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Ââåäåíèå

Àêòóàëüíîñòü ðàáîòû. Âàæíóþ ðîëü â òåîðèè äèíàìè÷åñêèõ ñèñòåì èã-
ðàåò ïîíÿòèå ôàçîâîãî ïîòîêà, ïîðîæä¼ííîãî âåêòîðíûì ïîëåì (ñì., â ÷àñò-
íîñòè, ìîíîãðàôèè Æ. Ïàëèñ, Â. Äèìåëó [1], Â. Àðíîëüäà è Á. Õåñèíà [2]).
Èññëåäîâàíèå ñòîõàñòè÷åñêèõ äèíàìè÷åñêèõ ñèñòåì ïðèâîäèò ê áëèçêîìó ïî-
íÿòèþ ñòîõàñòè÷åñêîãî ïîòîêà, ïðåäñòàâëÿþùåãî ñîáîé ñåìåéñòâî ñîãëàñî-
âàííûõ ñëó÷àéíûõ îòîáðàæåíèé. Âàæíûì ïðèìåðîì ñòîõàñòè÷åñêîãî ïîòîêà
ÿâëÿåòñÿ ïîòîê ðåøåíèé ñòîõàñòè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ, ñì.
ìîíîãðàôèþ Õ. Êóíèòà [3].
Â ñâÿçè ñ çàäà÷àìè ñòàòèñòè÷åñêîé ôèçèêè â òåîðèè ñëó÷àéíûõ ïðîöåñ-

ñîâ íà÷àëîñü èññëåäîâàíèå ñèñòåì âçàèìîäåéñòâóþùèõ ÷àñòèö. Îäíèìè èç
ïåðâûõ ðàáîò ïî äàííîé òåìàòèêå áûëè ðàáîòû Ô. Ñïèöåðà è Ð. Äîáðóøè-
íà [4], [5]. Â ðàáîòå Ò. Õàððèñà [6] ñòîõàñòè÷åñêèå ïîòîêè âîçíèêëè êàê ñëàáûå
ïðåäåëû ïðîöåññîâ ñëó÷àéíîãî ïåðåìåøèâàíèÿ â Rd.

Ðàçâèòèå òåîðèè ñòîõàñòè÷åñêèõ ïîòîêîâ áûëî îò÷àñòè ñòèìóëèðîâàíî èñ-
ñëåäîâàíèÿìè òóðáóëåíòíîãî òå÷åíèÿ æèäêîñòè. Ïðèìåíåíèå àïïàðàòà òåî-
ðèè âåðîÿòíîñòåé â èçó÷åíèè ýòèõ âîïðîñîâ áûëî íà÷àòî â ðàáîòå À. Êîëìî-
ãîðîâà [7], â êîòîðîé áûëî ïðåäëîæåíî îïèñûâàòü ïîëÿ ñêîðîñòè, äàâëåíèÿ,
òåìïåðàòóðû è ò.ä. â ïîòîêå æèäêîñòè êàê ñëó÷àéíûå ïîëÿ. Ìíîãèå òåîðå-
òè÷åñêèå ðåçóëüòàòû òåîðèè òóðáóëåíòíîñòè ïîëó÷àþòñÿ ñ ïîìîùüþ àíàëèçà
óïðîù¼ííûõ ìîäåëåé [8]. Îäíîé èç òàêèõ óïðîù¼ííûõ ìîäåëåé ÿâëÿåòñÿ àí-
ñàìáëü ñêîðîñòåé Êðàé÷íàíà, ïîëó÷àþùèéñÿ ñ ïîìîùüþ ïåðåìàñøòàáèðîâà-
íèÿ èç ñêîðîñòåé â òóðáóëåíòíîì ïîòîêå. Àíñàìáëü Êðàé÷íàíà õîðîøî îïè-
ñûâàåò ïîâåäåíèå æèäêîñòè íà áîëüøèõ èíòåðâàëàõ âðåìåíè è ïðèìåíÿåòñÿ
äëÿ èññëåäîâàíèÿ ìíîãî÷àñòè÷íûõ äâèæåíèé [8]. Â ìàòåìàòè÷åñêîé ëèòåðà-
òóðå ïîíÿòèþ àíñàìáëÿ Êðàé÷íàíà ñîîòâåòñòâóåò áðîóíîâñêèé ñòîõàñòè÷å-
ñêèé ïîòîê. Íàèáîëåå ïðîñòîé ìîäåëüþ òóðáóëåíòíîñòè ÿâëÿåòñÿ èçîòðîïíàÿ
òóðáóëåíòíîñòü, â êîòîðîé ðàñïðåäåëåíèå ñêîðîñòåé æèäêîñòè èíâàðèàíòíî
îòíîñèòåëüíî ïàðàëëåëüíûõ ïåðåíîñîâ, ïîâîðîòîâ è îòðàæåíèé. Ïåðåìàñøòà-
áèðîâàííûå òóðáóëåíòíûå ïîòîêè ïðèâîäÿò ê ïîíÿòèþ èçîòðîïíûõ áðîóíîâ-
ñêèõ ïîòîêîâ, êîòîðûå èçó÷àëèñü â ðàáîòàõ Ëå Æàíà [9], Ï. Áàêñåíäàëÿ [10],
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Ê. Çèðáåëÿ è Â. Âîé÷èíñêîãî [11], [12]. Ñîãëàñíî [8], îñíîâíîé çàäà÷åé òåîðèè
òóðáóëåíòíîñòè ÿâëÿåòñÿ îáúÿñíåíèå ÿâëåíèÿ ïåðåìåæàåìîñòè. Ýòî ÿâëåíèå,
õàðàêòåðèçóåìîå òåì, ÷òî îñíîâíîé âêëàä â ñðåäíåå çíà÷åíèå ñëó÷àéíîãî ïî-
ëÿ âíîñÿò ðåäêèå îáëàñòè ñ âûñîêîé èíòåíñèâíîñòüþ, îáñóæäàåòñÿ â îáçîðå
ß. Çåëüäîâè÷à è Ñ. Ìîë÷àíîâà [13]. Â ýòîé ðàáîòå ñòîõàñòè÷åñêèå ïîòîêè
âîçíèêàþò êàê ìîäåëü ñëó÷àéíîé ñðåäû.
Â ñâÿçè ñ çàäà÷àìè ìàãíèòíîé ãèäðîäèíàìèêè â êíèãå [2] ðàññìàòðèâà-

ëàñü çàäà÷à î ìèíèìèçàöèè ýíåðãèè âåêòîðíîãî ïîëÿ â îáëàñòè ïîä äåéñòâè-
åì äèôôåîìîðôèçìîâ, ñîõðàíÿþùèõ îáú¼ì. Ñîãëàñíî [2], ñïèðàëüíîñòü H(ξ)
âåêòîðíîãî ïîëÿ ξ îãðàíè÷èâàåò ñíèçó åãî ýíåðãèþ E(ξ):

E(ξ) ≥ C|H(ξ)|

äëÿ íåêîòîðîé ïîñòîÿííîé C, çàâèñÿùåé îò îáëàñòè M . Â [2] ïîêàçàíî, ÷òî
ñïèðàëüíîñòü õàðàêòåðèçóåò çàöåïëåíèå òðàåêòîðèé ôàçîâîãî ïîòîêà âåêòîð-
íîãî ïîëÿ. Òàê, äëÿ ïî÷òè âñåõ ïàð òî÷åê x1, x2 ∈M èìååò ìåñòî ñîîòíîøåíèå

lim
T1,T2→∞

lkξ(T1, T2)

T1T2
= H(ξ),

ãäå lkξ(T1, T2) � ÷èñëî çàöåïëåíèÿ îòðåçêîâ òðàåêòîðèé íà èíòåðâàëàõ âðå-
ìåíè [0, T1] è [0, T2] ôàçîâîãî ïîòîêà ïîëÿ ξ. Ñëåäîâàòåëüíî, ïîÿâëÿåòñÿ âîç-
ìîæíîñòü äåëàòü çàêëþ÷åíèå î ôèçè÷åñêèõ õàðàêòåðèñòèêàõ ñèñòåìû (òàêèõ,
êàê ýíåðãèÿ) ÷åðåç å¼ òîïîëîãè÷åñêèå ñâîéñòâà (òàêèå, êàê çàöåïëåíèå òðàåê-
òîðèé ôàçîâîãî ïîòîêà). Â ñâÿçè ñ ýòèì ïðåäñòàâëÿåò èíòåðåñ èññëåäîâàíèå
êîýôôèöèåíòà çàöåïëåíèÿ òðàåêòîðèé â ñòîõàñòè÷åñêèõ ïîòîêàõ.
Äâóõòî÷å÷íûå äâèæåíèÿ â áðîóíîâñêèõ ñòîõàñòè÷åñêèõ ïîòîêàõ èçó÷àëèñü,

â ÷àñòíîñòè, â ðàáîòàõ Ëå Æàíà [9], Ï. Áàêñåíäàëÿ [10], Ê. Çèðáåëÿ è Â. Âîé-
÷èíñêîãî [11], [12]. Õàðàêòåð ýòèõ äâóõòî÷å÷íûõ äâèæåíèé çàâèñèò îò ïîêà-
çàòåëåé Ëÿïóíîâà èññëåäóåìîãî ïîòîêà. Îäíîé èç õàðàêòåðèñòèê äâóõòî÷å÷-
íûõ äâèæåíèé ÿâëÿþòñÿ âçàèìíûå óãëû îáõîäà ÷àñòèö. Íåêîòîðûå ðåçóëü-
òàòû îá óãëàõ îáõîäà â ñòîõàñòè÷åñêèõ ïîòîêàõ ïîëó÷åíû Çèðáåëåì â [12].
Óãëû îáõîäà òðàåêòîðèé äâóìåðíûõ ñëó÷àéíûõ ïðîöåññîâ èññëåäîâàëèñü òàê-
æå âíå êîíòåêñòà ñòîõàñòè÷åñêèõ ïîòîêîâ. Òàêèå èññëåäîâàíèÿ ïðîâîäèëèñü
íà÷èíàÿ ñ ðàáîòû Ô. Ñïèöåðà [14]. Èññëåäîâàëèñü òàêæå óãëû îáõîäà íà ïî-
âåðõíîñòÿõ [15]. Ðàáîòû Æ. Ôðàíêè [16], [17] ïîñâÿùåíû àñèìïòîòè÷åñêîìó
ïîâåäåíèþ âðàùåíèÿ òð¼õìåðíîãî áðîóíîâñêîãî äâèæåíèÿ âîêðóã óçëîâ.
Ìíîãî÷àñòè÷íîå äâèæåíèå è, áîëåå îáùî, äèñïåðñèÿ ìàññû, ïåðåíîñèìîé

áðîóíîâñêèì ïîòîêîì, ðàññìàòðèâàëèñü â ðàáîòàõ Ê. Çèðáåëÿ [18], Ê. Çèðáå-
ëÿ è Å. Öèíëàðà [19]. Ýòè âîïðîñû ñâÿçàíû ñ ìîäåëèðîâàíèåì òóðáóëåíòíîé
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äèôôóçèè, ò.å. ïàññèâíîãî äâèæåíèÿ ÷àñòèö (íàïðèìåð, ÷àñòè÷åê ïðèìåñè) â
æèäêîñòè ïîä äåéñòâèåì òóðáóëåíòíîãî ïîòîêà. Ïîäîáíûå çàäà÷è ðàññìàòðè-
âàëèñü â ìîíîãðàôèè À. Ìîíèíà è È. ßãëîìà [20], à òàêæå â ðàáîòå Ã. Êåñòåíà
è Ã. Ïàïàíèêîëàó [21]. Õàðàêòåðíîé ÷åðòîé òóðáóëåíòíîãî òå÷åíèÿ ÿâëÿåòñÿ
õàîòè÷åñêîå ïåðåìåøèâàíèå, ïðèâîäÿùåå ê òîìó, ÷òî äàæå ìàëàÿ êàïëÿ ïðè-
ìåñè áûñòðî äåôîðìèðóåòñÿ ïîòîêîì è ÷åðåç íåêîòîðîå âðåìÿ îêàçûâàåòñÿ
ðàñïðåäåë¼ííîé ïî áîëüøîìó îáú¼ìó æèäêîñòè. Äëÿ èññëåäîâàíèÿ àíàëî-
ãè÷íûõ ñâîéñòâ â áðîóíîâñêîì ïîòîêå íåñêîëüêèìè àâòîðàìè ðàññìàòðèâà-
ëàñü ýâîëþöèÿ îáëàñòè ïîä äåéñòâèåì ïîòîêà. Â ðàáîòàõ Ì. Êðàíñòîíà è Ëå
Æàíà [22], Ã. Äèìèòðîâà è Ì. Øîéöîâà [23] èçó÷àëîñü èçìåíåíèå ãëàâíûõ
êðèâèçí ãèïåðïîâåðõíîñòè è ýâîëþöèÿ îáú¼ìà ïîä äåéñòâèåì èçîòðîïíîãî
áðîóíîâñêîãî ïîòîêà.

Èçó÷åíèå ìíîãî÷àñòè÷íîãî äâèæåíèÿ â ïîòîêå æèäêîñòè ìîæåò áûòü èñ-
ïîëüçîâàíî äëÿ âûÿñíåíèÿ ñâîéñòâ ïîòîêà íà îñíîâå íàáëþäàåìûõ òðàåêòî-
ðèé ïîìåù¼ííûõ â æèäêîñòü ÷àñòèö. Òàê, ìåòîä ïàññèâíûõ ìàðêåðîâ ïðèìå-
íÿåòñÿ ïðè èññëåäîâàíèè îêåàíè÷åñêèõ òå÷åíèé [24]. Â ðàáîòåÆàí-Ëþêà Òèô-
ôî [25] ïðåäëîæåíû îöåíêè ýíòðîïèè ïîòîêà íà îñíîâàíèè àíàëèçà êîñ, ïî-
ðîæä¼ííûõ òðàåêòîðèÿìè ìàðêåðîâ. Ýòè ðàáîòû ìîòèâèðóþò èññëåäîâàíèå
ñâîéñòâ êîñ, îáðàçîâàííûõ òðàåêòîðèÿìè â ñòîõàñòè÷åñêîì ïîòîêå.

Ðàññìîòðåííûå ðåçóëüòàòû îòíîñÿòñÿ, â îñíîâíîì, ê èññëåäîâàíèÿì ãëàä-
êèõ ñòîõàñòè÷åñêèõ ïîòîêîâ. Â òî æå âðåìÿ, íà÷èíàÿ ñ ðàáîò Ì. Äàðëèíãà,
Ð. Àððàòüÿ [26], [27], àêòèâíî èññëåäîâàëèñü è íåãëàäêèå ïîòîêè, â ÷àñòíîñòè,
ïîòîêè ñî ñêëåèâàíèåì. Â ðàáîòå À. Äîðîãîâöåâà [28] ïîëó÷åíî ïðåäñòàâëå-
íèå Êëàðêà, â ñòàòüå À. Äîðîãîâöåâà è Å. Îñòàïåíêî [29] ïîëó÷åí ïðèíöèï
áîëüøèõ óêëîíåíèé äëÿ ïîòîêà Àððàòüÿ. Â ðàáîòå À. Äîðîãîâöåâà, À. Ãíåäè-
íà è Í. Âîâ÷àíñêîãî [30] ïîëó÷åíà àñèìïòîòèêà ðàçìåðà êëàñòåðîâ â ïîòîêå
Àððàòüÿ ïðè t → 0. Ïîòîêè ñî ñêëåèâàíèåì, â êîòîðûõ ñêîðîñòü äèôôóçèè
çàâèñèò îò ìàññû ÷àñòèö, èçó÷àëèñü â ðàáîòàõ Â. Êîíàðîâñêîãî [31].

Îáîáùåíèåì ïîòîêà Àððàòüÿ ÿâëÿåòñÿ êëàññ îäíîìåðíûõ ïîòîêîâ Õàððèñà.
Òàêèå ïîòîêè èçó÷àëèñü, íà÷èíàÿ ñ ðàáîòû Ò. Õàððèñà [32], ãäå áûëè ïðèâå-
äåíû óñëîâèÿ èõ ïðèíàäëåæíîñòè ê îäíîìó èç êëàññîâ: ãëàäêèå ïîòîêè ëèáî
ïîòîêè ñî ñêëåèâàíèåì, â êîòîðûõ îáðàçîì R â ëþáîé ìîìåíò âðåìåíè t > 0
ÿâëÿåòñÿ ñ÷¼òíîå ìíîæåñòâî áåç ïðåäåëüíûõ òî÷åê.

Âàæíûé êëàññ âîïðîñîâ îòíîñèòñÿ ê ïðèáëèæåíèþ ïîòîêà Àððàòüÿ ñ ïî-
ìîùüþ ãëàäêèõ ïîòîêîâ. Òàê, ÷àñòî íåãëàäêèå ñòîõàñòè÷åñêèå ïîòîêè âîçíè-
êàþò êàê ïðåäåëû ãëàäêèõ ïîòîêîâ. Ñîîòâåòñòâóþùèå ðåçóëüòàòû äëÿ ñõî-
äèìîñòè ê ïîòîêó Àððàòüÿ áûëè ïîëó÷åíû, â ÷àñòíîñòè, â ðàáîòàõ À. Äî-
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ðîãîâöåâà [33], Ò. Ìàëîâè÷êî [34]. Â ñâÿçè ñ ýòèìè ðåçóëüòàòàìè âîçíèêàåò
òàêæå âîïðîñ î ñêîðîñòè àïïðîêñèìàöèè ïîòîêà Àððàòüÿ äîïðåäåëüíûìè ïî-
òîêàìè. Â ðàáîòå À. Äîðîãîâöåâà è Â. Ôîìè÷¼âà [35] áûëè ïîëó÷åíû îöåíêè
íà îòêëîíåíèå ïîòîêà Õàððèñà îò ïîòîêà Àððàòüÿ. Â ðàáîòå È. Íèùåíêî [36]
ïîñòðîåí êëàññ äèñêðåòíûõ àïïðîêñèìàöèé ïîòîêà Àððàòüÿ. Òàêèå àïïðîê-
ñèìàöèè ìîãóò îáëàäàòü ñâîéñòâàìè, îòñóòñòâóþùèìè â ïðåäåëüíîì ïîòîêå.
Òàê, íàïðèìåð, â ïîòîêå Àððàòüÿ ÷àñòè÷êè ñîõðàíÿþò ïîðÿäîê, à â äèñêðåò-
íûõ ïðèáëèæåíèÿõ ýòîãî ïîòîêà îíè ìîãóò ïðîâîäèòü íåêîòîðîå âðåìÿ â îá-
ðàòíîì ïîðÿäêå. Â ñòàòüå Å. Ãëèíÿíîé [37] ïîëó÷åíû îöåíêè íà ñêîðîñòü óáû-
âàíèÿ ê íóëþ âðåìåíè, êîòîðîå äâå ÷àñòè÷êè äîïðåäåëüíîãî ïîòîêà ïðîâîäÿò
â îáðàòíîì ïîðÿäêå.

Â ðàáîòàõ À. Ïèëèïåíêî [38], [39] è äð. èçó÷àëèñü ñòîõàñòè÷åñêèå ïîòîêè ñ
îòðàæåíèåì. Òàêèì ïîòîêàì ïîñâÿùåíà ìîíîãðàôèÿ [40].

Â ðàáîòàõ À. Äîðîãîâöåâà è Ï. Êîòåëåíöà [41], [42], [43] èññëåäîâàëèñü
ñòîõàñòè÷åñêèå ïîòîêè ñî âçàèìîäåéñòâèåì. Äâèæåíèå îòäåëüíîé ÷àñòèöû â
òàêèõ ïîòîêàõ çàâèñèò è îò äâèæåíèÿ âñåé ñîâîêóïíîñòè ÷àñòèö. Ýòîìó òèïó
ïîòîêîâ ïîñâÿùåíà ìîíîãðàôèÿ À. Äîðîãîâöåâà [44]. Â ðàáîòå Ò. Ìàëîâè÷-
êî [45] áûë ïîëó÷åí àíàëîã òåîðåìû Ãèðñàíîâà äëÿ ñòîõàñòè÷åñêèõ ïîòîêîâ
ñî âçàèìîäåéñòâèåì.

Ïðèâåä¼ííûå ðåçóëüòàòû ìîòèâèðóþò èññëåäîâàíèå ãåîìåòðè÷åñêèõ õàðàê-
òåðèñòèê òðàåêòîðèé â áðîóíîâñêèõ ñòîõàñòè÷åñêèõ ïîòîêàõ, à òàêæå ñìåæ-
íûõ âîïðîñîâ ñòîõàñòè÷åñêîé ãåîìåòðèè: ãåîìåòðè÷åñêèõ õàðàêòåðèñòèê ñëó-
÷àéíûõ ïîëåé, óãëîâ îáõîäà äâóìåðíûõ ñëó÷àéíûõ ïðîöåññîâ. Â äàííîé ðàáî-
òå ðàññìàòðèâàëîñü ïîâåäåíèå óãëîâ îáõîäà ÷àñòèö â ñòîõàñòè÷åñêîì ïîòîêå,
èññëåäîâàëèñü èíâàðèàíòû êîñ, ïîðîæä¼ííûõ òðàåêòîðèÿìè ñòîõàñòè÷åñêèõ
ïîòîêîâ. Â ñâÿçè ñ òåì, ÷òî ñâîéñòâà ñëó÷àéíîãî ïîëÿ, óïðàâëÿþùåãî áðî-
óíîâñêèì ñòîõàñòè÷åñêèì ïîòîêîì, îïðåäåëÿþò ïîâåäåíèå ýòîãî ïîòîêà, ðàñ-
ñìàòðèâàëèñü çàäà÷è î ÷èñëå âðàùåíèé äâóìåðíîãî ñëó÷àéíîãî ïîëÿ âäîëü
ïëîñêîãî êîíòóðà. Èññëåäîâàëàñü âîçìîæíîñòü ïîëó÷åíèÿ ïðèíöèïà áîëüøèõ
óêëîíåíèé äëÿ óãëà îáõîäà áðîóíîâñêîãî äâèæåíèÿ âîêðóã íà÷àëà êîîðäèíàò.

Ñâÿçü ðàáîòû ñ íàó÷íûìè ïðîãðàììàìè, ïëàíàìè, òåìàìè. Ðàáî-
òà âûïîëíåíà â Èíñòèòóòå ìàòåìàòèêè ÍÀÍ Óêðàèíû â îòäåëå òåîðèè ñëó-
÷àéíûõ ïðîöåññîâ â ðàìêàõ ãîñáþäæåòíîé òåìû �Àíàëèç ñëîæíûõ ñèñòåì�,
ãîñóäàðñòâåííûé ðåãèñòðàöèîííûé íîìåð 0111U001002. Òàêæå ÷àñòü ðàáî-
òû âûïîëíåíà â ðàìêàõ îáùåãî íàó÷íîãî ïðîåêòà ÍÀÍ Óêðàèíû è ÐÔÔÈ
�Ãåîìåòðè÷åñêèå àñïåêòû òåîðèè áåñêîíå÷íîìåðíûõ äèíàìè÷åñêèõ ñèñòåì�,
ãîñóäàðñòâåííûé ðåãèñòðàöèîííûé íîìåð 0114U002965.
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Öåëü è çàäà÷è èññëåäîâàíèÿ. Öåëü èññëåäîâàíèÿ ñîñòîèò â èçó÷åíèè
ãåîìåòðè÷åñêèõ ñâîéñòâ ñëó÷àéíûõ ïîëåé è ñòîõàñòè÷åñêèõ ïîòîêîâ. Ýòà öåëü
âêëþ÷àåò â ñåáÿ ñëåäóþùèå çàäà÷è:

• èññëåäîâàíèå èíäåêñà âðàùåíèÿ ñëó÷àéíîãî ïîëÿ âäîëü êðèâîé;

• èññëåäîâàíèå âçàèìíûõ óãëîâ îáõîäà ÷àñòèö â áðîóíîâñêèõ ñòîõàñòè÷å-
ñêèõ ïîòîêàõ;

• èññëåäîâàíèå êîñ, ïîðîæä¼ííûõ òðàåêòîðèÿìè ñëó÷àéíûõ ïðîöåññîâ.

Îáúåêò è ïðåäìåò èññëåäîâàíèÿ. Îáúåêòîì èññëåäîâàíèÿ äèññåðòà-
öèîííîé ðàáîòû ÿâëÿþòñÿ äâóìåðíûå ñëó÷àéíûå âåêòîðíûå ïîëÿ, áðîóíîâ-
ñêèå ñòîõàñòè÷åñêèå ïîòîêè. Ïðåäìåòîì èññëåäîâàíèÿ ÿâëÿþòñÿ ãåîìåòðè÷å-
ñêèå õàðàêòåðèñòèêè ñëó÷àéíûõ îáúåêòîâ: óãëû îáõîäà òðàåêòîðèé ñëó÷àé-
íûõ ïðîöåññîâ, âðàùåíèå ñëó÷àéíîãî ïîëÿ, èíâàðèàíòû Âàñèëüåâà ñëó÷àéíûõ
êîñ.
Ìåòîäû èññëåäîâàíèÿ. Â ðàáîòå èñïîëüçóþòñÿ ìåòîäû òåîðèè âåðîÿò-

íîñòåé, òåîðèè ñëó÷àéíûõ ïðîöåññîâ, ñòîõàñòè÷åñêîãî àíàëèçà, òîïîëîãèè.
Íàó÷íàÿ íîâèçíà ïîëó÷åíûõ ðåçóëüòàòîâ. Îñíîâíûå ðåçóëüòàòû, êî-

òîðûå îïðåäåëÿþò íàó÷íóþ íîâèçíó ðàáîòû, òàêîâû:

• ïîëó÷åíî âûðàæåíèå äëÿ ïåðâîãî è âòîðîãî ìîìåíòà èíäåêñà âðàùå-
íèÿ ñëó÷àéíîãî ïîëÿ íà ïëîñêîñòè âäîëü çàìêíóòîé êðèâîé â òåðìèíàõ
óñëîâíîé ïëîòíîñòè äâóõòî÷å÷íûõ ðàñïðåäåëåíèé ïîëÿ;

• äëÿ èçîòðîïíîãî ãàóññîâñêîãî ñëó÷àéíîãî ïîëÿ ïåðâûé è âòîðîé ìîìåíòû
èíäåêñà âðàùåíèÿ íàéäåíû â òåðìèíàõ êîâàðèàöèîííîé ôóíêöèè êîì-
ïîíåíò ïîëÿ;

• óñòàíîâëåíî ïðåäñòàâëåíèå èíâàðèàíòîâ Âàñèëüåâà äëÿ êîñ, ïîðîæä¼í-
íûõ íåïðåðûâíûìè ñåìèìàðòèíãàëàìè îòíîñèòåëüíî îáùåé ôèëüòðà-
öèè, â âèäå êðàòíûõ èíòåãðàëîâ Ñòðàòîíîâè÷à;

• ïîëó÷åíî ñîâìåñòíîå àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå âçàèìíûõ óãëîâ îá-
õîäà ÷àñòèö â áðîóíîâñêîì ñòîõàñòè÷åñêîì ïîòîêå ïðè t→∞;

• ïîëó÷åí ñëàáûé ïðèíöèï áîëüøèõ óêëîíåíèé äëÿ óãëà îáõîäà äâóìåð-
íîãî áðîóíîâñêîãî äâèæåíèÿ âîêðóã íà÷àëà êîîðäèíàò, óñòàíîâëåíî îò-
ñóòñòâèå ïîëíîãî ïðèíöèïà áîëüøèõ óêëîíåíèé.
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Ïðàêòè÷åñêàÿ çíà÷èìîñòü ïîëó÷åííûõ ðåçóëüòàòîâ. Äèññåðòàöè-
îííàÿ ðàáîòà íîñèò òåîðåòè÷åñêèé õàðàêòåð. Ïîëó÷åííûå ðåçóëüòàòû ìîãóò
èìåòü äàëüíåéøåå ïðèìåíåíèå â ðàçëè÷íûõ ðàçäåëàõ òåîðèè ñëó÷àéíûõ ïðî-
öåññîâ è ñòîõàñòè÷åñêîé ãåîìåòðèè.
Ëè÷íûé âêëàä ñîèñêàòåëÿ. Ïîñòàíîâêà çàäà÷, âûáîð íàïðàâëåíèé è

ìåòîäîâ èññëåäîâàíèÿ è îáùåå ðóêîâîäñòâî ðàáîòîé ïðèíàäëåæèò íàó÷íîìó
ðóêîâîäèòåëþ ñîèñêàòåëÿ äîêòîðó ôèç.-ìàò. íàóê, ïðîôåññîðó À. À. Äîðîãîâ-
öåâó. Âñå ðåçóëüòàòû, ïðåäñòàâëåííûå â äèññåðòàöèîííîé ðàáîòå, ïîëó÷åíû
àâòîðîì ñàìîñòîÿòåëüíî.
Àïðîáàöèÿ ðåçóëüòàòîâ äèññåðòàöèè. Ðåçóëüòàòû äèññåðòàöèîííîé ðà-

áîòû äîêëàäûâàëèñü è îáñóæäàëèñü íà ñëåäóþùèõ êîíôåðåíöèÿõ è íàó÷íûõ
ñåìèíàðàõ:

• Âñåóêðàèíñêîé íàó÷íîé êîíôåðåíöèè �Ñîâðåìåííûå ïðîáëåìû òåîðèè
âåðîÿòíîñòåé è ìàòåìàòè÷åñêîãî àíàëèçà� (Âîðîõòà, Óêðàèíà, 25 ôåâðà-
ëÿ � 3 ìàðòà 2013 ã.);

• 20 Ìåæäóíàðîäíîé ìîëîä¼æíîé êîíôåðåíöèè ìîëîäûõ ó÷¼íûõ �Ëîìîíîñîâ-
2013� (Ìîñêâà, 8-13 àïðåëÿ 2013 ã.);

• 11 Ìåæäóíàðîäíîé Âèëüíþññêîé êîíôåðåíöèè ïî òåîðèè âåðîÿòíîñòåé è
ìàòåìàòè÷åñêîé ñòàòèñòèêå (Âèëüíþñ, Ëèòâà, 30 èþíÿ - 4 èþëÿ 2014 ã.);

• íàó÷íîé êîíôåðåíöèè ïàìÿòè Þ. Â. Ëèííèêà �Analytical methods in
number theory, probability theory and mathematical statistics�
(Ñàíêò-Ïåòåðáóðã, 14-18 ñåíòÿáðÿ 2015 ã.);

• ìåæäóíàðîäîé êîíôåðåíöèè �Stochastic processes in abstract spaces� (Êè-
åâ, 14-16 îêòÿáðÿ 2015 ã.);

• íàó÷íîì ñåìèíàðå �Èñ÷èñëåíèå Ìàëëÿâåíà è åãî ïðèëîæåíèÿ� Èíñòèòóòà
ìàòåìàòèêè ÍÀÍ Óêðàèíû ïîä ðóêîâîäñòâîì äîêòîðà ôèç.-ìàò. íàóê,
ïðîôåññîðà À. À. Äîðîãîâöåâà;

• íàó÷íîì ñåìèíàðå îòäåëà òîïîëîãèè Èíñòèòóòà ìàòåìàòèêè ÍÀÍ Óêðà-
èíû;

• íàó÷íîì ñåìèíàðå �Ñòàòèñòè÷åñêèå ïðîáëåìû äëÿ ñëó÷àéíûõ ïðîöåññîâ
è ïîëåé� ïðè êàôåäðå ìàòåìàòè÷åñêîãî àíàëèçà è òåîðèè âåðîÿòíîñòåé
ÍÒÓÓ �ÊÏÈ�.

Ïóáëèêàöèè. Ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâàíû â ïÿòè ñòàòüÿõ.
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winding angle of the Brownian trajectory around the origin // Theory of
Stochastic Processes. � 2015. � 20(36), 2. � Pp. 63�84.

4. Êóçíåöîâ Â. À. Âçàèìíûå óãëû îáõîäà ÷àñòèö â áðîóíîâñêèõ ñòîõàñòè÷å-
ñêèõ ïîòîêàõ ñî ñòàðøèì ïîêàçàòåëåì Ëÿïóíîâà, ðàâíûì íóëþ // Óêð.
ìàò. æóðí. � 2016. � 68, 9. � Ñ. 1197�1228.

5. Êóçíåöîâ Â. À. Ïðåäåëüíîå ðàñïðåäåëåíèå âçàèìíûõ óãëîâ îáõîäà ÷àñòèö
â áðîóíîâñêèõ ñòîõàñòè÷åñêèõ ïîòîêàõ ñî ñòàðøèì ïîêàçàòåëåì Ëÿïóíî-
âà, ðàâíûì íóëþ // Äîêë. ÍÀÍ Óêðàèíû. � 2016. � 9. � Ñ. 14�22.

Ñòðóêòóðà è îáú¼ì ðàáîòû. Äèññåðòàöèîííàÿ ðàáîòà ñîñòîèò èç ââå-
äåíèÿ, ÷åòûð¼õ ãëàâ è âûâîäîâ, à òàêæå ñïèñêà èñïîëüçîâàííûõ èñòî÷íèêîâ.
Îñíîâíîé òåêñò äèññåðòàöèè çàíèìàåò 131 ñòðàíèöó, ñïèñîê ëèòåðàòóðû ñî-
äåðæèò 68 íàèìåíîâàíèé.

Îñíîâíîå ñîäåðæàíèå äèññåðòàöèè

Â ïåðâîé ãëàâå äèññåðòàöèîííîé ðàáîòû ðàññìàòðèâàþòñÿ ãåîìåòðè÷åñêèå
ñâîéñòâà ñëó÷àéíûõ ïîëåé íà ïëîñêîñòè. Â �1.1 îáñóæäàþòñÿ îñîáûå òî÷êè
âåêòîðíûõ ïîëåé. Ïðèâîäèòñÿ îïðåäåëåíèå èíäåêñà îñîáîé òî÷êè, òåîðåìà
Ïóàíêàðå îá èíäåêñå.
Â �1.2 îáñóæäàåòñÿ ðàñïðåäåëåíèå îñîáûõ òî÷åê ñëó÷àéíûõ ïîëåé. Ìû ïðè-

âîäèì òåîðåìó èç [46], ïîçâîëÿþùóþ íàõîäèòü ìàòåìàòè÷åñêîå îæèäàíèå êî-
ëè÷åñòâà òî÷åê t ñëó÷àéíîãî âåêòîðíîãî ïîëÿ f , òàêèõ, ÷òî f(t) = u, ëåæà-
ùèõ âíóòðè äàííîé îáëàñòè è óäîâëåòâîðÿþùèõ íåêîòîðîìó äîïîëíèòåëüíî-
ìó óñëîâèþ. Ýòà òåîðåìà ÿâëÿåòñÿ áàçîâîé äëÿ äàëüíåéøèõ ðàññìîòðåíèé â
ãëàâå 1.

Óòâåðæäåíèå 1.2.1 ( [46], ñòð. 267). Ïóñòü T ⊂ RN � êîìïàêòíîå ìíî-
æåñòâî, òàêîå, ÷òî ãðàíèöà ∂T èìååò êîíå÷íóþ ìåðó Õàóñäîðôà HN−1,
B ⊆ Rk � îòêðûòî, à ∂B èìååò ðàçìåðíîñòü Õàóñäîðôà K − 1. Ïóñòü
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f = (f1, . . . , fN) è g = (g1, . . . , gK) � N -ïàðàìåòðè÷åñêèå ñëó÷àéíûå ïîëÿ íà
T ñî çíà÷åíèÿìè â RN è RK . Îáîçíà÷èì

∇f(t) =

(
∂fi
∂tj

)
i,j=1,...,N

.

Ïðåäïîëîæèì, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
à) Âñå êîìïîíåíòû ñëó÷àéíûõ ïîëåé f,∇f, g íåïðåðûâíû íà T ñ âåðîÿò-

íîñòüþ 1 è èìåþò îãðàíè÷åííûå âòîðûå ìîìåíòû íà T ;
á) Äëÿ âñåõ t ∈ T ìàðãèíàëüíûå ïëîòíîñòè pt(x) âåêòîðà f(t) íåïðåðûâ-

íû ïðè x = u;
â) Óñëîâíûå ïëîòíîñòè ðàñïðåäåëåíèÿ pt(x | ∇f(t), g(t)) ïîëÿ f(t) ïðè

óñëîâèè g(t) è ∇f(t) îãðàíè÷åíû è íåïðåðûâíû ïðè x = u, ðàâíîìåðíî ïî
t ∈ T ;
ã) Óñëîâíûå ïëîòíîñòè ðàñïðåäåëåíèÿ p̂t(z | f(t) = x) äåòåðìèíàíòà

det∇f(t) ïðè óñëîâèè f(t) = x íåïðåðûâíû äëÿ z è x â îêðåñòíîñòÿõ 0, u,
ñîîòâåòñòâåííî, ðàâíîìåðíî ïî t ∈ T ;
ä) Óñëîâíûå ïëîòíîñòè ðàñïðåäåëåíèÿ p̃t(z | f(t) = x) ïîëÿ g(t) ïðè óñëî-

âèè f(t) = x íåïðåðûâíû äëÿ âñåõ z è äëÿ x â îêðåñòíîñòè u, ðàâíîìåðíî
ïî t ∈ T ;
å) Âûïîëíåíî ñëåäóþùåå îãðàíè÷åíèå íà ìîìåíòû:

sup
t∈T

max
1≤i,j≤N

E

(∣∣∣∣∂fi∂tj
(t)

∣∣∣∣N
)
<∞;

æ) Ìîäóëè íåïðåðûâíîñòè îòíîñèòåëüíî åâêëèäîâîé íîðìû êàæäîé èç
êîìïîíåíò f , ∇f è g óäîâëåòâîðÿþò

P(ω(η) > ε) = o(ηN)

ïðè η ↓ 0 äëÿ êàæäîãî ε > 0.
Òîãäà, åñëè Nu îáîçíà÷àåò êîëè÷åñòâî òî÷åê ìíîæåñòâà T , äëÿ êîòîðûõ

f(t) = u ∈ Rn è g(t) ∈ B ⊆ Rk, òî èìååò ìåñòî ðàâåíñòâî

ENu =

∫
T

E (| det∇f(t)|1B(g(t)) | f(t) = u) pt(u)dt.

