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Çàãàëüíà õàðàêòåðèñòèêà ðîáîòè

Àêòóàëüíiñòü òåìè. Çíà÷íó ðîëü ó òåîði¨ äèíàìi÷íèõ ñèñòåì
ãðà¹ ïîíÿòòÿ ôàçîâîãî ïîòîêó, ùî ïîðîäæåíèé âåêòîðíèì ïîëåì
(äèâ., çîêðåìà, ìîíîãðàôi¨ Æ. Ïàëiñ, Â. Äiìåëó1, Â. Àðíîëüäà i
Á. Õåciíà2). Äîñëiäæåííÿ ñòîõàñòè÷íèõ äèíàìi÷íèõ ñèñòåì ïðèçâî-
äèòü äî áëèçüêîãî ïîíÿòòÿ ñòîõàñòè÷íîãî ïîòîêó, ùî ÿâëÿ¹ ñîáîþ
ñiì'þ óçãîäæåíèõ âèïàäêîâèõ âiäîáðàæåíü. Âàæëèâèì ïðèêëàäîì
ñòîõàñòè÷íîãî ïîòîêó ¹ ïîòiê ðîçâ'ÿçêiâ ñòîõàñòè÷íîãî äèôåðåíöié-
íîãî ðiâíÿííÿ, äèâ. ìîíîãðàôiþ Õ. Êóíiòà3.

Ó çâ'ÿçêó iç çàäà÷àìè ñòàòèñòè÷íî¨ ôiçèêè ó òåîði¨ âèïàäêîâèõ
ïðîöåñiâ ðîçïî÷àëîñÿ äîñëiäæåííÿ ñèñòåì âçà¹ìîäiþ÷èõ ÷àñòèíîê.
Îäíèìè ç ïåðøèõ ðîáiò çà äàíîþ òåìàòèêîþ áóëè ðîáîòè Ô. Ñïiöåðà4
i Ð. Äîáðóøèíà5.

Ó ðîáîòi Ò. Õàððiñà6 ñòîõàñòè÷íi ïîòîêè ç'ÿâèëèñÿ ÿê ñëàáêi ãðà-
íèöi ïðîöåñiâ âèïàäêîâîãî ïåðåìiøóâàííÿ â Rd.

Ðîçâèòîê òåîði¨ ñòîõàñòè÷íèõ ïîòîêiâ áóëî ÷àñòêîâî ñòèìóëüîâà-
íî äîñëiäæåííÿìè òóðáóëåíòíîãî ðóõó ðiäèíè. Çàñòîñóâàííÿ àïàðà-
òó òåîði¨ éìîâiðíîñòåé ó âèâ÷åííi öèõ ïèòàíü áóëî ðîçïî÷àòî ó ðî-
áîòi À. Êîëìîãîðîâà7, ó ÿêié áóëî çàïðîïîíîâàíî îïèñóâàòè ïîíÿòòÿ
øâèäêîñòi, òèñêó, òåìïåðàòóðè òîùî ó ïîòîöi ðiäèíè ÿê âèïàäêîâi
ïîëÿ. Äîñèòü ÷èñëåííi òåîðåòè÷íi ðåçóëüòàòè ó òåîði¨ òóðáóëåíòíî-
ñòi ç'ÿâëÿþòüñÿ çà äîïîìîãîþ àíàëiçó ñïðîùåíèõ ìîäåëåé8. Îäíîþ
ç òàêèõ ñïðîùåíèõ ìîäåëåé ¹ àíñàìáëü øâèäêîñòåé Êðàé÷íàíà, ùî

1Ïàëèñ Æ., Äèìåëó Â. Ãåîìåòðè÷åñêàÿ òåîðèÿ äèíàìè÷åñêèõ ñèñòåì. � Ì.:
Ìèð, 1986. � 301 ñ.

2Àðíîëüä Â., Õåñèí Á. Òîïîëîãè÷åñêèå ìåòîäû â ãèäðîäèíàìèêå.� Ì.:
ÌÖÍÌÎ, 2007. � 392 ñ.

3Kunita H. Stochastic �ows and stochastic di�erential equations. � Cambridge:
Univ. Press, 1997. � 346 p.

4Spitzer F. Interaction of Markov processes // Advances in mathematics. � 1970.
� 5, 2. � Pp. 246�290.

5Äîáðóøèí Ð. Ë. Ìàðêîâñêèå ïðîöåññû ñ áîëüøèì ÷èñëîì ëîêàëüíî âçàèìî-
äåéñòâóþùèõ êîìïîíåíò� ñóùåñòâîâàíèå ïðåäåëüíîãî ïðîöåññà è åãî ýðãîäè÷-
íîñòü // Ïðîáë. ïåðåäà÷è èíôîðì. � 1971. � 7, 2. � Ñ. 70�87.

6Harris T. E. Brownian motions on the homeomorphisms of the plane // Ann.
Probab. � 1981. � 9, 2. � Pp. 232�254.

7Êîëìîãîðîâ À. Í. Ëîêàëüíàÿ ñòðóêòóðà òóðáóëåíòíîñòè â íåñæèìàåìîé
æèäêîñòè ïðè î÷åíü áîëüøèõ ÷èñëàõ Ðåéíîëüäñà // Äîêë. ÀÍ ÑÑÑÐ. � 1941. �
30, 4. � Ñ. 299�303.

8Falkovich G., Gaw�edzki K., Vergassola M. Particles and �elds in �uid turbulence
// Rev. Mod. Phys. � 2001. � 73, 4. � Pp. 913�975.
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îòðèìó¹òüñÿ çà äîïîìîãîþ ïåðåìàñøòàáóâàííÿ çi øâèäêîñòåé ó òóð-
áóëåíòíîìó ïîòîöi. Àíñàìáëü Êðàé÷íàíà äîáðå îïèñó¹ ïîâåäiíêó ði-
äèíè íà âåëèêèõ ïðîìiæêàõ ÷àñó i çàñòîñîâó¹òüñÿ äëÿ äîñëiäæåí-
íÿ áàãàòî÷àñòèíêîâèõ ðóõiâ8. Ó ìàòåìàòè÷íié ëiòåðàòóði ïîíÿòòþ
àíñàìáëþ Êðàé÷íàíà âiäïîâiäà¹ áðîóíiâñüêèé ñòîõàñòè÷íèé ïîòiê.
Íàéáiëüø ïðîñòîþ ìîäåëëþ òóðáóëåíòíîñòi ¹ içîòðîïíà òóðáóëåíò-
íiñòü, ó ÿêié ðîçïîäië øâèäêîñòåé ðiäèíè iíâàðiàíòíèé âiäíîñíî ïà-
ðàëåëüíèõ ïåðåíåñåíü, ïîâîðîòiâ i âiäáèòòiâ. Ïåðåìàñøòàáîâàíi òóð-
áóëåíòíi ïîòîêè ïðèçâîäÿòü äî ïîíÿòòÿ áðîóíiâñüêèõ ñòîõàñòè÷íèõ
ïîòîêiâ, ÿêi âèâ÷àëèñÿ ó ðîáîòàõ ËåÆàíà9, Ï. Áàêñåíäàëÿ10, Ê. Çið-
áåëÿ i Â. Âîé÷èíñüêîãî 11, 12. Îñíîâíîþ çàäà÷åþ òåîði¨ òóðáóëåíò-
íîñòi ¹ ïîÿñíåííÿ ÿâèùà ïåðåìiæíîñòi13. Öå ÿâèùå, ÿêå õàðàêòåðè-
çó¹òüñÿ òèì, ùî îñíîâíèé âíåñîê ó ñåðåäí¹ çíà÷åííÿ âèïàäêîâîãî
ïîëÿ âíîñÿòü ðiäêi îáëàñòi ç âèñîêîþ iíòåíñèâíiñòþ, îáãîâîðþ¹òüñÿ
â îãëÿäi ß. Çåëüäîâè÷à, Ñ. Ìîë÷àíîâà òà ií.14. Ó öié ðîáîòi ñòîõà-
ñòè÷íi ïîòîêè ç'ÿâëÿþòüñÿ ÿê ìîäåëü âèïàäêîâîãî ñåðåäîâèùà.

Ó çâ'ÿçêó iç çàäà÷àìè ìàãíiòíî¨ ãiäðîäèíàìiêè ó êíèçi Â. Àðíîëü-
äà i Á. Õåciíà15 ðîçãëÿäàëàñÿ çàäà÷à ïðî ìiíiìiçàöiþ åíåðãi¨ âåêòîð-
íîãî ïîëÿ â îáëàñòi ïiä äi¹þ äèôåîìîðôiçìiâ, ùî çáåðiãàþòü îá'¹ì.
Çãiäíî ç öi¹þ ðîáîòîþ ñïiðàëüíiñòü H(ξ) âåêòîðíîãî ïîëÿ ξ îáìåæó¹
çíèçó éîãî åíåðãiþ E(ξ):

E(ξ) ≥ C|H(ξ)|

äëÿ äåÿêî¨ ñòàëî¨ C, ùî çàëåæèòü âiä îáëàñòi M . Ó öèòîâàíié êíèçi
ïîêàçàíî, ùî ñïiðàëüíiñòü õàðàêòåðèçó¹ çà÷åïëåííÿ òðà¹êòîðié ôà-
çîâîãî ïîòîêó âåêòîðíîãî ïîëÿ. Òàê, äëÿ ìàéæå âñiõ ïàð òî÷îê x1, x2 ∈

9Le Jan Y. On isotropic Brownian motions // Z. Wahrsch. verw. Gebiete. � 1985.
�70, 1. � Pp. 609�620.

10Baxendale P. H. The Lyapunov spectrum of a stochastic �ow of di�eomorphisms
// Lyapunov Exponents, Lecture Notes in Mathematics, vol. 1186. � Springer, New
York, 1986. � Pp. 322�337.

11Zirbel C. L. Mean occupation times of continuous one-dimensional Markov
processes // Stochastic Processes and Their Applications. � 1997. � 69, 2. �
Pp. 161�178.

12Zirbel C. L., Woyczy�nski W. A. Rotation of particles in polarized Brownian �ows
// Stochastics and Dynamics. � 2002. � 2, 1. � Pp. 109�129.

13Falkovich G., Gaw�edzki K., Vergassola M. Particles and �elds in �uid turbulence
// Rev. Mod. Phys. � 2001. � 73, 4. � Pp. 913�975.

14Çåëüäîâè÷ ß. Á., Ìîë÷àíîâ Ñ. À., Ðóçìàéêèí À. À., Ñîêîëîâ Ä. Ä. Ïåðåìå-
æàåìîñòü â ñëó÷àéíîé ñðåäå // ÓÔÍ. � 1987. � 152. � C. 3�32.

