(t). (3.24)

Ïîêàæåìî, ùî âåêòîð (3.22) òåæ ôîðìàëüíî çàäîâîëüíÿ¹ ñèñòåìó (3.3). Ïðî-

äèôåðåíöiþâàâøè éîãî k ðàçiâ, îòðèìà¹ìî ôîðìóëó

dkx

dtk
=

k∑
i=0

i∑
j=0

ε−j(h+1)C i
kDi−j[ξ

−j]
dk−iv(t, ε)

dtk−i
exp

(
ε−h−1

∫ t

0

dτ

ξ(τ, ε)

)
, k = 0,m.

Ïiäñòàâèâøè âåêòîðè dkx
dtk
, k = 0,m, ó ñèñòåìó (3.3), à ïîòiì ïîìíîæèâøè îòðè-

ìàíó ðiâíiñòü íà íåíóëüîâó ôóíêöiþ εmξm(t, ε), äiñòàíåìî

m∑
k=0

k∑
i=0

i∑
j=0

ε(k−j)h+m−jC i
kξ
m(t, ε)Di−j[ξ

−j]Ak(t, ε)
dk−iv(t, ε)

dtk−i
= 0.

Âèäiëèâøè òóò äîäàíêè, â ÿêèõ k = i = j, òà âçÿâøè äî óâàãè, ùî D0[ξ
s] =

ξs(t, ε), ìàòèìåìî

Am(t, ε)v(t, ε) = −εξ(t, ε)Am−1(t, ε)v(t, ε)−
m−2∑
k=0

εm−kD0[ξ
m−k]Ak(t, ε)v(t, ε)−

−
m∑
k=2

k−1∑
j=1

ε(k−j)h+m−jD0[ξ
m]Dk−j[ξ

−j]Ak(t, ε)v(t, ε)−
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−
m∑
k=1

k−1∑
i=0

i∑
j=0

ε(k−j)h+m−jC i
kD0[ξ

m]Di−j[ξ
−j]Ak(t, ε)

dk−iv(t, ε)

dtk−i
. (3.25)

Ïðåäñòàâèìî ôóíêöiþ 1
ξ(t,ε) = ξ̃(t, ε) ó âèãëÿäi ôîðìàëüíîãî ðÿäó çà ñòåïå-

íÿìè ïàðàìåòðà:

ξ̃(t, ε) =
∞∑
s=0

εsξ̃(s)(t),

êîåôiöi¹íòè ÿêîãî âèçíà÷àþòüñÿ çà ðåêóðåíòíèìè ôîðìóëàìè

ξ̃(0)(t) =
1

ξ(0)(t)
,

ξ̃(s)(t) = −
∑s

j=1 ξ
(j)(t)ξ̃(s−j)(t)

ξ(0)(t)
, s = 1, 2, . . . .

Òîäi ôóíêöi¨ Di−j[ξ̃
j], j = 1, i, i = 1,m, òåæ ìîæíà ïðåäñòàâèòè ôîðìàëüíèìè

ðîçâèíåííÿìè çà ñòåïåíÿìè ïàðàìåòðà:

Di−j[ξ̃
j] =

∞∑
s=0

εsD
(s)
i−j[ξ̃

j], j = 1, i, i = 1,m. (3.26)

Ïiäñòàâèâøè ó ðiâíiñòü (3.25) ðîçâèíåííÿ (3.2), (3.23), (3.24), (3.26) òà ïðè-

ðiâíÿâøè êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ ε, äiñòàíåìî

A(0)
m (t)v(0)(t) = 0, (3.27)

A(0)
m (t)v(s)(t) = −ξ(s−1)(t)A

(0)
m−1(t)v

(0)(t) + b(s)(t), s = 1, 2, . . . , (3.28)

äå

b(s)(t)=−
s−2∑
i=0

s−i−1∑
j=0

ξ(i)(t)A
(j)
m−1(t)v

(s−i−j−1)(t)−
m−2∑
k=0

s+k−m∑
i=0

s+k−m−i∑
j=0

D
(i)
0 [ξm−k]A

(j)
k (t)×

×v(s+k−m−i−j)(t)−
s∑
i=1

A(i)
m (t)v(s−i)(t)−

−
m∑
k=2

k−1∑
j=1

s−(k−j)h−m+j∑
α=0

s−α−(k−j)h−m+j∑
β=0

s−α−β−(k−j)h−m+j∑
γ=0

D
(α)
0 [ξm]D

(β)
k−j[ξ̃

j]A
(γ)
k (t)×

×v(s−α−β−γ−(k−j)h−m+j)(t)−
m∑
k=1

k−1∑
i=0

i∑
j=0

s−(k−j)h−m+j∑
α=0

s−α−(k−j)h−m+j∑
β=0

s−α−β−(k−j)h−m+j∑
γ=0

C i
k×
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×D(α)
0 [ξm]D

(β)
i−j[ξ̃

j]A
(γ)
k (t)

dk−iv(s−α−β−γ−(k−j)h−m+j)(t)

dtk−i
, s = 1, 2, . . . .

Ïîêàæåìî, ùî ç ñèñòåì ðiâíÿíü (3.27), (3.28) ìîæíà âèçíà÷èòè áóäü-ÿêi êî-

åôiöi¹íòè ðîçâèíåíü (3.23), (3.24). Iç (3.27) îäðàçó çíàéäåìî

v(0)(t) = ϕ̃(t), (3.29)

äå ϕ̃(t) � âëàñíèé âåêòîð â'ÿçêè ìàòðèöü

M(t, ξ) =
m∑
i=0

ξiA
(0)
m−i(t), (3.30)

ñèìåòðè÷íî¨ â'ÿçöi (3.5), ÿêèé âiäïîâiäà¹ ¨¨ íóëüîâîìó âëàñíîìó çíà÷åííþ. Âðà-

õîâóþ÷è (3.29), ñèñòåìó (3.28) çàïèøåìî ó âèãëÿäi

A(0)
m (t)v(s)(t) = −ξ(s−1)(t)A

(0)
m−1(t)ϕ̃(t) + b(s)(t), s = 1, 2, . . . . (3.31)

ßê i ïiä ÷àñ ðîçâ'ÿçóâàííÿ ñèñòåìè ðiâíÿíü (3.14), ñóìiñíiñòü (3.31) çàáåçïå-

÷èìî, âèçíà÷àþ÷è ôóíêöi¨ ξ(s)(t), s = 0, 1, . . . , ç óìîâè îðòîãîíàëüíîñòi ¨¨ ïðàâî¨

÷àñòèíè äî âåêòîðà ψ̃(t) � åëåìåíòà íóëü-ïðîñòîðó ìàòðèöi
(
A

(0)
m (t)

)∗
. Îñêiëüêè

çà óìîâîþ 3.4◦ íåñêií÷åííèé åëåìåíòàðíèé äiëüíèê â'ÿçêè ìàòðèöü (3.5) ïðî-

ñòèé, òî çãiäíî ç òåîðåìîþ 2.1 éîìó âiäïîâiäà¹ æîðäàíiâ ëàíöþæîê âåêòîðiâ

çàâäîâæêè 1. Òîìó (
A

(0)
m−1(t)ϕ̃(t), ψ̃(t)

)
6= 0,∀t ∈ [0;T ].

Çàâäÿêè ñêàëÿðíîìó ìíîæíèêó, ç òî÷íiñòþ äî ÿêîãî âèçíà÷à¹òüñÿ âåêòîð ψ̃(t),

îñòàííié âèçíà÷èìî òàê, ùîá(
A

(0)
m−1(t)ϕ̃(t), ψ̃(t)

)
= 1,∀t ∈ [0;T ].

Òîäi ç óìîâè ðîçâ'ÿçíîñòi ñèñòåìè (3.31) ìà¹ìî

ξ(s−1)(t) =
(
b(s)(t), ψ̃(t)

)
, s = 1, 2, . . . . (3.32)

Çàáåçïå÷èâøè öèì ñàìèì ñóìiñíiñòü ðiâíÿííÿ (3.31), âåêòîðè v(s)(t), s = 1, 2, . . . ,

âèçíà÷èìî ç íüîãî çà ôîðìóëîþ

v(s)(t) = G(t)̃b(s)(t), s = 1, 2, . . . , (3.33)
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äå G(t) � íàïiâîáåðíåíà ìàòðèöÿ äî ìàòðèöi A(0)
m (t), à b̃(s)(t) � ïðàâà ÷àñòèíà

ñèñòåìè (3.31).

Çãiäíî ç (3.32) òà óìîâîþ 3.5◦

ξ(0)(t) = −
(
A(1)
m (t)ϕ̃(t), ψ̃(t)

)
6= 0,∀t ∈ [0;T ],

ùî çàïåçïå÷ó¹ âiäìiííiñòü âiä íóëÿ ôóíêöi¨ ξ(t, ε) ïðè äîñèòü ìàëèõ ε > 0.

Ôîðìóëè (3.29), (3.32), (3.33) äàþòü ìîæëèâiñòü âèçíà÷èòè áóäü-ÿêi êîåôi-

öi¹íòè ðîçâèíåíü (3.23), (3.24). Iñíóâàííÿ ïîõiäíèõ, ÿêi âõîäÿòü â öi ôîðìóëè,

ãàðàíòó¹òüñÿ óìîâîþ 3.2◦ òà âiäïîâiäíîþ ãëàäêiñòþ âåêòîð-ôóíêöié ϕ̃(t), ψ̃(t) i

ìàòðèöi G(t).

Ó ðåçóëüòàòi ïðèõîäèìî äî òàêî¨ òåîðåìè.

Òåîðåìà 3.1. ßêùî âèêîíóþòüñÿ óìîâè 3.1◦ � 3.5◦, òî ñèñòåìà äèôåðåíöi-

àëüíèõ ðiâíÿíü (3.3) ìàòèìå mn− 1 ôîðìàëüíèõ ðîçâ'ÿçêiâ âèãëÿäó

xi(t, ε) = ui(t, ε) exp

(
ε−h

∫ t

0

λi(τ, ε)dτ

)
, i = 1,mn− 1,

ùî âiäïîâiäàþòü ñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì â'ÿçêè ìàòðèöü (3.5), i

îäèí ðîçâ'ÿçîê âèãëÿäó

x(t, ε) = v(t, ε) exp

(
ε−h−1

∫ t

0

dτ

ξ(τ, ε)

)
,

ùî âiäïîâiäà¹ íåñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó öi¹¨ â'ÿçêè, äå ui(t, ε),

v(t, ε) � n-âèìiðíi âåêòîðè, à λi(t, ε), ξ(t, ε) � ñêàëÿðíi ôóíêöi¨, ÿêi çîáðàæó-

þòüñÿ ó âèãëÿäi ôîðìàëüíèõ ðîçâèíåíü (3.7), (3.8), (3.23), (3.24). Êîåôiöi¹íòè

öèõ ðîçâèíåíü âèçíà÷àþòüñÿ çà ðåêóðåíòíèìè ôîðìóëàìè (3.16), (3.17), (3.20),

(3.21), (3.29), (3.32), (3.33).

Çàçíà÷èìî, ùî äàíà òåîðåìà ïîøèðþ¹òüñÿ i íà òîé âèïàäîê, êîëè ãîëîâíà

ìàòðèöÿ A(0)
m (t) ïðè ñòàðøié ïîõiäíié ó ñèñòåìi (3.3) íåîñîáëèâà. Ó öüîìó âèïàä-

êó ãðàíè÷íà â'ÿçêà ìàòðèöü (3.5) ìàòèìå òiëüêè ñêií÷åííi åëåìåíòàðíi äiëüíèêè,

ÿêèì âiäïîâiäàþòü mn ðîçâ'ÿçêiâ âèãëÿäó (3.6).

ßê íàñëiäîê, ç òåîðåìè 3.1 âèïëèâà¹ òåîðåìà 3.24, äîâåäåíà â [58, ñ. 181�183]

äëÿ ñèíãóëÿðíî çáóðåíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó.
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Ïîáóäîâàíi ôîðìàëüíi ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü (3.3) ëiíiéíî íåçàëåæíi ïðè

äîñèòü ìàëèõ ε, îñêiëüêè òàêèìè ¹ âæå íóëüîâi íàáëèæåííÿ çàâäÿêè ëiíiéíié

íåçàëåæíîñòi âëàñíèõ âåêòîðiâ ϕ̃(t), ϕi(t), i = 1,mn− 1.

3.2.2. Âèïàäîê êðàòíîãî ñêií÷åííîãî òà íåñêií÷åííîãî åëåìåíòàð-

íèõ äiëüíèêiâ

Ïðèïóñòèìî, ùî çàìiñòü óìîâ 3.4◦ òà 3.5◦, ñôîðìóëüîâàíèõ ó ïiäïóíêòi 3.2.1,

âèêîíóþòüñÿ íàñòóïíi:

3.6◦. Ãðàíè÷íà â'ÿçêà ìàòðèöü (3.5) ñèñòåìè (3.3) ðåãóëÿðíà ïðè âñiõ t ∈ [0;T ]

i ìà¹ îäèí ñêií÷åííèé åëåìåíòàðíèé äiëüíèê (λ − λ0(t))
p êðàòíiñòþ p i îäèí

íåñêií÷åííèé � êðàòíiñòþ q = mn− p.
3.7◦.

(
A

(1)
m (t)ϕ̃(t), ψ̃(t)

)
6= 0,∀t ∈ [0;T ], äå ϕ̃(t), ψ̃(t) � åëåìåíòè íóëü-ïðîñòîðiâ

ìàòðèöü A(0)
m (t) i

(
A

(0)
m (t)

)∗
âiäïîâiäíî.

Íà âiäìiííó âiä ïîïåðåäíüîãî âèïàäêó, ó äàíîìó âèïàäêó ôîðìàëüíi ðîçâ'ÿç-

êè ñèñòåìè (3.3) ìîæíà ïîáóäóâàòè ó âèãëÿäi ðîçâèíåíü çà äðîáîâèìè ñòåïåíÿìè

ïàðàìåòðà.

Ðîçâ'ÿçêè, ùî âiäïîâiäàþòü ñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó â'ÿçêè ìà-

òðèöü (3.5), áóäåìî øóêàòè ó âèãëÿäi

x(t, µ) = u(t, µ) exp

(
ε−h

∫ t

0

λ(τ, µ)dτ

)
, (3.34)

äå u(t, µ) � n-âèìiðíèé âåêòîð, à λ(t, µ) � ñêàëÿðíà ôóíêöiÿ, ÿêi çîáðàæàþòüñÿ

ôîðìàëüíèìè ðîçâèíåííÿìè

u(t, µ) =
∞∑
s=0

µsu(s)(t), (3.35)

λ(t, µ) =
∞∑
s=0

µsλ(s)(t), (3.36)

â ÿêèõ µ = p
√
ε.

Ïiäñòàâèâøè âåêòîð (3.34) ó ñèñòåìó (3.3) i âçÿâøè äî óâàãè ôîðìóëó (3.9),

âèäiëèìî äîäàíêè, â ÿêèõ k = i = j. Îòðèìà¹ìî

m∑
k=0

D0[λ
k]Ak(t, ε)u(t, µ) = −

m∑
k=1

k−1∑
i=0

i∑
j=0

ε(k−j)hC i
kDi−j[λ

j]Ak(t, ε)
dk−iu(t, µ)

dtk−i
−
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−
m∑
k=2

k−1∑
j=1

ε(k−j)hDk−j[λ
j]Ak(t, ε)u(t, µ). (3.37)

Îñêiëüêè ôóíêöiÿ λ(t, µ) çîáðàæó¹òüñÿ ó âèãëÿäi ôîðìàëüíîãî ðÿäó (3.36),

òî ôóíêöi¨ Di−j[λ
j], j = 1, i, i = 1,m, òåæ ìîæíà ïîäàòè ó âèãëÿäi ôîðìàëüíèõ

ðîçâèíåíü çà ñòåïåíÿìè µ:

Di−j[λ
j] =

∞∑
s=0

µsD
(s)
i−j[λ

j], j = 1, i, i = 1,m. (3.38)

Ïiäñòàâèâøè â (3.37) ðîçâèíåííÿ (3.2), (3.35), (3.36), (3.38) òà ïðèðiâíÿâøè

äîäàíêè ïðè îäíàêîâèõ ñòåïåíÿõ µ, äiñòàíåìî

P
(
t, λ(0)(t)

)
u(0)(t) = 0, (3.39)

P
(
t, λ(0)(t)

)
u(s)(t) = a(s)(t), s = 1, 2, . . . , (3.40)

äå

a(s)(t) = −
m∑
k=1

s∑
i=1

D
(i)
0 [λk]A

(0)
k (t)u(s−i)(t) + g(s)(t), s = 1, 2, . . . , (3.41)

g(s)(t)=−
m∑
k=0

s−p∑
i=0

[ s−ip ]∑
j=1

D
(i)
0 [λk]A

(j)
k (t)u(s−i−jp)(t)−

m∑
k=1

k−1∑
i=0

i∑
j=0

s−(k−j)ph∑
α=0

[ s−α−(k−j)php ]∑
β=0

C i
k×

×D(α)
i−j[λ

j]A
(β)
k (t)

dk−iu(s−α−βp−(k−j)ph)(t)

dtk−i
−

m∑
k=2

k−1∑
j=1

s−(k−j)ph∑
α=0

[ s−α−(k−j)php ]∑
β=0

D
(α)
k−j[λ

j]A
(β)
k (t)×

×u(s−α−βp−(k−j)ph)(t), s = p, p+ 1, . . . .

Ïîêàæåìî, ùî ç ñèñòåì (3.39) òà (3.40) ìîæíà âèçíà÷èòè áóäü-ÿêi êîåôiöi¹íòè

ðîçâèíåíü (3.35), (3.36). Iç (3.39) îäðàçó çíàõîäèìî

λ(0)(t) = λ0(t), (3.42)

u(0)(t) = ϕ(t), (3.43)

äå λ0(t) � âëàñíå çíà÷åííÿ â'ÿçêè ìàòðèöü (3.5), à ϕ(t) ∈ C∞[0;T ] � âiäïîâiäíèé

âëàñíèé âåêòîð.
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Ñèñòåìà ðiâíÿíü (3.40) ñóìiñíà òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ óìîâà(
a(s)(t), ψ(t)

)
= 0, s = 1, 2, . . . , (3.44)

äå ψ(t) � åëåìåíò íóëü-ïðîñòîðó ìàòðèöi P ∗ (t, λ0(t)). Çà âèêîíàííÿ óìîâè (3.44)

âåêòîðè u(s)(t), s = 1, 2, . . . , âèçíà÷àòèìåìî çà ôîðìóëîþ

u(s)(t) = H(t)a(s)(t), s = 1, 2, . . . , (3.45)

äå H(t) � íàïiâîáåðíåíà ìàòðèöÿ äî ìàòðèöi P (t, λ0(t)), ÿêó âèçíà÷èìî òàê,

ùîá H(t) ∈ C∞[0;T ], ùî çãiäíî ç [58] òà óìîâîþ 3.2◦ çàâæäè ìîæëèâî. Óìîâó æ

(3.44) âèêîðèñòà¹ìî äëÿ âèçíà÷åííÿ ôóíêöié λ(j)(t), j = 1, 2, . . . . Ç öi¹þ ìåòîþ

âèðàçèìî ÷åðåç öi ôóíêöi¨ âåêòîðè a(s)(t), s = 1, 2, . . . .

Ïiäñòàâëÿòèìåìî ïîñëiäîâíî (3.43), (3.45) â (3.41) ïðè s < p. Ïðè s = 1

ìà¹ìî

a(1)(t) = −
m∑
k=1

D
(1)
0 [λk]A

(0)
k (t)ϕ(t).

Âèêîðèñòàâøè ñïî÷àòêó ôîðìóëó (3.11), à ïîòiì (3.12), öåé âèðàç ïîäàìî ó âè-

ãëÿäi

a(1)(t) = −P (1)
1 (λ)

∂P (t, λ0(t))

1!∂λ
ϕ(t).

Ïðîâiâøè àíàëîãi÷íi ìiðêóâàííÿ ïðè s = 2, 3, äiñòàíåìî

a(2)(t)=−P (2)
2 (λ)

[
∂P (t, λ0(t))

1!∂λ
H1(t) +

∂2P (t, λ0(t))

2!∂λ2

]
ϕ(t)−P (2)

1 (λ)
∂P (t, λ0(t))

1!∂λ
ϕ(t),

a(3)(t)=−P (3)
3 (λ)

[
∂P (t, λ0(t))

1!∂λ

(
H2

1(t) +H2(t)
)

+
∂2P (t, λ0(t))

2!∂λ2
H1(t)

]
ϕ(t)−

−P (3)
3 (λ)

∂3P (t, λ0(t))

3!∂λ3
ϕ(t)− P (3)

2 (λ)

[
∂P (t, λ0(t))

1!∂λ
H1(t) +

∂2P (t, λ0(t))

2!∂λ2

]
ϕ(t)−

−P (3)
1 (λ)

∂P (t, λ0(t))

1!∂λ
ϕ(t),

äå

Hk(t) = −H(t)
∂kP (t, λ0(t))

k!∂λk
, k = 1,m. (3.46)

Ñêîðèñòàâøèñü ðåêóðåíòíèìè ñïiââiäíîøåííÿìè

σ1(H1, H2, . . . , Hm) = E;
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σi(H1, H2, . . . , Hm) =

min(i−1,m)∑
j=1

Hj(t)σ
i−j(H1, H2, . . . , Hm), i = 2, 3, . . . , (3.47)

îòðèìà¹ìî

a(1)(t) = −P (1)
1 (λ)

∂P (t, λ0(t))

1!∂λ
σ1(H1, H2, . . . , Hm)ϕ(t),

a(2)(t) = −P (2)
2 (λ)

∂P (t, λ0(t))

1!∂λ
σ2(H1, H2, . . . , Hm)ϕ(t)− P (2)

2 (λ)
∂2P (t, λ0(t))

2!∂λ2
×

×σ1(H1, H2, . . . , Hm)ϕ(t)− P (2)
1 (λ)

∂P (t, λ0(t))

1!∂λ
σ1(H1, H2, . . . , Hm)ϕ(t),

a(3)(t) = −P (3)
3 (λ)

[
∂P (t, λ0(t))

1!∂λ
σ3(H1, H2, . . . , Hm) +

∂2P (t, λ0(t))

2!∂λ2
×

×σ2(H1, H2, . . . , Hm) +
∂3P (t, λ0(t))

3!∂λ3
σ1(H1, H2, . . . , Hm)

]
ϕ(t)−

−P (3)
2 (λ)

[
∂P (t, λ0(t))

1!∂λ
σ2(H1, H2, . . . , Hm)+

∂2P (t, λ0(t))

2!∂λ2
σ1(H1, H2, . . . , Hm)

]
ϕ(t)−

−P (3)
1 (λ)

∂P (t, λ0(t))

1!∂λ
σ1(H1, H2, . . . , Hm)ϕ(t). (3.48)

Ïðîàíàëiçóâàâøè âåêòîðè (3.48) i âðàõóâàâøè, ùî g(s)(t) = 0 ïðè s < p,

ïðèéäåìî äî òàêî¨ ôîðìóëè äëÿ âåêòîðiâ a(s)(t):

a(s)(t)=−
s∑
i=1

min(i,m)∑
j=1

P
(s)
i (λ)

∂jP (t,λ0(t))

j!∂λj
σi−j+1(H1, H2, . . . , Hm)ϕ(t), (3.49)

s = 1, p− 1.

Ïåðåêîíà¹ìîñÿ ó ¨¨ ïðàâèëüíîñòi, ïðîâiâøè iíäóêöiþ ïî s. Ïðèïóñòèìî, ùî

ôîðìóëà (3.49) ñïðàâäæó¹òüñÿ ïðè s = 1, k − 1, k < p. Òîäi çãiäíî ç (3.45)

ìàòèìåìî

u(k−j)(t) =

k−j∑
i=1

P
(k−j)
i (λ)σi+1(H1, H2, . . . , Hm)ϕ(t), j = 1, k − 1. (3.50)

Ïîêëàâøè â (3.41) s = k, äiñòàíåìî

a(k)(t) = −
m∑
i=1

k∑
j=1

D
(j)
0 [λi]A

(0)
i (t)u(k−j)(t).
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Âèêîðèñòàâøè ñïî÷àòêó ôîðìóëó (3.11), à ïîòiì (3.12), îòðèìà¹ìî

a(k)(t) = −
k∑
j=1

min(j,m)∑
i=1

P
(j)
i (λ)

∂iP (t, λ0(t))

i!∂λi
u(k−j)(t).

Ó îñòàííþ ðiâíiñòü ïiäñòàâèìî (3.50) i â îòðèìàíîìó âèðàçi ïåðåãðóïó¹ìî äî-

äàíêè: ñïî÷àòêó çãðóïó¹ìî äîäàíêè ç îäíàêîâîþ êiëüêiñòþ ôóíêöié λ(j)(t), à

ïîòiì ó êîæíié ç îòðèìàíèõ ãðóï îá'¹äíà¹ìî äîäàíêè ç îäíàêîâèìè ìàòðèöÿìè

σi(H1, H2, . . . , Hm). Ó ðåçóëüòàòi äiñòàíåìî

a(k)(t) = −
k∑
i=1

P
(k)
i (λ)

∂iP (t, λ0(t))

i!∂λj
σ1(H1, H2, . . . , Hm)ϕ(t)−

−
k∑
i=2

i−1∑
j=1

k+1−i∑
γ=1

P
(γ+j−1)
j (λ)P

(k−γ−j+1)
i−j (λ)

∂jP (t, λ0(t))

j!∂λj
σi−j+1(H1, H2, . . . , Hm)ϕ(t).

Âðàõóâàâøè, ùî

k+1−i∑
γ=1

P
(γ+j−1)
j (λ)P

(k−γ−j+1)
i−j (λ) = P

(k)
i (λ), i = 2, k,

îñòàòî÷íî ìàòèìåìî

a(k)(t) = −
k∑
i=1

min(i,m)∑
j=1

P
(k)
i (λ)

∂jP (t, λ0(t))

j!∂λj
σi−j+1(H1, H2, . . . , Hm)ϕ(t),

çâiäêè âèïëèâà¹ ïðàâèëüíiñòü ôîðìóëè (3.49) i ïðè s = k. Òîìó çãiäíî ç ïðèí-

öèïîì ìàòåìàòè÷íî¨ iíäóêöi¨ öÿ ôîðìóëà ìà¹ ìiñöå ïðè âñiõ s < p.

Ïðè s ≥ p ó âèðàç a(s)(t) âõîäÿòü âåêòîðè g(s)(t). Ïîçíà÷èìî äîäàíêè, ÿêi

ìiñòÿòü öi âåêòîðè, ÷åðåç g̃(s)(t). ßêùî ïðîäîâæóâàòè ïiäñòàíîâêó (3.43), (3.45) â

(3.41), òî îòðèìà¹ìî âèðàç âèãëÿäó (3.49) òà äîäàíêè g̃(s)(t), ÿêi ìiñòÿòü âåêòîðè

g(s)(t), s = p, p+ 1, . . . . Äëÿ îñòàííiõ ìà¹ìî

g̃(p)(t) = g(p)(t),

g̃(p+1)(t) = −P (1)
1 (λ)

∂P (t, λ0(t))

1!∂λ
H(t)g(p)(t) + g(p+1)(t),

g̃(p+2)(t) = P
(2)
2 (λ)

[(
∂P (t, λ0(t))

1!∂λ
H(t)

)2

− ∂2P (t, λ0(t))

2!∂λ2
H(t)

]
g(p)(t)−
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−P (2)
1 (λ)

∂P (t, λ0(t))

1!∂λ
H(t)g(p)(t)− P (1)

1 (λ)
∂P (t, λ0(t))

1!∂λ
H(t)g(p+1)(t) + g(p+2)(t).

Ââiâøè ïîçíà÷åííÿ

H̃j(t) = −∂
jP (t, λ0(t))

j!∂λj
H(t), j = 1,m, (3.51)

òà âèêîðèñòàâøè (3.47), âåêòîðè g̃(p)(t), g̃(p+1)(t), g̃(p)(t) çàïèøåìî ó âèãëÿäi

g̃(p)(t) = g(p)(t),

g̃(p+1)(t) = P
(1)
1 (λ)σ2(H̃1, H̃2, . . . , H̃m)g(p)(t) + g(p+1)(t),

g̃(p+2)(t) =
[
P

(2)
2 (λ)σ3(H̃1, H̃2, . . . , H̃m) + P

(2)
1 (λ)σ2(H̃1, H̃2, . . . , H̃m)

]
g(p)(t)+

+P
(1)
1 (λ)σ2(H̃1, H̃2, . . . , H̃m)g(p+1)(t) + g(p+2)(t).

Ïðîàíàëiçóâàâøè öi âèðàçè i ïðîâiâøè iíäóêöiþ ïî s, äiñòàíåìî

g̃(s)(t)=

s−p−1∑
j=0

s−p−j∑
i=1

P
(s−p−j)
i (λ)σi+1(H̃1, H̃2, . . . , H̃m)g(p+j)(t)+g(s)(t), (3.52)

s = p, p+ 1, . . . .

Îá'¹äíàâøè âèðàçè (3.49), (3.52), îñòàòî÷íî ìà¹ìî

a(s)(t)=−
s∑
i=1

min(i,m)∑
j=1

P
(s)
i (λ)

∂jP (t, λ0(t))

j!∂λj
σi−j+1(H1, H2, . . . , Hm)ϕ(t)+

+

s−p−1∑
j=0

s−p−j∑
i=1

P
(s−p−j)
i (λ)σi+1(H̃1, H̃2, . . . , H̃m)g(p+j)(t) + g(s)(t), s = 1, 2, . . . . (3.53)

Ïåðåéäåìî òåïåð äî âèçíà÷åííÿ êîåôiöi¹íòiâ λ(s)(t), s = 1, 2, . . . , ðîçâèíåííÿ

(3.36). Îñêiëüêè çà óìîâîþ 3.6◦ â'ÿçêà ìàòðèöü (3.5) ìà¹ ñêií÷åííèé åëåìåíòàð-

íèé äiëüíèê êðàòíiñòþ p, òî, çãiäíî ç òåîðåìîþ 2.1, éîìó âiäïîâiäà¹ æîðäàíiâ

ëàíöþæîê çàâäîâæêè p, ùî ñêëàäà¹òüñÿ ç âëàñíîãî âåêòîðà ϕ(t) òà ïðè¹äíàíèõ

âåêòîðiâ ϕi(t), i = 2, p, ÿêi çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

P (t, λ0(t))ϕ(t) = 0,

P (t, λ0(t))ϕi(t)+

min(i−1,m)∑
j=1

∂jP (t, λ0(t))

j!∂λj
ϕi−j(t) = 0, i = 2, p,
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à ðiâíÿííÿ

P (t, λ0(t))y +

min(p,m)∑
j=1

∂jP (t, λ0(t))

j!∂λj
ϕp+1−j(t) = 0

íåðîçâ'ÿçíå âiäíîñíî y. Âèðàçèìî ïðè¹äíàíi âåêòîðè öüîãî ëàíöþæêà ÷åðåç âëà-

ñíèé âåêòîð ϕ(t). Îñêiëüêè

ϕi(t) = −
min(i−1,m)∑

j=1

H(t)
∂jP (t, λ0(t))

j!∂λj
ϕi−j(t), i = 2, p,

òî, ñêîðèñòàâøèñü (3.46), äiñòàíåìî

ϕi(t) =

min(i−1,m)∑
j=1

Hj(t)ϕi−j(t), i = 2, p,

çâiäêè

ϕi(t) = σi(H1, H2, . . . , Hm)ϕ(t), i = 2, p. (3.54)

Çà îçíà÷åííÿì æîðäàíîâîãî ëàíöþæêà

min(i,m)∑
j=1

(
∂jP (t, λ0(t))

j!∂λj
ϕi−j+1(t), ψ(t)

)
= 0, i = 1, p− 1;

min(p,m)∑
j=1

(
∂jP (t, λ0(t))

j!∂λj
ϕp−j+1(t), ψ(t)

)
6= 0,

çâiäêè, âðàõóâàâøè (3.54), îòðèìà¹ìî

min(i,m)∑
j=1

(
∂jP (t, λ0(t))

j!∂λj
σi−j+1(H1, H2, . . . , Hm)ϕ(t), ψ(t)

)
= 0, i = 1, p− 1;

min(p,m)∑
j=1

(
∂jP (t, λ0(t))

j!∂λj
σp−j+1(H1, H2, . . . , Hm)ϕ(t), ψ(t)

)
6= 0.

Îñêiëüêè âåêòîð ψ(t) âèçíà÷à¹òüñÿ ç òî÷íiñòþ äî äîâiëüíîãî ñêàëÿðíîãî ìíî-

æíèêà, òî éîãî ìîæíà âèáðàòè òàê, ùîá ψ(t) ∈ C∞[0;T ] i âèêîíóâàëàñü ðiâíiñòü

min(p,m)∑
j=1

(
∂jP (t, λ0(t))

j!∂λj
σp−j+1(H1, H2, . . . , Hm)ϕ(t), ψ(t)

)
= 1.
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Îòæå, îñòàòî÷íî ìàòèìåìî

min(i,m)∑
j=1

(
∂jP (t, λ0(t))

j!∂λj
σi−j+1(H1, H2, . . . , Hm)ϕ(t), ψ(t)

)
= δi,p, i = 1, p. (3.55)

Iç (3.53), (3.55) âèïëèâà¹, ùî ïðè s < p óìîâà (3.44) âèêîíó¹òüñÿ, à ïðè s = p

çàïèøåòüñÿ ó âèãëÿäi

P (p)
p (λ)−

(
g(p)(t), ψ(t)

)
= 0.

Îñêiëüêè P (p)
p (λ) = (λ(1)(t))p i g(p)(t) = K(t)ϕ(t), äå

K(t)=−
m∑
k=0

λk0(t)A
(1)
k (t)− δ1,h

m∑
k=1

Ck−1
k λk−1

0 (t)A
(0)
k (t)

d

dt
− δ1,h

m∑
k=2

k−1∑
i=1

λk−1−i
0 (t)

dλi0(t)

dt
×

×A(0)
k (t), òî çâiäñè ìà¹ìî

(λ(1)(t))p = (K(t)ϕ(t), ψ(t)) .

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà

3.8◦. (K(t)ϕ(t), ψ(t)) 6= 0,∀t ∈ [0;T ].

Òîäi ç îñòàííüîãî ðiâíÿííÿ çíàéäåìî p ðiçíèõ, âiäìiííèõ âiä íóëÿ ôóíêöié

λ(1)(t):

λ(1)(t) = p
√
|(K(t)ϕ(t), ψ(t))|

[
cos

arg (K(t)ϕ(t), ψ(t)) + 2π(j − 1)

p
+

+i sin
arg (K(t)ϕ(t), ψ(t)) + 2π(j − 1)

p

]
, j = 1, p. (3.56)

Çíàéøîâøè ôóíêöiþ λ(1)(t), çà ôîðìóëîþ (3.45) âèçíà÷èìî âåêòîð u(1)(t), îñêiëü-

êè âåêòîð a(1)(t) âæå âiäîìèé, à ðiâíÿííÿ (3.40) ðîçâ'ÿçíå ïðè s = 1.

Çàôiêñó¹ìî îäíó ç ôóíêöié λ(1)(t), ùî âèçíà÷à¹òüñÿ çà ôîðìóëîþ (3.56), à òà-

êîæ âiäïîâiäíèé âåêòîð u(1)(t) i çíàéäåìî íàñòóïíi êîåôiöi¹íòè ðîçâèíåíü (3.35),

(3.36). Äëÿ âèçíà÷åííÿ ôóíêöi¨ λ(2)(t) âèêîðèñòà¹ìî óìîâó (3.44) ïðè s = p+ 1.

Çãiäíî ç (3.53), (3.55) öÿ óìîâà çàïèøåòüñÿ ó âèãëÿäi

P (p+1)
p (λ) = C1(t),
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äå

C1(t) = −
min(p+1,m)∑

j=1

P
(p+1)
p+1 (λ)

(
∂jP (t, λ0(t))

j!∂λi
σp−j+2(H1, H2, . . . , Hm)ϕ(t), ψ(t)

)
+

+
(
g(p+1)(t), ψ(t)

)
+ P

(1)
1 (λ)

(
σ2(H̃1, H̃2, . . . , H̃m)g(p)(t), ψ(t)

)
.

Îñêiëüêè P (p+1)
p (λ) = pλ(2)(t)

(
λ(1)(t)

)p−1
, à C1(t) � óæå âiäîìèé âèðàç, òî çâiäñè

ìà¹ìî

λ(2)(t) =
C1(t)

p
(
λ(1)(t)

)p−1 .

Âèçíà÷èâøè ôóíêöiþ λ(2)(t), çà ôîðìóëîþ (3.53) çíàéäåìî âåêòîð a(2)(t), à ïîòiì

� çà ôîðìóëîþ (3.45) � i âåêòîð u(2)(t).

Ïðîäîâæóþ÷è öåé iòåðàöiéíèé ïðîöåñ, ìîæíà âèçíà÷èòè áóäü-ÿêi êîåôiöi-

¹íòè ðîçâèíåíü(3.35), (3.36). Äiéñíî, íåõàé λ(i)(t), u(i)(t) âæå âiäîìi ïðè i 6 k.

Òîäi äëÿ âèçíà÷åííÿ ôóíêöi¨ λ(k+1)(t) âèêîðèñòà¹ìî óìîâó (3.44) ïðè s = p+ k.

Çãiäíî ç (3.53), (3.55) öÿ óìîâà íàáóâà¹ âèãëÿäó

P (p+k)
p (λ) = Ck(t),

äå

Ck(t)=
k−1∑
i=0

min(k−i,m)∑
j=1

P
(k−i)
j (λ)

(
σj+1(H̃1, H̃2, . . . , H̃m)g(p+i)(t), ψ(t)

)
+
(
g(p+k)(t), ψ(t)

)
−

−
p+k∑
i=p+1

min(i,m)∑
j=1

P
(p+k)
i (λ)

(
∂jP (t, λ0(t))

j!∂λj
σi−j+1(H1, H2, . . . , Hm)ϕ(t), ψ(t)

)
� âæå âiäîìèé âèðàç çãiäíî ç ïðèïóùåííÿì iíäóêöi¨. Ïîêëàäåìî

P (p+k)
p (λ) = pλ(k+1)(t)

(
λ(1)(t)

)p−1

+ P̃ (p+k)
p (λ),

äå P̃ (p+k)
p (λ) � ÷àñòèíà âèðàçó P (p+k)

p (λ), ÿêà ìiñòèòü òiëüêè òi ôóíêöi¨ λ(i)(t),

iíäåêñè ÿêèõ i ≤ k. Òîäi

λ(k+1)(t) =
Ck(t)− P̃ (p+k)

p (λ)

p
(
λ(1)(t)

)p−1 . (3.57)

Âèçíà÷èâøè λ(k+1)(t), çà ôîðìóëîþ (3.45) çíàéäåìî âiäïîâiäíèé âåêòîð u(k+1)(t).



71

Ðåêóðåíòíi ôîðìóëè (3.42), (3.43), (3.45), (3.56), (3.57) äàþòü çìîãó âèçíà-

÷èòè áóäü-ÿêi êîåôiöi¹íòè ôîðìàëüíèõ ðîçâèíåíü (3.35), (3.36). Iñíóâàííÿ ïîõi-

äíèõ, ÿêi âõîäÿòü â öi ôîðìóëè, ãàðàíòó¹òüñÿ óìîâîþ 3.2◦ òà âiäïîâiäíîþ ãëàä-

êiñòþ ôóíêöi¨ λ0(t), âåêòîð-ôóíêöié ϕ(t), ψ(t) òà ìàòðèöi H(t). Çãiäíî ç (3.56)

îïèñàíèì ñïîñîáîì ìîæíà çíàéòè p ðiçíèõ ôîðìàëüíèõ ðîçâ'ÿçêiâ ñèñòåìè (3.3).

Äðóãó ãðóïó ðîçâ'ÿçêiâ ñèñòåìè (3.3), ÿêi âiäïîâiäàþòü íåñêií÷åííîìó åëå-

ìåíòàðíîìó äiëüíèêó ãðàíè÷íî¨ â'ÿçêè ìàòðèöü (3.5), øóêàòèìåìî ó âèãëÿäi

x(t, ν) = v(t, ν) exp

(
ν−qh−1

∫ t

0

dτ

ξ(τ, ν)

)
, (3.58)

äå n-âèìiðíèé âåêòîð v(t, ν) i ñêàëÿðíà ôóíêöiÿ ξ(t, ν) çîáðàæóþòüñÿ ó âèãëÿäi

ôîðìàëüíèõ ðîçâèíåíü

v(t, ν) =
∞∑
k=0

νkv(k)(t), (3.59)

ξ(t, ν) =
∞∑
k=0

νkξ(k)(t) (3.60)

çà ñòåïåíÿìè ν = q
√
ε.

Ïîêàæåìî, ùî âåêòîð (3.58) òåæ ôîðìàëüíî çàäîâîëüíÿ¹ ñèñòåìó (3.3). Äëÿ

öüîãî ïiäñòàâèìî â (3.3) âåêòîðè

dkx

dtk
=

k∑
i=0

i∑
j=0

ν−j(qh+1)C i
kDi−j[ξ

−j]
dk−iv(t, ν)

dtk−i
exp

(
ν−qh−1

∫ t

0

dτ

ξ(τ, ν)

)
, k = 0,m.

Ó ðåçóëüòàòi îòðèìà¹ìî

m∑
k=0

k∑
i=0

i∑
j=0

νq(k−j)h−jC i
kDi−j[ξ

−j]Ak(t, ε)
dk−iv(t, ν)

dtk−i
= 0.

Ïîìíîæèâøè öþ ðiâíiñòü íà ôóíêöiþ νmξm(t, ν), à ïîòiì, âèäiëèâøè â îòðèìà-

íié ðiâíîñòi äîäàíêè, â ÿêèõ k = i = j, òà âçÿâøè äî óâàãè, ùî D0[ξ
i] = ξi(t, ν),

ìàòèìåìî

m∑
k=0

νm−kD0[ξ
m−k]Ak(t, ε)v(t, ν) = −

m∑
k=2

k−1∑
j=1

νq(k−j)h+m−jD0[ξ
m]Dk−j[ξ

−j]Ak(t, ε)×

×v(t, ν)−
m∑
k=1

k−1∑
i=0

i∑
j=0

νq(k−j)h+m−jC i
kD0[ξ

m]Di−j[ξ
−j]Ak(t, ε)

dk−iv(t, ν)

dtk−i
. (3.61)
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Ïîäàìî øóêàíó ôóíêöiþ 1
ξ(t,ν) = ξ̃(t, ν) ó âèãëÿäi ôîðìàëüíîãî ðÿäó çà ñòåïåíÿ-

ìè ïàðàìåòðà ν:

ξ̃(t, ν) =
∞∑
s=0

νsξ̃(k)(t), (3.62)

êîåôiöi¹íòè ÿêîãî âèçíà÷àþòüñÿ çà ðåêóðåíòíèìè ôîðìóëàìè

ξ̃(0)(t) =
1

ξ(0)(t)
,

ξ̃(s)(t) = −
∑s

j=1 ξ
(j)(t)ξ̃(s−j)(t)

ξ(0)(t)
, s = 1, 2, . . . .

Ïiäñòàâèâøè â (3.60) ðîçâèíåííÿ (3.2), (3.58), (3.59), (3.61) i ïðèðiâíÿâøè

êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ ν, äiñòàíåìî

A(0)
m (t)v(0)(t) = 0, (3.63)

A(0)
m (t)v(s)(t) = b(s)(t), s = 1, 2, . . . , (3.64)

äå

b(s)(t) = −
m−1∑
k=0

s−m+k∑
i=0

D
(i)
0 [ξm−k]A

(0)
k (t)v(s−i−m+k)(t) + h(s)(t), s = 1, 2, . . . ; (3.65)

h(s)(t) = −
m∑
k=0

s−q−m+k∑
i=0

[ s−i−m+k
q ]∑

j=1

D
(i)
0 [ξm−k]A

(j)
k (t)v(s−i−jq+k−m)(t)−

−
m∑
k=2

k−1∑
j=1

s−θ(k,j)∑
α=0

s−α−θ(k,j)∑
β=0

[ s−α−β−θ(k,j)q ]∑
γ=0

D
(α)
0 [ξm]D

(β)
k−j[ξ̃j]A

(γ)
k (t)v(s−α−β−γq−θ(k,j))(t)−

−
m∑
k=1

k−1∑
i=0

i∑
j=0

s−θ(k,j)∑
α=0

s−α−θ(k,j)∑
β=0

[ s−α−β−θ(k,j)q ]∑
γ=0

C i
kD

(α)
0 [ξm]D

(β)
i−j[ξ̃

j]A
(γ)
k (t)×

×d
k−iv(s−α−β−γq−θ(k,j))(t)

dtk−i
; θ(k, j) = q(k − j)h+m− j, s = q, q + 1, . . . .

Ïîêàæåìî, ùî ç öèõ ðiâíÿíü ìîæíà ïîñëiäîâíî âèçíà÷èòè áóäü-ÿêi êîåôiöi-

¹íòè ðîçâèíåíü (3.59), (3.60). Ç (3.63) ìà¹ìî

v(0)(t) = ϕ̃(t). (3.66)
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ßê i ïiä ÷àñ ðîçâ'ÿçóâàííÿ ñèñòåìè ðiâíÿíü (3.40), ñóìiñíiñòü ñèñòåìè (3.64)

çàáåçïå÷èìî, âèçíà÷àþ÷è ôóíêöi¨ ξ(i)(t), i = 0, 1, . . . , ç óìîâè îðòîãîíàëüíîñòi

¨¨ ïðàâî¨ ÷àñòèíè äî âåêòîðà ψ̃(t):(
b(s)(t), ψ̃(t)

)
= 0, s = 1, 2, . . . . (3.67)

Çà âèêîíàííÿ óìîâè (3.67) âåêòîðè v(s)(t), s = 1, 2, . . . , âèçíà÷àòèìåìî çà ôîð-

ìóëîþ

v(s)(t) = G(t)b(s)(t), s = 1, 2, . . . , (3.68)

äå G(t) � ìàòðèöÿ, íàïiâîáåðíåíà äî A(0)
m (t), ÿêó âèçíà÷èìî òàê, ùîá G(t) ∈

C∞[0;T ].

Âèðàçèìî âåêòîðè b(s)(t), s = 1, 2, . . . , ÷åðåç øóêàíi ôóíêöi¨ ξ(i)(t), i =

0, 1, . . . . Ïiäñòàâëÿþ÷è ïîñëiäîâíî (3.66), (3.68) ó (3.65) ïðè s < q, ìàòèìåìî

b(1)(t) = −D(0)
0 [ξ1]A

(0)
m−1(t)ϕ̃(t),

b(2)(t) = D
(0)
0 [ξ2]

[
A

(0)
m−1(t)G(t)A

(0)
m−1(t)− A

(0)
m−2(t)

]
ϕ̃(t)−D(1)

0 [ξ1]A
(0)
m−1(t)ϕ̃(t),

b(3)(t) = −D(0)
0 [ξ3]

[
A

(0)
m−1(t)

(
(G(t)A

(0)
m−1(t))

2 −G(t)A
(0)
m−2(t)

)]
ϕ̃(t)−

−D(0)
0 [ξ3]

[
−A(0)

m−2(t)G(t)A
(0)
m−1(t) + A

(0)
m−3(t)

]
ϕ̃(t)+

+D
(1)
0 [ξ2]

[
A

(0)
m−1(t)G(t)A

(0)
m−1(t)− A

(0)
m−2(t)

]
ϕ̃(t)−D(2)

0 [ξ1]A
(0)
m−1(t)ϕ̃(t).

Âçÿâøè äî óâàãè, ùî

A
(0)
m−j(t) =

∂jM(t, 0)

j!∂ξj
, j = 1,m, (3.69)

i ââiâøè ïîçíà÷åííÿ

Gj(t) = −G(t)
∂jM(t, 0)

j!∂ξj
, j = 1,m, (3.70)

âåêòîðè b(1)(t), b(2)(t), b(3)(t) ïîäàìî ó âèãëÿäi

b(1)(t) = −D(0)
0 [ξ1]

∂M(t, 0)

1!∂ξ
ϕ̃(t),

b(2)(t) = −D(0)
0 [ξ2]

[
∂M(t, 0)

1!∂ξ
G1(t) +

∂2M(t, 0)

2!∂ξ2

]
ϕ̃(t)−D(1)

0 [ξ1]
∂M(t, 0)

1!∂ξ
ϕ̃(t),
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b(3)(t)=−D(0)
0 [ξ3]

[
∂M(t, 0)

1!∂ξ
(G2

1(t) +G2(t)) +
∂2M(t, 0)

2!∂ξ2
G1(t) +

∂3M(t, 0)

3!∂ξ3

]
ϕ̃(t)−

−D(1)
0 [ξ2]

[
∂M(t, 0)

1!∂ξ
G1(t) +

∂2M(t, 0)

2!∂ξ2

]
ϕ̃(t)−D(2)

0 [ξ1]
∂M(t, 0)

1!∂ξ
ϕ̃(t).