Â �1.3 óòâåðæäåíèå 1.2.1 ïðèìåíÿåòñÿ äëÿ íàõîæäåíèÿ ìàòåìàòè÷åñêîãî
îæèäàíèÿ è äèñïåðñèè êîëè÷åñòâà âðàùåíèé ñëó÷àéíîãî ïîëÿ âäîëü ïëîñ-
êîé êðèâîé Γ. Äîêàçàíà ñëåäóþùàÿ òåîðåìà, ÿâëÿþùàÿñÿ àíàëîãîì ôîðìóëû
Ðàéñà äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ êîëè÷åñòâà ïåðåñå÷åíèé óðîâíÿ ñíèçó
ââåðõ ñëó÷àéíûì ïîëåì.
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Òåîðåìà 1.3.1. Ïóñòü f : R2 → R2 � Ïóñòü f : R2 → R2 � ñëó÷àéíîå âåê-
òîðíîå ïîëå íà R2, è ïóñòü Γ � ôèêñèðîâàííàÿ êóñî÷íî-ãëàäêàÿ ïðîñòàÿ
(ò.å. íå èìåþùàÿ ñàìîïåðåñå÷åíèé) çàìêíóòàÿ êðèâàÿ â R2, îãðàíè÷èâàþ-
ùàÿ íåêîòîðóþ îáëàñòü T . Ïðåäïîëîæèì, ÷òî ïðè êàæäûõ t1, t2 ∈ T, t1 6= t2
ñóùåñòâóåò ñîâìåñòíàÿ ïëîòíîñòü ðàñïðåäåëåíèÿ f(t1),∇f(t1), f(t2),∇f(t2).
Ïóñòü

T̃ = {(t1, t2) ∈ T 2 : t1 6= t2}, T δ2 = {(t1, t2) ∈ T 2 : ‖t1 − t2‖ ≥ δ}, δ > 0,

à òàêæå âûïîëíåíû óñëîâèÿ à)-ä):

à) f , ∂fi
∂tj

� íåïðåðûâíû íà T ñ âåðîÿòíîñòüþ 1 è èìåþò îãðàíè÷åííûå
ìîìåíòû ïîðÿäêà 4 íà T ;

á) äëÿ âñåõ t ∈ T ïëîòíîñòü ðàñïðåäåëåíèÿ pf(t)(x) ñëó÷àéíîãî âåêòîðà
f(t) íåïðåðûâíà â òî÷êå x = 0;

á′) äëÿ âñåõ t̃ = (t1, t2) ∈ T̃ ïëîòíîñòü ðàñïðåäåëåíèÿ pf̃(t̃)(x1, x2) ñëó÷àé-

íîãî âåêòîðà f̃(t̃) = (f(t1), f(t2)) íåïðåðûâíà â òî÷êå (x1, x2) = (0, 0);

â) äëÿ âñåõ t ∈ T óñëîâíàÿ ïëîòíîñòü ðàñïðåäåëåíèÿ pt(x | ∇f(t)) ñëó÷àé-
íîãî âåêòîðà f(t) ïðè óñëîâèè ∇f(t) ñóùåñòâóåò, îãðàíè÷åíà è ÿâëÿåòñÿ
íåïðåðûâíîé â òî÷êå x = 0, ðàâíîìåðíî ïî t ∈ T ;
â′) äëÿ âñåõ t̃ = (t1, t2) ∈ T̃ óñëîâíàÿ ïëîòíîñòü ðàñïðåäåëåíèÿ

pt̃(x̃ | ∇f̃(t̃)) ñëó÷àéíîãî âåêòîðà f̃(t̃) ïðè óñëîâèè ∇f̃(t̃) ñóùåñòâóåò, îãðà-
íè÷åíà è íåïðåðûâíà â x̃ = (0, 0), ðàâíîìåðíî ïî (t1, t2) ∈ T δ2 ïðè êàæäîì
δ > 0;

ã) äëÿ âñåõ t ∈ T óñëîâíàÿ ïëîòíîñòü ðàñïðåäåëåíèÿ pt(z | f(t) = x)
ñëó÷àéíîé ìàòðèöû ∇f(t) ïðè óñëîâèè f(t) = x íåïðåðûâíà ïî z è x, ðàâ-
íîìåðíî ïî t ∈ T ;
ã′) äëÿ âñåõ t̃ = (t1, t2) ∈ T̃ óñëîâíàÿ ïëîòíîñòü ðàñïðåäåëåíèÿ

pt̃(z | f̃(t̃) = x̃) ñëó÷àéíîé ìàòðèöû ∇f̃(t̃) ïðè óñëîâèè f̃(t̃) = x̃ íåïðåðûâíà
ïî z è x̃, ðàâíîìåðíî ïî (t1, t2) ∈ T δ2 ïðè êàæäîì δ > 0;

ä) ïðè êàæäîì ε > 0 ìîäóëü íåïðåðûâíîñòè íà T êàæäîé êîìïîíåíòû f ,
∇f óäîâëåòâîðÿåò àñèìïòîòè÷åñêîìó ñîîòíîøåíèþ P(ω(η) > ε) = o(η4)
ïðè η ↓ 0.

Ïóñòü indΓf � èíäåêñ êðèâîé Γ îòíîñèòåëüíî ïîëÿ f . Òîãäà âûïîëíåíî
ñëåäóþùåå ñîîòíîøåíèå:

E(indΓf) =

∫
T

E (det∇f(t) | f(t) = 0) pt(0)dt,
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E(indΓf)2 =

∫
T 2

E
(
det∇f(t1) det∇f(t2) | f(t1) = f(t2) = 0

)
p(t1,t2)(0)dt1dt2+

+

∫
T

E (| det∇f(t)| | f(t) = 0) pt(0)dt,

ãäå pt(0) � ïëîòíîñòü ðàñïðåäåëåíèÿ f(t) â òî÷êå 0, à p(t1,t2)(0) � ïëîò-

íîñòü ðàñïðåäåëåíèÿ ïîëÿ f̃(t1, t2) = (f(t1), f(t2)) â òî÷êå 0.

Â �1.4 òåîðåìà 1.3.1 ïðèìåíÿåòñÿ ê ÷àñòíîìó ñëó÷àþ äâóìåðíîãî ãàóññîâ-
ñêîãî öåíòðèðîâàííîãî ñëó÷àéíîãî âåêòîðíîãî ïîëÿ ñ êîâàðèàöèîííîé ôóíê-
öèåé êîìïîíåíò

bkl(z) = δklbN(‖z‖).
Ýòî ñëó÷àéíîå ïîëå ÿâëÿåòñÿ ïðîñòåéøèì ïðèìåðîì îäíîðîäíîãî èçîòðîïíî-
ãî ãàóññîâñêîãî ïîëÿ.

Òåîðåìà 1.4.1. Ïóñòü f � öåíòðèðîâàííîå ãàóññîâñêîå èçîòðîïíîå âåê-
òîðíîå ïîëå íà R2 ñ êîâàðèàöèîííîé ôóíêöèåé êîìïîíåíò bij(z) = δijbN(‖z‖),
ãäå bN : [0,+∞)→ R èìååò âèä

bN(r) =

∞∫
0

J ′1(rα)Φ(dα) +

∞∫
0

J1(rα)

rα
Φ(dα) =

∞∫
0

J0(rα)Φ(dα),

Φ � êîíå÷íàÿ ìåðà íà [0,∞) ñ êîíå÷íûì ÷åòâ¼ðòûì ìîìåíòîì, è Φ 6= cδ0,

òî åñòü Φ íå ñîñðåäîòî÷åíà â òî÷êå {0}, è âûïîëíåíî óñëîâèå

bN(r) < bN(0), r > 0.

Òîãäà äèñïåðñèÿ êîëè÷åñòâà âðàùåíèé f âäîëü çàìêíóòîé êóñî÷íî-ãëàäêîé
êðèâîé Γ, êîòîðàÿ îãðàíè÷èâàåò îòêðûòóþ îáëàñòü T , ðàâíà

E(indΓf)2 =

=

∫
T 2

2

‖t1 − t2‖

{
bN(‖t1 − t2‖)b′N(‖t1 − t2‖)3

bN(0)2 − bN(‖t1 − t2‖)2
+

+ b′N(‖t1 − t2‖)b′′N(‖t1 − t2‖)
}
p(t1,t2)(0)dt1dt2 − b′′N(0)p(0)S(T ),

ãäå S(T ) � ïëîùàäü T .
Çäåñü

p(t1,t2)(0) =
1

(2π)2(bN(0)2 − bN(‖t1 − t2‖)2)
,

è pt(0) = p(0) ≡ 1
2πbN (0)2 äëÿ ëþáîãî t ∈ T .
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Âòîðàÿ ãëàâà äèññåðòàöèè ïîñâÿùåíà èíâàðèàíòàì Âàñèëüåâà äëÿ ñëó÷àé-
íûõ êîñ. Â �2.1 ïðèâåäåíû îñíîâíûå ôàêòû îá èíâàðèàíòàõ Âàñèëüåâà äëÿ
ãëàäêèõ êîñ è îïðåäåëåíû èíòåãðàëû Êîíöåâè÷à äëÿ êîñ [47].
Â �2.2 îáñóæäàþòñÿ èíâàðèàíòû Âàñèëüåâà íåïðåðûâíûõ êîñ, íå îáÿçàòåëü-

íî ÿâëÿþùèõñÿ ãëàäêèìè èëè êóñî÷íî-ãëàäêèìè. Òàê, òðàåêòîðèè íåïðåðûâ-
íûõ ñåìèìàðòèíãàëîâ â òèïè÷íîì ñëó÷àå íå ÿâëÿþòñÿ ãëàäêèìè, è äëÿ íèõ
ôîðìóëû Êîíöåâè÷à íåëüçÿ ïðèìåíÿòü íåïîñðåäñòâåííî. Äëÿ îïðåäåëåíèÿ
çíà÷åíèÿ èíâàðèàíòà Âàñèëüåâà íà íåïðåðûâíîé êîñå ìû ïðèìåíÿåì ïðèáëè-
æåíèå ýòîé êîñû ñ ïîìîùüþ âïèñàííûõ ëîìàíûõ.

Òåîðåìà 2.2.1. Ëþáîé èíâàðèàíò Âàñèëüåâà äëÿ íåïðåðûâíîé êîñû Z ÿâ-
ëÿåòñÿ ïðåäåëîì ñîîòâåòñòâóþùèõ èíâàðèàíòîâ äëÿ ïîñëåäîâàòåëüíîñòè
âïèñàííûõ â íå¼ êîñ Zτk, åñëè ìåëêîñòè ðàçáèåíèé τk ñòðåìÿòñÿ ê 0.

Äëÿ îöåíêè èíòåãðàëà Êîíöåâè÷à äëÿ âïèñàííîé ëîìàíîé ïîñòóïàåì ñëåäó-
þùèì îáðàçîì. Ðàññìîòðèì êîñó Z, îáðàçîâàííóþ íåïðåðûâíûìè êðèâûìè

Zk(t), t ∈ [0, T ], k = 1, . . . , n,

è ïîñëåäîâàòåëüíîñòü ðàçáèåíèé τ = {0 = t0 < t1 < · · · < tp = T} èíòåð-
âàëà [0, T ] ñ |τ | → 0. Ïóñòü L(t)�íåêîòîðûé èíâàðèàíò ïîðÿäêà m äëÿ êîñû
Z(s), 0 ≤ s ≤ t, îáðàçîâàííîé êðèâûìè Zk(s), 0 ≤ s ≤ t, λ = λkl äëÿ íåêî-
òîðûõ k 6= l. Ðàññìîòðèì âïèñàííûå â êðèâûå Zk ëîìàíûå Zτ

k ñ âåðøèíàìè
Zk(t0), . . . , Zk(tp), è ïóñòü Zτ � êîñà, îáðàçîâàííàÿ ýòèìè ëîìàíûìè. Îáîçíà-
÷èì ÷åðåç Lτ(t) çíà÷åíèå èññëåäóåìîãî èíâàðèàíòà íà êîñå Zτ(s), 0 ≤ s ≤ t,
è ïóñòü λτ(t)�ñîîòâåòñòâóþùàÿ λ(t) ôóíêöèÿ äëÿ ýòîé ëîìàíîé. Çàìåòèì,
÷òî λτ ÿâëÿåòñÿ êóñî÷íî-ãëàäêîé ôóíêöèåé. Â ýòîé ñèòóàöèè èìååò ìåñòî
ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2.2.2. Åñëè ïðè êàæäîì k ñóììû
p−1∑
i=0

|Zk(ti+1)−Zk(ti)|2 îãðàíè÷åíû

ïî τ , òî èìååò ìåñòî ñõîäèìîñòü

p−1∑
i=0

L(ti) + L(ti+1)

2
(λ(ti+1)− λ(ti))−

T∫
0

Lτ(t)dλτ(t) −−−→
|τ |→0

0. (1)

Ýòîò ðåçóëüòàò ïðèìåíÿåòñÿ â ñëåäóþùåì ðàçäåëå äëÿ íàõîæäåíèÿ èíòå-
ãðàëüíîãî ïðåäñòàâëåíèÿ èíâàðèàíòîâ Âàñèëüåâà êîñ, ñîñòàâëåííûõ èç íåïðå-
ðûâíûõ ñåìèìàðòèíãàëîâ.
Â �2.4 ìû ïîëó÷àåì îñíîâíîé ðåçóëüòàò îá èíâàðèàíòàõ Âàñèëüåâà äëÿ

ñëó÷àéíûõ êîñ.
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Òåîðåìà 2.3.1. Äëÿ íåïðåðûâíûõ ñåìèìàðòèíãàëîâ Zk(t), t ∈ [0, T ], k =
1, . . . , n îòíîñèòåëüíî îáùåé ôèëüòðàöèè (Ft), t ∈ [0, T ], òàêèõ, ÷òî ñ âå-
ðîÿòíîñòüþ 1

∀t ∈ [0, T ] ∀k 6= l Zk(t) 6= Zl(t),

èíòåãðàëû Êîíöåâè÷à âû÷èñëÿþòñÿ êàê ñîîòâåòñòâóþùèå êðàòíûå èíòå-
ãðàëû Ñòðàòîíîâè÷à.

Ïðèìåð. Ïðèìåðîì èíâàðèàíòà âòîðîãî ïîðÿäêà ÿâëÿåòñÿ ñëåäóþùèé èí-
âàðèàíò äëÿ ãëàäêîé êîñû èç òð¼õ íèòåé
(Z1(t), Z2(t), Z3(t)), t ∈ [0, T ]:

Ψ123 =
1

2

∫ T

0

(λ12(s)dλ13(s)−λ13(s)dλ12(s))+
1

2

T∫
0

(λ13(s)dλ23(s)−λ23(s)dλ13(s))+

+
1

2

T∫
0

(λ23(s)dλ12(s)− λ12(s)dλ23(s)),

ãäå λkl(t) = 1
2πi

t∫
0

dZk(t′)−dZl(t′)
Zk(t′)−Zl(t′) . Äëÿ êîñ èç íåïðåðûâíûõ ñåìèìàðòèíãàëîâ

ýòîò èíâàðèàíò òåïåðü çàïèñûâàåòñÿ â âèäå

Ψ123 =
1

2

∫ T

0

(λ12(s) ◦ dλ13(s)− λ13(s) ◦ dλ12(s))+

+
1

2

T∫
0

(λ13(s)◦dλ23(s)−λ23(s)◦λ13(s))+
1

2

T∫
0

(λ23(s)◦dλ12(s)−λ12(s)◦dλ23(s)).

Òðåòüÿ ãëàâà äèññåðòàöèè ïîñâÿùåíà ïîâåäåíèþ íàèáîëåå ïðîñòûõ èíâà-
ðèàíòîâ Âàñèëüåâà � óãëîâ îáõîäà � äëÿ êîñ, îáðàçîâàííûõ òðàåêòîðèÿìè
÷àñòèö â áðîóíîâñêèõ ïîòîêàõ.
Â �3.1 ïðèâîäÿòñÿ íåîáõîäèìûå ñâåäåíèÿ î áðîóíîâñêèõ ïîòîêàõ. Â �3.2

ìû ïîëó÷àåì àíàëîã çàêîíà Ñïèöåðà äëÿ áðîóíîâñêèõ ïîòîêîâ. Ïóñòü F �
áðîóíîâñêèé ñòîõàñòè÷åñêèé ïîòîê, a, b ∈ R2, a 6= b. Ðàññìîòðèì òðàåêòîðèè
ïîòîêà Ft(a), Ft(b), âûõîäÿùèå èç òî÷åê a è b. Îòîæäåñòâëÿÿ R2 è C, ìîæíî
íàïèñàòü

Ft(b)− Ft(a) = Rab(t)e
iΦab(t)

F0(b)− F0(a)

‖F0(b)− F0(a)‖
,

ãäå Rab(t) = ‖Ft(b)−Ft(a)‖, Φab(t) � íåïðåðûâíàÿ âåðñèÿ óãëà îáõîäà òðàåê-
òîðèè F (b) âîêðóã F (a).
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Òåîðåìà 3.2.1. Ïóñòü F � îäíîðîäíûé èçîòðîïíûé áðîóíîâñêèé ñòîõà-
ñòè÷åñêèé ïîòîê, çàäàâàåìûé ñòîõàñòè÷åñêèì äèôôåðåíöèàëüíûì óðàâíå-
íèåì â ñìûñëå Õ. Êóíèòà [3]:

dFt(x) = U(Ft(x), dt),

x ∈ R2, t ≥ 0, ãäå U = U(x, t) � öåíòðèðîâàííîå ãàóññîâñêîå ñëó÷àéíîå
âåêòîðíîå ïîëå,

EUk(x, t)Ul(y, s) = bkl(x− y)t ∧ s,

à ìàòðèöà b èìååò âèä b(z) = (bkl(z)) = (δklbL(‖z‖)), 1 ≤ k, l ≤ 2, bL : [0,∞)→
R � íåêîòîðàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèÿì

• b0 = bL(0) = 1;

• bL(r) < 1 ïðè r > 0;

• bL ∈ C(4)([0,+∞));

• bL(r)→ 0(r →∞);

•
∞∫
0

r|b′L(r)|dr <∞;

•
∞∫
0

r|b′L(r)− rb′′L(r)|dr <∞;

• bL(r) = 1− 1
2βLr

2 +O(r4), r → 0+, äëÿ íåêîòîðîãî βL > 0.

Òîãäà èìååò ìåñòî ñîîòíîøåíèå

Φab(t)
1
2 ln t

d−→ ξ,

ãäå ξ � ñëó÷àéíàÿ âåëè÷èíà, èìåþùàÿ ñòàíäàðòíîå ðàñïðåäåëåíèå Êîøè.

Îäíàêî, ýòîò ðåçóëüòàò åù¼ íå îïðåäåëÿåò ñîâìåñòíîãî àñèìïòîòè÷åñêîãî
ïîâåäåíèÿ óãëîâ îáõîäà ÷àñòèö äðóã âîêðóã äðóãà. Ýòîìó âîïðîñó ïîñâÿù¼í
�3.3, ãäå ïîëó÷åíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 3.3.1. Ïóñòü F � áðîóíîâñêèé ñòîõàñòè÷åñêèé ïîòîê, óäîâëå-
òâîðÿþùèé óñëîâèÿì òåîðåìû 3.2.1. Ïóñòü Ft(x1), . . . , Ft(xn) � òðàåêòî-
ðèè ïîòîêà F , âûõîäÿùèå èç ïîïàðíî ðàçëè÷íûõ òî÷åê ïëîñêîñòè x1, . . . , xn.
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Òîãäà äëÿ óãëîâ îáõîäà Φkl(t) òðàåêòîðèè Ft(xk) âîêðóã òðàåêòîðèè Ft(xl)
ñïðàâåäëèâî àñèìïòîòè÷åñêîå ñîîòíîøåíèå(

2

ln t
Φkl(t), 1 ≤ k < l ≤ n

)
d−−−→

t→∞
(ξkl, 1 ≤ k < l ≤ n).

Çäåñü ξkl, 1 ≤ k < l ≤ n � íåçàâèñèìûå â ñîâîêóïíîñòè ñëó÷àéíûå âåëè÷èíû,
èìåþùèå ñòàíäàðòíîå ðàñïðåäåëåíèå Êîøè.

Â ÷åòâ¼ðòîé ãëàâå äèññåðòàöèè èññëåäóåòñÿ âîçìîæíîñòü ïîëó÷åíèÿ ïðèí-
öèïà áîëüøèõ óêëîíåíèé äëÿ óãëà îáõîäà äâóìåðíîãî áðîóíîâñêîãî äâèæåíèÿ

(Wt, t ≥ 0) ñW (0) 6=
(

0
0

)
âîêðóã íà÷àëà êîîðäèíàò. Â �4.1 ïîêàçàíî âûïîëíå-

íèå ñëàáîãî ïðèíöèïà áîëüøèõ óêëîíåíèé äëÿ óãëà îáõîäà. Îïðåäåëèì ñëó-
÷àéíûå ýëåìåíòû Φε ñî çíà÷åíèÿìè â C([0, 1]). Ïîñòàâèì â ñîîòâåòñòâèå êàæ-
äîé íåïðåðûâíîé ôóíêöèè f : [0, 1] → R2, 0 ≤ t ≤ 1, óäîâëåòâîðÿþùåé óñëî-

âèþ f(0) =

(
1
0

)
, f(t) 6=

(
0
0

)
äëÿ âñåõ t ∈ [0, 1], ôóíêöèþ Φ(f) ∈ C([0, 1]),

ÿâëÿþùóþñÿ íåïðåðûâíîé âåòâüþ óãëà îáõîäà f âîêðóã íà÷àëà êîîðäèíàò.
Èòàê, ìû ââåëè îòîáðàæåíèå

Φ:

{
f ∈ C([0, 1],R2) | f(0) =

(
1
0

)
,∀t ∈ [0, 1] f(t) 6=

(
0
0

)}
→ C([0, 1]).

Ïóñòü w � äâóìåðíûé âèíåðîâñêèé ïðîöåññ, âûõîäÿùèé èç òî÷êè

(
1
0

)
.Ïóñòü

wε � ïðîöåññ âèäà wε(t) = w(εt), t ∈ [0, 1] äëÿ ε > 0. Òåïåðü ìû ìî-
æåì ðàñìîòðåòü ñåìåéñòâî ñëó÷àéíûõ ýëåìåíòîâ Φε = Φ(wε) ñî çíà÷åíèÿ-
ìè C([0, 1]). Ïóñòü I(x) � ôóíêöèÿ ñêîðîñòè äëÿ äâóìåðíîãî áðîóíîâñêîãî

äâèæåíèÿ. âûõîäÿùåãî èç òî÷êè

(
1
0

)
, ò.å.

I(x) =


1
2

1∫
0

‖x′(s)‖2ds, x(0) =

(
1

0

)
,

∞, x(0) 6=

(
1

0

)
.

Òåîðåìà 4.1.1. Äëÿ ñëó÷àéíûõ ýëåìåíòîâ Φε ∈ C([0, 1]) âûïîëíåí ñëàáûé
ïðèíöèï áîëüøèõ óêëîíåíèé ñ ôóíêöèåé ñêîðîñòè J(φ) = I(Φ−1(φ)).

Â �4.2 ìû ïîêàçûâàåì âûïîëíåíèå îöåíîê ïðèíöèïà áîëüøèõ óêëîíåíèé
íà êëàññå öèëèíäðè÷åñêèõ ìíîæåñòâ.
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Òåîðåìà 4.2.1. Ïóñòü B ⊆ Rm � çàìêíóòîå ìíîæåñòâî, 0 < t1 < . . . <
tm ≤ 1,

A = {φ ∈ C([0, 1]) : (φ(t1), . . . , φ(tm)) ∈ B}.
Òîãäà âûïîëíåíà ñëåäóþùàÿ îöåíêà:

lim
ε→0

ε lnP (Φε ∈ A) ≤ −J(A).

Â �4.3 ìû ïîêàçûâàåì, ÷òî ïîëíûé ïðèíöèï áîëüøèõ óêëîíåíèé íå âûïîë-
íåí äëÿ ñîâîêóïíîñòè ñëó÷àéíûõ ýëåìåíòîâ Φε.

Òåîðåìà 4.3.1. Ïðèíöèï áîëüøèõ óêëîíåíèé íå ìîæåò áûòü âûïîëíåí äëÿ
ñåìåéñòâà (Φε) íè ñ êàêîé ôóíêöèåé ñêîðîñòè Ĩ.
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Ãëàâà 1

Âðàùåíèå ãàóññîâñêèõ âåêòîðíûõ ïîëåé

Â äàííîé ðàáîòå èññëåäóþòñÿ ãåîìåòðè÷åñêèå ñâîéñòâà ñòîõàñòè÷åñêèõ ïîòî-
êîâ. Íåêîòîðûå ñòîõàñòè÷åñêèå ïîòîêè ïîÿâëÿþòñÿ êàê ïîòîêè ðåøåíèé ñòî-
õàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé, óïðàâëÿåìûõ ãàóññîâñêèì ñëó-
÷àéíûì âåêòîðíûì ïîëåì. Ãåîìåòðè÷åñêèå ñâîéñòâà òàêèõ ïîòîêîâ îïðåäå-
ëÿþòñÿ ñâîéñòâàìè ñîîòâåòñòâóþùåãî âåêòîðíîãî ïîëÿ. Âàæíîé õàðàêòåðè-
ñòèêîé âåêòîðíîãî ïîëÿ ÿâëÿåòñÿ õàðàêòåð åãî îñîáûõ òî÷åê, â ÷àñòíîñòè,
èíäåêñû îñîáûõ òî÷åê. Òàêèì îáðàçîì, âîçíèêàåò çàäà÷à îïèñàíèÿ ðàñïðåäå-
ëåíèÿ èíäåêñîâ îñîáûõ òî÷åê ñëó÷àéíîãî ïîëÿ, êîòîðîé ïîñâÿùåíà íàñòîÿùàÿ
ãëàâà. Â ðàçäåëå 1.1 îáñóæäàþòñÿ îñîáûå òî÷êè âåêòîðíûõ ïîëåé. Ïðèâåäå-
íî îïðåäåëåíèå èíäåêñà îñîáîé òî÷êè è òåîðåìà Ïóàíêàðå î ïðåäñòàâëåíèè
âðàùåíèÿ äâóìåðíîãî âåêòîðíîãî ïîëÿ âäîëü êðèâîé â âèäå ñóììû èíäåêñîâ
åãî îñîáûõ òî÷åê. Â ðàçäåëå 1.2 îáñóæäàåòñÿ òåîðåìà èç [46], ïîçâîëÿþùàÿ
íàõîäèòü ìàòåìàòè÷åñêîå îæèäàíèå êîëè÷åñòâà òî÷åê ñëó÷àéíîãî ïîëÿ, óäî-
âëåòâîðÿþùèõ íåêîòîðûì óñëîâèÿì. Ýòà òåîðåìà ïðèìåíÿåòñÿ â ðàçäåëå 1.3
äëÿ íàõîæäåíèÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ è äèñïåðñèè èíäåêñà âðàùåíèÿ
ñëó÷àéíîãî ïîëÿ îòíîñèòåëüíî çàäàííîé ïëîñêîé êðèâîé. Â ðàçäåëå 1.4 ìû
ïðèìåíÿåì ïîëó÷åííûé îáùèé ðåçóëüòàò ê ñëó÷àþ îäíîðîäíîãî èçîòðîïíîãî
ãàóññîâñêîãî âåêòîðíîãî ïîëÿ è ïîëó÷àåì ÿâíûå âûðàæåíèÿ äëÿ äèñïåðñèè
èíäåêñà âðàùåíèÿ òàêîãî ïîëÿ âäîëü êðèâîé.

1.1. Îñîáûå òî÷êè âåêòîðíûõ ïîëåé

Îñíîâíûì îáúåêòîì èññëåäîâàíèÿ íàñòîÿùåé ðàáîòû ÿâëÿþòñÿ ñòîõàñòè÷å-
ñêèå ïîòîêè.

Îïðåäåëåíèå 1.1.1. [3] Ñòîõàñòè÷åñêèì ïîòîêîì â ïðîñòðàíñòâå Rd íà-
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çûâàåòñÿ ñåìåéñòâî ñëó÷àéíûõ îòîáðàæåíèé

φs,t = φs,t(ω) : Rd → Rd, 0 ≤ s ≤ t,

óäîâëåòâîðÿþùèõ ñëåäóþùèì ñâîéñòâàì:

1. ïðè êàæäîì s ≥ 0 φs,s = Id, òî åñòü îòîáðàæåíèå φs,s ÿâëÿåòñÿ òîæ-
äåñòâåííûì;

2. Ïðè ëþáûõ s < t < u âûïîëíÿåòñÿ ñîîòíîøåíèå

φt,u ◦ φs,t = φs,u

ñ âåðîÿòíîñòüþ 1.

Çàìå÷àíèå 1.1.1. Ïîä ñëó÷àéíûì îòîáðàæåíèåì φ : Rd → Rd ïîíèìàåòñÿ
èçìåðèìîå îòîáðàæåíèå èç Ω â ïðîñòðàíñòâî ôóíêöèé

C = {f : Rd → Rd},

ñíàáæ¼ííîå öèëèíäðè÷åñêîé σ-àëãåáðîé. Öèëèíäðè÷åñêàÿ σ-àëãåáðà â ïðî-
ñòðàíñòâå C ïîðîæäåíà ìíîæåñòâàìè âèäà

{f : Rd → Rd | (f(x1), . . . , f(xk)) ∈ B},

ãäå B ⊆ Rkd � áîðåëåâñêîå ìíîæåñòâî, x1, . . . , xk � òî÷êè èç Rd.

Âàæíûé êëàcñ ñòîõàñòè÷åñêèõ ïîòîêîâ ïîëó÷àåòñÿ èç ðåøåíèé ñòîõàñòè÷å-
ñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ìàðòèíãàëîì, çàâèñÿùèì îò ïðîñòðàí-
ñòâåííîãî ïàðàìåòðà (â òåðìèíîëîãèè H. Kunita [3]) â ïðàâîé ÷àñòè.

Îïðåäåëåíèå 1.1.2. [3] Ïóñòü {Ft}t≥0 � íåïðåðûâíàÿ ñïðàâà ôèëüòðà-
öèÿ íà âåðîÿòíîñòíîì ïðîñòðàíñòâå (Ω,F , P ). Ïóñòü U(x, t), 0 ≤ t ≤ T
� ñåìåéñòâî íåïðåðûâíûõ ëîêàëüíûõ ìàðòèíãàëîâ îòíîñèòåëüíî Ft, çà-
èíäåêñèðîâàííûõ ïàðàìåòðîì x ∈ Rd. Áóäåì íàçûâàòü ñåìåéñòâî {U(x, ·)}
ìàðòèíãàëîì ñ ïðîñòðàíñòâåííûì ïàðàìåòðîì.

Ðåøåíèå ñòîõàñòè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ âèäà{
dx(u, t) = U(x(u, t), dt),

x(u, 0) = u, u ∈ Rd.
(1.1)

ìàðòèíãàë ñ ïðîñòðàíñòâåííûì ïàðàìåòðîì u. Ðåøåíèåì (1.1) íàçûâàåòñÿ
íåïðåðûâíûé ïðîöåññ x ñî çíà÷åíèÿì â Rd, ñîãëàñîâàííûé ñ (Ut), òàêîé, ÷òî

x(u, t) = u+

t∫
0

U(x(u, s), ds), 0 ≤ t ≤ T. (1.2)
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Èíòåãðàë â (1.2) ïîíèìàåòñÿ â ñìûñëå H. Kunita [3]. Â íàøåé ðàáîòå ðàñ-
ñìàòðèâàåòñÿ â îñíîâíîì ñèòóàöèÿ, êîãäà U � ãàóññîâñêîå ñëó÷àéíîå ïîëå ñ
êîâàðèàöèåé

cov(U(u, t), U(v, s)) = b(u− v)(t ∧ s).
Ñâîéñòâà ïîëÿ F îïðåäåëÿþò ñâîéñòâà ïîòîêà x. Èíòåðåñ ïðåäñòàâëÿåò ñâÿçü
ìåæäó ãåîìåòðè÷åñêèìè ñâîéñòâàìè F è ãåîìåòðèåé ïîòîêà x. Â ñëó÷àå äå-
òåðìèíèðîâàííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà

dx(t) = v(x(t))dt,

ãäå v � âåêòîðíîå ïîëå íà Rd, òàêèå âîïðîñû ïîäðîáíî èññëåäîâàëèñü â ðà-
áîòàõ Êðàñíîñåëüñêîãî [48]. Ïðè õàðàêòåðèçàöèè âåêòîðíîãî ïîëÿ âàæíóþ
ðîëü èãðàþò îñîáûå òî÷êè, â êîòîðûõ ïîëå îáðàùàåòñÿ â 0. Òàê, ïîâåäåíèå
òðàåêòîðèé ôàçîâîãî ïîòîêà âåêòîðíîãî ïîëÿ â îêðåñòíîñòè íåîñîáîé òî÷êè
îïèñûâàåòñÿ òðèâèàëüíî, â òî âðåìÿ êàê èõ ïîâåäåíèå â îêðåñòíîñòè îñîáîé
òî÷êè ìîæåò áûòü î÷åíü ñëîæíûì [1].
Âîïðîñû, ñâÿçàííûå ñ ïîâåäåíèåì òðàåêòîðèé ôàçîâûõ ïîòîêîâ âåêòîð-

íûõ ïîëåé, âîçíèêàþò â êà÷åñòâåííîé òåîðèè äèôôåðåíöèàëüíûõ óðàâíå-
íèé, à òàêæå â ðàçëè÷íûõ ôèçè÷åñêèõ çàäà÷àõ, â ÷àñòíîñòè, â ãèäðîäèíà-
ìèêå. Íàïðèìåð, â ðàáîòå [2] ðàññìàòðèâàåòñÿ áåçäèâåðãåíòíîå âåêòîðíîå ïî-
ëå ξ, çàäàííîå â íåêîòîðîé îáëàñòè M ⊆ R3 ñ ãëàäêîé ãðàíèöåé è êàñà-
òåëüíîå ê ãðàíèöå M . Äëÿ êàæäûõ äâóõ òî÷åê x1, x2 ∈ M è äâóõ ìîìåíòîâ
âðåìåíè T1, T2 > 0 ìîæíî îïðåäåëèòü êîýôôèöèåíò çàöåïëåíèÿ òðàåêòîðèé
gsx1, 0 ≤ s ≤ T1 è gtx2, 0 ≤ t ≤ T2. Îáîçíà÷èì ýòîò êîýôôèöèåíò çàöåïëåíèÿ
lkξ(x1, x2;T1, T2). Â [2] ïîêàçàíî, ÷òî ïðåäåë λξ(x1, x2) = lim

T1,T2→∞
lkξ(x1,x2;T1,T2)

T1T2

ñóùåñòâóåò äëÿ ïî÷òè âñåõ ïàð òî÷åê x1, x2 ∈M. Áîëåå òîãî, ýòîò ïðåäåë äëÿ
ïî÷òè âñåõ ïàð òî÷åê ñîâïàäàåò ñ îïðåäåë¼ííîé ãåîìåòðè÷åñêîé õàðàêòåðè-
ñòèêîé ïîëÿ ξ, à èìåííî, ñïèðàëüíîñòüþ. Ñïèðàëüíîñòüþ ïîëÿ ξ íàçûâàåòñÿ
âåëè÷èíàH(ξ) =

∫
M

(A, ξ) dV, ãäå A � òàêîå âåêòîðíîå ïîëå âM , ÷òî ξ = rotA

(A íàçûâàåòñÿ âåêòîðíûì ïîòåíöèàëîì ïîëÿ ξ; íåñìîòðÿ íà òî, ÷òî îí îïðå-
äåë¼í íåîäíîçíà÷íî, ìîæíî ïðîâåðèòü, ÷òî H(ξ) íå çàâèñèò îò âûáîðà A,
ñì. [2]).

Çàìå÷àíèå 1.1.2. Ìû îïóñòèëè íåêîòîðûå òåõíè÷åñêèå äåòàëè. Òàê, êî-
ýôôèöèåíò çàöåïëåíèÿ îïðåäåë¼í ëèøü äëÿ çàìêíóòûõ òðàåêòîðèé. Ñîîò-
âåòñòâåííî, íàøè òðàåêòîðèè gsx, 0 ≤ s ≤ T , ñëåäóåò �çàìêíóòü�, ñîåäè-
íèâ òî÷êè x è gTx íåêîòîðîé êðèâîé. Âîçíèêàþùèå ïðè ýòîì òåõíè÷åñêèå
âîïðîñû ðàññìîòðåíû â [2].
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Çàìå÷àíèå 1.1.3. Â ÷àñòíîñòè, ïðåäåë lim
T→∞

lkξ(x1,x2;T,T )
T 2 òàêæå ñîâïàäàåò

ñî ñïèðàëüíîñòüþ. ßñíî, ÷òî ÷èñëî lkξ(x1, x2;T, T ) îòëè÷àåòñÿ îò êîëè-
÷åñòâà îáõîäîâ òðàåêòîðèé ôàçîâîãî ïîòîêà ïîëÿ ξ íå áîëåå, ÷åì íà ïî-
ñòîÿííóþ âåëè÷èíó. Ïîýòîìó àíàëîãè÷íûé ïðåäåë äëÿ êîëè÷åñòâà îáõîäîâ
N12(t) òðàåêòîðèè ÷àñòèöû, âûøåäøåé èç òî÷êè x1, âîêðóã òðàåêòîðèè ÷à-

ñòèöû, âûøåäøåé èç òî÷êè x2, ê ìîìåíòó âðåìåíè T , òî åñòü lim
T→∞

N12(T )
T 2 ,

ñóùåñòâóåò è ñîâïàäàåò ñî ñïèðàëüíîñòüþ ïîëÿ ξ.