15Àðíîëüä Â., Õåñèí Á. Òîïîëîãè÷åñêèå ìåòîäû â ãèäðîäèíàìèêå.� Ì.:
ÌÖÍÌÎ, 2007. � 392 ñ.
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M ìà¹ ìiñöå ñïiââiäíîøåííÿ

lim
T1,T2→∞

lkξ(T1, T2)

T1T2
= H(ξ),

äå lkξ(T1, T2) � ÷èñëî çà÷åïëåííÿ âiäðiçêiâ òðà¹êòîðié íà iíòåðâàëàõ
÷àñó [0, T1] i [0, T2] ôàçîâîãî ïîòîêó ïîëÿ ξ. Îòæå, ç'ÿâëÿ¹òüñÿ ìîæ-
ëèâiñòü ðîáèòè âèñíîâêè ïðî ôiçè÷íi õàðàêòåðèñòèêè ñèñòåìè (òàêi,
ÿê åíåðãiÿ). Ó çâ'ÿçêó ç öèì iíòåðåñ ÿâëÿ¹ äîñëiäæåííÿ êîåôiöi¹íòà
çà÷åïëåííÿ òðà¹êòîðié ó ñòîõàñòè÷íèõ ïîòîêàõ.

Äâîòî÷êîâi ðóõè ó áðîóíiâñüêèõ ñòîõàñòè÷íèõ ïîòîêàõ âèâ÷àëè-
ñÿ, çîêðåìà, ó ðîáîòàõ Ëå Æàíà16, Ï. Áàêñåíäàëÿ17, Ê. Çiðáåëÿ18.
Õàðàêòåð öèõ äâîòî÷êîâèõ ðóõiâ çàëåæèòü âiä ïîêàçíèêiâ Ëÿïóíîâà
äîñëiäæóâàíîãî ïîòîêó. Îäíîþ ç õàðàêòåðèñòèê äâîòî÷êîâèõ ðóõiâ
¹ âçà¹ìíi êóòè îáõîäó ÷àñòèíîê. Äåÿêi ðåçóëüòàòè ïðî êóòè îáõîäó â
ñòîõàñòè÷èõ ïîòîêàõ îòðèìàíi Ê. Çiðáåëåì i Â. Âîé÷èíñüêèì19. Êóòè
îáõîäó òðà¹êòîðié äâîâèìiðíèõ âèïàäêîâèõ ïðîöåñiâ äîñëiäæóâàëè-
ñÿ òàêîæ ïîçà êîíòåêñòîì ñòîõàñòè÷íèõ ïîòîêiâ. Òàêi äîñëiäæåííÿ
ïðîâîäèëèñÿ, ïî÷èíàþ÷è ç ðîáîòè Ô. Ñïiöåðà20. Äîñëiäæóâàëèñÿ òà-
êîæ êóòè îáõîäó íà ïîâåðõíÿõ21. Ðîáîòè Æ. Ôðàíêi22 23 ïðèñâÿ÷åíi
àñèìïòîòè÷íié ïîâåäiíöi îáåðòàííÿ òðèâèìiðíîãî áðîóíiâñüêîãî ðó-
õó íàâêîëî âóçëiâ.

Áàãàòî÷àñòèíêîâèé ðóõ i, áiëüø øèðîêî, äèñïåðñiÿ ìàñè, ùî ïå-
ðåíîñèòüñÿ áðîóíiâñüêèì ïîòîêîì, ðîçãëÿäàëèñÿ ó ðîáîòàõ Ê. Çiðáå-

16Le Jan Y. On isotropic Brownian motions // Z. Wahrsch. verw. Gebiete. � 1985.
� 70, 1. � Pp 609�620.

17Baxendale P. H. The Lyapunov spectrum of a stochastic �ow of di�eomorphisms
// Lyapunov Exponents, Lecture Notes in Mathematics, vol. 1186. � Springer, New
York, 1986. � Pp. 322�337.

18Zirbel C. L. Mean occupation times of continuous one-dimensional Markov
processes // Stochastic Processes and Their Applications. � 1997. � 69, 2. �
Pp. 161�178.

19Zirbel C. L., Woyczy�nski W. A. Rotation of particles in polarized Brownian �ows
// Stochastics and Dynamics. � 2002. � 2, 1. � Pp. 109�129.

20F. Spitzer. Some theorems concerning 2-dimensional Brownian motion // Trans.
Amer. Math. Soc. � 1958. � 87, 1. � Pp. 187�197.

21Manabe S. Stochastic intersection number and homological behaviors of di�usion
processes on Riemannian manifolds // Osaka journal of mathematics. � 1982. � 19,
2. � Pp. 429�457.

22Franchi J. Asymptotic singular homology of a complete hyperbolic 3-manifold of
�nite volume // Proc. London Math. Soc. � 1999. � 79, 2. � Pp. 451�480.

23Franchi J. Asymptotic windings over the trefoil knot // Rev. Mat.
Iberoamericana. � 2005. � 21, 3. � Pp. 729�770.
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ëÿ24, Ê. Çiðáåëÿ i �. Öèíëàðà25. Öi ïèòàííÿ ïîâ'ÿçàíi ç ìîäåëþâàí-
íÿì òóðáóëåíòíî¨ äèôóçi¨, òîáòî, ïàñèâíîãî ðóõó ÷àñòèíîê (íàïðè-
êëàä, ÷àñòèíîê äîìiøîê) ó ðiäèíi ïiä äi¹þ òóðáóëåíòíîãî ïîòîêó.
Ïîäiáíi çàäà÷i ðîçãëÿäàëèñÿ ó ìîíîãðàôi¨ À. Ìîíiíà i I. ßãëîìà26,
à òàêîæ ó ðîáîòi Ã. Êåñòåíà i Ã. Ïàïàíiêîëàó27. Õàðàêòåðíîþ ðèñîþ
òóðáóëåíòíîãî ðóõó ¹ õàîòè÷íå ïåðåìiøóâàííÿ, ùî ïðèçâîäèòü äî
òîãî, ùî íàâiòü ìàëåíüêà êðàïëÿ øâèäêî äåôîðìó¹òüñÿ ïîòîêîì i ÷å-
ðåç äåÿêèé ÷àñ âèÿâëÿ¹òüñÿ ðîçïîäiëåíîþ ó âåëèêîìó îá'¹ìi ðiäèíè.
Äëÿ äîñëiäæåííÿ àíàëîãi÷íèõ âëàñòèâîñòåé ó áðîóíiâñüêîìó ïîòîöi
äåêiëüêîìà àâòîðàìè ðîçãëÿäàëàñÿ åâîëþöiÿ îáëàñòi ïiä äi¹þ ïîòîêó.
Ó ðîáîòàõ Ì. Êðàíñòîíà i Ëå Æàíà28, Ã. Äiìiòðîâà i Ì. Øîéöîâà29
âèâ÷àëàñÿ çìiíà ãîëîâíèõ êðèâèí ãiïåðïîâåðõíi i åâîëþöiÿ îá'¹ìó ïiä
äi¹þ içîòðîïíîãî áðîóíiâñüêîãî ïîòîêó.

Âèâ÷åííÿ áàãàòî÷àñòèíêîâîãî ðóõó â ïîòîöi ðiäèíè ìîæå áóòè
âèêîðèñòàíî äëÿ âèÿâëåííÿ âëàñòèâîñòåé ïîòîêó íà îñíîâi ñïîñòå-
ðåæåíÿ òðà¹êòîðié ÷àñòèíîê, ùî ïîìiùåíi ó ðiäèíó. Òàê, ìåòîä ïà-
ñèâíèõ ìàðêåðiâ çàñòîñîâó¹òüñÿ ïðè äîñëiäæåííi îêåàíi÷íèõ òå÷ié30.
Ó ðîáîòi Æàí-Ëþêà Òiôôî31 çàïðîïîíîâàíi îöiíêè åíòðîïi¨ ïîòîêó
íà îñíîâi àíàëiçó êiñ, ïîðîäæåíèõ òðà¹êòîðiÿìè ìàðêåðiâ. Öi ðîáîòè
ìîòèâóþòü äîñëiäæåííÿ âëàñòèâîñòåé êiñ, óòâîðåíèõ òðà¹êòîðiÿìè ó
ïîòîöi.

Ðîçãëÿíóòi ðåçóëüòàòè âiäíîñÿòüñÿ, â îñíîâíîìó, äî äîñëiäæåí-
íÿ ãëàäêèõ ñòîõàñòè÷íèõ ïîòîêiâ. Ó òîé æå ÷àñ, ïî÷èíàþ÷è ç ðîáiò

24Zirbel C. L. Translation and dispersion of mass by isotropic Brownian �ows//
Stochastic Processes and Their Applications. � 1997. � 70, 1. � Pp. 1�29.

25Zirbel C. L., Cinlar E. Mass transport by Brownian �ows // Stochastic Models
in Geosystems (series The IMA Volumes in Mathematics and its Applications). �
1997. � 85. � Pp. 459�492.

26Ìîíèí À. Ñ., ßãëîì È. Ì. Ñòàòèñòè÷åñêàÿ ãèäðîìåõàíèêà: Â 2-õ ÷. � Ì.:
Íàóêà, 1967. � ×àñòü 2. � 720 ñ.

27Kesten H., Papanicolaou G. A limit theorem for turbulent di�usion // Commun.
Math. Phys. � 1979. � Vol. 65, no. 2. � Pp. 97�128.

28Cranston M., Le Jan Y. Geometric evolution under isotropic stochastic �ow //
Electronic Journal of Probability. � 1998. � 3. � Pp. 1�36.

29Dimitro� G., Scheutzow M. Dispersion of volume under the action of isotropic
Brownian �ows // Stochastic Processes and their Applications. � 2009. � 119, 2. �
Pp. 588�601.

30Stevens I. G, Stevens D. P. Passive tracers in a general circulation model of the
Southern Ocean // Ann. Geophysicae 17. � 1999. � 17, 7. � Pp. 971�982.