Íàðåøòi, ñêîðèñòàâøèñü ôîðìóëîþ (3.47), äiñòàíåìî

b(1)(t)=−D(0)
0 [ξ1]

∂M(t, 0)

1!∂ξ
σ1(G1, G2, . . . , Gm)ϕ̃(t),

b(2)(t)=−D(0)
0 [ξ2]

[
∂M(t, 0)

1!∂ξ
σ2(G1, G2, . . . , Gm) +

∂2M(t, 0)

2!∂ξ2
σ1(G1, G2, . . . , Gm)

]
×

×ϕ̃(t)−D(1)
0 [ξ1]

∂M(t, 0)

1!∂ξ
σ1(G1, G2, . . . , Gm)ϕ̃(t),

b(3)(t) = −D(0)
0 [ξ3]

[
∂M(t, 0)

1!∂ξ
σ3(G1, G2, . . . , Gm) +

∂2M(t, 0)

2!∂ξ2
σ2(G1, G2, . . . , Gm)+

+
∂3M(t, 0)

3!∂ξ3
σ1(G1, G2, . . . , Gm)

]
ϕ̃(t)−D(1)

0 [ξ2]

[
∂M(t, 0)

1!∂ξ
σ2(G1, G2, . . . , Gm)+

+
∂2M(t, 0)

2!∂ξ2
σ1(G1, G2, . . . , Gm)

]
ϕ̃(t)−D(2)

0 [ξ1]
∂M(t, 0)

1!∂ξ
σ1(G1, G2, . . . , Gm)ϕ̃(t).

(3.71)

Ïðîàíàëiçóâàâøè âåêòîðè (3.69) i âðàõóâàâøè, ùî h(s)(t) = 0 ïðè s < q, äëÿ

âåêòîðiâ b(s)(t) îòðèìà¹ìî íàñòóïíó ôîðìóëó:

b(s)(t)=−
s∑
i=1

min(i,m)∑
j=1

D
(s−i)
0 [ξi]

∂jM(t, 0)

j!∂ξj
σi−j+1(G1, G2, . . . , Gm)ϕ̃(t), (3.72)

s = 1, q − 1.

Äîâåäåìî ¨¨ ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨. Ïðèïóñòèìî, ùî âîíà ñïðàâäæó-

¹òüñÿ ïðè s = 1, k − 1, k < q. Òîäi âiäïîâiäíî äî (3.68), âèêîðèñòîâóþ÷è (3.70) i

(3.47), îòðèìà¹ìî

v(k−j)(t) =

k−j∑
i=1

D
(k−i−j)
0 [ξi]σi+1(G1, G2, . . . , Gm)ϕ̃(t), j = 1, k − 1. (3.73)

Ïîêëàâøè â (3.65) s = k, ìà¹ìî

b(k)(t) = −
m−1∑
i=0

k−m+i∑
j=0

D
(j)
0 [ξm−i]A

(0)
i (t)v(k−j−m+i)(t).
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Âèêîðèñòàâøè ôîðìóëó (3.69) òà çìiíèâøè ïîðÿäîê ïiäñóìóâàííÿ, äiñòàíåìî

b(k)(t) = −
k∑
i=1

k−i∑
j=0

D
(j)
0 [ξi]

∂iM(t, 0)

i!∂ξi
v(k−i−j)(t).

Ïiäñòàâèâøè â öåé âèðàç ôîðìóëó (3.73) i çäiéñíèâøè ïåðåãðóïóâàííÿ äîäàíêiâ:

ñïî÷àòêó çà îäíàêîâîþ êiëüêiñòþ ôóíêöié ξ(j)(t), à ïîòiì îá'¹äíàâøè â êîæíié ç

îòðèìàíèõ ãðóï äîäàíêè ç îäíàêîâèìè ìàòðèöÿìè σi(G1, G2, . . . , Gm), ó ðåçóëü-

òàòi äiñòàíåìî

b(k)(t) = −
k∑
i=1

D
(k−i)
0 [ξi]

∂iM(t, 0)

i!∂ξi
σ1(G1, G2, . . . , Gm)ϕ̃(t)−

−
k∑
i=2

i−1∑
j=1

k−i∑
γ=0

D
(γ)
0 [ξj]D

(k−i−γ)
0 [ξi−j]

∂jM(t, 0)

j!∂ξj
σi−j+1(G1, G2, . . . , Gm)ϕ̃(t).

Âçÿâøè äî óâàãè, ùî

k−i∑
γ=0

D
(γ)
0 [ξj]D

(k−i−γ)
0 [ξi−j] = D

(k−i)
0 [ξi], i = 2, k,

îñòàòî÷íî îòðèìà¹ìî

b(k)(t) = −
k∑
i=1

min(i,m)∑
j=1

D
(k−i)
0 [ξi]

∂jM(t, 0)

j!∂ξj
σi−j+1(G1, G2, . . . , Gm)ϕ̃(t),

çâiäêè âèïëèâà¹, ùî ôîðìóëà (3.72) ñïðàâäæó¹òüñÿ i ïðè s = k. Îòæå, âîíà

ïðàâèëüíà ïðè âñiõ s < q.

Ïðè s ≥ q ó ñêëàäi b(s)(t) ç'ÿâëÿþòüñÿ âèðàçè h(s)(t), s = q, q + 1, . . . . Òîìó,

ïðîäîâæèâøè ïiäñòàíîâêó (3.66), (3.68) ó (3.65), äiñòàíåìî âèðàçè âèãëÿäó (3.68)

òà âèðàçè, ùî ìiñòÿòü âåêòîðè h(s)(t). Ïîçíà÷èâøè îñòàííi ÷åðåç h̃(s)(t), s =

q, q+ 1, . . . , âèðàçèìî ¨õ ÷åðåç ôóíêöi¨ ξ(i)(t), i = 0, 1, . . . . Ïðè s = q, q+ 1, q+ 2

ìàòèìåìî

h̃(q)(t) = h(q)(t),

h̃(q+1)(t) = −D(0)
0 [ξ1]

∂M(t, 0)

1!∂ξ
G(t)h(q)(t) + h(q+1)(t),

h̃(q+2)(t)=D
(0)
0 [ξ2]

[(
∂M(t, 0)

1!∂ξ
G(t)

)2

−∂
2M(t, 0)

2!∂ξ2
G(t)

]
h(q)(t)−
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−D(1)
0 [ξ1]

∂M(t, 0)

1!∂ξ
G(t)h(q)(t)−D(0)

0 [ξ1]
∂M(t, 0)

1!∂ξ
G(t)h(q+1)(t) + h(q+2)(t).

Ââiâøè ïîçíà÷åííÿ

G̃j(t) = −∂
jM(t, 0)

j!∂ξj
G(t), j = 1,m,

i ñêîðèñòàâøèñü ôîðìóëîþ (3.47), äiñòàíåìî

h̃(q+1)(t) = D
(0)
0 [ξ1]σ2(G̃1, G̃2, . . . , G̃m)h(q)(t) + h(q+1)(t),

h̃(q+2)(t) =
[
D

(0)
0 [ξ2]σ3(G̃1, G̃2, . . . , G̃m) +D

(1)
0 [ξ1]σ2(G̃1, G̃2, . . . , G̃m)

]
h(q)(t)+

+D
(0)
0 [ξ1]σ2(G̃1, G̃2, . . . , G̃m)h(q+1)(t) + h(q+2)(t).

Ïðîâiâøè iíäóêöiþ ïî s, âñòàíîâèìî, ùî â çàãàëüíîìó âèïàäêó

h̃(s)(t)=

s−q−1∑
j=0

s−q−j∑
i=1

D
(s−q−j−i)
0 [ξi]σi+1(G̃1, G̃2, . . . , G̃m)h(q+j)(t) + h(s)(t), (3.74)

s = q, q + 1, . . . .

Îá'¹äíàâøè ôîðìóëè (3.72), (3.74), îñòàòî÷íî ìà¹ìî

b(s)(t)=−
s∑
i=1

min(i,m)∑
j=1

D
(s−i)
0 [ξi]

∂jM(t, 0)

j!∂ξj
σi−j+1(G1, G2, . . . , Gm)ϕ̃(t)+

+

s−q−1∑
j=0

s−q−j∑
i=1

D
(s−q−j−i)
0 [ξi]σi+1(G̃1, G̃2, . . . , G̃m)h(q+j)(t) + h(s)(t), (3.75)

s = 1, 2, . . . .

Ïåðåéäåìî äî âèçíà÷åííÿ êîåôiöi¹íòiâ ξ(s)(t), s = 0, 1, . . . , ðîçâèíåíü (3.60).

Îñêiëüêè çà óìîâîþ 3.6◦ â'ÿçêà ìàòðèöü (3.5) ìà¹ íåñêií÷åííèé åëåìåíòàðíèé

äiëüíèê êðàòíiñòþ q, òî çãiäíî ç òåîðåìîþ 2.1 íóëüîâîìó âëàñíîìó çíà÷åííþ

ñèìåòðè÷íî¨ â'ÿçêè ìàòðèöü (3.28) âiäïîâiäà¹ æîðäàíiâ ëàíöþæîê âåêòîðiâ çàâ-

äîâæêè q, ùî ñêëàäà¹òüñÿ ç âëàñíîãî âåêòîðà ϕ̃(t) i ïðè¹äíàíèõ âåêòîðiâ ϕ̃i(t),

i = 2, q, ÿêi çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

M(t, 0)ϕ̃(t) = 0;

M(t, 0)ϕ̃i(t) +

min(i−1,m)∑
j=1

∂jM(t, 0)

j!∂ξj
ϕ̃i−j(t) = 0, i = 2, q.
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Ïðè öüîìó ðiâíÿííÿ

M(t, 0)ỹ +

min(q,m)∑
j=1

∂jM(t, 0)

j!∂ξj
ϕ̃q−j+1(t) = 0

íåðîçâ'ÿçíå âiäíîñíî âåêòîðà ỹ. Âèõîäÿ÷è ç öüîãî, ïðîâiâøè òàêi ñàìi ìiðêóâàí-

íÿ, ÿê i äëÿ æîðäàíîâîãî ëàíöþæêà, ùî âiäïîâiäà¹ ñêií÷åííîìó åëåìåíòàðíîìó

äiëüíèêó, âñòàíîâèìî, ùî ïðè âiäïîâiäíîìó âèáîði âåêòîðà ψ̃(t) âèêîíóþòüñÿ

ñïiââiäíîøåííÿ

min(i,m)∑
j=1

(
∂jM(t, 0)

j!∂ξj
σi−j+1(G1, G2, . . . , Gm)ϕ̃(t), ψ̃(t)

)
= δi,q, i = 1, q. (3.76)

Çãiäíî ç (3.75), (3.76) ïðè s < q óìîâà (3.67) âèêîíó¹òüñÿ, à ïðè s = q

çàïèøåòüñÿ ó âèãëÿäi

D
(0)
0 [ξq]−

(
h(q)(t), ψ̃(t)

)
= 0.

Îñêiëüêè D(0)
0 [ξq] =

(
ξ(0)(t)

)q
, h(q)(t) = −A(1)

m (t)ϕ̃(t), òî çâiäñè ìà¹ìî(
ξ(0)(t)

)q
= −

(
A(1)
m (t)ϕ̃(t), ψ̃(t)

)
.

Âiäïîâiäíî äî óìîâè 3.7◦ ç îñòàííüîãî ðiâíÿííÿ âèçíà÷èìî q ðiçíèõ, âiäìiííèõ

âiä íóëÿ ôóíêöié ξ(0)(t):

ξ(0)(t) = q

√∣∣∣(A(1)
m (t)ϕ̃(t), ψ̃(t)

)∣∣∣[ cos
arg
(
−
(
A

(1)
m (t)ϕ̃(t), ψ̃(t)

))
+ 2π(j − 1)

q
+

+i sin
arg
(
−
(
A

(1)
m (t)ϕ̃(t), ψ̃(t)

))
+ 2π(j − 1)

q

]
, j = 1, q. (3.77)

Òàêèì ÷èíîì, ôóíêöiþ ξ(0)(t) i âåêòîð v(0)(t) âèçíà÷åíî. Iíøi êîåôiöi¹íòè

ðîçâèíåíü (3.59), (3.60) ìîæíà çíàéòè ðåêóðåíòíèì ñïîñîáîì. Çàôiêñó¹ìî îäíó

iç çíàéäåíèõ ôóíêöié ξ(0)(t) i ââàæàòèìåìî, ùî âiäïîâiäíi ôóíêöi¨ ξ(i)(t) òà âå-

êòîðè v(i)(t) âæå âiäîìi ïðè i < r. Òîäi äëÿ âèçíà÷åííÿ ôóíêöi¨ ξ(r)(t) ñêîðèñòà-

¹ìîñü óìîâîþ (3.67) ïðè s = q + r. Âçÿâøè äî óâàãè ðiâíiñòü (3.76), ìàòèìåìî

D
(r)
0 [ξq]− Sr(t) = 0,
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äå

Sr(t) = −
r+q∑
i=q+1

min(i,m)∑
j=1

D
(r+q−i)
0 [ξi]

(
∂jM(t, 0)

j!∂ξj
σi−j+1(G1, G2, . . . , Gm)ϕ̃(t), ψ̃(t)

)
+

+
r−1∑
i=0

r−i∑
j=1

D
(r−i−j)
0 [ξj]

(
σj+1(G̃1, G̃2, . . . , G̃m)h(q+i)(t), ψ̃(t)

)
+
(
h(q+r)(t), ψ̃(t)

)
� âæå âiäîìèé âèðàç çãiäíî ç ïðèïóùåííÿì iíäóêöi¨. Îñêiëüêè

D
(r)
0 [ξq] = qξ(r)(t)

(
ξ(0)(t)

)q−1

+ D̃
(r)
0 [ξq],

äå äîäàíîê D̃(r)
0 [ξq] ìiñòèòü ëèøå òi ôóíêöi¨ ξ(i)(t), iíäåêñè ÿêèõ ìåíøi r, òî

ξ(r)(t) =
Sr(t)− D̃(r)

0 [ξq]

q(ξ(0)(t))q−1
. (3.78)

Çíàéøîâøè ôóíêöiþ ξ(r)(t), âåêòîð v(r)(t) çíàéäåìî çà ôîðìóëîþ (3.68).

Îòðèìàíi ôîðìóëè äàþòü ìîæëèâiñòü âèçíà÷èòè áóäü-ÿêi êîåôiöi¹íòè ðîçâè-

íåíü (3.59), (3.60). Iñíóâàííÿ ïîõiäíèõ, ÿêi âõîäÿòü â öi ôîðìóëè, ãàðàíòó¹òüñÿ

óìîâîþ 3.2◦ òà âiäïîâiäíîþ ãëàäêiñòþ âåêòîð-ôóíêöié ϕ̃(t), ψ̃(t) i ìàòðèöi G(t).

Çãiäíî ç (3.77) òàêèì ñïîñîáîì ìîæíà ïîáóäóâàòè q ðiçíèõ ôîðìàëüíèõ ðîçâ'ÿç-

êiâ ñèñòåìè (3.3).

Ïiäñóìîâóþ÷è ïðîâåäåíi âèêëàäêè, ïðèõîäèìî äî òàêî¨ òåîðåìè.

Òåîðåìà 3.2. ßêùî âèêîíóþòüñÿ óìîâè 3.1◦− 3.3◦, 3.6◦− 3.8◦, òî íà âiäðiç-

êó [0;T ] ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü (3.3) ìà¹ p ôîðìàëüíèõ ðîçâ'ÿçêiâ

âèãëÿäó

xi(t, µ) = ui(t, µ) exp

(
ε−h

∫ t

0

λi(τ, µ)dτ

)
, i = 1, p,

ùî âiäïîâiäàþòü ñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó ãðàíè÷íî¨ â'ÿçêè ìà-

òðèöü (3.5), i q ðîçâ'ÿçêiâ âèãëÿäó

xj(t, ν) = vj(t, ν) exp

(
ν−qh−1

∫ t

0

dτ

ξj(τ, ν)

)
, j = 1, q,

ÿêi âiäïîâiäàþòü íåñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó öi¹¨ â'ÿçêè, äå ui(t, µ),

vj(t, ν) � n-âèìiðíi âåêòîðè, à λi(t, µ), ξj(t, ν) � ñêàëÿðíi ôóíêöi¨, ÿêi çîáðàæóþ-

òüñÿ ó âèãëÿäi ôîðìàëüíèõ ðîçâèíåíü (3.35), (3.36), (3.59), (3.60) çà ñòåïåíÿìè
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ïàðàìåòðiâ µ = p
√
ε òà ν = q

√
ε âiäïîâiäíî. Êîåôiöi¹íòè öèõ ðîçâèíåíü âèçíà-

÷àþòüñÿ çà ðåêóðåíòíèìè ôîðìóëàìè (3.42), (3.43), (3.45), (3.56), (3.57), (3.66),

(3.68), (3.77), (3.78).

Çàçíà÷èìî, ùî ç öi¹¨ òåîðåìè, ÿê íàñëiäîê, âèïëèâà¹ òåîðåìà 3.26, äîâåäå-

íà â [58, ñ. 184�187] äëÿ ñèíãóëÿðíî çáóðåíèõ ñèñòåì äèôåðåíöiàëüíèõ äðóãîãî

ïîðÿäêó.

Çàóâàæåííÿ 3.1. ßê âèäíî ç äîâåäåííÿ òåîðåìè 3.2, ïîáóäîâà ðîçâ'ÿçêiâ

ïåðøî¨ ãðóïè, ùî âiäïîâiäàþòü âëàñíîìó çíà÷åííþ λ0(t) ãðàíè÷íî¨ â'ÿçêè ìà-

òðèöü P (t, λ), íå çàëåæèòü âiä íàÿâíîñòi â öi¹¨ â'ÿçêè ìàòðèöü iíøèõ âëàñíèõ

çíà÷åíü, ÿêùî òiëüêè âîíè íå äîðiâíþþòü λ0(t) â îêðåìèõ òî÷êàõ âiäðiçêà, íà

ÿêîìó ðîçãëÿäà¹òüñÿ äàíà ñèñòåìà ðiâíÿíü. Òîìó, ÿê ó öüîìó ïóíêòi, òàê i â

íàñòóïíîìó, äëÿ ñïðîùåííÿ âèêëàäîê, ïåðåäáà÷à¹òüñÿ, ùî ìàòðè÷íèé ïîëiíîì

P (t, λ) ìà¹ ëèøå îäíå âëàñíå çíà÷åííÿ λ0(t). Çà íàÿâíîñòi iíøèõ içîëüîâàíèõ

âëàñíèõ çíà÷åíü ðîçâ'ÿçêè áóäóþòüñÿ äëÿ êîæíîãî ç íèõ îêðåìî çà ðîçðîáëå-

íèì íàìè àëãîðèòìîì.

3.2.3. Âèïàäîê êiëüêîõ ñêií÷åííèõ òà íåñêií÷åííèõ åëåìåíòàðíèõ

äiëüíèêiâ îäíàêîâî¨ êðàòíîñòi

Ïðèïóñòèìî, ùî çàìiñòü óìîâ 3.6◦ òà 3.7◦, ñôîðìóëüîâàíèõ ó ïiäïóíêòi 3.2.2,

âèêîíóþòüñÿ íàñòóïíà:

3.9◦. Ãðàíè÷íà â'ÿçêà ìàòðèöü (3.5) ñèñòåìè (3.3) ðåãóëÿðíà ïðè âñiõ t ∈ [0;T ]

i ìà¹ r > 1 ñêií÷åííèõ åëåìåíòàðíèõ äiëüíèêiâ (λ − λ0(t))
p êðàòíiñòþ p > 1 i

s > 1 íåñêií÷åííèõ åëåìåíòàðíèõ äiëüíèêiâ êðàòíiñòþ q (pr + qs = mn).

Ðîçâ'ÿçêè, ùî âiäïîâiäàþòü ñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì ãðàíè÷íî¨

â'ÿçêè ìàòðèöü (3.5), òåæ áóäåìî øóêàòè ó âèãëÿäi (3.34), äå âåêòîð u(t, µ) i

ôóíêöiÿ λ(t, µ) çîáðàæóþòüñÿ ðîçâèíåííÿìè (3.35), (3.36). Òîìó êîåôiöi¹íòè

öèõ ðîçâèíåíü ó äàíîìó âèïàäêó òàêîæ âèçíà÷àòèìåìî iç íåñêií÷åííî¨ ñèñòåìè

âåêòîðíèõ ðiâíÿíü (3.39), (3.40), àëå iç âðàõîâàííÿì óìîâè 3.9◦.

Ïîêàæåìî, ùî ç öi¹¨ ñèñòåìè ðiâíÿíü ìîæíà âèçíà÷èòè áóäü-ÿêi êîåôiöi¹í-

òè ðîçâèíåíü (3.35), (3.36). Ç ðiâíÿííÿ (3.39) âiäðàçó âñòàíîâèìî, ùî ñêàëÿðíà

ôóíêöiÿ λ(0)(t) âèçíà÷à¹òüñÿ çà ôîðìóëîþ (3.42). Ðiâíÿííÿ (3.40) ðîçâ'ÿçíi òîäi
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i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ óìîâà(
a(s)(t), ψj(t)

)
= 0, j = 1, r, s = 1, 2, . . . , (3.79)

äå ψj(t), j = 1, r, � áàçèñíi åëåìåíòè íóëü-ïðîñòîðó ìàòðèöi P ∗(t, λ0(t)). Ñëi-

äóþ÷è [58], ââåäåìî â ðîçãëÿä îïåðàòîð ïðîåêòóâàííÿ Q, ÿêèé âiäîáðàæà¹ n-

âèìiðíèé âåêòîðíèé ïðîñòið E íà éîãî r-âèìiðíèé ïiäïðîñòið E0 íàñòóïíèì

÷èíîì:

Qu(t) =
r∑
i=1

(u(t), ψi(t))ϕi(t),∀u(t) ∈ E, t ∈ [0;T ],

äå ϕi(t), i = 1, r, � áàçèñíi åëåìåíòè íóëü-ïðîñòîðó ìàòðèöi P (t, λ0(t)). Ïiäïðî-

ñòið E0 ¹ ëiíiéíîþ îáîëîíêîþ âåêòîðiâ ϕi(t), i = 1, r, ÿêi âèçíà÷èìî òàê, ùîá

âèêîíóâàëèñü âêëþ÷åííÿ ϕi(t) ∈ C∞[0;T ], i = 1, r. Òîäi óìîâà (3.79) áóäå åêâi-

âàëåíòíà íàñòóïíié:

Qa(s)(t) = 0, s = 1, 2, . . . . (3.80)

Çà âèêîíàííÿ öi¹¨ óìîâè âåêòîðè u(s)(t), s = 0, 1, . . . , âèçíà÷àòèìåìî çà ôîðìó-

ëàìè

u(0)(t) = y(0)(t), (3.81)

u(s)(t) = H(t)a(s)(t) + y(s)(t), s = 1, 2, . . . , (3.82)

äå y(s)(t), s = 0, 1, . . . , � âåêòîðè ç ïiäïðîñòîðó E0, ÿêi ïiäëÿãàþòü âèçíà÷åííþ.

Óìîâó æ (3.80) âèêîðèñòà¹ìî äëÿ âèçíà÷åííÿ ôóíêöié λ(j)(t), j = 1, 2, . . . , i

âåêòîðiâ y(i)(t), i = 0, 1, . . . . Äëÿ öüîãî ñïî÷àòêó ïåðåòâîðèìî âèðàç äëÿ âåêòîðiâ

a(s)(t), s = 1, 2, . . . , ïiäñòàâëÿþ÷è ïîñëiäîâíî (3.81), (3.82) ó (3.41). Äiþ÷è, ÿê i

â ïîïåðåäíüîìó ïóíêòi, äiñòàíåìî

a(s)(t) = −
s−1∑
k=0

s−k∑
i=1

min(i,m)∑
j=1

P
(s−k)
i (λ)

∂jP (t, λ0(t))

j!∂λj
σi−j+1(H1, H2, . . . , Hm)y(k)(t)+

+

s−p−1∑
j=0

s−p−j∑
i=1

P
(s−p−j)
i (λ)σi+1(H̃1, H̃2, . . . , H̃m)g(p+j)(t) + g(s)(t), s = 1, 2, . . . . (3.83)

Îñêiëüêè çà óìîâîþ 3.9◦ â'ÿçêà ìàòðèöü (3.5) ìà¹ r > 1 ñêií÷åííèõ åëå-

ìåíòàðíèõ äiëüíèêiâ êðàòíiñòþ p > 1, òî ¨ì âiäïîâiäà¹ r æîðäàíîâèõ ëàíöþæ-

êiâ çàâäîâæêè p êîæíèé. Öi ëàíöþæêè ñêëàäàþòüñÿ ç âëàñíèõ âåêòîðiâ ϕk(t),
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k = 1, r, òà âiäïîâiäíèõ ¨ì ïðè¹äíàíèõ âåêòîðiâ ϕ(i)
k (t), k = 1, r, i = 2, p, ÿêi

çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

P (t, λ0(t))ϕk(t) = 0, k = 1, r, (3.84)

P (t, λ0(t))ϕ
(i)
k (t) +

min(i−1,m)∑
j=1

∂jP (t, λ0(t))

j!∂λj
ϕ

(i−j)
k (t) = 0, k = 1, r, i = 2, p, (3.85)

à ðiâíÿííÿ

P (t, λ0(t))yk +

min(p,m)∑
j=1

∂jP (t, λ0(t))

j!∂λj
ϕ

(p+1−j)
k (t) = 0, k = 1, r,

íåðîçâ'ÿçíi âiäíîñíî âåêòîðiâ yk.

Âåêòîðè ψj(t), j = 1, r, ÿê i âëàñíi âåêòîðè ϕi(t), i = 1, r, âèçíà÷àþòüñÿ íåî-

äíîçíà÷íî, ïðîòå ïðè áóäü-ÿêîìó ¨õ âèáîði çãiäíî ç òåîðåìîþ 2.2 òà çàóâàæåííÿì

2.1

det

∥∥∥∥∥∥
min(p,m)∑

k=1

∂kP (t, λ0(t))

k!∂λk
ϕ

(p+1−k)
i (t), ψj(t)

∥∥∥∥∥∥
i,j=1,r

6= 0,∀t ∈ [0;T ]. (3.86)

Öå äà¹ çìîãó âèçíà÷èòè âåêòîðè ψj(t), j = 1, r, òàê, ùîá âèêîíóâàëèñü ñïiâ-

âiäíîøåííÿmin(p,m)∑
k=1

∂kP (t, λ0(t))

k!∂λk
ϕ

(p+1−k)
i (t), ψj(t)

 = δij, i, j = 1, r. (3.87)

ßêùî öå ñïiââiäíîøåííÿ íå âèêîíó¹òüñÿ, òî çàìiñòü âåêòîðiâ ψj(t) ìîæíà âçÿòè

¨õ ëiíiéíi êîìáiíàöi¨ χj(t) =
∑r

k=1 α
−1
kj (t)ψk(t), j = 1, r, äå α−1

kj (t) � åëåìåíòè

ìàòðèöi, îáåðíåíî¨ äî ìàòðèöi

‖αij(t)‖r1 =

∥∥∥∥∥∥
min(p,m)∑

k=1

∂kP (t, λ0(t))

k!∂λk
ϕ

(p+1−k)
i (t), ψj(t)

∥∥∥∥∥∥
r

1

.

Òîäi, âðàõîâóþ÷è (3.54), ïðè¹äíàíi âåêòîðè ϕ(i)
k (t), k = 1, r, i = 2, p, âèçíà÷àòè-

ìåìî çà ôîðìóëîþ

ϕ
(i)
k (t) = σi(H1, H2, . . . , Hm)ϕk(t), k = 1, r, i = 2, p. (3.88)
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Iç âðàõóâàííÿì (3.88) ñïiââiäíîøåííÿ (3.87) çàïèøåòüñÿ ó âèãëÿäimin(p,m)∑
k=1

∂kP (t, λ0(t))

k!∂λk
σp−k+1(H1, H2, . . . , Hm)ϕi(t), ψj(t)

=δij, i, j = 1, r. (3.89)

Âèõîäÿ÷è ç ðîçâ'ÿçíîñòi ðiâíÿíü (3.84), (3.85) òà ñïiââiäíîøåíü (3.88), (3.89),

ëåãêî ïåðåêîíàòèñÿ, ùî îïåðàòîð Q âîëîäi¹ òàêèìè âëàñòèâîñòÿìè: ÿêùî u(t) ∈
E0, òî

min(i,m)∑
k=1

Q
∂kP (t, λ0(t))

k!∂λk
σi−k+1(H1, H2, . . . , Hm)u(t) = 0, i = 1, p− 1; (3.90)

min(p,m)∑
k=1

Q
∂kP (t, λ0(t))

k!∂λk
σp−k+1(H1, H2, . . . , Hm)u(t) = u(t). (3.91)

Iç (3.83), (3.90), (3.91) âèïëèâà¹, ùî ïðè s < p óìîâà (3.80) âèêîíó¹òüñÿ, à

ïðè s = p çàïèøåòüñÿ ó âèãëÿäi

P (p)
p (λ)y(0)(t)−Qg(p)(t) = 0. (3.92)

Îñêiëüêè P (p)
p (λ) = (λ(1)(t))p i g(p)(t) = −K(t)y(0)(t), òî ç (3.92) äiñòàíåìî

(λ(1)(t))py(0)(t) +QKy(0)(t) = 0.

ÎïåðàòîðQK âiäîáðàæà¹ ïðîñòið E íà r-âèìiðíèé ïiäïðîñòið E0. Ïîçíà÷èìî

çâóæåííÿ öüîãî îïåðàòîðà íà ïiäïðîñòið E0 ÷åðåç R1. Âèõîäÿ÷è ç îçíà÷åííÿ

îïåðàòîðà Q, íåâàæêî ïåðåêîíàòèñÿ, ùî â áàçèñi ϕk(t), k = 1, r, ïiäïðîñòîðó E0

îïåðàòîð R1 çîáðàæà¹òüñÿ (r × r)-ìàòðèöåþ

R1(t) =
∥∥(K(t)ϕi(t), ψj(t)

)∥∥
i,j=1,r

.

Òîäi ðiâíÿííÿ (3.92) ó áàçèñi ïiäïðîñòîðó E0 ìàòèìå âèãëÿä(
R1(t) + (λ(1)(t))pEr

)
y(0)(t) = 0.

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà:

3.10◦. Ìàòðèöÿ R1(t) ìà¹ íà âiäðiçêó [0;T ] r ïðîñòèõ, âiäìiííèõ âiä íóëÿ

âëàñíèõ çíà÷åíü ηi(t), i = 1, r.
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Òîäi ç îñòàííüîãî ðiâíÿííÿ çíàéäåìî pr ðiçíèõ âiäìiííèõ âiä íóëÿ ôóíêöié

λ(1)(t):

λ(1)(t)= p

√∣∣ηk(t)∣∣[cos
arg(−ηk(t))+2π(j−1)

p
+i sin

arg(−ηk(t))+2π(j−1)

p

]
, (3.93)

k = 1, r, j = 1, p, i r âiäïîâiäíèõ âåêòîðiâ y(0)(t):

y(0)(t) = ϕ∗k(t), k = 1, r, (3.94)

äå ϕ∗k(t), k = 1, r, � âëàñíi âåêòîðè ìàòðèöi R1(t), ùî âiäïîâiäàþòü âëàñíèì çíà-

÷åííÿì ηk(t), k = 1, r. Âèçíà÷èâøè êîîðäèíàòè âåêòîðà y(0)(t) ó ïiäïðîñòîði E0,

ïåðåéøîâøè â áàçèñ ϕi(t), i = 1, r, öüîãî ïiäïðîñòîðó, çãiäíî ç (3.81) çíàéäåìî i

âåêòîð u(0)(t).

Iíøi êîåôiöi¹íòè ðîçâèíåíü (3.35), (3.36) çíàéäåìî ðåêóðåíòíèì ñïîñîáîì.

Çàôiêñó¹ìî îäíó ç ôóíêöié λ(1)(t) i âiäïîâiäíó âåêòîð-ôóíêöiþ y(0)(t), ÿêi âè-

çíà÷àþòüñÿ çà ôîðìóëàìè (3.93), (3.94) âiäïîâiäíî. Âëàñíå çíà÷åííÿ i âëàñíèé

âåêòîð ìàòðèöi R1(t), ÿêèì âîíè âiäïîâiäàþòü, ïîçíà÷èìî ÷åðåç η(t) i ϕ∗(t) .

Íåõàé âiäïîâiäíi ôóíêöi¨ λ(i+1)(t) i âåêòîð-ôóíêöi¨ u(i)(t) ïðè i < k âæå âiäî-

ìi. Òîäi äëÿ âèçíà÷åííÿ ôóíêöi¨ λ(k+1)(t) òà âåêòîðà u(k)(t) âèêîðèñòà¹ìî óìîâó

(3.80) ïðè s = p+k. Çãiäíî ç (3.83), (3.90), (3.91) öÿ óìîâà çàïèøåòüñÿ ó âèãëÿäi

P (p)
p (λ)y(k)(t) + P (p+k)

p (λ)y(0)(t) +
k−1∑
γ=1

P (p+k−γ)
p (λ)y(γ)(t)+

+
k−1∑
γ=0

p+k−γ∑
i=p+1

min(i,m)∑
j=1

P
(p+k−γ)
i (λ)Q

∂jP (t, λ0(t))

j!∂λj
σi−j+1(H1, H2, . . . , Hm)y(γ)(t)−

−
k−1∑
j=0

k−j∑
i=1

P
(k−j)
i (λ)Qσi+1(H̃1, H̃2, . . . , H̃m)g(p+j)(t)−Qg(p+k)(t) = 0.

Îñêiëüêè P (p)
p (λ) = −η(t), g(p+k)(t) = −K(t)y(k)(t) + g̃(p+k)(t), äå g̃(p+k)(t) � âæå

âiäîìèé âåêòîð, òî ç îñòàííüîãî ðiâíÿííÿ îòðèìà¹ìî

QKy(k)(t)− η(t)y(k)(t) = −P (p+k)
p (λ)y(0)(t)−

k−1∑
γ=1

P (p+k−γ)
p (λ)y(γ)(t)−
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−
k−1∑
γ=0

p+k−γ∑
i=p+1

min(i,m)∑
j=1

P
(p+k−γ)
i (λ)Q

∂jP (t, λ0(t))

j!∂λj
σi−j+1(H1, H2, . . . , Hm)y(γ)(t)+

+
k−1∑
j=0

k−j∑
i=1

P
(k−j)
i (λ)Qσi+1(H̃1, H̃2, . . . , H̃m)g(p+j)(t) +Qg̃(p+k)(t).

Ó áàçèñi ïiäïðîñòîðó E0 öå ðiâíÿííÿ íàáóâà¹ âèãëÿäó

(R1(t)− η(t)E) y(k)(t) = −P (p+k)
p (λ)ϕ∗(t) + fk(t), (3.95)

äå

fk(t) = −
k−1∑
γ=1

P (p+k−γ)
p (λ)y(γ)(t)+

k−1∑
j=0

k−j∑
i=1

P
(k−j)
i (λ)Qσi+1(H̃1, H̃2, . . . , H̃m)g(p+j)(t)−

−
k−1∑
γ=0

p+k−γ∑
i=p+1

min(i,m)∑
j=1

P
(p+k−γ)
i (λ)Q

∂jP (t, λ0(t))

j!∂λj
σi−j+1(H1, H2, . . . , Hm)y(γ)(t)+

+Qg̃(p+k)(t) � âæå âiäîìèé âåêòîð ç ïiäïðîñòîðó E0.

Íåõàé ψ∗(t) � åëåìåíò íóëü-ïðîñòîðó ìàòðèöi (R1(t)− η(t)E)∗, ñïðÿæåíî¨ ç

ìàòðèöåþ R1(t)−η(t)E. Îñêiëüêè çà óìîâîþ 3.10◦ âëàñíå çíà÷åííÿ η(t) ìàòðèöi

R1(t) ïðîñòå, òî éîìó âiäïîâiäà¹ æîðäàíiâ ëàíöþæîê âåêòîðiâ çàâäîâæêè 1,

òîáòî

(R1(t)− η(t)E)ϕ∗(t) = 0,

à ðiâíÿííÿ

(R1(t)− η(t)E) y = ϕ∗(t)

íåðîçâ'ÿçíå âiäíîñíî âåêòîðà y, çâiäêè

(ϕ∗(t), ψ∗(t)) 6= 0,∀t ∈ [0;T ].

Âåêòîð ψ∗(t) âèáåðåìî òàê, ùîá âèêîíóâàëîñü ñïiââiäíîøåííÿ

(ϕ∗(t), ψ∗(t)) = 1,∀t ∈ [0;T ].

Òîäi, âèêîðèñòàâøè óìîâó ðîçâ'ÿçíîñòi ðiâíÿííÿ (3.95), îòðèìà¹ìî

P (p+k)
p (λ) = (fk(t), ψ

∗(t)) .
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Âèðàç P (p+k)
p (λ) çàïèøåìî ó âèãëÿäi P (p+k)

p (λ) = pλ(k+1)(t)(λ(1)(t))p−1+P̃
(p+k)
p (λ),

äå äîäàíîê P̃ (p+k)
p (λ) ìiñòèòü ëèøå òi ôóíêöi¨ λ(i)(t), â ÿêèõ i ≤ k. Òîäi ç îñòàí-

íüîãî ðiâíÿííÿ äiñòàíåìî

λ(k+1)(t) =

(
fk(t), ψ

∗(t)
)
− P̃ (p+k)

p (λ)

p(λ(1)(t))p−1
. (3.96)

Òåïåð ðiâíÿííÿ (3.95) áóäå ðîçâ'ÿçíèì, i ç íüîãî çíàéäåìî

y(k)(t) = H̃(t)f̃k(t), (3.97)

äå H̃(t) � ìàòðèöÿ, íàïiâîáåðíåíà äî ìàòðèöi R1(t) − η(t)E, à f̃k(t) � âèðàç

ó ïðàâié ÷àñòèíi ðiâíÿííÿ (3.95). Âèçíà÷èâøè âåêòîð y(k)(t) i âèðàçèâøè éîãî

÷åðåç áàçèñ ïiäïðîñòîðó E0, çà ôîðìóëîþ (3.82) çíàéäåìî âåêòîð u(k)(t).

Ðåêóðåíòíi ôîðìóëè (3.94), (3.81), (3.97), (3.82), (3.42), (3.93), (3.96) äàþòü

çìîãó âèçíà÷èòè áóäü-ÿêi êîåôiöi¹íòè ôîðìàëüíèõ ðîçâèíåíü (3.35), (3.36). Iñíó-

âàííÿ ïîõiäíèõ, ÿêi âõîäÿòü â öi ôîðìóëè, ãàðàíòó¹òüñÿ óìîâîþ 3.2◦ òà âiäïîâiä-

íîþ ãëàäêiñòþ ôóíêöi¨ λ0(t), âåêòîð-ôóíêöié ϕ∗(t), ψ∗(t), ϕi(t), ψi(t), i = 1, r, òà

ìàòðèöü H(t), H̃(t). Çãiäíî ç (3.93) îïèñàíèì ñïîñîáîì ìîæíà çíàéòè pr ðiçíèõ

ôîðìàëüíèõ ðîçâ'ÿçêiâ ñèñòåìè (3.3).

Äðóãó ãðóïó ðîçâ'ÿçêiâ ñèñòåìè (3.3), ÿêi âiäïîâiäàþòü íåñêií÷åííèì åëåìåí-

òàðíèì äiëüíèêàì ãðàíè÷íî¨ â'ÿçêè ìàòðèöü (3.5), øóêàòèìåìî ó âèãëÿäi (3.58),

äå âåêòîð v(t, ν) i ôóíêöiÿ ξ(t, ν) çîáðàæàþòüñÿ ôîðìàëüíèìè ðîçâèíåííÿìè

(3.59), (3.60) çà ñòåïåíÿìè ν = q
√
ε. Êîåôiöi¹íòè öèõ ðîçâèíåíü âèçíà÷àòèìåìî

iç ñèñòåìè âåêòîðíèõ ðiâíÿíü (3.63), (3.64) iç âðàõîâóâàííÿì óìîâè 3.9◦.

Ðiâíÿííÿ (3.64) ðîçâ'ÿçíå òîäi i òiëüêè òîäi, êîëè êîëè âèêîíó¹òüñÿ óìîâà(
b(s)(t), ψ̃j(t)

)
= 0, j = 1, s, s = 1, 2, . . . ,

äå ψ̃j(t), j = 1, s, � áàçèñíi åëåìåíòè íóëü-ïðîñòîðó ìàòðèöi
(
A

(0)
m (t)

)∗
, ñïðÿæå-

íî¨ ç ìàòðèöåþ A
(0)
m (t).

ßê i ïðè ïîáóäîâi ïåðøî¨ ãðóïè ðîçâ'ÿçêiâ, ââåäåìî îïåðàòîð ïðîåêòóâàííÿ

Q̃, ÿêèé âiäîáðàæà¹ n-âèìiðíèé âåêòîðíèé ïðîñòið E íà éîãî s-âèìiðíèé ïiä-

ïðîñòið Ẽ0, ëiíiéíó îáîëîíêó âåêòîðiâ ϕ̃i(t), i = 1, s, íàñòóïíèì ÷èíîì:

Q̃v(t) =
s∑
j=1

(
v(t), ψ̃j(t)

)
ϕ̃j(t),∀v(t) ∈ E, (3.98)
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äå ϕ̃j(t), j = 1, s, � áàçèñíi åëåìåíòè íóëü-ïðîñòîðó ìàòðèöi A(0)
m (t), ÿêi âèçíà-

÷èìî òàê, ùîá âèêîíóâàëèñü âêëþ÷åííÿ ϕ̃j(t) ∈ C∞[0;T ], j = 1, s. Òîäi óìîâà

(3.98) áóäå åêâiâàëåíòíà íàñòóïíié:

Q̃b(s)(t) = 0, s = 1, 2, . . . . (3.99)

Çà âèêîíàííÿ öi¹¨ óìîâè âåêòîðè v(s)(t), s = 0, 1, . . . , âèçíà÷àòèìåìî çà ôîð-

ìóëàìè

v(0)(t) = z(0)(t), (3.100)

v(s)(t) = G(t)b(s)(t) + z(s)(t), s = 1, 2, . . . , (3.101)

äå z(s)(t), s = 0, 1, . . . , � âåêòîðè iç ïiäïðîñòîðó Ẽ0, ÿêi, ÿê i ôóíêöi¨ ξ(i)(t),

ïiäëÿãàþòü âèçíà÷åííþ.

Âèðàçèìî âåêòîðè (3.65) ÷åðåç øóêàíi ôóíêöi¨ ξ(j)(t) i âåêòîð-ôóíêöi¨ z(j)(t),

j = 0, 1, . . . . Ïiäñòàâëÿþ÷è ïîñëiäîâíî (3.100), (3.101) ó (3.65) i çàñòîñóâàâøè

ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨, îòðèìà¹ìî

b(s)(t) = −
s−1∑
k=0

s−k∑
i=1

min(i,m)∑
j=1

D
(s−k−i)
0 [ξi]

∂jM(t, 0)

j!∂ξj
σi−j+1(G1, G2, . . . , Gm)z(k)(t)+

+

s−q−1∑
j=0

s−q−j∑
i=1

D
(s−q−j−i)
0 [ξi]σi+1(G̃1, G̃2, . . . , G̃m)h(q+j)(t) + h(s)(t), (3.102)

s=1, 2, . . . .

Ïåðåéäåìî òåïåð äî âèçíà÷åííÿ ôóíêöié ξ(j)(t), i âåêòîðiâ z(j)(t), j = 0, 1, . . . .

Îñêiëüêè çà óìîâîþ 3.9◦ â'ÿçêà ìàòðèöü (3.5) ìà¹ s íåñêií÷åííèõ åëåìåíòàðíèõ

äiëüíèêiâ êðàòíiñòþ q, òî çãiäíî ç òåîðåìîþ 2.1 íóëüîâîìó âëàñíîìó çíà÷åí-

íþ ñèìåòðè÷íî¨ ¨é â'ÿçêè (3.30) âiäïîâiäà¹ s æîðäàíîâèõ ëàíöþæîêiâ âåêòîðiâ

çàâäîâæêè q êîæíèé. Âåêòîðè öèõ ëàíöþæêiâ ñêëàäàþòüñÿ ç âëàñíèõ âåêòîðiâ

ϕ̃k(t), k = 1, s, òà âiäïîâiäíèõ ïðè¹äíàíèõ âåêòîðiâ ϕ̃(i)
k (t), k = 1, s, i = 2, q, ÿêi

çàäîâîëüíÿþòü ñïiââiäíîøåííÿ

M(t, 0)ϕ̃k(t) = 0, k = 1, s; (3.103)

M(t, 0)ϕ̃
(i)
k (t) +

min(i−1,m)∑
j=1

∂jM(t, 0)

j!∂ξj
ϕ̃

(i−j)
k (t) = 0, k = 1, s, i = 2, q. (3.104)
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Ïðè öüîìó ðiâíÿííÿ

M(t, 0)z̃k +

min(q,m)∑
j=1

∂jM(t, 0)

j!∂ξj
ϕ̃

(q−j+1)
k (t) = 0, k = 1, s,

íåðîçâ'ÿçíi âiäíîñíî âåêòîðiâ z̃k. Âðàõîâóþ÷è ôîðìóëó (3.54), âñòàíîâèìî, ùî

ïðè¹äíàíi âåêòîðè öèõ ëàíöþæêiâ âèðàæàþòüñÿ ÷åðåç âëàñíi âåêòîðè çà ôîð-

ìóëîþ

ϕ̃
(i)
k (t) = σi(G1, G2, . . . , Gm)ϕ̃k(t), k = 1, s, i = 2, q. (3.105)

Çãiäíî ç òåîðåìîþ 2.2 òà çàóâàæåííÿì 2.1 æîðäàíiâ íàáið âëàñíèõ i ïðè¹ä-

íàíèõ âåêòîðiâ, ÿêi âiäïîâiäàþòü íåñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì â'ÿçêè

ìàòðèöü (3.5), òàêîæ ¹ ïîâíèì, òîáòî

det

∥∥∥∥∥∥
min(q,m)∑

k=1

∂kM(t, 0)

k!∂ξk
ϕ̃

(q−k+1)
i (t), ψ̃j(t)

∥∥∥∥∥∥
i,j=1,s

6= 0,∀t ∈ [0;T ].

Òîìó âåêòîðè ψ̃j(t), j = 1, s, âèçíà÷èìî òàê, ùîá âèêîíóâàëèñü ñïiââiäíîøåííÿmin(q,m)∑
k=1

∂kM(t, 0)

k!∂ωk
ϕ̃

(q−k+1)
i (t), ψ̃j(t)

 = δij, i, j = 1, s,

ÿêi, ç âðàõóâàííÿì (3.105), çàïèøóòüñÿ ó âèãëÿäimin(q,m)∑
k=1

∂kM(t, 0)

k!∂ξk
σq−k+1(G1, G2, . . . , Gm)ϕ̃i(t), ψ̃j(t)

 = δij, i, j = 1, s. (3.106)

Âðàõîâóþ÷è ðîçâ'ÿçíiñòü ðiâíÿíü (3.103), (3.104) òà ñïiââiäíîøåííÿ (3.105, (3.106),

âñòàíîâëþ¹ìî òàêi âëàñòèâîñòi îïåðàòîðà Q̃: ÿêùî âåêòîð v(t) ∈ Ẽ0, òî

min(i,m)∑
k=1

Q̃
∂kM(t, 0)

k!∂ξk
σi−k+1(G1, G2, . . . , Gm)v(t) = 0, i = 1, q − 1, (3.107)

min(q,m)∑
k=1

Q̃
∂kM(t, 0)

k!∂ξk
σq−k+1(G1, G2, . . . , Gm)v(t) = v(t). (3.108)

Çãiäíî ç (3.103), (3.107), (3.108) ïðè s < q óìîâà (3.99) âèêîíó¹òüñÿ, à ïðè

s = q çàïèøåòüñÿ ó âèãëÿäi

D
(0)
0 [ξq]z(0)(t)− Q̃h(q)(t) = 0.
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Îñêiëüêè D(0)
0 [ξq] = (ξ(0)(t))q, h(q)(t) = −A(1)

m (t)z(0)(t), òî çâiäñè ìà¹ìî

(ξ(0)(t))qz(0)(t) + Q̃A(1)
m (t)z(0)(t) = 0. (3.109)

Îïåðàòîð Q̃A(1)
m âiäîáðàæà¹ ïðîñòið E íà s-âèìiðíèé ïiäïðîñòið Ẽ0. Ïîçíà-

÷èìî çâóæåííÿ öüîãî îïåðàòîðà íà ïiäïðîñòið Ẽ0 ÷åðåç R2. Íåâàæêî ïåðåêî-

íàòèñÿ, ùî â áàçèñi ϕ̃k(t), k = 1, s, ïiäïðîñòîðó Ẽ0 îïåðàòîð R2 çîáðàæó¹òüñÿ

(s× s)-ìàòðèöåþ
R2(t) =

∥∥∥(A(1)
m (t)ϕ̃i(t), ψ̃j(t)

)∥∥∥
i,j=1,s

.