Óïîìÿíóòûå ðåçóëüòàòû ïðèìåíÿþòñÿ â ðàáîòå [2] äëÿ îöåíîê ýíåðãèèE(ξ) =∫
M

|ξ|2dV ïîëÿ ξ. Òàê, ýíåðãèÿ ñâÿçàíà ñî ñïèðàëüíîñòüþ íåðàâåíñòâîì E(ξ) ≥

C|H(ξ)|, ãäå ïîñòîÿííàÿ C çàâèñèò îò îáëàñòè M . Îöåíêè ýíåðãèè áåçäèâåð-
ãåíòíîãî ïîëÿ ÷åðåç åãî ãåîìåòðè÷åñêèå õàðàêòåðèñòèêè îêàçûâàþòñÿ âàæ-
íûìè äëÿ ìàòåìàòè÷åñêîãî èññëåäîâàíèÿ ýôôåêòà ìàãíèòíîãî äèíàìî, îòâå-
÷àþùåãî çà âîçíèêíîâåíèå ìàãíèòíîãî ïîëÿ çâ¼çä è ïëàíåò.
Òàêèì îáðàçîì, âàæíóþ ðîëü äëÿ èçó÷åíèÿ ãåîìåòðèè ôàçîâûõ ïîòîêîâ èã-

ðàþò ñâîéñòâà ñîîòâåòñòâóþùèõ âåêòîðíûõ ïîëåé. Îäíîé èç ãåîìåòðè÷åñêèõ
õàðàêòåðèñòèê âåêòîðíîãî ïîëÿ ÿâëÿåòñÿ åãî âðàùåíèå âäîëü êðèâîé.

Îïðåäåëåíèå 1.1.3. [48] Ïóñòü íåïðåðûâíîå âåêòîðíîå ïîëå Φ çàäàíî íà
íåêîòîðîé íåïðåðûâíîé êðèâîé Γ = {(x(t), y(t)) | t ∈ [a, b]}. Ïóñòü âåêòîð-
ôóíêöèÿ Φ(t) = Φ(x(t), y(t)) íåïðåðûâíà è íå îáðàùàåòñÿ â 0 íà [a, b]. Äëÿ
êàæäîãî t ∈ [a, b] îïðåäåëèì óãîë ìåæäó Φ(t) è Φ(a), îòñ÷èòàííûé îò Φ(a)
ïðîòèâ ÷àñîâîé ñòðåëêè. Ýòîò óãîë ÿâëÿåòñÿ ìíîãîçíà÷íîé ôóíêöèåé t.
×åðåç θ(t) îáîçíà÷èì íåïðåðûâíóþ âåòâü ýòîé ôóíêöèè, îáðàùàþùóþñÿ â 0
ïðè t = a, è íàçîâ¼ì å¼ óãëîâîé ôóíêöèåé ïîëÿ Φ íà êðèâîé Γ. Ïðèðàùåíèå
óãëîâîé ôóíêöèè θ(t) íà âñ¼ì îòðåçêå [a, b], âûðàæåííîå â åäèíèöàõ ïîëíî-
ãî îáîðîòà, òî åñòü âåëè÷èíó γ(Φ,Γ) = 1

2π(θ(b) − θ(a)) = 1
2πθ(b), íàçîâ¼ì

âðàùåíèåì ïîëÿ Φ íà êðèâîé Γ.

Îïðåäåëåíèå 1.1.4. [48] Ïóñòü íà çàìêíóòîé êðèâîé Γ çàäàíî íåïðåðûâ-
íîå âåêòîðíîå ïîëå Φ áåç íóëåâûõ âåêòîðîâ. Ðàçîáú¼ì Γ òî÷êàìè M1 è M3

íà ÷àñòè: M1M2M3 è M3M4M1, è êàæäóþ èç ýòèõ ÷àñòåé áóäåì ñ÷èòàòü
îðèåíòèðîâàííîé â ñîîòâåòñòâèè ñ ïîëîæèòåëüíûì íàïðàâëåíèåì îáõîäà
çàìêíóòîé êðèâîé Γ. Êîëè÷åñòâîì âðàùåíèé ïîëÿ Φ íà Γ íàçîâ¼ì ñóììó
âðàùåíèé Φ íà êðèâûõ M1M2M3 è M3M4M1.

Òåïåðü ìîæíî äàòü îïðåäåëåíèå âðàùåíèÿ ïîëÿ íà ãðàíèöå ìíîãîñâÿçíîé
îáëàñòè.
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Îïðåäåëåíèå 1.1.5. [48] Ïóñòü â îáëàñòè Ω0, îãðàíè÷åííîé êðèâîé Γ0, ëå-
æàò íå èìåþùèå îáùèõ òî÷åê çàìêíóòûå êðèâûå Γ1, . . . ,Γk, îãðàíè÷èâàþ-
ùèå îáëàñòè Ω1, . . . ,Ωk. Áóäåì ñ÷èòàòü, ÷òî îáëàñòè Ω1, . . . ,Ωk íå èìåþò
îáùèõ òî÷åê. Ðàññìîòðèì îáëàñòü Ω, ñîñòîÿùóþ èç âñåõ òî÷åê, âíóò-
ðåííèõ îòíîñèòåëüíî Γ0 è âíåøíèõ îòíîñèòåëüíî âñåõ êðèâûõ Γ1, . . . ,Γk.
Êàæäîé èç êðèâûõ Γ0,Γ1, . . . ,Γk ïðèïèøåì íàïðàâëåíèå îáõîäà, ïðè êîòî-
ðîì îáëàñòü Ω îñòà¼òñÿ ñëåâà. ×åðåç Γ áóäåì îáîçíà÷àòü âñþ ãðàíèöó îá-
ëàñòè Ω� îáúåäèíåíèå êðèâûõ Γ0,Γ1, . . . ,Γk.
Ïóñòü íà Γ çàäàíî íåïðåðûâíîå âåêòîðíîå ïîëå Φ áåç íóëåâûõ âåêòîðîâ.

Âðàùåíèå ýòîãî ïîëÿ íà êàæäîé êðèâîé Γ0,Γ1, . . . ,Γk îáîçíà÷èì γ0, γ1, . . . , γk.
Âðàùåíèå indΓΦ ïîëÿ Φ íà ãðàíèöå Γ îáëàñòè Ω, èëè èíäåêñ Γ îòíîñèòåëüíî
Φ, îïðåäåëÿåòñÿ ðàâåíñòâîì

indΓΦ = γ0 −
k∑
j=1

γj.

Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà î âðàùåíèè ïîëÿ íà ãðàíèöå îáëàñòè.

Òåîðåìà 1.1.1. [48] Ïóñòü íåïðåðûâíîå âåêòîðíîå ïîëå Φ â çàìêíóòîé
îáëàñòè Ω íå èìååò íóëåâûõ âåêòîðîâ. Òîãäà âðàùåíèå indΓΦ ïîëÿ Φ íà
ãðàíèöå Γ îáëàñòè Ω ðàâíî íóëþ.

Îïðåäåëåíèå 1.1.6. [48] Ïóñòü M0� èçîëèðîâàííàÿ îñîáàÿ òî÷êà âåêòîð-
íîãî ïîëÿ Φ. Ïîëå Φ íà êàæäîé îêðóæíîñòè äîñòàòî÷íî ìàëîãî ðàäèóñà
ñ öåíòðîì â èçîëèðîâàííîé îñîáîé òî÷êå M0 íå èìååò íóëåâûõ âåêòîðîâ.
Êîëè÷åñòâî âðàùåíèé ýòîãî ïîëÿ íà ëþáîé òàêîé îêðóæíîñòè íàçîâ¼ì èí-
äåêñîì îñîáîé òî÷êè M0.

Âðàùåíèå íåïðåðûâíîãî âåêòîðíîãî ïîëÿ âäîëü êðèâîé, îãðàíè÷èâàþùåé
íåêîòîðóþ îáëàñòü, ïðåäñòàâëÿåòñÿ â âèäå ñóììû èíäåêñîâ îñîáûõ òî÷åê ýòî-
ãî ïîëÿ, ëåæàùèõ â îáëàñòè. Òî÷íåå ãîâîðÿ, èìååò ìåñòî ñëåäóþùèé ðåçóëü-
òàò (òåîðåìà Ïóàíêàðå î âåêòîðíîì ïîëå).

Óòâåðæäåíèå 1.1.1. [48] Ïóñòü Γ � äâóìåðíàÿ ãëàäêàÿ çàìêíóòàÿ êðè-
âàÿ. Ïóñòü âåêòîðíîå ïîëå Φ íà çàìêíóòîé îáëàñòè Ω ñ ãðàíèöåé Γ èìååò
êîíå÷íîå ÷èñëî îñîáûõ òî÷åê, ëåæàùèõ âíóòðè Γ. Òîãäà ñóììà èíäåêñîâ
ýòèõ îñîáûõ òî÷åê ðàâíà âðàùåíèþ ïîëÿ Φ âäîëü Γ.

Òåì ñàìûì, èçó÷åíèå ðàñïðåäåëåíèÿ êîëè÷åñòâà âðàùåíèé ñëó÷àéíîãî âåê-
òîðíîãî ïîëÿ âäîëü êðèâîé Γ ìîæåò áûòü ñâåäåíî ê ðàññìîòðåíèþ ðàñïðåäå-
ëåíèÿ ñóììû èíäåêñîâ îñîáûõ òî÷åê ýòîãî ïîëÿ, ëåæàùèõ âíóòðè Γ.
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Äëÿ ïîäñ÷¼òà èíäåêñîâ îñîáûõ òî÷åê ìû áóäåì èñïîëüçîâàòü ñëåäóþùèé
ðåçóëüòàò, êîòîðûé îáîáùàåò óòâåðæäåíèå î òîì, ÷òî äëÿ ëèíåéíîãî âåêòîð-
íîãî ïîëÿ Φ0(x, y) = (a1x + b1y, a2x + b2y) èíäåêñ γ íóëåâîé îñîáîé òî÷êè

îïðåäåëÿåòñÿ ðàâåíñòâîì γ = sign∆, ãäå ∆ = det

(
a1 a2

b1 b2

)
.

Óòâåðæäåíèå 1.1.2. [48] Ïóñòü φ(x0, y0) = ψ(x0, y0) = 0 è ïóñòü â òî÷êå
(x0, y0) ôóíêöèè φ(x, y) è ψ(x, y) äèôôåðåíöèðóåìû. Åñëè

∆ = det

(
φ′x(x0, y0) φ′y(x0, y0)

ψ′x(x0, y0) ψ′y(x0, y0)

)
6= 0,

òî îñîáàÿ òî÷êà (x0, y0) ïîëÿ Φ, Φ(x, y) = (φ(x, y), ψ(x, y)), èçîëèðîâàíà, è
å¼ èíäåêñ γ îïðåäåëÿåòñÿ ðàâåíñòâîì

γ = sign det

(
φ′x(x0, y0) φ′y(x0, y0)

ψ′x(x0, y0) ψ′y(x0, y0)

)
.

1.2. Ðàñïðåäåëåíèå îñîáûõ òî÷åê ñëó÷àéíûõ ïîëåé

Íàïîìíèì, ÷òî ïðîöåññîì Îðíøòåéíà-Óëåíáåêà íàçûâàåòñÿ ðåøåíèå ñòîõà-
ñòè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

dXt = −µXtdt+ σdwt,

ãäå µ > 0 è σ > 0 � íåêîòîðûå ïàðàìåòðû [49], X(0) íå çàâèñèò îò w. Â
ñëó÷àå µ = 1

2 , σ = 1, åñëèX(0) èìååò ñòàíäàðòíîå íîðìàëüíîå ðàñïðåäåëåíèå,
X ÿâëÿåòñÿ ñòàöèîíàðíûì ïðîöåññîì ñ EX(t) = 0, cov(X(t), X(s)) = e−|t−s|.

Ïðèìåð 1.2.1. Ïóñòü ξ1, ξ2 � íåçàâèñèìûå ñëó÷àéíûå ïðîöåññû Îðíøòåéíà-
Óëåíáåêà íà R, çàäàííûå óðàâíåíèÿìè

dξk(t) = −1

2
ξk(t)dt+ dwk(t), ξk(0) = ηk, k = 1, 2,

ãäå w1, w2 � íåçàâèñèìûå áðîóíîâñêèå äâèæåíèÿ, η1, η2 � íåçàâèñèìûå ìåæ-
äó ñîáîé è îò w1, w2 ñòàíäàðòíûå ãàóññîâñêèå ñëó÷àéíûå âåëè÷èíû. Ðàñ-
ñìîòðèì ãàóññîâñêîå ñëó÷àéíîå ïîëå f : R2 → R2, çàäàííîå ðàâåíñòâîì

f(x, y) =

(
ξ1(x)
ξ2(y)

)
, x, y ∈ R.
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Íàéä¼ì âåðîÿòíîñòü òîãî, ÷òî âíóòðè êâàäðàòà [0, T ]×[0, T ] íåò íè îäíîé
îñîáîé òî÷êè ïîëÿ f . Âîñïîëüçóåìñÿ ïðè¼ìîì èç ñòàòüè [50] (ñì. óòâåð-
æäåíèå 8 óêàçàííîé ðàáîòû).
Çàìåòèì, ÷òî ñëó÷àéíûå ïðîöåññû ξ1(t), ξ2(t), t ∈ (−∞,+∞) íåçàâèñèìû

è ñîâïàäàþò ïî ðàñïðåäåëåíèþ ñ ïðîöåññîì Yt, çàäàííûì ðàâåíñòâîì

Yt =

t∫
−∞

e−(t−s)/2dWs,

ãäå W � âèíåðîâñêèé ïðîöåññ íà (−∞,+∞), W (0) = 0. Èìååì

P (∃t ∈ [0, T ] : Ys = 0) = P

∃t ∈ [0, T ] :

t∫
−∞

e−(t−s)/2dWs = 0

 =

= P

∃t ∈ [0, T ] :

t∫
−∞

es/2dWs = 0

 = P (∃s ∈ [1, eT ] : B(s) = 0).

Çäåñü ÷åðåç B ìû îáîçíà÷èëè áðîóíîâñêîå äâèæåíèå, òàêîå, ÷òî

t∫
−∞

es/2dWs = B

 t∫
−∞

esds

 = B(et).

Ðàññìîòðèì áðîóíîâñêîå äâèæåíèå w, w(0) = x. Ïóñòü

w1(s) = x− w(s), s ≥ 0.

Òîãäà w1 � áðîóíîâñêîå äâèæåíèå, âûõîäÿùåå èç òî÷êè 0. Âåðîÿòíîñòü
òîãî, ÷òî w äîñòèãíåò 0 íà [0, S], ðàâíà

P (∃s ∈ [0, S] : ws = 0) = P (∃s ∈ [0, S] : x− ws = x) =

= P (∃s ∈ [0, S] : w1(s) = x) = P (sup
[0,S]

w1(s) ≥ x) = 2Ψ

(
x√
S

)
,

ãäå Ψ(x) = 1√
2π

∞∫
x

e−u
2/2du. Ïîýòîìó èñêîìàÿ âåðîÿòíîñòü äëÿ íàøåãî ðàñ-

ïðåäåëåíèÿ íàõîäèòñÿ óñðåäíåíèåì ïî ðàñïðåäåëåíèþ B(1):

P (∃s ∈ [1, eT ] : B(s) = 0) =
2√
2π

+∞∫
−∞

Ψ

(
x√

eT − 1

)
e−x

2/2dx
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Èòàê,

P (∀s ∈ [0, T ] : Ys 6= 0) = 1− 2√
2π

+∞∫
−∞

Ψ

(
x√

eT − 1

)
e−x

2/2dx.

Òàêèì îáðàçîì, ó÷èòûâàÿ íåçàâèñèìîñòü ξ1 è ξ2, èìååì

P (∀x, y ∈ [0, T ]2 : f(x, y) 6= 0) = P (∀x, y ∈ [0, T ]2 : ξ1(x) 6= 0, ξ2(y) 6= 0) =

= P (∀x ∈ [0, T ] : ξ1(x) 6= 0)P (∀y ∈ [0, T ] : ξ2(y) 6= 0) =

= (P (∀s ∈ [0, T ] : Ys 6= 0))2 =

1− 2√
2π

+∞∫
−∞

Ψ

(
x√

eT − 1

)
e−x

2/2dx

2

.

Âîïðîñû, ñâÿçàííûå ñ ðàñïðåäåëåíèåì îñîáûõ òî÷åê âåêòîðíîãî ïîëÿ, ìî-
ãóò áûòü èçó÷åíû ñ ïîìîùüþ àïïàðàòà, ðàçâèòîãî â [46]. Â ýòîé êíèãå ïîëó-
÷åíà ñëåäóþùàÿ òåîðåìà, ïîçâîëÿþùàÿ íàõîäèòü ìàòåìàòè÷åñêîå îæèäàíèå
÷èñëà òî÷åê, â êîòîðûõ ñëó÷àéíîå âåêòîðíîå ïîëå ïðèíèìàåò çíà÷åíèÿ èç
íåêîòîðîãî ìíîæåñòâà B ⊆ Rk.

Óòâåðæäåíèå 1.2.1 ( [46], ñòð. 267). Ïóñòü T ⊂ RN � êîìïàêòíîå ìíî-
æåñòâî, òàêîå, ÷òî ãðàíèöà ∂T èìååò êîíå÷íóþ ìåðó Õàóñäîðôà HN−1,
B ⊆ Rk � îòêðûòî, à ∂B èìååò ðàçìåðíîñòü Õàóñäîðôà K − 1. Ïóñòü
f = (f1, . . . , fN) è g = (g1, . . . , gK) � N -ïàðàìåòðè÷åñêèå ñëó÷àéíûå ïîëÿ íà
T ñî çíà÷åíèÿìè â RN è RK . Îáîçíà÷èì

∇f(t) =

(
∂fi
∂tj

)
i,j=1,...,N

.

Ïðåäïîëîæèì, ÷òî âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
à) Âñå êîìïîíåíòû ñëó÷àéíûõ ïîëåé f,∇f, g íåïðåðûâíû íà T ñ âåðîÿò-

íîñòüþ 1 è èìåþò îãðàíè÷åííûå âòîðûå ìîìåíòû íà T ;
á) Äëÿ âñåõ t ∈ T ìàðãèíàëüíûå ïëîòíîñòè pt(x) âåêòîðà f(t) íåïðåðûâ-

íû ïðè x = u;
â) Óñëîâíûå ïëîòíîñòè ðàñïðåäåëåíèÿ pt(x | ∇f(t), g(t)) ïîëÿ f(t) ïðè

óñëîâèè g(t) è ∇f(t) îãðàíè÷åíû è íåïðåðûâíû ïðè x = u, ðàâíîìåðíî ïî
t ∈ T ;
ã) Óñëîâíûå ïëîòíîñòè ðàñïðåäåëåíèÿ p̂t(z | f(t) = x) äåòåðìèíàíòà

det∇f(t) ïðè óñëîâèè f(t) = x íåïðåðûâíû äëÿ z è x â îêðåñòíîñòÿõ 0, u,
ñîîòâåòñòâåííî, ðàâíîìåðíî ïî t ∈ T ;
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ä) Óñëîâíûå ïëîòíîñòè ðàñïðåäåëåíèÿ p̃t(z | f(t) = x) ïîëÿ g(t) ïðè óñëî-
âèè f(t) = x íåïðåðûâíû äëÿ âñåõ z è äëÿ x â îêðåñòíîñòè u, ðàâíîìåðíî
ïî t ∈ T ;
å) Âûïîëíåíî ñëåäóþùåå îãðàíè÷åíèå íà ìîìåíòû:

sup
t∈T

max
1≤i,j≤N

E

(∣∣∣∣∂fi∂tj
(t)

∣∣∣∣N
)
<∞;

æ) Ìîäóëè íåïðåðûâíîñòè îòíîñèòåëüíî åâêëèäîâîé íîðìû êàæäîé èç
êîìïîíåíò f , ∇f è g óäîâëåòâîðÿþò

P(ω(η) > ε) = o(ηN)

ïðè η ↓ 0 äëÿ êàæäîãî ε > 0.
Òîãäà, åñëè Nu îáîçíà÷àåò êîëè÷åñòâî òî÷åê ìíîæåñòâà T , äëÿ êîòîðûõ

f(t) = u ∈ Rn è g(t) ∈ B ⊆ Rk, òî èìååò ìåñòî ðàâåíñòâî

ENu =

∫
T

E (| det∇f(t)|1B(g(t)) | f(t) = u) pt(u)dt.

Çàìå÷àíèå 1.2.1. Ìû áóäåì ïðèìåíÿòü óòâåðæäåíèå 1.2.1 äëÿ ìíîæåñòâ
T,B ñ ãëàäêîé èëè êóñî÷íî-ãëàäêîé ãðàíèöåé, è óñëîâèÿ íà ìåðó è ðàçìåð-
íîñòü Õàóñäîðôà ãðàíèö ∂T è ∂B áóäóò âûïîëíÿòüñÿ àâòîìàòè÷åñêè.

Â äàëüíåéøåì ìû ïðèìåíèì óòâåðæäåíèå 1.2.1 äëÿ ñëó÷àÿ g(t) = ∇f(t).
Îäíàêî, äîêàçàòåëüñòâî ýòîãî ðåçóëüòàòà â [46] èñïîëüçóåò ñóùåñòâîâàíèå ñîâ-
ìåñòíîé ïëîòíîñòè ðàñïðåäåëåíèÿ ñëó÷àéíûõ âåëè÷èí f(t), det∇f(t), g(t),
êîòîðîå íå âûïîëíåíî â íàøåé ñèòóàöèè. Íî ýòî äîêàçàòåëüñòâî ìîæíî ïðî-
âåñòè è äëÿ ñëó÷àÿ g(t) = ∇f(t). Âñå âûêëàäêè â [46] îñòàþòñÿ ïðàêòè÷åñêè
áåç èçìåíåíèé. Òàêèì îáðàçîì, èìååò ìåñòî ñëåäóþùàÿ ëåììà.

Ëåììà 1.2.1. Óòâåðæäåíèå 1.2.1 îñòà¼òñÿ ñïðàâåäëèâûì, åñëè g(t) = ∇f(t),
è ñóùåñòâóåò ñîâìåñòíàÿ ïëîñòíîñòü ðàñïðåäåëåíèÿ f(t) è ∇f(t).

Äîêàçàòåëüñòâî. Â [46] èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ:

• δε : RN → R � ôóíêöèÿ, îïðåäåë¼ííàÿ ðàâåíñòâîì δε = C−1
ε 1Bε, ãäå Cε

� îáú¼ì øàðà Bε = {x ∈ RN : ‖x‖ ≤ ε};

• N ε(T ) =
∫
T

δε(f(t))1B(g(t))| det∇f(t)|dt;

• pt(x,∇y) � ñîâìåñòíàÿ ïëîòíîñòü ðàñïðåäåëåíèÿ f(t) è ∇f(t);
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• pt(∇y) � ïëîòíîñòü ðàñïðåäåëåíèÿ ∇f(t);

• pt(x) � ïëîòíîñòü ðàñïðåäåëåíèÿ f(t);

• pt(x|∇y) � ïëîòíîñòü ðàñïðåäåëåíèÿ f(t) ïðè äàííîì ∇f(t);

• pt(x,∇y, v) � ñîâìåñòíàÿ ïëîòíîñòü ðàñïðåäåëåíèÿ f(t),∇f(t), g(t).

Äîêàçàòåëüñòâî óòâåðæäåíèÿ 1.2.1 â [46] ïðîâîäèòñÿ ñëåäóþùèì îáðàçîì.
Âíà÷àëå äîêàçûâàåòñÿ äåòåðìèíèðîâàííîå óòâåðæäåíèå (òåîðåìà 11.2.3), à
èìåííî, äëÿ äåòåðìèíèðîâàííûõ âåêòîðíûõ ïîëåé f, g ïðè óñëîâèÿõ

• f,∇f, g íåïðåðûâíû;

• íå ñóùåñòâóåò òî÷åê t ∈ T , òàêèõ, ÷òî f(t) = u, g(t) ∈ ∂B;

• íå ñóùåñòâóåò òî÷åê t ∈ T , òàêèõ, ÷òî f(t) = u, det∇f(t) = 0;

• íå ñóùåñòâóåò òî÷åê t ∈ ∂T , òàêèõ, ÷òî f(t) = u,

ïîêàçàíî, ÷òî âûïîëíåíî ñîîòíîøåíèå

Nu(f, g;T,B) = lim
ε→0

∫
T

δε(f(t)− u)1B(g(t))| det∇f(t)|dt.

Â ëåììàõ 11.2.10, 11.2.11 èç [46] ïîêàçàíî, ÷òî ïðè ïðåäïîëîæåíèÿõ òåîðå-
ìû 1.2.1 ýòè óñëîâèÿ âûïîëíåíû ñ âåðîÿòíîñòüþ 1. Ýòè ðàññóæäåíèÿ îñòàþòñÿ
âåðíûìè â íàøåì ñëó÷àå g(t) = ∇f(t).
Äàëåå, â [46] ïîêàçàíî âûïîëåíèå âåðõíåé îöåíêè (òåîðåìà 11.2.6), à èìåííî,

ENu(f, g;T,B) ≤
∫
T

dt

∫
B

dv

∫
RN2

| det∇y|pt(u,∇y, v)d∇y.

Â íàøåì ñëó÷àå g(t) = ∇f(t) ýòî óòâåðæäåíèå äîëæíî áûòü ñôîðìóëèðî-
âàíî òàêèì îáðàçîì:

ENu(f, g;T,B) ≤
∫
T

dt

∫
B

| det∇y|pt(u,∇y)d∇y.
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Îñíîâíûì ìîìåíòîì äîêàçàòåëüñòâà òåîðåìû 11.2.6 â [46] ÿâëÿþòñÿ ñëåäó-
þùèå âû÷èñëåíèÿ íà ñòð. 272 (äîêàçàòåëüñòâî ïðîâîäèòñÿ äëÿ ñëó÷àÿ u = 0):

EN ε(T ) =

∫
T

dt

∫
RN×RN2×B

δε(x)| det∇y|pt(x,∇y, v)dxd∇ydv =

=

∫
T

dt

∫
RN2×B

| det∇y|pt(∇y, v)d∇ydv ×
∫
RN

δε(x)pt(x | ∇y, v)dx,

ïîñëå ÷åãî ñ ïîìîùüþ ëåììû Ôàòó è òåîðåìû Ëåáåãà îá îãðàíè÷åííîé ñõî-
äèìîñòè äåëàåòñÿ âûâîä

EN0 ≤ lim
ε→0

EN ε(T ) =

∫
T

dt

∫
B

dv

∫
RN2

| det∇y|pt(0,∇y, v)d∇y.

Â íàøåì ñëó÷àå ýòè âû÷èñëåíèÿ ñëåäóåò çàïèñûâàòü òàêèì îáðàçîì:

Nε(T ) =

∫
T

∫
RN×B

δε(x)| det∇y|pt(x,∇y)dxd∇y =

=

∫
T

dt

∫
B

| det∇y|pt(∇y)d∇y ×
∫
RN

δε(x)pt(x | ∇y)dx,

ïîñëå ÷åãî ñ ïîìîùüþ ëåììû Ôàòó è òåîðåìû Ëåáåãà îá îãðàíè÷åííîé ñõî-
äèìîñòè èìååì

EN0 ≤ lim
ε→0

EN ε(T ) =

∫
T

dt

∫
B

| det∇y|pt(0,∇y)d∇y.

Äàëåå â [46] ïîëó÷åíà âåðõíÿÿ îöåíêà (òåîðåìà 11.2.7):

ENu(f, g;T,B) ≥
∫
T

dt

∫
B

dv

∫
RN2

| det∇y|pt(u,∇y, v)d∇y.

Â íàøåì ñëó÷àå, àíàëîãè÷íîå óòâåðæäåíèå âûãëÿäèò òàê:

ENu(f, g;T,B) ≥
∫
T

dt

∫
B

| det∇y|pt(u,∇y)d∇y.

Äîêàçàòåëüñòâî â [46] ïðîâîäèòñÿ ñ ïîìîùüþ êóñî÷íî-ëèíåéíîé àïïðîêñèìà-
öèè ïîëÿ f è îöåíêè ÷èñëà íóëåé àïïðîêñèìèðóþùåãî ïðîöåññà. Âñå ðàññóæ-
äåíèÿ ïðè ýòîì ñîõðàíÿþòñÿ â íàøåì ñëó÷àå.
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1.3. Âðàùåíèå ñëó÷àéíîãî ïîëÿ âäîëü êðèâîé

Ïóñòü Γ � íåïðåðûâíàÿ êðèâàÿ íà ïëîñêîñòè. Äëÿ äâóìåðíîãî âåêòîðíîãî
ïîëÿ v : R2 → R2, íåïðåðûâíîãî íà Γ è íå îáðàùàþùåãîñÿ íà íåé â íóëü, îïðå-
äåëåíî êîëè÷åñòâî âðàùåíèé âäîëü Γ [48]. Ñëåäîâàòåëüíî, ìîæíî ðàññìàòðè-
âàòü âîïðîñ î ðàñïðåäåëåíèè êîëè÷åñòâà âðàùåíèé âäîëü êðèâîé Γ íåïðåðûâ-
íîãî ñ âåðîÿòíîñòüþ 1 ñëó÷àéíîãî âåêòîðíîãî ïîëÿ íà ïëîñêîñòè. Ñëåäóþùèé
ðåçóëüòàò, ïîëó÷àþùèéñÿ ñ ïîìîùüþ ïðèìåíåíèÿ óòâåðæäåíèÿ 1.2.1, äà¼ò âû-
ðàæåíèå äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ è äèñïåðñèè âðàùåíèÿ ñëó÷àéíîãî
ïîëÿ âäîëü Γ.

Òåîðåìà 1.3.1. Ïóñòü f : R2 → R2 � Ïóñòü f : R2 → R2 � ñëó÷àéíîå âåê-
òîðíîå ïîëå íà R2, è ïóñòü Γ � ôèêñèðîâàííàÿ êóñî÷íî-ãëàäêàÿ ïðîñòàÿ
(ò.å. íå èìåþùàÿ ñàìîïåðåñå÷åíèé) çàìêíóòàÿ êðèâàÿ â R2, îãðàíè÷èâàþ-
ùàÿ íåêîòîðóþ îáëàñòü T . Ïðåäïîëîæèì, ÷òî ïðè êàæäûõ t1, t2 ∈ T, t1 6= t2
ñóùåñòâóåò ñîâìåñòíàÿ ïëîòíîñòü ðàñïðåäåëåíèÿ f(t1),∇f(t1), f(t2),∇f(t2).
Ïóñòü

T̃ = {(t1, t2) ∈ T 2 : t1 6= t2}, T δ2 = {(t1, t2) ∈ T 2 : ‖t1 − t2‖ ≥ δ}, δ > 0,

à òàêæå âûïîëíåíû óñëîâèÿ à)-ä):
à) f , ∂fi

∂tj
� íåïðåðûâíû íà T ñ âåðîÿòíîñòüþ 1 è èìåþò îãðàíè÷åííûå

ìîìåíòû ïîðÿäêà 4 íà T ;
á) äëÿ âñåõ t ∈ T ïëîòíîñòü ðàñïðåäåëåíèÿ pf(t)(x) ñëó÷àéíîãî âåêòîðà

f(t) íåïðåðûâíà â òî÷êå x = 0;
á′) äëÿ âñåõ t̃ = (t1, t2) ∈ T̃ ïëîòíîñòü ðàñïðåäåëåíèÿ pf̃(t̃)(x1, x2) ñëó÷àé-

íîãî âåêòîðà f̃(t̃) = (f(t1), f(t2)) íåïðåðûâíà â òî÷êå (x1, x2) = (0, 0);
â) äëÿ âñåõ t ∈ T óñëîâíàÿ ïëîòíîñòü ðàñïðåäåëåíèÿ pt(x | ∇f(t)) ñëó÷àé-

íîãî âåêòîðà f(t) ïðè óñëîâèè ∇f(t) ñóùåñòâóåò, îãðàíè÷åíà è ÿâëÿåòñÿ
íåïðåðûâíîé â òî÷êå x = 0, ðàâíîìåðíî ïî t ∈ T ;
â′) äëÿ âñåõ t̃ = (t1, t2) ∈ T̃ óñëîâíàÿ ïëîòíîñòü ðàñïðåäåëåíèÿ

pt̃(x̃ | ∇f̃(t̃)) ñëó÷àéíîãî âåêòîðà f̃(t̃) ïðè óñëîâèè ∇f̃(t̃) ñóùåñòâóåò, îãðà-
íè÷åíà è íåïðåðûâíà â x̃ = (0, 0), ðàâíîìåðíî ïî (t1, t2) ∈ T δ2 ïðè êàæäîì
δ > 0;
ã) äëÿ âñåõ t ∈ T óñëîâíàÿ ïëîòíîñòü ðàñïðåäåëåíèÿ pt(z | f(t) = x)

ñëó÷àéíîé ìàòðèöû ∇f(t) ïðè óñëîâèè f(t) = x íåïðåðûâíà ïî z è x, ðàâ-
íîìåðíî ïî t ∈ T ;
ã′) äëÿ âñåõ t̃ = (t1, t2) ∈ T̃ óñëîâíàÿ ïëîòíîñòü ðàñïðåäåëåíèÿ

pt̃(z | f̃(t̃) = x̃) ñëó÷àéíîé ìàòðèöû ∇f̃(t̃) ïðè óñëîâèè f̃(t̃) = x̃ íåïðåðûâíà
ïî z è x̃, ðàâíîìåðíî ïî (t1, t2) ∈ T δ2 ïðè êàæäîì δ > 0;
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ä) ïðè êàæäîì ε > 0 ìîäóëü íåïðåðûâíîñòè íà T êàæäîé êîìïîíåíòû f ,
∇f óäîâëåòâîðÿåò àñèìïòîòè÷åñêîìó ñîîòíîøåíèþ P(ω(η) > ε) = o(η4)
ïðè η ↓ 0.
Ïóñòü indΓf � èíäåêñ êðèâîé Γ îòíîñèòåëüíî ïîëÿ f . Òîãäà âûïîëíåíî

ñëåäóþùåå ñîîòíîøåíèå:

E(indΓf) =

∫
T

E (det∇f(t) | f(t) = 0) pt(0)dt,

E(indΓf)2 =

∫
T 2

E
(
det∇f(t1) det∇f(t2) | f(t1) = f(t2) = 0

)
p(t1,t2)(0)dt1dt2+

+

∫
T

E (| det∇f(t)| | f(t) = 0) pt(0)dt,

ãäå pt(0) � ïëîòíîñòü ðàñïðåäåëåíèÿ f(t) â òî÷êå 0, à p(t1,t2)(0) � ïëîò-

íîñòü ðàñïðåäåëåíèÿ ïîëÿ f̃(t1, t2) = (f(t1), f(t2)) â òî÷êå 0.

Ïðèìåð 1.3.1. Ïðèìåðîì ïîëÿ, óäîâëåòâîðÿþùåãî óñëîâèÿì òåîðåìû, ÿâ-
ëÿåòñÿ ñëåäóþùåå ñëó÷àéíîå ïîëå f :

f(u) =

(
f1(u)
f2(u)

)
=


∫
R2

φ(u+ v)W1(dv)∫
R2

φ(u+ v)W2(dv)

 ,

ãäå φ ∈ C∞0 (R2) � íåîòðèöàòåëüíàÿ ôóíêöèÿ ñî ñâîéñòâîì
∫
R2

φ2(u)du = 1,

W1 è W2 � äâà íåçàâèñèìûõ áåëûõ øóìà íà R2. Äàëüíåéøåå îáñóæäåíèå
ýòîãî ïðèìåðà ïðîâîäèòñÿ â ðàçäåëå 1.4.

Äîêàçàòåëüñòâî òåîðåìû 1.3.1

Ïóñòü N+ � êîëè÷åñòâî îñîáûõ òî÷åê f âíóòðè T (ò.å.òî÷åê t ∈ T , â êî-
òîðûõ f(t) = 0) ñ èíäåêñîì 1, N− � êîëè÷åñòâî îñîáûõ òî÷åê âíóòðè T ñ
èíäåêñîì −1:

N+ = |{t ∈ T : f(t) = 0, indtf = 1}|, N− = |{t ∈ T : f(t) = 0, indtf = −1}|.

Èçâåñòíî, ÷òî ñ âåðîÿòíîñòüþ 1 ó ïîëÿ f íåò îñîáûõ òî÷åê ñ det∇f(t) = 0
(ëåììà 11.2.12 èç [46]).
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Èòàê, ñ âåðîÿòíîñòüþ 1:

N+ = |{t ∈ T | f(t) = 0, det∇f(t) > 0}|,

N− = |{t ∈ T | f(t) = 0, det∇f(t) < 0}|,
è

indΓf = N+ −N−.
Îïðåäåëèì âåêòîðíûå ïîëÿ f̃ , g̃ íà T̃ = {(t1, t2) ∈ T 2 : t1 6= t2} ðàâåíñòâàìè

f̃(t̃) = (f(t1), f(t2)), g̃(t̃) = (∇f(t1),∇f(t2)),

ãäå t̃ = (t1, t2) ∈ T̃ . Îïðåäåëèì òàêæå âåêòîðíîå ïîëå g íà T ðàâåíñòâîì

g(t) = ∇f(t), t ∈ T.

Ïóñòü

B1 =

{(
a b

c d

)
∈ R2×2 ∼= R4 : ad− bc > 0

}
,

B2 =

{(
a b

c d

)
∈ R2×2 ∼= R4 : ad− bc < 0

}
.