31Jean-Luc Thi�eault. Braids of entangled particle trajectories // Chaos. � 2010.
� 20, 017516.
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Ì. Äàðëiíãà32, Ð. Àððàòüÿ33, àêòèâíî äîñëiäæóâàëèñÿ i íåãëàäêi ïî-
òîêè, çîêðåìà, ïîòîêè çi ñêëåþâàííÿì. Ó ðîáîòi À. Äîðîãîâöåâà34
îòðèìàíî ïðåäñòàâëåííÿ Êëàðêà, ó ñòàòòi À. Äîðîãîâöåâà i �. Îñòà-
ïåíêî35 îòðèìàíî ïðèíöèï âåëèêèõ âiäõèëåíü äëÿ ïîòîêó Àððàòüÿ.
Ó ðîáîòi À. Äîðîãîâöåâà, À. Ãíåäiíà i Ì. Âîâ÷àíñüêîãî36 îòðèìàíà
àñèìïòîòèêà êëàñòåðiâ ó ïîòîöi Àððàòüÿ ïðè t→ 0. Ïîòîêè çi ñêëå-
þâàííÿì, ó ÿêèõ øâèäêiñòü äèôóçi¨ çàëåæèòü âiä ìàñè ÷àñòèíîê,
âèâ÷àëèñÿ ó ðîáîòi Â. Êîíàðîâñüêîãî37

Óçàãàëüíåííÿì ïîòîêó Àððàòüÿ ¹ êëàñ îäíîâèìiðíèõ ïîòîêiâ Õàð-
ðiñà. Òàêi ïîòîêè âèâ÷àëèñÿ, ïî÷èíàþ÷è ç ðîáîòè Ò. Õàððiñà38, äå
áóëè íàâåäåíi óìîâè ¨õ íàëåæíîñòi äî îäíîãî ç êëàñiâ: ãëàäêi ïîòîêè
àáî ïîòîêè çi ñêëåþâàííÿì, ó ÿêèõ îáðàçîì R ó áóäü-ÿêèé ìîìåíò
÷àñó t > 0 ¹ çëi÷óâàíà ìíîæèíà áåç ãðàíè÷íèõ òî÷îê.

Âàæëèâèé êëàñ ïèòàíü ñòîñó¹òüñÿ íàáëèæåííÿ ïîòîêó Àððàòüÿ
çà äîïîìîãîþ ãëàäêèõ ïîòîêiâ. Òàê, ÷àñòî íåãëàäêi ñòîõàñòè÷íi ïî-
òîêè âèíèêàþòü ÿê ãðàíèöi ãëàäêèõ ïîòîêiâ. Âiäïîâiäíi ðåçóëüòàòè
äëÿ çáiæíîñòi äî ïîòîêó Àððàòüÿ áóëè îòðèìàíi, çîêðåìà, ó ðîáîòàõ
À. Äîðîãîâöåâà39, Ò. Ìàëîâi÷êî40. Ó çâ'ÿçêó ç öèìè ðåçóëüòàòàìè
âèíèêà¹ òàêîæ ïèòàííÿ ïðî øâèäêiñòü àïðîêñèìàöi¨ ïîòîêó Àððàòüÿ
äîãðàíè÷íèìè ïîòîêàìè. Ó ðîáîòi À. Äîðîãîâöåâà i Â. Ôîìi÷îâà41
áûëî îòðèìàíî îöiíêè íà âiäõèëåííÿ ïîòîêó Õàððiñà âiä ïîòîêó Àð-

32Darling R. W. R. Constructing nonhomeomorphic stochastic �ows. 1986.
33Arratia R. A. Coalescing Brownian motions on the line, Ph.D. Thesis, University

of Wisconsin, Madison, 1979.
34Dorogovtsev A. A. One version of the Clark representation theorem for Arratia

�ow // Theory of Stochastic Processes. � 2005. � 11(27), 3�4. � Pp. 63�70.
35Dorogovtsev A. A., Ostapenko O. V. Large deviations for �ows of interacting

Brownian motions // Stochastics and Dynamics. � 2010. � 10, 3. � Pp. 315�339.
https://http://arxiv.org/abs/0907.3207v1

36Dorogovtsev A. A., Gnedin A. V., Vovchanskii M. B. Iterated logarithm law for
sizes of clusters in Arratia �ow // Theory of Stochastic Processes. � 2012. � 18, 2.
� Pp. 1�7.

37Êîíàðîâñüêèé Â. Â. Ñèñòåìà äèôóçiéíèõ ÷àñòèíîê iç ñêëåþâàííÿì çìiííî¨
ìàñè // Óêð. ìàò. æóðí. � 2010. � 62, 1. � Ñ. 90 � 103.

38Harris T. E. Coalescing and noncoalescing stochastic �ows in R1 // Stochastic
Processes and their Applications. � 1984. � 17, 2. � Pp. 187�210.

39Dorogovtsev A. A. One Brownian stochastic �ow // Theory of Stochastic
Processes. � 2004. � 10(26), 3-4. � Pp. 21�25.

40Ìàëîâè÷êî Ò.Â. O ñõîäèìîñòè ðåøåíèé ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ê ïîòîêó Àððàòüÿ // Óêð. ìàò. æóðí. � 2008. � 60, 11. � Ñ. 1529�1538.

41Dorogovtsev A. A., Fomichov V. V. The rate of weak convergence for n-point
motions of Harris �ows // Dynamic Systems & Applications. � 2016. � Vol. 25.

https://http://arxiv.org/abs/0907.3207v1
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ðàòüÿ. Ó ðîáîòi I. Íiùåíêî42 ïîáóäîâàíî êëàñ äèñêðåòíèõ àïðîêñè-
ìàöié ïîòîêó Àððàòüÿ. Òàêi àïðîêñèìàöi¨ ìîæóòü ìàòè âëàñòèâîñòi,
ùî âiäñóòíi ó ãðàíè÷íîìó ïîòîöi. Òàê, çîêðåìà, ó ïîòîöi Àððàòüÿ
÷àñòèíêè çáåðiãàþòü ïîðÿäîê, à ó äèñêðåòíèõ íàáëèæåííÿõ öüîãî
ïîòîêó âîíè ìîæóòü ïðîâîäèòè äåÿêèé ÷àñ ó çâîðîòíüîìó ïîðÿäêó.
Ó ñòàòòi �. Ãëèíÿíî¨43 îòðèìàíî îöiíêè íà øâèäêiñòü ñïàäàííÿ äî
íóëÿ ÷àñó, ÿêèé äâi ÷àñòèíêè äîãðàíè÷íîãî ïîòîêó ïðîâîäÿòü ó çâî-
ðîòíüîìó ïîðÿäêó.

Ó ðîáîòàõ À. Ïèëèïåíêà44 45 âèâ÷àëèñÿ ñòîõàñòè÷íi ïîòîêè ç âiä-
áèòòÿì. Òàêèì ïîòîêàì ïðèñâÿ÷åíà ìîíîãðàôiÿ46.

Ó ðîáîòàõ À. Äîðîãîâöåâà i Ï. Êîòåëåíöÿ47 48 49 äîñëiäæóâàëè-
ñÿ ñòîõàñòè÷íi ïîòîêè çi âçà¹ìîäi¹þ. Ðóõ îêðåìî¨ ÷àñòèíêè ó òàêèõ
ïîòîêàõ çàëåæèòü i âiä ðóõó óñi¹¨ ñóêóïíîñòi ÷àñòèíîê. Öüîìó òèïó
ïîòîêiâ ïðèñâÿ÷åíà ìîíîãðàôiÿ À. Äîðîãîâöåâà50. Ó ðîáîòi Ò. Ìàëî-
âi÷êî51 áóëî îòðèìàíî àíàëîã òåîðåìè Ãiðñàíîâà äëÿ ñòîõàñòè÷íèõ
ïîòîêiâ çi âçà¹ìîäi¹þ.

Íàâåäåíi ðåçóëüòàòè ìîòèâóþòü äîñëiäæåííÿ ãåîìåòðè÷íèõ õà-
ðàêòåðèñòèê òðà¹êòîðié ó áðîóíiâñüêèõ ñòîõàñòè÷íèõ ïîòîêàõ, à òà-
êîæ ñóìiæíèõ ïèòàíü ñòîõàñòè÷íî¨ ãåîìåòði¨: ãåîìåòðè÷íèõ õàðàêòå-
ðèñòèê âèïàäêîâèõ ïîëiâ, êóòiâ îáõîäó äâîâèìiðíèõ âèïàäêîâèõ ïðî-

42Nishchenko I. I. Discrete time approximation of coalescing stochastic �ows on the
real line // Theory of Stochastic Processes. � 2011. � 17(33), 1. � Pp. 70�78.

43Glinyanaya E. V. Asymptotics of disordering in the discrete approximation of an
Arratia �ow // Theory of Stochastic Processes. � 2012. � 18 (34), 2. � Pp. 8�14.

44Pilipenko A. Yu. Flows generated by stochastic equations with re�ection //
Random Oper. and Stoch. Equ. � 2004. � 12, 4. � Pp. 389�396.

45Pilipenko A. Yu. Functional central limit theorem for �ows generated by
stochastic equations with re�ection // Nonlinear Oscillations. � 2006. � 9, 1. �
Pp. 85�97.

46Pilipenko A. Yu. An introduction to stochastic di�erential equations with
re�ection. � Potsdam: Universit�atsverlag, 2014. � 75 p.

47Dorogovtsev A. A., Kotelenez P. Smooth stationary solutions of quasilinear
stochastic partial di�erential equations: 1. Finite Mass. � Preprint No. 97-145 Dept.
of Mathematics CWRU, Cleveland: Ohio, 1997. � 19 p.

48Kotelenez P. A class of quasilinear stochastic partial di�erential equations of
McKean-Vlasov type with mass conservation // Probab. Theory Related Fields. �
1995. � 102, 2. � Pp. 159�188.

49Dorogovtsev A. A. Stochastic �ows with interaction and measure-valued processes
// International Journal of Mathematics and Mathematical Sciences. � 2003. � 2003,
63. � Pp. 3963�3977.

50Äîðîãîâöåâ À. À. Ìåðîçíà÷íûå ïðîöåññû è ñòîõàñòè÷åñêèå ïîòîêè. � Ê.:
Èí-ò ìàòåìàòèêè ÍÀÍ Óêðàèíû, 2007. � 290 ñ.