Òîäi â áàçèñi ïiäïðîñòîðó Ẽ0 ðiâíÿííÿ (3.109) ìàòèìå âèãëÿä(
R2(t) + (ξ(0)(t))qEs

)
z(0)(t) = 0.

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà:

3.11◦. Ìàòðèöÿ R2(t) ìà¹ íà âiäðiçêó [0;T ] s ïðîñòèõ, âiäìiííèõ âiä íóëÿ

âëàñíèõ çíà÷åíü θj(t), j = 1, s.

Òîäi ç îñòàííüîãî ðiâíÿííÿ âèçíà÷èìî qs ðiçíèõ âiäìiííèõ âiä íóëÿ ôóíêöié

ξ(0)(t):

ξ(0)(t)= q

√∣∣θk(t)∣∣[cos
arg(−θk(t))+2π(j−1)

q
+ i sin

arg(−θk(t))+2π(j−1)

q

]
,

(3.110)

k = 1, s, j = 1, q, i s âiäïîâiäíèõ âåêòîðiâ z(0)(t):

z(0)(t) = ϕ̃∗k(t), k = 1, s, (3.111)

äå ϕ̃∗k(t), k = 1, s, � âëàñíi âåêòîðè ìàòðèöi R2(t), ùî âiäïîâiäàþòü âëàñíèì

çíà÷åííÿì θk(t), k = 1, s. Âèçíà÷èâøè âåêòîð z(0)(t), i ïîäàâøè éîãî ÷åðåç áàçèñ

ïiäïðîñòîðó Ẽ0, çãiäíî ç (3.100) çíàéäåìî âåêòîð v(0)(t).

Òàêèì ÷èíîì, ôóíêöiþ ξ(0)(t) i âåêòîð v(0)(t) âèçíà÷åíî. Íàñòóïíi êîåôiöi-

¹íòè ðîçâèíåíü (3.59), (3.60) ìîæíà çíàéòè ðåêóðåíòíèì ñïîñîáîì. Çàôiêñó¹ìî

îäíó ç ôóíêöié ξ(0)(t) òà âiäïîâiäíó âåêòîð-ôóíêöiþ v(0)(t), ÿêi âèçíà÷àþòüñÿ çà

ôîðìóëàìè (3.110), (3.111) âiäïîâiäíî. Âëàñíå çíà÷åííÿ i âëàñíèé âåêòîð ìàòðè-

öi R2(t), ÿêèì âîíè âiäïîâiäàþòü, ïîçíà÷èìî ÷åðåç θ(t) i ϕ̃∗(t). Íåõàé âiäïîâiäíi

ôóíêöi¨ ξ(j)(t) i âåêòîð-ôóíêöi¨ v(j)(t) ïðè j < k âæå âiäîìi. Òîäi äëÿ âèçíà÷åííÿ
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ôóíêöi¨ ξ(k)(t) òà âåêòîð-ôóíêöi¨ v(k)(t) âèêîðèñòà¹ìî óìîâó (3.99) ïðè s = q+k.

Çãiäíî ç (3.102), (3.107), (3.108) öÿ óìîâà çàïèøåòüñÿ ó âèãëÿäi

D
(0)
0 [ξq]z(k)(t) +D

(k)
0 [ξq]z(0)(t) +

k−1∑
γ=1

D
(k−γ)
0 [ξq]z(γ)(t)+

+
k−1∑
γ=0

q+k−γ∑
i=q+1

min(i,m)∑
j=1

D
(q+k−γ−i)
0 [ξi]Q̃

∂jM(t, 0)

j!∂ξj
σi−j+1(G1, G2, . . . , Gm)z(γ)(t)−

−
k−1∑
j=0

k−j∑
i=1

D
(k−j−i)
0 [ξi]Q̃σi+1(G̃1, G̃2, . . . , G̃m)h(q+j)(t)− Q̃h(q+k)(t) = 0.

ÎñêiëüêèD(0)
0 [ξq] = −θ(t), h(q+k)(t) = −A(1)

m (t)z(k)(t)+h̃(q+k)(t), äå h̃(q+k)(t) � âæå

âiäîìèé âåêòîð çãiäíî ç ïðèïóùåííÿì iíäóêöi¨, òî ç îñòàííüî¨ ðiâíiñòi îòðèìà¹ìî

Q̃A(1)
m z(k)(t)− θ(t)z(k)(t) = −D(k)

0 [ξq]z(0)(t)−
k−1∑
γ=1

D
(k−γ)
0 [ξq]z(γ)(t)−

−
k−1∑
γ=0

q+k−γ∑
i=q+1

min(i,m)∑
j=1

D
(q+k−γ−i)
0 [ξi]Q̃

∂jM(t, 0)

j!∂ξj
σi−j+1(G1, G2, . . . , Gm)z(γ)(t)+

+
k−1∑
j=0

k−j∑
i=1

D
(k−j−i)
0 [ξi]Q̃σi+1(G̃1, G̃2, . . . , G̃m)h(q+j)(t) + Q̃h̃(q+k)(t).

Ó áàçèñi ïiäïðîñòîðó Ẽ0 öå ðiâíÿííÿ çàïèøåòüñÿ ó âèãëÿäi

(R2(t)− θ(t)E) z(k)(t) = −D(k)
0 [ξq]ϕ̃∗(t) + dk(t), (3.112)

äå

dk(t) = −
k−1∑
γ=0

q+k−γ∑
i=q+1

min(i,m)∑
j=1

D
(q+k−γ−i)
0 [ξi]Q̃

∂jM(t, 0)

j!∂ξj
σi−j+1(G1, G2, . . . , Gm)z(γ)(t)−

−
k−1∑
γ=1

D
(k−γ)
0 [ξq]z(γ)(t) +

k−1∑
j=0

k−j∑
i=1

D
(k−j−i)
0 [ξi]Q̃σi+1(G̃1, G̃2, . . . , G̃m)h(q+j)(t)+

+Q̃h̃(q+k)(t) � âæå âiäîìèé âåêòîð ç ïiäïðîñòîðó Ẽ0.

Íåõàé ψ̃∗(t) � åëåìåíò íóëü-ïðîñòîðó ìàòðèöi (R2(t)− θ(t)E)∗, ÿêèé âèáåðå-

ìî òàê, ùîá âèêîíóâàëîñü ñïiââiäíîøåííÿ(
ϕ̃∗(t), ψ̃∗(t)

)
= 1,∀t ∈ [0;T ].
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Òîäi, çàïèñàâøè óìîâó ðîçâ'ÿçíîñòi ðiâíÿííÿ (3.112), ìàòèìåìî

D
(k)
0 [ξq] =

(
dk(t), ψ̃

∗(t)
)
.

ÎñêiëüêèD(k)
0 [ξq] = qξ(k)(t)(ξ(0)(t))q−1+D̃

(k)
0 [ξq], äå äîäàíîê D̃(k)

0 [ξq] ìiñòèòü ëèøå

òi ôóíêöi¨ ξ(j)(t), iíäåêñè ÿêèõ ìåíøi k, òî

ξ(k)(t) =

(
dk(t), ψ̃

∗(t)
)
− D̃(k)

0 [ξq]

q(ξ(0)(t))q−1
. (3.113)

Òåïåð âåêòîð z(k)(t) âèçíà÷èìî ç ðiâíÿííÿ (3.112) çà ôîðìóëîþ

z(k)(t) = G̃(t)d̃k(t), (3.114)

äå G̃(t) � ìàòðèöÿ, íàïiâîáåðíåíà äî R2(t)− θ(t)E, à d̃k(t) � âèðàç ó ïðàâèé ÷à-
ñòèíi ðiâíÿííÿ (3.112). Âèçíà÷èâøè âåêòîð z(k)(t) i âèðàçèâøè éîãî ÷åðåç ÷åðåç

áàçèñ ïiäïðîñòîðó Ẽ0, çà ôîðìóëîþ (3.101) çíàéäåìî øóêàíèé âåêòîð v(k)(t).

Îòðèìàíi ôîðìóëè äàþòü ìîæëèâiñòü âèçíà÷èòè áóäü-ÿêi êîåôiöi¹íòè ðîçâè-

íåíü (3.59), (3.60). Iñíóâàííÿ ïîõiäíèõ, ÿêi âõîäÿòü â öi ôîðìóëè, ãàðàíòó¹òüñÿ

óìîâîþ 3.2◦ òà âiäïîâiäíîþ ãëàäêiñòþ âåêòîð-ôóíêöié ϕ̃∗(t), ψ̃∗(t), ϕ̃j(t), ψ̃j(t),

j = 1, s i ìàòðèöü G(t), G̃(t). Çãiäíî ç (3.110) òàêèì ñïîñîáîì ìîæíà ïîáóäóâàòè

qs ðiçíèõ ôîðìàëüíèõ ðîçâ'ÿçêiâ ñèñòåìè (3.3).

Ñëiä çàçíà÷èòè [58], ùî âiäìiííiñòü âiä íóëÿ âëàñíèõ çíà÷åíü ìàòðèöi R2(t)

çàáåçïå÷ó¹ íåîñîáëèâiñòü ìàòðèöi Am(t, ε) ïðè äîñèòü ìàëèõ ε, à öå çãiäíî ç òåî-

ðåìîþ 2.2 çàáåçïå÷ó¹ iñíóâàííÿ â ñèñòåìè (3.3) mn ëiíiéíî íåçàëåæíèõ ðîçâ'ÿç-

êiâ.

Îòæå, äîâåíî íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 3.3. ßêùî âèêîíóþòüñÿ óìîâè 3.1◦−3.3◦, 3.9◦−3.11◦, òî íà âiäðiç-

êó [0;T ] ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü (3.3) ìà¹ pr ôîðìàëüíèõ ðîçâ'ÿçêiâ

âèãëÿäó

xi(t, µ) = ui(t, µ) exp

(
ε−h

∫ t

0

λi(τ, µ)dτ

)
, i = 1, pr,

ùî âiäïîâiäàþòü ñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì ãðàíè÷íî¨ â'ÿçêè ìàòðèöü

(3.5), i qs ðîçâ'ÿçêiâ âèãëÿäó

xj(t, ν) = vj(t, ν) exp

(
ν−qh−1

∫ t

0

dτ

ξj(τ, ν)

)
, j = 1, qs,
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ÿêi âiäïîâiäàþòü íåñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì öi¹¨ â'ÿçêè, äå ui(t, µ),

vj(t, ν) � n-âèìiðíi âåêòîðè, à λi(t, µ), ξj(t, ν) � ñêàëÿðíi ôóíêöi¨, ÿêi çîáðàæó-

þòüñÿ ó âèãëÿäi ôîðìàëüíèõ ðîçâèíåíü (3.35), (3.36, (3.59), (3.60) çà ñòåïåíÿìè

ïàðàìåòðiâ µ = p
√
ε òà ν = q

√
ε âiäïîâiäíî. Êîåôiöi¹íòè öèõ ðîçâèíåíü âèçíà-

÷àþòüñÿ çà ðåêóðåíòíèìè ôîðìóëàìè (3.42), (3.93), (3.96), (3.94), (3.81), (3.97),

(3.72), (3.110), (3.113), (3.111), (3.100), (3.114), (3.111).

ßê íàñëiäîê, ç öi¹¨ òåîðåìè âèïëèâà¹ òåîðåìà, ñôîðìóëüîâàíà â [101], äëÿ

àíàëîãi÷íèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó.

Ìåòîäàìè ðîáiò [58,85] ìîæíà äîâåñòè, ùî ôîðìàëüíi ðîçâ'ÿçêè, ÿêi áóäóþ-

òüñÿ çà àëãîðèòìàìè , îïèñàíèìè â ïóíêòàõ 3.2.2 òà 3.2.3, ëiíiéíî íåçàëåæíi â

òîìó ðîçóìiííi, ùî òàêèìè áóäóòü l � íàáëèæåííÿ, óòâîðåíi øëÿõîì îáðèâàííÿ

ðîçâèíåíü (3.35), (3.36), (3.59), (3.60) íà l -ìó ÷ëåíi, ÿêùî l ≥ max(p−1, q−1). Òî-

ìó ¨õ ëiíiéíà êîìáiíàöiÿ áóäå çàãàëüíèì ôîðìàëüíèì ðîçâ'ÿçêîì ñèñòåìè (3.3).

3.2.4. Çàãàëüíèé âèïàäîê

Ðîçãëÿíåìî íàéáiëüø çàãàëüíèé âèïàäîê, êîëè ãðàíè÷íà â'ÿçêà ìàòðèöü P (t, λ)

ìà¹ ñêií÷åííi i íåñêií÷åííi åëåìåíòàðíi äiëüíèêè ÿê îäíàêîâî¨, òàê i ðiçíî¨ êðàò-

íîñòi.

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè 3.1◦ − 3.3◦, à òàêîæ íàñòóïíà:

3.12◦. Ãðàíè÷íà â'ÿçêà ìàòðèöü (3.5) ñèñòåìè (3.3) ðåãóëÿðíà ïðè âñiõ t ∈
[0;T ] i ìà¹ êðàòíå âëàñíå çíà÷åííÿ λ0(t), ÿêîìó âiäïîâiäà¹ ri ñêií÷åííèõ åëå-

ìåíòàðíèõ äiëüíèêiâ êðàòíîñòi pi(i = 1, α) êîæíèé, à òàêîæ sj íåñêií÷åííèõ

åëåìåíòàðíèõ äiëüíèêiâ êðàòíîñòi qj(j = 1, β) êîæíèé, ïðè÷îìó: p1 > p2 >

· · · > pα; q1 > q2 > · · · > qβ; r1 + r2 + · · · + rα = r; s1 + s2 + · · · + sβ = s;

r1p1 + r2p2 + · · ·+ rαpα + s1q1 + s2q2 + · · ·+ sβqβ = mn.

Ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü (3.3), ùî âiäïîâiäàþòü ñêií÷åííèì åëåìåíòàðíèì

äiëüíèêàì, áóäåìî øóêàòè ó âèãëÿäi (3.34), äå âåêòîð u(t, ν) i ôóíêöiÿ λ(t, ν)

ïðåäñòàâëÿþòüñÿ ðîçâèíåííÿìè (3.35), (3.36), àëå âæå çà ñòåïåíÿìè µ = pi
√
ε, i =

1, α.

Âåêòîð (3.34) áóäå ôîðìàëüíèì ðîçâ'ÿçêîì ñèñòåìè (3.3), ÿêùî êîåôiöi¹íòè

ðîçâèíåíü (3.35), (3.36) çàäîâîëüíÿþòü íåñêií÷åííó ñèñòåìó âåêòîðíèõ ðiâíÿíü:

P
(
t, λ(0)(t)

)
u(0)(t) = 0, (3.115)
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P
(
t, λ(0)(t)

)
u(s)(t) = a

(s)
i (t), i = 1, α, s = 1, 2, . . . ; (3.116)

äå

a
(s)
i (t) = −

m∑
k=1

s∑
γ=1

D
(γ)
0 [λk]A

(0)
k (t)u(s−γ)(t) + g

(s)
i (t), i = 1, α, s = 1, 2, . . . ; (3.117)

g
(s)
i (t) = −

m∑
k=0

s−pi∑
γ=0

[
s−γ
pi

]∑
j=1

D
(γ)
0 [λk]A

(j)
k (t)u(s−γ−jpi)(t)−

−
m∑
k=1

k−1∑
γ=0

γ∑
j=0

s−(k−j)pih∑
δ=0

[
s−δ−(k−j)pih

pi

]∑
l=0

Cγ
kD

(δ)
γ−j[λ

j]A
(l)
k (t)

dk−γu(s−δ−lpi−(k−j)pih)(t)

dtk−γ
−

−
m∑
k=2

k−1∑
γ=1

s−(k−γ)pih∑
j=0

[
s−j−(k−γ)pih)

pi

]∑
δ=0

D
(j)
k−γ[λ

γ]A
(δ)
k (t)u(s−j−δpi−(k−γ)pih)(t), (3.118)

s=pi, pi+1, . . . , i=1, α.

Ïîêàæåìî, ùî ç öi¹¨ ñèñòåì ìîæíà âèçíà÷èòè áóäü-ÿêi êîåôiöi¹íòè ðîçâèíåíü

(3.35), (3.36).

Iç (3.115) îäðàçó äiñòàíåìî

λ(0)(t) = λ0(t).

Ñèñòåìà (3.116) ñóìiñíà òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ óìîâà(
a

(s)
i (t), ψj(t)

)
= 0, j = 1, rγ, i, γ = 1, α, s = 1, 2, . . . , (3.119)

äå ψj(t), j = 1, rγ, γ = 1, α, � áàçèñíi åëåìåíòè íóëü-ïðîñòîðó ìàòðèöi P ∗(t, λ0(t)).

Öþ óìîâó ïîäàìî â çðó÷íîìó äëÿ íàñ âèãëÿäi. Äëÿ öüîãî çðîáèìî äåÿêi äîäàòêî-

âi âèêëàäêè. Ïîçíà÷èìî ÷åðåç E0 ëiíiéíó îáîëîíêó âëàñíèõ âåêòîðiâ ϕi(t), i =

1, r, (r1 + r2 + · · ·+ rα = r) â'ÿçêè ìàòðèöü P (t, λ0(t)). Íåõàé E0j, j = 1, α, � ëi-

íiéíà îáîëîíêà âåêòîðiâ ϕr1+r2+···+rj−1+i(t), i = 1, rj, j = 1, α. Òîäi ïiäïðîñòið E0

¹ ïðÿìîþ ñóìîþ ïiäïðîñòîðiâ E0j, j = 1, α: E0 = E01⊕E02⊕ . . . E0α. Ââåäåìî äî

ðîçãëÿäó îïåðàòîðè ïðîåêòóâàííÿ Qj, j = 1, α, ÿêi âiäîáðàæàþòü n−âèìiðíèé
ïðîñòið E íà rj−âèìiðíèé ïiäïðîñòið E0j, j = 1, α, çà òàêèì ïðàâèëîì:

Qju(t) =

rj∑
i=1

(
u(t), ψr1+r2+···+rj−1+i(t)

)
ϕr1+r2+···+rj−1+i(t), j = 1, α,∀t ∈ [0;T ].
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Òîäi óìîâà (3.119) áóäå åêâiâàëåíòíà íàñòóïíèé:

Qja
(s)
i (t) = 0, i, j = 1, α, s = 1, 2, . . . . (3.120)

Çà âèêîíàííÿ öi¹¨ óìîâè âåêòîðè u(s)(t), s = 0, 1, . . . , âèçíà÷àòèìåìî çà ôîð-

ìóëàìè

u(0)(t) = y(0)(t), (3.121)

u(s)(t) = H(t)a
(s)
i (t) + y(s)(t), s = 1, 2, . . . , (3.122)

äå y(s)(t), s = 0, 1, . . . , � âåêòîðè ç ïiäïðîñòîðó E0, ÿêi ïîòðiáíî âèçíà÷èòè.

ßê i â ïîïåðåäíüîìó âèïàäêó, óìîâó ñóìiñíîñòi (3.120) âèêîðèñòà¹ìî äëÿ âè-

çíà÷åííÿ ôóíêöié λ(j)(t), j = 1, 2, . . . , i âåêòîðiâ u(j)(t), j = 0, 1, . . . . Ïðè öüîìó

ñêîðèñòà¹ìîñü âèðàçîì (3.83) äëÿ âåêòîðiâ a(s)
i (t), âèâåäåíèì ïiä ÷àñ äîâåäåííÿ

òåîðåìè 3.2:

a
(s)
i (t) = −

s−1∑
k=0

s−k∑
j=1

min(j,m)∑
γ=1

P
(s−k)
j (λ)

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)(t)+

+

s−pi−1∑
j=0

s−pi−j∑
γ=1

P (s−pi−j)
γ (λ)σγ+1(H̃1, H̃2, . . . , H̃m)g

(pi+j)
i (t)+g

(s)
i (t), i=1, α, s=1, 2, . . . .

(3.123)

Îñêiëüêè çà óìîâîþ 3.12◦ â'ÿçêà ìàòðèöü (3.5) ìà¹ ri > 1, i = 1, α, ñêií÷åí-

íèõ åëåìåíòàðíèõ äiëüíèêiâ êðàòíiñòþ pi > 1, i = 1, α, òî çãiäíî ç òåîðåìîþ 2.1

¨ì âiäïîâiäà¹ ri æîðäàíîâèõ ëàíöþæêiâ çàâäîâæêè pi(i = 1, α) êîæíèé. Öi ëàí-

öþæêè ñêëàäàþòüñÿ ç âëàñíèõ âåêòîðiâ ϕ(1)
r1+r2+···+rk−1+i(t), i = 1, rk, k = 1, α, òà

âiäïîâiäíèõ ïðè¹äíàíèõ âåêòîðiâ ϕ(j)
r1+r2+···+rk−1+i(t), i = 1, rk, j = 2, pk, k = 1, α,

ÿêi çàäîâîëüíÿþòü ñïiââiäíîøåííÿ:

P (t, λ0(t))ϕ
(1)
r1+r2+···+rk−1+i(t) = 0, i = 1, rk, k = 1, α, (3.124)

P (t, λ0(t))ϕ
(j)
r1+r2+···+rk−1+i(t)+

min(j−1,m)∑
γ=1

∂γP (t, λ0(t))

γ!∂λγ
ϕ

(j−γ)
r1+r2+···+rk−1+i(t) = 0, (3.125)

i = 1, rk, j = 2, pk, k = 1, α, à ðiâíÿííÿ

P (t, λ0(t)) yr1+r2+···+rk−1+i +

min(pk,m)∑
γ=1

∂γP (t, λ0(t))

γ!∂λγ
ϕ

(pk+1−γ)
r1+r2+···+rk−1+i(t) = 0,
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i = 1, rk, k = 1, α, íåðîçâ'ÿçíi âiäíîñíî âåêòîðiâ yr1+r2+···+rk−1+i, i = 1, rk, k =

1, α. Âðàõîâóþ÷è ñóìiñíiñòü ðiâíÿíü (3.124), (1.125), âåêòîðè öèõ æîðäàíîâèõ

ëàíöþæêiâ âèçíà÷èìî çà ôîðìóëàìè:

ϕ
(1)
r1+r2+···+rk−1+i(t) = ϕr1+r2+···+rk−1+i(t), i = 1, rk, k = 1, α,

ϕ
(j)
r1+r2+···+rk−1+i(t) = σj (H1, H2, . . . , Hm)ϕr1+r2+···+rk−1+i(t), i = 1, rk, (3.126)

j = 2, pk, k = 1, α. Âåêòîðè ψj(t), j = 1, r, r = r1 + r2 + · · · + rα, ÿê i âëàñíi

âåêòîðè ϕr1+r2+···+rk−1+i(t), i = 1, rk, k = 1, α, âèçíà÷àþòüñÿ íåîäíîçíà÷íî, àëå

ïðè áóäü-ÿêîìó ¨õ âèáîði, çãiäíî òåîðåìîþ 2.2 òà çàóâàæåííÿì 2.1,

det

∥∥∥∥∥∥
min(pk,m)∑

γ=1

∂γP (t, λ0(t))

γ!∂λγ
ϕ

(pk+1−γ)
r1+r2+···+rk−1+i(t), ψr1+r2+···+rk−1+j(t)

∥∥∥∥∥∥
i,j=1,rk,k=1,α

6= 0,

∀t ∈ [0;T ]. Öå äà¹ çìîãó ¨õ âèçíà÷èòè òàê, ùîá âèêîíóâàëèñü ñïiââiäíîøåííÿmin(pk,m)∑
γ=1

∂γP (t, λ0(t))

γ!∂λγ
ϕ

(pk+1−γ)
r1+r2+···+rk−1+i(t), ψr1+r2+···+rk−1+j(t)

=

= δr1+···+rk−1+i,r1+···+rk−1+j, i, j = 1, rk, k = 1, α,

ùî é áóäåìî ïåðåäáà÷àòè â ïîäàëüøèõ âèêëàäêàõ. Âðàõîâóþ÷è ôîðìóëó (3.126),

îñòàííi ðiâíîñòi çàïèøåìî ó âèãëÿäimin(pk,m)∑
γ=1

∂γP (t, λ0(t))

γ!∂λγ
σpk−γ+1(H1, H2, . . . , Hm)ϕr1+···+rk−1+i(t), ψr1+···+rk−1+j(t)

=

= δr1+···+rk−1+i,r1+···+rk−1+j, i, j = 1, rk, k = 1, α. (3.127)

Âèõîäÿ÷è ç ñóìiñíîñòi ñèñòåì (3.124), (3.125) òà ðiâíîñòåé (3.126), (3.127),

ëåãêî ïåðåêîíàòèñÿ â íàñòóïíèõ âëàñòèâîñòÿõ îïåðàòîðiâ ïðîåêòóâàííÿ Ql, l =

1, α: ÿêùî y(1)
k (t) ∈ E0k, k = 1, α, òî

min(j,m)∑
γ=1

Ql
∂γP (t,λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y

(1)
k (t)=0, j=1, pk−1, k, l=1, α;

(3.128)
min(pk,m)∑

γ=1

Qk
∂γP (t, λ0(t))

γ!∂λγ
σpk−γ+1(H1, H2, . . . , Hm)y

(1)
k (t)=y

(1)
k (t), k = 1, α; (3.129)
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min(pk,m)∑
γ=1

Ql
∂γP (t, λ0(t))

γ!∂λγ
σpk−γ+1(H1, H2, . . . , Hm)y

(1)
k (t)=0, k 6= l, k = 1, α. (3.130)

Îñêiëüêè y(k)(t) ∈ E0, à E0 = E01 ⊕ E02 ⊕ · · · ⊕ E0α, òî

y(k)(t) =
α∑
n=1

y(k)
n (t),

äå y(k)
n (t) ∈ E0n(n = 1, α). Òîäi ôîðìóëà (3.123) íàáóäå âèãëÿäó

a
(s)
i (t)=−

α∑
n=1

s−1∑
k=0

s−k∑
j=1

min(j,m)∑
γ=1

P
(s−k)
j (λ)

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t)+

+

s−pi−1∑
j=0

s−pi−j∑
γ=1

P (s−pi−j)
γ (λ)σγ+1(H̃1, H̃2, . . . , H̃m)g

(pi+j)
i (t) + g

(s)
i (t), (3.131)

i = 1, α, s = 1, 2, . . . . Çâiäñè, âðàõîâóþ÷è âëàñòèâîñòi (3.128), (3.129), (3.130) îïå-

ðàòîðiâ ïðîåêòóâàííÿ Ql, l = 1, α, ïðèõîäèìî äî âèñíîâêó, ùî óìîâà ñóìiñíîñòi

(3.120) ïðè s = 1, pα − 1 âèêîíó¹òüñÿ.

Çàôiêñó¹ìî i (i = 1, α). Çíàéäåìî ðîçâ'ÿçêè, ÿêi âiäïîâiäàþòü ri ñêií÷åííèì

åëåìåíòàðíèì äiëüíèêàì â'ÿçêè ìàòðèöü (3.5) êðàòíîñòi pi êîæíèé. Äëÿ öüîãî

âèêîðèñòà¹ìî âåêòîðè a(s)
i (t), s = 1, 2, . . . . ßê áóëî âñòàíîâëåíî âèùå, ïðè s =

1, pα − 1, óìîâà ñóìiñíîñòi (3.120) âèêîíó¹òüñÿ. Ðîçãëÿíåìî ¨¨ ïðè s = pα:

Qla
(pα)
i (t) = 0, l = 1, α,

àáî

α∑
n=1

pα−1∑
k=0

pα−k∑
j=1

min(j,m)∑
γ=1

P
(pα−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t) = 0,

l = 1, α, pα < pi. Iç âðàõóâàííÿì (3.128), (3.129), (3.130) îñòàííÿ ðiâíiñòü çàïè-

øåòüñÿ ó âèãëÿäi

P (pα)
pα

(λ)y(0)
α (t) = 0.

Îñêiëüêè P (pα)
pα (λ) 6= 0, òî

y(0)
α (t) = 0.
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Âèêîðèñòîâóþ÷è ìåòîä ìàòåìàòè÷íî¨ iíäóêöi¨, íåâàæêî ïåðåêîíàòèñÿ, ùî

ïðè s = pα, pα−1 − pα − 1, äå pα−1 < pi, óìîâà (3.120) äëÿ âåêòîðiâ a
(s)
i (t) çâîäè-

òüñÿ äî óìîâè

y(k)
α (t) = 0, k = 0, pα−1 − pα − 1. (3.132)

Ïðè s = pα−1 îòðèìà¹ìî

α∑
n=1

pα−1−1∑
k=0

pα−1−k∑
j=1

min(j,m)∑
γ=1

P
(pα−1−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t)=0,

l = 1, α, pα−1 < pi. Âçÿâøè äî óâàãè (3.132), çâiäñè ìà¹ìî

pα−1−1∑
k=pα−1−pα

pα−1−k∑
j=1

min(j,m)∑
γ=1

P
(pα−1−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

α (t)+

+
α−1∑
n=1

pα−1−1∑
k=0

pα−1−k∑
j=1

min(j,m)∑
γ=1

P
(pα−1−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t)=0,

l = 1, α, pα−1 < pi. Âðàõîâóþ÷è âëàñòèâîñòi (3.128), (3.129), (3.130) îïåðàòîðiâ

ïðîåêòóâàííÿ Ql, l = 1, α, îòðèìà¹ìî

P (pα−1)
pα−1

(λ)y
(0)
α−1(t) = 0,

P (pα)
pα

(λ)y(pα−1−pα)
α (t) = 0,

çâiäêè

y
(0)
α−1(t) = 0,

y(pα−1−pα)
α (t) = 0.

Ïðè s < pα−2 < pi, äiñòàíåìî

y(k)
α (t) = 0, k = 0, pα−2 − pα − 1,

y
(k)
α−1(t) = 0, k = 0, pα−2 − pα−1 − 1.

Ïðîäîâæóþ÷è öåé ïðîöåñ, âñòàíîâèìî, ùî

y(k)
n (t) = 0, n = i+ 1, α, k = 0, pi − pn − 1. (3.133)
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Ðîçãëÿíåìî òåïåð óìîâó (3.120) äëÿ âåêòîðà a(pi)
i (t):

α∑
n=1

pi−1∑
k=0

pi−k∑
j=1

min(j;m)∑
γ=1

P
(pi−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t) =

= Qlg
(pi)
i (t), l = 1, α.

Iç âðàõóâàííÿì (3.133) öi ðiâíîñòi íàáóâàþòü âèãëÿäó

−
i−1∑
n=1

pi−1∑
k=0

pi−k∑
j=1

min(j;m)∑
γ=1

P
(pi−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t)−

−
pi−1∑
k=0

pi−k∑
j=1

min(j;m)∑
γ=1

P
(pi−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y

(k)
i (t)−

α∑
n=i+1

pi−1∑
k=pi−pn

pi−k∑
j=1

min(j;m)∑
γ=1

P
(pi−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t) =

= Qlg
(pi)
i (t), l = 1, α.

Çãiäíî ç (3.128), (3.129), (3.130) çâiäñè ìà¹ìî

Qlg
(pi)
i (t) = 0, l = 1, i− 1;

P (pi)
pi

(λ)y
(0)
i (t)−Qig

(pi)
i (t) = 0;

P (pl)
pl

(λ)y
(pi−pl)
l (t)−Qlg

(pi)
i (t) = 0, l = i+ 1, α.

Âçÿâøè äî óâàãè, ùî g(pi)
i (t) = −K(t)y(0)(t), îòðèìà¹ìî

QlK(t)y(0)(t) = 0, l = 1, i− 1;

P (pi)
pi

(λ)y
(0)
i (t) +QiK(t)y(0)(t) = 0;

P (pl)
pl

(λ)y
(pi−pl)
l (t) +QlK(t)y(0)(t) = 0, l = i+ 1, α.

Âðàõîâóþ÷è ðiâíîñòi (3.133), âåêòîð y(0)(t) ïîäàìî ó âèãëÿäi

y(0)(t) = y
(0)
i (t) + y(0)(t), (3.134)

äå

y(0)(t) =
i−1∑
n=1

y(0)
n (t).
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Ó ðåçóëüòàòi äiñòàíåìî

QlKy
(0)(t) +QlKy

(0)
i (t) = 0, l = 1, i− 1; (3.135)(

λ(1)(t)
)pi

y
(0)
i (t) +QiKy

(0)
i (t) +QiKy

(0)(t) = 0; (3.136)(
λ(1)(t)

)pl
y

(pi−pl)
l (t) +QlKy

(0)
i (t) +QlKy

(0)(t) = 0, l = i+ 1, α. (3.137)

Ðiâíÿííÿ (3.135) åêâiâàëåíòíi îäíîìó ðiâíÿííþ

i−1∑
l=1

QlKy
(0)(t) +

i−1∑
l=1

QlKy
(0)
i (t) = 0. (3.138)

Ââåäåìî ïîçíà÷åííÿ
i−1∑
l=1

QlK = Ki,

à ÷åðåç Ki ïîçíà÷èìî çâóæåííÿ îïåðàòîðà Ki íà ïiäïðîñòið E01 ⊕ E02 ⊕ · · · ⊕
E0,i−1, òîáòî ïiäïðîñòið ðîçìiðíîñòi r1 + r2 + · · · + ri−1, áàçèñ ÿêîãî ñêëàäàþòü

âåêòîðè ϕ1(t), . . . , ϕr1(t), ϕr1+1(t), . . . , ϕr1+r2+···+ri−1(t). Ó öüîìó áàçèñi îïåðàòîð

Ki ïðåäñòàâëÿ¹òüñÿ ó âèãëÿäi êâàäðàòíî¨ ìàòðèöiK i(t) ïîðÿäêó r1+r2+· · ·+ri−1,

òîáòî:

K i(t) = ‖(K(t)ϕl(t), ψk(t))‖k,l=1,r1+···+ri−1 .

ÌàòðèöÿKi(t) îïåðàòîðà Ki â áàçèñi ïiäïðîñòîðó E0i, ïðåäñòàâëåíîãî âåêòîðàìè

ϕr1+···+ri−1+1(t), . . . , ϕr1+···+ri(t), ¹ ïðÿìîêóòíîþ:

Ki(t)=


(
K(t)ϕr1+···+ri−1+1(t), ψ1(t)

)
. . . (K(t)ϕr1+···+ri(t), ψ1(t))(

K(t)ϕr1+···+ri−1+1(t), ψ2(t)
)

. . . (K(t)ϕr1+···+ri(t), ψ2(t))

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(
K(t)ϕr1+···+ri−1+1(t), ψr1+···+ri−1(t)

)
. . .
(
K(t)ϕr1+···+ri(t), ψr1+···+ri−1(t)

)

.

Ó áàçèñàõ ïiäïðîñòîðiâ E01 ⊕ E01 ⊕ · · · ⊕ E0,i−1 òà E0i ðiâíÿííÿ (3.138) íàáóâà¹

âèãëÿäó

K i(t)y
(0)(t) +Ki(t)y

(0)
i (t) = 0.

Ïðèïóñòèìî, ùî âèêîíó¹òüñÿ óìîâà:

detK i(t) 6= 0,∀t ∈ [0;T ]. (3.138
′
)
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Òîäi

y(0)(t) = −K−1
i (t)Ki(t)y

(0)
i (t). (3.139)

Ðîçãëÿíåìî òåïåð ðiâíÿííÿ (3.136). Ïîçíà÷èìîQiK = Di, à çâóæåííÿ îïåðàòîðà

Di íà ïiäïðîñòið E0i � ÷åðåçDi. Ìàòðèöÿ îïåðàòîðàDi â ïiäïðîñòîði E01⊕E01⊕
· · · ⊕ E0,i−1 ìà¹ íàñòóïíó ñòðóêòóðó:

Di(t)=


(
K(t)ϕ1(t), ψr1+···+ri−1+1(t)

)
. . .

(
K(t)ϕr1+···+ri−1(t), ψr1+···+ri−1+1(t)

)(
K(t)ϕ1(t), ψr1+···+ri−1+2(t)

)
. . .

(
K(t)ϕr1+···+ri−1(t), ψr1+···+ri−1+2(t)

)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(K(t)ϕ1(t), ψr1+···+ri(t)) . . .
(
K(t)ϕr1+···+ri−1(t), ψr1+···+ri(t)

)

.

Ó ñâîþ ÷åðãó ìàòðèöÿ îïåðàòîðà Di â áàçèñi ïiäïðîñòîðó E0i

Di(t) =
∥∥(K(t)ϕr1+···+ri−1+k(t), ψr1+···+ri−1+l(t)

)∥∥
k,l=1,ri

.

Îòæå, ó áàçèñàõ ïiäïðîñòîðiâ E01 ⊕ E01 ⊕ · · · ⊕ E0,i−1 òà E0i ðiâíÿííÿ (3.136)

íàáóâà¹ âèãëÿäó(
λ(1)(t)

)pi
y

(0)
i (t) +Di(t)y

(0)
i (t) +Di(t)y

(0)(t) = 0,

çâiäêè, âðàõîâóþ÷è ôîðìóëó (3.139), îòðèìà¹ìî(
Di(t)−Di(t)K

−1
i (t)Ki(t) +

(
λ(1)(t)

)pi
Eri

)
y

(0)
i (t) = 0. (3.140)

Öå ðiâíÿííÿ ìà¹ íåíóëüîâi ðîçâ'ÿçêè, ÿêùî

det
(
Di(t)−Di(t)K

−1
i (t)Ki(t) +

(
λ(1)(t)

)pi
Eri

)
= 0. (3.141)

Âèêîðèñòîâóþ÷è ôîðìóëó Øóðà [22, ñ. 55], âñòàíîâèìî, ùî ðiâíÿííÿ (3.141)

ðiâíîñèëüíå íàñòóïíîìó∣∣∣∣∣K i(t) Ki(t)

Di(t) Di(t) +
(
λ(1)(t)

)pi
Eri

∣∣∣∣∣ = 0.

Îñòàíí¹ æ ìîæíà ïîäàòè ó âèãëÿäi

det
(
‖(K(t)ϕl(t), ψk(t))‖r1+···+ri

1 +
(
λ(1)(t)

)pi
Λri

)
= 0,
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äå Λri � äiàãîíàëüíà ìàòðèöÿ r1 + · · · + ri-ãî ïîðÿäêó, âñi äiàãîíàëüíi åëåìåíòè

ÿêî¨ äîðiâíþþòü íóëþ, êðiì ri îñòàííiõ, ÿêi äîðiâíþþòü îäèíèöi, òîáòî

Λri = diag{0, Eri}.

Íàêëàäåìî ùå îäíó óìîâó.

3.13◦. Ïðèïóñòèìî, ùî ðiâíÿííÿ

det
(
‖(K(t)ϕl(t), ψk(t))‖r1+···+ri

1 + ηiΛri

)
= 0,

ìà¹ ri ïðîñòèõ âiäìiííèõ âiä íóëÿ êîðåíiâ η
(k)
i (t), k = 1, ri,∀t ∈ [0;T ].

Òîäi äiñòàíåìî ri ðiâíÿíü(
λ(1)(t)

)pi
= −η(k)

i (t), k = 1, ri.

Ç íèõ âèçíà÷èìî piri ðiçíèõ âiäìiííèõ âiä íóëÿ ôóíêöié λ(1)(t):

λ(1)(t)=! pi
√∣∣∣η(k)

i (t)
∣∣∣(cos

arg(−η(k)
i (t))+2π(j−1)

pi
+i sin

arg(−η(k)
i (t))+2π(j−1)

pi

)
,

(3.142)

k = 1, ri, j = 1, pi, à iç ðiâíÿííÿ (3.140) çíàéäåìî ri âiäïîâiäíèõ âåêòîðiâ y
(0)
i (t):

y
(0)
i (t) = ϕ∗k(t), k = 1, ri, (3.143)

äå ϕ∗k(t) � âëàñíi âåêòîð ìàòðèöi Di(t) − Di(t)K
−1
i (t)Ki(t), ÿêi âiäïîâiäàþòü

âëàñíèì çíà÷åííÿì ϕ∗k(t), k = 1, ri. Âèçíà÷èâøè âåêòîðè y(0)
i (t), çà ôîðìóëîþ

(3.139) çíàéäåìî âåêòîðè y(0)(t), à ïîòiì � çà ôîðìóëîþ (3.134) � âåêòîð y(0)(t).

Âðàõîâóþ÷è (3.121), äiñòàíåìî âåêòîðè u(0)(t). Ïîòiì çà ôîðìóëîþ (3.137) âè-

çíà÷èìî âåêòîðè y(pi−pl)
l (t), l = i+ 1, α:

y
(pi−pl)
l (t) = − 1(

λ(1)(t)
)pl (QlKy

(0)
i (t) +QlKy

(0)(t)
)
, l = i+ 1, α. (3.144)

Òàêèì ÷èíîì, ôóíêöi¨ λ(1)(t), âåêòîðè u(0)(t) òà y(pi−pl)
l (t), l = i+ 1, α, çíà-

éäåíî.

Iíøi êîåôiöi¹íòè ðîçâèíåíü (3.35), (3.36) áóäåìî âèçíà÷àòè ðåêóðåíòíî. Çà-

ôiêñó¹ìî îäíó ç ôóíêöié λ(1)(t) i âiäïîâiäíèé âåêòîð y(0)
i (t), ÿêi çíàõîäÿòüñÿ çà
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ôîðìóëàìè (3.142), (3.143). Âiäïîâiäíå âëàñíå çíà÷åííÿ òà âëàñíèé âåêòîð ìà-

òðèöi Di(t) − Di(t)K
−1
i (t)Ki(t) ïîçíà÷èìî ÷åðåç ηi(t) i ϕ∗(t). Ïðèïóñòèìî, ùî

ôóíêöi¨ λ(j+1)(t) i âåêòîð-ôóíêöi¨ u(j)(t) ïðè j < r âæå âiäîìi. Òîäi äëÿ âèçíà÷å-

ííÿ ôóíêöi¨ λ(r+1)(t) òà âåêòîðà u(r)(t) âèêîðèñòà¹ìî óìîâó (3.120) ïðè s = pi+r,

òîáòî:

Qla
(pi+r)
i (t) = 0, l = 1, α.

Âðàõîâóþ÷è (3.131), (3.133), ìàòèìåìî

−
i−1∑
n=1

pi+r−1∑
k=0

pi+r−k∑
j=1

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t)−

−
pi+r−1∑
k=0

pi+r−k∑
j=1

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y

(k)
i (t)−

−
α∑

n=i+1

pi+r−1∑
k=pi−pn

pi+r−k∑
j=1

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t)+

+
r−1∑
j=0

r−j∑
γ=1

P (r−j)
γ (λ)Qlσ

γ+1(H̃1, H̃2, . . . , H̃m)g
(pi+j)
i (t) +Qlg

(pi+r)
i (t)=0, l = 1, α.

Âçÿâøè äî óâàãè âëàñòèâîñòi (3.128) � (3.131) îïåðàòîðiâ ïðîåêòóâàííÿ Ql, l =

1, α, äiñòàíåìî

−
i−1∑
n=1

r−1∑
k=0

pi+r−k∑
j=pi+1

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t)−

−
r−1∑
k=0

pi+r−k∑
j=pi+1

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y

(k)
i (t)−

−
α∑

n=i+1

pi−pn+r−1∑
k=pi−pn

pi+r−k∑
j=pn+1

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)×

×y(k)
n (t)+

r−1∑
j=0

r−j∑
γ=1

P (r−j)
γ (λ)Qlσ

γ+1(H̃1, H̃2, . . . , H̃m)g
(pi+j)
i (t)+Qlg

(pi+r)
i (t)=0,

(3.145)

l = 1, i− 1;

−
i−1∑
n=1

r−1∑
k=0

pi+r−k∑
j=pi+1

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)Qi

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t)−
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−
r−1∑
k=0

pi+r−k∑
j=pi

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)Qi

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y

(k)
i (t)−

−
α∑

n=i+1

pi−pn+r−1∑
k=pi−pn

pi+r−k∑
j=pn+1

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)Qi

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)×

×y(k)
n (t)− P (pi)

pi
(λ)y

(r)
i (t) +

r−1∑
j=0

r−j∑
γ=1

P (r−j)
γ (λ)Qiσ

γ+1(H̃1, H̃2, . . . , H̃m)g
(pi+j)
i (t)+

+Qig
(pi+r)
i (t) = 0; (3.146)

−
i−1∑
n=1

r−1∑
k=0

pi+r−k∑
j=pi+1

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t)−

−
r−1∑
k=0

pi+r−k∑
j=pi+1

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y

(k)
i (t)−

−
i−1∑
n=1

r−1∑
k=0

pi+r−k∑
j=pi+1

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t)−

−
α∑

n=i+1

pi−pn+r−1∑
k=pi−pn

pi+r−k∑
j=pn

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)×

×y(k)
n (t)−P (pl)

pl
(λ)y

(pi−pl+r)
l (t)+

r−1∑
j=0

r−j∑
γ=1

P (r−j)
γ (λ)Qlσ

γ+1(H̃1, H̃2, . . . , H̃m)g
(pi+j)
i (t)+

+Qlg
(pi+r)
i (t) = 0, l = i+ 1, α. (3.147)

Äîñëiäèìî ñïî÷àòêó ðiâíÿííÿ (3.145). Ñïèðàþ÷èñü íà ïîïåðåäíi âèêëàäêè, ìî-

æåìî çàïèñàòè

g
(pi+r)
i (t) = −K(t)y(r)(t) + g̃

(pi+r)
i (t),

äå g̃(pi+r)
i (t) � âæå âiäîìèé âåêòîð. Âåêòîð y(r)(t) ïîäàìî ó âèãëÿäi

y(r)(t) = y(r)(t) + y
(r)
i (t) +

α∑
n=i+1

y(r)
n (t), (3.148)

äå

y(r)(t) =
i−1∑
n=1

y(r)
n (t),
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i âåêòîðè y(r)
n (t), n = i+ 1, α, âæå âiäîìi çãiäíî ç ôîðìóëîþ (3.133). Îòæå,

g
(pi+r)
i (t) = −K(t)y(r)(t)−K(t)y

(r)
i (t)−

α∑
n=i+1

K(t)y(r)
n (t) + g̃

(pi+r)
i (t).

Ïiäñòàâèâøè öåé âèðàç ó (3.145), äiñòàíåìî

QlKy
(r)(t) +QlKy

(r)
i (t) = QlY

(r)(t), l = 1, i− 1,

äå

Y (r)(t)=−
i∑

n=1

r−1∑
k=0

pi+r−k∑
j=pi+1

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t)−

−
α∑

n=i+1

pi−pn+r−1∑
k=pi−pn

pi+r−k∑
j=pn+1

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t)−

−
α∑

n=i+1

K(t)y(r)
n (t) +

r−1∑
j=0

r−j∑
γ=1

P (r−j)
γ (λ)σγ+1(H̃1, H̃2, . . . , H̃m)g

(pi+j)
i (t) + g̃

(pi+r)
i (t).

Öi ðiâíÿííÿ åêâiâàëåíòíi îäíîìó ðiâíÿííþ

i−1∑
l=1

QlKy
(r)(t) +

i−1∑
l=1

QlKy
(r)
i (t) =

i−1∑
l=1

QlY
(r)(t).