Íàøå äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 11.5.1 â [46].
Ôèêñèðóåì δ > 0 è ïàðó (s1, s2), ãäå si ∈ {1,−1}, ïîñëå ÷åãî ïðèìåíèì óòâåð-

æäåíèå 1.2.1 ê f̃ , g̃, T δ2 , B =
2∏
i=1

Bsi. Óñëîâèÿ ýòîãî óòâåðæäåíèÿ òðèâèàëüíî

ïðîâåðÿþòñÿ â íàøåì ñëó÷àå. Ìû ïîëó÷àåì

E
∣∣{(t1, t2) ∈ T δ2 : f(ti) = 0, g(ti) ∈ Bsi, i = 1, 2

}∣∣ =

=E

∣∣∣∣∣
{
t̃ ∈ T δ2 : f̃(t̃) = 0, g̃(t̃) ∈

2∏
i=1

Bsi

}∣∣∣∣∣ =

=

∫
T δ2

E

(
| det∇f̃(t̃)|1 2∏

i=1

Bsi

(g̃(t̃)) | f̃(t̃) = 0

)
pt̃(0)dt̃ =

=

∫
T δ2

E

(
| det∇f̃(t̃)|

2∏
i=1

1sign det∇f(ti)=si | f̃(t̃) = 0

)
pt̃(0)dt̃ =

=s1s2

∫
T δ2

E

(
2∏
i=1

det∇f(ti)1sign det∇f(ti)=si | f̃(t̃) = 0

)
pt̃(0)dt̃.
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Ïðè δ → 0 èìååì ñ âåðîÿòíîñòüþ 1∣∣{(t1, t2) ∈ T δ2 : f(ti) = 0, g(ti) ∈ Bsi, i = 1, 2
}∣∣ −−→

δ→0

−−→
δ→0

∣∣∣{(t1, t2) ∈ T̃ : f(ti) = 0, g(ti) ∈ Bsi, i = 1, 2
}∣∣∣ ,

è ýòà ñõîäèìîñòü ìîíîòîííà. Ïîýòîìó

E
∣∣{(t1, t2) ∈ T δ2 : f(ti) = 0, g(ti) ∈ Bsi, i = 1, 2

}∣∣ −−→
δ→0

−−→
δ→0

E
∣∣∣{(t1, t2) ∈ T̃ : f(ti) = 0, g(ti) ∈ Bsi, i = 1, 2

}∣∣∣ .
Ñ äðóãîé ñòîðîíû, èìååì â ñèëó ìîíîòîííîé ñõîäèìîñòè:∫
T δ2

E

(
| det∇f̃(t̃)|

2∏
i=1

1sign det∇f(ti)=si,i=1,2 | f̃(t̃) = 0

)
pt̃(0)dt̃ −−→

δ→0

−−→
δ→0

∫
T 2

E

{
| det∇f̃(t̃)|

2∏
i=1

1sign det∇f(ti)=si | f̃(t̃) = 0

}
pt̃(0)dt̃.

Ñëåäîâàòåëüíî, ïåðåõîäÿ ê ïðåäåëó ïðè δ → 0, ïîëó÷àåì

E
∣∣∣{(t1, t2) ∈ T̃ : f(ti) = 0, g(ti) ∈ Bsi, i = 1, 2

}∣∣∣ =

= s1s2

∫
T 2

E

(
2∏
i=1

det∇f(ti)1sign det∇f(ti)=si | f̃(t̃) = 0

)
pt̃(0)dt̃,

èëè

s1s2E
∣∣∣{(t1, t2) ∈ T̃ : f(ti) = 0, g(ti) ∈ Bsi

}∣∣∣ =

=

∫
T̃

E

(
2∏
i=1

det∇f(ti)1sign det∇f(ti)=si | f̃(t̃) = 0

)
pt̃(0)dt̃.

Òåïåðü, ïðîâîäÿ ñóììèðîâàíèå ïî âñåì 4 òàêèì ïîñëåäîâàòåëüíîñòÿì (s1, s2)
ñ si = ±1, ìû ïîëó÷àåì∑
s1,s2:si=±1

s1s2E
∣∣∣{(t1, t2) ∈ T̃ : f(ti) = 0, g(ti) ∈ Bsi

}∣∣∣ =

=
∑

s1,s2:si=±1

∫
T̃

E

(
2∏
i=1

(
det∇f(ti)1sign det∇f(ti)=si

)
| f̃(t̃) = 0

)
pt̃(0)dt̃.
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Ñëåâà èìååì

E
∑

s1,s2:si=±1

s1 s2

∣∣∣{(t1, t2) ∈ T̃ : f(ti) = 0, sign det∇f(ti) = si

}∣∣∣ =

= E
(

(N+(N+− 1) +N−(N−− 1)− 2N+N−

)
= E(N+−N−)2−E(N+ +N−).

Ñïðàâà ïîëó÷àåì∑
s1,s2:si=±1

∫
T̃

E

(
2∏
i=1

(
det∇f(ti)1sign det∇f(ti)=si

)
| f̃(t̃) = 0

)
pt̃(0)dt̃ =

=

∫
T̃

E

(
2∏
i=1

det∇f(ti) | f̃(t̃) = 0

)
pt̃(0)dt̃.

Ñëåäîâàòåëüíî,

E(N+ −N−)2 − E(N+ +N−) =

=

∫
T̃

E

(
2∏
i=1

det∇f(ti) | f̃(t̃) = 0

)
pt̃(0)dt̃. (1.3)

Àíàëîãè÷íîå ïðèìåíåíèå óòâåðæäåíèÿ 1.2.1 ê ïîëÿì f, g íà T äà¼ò

EN+ =

∫
T

E
(
| det∇f(t)|1det∇f(t)>0 | f(t) = 0

)
pt(0)dt,

EN− =

∫
T

E
(
| det∇f(t)|1det∇f(t)<0 | f(t) = 0

)
pt(0)dt,

E(N+ +N−) =

∫
T

E (| det∇f(t)| | f(t) = 0) pt(0)dt.

Èòàê, ïîëó÷àåì, èñïîëüçóÿ óòâåðæäåíèå 1.1.2:

E(indΓf) = E(N+ −N−) =

∫
T

E (| det∇f(t)| | f(t) = 0) pt(0)dt.

è

E(indΓf)2 = E(N+ −N−)2 =

=

∫
T̃

E

(
2∏
i=1

det∇f(ti) | f̃(t̃) = 0

)
pt̃(0)dt̃+

∫
T

E (| det∇f(t)| | f(t) = 0) pt(0)dt.

Òåîðåìà äîêàçàíà.
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1.4. Äèñïåðñèÿ èíäåêñà âðàùåíèÿ èçîòðîïíîãî îäíîðîä-
íîãî ãàóññîâñêîãî âåêòîðíîãî ïîëÿ

Îáùàÿ ôîðìóëà äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ è äèñïåðñèè êîëè÷åñòâà âðà-
ùåíèé ñëó÷àéíîãî ïîëÿ âäîëü êðèâîé, ïîëó÷åííàÿ â ðàçäåëå 1.3, ìîæåò áûòü
ïðèìåíåíà â ÷àñòíîì ñëó÷àå îäíîðîäíîãî èçîòðîïíîãî âåêòîðíîãî ïîëÿ.
Ïîíÿòèå îäíîðîäíîãî èçîòðîïíîãî ñëó÷àéíîãî ïîëÿ âîçíèêëî â ñâÿçè ñ

ðàñìîòðåíèåì íàèáîëåå ïðîñòîé ìîäåëè òóðáóëåíòíîñòè � îäíîðîäíîé èçî-
òðîïíîé òóðáóëåíòíîñòè (ñì. [20]). Â ýòîé ìîäåëè ðàñïðåäåëåíèå ïîëÿ ñêîðî-
ñòåé æèäêîñòè èíâàðèàíòíî îòíîñèòåëüíî ïàðàëëåëüíûõ ïåðåíîñîâ, ïîâîðî-
òîâ è îòðàæåíèé.

Îïðåäåëåíèå 1.4.1. [12] Ïóñòü U = {U(x) | x ∈ R2} � âåêòîðíîçíà÷íîå
ñëó÷àéíîå ïîëå íà R2. Äëÿ ëþáîãî ïðåîáðàçîâàíèÿ T : R2 → R2 îáîçíà÷èì
÷åðåç UT ñëó÷àéíîå ïîëå, îïðåäåë¼ííîå ðàâåíñòâîì UT (x) = U(T (x)). Ïîëå
U íàçûâàåòñÿ îäíîðîäíûì, åñëè ïîëå UT èìååò òî æå ðàñïðåäåëåíèå, ÷òî
è U , äëÿ ëþáîãî ïàðàëëåëüíîãî ïåðåíîñà T : R2 → R2, òî åñòü äëÿ ëþáî-
ãî ïðåîáðàçîâàíèÿ âèäà T (x) = Tz(x) = x + z, ãäå z ∈ R2 � ïîñòîÿííûé
âåêòîð. Ïîëå U íàçûâàåòñÿ èíâàðèàíòíûì îòíîñèòåëüíî ïîâîðîòîâ, åñëè
ñëó÷àéíîå ïîëå GU(GTx), x ∈ R2 èìååò òî æå ðàñïðåäåëåíèå, ÷òî U , äëÿ

âñåõ ìàòðèö ïîâîðîòîâ G =

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)
. Îäíîðîäíîå ñëó÷àéíîå ïî-

ëå, èíâàðèàíòíîå îòíîñèòåëüíî ïîâîðîòîâ, íàçûâàåòñÿ ïîëÿðèçîâàííûì.
Åñëè ïîëÿðèçîâàííîå âåêòîðíîå ïîëå òàêæå ÿâëÿåòñÿ èíâàðèàíòíûì îò-
íîñèòåëüíî îòðàæåíèé, òî îíî íàçûâàåòñÿ èçîòðîïíûì.

Ñëåäóÿ ñòàòüå [12], îïèøåì íåêîòîðûå ñâîéñòâà òàêèõ ïîëåé. Èç ñâîéñòâ îä-
íîðîäíîñòè è èçîòðîïíîñòè ñëó÷àéíîãî âåêòîðíîãî ïîëÿ ìîæíî âûâåñòè, ÷òî
êîâàðèàöèîííàÿ ìàòðèöà òàêîãî ïîëÿ èìååò ñïåöèàëüíûé âèä, îïèñûâàåìûé
ñëåäóþùèì ðåçóëüòàòîì.

Óòâåðæäåíèå 1.4.1. [12] Ìàòðè÷íîçíà÷íàÿ ôóíêöèÿ b ÿâëÿåòñÿ êîâàðè-
àöèîííîé ìàòðèöåé êîìïîíåíò íåêîòîðîãî îäíîðîäíîãî èçîòðîïíîãî âåê-
òîðíîãî ïîëÿ f , åñëè è òîëüêî åñëè îíà èìååò âèä

bkl(z) = δklbN(‖z‖) +
zkzl

‖z‖2
(bL(‖z‖)− bN(‖z‖)), ‖z‖ > 0,

b(0) = bN(0)I,
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äëÿ íåêîòîðûõ ôóíêöèé bN , bL âèäà

bL(r) =

∞∫
0

J ′1(rα)ΦP (dα) +

∞∫
0

J1(rα)

rα
ΦS(dα),

bN(r) =

∞∫
0

J1(rα)

rα
ΦP (dα) +

∞∫
0

J ′1(rα)ΦS(dα),

ãäå ΦP ,ΦS � íåêîòîðûå êîíå÷íûå ìåðû íà [0,∞).
Åñëè ΦP è ΦS èìåþò êîíå÷íûå ÷åòâ¼ðòûå ìîìåíòû, òî ôóíêöèè bL, bN

ÿâëÿþòñÿ 4 ðàçà íåïðåðûâíî äèôôåðåíöèðóåìûìè, è

bL(r) = b0 −
1

2
βLr

2 +O(r4), r → 0,

bN(r) = b0 −
1

2
βNr

2 +O(r4), r → 0,

ãäå

βL =
3

8

∞∫
0

α2ΦP (dα) +
1

8

∞∫
0

α2ΦS(dα)

è

βN =
1

8

∞∫
0

α2ΦP (dα) +
3

8

∞∫
0

α2ΦS(dα).

Çàìå÷àíèå 1.4.1. Ìû îáîçíà÷àåì ÷åðåç Jn(x) ôóíêöèþ Áåññåëÿ ïîðÿäêà n,
ÿâëÿþùóþñÿ ðåøåíèåì óðàâíåíèÿ

x2J ′′n(x) + xJ ′n(x) + (x2 − n2)Jn(x) = 0.

Ìû áóäåì èñïîëüçîâàòü íåêîòîðûå ñâîéñòâà ýòèõ ôóíêöèé, èìåþùèåñÿ,
íàïðèìåð, â [51], ãë. 11 �Ôóíêöèè Áåññåëÿ�. Íà ñ. 415 èç [51] ïðèâåäåíû ñëå-
äóþùèå ðàâåíñòâà:

J ′0(x) = −J1(x),

(ôîðìóëà (11.13)),

J0(x) + J2(x) =
2

x
J1(x)

(ôîðìóëà (11.10) ïðè n = 1),

J0(x)− J2(x) = 2J ′1(x).
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(ôîðìóëà (11.12) ïðè n = 1). Èç ïîñëåäíèõ äâóõ ôîðìóë ñëåäóåò

J0(x) = J ′1(x) +
J1(x)

x
.

Íà ñ. 424, 425 èç [51] ïðèâåäåíû òàêæå ñëåäóþùèå ôîðìóëû:

J0(br) =
1

2π

2π∫
0

eibr sin θdθ.

J0(x) =
2

π

1∫
0

cos (xt)√
1− t2

dt.

Èòàê, ðàññìîòðèì îäíîðîäíîå èçîòðîïíîå äâóìåðíîå ãàóññîâñêîå âåêòîðíîå
ïîëå. Äëÿ óïðîùåíèÿ âû÷èñëåíèé áóäåò ðàññìîòðåí òîëüêî ñëó÷àé bL(r) ≡
bN(r), èëè, â òåðìèíàõ óòâåðæäåíèÿ 1.4.1, ΦP = ΦS. Òàêèì îáðàçîì, êîâàðè-
àöèîííàÿ ôóíêöèÿ êîìïîíåíò òàêîãî ïîëÿ èìååò âèä

bij(z) = δijbN(‖z‖), z ∈ R2.

Âûøåóïîìÿíóòîå ïîëå

f(u) =

(
f1(u)
f2(u)

)
=


∫
R2

φ(u+ v)W1(dv)∫
R2

φ(u+ v)W2(dv)

 , φ ∈ C∞0 (R2)

ÿâëÿåòñÿ ïðèìåðîì òàêîãî ïîëÿ.

Òåîðåìà 1.4.1. Ïóñòü f � öåíòðèðîâàííîå ãàóññîâñêîå èçîòðîïíîå âåê-
òîðíîå ïîëå íà R2 ñ êîâàðèàöèîííîé ôóíêöèåé êîìïîíåíò bij(z) = δijbN(‖z‖),
ãäå bN : [0,+∞)→ R èìååò âèä

bN(r) =

∞∫
0

J ′1(rα)Φ(dα) +

∞∫
0

J1(rα)

rα
Φ(dα) =

∞∫
0

J0(rα)Φ(dα),

Φ � êîíå÷íàÿ ìåðà íà [0,∞) ñ êîíå÷íûì ÷åòâ¼ðòûì ìîìåíòîì, è Φ 6= cδ0,
òî åñòü Φ íå ñîñðåäîòî÷åíà â òî÷êå {0}, è âûïîëíåíî óñëîâèå

bN(r) < bN(0), r > 0.
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Òîãäà äèñïåðñèÿ êîëè÷åñòâà âðàùåíèé f âäîëü çàìêíóòîé êóñî÷íî-ãëàäêîé
êðèâîé Γ, êîòîðàÿ îãðàíè÷èâàåò îòêðûòóþ îáëàñòü T , ðàâíà

E(indΓf)2 =

=

∫
T 2

2

‖t1 − t2‖

{
bN(‖t1 − t2‖)b′N(‖t1 − t2‖)3

bN(0)2 − bN(‖t1 − t2‖)2
+

+ b′N(‖t1 − t2‖)b′′N(‖t1 − t2‖)
}
p(t1,t2)(0)dt1dt2 − b′′N(0)p(0)S(T ),

ãäå S(T ) � ïëîùàäü T .
Çäåñü

p(t1,t2)(0) =
1

(2π)2(bN(0)2 − bN(‖t1 − t2‖)2)
,

è pt(0) = p(0) ≡ 1
2πbN (0)2 äëÿ ëþáîãî t ∈ T .

Çàìå÷àíèå 1.4.2. Ëåãêî âèäåòü, ÷òî äëÿ ëþáîãî îäíîðîäíîãî ãàóññîâñêîãî
âåêòîðíîãî ïîëÿ f è êðèâîé Γ, óäîâëåòâîðÿþùåé óñëîâèÿì òåîðåìû 1.3.1:
E(indΓf) = 0. Äëÿ ýòîãî äîñòàòî÷íî ïîêàçàòü, ÷òî

E (det∇f(t) | f(t) = 0) = 0.

Ïîëîæèì Kij(t, s) = Kij(s− t) = E(fi(t)fj(s)). Èìååì

E (det∇f(t) | f(t) = 0) = E
(
∂f1

∂t1
(t)
∂f2

∂t2
(t)− ∂f1

∂t2
(t)
∂f2

∂t1
(t)

)
=

= − ∂K12

∂t1∂t2
(0) +

∂K12

∂t2∂t1
(0) = 0.

Çàìå÷àíèå 1.4.3. Ìîæíî ïîêàçàòü, ÷òî âûøåóïîìÿíóòîå ïîëå

f(u) =

(
f1(u)
f2(u)

)
=


∫
R2

φ(u+ v)W1(dv)∫
R2

φ(u+ v)W2(dv)

 ,

ãäå φ(x) = h(‖x‖), x ∈ R2, óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 1.4.1. Äåé-
ñòâèòåëüíî, äëÿ ïðåîáðàçîâàíèÿ Ôóðüå

b̂(k) =
1

2π

∫
R2

b(z)e−ikzdz
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ôóíêöèè

b(z) = bN(‖z‖) =

∫
R2

φ(u)φ(u+ z)du

ïîëó÷àåì

b̂(k) =
1

2π
φ̂(k)2.

Ïîñêîëüêó φ(·) ∈ S(R2), ïîëó÷àåì òàêæå φ̂(·) ∈ S(R2), ãäå S(R2) îáîçíà÷à-
åò ïðîñòðàíñòâî Øâàðöà. ßñíî, ÷òî φ̂(k) çàâèñèò ëèøü îò ‖k‖, ïîñêîëü-
êó φ(x) = h(‖x‖). Ñëåäîâàòåëüíî, òî æå ñàìîå âåðíî äëÿ b̂(k), òî åñòü
b̂(k) = a(‖k‖). Èòàê, èñïîëüçóÿ èíòåãðèðîâàíèå â ïîëÿðíûõ êîîðäèíàòàõ è
ñâîéñòâà ôóíêöèé Áåññåëÿ(ñì.çàìå÷àíèå 1.4.1), ïîëó÷àåì

bN(‖z‖) = b(z) =
1

2π

∫
R2

b̂(k)eikzdk =
1

2π

∫
R2

a(‖k‖)eikzdk =

∞∫
0

αa(α)J0(α‖z‖)dα.

Ñëåäîâàòåëüíî, ôóíêöèÿ bN(r) èìååò òðåáóåìûé âèä

bN(r) =

∞∫
0

J0(rα)Φ(dα),

è âñå ìîìåíòû ìåðû Φ(dα) = αa(α)dα êîíå÷íû, ïîñêîëüêó a(α) ÿâëÿåòñÿ
áûñòðî óáûâàþùåé ïðè α→∞.

Äîêàçàòåëüñòâî òåîðåìû 1.4.1

Ñíà÷àëà ïðîâåðèì, ÷òî íàøå ïîëå óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 1.3.1.
Ïðîâåðèì óñëîâèå e) íà ìîäóëü íåïðåðûâíîñòè ïîëÿ è åãî ïðîèçâîäíûõ. Â
íàøåì ñëó÷àå ìîæíî óòâåðæäàòü äàæå áîëüøå: äëÿ ëþáîãî ε > 0 è äëÿ ëþ-
áîãî N > 0 ìîäóëü íåïðåðûâíîñòè êàæäîé êîìïîíåíòû f , ∇f óäîâëåòâîðÿåò
ñîîòíîøåíèþ P(ω(η) > ε) = o(ηN) ïðè η ↓ 0 . ×òîáû ýòî äîêàçàòü, íàì
ïîíàäîáèòñÿ ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 1.4.2. Ïóñòü h � öåíòðèðîâàííîå ãàóññîâñêîå ñëó÷àéíîå
âåêòîðíîå ïîëå íà çàìêíóòîé îáëàñòè T ⊂ R2, òàêîå, ÷òî åãî êîâàðèà-
öèîííàÿ ôóíêöèÿ K(t, s) = Ef(t)f(s) äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà
íà T × T . Òîãäà ïîëå h èìååò íåïðåðûâíóþ ìîäèôèêàöèþ, è åãî ìîäóëü
íåïðåðûâíîñòè ω(η) óäîâëåòâîðÿåò óñëîâèþ

P(ω(η) > ε) = o(ηN), η ↓ 0

äëÿ êàæäîãî ε > 0 è êàæäîãî N > 0.
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Äîêàçàòåëüñòâî. Ýòî óòâåðæäåíèå ôàêòè÷åñêè äîêàçàíî íà ñòð. 268 êíè-
ãè [46]. Äîêàçàòåëüñòâî îñíîâàíî íà ïðèìåíåíèè íåðàâåíñòâà
Áîðåëÿ-Öèðåëüñîíà (òåîðåìà 2.1.1 èç [46]) ê ïîëþ H íà T×T , îïðåäåë¼ííîìó
ðàâåíñòâîì H(s, t) = h(t)− h(s).

Ëåãêî âèäåòü, ÷òî ïðè íàøèõ ïðåäïîëîæåíèÿõ êîâàðèàöèîííûå ôóíêöèè
âñåõ ïîëåé ∂fi

∂tj
äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìû íà T × T (ïîñêîëü-

êó ôóíêöèÿ bN � 4 ðàçà íåïðåðûâíî äèôôåðåíöèðóåìà); èòàê, ìû ìîæåì
ïðèìåíèòü íàøå óòâåðæäåíèå 1.4.2 ê íèì. Ñëåäîâàòåëüíî, ìû ïîëó÷àåì, ÷òî
ðàññìàòðèâàåìûå ïîëÿ äåéñòâèòåëüíî ÿâëÿþòñÿ íåïðåðûâíûìè ñ âåðîÿòíî-
ñòüþ 1, è èõ ìîäóëè íåïðåðûâíîñòè óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 1.3.1.
Äëÿ ñîâìåñòíî ãàóññîâñêèõ ñëó÷àéíûõ âåëè÷èí èç òåîðåìû î íîðìàëüíîé

êîððåëÿöèè ñëåäóåò, ÷òî âñå óñëîâíûå ðàñïðåäåëåíèÿ ÿâëÿþòñÿ ãàóññîâñêèìè.
Ïîýòîìó, ÷òîáû ïðîâåðèòü âûïîëíåíèå äðóãèõ óñëîâèé íàøåé òåîðåìû, ìû
äîëæíû ïîêàçàòü íåâûðîæäåííîñòü êîâàðèàöèîííîé ìàòðèöû ðàññìàòðèâàå-
ìûõ ñëó÷àéíûõ âåëè÷èí. Ýòî ÿâëÿåòñÿ óòâåðæäåíèåì ñëåäóþùåãî óòâåðæäå-
íèÿ, äîêàçàòåëüñòâî êîòîðîãî âêëþ÷àåò óòâåðæäåíèÿ 1.4.4�1.4.10.

Óòâåðæäåíèå 1.4.3. Â ïðåäïîëîæåíèÿõ òåîðåìû 1.4.1, äëÿ ëþáûõ 2 òî÷åê
t1 6= t2 ñîâìåñòíîå ðàñïðåäåëåíèå ãàóññîâñêèõ ñëó÷àéíûõ âåëè÷èí

fi(t
j),

∂fk
∂tlm

(tl), i, j, k, l,m = 1, 2,

ÿâëÿåòñÿ íåâûðîæäåííûì.

Â íàøåì ñëó÷àå, äëÿ ëþáûõ äâóõ òî÷åê t1 6= t2 ñëó÷àéíûå âåêòîðû(
f1(t

j),
∂f1

∂tlm
(tl), j, l,m = 1, 2

)
è

(
f2(t

j),
∂f2

∂tlm
(tl), j, l,m = 1, 2

)
ÿâëÿþòñÿ íåçàâèñèìûìè è îäèíàêîâî ðàñïðåäåë¼ííûìè. Ïîýòîìó, äîñòàòî÷íî
ïðîâåðèòü, ÷òî êîâàðèàöèîííàÿ ìàòðèöà ñëó÷àéíûõ âåëè÷èí

f1(t
j), ∂f1

∂tlm
(tl), j, l,m = 1, 2

ÿâëÿåòñÿ íåâûðîæäåííîé. Ýòó ïðîâåðêó ìîæíî âûïîëíèòü, ÿâíî âû÷èñëèâ
êîâàðèàöèîííóþ ìàòðèöó ýòèõ ñëó÷àéíûõ âåëè÷èí. Äåéñòâèòåëüíî, èìååì
ñëåäóþùèå âñïîìîãàòåëüíûå óòâåðæäåíèÿ. Íåêîòîðûå äîêàçàòåëüñòâà îïóñ-
êàåì, ïîñêîëüêó îíè ñîäåðæàò ëèøü ñòàíäàðòíûå òåõíè÷åñêèå ðàñ÷¼òû.

Óòâåðæäåíèå 1.4.4. Êîâàðèàöèîííàÿ ìàòðèöà ñëó÷àéíûõ âåëè÷èí
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f1(t
j), ∂f1

∂tlm
(tl), j, l,m = 1, 2

ðàâíà 

bN(0) bN(r) 0 ∂bN (r)
∂r 0 0

bN(r) bN(0) −∂bN (r)
∂r 0 0 0

0 −∂bN (r)
∂r βN −∂2bN (r)

∂r2 0 0
∂bN (r)
∂r 0 −∂2bN (r)

∂r2 βN 0 0

0 0 0 0 βN −∂bN (r)
∂r /r

0 0 0 0 −∂bN (r)
∂r /r βN


,

ãäå r = ‖t1 − t2‖.

Óòâåðæäåíèå 1.4.5. Îïðåäåëèòåëü êîâàðèàöèîííîé ìàòðèöû ñëó÷àéíûõ
âåëè÷èí

f1(t
j), ∂f1

∂tlm
(tl), j, l,m = 1, 2

ðàâåí

(βNbN(0)− b′N(r)2 + bN(r)b′′N(r) + βNbN(r) + bN(0)b′′N(r))×
× (βNbN(0)− b′N(r)2 + bN(r)b′′N(r)− βNbN(r)− bN(0)b′′N(r))×

× (βNr − b′N(r))(βNr + b′N(r)) =

= ((βNbN(0)− b′N(r)2 + bN(r)b′′N(r))2 − (βNbN(r)− bN(0)b′′N(r))2)×
× ((βNr)

2 − b′N(r)2),

ãäå r = ‖t1 − t2‖.

Óòâåðæäåíèå 1.4.6. Ïðè ëþáîì x > 0 èìååì

|J ′1(x)| < 1
2 , |J1(x)| < x

2 .

Äîêàçàòåëüñòâî. Äîêàæåì ñíà÷àëà íåðàâåíñòâî |J ′1(x)| < 1
2 . Ñîãëàñíî óòâåð-

æäåíèþ 1.4.1, ñóùåñòâóåò èçîòðîïíîå ñëó÷àéíîå ïîëå ξ : R2 → R2 ñ êîâàðèà-
öèîííîé ôóíêöèåé êîìïîíåíò

cov(ξk(z1), ξ
l(z2)) = δklbN(‖z‖) +

zkzl

‖z‖2
(bL(‖z‖)− bN(‖z‖)), ‖x− y‖ > 0,

ãäå z = z1 − z2,
cov(ξk(x), ξl(x)) = bN(0)δkl,
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äëÿ êîòîðîãî ôóíêöèè bL, bN èìåþò âèä

bL(r) = J ′1(r), bN(r) =
J1(r)

r
.

Ðàññìàòðèâàÿ x-êîìïîíåíòó ýòîãî ïîëÿ íà îñè y = 0, ïîëó÷àåì ñêàëÿðíîå
îäíîðîäíîå ñëó÷àéíîå ïîëå ξ1(x) íà ïðÿìîé ñ êîâàðèàöèîííîé ôóíêöèåé

cov(ξ1(x1), ξ
1(x2)) = bL(|x1 − x2|) = J ′1(|x1 − x2|).

Îòñþäà ñðàçó ñëåäóåò íåîòðèöàòåëüíàÿ îïðåäåë¼ííîñòü ôóíêöèè J ′1(|x|), è,
ñëåäîâàòåëüíî, íåðàâåíñòâî

|J ′1(x)| ≤ J ′1(0) =
1

2
, x > 0.

Ïîêàæåì, ÷òî, íà ñàìîì äåëå, íåðàâåíñòâî çäåñü ñòðîãîå. Åñëè ïðè íåêîòîðîì
x0 > 0 èìååò ìåñòî J ′1(x0) = ±1

2 , òî èìååì

ξ1(x0) = ±ξ1(0),

è, ñëåäîâàòåëüíî (â ñèëó îäíîðîäíîñòè ïîëÿ ξ), ïðè ëþáîì íàòóðàëüíîì n

ξ1(nx0) = ±ξ1(0).

Èòàê, èìåþòñÿ ñêîëü óãîäíî áîëüøèå x > 0, äëÿ êîòîðûõ

ξ1(x) = ±ξ1(0).

Íî ýòî ïðîòèâîðå÷èò òîìó, ÷òî äëÿ x > 0

cov(ξ1(0), ξ1(x)) = bL(x) = J ′1(x) = J0(x)− J1(x)

x
→ 0(x→ +∞),

ïîñêîëüêó J0(x)→ 0, J1(x)→ 0 (x→ +∞). Èòàê, íåðàâåíñòâî

|J ′1(x)| < 1

2
, x > 0

äîêàçàíî. Èç íåãî, ïîñêîëüêó J1(0) = 0, ñðàçó âûòåêàåò íåðàâåíñòâî

|J1(x)| < x

2
, x > 0.
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Óòâåðæäåíèå 1.4.7. Äëÿ ëþáîãî x > 0 èìååì

(1/2− J ′1(x))(1 + J0(x)) > J1(x)2,

è

(1/2 + J ′1(x))(1− J0(x)) > J1(x)2.

Äîêàçàòåëüñòâî. Ñîãëàñíî çàìå÷àíèþ 1.4.1, èìååò ìåñòî ðàâåíñòâî

J0(x) =
2

π

1∫
0

cos (xt)√
1− t2

dt.

Îòñþäà, ïðîâîäÿ çàìåíó ïåðåìåííûõ, ïîëó÷àåì

J0(x) =
1

π

1∫
−1

e−ixt√
1− t2

dt.

Ñëåäîâàòåëüíî, ôóíêöèÿ Áåññåëÿ J0(x) ÿâëÿåòñÿ ïðåîáðàçîâàíèåì Ôóðüå ôóíê-
öèè

p(λ) =

√
2

π

1√
π(1− λ2)

1−1≤λ≤1,

òî åñòü

J0(x) =
1√
2π

∞∫
−∞

p(λ)e−iλxdλ = p̂(x),

ãäå ÷åðåç ĥ ìû îáîçíà÷àåì ïðåîáðàçîâàíèå Ôóðüå ôóíêöèè h:

ĥ(t) =
1√
2π

∞∫
−∞

p(λ)e−itλdλ.

Èìååì

1√
2π

∞∫
−∞

|eitλ + 1|2p(λ)dλ =
1√
2π

∞∫
−∞

(2 + eitλ + e−itλ)p(λ)dλ =

= 2p̂(0) + p̂(t) + p̂(−t) = 2J0(0) + J0(t) + J0(−t) = 2(1 + J0(t)).
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Äàëåå,

1√
2π

∞∫
−∞

|iλ(eitλ − 1)|2p(λ)dλ =

=
1√
2π

2

∞∫
−∞

λ2p(λ)dλ−
∞∫

−∞

λ2eitλp(λ)dλ−
∞∫

−∞

λ2e−itλp(λ)dλ

 =

= −2J ′′0 (0) + J ′′0 (t) + J ′′0 (−t) = 2J ′1(0)− 2J ′1(t) = 2

(
1

2
− J ′1(t)

)
.

Àíàëîãè÷íûå âû÷èñëåíèÿ äàþò

∞∫
−∞

(eitλ + 1)(iλe−itλ − iλ)p(λ)dλ = 2J1(t).

Ïðèìåíÿÿ íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî â ôîðìå

∫
R

|f(λ)|2p(λ)dλ×
∫
R

|g(λ)|2p(λ)dλ ≥

∣∣∣∣∣∣
∫
R

|f(λ)g(λ)p(λ)dλ

∣∣∣∣∣∣
2

ê ôóíêöèÿì f(λ) = eitλ + 1, g(λ) = iλ(eitλ − 1) è èñïîëüçóÿ ïðåäûäóùèå
ðàâåíñòâà, ïîëó÷àåì

4(1 + J0(t)) (1/2− J ′1(t)) ≥ 4J1(t)
2.

Ïðè ýòîì ðàâåíñòâî âîçìîæíî òîëüêî â ñëó÷àå, åñëè ñóùåñòâóþò ÷èñëà α, β,
íå ðàâíûå íóëþ îäíîâðåìåííî, òàêèå, ÷òî

αf(λ)
√
p(λ) = βg(λ)

√
p(λ),

èëè, ó÷èòûâàÿ âèä p,

αf(λ)− βg(λ) = 0, λ ∈ (−1, 1),

èëè
(α− iλβ)eitλ + (α + iλβ) = 0, λ ∈ (−1, 1).

Ýòî âîçìîæíî ëèøü ïðè t = 0. Äåéñòâèòåëüíî, ïîäñòàâëÿÿ λ = 0, ïîëó÷àåì
α = 0. Ñëåäîâàòåëüíî, λβ(eitλ − 1) = 0, λ ∈ (−1, 1), ÷òî âîçìîæíî ëèøü ïðè
t = 0.

41



Íåðàâåíñòâî
(1/2 + J ′1(x))(1− J0(x)) > J1(x)2

äîêàçûâàåòñÿ àíàëîãè÷íî ñ ïîìîùüþ ôóíêöèé f(λ) = eitλ − 1 è g(λ) =
iλ(eitλ + 1).

Óòâåðæäåíèå 1.4.8. Äëÿ ëþáûõ α > 0, β > 0 âûïîëíåíû ñëåäóþùèå íåðà-
âåíñòâà:

1

2
(α2 + β2)− 2αβJ1(α)J1(β)− J0(α)β2J ′1(β)−

− J0(β)α2J ′1(α)− α2J ′1(α)− β2J ′1(β) +
1

2
α2J0(β) +

1

2
β2J0(α) > 0

è

1

2
(α2 + β2)− 2αβJ1(α)J1(β)− J0(α)β2J ′1(β)−

− J0(β)α2J ′1(α) + α2J ′1(α) + β2J ′1(β)− 1

2
α2J0(β)− 1

2
β2J0(α) > 0.

Äîêàçàòåëüñòâî. Íàøå ïåðâîå íåðàâåíñòâî ìîæíî ïåðåïèñàòü â âèäå

α2(1/2− J0(β)J ′1(α)− J ′1(α) + 1/2J0(β))+

+ β2(1/2− J0(α)J ′1(β)− J ′1(β) + 1/2J0(α))−
− 2αβJ1(α)J1(β) > 0.

Ìû ïîëàãàåì

a = 1/2− J0(β)J ′1(α)− J ′1(α) + J0(β)/2,

b = −2J1(α)J1(β),

c = 1/2− J0(α)J ′1(β)− J ′1(β) + J0(α)/2.

Äîñòàòî÷íî äîêàçàòü, ÷òî êâàäðàòè÷íàÿ ôîðìà ax2 + bxy + cy2 íå èìååò íó-
ëåé, çà èñêëþ÷åíèåì x = y = 0. Äëÿ ýòîãî ïîêàæåì, ÷òî b2 − 4ac < 0. Èç
óòâåðæäåíèÿ 1.4.7 ïîëó÷àåì:

(1/2− J ′1(α))(1 + J0(α)) > J1(α)2, è (1/2− J ′1(β))(1 + J0(β)) > J1(β)2.

Ïåðåìíîæàÿ ýòè íåðàâåíñòâà, ïîëó÷àåì

(1/2− J ′1(α))(1/2− J ′1(β))(1 + J0(α))(1 + J0(β)) > J1(α)2J1(β)2.

Ïîñëå îïðåäåë¼ííûõ ïðåîáðàçîâàíèé ïîëó÷àåì â òî÷íîñòè b2−4ac < 0. Èòàê,
ïåðâîå íåðàâåíñòâî óòâåðæäåíèÿ äîêàçàíî. Âòîðîå äîêàçûâàåòñÿ òåì æå ñïî-
ñîáîì, ñ ïðèìåíåíèåì íåðàâåíñòâ
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(1/2 + J ′1(α))(1− J0(α)) > J1(α)2, è (1/2 + J ′1(β))(1− J0(β)) > J1(β)2.

èç òîãî æå óòâåðæäåíèÿ 1.4.7.

Óòâåðæäåíèå 1.4.9. Äëÿ ëþáîãî r > 0, âûïîëíåíî ñëåäóþùåå íåðàâåíñòâî:

|βNbN(0)− b′N(r)2 + bN(r)b′′N(r)| > |bN(0)b′′N(r) + βNbN(r)|.

Äîêàçàòåëüñòâî. Èìååì b′N(r) = −
∞∫
0

αJ1(rα)Φ(dα). Ñëåäîâàòåëüíî,

b′N(r)2 =

∞∫
0

∞∫
0

αβJ1(rα)J1(rβ)Φ(dα)Φ(dβ).

Èñïîëüçóÿ íåðàâåíñòâî b′′N(r) = −
∞∫
0

β2J0(rβ)Φ(dβ), ïîëó÷àåì

bN(r)b′′N(r) = −
∞∫

0

∞∫
0

β2J0(rα)J ′1(rβ)Φ(dα)Φ(dβ) =

= −1

2

∞∫
0

∞∫
0

J0(rα)β2J ′1(rβ)Φ(dα)Φ(dβ)−1

2

∞∫
0

∞∫
0

J0(rβ)α2J ′1(rα)Φ(dα)Φ(dβ).

×òî êàñàåòñÿ ÷ëåíà βNbN(0), èç βN = 1
2

∞∫
0

α2Φ(dα) è bN(0) =
∞∫
0

Φ(dβ) ïîëó-

÷àåì, ÷òî

βNbN(0) =
1

2

∞∫
0

α2Φ(dα)Φ(dβ) =
1

2

∞∫
0

α2 + β2

2
Φ(dα)Φ(dβ).