51Ìàëîâè÷êî Ò. Â. Òåîðåìà Ãèðñàíîâà äëÿ ñòîõàñòè÷åñêèõ ïîòîêîâ ñî âçàèìî-
äåéñòâèåì // Óêð. ìàò. æóðí. � 2009. � 61, 3. � Ñ. 384�390.
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öåñiâ. Ó äàíié ðîáîòi ðîçãëÿäàëàñÿ ïîâåäiíêà êóòiâ îáõîäó ÷àñòèíîê
ó ñòîõàñòè÷íîìó ïîòîöi, äîñëiäæóâàëèñÿ iíâàðiàíòè êiñ, óòâîðåíèõ
òðà¹êòîðiÿìè ñòîõàñòè÷íèõ ïîòîêiâ. Ó çâ'ÿçêó ç òèì, ùî âëàñòèâî-
ñòi âèïàäêîâîãî ïîëÿ, ùî êåðó¹ áðîóíiâñüêèì ñòîõàñòè÷íèì ïîòîêîì,
âèçíà÷àþòü ïîâåäiíêó öüîãî ïîòîêó, ðîçãëÿäàëàñÿ çàäà÷à ïðî ÷èñ-
ëî îáåðòàíü äâîâèìiðíîãî âèïàäêîâîãî ïîëÿ âçäîâæ ïëîñêîãî êîíòó-
ðà. Äîñëiäæóâàëàñÿ ìîæëèâiñòü îòðèìàííÿ ïðèíöèïó âåëèêèõ âiä-
õèëåíü äëÿ êóòà îáõîäó áðîóíiâñüêîãî ðóõó íàâêîëî ïî÷àòêó êîîð-
äèíàò.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìà-
ìè. Ðàáîòó âèêîíàíî â Iíñòèòóòi ìàòåìàòèêè ÍÀÍ Óêðà¨íè ó âiääiëi
òåîði¨ âèïàäêîâèõ ïðîöåñiâ ó ðàìêàõ äåðæáþäæåòíî¨ òåìè �Àíàëiç
ñêëàäíèõ ñèñòåì�, äåðæàâíèé ðå¹ñòðàöiéíèé íîìåð 0111U001002. Òà-
êîæ ÷àñòèíà ðîáîòè âèêîíàíà ó ðàìêàõ ñïiëüíîãî íàóêîâîãî ïðî-
åêòó ÍÀÍ Óêðà¨íè òà Ðîñiéñüêîãî ôîíäó ôóíäàìåíòàëüíèõ äîñëiä-
æåíü �Ãåîìåòðè÷íi àñïåêòè òåîði¨ íåñêií÷åííîâèìiðíèõ äèíàìi÷íèõ
ñèñòåì�, äåðæàâíèé ðå¹ñòðàöiéíèé íîìåð 0114U002965.

Ìåòà i çàäà÷i äîñëiäæåííÿ. Ìåòîþ ðîáîòè ¹ âèâ÷åííÿ ãåîìåò-
ðè÷íèõ âëàñòèâîñòåé âèïàäêîâèõ ïîëiâ i ñòîõàñòè÷íèõ ïîòîêiâ. Öÿ
ìåòà âêëþ÷à¹ ó ñåáå òàêi çàäà÷i:

• äîñëiäæåííÿ ðîçïîäiëó iíäåêñà îáåðòàííÿ âèïàäêîâîãî ïîëÿ âçäî-
âæ êðèâî¨;

• äîñëiäæåííÿ âçà¹ìíèõ êóòiâ îáõîäó ÷àñòèíîê ó áðîóíiâñüêèõ
ñòîõàñòè÷íèõ ïîòîêàõ;

• äîñëiäæåííÿ êiñ, óòâîðåíèõ òðà¹êòîðiÿìè âèïàäêîâèõ ïðîöåñiâ.

Îá'¹êò i ïðåäìåò äîñëiäæåííÿ. Îá'¹êòîì äîñëiäæåííÿ äèñåð-
òàöiéíî¨ ðîáîòè ¹ äâîâèìiðíi âèïàäêîâi âåêòîðíi ïîëÿ, áðîóíiâñüêi
ñòîõàñòè÷íi ïîòîêè. Ïðåäìåòîì äîñëiäæåííÿ ¹ ãåîìåòðè÷íi âëàñòè-
âîñòi çàçíà÷åíèõ îá'¹êòiâ: êóòè îáõîäó òðà¹êòîðié âèïàäêîâèõ ïðî-
öåñiâ, îáåðòàííÿ âèïàäêîâîãî ïîëÿ, iíâàðiàíòè Âàñèëü¹âà âèïàäêîâèõ
êiñ.

Ìåòîäè äîñëiäæåííÿ. Ó ðîáîòi âèêîðèñòîâóþòüñÿ ìåòîäè òåî-
ði¨ éìîâiðíîñòåé, òåîði¨ âèïàäêîâèõ ïðîöåñiâ, ñòîõàñòè÷íîãî àíàëiçó,
òîïîëîãi¨.

Íàóêîâà íîâèçíà îòðèìàíèõ ðåçóëüòàòiâ. Îñíîâíi ðåçóëüòà-
òè, ùî âèçíà÷àþòü íàóêîâó íîâèçíó ðîáîòè, òàêi:
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• îòðèìàíî âèðàç äëÿ ïåðøîãî i äðóãîãî ìîìåíòiâ iíäåêñà îáåð-
òàííÿ âèïàäêîâîãî ïîëÿ íà ïëîùèíi âçäîâæ çàìêíåíî¨ êðèâî¨
ó òåðìiíàõ óìîâíî¨ ùiëüíîñòi äâîòî÷êîâèõ ðîçïîäiëiâ ïîëÿ;

• äëÿ içîòðîïíîãî ãàóññiâñüêîãî âèïàäêîâîãî ïîëÿ ïåðøèé i äðó-
ãèé ìîìåíòè iíäåêñà îáåðòàííÿ çíàéäåíi ó òåðìiíàõ êîâàðiàöié-
íî¨ ôóíêöi¨ êîìïîíåíò ïîëÿ;

• âñòàíîâëåíî ïðåäñòàâëåííÿ iíâàðiàíòiâ Âàñèëü¹âà äëÿ êiñ, óòâî-
ðåíèõ íåïåðåðâíèìè ñåìèìàðòèíãàëàìè âiäíîñíî ñïiëüíî¨ ôiëü-
òðàöi¨, ó âèãëÿäi êðàòíèõ iíòåãðàëiâ Ñòðàòîíîâè÷à;

• îõàðàêòåðèçîâàíî ñóìiñíèé àñèìïòîòè÷íèé ðîçïîäië âçà¹ìíèõ
êóòiâ îáõîäó ó áðîóíiâñüêîìó ñòîõàñòè÷íîìó ïîòîöi ïðè t→∞;

• îòðèìàíî ñëàáêèé ïðèíöèï âåëèêèõ âiäõèëåíü äëÿ êóòà îáõîäó
äâîâèìiðíîãî áðîóíiâñüêîãî ðóõó íàâêîëî ïî÷àòêó êîîðäèíàò,
âñòàíîâëåíî âiäñóòíiñòü ïîâíîãî ïðèíöèïó âåëèêèõ âiäõèëåíü.

Ïðàêòè÷íà çíà÷èìiñòü îòðèìàíèõ ðåçóëüòàòiâ. Äèñåðòàöié-
íà ðîáîòà íîñèòü òåîðåòè÷íèé õàðàêòåð. Îòðèìàíi ðåçóëüòàòè ìî-
æóòü ìàòè ïîäàëüøå çàñòîñóâàííÿ ó ðiçíèõ ðîçäiëàõ òåîði¨ âèïàäêî-
âèõ ïðîöåñiâ i ñòîõàñòè÷íié ãåîìåòði¨.

Îñîáèñòèé âíåñîê çäîáóâà÷à.Ïîñòàíîâêà çàäà÷, âèáið íàïðÿì-
êiâ i ìåòîäiâ äîñëiäæåííÿ i çàãàëüíå êåðiâíèöòâî ðîáîòîþ íàëåæàòü
íàóêîâîìó êåðiâíèêó çäîáóâà÷à äîêòîðó ôiçèêî-ìàòåìàòè÷íèõ íàóê,
ïðîôåñîðó À. À. Äîðîãîâöåâó. Óñi ðåçóëüòàòè, ïðåäñòàâëåíi ó äèñåð-
òàöiéíié ðîáîòi, îòðèìàíi àâòîðîì ñàìîñòiéíî.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Ðåçóëüòàòè äèñåðòàöiéíî¨
ðîáîòè äîïîâiäàëèñÿ i îáãîâîðþâàëèñÿ íà òàêèõ êîíôåðåíöiÿõ i íàó-
êîâèõ ñåìiíàðàõ:

• Âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ �Ñó÷àñíi ïðîáëåìè òåîði¨
éìîâiðíîñòåé i ìàòåìàòè÷íîãî àíàëiçó� (Âîðîõòà, Óêðà¨íà, 25
ëþòîãî � 3 áåðåçíÿ 2013 ð.);

• 20 Ìiæíàðîäíié ìîëîäiæíié êîíôåðåíöi¨ ìîëîäèõ ó÷åíèõ
�Ëîìîíîñîâ-2013� (Ìîñêâà, 8 � 13 êâiòíÿ 2013 ð.);

• 11 Ìiæíàðîäíié Âiëüíþñüêié êîíôåðåíöi¨ ç òåîði¨ éìîâiðíîñòåé
i ìàòåìàòè÷íî¨ ñòàòèñòèêè (Âiëüíþñ, Ëèòâà, 30 ÷åðâíÿ � 4 ëèï-
íÿ 2014 ð.);
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• íàóêîâié êîíôåðåíöi¨ ïàì'ÿòi Þ. Â. Ëiííiêà �Analytical methods
in number theory, probability theory and mathematical statistics�
(Ñàíêò-Ïåòåðáóðã, 14 � 18 âåðåñíÿ 2015 ð.);

• ìiæíàðîäíié êîíôåðåíöi¨ �Stochastic processess in abstract spaces�
(Êè¨â, 14 � 16 æîâòíÿ 2015 ð.);

• íàóêîâîìó ñåìiíàði �×èñëåííÿ Ìàëëÿâåíà i éîãî çàñòîñóâàííÿ�
Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè ïiä êåðiâíèöòâîì äîêòîðà
ôiç.-ìàò. íàóê, ïðîôåñîðà À. À. Äîðîãîâöåâà;

• íàóêîâîìó ñåìiíàði âiääiëó òîïîëîãi¨ Iíñòèòóòó ìàòåìàòèêè ÍÀÍ
Óêðà¨íè ïiä êåðiâíèöòâîì äîêòîðà ôiç.-ìàò. íàóê, ÷ëåíà-êîðåñïîí-
äåíòà Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè Â. Â. Øàðêà;

• íàóêîâîìó ñåìiíàði "Ñòàòèñòè÷íi ïðîáëåìè äëÿ âèïàäêîâèõ ïðî-
öåñiâ i ïîëiâ"ïðè êàôåäði ìàòåìàòè÷íîãî àíàëiçó òà òåîði¨ éìî-
âiðíîñòåé ôiçèêî-ìàòåìàòè÷íîãî ôàêóëüòåòó Íàöiîíàëüíîãî òåõ-
íi÷íîãî óíiâåðñèòåòó Óêðà¨íè �Êè¨âñüêèé ïîëiòåõíi÷íèé iíñòè-
òóò� ïiä êåðiâíèöòâîì äîêòîðà ôiç.-ìàò. íàóê, ïðîôåñîðà Î. I. Êëå-
ñîâa òà äîêòîðà ôiç.-ìàò. íàóê, ïðîôåñîðà Î. Â. Iâàíîâa.