Âèêîðèñòàâøè ââåäåíi âèùå ïîçíà÷åííÿ, çàïèøåìî éîãî ó âèãëÿäi

Kiy
(r)(t) + Kiy

(r)
i (t) =

i−1∑
l=1

QlY
(r)(t).

Ïåðåéøîâøè â áàçèñè ïiäïðîñòîðiâ E01⊕E02⊕ · · · ⊕E0,i−1 òà E0i, ç íüîãî îòðè-

ìà¹ìî

y(r)(t) = −K−1
i (t)Ki(t)y

(r)
i (t) +K

−1
i (t)Ỹ (r)(t), (3.149)

äå

Ỹ (r)(t) =
i−1∑
l=1

QlY
(r)(t).

Ðîçãëÿíåìî òåïåð ðiâíÿííÿ (3.146). Âðàõîâóþ÷è ïðîðîáëåíi âèùå âèêëàäêè,

çàïèøåìî éîãî ó âèãëÿäi(
λ(1)(t)

)pi
y

(r)
i (t) +Diy

(r)
i (t) +Diy

(r)(t) = −P (pi+r)
pi

(λ)y
(0)
i (t) +QiZ

(r)(t),
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äå

Z(r)(t) = −
pi+r∑
j=pi+1

min(j;m)∑
γ=1

P
(pi+r)
j (λ)

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y

(0)
i (t)−

−
r−1∑
k=1

pi+r−k∑
j=pi

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y

(k)
i (t)−

−
i−1∑
n=1

r−1∑
k=0

pi+r−k∑
j=pi+1

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t)−

−
α∑

n=i+1

pi−pn+r−1∑
k=pi−pn

pi+r−k∑
j=pi+1

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t)+

+
r−1∑
j=0

r−j∑
γ=1

P (r−j)
γ (λ)σγ+1(H̃1, H̃2, . . . , H̃m)g

(pi+j)
i (t)−

α∑
n=i+1

K(t)y(r)
n (t) + g̃

(pi+r)
i (t)

� âæå âiäîìèé âåêòîð.

Ó áàçèñàõ ïiäïðîñòîðiâ E01 ⊕ E02 ⊕ · · · ⊕ E0,i−1 òà E0i, öå ðiâíÿííÿ íàáóâà¹

âèãëÿäó(
λ(1)(t)

)pi
y

(r)
i (t) +Di(t)y

(r)
i (t) +Di(t)y

(r)(t) = −P (pi+r)
pi

(λ)y
(0)
i (t) + Z̃(r)(t),

äå

Z̃(r)(t) = QiZ
(r)(t).

Âðàõóâàâøè (3.149) i âçÿâøè äî óâàãè, ùî −
(
λ(1)(t)

)pi
= ηi(t), à y

(0)
i (t) = ϕ∗(t),

çâiäñè äiñòàíåìî(
Di(t)−Di(t)K

−1
i (t)Ki(t)− ηi(t)Eri

)
y

(r)
i (t) = −P (pi+r)

pi
(λ)ϕ∗(t) + Z̃(r)(t)−

−Di(t)K
−1
i (t)Ỹ (r)(t). (3.150)

Öå ðiâíÿííÿ ðîçâ'ÿçíå âiäíîñíî âåêòîðà y(r)
i (t) òîäi i òiëüêè òîäi, êîëè éîãî

ïðàâà ÷àñòèíà áóäå îðòîãîíàëüíà äî âåêòîðà ψ∗(t):

−P (pi+r)
pi

(λ) (ϕ∗(t), ψ∗(t)) +
(
Z̃(r)(t), ψ∗(t)

)
−
(
Di(t)K

−1
i (t)Ỹ (r)(t), ψ∗(t)

)
= 0,

äå ψ∗(t) � åëåìåíò íóëü-ïðîñòîðó ìàòðèöi(
Di(t)−Di(t)K

−1
i (t)Ki(t)− ηi(t)Eri

)∗
.
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Îñêiëüêè çãiäíî ç óìîâîþ 3.13◦ âëàñíå çíà÷åííÿ ηi(t) ìàòðèöi

Di(t)−Di(t)K
−1
i (t)Ki(t)

ïðîñòå, òî éîìó âiäïîâiäà¹ æîðäàíiâ ëàíöþæîê âåêòîðiâ çàâäîâæêè 1. Òîìó,

âåêòîð ψ∗(t) âèáåðåìî òàê, ùîá âèêîíóâàëàñÿ ðiâíiñòü

(ϕ∗(t), ψ∗(t)) = 1,∀t ∈ [0;T ].

Âðàõîâóþ÷è ¨¨, â ðåçóëüòàòi îòðèìà¹ìî

P (pi+r)
pi

(λ) =
(
Z̃(r)(t), ψ∗(t)

)
−
(
Di(t)K

−1
i (t)Ỹ (r)(t), ψ∗(t)

)
.

Îñêiëüêè P (pi+r)
pi (λ) = pi

(
λ(1)(t)

)pi−1
λ(r+1)(t) + P̃

(pi+r)
pi (λ), äå P̃ (pi+r)

pi (λ) � òà ÷à-

ñòèíà âèðàçó P (pi+r)
pi (λ), ÿêà ìiñòèòü ëèøå òi λ(i)(t), iíäåêñè ÿêèõ i ≤ r, òî ç

îñòàííüîãî ðiâíÿííÿ çíàéäåìî íåâiäîìó ôóíêöiþ λ(r+1)(t):

λ(r+1)(t) =

(
Z̃(r)(t), ψ∗(t)

)
−
(
Di(t)K

−1
i (t)Ỹ (r)(t), ψ∗(t)

)
− P̃ (pi+r)

pi (λ)

pi
(
λ(1)(t)

)pi−1 . (3.151)

Ïðè çíàéäåíié ôóíêöi¨ λ(r+1)(t) ðiâíÿííÿ (3.150) áóäå ðîçâ'ÿçíèì, i ç íüîãî

çíàéäåìî

y
(r)
i (t) =

[
Di(t)−Di(t)K

−1
i (t)Ki(t)− ηi(t)Eri

]+

f̃
(r)
i (t), (3.152)

äå f̃ (r)
i (t) � ïðàâà ÷àñòèíà ðiâíÿííÿ (3.150). Ïîòiì çà ôîðìóëîþ (3.149) çíàéäå-

ìî âåêòîð y(r)(t), à çà ôîðìóëîþ (3.148) � y(r)(t). Âèçíà÷èâøè âåêòîð y(r)(t),

çà ôîðìóëîþ (3.122) çíàéäåìî âåêòîð u(r)(t). Ïîòiì iç ñèñòåìè ðiâíÿíü (3.147)

çíàéäåìî âåêòîðè y(pi−pl+r)
l (t), l = i+ 1, α:

y
(pi−pl+r)
l (t)=

−1(
λ(1)(t)

)pl
(
r−1∑
k=0

pi+r−k∑
j=pi+1

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)Ql

∂γP (t,λ0(t))

γ!∂λγ
σj−γ+1(H1, . . .,Hm)×

×y(k)
i (t)+

i−1∑
n=1

r−1∑
k=0

pi+r−k∑
j=pi+1

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t)+

+
α∑

n=i+1

pi−pn+r−1∑
k=pi−pn

pi+r−k∑
j=pn

min(j;m)∑
γ=1

P
(pi+r−k)
j (λ)Ql

∂γP (t, λ0(t))

γ!∂λγ
σj−γ+1(H1, H2, . . . , Hm)y(k)

n (t)−
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−
r−1∑
j=0

r−j∑
γ=1

P (r−j)
γ (λ)Qlσ

γ+1(H̃1, H̃2, . . . , H̃m)g
(pi+j)
i (t)−Qlg

(pi+r)
i (t)

)
, l= i+1, α. (3.153)

Îòæå, iòåðàöiéíèé ïðîöåñ ïðîõîäèòü. Çãiäíî ç ôîðìóëîþ (3.142) ïîäiáíèì ÷è-

íîì ìîæíà ïîáóäóâàòè ripi ôîðìàëüíèõ ðîçâ'ÿçêiâ ñèñòåìè (3.3), ÿêi âiäïîâiäà-

þòü ri ñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì êðàòíîñòi pi â'ÿçêè ìàòðèöü P (t, λ).

Çìiíþþ÷è i âiä 1 äî α, çà âèêîíàííÿ óìîâè 3.13◦, ïîáóäó¹ìî r1p1+r2p2+· · ·+rαpα
ôîðìàëüíèõ ðîçâ'ÿçêiâ ñèñòåìè (3.3). Âèêîíàííÿ óìîâè (3.138

′
) òåïåð âèïëèâà¹

ç 3.13◦.

Àíàëîãi÷íî ïîáóäó¹ìî s1q1+· · ·+sβqβ ðîçâ'ÿçêiâ âèãëÿäó (3.58), ùî âiäïîâiä-
àþòü íåñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì ãðàíè÷íî¨ â'ÿçêè ìàòðèöü P (t, λ),

ïîêëàâøè ó âiäïîâiäíèõ ðîçâèíåííÿõ (3.59), (3.60) ν = qi
√
ε, i = 1, β. Ïðè öüîìó

íàêëàäà¹òüñÿ óìîâè:

3.14◦. Ðiâíÿííÿ

det

(∥∥∥(A(1)
m (t)ϕ̃l(t), ψ̃k(t)

)∥∥∥s1+···+si

1
− θiΛsi

)
= 0, i = 1, β

ìàþòü ëèøå ïðîñòi âiäìiííi âiä íóëÿ êîðåíi.

×åðåç ϕ̃l(t), ψ̃k(t) â öèõ óìîâàõ ïîçíà÷åíî áàçèñíi åëåìåíòè íóëü-ïðîñòîðiâ

ìàòðèöü A(0)
m (t) òà

(
A

(0)
m (t)

)∗
âiäïîâiäíî, Λsi = diag{0, Esi}, i = 1, β.

Ïiäñóìîâóþ÷è âèêëàäåíå, ïðèõîäèìî äî òàêî¨ òåîðåìè.

Òåîðåìà 3.4. ßêùî âèêîíóþòüñÿ óìîâè 3.1◦ � 3.3◦, 3.12◦ � 3.14◦, òî íà âiä-

ðiçêó [0;T ] ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü (3.3) ìà¹ r1p1 + r2p2 + · · · + rαpα

ôîðìàëüíèõ ðîçâ'ÿçêiâ âèãëÿäó

xi(t, µ) = ui(t, µ) exp

(
ε−h

∫ t

0

λi(τ, µ)dτ

)
, i = 1, r1p1 + · · ·+ rαpα,

ùî âiäïîâiäàþòü ñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì ãðàíè÷íî¨ â'ÿçêè ìàòðèöü

(3.5), i s1q1 + s2q2 + · · ·+ sβqβ ðîçâ'ÿçêiâ âèãëÿäó

xj(t, ν) = vj(t, ν) exp

(
ν−qsh−1

∫ t

0

dτ

ξj(τ, ν)

)
, j = 1, s1q1 + · · ·+ sβqβ,

ÿêi âiäïîâiäàþòü íåñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì öi¹¨ â'ÿçêè, äå ui(t, µ)

òà vj(t, ν) � n-âèìiðíi âåêòîðè, à λi(t, µ) òà ξj(t, ν) � ñêàëÿðíi ôóíêöi¨, ÿêi çî-

áðàæóþòüñÿ ó âèãëÿäi ôîðìàëüíèõ ðîçâèíåíü (3.59), (3.60).
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Ôîðìàëüíi ðîçâ'ÿçêè, ÿêi áóäóþòüñÿ çà âêàçàíèì àëãîðèòìîì, ëiíiéíî íå-

çàëåæíi â òîìó ðîçóìiííi, ùî òàêèìè áóäóòü l � íàáëèæåííÿ, óòâîðåíi øëÿ-

õîì îáðèâàííÿ ðîçâèíåíü (3.33), (3.34), (3.56), (3.57) íà l -ìó ÷ëåíi, ÿêùî l ≥
max(p1 − 1, q1 − 1). Òîìó ¨õ ëiíiéíà êîìáiíàöiÿ áóäå çàãàëüíèì ôîðìàëüíèì

ðîçâ'ÿçêîì ñèñòåìè (3.3).

Çàçíà÷èìî, ùî ç òåîðåìè 3.4, ÿê íàñëiäîê, âèïëèâà¹ àíàëîãi÷íà òåîðåìà,

ñôîðìóëüîâàíà áåç äîâåäåííÿ â [101], äëÿ âèïàäêó, êîëè m = 2.

3.3. Ïîáóäîâà ÷àñòèííîãî ôîðìàëüíîãî ðîçâ'ÿçêó íåîäíîðiäíî¨ ñè-

ñòåìè

Äîñëiäèìî ìîæëèâiñòü ïîáóäîâè àñèìïòîòèêè ÷àñòèííîãî ðîçâ'ÿçêó ñèñòåìè

ðiâíÿíü (3.1). Ðîçãëÿäàòèìåìî äâà âèïàäêè: íåðåçîíàíñíèé i ðåçîíàíñíèé. Ó

íåðåçîíàíñíîìó âèïàäêó ñïðàâäæó¹òüñÿ íàñòóïíà òåîðåìà.

Òåîðåìà 3.5. ßêùî âèêîíóþòüñÿ óìîâè 3.1◦ � 3.3◦ i ôóíêöiÿ α(t) â æîäíié

òî÷öi âiäðiçêà [0;T ] íå äîðiâíþ¹ âëàñíîìó çíà÷åííþ â'ÿçêè ìàòðèöü (3.5), òî

ñèñòåìà ðiâíÿíü (3.1) ìà¹ íà öüîìó âiäðiçêó ôîðìàëüíèé ðîçâ'ÿçîê âèãëÿäó

x(t, ε) = ω(t, ε) exp

(
ε−h

∫ t

0

α(τ)dτ

)
, (3.154)

äå ω(t, ε) � n-âèìiðíèé âåêòîð, ÿêèé çîáðàæó¹òüñÿ ôîðìàëüíèì ðîçâèíåííÿì çà

ñòåïåíÿìè ε:

ω(t, ε) =
∞∑
s=0

εsω(s)(t). (3.155)

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ôîðìóëó (3.9), ïiäñòàâèìî âåêòîð (3.154) â ñè-

ñòåìó ðiâíÿíü (3.1). Ó ðåçóëüòàòi äiñòàíåìî

m∑
k=0

k∑
i=0

i∑
j=0

ε(k−j)hC i
kDi−j[α

j]Ak(t, ε)
dk−iω(t, ε)

dtk−i
= f(t, ε).

Ïiäñòàâèâøè â öþ ðiâíiñòü (3.2), (3.155) i ïðèðiâíÿâøè êîåôiöi¹íòè ïðè îäíàêî-

âèõ ñòåïåíÿõ ε, ìàòèìåìî

P (t, α(t))ω(0)(t) = f (0)(t);

P (t, α(t))ω(s)(t) = −
s∑

γ=1

Γ
(γ)
0 (t)ω(s−γ)(t) + f (s)(t), s = 1, 2, . . . ,
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äå Γ
(γ)
0 (t), γ = 1, 2, . . . , � îïåðàòîðíi ôóíêöi¨, ÿêi âèçíà÷àþòüñÿ âèðàçàìè

Γ
(γ)
0 (t) =

m∑
k=0

αk(t)A
(γ)
k (t) +

m∑
i=1

i∑
j=1

m−i+1∑
k=1

C i+k−j−1
i+k−1 Di−j[α

k−1]A
(γ−ih)
i+k−1(t)

dj

dtj
+

+
m−1∑
i=1

m−i∑
j=1

Di[α
j]A

(γ−ih)
i+j (t), γ = 1, 2, . . . .

Îñêiëüêè detP (t, α(t)) 6= 0,∀t ∈ [0;T ], òî çâiäñè äiñòàíåìî òàêi ðåêóðåíòíi

ôîðìóëè äëÿ âèçíà÷åííÿ êîåôiöi¹íòiâ ðîçâèíåíü (3.155):

ω(0)(t) = P−1(t, α(t))f (0)(t);

ω(s)(t) = −
s∑

γ=1

P−1(t, α(t))Γ
(γ)
0 (t)ω(s−γ)(t) + P−1(t, α(t))f (s)(t), s = 1, 2, . . . .

Òåîðåìó äîâåäåíî.

Ó ðåçîíàíñíîìó âèïàäêó ìà¹ ìiñöå òåîðåìà.

Òåîðåìà 3.6. Íåõàé âèêîíóþòüñÿ óìîâè 3.1◦ � 3.3◦ i â'ÿçêà ìàòðèöü (3.5) ìà¹

íà âiäðiçêó [0;T ] âëàñíå çíà÷åííÿ λ0(t) êðàòíiñòþ p, ÿêîìó âiäïîâiäà¹ ñêií÷åííèé

åëåìåíòàðíèé äiëüíèê òàêî¨ ñàìî¨ êðàòíîñòi, ïðè÷îìó λ0(t) = α(t), ∀t ∈ [0;T ].

Òîäi, ÿêùî âèêîíóþòüñÿ óìîâà(
Γ

(1)
0 (t)ϕ(t), ψ(t)

)
6= 0,∀t ∈ [0;T ],

äå ϕ(t) � âiäïîâiäíèé âëàñíèé âåêòîð â'ÿçêè ìàòðèöü (3.5), à ψ(t) � åëåìåíò íóëü-

ïðîñòîðó ìàòðèöi P ∗(t, α(t)), òî ñèñòåìà ðiâíÿíü (3.1) ìà¹ ôîðìàëüíèé ðîçâ'ÿçîê

âèãëÿäó

x(t, ε) = ε−1ω(t, ε) exp

(
ε−h

∫ t

0

α(τ)dτ

)
, (3.156)

äå ω(t, ε) � n-âèìiðíèé âåêòîð, ÿêèé çîáðàæó¹òüñÿ ôîðìàëüíèì ðîçâèíåííÿì

(3.155).

Äîâåäåííÿ. Ïiäñòàâèâøè âåêòîð (3.156), à ïîòiì ðîçâèíåííÿ (3.2), (3.155)

â ñèñòåìó ðiâíÿíü (3.1) i ïðèðiâíÿâøè êîåôiöi¹íòè ïðè îäíàêîâèõ ñòåïåíÿõ ε,

ìàòèìåìî

P (t, α(t))ω(0)(t) = 0; (3.157)

P (t, α(t))ω(s)(t) = −
s∑

γ=1

Γ
(γ)
0 (t)ω(s−γ)(t) + f (s−1)(t), s = 1, 2, . . . . (3.158)
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Ïîêàæåìî, ùî iç ñèñòåì (3.157), (3.158) ìîæíà âèçíà÷èòè áóäü-ÿêi êîåôi-

öi¹íòè ðîçâèíåííÿ (3.155). Îñêiëüêè detP (t, α(t)) ≡ 0, òî ç ðiâíÿííÿ (3.157)

îòðèìà¹ìî

ω(0)(t) = c0(t)ϕ(t), (3.159)

äå c0(t) � íåñêií÷åííî äèôåðåíöiéîâíà ñêàëÿðíà ôóíêöiÿ, ÿêó âèçíà÷èìî äàëi.

Äëÿ òîãî, ùîá ðiâíÿííÿ (3.158) áóëè ðîçâ'ÿçíèìè, íåîáõiäíî i äîñòàòíüî, ùîá

âèêîíóâàëàñÿ óìîâà

−
s∑

γ=1

(
Γ

(γ)
0 (t)ω(s−γ)(t), ψ(t)

)
+
(
f (s−1)(t), ψ(t)

)
= 0, s = 1, 2, . . . . (3.160)

Çà âèêîíàííÿ öi¹¨ óìîâè âåêòîðè ω(s)(t), s = 1, 2, . . . , çíàõîäèòèìåìî çà ôîðìó-

ëîþ

ω(s)(t)=−
s∑

γ=1

H(t)Γ
(γ)
0 (t)ω(s−γ)(t)+H(t)f (s−1)(t)+cs(t)ϕ(t), s = 1, 2, . . . , (3.161)

äå H(t) � ìàòðèöÿ, íàïiâîáåðíåíà äî ìàòðèöi P (t, α(t)), ÿêó âèçíà÷èìî òàê, ùîá

âèêîíóâàëèñü âêëþ÷åííÿ H(t) ∈ C∞[0;T ], à cs(t) � íåñêií÷åííî äèôåðåíöiéîâíi

ñêàëÿðíi ôóíêöi¨, ÿêi íåîáõiäíî çíàéòè.

Äëÿ çíàõîäæåííÿ îñòàííiõ âèêîðèñòà¹ìî óìîâó (3.160). Ïðè s = 1 âîíà çà-

ïèøåòüñÿ ó âèãëÿäi(
Γ

(1)
0 (t)c0(t)ϕ(t), ψ(t)

)
=
(
f (0)(t), ψ(t)

)
.

Ñêîðèñòàâøèñü ôîðìóëîþ

Γ
(1)
0 (t)c0(t) = c0(t)Γ

(1)
0 (t) + δ1,h

dc0(t)

dt

∂P (t, α(t))

∂λ
, (3.162)

çâiäñè äiñòàíåìî

c0(t)
(

Γ
(1)
0 (t)ϕ(t), ψ(t)

)
+ δ1,h

dc0(t)

dt

(
∂P (t, α(t))

∂λ
ϕ(t), ψ(t)

)
=
(
f (0)(t), ψ(t)

)
.

Îñêiëüêè α(t) ¹ êðàòíèì âëàñíèì çíà÷åííÿì â'ÿçêè ìàòðèöü (3.5), ÿêîìó âiäïî-

âiäà¹ ñêií÷åííèé åëåìåíòàðíèé äiëüíèê òàêî¨ ñàìî¨ êðàòíîñòi, òî(
∂P (t, α(t))

∂λ
ϕ(t), ψ(t)

)
= 0,
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òîìó îñòàíí¹ ðiâíÿííÿ íàáóäå âèãëÿäó

c0(t)
(

Γ
(1)
0 (t)ϕ(t), ψ(t)

)
=
(
f (0)(t), ψ(t)

)
,

çâiäêè

c0(t) =

(
f (0)(t), ψ(t)

)(
Γ

(1)
0 (t)ϕ(t), ψ(t)

) .
Çíàéøîâøè ôóíêöiþ c0(t) çà ôîðìóëîþ (3.159) îäíîçíà÷íî âèçíà÷èìî i âåêòîð

ω(0)(t).

Iíøi êîåôiöi¹íòè ðîçâèíåíü (3.155) âèçíà÷àþòüñÿ ðåêóðåíòíèì ÷èíîì. Ïðè-

ïóñòèìî, ùî ôóíêöi¨ ω(i)(t) ïðè i < k óæå âiäîìi. Òîäi çãiäíî ç (3.161)

ω(k)(t) = −
k∑
γ=1

H(t)Γ
(γ)
0 (t)ω(k−γ)(t) +H(t)f (k−1)(t) + ck(t)ϕ(t).

Ïiäñòàâèâøè öåé âèðàç ó ðiâíiñòü (3.160), ïîêëàâøè s = k + 1, ìà¹ìî(
Γ

(1)
0 (t)ω(k)(t), ψ(t)

)
=
(
f (k)(t), ψ(t)

)
−

k+1∑
γ=2

(
Γ

(γ)
0 (t)ω(k+1−γ)(t), ψ(t)

)
àáî(

Γ
(1)
0 (t)ck(t)ϕ(t), ψ(t)

)
=
(
f (k)(t), ψ(t)

)
−

k+1∑
γ=2

(
Γ

(γ)
0 (t)ω(k+1−γ)(t), ψ(t)

)
+

+
k∑
γ=1

(
Γ

(1)
0 (t)H(t)Γ

(γ)
0 (t)ω(k−γ)(t), ψ(t)

)
−
(

Γ
(1)
0 (t)H(t)f (k−1)(t), ψ(t)

)
.

Âðàõóâàâøè (3.162), äiñòàíåìî

ck(t)
(

Γ
(1)
0 (t)ϕ(t), ψ(t)

)
+ δ1,h

dck(t)

dt

(
∂P (t, α(t))

∂λ
ϕ(t), ψ(t)

)
=
(
f (k)(t), ψ(t)

)
−

−
k+1∑
γ=2

(
Γ

(γ)
0 (t)ω(k+1−γ)(t), ψ(t)

)
+

k∑
γ=1

(
Γ

(1)
0 (t)H(t)Γ

(γ)
0 (t)ω(k−γ)(t), ψ(t)

)
−

−
(

Γ
(1)
0 (t)H(t)f (k−1)(t), ψ(t)

)
.

Îñêiëüêè
(
∂P (t,α(t))

∂λ ϕ(t), ψ(t)
)

= 0, à
(

Γ
(1)
0 (t)ϕ(t), ψ(t)

)
6= 0, òî çâiäñè çíàéäåìî

ck(t) =
1(

Γ
(1)
0 (t)ϕ(t), ψ(t)

)((f (k)(t), ψ(t)
)
−

k+1∑
γ=2

(
Γ

(γ)
0 (t)ω(k+1−γ)(t), ψ(t)

)
−
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−
(

Γ
(1)
0 (t)H(t)f (k−1)(t), ψ(t)

)
+

k∑
γ=1

(
Γ

(1)
0 (t)H(t)Γ

(γ)
0 (t)ω(k−γ)(t), ψ(t)

))
.

Âèçíà÷èâøè ôóíêöiþ ck(t), çà ôîðìóëîþ (3.161) çíàéäåìî âåêòîð ω(k)(t).

Iòåðàöiéíèé ïðîöåñ ïðîõîäèòü. Êîðèñòóþ÷èñü íèì, ìîæíà âèçíà÷èòè áóäü-ÿêi

êîåôiöi¹íòè ðîçâèíåíü (3.155).

Òåîðåìó äîâåäåíî.

ßêùî λ0(t) = α(t) � ïðîñòå âëàñíå çíà÷åííÿ â'ÿçêè ìàòðèöü (3.5) i h = 1,

òî ÷àñòèííèé ôîðìàëüíèé ðîçâ'ÿçîê íåîäíîðiäíî¨ ñèñòåìè (3.1) çíàõîäèòüñÿ çà

àëãîðèòìîì, âèêëàäåíèì âèùå, àëå íåâiäîìi ôóíêöi¨ cs(t), s = 0, 1, . . . , âèçíà÷à-

òèìóòüñÿ âæå íå ç àëãåáðà¨÷íèõ ðiâíÿíü, à iç ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

ïåðøîãî ïîðÿäêó.

3.4. Àñèìïòîòè÷íi âëàñòèâîñòi ôîðìàëüíèõ ðîçâ'ÿçêiâ

Ïîêàæåìî, ùî ïîáóäîâàíi âèùå ôîðìàëüíi ðîçâ'ÿçêè ñèñòåì ðiâíÿíü (3.1),

(3.3) ¹ àñèìïòîòè÷íèìè ðîçâèíåííÿìè òî÷íèõ ðîçâ'ÿçêiâ öèõ ñèñòåì.

Ñïî÷àòêó ðîçãëÿíåìî ôîðìàëüíi ðîçâ'ÿçêè ñèñòåìè (3.3), ÿêi áóäóþòüñÿ çà

òåîðåìîþ 3.1 ó âèïàäêó, êîëè ãðàíè÷íà â'ÿçêà ìàòðèöü (3.5) ìà¹ ïðîñòèé ñïåêòð.

Çãiäíî ç öi¹þ òåîðåìîþ ñèñòåìà ðiâíÿíü (3.3) ìà¹mn−1 ôîðìàëüíèõ ðîçâ'ÿçîêiâ

âèãëÿäó

xi(t, ε) = ui(t, ε) exp

(
ε−h

∫ t

t0

λi(τ, ε)dτ

)
, i = 1,mn− 1,

ÿêi âiäïîâiäàþòü ñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì â'ÿçêè (3.5), i îäèí ðîçâ'ÿ-

çîê âèãëÿäó

x(t, ε) = v(t, ε) exp

(
ε−h−1

∫ t

t0

dτ

ξ(τ, ε)

)
,

ùî âiäïîâiäà¹ íåñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó öi¹¨ â'ÿçêè. Ïîçíà÷èìî

÷åðåç

x
(l)
i (t, ε) = u

(l)
i (t, ε) exp

(
ε−h

∫ t

t0

λ
(l)
i (τ, ε)dτ

)
, i = 1,mn− 1,

x(l)(t, ε) = v(l)(t, ε) exp

(
ε−h−1

∫ t

t0

dτ

ξ(l)(τ, ε)

)
,
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l-íàáëèæåííÿ, ÿêi óòâîðþþòüñÿ ç ôîðìàëüíèì ðîçâ'ÿçêiâ x(t, ε), xi(t, ε), i =

1,mn−1, çàâäÿêè îáðèâàííþ ðîçâèíåíü (3.7), (3.8), (3.21), (3.22) íà l-ìó ÷ëåíi:

λ
(l)
i (t, ε) = λi(t) +

l∑
s=1

εsλ
(s)
i (t), u

(l)
i (t, ε) = ϕi(t) +

l∑
s=1

εsu
(s)
i (t), i = 1,mn− 1;

ξ(l)(t, ε) =
l∑

s=0

εsξ(s)(t), v(l)(t, ε) = ϕ̃(t) +
l∑

s=1

εsv(s)(t).

Äiéñíîþ ¹ òàêà òåîðåìà.

Òåîðåìà 3.7. ßêùî âèêîíóþòüñÿ óìîâè 3.1◦ � 3.5◦ i ôóíêöi¨

Re

(
λi(t) +

h−1∑
s=1

εsλ
(s)
i (t)

)
,

h∑
s=0

εsReξ(s)(t), i = 1,mn− 1, (3.163)

íå çìiíþþòü çíàê íà âiäðiçêó [0;T ], òî íà öüîìó âiäðiçêó äëÿ ôîðìàëüíèõ

ðîçâ'ÿçêiâ xi(t, ε), x(t, ε), i = 1,mn− 1, ñèñòåìè (3.3) iñíóþòü òàêi òî÷íi ðîçâ'ÿç-

êè x̃i(t, ε), x̃(t, ε), i = 1,mn− 1, öi¹¨ ñèñòåìè, äëÿ ÿêèõ äàíi ôîðìàëüíi ðîçâ'ÿçêè

¹ àñèìïòîòè÷íèìè ðîçâèíåííÿìè ïðè ε → 0. Äëÿ áóäü-ÿêîãî íàòóðàëüíîãî l i

äîñòàòíüî ìàëèõ ε âèêîíóþòüñÿ íàñòóïíi íåðiâíîñòi:

∥∥∥x(l)
i (t, ε)− x̃i(t, ε)

∥∥∥ ≤ cεl−h sup
t∈[0;T ]

exp

(
ε−h
∫ t

t0

Re

(
λi(τ)+

h−1∑
s=1

εsλ
(s)
i (τ)

)
dτ

)
,

∥∥∥∥∥dkx(l)
i (t, ε)

dtk
− dkx̃i(t, ε)

dtk

∥∥∥∥∥≤cεl−(k+1)h sup
t∈[0;T ]

exp

(
ε−h
∫ t

t0

Re

(
λi(τ)+

h−1∑
s=1

εsλ
(s)
i (τ)

)
dτ

)
,

(3.164)

i = 1,mn− 1, k = 1,m− 1, � äëÿ ðîçâ'ÿçêiâ, ÿêi âiäïîâiäàþòü ñêií÷åííèì åëå-

ìåíòàðíèì äiëüíèêàì, i∥∥∥x(l)(t, ε)− x̃(t, ε)
∥∥∥ ≤ cεl−h−1 sup

t∈[0;T ]

exp

(
ε−h−1

∫ t

t0

∑h
s=0 ε

sReξ(s)(τ)∣∣ξ(l)(τ, ε)
∣∣2 dτ

)
,

∥∥∥∥dkx(l)(t, ε)

dtk
− dkx̃(t, ε)

dtk

∥∥∥∥ ≤ cεl−(k+1)h−1 sup
t∈[0;T ]

exp

(
ε−h−1

∫ t

t0

∑h
s=0 ε

sReξ(s)(τ)∣∣ξ(l)(τ, ε)
∣∣2 dτ

)
,

(3.165)

k = 1,m− 1, � äëÿ ðîçâ'ÿçêó, ùî âiäïîâiäà¹ íåñêií÷åííîìó åëåìåíòàðíîìó äiëü-

íèêó, äå c � ñòàëà, ÿêà íå çàëåæèòü âiä ε.
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Äîâåäåííÿ. Çâåäåìî ñèñòåìó ðiâíÿíü (3.3) äî åêâiâàëåíòíî¨ ñèñòåìè ïåðøîãî

ïîðÿäêó. Äëÿ öüîãî çðîáèìî â íié çàìiíó

yi = ε(i−1)hd
i−1x

dti−1
, i = 1,m.

Ó ðåçóëüòàòi äiñòàíåìî

εhB̃(t, ε)
dy

dt
= Ã(t, ε)y, (3.166)

äå

Ã(t, ε)=



0 En 0 . . . 0 0

0 0 En . . . 0 0
... ... ... ... ...

0 0 0 . . . 0 En

−A0(t, ε) −A1(t, ε) −A2(t, ε) . . . −Am−2(t, ε) −Am−1(t, ε)


,

B̃(t, ε) = diag{En, . . . , En, Am(t, ε)}, y = col [y1, y2, . . . , ym] .

Ïîêàæåìî, ùî óìîâè òåîðåìè 3.7 çàáåçïå÷óþþòü âèêîíàííÿ óìîâ òåîðåìè 4.9

iç [85, ñ. 135] äëÿ ñèñòåìè (3.166). Äëÿ öüîãî çàïèøåìî ôîðìóëè, ÿêi ïîâ'ÿçóþþòü

âiäïîâiäíi l-íàáëèæåííÿ òà òî÷íi ðîçâ'ÿçêè ñèñòåì (3.3) i (3.166):

y
(l)
i (t, ε) = col

[
x

(l)
i (t, ε), εh

dx
(l)
i (t, ε)

dt
, . . . , ε(m−1)hd

m−1x
(l)
i (t, ε)

dtm−1

]
, i = 1,mn− 1,

y(l)(t, ε) = col

[
x(l)(t, ε), εh

dx(l)(t, ε)

dt
, . . . , ε(m−1)hd

m−1x(l)(t, ε)

dtm−1

]
,

ỹi(t, ε) = col

[
x̃i(t, ε), ε

hdx̃i(t, ε)

dt
, . . . , ε(m−1)hd

m−1x̃i(t, ε)

dtm−1

]
, i = 1,mn− 1,

ỹ(t, ε) = col

[
x̃(t, ε), εh

dx̃(t, ε)

dt
, . . . , ε(m−1)hd

m−1x̃(t, ε)

dtm−1

]
,

äå y(l)
i (t, ε), y(l)(t, ε), i = 1,mn− 1, � l-íàáëèæåííÿ ðîçâ'ÿçêiâ ñèñòåìè (3.166),

à ỹi(t, ε), ỹ(t, ε), i = 1,mn− 1, � ¨¨ òî÷íi ðîçâ'ÿçêè. l-íàáëèæåííÿ ðîçâ'ÿçêiâ

ñèñòåìè (3.166) ìîæíà ïðåäñòàâèòè ó âèãëÿäi

y
(l)
i (t, ε) = col

[
u

(l)
i (t, ε), εh

1∑
k=0

k∑
j=0

ε−jhCk
1Dk−j

[(
λ

(l)
i

)j] d1−ku
(l)
i (t, ε)

dt1−k
, . . . ,
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ε(m−1)h
m−1∑
k=0

k∑
j=0

ε−jhCk
m−1Dk−j

[(
λ

(l)
i

)j] dm−1−ku
(l)
i (t, ε)

dtm−1−k

]
exp

(
ε−h
∫ t

0

λ
(l)
i (τ, ε)dτ

)
,

i = 1,mn− 1,

y(l)(t, ε)=col

[
v(l)(t, ε), εh

1∑
k=0

k∑
j=0

ε−(h+1)jCk
1Dk−j

[(
ξ(l)
)−j] d1−kv(l)(t, ε)

dt1−k
, . . . ,

ε(m−1)h
m−1∑
k=0

k∑
j=0

ε−(h+1)jCk
m−1Dk−j

[(
ξ(l)
)−j]dm−1−kv(l)(t, ε)

dtm−1−k

]
exp

(
ε−h−1

∫ t

t0

dτ

ξ(l)(τ, ε)

)
.

Âðàõîâóþ÷è ñòðóêòóðó ìàòðèöü Ã(t, ε), B̃(t, ε) òà âåêòîðà y(t, ε), ç óìîâ 3.1◦

� 3.3◦, 3.5◦ òåîðåìè 3.7 îäðàçó âèïëèâà¹ âèêîíàííÿ óìîâ 1 � 3 òà (4.11) òåîðåìè

4.9 ç [85, ñ. 135]. Ïîêàæåìî, ùî ç óìîâè 3.4◦, çàçíà÷åíî¨ â òåîðåìi 3.7, òàêîæ

âèïëèâà¹, ùî ëiíiéíà â'ÿçêà ìàòðèöü Ã(0)(t)−λB̃(0)(t) ñèñòåìè (3.166) ðåãóëÿðíà

ïðè âñiõ t ∈ [0;T ] i ìà¹ òiëüêè ïðîñòi åëåìåíòàðíi äiëüíèêè:mn−1 � ñêií÷åííèõ,

i îäèí � íåñêií÷åííèé. Äëÿ öüîãî ðîçãëÿíåìî ðiâíÿííÿ

det
(
Ã(0)(t)− λB̃(0)(t)

)
= 0.

Çàñòîñóâàâøè äî âèçíà÷íèêà â ëiâié ÷àñòèíi öüîãî ðiâíÿííÿ åêâiâàëåíòíi ïåðå-

òâîðåííÿ (äèâ. äîâåäåííÿ òåîðåìè 2.1) i âðàõóâàâøè ñòðóêòóðó ìàòðèöü Ã(t, ε),

B̃(t, ε), âñòàíîâèìî, ùî âîíî åêâiâàëåíòíå ðiâíÿííþ

detP (t, λ) = 0.

Îñêiëüêè çãiäíî ç óìîâîþ 3.4◦ îñòàíí¹ ìà¹ mn− 1 ïðîñòèõ êîðåíiâ

λ = λi(t), i = 1,mn− 1,

ïðè âñiõ t ∈ [0;T ], òî â'ÿçêà ìàòðèöü Ã(0)(t) − λB̃(0)(t) ðåãóëÿðíà íà âiäðiçêó

[0;T ] i ìà¹ íà [0;T ] mn−1 ïðîñòèõ âëàñíèõ çíà÷åíü. Òîìó çãiäíî ç òåîðåìîþ 2.1

òà óìîâîþ 3.3◦ öÿ â'ÿçêà ìà¹mn−1 ïðîñòèõ ñêií÷åííèõ åëåìåíòàðíèõ äiëüíèêiâ

i îäèí � íåñêií÷åííèé. Êðiì òîãî, ç óìîâè (3.163) òåîðåìè 3.7 âèïëèâà¹ óìîâà

(4.273) òåîðåìè 4.9 iç [85, ñ. 135].

Òàêèì ÷èíîì, ñèñòåìà (3.166) çàäîâîëüíÿ¹ óìîâè òåîðåìè 4.9 iç [64, ñ. 135],

Òîìó, äëÿ ôîðìàëüíèõ ðîçâ'ÿçêiâ y(l)
i (t, ε), y(l)(t, ε), i = 1,mn− 1, ñèñòåìè ðiâ-

íÿíü (3.166) iñíóþòü òàêi òî÷íi ðîçâ'ÿçêè ỹi(t, ε), ỹ(t, ε), i = 1,mn− 1, ùî ïðè
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áóäü-ÿêîìó íàòóðàëüíîìó l i äîñèòü ìàëèõ ε âèêîíóþòüñÿ íåðiâíîñòi:

∥∥∥y(l)
i (t, ε)−ỹi(t, ε)

∥∥∥≤cεl−h sup
t∈[0;T ]

exp

(
ε−h
∫ t

t0

Re

(
λi(τ)+

h−1∑
s=1

εsλ
(s)
i (τ)

)
dτ

)
, i=1,mn−1,

∥∥∥y(l)(t, ε)− ỹ(t, ε)
∥∥∥ ≤ cεl−h−1 sup

t∈[0;T ]

exp

(
ε−h−1

∫ t

t0

∑h
s=0 ε

sReξ(s)(τ)∣∣ξ(l)(τ, ε)
∣∣2 dτ

)
,

äå c � ñòàëà, ùî íå çàëåæèòü âiä ε.

Âðàõîâóþ÷è çâ'ÿçîê ìiæ òî÷íèìè òà ôîðìàëüíèìè ðîçâ'ÿçêàìè ñèñòåì (3.3)

òà (3.166), ìîæåìî çðîáèòè âèñíîâîê: äëÿ ôîðìàëüíèõ l-íàáëèæåíü x(l)
i (t, ε),

x(l)(t, ε), i = 1,mn− 1, ñèñòåìè ðiâíÿíü (3.3) iñíóþòü òàêi òî÷íi ðîçâ'ÿçêè x̃i(t, ε),

x̃(t, ε), i = 1,mn− 1, ùî ïðè áóäü-ÿêîìó íàòóðàëüíîìó l i äîñèòü ìàëèõ ε âèêî-

íóþòüñÿ íåðiâíîñòi (3.164), (3.165).

Òåîðåìó äîâåäåíî.

Àíàëîãi÷íèì ÷èíîì, âèêîðèñòîâóþ÷è ðåçóëüòàòè ðîáiò [58,85], ìîæíà äîâå-

ñòè àñèìïòîòè÷íèé õàðàêòåð ôîðìàëüíèõ ðîçâ'ÿçêiâ îäíîðiäíî¨ ñèñòåìè (3.3),

ïîáóäîâàíèõ çà òåîðåìàìè 3.2, 3.3, 3.4 ó âèïàäêó êðàòíèõ ñêií÷åííèõ i íåñêií-

÷åííèõ åëåìåíòàðíèõ äiëüíèêiâ â'ÿçêè ìàòðèöü (3.5). Äiéñíèìè ¹ òàêi òåîðåìè.

Òåîðåìà 3.8. ßêùî âèêîíóþòüñÿ óìîâè òåîðåìè 3.2 i ôóíêöi¨

Re

(
λ0(t) +

ph−1∑
s=1

µsλ
(s)
i (t)

)
, i = 1, p,

qh∑
s=0

νsReξ
(s)
j (t), j = 1, q,

íå çìiíþþòü çíàê íà âiäðiçêó [0;T ], òî íà öüîìó âiäðiçêó äëÿ ôîðìàëüíèõ

ðîçâ'ÿçêiâ xi(t, µ), i = 1, p, xj(t, ν), j = 1, q, ñèñòåìè (3.3), ÿêi áóäóþòüñÿ çà

öi¹þ òåîðåìîþ, iñíóþòü òàêi òî÷íi ðîçâ'ÿçêè x̃i(t, ε), i = 1, p, x̃j(t, ε), j = 1, q,

öi¹¨ ñèñòåìè, äëÿ ÿêèõ äàíi ôîðìàëüíi ðîçâ'ÿçêè ¹ àñèìïòîòè÷íèìè ðîçâèíåííÿ-

ìè ïðè ε→ 0. Äëÿ áóäü-ÿêîãî íàòóðàëüíîãî l i äîñòàòíüî ìàëèõ ε âèêîíóþòüñÿ

íåðiâíîñòi:

∥∥∥x(l)
i (t, µ)−x̃i(t, ε)

∥∥∥≤cµl−phε 1−δ
δ sup
t∈[0;T ]

!exp

(
ε−h
∫ t

t0

Re

(
λ0(τ)+

ph−1∑
s=1

µsλ
(s)
i (τ)

)
dτ

)
,

∥∥∥∥∥dkx(l)
i (t, µ)

dtk
−d

kx̃i(t, ε)

dtk

∥∥∥∥∥≤cµl−(k+p)hε
1−δ
δ sup
t∈[0;T ]

exp

(
ε−h
∫ t

t0

Re

(
λ0(τ)+

ph−1∑
s=1

µsλ
(s)
i (τ)

)
dτ

)
,
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i = 1, p, k = 1,m− 1, � äëÿ ðîçâ'ÿçêiâ, ÿêi âiäïîâiäàþòü êðàòíîìó ñêií÷åííîìó

åëåìåíòàðíîìó äiëüíèêó, i

∥∥∥x(l)
j (t, ν)− x̃j(t, ε)

∥∥∥≤cν l−qh−1ε
1−δ
δ sup
t∈[0;T ]

exp

ν−qh−1

∫ t

t0

∑qh
s=0 ν

sReξ
(s)
j (τ)∣∣∣ξ(l)

j (τ, ν)
∣∣∣2 dτ

,
∥∥∥∥∥dkx

(l)
j (t, ν)

dtk
−d

kx̃j(t, ε)

dtk

∥∥∥∥∥≤cν l−(k+q)h−1ε
1−δ
δ sup
t∈[0;T ]

exp

ν−qh−1

∫ t

t0

∑qh
s=0 ν

sReξ
(s)
j (τ)∣∣∣ξ(l)

j (τ, ν)
∣∣∣2 dτ

,
j = 1, q, k = 1,m− 1, � äëÿ ðîçâ'ÿçêiâ, ùî âiäïîâiäàþòü íåñêií÷åííîìó åëåìåí-

òàðíîìó äiëüíèêó, äå x(l)
i (t, µ), x(l)

j (t, ν) � âiäïîâiäíi l-íàáëèæåííÿ, c � ñòàëà, ÿêà

íå çàëåæèòü âiä ε, µ = p
√
ε, ν = q

√
ε, δ = max(p, q).

Òåîðåìà 3.9. ßêùî âèêîíóþòüñÿ óìîâè òåîðåìè 3.3 i ôóíêöi¨

Re

(
λ0(t) +

ph−1∑
s=1

µsλ
(s)
i (t)

)
, i = 1, pr,

qh∑
s=0

νsReξ
(s)
j (t), j = 1, qs,

íå çìiíþþòü çíàê íà âiäðiçêó [0;T ], òî íà öüîìó âiäðiçêó äëÿ ôîðìàëüíèõ

ðîçâ'ÿçêiâ xi(t, µ), i = 1, pr, xj(t, ν), j = 1, qs, ñèñòåìè (3.3), ÿêi áóäóþòüñÿ

çà âêàçàíîþ òåîðåìîþ, iñíóþòü òàêi òî÷íi ðîçâ'ÿçêè x̃i(t, ε), i = 1, pr, x̃j(t, ε),

j = 1, qs, öi¹¨ ñèñòåìè, äëÿ ÿêèõ äàíi ôîðìàëüíi ðîçâ'ÿçêè ¹ àñèìïòîòè÷íèìè

ðîçâèíåííÿìè ïðè ε → 0. Äëÿ áóäü-ÿêîãî íàòóðàëüíîãî l i äîñòàòíüî ìàëèõ ε

âèêîíóþòüñÿ íàñòóïíi íåðiâíîñòi:

∥∥∥x(l)
i (t, µ)−x̃i(t, ε)

∥∥∥≤cµl−phε 1−δ
δ sup
t∈[0;T ]

exp

(
ε−h
∫ t

t0

Re

(
λ0(τ)+

ph−1∑
s=1

µsλ
(s)
i (τ)

)
dτ

)
,

∥∥∥∥∥dkx(l)
i (t, µ)

dtk
−d

kx̃i(t, ε)

dtk

∥∥∥∥∥≤cµl−(k+p)hε
1−δ
δ sup
t∈[0;T ]

exp

(
ε−h
∫ t

t0

Re

(
λ0(τ)+

ph−1∑
s=1

µsλ
(s)
i (τ)

)
dτ

)
,

i = 1, pr, k = 1,m− 1, � äëÿ ðîçâ'ÿçêiâ, ÿêi âiäïîâiäàþòü êðàòíèì ñêií÷åííèì

åëåìåíòàðíèì äiëüíèêàì, i

∥∥∥x(l)
j (t, ν)− x̃j(t, ε)

∥∥∥≤cν l−qh−1ε
1−δ
δ sup
t∈[0;T ]

exp

ν−qh−1

∫ t

t0

∑qh
s=0 ν

sReξ
(s)
j (τ)∣∣∣ξ(l)

j (τ, ν)
∣∣∣2 dτ

,



117∥∥∥∥∥dkx
(l)
j (t, ν)

dtk
−d

kx̃j(t, ε)

dtk

∥∥∥∥∥≤cν l−(k+q)h−1ε
1−δ
δ sup
t∈[0;T ]

exp

ν−qh−1

∫ t

t0

∑qh
s=0 ν

sReξ
(s)
j (τ)∣∣∣ξ(l)

j (τ, ν)
∣∣∣2 dτ

,
j = 1, qs, k = 1,m− 1, � äëÿ ðîçâ'ÿçêiâ, ùî âiäïîâiäàþòü íåñêií÷åííèì åëå-

ìåíòàðíèì äiëüíèêàì, äå c � ñòàëà, ÿêà íå çàëåæèòü âiä ε, µ = p
√
ε, ν = q

√
ε,

δ = max(p, q).