Òåì æå ñàìûì ñïîñîáîì ïîëó÷àåì

bN(0)b′′N(r) = −
∞∫

0

α2J ′1(rα) + β2J ′1(rβ)

2
Φ(dα)Φ(dβ).
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Ñëåäîâàòåëüíî, íóæíî äîêàçàòü ñëåäóþùåå íåðàâåíñòâî:∣∣∣∣∣∣12
∞∫

0

α2 + β2

2
Φ(dα)Φ(dβ)−

∞∫
0

∞∫
0

αβJ1(rα)J1(rβ)Φ(dα)Φ(dβ)−

− 1

2

∞∫
0

∞∫
0

J0(rα)β2J ′1(rβ)Φ(dα)Φ(dβ)− 1

2

∞∫
0

∞∫
0

J0(rβ)α2J ′1(rα)Φ(dα)Φ(dβ)

∣∣∣∣∣∣ >
>

∣∣∣∣∣∣−
∞∫

0

∞∫
0

α2J ′1(rα) + β2J ′1(rβ)

2
Φ(dα)Φ(dβ) +

+
1

4

∞∫
0

∞∫
0

α2J0(rβ)Φ(dα)Φ(dβ) +
1

2

∞∫
0

∞∫
0

β2J0(rα)Φ(dα)Φ(dβ)

∣∣∣∣∣∣ .
Äîñòàòî÷íî ïîêàçàòü, ÷òî äëÿ ëþáûõ α, β > 0 âûïîëíåíû ñëåäóþùèå äâà

íåðàâåíñòâà:

{1/2(α2 + β2)− 2αβJ1(rα)J1(rβ)−
− J0(rα)β2J ′1(rβ)− J0(rβ)α2J ′1(rα)}±

± {−α2J ′1(rα)− β2J ′1(rβ) + 1/2α2J0(rβ) + 1/2 β2J0(rα)} > 0.

Ìîæíî ïîëîæèòü r = 1, ïîñêîëüêó, óìíîæèâ íà r2 è ïîëîæèâ α̂ = rα, β̂ = rβ,
íàøå íåðàâåíñòâî ìîæíî ñâåñòè ê ñëó÷àþ r = 1. Ñëåäîâàòåëüíî, íàì íóæíî
ïîêàçàòü, ÷òî

{1/2(α2 + β2)− 2αβJ1(α)J1(β)− J0(α)β2J ′1(β)− J0(β)α2J ′1(α)}±
± {−α2J ′1(α)− β2J ′1(β) + 1/2α2J0(β) + 1/2 β2J0(α)} > 0.

À ýòî � â òî÷íîñòè íåðàâåíñòâà èç óòâåðæäåíèÿ 1.4.8.

Óòâåðæäåíèå 1.4.10. Äëÿ ëþáûõ r > 0, βN · r > |b′N(r)|.

Äîêàçàòåëüñòâî. Èìååì βN = 1
2

∞∫
0

α2Φ(dα) and b′N(r) = −α
∞∫
0

J1(rα)Φ(dα).

Ñëåäîâàòåëüíî, äîñòàòî÷íî ïîêàçàòü, ÷òî

|αJ1(rα)| < α2r/2,

èëè
|J1(rα)| < αr/2,
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÷òî èçâåñòíî èç óòâåðæäåíèÿ 1.4.6.
Èñïîëüçóÿ óòâåðæäåíèÿ 1.4.10, 1.4.9 è 1.4.5, ïîëó÷àåì óòâåðæäåíèå 1.4.3.

Ïîñëåäíåå ïîçâîëÿåò ïðîâåðèòü óñëîâèÿ á′, â′, ä′ òåîðåìû 1.3.1 äëÿ íàøåãî
ñëó÷àÿ.
Òåïåðü ïðèìåíèì òåîðåìó 1.3.1. Äîñòàòî÷íî ïîêàçàòü, ÷òî

E(det∇f(t1) det∇f(t2) | f(t1) = f(t2) = 0) =

=
2b′N(‖t1 − t2‖)
‖t1 − t2‖

(
bN(‖t1 − t2‖)b′N(‖t1 − t2‖)2

bN(0)2 − bN(‖t1 − t2‖)2
+ b′′N(‖t1 − t2‖)

)
è

E(| det∇f(t)| | f(t) = 0) = βN ,

ãäå βN îïðåäåëåíî â óòâåðæäåíèè 1.4.1.

Ïóñòü (Xij, Yij) � ñëó÷àéíûé âåêòîð, ðàñïðåäåëåíèå êîòîðîãî ñîâïàäàåò
ñ óñëîâíûì ðàñïðåäåëåíèåì (∂fi∂tj

(t1), ∂fi∂tj
(t2)) ïðè óñëîâèè f(t1) = f(t2) = 0.

Èç òåîðåìû î íîðìàëüíîé êîððåëÿöèè ñëåäóåò, ÷òî (Xij, Yij) � ãàóññîâñêèé
ñëó÷àéíûé âåêòîð. Ïîëîæèì

uijkl = E
(
∂fi
∂tk

(t1)
∂fj
∂tl

(t2) | f(t1) = f(t2) = 0

)
.

Çàìåòèì, ÷òî ñëåäóþùèå 3 ëåììû (ëåììà 1.4.1,1.4.2, 1.4.3) âûïîëíÿþòñÿ
äëÿ ëþáîãî öåíòðèðîâàííîãî ãàóññîâñêîãî âåêòîðíîãî ïîëÿ.

Ëåììà 1.4.1. Âûïîëíåíî ñëåäóþùåå ñîîòíîøåíèå:

E(det∇f(t1) det∇f(t2) | f(t1) = f(t2) = 0) =

=
1

2

∑
i,j,k,l=1,2

(−1)i+j+k+luijklu3−i,3−j,3−k,3−l+

+ E(det∇f(t1)|f(t1) = f(t2) = 0)E(det∇f(t2) | f(t1) = f(t2) = 0).

Äîêàçàòåëüñòâî. Â íàøèõ îáîçíà÷åíèÿõ, èìååì:

E(det∇f(t1) det∇f(t2) | f(t1) = f(t2) = 0) =

= E ((X11X22 −X12X21)(Y11Y22 − Y12Y21)) = EX11X22Y11Y22−EX12X21Y11Y22−
− EX11X22Y12Y21 + EX12X21Y12Y21.
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Ïðèìåíåíèå ôîðìóëû Âèêà( [46], ëåììà 11.6.1) äà¼ò:

E(det∇f(t1) det∇f(t2) | f(t1) = f(t2) = 0) =

= EX11X22EY11Y22 − EX12X21EY11Y22 − EX11X22EY12Y21 + EX12X21EY12Y21︸ ︷︷ ︸
E(det∇f(t1)|f(t1)=f(t2)=0)E(det∇f(t2)|f(t1)=f(t2)=0)

+

+ EX11Y11EX22Y22 + EX11Y22EX22Y11 − EX12Y11EX21Y22 − EX12Y22EX21Y11−
−EX11Y12EX22Y21−EX11Y21EX22Y12 +EX12Y12EX21Y21 +EX12Y21EX21Y12 =

= E(det∇f(t1) | f(t1) = f(t2) = 0)× E(det∇f(t2) | f(t1) = f(t2) = 0)+

+ u1111u2222 + u1212u2121 − u1121u2212 − u1222u2111 − u1112u2221 − u1211u2122+

+ u1122u2211 + u1221u2112.

Ýòî äîêàçûâàåò íàøå óòâåðæäåíèå.

Îáîçíà÷èì ÷åðåç K êîâàðèàöèîííóþ ìàòðèöó

K = cov(f1(t
1), f2(t

1), f1(t
2), f2(t

2)).

Ëåììà 1.4.2. Èìååò ìåñòî ðàâåíñòâî

uijkl = E
(
∂fi
∂tk

(t1)
∂fj
∂tl

(t2)

)
+
(

0 0 ∂bi1
∂tk

∂bi2
∂tk

)
K−1


∂b1j
∂tl
∂b2j
∂tl

0
0

 =

= E
(
∂fi
∂tk

(t1)
∂fj
∂tl

(t2)

)
+
(
∂bi1
∂tk

∂bi2
∂tk

)
K−1

12

(
∂b1j
∂tl
∂b2j
∂tl

)
.

Çäåñü K−1
12 � ïîäìàòðèöà K−1, îáðàçîâàííàÿ ïåðåñå÷åíèåì å¼ äâóõ ïîñëåäíèõ

ñòðîê è äâóõ ïåðâûõ ñòîëáöîâ.

Äîêàçàòåëüñòâî. Çäåñü ìû âû÷èñëÿåì óñëîâíîå ìàòåìàòè÷åñêîå îæèäàíèå
E (X1X2 | Y1 = Y2 = Y3 = Y4 = 0) äëÿ ñîâìåñòíî ãàóññîâñêèõ ñëó÷àéíûõ âåëè-
÷èí X1, X2, Y1, Y2, Y3, Y4. Ìîæíî íàïèñàòü:

X1 =
4∑
i=1

αiYi +X1⊥, X2 =
4∑
i=1

βiYi +X2⊥,

ãäå Xj⊥ íå çàâèñèò îò Y1, Y2, Y3, Y4.
Îáîçíà÷èì Xiq = X −Xi⊥, i = 1, 2, C = cov(Y1, Y2, Y3, Y4). Òîãäà

E (X1X2|Y1 = Y2 = Y3 = Y4 = 0) = EX1X2 − EX1qX2q.
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Íî EX1qX2q = EX1qX2 =
∑4

i=1 αiEYiX2 =


EY1X2

EY2X2

EY3X2

EY4X2


T

α, ãäå α =


α1

α2

α3

α4

 .

Îäíàêî, α = C−1


EX1Y1

EX1Y2

EX1Y3

EX1Y4

 , è óòâåðæäåíèå äîêàçàíî.

Ëåììà 1.4.3. Èìååò ìåñòî ðàâåíñòâî

E(det∇f(t1) | f(t1) = f(t2) = 0) =

=
(
∂b11
∂t2

∂b12
∂t2

)
K−1

22

(
∂b21
∂t1
∂b22
∂t1

)
−
(
∂b11
∂t1

∂b12
∂t1

)
K−1

22

(
∂b21
∂t2
∂b22
∂t2

)
.

Çäåñü K−1
22 � ïîäìàòðèöà ìàòðèöû K−1, îáðàçîâàííàÿ ïåðåñå÷åíèåì å¼ ïî-

ñëåäíèõ äâóõ ñòðîê è ïîñëåäíèõ äâóõ ñòîëáöîâ.

Äîêàçàòåëüñòâî.

E(det∇f(t1) | f(t1) = f(t2) = 0) =

= E
(
∂f1

∂t1

∂f2

∂t2
(t1)− ∂f1

∂t2

∂f2

∂t1
(t1) | f(t1) = f(t2) = 0

)
=

= E
∂f1

∂t1

∂f2

∂t2
(t1)−

(
E∂f1
∂t1

(t1)f1(t
1) E∂f1

∂t1
(t1)f2(t

1) E∂f1
∂t1

(t1)f1(t
2) E∂f1

∂t1
(t1)f2(t

2)
)
×

×K−1


E∂f2
∂t2

(t1)f1(t
1)

E∂f2
∂t2

(t1)f2(t
1)

E∂f2
∂t2

(t1)f1(t
2)

E∂f2
∂t2

(t1)f2(t
2)

−
−E∂f1

∂t2

∂f2

∂t1
(t1)+

(
E∂f1
∂t2

(t1)f1(t
1) E∂f1

∂t2
(t1)f2(t

1) E∂f1
∂t2

(t1)f1(t
2) E∂f1

∂t2
(t1)f2(t

2)
)
×

×K−1


E∂f2
∂t2

(t1)f1(t
1)

E∂f2
∂t2

(t1)f2(t
1)

E∂f2
∂t1

(t1)f1(t
2)

E∂f2
∂t1

(t1)f2(t
2)

 =

=
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= E
∂f1

∂t1

∂f2

∂t2
(t1)−

(
0 0 E∂f1

∂t1
(t1)f1(t

2) E∂f1
∂t1

(t1)f2(t
2)
)
×

×K−1


0
0

E∂f2
∂t2

(t1)f1(t
2)

E∂f2
∂t2

(t1)f2(t
2)

− E
∂f1

∂t2

∂f2

∂t1
(t1)+

+
(

0 0 E∂f1
∂t2

(t1)f1(t
2) E∂f1

∂t2
(t1)f2(t

2)
)
K−1


0
0

E∂f2
∂t1

(t1)f1(t
2)

E∂f2
∂t1

(t1)f2(t
2)

 =

= E
(
∂f1

∂t1

∂f2

∂t2
(t1)

)
−E

(
∂f1

∂t2

∂f2

∂t1
(t1)

)
+

(
E∂f1
∂t2

(t1)f1(t
2)

E∂f1
∂t2

(t1)f2(t
2)

)
K−1

22

(
E∂f2
∂t1

(t1)f1(t
2)

E∂f2
∂t1

(t1)f2(t
2)

)
−

−

(
E∂f2
∂t1

(t1)f1(t
2)

E∂f2
∂t1

(t1)f2(t
2)

)
K−1

22

(
E∂f2
∂t2

(t1)f1(t
2)

E∂f2
∂t2

(t1)f2(t
2)

)
=

(
− ∂b12

∂t1∂t2
(0) +

∂b12

∂t2∂t1
(0)

)
+

+
(
−∂b11

∂t2
∂b12
∂t2

)
K−1

22

(
−∂b21

∂t1

−∂b22
∂t1

)
−
(
−∂b11

∂t1
∂b12
∂t1

)
K−1

22

(
−∂b21
∂t2
−∂b22
∂t2

)
=

=
(
∂b11
∂t2

∂b12
∂t2

)
K−1

22

(
∂b21
∂t1
∂b22
∂t1

)
−
(
∂b11
∂t1

∂b12
∂t1

)
K−1

22

(
∂b21
∂t2
∂b22
∂t2

)
.

Â ñëåäóþùèõ ëåììàõ ìû ñóùåñòâåííî èñïîëüçóåì âèä bij(z) = δijbN(‖z‖)
êîâàðèàöèîííîé ôóíêöèè êîìïîíåíò. Äîêàçàòåëüñòâà ïðîâîäÿòñÿ ïðÿìûìè
âû÷èñëåíèÿìè. Îáîçíà÷èì r = ‖t1 − t2‖. Ïîñêîëüêó ðàññìàòðèâàåìîå ïîëå
èçîòðîïíî, òî çíà÷åíèÿ âûðàæåíèé

E(det∇f(t1) | f(t1) = f(t2) = 0) = 0

è

E(det∇f(t1) det∇f(t2) | f(t1) = f(t2) = 0) =

=
2b′N(‖t1 − t2‖)
‖t1 − t2‖

(
bN(‖t1 − t2‖)b′N(‖t1 − t2‖)2

bN(0)2 − bN(‖t1 − t2‖)2
+ b′′N(‖t1 − t2‖)

)
çàâèñÿò ëèøü îò r = ‖t1 − t2‖. Èòàê, â ëåììàõ 1.4.4�1.4.8 ìû ïîëàãàåì

t1 =

(
0
0

)
, t2 =

(
r
0

)
,
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è ýòî íå îãðàíè÷èò îáùíîñòè êîíå÷íîãî ðåçóëüòàòà.

Ëåììà 1.4.4. E
(
∂fi
∂tk

(t1)
∂fj
∂tl

(t2)
)

= −δijδkl
(
δk1

∂2bN (r)
∂r2 + δk2

1
r
∂bN (r)
∂r

)
.

Ëåììà 1.4.5. Ìàòðèöà K èìååò âèä

K =


bN(0) 0 bN(r) 0

0 bN(0) 0 bN(r)
bN(r) 0 bN(0) 0

0 bN(r) 0 bN(0)

 .

Ëåììà 1.4.6. Ìàòðèöû K−1
22 , K

−1
12 èìåþò âèä

K−1
22 =

bN(0)

bN(0)2 − bN(r)2
I, K−1

12 = − bN(0)

bN(0)2 − bN(r)2
I,

ãäå I � åäèíè÷íàÿ ìàòðèöà ðàçìåðà 2× 2.

Ëåììà 1.4.7. Âûïîëíåíû ñëåäóþùèå ñîîòíîøåíèÿ:
∂
∂t1
b11(r, 0) = ∂

∂t1
b22(r, 0) = b′N(r),

∂

∂t2
b11(r, 0) =

∂

∂t1
b12(r, 0) =

∂

∂t2
b12(r, 0) =

∂

∂t1
b21(r, 0) =

=
∂

∂t2
b21(r, 0) =

∂

∂t2
b22(r, 0) = 0.

Ëåììà 1.4.8. Èìååò ìåñòî ðàâåíñòâî

uijkl = −δijδkl

(
δk1

(
∂2bN(r)

∂r2
+

bN(r)

bN(0)2 − bN(r)2

(
∂bN(r)

∂r

)2
)

+ δk2
1

r

∂bN(r)

∂r

)
.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ëåììû ïîëó÷àåòñÿ ïîäñòàíîâêîé â âûðà-
æåíèå äëÿ uijkl èç ëåììû 1.4.2 âûðàæåíèé èç ëåìì 1.4.4, 1.4.6 è 1.4.7.

Ëåììà 1.4.9. Èìååò ìåñòî ðàâåíñòâî

E(det∇f(t1) | f(t1) = f(t2) = 0) = 0.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ëåììû ïîëó÷àåòñÿ ïîäñòàíîâêîé â âûðà-
æåíèå èç ëåììû 1.4.3 äëÿ

E(det∇f(t1) | f(t1) = f(t2) = 0)
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âûðàæåíèé èç ëåìì 1.4.6 è 1.4.7. Çàìåòèì, ÷òî, õîòÿ ëåììû 1.4.6 è 1.4.7 äî-
êàçàíû äëÿ ÷àñòíîãî ñëó÷àÿ

t1 =

(
0
0

)
, t2 =

(
r
0

)
,

ðåçóëüòàò ëåììû 1.4.9 âûïîëíåí äëÿ ëþáûõ òî÷åê t1 6= t2 â ñèëó èçîòðîïíîñòè
ðàññìàòðèâàåìîãî ïîëÿ. Òî æå âåðíî äëÿ ñëåäóþùåé ëåììû.

Ëåììà 1.4.10. Èìååò ìåñòî ðàâåíñòâî

E(det∇f(t1) det∇f(t2) | f(t1) = f(t2) = 0) =

=
2b′N(‖t1 − t2‖)
‖t1 − t2‖

(
bN(‖t1 − t2‖)b′N(‖t1 − t2‖)2

bN(0)2 − bN(‖t1 − t2‖)2
+ b′′N(‖t1 − t2‖)

)
Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ëåììû ïîëó÷àåòñÿ ïîäñòàíîâêîé â âûðà-
æåíèå èç ëåììû 1.4.1 äëÿ

E(det∇f(t1) det∇f(t2) | f(t1) = f(t2) = 0) =

=
2b′N(‖t1 − t2‖)
‖t1 − t2‖

(
bN(‖t1 − t2‖)b′N(‖t1 − t2‖)2

bN(0)2 − bN(‖t1 − t2‖)2
+ b′′N(‖t1 − t2‖)

)
âûðàæåíèé èç ëåìì 1.4.8 è 1.4.9.

Òåïåðü âû÷èñëèì E (| det∇f(t)| | f(t) = 0) .

Ëåììà 1.4.11. E∂fi
∂tk

(t)
∂fj
∂tl

(t) = δijδklβN ,

ãäå βN = −b′′N(0), êàê è â óòâåðæäåíèè 1.4.1

Ëåììà 1.4.12. Èìååò ìåñòî ðàâåíñòâî

E (| det∇f(t)| | f(t) = 0) = βN .

Äîêàçàòåëüñòâî. Ëåãêî âèäåòü, ÷òî âñå ∂fi
∂tk

(t) íå çàâèñÿò îò f(t). Ïîýòîìó
det∇f(t) èìååò âèä ξ1ξ2− ξ3ξ4, ãäå ξi ∈ N(0, βN), i = 1, 2, 3, 4 � íåçàâèñèìûå
â ñîâîêóïíîñòè ãàóññîâñêèå ñëó÷àéíûå âåëè÷èíû (ýòî âèäíî èç ëåììû 1.4.11),
è

E{| det∇f(t)| | f(t) = 0} = E| det∇f(t)| = E|ξ1ξ2 − ξ3ξ4|.
Ïîëàãàÿ ηi = 1√

βN
ξi, ìû ïîëó÷àåì äëÿ íåçàâèñèìûõ â ñîâîêóïíîñòè ãàóññîâ-

ñêèõ ñëó÷àéíûõ âåëè÷èí ηi, i = 1, 2, 3, 4:

E|ξ1ξ2 − ξ3ξ4| = βNE|η1η2 − η3η4|.
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Ïîëîæèâ òåïåðü

ζ1 =
η1 + η2√

2
, ζ2 =

η1 − η2√
2

, ζ3 =
η3 + η4√

2
, ζ4 =

η3 − η4√
2

,

ïîëó÷àåì äëÿ íåçàâèñèìûõ â ñîâîêóïíîñòè ãàóññîâñêèõ ñëó÷àéíûõ âåëè÷èí
ζi, i = 1, 2, 3, 4:

E|η1η2 − η3η4| =
1

2
E|ζ2

1 + ζ2
4 − ζ2

2 − ζ2
3 |.

Ñëåäîâàòåëüíî, èìååì

E|ζ2
1 + ζ2

4 − ζ2
2 − ζ2

3 | =
∫
R4

|x2
1 + x2

4 − x2
2 − x2

3|
1
√

2π
4e
−x

2
1+x

2
2+x

2
3+x

2
4

2 dx1dx2dx3dx4 =

= (x1 = r1cosφ1, x4 = r1 sinφ1, x2 = r2cosφ1, x3 = r2 sinφ2) =

=

∞∫
0

∞∫
0

|r2
1 − r2

2|e−
r21+r

2
2

2 r1r2dr1dr2 =

(
u =

r2
1

2
, v =

r2
2

2

)
=

= 2

∞∫
0

∞∫
0

|u− v|e−(u+v)dudv = 2.

Èòàê, òåîðåìà 1.4.1 ïîëíîñòüþ äîêàçàíà.

Âûâîäû ê ãëàâå 1

1. Ïîëó÷åíî âûðàæåíèå äëÿ ïåðâîãî è âòîðîãî ìîìåíòà èíäåêñà âðàùå-
íèÿ ñëó÷àéíîãî ïîëÿ íà ïëîñêîñòè âäîëü çàìêíóòîé êðèâîé â òåðìèíàõ
óñëîâíîé ïëîòíîñòè äâóõòî÷å÷íûõ ðàñïðåäåëåíèé ïîëÿ.

2. Äëÿ èçîòðîïíîãî ãàóññîâñêîãî ñëó÷àéíîãî ïîëÿ ïåðâûé è âòîðîé ìî-
ìåíòû èíäåêñà âðàùåíèÿ íàéäåíû â òåðìèíàõ êîâàðèàöèîííîé ôóíêöèè
êîìïîíåíò ïîëÿ.
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Ãëàâà 2

Èíâàðèàíòû Âàñèëüåâà äëÿ êîñ,

ñîñòàâëåííûõ èç ñåìèìàðòèíãàëîâ

Cîãëàñíî [2], âàæíóþ ðîëü â èññëåäîâàíèè ãåîìåòðèè ôàçîâûõ ïîòîêîâ âåê-
òîðíûõ ïîëåé èãðàåò êîýôôèöèåíò çàöåïëåíèÿ òðàåêòîðèé ïîòîêà, âûõîäÿ-
ùèõ èç ðàçëè÷íûõ òî÷åê. Êîýôôèöèåíò çàöåïëåíèÿ ÿâëÿåòñÿ õàðàêòåðèñòè-
êîé äâóõòî÷å÷íîãî äâèæåíèÿ ÷àñòèö. Äëÿ õàðàêòåðèçàöèè n-òî÷å÷íûõ äâè-
æåíèé â ïîòîêå åñòåñòâåííî ðàññìîòðåòü êîñó, îáðàçîâàííóþ íåñêîëüêèìè
òðàåêòîðèÿìè ÷àñòèö. Ãîìîòîïè÷åñêèå èíâàðèàíòû óçëîâ è êîñ èññëåäîâà-
ëèñü â ðàáîòàõ Â. À. Âàñèëüåâà (ñì., íàïðèìåð, [52]). Â ðàáîòàõ Ì. Ë. Êîí-
öåâè÷à áûëî ïîëó÷åíî ïðåäñòàâëåíèå èíâàðèàíòîâ Âàñèëüåâà äëÿ ãëàäêèõ
óçëîâ â âèäå êðàòíûõ èíòåãðàëîâ. Àíàëîãè÷íîå ïðåäñòàâëåíèå ñóùåñòâóåò è
äëÿ ãëàäêèõ êîñ [47]. Äëÿ âàæíûõ êëàññîâ ñòîõàñòè÷åñêèõ ïîòîêîâ, â ÷àñò-
íîñòè, äëÿ èçîòðîïíûõ áðîóíîâñêèõ ñòîõàñòè÷åñêèõ ïîòîêîâ, òðàåêòîðèè ÷à-
ñòèö â íèõ ÿâëÿþòñÿ íåïðåðûâíûìè ñåìèìàðòèíãàëàìè. Â òèïè÷íûõ ñëó÷àÿõ
òðàåêòîðèè íåïðåðûâíûõ ñåìèìàðòèíãàëîâ íå ÿâëÿþòñÿ ãëàäêèìè. Ïîýòî-
ìó ðàññìàòðèâàåìûå íàìè êîñû ïî âðåìåííîé ïåðåìåííîé t ÿâëÿþòñÿ ëèøü
íåïðåðûâíûìè, íî íå ãëàäêèìè.

Â ýòîé ãëàâå ìû ïîëó÷àåì ïðåäñòàâëåíèå èíâàðèàíòîâ Âàñèëüåâà äëÿ êîñ,
îáðàçîâàííûõ íåïðåðûâíûìè ñåìèìàðòèãàëàìè îòíîñèòåëüíî îáùåé ôèëü-
òðàöèè, â âèäå ïîâòîðíûõ èíòåãðàëîâ Ñòðàòîíîâè÷à. Â ðàçäåëå 2.1 ïðèâåäåíû
íåîáîäèìûå ñâåäåíèÿ îá èíòåãðàëå Êîíöåâè÷à äëÿ ãëàäêèõ êîñ. Â ðàçäåëå 2.2
ìû ïîëó÷àåì ðåçóëüòàòû, êàñàþùèåñÿ àïïðîêñèìàöèè èíâàðèàíòîâ Âàñèëüå-
âà äëÿ íåãëàäêèõ êîñ ñ ïîìîùüþ èíâàðèàíòîâ Âàñèëüåâà äëÿ âïèñàííûõ â
íèõ ëîìàíûõ. Ñ èñïîëüçîâàíèåì ýòèõ ðåçóëüòàòîâ â ðàçäåëå 2.3 ïîëó÷àåòñÿ
ïðåäñòàâëåíèå èíâàðèàíòîâ Âàñèëüåâà äëÿ ñåìèìàðòèíãàëîâ â âèäå ïîâòîð-
íûõ ñòîõàñòè÷åñêèõ èíòåãðàëîâ.
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2.1. Èíâàðèàíòû Âàñèëüåâà äëÿ ãëàäêèõ êîñ

Ïðèâåä¼ì íåîáõîäèìûå äëÿ äàëüíåéøåãî èçëîæåíèÿ ñâåäåíèÿ èç òåîðèè êîñ
è èõ èíâàðèàíòîâ. Íàøå èçëîæåíèå áóäåò ñëåäîâàòü, â îñíîâíîì, ðàáîòå [47].

Îïðåäåëåíèå 2.1.1. [47] Êîíôèãóðàöèîííûì ïðîñòðàíñòâîì n òî÷åê êîì-
ïëåêñíîé ïëîñêîñòè íàçûâàåòñÿ òîïîëîãè÷åñêîå ïðîñòðàíñòâî

C0,n = {(z1, . . . , zn) ∈ Cn : zi 6= zj, i 6= j}

ñ òîïîëîãèåé, èíäóöèðîâàííîé èç Cn.

Îïðåäåëåíèå 2.1.2. [47] Êîñîé èç n íèòåé íàçûâàåòñÿ íåïðåðûâíàÿ êðè-
âàÿ

Z(t) = (Z1(t), . . . , Zn(t)), t ∈ [0, T ], Zk(t) ∈ C, t ∈ [0, T ]

â êîíôèãóðàöèîííîì ïðîñòðàíñòâå C0,n, ò.å. íåïðåðûâíîå îòîáðàæåíèå èç
îòðåçêà [0, T ] â ïðîñòðàíñòâî C0,n. Òðàåêòîðèè Zk(t), t ∈ [0, T ] íàçûâàþòñÿ
íèòÿìè êîñû.

Òàêèì îáðàçîì, íèòè êîñû íå ïåðåñåêàþòñÿ, ò.å. äëÿ ïðîèçâîëüíûõ k 6= l:

∀t ∈ [0, T ] Zk(t) 6= Zl(t).

Îïðåäåëåíèå 2.1.3. Êîñà Z(t) = (Z1(t), . . . , Zn(t)), t ∈ [0, T ], ãäå

∀ k Zk(t) ∈ C, t ∈ [0, T ],

íàçûâàåòñÿ ãëàäêîé (êóñî÷íî-ãëàäêîé), åñëè âñå Zk � ãëàäêèå (êóñî÷íî-ãëàäêèå)
ôóíêöèè âðåìåíè t.

Èíâàðèàíòû Âàñèëüåâà îáû÷íî îïðåäåëÿþò äëÿ ãëàäêèõ (èëè êóñî÷íî-
ãëàäêèõ) êîñ. Îäíàêî, ïîñêîëüêó îíè ÿâëÿþòñÿ ãîìîòîïè÷åñêèìè èíâàðèàí-
òàìè, èõ ìîæíî îïðåäåëèòü è äëÿ íåïðåðûâíûõ êîñ, � êàê ñîîòâåòñòâóþùèå
èíâàðèàíòû äëÿ ãîìîòîïíûõ èì ãëàäêèõ êîñ (ðàññìàòðèâàþòñÿ ãîìîòîïèè,
ñîõðàíÿþùèå íà÷àëüíûå è êîíå÷íûå òî÷êè êîñ). Â ñèëó òîãî, ÷òî èíâàðè-
àíòû Âàñèëüåâà ñîâïàäàþò äëÿ ãîìîòîïíûõ ãëàäêèõ êîñ, èìåþùèõ îáùóþ
íà÷àëüíóþ è êîíå÷íóþ òî÷êè [47], ýòî îïðåäåëåíèå êîððåêòíî. Ñèñòåìà èí-
âàðèàíòîâ Âàñèëüåâà ÿâëÿåòñÿ ïîëíîé òîì ñìûñëå, ÷òî äâå êîñû ÿâëÿþòñÿ
ãîìîòîïíûìè òîãäà è òîëüêî òîãäà, êîãäà âñå èíâàðèàíòû Âàñèëüåâà äëÿ íèõ
ñîâïàäàþò [53]. Äëÿ èíâàðèàíòîâ Âàñèëüåâà ñóùåñòâóåò èíòåãðàëüíîå ïðåä-
ñòàâëåíèå, äàííîå Ì. Ë. Êîíöåâè÷åì [54]. Ïðèâåä¼ì åãî îïèñàíèå, ñëåäóÿ
ñòàòüå [47].
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Îáîçíà÷èì ÷åðåç Pmn íàáîð âñåõ âîçìîæíûõ ìàòðèö

P =


P11 P12

P21 P22

. . . . . . . . .
Pm1 Pm2


ðàçìåðà m×2, ãäå ïðè âñåõ i = 1, . . . ,m Pi1, Pi2 ∈ {1, . . . , n}, Pi1 6= Pi2. Î÷å-
âèäíî, |Pmn| = (n(n− 1)/2)m. Çäåñü n � êîëè÷åñòâî íèòåé ðàññìàòðèâàåìîé
íàìè êîñû. Ïîñòàâèì â ñîîòâåòñòâèå êàæäîé ìàòðèöå P ∈ Pmn íåêîòîðûé
îáúåêò D(P ) � �äèàãðàììó�. Äèàãðàììà D(P ), ñîîòâåòñòâóþùàÿ ìàòðèöå
P ∈ Pmn, ñîñòîèò èç n âåðòèêàëüíûõ îòðåçêîâ, ñîîòâåòñòâóþùèõ ñòðóíàì êî-
ñû, è ñîåäèíÿþùèõ èõ m ãîðèçîíòàëüíûõ îòðåçêîâ, ïðåäñòàâëÿþùèõ ñòðîêè
ìàòðèöû P . Ãîðèçîíòàëüíûé îòðåçîê, ïðåäñòàâëÿþùèé i-þ ñòðîêó (Pi1Pi2),
ñîåäèíÿåò âåðòèêàëüíûå îòðåçêè ñ íîìåðàìè Pi1 è Pi2. Ïðè i < j îòðåçîê, ñî-
îòâåòñòâóþùèé i-îé ñòðîêå, íàõîäèòñÿ âûøå îòðåçêà, ñîîòâåòñòâóþùåãî j-îé
ñòðîêå.

Ïðèìåð 2.1.1. Ïóñòü n = 4(êîñà èç 4 ñòðóí), m = 3, è ìàòðèöà P ∈ P34

èìååò âèä P =

1 3
2 3
3 4

. Òîãäà äèàãðàììà D(P ) èìååò âèä

1 2 3 4

Íàòÿíåì íà ýòè äèàãðàììû D(P ) âåêòîðíîå ïðîñòðàíñòâî, êîòîðîå áóäåì
íàçûâàòü ïðîñòðàíñòâîì äèàãðàìì ïîðÿäêàm, è ïðîâåä¼ì åãî ôàêòîðèçàöèþ
ïî ñëåäóþùèì ñîîòíîøåíèÿì:

• Îäíî÷ëåííîå ñîîòíîøåíèå. Ïóñòü ìàòðèöû P, P ′ ∈ Pmn òàêîâû:

P =



. . . .

. . . .
i j
k l
. . . .

. . . .

 , P ′ =



. . . .

. . . .
k l
i j
. . . .

. . . .

 ,

ãäå i, j, k, l ñîîòâåòñòâóþò ÷åòûð¼ì ïîïàðíî ðàçëè÷íûì íèòÿì. Òîãäà
D(P ) = D(P ′).
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• ×åòûð¼õ÷ëåííîå ñîîòíîøåíèå. Ïóñòü ìàòðèöû P1, P2, P3, P4, P5, P6 ∈ Pmn
òàêîâû:

P1 =



. . . .

. . . .
i j
j k
. . . .
. . . .

 , P2 =



. . . .

. . . .
j k
i k
. . . .
. . . .

 , P3 =



. . .

. . .
i k
i j
. . .
. . .

 ,

P4 =



. . . .

. . . .
j k
i j
. . . .

. . . .

 , P5 =



. . . .

. . . .
i k
j k
. . . .

. . . .

 , P6 =



. . .

. . .
i j
i k
. . .

. . .

 ,

ãäå i, j, k ñîîòâåòñòâóþò òð¼ì ïîïàðíî ðàçëè÷íûì íèòÿì. Òîãäà

D(P1)−D(P4) = D(P2)−D(P5) = D(P3)−D(P6).

Òî÷íåå ãîâîðÿ, ââåä¼ì ñëåäóþùåå îïðåäåëåíèå.

Îïðåäåëåíèå 2.1.4. Ïóñòü V - êîìïëåêñíîå âåêòîðíîå ïðîñòðàíñòâî ðàç-
ìåðíîñòè (n(n−1)/2)m ñ áàçèñîì {D(P ), P ∈ Pmn}, òî åñòü ïðîñòðàíñòâî
ôîðìàëüíûõ êîíå÷íûõ ëèíåéíûõ êîìáèíàöèé äèàãðàìì D(P ), P ∈ Pmn c
êîýôôèöèåíòàìè èç C. Ðàñìîòðèì â í¼ì ïîäïðîñòðàíñòâî U ⊂ V , ÿâëÿ-
þùååñÿ ëèíåéíîé îáîëî÷êîé âåêòîðîâ âèäà D(P ) −D(P ′), D(P1) −D(P4) −
D(P2) +D(P5), D(P1)−D(P4)−D(P3) +D(P6) äëÿ âñåâîçìîæíûõ ìàòðèö
P, P ′, P1, P2, P3, P4, P5, P6 òàêîãî âèäà, êàê óêàçàíî âûøå â îïðåäåëåíèè îäíî-
÷ëåííîãî è ÷åòûð¼õ÷ëåííîãî ñîîòíîøåíèé. Òîãäà ïðîñòðàíñòâîì äèàãðàìì
ïîðÿäêà m áóäåì íàçûâàòü ôàêòîðïðîñòðàíñòâî ïðîñòðàíñòâà V ïî ïîä-
ïðîñòðàíñòâó U .

Îïðåäåëåíèå 2.1.5. Êàæäàÿ ëèíåéíàÿ ôóíêöèÿ íà ïðîñòðàíñòâå äèàãðàìì
ïîðÿäêà m íàçûâàåòñÿ ñèñòåìîé âåñîâ ïîðÿäêà m.

Íàì ïîòðåáóåòñÿ òàêæå îïðåäåëåíèå ïðîèçâåäåíèÿ äèàãðàìì.

Îïðåäåëåíèå 2.1.6. Ïðîèçâåäåíèåì äèàãðàìì D(P ) è D(P ′), ãäå

P =


P11 P12

P21 P22

. . . . . . . .
Pr1 Pr2

 , P ′ =


Q11 Q12

Q21 Q22

. . . . . . . .
Qs1 Qs2

 ,
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íàçûâàåòñÿ äèàãðàììà D(P ′′), ãäå

P ′′ =



P11 P12

P21 P22

. . . . . . . .
Pr1 Pr2
Q11 Q12

Q21 Q22

. . . . . . . .
Qs1 Qs2


.

Ìû áóäåì ïèñàòü: D(P ′′) = D(P )×D(P ′).

Òåïåðü ìû ìîæåì äàòü îïðåäåëåíèå èíòåãðàëîâ Êîíöåâè÷à.

Îïðåäåëåíèå 2.1.7. [47] Èíòåãðàëîì Êîíöåâè÷à ïîðÿäêà m äëÿ êóñî÷íî-
ãëàäêîé êîñû Z(t) = (Z1(t), . . . , Zn(t)) íàçûâàåòñÿ ñëåäóþùèé ýëåìåíò ïðî-
ñòðàíñòâà äèàãðàìì ïîðÿäêà m:

Km =
∑
P∈Pmn

∫
∆m

ωP11P12
(t1) . . . ωPm1Pm2

(tm)D(P ),

ãäå ∆m = ∆m(T ) = {(t1, . . . , tm) | 0 ≤ t1 ≤ · · · ≤ tm ≤ T},

ωkl(t) = ωlk(t) =
1

2πi

dZk(t)− dZl(t)
Zk(t)− Zl(t)

.