Ïóáëiêàöi¨. Ðåçóëüòàòè äèñåðòàöi¨ îïóáëiêîâàíi ó ï'ÿòè ñòàòòÿõ
i ï'ÿòè çáiðêàõ òåç êîíôåðåíöié, òðè ç ÿêèõ ¹ ìiæíàðîäíèìè.

Ñòðóêòóðà i îáñÿã ðîáîòè. Äèñåðòàöiéíà ðîáîòà ñêëàäà¹òüñÿ çi
âñòóïó, ÷îòèðüîõ ðîçäiëiâ i âèñíîâêiâ, à òàêîæ ñïèñêó âèêîðèñòàíèõ
äæåðåë. Çàãàëüíèé îáñÿã ðîáîòè � 135 ñòîðiíîê.

Îñíîâíèé çìiñò äèñåðòàöi¨

Ó ïåðøîìó ðîçäiëi äèñåðòàöiéíî¨ ðîáîòè ðîçãëÿäàþòüñÿ ãåî-
ìåòðè÷íi âëàñòèâîñòi âèïàäêîâèõ ïîëiâ íà ïëîùèíi. Ó �1.1 îáãîâî-
ðþþòüñÿ îñîáëèâi òî÷êè âåêòîðíèõ ïîëiâ. Íàâîäèòüñÿ îçíà÷åííÿ ií-
äåêñà îñîáëèâî¨ òî÷êè, òåîðåìà Ïóàíêàðå ïðî iíäåêñ.

Ó �1.2 ðîçãëÿäà¹òüñÿ ðîçïîäië îñîáëèâèõ òî÷îê âèïàäêîâèõ ïîëiâ.
Íàâîäèòüñÿ òåîðåìà52, ùî äîçâîëÿ¹ çíàõîäèòè ìàòåìàòè÷íå ñïîäi-
âàííÿ êiëüêîñòi òî÷îê t âèïàäêîâîãî âåêòîðíîãî ïîëÿ f , òàêèõ, ùî
f(t) = u, ÿêi ëåæàòü óñåðåäèíi äàíî¨ îáëàñòi i çàäîâîëüíÿþòü äåÿêó

52Adler R. J., Taylor J. E. Random �elds and geometry. �New York: Springer,
2007. � 448 p.
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äîäàòêîâó óìîâó. Öÿ òåîðåìà ¹ áàçîþ äëÿ ïîäàëüøèõ ìiðêóâàíü ó
ðîçäiëi 1.

Ó �1.3 ðåçóëüòàòè, íàâåäåíi ó �1.2, çàñòîñîâóþòüñÿ äëÿ çíàõîä-
æåííÿ ìàòåìàòè÷íîãî ñïîäiâàííÿ i äèñïåðñi¨ êiëüêîñòi îáåðòàíü âè-
ïàäêîâîãî ïîëÿ âçäîâæ ïëîñêî¨ êðèâî¨ Γ. Äîâåäåíî òàêó òåîðåìó, ùî
¹ àíàëîãîì ôîðìóëè Ðàéñà äëÿ ìàòåìàòè÷íîãî ñïîäiâàííÿ êiëüêîñòi
ïåðåòèíiâ ðiâíÿ çíèçó ââåðõ âèïàäêîâèì ïîëåì.

Òåîðåìà 1.3.1. Íåõàé f : R2 → R2 � âèïàäêîâå âåêòîðíå ïîëå íà
R2, i íåõàé Γ � ôiêñîâàíà êóñêîâî-ãëàäêà ïðîñòà (òîáòî òàêà, ùî
íå ìà¹ ñàìîïåðåòèíiâ) çàìêíåíà êðèâà â R2, ùî îáìåæó¹ äåÿêó îá-
ëàñòü T . Ïðèïóñòèìî, ùî ïîëå f çàäîâîëüíÿ¹ óìîâè à)-ä):

à) f , ∂fi∂tj
� íåïåðåðâíi íà T ç iìîâiðíiñòþ 1 i ìàþòü îáìåæåíi

ìîìåíòè ïîðÿäêó 4 íà T ;
á) äëÿ âñiõ t ∈ T ùiëüíiñòü ðîçïîäiëó pf(t)(x) âèïàäêîâîãî âåê-

òîðà f(t) ¹ íåïåðåðâíîþ â òî÷öi x = 0;

á') äëÿ âñiõ t̃ ∈ T̃ = {(t1, t2) ∈ T 2 : t1 6= t2} ùiëüíiñòü ðîçïîäiëó

pf̃(t̃)(x1, x2) âèïàäêîâîãî âåêòîðà f̃(t̃) = (f(t1), f(t2)) ¹ íåïåðåðâíîþ

â òî÷öi (x1, x2) = (0, 0);
â) äëÿ âñiõ t ∈ T óìîâíà ùiëüíiñòü ðîçïîäiëó pt(x | ∇f(t)) âèïàä-

êîâîãî âåêòîðà f(t) çà óìîâè ∇f(t) iñíó¹, îáìåæåíà i ¹ íåïåðåðâíîþ
â òî÷öi x = 0;

â') äëÿ âñiõ t̃ ∈ T̃ óìîâíà ùiëüíiñòü ðîçïîäiëó pt̃(x̃ | ∇f̃(t̃)) âè-

ïàäêîâîãî âåêòîðà f̃(t̃) çà óìîâè ∇f̃(t̃) iñíó¹, îáìåæåíà i íåïåðåðâíà
â x̃ = (0, 0);

ã) äëÿ âñiõ t ∈ T óìîâíà ùiëüíiñòü ðîçïîäiëó pt(z | f(t) = x)
âèïàäêîâî¨ ìàòðèöi ∇f(t) çà óìîâè f(t) = x ¹ íåïåðåðâíîþ çà z i x;

ã') äëÿ âñiõ t̃ ∈ T̃ óìîâíà ùiëüíiñòü ðîçïîäiëó pt̃(z | f̃(t̃) = x̃)

âèïàäêîâî¨ ìàòðèöi ∇f̃(t̃) çà óìîâè f̃(t̃) = x̃ íåïåðåðâíà çà z i x̃;
ä) ïðè êîæíîìó ε > 0 ìîäóëü íåïåðåðâíîñòi íà T êîæíî¨ êîì-

ïîíåíòè f , ∇f çàäîâîëüíÿ¹ àñèìïòîòè÷ííå ñïiââiäíîøåííÿ

P(ω(η) > ε) = o(η4)

ïðè η ↓ 0.
Íåõàé indΓf � iíäåêñ êðèâî¨ Γ âiäíîñíî ïîëÿ f . Òîäi âèêîíó¹òüñÿ
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òàêå ñïiââiäíîøåííÿ:

E(indΓf) =

∫
T

E{det∇f(t) | f(t) = 0}pt(0)dt,

E(indΓf)2 =

=

∫
T 2

E{det∇f(t1) det∇f(t2) | f(t1) = f(t2) = 0}p(t1,t2)(0)dt1dt2+

+

∫
T

E{|det∇f(t)| | f(t) = 0}pt(0)dt,

äå pt(0) � ùiëüíiñòü ðîçïîäiëó f(t) ó òî÷öi 0, à p(t1,t2)(0) � ùiëü-

íiñòü ðîçïîäiëó ïîëÿ f̃(t1, t2) = (f(t1), f(t2)) ó òî÷öi 0.

Ó �1.4 òåîðåìà 1.3.1 çàñòîñîâó¹òüñÿ äî ÷àñòêîâîãî âèïàäêó äâî-
âèìiðíîãî ãàóññiâñüêîãî öåíòðîâàíîãî âèïàäêîâîãî âåêòîðíîãî ïîëÿ
ç êîâàðiàöiéíîþ ôóíêöi¹þ êîìïîíåíò

bkl(z) = δklbN (‖z‖).

Öå âèïàäêîâå ïîëå ¹ íàéïðîñòiøèì ïðèêëàäîì îäíîðiäíîãî içîòðîï-
íîãî ãàóññiâñüêîãî ïîëÿ.

Òåîðåìà 1.4.1. Íåõàé f � öåíòðîâàíå ãàóññiâñüêå içîòðîïíå âåê-
òîðíå ïîëå íà R2 ç êîâàðiàöiéíîþ ôóíêöi¹þ êîìïîíåíò bkl(z) =
δklbN (‖z‖), äå bN : [0,+∞)→ R ìà¹ âèä

bN (r) =

∞∫
0

J0(rα)Φ(dα),

Φ � ñêií÷åííà ìiðà íà [0,∞) çi ñêií÷åííèì ÷åòâåðòèì ìîìåíòîì,
i Φ 6= cδ0, òîáòî Φ íå çîñåðåäæåíà ó òî÷öi {0}. Òîäi äèñïåðñiÿ
êiëüêîñòi îáåðòàíü f âçäîâæ çàìêíåíî¨ êóñêîâî-ãëàäêî¨ êðèâî¨ Γ,
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ùî îáìåæó¹ âiäêðèòó îáëàñòü T , äîðiâíþ¹

E(indΓf)2 =

=

∫
T 2

2

‖t1 − t2‖

{
bN (‖t1 − t2‖)b′N (‖t1 − t2‖)3

bN (0)2 − bN (‖t1 − t2‖)2
+

+ b′N (‖t1 − t2‖)b′′N (‖t1 − t2‖)
}
p(t1,t2)(0)dt1dt2 − b′′N (0)p(0)S(T ),

äå S(T ) � ïëîùà T .
Òóò

p(t1,t2)(0) =
1

(2π)2(bN (0)2 − bN (‖t1 − t2‖)2)
,

i pt(0) = p(0) ≡ 1
2πbN (0)2 äëÿ äîâiëüíîãî t ∈ T .

Äðóãèé ðîçäië äèñåðòàöi¨ ïðèñâÿ÷åíî iíâàðiàíòàì Âàñèëü¹âà
äëÿ âèïàäêîâèõ êiñ. Ó �2.1 íàâåäåíî îñíîâíi ôàêòè ïðî iíâàðiàí-
òè Âàñèëü¹âà äëÿ ãëàäêèõ êiñ i âèçíà÷åíî iíòåãðàëè Êîíöåâè÷à äëÿ
êiñ52.