Òåîðåìà 3.10. ßêùî âèêîíóþòüñÿ óìîâè òåîðåìè 3.4 i ôóíêöi¨

Re

λ0(t)+

pγh−1∑
s=1

µsλ
(s)
i (t)

, i=1, pγrγ, γ=1, α,

qγh∑
s=0

νsReξ
(s)
j (t), j=1, qγsγ, γ=1, β,

íå çìiíþþòü çíàê íà âiäðiçêó [0;T ], òî íà öüîìó âiäðiçêó äëÿ ôîðìàëüíèõ

ðîçâ'ÿçêiâ xi(t, µ), i = 1, pγrγ, γ = 1, α, xj(t, ν), j = 1, qγsγ, γ = 1, β, ñèñòå-

ìè (3.3) iñíóþòü òàêi òî÷íi ðîçâ'ÿçêè x̃i(t, ε), i = 1, pγrγ, γ = 1, α, x̃j(t, ε),

j = 1, qγsγ, γ = 1, β, öi¹¨ ñèñòåìè, äëÿ ÿêèõ äàíi ôîðìàëüíi ðîçâ'ÿçêè ¹ àñèìïòî-

òè÷íèìè ðîçâèíåííÿìè ïðè ε → 0. Äëÿ áóäü-ÿêîãî íàòóðàëüíîãî l i äîñòàòíüî

ìàëèõ ε âèêîíóþòüñÿ íàñòóïíi íåðiâíîñòi:

∥∥∥x(l)
i (t, µ)−x̃i(t, ε)

∥∥∥≤cµl−pγhε 1−δ
δ sup
t∈[0;T ]

exp

ε−h∫ t

t0

Re

λ0(τ)+

pγh−1∑
s=1

µsλ
(s)
i (τ)

dτ
,

∥∥∥∥∥dkx(l)
i (t, µ)

dtk
−d

kx̃i(t, ε)

dtk

∥∥∥∥∥≤cµl−(k+pγ)hε
1−δ
δ sup
t∈[0;T ]

exp

ε−h∫ t

t0

Re

λ0(τ)+

pγh−1∑
s=1

µsλ
(s)
i (τ)

dτ
,

i = 1, pγrγ, γ = 1, α, k = 1,m− 1, äëÿ ðîçâ'ÿçêiâ, ÿêi âiäïîâiäàþòü êðàòíèì

ñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì, i

∥∥∥x(l)
j (t, ν)− x̃j(t, ε)

∥∥∥≤cν l−qγh−1ε
1−δ
δ sup
t∈[0;T ]

exp

ν−qγh−1

∫ t

t0

∑qγh
s=0 ν

sReξ
(s)
j (τ)∣∣∣ξ(l)

j (τ, ν)
∣∣∣2 dτ

,
∥∥∥∥∥dkx

(l)
j (t, ν)

dtk
−d

kx̃j(t, ε)

dtk

∥∥∥∥∥≤cν l−(k+qγ)h−1ε
1−δ
δ sup
t∈[0;T ]

exp

ν−qγh−1

∫ t

t0

∑qγh
s=0 ν

sReξ
(s)
j (τ)∣∣∣ξ(l)

j (τ, ν)
∣∣∣2 dτ

,
j = 1, qγsγ, γ = 1, β, k = 1,m− 1, äëÿ ðîçâ'ÿçêiâ, ÿêi âiäïîâiäàþòü íåñêií÷åííèì

åëåìåíòàðíèì äiëüíèêàì, äå c � äåÿêà ñòàëà, ÿêà íå çàëåæèòü âiä ε, µ = pi
√
ε, i =

1, α, ν = qj
√
ε, j = 1, β, δ = max(p1, q1).
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Àíàëîãi÷íi îöiíêè ìàþòü ìiñöå i äëÿ ÷àñòèííèõ ðîçâ'ÿçêiâ íåîäíîðiäíî¨ ñè-

ñòåìè (3.1), ïîáóäîâàíèõ çãiäíî ç òåîðåìàìè 3.5, 3.6. Çîêðåìà, ó âèïàäêó ïðîñòî-

ãî ñïåêòðà õàðàêòåðèñòè÷íîãî ïîëiíîìà P (t, λ) äëÿ ðîçâ'ÿçêiâ, ÿêi áóäóþòüñÿ çà

öèìè òåîðåìàìè, ñïðàâäæóþòüñÿ òàêi òâåðäæåííÿ:

Òåîðåìà 3.11. ßêùî âèêîíóþòüñÿ óìîâè òåîðåì 3.1, 3.5, 3.7, òî íà çàäàíîìó

âiäðiçêó äëÿ ÷àñòèííîãî ôîðìàëüíîãî ðîçâ'ÿçêó (3.154) íåîäíîðiäíî¨ ñèñòåìè

ðiâíÿíü (3.1), ÿêèé áóäó¹òüñÿ çà òåîðåìîþ 3.5, iñíó¹ òàêèé òî÷íèé ðîçâ'ÿçîê

x̃(t, ε) öi¹¨ ñèñòåìè, äëÿ ÿêîãî äàíèé ôîðìàëüíèé ðîçâ'ÿçîê ¹ àñèìïòîòè÷íèì

ðîçâèíåííÿì ïðè ε → 0. Äëÿ áóäü-ÿêîãî íàòóðàëüíîãî l i äîñòàòíüî ìàëèõ ε

âèêîíóþòüñÿ íåðiâíîñòi:∥∥∥x(l)(t, ε)− x̃(t, ε)
∥∥∥ ≤ cεl−h sup

t∈[0;T ]

exp

(
ε−h

∫ t

t0

Reα(τ)dτ

)
,

∥∥∥∥dkx(l)(t, ε)

dtk
− dkx̃(t, ε)

dtk

∥∥∥∥ ≤ cεl−(k+1)h sup
t∈[0;T ]

exp

(
ε−h

∫ t

t0

Reα(τ)dτ

)
,

k = 1,m− 1, äå c � ñòàëà, ÿêà íå çàëåæèòü âiä ε, à x(l)(t, ε) � âiäïîâiäíå l-

íàáëèæåííÿ, ÿêå óòâîðþ¹òüñÿ øëÿõîì îáðèâàííÿì ôîðìàëüíîãî ðÿäó (3.155)

íà l-ìó ÷ëåíi.

Òåîðåìà 3.12. ßêùî âèêîíóþòüñÿ óìîâè òåîðåì 3.1, 3.6, 3.7, òî íà çàäàíîìó

âiäðiçêó äëÿ ÷àñòèííîãî ôîðìàëüíîãî ðîçâ'ÿçêó (3.156) íåîäíîðiäíî¨ ñèñòåìè

ðiâíÿíü (3.1) iñíó¹ òàêèé òî÷íèé ðîçâ'ÿçîê x̃(t, ε) öi¹¨ ñèñòåìè, äëÿ ÿêîãî äàíèé

ôîðìàëüíèé ðîçâ'ÿçîê ¹ àñèìïòîòè÷íèì ðîçâèíåííÿì ïðè ε → 0. Äëÿ áóäü-

ÿêîãî íàòóðàëüíîãî l i äîñèòü ìàëîãî ε âèêîíóþòüñÿ íåðiâíîñòi:∥∥∥x(l)(t, ε)− x̃(t, ε)
∥∥∥ ≤ cεl−h−1 sup

t∈[0;T ]

exp

(
ε−h

∫ t

t0

Reα(τ)dτ

)
,

∥∥∥∥dkx(l)(t, ε)

dtk
− dkx̃(t, ε)

dtk

∥∥∥∥ ≤ cεl−(k+1)h−1 sup
t∈[0;T ]

exp

(
ε−h

∫ t

t0

Reα(τ)dτ

)
,

k = 1,m− 1, äå c � äåÿêà ñòàëà, ÿêà íå çàëåæèòü âiä ε, à x(l)(t, ε) � l-íàáëèæåííÿ

óòâîðåíå ç (3.156) îáðèâàííÿì âiäïîâiäíî ôîðìàëüíîãî ðÿäó (3.155) íà l-ìó ÷ëå-

íi.

Ïîãiðøåííÿ àñèìïòîòè÷íî¨ îöiíêè ÷àñòèííîãî ðîçâ'ÿçêó ñèñòåìè (3.1) â "ðå-

çîíàíñíîìó" âèïàäêó ïîâ'ÿçàíå ç òèì, ùî öåé ðîçâ'ÿçîê áóäó¹òüñÿ, ïî÷èíàþ÷è

ç âiä'¹ìíîãî ñòåïåíÿ ε.
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Çàóâàæåííÿ 3.2. Ó íàâåäåíèõ îöiíêàõ ôiãóðóþòü åêñïîíåíöiàëüíi ìíîæíè-

êè, ÿêi áóäóòü åêñïîíåíöiàëüíî ìàëèìè, ÿêùî âiäïîâiäíèì ÷èíîì âèáðàòè íè-

æíþ ìåæó iíòåãðóâàííÿ, ùî ìiñòèòüñÿ ïiä çíàêîì åêñïîíåíòè: ÿêùî ïiäiíòå-

ãðàëüíèé âèðàç íåäîäàòíèé, òî ïîêëàäà¹ìî t0 = 0, ÿêùî æ öåé âèðàç íåâiä'¹ì-

íèé, áåðåìî t0 = T .

3.5. Ïðèêëàäè

Ïðîiëþñòðó¹ìî îòðèìàíi ðåçóëüòàòè íà êîíêðåòíèõ ïðèêëàäàõ.

Ïðèêëàä 1.

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü{
ε3 d3x1

dt3 + ε4td
3x2
dt3 − 3ε2td

2x1
dt2 − 4εt2 dx1dt + 12t3x1 = 0,

ε4 d3x2
dt3 + ε2 d2x2

dt2 + ε2 dx1
dt + ε2 dx2

dt − t
2x2 = 0,

äå x1(t, ε), x2(t, ε) � øóêàíi ñêàëÿðíi ôóíêöi¨, t ∈ [1; 2].

Çàïèøåìî öþ ñèñòåìó ó âåêòîðíî-ìàòðè÷íèé ôîðìi:

ε3
(
A

(0)
3 (t) + εA

(1)
3 (t)

) d3x

dt3
+ε2A

(0)
2 (t)

d2x

dt2
+ε
(
A

(0)
1 (t) + εA

(1)
1 (t)

) dx
dt

+A
(0)
0 (t)x = 0,

äå

A
(0)
3 (t)=

[
1 0

0 0

]
, A

(1)
3 (t)=

[
0 t

0 1

]
, A

(0)
2 (t)=

[
−3t 0

0 1

]
, A

(0)
1 (t)=

[
−4t2 0

0 0

]
, A

(1)
1 (t)=

[
0 0

1 1

]
,

A
(0)
0 (t)=

[
12t3 0

0 −t2

]
, x = col [x1, x2], 0 = col [0, 0] .

Ðîçãëÿíåìî ãðàíè÷íó â'ÿçêó ìàòðèöü (3.5) äëÿ äàíî¨ ñèñòåìè ðiâíÿíü

P (t, λ) =

[
λ3 − 3tλ2 − 4t2λ+ 12t3 0

0 λ2 − t2

]
.

Âîíà ðåãóëÿðíà, ¨¨ âëàñíi çíà÷åííÿ çíàéäåìî ç ðiâíÿííÿ(
λ3 − 3tλ2 − 4t2λ+ 12t3

) (
λ2 − t2

)
= 0,

ðîçâ'ÿçàâøè ÿêå, äiñòàíåìî

λ1(t) = 3t, λ2(t) = 2t, λ3(t) = −2t, λ4(t) = t, λ5(t) = −t.
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Îòæå, äàíà â'ÿçêà ìà¹ 5 ïðîñòèõ ñêií÷åííèõ åëåìåíòàðíèõ äiëüíèêiâ λ − 3t,

λ− 2t, λ+ 2t, λ− t, λ+ t, i îäèí � ïðîñòèé íåñêií÷åííèé.

Òàêèì ÷èíîì, äàíà ñèñòåìà çàäîâîëüíÿ¹ óìîâè 3.1◦ � 3.4◦ òåîðåìè 3.1. Ïå-

ðåâiðèìî âèêîíàííÿ óìîâè 3.5◦ öi¹¨ òåîðåìè. Äëÿ öüîãî çíàéäåìî âåêòîðè ϕ̃(t),

ψ̃(t) � íóëi ìàòðèöü A(0)
3 (t),

(
A

(0)
3 (t)

)∗
âiäïîâiäíî:

ϕ̃(t) = col [0, 1] , ψ̃(t) = col [0, 1] .

Òîäi
(
A

(1)
3 (t)ϕ̃(t), ψ̃(t)

)
= 1 6= 0,∀t ∈ [0; 1]. Îòæå, óìîâà 3.5◦ òàêîæ âèêîíó¹òüñÿ.

Îñêiëüêè âñi óìîâè òåîðåìè 3.1 âèêîíóþòüñÿ, ìè ìîæåìî íåþ ñêîðèñòàòè-

ñÿ äëÿ ïîáóäîâè íàáëèæåíèõ ðîçâ'ÿçêiâ äàíî¨ ñèñòåìè. Çãiäíî ç öi¹þ òåîðåìîþ

äàíà ñèñòåìà ìà¹ 6 ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ, ÿêi çîáðàæóþòüñÿ àñèìïòî-

òè÷íèìè ôîðìóëàìè:

xi(t, ε) =
(
u

(0)
i (t) + εu

(1)
i (t)

)
exp

(
1

ε

∫ t

t0

(
λi(τ) + ελ

(1)
i (τ)

)
dτ

)
+O(ε2), i = 1, 5;

x6(t, ε) =
(
v(0)(t) + εv(1)(t)

)
exp

(
1

ε2

∫ t

t0

dτ

ξ(0)(τ) + εξ(1)(τ)

)
+O(ε),

äå t0 ∈ {1, 2}.
Âèçíà÷èìî ñêëàäîâi öèõ ôîðìóë. Ñïî÷àòêó ç ðiâíÿííü P (t, λi(t))u

(0)
i (t) = 0

çíàéäåìî âåêòîðè u(0)
i (t), i = 1, 5:

u
(0)
1 (t)=col[1, 0], u

(0)
2 (t)=col[t, 0], u

(0)
3 (t)=col

[
t2, 0

]
, u

(0)
4 (t)=col[0, t], u

(0)
5 (t)=col

[
0, t2

]
.

Äàëi çíàõîäèìî âåêòîðè ψi(t) � åëåìåíòè íóëü-ïðîñòîðiâ ìàòðèöü P ∗(t, λi(t))

(i = 1, 5):

ψ1(t)=c1(t) col [1, 0], ψ2(t)=c2(t) col [1, 0], ψ3(t)=c3(t) col [1, 0],

ψ4(t)=c4(t) col [0, 1], ψ5(t)=c5(t) col [0, 1],

äå ci(t) � ñêàëÿðíi ôóíêöi¨, ÿêi âèçíà÷èìî ç óìîâè
(
∂P (t,λi(t))

1!∂λ ϕi(t), ψi(t)
)

= 1,

i = 1, 5:

c1(t) =
1

23t2 − 18t
, c2(t) = − 1

4t3
, c3(t) =

1

20t4
, c4(t) =

1

2t2
, c5(t) = − 1

2t3
.
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Îòæå,

ψ1(t) =
1

23t2 − 18t
col [1, 0] , ψ2(t) = − 1

4t3
col [1, 0] , ψ3(t) =

1

20t4
col [1, 0] ,

ψ4(t) =
1

2t2
col [0, 1] , ψ5(t) = − 1

2t3
col [0, 1] .

Òåïåð çà ôîðìóëîþ (3.20) âèçíà÷èìî ôóíêöi¨ λ(1)
i (t), i = 1, 5, òà ξ(0)(t). Äëÿ

öüîãî ñïî÷àòêó çíàéäåìî âåêòîðè

a
(1)
i (t) = −

(
dλi(t)

dt
A

(0)
2 (t) +

(
dλ2

i (t)

dt
+ λi(t)

dλi(t)

dt

)
A

(0)
3 (t)

)
u

(0)
i (t)−

−
(
A

(0)
0 (t) + A

(1)
0 (t)

)
u0
i (t)−

(
A

(0)
1 (t) + 2λi(t)A

(0)
2 (t) + 3λ2

i (t)A
(0)
3 (t)

) du(0)
i (t)

dt
−

−
(
λi(t)A

(1)
1 (t) + λ2

i (t)A
(1)
2 (t) + λ3

i (t)A
(1)
3 (t)

)
u

(0)
i (t), i = 1, 5.

Ïðîâiâøè âiäïîâiäíi îá÷èñëåííÿ, äiñòàíåìî

a
(1)
1 (t) = − col

[
12t3 + 18t, 3t

]
, a

(1)
2 (t) = − col

[
12t4 + 2t2, 2t2

]
,

a
(1)
3 (t) = − col

[
12t5 + 58t3,−2t3

]
, a

(1)
4 (t) = − col

[
t4, t3 − t2 + t+ 1

]
,

a
(1)
5 (t) = col

[
t5, t4 + t3 + t2 + 3t

]
.

Òîäi

λ
(1)
1 (t)=

(
a

(1)
1 (t), ψ1(t)

)
=−12t2 + 18

23t− 18
, λ

(1)
2 (t) =

(
a

(1)
2 (t), ψ2(t)

)
=

6t2 + 1

2t
,

λ
(1)
3 (t)=

(
a

(1)
3 (t), ψ3(t)

)
=−6t2 + 29

10t
, λ

(1)
4 (t)=

(
a

(1)
4 (t), ψ4(t)

)
=−t

3 − t2 + t+ 1

2t2
,

λ
(1)
5 (t)=

(
a

(1)
5 (t), ψ5(t)

)
=−t

3 + t2 + t+ 3

2t2
.

Äëÿ çíàõîäæåííÿ ôóíêöi¨ ξ(0)(t) îá÷èñëþ¹ìî b(1)(t)=−A(1)
3 (t)ϕ̃(t)=−col[t, 1],

òîäi ξ(0)(t) =
(
b(1)(t), ψ̃(t)

)
= −1.

Òåïåð çà ôîðìóëîþ (3.21) çíàõîäèìî âåêòîðè u(1)
i (t), i = 1, 5:

u
(1)
1 (t)=P+(t, λ1(t))

(
a

(1)
1 (t)− λ(1)

1 (t)
∂P (t, λ1(t))

1!∂λ
ϕ1(t)

)
=col

[
0,− 3

8t

]
,

u
(1)
2 (t)=P+(t, λ2(t))

(
a

(1)
2 (t)− λ(1)

2 (t)
∂P (t, λ2(t))

1!∂λ
ϕ2(t)

)
=col

[
0,−2

3

]
,
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u
(1)
3 (t)=P+(t, λ3(t))

(
a

(1)
3 (t)− λ(1)

3 (t)
∂P (t, λ3(t))

1!∂λ
ϕ3(t)

)
=col

[
0,

2t

3

]
,

u
(1)
4 (t)=P+(t, λ4(t))

(
a

(1)
4 (t)− λ(1)

4 (t)
∂P (t, λ4(t))

1!∂λ
ϕ4(t)

)
=col

[
− t

6
, 0

]
,

u
(1)
5 (t)=P+(t, λ5(t))

(
a

(1)
5 (t)− λ(1)

5 (t)
∂P (t, λ5(t))

1!∂λ
ϕ5(t)

)
=col

[
t2

12
, 0

]
,

à çà ôîðìóëîþ (3.33) � v(1)(t):

v(1)(t)=G(t)
(
b(1)(t)− ξ(0)(t)A

(0)
2 (t)ϕ̃(t)

)
=col [−t, 0].

Çíàéäåìî ùå ôóíêöiþ ξ(1)(t). Äëÿ öüîãî ñïî÷àòêó âèçíà÷èìî âåêòîð b(2)(t):

b(2)(t)=−A(1)
3 (t)v(1)(t)−ξ(0)(t)A

(0)
2 (t)v(1)(t)−ξ(0)(t)A

(1)
2 (t)v(0)(t)−A(2)

3 (t)v(0)(t)−

−3ξ(0)(t)A
(0)
3 (t)

dv(0)(t)

dt
−
(
ξ(0)(t)

)3
(
d

dt

(
1

ξ(0)(t)

)2

+
1

ξ(0)(t)

d

dt

1

ξ(0)(t)

)
A

(0)
3 (t)v(0)(t)=

= col
[
3t2, 0

]
.

Òîäi

ξ(1)(t) =
(
b(2)(t), ψ̃(t)

)
= 0.

Îòæå, çàãàëüíèé ðîçâ'ÿçîê äàíî¨ ñèñòåìè ðiâíÿíü ìà¹ âèãëÿä

x(t, ε) =
6∑
i=1

cixi(t, ε),

äå

x1(t, ε)=

(
col [1, 0] + ε col

[
0,− 3

8t

])
exp

(
−1

ε

∫ 2

t

(
3τ − ε12τ 2 + 18

23τ − 18

)
dτ

)
+O(ε2),

x2(t, ε)=

(
col [t, 0] + ε col

[
0,−2

3

])
exp

(
−1

ε

∫ 2

t

(
2τ + ε

6τ 2 + 1

2τ

)
dτ

)
+O(ε2),

x3(t, ε)=

(
col
[
t2, 0

]
+ ε col

[
0,

2t

3

])
exp

(
−1

ε

∫ t

1

(
2τ + ε

6τ 2 + 29

10τ

)
dτ

)
+O(ε2),

x4(t, ε)=

(
col [0, t] + ε col

[
− t

6
, 0

])
exp

(
−1

ε

∫ 2

t

(
τ − ετ

3 − τ 2 + τ + 1

2τ 2

)
dτ

)
+O(ε2),

x5(t, ε)=

(
col
[
0, t2

]
+ ε col

[
t2

12
, 0

])
exp

(
−1

ε

∫ t

1

(
τ + ε

τ 3 + τ 2 + τ + 3

2τ 2

)
dτ

)
+O(ε2),
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x6(t, ε)=(col [0, 1] + ε col [−t, 0]) exp

(
− 1

ε2
(t− 1)

)
+O(ε),

ci, i = 1, 6, � äîâiëüíi ñòàëi.

Ïðèêëàä 2.

Ðîçãëÿíåìî ñèñòåìó ðiâíÿíü{
ε3 d3x1

dt3 + ε3 d3x2
dt3 + 3ε2td

2x1
dt2 + 3εt2 dx1dt + t3x1 = 0,

ε2 dx1
dt + ε2 dx2

dt + x2 = exp
(
t2

2ε

)
,

äå x1(t, ε), x2(t, ε) � øóêàíi ñêàëÿðíi ôóíêöi¨, t ∈ [0; 1].

Çàïèøåìî öþ ñèñòåìó ó âåêòîðíî-ìàòðè÷íèé ôîðìi:

ε3A
(0)
3 (t)

d3x

dt3
+ε2A

(0)
2 (t)

d2x

dt2
+ε
(
A

(0)
1 (t)+εA

(1)
1 (t)

)dx
dt

+A
(0)
0 (t)x=f (0)(t) exp

(
1

ε

∫ t

0

τdτ

)
,

(3.167)

äå

A
(0)
3 (t)=

[
1 1

0 0

]
, A

(0)
2 (t) =

[
3t 0

0 0

]
, A

(0)
1 (t)=

[
3t2 0

0 0

]
, A

(1)
1 (t)=

[
0 0

1 1

]
,

A
(0)
0 (t)=

[
t3 0

0 1

]
, f (0)(t)=col [0, 1], x=col [x1, x2].

Çàãàëüíèé ðîçâ'ÿçîê öi¹¨ ñèñòåìè øóêàòèìåìî ó âèãëÿäi çàãàëüíîãî ðîçâ'ÿçêó

âiäïîâiäíî¨ îäíîðiäíî¨ ñèñòåìè

ε3A
(0)
3 (t)

d3x

dt3
+ ε2A

(0)
2 (t)

d2x

dt2
+ ε

(
A

(0)
1 (t) + εA

(1)
1 (t)

) dx
dt

+ A
(0)
0 (t)x = 0 (3.168)

i ÷àñòèííîãî ðîçâ'ÿçêó íåîäíîðiäíî¨ ñèñòåìè (3.167).

Çíàéäåìî çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (3.168). Ãðàíè÷íà â'ÿçêà ìàòðèöü äà-

íî¨ ñèñòåìè

P (t, λ) =

[
(λ+ t)3 λ3

0 1

]
ìà¹ îäíå âëàñíå çíà÷åííÿ λ0(t) = −t êðàòíîñòi 3, ÿêîìó âiäïîâiäà¹ ñêií÷åííèé

åëåìåíòàðíèé äiëüíèê (λ+ t)3. Êðiì òîãî, äàíà â'ÿçêà ìà¹ íåñêií÷åííèé åëåìåí-

òàðíèé äiëüíèê êðàòíîñòi 3.

Ó ñèñòåìi (3.168) ïðè ñòàðøié ïîõiäíié çíàõîäèòüñÿ âèðîäæåíà ìàòðèöÿ, òî-

ìó çãiäíî ç òåîðåìîþ 2.2 ¨¨ ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ ñêëàäà¹òüñÿ ç
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ìåíøî¨ êiëüêîñòi ÷àñòèííèõ ðîçâ'ÿçêiâ, íiæ mn = 6. Çàñòîñó¹ìî äî öi¹¨ ñèñòåìè

òåîðåìó 2.2. Îñêiëüêè óìîâè öi¹¨ òåîðåìè âèêîíóþòüñÿ, òî çàëèøà¹òüñÿ âèçíà÷è-

òè äîâæèíó æîðäàíîâîãî ëàíöþæêà ìàòðèöi A3(t, ε) âiäíîñíî îïåðàòîðiâ (2.12).

Äëÿ öüîãî çíàéäåìî âåêòîðè öüîãî ëàíöþæêà. Ðîçãëÿíåìî ñèñòåìó ðiâíÿíü

A3(t, ε)y1(t, ε) = 0,

àáî [
ε3 ε3

0 0

][
x

y

]
=

[
0

0

]
,

çâiäêè âèïëèâà¹, ùî y1(t, ε) = col [a(t, ε),−a(t, ε)] , äå a(t, ε) 6= 0 � äîâiëüíà

ñêàëÿðíà ôóíêöiÿ. Äðóãèé âåêòîð y2(t, ε) æîðäàíîâîãî ëàíöþæêà âèçíà÷èìî ç

ðiâíÿííÿ

A3(t, ε)y2(t, ε) + 3A3(t, ε)
dy1(t, ε)

dt
+ A2(t, ε)y1(t, ε) = 0.

Äëÿ òîãî, ùîá öÿ ñèñòåìà ìàëà ðîçâ'ÿçêè, íåîáõiäíî i äîñòàòíüî, ùîá âåêòîð

3A3(t, ε)
dy1(t, ε)

dt
+ A2(t, ε)y1(t, ε)

áóâ îðòîãîíàëüíèì äî äîâiëüíîãî ðîçâ'ÿçêó ñîþçíî¨ ñèñòåìè. Çíàéäåìî éîãî ç

ðiâíÿííÿ

A∗3(t, ε)z(t, ε) = 0,

àáî [
ε3 0

ε3 0

][
x

y

]
=

[
0

0

]
,

çâiäêè z(t, ε) = col [0, b(t, ε)] , äå b(t, ε) 6= 0 � äîâiëüíà ñêàëÿðíà ôóíêöiÿ.

Îñêiëüêè óìîâà îðòîãîíàëüíîñòi âèêîíó¹òüñÿ:(
col
[
−3tε2a(t, ε), 0

]
, col [0, b(t, ε)]

)
= 0,

òî âåêòîð y2(t, ε) âèçíà÷èìî çà ôîðìóëîþ

y2(t, ε)=

[
ε3 ε3

0 0

]+ [
−3tε2a(t, ε)

0

]
=

[
1
ε3

1
ε3

0 0

][
−3tε2a(t, ε)

0

]
=col

[
−3tε−1a(t, ε), 0

]
.
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Âåêòîð y3(t, ε) çíàéäåìî ç ðiâíÿííÿ

A3(t, ε)y3(t, ε) + L1(t, ε)y2(t, ε) + L2(t, ε)y1(t, ε) = 0,

òîáòî [
ε3 ε3

0 0

][
x

y

]
=

[
6εt2a(t, ε) + 9ε2 dta(t,ε)

dt − 6ε2tda(t,ε)
dt

0

]
.

Îñêiëüêè
(

col
[
6εt2a(t, ε) + 9ε2 dta(t,ε)

dt − 6ε2tda(t,ε)
dt , 0

]
, col [0, b(t, ε)]

)
= 0, òî öå

ðiâíÿííÿ òàêîæ ñóìiñíå, à y3(t, ε)=col
[
6ε−2t2a(t, ε) + 9ε−1 dta(t,ε)

dt − 6ε−1tda(t,ε)
dt , 0

]
.

Íàðåøòi, ÷åòâåðòèé âåêòîð øóêàíîãî æîðäàíîâîãî ëàíöþæêà ìà¹ çàäîâîëüíÿòè

ðiâíÿííÿ

A3(t, ε)y4(t, ε) + L1(t, ε)y3(t, ε) + L2(t, ε)y2(t, ε) + L3(t, ε)y1(t, ε) = 0,

àáî[
ε3 ε3

0 0

][
x

y

]
= −

ε−1
(

27d
2ta(t,ε)
dt2 − 18 d

dtt
da(t,ε)
dt + 27tdta(t,ε)

dt − 18t2 da(t,ε)
dt

)
−3εta(t, ε)− a(t, ε)

−
−

ε−2
(

18dt
2a(t,ε)
dt + 18t3a(t, ε)

)
− t3a(t, ε)− 18εtdta(t,ε)

dt − 9ε2 d
2ta(t,ε)
dt2

0

−
−

[
3εt2 da(t,ε)

dt + 3ε2td
2a(t,ε)
dt2

0

]
.

Ñêàëÿðíèé äîáóòîê ïðàâî¨ ÷àñòèíè öüîãî ðiâíÿííÿ íà äîâiëüíèé ðîçâ'ÿçîê ñî-

þçíî¨ ñèñòåìè (3εt + 1)a(t, ε)b(t, ε) 6= 0, òîìó âîíî íåðîçâ'ÿçíå. Îòæå, äîâæèíà

çíàéäåíîãî æîðäàíîâîãî ëàíöþæêà äîðiâíþ¹ 3. Òîìó çãiäíî ç òåîðåìîþ 2.2 ôóí-

äàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ îäíîðiäíî¨ ñèñòåìè (3.168) ÿâëÿ¹ ñîáîþ ëiíiéíó

êîìáiíàöiþ 3-õ ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ. Çãiäíî ç òåîðåìîþ 3.2 óñi âîíè

âiäíîñÿòüñÿ äî ðîçâ'ÿçêiâ ïåðøî¨ ãðóïè. Ðîçâ'ÿçêiâ äðóãî¨ ãðóïè öÿ ñèñòåìà íå

ìà¹.

Ïåðåâiðèìî, ÷è çàäîâîëüíÿ¹ äàíà ñèñòåìà îñíîâíó óìîâó òåîðåìè 3.2 � óìîâó

3.8◦. Ñïî÷àòêó ç ðiâíÿíü P (t, λ0)ϕ(t) = 0, P ∗(t, λ0)ψ(t) = 0 çíàéäåìî âåêòîðè

ϕ(t), ψ(t):

ϕ(t) = col [1, 0] , ψ(t) = c(t) col
[
1, t3

]
,
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äå c(t) � íåñêií÷åííî äèôåðåíöiéîâíà ñêàëÿðíà ôóíêöiÿ. �¨ âèçíà÷èìî ç óìîâè

3∑
j=1

(
∂jP (t, λ0(t))

j!∂λj
σ4−j(H1, H2, H3)ϕ(t), ψ(t)

)
=1. (3.169)

Äëÿ öüîãî çíàéäåìî ìàòðèöi

H(t) = P+(t, λ0(t)) =

[
0 −t3

0 1

]
,

∂P (t, λ0(t))

1!∂λ
= A

(0)
1 (t) + 2λ0(t)A

(0)
2 (t) + 3λ2

0(t)A
(0)
3 (t) =

[
0 3t2

0 0

]
,

∂2P (t, λ0(t))

2!∂λ2
=A

(0)
2 (t) + 3λ0(t)A

(0)
3 (t)=

[
0 −3t

0 0

]
,
∂3P (t, λ0(t))

3!∂λ3
=A

(0)
3 (t)=

[
1 1

0 0

]
,

σ1(H1, H2, H3)=E=diag{1, 1}, σ2(H1, H2, H3)=H1(t)=−H(t)
∂P (t,λ0(t))

1!∂λ
=

= diag{0, 0},

σ3(H1, H2, H3)=H2
1(t)+H2(t)=

(
H(t)

∂P (t, λ0(t))

1!∂λ

)2

−H(t)
∂2P (t, λ0(t))

2!∂λ2
=

= diag{0, 0}.
Òîäi ç (3.169) äiñòàíåìî c(t) = 1 i, îòæå, ψ(t) = col

[
1, t3

]
. Äàëi ìà¹ìî

K(t)ϕ(t) = −
3∑

k=0

λk0(t)A
(1)
k (t)ϕ(t)−

3∑
k=1

Ck−1
k λk−1

0 (t)A
(0)
k (t)

dϕ(t)

dt
−

−
3∑

k=2

k−1∑
i=1

λk−1−i
0 (t)

dλi0(t)

dt
A

(0)
k (t)ϕ(t)=col [0, t], (K(t)ϕ(t), ψ(t))= t4 6=0.

Îòæå, óìîâà 3.8◦ òåîðåìè 3.2 âèêîíó¹òüñÿ. Âèêîðèñòîâóþ÷è öþ òåîðåìó, çíà-

éäåìî ðîçâ'ÿçêè ñèñòåìè (3.168) äî äðóãîãî íàáëèæåííÿ:

xi(t, ε)=
(
u

(0)
i (t)+ε

1
3u

(1)
i (t)+ε

2
3u

(2)
i (t)

)
exp

(
ε−1

∫ t

t0

(
λ0(τ)+ε

1
3λ

(1)
i (τ)+ε

2
3λ

(2)
i (τ)

)
dτ

)
+

+O(ε), i = 1, 3.

Çãiäíî ç ôîðìóëîþ (3.56)

λ
(1)
j (t)= 3

√
(K(t)ϕ(t), ψ(t))

(
cos

arg (K(t)ϕ(t), ψ(t))+2π(j−1)

3
+
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+i sin
arg (K(t)ϕ(t), ψ(t))+2π(j−1)

3

)
,

j = 1, 3, çâiäêè

λ
(1)
1 (t) = t

3
√
t, λ

(1)
2 (t) = −

(
1

2
− i
√

3

2

)
t

3
√
t, λ

(1)
3 (t) = −

(
1

2
+ i

√
3

2

)
t

3
√
t.

Âèêîðèñòîâóþ÷è ôîðìóëè u(1)
i (t) = −λ(1)

i (t)H(t)∂P (t,λ0(t))
1!∂λ ϕ(t), i = 1, 3, âñòà-

íîâèìî, ùî

u
(1)
i (t) = 0, i = 1, 3.

Ôóíêöi¨ λ(2)
i (t) âèçíà÷àþòüñÿ çà ôîðìóëîþ

λ
(2)
i (t) =

λ
(1)
i (t)

(
H̃1(t)g

(3)
i (t), ψ(t)

)
+
(
g

(4)
i (t), ψ(t)

)
3
(
λ

(1)
i (t)

)2 −

−1

3

(
λ

(1)
i (t)

)2
(

3∑
j=1

∂jP (t, λ0(t))

j!∂λj
σ5−j(H1, H2, H3)ϕ(t), ψ(t)

)
, i = 1, 3.

Îñêiëüêè

σ2(H1, H2, H3)=σ3(H1, H2, H3)=σ4(H1, H2, H3)=diag{0, 0}, H̃1(t)=

[
0 −3t2

0 0

]
,

òî âîíà çàïèøåòüñÿ ó âèãëÿäi

λ
(2)
i (t) =

λ
(1)
i (t)

(
H̃1(t)g

(3)
i (t), ψ(t)

)
+
(
g

(4)
i (t), ψ(t)

)
3
(
λ

(1)
i (t)

)2 , i = 1, 3. (3.170)

Ùîá ñêîðèñòàòèñÿ öi¹þ ôîðìóëîþ, çíàéäåìî âåêòîðè

g
(3)
i (t)=−

3∑
k=0

λk0(t)A
(1)
k (t)ϕ(t)−

3∑
k=1

Ck−1
k λk−1

0 (t)A
(0)
k (t)

dϕ(t)

dt
−

3∑
k=2

D
(0)
1 [λk−1]A

(0)
k (t)ϕ(t),

i = 1, 3,

g
(4)
i (t) = −

3∑
k=0

1∑
β=0

[ 4−β3 ]∑
γ=1

D
(β)
0

[
λki
]
A

(γ)
k (t)u

(4−β−3γ)
i (t)−

−
3∑

k=2

k−1∑
j=1

4−3(k−j)∑
β=0

[ 4−β−3(k−j)3 ]∑
γ=0

D
(β)
k−j

[
λji

]
A

(γ)
k (t)u

(4−β−3(k+γ−j))
i (t)−
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−
3∑

k=1

k−1∑
s=0

s∑
j=0

4−3(k−j)∑
β=0

[ 4−β−3(k−j)3 ]∑
γ=0

Cs
kD

(β)
s−j

[
λji

]
A

(γ)
k (t)

dk−su
(4−β−3(k+γ−j))
i

dtk−s
, i = 1, 3.

Ïðîâiâøè âiäïîâiäíi îá÷èñëåííÿ, äiñòàíåìî

g
(3)
1 (t) = g

(3)
2 (t) = g

(3)
3 (t) = col [0, t],

g
(4)
1 (t) = t

3
√
t col [3,−1] , g

(4)
2 (t) = (1− i

√
3)t

3
√
t col

[
−3

2
,
1

2

]
,

g
(4)
3 (t) = (1 + i

√
3)t

3
√
t col

[
−3

2
,
1

2

]
.

Òîäi ç (3.170) çíàéäåìî

λ
(2)
1 (t)=−4t3−3

3t2
3
√
t2, λ

(2)
2 (t)=

(4t3−3)(1+i
√

3)

6t2
3
√
t2, λ

(2)
3 (t)=

(4t3−3)(1−i
√

3)

6t2
3
√
t2.

Íàðåøòi âåêòîðè, u(2)
i (t), i = 1, 3, îá÷èñëèìî çà ôîðìóëîþ

u
(2)
i (t) = H(t)a

(2)
i (t), i = 1, 3,

äå

a
(2)
i (t)=−

(
λ

(1)
i (t)

)2
[
∂P (t, λ0(t))

1!∂λ
H1(t)+

∂2P (t, λ0(t))

2!∂λ2

]
ϕ(t)−λ(2)

i (t)
∂P (t, λ0(t))

1!∂λ
ϕ(t),

i = 1, 3. Ïðîâiâøè âiäïîâiäíi ðîçðàõóíêè, îòðèìà¹ìî

u
(2)
1 (t) = u

(2)
2 (t) = u

(2)
3 (t) = 0.

Ïîáóäó¹ìî òåïåð ÷àñòèííèé ðîçâ'ÿçîê ñèñòåìè (3.167). Îñêiëüêè λ0(t) 6= t,

òî ìà¹ ìiñöå íåðåçîíàíñíèé âèïàäîê, òîìó ðîçâ'ÿçîê äàíî¨ ñèñòåìè, çãiäíî ç

òåîðåìîþ 3.5, áóäåìî øóêàòè ó âèãëÿäi

x̃(t, ε) =
(
ω(0)(t) + εω(1)(t) + ε2ω(2)(t)

)
exp

(
1

ε

∫ t

t0

τdτ

)
+O(ε).

Âèêîðèñòîâóþ÷è ôîðìóëè, îòðèìàíi ïðè äîâåäåííi öi¹¨ òåîðåìè, äiñòàíåìî

ω(0)(t) = P−1(t, α(t))f (0)(t) =

[
1

8t3 −
1
8

0 1

][
0

1

]
= col

[
−1

8
, 1

]
;

ω(1)(t)=−P−1(t, α(t))Γ
(1)
0 (t)ω(0)(t)=−

[
1

8t3 −
1
8

0 1

][
6t 3t

t t

][
−1

8

1

]
=col

[
7t3−18

64t2
,−7t

8

]
;
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ω(2)(t) = −P−1(t, α(t))Γ
(1)
0 (t)ω(1)(t)− P−1(t, α(t))Γ

(2)
0 (t)ω(0)(t) =

=−

[
1

8t3 −
1
8

0 1

][
6t 3t

t t

][
7t3−18

64t2

−7t
8

]
−

[
1

8t3 −
1
8

0 1

][
0 0

t t

][
0

0

]
=col

[
108+108t3−49t6

512t4
,
49t3+18

64t

]
.

Îòæå, çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè (3.167) ìà¹ âèãëÿä:

x(t, ε) =
3∑
j=1

cjxj(t, ε) + x̃(t, ε) +O(ε),

äå

x1(t, ε)=col[1, 0]exp

(
1

ε

∫ t

0

(
−τ+ε

1
3τ 3
√
τ−ε

2
3
4τ 3−3

3τ 2

3
√
τ 2

)
dτ

)
,

x2(t, ε)=col[1, 0]exp

(
1

ε

∫ t

0

(
−τ−ε

1
3 (1−i

√
3)
τ 3
√
τ

2
+ε

2
3
(1+i

√
3)(4τ 3−3)

6τ 2

3
√
τ 2

)
dτ

)
,

x3(t, ε)=col[1, 0]exp

(
1

ε

∫ t

0

(
−τ−ε

1
3 (1+i

√
3)
τ 3
√
τ

2
+ε

2
3
(1−i

√
3)(4τ 3−3)

6τ 2

3
√
τ 2

)
dτ

)
,

x̃(t, ε)=

(
col

[
−1

8
, 1

]
+ε col

[
7t3−18

64t2
,−7t

8

]
+ε2 col

[
108+108t3−49t6

512t4
,
49t3+18

64t

])
×

× exp
(
−1
ε

∫ 2

1 τdτ
)
, cj, j = 1, 3, � äîâiëüíi ñòàëi.

3.6. Âèñíîâêè äî ðîçäiëó 3

Ó äàíîìó ðîçäiëi äîñëiäæåíî ïèòàííÿ ïðî ïîáóäîâó àñèìïòîòèêè ïðè ε→ 0

ðîçâ'ÿçêiâ ëiíiéíî¨ ñèíãóëÿðíî çáóðåíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíüm−ãî
ïîðÿäêó (3.1) ç òîòîæíî âèðîäæåíîþ ãîëîâíîþ ìàòðèöåþ A

(0)
m (t) ïðè ïîõiäíèõ.

Ó ïóíêòi 3.2 äîñëiäæåíî ïðîáëåìó ïîáóäîâè ëiíiéíî íåçàëåæíèõ ôîðìàëü-

íèõ ðîçâ'ÿçêiâ îäíîðiäíî¨ ñèñòåìè, ÿêà âiäïîâiäà¹ (3.1). Ïðè öüîìó ðîçãëÿíóòî

íàñòóïíi âèïàäêè, ïîâ'ÿçàíi çi ñòðóêòóðîþ ñïåêòðà ãðàíè÷íî â'ÿçêè ìàòðèöü

(3.5):

a) êîëè âñi ñêií÷åííi òà íåñêií÷åííi åëåìåíòàðíi äiëüíèêè ïðîñòi;

á) êîëè ñïåêòð â'ÿçêè P (t, λ) ñêëàäà¹òüñÿ ç äâîõ êðàòíèõ åëåìåíòàðíèõ äiëü-

íèêiâ � ñêií÷åííîãî òà íåñêií÷åííîãî;

â) êîëè â'ÿçêà P (t, λ) ìà¹ êiëüêà êðàòíèõ ñêií÷åííèõ åëåìåíòàðíèõ äiëüíèêiâ

i êiëüêà êðàòíèõ íåñêií÷åííèõ îäíàêîâî¨ êðàòíîñòi.
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ã) çàãàëüíèé âèïàäîê, êîëè ãðàíè÷íà â'ÿçêà ìàòðèöü ìà¹ ñêií÷åííi i íåñêií-

÷åííi åëåìåíòàðíi äiëüíèêè ÿê îäíàêîâî¨, òàê i ðiçíî¨ êðàòíîñòi.

Ó êîæíîìó ç öèõ âèïàäêiâ âèçíà÷åíî óìîâè, çà âèêîíàííÿ ÿêèõ äàíà ñèñòå-

ìà ðiâíÿíü ìà¹ ôîðìàëüíi ðîçâ'ÿçêè, ÿêi çîáðàæóþòüñÿ ó âèãëÿäi ôîðìàëüíèõ

ðîçâèíåíü çà ñòåïåíÿìè ïàðàìåòðà ε, i ðîçðîáëåíî àëãîðèòì äëÿ çíàõîäæåííÿ

êîåôiöi¹íòiâ öèõ ðîçâèíåíü.

Âñòàíîâëåíî, ùî öi ðîçâ'ÿçêè ïîäiëÿþòüñÿ íà äâi ãðóïè: ðîçâ'ÿçêè, ùî âiäïî-

âiäàþòü ñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì, i ðîçâ'ÿçêè, ÿêi âiäïîâiäàþòü íå-

ñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì. Ïåðøà ãðóïà ðîçâ'ÿçêiâ áóäó¹òüñÿ â êëà-

ñè÷íié ôîðìi Äæ. Áiðêãîôà, à äðóãà � â iíøîìó âèãëÿäi, çàïðîïîíîâàíîìó â

ðîáîòàõ À.Ì. Ñàìîéëåíêà i Â.Ï. ßêîâöÿ. Âñòàíîâëåíî, ùî öi ðîçâ'ÿçêè ëiíiéíî

íåçàëåæíi, à ¨õ ñóìàðíà êiëüêiñòü öiëêîì óçãîäæó¹òüñÿ ç òåîðåìîþ 2.3, äîâåäå-

íîþ â ðîçäiëi 2.

Ïîêàçàíî, ùî ó âèïàäêó ïðîñòîãî ñïåêòðà ãðàíè÷íî¨ â'ÿçêè ìàòðèöü âiäïî-

âiäíi ôîðìàëüíi ðîçâèíåííÿ âåäóòüñÿ çà öiëèìè ñòåïåíÿìè ìàëîãî ïàðàìåòðà,

à ó âèïàäêó êðàòíîãî ñïåêòðà öi¹¨ â'ÿçêè � çà äðîáîâèìè. Âèõîäÿ÷è ç âiäîìèõ

ðåçóëüòàòiâ Ì.I. Øêiëÿ, Ã.Ñ. Æóêîâî¨, Â.Ï. ßêîâöÿ òà ií., îòðèìàíèõ äëÿ ëi-

íiéíèõ ñèíãóëÿðíî çáóðåíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó,

äîâåäåíî, ùî ôîðìàëüíi ðîçâ'ÿçêè ñèñòåì âèùèõ ïîðÿäêiâ, ïîáóäîâàíi çà îïè-

ñàíèì ó äàíîìó ðîçäiëi àëãîðèòìîì, ¹ àñèìïòîòè÷íèìè ðîçâèíåííÿìè òî÷íèõ

ðîçâ'ÿçêiâ öèõ ñèñòåì, i âèâåäåíî âiäïîâiäíi àñèìïòîòè÷íi îöiíêè.

Ó ïóíêòi 3.3 ðîçðîáëåíî àëãîðèòì ïîáóäîâè ÷àñòèííîãî ðîçâ'ÿçêó íåîäíîði-

íî¨ ñèñòåìè (3.1) â íåðåçîíàíñíîìó i ðåçîíàíñíîìó âèïàäêàõ.

Îòðèìàíi ðåçóëüòàòè ñôîðìóëüîâàíi ó âèãëÿäi äâàíàäöÿòè òåîðåì i ïðîiëþ-

ñòðîâàíi íà äâîõ ïðèêëàäàõ.
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ÐÎÇÄIË 3.