×èñëîâûå èíâàðèàíòû ïîðÿäêà m (áóäåì íàçûâàòü èõ, êàê â [47], èíâàðè-
àíòàìè ïîðÿäêà m) ïîëó÷àþòñÿ èç èíòåãðàëîâ Km è ëèíåéíûõ ôóíêöèé íà
ïðîñòðàíñòâå äèàãðàìì ïîðÿäêà m ñ ïîìîùüþ çàìåíû äèàãðàìì íà ñîîò-
âåòñòâóþùèå âåñà (òàêèì îáðàçîì, êàæäîé ñèñòåìå âåñîâ ñîîòâåòñòâóåò
ñâîé èíâàðèàíò).

Ïðèìåð 2.1.2. Èíâàðèàíòû ïåðâîãî ïîðÿäêà � ýòî âñåâîçìîæíûå ëèíåé-
íûå êîìáèíàöèè âåëè÷èí

λkl(T ) = 1
2πi

T∫
0

dZk(t′)−dZl(t′)
Zk(t′)−Zl(t′) = 1

2πi

(
ln Rkl(T )

Rkl(0) + i(Φkl(T )− Φkl(0))
)
,

ãäå Rkl(t) = |Zk(t) − Zl(t)|, Φkl(t) � íåïðåðûâíàÿ ïî t âåðñèÿ àðãóìåíòà
êîìïëåêñíîãî ÷èñëà Zk(t)−Zl(t). Èíà÷å ãîâîðÿ, Φkl(T )−Φkl(0) ïðåäñòàâëÿåò
ñîáîé óãîë, êîòîðûé íèòü Zk îáõîäèò âîêðóã íèòè Zl ê ìîìåíòó T .
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Ïðèìåð 2.1.3. [47] Ïðèìåðîì èíâàðèàíòà âòîðîãî ïîðÿäêà ÿâëÿåòñÿ ñëå-
äóþùèé èíâàðèàíò äëÿ ãëàäêîé êîñû èç òð¼õ íèòåé (Z1(t), Z2(t), Z3(t)), t ∈
[0, T ]:

Ψ123 =
1

2

∫ T

0

(λ12(s)dλ13(s)−λ13(s)dλ12(s))+
1

2

T∫
0

(λ13(s)dλ23(s)−λ23(s)dλ13(s))+

+
1

2

T∫
0

(λ23(s)dλ12(s)− λ12(s)dλ23(s)),

ãäå λkl(t) = 1
2πi

t∫
0

dZk(t′)−dZl(t′)
Zk(t′)−Zl(t′) .

2.2. Èíâàðèàíòû Âàñèëüåâà äëÿ íåãëàäêèõ êîñ

Â ýòîì ðàçäåëå ìû îáñóäèì èíâàðèàíòû Âàñèëüåâà äëÿ íåãëàäêèõ êîñ, ÷òî
ïîçâîëèò ïîëó÷èòü â ðàçäåëå 2.3 ïðåäñòàâëåíèå èíâàðèàíòîâ Âàñèëüåâà äëÿ
íåïðåðûâíûõ ñåìèìàðòèíãàëîâ â âèäå êðàòíûõ èíòåãðàëîâ Ñòðàòîíîâè÷à. Â
íàøèõ ðàññóæäåíèÿõ ìû áóäåì ïðèáëèæàòü êîñû ñ ïîìîùüþ âïèñàííûõ â
íèõ ëîìàíûõ. Ââåä¼ì ñëåäóþùåå îáîçíà÷åíèå.

Îïðåäåëåíèå 2.2.1. Ïóñòü Z � êîñà, îáðàçîâàííàÿ íåïðåðûâíûìè êðèâû-
ìè Zk(t), t ∈ [0, T ], k = 1, . . . , n. Ïóñòü τ = {0 = t0 < t1 < · · · < tp = T} �
íåêîòîðîå ðàçáèåíèå èíòåðâàëà [0, T ]. Ðàññìîòðèì âïèñàííûå â êðèâûå Zk
ëîìàíûå Zτ

k ñ âåðøèíàìè Zk(t0), . . . , Zk(tp). Êîñó, îáðàçîâàííóþ ëîìàíûìè
Zτ
k , áóäåì íàçûâàòü êîñîé, âïèñàííîé â êîñó Z ïî ðàçáèåíèþ τ , è îáîçíà÷àòü

Zτ .

Çàìå÷àíèå 2.2.1. Ëîìàíûå Zτ
k ìîãóò ïåðåñåêàòüñÿ è ïîòîìó íå îáðàçîâû-

âàòü êîñû. Îäíàêî ÿñíî, ÷òî ïðè äîñòàòî÷íî ìåëêèõ ðàçáèåíèÿõ τ òàêàÿ
ñèòóàöèÿ âîçíèêàòü íå áóäåò, è ïîýòîìó ìû íå áóäåì äåëàòü ñîîòâåò-
ñòâóþùóþ îãîâîðêó â äàëüíåéøåì.

Èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2.2.1. Ëþáîé èíâàðèàíò Âàñèëüåâà äëÿ íåïðåðûâíîé êîñû Z ÿâ-
ëÿåòñÿ ïðåäåëîì ñîîòâåòñòâóþùèõ èíâàðèàíòîâ äëÿ ïîñëåäîâàòåëüíîñòè
âïèñàííûõ â íå¼ êîñ Zτl, åñëè ìåëêîñòè ðàçáèåíèé τl ñòðåìÿòñÿ ê 0.
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Äîêàçàòåëüñòâî. Ïóñòü Z(t) = (Z1(t), . . . , Zn(t)), t ∈ [0, T ] - êîñà. Ïîêàæåì,
÷òî ïðè äîñòàòî÷íî ìåëêèõ ðàçáèåíèÿõ âðåìåííîãî îòðåçêà êîñû, îáðàçîâàí-
íûå ëîìàíûìè, ïîñòðîåííûìè ïî ýòîìó ðàçáèåíèþ, ãîìîòîïíû êîñå Z(t).
Â äàííîì äîêàçàòåëüñòâå ïðèìåíÿåòñÿ ñëåäóþùàÿ èçâåñòíàÿ ëåììà.

Ëåììà 2.2.1. (î ëåáåãîâîì ÷èñëå) [55, c. 179]. Äëÿ âñÿêîãî îòêðûòîãî ïî-
êðûòèÿ êîìïàêòíîãî ìåòðè÷åñêîãî ïðîñòðàíñòâà X ñóùåñòâóåò òàêîå
ε > 0, ÷òî ïðè ëþáîì x ∈ X øàð Bε(x) ñîäåðæèòñÿ â îäíîì èç ìíîæåñòâ
ïîêðûòèÿ.

Ïóñòü Uα�ïîêðûòèå Cn \ {∃i 6= j : zi = zj} îòêðûòûìè øàðàìè. Òîãäà
ìíîæåñòâà Z−1(Uα) îáðàçóþò îòêðûòîå ïîêðûòèå X = [0, T ]. Äëÿ ýòîãî ïî-
êðûòèÿ âûáåðåì ε > 0 èç ëåììû. Íà÷èíàÿ ñ íåêîòîðîé ìåëêîñòè ðàçáèåíèÿ,
ïðè âñåõ i èìååì |ti+1 − ti| < ε, è êàæäûé îòðåçîê ðàçáèåíèÿ [ti, ti+1] îòîá-
ðàæàåòñÿ â ôèêñèðîâàííîå ìíîæåñòâî Uα. Òîãäà çàìåíà òðàåêòîðèè Z(t) íà
êàæäîì îòðåçêå [ti, ti+1] íà îòðåçîê ñ êîíöàìè Z(ti), Z(ti+1) ìåíÿåò òðàåêòî-
ðèþ íà ãîìîòîïíóþ åé. Òî÷íåå ãîâîðÿ, ãîìîòîïèÿ îñóùåñòâëÿåòñÿ ñåìåéñòâîì
êðèâûõ Zµ(t), µ ∈ [0, 1], t ∈ [0, T ], ãäå

Zµ(t) = (1− µ)Z(t) + µ
(t− ti)Z(ti+1) + (ti+1 − t)Z(ti)

ti+1 − ti
, t ∈ [ti, ti+1].

Ïðè µ = 0 èìååì èñõîäíóþ êðèâóþ, ïðè µ = 1 èìååì ëîìàíóþ ñ êîíöàìè â
òî÷êàõ Z(ti).

Çàìå÷àíèå 2.2.2. Èç äîêàçàòåëüñòâà ñëåäóåò, ÷òî ãîìîòîïíûìè áóäóò
íå òîëüêî âñÿ êîñà è ñîîòâåòñòâóþùàÿ ëîìàíàÿ, íî è âñå êîñû, ñîîòâåò-
ñòâóþùèå èíòåðàâàëàì âðåìåíè [0, ti]. Òî åñòü êîñû

Z(t)|t∈[0,ti]
= (Z1(t), . . . , Zn(t)), t ∈ [0, ti],

áóäóò ãîìîòîïíû ñîîòâåòñòâóþùèì ëîìàíûì. Ýòîò ôàêò áóäåò èñïîëü-
çîâàòüñÿ â äàëüíåéøèõ äîêàçàòåëüñòâàõ.

Äëÿ ëþáûõ äâóõ íåïðåðûâíûõ íåïåðåñåêàþùèõñÿ òðàåêòîðèé Z1(t), Z2(t),
t ∈ [0, T ] îïðåäåëåíà ôóíêöèÿ

λ12(t) =
1

2π
Φ12(t)−

i

2π
ln
R12(t)

R12(0)
,

ãäå R12(t) = |Z1(t) − Z2(t)|, à Φ12(t)�óãîë îáõîäà äî ìîìåíòà t òðàåêòîðèè
Z2 âîêðóã òðàåêòîðèè Z1, ò.å. óãîë îáõîäà òðàåêòîðèè Z(t) = Z2(t) − Z1(t)
âîêðóã íóëÿ.
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Ñëåäóþùèé ôàêò ïðèâîäèòñÿ ñ äîêàçàòåëüñòâîì, ïîñêîëüêó â òàêîé ôîð-
ìóëèðîâêå îí íå áûë íàéäåí â ëèòåðàòóðå.

Óòâåðæäåíèå 2.2.1. Ëþáîé èíâàðèàíò Lm ïîðÿäêà m äëÿ êóñî÷íî ãëàäêîé
êîñû Z(t) ïðåäñòàâëÿåòñÿ ñóììîé âèäà

∑
i

T∫
0

Lim−1(t)dλi(t),

ãäå Lim−1 � íåêîòîðûå èíâàðèàíòû ïîðÿäêà m−1 äëÿ òîé æå êîñû, λi = λkl
äëÿ íåêîòîðûõ k 6= l, ãäå ôóíêöèè λkl ââåäåíû âûøå.

Äîêàçàòåëüñòâî. Èíâàðèàíò Lm ïîëó÷àåòñÿ èç íåêîòîðîãî èíòåãðàëà Êîí-
öåâè÷à Km ïîðÿäêà m çàìåíîé äèàãðàìì íà ñîîòâåòñòâóþùèå âåñà. Èìååì

Km =
∑
P∈Pmn

∫
∆m

ωP11P12
(t1) . . . ωPm1Pm2

(tm)D(P ) =

=
∑
i6=j

∑
P∈Pm−1,n

T∫
0


∫

∆m−1(tm)

ωP11P12
(t1) . . . ωPm−1,1Pm−1,2(tm−1)

ωij(tm)×

× (D(P )×D(P ij)),

ãäå P ij =
(
i j
)
.

Ïðè ôèêñèðîâàííîé ñèñòåìå âåñîâ w, ñòàâÿ â ñîîòâåòñòâèå êàæäîé äèà-
ãðàììå D ÷èñëî w(D), ïîëó÷àåì äëÿ ñîîòâåòñòâóþùåãî èíâàðèàíòà Lm =
w(Km):

Lm =
∑
i 6=j

∑
P∈Pm−1,n

T∫
0


∫

∆m−1(t)

ωP11P12
(t1) . . . ωPm−1,1Pm−1,2(tm−1)

ωij(t)×

× w(D(P )×D(P ij)).

Ñèñòåìà âåñîâ w′(D(P )) = w(D(P ) × D(P ′)) íà äèàãðàììàõ P ∈ Pm−1,n

êîððåêòíî îïðåäåëåíà, ïîñêîëüêó âûïîëíåíèå äëÿ íå¼ îäíî÷ëåííîãî è ÷åòû-
ð¼õ÷ëåííîãî ñîîòíîøåíèé âûòåêàåò èç âûïîëíåíèÿ ñîîòâåòñòâóþùèõ ñîîòíî-
øåíèé äëÿ âåñîâ w(D(P )×D(P ′)). Ïîýòîìó ïðè ôèêñèðîâàííûõ i, j êàæäàÿ
ñóììà ∑

P∈Pm−1,n

∫
∆m−1(tm)

ωP11P12
(t1) . . . ωPm−1,1Pm−1,2(tm−1)w(D(P )×D(P ij))
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ñàìà ÿâëÿåòñÿ èíâàðèàíòîì (ïîðÿäêà m− 1). Óòâåðæäåíèå äîêàçàíî.

Ðàññìîòðèì êîñó Z, îáðàçîâàííóþ íåïðåðûâíûìè êðèâûìè

Zk(t), t ∈ [0, T ], k = 1, . . . , n,

è ïîñëåäîâàòåëüíîñòü ðàçáèåíèé τ = τp = {0 = t0 < t1 < · · · < tp = T}
èíòåðâàëà [0, T ] ñ |τp| → 0, p → ∞. Ïóñòü L(t)�íåêîòîðûé èíâàðèàíò ïî-
ðÿäêà m äëÿ êîñû Z(s), 0 ≤ s ≤ t, îáðàçîâàííîé êðèâûìè Zk(s), 0 ≤ s ≤ t,
λ = λkl äëÿ íåêîòîðûõ k 6= l. Ðàññìîòðèì âïèñàííûå â êðèâûå Zk ëîìàíûå
Zτ
k ñ âåðøèíàìè Zk(t0), . . . , Zk(tp), è ïóñòü Zτ � êîñà, îáðàçîâàííàÿ ýòèìè

ëîìàíûìè. Îáîçíà÷èì ÷åðåç Lτ(t) çíà÷åíèå èññëåäóåìîãî èíâàðèàíòà íà êî-
ñå Zτ(s), 0 ≤ s ≤ t, è ïóñòü λτ(t)�ñîîòâåòñòâóþùàÿ λ(t) ôóíêöèÿ äëÿ ýòîé
ëîìàíîé. Â ýòîé ñèòóàöèè èìååò ìåñòî ñëåäóþùåå.

Òåîðåìà 2.2.2. Åñëè ïðè êàæäîì k ñóììû
p−1∑
i=0

|Zk(ti+1)−Zk(ti)|2 îãðàíè÷åíû

ðàâíîìåðíî ïî ðàçáèåíèÿì τp, òî èìååò ìåñòî ñõîäèìîñòü

p−1∑
i=0

L(ti) + L(ti+1)

2
(λ(ti+1)− λ(ti))−

T∫
0

Lτp(t)dλτp(t)→ 0, p→∞. (2.1)

Çàìå÷àíèå 2.2.3. Ôóíêöèè Lτ , λτ ÿâëÿþòñÿ êóñî÷íî ãëàäêèìè. Òî÷íåå ãî-
âîðÿ, îíè äèôôåðåíöèðóåìû âñþäó, çà èñêëþ÷åíèåì òî÷åê ti, â êîòîðûõ èìå-
þò ïðàâûå è ëåâûå îäíîñòîðîííèå ïðîèçâîäíûå. Ýòà äèôôåðåíöèðóåìîñòü
ñëåäóåò èç ÿâíîãî ïðåäñòàâëåíèÿ èíâàðèàíòîâ Âàñèëüåâà â âèäå èíòåãðà-
ëîâ, ñïðàâåäëèâîãî äëÿ êóñî÷íî-ãëàäêèõ êîñ, êàêîâîé è ÿâëÿåòñÿ êîñà Zτ .

Çàìå÷àíèå 2.2.4. Óñëîâèå òåîðåìû âûïîëíåíî äëÿ êîñû, íèòè êîòîðîé
Z1, . . . , Zn ÿâëÿþòñÿ ã¼ëüäåðîâûìè ñ ïîêàçàòåëåì 1/2.

Äîêàæåì òåîðåìó 2.2.2.

Äîêàçàòåëüñòâî. Çàìåòèì ñíà÷àëà, ÷òî çà ñ÷¼ò ãîìîòîïè÷åñêîé èíâàðèàíò-
íîñòè L(t), λ(t) è çàìå÷àíèÿ 2.2.2, äëÿ äîñòàòî÷íî ìåëêèõ ðàçáèåíèé τ = τp
èç ðàññìàòðèâàåìîé ïîñëåäîâàòåëüíîñòè ïðè âñåõ i âûïîëíåíû ðàâåíñòâà

L(ti) = Lτ(ti), λ(ti) = λτ(ti).

Ïîñëåäóþùèå îöåíêè áóäåì ïðîâîäèòü èìåííî äëÿ òàêèõ äîñòàòî÷íî ìåëêèõ
ðàçáèåíèé.
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Çàìåíèì ôóíêöèþ Lτ íà å¼ êóñî÷íî-ëèíåéíóþ âåðñèþ L̃: ïðè êàæäîì i
Lτ(ti) = L̃(ti), L̃(t) ëèíåéíà íà [ti, ti+1].
Îöåíèì ðàçíîñòü:∣∣∣∣∫ T

0

(Lτ(t)− L̃(t))dλτ(t)

∣∣∣∣ ≤ p−1∑
i=0

max
t∈[ti,ti+1]

|Lτ(t)− L̃(t)||λ(ti+1)− λ(ti)| ≤

≤
p−1∑
i=0

max
t∈[ti,ti+1]

|L′′τ(t)|(ti+1 − ti)2|λ(ti+1)− λ(ti)|. (2.2)

Äåéñòâèòåëüíî, èìååì Lτ(ti) = L̃(ti), Lτ(ti+1) = L̃(ti+1). Â ñèëó òåîðåìû
Ëàãðàíæà, ïðèìåí¼ííîé ê äèôôåðåíöèðóåìîé íà îòðåçêå [ti, ti+1] ôóíêöèè
Lτ (ñì. çàìå÷àíèå 2.2.3), ñóùåñòâóåò t̃ ∈ [ti, ti+1], òàêîå, ÷òî

L′τ(t̃) =
Lτ(ti+1)− Lτ(ti)

ti+1 − ti
= L̃′(t̃),

è ïîòîìó äëÿ âñåõ t ∈ [ti, ti+1] :

|L′τ(t)− L̃′(t)| = |L′τ(t)− L̃′(t̃)| = |L′τ(t)− L′τ(t̃)| ≤
≤ max

[ti,ti+1]
|L′′τ(t)||t− t̃| ≤ max

[ti,ti+1]
|L′′(t)||ti+1 − ti|.

Îòñþäà äëÿ t ∈ [ti, ti+1]:

|Lτ(t)− L̃(t)| =

∣∣∣∣∣∣
t∫

ti

(L′τ(s)− L̃′(s))ds

∣∣∣∣∣∣ ≤
≤ max

s∈[ti,ti+1]
|L′τ(s)− L̃′(s)||ti+1 − ti| ≤ max

s∈[ti,ti+1]
|L′′τ(s)|(ti+1 − ti)2.

Òåì ñàìûì íåðàâåíñòâî (2.2) óñòàíîâëåíî.
Èìååò ìåñòî ñëåäóþùàÿ îöåíêà íà L′′τ(t), t ∈ [ti, ti+1]:

|L′′τ(t)| ≤ C max
k=1,...,n

∆Xk(ti)
2 + ∆Yk(ti)

2

∆ti
2 , (2.3)

ãäå Xk, Yk � êîîðäèíàòû k-îé íèòè êîñû Z, ò.å. Zk(t) = Xk(t) + iYk(t),
∆Xk(ti) = Xk(ti+1) − Xk(ti), ∆Yk(ti) = Yk(ti+1) − Yk(ti), C > 0 � íåêîòîðàÿ
ïîñòîÿííàÿ, çàâèñÿùàÿ ëèøü îò èñõîäíîé êîñû (íî íå îò ðàçáèåíèÿ). Äåéñòâè-

òåëüíî, Lτ(t) ïðåäñòàâëÿåòñÿ â âèäå ñóììû èíòåãðàëîâ âèäà
T∫
0

Lm−1
τ (t)dλτ(t),
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ãäå Lm−1
τ (t)�íåêîòîðûå èíâàðèàíòû ïîðÿäêà m − 1 (äëÿ ëîìàíîé, ïðèáëè-

æàþùåé íàøó êîñó), λτ(t) = λτkl(t) äëÿ íåêîòîðûõ k 6= l, 1 ≤ k, l ≤ n �
èíâàðèàíòû ïåðâîãî ïîðÿäêà (òîæå äëÿ ëîìàíûõ). Èìååì ïðè t ∈ [ti, ti+1] t∫

0

Lm−1
τ (t)dλτ(t)

′′ = (Lm−1
τ (t)λ′τ(t))

′ = (Lm−1
τ (t))′λ′τ(t) + Lm−1

τ (t)λ′′τ(t)).

(2.4)
Äàëåå, îáîçíà÷àÿ Xkl(t) = Xl(t)−Xk(t), Ykl(t) = Yl(t)− Yk(t), èìååì

λ′τ(t) = (λklτ )′(t) =
1

2π

(
XklY

′
kl − YklX ′kl

X2
kl + Y 2

kl

− iXklX
′
kl + YklY

′
kl

X2
kl + Y 2

kl

)
.

Ó÷èòûâàÿ, ÷òî X ′′l = Y ′′l = X ′′k = Y ′′k = 0, ïîëó÷àåì

2πλ′′τ(t) =
XklY

′′
kl − YklX ′′kl

X2
kl + Y 2

kl

− 2
(XklY

′
kl − YklX ′kl)(XklX

′
kl + YklY

′
kl)

(X2
kl + Y 2

kl)
2

−

− iXklX
′′
kl + YklY

′′
kl + 2X ′klY

′
kl

X2
kl + Y 2

kl

+ 2i
(XklX

′
kl + YklY

′
kl)(XklX

′
kl + YklY

′
kl)

(X2
kl + Y 2

kl)
2

=

= −2
(XklY

′
kl − YklX ′kl)(XklX

′
kl + YklY

′
kl)

(X2
kl + Y 2

kl)
2

−2i
X ′klY

′
kl

X2
kl + Y 2

kl

+2i
(XklX

′
kl + YklY

′
kl)

2

(X2
kl + Y 2

kl)
2

,

îòêóäà ïðè íåêîòîðûõ C1, C2 > 0 äëÿ âñåõ äîñòàòî÷íî ìåëêèõ ðàçáèåíèé
ïîëó÷àåì, ÷òî ïðè t ∈ [ti, ti+1]

|λ′′τ(t)| ≤ C1(X
′2
l + Y ′2l +X ′2k + Y ′2k ) =

= C1
∆Xk(ti)

2 + ∆Yk(ti)
2 + ∆Xl(ti)

2 + ∆Yl(ti)
2

∆t2i
≤

≤ C2 max
k=1,...,n

∆Xk(ti)
2 + ∆Yk(ti)

2

∆t2i
.

Àíàëîãè÷íî ïðîâîäèòñÿ îöåíêà (Lm−1
τ (t))′. Èç ýòèõ îöåíîê è èç (2.4) ïîëó÷à-

åòñÿ (2.3). Èç íå¼ è èç (2.2), ó÷èòûâàÿ êóñî÷íóþ ëèíåéíîñòü X, Y , ïîëó÷àåì∣∣∣∣∣∣
T∫

0

(Lτ(t)− L̃(t))dλτ(t)

∣∣∣∣∣∣ ≤ C

p−1∑
i=0

max
[ti,ti+1]

|L′′τ(t)|(ti+1 − ti)2|λ(ti+1)− λ(ti)| ≤

≤ C ′ max
i=0,...p−1

|λ(ti+1)− λ(ti)|
n∑
k=1

p−1∑
i=0

(∆Xk(ti)
2 + ∆Yk(ti)

2) −−−→
p→∞

0
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â ñèëó ðàâíîìåðíîé ïî p îãðàíè÷åííîñòè ñóìì

p−1∑
i=0

(∆Xk(ti)
2 + ∆Yk(ti)

2).

Äàëåå, çàìåíèì λτ(·) íà êóñî÷íî-ëèíåéíóþ âåðñèþ λ̃(·). Èìååì
T∫

0

L̃(t)dλτ(t) = L̃(T )λτ(T )−
T∫

0

λτ(t)dL̃(t).

Ðàçíîñòü ∣∣∣∣∣∣
T∫

0

λτ(t)dL̃(t)−
∫ T

0

λ̃(t)dL̃(t)

∣∣∣∣∣∣
îöåíèâàåòñÿ àíàëîãè÷íî ðàçíîñòè∣∣∣∣∣∣

T∫
0

(Lτ(t)− L̃(t))dλτ(t)

∣∣∣∣∣∣ .
Òàêèì îáðàçîì, ïîëó÷àåì:

T∫
0

L̃(t)dλ̃(t)−
T∫

0

Lτ(t)dλτ(t)→ 0, p→∞.

Îäíàêî,
T∫

0

L̃(t)dλ̃(t) =

p−1∑
i=0

L(ti) + L(ti+1)

2
(λ(ti+1)− λ(ti)).

Ýòî è çàâåðøàåò äîêàçàòåëüñòâî òåîðåìû 2.2.2.

2.3. Èíâàðèàíòû Âàñèëüåâà äëÿ ñåìèìàðòèíãàëîâ

Â ýòîì ïàðàãðàôå ìû ïîëó÷àåì âûðàæåíèÿ äëÿ èíòåãðàëîâ Êîíöåâè÷à êîñ,
ñîñòàâëåííûõ èç íåïðåðûâíûõ ñåìèìàðòèíãàëîâ. Âíà÷àëå ðàññìîòðèì èíòå-
ãðàëû Êîíöåâè÷à ïåðâîãî ïîðÿäêà.

Ëåììà 2.3.1. Ïóñòü Xt, Yt � íåïðåðûâíûå ñåìèìàðòèíãàëû îòíîñèòåëüíî
îáùåé ôèëüòðàöèè (Ft), t ∈ [0, T ], òàêèå, ÷òî ñ âåðîÿòíîñòüþ 1

∀t ∈ [0, T ] Z(t) = X(t) + iY (t) 6= 0.
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Òîãäà ïðîöåññû lnR(t) = ln |Z(t)| è óãîë îáõîäà Φ(t) ïðîöåññà Z âîêðóã íà÷àëà
êîîðäèíàò ÿâëÿþòñÿ ñåìèìàðòèíãàëàìè îòíîñèòåëüíî (Ft), t ∈ [0, T ].

Äîêàçàòåëüñòâî. Ïðèìåíÿÿ ôîðìóëó Èòî, ïîëó÷àåì äëÿ ïðîöåññà

R2
t = X2

t + Y 2
t

ðàâåíñòâî

R2
t = R2

0 + 2

t∫
0

XsdXs + 2

t∫
0

YsdYs + 〈X〉t + 〈Y 〉t ,

è ïðîöåññ R2 ÿâëÿåòñÿ íåïðåðûâíûì ñåìèìàðòèíãàëîì ñ õàðàêòåðèñòèêîé

〈
R2
〉
t

= 4

t∫
0

X2
sd 〈X〉s + 4

t∫
0

Y 2
s d 〈Y 〉s + 8

t∫
0

XsYsd 〈X, Y 〉s .

Äëÿ ïðîöåññà lnR(t) = 1
2 lnR(t)2 ñ ïîìîùüþ ôîðìóëû Èòî òåïåðü ïîëó÷àåì

lnR(t) = lnR(0) +

t∫
0

1

R2
s

(XsdXs + YsdYs)−

−
t∫

0

X2
s − Y 2

s

2R4
s

(d 〈X〉s − d 〈Y 〉s)−
t∫

0

4

R4
s

XsYsd 〈X, Y 〉s .

Ïîñêîëüêó èíòåãðàëû Èòî íåïðåðûâíûõ ñåìèìàðòèíãàëîâ ïî íåïðåðûâíûì
ñåìèìàðòèíãàëàì ÿâëÿþòñÿ íåïðåðûâíûìè ñåìèìàðòèíãàëàìè( [3], ñ. 58), òî
lnR(t) � íåïðåðûâíûé ñåìèìàðòèíãàë.
Òåïåðü ïîêàæåì, ÷òî è Φ(t) ÿâëÿåòñÿ íåïðåðûâíûì ñåìèìàðòèíãàëîì. Ðàñ-

ñìîòðèì ïîñëåäîâàòåëüíîñòü ðàçáèåíèé τl : 0 = t0 < . . . < tl = T îò-
ðåçêà [0, T ] ñ ìåëêîñòüþ |τl|, ñõîäÿùåéñÿ ê íóëþ. Ïðè äîñòàòî÷íî áîëüøèõ
l ≥ l0 = l0(ω) âñå îòðåçêè òðàåêòîðèé Z íà èíòåðâàëàõ [ti, ti+1] áóäóò öåëèêîì
ëåæàòü â îäíîì èç ìíîæåñòâ {(x, y) : x > 0}, {(x, y) : x < 0}, {(x, y) : y > 0},
{(x, y) : y < 0}. Òàêèì îáðàçîì, ïðè äîñòàòî÷íî áîëüøèõ l ≥ l0 = l0(ω) ïðè-
ðàùåíèÿ Φ(ti+1)−Φ(ti) áóäóò ñîâïàäàòü ñ ïðèðàùåíèÿìè îäíîé èç ôóíêöèé
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arctg Ys
Xs
, arcctg Xs

Ys
. Òàêèì îáðàçîì, ìîæíî çàêëþ÷èòü, ÷òî ïðè äîñòàòî÷íî

áîëüøèõ l ≥ l0(ω) Φ(t)−Φ(0) ïðè âñåõ t ∈ [0, T ] ñîâïàäàåò ñ îäíîé èç 2l ñóìì

SJ =
l−1∑
i=0

(fji(X(ti+1 ∧ t), Y (ti+1 ∧ t))− fji(X(ti ∧ t), Y (ti ∧ t))),

ãäå f1(x, y) = arctg y
x , f2(x, y) = arcctg x

y , à íàáîð J = (j1, . . . , jl) ïðîáåãàåò

âñå 2l âîçìîæíûõ çíà÷åíèé èç {1, 2}l. Ïðèìåíÿÿ ôîðìóëó Èòî, ïîëó÷àåì

d
Ys
Xs

= − Ys
X2
s

dXs +
1

Xs
dYs +

Ys
X3
s

d 〈X〉s −
1

X2
s

d 〈X, Y 〉s ,

îòêóäà

d

〈
Y

X

〉
s

=
Y 2
s

X4
s

d 〈X〉s +
1

X2
s

d 〈Y 〉s − 2
Ys
X3
s

d 〈X, Y 〉s .

Èç ôîðìóëû Èòî è ïîëó÷åííûõ âûðàæåíèé èìååì

d arctg
Ys
Xs

=
X2
s

X2
s + Y 2

s

d
Ys
Xs
− X3

sYs
(X2

s + Y 2
s )2

d

〈
Y

X

〉
s

=

=
XsdYs − YsdXs

X2
s + Y 2

s

+
XsYs

(X2
s + Y 2

s )2
(d 〈X〉s − d 〈Y 〉s)−

X2
s − Y 2

s

(X2
s + Y 2

s )2
d 〈X, Y 〉s .

Àíàëîãè÷íûå âû÷èñëåíèÿ ïîçâîëÿþò ïîëó÷èòü ôîðìóëó

d arcctg
Xs

Ys
=

=
XsdYs − YsdXs

X2
s + Y 2

s

+
XsYs

(X2
s + Y 2

s )2
(d 〈X〉s − d 〈Y 〉s)−

X2
s − Y 2

s

(X2
s + Y 2

s )2
d 〈X, Y 〉s .

Ñëåäîâàòåëüíî, äëÿ âñåõ l0 ≥ l0(ω) âûïîëíåíî

Φ(t)− Φ(0) =

=

t∫
0

XsdYs − YsdXs

X2
s + Y 2

s

+

t∫
0

XsYs
(X2

s + Y 2
s )2

(d 〈X〉s−d 〈Y 〉s)−
t∫

0

X2
s − Y 2

s

(X2
s + Y 2

s )2
d 〈X, Y 〉s .

Èòàê, Φ(t) � òàêæå íåïðåðûâíûé ñåìèìàðòèíãàë. Ôîðìóëû, ïîëó÷åííûå â
äîêàçàòåëüñòâå ýòîé ëåììû, áóäóò èñïîëüçîâàíû â ãëàâå 3 â äîêàçàòåëüñòâå
óòâåðæäåíèÿ 3.2.2.
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Òåîðåìà 2.3.1. Äëÿ íåïðåðûâíûõ ñåìèìàðòèíãàëîâ Zk(t), t ∈ [0, T ], k =
1, . . . , n îòíîñèòåëüíî îáùåé ôèëüòðàöèè (Ft), t ∈ [0, T ], òàêèõ, ÷òî ñ âå-
ðîÿòíîñòüþ 1

∀t ∈ [0, T ] ∀k 6= l Zk(t) 6= Zl(t),

èíòåãðàëû Êîíöåâè÷à âû÷èñëÿþòñÿ êàê ñîîòâåòñòâóþùèå êðàòíûå èíòå-
ãðàëû Ñòðàòîíîâè÷à.

Äîêàçàòåëüñòâî. Òåîðåìà 2.3.1 î÷åâèäíûì îáðàçîì ñëåäóåò èç òåîðåìû 2.2.2,
è óòâåðæäåíèÿ 2.2.1, ñ ó÷¼òîì òîãî ôàêòà, ÷òî äëÿ êîíå÷íîãî ÷èñëà íåïðåðûâ-
íûõ ñåìèìàðòèíãàëîâ Uk(t) îòíîñèòåëüíî îáùåé ôèëüòðàöèè Ft ñóùåñòâóåò
(äåòåðìèíèðîâàííàÿ) ïîñëåäîâàòåëüíîñòü ðàçáèåíèé

τp : 0 = t
(p)
0 < t

(p)
1 . . . < t

(p)
jp−1 < t

(p)
jp

= T

ñî ñòðåìÿùåéñÿ ê 0 ìåëêîñòüþ (ò.å. max
0≤j≤jp−1

(t
(p)
j+1 − t

(p)
j ) −−−→

p→∞
0), òàêàÿ, ÷òî

âñå ïîñëåäîâàòåëüíîñòè ñóìì
jp−1∑
j=0

|Uk(t(p)j+1)− Uk(t
(p)
j )|2, k = 1, . . . , n,

îãðàíè÷åíû ñ âåðîÿòíîñòüþ 1. Äåéñòâèòåëüíî, âûáðàâ ïðîèçâîëüíóþ ïîñëå-
äîâàòåëüíîñòü ðàçáèåíèé

Λq : 0 = s
(q)
0 < s

(q)
1 . . . < s

(q)
lq−1 < s

(q)
lq

= T

ñî ñõîäÿùåéñÿ ê 0 ìåëêîñòüþ, ïîëó÷àåì, ÷òî ñîîòâåòñòâóþùèå ñóììû
lq−1∑
j=0

|Uk(s(q)
j+1)− Uk(s

(q)
j )|2

ñõîäÿòñÿ ïî âåðîÿòíîñòè ïðè q →∞ [3, c. 51], à ïîñêîëüêó ýòèõ ñóìì êîíå÷íîå
÷èñëî, òî ìîæíî âûáðàòü ïîäïîñëåäîâàòåëüíîñòü ïîñëåäîâàòåëüíîñòè Λq, äëÿ
êîòîðîé ñîîòâåòñòâóþùèå ñóììû áóäóò ñõîäèòüñÿ ñ âåðîÿòíîñòüþ 1.

Ïðèìåð 2.3.1. Èíâàðèàíò èç ïðèìåðà 2.1.3 òåïåðü çàïèñûâàåòñÿ â âèäå

Ψ123 =
1

2

∫ T

0

(λ12(s) ◦ dλ13(s)− λ13(s) ◦ dλ12(s))+

+
1

2

T∫
0

(λ13(s)◦dλ23(s)−λ23(s)◦λ13(s))+
1

2

T∫
0

(λ23(s)◦dλ12(s)−λ12(s)◦dλ23(s)).

(2.5)
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Çàìåòèì, ÷òî â ýòîì ñëó÷àå âìåñòî èíòåãðàëîâ Ñòðàòîíîâè÷à ìîæíî
ïèñàòü èíòåãðàëû Èòî, ò.å.

Ψ123 =
1

2

∫ T

0

(λ12(s)dλ13(s)− λ13(s)dλ12(s))+

+
1

2

T∫
0

(λ13(s)dλ23(s)− λ23(s)λ13(s)) +
1

2

T∫
0

(λ23(s)dλ12(s)− λ12(s)dλ23(s)).

(2.6)

Äåéñòâèòåëüíî, èìååò ìåñòî ñëåäóþùåå ñîîòíîøåíèå ìåæäó èíòåãðàëà-
ìè Èòî è Ñòðàòîíîâè÷à äëÿ íåïðåðûâíûõ ñåìèìàðòèíàëîâ X, Y (ñì. [56],
ñòð. 342):

t∫
0

Xs ◦ dYs =

t∫
0

XsdYs +
1

2
〈X, Y 〉t .

Îòñþäà ïîëó÷àåòñÿ ñîîòíîøåíèå

t∫
0

Xs ◦ dYs −
t∫

0

Ys ◦ dXs =

t∫
0

XsdYs −
t∫

0

YsdXs.

Ïðèìåíÿÿ åãî â íàøåì ñëó÷àå äëÿ ïàð ñåìèìàðòèíãàëîâ λ12 è λ13, λ13 è λ23,
λ23 è λ12, ìû ïîëó÷àåì èç (2.5) ïðåäñòàâëåíèå (2.6).