Ó �2.2 ðîçãëÿäàþòüñÿ iíâàðiàíòè Âàñèëü¹âà íåïåðåðâíèõ êiñ, ùî
íå îáîâ'ÿçêîâî ¹ ãëàäêèìè ÷è êóñêîâî-ãëàäêèìè. Òàê, òðà¹êòîði¨ íåïå-
ðåðâíèõ ñåìèìàðòèíãàëiâ ó òèïîâîìó âèïàäêó íå ¹ ãëàäêèìè, i äëÿ
íèõ ôîðìóëè Êîíöåâè÷à íå ìîæíà çàñòîñîâóâàòè áåçïîñåðåäíüî. Äëÿ
çíàõîäæåííÿ çíà÷åííÿ iíâàðiàíòà Âàñèëü¹âà íà íåïåðåðâíié êîñi ìè
çàñòîñîâó¹ìî íàáëèæåííÿ öi¹¨ êîñè çà äîïîìîãîþ âïèñàíèõ ëàìàíèõ.

Òåîðåìà 2.2.1. Áóäü-ÿêèé iíâàðiàíò Âàñèëü¹âà äëÿ íåïåðåðâíî¨ êî-
ñè Z ¹ ãðàíèöåþ âiäïîâiäíèõ iíâàðiàíòiâ äëÿ ïîñëiäîâíîñòi âïèñàíèõ
ó íå¨ êiñ Zτl , ÿêùî äðiáíîñòi ðîçáèòòiâ τl ïðÿìóþòü äî 0.

Äëÿ îöiíêè iíòåãðàëà Êîíöåâè÷à äëÿ âïèñàíî¨ ëàìàíî¨ ìè ðîáèìî
òàêèì ÷èíîì. Ðîçãëÿíåìî êîñó Z, óòâîðåíó íåïåðåðâíèìè êðèâèìè

Zk(t), t ∈ [0, T ], k = 1, . . . , n,

i ïîñëiäîâíiñòü ðîçáèòòiâ τ = {0 = t0 < t1 < · · · < tp = T} iíòåð-
âàëà [0, T ] ñ |τ | → 0. Íåõàé L(t)�äåÿêèé iíâàðiàíò ïîðÿäêó m äëÿ

52Mitchell A. Berger. Topological invariants in braid theory // Lett. Math. Phys.
� 2001. � 55, 3. � Pp. 181�192.
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êîñè Z(s), 0 ≤ s ≤ t, óòâîðåíî¨ êðèâèìè Zk(s), 0 ≤ s ≤ t, λ = λkl äëÿ
äåÿêèõ k 6= l. Ðîçãëÿíåìî âïèñàíi ó êðèâi Zk ëàìàíi Zτk ç âåðøèíà-
ìè Zk(t0), . . . , Zk(tp), i íåõàé Zτ � êîñà, óòâîðåíà öèìè ëàìàíèìè.
Ïîçíà÷èìî ÷åðåç Lτ (t) çíà÷åííÿ äîñëiäæóâàíîãî iíâàðiàíòà íà êîñi
Zτ (s), 0 ≤ s ≤ t, i íåõàé λτ (t)�âiäïîâiäíà λ(t) ôóíêöiÿ äëÿ öi¹¨ ëàìà-
íî¨. Çàóâàæèìî, ùî λτ ¹ êóñêîâî-ãëàäêîþ ôóíêöi¹þ. Ó öié ñèòóàöi¨
ìà¹ ìiñöå òàêå òâåðäæåííÿ.

Òåîðåìà 2.2.2. ßêùî ïðè êîæíîìó k ñóìè
p−1∑
i=0

|Zk(ti+1) − Zk(ti)|2

îáìåæåíi çà τ , òî ìà¹ ìiñöå çáiæíiñòü

p−1∑
i=0

L(ti) + L(ti+1)

2
(λ(ti+1)− λ(ti))−

T∫
0

Lτ (t)dλτ (t) −−−−→
|τ |→0

0. (1)

Öåé ðåçóëüòàò çàñòîñîâó¹òüñÿ ó íàñòóïíîìó ðîçäiëi äëÿ çàõîä-
æåííÿ iíòåãðàëüíîãî ïðåäñòàâëåííÿ iíâàðiàíòiâ Âàñèëü¹âà êiñ, ùî
ñêëàäåíi ç íåïåðåðâíèõ ñåìèìàðòèíãàëiâ.

Ó �2.4 ìè äîâîäèìî îñíîâíèé ðåçóëüòàò ïðî iíòåãðàëè Êîíöåâè÷à
äëÿ âèïàäêîâèõ êiñ.

Òåîðåìà 2.3.1. Äëÿ íåïåðåðâíèõ ñåìèìàðòèíãàëiâ Zk(t), t ∈ [0, T ],
k = 1, . . . , n âiäíîñíî ñïiëüíî¨ ôiëüòðàöi¨ (Ft), t ∈ [0, T ], òàêèõ, ùî ç
iìîâiðíiñòþ îäèíèöÿ

∀t ∈ [0, T ] ∀k 6= l Zk(t) 6= Zl(t),

iíòåãðàëè Êîíöåâè÷à îá÷èñëþþòüñÿ ÿê âiäïîâiäíi êðàòíi iíòåãðàëè
Ñòðàòîíîâè÷à.

Ïðèêëàä. Ïðèêëàäîì iíâàðiàíòà äðóãîãî ïîðÿäêó ¹ òàêèé iíâàðiàíò
äëÿ ãëàäêî¨ êîñè ç òðüîõ íèòîê (Z1(t), Z2(t), Z3(t)), t ∈ [0, T ]:

Ψ123 =
1

2

∫ T

0

(λ12(s)dλ13(s)− λ13(s)dλ12(s))+

+
1

2

T∫
0

(λ13(s)dλ23(s)−λ23(s)dλ13(s))+
1

2

T∫
0

(λ23(s)dλ12(s)−λ12(s)dλ23(s)),



14

äå λkl(t) = 1
2πi

t∫
0

dZk(t′)−dZl(t
′)

Zk(t′)−Zl(t′)
. Äëÿ êiñ iç íåïåðåðâíèõ ñåìèìàðòèí-

ãàëiâ öåé iíâàðiàíò òåïåð çàïèñó¹òüñÿ ó âèãëÿäi

Ψ123 =
1

2

∫ T

0

(λ12(s) ◦ dλ13(s)− λ13(s) ◦ dλ12(s))+

+
1

2

T∫
0

(λ13(s) ◦ dλ23(s)− λ23(s) ◦ λ13(s))+

+
1

2

T∫
0

(λ23(s) ◦ dλ12(s)− λ12(s) ◦ dλ23(s)).

Òðåòié ðîçäië äèñåðòàöi¨ ïðèñâÿ÷åíî ïîâåäiíöi íàéïðîñòiøèõ ií-
âàðiàíòiâ Âàñèëü¹âà � êóòiâ îáõîäó � äëÿ êiñ, óòâîðåíèõ òðà¹êòîðiÿ-
ìè ÷àñòèíîê ó içîòðîïíèõ áðîóíiâñüêèõ ïîòîêàõ.

Ó �3.1 íàâåäåíî íåîáõiäíi âiäîìîñòi ïðî áðîóíiâñüêi ïîòîêè. Ó
�3.2 ìè îòðèìó¹ìî àíàëîã çàêîíó Ñïiöåðà äëÿ áðîóíiâñüêèõ ïîòîêiâ.
Íåõàé F � áðîóíiâñüêèé ñòîõàñòè÷íèé ïîòiê, a, b ∈ R2, a 6= b. Ðîç-
ãëÿíåìî òðà¹êòîði¨ ïîòîêó Ft(a), Ft(b), ùî âèõîäÿòü iç òî÷îê a i b.
ßêùî îòîòîæíèòè R2 i C, ìîæíà íàïèñàòè

Ft(b)− Ft(a) = Rab(t)e
iΦab(t) F0(b)− F0(a)

‖F0(b)− F0(a)‖
,

äå Rab(t) = ‖Ft(b) − Ft(a)‖, Φab(t) � íåïåðåðâíà âåðñiÿ êóòà îáõîäó
òðà¹êòîði¨ F (b) íàâêîëî F (a).

Òåîðåìà 3.2.1. Íåõàé F � îäíîðiäíèé içîòðîïíèé áðîóíiâñüêèé
ñòîõàñòè÷íèé ïîòiê, ùî çàäàíèé ñòîõàñòè÷íèì äèôåðåíöiàëüíèì
ðiâíÿííÿì ó ñåíñi Õ. Êóíiòà

dFt(x) = U(Ft(x), dt),

x ∈ R2, t ≥ 0, äå U = U(x, t) � öåíòðîâàíå ãàóññiâñüêå âèïàäêîâå
âåêòîðíå ïîëå,

EUk(x, t)Ul(y, s) = bkl(x− y)t ∧ s,
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à ìàòðèöÿ b ìà¹ âèãëÿä b(z) = (bkl(z)) = (δklbL(‖z‖)), 1 ≤ k, l ≤ 2,
bL : [0,∞)→ R � äåÿêà ôóíêöiÿ, ùî çàäîâîëüíÿ¹ óìîâè

• b0 = bL(0) = 1;

• bL(r) < 1 ïðè r > 0;

• bL ∈ C(4)([0,+∞));

• bL(r)→ 0(r →∞);

•
∞∫
0

r|b′L(r)|dr <∞;

•
∞∫
0

r|b′L(r)− rb′′L(r)|dr <∞;

• bL(r) = 1− 1
2βLr

2 +O(r4), r → 0+, äëÿ äåÿêîãî βL > 0.

Òîäi ìà¹ ìiñöå ñïiââiäíîøåííÿ

Φab(t)
1
2 ln t

d−→ ξ,

äå ξ � âèïàäêîâà âåëè÷èíà, ùî ìà¹ ñòàíäàðòíèé ðîçïîäië Êîøi.

Îäíàê, öåé ðåçóëüòàò ùå íå âèçíà÷à¹ ñóìiñíî¨ àñèìïòîòè÷íî¨ ïî-
âåäiíêè êóòiâ îáõîäó ÷àñòèíîê îäíà íàâêîëî îäíî¨. Öüîìó ïèòàííþ
ïðèñâÿ÷åíî �3.3, äå äîâåäåíà òàêà òåîðåìà.

Òåîðåìà 3.3.1. Íåõàé F � áðîóíiâñüêèé ñòîõàñòè÷íèé ïîòiê, ùî
çàäîâîëüíÿ¹ óìîâè òåîðåìè 3.2.1. Íåõàé Ft(x1), . . . Ft(xn) � òðà¹ê-
òîði¨ ïîòîêó F , ùî âèõîäÿòü iç ïîïàðíî ðiçíèõ òî÷îê ïëîùèíè
x1, . . . , xn. Òîäi äëÿ êóòiâ îáõîäó Φkl(t) òðà¹êòîði¨ Ft(xk) íàâêîëî
òðà¹êòîði¨ Ft(xl) âèêîíó¹òüñÿ àñèìïòîòè÷íå ñïiââiäíîøåííÿ(

2

ln t
Φkl(t), 1 ≤ k < l ≤ n

)
d−−−→

t→∞
(ξkl, 1 ≤ k < l ≤ n).