ÀÑÈÌÏÒÎÒÈ×ÍÈÉ ÀÍÀËIÇ ÎÄÍÎÐIÄÍÎ� ÑÈÑÒÅÌÈ

ÌÅÒÎÄÎÌ ÄIÀÃÐÀÌ ÍÜÞÒÎÍÀ

Ó âèïàäêó êðàòíèõ ñêií÷åííèõ òà íåñêií÷åííèõ åëåìåíòàðíèõ äiëüíèêiâ ãðà-

íè÷íî¨ â'ÿçêè ìàòðèöü (3.5) äîñèòü ñêëàäíîþ ¹ ïðîáëåìà ïîáóäîâè àñèìïòîòè-

÷íèõ ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü (3.3) òîäi, êîëè îñíîâíi óìîâè òåîðåì 3.2 � 3.4

íå âèêîíóþòüñÿ. Öå ïîâ'ÿçàíå ç òèì, ùî ïðè íàÿâíîñòi êðàòíèõ åëåìåíòàðíèõ

äiëüíèêiâ âiäïîâiäíi ðîçâ'ÿçêè ñèñòåìè ðiâíÿíü (3.3) áóäóþòüñÿ ó âèãëÿäi ðîç-

âèíåíü çà äðîáîâèìè ñòåïåíÿìè ìàëîãî ïàðàìåòðà, ïîêàçíèêè ÿêèõ çàëåæàòü

íå òiëüêè âiä êðàòíîñòi åëåìåíòàðíèõ äiëüíèêiâ, à é âiä ñòðóêòóðè çáóðþâàëü-

íèõ ìàòðèöü A(s)
k (t), k = 0,m, s ≥ 1. Àíàëîãi÷íà ïðîáëåìà äëÿ ñèñòåì ïåðøîãî

ïîðÿäêó áóëà ðîçâ'ÿçàíà â ðîáîòàõ [30,58,101] ç âèêîðèñòàííÿì ìåòîäó äiàãðàì

Íüþòîíà. Ó äàíîìó ðîçäiëi öåé ìåòîä çàñòîñó¹òüñÿ é äî ñèñòåìè ðiâíÿíü (3.3),

ùî äîçâîëèëî óçàãàëüíèòè ðåçóëüòàòè, îòðèìàíi â [30,58], íà ñèñòåìè ðiâíÿíü

âèùèõ ïîðÿäêiâ.

Ðåçóëüòàòè, îòðèìàíi â öüîìó ðîçäiëi, îïóáëiêîâàíî â ðîáîòi [48].

4.1. Âèâåäåííÿ ðiâíÿííÿ ðîçãàëóäæåííÿ äëÿ ðîç'ÿçêiâ ïåðøî¨ ãðó-

ïè

Ðîçãëÿíåìî ñèñòåìó ðiâíÿíü

εmhAm(t, ε)
dmx

dtm
+ε(m−1)hAm−1(t, ε)

dm−1x

dtm−1
+· · ·+εhA1(t, ε)

dx

dt
+A0(t, ε)x=0. (4.1)

Ïðèïóñòèìî, ùî âèêîíóþòüñÿ óìîâè 3.1◦ � 3.3◦, à òàêîæ 3.6◦, òîáòî áóäåìî

äîñëiäæóâàòè âèïàäîê, êîëè ãðàíè÷íà â'ÿçêà ìàòðèöü P (t, λ) ìà¹ îäèí ñêií-

÷åííèé åëåìåíòàðíèé äiëüíèê (λ− λ0(t))
p êðàòíiñòþ p i îäèí íåñêií÷åííèé �

êðàòíiñòþ q = mn− p.
ßê i â ïîïåðåäíüîìó ðîçäiëi, ïåðøó ãðóïó ðîçâ'ÿçêiâ ñèñòåìè (4.1), ùî âiäïî-

âiäàþòü ñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó ãðàíè÷íî¨ â'ÿçêè ìàòðèöü P (t, λ),

áóäåìî øóêàòè ó âèãëÿäi

x(t, ε) = u(t, ε) exp

(
ε−h

∫ t

0

(λ0(τ) + λ(τ, ε)) dτ

)
, (4.2)

äå u(t, ε), λ(t, ε) � øóêàíi n-âèìiðíèé âåêòîð i ñêàëÿðíà ôóíêöiÿ âiäïîâiäíî.
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Ïiäñòàâèìî âåêòîð (4.2) â ñèñòåìó ðiâíÿíü (4.1). Ïðè öüîìó ñêîðèñòà¹ìîñü

ôîðìóëîþ

dkx

dtk
=

k∑
i=0

i∑
j=0

ε−jhC i
kDi−j[(λ0 + λ)j]

dk−iu(t, ε)

dtk−i
exp

(
ε−h

∫ t

0

(λ0(τ) + λ(τ, ε)) dτ

)
,

k = 0,m, ÿêà iç âðàõóâàííÿì ñïiââiäíîøåííÿ

Di−j
[
(λ+ λ0)

j
]

=

j∑
γ=0

Cγ
jDi−j

[
λj−γ0 λγ

]
, i ≥ j, i, j = 1, 2, . . . ,

íàáóâà¹ âèãëÿäó

dkx

dtk
=

k∑
i=0

i∑
j=0

j∑
γ=0

ε−jhC i
kC

γ
jDi−j[λ

j−γ
0 λγ]

dk−iu(t, ε)

dtk−i
exp

(
ε−h
∫ t

0

(λ0(τ)+λ(τ, ε))dτ

)
,

k=0,m.

Ó ðåçóëüòàòi îòðèìà¹ìî

m∑
k=0

k∑
i=0

i∑
j=0

j∑
γ=0

ε(k−j)hC i
kC

γ
jDi−j

[
λj−γ0 λγ

]
Ak(t, ε)

dk−iu(t, ε)

dtk−i
= 0,

àáî
m∑
k=0

λk0(t)Ak(t, ε)u(t, ε) +
m∑
k=1

k∑
γ=1

Cγ
kλ

k−γ
0 (t)λγ(t, ε)Ak(t, ε)u(t, ε)+

+
m∑
k=1

k−1∑
j=0

j∑
γ=0

ε(k−j)hCγ
jDk−j

[
λj−γ0 λγ

]
Ak(t, ε)u(t, ε)+

+
m∑
k=1

k−1∑
i=0

i∑
j=0

j∑
γ=0

ε(k−j)hC i
kC

γ
jDi−j

[
λj−γ0 λγ

]
Ak(t, ε)

dk−iu(t, ε)

dtk−i
= 0.

Ç ïåðøîãî äîäàíêà â ëiâié ÷àñòèíi öi¹¨ ðiâíîñòi âèäiëèìî ìàòðèöþ P (t, λ0(t)),

à ðåøòó äîäàíêiâ ïåðåãðóïó¹ìî, îá'¹äíàâøè ¨õ ó ãðóïè ç îäíàêîâèìè ïîêàçíè-

êàìè ñòåïåíiâ øóêàíî¨ ôóíêöi¨ λ(t, ε). Ââiâøè ïîçíà÷åííÿ

P (t, λ, ε) =
m∑
i=0

λiAi(t, ε),

∂kP (t, λ, ε)

k!∂λk
=

m∑
i=k

Ck
i λ

i−kAi(t, ε), k = 1,m,
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ó ðåçóëüòàòi äiñòàíåìî

P (t, λ0)u = −F (t, λ, ε)u, (4.3)

äå

F (t, λ, ε) =
m∑
k=0

Γk(t, λ, ε), (4.4)

à Γk(t, λ, ε), k = 0,m, � îïåðàòîðè, ÿêi âèçíà÷àþòüñÿ çà ôîðìóëàìè:

Γ0(t, λ, ε) =
∑
s≥1

εsP (s)(t, λ0) +
m−1∑
i=1

m−i∑
j=1

εihDi[λ
j
0]Ai+j(t, ε)+

+
m∑
i=1

i∑
j=1

m−i+1∑
γ=1

εihC i+γ−j−1
i+γ−1 Di−j[λ

γ−1
0 ]Ai+γ−1(t, ε)

dj

dtj
;

Γk(t, λ, ε) = λk
∂kP (t, λ0, ε)

k!∂λk
+

m−k∑
i=1

m−k−i+1∑
j=1

εihCk
j+k−1Di[λ

kλj−1
0 ]Ai+j+k−1(t, ε)+

+
m−k∑
i=1

i∑
j=1

m−k−i+1∑
γ=1

εihCk
γ+k−1C

i+γ+k−j−1
i+γ+k−1 Di−j[λ

kλγ−1
0 ]Ai+γ+k−1(t, ε)

dj

dtj
, k = 1,m− 1;

Γm(t, λ, ε) = λm
∂mP (t, λ0, ε)

m!∂λm
.

Âðàõîâóþ÷è óìîâó 3.1◦, îïåðàòîðè Γk(t, λ, ε), k = 0,m, ìîæíà ïîäàòè ó âè-

ãëÿäi ðiâíîìiðíèõ àñèìïòîòè÷íèõ ðîçâèíåíü çà ñòåïåíÿìè ìàëîãî ïàðàìåòðà:

Γ0(t, λ, ε) =
∑
s≥1

εsΓ
(s)
0 (t);

Γk(t, λ, ε) =
∑
s≥0

εsΓ
(s)
k (t, λ), k = 1,m,

êîåôiöi¹íòè ÿêèõ âèçíà÷àþòüñÿ çà ôîðìóëàìè

Γ
(s)
0 (t) = P (s)(t, λ0) +

m∑
i=1

i∑
j=1

m−i+1∑
γ=1

C i+γ−j−1
i+γ−1 Di−j[λ

γ−1
0 ]A

(s−ih)
i+γ−1(t)

dj

dtj
+

+
m−1∑
i=1

m−i∑
j=1

Di[λ
j
0]A

(s−ih)
i+j (t), s = 1, 2, . . . ;

Γ
(s)
k (t, λ) = λk

∂kP (s)(t, λ0)

k!∂λk
+

m−k∑
i=1

i∑
j=1

m−k−i+1∑
γ=1

Ck
γ+k−1C

i+γ+k−j−1
i+γ+k−1 Di−j[λ

kλγ−1
0 ]×
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×A(s−ih)
i+γ+k−1(t)

dj

dtj
+
m−k∑
i=1

m−k−i+1∑
j=1

Ck
j+k−1Di[λ

kλj−1
0 ]A

(s−ih)
i+j+k−1(t), k=1,m− 1, s=0, 1, . . . ;

Γm(t, λ) = λm
∂mP (s)(t, λ0)

m!∂λm
, s = 0, 1, . . . ,

P (s)(t, λ0) =
m∑
k=0

λk0A
(s)
k (t), s = 1, 2, . . . .

Òàêèì ÷èíîì, çàäà÷à âèçíà÷åííÿ ôóíêöi¨ λ(t, ε) i âåêòîðà u(t, ε) çâåëàñü äî

çàäà÷i ïðî çáóðåííÿ âëàñíîãî çíà÷åííÿ λ0(t) òà âiäïîâiäíîãî âëàñíîãî âåêòîðà

ϕ(t) ïîëiíîìiàëüíî¨ â'ÿçêè ìàòðèöü P (t, ε) ïiä äi¹þ çáóðþâàëüíèõ îïåðàòîðiâ

Γk(t, λ, ε), k = 0,m.

Âåêòîð u(t, ε) çàäîâîëüíÿ¹ ðiâíÿííÿ (4.3) òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ

óìîâà

(F (t, λ, ε)u(t, ε), ψ(t)) = 0, (4.5)

äå ψ(t) � åëåìåíò íóëü-ïðîñòîðó ìàòðèöi P ∗(t, λ0). Ïðè ¨¨ âèêîíàííi ìà¹ ìiñöå

ðiâíiñòü u(t, ε) = −H(t)F (t, λ, ε)u(t, ε) + cϕ(t), ó ÿêié H(t) � íàïiâîáåðíåíà ìà-

òðèöÿ äî ìàòðèöi P (t, λ0), c � äîâiëüíèé ñêàëÿðíèé ìíîæíèê. Ïîêëàâøè c = 1,

ìàòèìåìî (E +H(t)F (t, λ, ε))u(t, ε) = ϕ(t). Öÿ ðiâíiñòü ôîðìàëüíî çàäîâîëü-

íÿ¹òüñÿ, ÿêùî âåêòîð u(t, ε) ïîäàòè ó âèãëÿäi

u(t, ε) = ϕ(t) +
∞∑
k=1

(−1)k (H(t)F (t, λ, ε))k ϕ(t). (4.6)

Ïiäñòàâèâøè (4.6) ó (4.5), îòðèìà¹ìî øóêàíå ðiâíÿííÿ ðîçãàëóæåííÿ

L(λ, ε) ≡

( ∞∑
k=0

F (t, λ, ε) (H(t)F (t, λ, ε))k ϕ(t), ψ(t)

)
= 0.

Ââiâøè ïîçíà÷åííÿ

L̃(λ, ε) =
∞∑
k=0

F (t, λ, ε) (H(t)F (t, λ, ε))k, (4.7)

çàïèøåìî éîãî ó âèãëÿäi

L(λ, ε) ≡
(
L̃(λ, ε)ϕ(t), ψ(t)

)
= 0.
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Çãiäíî ç (4.6), (4.7), çà âèêîíàííÿ öi¹¨ ðiâíîñòi âåêòîð u(t, ε) âèçíà÷àòèìåìî çà

ôîðìóëîþ

u(t, ε) = ϕ(t)−H(t)L̃(λ, ε)ϕ(t). (4.8)

Ïðåäñòàâèìî îïåðàòîðíi âèðàçè L(λ, ε), L̃(λ, ε) ó âèãëÿäi ôîðìàëüíèõ ðîç-

âèíåíü çà ñòåïåíÿìè ìàëîãî ïàðàìåòðà:

L(λ, ε) =
∑
k+s≥0

εsLks[λ
k], L̃(λ, ε) =

∑
k+s≥0

εsL̃ks[λ
k], (4.9)

äå k � ñóìàðíèé ñòåïiíü ôóíêöi¨ λ(t, ε), ùî âõîäèòü â îïåðàòîðíi âèðàçè Lks[λk],

L̃ks[λ
k]. Çãiäíî ç (4.7), (4.4) ìà¹ìî

H(t)L̃(λ, ε) =
∞∑
k=1

(−1)k+1 (H(t)F (t, λ, ε))k =
∞∑
k=1

(−1)k+1

(
m∑
s=0

H(t)Γs(t, λ, ε)

)k

.

Ðîçãëÿíåìî âèðàçè (
∑m

s=0H(t)Γs(t, λ, ε))
k
, k = 1, 2, . . . . Íåâàæêî ïåðåêîíà-

òèñÿ, ùî (
m∑
s=0

H(t)Γs(t, λ, ε)

)k

=
mk∑
s=0

P̃k,s(HΓ),

äå

P̃k,s(HΓ) =
∑

s1+s2+···+sk=s

HΓs1HΓs2 . . . HΓsk

� ñóìà âñiõ ìîæëèâèõ äîáóòêiâ k îïåðàòîðiâHΓsi, ñóìà iíäåêñiâ si ÿêèõ äîðiâíþ¹

s, à iíäåêñè si íàáóâàþòü çíà÷åíü ç ìíîæèíè {0, 1, . . . ,m}.
Òîäi,

H(t)L̃(λ, ε) =
∞∑
k=1

mk∑
s=0

(−1)k+1P̃k,s(HΓ).

Çãðóïóâàâøè â öüîìó âèðàçi äîäàíêè ç îäíàêîâèìè ñòåïåíÿìè ε, ïiñëÿ ïå-

ðåòâîðåíü, ïîâ'ÿçàíèõ iç çìiíîþ ïîðÿäêó ïiäñóìîâóâàííÿ òà çàìiíîþ iíäåêñiâ,

äiñòàíåìî

H(t)L̃(λ, ε) =
∞∑
s=1

s∑
j=1

(−1)j−1εsW̃
(s)
HΓ[0, . . . , 0, 0, j]+

+
∞∑
s=0

∞∑
k=1

∑
mim+···+2i2+i1=k

s∑
j=0

(−1)im+···+i2+i1+j−1εsW̃
(s)
HΓ[im, . . . , i2, i1, j],
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äå W̃ (s)
HΓ[im, . . . , i2, i1, i0], � ñóìà âñiõ ìîæëèâèõ äîáóòêiâ ik îïåðàòîðiâ H(t)×

×Γ
(skj)
k (t, λ) (j = 1, ik, k = 0,m), ñóìà âåðõíiõ iíäåêñiâ ÿêèõ skj äîðiâíþ¹ s,

òîáòî
im∑
j=1

smi +

im−1∑
j=1

sm−1,j + · · ·+
i1∑
j=1

s1j +

i0∑
j=1

s0j = s,

(skj ∈ N ∪ {0}, k = 1,m, s0j ∈ N).

Íàïðèêëàä,

W̃
(1)
HΓ[0, . . . , 0, 1, 1] = H(t)Γ

(0)
1 (t, λ)H(t)Γ

(1)
0 (t)H(t)Γ

(1)
0 (t)H(t)Γ

(0)
1 (t, λ).

Iç âðàõóâàííÿì ïðîâåäåíèõ ïåðåòâîðåíü ðiâíÿííÿ ðîçãàëóæåííÿ çàïèøåòüñÿ

ó âèãëÿäi

L(λ, ε) ≡
∞∑
s=1

s∑
j=1

(−1)j−1εs
(
W

(s)
HΓ[0, . . . , 0, 0, j]ϕ(t), ψ(t)

)
+

+
∞∑
s=0

∞∑
k=1

∑
mim+v...+v2i2+i1=k

s∑
j=0

(−1)im+...+i2+i1+j−1εs
(
W

(s)
HΓ[im, . . . , i2, i1, j]ϕ(t), ψ(t)

)
=0,

(4.10)

äå âèðàçèW (s)
HΓ[im, . . . , i2, i1, j] âiäðiçíÿþòüñÿ âiä âèðàçiâ W̃

(s)
HΓ[im, . . . , i2, i1, j] ëè-

øå âiäñóòíiñòþ â óñiõ ¨õíiõ äîäàíêàõ ïåðøîãî ìíîæíèêà H(t).

Çâiäñè äiñòàíåìî òàêi âèðàçè äëÿ êîåôiöi¹íòiâ ðîçâèíåííÿ (4.9):

L0s =
s∑
j=1

(−1)j−1
(
W

(s)
HΓ[0, . . . , 0, 0, j]ϕ(t), ψ(t)

)
, s = 1, 2, . . . ; (4.11)

Lk0[λ
k] =

∑
mim+···+2i2+i1=k

(−1)im+···+i2+i1−1
(
W

(0)
HΓ[im, . . . , i2, i1, 0]ϕ(t), ψ(t)

)
, (4.12)

k = 1, 2, . . .;

Lks[λ
k]=

∑
mim+···+2i2+i1=k

s∑
j=0

(−1)im+···+i2+i1+j−1
(
W

(s)
HΓ[im, . . . , i2, i1, j]ϕ(t), ψ(t)

)
,

(4.13)

k = 1, 2, . . . , s = 1, 2, . . . .

Âèêîðèñòàâøè ôîðìóëè (3.46), (3.47), âèðàçè (4.12) ìîæíà ïðåäñòàâèòè ó

âèãëÿäi

Lk0[λ
k]=λk

min(k,m)∑
j=1

(
∂jP (t, λ0)

j!∂λj
σk+1−j(H1, H2, . . . , Hm)ϕ(t), ψ(t)

)
, (4.14)



137

k = 1, 2, . . . .

Îñêiëüêè çà ïðèïóùåííÿì â'ÿçêà ìàòðèöü P (t, λ) ìà¹ ñêií÷åííèé åëåìåí-

òàðíèé äiëüíèê êðàòíiñòþ p, òî, ÿê ïîêàçàíî â ïóíêòi 3.2.2, çà ðàõóíîê âèáîðó

âåêòîðà ψ(t) ìîæíà äîìîãòèñÿ, ùîá âèêîíóâàëèñü ñïiââiäíîøåííÿ

min(k,m)∑
j=1

(
∂jP (t, λ0)

j!∂λj
σk+1−j(H1, H2, . . . , Hm)ϕ(t), ψ(t)

)
= δk,p, k = 1, p.

Îòæå,

Lk0[λ
k] = λkδk,p, k = 1, p. (4.15)

Âçÿâøè äî óâàãè (4.15), (4.9), ðiâíÿííÿ (4.10) çàïèøåìî ó âèãëÿäi

λp +
∞∑

k=p+1

λkLk0 +
∞∑
s=1

εsL0s +
∞∑
s=1

∞∑
k=1

εsLks[λ
k] = 0, (4.16)

äå

Lk0 =

min(k,m)∑
j=1

(
∂jP (t, λ0)

j!∂λj
σk+1−j(H1, H2, . . . , Hm)ϕ(t), ψ(t)

)
, k=p+ 1, p+ 2, . . . .

(4.17)

Ïðè öüîìó çãiäíî ç (4.8) âiäïîâiäíèé âåêòîð u(t, ε) çîáðàæó¹òüñÿ ðîçâèíåí-

íÿì

u(t, ε)=ϕ(t)−
∞∑
s=1

εsH(t)L̃0sϕ(t)−
∞∑
k=1

λkH(t)L̃k0ϕ(t)−
∞∑
s=1

∞∑
k=1

εsH(t)L̃ks[λ
k]ϕ(t),

(4.18)

äå

L̃0s =
s∑
j=1

(−1)j−1W
(s)
HΓ[0, . . . , 0, 0, j], s = 1, 2, . . . ;

L̃k0 =

min(k,m)∑
j=1

∂jP (t, λ0)

j!∂λj
σk+1−j(H1, H2, . . . , Hm), k = 1, 2, . . . ;

L̃ks[λ
k] =

∑
mim+···+2i2+i1=k

s∑
j=0

(−1)im+···+i2+i1+j−1W
(s)
HΓ[im, . . . , i2, i1, j], (4.19)

k = 1, 2, . . . , s = 1, 2, . . . .

Ó ðåçóëüòàòi äîâåäåíî íàñòóïíó òåîðåìó.
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Òåîðåìà 4.1. Äëÿ òîãî, ùîá âåêòîð (4.2) áóâ ôîðìàëüíèì ðîçâ'ÿçêîì ñèñòå-

ìè äèôåðåíöiàëüíèõ ðiâíÿíü (4.1), íåîáõiäíî i äîñòàòíüî, ùîá ôóíêöiÿ λ(t, ε)

çàäîâîëüíÿëà ðiâíÿííÿ ðîçãàëóæåííÿ (4.16), êîåôiöi¹íòè ÿêîãî âèðàæàþòüñÿ

ôîðìóëàìè (4.11), (4.13), (4.17). Âiäïîâiäíà âåêòîð-ôóíêöiÿ u(t, ε) çîáðàæó¹-

òüñÿ ôîðìàëüíèì ðîçâèíåííÿì (4.18), êîåôiöi¹íòè ÿêîãî âèðàæàþòüñÿ ôîðìó-

ëàìè (4.19).

4.2. Âèâåäåííÿ ðiâíÿííÿ ðîçãàëóäæåííÿ äëÿ ðîç'ÿçêiâ äðóãî¨ ãðóïè

Ðîçâ'ÿçêè äðóãî¨ ãðóïè, ùî âiäïîâiäàþòü íåñêií÷åííîìó åëåìåíòàðíîìó äiëü-

íèêó ãðàíè÷íî¨ â'ÿçêè ìàòðèöü P (t, λ), áóäåìî øóêàòè ó âèãëÿäi

x(t, ε) = v(t, ε) exp

(
ε−h

∫ t

0

dτ

ξ(τ, ε)

)
, (4.20)

äå v(t, ε) � n−âèìiðíèé âåêòîð, à ξ(t, ε) � ñêàëÿðíà ôóíêöiÿ, ÿêi ïiäëÿãàþòü

âèçíà÷åííþ.

Ïiäñòàâèâøè âåêòîð (4.20) ó ñèñòåìó ðiâíÿíü (4.1) i ñêîðèñòàâøèñü ôîðìó-

ëîþ

dkx

dtk
=

k∑
i=0

i∑
j=0

ε−jhC i
kDi−j

[
1

ξj

]
dk−iv(t, ε)

dtk−i
exp

(
ε−h

∫ t

0

dτ

ξ(τ, ε)

)
, k = 0,m,

îòðèìà¹ìî

m∑
k=0

k∑
i=0

i∑
j=0

ε(k−j)hC i
kDi−j

[
1

ξj

]
Ak(t, ε)

dk−iv(t, ε)

dtk−i
= 0.

Ïîìíîæèìî ëiâó i ïðàâó ÷àñòèíè öi¹¨ ðiâíîñòi íà âiäìiííó âiä íóëÿ ôóíêöiþ

ξm(t, ε), ïîòiì âèäiëèìî äîäàíîê äëÿ ÿêîãî k = i = j = m. Ó ðåçóëüòàòi äiñòà-

íåìî

Am(t, ε)v(t, ε) = −
m−1∑
j=0

ε(m−j)hξm(t, ε)Dm−j

[
1

ξj

]
Am(t, ε)v(t, ε)−

−
m−1∑
i=0

i∑
j=0

ε(m−j)hC i
mξ

m(t, ε)Di−j

[
1

ξj

]
Am(t, ε)

dm−iv(t, ε)

dtm−i
−

−
m−1∑
k=0

k∑
i=0

i∑
j=0

ε(k−j)hC i
kξ
m(t, ε)Di−j

[
1

ξj

]
Ak(t, ε)

dk−iv(t, ε)

dtk−i
.
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Çãðóïóâàâøè â öié ðiâíîñòi äîäàíêè ç îäíàêîâèìè ïîêàçíèêàìè ñòåïåíiâ øóêàíî¨

ôóíêöi¨ ξ(t, ε), îòðèìà¹ìî

A(0)
m (t)v = −Φ(t, ξ, ε)v, (4.21)

äå

Φ(t, ξ, ε) =
m∑
k=0

Qk(t, ξ, ε), (4.22)

à îïåðàòîðè Qk(t, ξ, ε), k = 0,m, âèçíà÷àþòüñÿ çà ôîðìóëàìè

Q0(t, ε) =
∑
s≥1

εsA(s)
m (t);

Qk(t, ξ, ε)=εkhξm
k∑
i=0

Cm−i
m Dk−i

[
1

ξm−k

]
Am(t, ε)

di

dti
+

+ξm
k−1∑
i=0

i∑
j=0

εihCj+m−k
i+m−kDj

[
1

ξm−k

]
Ai+m−k(t, ε)

di−j

dti−j
, k=1,m− 1;

Qm(t, ξ, ε) = εmhξmAm(t, ε)
dm

dtm
+ ξm

m−1∑
i=0

εihAi(t, ε)
di

dti
.

Çãiäíî ç óìîâîþ 3.1◦ îïåðàòîðè Qk(t, ξ, ε), k = 0,m, ìîæíà ïîäàòè ó âèãëÿäi

ðîçâèíåíü çà ñòåïåíÿìè ε:

Q0(t, ε) =
∑
s≥1

εsQ
(s)
0 (t);Qk(t, ξ, ε) =

∑
s≥0

εsQ
(s)
k (t, ξ), k = 1,m,

êîåôiöi¹íòè ÿêèõ âèçðàæàþòüñÿ ôîðìóëàìè:

Q
(s)
0 (t) = A(s)

m (t), s = 1, 2, . . . ;

Q
(s)
k (t, ξ)=ξm

k∑
i=0

i∑
j=0

Cj+m−k
i+m−kDj

[
1

ξm−k

]
A

(s−ih)
i+m−k(t)

di−j

dti−j
, k=1,m− 1, s=0, 1, . . . ;

Q(s)
m (t, ξ) = ξm

m∑
i=0

A
(s−ih)
i (t)

di

dti
, s = 0, 1, . . . .

Îòæå, çàäà÷à ïîøóêó ôóíêöi¨ ξ(t, ε) òà âåêòîð-ôóíêöi¨ v(t, ε) çâåëàñÿ äî çà-

äà÷i ïðî çáóðåííÿ íóëüîâîãî âëàñíîãî çíà÷åííÿ i âiäïîâiäíîãî âëàñíîãî âåêòîðà

ϕ̃(t) â'ÿçêè ìàòðèöü

M(t, ξ) =
m∑
i=0

ξiAm−i(t, ε)
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ñèìåòðè÷íî¨ â'ÿçöi ìàòðèöü P (t, λ).

Âåêòîð v(t, ε) çàäîâîëüíÿ¹ ðiâíÿííÿ (4.21) òîäi i òiëüêè òîäi, êîëè âèêîíó¹-

òüñÿ óìîâà (
Φ(t, ξ, ε)v(t, ε), ψ̃(t)

)
= 0, (4.23)

äå ψ̃(t) � åëåìåíò íóëü-ïðîñòîðó ìàòðèöi
(
A

(0)
m (t)

)∗
. Çà ¨¨ âèêîíàííÿ ìà¹ìî

v(t, ε) = −G(t)Φ(t, ξ, ε)v(t, ε)+cϕ̃(t), äåG(t) � íàïiâîáåðíåíà ìàòðèöÿ äî ìàòðöi

A
(0)
m (t), c � äîâiëüíèé ñêàëÿðíèé ìíîæíèê. Ïîêëàâøè c = 1, äiñòàíåìî

(E +G(t)Φ(t, ξ, ε)) v(t, ε) = ϕ̃(t).

Öå ðiâíiñòü ôîðìàëüíî çàäîâîëüíÿ¹òüñÿ, ÿêùî âåêòîð v(t, ε) ïîäàòè ó âèãëÿäi

ôîðìàëüíîãî ðÿäó

v(t, ε) = ϕ̃(t) +
∞∑
k=1

(−1)k (G(t)Φ(t, ξ, ε))k ϕ̃(t). (4.24)

Ïiäñòàâèâøè (4.24) ó (4.23), îòðèìà¹ìî øóêàíå ðiâíÿííÿ ðîçãàëóæåííÿ:

N(ξ, ε) ≡
∞∑
k=0

(−1)k
(

Φ(t, ξ, ε) (G(t)Φ(t, ξ, ε))k ϕ̃(t), ψ̃(t)
)

= 0. (4.25)

Ïîçíà÷èâøè

Ñ(ξ, ε) =
∞∑
k=0

(−1)kΦ(t, ξ, ε) (G(t)Φ(t, ξ, ε))k , (4.26)

çàïèøåìî éîãî ó âèãëÿäi

N(ξ, ε) ≡
(
Ñ(ξ, ε)ϕ̃(t), ψ̃(t)

)
= 0. (4.27)

Ó ñâîþ ÷åðãó ç (4.24) îòðèìà¹ìî v(t, ε) = ϕ̃(t)−G(t)Ñ(ξ, ε)ϕ̃(t).

Ïîäàìî (4.25), (4.26) ó âèãëÿäi ôîðìàëüíèõ ðîçâèíåíü çà ñòåïåíÿìè ε:

N(ξ, ε) =
∑
k+s≥0

εsNks[ξ
k], Ñ(ξ, ε) =

∑
k+s≥0

εsÑks[ξ
k]. (4.28)

Çãiäíî ç (4.22), (4.26) ìà¹ìî

G(t)N(ξ, ε) =
∞∑
k=1

(−1)k+1

(
m∑
i=0

Qi(t, ξ, ε)

)k

.
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Ìiðêóþ÷è äàëi òàê ñàìî, ÿê i â ïóíêòi 4.1, äiñòàíåìî

G(t)N(ξ, ε) =
∞∑
s=1

s∑
j=1

(−1)j−1εsW̃
(s)
GQ[0, . . . , 0, 0, j]+

+
∞∑
s=0

∞∑
k=1

∑
mim+···+2i2+i1=k

s∑
j=0

(−1)im+···+i2+i1+j−1εsW̃
(s)
GQ[im, . . . , i2, i1, j],

äå W̃ (s)
GQ[im, . . . , i2, i1, j] � ñóìà âñiõ ìîæëèâèõ äîáóòêiâ ik îïåðàòîðiâG(t)Q

(skj)
k (t, ξ)

(j = 1, ik, k = 0,m), ñóìà âåðõíiõ iíäåêñiâ ski ÿêèõ äîðiâíþ¹ s (ski ∈ N∪{0}, k =

1,m, s0i ∈ N). Òîäi ðiâíÿííÿ ðîçãàëóæåííÿ (4.27) íàáóäå âèãëÿäó

N(ξ, ε) ≡
∞∑
s=1

s∑
j=1

(−1)j−1εs
(
W

(s)
GQ[0, . . . , 0, 0, j]ϕ̃(t), ψ̃(t)

)
+

+
∞∑
s=0

∞∑
k=1

∑
mim+...+2i2+i1=k

s∑
j=0

(−1)im+...+i2+i1+j−1εs
(
W

(s)
GQ[im, . . . , i2, i1, j]ϕ̃(t), ψ̃(t)

)
=0,

(4.29)

äå âèðàçèW (s)
GQ[im, . . . , i2, i1, j] âiäðiçíÿþòüñÿ âiä âèðàçiâ W̃

(s)
GQ[im, . . . , i2, i1, j] ëè-

øå âiäñóòíiñòþ â óñiõ ¨õíiõ äîäàíêàõ ïåðøîãî ìíîæíèêà G(t).

Ç íüîãî îòðèìà¹ìî òàêi âèðàçè äëÿ êîåôiöi¹íòiâ ðîçâèíåííÿ (4.28):

N0s =
s∑
j=1

(−1)j−1
(
W

(s)
GQ[0, . . . , 0, 0, j]ϕ̃(t), ψ̃(t)

)
, s = 1, 2, . . . ; (4.30)

Nk0[ξ
k]=

∑
mim+···+2i2+i1=k

(−1)im+···+i2+i1−1
(
W

(0)
GQ[im, . . . , i2, i1, 0]ϕ̃(t), ψ̃(t)

)
, k=1, 2, . . . ;

Nks[ξ
k]=

∑
mim+···+2i2+i1=k

s∑
j=0

(−1)im+···+i2+i1+j−1
(
W

(s)
GQ[im, . . . , i2, i1, j]ϕ̃(t), ψ̃(t)

)
,

(4.31)

k = 1, 2, . . . , s = 1, 2, . . . .

Âèêîðèñòàâøè ôîðìóëè (3.70), (3.47), äiñòàíåìî

Nk0[ξ
k] = ξk

min(k,m)∑
j=1

(
∂jM(t, 0)

j!∂ξj
σk+1−j(G1, G2, . . . , Gm)ϕ̃(t), ψ̃(t)

)
, k = 1, 2, . . . .

Îñêiëüêè çà óìîâîþ â'ÿçêà ìàòðèöü P (t, λ) ìà¹ íåñêií÷åííèé åëåìåíòàðíèé äiëü-

íèê êðàòíiñòþ q, òî, ÿê ïîêàçàíî â ïóíêòi 3.2.2, çà ðàõóíîê âèáîðó âåêòîðà ψ̃(t),
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ìîæíà äîìîãòèñÿ, ùîá âèêîíóâàëèñü ñïiââiäíîøåííÿ

min(k,m)∑
j=1

(
∂jM(t, 0)

j!∂ξj
σk+1−j(G1, G2, . . . , Gm)ϕ̃(t), ψ̃(t)

)
= δk,q, k = 1, q,

çâiäêè âèïëèâà¹, ùî

Nk0[ξ
k] = ξkδk,q, k = 1, q. (4.32)

Òîìó çãiäíî ç (4.28) ðiâíÿííÿ ðîçãàëóæåííÿ (4.29) çàïèøåòüñÿ ó âèãëÿäi

ξq +
∞∑

k=q+1

ξkNk0 +
∞∑
s=1

εsN0s +
∞∑
s=1

∞∑
k=1

εsNks[ξ
k] = 0, (4.33)

äå

Nk0 =

min(k,m)∑
j=1

(
∂jM(t, 0)

j!∂ξj
σk+1−j(G1, G2, . . . , Gm)ϕ̃(t), ψ̃(t)

)
, k=q + 1, q + 2, . . . ,

(4.34)

à âåêòîð v(t, ε) çîáðàæó¹òüñÿ ðîçâèíåííÿì

v(t, ε)= ϕ̃(t)−
∞∑
k=1

ξkG(t)Ñk0ϕ̃(t)−
∞∑
s=1

εsG(t)Ñ0sϕ̃(t)−
∞∑
s=1

∞∑
k=1

εsG(t)Ñks[ξ
k]ϕ̃(t),

(4.35)

êîåôiöi¹íòè ÿêîãî âèðàæàþòüñÿ ôîðìóëàìè

Ñ0s =
s∑
j=1

(−1)j−1W
(s)
GQ[0, . . . , 0, 0, j], s = 1, 2, . . . ;

Ñk0 =

min(k,m)∑
j=1

∂jM(t, 0)

j!∂ξj
σk+1−j(G1, G2, . . . , Gm), k = 1, 2, . . . ;

Ñks[ξ
k]=

∑
mim+...+2i2+i1=k

s∑
j=0

(−1)im+...+i2+i1+j−1W
(s)
GQ[im, . . . , i2, i1, j], k, s = 1, 2, . . . .

(4.36)

Ó ðåçóëüòàòi ïðèõîäèìî äî òàêî¨ òåîðåìè.

Òåîðåìà 4.2. Äëÿ òîãî, ùîá âåêòîð (4.20) áóâ ôîðìàëüíèì ðîçâ'ÿçêîì ñè-

ñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (4.1), íåîáõiäíî i äîñòàòíüî, ùîá ôóíêöiÿ ξ(t, ε)

áóëà ðîçâ'ÿçêîì ðiâíÿííÿ ðîçãàëóæåííÿ (4.33), êîåôiöi¹íòè ÿêîãî âèçíà÷àþòüñÿ

çà ôîðìóëàìè (4.30), (4.31), (4.34). Âiäïîâiäíà âåêòîð-ôóíêöiÿ v(t, ε) çîáðàæó-

¹òüñÿ ðîçâèíåííÿì (4.35), êîåôiöi¹íòè ÿêîãî âèðàæàþòüñÿ ôîðìóëàìè (4.36).
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4.3. Àíàëiç ðiâíÿíü ðîçãàëóæåííÿ

Âèêîðèñòîâóþ÷è ìåòîä äiàãðàì Íüþòîíà, äîñëiäèìî ñòðóêòóðó ôîðìàëüíèõ

ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü (4.1) çàëåæíî âiä ïîâåäiíêè êîåôiöi¹íòiâ ðiâíÿíü

ðîçãàëóæåííÿ (4.16), (4.33).

Çãiäíî ç öèì ìåòîäîì, ùîá çíàéòè âèãëÿä ðîçâ'ÿçêiâ λ(t, ε) ðiâíÿííÿ (4.15),

êîæíîìó âiäìiííîìó âiä íóëÿ êîåôiöi¹íòó Lks[λk] ïîñòàâèìî ó âiäïîâiäíiñòü òî-

÷êó (k, s) ó ïðÿìîêóòíié ñèñòåìi êîîðäèíàòOks (ðèñ.1). Íàâêîëî òî÷êè A0(0, s0),

ùî çíàõîäèòüñÿ íàéáëèæ÷å äî îñi Ok, ïðîòè ðóõó ãîäèííèêîâî¨ ñòðiëêè îáåð-

òàòèìåìî ïðÿìó, äîêè âîíà íå çóñòðiíåòüñÿ ç äåÿêîþ òî÷êîþ A1(k1, s1). Ïîòiì

ïðÿìó â òîìó ñàìîìó íàïðÿìêó îáåðòàòèìåìî íàâêîëî òî÷êè A1, äîêè âîíà íå

çóñòðiíåòüñÿ ç òî÷êîþ A2(k2, s2), i òàê äàëi. Ç'¹äíàâøè îòðèìàíi òî÷êè, äiñòàíå-

ìî âiäïîâiäíó äiàãðàìó Íüþòîíà.

Çàóâàæèìî, ùî êîëè íà îñi Os íåìà¹ òî÷îê, ïîáóäîâó äiàãðàìè íåîáõiäíî

ïî÷èíàòè ç ïîäiáíî¨ òî÷êè ïðÿìî¨ k = 1. ßêùî æ íà i ïðÿìèõ k = j, j < i, òî÷êè

âiäñóòíi, òî ïîáóäîâó äiàãðàìè òðåáà ïî÷èíàòè ç ïðÿìî¨ k = i.

Íåõàé r
l � òàíãåíñ êóòà íàõèëó äåÿêî¨ ëàíêè Ai−1Ai äî âiä'¹ìíîãî íàïðÿìêó

îñi Ok. Òîäi öié ëàíöi âiäïîâiäàòèìå ðîçâ'ÿçîê ðiâíÿííÿ (4.16), ÿêèé çîáðàæó¹-

òüñÿ ó âèãëÿäi ðîçâèíåííÿ

λ(t, ε) = ε
r
lλ1(t) +

∑
i≥2

ε
r+i−1
l λi(t), (4.37)

ÿêùî âèçíà÷àëüíå ðiâíÿííÿ
∑′ Lks[λk1] = 0 ìà¹ ïðîñòèé íåíóëüîâèé êîðiíü (ñèì-

âîëîì
∑′ ïîçíà÷à¹ìî ñóìó âèðàçiâ Lks[λk1] òàêèõ, ùî (k, s) ∈ Ai−1Ai).

ßêùî λ1(t) � òîòîæíî êðàòíèé êîðiíü âèçíà÷àëüíîãî ðiâíÿííÿ, òî â ðîç-

âèíåííi (4.36) çáåðiãà¹òüñÿ òiëüêè ïåðøèé ÷ëåí, à äëÿ çíàõîäæåííÿ íàñòóïíèõ

÷ëåíiâ ïîòðiáíî âèêîðèñòàòè íîâå ðiâíÿííÿ ðîçãàëóæåííÿ, çðîáèâøè â (4.16)

çàìiíó λ(t, ε) = ε
r
lλ1(t) + η(t, ε). ßêùî âiäïîâiäíå âèçíà÷àëüíå ðiâíÿííÿ ìàòè-

ìå çíîâó êðàòíèé êîðiíü, òî ïðîöåäóðó ñëiä ïîâòîðèòè, i òàê äàëi. Ïðè öüîìó,

ÿê ïîêàçàíî â [13,29], äëÿ êîæíî¨ ëàíêè äiàãðàìè Íüþòîíà ìîæíà ïîáóäóâàòè

ñòiëüêè ðîçâ'ÿçêiâ ðiâíÿííÿ (4.16), ÿêîþ ¹ äîâæèíà ïðîåêöi¨ öi¹¨ ëàíêè íà âiñü

àáñöèñ.
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A0(0; s0)

•aaaaa
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•A2(k2; s2)!

Ðèñ. 1
Àíàëîãi÷íèì ñïîñîáîì ìîæíà çíàéòè é ðîçâ'ÿçêè ðiâíÿííÿ ðîçãàëóæåííÿ

(4.33).

Âèêîðèñòîâóþ÷è öåé ìåòîä, ïðîàíàëiçó¹ìî ðiâíÿííÿ (4.16).

Iç ôîðìóëè (4.15) âèïëèâà¹, ùî íà äiàãðàìi íåìà¹ òî÷îê (k, 0), k = 1, p− 1,

àëå çàâæäè ¹ òî÷êà (p, 0). Òîìó äîâæèíà ïðîåêöi¨ âñiõ äiëÿíîê äiàãðàìè íà âiñü

àáñöèñ äîðiâíþ¹ p . Öå ãàðàíòó¹ íàÿâíiñòü p ìàëèõ ðîçâ'ÿçêiâ λ(t, ε) ðiâíÿííÿ

(4.16) ç óðàõóâàííÿì ¨õ êðàòíîñòi íåçàëåíî âiä ñòðóêòóðè ìàòðèöü A(s)
i (t), i =

0,m, s = 0, 1, . . . .

Íåçàëåæíî âiä ñòðóêòóðè ìàòðèöü A(s)
i (t), i = 0,m, s = 0, 1, . . . , íà äiàãðàìi

çàâæäè ¹ òî÷êè (k, (p− k)h), k = 1, p− 1 (ðèñ.2).

Äiéñíî, ç ôîðìóëè (4.13) ìà¹ìî

Lk,(p−k)h[λ
k]=

∑
mim+...+2i2+i1=k

(p−k)h∑
j=0

(−1)im+...+i1+j−1
(
W

((p−k)h)
HΓ [im, . . . , i1, j]ϕ(t), ψ(t)

)
,

k = 1, p− 1.

Çàôiêñóâàâøè k, âèäiëèìî â öüîìó âèðàçi äîäàíêè, ÿêi ìiñòÿòü ïîõiäíó (p−
k)−ãî ïîðÿäêó âiä ôóíêöi¨ λk(t, ε). Äëÿ öüîãî âèêîíà¹ìî ïîñëiäîâíî íàñòóïíi

äi¨:

1. Ç âèðàçó Lk,(p−k)h[λ
k] âèäiëèìî äîäàíêè∑

mim+···+2i2+i1=k

(−1)im+···+i1+j−1
(
W

((p−k)h)
HΓ [im, . . . , i2, i1, j]ϕ(t), ψ(t)

)
, j = 1, p− k.

2. Ó âèðàçàõ W ((p−k)h)
HΓ [im, . . . , i2, i1, j], j = 1, p− k âèäiëèìî äîäàíêè, ÿêi çà-

äîâîëüíÿþòü òàêi âèìîãè:

a) âîíè ìiñòÿòü ëèøå îïåðàòîðè Γ
(kh)
0 (t), k = 1,m, òà Γ

(kh)
j (t, ξ), j = 1,m,

k = 0,m− j;



145

b) îïåðàòîðè Γ
(kh)
0 (t), k = 1,m, â öèõ äîäàíêàõ çíàõîäÿòüñÿ ëiâîðó÷ âiä îïå-

ðàòîðiâ Γ
(kh)
j (t, ξ), j = 1,m, k = 0,m− j.

3. Ç îïåðàòîðiâ Γ
(kh)
0 (t), k = 1,m, â çàçíà÷åíèõ äîäàíêàõ âèäiëèìî îïåðà-

òîðè ∂kP (t,λ0)
k!∂λk

Dk, k = 1,m, à ç îïåðàòîðiâ Γ
(kh)
j (t, ξ), j = 1,m, k = 0,m− j, �

îïåðàòîðè
(
Dkλj

) ∂k+jP (t,λ0)
(k+j)!∂λk+j

, j = 1,m, k = 0,m− j.
Âèêîðèñòàâøè ôîðìóëè (3.46), (3.47), ïiñëÿ âèêîíàííÿ öèõ äié îòðèìà¹ìî

Lk,(p−k)h[λ
k] =

dp−kλk

dtp−k

min(p,m)∑
j=1

(
∂jP (t, λ0)

j!∂λj
σp+1−j(H1, H2, . . . , Hm)ϕ(t), ψ(t)

)
+

+∆(t, λk, ε), k = 1, p− 1,

àáî, çãiäíî ç (3.55),

Lk,(p−k)h[λ
k] =

dp−kλk

dtp−k
+ ∆(t, λk, ε), k = 1, p− 1.

äå äîäàíîê ∆(t, λk, ε) ìiñòèòü ïîõiäíi âiä k ôóíêöié λ(t, ε), ñóìàðíèé ïîðÿäîê

ÿêèõ ìåíøèé, íiæ p − k, çâiäêè âèïëèâà¹, ùî Lk,(p−k)h[λ
k] 6= 0, k = 1, p− 1,

íåçàëåæíî âiä ïîâåäiíêè êîåôiöi¹íòiâ ñèñòåìè ðiâíÿíü (4.1).

Çâiäñè âèïëèâà¹ òàêå òâåðäæåííÿ.

Òåîðåìà 4.3.Íåçàëåæíî âiä ñòðóêòóðè ìàòðèöüA(s)
i (t), i = 0,m, s = 0, 1, . . . ,

ðiâíÿííÿ ðîçãàëóæåííÿ (4.16) ìà¹ p ìàëèõ ðîçâ'ÿçêiâ λ(t, ε) ç óðàõóâàííÿì ¨õ

êðàòíîñòi, ïðè÷îìó íå áiëüøå îäíîãî íóëüîâîãî.

Ïðîàíàëiçó¹ìî òåïåð ðiâíÿííÿ ðîçãàëóæåííÿ (4.33), ùî âiäïîâiäà¹ ðîçâ'ÿç-

êàì äðóãî¨ ãðóïè. Çãiäíî ç (4.32) öå ðiâíÿííÿ ìà¹ q ìàëèõ ðîçâ'ÿçêiâ, îñêiëüêè

íà îñi àáñöèñ íåìà¹ òî÷îê (k, 0), k = 1, q − 1, àëå çàâæäè ¹ òî÷êà (q, 0) (ðèñ.3).