Âûâîäû ê ãëàâå 2

Ïîëó÷åíî ïðåäñòàâëåíèå èíâàðèàíòîâ Âàñèëüåâà äëÿ êîñ, îáðàçîâàííûõ íåïðå-
ðûâíûìè ñåìèìàðòèíãàëàìè îòíîñèòåëüíî îáùåé ôèëüòðàöèè, â âèäå êðàò-
íûõ èíòåãðàëîâ Ñòðàòîíîâè÷à.
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Ãëàâà 3

Âðàùåíèå ÷àñòèö â áðîóíîâñêèõ

ïîòîêàõ

Â ïðåäûäóùåé ãëàâå ìû îáñóæäàëè èíâàðèàíòû Âàñèëüåâà äëÿ ñëó÷àéíûõ
êîñ, â ÷àñòíîñòè, äëÿ êîñ, îáðàçîâàííûõ òðàåêòîðèÿìè ÷àñòèö â ñòîõàñòè÷å-
ñêèõ ïîòîêàõ. ×àñòíûì ñëó÷àåì èíâàðèàíòîâ Âàñèëüåâà äëÿ êîñû ÿâëÿþòñÿ
âçàèìíûå óãëû îáõîäà íèòåé êîñû. Â ýòîé ãëàâå ìû èññëåäóåì ñîâìåñòíîå
àñèìïòîòè÷åñêîå ïîâåäåíèå (ïðè t→∞) âçàèìíûõ óãëîâ îáõîäà òðàåêòîðèé
íåñêîëüêèõ ÷àñòèö â áðîóíîâñêîì ñòîõàñòè÷åñêîì ïîòîêå. Äëÿ íåçàâèñèìûõ
áðîóíîâñêèõ äâèæåíèé ñîîòâåòñòâóþùàÿ çàäà÷à áûëà ðåøåíà â ðàáîòå Ì.
Éîðà [57]. Òàì áûë ïîëó÷åí ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 3.0.2. [57] Ïóñòü w1, . . . .wn � íåçàâèñèìûå äâóìåðíûå ñòàíäàðò-
íûå áðîóíîâñêèå äâèæåíèÿ, âûõîäÿùèå èç ïîïàðíî ðàçëè÷íûõ òî÷åê ïëîñ-
êîñòè. Òîãäà äëÿ óãëîâ îáõîäà Φkl(t) òðàåêòîðèè áðîóíîâñêîãî äâèæåíèÿ
wk âîêðóã áðîóíîâñêîãî äâèæåíèÿ wl ñïðàâåäëèâî àñèìïòîòè÷åñêîå ñîîò-

íîøåíèå ( 2
ln tΦkl(t), 1 ≤ k < l ≤ n)

d−−−→
t→∞

(ξkl, 1 ≤ k < l ≤ n). Çäåñü

ξkl, 1 ≤ i < j ≤ n � íåçàâèñèìûå â ñîâîêóïíîñòè ñëó÷àéíûå âåëè÷èíû,
èìåþùèå ñòàíäàðòíîå ðàñïðåäåëåíèå Êîøè.

Ìû ïîêàæåì, ÷òî òî æå ñàìîå ïðåäåëüíîå ñîîòíîøåíèå âûïîëíåíî äëÿ òðà-
åêòîðèé ÷àñòèö â îïðåäåë¼ííîì êëàññå áðîóíîâñêèõ ñòîõàñòè÷åñêèõ ïîòîêîâ.
Â ðàçäåëå 3.1 ìû ïðèâîäèì ïðåäâàðèòåëüíûå ñâåäåíèÿ î áðîóíîâñêèõ ïî-
òîêàõ. Â ðàçäåëå 3.2 ìû ïîëó÷àåì àíàëîã çàêîíà Ñïèöåðà äëÿ óãëîâ îáõîäà
÷àñòèö â áðîóíîñêîì ïîòîêå. Â ðàçäåëå 3.3 ìû ïîëó÷àåì àíàëîã òåîðåìû 3.0.2
äëÿ áðîóíîâñêèõ ïîòîêîâ.

68



3.1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ î áðîóíîâñêèõ ïîòîêàõ

Â ýòîì ðàçäåëå ìû èçëîæèì, ñëåäóÿ êíèãå [3] è ñòàòüÿì [11], [12], [18], ñâåäå-
íèÿ î áðîóíîâñêèõ ñòîõàñòè÷åñêèõ ïîòîêàõ, êîòîðûå ïîíàäîáÿòñÿ â äàëüíåé-
øåì. Âíà÷àëå ïðèâåä¼ì íåêîòîðûå ôàêòû î ìàðòèíãàëàõ ñ ïðîñòðàíñòâåííûì
ïàðàìåòðîì è ñîîòâåòñòâóþùèõ ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíå-
íèÿõ, íåîáõîäèìûå äëÿ ðàññìîòðåíèÿ áðîóíîâñêèõ ïîòîêîâ.

Îïðåäåëåíèå 3.1.1. [3] Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ

g : Rd × Rd × [0,+∞)→ Rd×d

ëåæèò â êëàññå C̃0,δ
b , 0 < δ ≤ 1, åñëè ïðè ëþáîì t ≥ 0

‖a(t)‖∼δ = sup
x,y,x′,y′∈Rd
x 6=x′,y 6=y′

|g(x′, y′, t)− g(x, y′, t)− g(x′, y, t) + g(x, y, t)|
|x− x′|δ|y − y′|δ

< +∞,

è ôóíêöèÿ h(t) = ‖a(t)‖∼δ èíòåãðèðóåìà íà [0, T ] ïðè ëþáîì T > 0. Åñëè ê
òîìó æå h(t) îãðàíè÷åíà ïî t, òî áóäåì ãîâîðèòü, ÷òî g ëåæèò â êëàññå
C̃0,δ
ub .

Îïðåäåëåíèå 3.1.2. Ìàðòèíãàëîì ñ ïðîñòðàíñòâåííûì ïàðàìåòðîì íà-
çûâàåòñÿ ñåìåéñòâî íåïðåðûâíûõ ëîêàëüíûõ ìàðòèíãàëîâ

U(x, ·), x ∈ Rd

îòíîñèòåëüíî îáùåé ôèëüòðàöèè F.

Îïðåäåëåíèå 3.1.3. [3] Ïóñòü U(x, t), x ∈ Rd, t ≥ 0 � ìàðòèíãàë ñ ïðî-
ñòðàíñòâåííûì ïàðàìåòðîì. Áóäåì ãîâîðèòü, ÷òî a(x, y, r) � ëîêàëüíàÿ
õàðàêòåðèñòèêà U(x, t), åñëè ïðè ëþáîì t ≥ 0 èìååò ìåñòî

〈U(x, ·), U(y, ·)〉t =

t∫
0

a(x, y, s)ds.

Îïðåäåëåíèå 3.1.4. [3] Áóäåì ãîâîðèòü, ÷òî ëîêàëüíàÿ õàðàêòåðèñòèêà
a(x, y, r) íåêîòîðîãî ìàðòèíãàëà ñ ïðîñòðàíñòâåííûì ïàðàìåòðîì U(x, t)
ëåæèò â êëàññå B0,δ

b , 0 < δ ≤ 1, åñëè a(x, y, r) èìååò ìîäèôèêàöèþ ïðåä-

ñêàçóåìîãî ïðîöåññà ñî çíà÷åíèÿìè â C̃0,δ
b , è ñ âåðîÿòíîñòüþ 1 ‖a(t)‖∼δ èí-

òåãðèðóåìà íà [0, T ] ïðè ëþáîì T > 0. Åñëè ê òîìó æå ‖a(t)‖∼δ îãðàíè÷åíà
ïî t ñ âåðîÿòíîñòüþ 1, òî ãîâîðèì, ÷òî a(x, y, r) ëåæèò â êëàññå B0,δ

ub .
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Ñîãëàñíî [3], äëÿ ìàðòèíãàëà U ñ ïðîñòðàíñòâåííûì ïàðàìåòðîì, èìåþùèì
ëîêàëüíóþ õàðàêòåðèñòèêó, ëåæàùóþ â êëàññå B0,δ

b ïðè íåêîòîðîì δ ∈ (0, 1],
è ëþáîãî íåïðåðûâíîãî ïðåäñêàçóåìîãî ïðîöåññà f ñî çíà÷åíèÿìè â Rd îïðå-
äåë¼í èíòåãðàë

t∫
0

U(fs, ds)

(èíòåãðàë ïî ìàðòèíãàëó ñ ïðîñòðàíñòâåííûì ïàðàìåòðîì).
Òåïåðü ìû ìîæåì ðàññìàòðèâàòü óðàâíåíèÿ, îñíîâàííûå íà ìàðòèíãàëàõ

ñ ïðîñòðàíñòâåííûì ïàðàìåòðîì.

Îïðåäåëåíèå 3.1.5. [3] Ðåøåíèåì óðàâíåíèÿ

dFt(x) = U(Ft(x), dt), (3.1)

ãäå U � ìàðòèíãàë ñ ïðîñòðàíñòâåííûì ïàðàìåòðîì, íàçûâàåòñÿ íåïðå-
ðûâíûé ñîãëàñîâàííûé ïðîöåññ f , òàêîé, ÷òî

f(0) = x

è ïðè ëþáîì t > 0 èìååò ìåñòî

ft = x+

t∫
0

U(fs, ds).

Çàìå÷àíèå 3.1.1. Ñîãëàñíî [3], òåîðåìà 3.4.1, ðåøåíèå òàêîãî óðàâíåíèÿ
ñóùåñòâóåò è åäèíñòâåííî ïðè óñëîâèè, ÷òî U èìååò ëîêàëüíóþ õàðàêòå-
ðèñòèêó èç êëàññà B0,1

b .

Ïðè îïðåäåë¼ííûõ óñëîâèÿõ íà U óðàâíåíèå (3.1) çàäà¼ò áðîóíîâñêèé ñòî-
õàñòè÷åñêèé ïîòîê. Ïðèâåä¼ì íåêîòîðûå ñâåäåíèÿ î áðîóíîâñêèõ ïîòîêàõ.
Òàêèå ïîòîêè âîçíèêëè â ðàáîòàõ [9], [20], [21] êàê ìîäåëè òóðáóëåíòíîãî òå-
÷åíèÿ æèäêîñòè.

Îïðåäåëåíèå 3.1.6 ( [3]). Ñòîõàñòè÷åñêèì ïîòîêîì ãîìåîìîðôèçìîâ â
ïðîñòðàíñòâå Rd íàçûâàåòñÿ ñåìåéñòâî ñëó÷àéíûõ îòîáðàæåíèé Fs,t =
Fs,t(ω, ·) : Rd → Rd, 0 ≤ s ≤ t, îáëàäàþùèõ íà íåêîòîðîì ìíîæåñòâå Ω0

ñ P (Ω0) = 1 ñëåäóþùèìè ñâîéñòâàìè:

1. ïîëå Fs,t(·, x) ÿâëÿåòñÿ íåïðåðûâíûì ïî ñîâîêóïíîñòè ïàðàìåòðîâ s, t, x;

2. âñå îòîáðàæåíèÿ Fs,t ÿâëÿþòñÿ ãîìåîìîðôèçìàìè Rd;
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3. ïðè êàæäîì s ≥ 0 èìååò ìåñòî Fss = Id, ò.å. îòîáðàæåíèå Fss ÿâëÿ-
åòñÿ òîæäåñòâåííûì;

4. ïðè âñåõ ω ∈ Ω0 ïðè s < t < u âûïîëíÿåòñÿ ñîîòíîøåíèå Ftu◦Fst = Fsu.

Îïðåäåëåíèå 3.1.7 ( [3]). Áðîóíîâñêèì ñòîõàñòè÷åñêèì ïîòîêîì â Rd íà-
çûâàåòñÿ ñòîõàñòè÷åñêèé ïîòîê ãîìåîìîðôèçìîâ Fs,t ñî ñëåäóþùèì ñâîé-
ñòâîì: ïðè ëþáûõ 0 ≤ s1 ≤ s2 ≤ . . . ≤ sn îòîáðàæåíèÿ Fs1,s2, Fs2,s3, . . . , Fsn−1,sn
íåçàâèñèìû.

Ñîãëàñíî [3], åñëè U(x, t) ÿâëÿåòñÿ ìàðòèíãàëîì ñ ïðîñòðàíñòâåííûì ïà-
ðàìåòðîì, ëîêàëüíàÿ õàðàêòåðèñòèêà êîòîãîãî a(x, y, t) ëåæèò â êëàññå B0,1

ub ,
òî ðåøåíèå óðàâíåíèÿ (3.1) çàäà¼ò áðîóíîâñêèé ïîòîê.
Âàæíûé êëàññ ïîòîêîâ ñîñòàâëÿþò îäíîðîäíûå èçîòðîïíûå áðîóíîâñêèå

ïîòîêè, âîçíèêøèå ïðè èçó÷åíèè íàèáîëåå ïðîñòîé ìîäåëè òóðáóëåíòíîñòè
� èçîòðîïíîé òóðáóëåíòíîñòè. Â ýòîé ìîäåëè ðàñïðåäåëåíèå ïîëÿ ñêîðîñòåé
æèäêîñòè èíâàðèàíòíî îòíîñèòåëüíî ïàðàëëåëüíûõ ïåðåíîñîâ, ïîâîðîòîâ è
îòðàæåíèé.
Â ðàçäåëå 1.4 ìû ïðèâîäèëè îïðåäåëåíèå îäíîðîäíîñòè è èçîòðîïíîñòè äëÿ

ñëó÷àéíûõ ïîëåé íà Rd. Îïðåäåëåíèÿ îäíîðîäíîñòè è èçîòðîïíîñòè ìîæíî
äàòü è äëÿ áðîóíîâñêèõ ñòîõàñòè÷åñêèõ ïîòîêîâ.

Îïðåäåëåíèå 3.1.8. Îäíîðîäíûì áðîóíîâñêèì ñòîõàñòè÷åñêèì ïîòîêîì
íàçûâàåòñÿ ñòîõàñòè÷åñêèé ïîòîê, êîòîðûé çàäà¼òñÿ óðàâíåíèåì (3.1),
ãäå U � öåíòðèðîâàííîå ãàóññîâñêîå ñëó÷àéíîå ïîëå, óäîâëåòâîðÿþùåå ñî-
îòíîøåíèþ

EUk(x, t)Ul(y, s) = bkl(x− y) min{t, s}, k, l = 1, . . . , d.

Çäåñü x, y ∈ Rd, t ∈ [0,+∞), b(z) = (bkl(z), 1 ≤ k, l ≤ d) � íåêîòîðàÿ
ìàòðè÷íîçíà÷íàÿ ôóíêöèÿ.

Îïðåäåëåíèå 3.1.9. Îäíîðîäíûé áðîóíîâñêèé ïîòîê íàçûâàåòñÿ èçîòðîï-
íûì, åñëè ñîîòâåòñòâóþùàÿ ìàòðè÷íîçíà÷íàÿ ôóíêöèÿ b = b(z) óäîâëå-
òâîðÿåò ñîîòíîøåíèþ

Gb(G−1z)G−1 = b(z)

äëÿ êàæäîãî z ∈ Rd è êàæäîé îðòîãîíàëüíîé ìàòðèöû G.

Çàìå÷àíèå 3.1.2. Çàìåòèì, ÷òî ýòî óñëîâèå ýêâèâàëåíòíî ñóùåñòâîâà-
íèþ îäíîðîäíîãî èçîòðîïíîãî ïîëÿ V = V (z), äëÿ êîòîðîãî

bkl(z) = cov(Vk(x), Vl(x+ z))

ïðè âñåõ x, z ∈ Rd.
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Óñëîâèå èçîòðîïíîñòè íàêëàäûâàåò îãðàíè÷åíèÿ íà âèä ìàòðè÷íîçíà÷íîé
ôóíêöèè b(z). Ïîëíîå îïèñàíèå êîâàðèàöèîííûõ ôóíêöèé êîìïîíåíò èçî-
òðîïíûõ ñëó÷àéíûõ ïîëåé áûëî ïîëó÷åíî â ðàáîòå À.Ì. ßãëîìà [58]. Ñîîò-
âåòñòâóþùèé ðåçóëüòàò áûë ïðèâåä¼í â ðàçäåëå 1.4, óòâåðæäåíèå 1.4.1. Ïðè
îïðåäåë¼ííûõ äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ ôóíêöèè bL è bN èç óòâåð-
æäåíèÿ 1.4.1 ÿâëÿþòñÿ äîñòàòî÷íî ãëàäêèìè. Â ýòîì ñëó÷àå, ñîãëàñíî ðå-
çóëüòàòàì [3], ïîòîê Fs,t ÿâëÿåòñÿ ïîòîêîì äèôôåîìîðôèçìîâ. Ýòî äà¼ò âîç-
ìîæíîñòü ãîâîðèòü î ïîêàçàòåëÿõ Ëÿïóíîâà λ1, λ2 (λ1 > λ2) ïîòîêà F . Ýòè
ïîêàçàòåëè, êàê áûëî ïîêàçàíî â ðàáîòå [10], âûðàæàþòñÿ ÷åðåç ôóíêöèè
bL, bN .
Òàê, èìååò ìåñòî ñëåäóþùèé ðåçóëüòàò.

Óòâåðæäåíèå 3.1.1. [12] Ïóñòü U(x, t), x ∈ R2, t ≥ 0 � ãàóññîâñêîå âåê-
òîðíîå ïîëå ñî çíà÷åíèÿìè â R2, çàäàþùåå îäíîðîäíûé èçîòðîïíûé áðî-
óíîâñêèé ïîòîê F . Ïðåäïîëîæèì, ÷òî ìåðû ΦP ,ΦS èç óòâåðæäåíèÿ 1.4.1
èìåþò êîíå÷íûé ÷åòâ¼ðòûé ìîìåíò. Òîãäà ôóíêöèè bL, bN ÷åòûðåæäû
íåïðåðûâíî äèôôåðåíöèðóåìû è óäîâëåòâîðÿþò ñëåäóþùèì àñèìïòîòè÷å-
ñêèì ñîîòíîøåíèÿì:

bL(r) = b0 −
1

2
βLr

2 +O(r4), r → 0, (3.2)

bN(r) = b0 −
1

2
βNr

2 +O(r4), r → 0, (3.3)

ãäå bL(0) = bN(0) = b0, è

βL =
3

8

∞∫
0

α2ΦP (dα) +
1

8

∞∫
0

α2ΦS(dα),

βN =
1

8

∞∫
0

α2ΦP (dα) +
3

8

∞∫
0

α2ΦS(dα).

Ïðè ýòîì ïîêàçàòåëè Ëÿïóíîâà ñîîòâåòñòâóþùåãî ïîòîêà ðàâíû

λ1 =
1

2
(βN − βL), λ2 = −βL.

Çàìå÷àíèå 3.1.3. Ïðè óêàçàííûõ ïðåäïîëîæåíèÿõ óðàâíåíèå (3.1) äåéñòâè-
òåëüíî èìååò åäèíñòâåííîå ðåøåíèå, ïîñêîëüêó

〈U(x, ·), U(y, ·)〉t = t

(
b11(x− y) b12(x− y)
b21(x− y) b22(x− y)

)
,

72



è ëîêàëüíàÿ õàðàêòåðèñòèêà

a(x, y, t) =

(
b11(x− y) b12(x− y)
b21(x− y) b22(x− y)

)
ëåæèò â êëàññå B0,1

b . Ïðîâåðèì ýòî äëÿ ðàññìàòðèâàåìîãî íàìè â äàëüíåé-
øåì ñëó÷àÿ bL ≡ bN . Ïðè ýòîì

a(x, y, t) = bL(‖x− y‖)
(

1 0
0 1

)
.

Ôóíêöèÿ h(x, y) = bL(‖x− y‖) ÿâëÿåòñÿ äâàæäû íåïðåðûâíî äèôôåðåíöèðó-
åìîé ñ îãðàíè÷åííûìè âòîðûìè ïðîèçâîäíûìè, è ïîòîìó ëåæèò â êëàññå
C̃0,1. Áîëåå òîãî, ïîñêîëüêó a(x, y, t) íå çàâèñèò îò t, òî îíà ëåæèò è â
êëàññå C̃0,1

ub . Ñëåäîâàòåëüíî, ëîêàëüíàÿ õàðàêòåðèñòèêà U ëåæèò â êëàññå
B0,1
ub , è óðàâíåíèå (3.1) çàäà¼ò áðîóíîâñêèé ïîòîê.

Ïîêàçàòåëè Ëÿïóíîâà îïðåäåëÿþò àñèìïòîòè÷åñêîå ïîâåäåíèå ðàññòîÿíèÿ
ìåæäó ÷àñòèöàìè â ïîòîêå. Òàê, èìååò ìåñòî ñëåäóþùèå ðåçóëüòàòû, ïîëó-
÷åííûå â ðàáîòàõ [9], [11].

Òåîðåìà 3.1.1. [11] Äëÿ äâóìåðíîãî îäíîðîäíîãî èçîòðîïíîãî áðîóíîâñêîãî
ñòîõàñòè÷åñêîãî ïîòîêà èìåþò ìåñòî ñëåäóþùèå âàðèàíòû àñèìïòîòè-
÷åñêîãî ïîâåäåíèÿ Rab(t) = ‖Ft(a) − Ft(b)‖ ðàññòîÿíèÿ ìåæäó ÷àñòèöàìè,
âûøåäøèìè èç äâóõ ïðîèçâîëüíûõ ðàçëè÷íûõ òî÷åê ïëîñêîñòè a è b, â çà-
âèñèìîñòè îò ìàêñèìàëüíîãî ïîêàçàòåëÿ Ëÿïóíîâà λ1:

1. Åñëè λ1 < 0, òî Rab(t) −−−→
t→∞

0 ïî÷òè íàâåðíîå.

2. Åñëè λ1 ≥ 0, òî Rab(t) −−−→
t→∞

∞ ïî âåðîÿòíîñòè, è ïðîöåññ Rab ÿâëÿåòñÿ

íóëü-âîçâðàòíûì äèôôóçèîííûì ïðîöåññîì.

Çàìå÷àíèå 3.1.4. Ìû îáîçíà÷àåì Ft(x) = F0,t(x).

Äàëåå ìû ïåðåõîäèì ê èññëåäîâàíèþ ïîâåäåíèÿ âçàèìíûõ óãëîâ îáõîäà
÷àñòèö â áðîóíîâñêèõ ïîòîêàõ. Âíà÷àëå ïîëó÷èì àíàëîã çàêîíà Ñïèöåðà.

3.2. Àíàëîã çàêîíà Ñïèöåðà äëÿ óãëà îáõîäà â áðîóíîâ-
ñêîì ïîòîêå

Ïóñòü F � îäíîðîäíûé èçîòðîïíûé áðîóíîâñêèé ñòîõàñòè÷åñêèé ïîòîê. Ìû
ðàññìîòðèì ñëó÷àé, êîãäà ôóíêöèè bL è bN , çàäàþùèå ïîòîê, ñîâïàäàþò:

bL ≡ bN .

73



Çàìå÷àíèå 3.2.1. Â ñëó÷àå bL ≡ bN èìååò ìåñòî ðàâåíñòâî βL = βN ,
è ñîãëàñíî óòâåðæäåíèþ 3.1.1 ñòàðøèé ïîêàçàòåëü Ëÿïóíîâà ñîîòâåò-
ñòâóþùåãî ïîòîêà ðàâåí íóëþ. Åñòåñòâåííî îæèäàòü, ÷òî ïîëó÷åííûå
íàìè ðåçóëüòàòû âûïîëíåíû è â áîëåå îáùåì ñëó÷àå áðîóíîâñêîãî ïîòîêà
ñî ñòàðøèì ïîêàçàòåëåì Ëÿïóíîâà, ðàâíûì íóëþ. Îäíàêî, ðàññìîòðåíèå
ýòîãî ñëó÷àÿ òåõíè÷åñêè ãîðàçäî áîëåå ñëîæíî è òðåáóåò äàëüíåéøåãî èñ-
ñëåäîâàíèÿ.

Ïóñòü a, b ∈ R2, a 6= b. Ðàññìîòðèì òðàåêòîðèè ïîòîêà Ft(a), Ft(b), âûõîäÿ-
ùèå èç òî÷åê a è b. Îòîæäåñòâëÿÿ R2 è C, ìîæíî íàïèñàòü

Ft(b)− Ft(a) = Rab(t)e
iΦab(t)

F0(b)− F0(a)

‖F0(b)− F0(a)‖
,

ãäå Rab(t) = ‖Ft(b)−Ft(a)‖, Φab(t) � íåïðåðûâíàÿ âåðñèÿ óãëà îáõîäà òðàåê-
òîðèè F (b) âîêðóã F (a).

Çàìå÷àíèå 3.2.2. Ñîãëàñíî [12], ïðîöåññ Rab ÿâëÿåòñÿ ðåøåíèåì ñòîõà-
ñòè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

dRab(t) =
√

2(1− bL(Rab(t)))dW
1
t +

1− bL(Rab(t))

Rab(t)
dt,

à ïðîöåññ Φab óäîâëåòâîðÿåò óðàâíåíèþ

dΦab(t) =

√
2(1− bL(Rab(t)))

Rab(t)
dW 2

t .

Çäåñü W 1,W 2 � íåçàâèñèìûå áðîóíîâñêèå äâèæåíèÿ.

Ñëåäóþùàÿ òåîðåìà ÿâëÿåòñÿ îñíîâíîé òåîðåìîé äàííîãî ïàðàãðàôà è ïðåä-
ñòàâëÿåò ñîáîé àíàëîã çàêîíà Ñïèöåðà äëÿ óãëà îáõîäà Φab(t).

Òåîðåìà 3.2.1. Ïóñòü F � îäíîðîäíûé èçîòðîïíûé áðîóíîâñêèé ñòîõà-
ñòè÷åñêèé ïîòîê, çàäàâàåìûé ñòîõàñòè÷åñêèì äèôôåðåíöèàëüíûì óðàâíå-
íèåì

dFt(x) = U(Ft(x), dt),

x ∈ R2, t ≥ 0, ãäå U = U(x, t) � öåíòðèðîâàííîå ãàóññîâñêîå ñëó÷àéíîå
âåêòîðíîå ïîëå,

EUk(x, t)Ul(y, s) = bkl(x− y)t ∧ s,
à ìàòðèöà b èìååò âèä b(z) = (bkl(z)) = (δklbL(‖z‖)), 1 ≤ k, l ≤ 2, bL : [0,∞)→
R � íåêîòîðàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèÿì
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• b0 = bL(0) = 1;

• bL(r) < 1 ïðè r > 0;

• bL ∈ C(4)([0,+∞));

• bL(r)→ 0 (r →∞);

•
∞∫
0

r|b′L(r)|dr <∞;

•
∞∫
0

r|b′L(r)− rb′′L(r)|dr <∞;

• bL(r) = 1− 1
2βLr

2 +O(r4), r → 0+, äëÿ íåêîòîðîãî βL > 0.

Òîãäà èìååò ìåñòî ñîîòíîøåíèå

Φab(t)
1
2 ln t

d−→ ξ,

ãäå ξ � ñëó÷àéíàÿ âåëè÷èíà, èìåþùàÿ ñòàíäàðòíîå ðàñïðåäåëåíèå Êîøè.

Çàìå÷àíèå 3.2.3. Ïðèìåðîì ôóíêöèè bL, óäîâëåòâîðÿþùåé óñëîâèÿì òåî-
ðåìû, ÿâëÿåòñÿ bL(r) = 1

1+r2 . Â [59] (�3.6) ïîêàçàíî, ÷òî bL(‖z‖) ÿâëÿåòñÿ
êîâàðèàöèîííîé ôóíêöèåé íåêîòîðîãî ñëó÷àéíîãî ïîëÿ X : R2 → R, ò.å.

cov(X(z1), X(z2)) = bL(‖z1 − z2‖), z1, z2 ∈ R2.

Ïóñòü òî÷êè Ft(a), Ft(b) èìåþò êîîðäèíàòû

Ft(a) =

(
Xt(a)
Yt(a)

)
, Ft(b) =

(
Xt(b)
Yt(b)

)
.

Ââåä¼ì îáîçíà÷åíèÿ Xab(t) = Xt(b)−Xt(a), Yab(t) = Yt(b)− Yt(a).

Ïðèìåíåíèå èçëîæåííîé â ðàáîòå [3] òåõíèêè îáðàùåíèÿ ñ èíòåãðàëàìè
ïî ñåìèìàðòèíãàëàì, çàâèñÿùèì îò ïðîñòðàíñòâåííîãî ïàðàìåòðà, ïîçâîëÿåò
ïîëó÷èòü ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 3.2.1. Èìåþò ìåñòî ñëåäóþùèå ñîîòíîøåíèÿ:

〈Xab〉t = 〈Yab〉t =

t∫
0

2(1− bL(Rab(s)))ds,

〈Xab, Yab〉t = 0.
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Äîêàçàòåëüñòâî. Ïóñòü U1, U2 � êîìïîíåíòû ïîëÿ U , ò.å.

U(a, t) =

(
U1(a, t)
U2(a, t)

)
.

Äëÿ ëþáûõ òî÷åê u, v ∈ R2 ñëó÷àéíûå ïðîöåññû U1(u, ·), U1(v, ·), U2(u, ·),
U2(v, ·) ÿâëÿþòñÿ äâóìåðíûìè áðîóíîâñêèìè äâèæåíèÿìè, ñîâìåñòíûå õàðàê-
òåðèñòèêè êîòîðûõ

〈U1(u, ·), U1(v, ·)〉t = 〈U2(u, ·), U2(v, ·)〉t = bL(‖u− v‖)t,

〈U1(u, ·), U2(v, ·)〉t = 〈U1(v, ·), U2(u, ·)〉t = 0.

Ðàññìàòðèâàÿ U1 êàê ìàðòèíãàë ñ ïðîñòðàíñòâåííûì ïàðàìåòðîì, ïîëó÷àåì
äëÿ ëþáûõ u, v, s

a(u, v, s) = bL(‖u− v‖).

Èç ïðåäñòàâëåíèé

Ft(u) = u+

t∫
0

U(Fs(u), ds), Ft(v) = v +

t∫
0

U(Fs(v), ds)

ñëåäóåò, ñîãëàñíî òåîðåìå 3.2.4 èç [3]:〈 ·∫
0

U1(Fs(u), ds),

·∫
0

U1(Fs(v), ds)

〉
t

=

t∫
0

bL (‖Fs(u)− Fs(v)‖) ds.

Ïîñêîëüêó

Xt(a) = a+

t∫
0

U1(Fs(a), ds), Xt(b) = b+

t∫
0

U1(Fs(b), ds),

òî

〈X(a)〉t = bL(0)t, 〈X(b)〉t = bL(0)t, 〈X(a), X(b)〉t =

t∫
0

bL(Rab(s))ds.

Îòñþäà ñðàçó ïîëó÷àþòñÿ èñêîìûå âûðàæåíèÿ äëÿ 〈Xab〉t = 〈X(a)−X(b)〉t .
Âûðàæåíèÿ äëÿ 〈Yab〉t, 〈Xab, Yab〉tïîëó÷àþòñÿ àíàëîãè÷íî.
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Óòâåðæäåíèå 3.2.2. Óãëû îáõîäà ÷àñòèö äðóã âîêðóã äðóãà ïðåäñòàâëÿ-
þòñÿ â âèäå ñëåäóþùèõ èíòåãðàëîâ Èòî:

Φab(t) =

t∫
0

Xab(s)dYab(s)− Yab(s)dXab(s)

Xab(s)2 + Yab(s)2
,

Ëîãàðèôìû ïîïàðíûõ ðàññòîÿíèé ìåæäó ÷àñòèöàìè ïðåäñòàâëÿþòñÿ â âè-
äå

lnRab(t)− lnRab(0) =

t∫
0

Xab(s)dXab(s) + Yab(s)dYab(s)

Xab(s)2 + Yab(s)2
.

Äîêàçàòåëüñòâî. Ðàññìàòðèâàåìûå âûðàæåíèÿ ïîëó÷àþòñÿ èç âûðàæåíèé,
ïîëó÷åííûõ â äîêàçàòåëüñòâå ëåììû 2.3.1, ñ ó÷¼òîì òîãî, ÷òî â íàøåì ñëó÷àå

d 〈Xab〉t = d 〈Yab〉t = 2(1− bL(Rab(s)))dt, d 〈Xab, Yab〉t = 0.

Íàì ïîíàäîáèòñÿ ñëåäóþùåå îïðåäåëåíèå.

Îïðåäåëåíèå 3.2.1. Áðîóíîâñêèì äâèæåíèåì, àññîöèèðîâàííûì ñ íåïðå-
ðûâíûì ëîêàëüíûì ìàðòèíãàëîì M , íàçûâàåòñÿ òàêîå áðîóíîâñêîå äâè-
æåíèå β, ÷òî ïðè âñåõ t > 0 c âåðîÿòíîñòüþ 1 âûïîëíåíî ñîîòíîøåíèå
Mt = β(〈M〉t).

Çàìå÷àíèå 3.2.4. Òàêîå áðîóíîâñêîå äâèæåíèå ñóùåñòâóåò â ñèëó èçâåñò-
íîãî ðåçóëüòàòà Äýìáèñà-Äóáèíñà-Øâàðöà (ñì. òåîðåìó 18.4 â [56]). Ïðè

〈M〉t
ï.í.−−−→
t→∞

∞ ïðîöåññ β ïî÷òè íàâåðíîå îïðåäåëÿåòñÿ åäèíñòâåííûì îá-

ðàçîì. Â íàøèõ ðàññìîòðåíèÿõ âñåãäà áóäåò èìåòü ìåñòî èìåííî òàêàÿ
ñèòóàöèÿ.

Èç ïðåäûäóùèõ óòâåðæäåíèé ñëåäóåò, ÷òî lnRab, Φab � îðòîãîíàëüíûå ëî-

êàëüíûå ìàðòèíãàëû ñ õàðàêòåðèñòèêîé 〈lnRab〉t = 〈Φab〉t =
t∫

0

2(1−bL(Rab(s)))
Rab(s)2

ds.

Ïóñòü β, γ � àññîöèèðîâàííûå ñ lnRab, Φab áðîóíîâñêèå äâèæåíèÿ, ò.å.

lnRab(t) = β

 t∫
0

2(1− bL(Rab(s)))

Rab(s)2
ds

 , β(0) = lnRab(0),
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Φab(t) = γ

 t∫
0

2(1− bL(Rab(s)))

Rab(s)2
ds

 , γ(0) = 0.

Çàìåòèì, ÷òî áðîóíîâñêîå äâèæåíèå γ íå çàâèñèò îò β â ñèëó òåîðåìû Íàéòà
(óòâåðæäåíèå 18.8 èç [56]). Äàëåå â ýòîì ïîäðàçäåëå îáîçíà÷àåì R(t) = Rab(t).
Ââåä¼ì òàêæå ñëåäóþùèå îáîçíà÷åíèÿ:
w � íåêîòîðûé îäíîìåðíûé âèíåðîâñêèé ïðîöåññ, íå çàâèñÿùèé îò β è γ,
w(0) = 0,

τa = inf{s > 0: w(s) = a}, Ht = inf

{
u > 0:

u∫
0

e2β(s)

2(1−bL(eβ(s)))
ds = t

}
,

θa = inf{s > 0: β(s) = a}, Tr = inf {s > 0: Rab(s) = r} .
Äîêàæåì ñíà÷àëà, ÷òî

〈lnR〉t
(ln t)2

d−−−→
t→∞

τ1/2.

Ïåðåôîðìóëèðóåì ýòó çàäà÷ó â òåðìèíàõ ïðîöåññà β. Èìååì

t =

t∫
0

ds

d 〈lnR〉s
d 〈lnR〉s .

Îäíàêî, d〈lnR〉sds = 2(1−bL(Rs))
R2
s

= 2(1−bL(eβ(〈lnR〉s)))

e2β(〈lnR〉s)
. Ñëåäîâàòåëüíî,

t =

t∫
0

e2β(〈lnR〉s)

2(1− bL(eβ(〈lnR〉s)))
d 〈lnR〉s =

〈lnR〉t∫
0

e2β(s)

2(1− bL(eβ(s)))
ds.

Òàêèì îáðàçîì,

〈lnR〉t = inf

u > 0:

u∫
0

e2β(s)

2(1− bL(eβ(s)))
ds = t

 ,

ò.å.
〈lnR〉t = Ht, (3.4)

è íàøà çàäà÷à ñâåëàñü ê èññëåäîâàíèþ ðàñïðåäåëåíèÿ íåêîòîðîãî ìîìåíòà
îñòàíîâêè äëÿ áðîóíîâñêîãî äâèæåíèÿ. Íàì ïîíàäîáèòñÿ ñëåäóþùàÿ ëåììà.

Ëåììà 3.2.1. Äëÿ ëþáîãî ε, 0 < ε < 1
2 , èìååò ìåñòî

P
(
θ( 1

2−ε) ln t ≤ Ht ≤ θ( 1
2+ε) ln t

)
−−−→
t→∞

1.
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Äîêàçàòåëüñòâî. Ïîêàæåì ñíà÷àëà, ÷òî

P
(
Ht < θ( 1

2−ε) ln t

)
−−−→
t→∞

0.

Âûáåðåì x0 òàê, ÷òî bL(u) < 1
2 ïðè u > ex0. Âûáåðåì òåïåðü t1 òàêèì îáðàçîì,

÷òî

sup
−∞<x≤x0

e2x

2(1− bL(ex))
< t1−ε1 .

Òîãäà ïðè t > t1 = t1(ε) èìååì äëÿ âñåõ x < (1
2 − ε) ln t:

e2x

2(1− bL(ex))
< t1−ε.

Ñëåäîâàòåëüíî, åñëè t > t1 è sup0≤s≤Ht
β(s) ≤ (1

2 − ε) ln t, òî

t =

Ht∫
0

e2β(s)

2(1− bL(eβ(s))
ds ≤ t1−εHt,

è Ht ≥ tε. Òàêèì îáðàçîì, ïîëó÷àåì ïðè t > t1:

P
(
Ht < θ( 1

2−ε) ln t

)
= P

(
tε ≤ Ht < θ( 1

2−ε) ln t

)
≤ P

(
θ( 1

2−ε) ln t > tε
)
→ 0 (t→∞).

Òåïåðü ïîêàæåì, ÷òî

P
(
Ht > θ( 1

2+ε) ln t

)
−−−→
t→∞

0.