Òóò ξkl, 1 ≤ k < l ≤ n � íåçàëåæíi ó ñóêóïíîñòi âèïàäêîâi âåëè÷è-
íè, ùî ìàþòü ñòàíäàðòíèé ðîçïîäië Êîøi.
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Ó ÷åòâåðòîìó ðîçäiëi äèñåðòàöi¨ äîñëiäæó¹òüñÿ ìîæëèâiñòü îò-
ðèìàííÿ ïðèíöèïó âåëèêèõ âiäõèëåíü äëÿ êóòà îáõîäó äâîâèìiðíî-

ãî áðîóíiâñüêîãî ðóõó (Wt, t ≥ 0) ç W (0) 6=
(

0
0

)
íàâêîëî ïî÷àòêó

êîîðäèíàò. Ó �4.1 ïîêàçàíî âèêîíàííÿ ñëàáêîãî ïðèíöèïó âåëèêèõ
âiäõèëåíü äëÿ êóòà îáõîäó. Âèçíà÷èìî âèïàäêîâi åëåìåíòè Φε çi çíà-
÷åííÿìè â C([0, 1]). Ïîñòàâèìî ó âiäïîâiäíiñòü êîæíié íåïåðåðâíié

ôóíêöi¨ f : [0, 1]→ R2, 0 ≤ t ≤ 1, ùî çàäîâîëüíÿ¹ óìîâó f(0) =

(
1
0

)
,

f(t) 6=
(

0
0

)
äëÿ âñiõ t ∈ [0, 1], ôóíêöiþ Φ(f) ∈ C([0, 1]), ùî ¹ íåïåðå-

ðâíîþ âåðñi¹þ êóòà îáõîäó f íàâêîëî ïî÷àòêó êîîðäèíàò. Îòæå, ìè
ââåëè âiäîáðàæåííÿ

Φ:

{
f ∈ C([0, 1],R2) | f(0) =

(
1
0

)
,∀t ∈ [0, 1] f(t) 6=

(
0
0

)}
→ C([0, 1]).

Íåõàé w � äâîâèìiðíèé âiíåðiâ ïðîöåñ, ùî âèõîäèòü iç òî÷êè
(

1
0

)
.

Íåõàé wε � ïðîöåñ âèäó wε(t) = w(εt), t ∈ [0, 1] äëÿ ε > 0. Òåïåð
ìè ìîæåìî ðîçãëÿíóòè ñiì'þ âèïàäêîâèõ åëåìåíòiâ Φε = Φ(wε) çi
çíà÷åííÿìè â C([0, 1]). Íåõàé I(x) � ôóíêöiÿ øâèäêîñòi äëÿ äâîâè-

ìiðíîãî áðîóíiâñüêîãî ðóõó, ùî âèõîäèòü iç òî÷êè
(

1
0

)
, òîáòî

I(x) =


1
2

1∫
0

‖x′(s)‖2ds, x(0) =

(
1
0

)
,

∞, x(0) 6=
(

1
0

)
.

Òåîðåìà 4.1.1. Äëÿ âèïàäêîâèõ åëåìåíòiâ Φε ∈ C([0, 1]) âèêîíó¹òü-
ñÿ ñëàáêèé ïðèíöèï âåëèêèõ âiäõèëåíü iç ôóíêöi¹þ øâèäêîñòi

J(φ) = I(Φ−1(φ)).

Çàóâàæåííÿ. Ìè ïîçíà÷à¹ìî ÷åðåç Φ−1(A) çàìèêàííÿ â C([0, 1],R2)
ìíîæèíè

Φ−1(A) = {x ∈ C([0, 1],R2) : x(0) =

(
1
0

)
,∀t ∈ [0, 1]‖x(t)‖ > 0,Φ(x) ∈ A}.
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Ìè ïèøåìî Φ−1(φ) çàìiñòü Φ−1({φ}).

Ó �4.2 ìè äîâîäèìî âèêîíàííÿ îöiíîê ïðèíöèïó âåëèêèõ âiäõè-
ëåíü íà êëàñi öèëiíäðè÷íèõ ìíîæèí.

Òåîðåìà 4.2.1. Íåõàé B ⊆ Rm � çàìêíåíà ìíîæèíà, 0 < t1 <
. . . < tm ≤ 1,

A = {φ ∈ C([0, 1]) : (φ(t1), . . . , φ(tm)) ∈ B}.

Òîäi âèêîíó¹òüñÿ òàêà îöiíêà:

lim
ε→0

ε lnP (Φε ∈ A) ≤ −J(A).

Ó �4.3 ìè äîâîäèìî, ùî ïîâíèé ïðèíöèï âåëèêèõ âiäõèëåíü íå
âèêîíàíèé äëÿ ñóêóïíîñòi âèïàäêîâèõ åëåìåíòiâ Φε.

Òåîðåìà 4.3.1. Ïðèíöèï âåëèêèõ âiäõèëåíü äëÿ ñiì'¨ (Φε) íå âèêî-

íó¹òüñÿ íi ç ÿêîþ ôóíêöi¹þ øâèäêîñòi Ĩ.

Âèñíîâêè

Äèñåðòàöiéíó ðîáîòó ïðèñâÿ÷åíî âèâ÷åííþ ãåîìåòðè÷íèõ õàðàê-
òåðèñòèê âèïàäêîâèõ ïîëiâ òà ñòîõàñòè÷íèõ ïîòîêiâ:

• äîcëiäæåíî ðîçïîäië iíäåêñà âèïàäêîâîãî äâîâèìiðíîãî ïîëÿ
âiäíîñíî êðèâî¨;

• äëÿ içîòðîïíîãî äâîâèìiðíîãî ãàóññiâñüêîãî âèïàäêîâîãî ïîëÿ
çíàéäåíî ÿâíi âèðàçè äëÿ ïåðøîãî i äðóãîãî ìîìåíòiâ iíäåêñà
ïîëÿ âiäíîñíî êðèâî¨;

• äëÿ iíâàðiàíòiâ Âàñèëü¹âà êiñ, óòâîðåíèõ íåïåðåðâíèìè ñåìè-
ìàðòèíãàëàìè âiäíîñíî ñïiëüíî¨ ôiëüòðàöi¨, çíàéäåíî âèðàç ó
âèãëÿäi êðàòíèõ iíòåãðàëiâ Ñòðàòîíîâè÷à, àíàëîãi÷íèé iíòå-
ãðàëüíîìó ïðåäñòàâëåííþ Êîíöåâè÷à öèõ iíâàðiàíòiâ äëÿ ãëàä-
êèõ êiñ;

• çíàéäåíî ñóìiñíèé àñèìïòîòè÷íèé ðîçïîäië âçà¹ìíèõ êóòiâ îá-
õîäó ÷àñòèíîê ó áðîóíiâñüêîìó içîòðîïíîìó ñòîõàñòè÷íîìó ïî-
òîöi ïðè t→∞;
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• îòðèìàíî ñëàáêèé ïðèíöèï âåëèêèõ âiäõèëåíü äëÿ êóòà îáõîäó
äâîâèìiðíîãî áðîóíiâñüêîãî ðóõó íàâêîëî ïî÷àòêó êîîðäèíàò
íà ìàëèõ iíòåðâàëàõ ÷àñó; ïîêàçàíî, ùî îöiíêè ïðèíöèïó âå-
ëèêèõ âiäõèëåíü âèêîíóþòüñÿ òàêîæ äëÿ êëàñó öèëiíäðè÷íèõ
ìíîæèí;

• âñòàíîâëåíî âiäñóòíiñòü ïîâíîãî ïðèíöèïó âåëèêèõ âiäõèëåíü
äëÿ êóòà îáõîäó áðîóíiâñüêîãî ðóõó.
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Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà âèâ÷åííþ âëàñòèâîñòåé ãåîìåò-
ðè÷íèõ âèïàäêîâèõ îá'¹êòiâ: âèïàäêîâèõ ïîëiâ, ñòîõàñòè÷íèõ ïîòî-
êiâ, âèïàäêîâèõ êiñ.

Içîòðîïíi âèïàäêîâi ïîëÿ ç'ÿâëÿþòüñÿ ÿê ìîäåëi ïîëÿ øâèäêî-
ñòåé ó òóðáóëåíòíîìó ïîòîöi ðiäèíè. Ó ðîáîòi ðîçãëÿäà¹òüñÿ ðîç-
ïîäië iíäåêñà îáåðòàííÿ äâîâèìiðíîãî içîòðîïíîãî âèïàäêîâîãî ïîëÿ
âiäíîñíî ïëîñêî¨ êðèâî¨. Îòðèìàíî âèðàç äëÿ ïåðøîãî i äðóãîãî ìî-
ìåíòiâ iíäåêñà îáåðòàííÿ ïîëÿ ó òåðìiíàõ óìîâíî¨ ùiëüíîñòi äâîòî÷-
êîâèõ ðîçïîäiëiâ. Äëÿ içîòðîïíîãî ãàóññiâñüêîãî âèïàäêîâîãî ïîëÿ
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ïåðøèé i äðóãèé ìîìåíòè iíäåêñà îáåðòàííÿ çíàéäåíi ó òåðìiíàõ êî-
âàðiàöiéíî¨ ôóíêöi¨ êîìïîíåíòiâ ïîëÿ.

Ó ðîáîòàõ Â. À. Âàñèëü¹âà áóëî ïîáóäîâàíî ñèñòåìó iíâàðiàíòiâ,
ÿêà äîçâîëÿ¹ ðîçðiçíÿòè êîñè ç òî÷íiñòþ äî ãîìîòîïi¨, ùî çáåðiãà¹
ïî÷àòêîâi i êiíöåâi òî÷êè. Ì. Ë. Êîíöåâè÷åì áóëî îòðèìàíî ïðåä-
ñòàâëåííÿ iíâàðiàíòiâ Âàñèëü¹âà äëÿ ãëàäêèõ êiñ ó âèãëÿäi êðàòíèõ
iíòåãðàëiâ. Ó äàíié ðîáîòi îòðèìàíî àíàëîãi÷íå ïðåäñòàâëåííÿ ií-
âàðiàíòiâ Âàñèëü¹âà äëÿ êiñ, óòâîðåíèõ òðà¹êòîðiÿìè äâîâèìiðíèõ
íåïåðåðâíèõ ñåìèìàðòèíãàëiâ âiäíîñíî ñïiëüíî¨ ôiëüòðàöi¨, ó âèãëÿäi
êðàòíèõ èíòåãðàëiâ Ñòðàòîíîâè÷à.