Îäíàê, íà âiäìiíó âiä ðîçâ'ÿçêiâ ïåðøî¨ ãðóïè, âèðàç (4.20) âòðà÷à¹ ñåíñ, ÿêùî

ξ(t, ε) = 0. Òîìó, ðîçâ'ÿçêiâ äðóãî¨ ãðóïè ìîæå áóòè ìåíøå, íiæ q. �õ êiëüêiñòü

äîðiâíþ¹ q−r, äå r � êðàòíiñòü íóëüîâîãî êîðåíÿ ðiâíÿííÿ ðîçãàëóæåííÿ (4.33).
Ïðè öüîìó, â òîé ÷àñ ÿê ðiâíÿííÿ (4.16) ìîæå ìàòè òiëüêè ïðîñòèé íóëüîâèé êî-

ðiíü çàâäÿêè òîìó, ùî Lk,(p−k)h[λ
k] 6= 0, k = 1, p− 1, îïåðàòîðíi êîåôiöi¹íòè

Nks[ξ
k] ïîäiáíîþ âëàñòèâiñòþ íå âîëîäiþòü. Òîìó çàëåæíî âiä ñòðóêòóðè ìà-

òðèöü A
(s)
i (t), i = 0,m, s = 0, 1, . . . , êðàòíiñòü íóëüîâîãî ðîçâ'ÿçêó ðiâíÿííÿ

(4.33) ìîæå çìiíþâàòèñÿ âiä 0 äî q.
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ßê âèïëèâà¹ ç ìåòîäó äiàãðàì Íüþòîíà, ÿêùî Nks[ξ
k] ≡ 0 ïðè k < r;

Nrs[ξ
r] 6= 0 ïðè äåÿêîìó s, òî ðiâíÿííÿ (4.33) ìà¹ íóëüîâèé ðîçâ'ÿçîê êðàòíiñòþ

r i q − r íåíóëüîâèõ ðîçâ'ÿçêiâ (ðèñ. 3).
Ïîêàæåìî, ùî îñòàííÿ óìîâà ðiâíîñèëüíà íàÿâíîñòi â ìàòðèöi Am(t, ε) æîð-

äàíîâîãî ëàíöþæêà âåêòîðiâ çàâäîâæêè r âiäíîñíî îïåðàòîðiâ Qk(t, ξ, ε), k =

1,m, â ÿêèõ ξ � äîâiëüíèé ñêàëÿðíèé ìíîæíèê.

Íåõàé âåêòîðè yk(t, ε), k = 1, r, óòâîðþþòü öåé æîðäàíiâ ëàíöþæîê. Òîäi,

îñêiëüêè

Am(t, ε) = A(0)
m (t) +Q0(t, ε),

âèêîíóþòüñÿ ñïiââiäíîøåííÿ(
A(0)
m (t) +Q0(t, ε)

)
y1 = 0,

(
A(0)
m (t) +Q0(t, ε)

)
yk +

min(k−1,m)∑
j=1

Qj(t, ξ, ε)yk−j = 0, k = 2, r,

à ðiâíÿííÿ

(
A(0)
m (t) +Q0(t, ε)

)
y +

min(r,m)∑
j=1

Qj(t, ξ, ε)yr+1−j = 0

íåðîçâ'ÿçíå âiäíîñíî âåêòîðà y.

Ðîçãëÿíåìî ïåðøå ç öèõ ðiâíÿíü. Ïðåäñòàâèìî éîãî ó âèãëÿäi

A(0)
m (t)y1 = −Q0(t, ε)y1.

Îñêiëüêè âîíî ðîçâ'ÿçíå âiäíîñíî âåêòîðà y1(t, ε), òî

y1(t, ε) = −G(t)Q0(t, ε)y1(t, ε) + cϕ̃(t),
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äå c � äîâiëüíèé ñêàëÿðíèé ìíîæíèê. Ïîêëàâøè c = 1, äiñòàíåìî

(E +G(t)Q0(t, ε)) y1(t, ε) = ϕ̃(t).

Âèçíà÷íèê ìàòðèöi E + G(t)Q0(t, ε) ïðè ìàëèõ çíà÷åííÿõ ε > 0 âiäìiííèé âiä

íóëÿ. Òîìó äî íå¨ iñíó¹ îáåðíåíà R(t, ε) = (E +G(t)Q0(t, ε))
−1, ÿêó çãiäíî ç [58]

ìîæíà ïîäàòè ó âèãëÿäi ðÿäó

R(t, ε) =
∞∑
i=0

(−1)i (G(t)Q0(t, ε))
i . (4.38)

Òîäi y1(t, ε) = R(t, ε)ϕ̃(t). Îñêiëüêè ðiâíÿííÿ

A(0)
m (t)yk = −

min(k−1,m)∑
j=1

Qj(t, ξ, ε)yk−j −Q0(t, ε)yk, k = 2, r,

ðîçâ'ÿçíi âiäíîñíî âåêòîðiâ yk(t, ε), k = 2, r, òî ìàþòü ìiñöå ðiâíîñòi

yk(t, ε)=cϕ̃(t)−
min(k−1,m)∑

j=1

G(t)Qj(t, ξ, ε)yk−j(t, ε)−G(t)Q0(t, ε)yk(t, ε), k = 2, r, (4.39)

äå c � äîâiëüíèé ñêàëÿðíèé ìíîæíèê. Ïîêëàâøè c = 1 i ïîìíîæèâøè îòðèìàíó

ðiâíiñòü çëiâà íà ìàòðèöþ R(t, ε) òà âçÿâøè äî óâàãè (4.38), îòðèìà¹ìî

yk(t, ε) = R(t, ε)ϕ̃(t)−
min(k−1,m)∑

j=1

R(t, ε)G(t)Qj(t, ξ, ε)yk−j(t, ε), k = 2, r.

Ç îñòàííüî¨ ðiâíîñòi, ïîñëiäîâíî âèðàæàþ÷è âåêòîðè yk(t) ÷åðåç âëàñíèé âåêòîð

ϕ̃(t), äiñòàíåìî

yk(t, ε) = ϕ̃(t) +
∞∑
s=1

s∑
j=1

(−1)jεsW̃
(s)
GQ[0, . . . , 0, 0, j]ϕ̃(t)+

+
∞∑
s=0

k−1∑
i=1

∑
mim+...+2i2+i1=i

s∑
j=0

(−1)im+···+i2+i1+jεsW̃
(s)
GQ[im, . . . , i2, i1, j]ϕ̃(t), k = 1, r.

(4.40)

Îñêiëüêè çà ïðèïóùåííÿì ìàòðèöÿ Am(t, ε) ìà¹ æîðäàíiâ ëàíöþæîê âåêòî-

ðiâ çàâäîâæêè r âiäíîñíî îïåðàòîðiâQk(t, ξ, ε), k = 1,m, òî ìàþòü ìiñöå ðiâíîñòi

(
Q0(t, ε)yk(t, ε), ψ̃(t)

)
+

min(k−1,m)∑
j=1

(
Qj(t, ξ, ε)yk−j(t, ε), ψ̃(t)

)
= 0, k = 2, r,
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(
Q0(t, ε)y(t, ε), ψ̃(t)

)
+

min(r,m)∑
j=1

(
Qj(t, ξ, ε)yr+1−j(t, ε), ψ̃(t)

)
6= 0. (4.41)

Ðîçãëÿíåìî âèðàçè

G(t)Q0(t, ε)yk(t, ε) +

min(k−1,m)∑
j=1

G(t)Qj(t, ξ, ε)yk−j(t, ε), k = 2, r.

Iç (4.39) (ïðè c = 1) ìà¹ìî

G(t)Q0(t, ε)yk(t, ε) +

min(k−1,m)∑
j=1

G(t)Qj(t, ξ, ε)yk−j(t, ε) = ϕ̃(t)− yk(t, ε), k = 2, r.

Ïiäñòàâèâøè ñþäè (4.40), îòðèìà¹ìî

Q0(t, ε)yk(t, ε)+

min(k−1,m)∑
j=1

Qj(t, ξ, ε)yk−j(t, ε)=
∞∑
s=1

s∑
j=1

(−1)j−1εsW
(s)
GQ[0, . . . , 0, 0, j]ϕ̃(t)+

+
∞∑
s=0

k−1∑
i=1

∑
mim+···+2i2+i1=i

s∑
j=0

(−1)im+···+i2+i1+j−1εsW
(s)
GQ[im, . . . , i2, i1, j]ϕ̃(t), k = 2, r.

Iç âðàõóâàííÿì öèõ ôîðìóë, à òàêîæ (4.30), (4.31), (4.34), ñïiââiäíîøåííÿ (4.41)

íàáóâàþòü âèãëÿäó

∞∑
s=1

εsN0s +
∞∑
s=0

k−1∑
i=1

εsNis[ξ
i] = 0, k = 2, r,

∞∑
s=1

εsN0s +
∞∑
s=0

r∑
i=1

εsNis[ξ
i] 6= 0,

çâiäêè âèïëèâà¹, ùî Nis[ξ
i] = 0 ïðè i = 0, r − 1, à Nrs[ξ

r] 6= 0 ïðè äåÿêîìó s, à

öå îçíà÷à¹, ùî ðiâíÿííÿ ðîçãàëóæåííÿ (4.33) ìà¹ íóëüîâèé êîðiíü êðàòíiñòþ r.

Ïðàâèëüíèì òàêîæ ¹ i îáåðíåíå òâåðäæåííÿ.

Îòæå, ñïðàâåäæó¹òüñÿ íàñòóïíà òåîðåìà.

Òåîðåìà 4.4. Êiëüêiñòü ðîçâ'ÿçêiâ äðóãî¨ ãðóïè, ùî âiäïîâiäàþòü íåñêií-

÷åííîìó åëåìåíòàðíîìó äiëüíèêó â'ÿçêè ìàòðèöü P (t, λ) êðàòíiñòþ q, äîðiâíþ¹

q−r, äå r � äîâæèíà æîðäàíîâîãî ëàíöþæêà âåêòîðiâ ìàòðèöi Am(t, ε) âiäíîñíî

îïåðàòîðiâ Qk(t, ξ, ε), k = 1,m, â ÿêèõ ξ � äîâiëüíèé ñêàëÿðíèé ìíîæíèê.
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Ç òåîðåì 4.3, 4.4 âèïëèâà¹, ùî ñèñòåìà ðiâíÿíü (4.1) ìà¹ mn− r ðîçâ'ÿçêiâ:
p ðîçâ'ÿçêiâ ïåðøî¨ ãðóïè âèãëÿäó (4.2) i q − r ðîçâ'ÿçêiâ äðóãî¨ ãðóïè âèãëÿäó
(4.20), äå r � äîâæèíà æîðäàíîâîãî ëàíöþæêà ìàòðèöi Am(t, ε) âiäíîñíî îïåðà-

òîðiâ Qk(t, ε), k = 1,m, (âîíè óòâîðþþòüñÿ ç Qk(t, ξ, ε) ïðè ξ = 1). Â ñóêóïíîñòi

âîíè óòâîðþþòü ëiíiéíî íåçàëåæíó ñèñòåìó ðîçâ'ÿçêiâ, îñêiëüêè âåêòîðè u(t, ε)

i v(t, ε), ÿêi â íèõ ôiãóðóþòü, ¹ âëàñíèìè (àáî ïðè¹äíàíèìè) âåêòîðàìè çáóðå-

íèõ îïåðàòîðíèõ â'ÿçîê, à ôóíêöi¨ λ(t, ε) i ξ(t, ε) � âëàñíèìè çíà÷åííÿìè, ÿêèì

âîíè âiäïîâiäàþòü.

Öåé ðåçóëüòàò öiëêîì óçãîäæó¹òüñÿ ç òåîðåìîþ 2.3, äîâåäåíîþ â ðîçäiëi 2.

Òàêèì ÷èíîì, êiëüêiñòü ôîðìàëüíèõ ðîçâ'ÿçêiâ îäíîðiäíî¨ ñèñòåìè (4.1), ÿêi ìî-

æíà ïîáóäóâàòè ó âèãëÿäi (4.2) àáî ó âèãëÿäi (4.20), äîðiâíþ¹ êiëüêîñòi òî÷íèõ

ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ öi¹¨ ñèñòåìè, ëiíiéíà êîìáiíàöiÿ ÿêèõ óòâîðþ¹

¨¨ çàãàëüíèé ðîçâ'ÿçîê. I õî÷à âiäïîâiäíi ôîðìàëüíi ðÿäè, ÿê ïðàâèëî, ðîçái-

ãàþòüñÿ, àëå, ÿê âèïëèâà¹ ç äîñëiäæåíü, ïðîâåäåíèõ ó [12], âîíè ¹ àñèìïòîòè-

÷íèìè ðîçâèíåííÿìè äåÿêèõ ñêàëÿðíèõ ÷è âåêòîðíèõ ôóíêöié. Òîìó çà ïåâíèõ

óìîâ ïîáóäîâàíi ôîðìàëüíi ðîçâ'ÿçêè ¹ àñèìïòîòè÷íèìè ðîçâèíåííÿìè òî÷íèõ

ðîçâ'ÿçêiâ äàíî¨ ñèñòåìè ðiâíÿíü.

Òàêèì ÷èíîì, çà âiäñóòíîñòi òî÷îê ïîâîðîòó i íåçìiííîñòi íà çàäàíîìó âiäðiç-

êó äiàãðàì Íüþòîíà, ïîáóäîâàíèõ çà êîåôiöi¹íòàìè âiäïîâiäíèõ ðiâíÿíü ðîçãà-

ëóæåííÿ, îïèñàíèé ìåòîä äîçâîëÿ¹ ïîáóäóâàòè àñèìïòîòèêó çàãàëüíîãî ðîçâ'ÿç-

êó ñèñòåìè (4.1) ó âèãëÿäi ðîçâèíåíü çà öiëèìè àáî äðîáîâèìè ñòåïåíÿìè ìàëîãî

ïàðàìåòðà.

Çàçíà÷èìî, ùî òåîðåìè 4.1�4.4 óçàãàëüíþþòü ðåçóëüòàòè, îòðèìàíi â [58] äëÿ

ñèíãóëÿðíî çáóðåíèõ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü äðóãîãî ïîðÿäêó, òîáòî

ïðè m = 2. Òåîðåìè 3.27�3.30 i ôîðìóëè äëÿ îá÷èñëåííÿ êîåôiöi¹íòiâ âiäïî-

âiäíèõ ðiâíÿíü ðîçãàëóæåíü, íàâåäåíi â öié ðîáîòi, âèïëèâàþòü, ÿê íàñëiäîê, ç

òåîðåì 4.1�4.4 òà âiäïîâiäíèõ ôîðìóë, îòðèìàíèõ ó äàíîìó ðîçäiëi.

Âèõîäÿ÷è ç ìåòîäó äiàãðàì Íüþòîíà, íàâåäåìî äåÿêi êîíêðåòíi ðåçóëüòàòè,

ùî ñòîñóþòüñÿ ïîáóäîâè ðîçâ'ÿçêiâ ïåðøî¨ òà äðóãî¨ ãðóï ñèñòåìè ðiâíÿíü (4.1).
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ßêùî

L01(t) =
m∑
i=0

λi0(t)
(
A

(1)
i (t)ϕ(t), ψ(t)

)
+ δ1,h

m∑
i=1

C i−1
i λi−1

0 (t)

(
A

(0)
i (t)

dϕ(t)

dt
, ψ(t)

)
+

+δ1,h

m∑
i=2

D1[λ
i−1
0 ]

(
A

(0)
i (t)ϕ(t), ψ(t)

)
6= 0,∀t ∈ [0;T ],

òî äiàãðàìà Íüþòîíà äëÿ ðîçâ'ÿçêiâ ïåðøî¨ ãðóïè ìà¹ âèãëÿä âiäðiçêà, ùî ç'¹ä-

íó¹ òî÷êè (0; 1) òà (p; 0), íàõèë ÿêîãî äîðiâíþ¹ 1
p (ðèñ.4), à âiäïîâiäíå âèçíà-

÷àëüíå ðiâíÿííÿ λp1 + L01(t) = 0 ìàòèìå p ïðîñòèõ âiäìiííèõ âiä íóëÿ, êîðåíiâ.

Òîìó ñèñòåìà ðiâíÿíü (4.1) ìà¹ p ôîðìàëüíèõ ðîçâ'ÿçêiâ ïåðøî¨ ãðóïè, äå ñêà-

ëÿðíà ôóíêöiÿ λ(t, ε) i âåêòîð u(t, ε) çîáðàæóþòüñÿ ðîçâèíåííÿìè çà ñòåïåíÿìè

µ = ε
1
p :

λ(t, ε) =
∞∑
s=1

µsλs(t), u(t, ε) = ϕ(t) +
∞∑
s=1

µsus(t). (4.42)

Êîåôiöi¹íòè öèõ ðîçâèíåíü ìîæíà çíàéòè ç ðiâíÿííÿ ðîçãàëóæåííÿ (4.16) òà

âèðàçó (4.17). Âèêîðèñòîâóþ÷è ôîðìóëó

λk(t, µ) =
∞∑
s=k

µsP
(s)
k (λ), k ≥ 1,

òà ëiíiéíiñòü îïåðàòîðíîãî âèðàçó Lks[λk], ïiäñòàâèìî (4.42) ó (4.16) i ïðèðiâ-

íÿ¹ìî âèðàçè ïðè îäíàêîâèõ ñòåïåíÿõ µ. Ó ðåçóëüòàòi îòðèìà¹ìî íåñêií÷åííó

ñèñòåìó ðiâíÿíü âiäíîñíî ôóíêöié λk(t), k = 1, 2, . . . :

P (p)
p (λ) + L01(t) = 0;

P (p+s)
p (λ) +

p+s∑
k=p+1

P
(p+s)
k (λ)Lk0 + L0,s−1 +

[p+s−1p ]∑
k=1

p+s−kp∑
i=1

Lik

[
P

(p+s−kp)
i (λ)

]
= 0,

s = 1, 2, . . . .

Ç ïåðøîãî ðiâíÿííÿ öi¹¨ ñèñòåìè âiäðàçó äiñòàíåìî

λ1(t) = p
√
−L01(t).

Ïîòiì, ñêîðèñòàâøèñü ôîðìóëîþ

P (p+s)
p (λ) = pλs+1(t)λ

p−1
1 (t) + P̃ (p+s)

p (λ), (4.43)
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äå P̃ (p+s)
p (λ) � òà ÷àñòèíà âèðàçó P (p+s)

p (λ), ÿêà ìiñòèòü òiëüêè òi ôóíêöi¨ λi(t),

iíäåêñè ÿêèõ i ≤ s, ç ðåøòè ðiâíÿíü îòðèìà¹ìî

λs+1(t)=− 1

pλp−1
1 (t)

[
P̃ (p+s)
p (λ)+

p+s∑
k=p+1

P
(p+s)
k (λ)Lk0+L0,s+1+

[p+s−1p ]∑
k=1

p+s−kp∑
i=1

Lik

[
P

(p+s−kp)
i (λ)

]]
,

s = 1, 2, . . . .

-

6

ordλ

ordε
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Ïiäñòàâèâøè îòðèìàíèé ðÿä ó (4.18) i çãðóïóâàâøè äîäàíêè çi ñòåïåíÿìè µs,

äiñòàíåìî âiäïîâiäíi ôîðìóëè äëÿ âèçíà÷åííÿ âåêòîðiâ us(t):

us(t)=−
s∑

k=1

P
(s)
k (λ)H(t)L̃k0ϕ(t)−H(t)L̃0,s−p+1ϕ(t)−

[ s−1p ]∑
k=1

s−kp∑
i=1

H(t)L̃ik

[
P

(s−kp)
i (λ)

]
ϕ(t),

s = 1, 2, . . . . Öåé ðåçóëüòàò çáiãà¹òüñÿ ç òâåðäæåííÿì òåîðåìè 3.2, ÿêå äîâåäåíî

iíøèì ñïîñîáîì.

ßêùî L01(t) ≡ 0,∀t ∈ [0;T ], àëå

L02(t) =
m∑
i=0

λi0(t)
(
A

(2)
i (t)ϕ(t), ψ(t)

)
+

m∑
i=1

C i−1
i λi−1

0 (t)

(
A

(2−h)
i (t)

dϕ(t)

dt
, ψ(t)

)
+

+
m∑
i=2

D1[λ
i−2
0 ]

(
A

(2−2h)
i (t)

dϕ(t)

dt
, ψ(t)

)
+

m∑
i=2

C i−2
i−1λ

i−2
0

(
A

(2−2h)
i (t)

d2ϕ(t)

dt2
, ψ(t)

)
+

+
m∑
i=2

D1[λ
i−1
0 ]

(
A

(2−h)
i (t)ϕ(t), ψ(t)

)
+

m∑
i=3

D2[λ
i−2
0 ]

(
A

(2−2h)
i (t)ϕ(t), ψ(t)

)
−

−
2m∑
i=0

i∑
j=0

λi0(t)
(
A

(1)
i−j(t)H(t)A

(1)
j (t)ϕ(t), ψ(t)

)
−

−
2m∑
i=1

i∑
j=1

Cj−1
j λi−1

0 (t)
(
A

(1)
i−j(t)H(t)A

(1−h)
j (t)ϕ(t), ψ(t)

)
−
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−
2m∑
i=2

i∑
j=2

λi−j0 (t)D1[λ
j−1
0 ]

(
A

(1)
i−j(t)H(t)A

(1−h)
j (t)ϕ(t), ψ(t)

)
−

−
2m∑
i=1

i−1∑
j=0

C i−j−1
i−j λi−j−1

0 (t)
(
A

(1−h)
i−j (t)Dλj0(t)H(t)A

(1)
j (t)ϕ(t), ψ(t)

)
−

−
2m∑
i=2

i−1∑
j=1

C i−j−1
i−j Cj−1

j λi−j−1
0 (t)

(
A

(1−h)
i−j (t)Dλj−1

0 (t)H(t)A
(1−h)
j (t)

dϕ(t)

dt
, ψ(t)

)
−

−
2m∑
i=3

i−1∑
j=2

C i−j−1
i−j λi−j−1

0 (t)
(
A

(1−h)
i−j (t)DD1[λ

j−1
0 ]H(t)A

(1−h)
j (t)ϕ(t), ψ(t)

)
−

−
2m∑
i=2

i−2∑
j=0

D1[λ
i−j−1
0 ]λj0(t)

(
A

(1−h)
i−j (t)H(t)A

(1)
j (t)ϕ(t), ψ(t)

)
−

−
2m∑
i=3

i−2∑
j=1

Cj−1
j D1[λ

i−j−1
0 ]λj−1

0 (t)

(
A

(1−h)
i−j (t)H(t)A

(1−h)
j (t)

dϕ(t)

dt
, ψ(t)

)
−

−
2m∑
i=4

i−2∑
j=2

D1[λ
i−j−1
0 ]D1[λ

j−1
0 ]

(
A

(1−h)
i−j (t)H(t)A

(1−h)
j (t)ϕ(t), ψ(t)

)
6= 0,

L11[λ1](t) = λ

m∑
i=1

C i−1
i λi−1

0 (t)
(
A

(1)
i (t)ϕ(t), ψ(t)

)
+

+2λδ1,h

m∑
i=2

C i−2
i λi−2

0 (t)

(
A

(0)
i (t)

dϕ(t)

dt
, ψ(t)

)
+

+δ1,h

m∑
i=2

C1
i−1D1[λλ

i−2
0 ]

(
A

(0)
i (t)ϕ(t), ψ(t)

)
−

−λ
2m∑
i=1

i−1∑
j=0

C1
i−jλ

i−1
0 (t)

(
A

(0)
i−j(t)H(t)A

(1)
j (t)ϕ(t), ψ(t)

)
−

−λδ1,h

2m∑
i=2

i−1∑
j=1

C1
i−jC

1
jλ

i−2
0 (t)

(
A

(0)
i−j(t)H(t)A

(0)
j (t)

dϕ(t)

dt
, ψ(t)

)
−

−λδ1,h

2m∑
i=3

i−1∑
j=2

C1
i−jλ

i−j−1
0 (t)D1[λ

j−1
0 ]

(
A

(0)
i−j(t)H(t)A

(0)
j (t)ϕ(t), ψ(t)

)
−

−λ
2m∑
i=1

i∑
j=1

C1
jλ

i−1
0 (t)

(
A

(1)
i−j(t)H(t)A

(0)
j (t)ϕ(t), ψ(t)

)
−
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−δ1,h

2m∑
i=2

i−1∑
j=1

C1
i−jC

1
jλ

i−j−1
0 (t)

(
A

(0)
i−j(t)Dλλ

j−1
0 (t)H(t)A

(0)
j (t)ϕ(t), ψ(t)

)
−

−λδ1,h

2m∑
i=3

i−2∑
j=1

C1
jD1[λ

i−j−1
0 ]λj−1

0 (t)
(
A

(0)
i−j(t)H(t)A

(0)
j (t)ϕ(t), ψ(t)

)
6= 0,∀t ∈ [0;T ]

òî ïðè p > 2 âiäïîâiäíà äiàãðàìà Íüþòîíà ìà¹ âèãëÿä ëàìàíî¨, ÿêà ç'¹äíó¹ òî÷êè

(0; 2), (1; 1) òà (p; 0) (ðèñ.5), à âiäïîâiäíå âèçíà÷àëüíå ðiâíÿííÿ λp1 +L11[λ1](t) +

L02(t) = 0 ìàòèìå p ïðîñòèõ, âiäìiííèõ âiä íóëÿ êîðåíiâ. Òîìó p− 1 ðîçâ'ÿçîêiâ

ïåðøî¨ ãðóïè áóäóþòüñÿ ó âèãëÿäi ðîçâèíåíü çà ñòåïåíÿìè ε
1
p−1 i îäèí ðîçâ'ÿçîê �

çà öiëèìè ñòåïåíÿìè ε. ßêùî æ p = 2, òî îáèäâà ðîçâ'ÿçêè áóäóþòüñÿ çà öiëèìè

ñòåïåíÿìè ε. Ïðè öüîìó, ÿêùî h = 1, p = 2, êîåôiöi¹íòè âiäïîâiäíîãî ðîçâèíåííÿ

ôóíêöi¨ λ(t, ε) âèçíà÷àþòüñÿ íå ç àëãåáðà¨÷íèõ, à ç äèôåðåíöiàëüíèõ ðiâíÿíü,

îñêiëüêè îïåðàòîðè L11[λ] ó öüîìó ðàçi ìiñòÿòü îïåðàöiþ äèôåðåíöiþâàííÿ ïî t.

Íàâåäåìî äåÿêi ðåçóëüòàòè ñòîñîâíî ðîçâ'ÿçêiâ äðóãî¨ ãðóïè.

ßêùî

N01(t) =
(
A(1)
m (t)ϕ̃(t), ψ̃(t)

)
6= 0,∀t ∈ [0;T ],

òî âiäïîâiäíà äiàãðàìà Íüþòîíà ìà¹ âèãëÿä âiäðiçêà, ùî ç'¹äíó¹ òî÷êè (0; 1)

òà (q; 0) (ðèñ.6), íàõèë ÿêîãî äîðiâíþ¹ 1
q , à âiäïîâiäíå âèçíà÷àëüíå ðiâíÿííÿ

ξq1 + N01(t) = 0 ìàòèìå q âiäìiííèõ âiä íóëÿ êîðåíiâ. Òîìó â öüîìó âèïàäêó

ñèñòåìà ðiâíÿíü (4.1) ìàòèìå q ðîçâ'ÿçêiâ äðóãî¨ ãðóïè, à âiäïîâiäíi ðîçâèíåííÿ

äëÿ ôóíêöié ξ(t, ε) i âåêòîðiâ v(t, ε) áóäóâàòèìóòüñÿ çà ñòåïåíÿìè ν = ε
1
q :

ξ(t, ε) =
∞∑
s=1

νsξs(t), v(t, ε) = ϕ̃(t) +
∞∑
s=1

νsvs(t). (4.44)

Êîåôiöi¹íòè öèõ ðîçâèíåíü ìîæíà çíàéòè ç ðiâíÿííÿ ðîçãàëóæåííÿ (4.33) òà

âèðàçó (4.35). Âèêîðèñòîâóþ÷è ôîðìóëó

ξk(t, ν) =
∞∑
s=k

νsP
(s)
k (ξ), k ≥ 1,

òà ëiíiéíiñòü îïåðàòîðíîãî âèðàçó Nks[ξ
k], ïiäñòàâèìî (4.44) ó (4.33) i ïðèðiâ-

íÿ¹ìî âèðàçè ïðè îäíàêîâèõ ñòåïåíÿõ ν. Ó ðåçóëüòàòi îòðèìà¹ìî íåñêií÷åííó

ñèñòåìó ðiâíÿíü âiäíîñíî ôóíêöié ξk(t), k = 1, 2, . . . :

P (q)
q (ξ) +N01(t) = 0;
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P (q+s)
q (ξ) +

q+s∑
k=q+1

P
(q+s)
k (ξ)Nk0 +N0,s−1 +

[ q+s−1q ]∑
k=1

q+s−kq∑
i=1

Nik

[
P

(q+s−kq)
i (ξ)

]
= 0,

s = 1, 2, . . . .

Ç ïåðøîãî ðiâíÿííÿ öi¹¨ ñèñòåìè âiäðàçó äiñòàíåìî

ξ1(t) = q
√
−N01(t).

Ïîòiì, ñêîðèñòàâøèñü ôîðìóëîþ (4.43), ç íàñòóïíèõ ðiâíÿíü îòðèìà¹ìî

ξs+1(t)=
−1

qξq−1
1 (t)

[
P̃ (q+s)
q (ξ)+

q+s∑
k=q+1

P
(q+s)
k (ξ)Nk0+M0,s+1+

[ q+s−1q ]∑
k=1

q+s−kq∑
i=1

Nik

[
P

(q+s−kq)
i (ξ)

]]
,

s = 1, 2, . . . .

Ïiäñòàâèâøè îòðèìàíèé ðÿä ó (4.35) i çãðóïóâàâøè äîäàíêè ç îäíàêîâèìè

ñòåïåíÿìè ν, ìà¹ìî âiäïîâiäíi ôîðìóëè äëÿ âèçíà÷åííÿ âåêòîðiâ vs(t):

vs(t)=−
s∑

k=1

P
(s)
k (ξ)G(t)Ñk0ϕ̃(t)−G(t)Ñ0,s−q+1ϕ̃(t)−

[ s−1q ]∑
k=1

s−kq∑
i=1

G(t)Ñik

[
P

(s−kq)
i (ξ)

]
ϕ̃(t),

s = 1, 2, . . . . Öåé ðåçóëüòàò çáiãà¹òüñÿ ç òåîðåìîþ 3.2, äîâåäåíîþ iíøèì ñïîñî-

áîì.