Íàéáiëüø ïðîñòèìè iíâàðiàíòàìè Âàñèëü¹âà ¹ âçà¹ìíi êóòè îá-
õîäó íèòîê êîñè. Ì. Éîðîì äîñëiäæåíî ñóìiñíó àñèìïòîòè÷íó ïî-
âåäiíêó âçà¹ìíèõ êóòiâ îáõîäó íåçàëåæíèõ äâîâèìiðíèõ áðîóíiâñü-
êèõ ðóõiâ, ùî óçàãàëüíþ¹ çàêîí Ñïiöåðà. Ó äàíié ðîáîòi îòðèìàíî
àíàëîã ðåçóëüòàòiâ Ô. Ñïiöåðà òà Ì. Éîðà äëÿ âçà¹ìíèõ êóòiâ îáõîäó
÷àñòèíîê ó içîòðîïíèõ áðîóíiâñüêèõ ïîòîêàõ.

Çíà÷íà êiëüêiñòü äîñëiäæåíü ïðèñâÿ÷åíà ïîâåäiíöi êóòà îáõîäó
áðîóíiâñüêîãî ðóõó íàâêîëî ïî÷àòêó êîîðäèíàò ïðè t→∞. Ó äàíié
ðîáîòi ðîçãëÿäà¹òüñÿ ïðèíöèï âåëèêèõ âiäõèëåíü ïðè t → 0. Ïîêà-
çàíî, ùî äëÿ êóòà îáõîäó áðîóíiâñüêîãî ðóõó íàâêîëî ïî÷àòêó êî-
îðäèíàò âèêîíó¹òüñÿ ñëàáêèé ïðèíöèï âåëèêèõ âiäõèëåíü, îäíàê íå
âèêîíó¹òüñÿ ïîâíèé. Òàêîæ ïîêàçàíî âèêîíàííÿ îöiíîê ïðèíöèïó âå-
ëèêèõ âiäõèëåíü íà êëàñi öèëiíäðè÷íèõ ìíîæèí ó C([0, 1]).

Êëþ÷îâi ñëîâà: áðîóíiâñüêi ñòîõàñòè÷íi ïîòîêè, êóòè îáõîäó,
içîòðîïíi âèïàäêîâi ïîëÿ, iíâàðiàíòè Âàñèëü¹âà, iíòåãðàë Êîíöåâè÷à,
ïðèíöèï âåëèêèõ âiäõèëåíü.

Êóçíåöîâ Â. À. Ãåîìåòðè÷åñêèå ñâîéñòâà ñòîõàñòè÷åñêèõ
ïîòîêîâ. � Ðóêîïèñü.
Äèññåðòàöèÿ íà ñîèñêàíèå ó÷¼íîé ñòåïåíè êàíäèäàòà ôèçèêî-ìàòå-
ìàòè÷åñêèõ íàóê ïî ñïåöèàëüíîñòè 01.01.05 � òåîðèÿ âåðîÿòíîñòåé
è ìàòåìàòè÷åñêàÿ ñòàòèñòèêà. Èíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðàèíû,
Êèåâ, 2017.

Äèññåðòàöèîííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ ñâîéñòâ ãåîìåòðè-
÷åñêèõ ñëó÷àéíûõ îáúåêòîâ: ñëó÷àéíûõ ïîëåé, ñòîõàñòè÷åñêèõ ïîòî-
êîâ, ñëó÷àéíûõ êîñ.

Èçîòðîïíûå ñëó÷àéíûå ïîëÿ âîçíèêàþò êàê ìîäåëè ïîëÿ ñêî-
ðîñòåé â òóðáóëåíòíîì ïîòîêå æèäêîñòè. Â ðàáîòå ðàññìàòðèâàåò-
ñÿ ðàñïðåäåëåíèå èíäåêñà âðàùåíèÿ äâóìåðíîãî èçîòðîïíîãî ñëó-
÷àéíîãî ïîëÿ îòíîñèòåëüíî ïëîñêîé êðèâîé. Ïîëó÷åíî âûðàæåíèå
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äëÿ ïåðâîãî è âòîðîãî ìîìåíòîâ èíäåêñà âðàùåíèÿ ïîëÿ â òåðìèíàõ
óñëîâíîé ïëîòíîñòè äâóõòî÷å÷íûõ ðàñïðåäåëåíèé. Äëÿ èçîòðîïíî-
ãî ãàóññîâñêîãî ñëó÷àéíîãî ïîëÿ ïåðâûé è âòîðîé ìîìåíòû èíäåêñà
âðàùåíèÿ íàéäåíû â òåðìèíàõ êîâàðèàöèîííîé ôóíêöèè êîìïîíåíò
ïîëÿ.

Â ðàáîòàõ Â. À. Âàñèëüåâà áûëà ïîñòðîåíà ñèñòåìà èíâàðèàí-
òîâ, ïîçâîëÿþùàÿ ðàçëè÷àòü êîñû ñ òî÷íîñòüþ äî ãîìîòîïèè, ñî-
õðàíÿþùåé íà÷àëüíûå è êîíå÷íûå òî÷êè. Ì. Ë. Êîíöåâè÷åì áûëî
ïîëó÷åíî ïðåäñòàâëåíèå èíâàðèàíòîâ Âàñèëüåâà äëÿ ãëàäêèõ êîñ â
âèäå êðàòíûõ èíòåãðàëîâ. Â äàííîé ðàáîòå ïîëó÷åíî àíàëîãè÷íîå
ïðåäñòàâëåíèå èíâàðèàíòîâ Âàñèëüåâà äëÿ êîñ, îáðàçîâàííûõ òðà-
åêòîðèÿìè äâóìåðíûõ íåïðåðûâíûõ ñåìèìàðòèíãàëîâ îòíîñèòåëü-
íî îáùåé ôèëüòðàöèè, â âèäå êðàòíûõ èíòåãðàëîâ Ñòðàòîíîâè÷à. Â
÷àñòíîñòè, ðåçóëüòàò âåðåí äëÿ êîñ èç íåçàâèñèìûõ äâóìåðíûõ áðî-
óíîâñêèõ äâèæåíèé è äëÿ êîñ, îáðàçîâàííûõ òðàåêòîðèÿìè ÷àñòèö
â èçîòðîïíûõ áðîóíîâñêèõ ïîòîêàõ.

Íàèáîëåå ïðîñòûìè èíâàðèàíòàìè Âàñèëüåâà ÿâëÿþòñÿ âçàèì-
íûå óãëû îáõîäà íèòåé êîñû. Ì. Éîðîì ïîëó÷åíî àñèìïòîòè÷åñêîå
ïîâåäåíèå âçàèìíûõ óãëîâ îáõîäà äâóìåðíûõ áðîóíîâñêèõ äâèæå-
íèé, îáîáùàþùåå çàêîí Ñïèöåðà. Â íàñòîÿùåé ðàáîòå ïîëó÷åí àíà-
ëîã ðåçóëüòàòîâ Ô. Ñïèöåðà è Ì. Éîðà äëÿ âçàèìíûõ óãëîâ îáõîäà
÷àñòèö â èçîòðîïíûõ áðîóíîâñêèõ ïîòîêàõ. Äîêàçàòåëüñòâî îñíîâàíî
íà ìàðòèíãàëüíîé òåõíèêå.

Çíà÷èòåëüíîå ÷èñëî èññëåäîâàíèé ïîñâÿùåíî ïîâåäåíèþ óãëà îá-
õîäà áðîóíîâñêîãî äâèæåíèÿ âîêðóã íà÷àëà êîîðäèíàò ïðè t → ∞.
Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ïðèíöèï áîëüøèõ óêëîíåíèé ïðè
t→ 0. Ïîêàçàíî, ÷òî äëÿ óãëà îáõîäà áðîóíîâñêîãî äâèæåíèÿ âîêðóã
íà÷àëà êîîðäèíàò âûïîëíåí ñëàáûé ïðèíöèï áîëüøèõ óêëîíåíèé, íî
íå âûïîëíåí ïîëíûé. Òàêæå ïîêàçàíî âûïîëíåíèå îöåíîê ïðèíöèïà
áîëüøèõ óêëîíåíèé íà êëàññå öèëèíäðè÷åñêèõ ìíîæåñòâ â C([0, 1]).

Êëþ÷åâûå ñëîâà: áðîóíîâñêèå ñòîõàñòè÷åñêèå ïîòîêè, óãëû îá-
õîäà, èçîòðîïíûå ñëó÷àéíûå ïîëÿ, èíâàðèàíòû Âàñèëüåâà, èíòåãðàë
Êîíöåâè÷à, ïðèíöèï áîëüøèõ óêëîíåíèé.

Kuznetsov V. A. Geometrical properties of stochastic �ows.
� Manuscript.
Candidate of Science Thesis, Probability theory and Mathematical
Statistics � 01.01.05. Institute of Mathematics of the NAS of Ukraine,
Kyiv, 2017.

The thesis is devoted to the investigation of geometrical properties
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of random objects: random �elds, stochastic �ows, random braids.
Isotropic random �elds arise as the models of the velocity �eld in

a turbulent �ow of liquid. In the thesis we consider the distribution of
the index of a two-dimensional isotropic random �eld along the planar
curve. We obtain the expression for the �rst and the second index of the
�eld in terms of the conditional density of two-point distributions. For
an isotropic Gaussian random �eld the �rst and the second moments
of the index are found in terms of the covariance function of the �elds'
components.

The system of invariants that distinguishes braids up to homotopy
preserving starting and end points was built in the works of V. A. Vassilev.
M. L. Kontsevich found the representation of Vassiliev's invariants in
the form of multiple integrals. In our work we obtain the analogous
representation of the Vassiliev's invariants for braids formed by trajec-
tories of two-dimensional continuous semimartingales with respect to the
common �ltration in the form of multiple Stratonovich integrals.

The most simple Vassiliev's invariants are the mutual winding angles
of the strands of a braid. M. Yor found an asymptotical distribution
of the mutual winding angles of two-dimensional Brownian motions that
generalizes the Spitzer's law. In this work we obtain the analog of Spitzer's
and Yor's results for mutual winding angles in Brownian �ows.

A large amount of investigations is devoted to the behaviour of the
Brownian motion winding angle around the origin when t→∞. In this
work we consider the large-deviation principle when t → 0. We show
that for the winding angle of the Brownian motion around the origin
the weak large-deviation principle holds, but the full does not. Also, we
show that the estimations of the large-deviation principle hold on the
class of cylindrical sets in C([0, 1]).

Key words: Brownian stochastic �ows, winding angles, isotropic
random �elds, Vassiliev invariats, Kontsevich integral, large-deviation
principle.
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