-

6

ordξ

ordε

0

•1
•
q

````````̀

Ðèñ. 6

-

6

ordξ

ordε

0

•
1

2

•
•

@
@XXXXXXXX

1 q
Ðèñ. 7

ßêùî æ N01(t) ≡ 0,∀t ∈ [0;T ], àëå

N02(t) =
((
A(2)
m (t)− A(1)

m (t)G(t)A(1)
m (t)

)
ϕ̃(t), ψ̃(t)

)
6= 0,

N11[ξ0](t) = ξm
1∑
i=0

i∑
j=0

Cj+m−1
i+m−1Dj

[
1

ξm−1

](
A

(1−ih)
i+m−1(t)

di−jϕ̃(t)

dti−j
, ψ̃(t)

)
−

−ξ
((
A

(0)
m−1(t)G(t)A(1)

m (t) + A(1)
m (t)G(t)A

(0)
m−1(t)

)
ϕ̃(t), ψ̃(t)

)
6= 0,∀t ∈ [0;T ],
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òî âiäïîâiäíà äiàãðàìà ìà¹ âèãëÿä ëàìàíî¨, ùî ç'¹äíó¹ òî÷êè (0; 2), (1; 1), (q; 0)

(ðèñ.7), à âiäïîâiäíå âèçíà÷àëüíå ðiâíÿííÿ ξq0 + N11[ξ0](t) + N02(t) = 0 ìàòèìå

q ïðîñòèõ âiäìiííèõ âiä íóëÿ êîðåíiâ. ßêùî q > 2, òî q − 1 ðîçâ'ÿçêiâ äðóãî¨

ãðóïè áóäóþòüñÿ ó âèãëÿäi ðîçâèíåíü çà ñòåïåíÿìè ε
1
q−1 i îäèí ðîçâ'ÿçîê � çà

öiëèìè ñòåïåíÿìè ε. ßêùî æ q = 2, òî îáèäâà ðîçâ'ÿçêè áóäóþòüñÿ çà öiëèìè

ñòåïåíÿìè ε.

Ðîçãëÿíåìî ùå îäèí âàæëèâèé âèïàäîê. Ââàæàòèìåìî, ùî âñi ìàòðèöiA(i)
m (t) ≡

0 ïðè i = 1, 2, . . . , òîáòî ïðè ñòàðøié ïîõiäíié ó ñèñòåìi (4.1) ìiñòèòüñÿ âèðî-

äæåíà ìàòðèöÿ A(0)
m (t). Ó öüîìó ðàçi

-

6

ordξ

ordε

0

1 •
•

XXXXXXXX
1 q

Ðèñ. 8

L01(t) =
m−1∑
i=0

λi0(t)
(
A

(1)
i (t)ϕ(t), ψ(t)

)
+ δ1,h

m∑
i=1

C i−1
i λi−1

0 (t)

(
A

(0)
i (t)

dϕ(t)

dt
, ψ(t)

)
+

+δ1,h

m∑
i=2

D1[λ
i−1
0 ]

(
A

(0)
i (t)ϕ(t), ψ(t)

)
, N0i(t) = 0, i = 0, 1, . . . .

ßêùî L01(t) 6= 0 i N11(t) 6= 0,∀t ∈ [0;T ], òî äiàãðàìà Íüþòîíà, ÿêà âiäïîâiäà¹

ðîçâ'ÿçêàì ïåðøî¨ ãðóïè, ÿâëÿ¹ ñîáîþ âiäðiçîê, ùî ç'¹äíó¹ òî÷êè (0; 1) òà (p; 0)

(ðèñ.4), à äðóãà äiàãðàìà � âiäðiçîê, ùî ç'¹äíó¹ òî÷êè (1; 1) òà (q; 0) (ðèñ.8).

Ó ðåçóëüòàòi îòðèìà¹ìî íàñòóïíó òåîðåìó.

Òåîðåìà 4.5. Íåõàé ó ñèñòåìi (4.1) ìàòðèöi A(i)
m (t) ≡ 0 ïðè i ≥ 1, ãðà-

íè÷íà â'ÿçêà ìàòðèöü P (t, λ) ðåãóëÿðíà i ìà¹ îäèí ñêií÷åííèé åëåìåíòàðíèé

äiëüíèê (λ − λ0(t))
p êðàòíiñòþ p > 1 i îäèí íåñêií÷åííèé � êðàòíiñòþ q > 1.

Òîäi, ÿêùî âèêîíóþòüñÿ óìîâè L01(t) 6= 0, N11(t) 6= 0,∀t ∈ [0;T ], òî ñèñòåìà

äèôåðåíöiàëüíèõ ðiâíÿíü (4.1) ìàòèìå p ôîðìàëüíèõ ðîçâ'ÿçêiâ âèãëÿäó (4.2),

i q − 1 ðîçâ'ÿçêiâ � âèãëÿäó (4.20), äå ôóíêöi¨ λ(t, µ), ξ(t, ν) i âåêòîð-ôóíêöi¨

u(t, µ), v(t, ν) çîáðàæàþòüñÿ ôîðìàëüíèìè ðîçâèíåííÿìè (4.42), (4.44), â ÿêèõ

µ = p
√
ε, ν = q−1

√
ε.



156

4.4. Ïðèêëàä

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü{
ε3 d3x2

dt3 + ε2 d2x1
dt2 + 3ε2td

2x2
dt2 + 2εtdx1dt + 3εt2 dx2dt + (t2 − ε)x1 + t3x2 = 0,

ε5 d3x1
dt3 + ε5 d3x2

dt3 + ε2 d2x2
dt2 + 2εtdx2dt + t2x2 = 0,

äå x1(t, ε), x2(t, ε) � øóêàíi ñêàëÿðíi ôóíêöi¨, t ∈ [0; 1].

Çàïèøåìî ¨¨ ó âåêòîðíî-ìàòðè÷íèé ôîðìi:

ε3
(
A

(0)
3 (t)+ε2A

(2)
3 (t)

)d3x

dt3
+ε2A

(0)
2 (t)

d2x

dt2
+εA

(0)
1 (t)

dx

dt
+
(
A

(0)
0 (t)+εA

(1)
0 (t)

)
x=0,

(4.45)

äå

A
(0)
3 (t)=

[
0 1

0 0

]
, A

(2)
3 (t)=

[
0 0

1 1

]
, A

(0)
2 (t)=

[
1 3t

0 1

]
, A

(0)
1 (t)=

[
2t 3t2

0 2t

]
, A

(0)
0 (t)=

[
t2 t3

0 t2

]
,

A
(1)
0 (t) =

[
−1 0

0 0

]
, x = col [x1, x2] .

Ãðàíè÷íà â'ÿçêà ìàòðèöü

P (t, λ) =

[
(λ+ t)2 (λ+ t)3

0 (λ+ t)2

]

ìà¹ îäíå âëàñíå çíà÷åííÿ λ0(t) = −t êðàòíîñòi 4. Çíàéäåìî ñêií÷åííi òà íåñêií-

÷åííi åëåìåíòàðíi äiëüíèêè öi¹¨ â'ÿçêè. Îñêiëüêè â'ÿçêà

P (t, λ, ξ) =

[
ξ(λ+ tξ)2 (λ+ tξ)3

0 ξ(λ+ tξ)2

]

ìà¹ äâà iíâàðiàíòíi ìíîãî÷ëåíè i1(λ, ξ) = ξ2(λ + tξ)2, i2(λ, ξ) = (λ + tξ)2, òî

â'ÿçêà P (t, λ) ìà¹ äâà ñêií÷åííi åëåìåíòàðíi äiëüíèêè (λ+t)2, (λ+t)2 êðàòíiñòþ

2 êîæíèé i îäèí íåñêií÷åííèé � òi¹¨ æ êðàòíîñòi.

Ïðè ñòàðøié ïîõiäíié ó ñèñòåìi (4.45) çíàõîäèòüñÿ íåîñîáëèâà ìàòðèöÿ, òî-

ìó çãiäíî ç òåîðåìîþ 2.2 ¨¨ ôóíäàìåíòàëüíà ñèñòåìà ñêëàäà¹òüñÿ ç 6-è ëiíiéíî

íåçàëåæíèõ ÷àñòèííèõ ðîçâ'ÿçêiâ.

Çíàéäåìî ðîçâ'ÿçêè, ÿêi âiäïîâiäàþòü ñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì.

Ç öi¹þ ìåòîþ ïåðåâiðèìî, ÷è âèêîíó¹òüñÿ óìîâà 3.10◦ òåîðåìè 3.3. Îñêiëüêè
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ìàòðèöÿ P (t, λ0(t)) ¹ íóëüîâîþ, òî ϕ1 = col [1, 0], ϕ2 = col [0, 1], ψ1 = col [1, 0],

ψ2 = col [0, 1]. Ïðè öüîìó âèêîíó¹òüñÿ óìîâà (3.87).

Ìàòðèöÿ

R1(t) =

[
(K(t)ϕ1(t), ψ1(t)) (K(t)ϕ1(t), ψ2(t))

(K(t)ϕ2(t), ψ1(t)) (K(t)ϕ2(t), ψ2(t))

]
=

[
−2 0

0 −1

]

ìà¹ ïðîñòi âiäìiííi âiä íóëÿ âëàñíi çíà÷åííÿ η1 = −1, η2 = −2. Îòæå, óìîâà

3.10◦ òåîðåìè 3.3 âèêîíó¹òüñÿ. Òîìó ðîçâ'ÿçêè äàíî¨ ñèñòåìè, ùî âiäïîâiäàþòü

ñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì, ïîáóäó¹ìî ó âèãëÿäi

xi(t, ε) =
(
u

(0)
i (t) + ε

1
2u

(1)
i (t)

)
exp

(
1

ε

∫ t

0

(
λ0(τ) + ε

1
2λ

(1)
i (τ)

)
dτ

)
, i = 1, 4,

îáìåæèâøèñü ïåðøèìè äâîìà ÷ëåíàìè ó âiäïîâiäíèõ ðîçâèíåííÿõ.

Çãiäíî ç ôîðìóëàìè (3.93) ìà¹ìî

λ
(1)
j (t) = cos

arg 1 + 2π(j − 1)

2
+ i sin

arg 1 + 2π(j − 1)

2
, j = 1, 2,

λ
(1)
j (t) =

√
2

(
cos

arg 2 + 2π(j − 3)

2
+ i sin

arg 2 + 2π(j − 3)

2

)
, j = 3, 4,

çâiäêè

λ
(1)
1 (t) = 1, λ

(1)
2 (t) = −1, λ

(1)
3 (t) =

√
2, λ

(1)
4 (t) = −

√
2.

Äàëi, êîðèñòóþ÷èñü ôîðìóëàìè (3.94), (3.81), çíàõîäèìî

ϕ∗1(t)=y
(0)
1 (t)=col[0, 1] , ϕ∗2(t)=y

(0)
2 (t)=col[1, 0] , ψ∗1(t)=col[0, 1] , ψ∗2(t) = col [1, 0] ,

u
(0)
1 (t) = u

(0)
2 (t) = col [0, 1] , u

(0)
3 (t) = u

(0)
4 (t) = col [1, 0] .

Ùîá âèçíà÷èòè âåêòîðè u(1)
i (t), i = 1, 4, çíàéäåìî ôóíêöi¨ λ(2)

i (t), i = 1, 4, çà

ôîðìóëîþ

λ
(2)
i (t) =

(
f

(1)
i (t), ψ∗

[ i3 ]+1
(t)

)
2λ

(1)
i (t)

, i = 1, 4,

äå

f
(1)
i (t) = λ

(1)
i (t)Qσ2(H̃1, H̃2, H̃3)g

(2)
i (t)−

−
(
λ

(1)
i (t)

)3
3∑
j=1

Q
∂jP (t, λ0(t))

j!∂λj
σ4−j(H1, H2, H3)y

(0)

[ i3 ]+1
(t) +Qg̃

(3)
i (t),
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i = 1, 4. Îñêiëüêè σ2(H̃1, H̃2, H̃3) = diag{0, 0}, σ2(H1, H2, H3) = σ3(H1, H2, H3) =

= diag{0, 0}, òî

f
(1)
i (t) = −

(
λ

(1)
i (t)

)3

QA
(0)
3 (t)y

(0)

[ i3 ]+1
(t) +Qg̃

(3)
i (t), i = 1, 4.

Âðàõîâóþ÷è, ùî du
(0)
i (t)
dt = col [0, 0] , i = 1, 4, âåêòîðè g̃(3)

i (t), i = 1, 4, âèçíà÷èìî

çà ôîðìóëîþ

g̃
(3)
i (t) = −A(1)

0 (t)u
(0)
i (t)− dλ

(1)
i (t)

dt
A

(0)
2 (t)u

(0)
i (t)−

−

(
2
dλ0(t)λ

(1)
i (t)

dt
+ λ0(t)

dλ
(1)
i (t)

dt
+ λ

(1)
i (t)

dλ0(t)

dt

)
A

(0)
3 (t)u

(0)
i (t), i = 1, 4.

Ïðîâiâøè âiäïîâiäíi îá÷èñëåííÿ, îòðèìà¹ìî

g̃
(3)
1 (t) = col [3, 0] , f

(1)
1 (t) = col [2, 0] , λ

(2)
1 (t) = 0,

g̃
(3)
2 (t) = col [−3, 0] , f

(1)
2 (t) = col [−2, 0] , λ

(2)
2 (t) = 0,

g̃
(3)
3 (t) = col [1, 0] , f

(1)
3 (t) = col [1, 0] , λ

(2)
3 (t) =

√
2

4
,

g̃
(3)
4 (t) = col [1, 0] , f

(1)
4 (t) = col [1, 0] , λ

(2)
4 (t) = −

√
2

4
.

Òîäi çà ôîðìóëîþ

y
(1)
i (t) =

(
R1(t)− η[ i3 ]+1(t)E

)+ (
f

(1)
i (t)− 2λ

(1)
i (t)λ

(2)
i (t)ϕ∗[ i3 ]+1

(t)
)
, i = 1, 4,

çíàõîäèìî:

y
(1)
1 (t) = col [−2, 0] , y

(1)
2 (t) = col [2, 0] , y

(1)
3 (t) = col [0, 0] , y

(1)
4 (t) = col [0, 0] .

Çâiäñè îñòàòî÷íî ìà¹ìî:

u
(1)
1 (t)=−2 col[1, 0]+0 col[0, 1]=col[−2, 0], u

(1)
2 (t)=2 col[1, 0]+0 col[0, 1]=col[2, 0],

u
(1)
3 (t)=0 col[1, 0] + 0 col[0, 1]=col [0, 0], u

(1)
4 (t)=0 col[1, 0] + 0 col[0, 1]=col[0, 0].

Îòæå, ðîçâ'ÿçêè ñèñòåìè (4.45), ÿêi âiäïîâiäàþòü ñêií÷åííèì åëåìåíòàðíèì äiëü-

íèêàì, ìàþòü âèãëÿä

x1(t, ε) = col
[
−2ε

1
2 , 1
]

exp

(
−ε−1

(
t2

2
− ε

1
2 t

))
+O(ε),
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x2(t, ε) = col
[
2ε

1
2 , 1
]

exp

(
−ε−1

(
t2

2
+ ε

1
2 t

))
+O(ε),

x3(t, ε) = col [1, 0] exp

(
−ε−1

(
t2

2
− ε

1
2

√
2t

))
+O(ε),

x4(t, ε) = col [1, 0] exp

(
−ε−1

(
t2

2
+ ε

1
2

√
2t

))
+O(ε).

Ïåðåéäåìî äî ïîáóäîâè ðîçâ'ÿçêiâ ñèñòåìè (4.45), ÿêi âiäïîâiäàþòü êðàòíî-

ìó íåñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó â'ÿçêè ìàòðèöü P (t, λ). Îñêiëüêè

A
(1)
3 (t) = diag{0, 0}, òî óìîâà 3.7◦ òåîðåìè 3.2 íå âèêîíó¹òüñÿ. Ó çâ'ÿçêó ç öèì

äëÿ ïîáóäîâè ðîçâ'ÿçêiâ äðóãî¨ ãðóïè âèêîðèñòà¹ìî ìåòîä äiàãðàì Íüþòîíà.

Ñïî÷àòêó çíàéäåìî âåêòîðè ϕ̃(t), ψ̃(t):

A
(0)
3 (t)ϕ̃(t) = 0,

(
A

(0)
3 (t)

)∗
ψ̃(t) = 0,

çâiäêè ϕ̃(t) = col [1, 0] , ψ̃(t) = col [0, 1] .

Äàëi çíàéäåìî êîåôiöi¹íòè ðiâíÿííÿ ðîçãàëóæåííÿ (4.33):

-

6

ordξ

ordε

0

•2

•
2

@
@

@
@

@
@

@@

α

Ðèñ. 9

N01(t)=
(
A

(1)
3 (t)ϕ̃(t), ψ̃(t)

)
=0,

N02(t)=
((
A

(2)
3 (t)− A(1)

3 (t)G(t)A
(1)
3 (t)

)
ϕ̃(t), ψ̃(t)

)
=1,

N11[ξ](t)=ξ3
∑1

i=0

∑i
j=0C

j+2
i+2Dj

[
1
ξ2

](
A

(1−i)
i+2 (t)d

i−jϕ̃(t)
dti−j , ψ̃(t)

)
−

−ξ
((
A

(0)
2 (t)G(t)A

(1)
3 (t) + A

(1)
3 (t)G(t)A

(0)
2 (t)

)
ϕ̃(t), ψ̃(t)

)
=0.

Âiäïîâiäíà äiàãðàìà çîáðàæåíà íà ðèñ. 9. Îñêiëüêè ¨¨ íàõèë tgα = 1, òî

ðîçâ'ÿçêè äðóãî¨ ãðóïè ïîòðiáíî áóäóâàòè çà öiëèìè ñòåïåíÿìè ïàðàìåòðà ε:

ξ(t, ε) =
∞∑
s=1

εsξ(s)(t), (4.46)

v(t, ε) = ϕ̃(t) +
∞∑
s=1

εsv(s)(t).

Äîâæèíà ïðîåêöi¨ äiàãðàìè íà âiñü àáñöèñ äîðiâíþ¹ 2, òîìó öèõ ðîçâ'ÿçêiâ ìà¹

áóòè äâà.

Ùîá âèçíà÷èòè íåâiäîìi ôóíêöi¨ ξ(s)(t), s = 1, 2, . . . , ïiäñòàâèìî (4.46) ó ðiâ-

íÿííÿ ðîçãàëóæåííÿ

ξ2 +
∞∑
k=3

ξkNk0(t) +
∞∑
s=1

εsN0s(t) +
∞∑
k=1

∞∑
s=1

εsNks[ξ
k](t) = 0.
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Îäíî÷àñíî äëÿ âèçíà÷åííÿ âåêòîðiâ v(s)(t), s = 1, 2, . . . , ïiäñòàâèìî öåé ðÿä

ó âèðàç

v(t, ε)= ϕ̃(t)−
∞∑
k=1

ξkG(t)Ñk0(t)ϕ̃(t)−
∞∑
s=1

εsG(t)Ñ0s(t)ϕ̃(t)−
∞∑
s=1

∞∑
k=1

εsG(t)Ñks[ξ
k](t)ϕ̃(t).

Ïåðåãðóïóâàâøè äîäàíêè, äiñòàíåìî

∞∑
s=2

εsP
(s)
2 (ξ)+

∞∑
k=3

∞∑
s=k

εsP
(s)
k (ξ)Nk0(t)+

∞∑
s=1

εsN0s(t)+
∞∑
s=1

∞∑
k=1

εsNks

[ ∞∑
i=k

εiP
(i)
k (ξ)

]
(t)=0,

(4.47)
∞∑
s=1

εsv(s)(t) = −
∞∑
k=1

∞∑
s=k

εsP
(s)
k (ξ)G(t)Ñk0(t)ϕ̃(t)−

∞∑
s=1

εsG(t)Ñ0s(t)ϕ̃(t)−

−
∞∑
k=1

∞∑
s=1

εsG(t)Ñks

[ ∞∑
i=k

εsP
(i)
k (ξ)

]
(t)ϕ̃(t). (4.48)

Ó âèðàçàõ (4.47) òà (4.48) ïðèðiâíÿ¹ìî êîåôiöi¹íòè ïðè ε1 i ε2. Ó ðåçóëüòàòi

äiñòàíåìî

P
(2)
2 (ξ) +N02(t) = 0, (4.49)

v(1)(t) = −ξ(1)(t)G(t)A
(0)
2 (t)ϕ̃(t)−G(t)A

(1)
3 (t)ϕ̃(t), (4.50)

v(2)(t)=−
(
P

(2)
1 (ξ)G(t)Ñ10(t) + P

(2)
2 (ξ)G(t)Ñ20(t)

)
ϕ̃(t)−G(t)Ñ02(t)ϕ̃(t). (4.51)

Ç ðiâíÿííÿ (4.49) çíàéäåìî ξ(1)
1 (t) = i, ξ

(1)
2 (t) = −i. Òîäi ç (4.50), (4.51) ìà¹ìî

v
(1)
1 (t) = −ξ(1)

1 (t)G(t)A
(0)
2 (t)ϕ̃(t)−G(t)A

(1)
3 (t)ϕ̃(t) = col [0,−i] ,

v
(1)
2 (t) = −ξ(1)

2 (t)G(t)A
(0)
2 (t)ϕ̃(t)−G(t)A

(1)
3 (t)ϕ̃(t) = col [0, i] .

Äàëi ïðèðiâíÿ¹ìî ó âèðàçi (4.47) êîåôiöi¹íòè ïðè ε3. Äëÿ öüîãî îá÷èñëèìî

N12[ξ
1](t) i N21[ξ

2](t). Âðàõîâóþ÷è (4.31), îòðèìà¹ìî

N12[ξ
1](t) =

(
Q

(2)
1 (t, ξ)ϕ̃(t), ψ̃(t)

)
−
(
Q

(0)
1 (t, ξ)G(t)Q

(2)
0 (t)ϕ̃(t), ψ̃(t)

)
−

−
((
Q

(1)
1 (t, ξ)G(t)Q

(1)
0 (t) +Q

(1)
0 (t)G(t)Q

(1)
1 (t, ξ)

)
ϕ̃(t), ψ̃(t)

)
−

−
(
Q

(2)
0 (t)G(t)Q

(0)
1 (t, ξ)ϕ̃(t), ψ̃(t)

)
+
(
Q

(0)
1 (t, ξ)G(t)Q

(1)
0 (t)G(t)Q

(1)
0 (t)ϕ̃(t), ψ̃(t)

)
+

+
((
Q

(1)
0 (t)G(t)Q

(0)
1 (t, ξ)G(t)Q

(1)
0 (t) +Q

(1)
0 (t)G(t)Q

(1)
0 (t)G(t)Q

(0)
1 (t, ξ)

)
ϕ̃(t), ψ̃(t)

)
,
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N21[ξ
2](t) =

(
Q

(1)
2 (t, ξ)ϕ̃(t), ψ̃(t)

)
−
(
Q

(0)
1 (t, ξ)G(t)Q

(1)
1 (t, ξ)ϕ̃(t), ψ̃(t)

)
−

−
((
Q

(0)
2 (t, ξ)G(t)Q

(1)
0 (t) +Q

(1)
0 (t)G(t)Q

(0)
2 (t, ξ)

)
ϕ̃(t), ψ̃(t)

)
−

−
(
Q

(1)
1 (t, ξ)G(t)Q

(0)
1 (t, ξ)ϕ̃(t), ψ̃(t)

)
+
(
Q

(1)
0 (t)G(t)Q

(0)
1 (t, ξ)G(t)Q

(0)
1 (t, ξ)ϕ̃(t), ψ̃(t)

)
+

+
((
Q

(0)
1 (t, ξ)G(t)Q

(1)
0 (t)G(t)Q

(0)
1 (t, ξ)+Q

(0)
1 (t, ξ)G(t)Q

(0)
1 (t, ξ)G(t)Q

(1)
0 (t)

)
ϕ̃(t), ψ̃(t)

)
.

Âðàõîâóþ÷è ñòðóêòóðó îïåðàòîðiâ Q(s)
0 (t), Q(s)

k (t, ξ), k = 1, 3, s ≥ 0, íåâàæêî

ïåðåêîíàòèñÿ, ùî N12[ξ
1](t) = ξ(t), N21[ξ

2](t) = 0. Òîäi ôóíêöi¨ ξ(2)
1 (t), ξ(2)

2 (t)

âèçíà÷àòèìóòüñÿ ç ðiâíÿííÿ

P
(3)
2 (ξ) + P

(3)
3 (ξ)N30(t) +N03(t) + ξ(1)(t) = 0

àáî

2ξ(2)(t)ξ(1)(t) +
(
ξ(1)(t)

)3

N30(t) +N03(t) + ξ(1)(t) = 0.

Îñêiëüêè N30(t) = −t, N03(t) = 0, òî çâiäñè ìà¹ìî

ξ(2)(t) =
t
(
ξ(1)(t)

)2 − 1

2
.

Âðàõîâóþ÷è îòðèìàíi çíà÷åííÿ ξ(1)
1 (t), ξ(1)

2 (t), äiñòàíåìî

ξ
(2)
1 (t) = −t+ 1

2
, ξ

(2)
2 (t) = −t+ 1

2
.

Òåïåð çíàéäåìî âåêòîðè v(2)
1 (t), v(2)

2 (t):

v
(2)
1 (t)=−

(
ξ

(2)
1 (t)G(t)Ñ10(t)+

(
ξ

(1)
1 (t)

)2

G(t)Ñ20(t)

)
ϕ̃(t)−G(t)Ñ02(t)ϕ̃(t)=

= col
[
0, 1−t

2

]
,

v
(2)
2 (t)=−

(
ξ

(2)
2 (t)G(t)Ñ10(t)+

(
ξ

(1)
2 (t)

)2

G(t)Ñ20(t)

)
ϕ̃(t)−G(t)Ñ02(t)ϕ̃(t)=

= col
[
0, 1−t

2

]
.

Ó ðåçóëüòàòi ìà¹ìî òàêi äâà ðîçâ'ÿçêè, ÿêi âiäïîâiäàþòü íåñêií÷åííîìó åëå-

ìåíòàðíîìó äiëüíèêó:

x5(t, ε) = col

[
1,−iε+ ε2 1− t

2

]
exp

(
1

ε2

∫ t

0

dτ

i− ετ+1
2

)
+O(ε),



162

x6(t, ε) = col

[
1, iε+ ε2 1− t

2

]
exp

(
1

ε2

∫ t

0

dτ

−i− ετ+1
2

)
+O(ε).

Çàãàëüíèé ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (4.45) çîáðàæó¹òüñÿ ó âèãëÿäi

x(t, ε) =
6∑
j=1

cjxj(t, ε),

äå cj, j = 1, 6, � äîâiëüíi ñòàëi.

4.5. Âèñíîâêè äî ðîçäiëó 4

Ó äàíîìó ðîçäiëi çäiéñíåíî àñèìïòîòè÷íèé àíàëiç ñòðóêòóðè çàãàëüíîãî ðîçâ'ÿç-

êó îäíîðiäíî¨ ñèñòåìè (4.1) çà äîïîìîãîþ ìåòîäó äiàãðàì Íüþòîíà. Ïðè öüîìó

ðîçãëÿíóòî âèïàäîê, êîëè ãðàíè÷íà â'ÿçêà ìàòðèöü ìà¹ ñêií÷åííèé åëåìåíòàð-

íèé äiëüíèê êðàòíiñòþ p i íåñêií÷åííèé � êðàòíiñòþ q = mn − p. Ó ðåçóëüòàòi

ïðîâåäåíèõ äîñëiäæåíü îòðèìàíî òàêi ðåçóëüòàòè:

1. Âèâåäåíî ðiâíÿííÿ ðîçãàëóæåííÿ äëÿ ðîçâ'ÿçêiâ, ùî âiäïîâiäàþòü ñêií÷åí-

íîìó åëåìåíòàðíîìó äiëüíèêó, i äëÿ ðîçâ'ÿçêiâ, ÿêi âiäïîâiäàþòü íåñêií÷åííîìó

åëåìåíòàðíîìó äiëüíèêó, çíàéäåíî ôîðìóëè, ÿêi âèðàæàþòü êîåôiöi¹íòè öèõ

ðiâíÿíü ÷åðåç ìàòðè÷íi êîåôiöi¹íòè äàíî¨ ñèñòåìè.

2. Çäiéñíåíî àíàëiç îòðèìàíèõ ðiâíÿíü ðîçãàëóæåííÿ, â ðåçóëüòàòi ÿêîãî

âñòàíîâëåíî, ùî:

à) çà âiäñóòíîñòi òî÷îê ïîâîðîòó i ñòàáiëüíî¨ ñòðóêòóðè âiäïîâiäíèõ äiàãðàì

Íüþòîíà ñèñòåìà ðiâíÿíü (4.1) çàâæäè ìà¹ p ðîçâ'ÿçêiâ ïåðøî¨ ãðóïè (òèïó Äæ.

Áiðêãîôà), îäèí ç ÿêèõ ìîæå ìàòè âèãëÿä

x(t, ε) = u(t, ε) exp

(
ε−h

∫ t

t0

λ0(τ)dτ

)
,

äå λ0(t) � âëàñíå çíà÷åííÿ ãðàíè÷íî¨ â'ÿçêè ìàòðèöü P (t, λ), à u(t, ε) � n-âèìiðíèé

âåêòîð, ùî çîáðàæó¹òüñÿ ðîçâèíåííÿì çà öiëèìè ñòåïåíÿìè ε, iíøi p−1 ðîçâ'ÿç-

êiâ ìàþòü âèãëÿä

x(t, ε) = u(t, ε) exp

(
ε−h

∫ t

t0

(λ0(τ) + λ(τ, ε)) dτ

)
,

äå ôóíêöiÿ λ(t, ε) i âåêòîð u(t, ε) çîáðàæóþòüñÿ ðîçâèíåííÿìè çà äðîáîâèìè ñòå-

ïåíÿìè ïàðàìåòðà, ïîêàçíèêè ÿêèõ ìîæíà âèçíà÷èòè çà äîïîìîãîþ âiäïîâiäíèõ

äiàãðàì Íüþòîíà;
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á) êiëüêiñòü ðîçâ'ÿçêiâ äðóãî¨ ãðóïè äîðiâíþ¹ q−r, äå r � êðàòíiñòü íóëüîâîãî
êîðåíÿ âiäïîâiäíîãî ðiâíÿííÿ ðîçãàëóæåííÿ, ÿêà â ñâîþ ÷åðãó çáiãà¹òüñÿ ç äîâ-

æèíîþ æîðäàíîâîãî ëàíöþæêà ìàòðèöi Am(t, ε) âiäíîñíî îïåðàòîðiâ Qk(t, ξ, ε),

k = 1,m.

Öèì ñàìèì äîâåäåíî, ùî çàãàëüíà êiëüêiñòü ôîðìàëüíèõ ðîçâ'ÿçêiâ ïåðøî¨

é äðóãî¨ ãðóï, ÿêi áóäóþòüñÿ çà àëãîðèòìîì, ðîçðîáëåíèì ó äàíèé ðîáîòi, çáiãà-

¹òüñÿ ç êiëüêiñòþ òî÷íèõ ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ öi¹¨ ñèñòåìè, ÿêi óòâî-

ðþþòü ¨¨ çàãàëüíèé ðîçâ'ÿçîê çãiäíî ç òåîðåìîþ 2.3, äîâåäåíîþ â ðîçäiëi 2.

3. Ðîçðîáëåíî àëãîðèòì çíàõîäæåííÿ êîåôiöi¹íòiâ âiäïîâiäíèõ ðîçâèíåíü

äëÿ ôóíêöié λ(t, ε), ξ(t, ε) òà âåêòîð-ôóíêöié u(t, ε), v(t, ε), ç ÿêèõ ôîðìóþòüñÿ

øóêàíi ðîçâ'ÿçêè ñèñòåìè (4.1).

4. Ïðîâåäåíî ïîâíå äîñëiäæåííÿ ñòðóêòóðè àñèìïòîòè÷íèõ ðîçâ'ÿçêiâ äàíî¨

ñèñòåìè ïðè n = 2 i m = 3, ðåçóëüòàòè ÿêîãî íàâåäåíî â äîäàòêó.

Îòðèìàíi ðåçóëüòàòè ñôîðìóëüîâàíî ó âèãëÿäi 5-è òåîðåì òà ïðîiëþñòðîâàíî

íà êîíêðåòíîìó ïðèêëàäi.
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ÂÈÑÍÎÂÊÈ

Ó ðåçóëüòàòi ïðîâåäåíèõ äîñëiäæåíü îòðèìàíî òàêi ðåçóëüòàòè:

1. Äëÿ âèðîäæåíî¨ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü âèùèõ ïî-

ðÿäêiâ (2.15) çíàéäåíî óìîâè, çà âèêîíàííÿ ÿêèõ âîíà ìà¹ çàãàëüíèé ðîçâ'ÿçîê

òèïó Êîøi. Âñòàíîâëåíî çàëåæíiñòü ìiæ ¨¨ âíóòðiøíüîþ ñòðóêòóðîþ òà êiëüêi-

ñòþ ÷àñòèííèõ ðîçâ'ÿçêiâ, ÿêi óòâîðþþòü ¨¨ ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ.

Âèçíà÷åíî óìîâè, ÿêi ìàþòü çàäîâîëüíÿòè ïî÷àòêîâi âåêòîðè, äëÿ iñíóâàííÿ i

¹äèíîñòi ðîçâ'ÿçêó âiäïîâiäíî¨ çàäà÷i Êîøi.

2. Ïîáóäîâàíî àñèìïòîòèêó ïðè ε → 0 çàãàëüíîãî ðîçâ'ÿçêó ëiíiéíî¨ îäíî-

ðiäíî¨ ñèíãóëÿðíî çáóðåíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü âèùèõ ïîðÿäêiâ

âèãëÿäó (3.3) ó ðiçíèõ âèïàäêàõ, ïîâ'ÿçàíèõ ç êðîíåêåðîâîþ ñòðóêòóðîþ ñïåêòðà

ãðàíè÷íî¨ â'ÿçêè ìàòðèöü:

� êîëè öÿ â'ÿçêà ìà¹ ïðîñòèé ñïåêòð;

� êîëè âîíà ìà¹ ïî îäíîìó êðàòíîìó ñêií÷åííîìó i íåñêií÷åííîìó åëåìåí-

òàðíîìó äiëüíèêó;

� êîëè ¨¨ âëàñíîìó çíà÷åííþ âiäïîâiäà¹ êiëüêà ñêií÷åííèõ åëåìåíòàðíèõ äiëü-

íèêiâ îäíàêîâî¨ êðàòíîñòi, i âîíà ìà¹ òàêîæ êiëüêà íåñêií÷åííèõ åëåìåíòàðíèõ

äiëüíèêiâ îäíàêîâî¨ êðàòíîñòi;

� çàãàëüíèé âèïàäîê, êîëè öÿ â'ÿçêà ìà¹ êiëüêà ñêií÷åííèõ i íåñêií÷åííèõ

åëåìåíòàðíèõ äiëüíèêiâ ÿê îäíàêîâî¨, òàê i ðiçíî¨ êðàòíîñòi.

Ó êîæíîìó ç öèõ âèïàäêiâ âèçíà÷åíî óìîâè, çà âèêîíàííÿ ÿêèõ äàíà ñèñòå-

ìà ðiâíÿíü ìà¹ ôîðìàëüíi ðîçâ'ÿçêè, ÿêi çîáðàæóþòüñÿ ó âèãëÿäi ôîðìàëüíèõ

ðîçâèíåíü çà öiëèìè àáî äðîáîâèìè ñòåïåíÿìè ε, i ðîçðîáëåíî àëãîðèòì çíàõî-

äæåííÿ êîåôiöi¹íòiâ öèõ ðîçâèíåíü. Âñòàíîâëåíî, ùî ôîðìàëüíi ðîçâ'ÿçêè äàíî¨

ñèñòåìè ïîäiëÿþòüñÿ íà äâi ãðóïè: ðîçâ'ÿçêè, ùî âiäïîâiäàþòü ñêií÷åííèì åëå-

ìåíòàðíèì äiëüíèêàì ãðàíè÷íî¨ â'ÿçêè ìàòðèöü, i ðîçâ'ÿçêè, ÿêi âiäïîâiäàþòü

¨¨ íåñêií÷åííèì åëåìåíòàðíèì äiëüíèêàì. Ïåðøà ãðóïà ðîçâ'ÿçêiâ áóäó¹òüñÿ â

êëàñè÷íîìó âèãëÿäi Äæ. Áiðêãîôà, à äðóãà � â iíøîìó âèãëÿäi, çàïðîïîíîâà-

íîìó â [58]. Äëÿ êîæíî¨ ãðóïè ïîáóäîâàíèõ ôîðìàëüíèõ ðîçâ'ÿçêiâ âèâåäåíî

âiäïîâiäíi àñèìïòîòè÷íi îöiíêè.
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3. Äîñëiäæåíî ïèòàííÿ ïðî ïîáóäîâó ÷àñòèííîãî àñèìïòîòè÷íîãî ðîçâ'ÿçêó

íåîäíîðiäíî¨ ñèñòåìè ðiâíÿíü (3.1) â ðåçîíàíñíîìó òà íåðåçîíàíñíîìó âèïàäêàõ.

Ïîêàçàíî, ùî â ðåçîíàíñíîìó âèïàäêó âiäïîâiäíi ðîçâèíåííÿ ðîçïî÷èíàþòüñÿ ç

âiä'¹ìíèõ ñòåïåíiâ ïàðàìåòðà.

4. Âèêîðèñòîâóþ÷è ìåòîä äiàãðàì Íüþòîíà, çäiéñíåíî ïîâíèé àñèìïòîòè-

÷íèé àíàëiç çàãàëüíîãî ðîçâ'ÿçêó îäíîðiäíî¨ ñèñòåìè (4.1) ó îäíîâèìiðíîìó âè-

ïàäêó, êîëè ãðàíè÷íà â'ÿçêà ìàòðèöü ìà¹ ïî îäíîìó êðàòíîìó ñêií÷åííîìó i

íåñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó. Âèâåäåíî òà ïðîàíàëiçîâàíî ðiâíÿííÿ

ðîçãàëóæåííÿ äëÿ ðîçâ'ÿçêiâ, ùî âiäïîâiäàþòü ñêií÷åííîìó åëåìåíòàðíîìó äiëü-

íèêó, i äëÿ ðîçâ'ÿçêiâ, ùî âiäïîâiäàþòü íåñêií÷åííîìó åëåìåíòàðíîìó äiëüíèêó.

Çíàéäåíî ôîðìóëè, ÿêi âèðàæàþòü êîåôiöi¹íòè öèõ ðiâíÿíü ÷åðåç ìàòðè÷íi êîå-

ôiöi¹íòè äàíî¨ ñèñòåìè. Âñòàíîâëåíî êiëüêiñòü ðîçâ'ÿçêi ïåðøî¨ ãðóïè òà çâ'ÿçîê

ìiæ êiëüêiñòþ ðîçâ'ÿçêiâ äðóãî¨ ãðóïè i ñòðóêòóðíèìè îñîáëèâîñòÿìè äàíî¨ ñè-

ñòåìè.

Îòðèìàíi ðåçóëüòàòè ïðîiëþñòðîâàíî íà êîíêðåòíèõ ïðèêëàäàõ

Äèñåðòàöiéíà ðîáîòà ìà¹ òåîðåòè÷íèé õàðàêòåð. �� ðåçóëüòàòè ¹ óçàãàëüíåí-

íÿì òåîði¨ âèðîäæåíèõ ëiíiéíèõ ñèíãóëÿðíî çáóðåíèõ ñèñòåì äèôåðåíöiàëüíèõ

ðiâíÿíü ïåðøîãî ïîðÿäêó íà âiäïîâiäíi ñèñòåìè âèùèõ ïîðÿäêiâ. Äîñòîâiðíiñòü

îòðèìàíèõ ðåçóëüòàòiâ ïiäòâåðäæó¹òüñÿ ¨õ ñòðîãèì ìàòåìàòè÷íèì îáãðóíòóâàí-

íÿì, à òàêîæ òèì, ùî ç íèõ, ÿê íàñëiäîê, âèïëèâàþòü äåÿêi ÷àñòêîâi ðåçóëüòàòè,

îòðèìàíi ðàíiøå iíøèìè àâòîðàìè. Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ

ïîëÿãà¹ â ìîæëèâîñòi ¨õ çàñòîñóâàííÿ äî ðîçâ'ÿçàííÿ êîíêðåòíèõ ïðèêëàäíèõ

çàäà÷, ìàòåìàòè÷íi ìîäåëi ÿêèõ çâîäÿòüñÿ äî ñèñòåì äàíîãî òèïó.
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ÄÎÄÀÒÎÊ

Ðîçãëÿíåìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

ε3A3(t, ε)
d3x

dt3
+ ε2A2(t, ε)

d2x

dt2
+ εA1(t, ε)

dx

dt
+ A0(t, ε)x = 0, (5.1)

äå x(t, ε) � 2-âèìiðíèé âåêòîð, à Ai(t, ε), i = 0, 3, � êâàäðàòíi ìàòðèöi äðóãîãî

ïîðÿäêó, ÿêi çàäîâîëüíÿþòü óìîâè 3.1◦ � 3.3◦, 3.6◦. Ïðèïóñòèìî, ùî ãðàíè÷íà

â'ÿçêà ìàòðèöü öi¹¨ ñèñòåìè P (t, λ) = A
(0)
0 (t)+λA

(0)
1 (t)+λ2A

(0)
2 (t)+λ3A

(0)
3 (t) ìà¹

ñêií÷åííèé åëåìåíòàðíèé äiëüíèê êðàòíiñòþ p = 3 i íåñêií÷åííèé � êðàòíiñòþ

q = 3.

Êîðèñòóþ÷èñü âèâåäåíèìè â äàíîìó ðîçäiëi ðiâíÿííÿìè ðîçãàëóæåííÿ i çà-

ñòîñîâóþ÷è ìåòîä äiàãðàì Íüþòîíà, íàìè äîñëiäæåíî âñi ìîæëèâi âèïàäêè,

ÿêi ñòîñóþòüñÿ ñòðóêòóðè ôóíäàìåíòàëüíî¨ ñèñòåìè ðîçâ'ÿçêiâ ñèñòåìè ðiâíÿíü

(5.1) òà ¨õ àñèìïòîòèêè. Ðåçóëüòàòè öèõ äîñëiäæåíü çâåäåíî â òàáëèöÿõ 1 i 2,

ÿêi íàâîäÿòüñÿ íèæ÷å.

Òàáëèöÿ 1

Ñòðóêòóðà àñèìïòîòè÷íèõ ðîçâ'ÿçêiâ ïåðøî¨ ãðóïè ñèñòåìè ðiâíÿíü (5.1)

�

ï/ï Óìîâè íà

êîåôiöi¹íòè

ðiâíÿííÿ ðîç-

ãàëóæåííÿ

Äiàãðàìà Íüþòîíà

Êiëü-

êiñòü

ðîçâ'ÿç-

êiâ

Ñòåïå-

íi

ïàðà-

ìåòðà

ε

Âèçíà÷àëüíi ðiâíÿí-

íÿ

1 L01(t) 6= 0
-

6

ordλ

ordε

0

• •
•

1
2

•
1 2 3

PPPP
3 ε

1
3 λ3

1 + L01(t) = 0
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2

L01(t) ≡ 0,

L02(t) 6= 0,

L11[λ
1](t) 6= 0

-

6

ordλ

ordε

0

•
•
•1

2
\
\

•

•

1 2 3
HHH

1

2

ε1

ε
1
2

L02(t)+L11[λ
1
1](t)=0

λ3
1 + L11[λ

1
1](t) = 0

3

L01(t) ≡ 0,

L11[λ
1](t) ≡ 0,

L02(t) 6= 0
-

6

ordλ

ordε

0

1
2

•

• •

1 2

•

3
Q

Q
Q

Q 3 ε
2
3 λ3

1 + L02(t) = 0

4

L01(t) ≡ 0,

L02(t) ≡ 0,

L03(t) 6= 0,

L11[λ
1](t) 6= 0 -

6

ordλ

ordε

0

•1
2
3

•L
L
LL

•

•
•

1 2 3
H

HH

1

2

ε2

ε
1
2

L03(t)+L11[λ
1
1](t)=0

λ3
1 + L11[λ

1
1](t) = 0

5

L01(t) ≡ 0,

L02(t) ≡ 0,

L03(t) 6= 0,

L11[λ
1](t) ≡ 0 -

6

ordλ

ordε

0

•
1
2
3

•

•

1 2

•
3

@
@

@
@

3 ε1

λ3
1 + L03(t) +

L21[λ
2
1](t)+

+L12[λ
1
1](t) = 0

6

L0i(t) ≡ 0,

i = 1, s− 1,

L0s(t) 6= 0,

s ≥ 4,

L11[λ
1](t) 6= 0

-

6

ordλ

ordε

0

•1
2
3

s

•
•C

C
C
C
C
C

•

•

1 2 3
HHH

1

2

εs−1

ε
1
2

L0s(t)+L11[λ
1
1](t)=0

λ3
1 + L11[λ

1
1](t) = 0
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7

L0i(t) ≡ 0,

i = 1, s− 1,

L0s(t) 6= 0,

s ≥ 4,

L11[λ
1](t) ≡ 0, -

6

ordλ

ordε

0

•
1
2
3

s

•
B
B
B
BB

•

•

1 2 3
@

@
@

1

2

εs−2

ε1

L0s(t)+L12[λ
1
1](t)=0

λ3
1 + L12[λ

1
1](t)+

+L21[λ
2
1](t) = 0

8

L0i(t) ≡ 0,

i = 1, 2, . . . ,

L11[λ
1](t) 6= 0

-

6

ordλ

ordε

0

•
•

1
2

•
1 2

•

3
H

HH
2 ε

1
2 λ3

1+L11[λ
1
1](t)=0

9

L0i(t) ≡ 0,

i = 1, 2, . . . ,

L11[λ
1](t) ≡ 0,

-

6

ordλ

ordε

0

•
1
2

•
•

1 2 3
@

@
@

2 ε1
λ3

1+L12[λ
1
1](t)+

+L21[λ
2
1](t)=0

Âèðàçè L0j(t), Lij[λ
i](t), i = 1, 2, j ≥ 1, îá÷èñëþþòüñÿ çà ôîðìóëàìè:

L01(t)=
(
Γ

(1)
0 (t)ϕ(t), ψ(t)

)
, L02(t)=

(
Γ

(2)
0 (t)ϕ(t), ψ(t)

)
−
(
Γ

(1)
0 (t)H(t)Γ

(1)
0 (t)ϕ(t), ψ(t)

)
,

L03(t)=
(

Γ
(3)
0 (t)ϕ(t), ψ(t)

)
−
((

Γ
(1)
0 (t)H(t)Γ

(2)
0 (t)+Γ

(2)
0 (t)H(t)Γ

(1)
0 (t)

)
ϕ(t), ψ(t)

)
+

+
(
Γ

(1)
0 (t)H(t)Γ

(1)
0 (t)H(t)Γ

(1)
0 (t)ϕ(t), ψ(t)

)
,

L0s(t)=
s∑
j=1

(−1)j−1
(
W

(s)
HΓ[0, 0, 0, j]ϕ(t), ψ(t)

)
;L11[λ

1](t)=
(
Γ

(1)
1 (t, λ)ϕ(t), ψ(t)

)
−

−
((

Γ
(0)
1 (t, λ)H(t)Γ

(1)
0 (t) + Γ

(1)
0 (t)H(t)Γ

(0)
1 (t, λ)

)
ϕ(t), ψ(t)

)
,

L12[λ
1](t)=−

((
Γ

(0)
1 (t, λ)H(t)Γ

(2)
0 (t)+Γ

(1)
1 (t, λ)H(t)Γ

(1)
0 (t)

)
ϕ(t), ψ(t)

)
+

+
(
Γ

(2)
1 (t, λ)ϕ(t), ψ(t)

)
−
((

Γ
(2)
0 (t)H(t)Γ

(0)
1 (t, λ)+Γ

(1)
0 (t)H(t)Γ

(1)
1 (t, λ)

)
ϕ(t), ψ(t)

)
+

+
((

Γ
(0)
1 (t, λ)H(t)Γ

(1)
0 (t)H(t)Γ

(1)
0 (t)+Γ

(1)
0 (t)H(t)Γ

(0)
1 (t, λ)H(t)Γ

(1)
0 (t)

)
ϕ(t), ψ(t)

)
+
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+
(

Γ
(1)
0 (t)H(t)Γ

(1)
0 (t)H(t)Γ

(0)
1 (t, λ)ϕ(t), ψ(t)

)
,

L21[λ
2](t)=−

((
Γ

(0)
1 (t, λ)H(t)Γ

(1)
1 (t, λ) + Γ

(1)
1 (t, λ)H(t)Γ

(0)
1 (t, λ)

)
ϕ(t), ψ(t)

)
+

+
((

Γ
(0)
1 (t, λ)H(t)Γ

(0)
1 (t, λ)H(t)Γ

(1)
0 (t)+Γ

(0)
1 (t, λ)H(t)Γ

(1)
0 (t)H(t)Γ

(0)
1 (t, λ)

)
ϕ(t), ψ(t)

)
+

+
(

Γ
(1)
0 (t)H(t)Γ

(0)
1 (t, λ)H(t)Γ

(0)
1 (t, λ)ϕ(t), ψ(t)

)
−
(

Γ
(0)
2 (t, λ)H(t)Γ

(1)
0 (t)ϕ(t), ψ(t)

)
−

−
(

Γ
(1)
0 (t)H(t)Γ

(0)
2 (t, λ)ϕ(t), ψ(t)

)
+
(

Γ
(1)
2 (t, λ)ϕ(t), ψ(t)

)
,

Îïåðàòîðè Γ
(i)
0 (t), i ≥ 1, Γ

(j)
k (t, λ), k = 1, 2, j ≥ 0, îá÷èñëþþòüñÿ çà ôîðìó-

ëàìè:

Γ
(1)
0 (t)=

3∑
i=0

λi0(t)A
(1)
i (t)+

3∑
i=1

C i−1
i λi−1

0 (t)A
(0)
i (t)

d

dt
+

(
dλ2

0(t)

dt
+ λ0(t)

dλ0(t)

dt

)
A

(0)
3 (t)+

+dλ0(t)
dt A

(0)
2 (t),

Γ
(2)
0 (t) =

3∑
i=0

λi0(t)A
(2)
i (t) +

3∑
i=1

C i−1
i λi−1

0 (t)A
(1)
i (t)

d

dt
+

3∑
i=2

C i−2
i λi−2

0 (t)A
(0)
i (t)

d2

dt2
+

+
dλ0(t)

dt
A

(1)
2 (t)+3

dλ0(t)

dt
A

(0)
3 (t)

d

dt
+

(
dλ2

0(t)

dt
+ λ0(t)

dλ0(t)

dt

)
A

(1)
3 (t)+

d2λ0(t)

dt2
A

(0)
3 (t),

Γ
(3)
0 (t) =

3∑
i=0

λi0(t)A
(3)
i (t) +

3∑
i=1

C i−1
i λi−1

0 (t)A
(2)
i (t)

d

dt
+

3∑
i=2

C i−2
i λi−2

0 (t)A
(1)
i (t)

d2

dt2
+

+
dλ0(t)

dt
A

(2)
2 (t) +A

(0)
3 (t)

d3

dt3
+ 3

dλ0(t)

dt
A

(1)
3 (t)

d

dt
+

(
dλ2

0(t)

dt
+ λ0(t)

dλ0(t)

dt

)
A

(2)
3 (t)+

+d2λ0(t)
dt2 A

(1)
3 (t),

Γ
(s)
0 (t) =

3∑
i=0

λi0(t)A
(s)
i (t) +

3∑
i=1

i∑
j=1

4−i∑
γ=1

C i+γ−j−1
i+γ−1 Di−j[λ

γ−1
0 ]A

(s−i)
i+γ−1(t)

dj

dtj
+

+
∑2

i=1

∑3−i
j=1Di[λ

j
0]A

(s−i)
i+j (t);

Γ
(0)
1 (t, λ) = λ

3∑
i=1

C i−1
i λi−1

0 (t)A
(0)
i (t),

Γ
(1)
1 (t, λ) = λ

3∑
i=1

C i−1
i λi−1

0 (t)A
(1)
i (t) + λ

3∑
i=2

2C i−2
i λi−2

0 (t)A
(0)
i (t)

d

dt
+
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+2

(
λ0(t)

dλ

dt
+ λ

dλ0(t)

dt

)
A

(0)
3 (t) +

dλ

dt
A

(0)
2 (t),

Γ
(2)
1 (t, λ) = λ

3∑
i=1

C i−1
i λi−1

0 (t)A
(2)
i (t) + λ

3∑
i=2

2C i−2
i λi−2

0 (t)A
(1)
i (t)

d

dt
+

+
3∑
i=1

C i
3

d2−iλ

dt2−i
A

(0)
3 (t)

di

dti
+
dλ

dt
A

(1)
2 (t)+4

(
λ0(t)

dλ

dt
+ λ

dλ0(t)

dt

)
A

(1)
3 (t)+

d2λ

dt2
A

(0)
3 (t),

Γ
(0)
2 (t, λ) = λ2

(
A

(0)
2 (t) + 3λ0(t)A

(0)
3 (t)

)
,

Γ
(1)
2 (t, λ) = λ2

(
A

(1)
2 (t) + 3λ0(t)A

(1)
3 (t)

)
+ 3λ2A

(0)
3 (t)

d

dt
+ 2λ

dλ

dt
A

(0)
3 (t).

Òàáëèöÿ 2

Ñòðóêòóðà àñèìïòîòè÷íèõ ðîçâ'ÿçêiâ äðóãî¨ ãðóïè ñèñòåìè ðiâíÿíü (5.1)

�

ï/ï

Óìîâà íà êîå-

ôiöi¹íòè ðiâ-

íÿííÿ ðîçãà-

ëóæåííÿ

Äiàãðàìà Íüþòîíà

Êiëü-

êiñòü

ðîçâ'ÿç-

êiâ

Ñòåïå-

íi

ïàðà-

ìåòðà

ε

Âèçíà÷àëüíi ðiâíÿí-

íÿ

1

N01(t) 6= 0
-

6

ordξ

ordε

0

•1
•

1 2 3
PPPP

3 ε
1
3 ξ3

1 +N01(t)=0

2

N01(t) ≡ 0,

N02(t) 6= 0,

N11[ξ
1](t) 6= 0

-

6

ordξ

ordε

0

•1
2

\
\

•

•

1 2 3
H

HH

1

2

ε1

ε
1
2

N02(t)+N11[ξ
1
1 ](t)=0

ξ3
1 +N11[ξ

1
1 ](t)=0
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3

N01(t) ≡ 0,

N02(t) ≡ 0,

N03(t) 6= 0,

N11[ξ
1](t) 6= 0 -

6

ordξ

ordε

0

•1
2
3

L
L
LL

•

•

1 2 3
HHH

1

2

ε2

ε
1
2

N03(t)+N11[ξ
1
1 ](t)=0

ξ3
1 +N11[ξ

1
1 ](t) = 0

4

N0i(t) ≡ 0,

i = 1, s− 1,

N0s(t) 6= 0,

s ≥ 4,

N11[ξ
1](t) 6= 0 -

6

ordξ

ordε

0

•1
2
3

s

C
C
C
C
C
C

•

•

1 2 3
HHH

1

2

εs−1

ε
1
2

N0s(t)+N11[ξ
1
1 ](t)=0

ξ3
1 +N11[ξ

1
1 ](t) = 0

5

N01(t) ≡ 0,

N11[ξ
1](t) ≡ 0,

N02(t) 6= 0
-

6

ordξ

ordε

0

1
2

•

•

1 2 3
Q

Q
Q

Q 3 ε
2
3 ξ3

1 +N02(t) = 0

6

N01(t) ≡ 0,

N02(t) ≡ 0,

N03(t) 6= 0,

N11[ξ
1](t) ≡ 0 -

6

ordξ

ordε

0

•
1
2
3

•

•

1 2

•
3

@
@

@
@

3 ε1

ξ3
1 +N03(t) +

N21[ξ
2
1 ](t)+

+N12[ξ
1
1 ](t) = 0

7

N0i(t) ≡ 0,

i = 1, s− 1,

N0s(t) 6= 0,

s ≥ 4,

N11[ξ
1](t) ≡ 0,

N12[ξ
1](t) 6= 0

-

6

ordξ

ordε

0

•
1
2
3

s

•
B
B
B
BB

•

•

1 2 3
@

@
@

1

2

εs−2

ε1

N0s(t)+N12[ξ
1
1 ](t)=0

ξ3
1 +N12[ξ

1
1 ](t)+

+N21[ξ
2
1 ](t)=0
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8

N0i(t) ≡ 0,

i = 1, s1 − 1,

N0s1(t) 6= 0,

s1 > 4, s1 ≥ s2,

N1j[ξ
1](t) ≡ 0,

i = 1, s2 − 1,

N1s2[ξ
1](t) 6= 0,

N21[ξ
2](t) 6= 0

-

6

ordξ

ordε

0

•

1

s2

s1

•

B
B
B
BB

•

•

1 2 3
@@

A
A
A

1

1

1

εs1−s2

εs2−1

ε1

N0s1(t)+N1s2[ξ
1
1 ](t)=0

N1s2[ξ
1
1 ](t)+

N21[ξ
2
1 ](t)=0

ξ3
1 +N21[ξ

2
1 ](t)=0

9

N0i(t) ≡ 0,

i = 1, s1 − 1,

N0s1(t) 6= 0,

s1 > 4, s1 < s2,

N1j[ξ
1](t) ≡ 0,

i = 1, s2 − 1,

N1s2[ξ
1](t) 6= 0,

N21[ξ
2](t) 6= 0

-

6

ordξ

ordε

0

•

1

s2

s1

•
•

•

1 2 3
@@

A
A
A
A

AA

2

1

ε
s1−1

2

ε1

N0s1(t)+N21[ξ
2
1 ](t)=0

ξ3
1 +N21[ξ

2
1 ](t)=0

10

N0i(t) ≡ 0,

i = 1, 2, . . . ,

N11[ξ
1](t) 6= 0

-

6

ordξ

ordε

0

•1
•

1 2 3
H

HH
2 ε

1
2 ξ3

1 +N11[ξ
1
1 ](t) = 0

11

N0i(t) ≡ 0,

i = 1, 2, . . . ,

N11[ξ
1](t) ≡ 0,

N12[ξ
1](t) 6= 0

-

6

ordξ

ordε

0

•
1
2

•
•

1 2 3
@

@
@

2 ε1
ξ3

1 +N12[ξ
1
1 ](t)+

+N21[ξ
2
1 ](t)=0
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12

N0i(t) ≡ 0,

i = 1, 2, . . . ,

N1j[ξ
1](t) ≡ 0,

j = 1, s− 1,

N1s[ξ
1](t) 6= 0

N21[ξ
2](t) 6= 0

-

6

ordξ

ordε

0

•

1

s

•
•

1 2 3
@@

L
L
L
L

1

1

εs−1

ε1

N1s(t)+N21[ξ
2
1 ](t)=0

ξ3
1 +N21[ξ

2
1 ](t)=0

13

N0i(t) ≡ 0,

i = 1, 2, . . . ,

N1j[ξ
1](t) ≡ 0,

j = 1, s1 − 1,

N1s1[ξ
1](t) 6= 0

N2j[ξ
2](t) ≡ 0

j = 1, s2 − 1,

N2s2[ξ
2](t) 6= 0

s1 ≥ s2

-

6

ordξ

ordε

0

•

s2

s1

•

•
1 2 3

A
A
A
L
L
L
L

1

1

εs1−s2

εs2

N1s2(t)+N2s1[ξ
2
1 ](t)=0

ξ3
1 +N2s1[ξ

2
1 ](t)=0

14

N0i(t) ≡ 0,

i = 1, 2, . . . ,

N1j[ξ
1](t) ≡ 0,

j = 1, s1 − 1,

N1s1[ξ
1](t) 6= 0

N2j[ξ
2](t) ≡ 0

j = 1, s2 − 1,

N2s2[ξ
2](t) 6= 0

s1 < s2

-

6

ordξ

ordε

0

•

s2

s1

•

•
1 2 3

A
A
A

A
A
A

2 ε
s1
2 ξ3

1 +N1s1[ξ
1
1 ](t) = 0

15

N0i(t) ≡ 0,

i = 1, 2, . . . ,

N1i[ξ
1](t) ≡ 0,

N21[ξ
2](t) 6= 0

-

6

ordξ

ordε

0

1 •
•

1 2 3
@@

1 ε1 ξ3
1 +N21[ξ

2
1 ](t)=0
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16

N0i(t) ≡ 0,

i = 1, 2, . . . ,

N1i[ξ
1](t) ≡ 0,

N2j[ξ
2](t) 6= 0,

j = 1, s− 1,

N2s[ξ
2](t) 6= 0

-

6

ordξ

ordε

0

s •

•
1 2 3

C
C
C
C
CC

1 εs ξ3
1 +N2s[ξ

2
1 ](t) = 0

17

N0i(t) ≡ 0,

i = 1, 2, . . .

N1i[ξ
1](t) ≡ 0,

N2i[ξ
2](t) ≡ 0 -

6

ordξ

ordε

0

1
•

1 2 3 − − −

Âèðàçè N0j(t), Nij[ξ
i](t), i = 1, 2, j ≥ 1, îá÷èñëþâàòèìåìî çà ôîðìóëàìè:

N01(t)=
(
Q

(1)
0 (t)ϕ̃(t), ψ̃(t)

)
, N02(t)=

(
Q

(2)
0 (t)ϕ̃(t), ψ̃(t)

)
−

−
(
Q

(1)
0 (t)G(t)Q

(1)
0 (t)ϕ̃(t), ψ̃(t)

)
,

N03(t)=
(
Q

(3)
0 (t)ϕ̃(t), ψ̃(t)

)
−
((
Q

(1)
0 (t)G(t)Q

(2)
0 (t)+Q

(2)
0 (t)G(t)Q

(1)
0 (t)

)
ϕ̃(t), ψ̃(t)

)
+

+
(
Q

(1)
0 (t)G(t)Q

(1)
0 (t)G(t)Q

(1)
0 (t)ϕ̃(t), ψ̃(t)

)
,

N0s(t) =
s∑
j=1

(−1)j−1
(
W

(s)
GQ[0, 0, 0, j]ϕ̃(t), ψ̃(t)

)
;

N11[ξ
1](t) = −

((
Q

(0)
1 (t, ξ)G(t)Q

(1)
0 (t) +Q

(1)
0 (t)G(t)Q

(0)
1 (t, ξ)

)
ϕ̃(t), ψ̃(t)

)
+

+
(
Q

(1)
1 (t, ξ)ϕ̃(t), ψ̃(t)

)
,

N12[ξ
1](t) = −

((
Q

(0)
1 (t, ξ)G(t)Q

(2)
0 (t) +Q

(1)
1 (t, ξ)G(t)Q

(1)
0 (t)

)
ϕ̃(t), ψ̃(t)

)
−

−
((
Q

(2)
0 (t)G(t)Q

(0)
1 (t, ξ)+Q

(1)
0 (t)G(t)Q

(1)
1 (t, ξ)

)
ϕ̃(t), ψ̃(t)

)
+
(
Q

(2)
1 (t, ξ)ϕ̃(t), ψ̃(t)

)
+

+
((
Q

(0)
1 (t, ξ)G(t)Q

(1)
0 (t)G(t)Q

(1)
0 (t)+Q

(1)
0 (t)G(t)Q

(0)
1 (t, ξ)G(t)Q

(1)
0 (t)

)
ϕ̃(t), ψ̃(t)

)
+

+
(
Q

(1)
0 (t)G(t)Q

(1)
0 (t)G(t)Q

(0)
1 (t, ξ)ϕ̃(t), ψ̃(t)

)
,
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N21[ξ
2](t)=−

((
Q

(0)
1 (t, ξ)G(t)Q

(1)
1 (t, ξ)+Q

(1)
1 (t, ξ)G(t)Q

(0)
1 (t, ξ)

)
ϕ̃(t), ψ̃(t)

)
+

+
((
Q

(0)
1 (t, ξ)G(t)Q

(0)
1 (t, ξ)G(t)Q

(1)
0 (t)+Q

(0)
1 (t, ξ)G(t)Q

(1)
0 (t)G(t)Q

(0)
1 (t, ξ)

)
ϕ̃(t), ψ̃(t)

)
+

+
(
Q

(1)
0 (t)G(t)Q

(0)
1 (t, ξ)G(t)Q

(0)
1 (t, ξ)ϕ̃(t), ψ̃(t)

)
−
(
Q

(0)
2 (t, ξ)G(t)Q

(1)
0 (t)ϕ̃(t), ψ̃(t)

)
−

−
(
Q

(1)
0 (t)G(t)Q

(0)
2 (t, ξ)ϕ̃(t), ψ̃(t)

)
,

Nks[ξ
k](t) =

∑
3i3+2i2+i1=k

s∑
j=0

(−1)i3+i2+i1+j−1
(
W

(s)
GQ[i3, i2, i1, j]ϕ̃(t), ψ̃(t)

)
+

+
(
Q

(1)
2 (t, ξ)ϕ̃(t), ψ̃(t)

)
, k = 1, 2.

Îïåðàòîðè Q(i)
0 (t), i ≥ 1, Q

(j)
k (t, ξ), k = 1, 2, j ≥ 0, îá÷èñëþâàòèìåìî çà ôîð-

ìóëàìè:

Q
(s)
0 (t) = A

(s)
3 (t), s ≥ 1;

Q
(0)
1 (t, ξ) = ξA

(0)
2 (t), Q

(1)
1 (t, ξ) = ξA

(1)
2 (t) + 3ξA

(0)
3 (t)

d

dt
− 3

dξ

dt
A

(0)
3 (t),

Q
(2)
1 (t, ξ) = ξA

(2)
2 (t) + 3ξA

(1)
3 (t)

d

dt
− 3

dξ

dt
A

(1)
3 (t), Q

(0)
2 (t, ξ) = ξ2A

(0)
1 (t),

Q
(1)
2 (t, ξ) = ξ2A

(1)
1 (t) + 2ξ2A

(0)
2 (t)

d

dt
− ξdξ

dt
A

(0)
2 (t),

Q
(s)
k (t, ξ) = ξ3

k∑
i=0

i∑
j=0

Cj+3−k
i+3−kDj

[
1

ξ3−k

]
A

(s−ih)
i+3−k(t)

di−j

dti−j
, k = 1, 2.
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