Ïðè äîñòàòî÷íî áîëüøèõ çíà÷åíèÿõ t, t > t2 = t2(ε), èìååì

e2x

2(1− bL(ex))
>

1

4
t1+ε,
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êàê òîëüêî x > (1
2 + 1

2ε) ln t. Ïðè t > t2 ïîëó÷àåì:

P (Ht > θ( 1
2+ε) ln t) = P


θ
( 12+ε) ln t∫

0

e2β(s)

2(1− bL(eβ(s)))
ds < t

 ≤

≤ P


θ
( 12+ε) ln t∫

θ
( 12+

ε
2 ) ln t

e2β(s)

2(1− bL(eβ(s)))
ds < t

 ≤ P


θ
( 12+ε) ln t∫

θ
( 12+

ε
2 ) ln t

1

4
t1+ε

1β(s)≥( 1
2+ ε

2 ) ln tds < t

 ≤

≤ P


θ
( 12+ε) ln t∫

θ
( 12+

ε
2 ) ln t

1β(s)≥( 1
2+ ε

2 ) ln tds < 4t−ε

 .

Îäíàêî, ëåãêî âèäåòü (íàïðèìåð, ïðèìåíèâ ñâîéñòâî ñàìîïîäîáèÿ âèíåðîâ-
ñêîãî ïðîöåññà), ÷òî

P


θ
( 12+ε) ln t∫

θ
( 12+

ε
2 ) ln t

1β(s)≥( 1
2+ ε

2 ) ln tds < 4t−ε

→ 0 (t→∞).

Òåïåðü ìû ìîæåì äîêàçàòü ñëåäóþùåå óòâåðæäåíèå, õàðàêòåðèçóþùåå ïðå-
äåëüíîå ðàñïðåäåëåíèå ìîìåíòà îñòàíîâêè Ht:

Óòâåðæäåíèå 3.2.3. Èìååò ìåñòî ñëåäóþùàÿ ñõîäèìîñòü ïî ðàñïðåäåëå-
íèþ:

Ht

(ln t)2

d−−−→
t→∞

τ 1
2

= inf

{
s > 0: w(s) =

1

2

}
.

Äîêàçàòåëüñòâî. Ýòî óòâåðæäåíèå âûòåêàåò èç ñëåäóþùèõ ôàêòîâ:

•
(
θ
( 12−ε) ln t

(ln t)2 ,
θ
( 12+ε) ln t

(ln t)2

)
d−−−→

t→∞
(τ 1

2−ε
, τ1

2+ε), ÷òî ëåãêî ïîëó÷àåòñÿ èç ñâîéñòâà

ñàìîïîäîáèÿ âèíåðîâñêîãî ïðîöåññà.

• P
(
θ( 1

2−ε) ln t ≤ Ht ≤ θ( 1
2+ε) ln t

)
−−−→
t→∞

1. (Ýòî ñîñòàâëÿåò ñîäåðæàíèå ëåì-

ìû 3.2.1).

• (τ 1
2−ε
, τ1

2+ε)
d−−→

ε→0
(τ 1

2
, τ1

2
).
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Çàìå÷àíèå 3.2.5. Ëåãêî âèäåòü, ÷òî ïðèâåä¼ííûå ðàññóæäåíèÿ ïîêàçûâà-
þò äàæå áîëüøåå: (

θ 1
2 ln t

(ln t)2
,
Ht

(ln t)2

)
d−→ (τ1/2, τ1/2).

Èç (3.4) òåïåðü âûòåêàåò

Óòâåðæäåíèå 3.2.4. Èìååò ìåñòî ñõîäèìîñòü

〈Φab〉t
(ln t)2

d−−−→
t→∞

τ1/2.

Òåïåðü ìû ãîòîâû äîêàçàòü òåîðåìó 3.2.1.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî ïðîöåññû γ è 〈Φab〉t = 〈lnR〉t , t ≥ 0 íåçàâèñè-
ìû. Äåéñòâèòåëüíî, êàê ìû çíàåì, γ è β íåçàâèñèìû; íî R(t) = elnRt = eβ(Ht),
à Ht èçìåðèì îòíîñèòåëüíî β; ñëåäîâàòåëüíî, ïðîöåññ R èçìåðèì îòíîñèòåëü-
íî β; ïîòîìó è 〈lnR〉t èçìåðèì îòíîñèòåëüíî β è íå çàâèñèò îò γ. Ó÷èòûâàÿ
íåçàâèñèìîñòü γ è 〈Φab〉, ïîëó÷àåì ñ èñïîëüçîâàíèåì ïðåäûäóùåãî óòâåðæäå-
íèÿ

Φab(t)

ln t
=
γ(〈Φab〉t)

ln t
d
= γ

(
〈Φab〉t
(ln t)2

)
d−−−→

t→∞
γ(τ 1

2
),

è ïîòîìó
Φab(t)
1
2 ln t

d−−−→
t→∞

2γ(τ 1
2
),

à ïîñëåäíÿÿ ñëó÷àéíàÿ âåëè÷èíà èìååò ðàñïðåäåëåíèå Êîøè( [60], òåîðå-
ìà 2.34). Òåîðåìà 3.2.1 äîêàçàíà.

Â ñëåäóþùåì óòâåðæäåíèè ïîêàçàíî, ÷òî çíà÷åíèÿ óãëà îáõîäà Φab(t), â
íåêîòîðîì ñìûñëå, õîðîøî ïðèáëèæàþòñÿ çíà÷åíèÿìè Φab(T√t). Àíàëîãè÷-
íûé ðåçóëüòàò äëÿ áðîóíîâñêèõ äâèæåíèé èãðàåò âàæíóþ ðîëü â èññëåäîâà-
íèè ñîâìåñòíîãî ðàñïðåäåëåíèÿ óãëîâ îáõîäà äâóìåðíîãî áðîóíîâñêîãî äâè-
æåíèÿ âîêðóã íåñêîëüêèõ òî÷åê [61].

Óòâåðæäåíèå 3.2.5.

Φab(T√t)− Φab(t)

ln t

d−−−→
t→∞

0.
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Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî

Φab(T√t) = γ(〈Φab〉 (T√t)) = γ(〈lnR〉 (T√t)) =

= γ(〈lnR〉 (inf{s > 0: R(s) =
√
t})) =

= γ(〈lnR〉 (inf{s > 0: lnR(s) = ln t/2})) =

= γ(〈lnR〉 (inf{s > 0: β(〈lnR〉s) = ln t/2})) =

= γ(inf{u > 0: β(u) = ln t/2}) = γ(θ 1
2 ln t).

Çäåñü ìû âîñïîëüçîâàëèñü òåì, ÷òî äëÿ íåïðåðûâíîé âîçðàñòàþùåé ôóêöèè
f ñ f(0) = 0 è ëþáîãî y > 0 èìååò ìåñòî ðàâåíñòâî

f (inf{s > 0: β(f(s)) = y}) = inf{u > 0: β(u) = y}.

Èìååì, ó÷èòûâàÿ çàìå÷àíèå 3.2.5:(
γ(θ 1

2 ln t)

ln t
,
γ(Ht)

ln t

)
d
=

(
γ

(
θ 1

2 ln t

(ln t)2

)
, γ

(
Ht

(ln t)2

))
d−−−→

t→∞
(γ(τ1/2), γ(τ1/2)).

Îòñþäà
γ(θ 1

2 ln t)

ln t
− γ(Ht)

ln t

d−−−→
t→∞

0.

Óòâåðæäåíèå äîêàçàíî.

3.3. Ñîâìåñòíîå àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå óãëîâ
îáõîäà â áðîóíîâñêîì ïîòîêå

Â ýòîì ïàðàãðàôå ìû èññëåäóåì ñîâìåñòíîå àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå
âçàèìíûõ óãëîâ îáõîäà íåñêîëüêèõ òðàåêòîðèé â áðîóíîâñêîì ïîòîêå.

Òåîðåìà 3.3.1. Ïóñòü F � èçîòðîïíûé áðîóíîâñêèé ñòîõàñòè÷åñêèé ïî-
òîê, óäîâëåòâîðÿþùèé óñëîâèÿì òåîðåìû 3.2.1. Ïóñòü Ft(x1), . . . Ft(xn) �
òðàåêòîðèè ïîòîêà F , âûõîäÿùèå èç ïîïàðíî ðàçëè÷íûõ òî÷åê ïëîñêîñòè
x1, . . . , xn. Òîãäà äëÿ óãëîâ îáõîäà Φkl(t) òðàåêòîðèè Ft(xk) âîêðóã òðàåêòî-
ðèè Ft(xl) ñïðàâåäëèâî àñèìïòîòè÷åñêîå ñîîòíîøåíèå(

2

ln t
Φkl(t), 1 ≤ k < l ≤ n

)
d−−−→

t→∞
(ξkl, 1 ≤ k < l ≤ n).

Çäåñü ξkl, 1 ≤ k < l ≤ n � íåçàâèñèìûå â ñîâîêóïíîñòè ñëó÷àéíûå âåëè÷èíû,
èìåþùèå ñòàíäàðòíîå ðàñïðåäåëåíèå Êîøè.
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Äëÿ äîêàçàòåëüñòâà íàøåé òåîðåìû èñïîëüçóåòñÿ ñëåäóþùåå óòâåðæäåíèå
èç ðàáîòû [61].

Òåîðåìà 3.3.2. [61] Ïóñòü (Mn
j , 1 ≤ j ≤ m) � ïîñëåäîâàòåëüíîñòü m-

êîìïîíåíòíûõ íàáîðîâ íåïðåðûâíûõ ëîêàëüíûõ ìàðòèíãàëîâ, òàêèõ, ÷òî

∀j, n
〈
Mn

j

〉
∞ =∞,

è äëÿ ëþáîé ïàðû ðàçëè÷íûõ èíäåêñîâ j, k ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü
ïîëîæèòåëüíûõ ñëó÷àéíûõ âåëè÷èí Hn, òàêèõ, ÷òî

•
〈
Mn

j

〉
Hn

P−−−→
n→∞

∞, 〈Mn
k 〉Hn

P−−−→
n→∞

∞;

•
Hn∫
0

∣∣∣d 〈Mn
j ,M

n
k

〉
s

∣∣∣ P−−−→
n→∞

0;

çäåñü ÷åðåç
t∫

0

|df(s)| ìû îáîçíà÷àåì ïîëíóþ âàðèàöèþ ôóíêöèè f íà

[0, t].

Òîãäà ïðè n→∞ áðîóíîâñêèå äâèæåíèÿ βnj , àññîöèèðîâàííûå ñ M
n
j , àñèìï-

òîòè÷åñêè íåçàâèñèìû, ò.å. èìååò ìåñòî ñëàáàÿ ñõîäèìîñòü â ïðîñòðàí-
ñòâå C[0,∞)

(βnj , 1 ≤ j ≤ m)
d−−−→

n→∞
(β∞j , 1 ≤ j ≤ m),

ãäå (β∞j , 1 ≤ j ≤ m)�íåçàâèñèìûå áðîóíîâñêèå äâèæåíèÿ.

Ïîÿñíèì, êàê ïðèìåíÿåòñÿ òåîðåìà 3.3.2 äëÿ ïîëó÷åíèÿ íàøåãî ðåçóëüòà-
òà â ñëó÷àå m = 3, êîãäà ðàññìàòðèâàþòñÿ òðè òðàåêòîðèè ïîòîêà F (ñõåìà
ðàññóæäåíèé â îáùåì ñëó÷àå îñòà¼òñÿ òàêîé æå). Ïóñòü a, b, c � ïîïàðíî ðàç-
ëè÷íûå òî÷êè ïëîñêîñòè, Φab(t) � óãîë îáõîäà Ft(b) âîêðóã Ft(a), Φac(t) îïðå-
äåëÿåòñÿ àíàëîãè÷íî, Rab(t) � ðàññòîÿíèå ìåæäó ÷àñòèöàìè a è b â ìîìåíò
âðåìåíè t. Äëÿ ïðèìåíåíèÿ òåîðåìû 3.3.2 íóæíî ïîêàçàòü, ÷òî ñîâìåñòíûå
õàðàêòåðèñòèêè

〈Φab,Φac〉t , 〈lnRab, lnRac〉t , 〈Φab, lnRab〉t , (3.5)

〈Φac, lnRac〉t , 〈lnRab,Φac〉t , 〈lnRac,Φab〉t , (3.6)

â îïðåäåë¼ííîì ñìûñëå, ðàñòóò ïî âðåìåíè t íàìíîãî ìåäëåííåå, ÷åì õàðàê-
òåðèñòèêè

〈Φab〉t = 〈lnRab〉t , 〈Φac〉t = 〈lnRac〉t .
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Ýòî ñîîáðàæåíèå ôîðìàëèçóåòñÿ â íàøèõ óòâåðæäåíèÿõ 3.2.4 è 3.3.32. Òàê, â
óòâåðæäåíèè 3.2.4 ìû ïîêàçûâàåì, ÷òî 〈Φab〉t(ln t)2 ñõîäèòñÿ ïðè t→∞ ïî ðàñïðå-
äåëåíèþ ê íåêîòîðîé ïîëîæèòåëüíîé ñ âåðîÿòíîñòüþ 1 ñëó÷àéíîé âåëè÷èíå,
à èç óòâåðæäåíèÿ 3.3.32 ñëåäóåò

〈Φab,Φac〉t
(ln t)2

P−−−→
t→∞

0.

Ïîñëåäóþùèå ðàññóæäåíèÿ àíàëîãè÷íû ïðîâåä¼ííûì â ñòàòüå [61] äëÿ èññëå-
äîâàíèÿ àñèìïòîòè÷åñêîãî ðàñïðåäåëåíèÿ óãëîâ îáõîäà äâóìåðíîãî áðîóíîâ-
ñêîãî äâèæåíèÿ âîêðóã íåñêîëüêèõ òî÷åê ïëîñêîñòè. Ïîëó÷åííûå îöåíêè íà
õàðàêòåðèñòèêè äàþò âîçìîæíîñòü ïðèìåíèòü òåîðåìó 3.3.2 ê ïîñëåäîâàòåëü-
íîñòè ëîêàëüíûõ ìàðòèíãàëîâ

lnRab

hn
,
lnRac

hn
,
Φab

hn
,
Φac

hn
,

hn � íåêîòîðàÿ âîçðàñòàþùàÿ áåñêîíå÷íî áîëüøàÿ ïîñëåäîâàòåëüíîñòü ïî-
ëîæèòåëüíûõ ÷èñåë. Òàêèì îáðàçîì, ìû ïîëó÷àåì àñèìïòîòè÷åñêóþ íåçàâè-
ñèìîñòü íàáîðîâ

(β
(hn)
ab , β(hn)

ac , γ
(hn)
ab , γ(hn)

ac ),

ïîëó÷åííûõ èç àññîöèèðîâàííûõ ñ ëîêàëüíûìè ìàðòèíãàëàìè lnRab, lnRac,Φab,Φac

áðîóíîâñêèõ äâèæåíèé
(βab, βac, γab, γac)

ñ ïîìîùüþ ïåðåìàñøòàáèðîâàíèÿ:

β
(hn)
ab (t) =

1

hn
βab(h

2
nt), β

(hn)
ac (t) =

1

hn
βac(h

2
nt),

γ
(hn)
ab (t) =

1

hn
γab(h

2
nt), γ

(hn)
ac (t) =

1

hn
γac(h

2
nt).

Èòàê, ìû ïîëó÷àåì ñëàáóþ ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè

(β
(hn)
ab , β(hn)

ac , γ
(hn)
ab , γ(hn)

ac )

ê íàáîðó íåçàâèñèìûõ áðîóíîâñêèõ äâèæåíèé. Â òî æå âðåìÿ, çíà÷åíèÿ óãëîâ
îáõîäà Φab(t),Φac(t) â ìîìåíòû Tab(e

hn) = inf{t : Rab(t) = ehn}, Tac(ehn) =
inf{t : Rac(t) = ehn} âûõîäà Rab(t), Rac(t) íà óðîâåíü ehn âûðàæàþòñÿ ÷åðåç
áðîóíîâñêèå äâèæåíèÿ β(hn)

ab , β
(hn)
ac , γ

(hn)
ab , γ

(hn)
ac :

Φab(Tab(e
hn))

hn
= γ

(hn)
ab (inf{u : β

(hn)
ab (u) = 1}),

84



Φac(Tac(e
hn))

hn
= γ(hn)

ac (inf{u : β(hn)
ac (u) = 1}).

Îòñþäà è èç òîãî, ÷òî Φab(e
2hn), Φac(e

2hn) õîðîøî ïðèáëèæàþòñÿ ñëó÷àé-
íûìè âåëè÷èíàìè Φab(Tab(e

hn)), Φac(Tac(e
hn)), (ñì. óòâåðæäåíèå 3.2.5), óæå

ïîëó÷àåòñÿ ñîîòíîøåíèå(
Φab(e

2hn)

hn
,
Φac(e

2hn)

hn

)
d−−−→

n→∞
(ξ1, ξ2),

ãäå ξ1, ξ2 � íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû ñî ñòàíäàðòíûì ðàñïðåäåëåíè-
åì Êîøè.
Âñþäó â ýòîì ðàçäåëå F � áðîóíîâñêèé ñòîõàñòè÷åñêèé ïîòîê, óäîâëåòâî-

ðÿþùèé óñëîâèÿì òåîðåìû 3.3.1. Ðàññìîòðèì òðàåêòîðèè Ft(a), Ft(b), Ft(c),
âûøåäøèå èç ïîïàðíî ðàçëè÷íûõ òî÷åê a, b, c ∈ R2.Ïóñòü òî÷êè Ft(a), Ft(b), Ft(c)
èìåþò êîîðäèíàòû

Ft(a) =

(
Xt(a)
Yt(a)

)
, Ft(b) =

(
Xt(b)
Yt(b)

)
, Ft(c) =

(
Xt(c)
Yt(c)

)
.

Êàê è â ïðåäûäóùåì ðàçäåëå, ìû îáîçíà÷àåì
Xab(t) = Xt(b)−Xt(a), Xac(t) = Xt(c)−Xt(a).
Yab(t) = Yt(b)− Yt(a), Yac(t) = Yt(c)− Yt(a).
Ïðèìåíåíèå èçëîæåííîé â [3] òåõíèêè ïîçâîëÿåò ïîëó÷èòü àíàëîãè÷íî óòâåð-

æäåíèþ 3.2.1. ñëåäóþùèå ðàâåíñòâà.

Óòâåðæäåíèå 3.3.1. Èìåþò ìåñòî ñëåäóþùèå ñîîòíîøåíèÿ:

〈Xab〉t = 〈Yab〉t =

t∫
0

2(1− bL(Rab(s)))ds,

〈Xac〉t = 〈Yac〉t =

t∫
0

2(1− bL(Rac(s)))ds,

〈Xab, Xac〉t = 〈Yab, Yac〉t =

t∫
0

(1 + bL(Rbc(s))− bL(Rab(s))− bL(Rac(s)))ds,

〈Xab, Yab〉t = 〈Xab, Yac〉t = 〈Xac, Yab〉t = 〈Xac, Yac〉t = 0.

Ïîëüçóÿñü ýòèìè ñîîòíîøåíèÿìè, à òàêæå ïðåäñòàâëåíèåì âçàèìíûõ óã-
ëîâ îáõîäà ÷àñòèö â âèäå ñòîõàñòè÷åñêèõ èíòåãðàëîâ (ñì. ëåììó 2.3.1), ìû
ïîëó÷àåì ñëåäóþùèå âûðàæåíèÿ äëÿ ñîâìåñòíûõ õàðàêòåðèñòèê.
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Óòâåðæäåíèå 3.3.2. Ñîâìåñòíûå õàðàêòåðèñòèêè óãëîâ îáõîäà ÷àñòèö
äðóã âîêðóã äðóãà è ëîãàðèôìîâ ðàññòîÿíèé ìåæäó ÷àñòèöàìè èìåþò âèä

〈Φab,Φac〉t = 〈lnRab, lnRac〉t =

=

t∫
0

(Xab(s)Xac(s) + Yab(s)Yac(s))(1 + bL(Rbc(s))− bL(Rab(s))− bL(Rac(s)))

(Xab(s)2 + Yab(s)2)(Xac(s)2 + Yac(s)2)
ds,

〈Φab, lnRac〉t =

=

t∫
0

(Xab(s)Yac(s)− Yab(s)Xac(s))(1 + bL(Rbc(s))− bL(Rab(s))− bL(Rac(s)))

(Xab(s)2 + Yab(s)2)(Xac(s)2 + Yac(s)2)
ds.

Ïîëíûå âàðèàöèè ñîîòâåòñòâóþùèõ õàðàêòåðèñòèê

t∫
0

|d 〈Φab,Φac〉s | =
t∫

0

|d 〈lnRab, lnRac〉s | =

=

t∫
0

|Xab(s)Xac(s) + Yab(s)Yac(s)||1 + bL(Rbc(s))− bL(Rab(s))− bL(Rac(s))|
(Xab(s)2 + Yab(s)2)(Xac(s)2 + Yac(s)2)

ds,

t∫
0

|d 〈Φab, lnRac〉s | =

=

t∫
0

|Xab(s)Yac(s)− Yab(s)Xac(s)||1 + bL(Rbc(s))− bL(Rab(s))− bL(Rac(s))|
(Xab(s)2 + Yab(s)2)(Xac(s)2 + Yac(s)2)

ds.

Äëÿ õàðàêòåðèñòèê èìåþò ìåñòî ñëåäóþùèå îöåíêè.

Óòâåðæäåíèå 3.3.3. Äëÿ íåêîòîðîé ïîñòîÿííîé C1 > 0 ïðè âñåõ t > 0
âûïîëíåíî

d 〈Φab〉t
dt

≤ C1
1

R2
ab(t) ∨ 1

,∣∣∣∣d 〈Φab,Φac〉t
dt

∣∣∣∣ ≤ C1
1

Rab(t) ∨ 1

1

Rac(t) ∨ 1
,
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è, ñëåäîâàòåëüíî,

〈Φab〉t ≤ C1

t∫
0

1

R2
ab(s) ∨ 1

ds,

t∫
0

|d 〈Φab,Φac〉s | ≤ C1

t∫
0

1

Rab(s) ∨ 1

1

Rac(s) ∨ 1
ds.

Äîêàçàòåëüñòâî. Ïîñêîëüêó 1−bL(x)
x2 → 1

2βL, x → 0, è bL(x) → 0, x → ∞, òî
äëÿ íåêîòîðîãî A > 0

1− bL(x)

x2
≤ A

x2 ∨ 1
ïðè âñåõ x > 0. Îòñþäà ñ ó÷¼òîì ðàâåíñòâà

〈Φab〉t =

t∫
0

2(1− bL(Rab(s)))

Rab(s)2
ds

ñðàçó ñëåäóåò îöåíêà
d 〈Φab〉t
dt

≤ C1
1

R2
ab(t) ∨ 1

,

ñ ïîñòîÿííîé C1 = 2A.
Äàëåå, èç òîãî, ÷òî ôóíêöèÿ bL(‖z‖) íåîòðèöàòåëüíî îïðåäåëåíà, à bL(0) =

1, ñëåäóåò ñóùåñòâîâàíèå âåêòîðîâ u, v, w ∈ R3, òàêèõ, ÷òî

‖u‖ = ‖v‖ = ‖w‖ = 1, (u, v) = bL(Rab(s)), (u,w) = bL(Rac(s)), (v, w) = bL(Rbc(s)).

Ïðèìåíÿÿ íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî ê âåêòîðàì u−v, u−w, ïîëó÷àåì

|1 + (v, w)− (u, v)− (u,w)| = |(u− v, u− w)| ≤ ‖u− v‖‖u− w‖ =

=
√

(u− v, u− v)
√

(u− w, u− w) =
√

2− 2(u, v)
√

2− 2(u,w) =

= 2
√

1− (u, v)
√

1− (u,w),

èëè

|1 + bL(Rbc(s))− bL(Rab(s))− bL(Rac(s))| ≤ 2
√

1− bL(Rab(s))
√

1− bL(Rac(s)).

Èç íåðàâåíñòâà Êîøè-Áóíÿêîâñêîãî èìååì

|Xab(s)Xac(s) + Yab(s)Yac(s)| ≤
√
Xab(s)2 + Yab(s)2

√
Xac(s)2 + Yac(s)2 =

= Rab(s)Rac(s).
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Èç ïðåäûäóùèõ íåðàâåíñòâ ïîëó÷àåì

|(Xab(s)Xac(s) + Yab(s)Yac(s))(1 + bL(Rbc(s))− bL(Rab(s))− bL(Rac(s)))|
(Xab(s)2 + Yab(s)2)(Xac(s)2 + Yac(s)2)

≤

≤ 2

√
1− bL(Rab(s))

√
1− bL(Rac(s))

Rab(s)Rac(s)
≤ 2A

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
.

Îòñþäà ñëåäóåò íàøà îöåíêà äëÿ
∣∣∣d〈Φab,Φac〉tdt

∣∣∣ ñ C1 = 2A.

Àíàëîãè÷íî ñ èñïîëüçîâàíèåì âûðàæåíèÿ

〈Φab,Φcd〉t =

=

t∫
0

(Xab(s)Xcd(s) + Yab(s)Ycd(s))(bL(Rac) + bL(Rbd(s))− bL(Rad(s))− bL(Rbc(s)))

(Xab(s)2 + Yab(s)2)(Xcd(s)2 + Ycd(s)2)
ds,

ïîëó÷àåòñÿ ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 3.3.4. Ïóñòü a, b, c, d � ïîïàðíî ðàçëè÷íûå òî÷êè ïëîñêî-
ñòè. Äëÿ íåêîòîðîé ïîñòîÿííîé C2 > 0 ïðè âñåõ t > 0 âûïîëíåíî∣∣∣∣d 〈Φab,Φcd〉t

dt

∣∣∣∣ ≤ C2
1

Rab(t) ∨ 1

1

Rcd(t) ∨ 1
,

è, ñëåäîâàòåëüíî,

t∫
0

|d 〈Φab,Φcd〉s | ≤ C2

t∫
0

1

Rab(s) ∨ 1

1

Rcd(s) ∨ 1
ds.

Â äàëüíåéøèõ ðàññóæäåíèÿõ ìû ïîëó÷èì îöåíêè õàðàêòåðèñòèê 〈Φab,Φac〉t,
÷òî ñäåëàåò âîçìîæíûì ïðèìåíåíèå òåîðåìû 3.3.2 â äîêàçàòåëüñòâå óòâåð-
æäåíèÿ 3.3.34. Èç ýòîãî óòâåðæäåíèÿ ñ ïîìîùüþ ðàññóæäåíèé, àíàëîãè÷íûõ
ðàáîòå [61], óæå íåñëîæíî áóäåò ïîëó÷èòü òåîðåìó 3.3.1.

Óòâåðæäåíèå 3.3.5. Ïðè ëþáûõ r1, r2, 0 < r1 < r2 èìååò ìåñòî

1

(ln t)2

t∫
0

1r1≤Rab(s)≤r2ds
P−−−→

t→∞
0.
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Äîêàçàòåëüñòâî. Óòâåðæäåíèå âûòåêàåò èç ñëåäóþùåãî ðåçóëüòàòà äëÿ èçî-
òðîïíûõ áðîóíîâñêèõ ïîòîêîâ ñ íóëåâûì ñòàðøèì ïîêàçàòåëåì Ëÿïóíîâà
(óòâåðæäåíèå 6.1 èç [11]):

E
t∫

0

1r1≤Rab(s)≤r2ds ∼ C ln t, t→∞

äëÿ íåêîòîðîãî C > 0 (C çàâèñèò îò r1, r2).

Óòâåðæäåíèå 3.3.6.

1

(ln t)2

t∫
0

1

Rab(s)2 ∨ 1
ds

ñòîõàñòè÷åñêè îãðàíè÷åíî ïðè t→∞, òî åñòü

∀ε > 0 ∃C > 0 ∃t0 > 0 ∀t > t0 P

 1

(ln t)2

t∫
0

1

Rab(s)2 ∨ 1
ds > C

 < ε.

Äîêàçàòåëüñòâî. Âûáåðåì R0 > 1 òàê, ÷òî ïðè r ≥ R0 âûïîëíåíî íåðàâåí-
ñòâî bL(r) < 1

2 (òàêîé âûáîð âîçìîæåí â ñèëó ñõîäèìîñòè bL(r)→ 0, r →∞).

Âûáåðåì r0, 0 < r0 < 1, òàê, ÷òî ïðè 0 < r ≤ r0 èìååò ìåñòî 1−bL(r)
r2 ≥ 1

4βL

(òàêîé âûáîð âîçìîæåí â ñèëó ñõîäèìîñòè 1−bL(r)
r2 → 1

2βL, r → 0). Èìååì

t∫
0

1

Rab(s)2 ∨ 1
ds =

t∫
0

1Rab(s)≤r0ds+

t∫
0

1r0≤Rab(s)≤R0

1

Rab(s)2 ∨ 1
ds+

+

t∫
0

1Rab(s)≥R0

1

Rab(s)2
ds ≤ 4

βL

t∫
0

1− bL(Rab(s))

Rab(s)2
ds+

t∫
0

1r0≤Rab(s)≤R0
ds+

+

t∫
0

2(1− bL(Rab(s)))

Rab(s)2
ds =

2

βL
〈Φab〉t +

t∫
0

1r0≤Rab(s)≤R0
ds+ 〈Φab〉t .

Äîêàçàòåëüñòâî ñëåäóåò òåïåðü èç óòâåðæäåíèé 3.2.4 è 3.3.5.

Óòâåðæäåíèå 3.3.7. Ïðè ëþáûõ r1, r2 > 0 èìååò ìåñòî

1

(ln t)2

t∫
0

1Rab(s)≥r1,Rac(s)≤r2
1

Rab(s)
ds

P−−−→
t→∞

0.
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Äîêàçàòåëüñòâî. Èìååì ïðè ëþáîì A > max{1, r1}:

t∫
0

1Rab(s)≥r1,Rac(s)≤r2
1

Rab(s)
ds ≤

≤ 1

r1

t∫
0

1r1≤Rab(s)≤Ads+

t∫
0

1Rab(s)≥A,Rac(s)≤r2
1

Rab(s)
ds ≤

≤ 1

r1

t∫
0

1r1≤Rab(s)≤Ads+
1

A

t∫
0

1Rac(s)≤r2ds ≤

≤ 1

r1

t∫
0

1r1≤Rab(s)≤Ads+
r2

2 ∨ 1

A

t∫
0

1

Rac(s)2 ∨ 1
ds.

Äîêàçûâàåìîå óòâåðæäåíèå òåïåðü âûòåêàåò â ñèëó ïðîèçâîëüíîñòè A èç
óòâåðæäåíèé 3.3.5 è 3.3.6.

Àíàëîãè÷íî äîêàçûâàåòñÿ ñëåäóþùåå óòâåðæäåíèå.

Óòâåðæäåíèå 3.3.8. Ïóñòü a, b, c, d � ÷åòûðå ïîïàðíî ðàçëè÷íûå òî÷êè
ïëîñêîñòè. Ïðè ëþáûõ r1, r2 > 0 èìååò ìåñòî

1

(ln t)2

t∫
0

1Rab(s)≥r1,Rcd(s)≤r2
1

Rab(s)
ds

P−−−→
t→∞

0.

Óòâåðæäåíèå 3.3.9. Ïðè ëþáûõ r1, r2 > 0 èìååò ìåñòî

1

(ln t)2

t∫
0

1Rab(s)≥r1,Rac(s)≤r2
1

Rab(s)2 ∨ 1
ds

P−−−→
t→∞

0.

Äîêàçàòåëüñòâî. Èìååì

t∫
0

1Rab(s)≥r1,Rac(s)≤r2
1

Rab(s)2 ∨ 1
ds ≤

t∫
0

1Rab(s)≥r1,Rac(s)≤r2
1

Rab(s)
ds.

Äîêàçûâàåìîå óòâåðæäåíèå òåïåðü âûòåêàåò èç óòâåðæäåíèÿ 3.3.7.
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Óòâåðæäåíèÿ 3.3.10�3.3.23 ïîñâÿùåíû îöåíêå

t∫
0

1Rab(s)≤R,Rac(s)≤Rds

ïðè t→∞. Ìû ïîêàçûâàåì, ÷òî ïðè ëþáîì R > 0

1

(ln t)2

t∫
0

1Rab(s)≤R,Rac(s)≤Rds
P−−−→

t→∞
0, t→∞.

Äîêàçàòåëüñòâî îñíîâàíî íà èññëåäîâàíèè ñåìèìàðòèíãàëà

Qt = Rab(t)
2 +Rac(t)

2.

Äëÿ ñåìèìàðòèíãàëà lnQt èìååò ìåñòî ðàçëîæåíèå Äóáà

lnQt = lnQ0 + Vt +Mt,

ãäå V � ïðîöåññ îãðàíè÷åííîé âàðèàöèè,M � íåïðåðûâíûé ëîêàëüíûé ìàð-
òèíãàë, V0 = M0 = 0.

Óòâåðæäåíèå 3.3.10. Ïðîöåññ Vt ÿâëÿåòñÿ íåóáûâàþùèì ï.í. Èíûìè ñëî-
âàìè, lnQt � ëîêàëüíûé ñóáìàðòèíãàë.

Äîêàçàòåëüñòâî. Ïðèìåíÿÿ âûðàæåíèÿ èç äîêàçàòåëüñòâà ëåììû 2.3.1, èìå-
åì

dRab(t)
2 = 2Xab(t)dXab(t) + 2Yab(t)dYab(t) + d < Xab >t +d < Yab >t=

= 2Xab(t)dXab(t) + 2Yab(t)dYab(t) + 4(1− bL(Rab(t)))dt.

Àíàëîãè÷íûå âûðàæåíèÿ èìåþò ìåñòî è äëÿ dRac(t)
2. Ñêëàäûâàÿ èõ, ïîëó-

÷àåì

dQt = 2Xab(t)dXab(t) + 2Yab(t)dYab(t) + 2Xac(t)dXac(t) + 2Yac(t)dYac(t)+

+ 4[2− bL(Rab(t))− bL(Rac(t))]dt.

Ïóñòü

Nt =

t∫
0

(Xab(s)dXab(s)+Yab(s)dYab(s))+

t∫
0

(Xac(s)dXac(s)+Yac(s)dYac(s)),
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Ht = 4 (2− bL(Rab(t))− bL(Rac(t))) .

Òîãäà dQt = Htdt+ 2dNt. Nt � ëîêàëüíûé ìàðòèíãàë, è

d 〈N〉t = Xab(t)
2d 〈Xab〉t + Yab(t)

2d 〈Yab〉t +
+Xac(t)

2d 〈Xac〉t + Yac(t)
2d 〈Yac〉t +

+ 2Xab(t)Xac(t)d 〈Xab, Xac〉t + 2Yab(t)Yac(t)d 〈Yab, Yac〉t .

Çàìåòèì, ÷òî ìàòðèöà èíôèíèòåçèìàëüíûõ êîâàðèàöèé dXab(t), dXac(t), ò.å.
ìàòðèöà

K =
1

dt

(
d 〈Xab, Xab〉t d 〈Xab, Xac〉t
d 〈Xab, dXac〉t d 〈Xac, Xac〉t

)
=

1

dt

(
d 〈Yab, Yab〉t d 〈Yab, Yac〉t
d 〈Yab, Yac〉t d 〈Yac, Yac〉t

)
íåîòðèöàòåëüíî îïðåäåëåíà. Ïîýòîìó ñóùåñòâóþò âåêòîðû vab, vac ∈ R3, òà-
êèå, ÷òî èõ ìàòðèöà Ãðàìà (

(vab, vab) (vab, vac)
(vab, vac) (vac, vac)

)
ñîâïàäàåò ñ K. Â ÷àñòíîñòè,

‖vab‖2 = 2(1− bL(‖rab‖)), ‖vac‖2 = 2(1− bL(‖rac‖)).

Îáîçíà÷èì
rab = Ft(b)− Ft(a),

rac = Ft(c)− Ft(a),

Pt =
d 〈N〉t
dt

.

Òîãäà
Qt = ‖rab‖2 + ‖rac‖2,

Pt = ‖rab‖2‖vab‖2 + ‖rac‖2‖vac‖2 + 2(rab, rac)(vab, vac),

Ht = 2(‖vab‖2 + ‖vac‖2).

Èìååì

‖rab‖2‖vac‖2 + ‖rac‖2‖vab‖2 ≥ 2‖rab‖‖rac‖‖vab‖‖vac‖ ≥ 2(rab, rac)(vab, vac),

è îòñþäà

(‖rab‖2 + ‖rac‖2)(‖vab‖2 + ‖vac‖2) ≥
≥ ‖rab‖2‖vab‖2 + ‖rac‖2‖vac‖2 + 2(rab, rac)(vab, vac).
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èëè
HtQt ≥ 2Pt.

Ïðèìåíÿÿ ôîðìóëó Èòî, ïîëó÷àåì

d lnQt =
1

Qt
dQt −

1

2Q2
t

d 〈Q〉t =
1

Qt
(Htdt+ 2dNt)−

2

Q2
t

d 〈N〉t =

=
1

Qt
(Htdt+ 2dNt)−

2

Q2
t

Ptdt =

(
Ht

Qt
− 2

Q2
t

Pt

)
dt+

2

Qt
dNt.

Òàêèì îáðàçîì,

Mt =

t∫
0

2

Qs
dNs, 〈M〉t =

t∫
0

4Ps
Q2
s

ds, Vt =

t∫
0

(
Hs

Qs
− 2Ps
Q2
s

)
ds.

Â ñèëó HtQt ≥ 2Pt èìååì
Ht

Qt
− 2Pt
Q2
t

≥ 0.

Ñëåäîâàòåëüíî, ïðîöåññ lnQt ÿâëÿåòñÿ ëîêàëüíûì ñóáìàðòèíãàëîì.

Óòâåðæäåíèå 3.3.11. Èìååò ìåñòî ðàâåíñòâî

2Vt + 〈M〉t = 2

t∫
0

Hs

Qs
ds.

Äîêàçàòåëüñòâî. Ìû èñïîëüçóåì òå æå îáîçíà÷åíèÿ, ÷òî â äîêàçàòåëüñòâå
óòâåðæäåíèÿ 3.3.10. Èìååì

2Vt + 〈M〉t = 2

t∫
0

(
Hs

Qs
− 2Ps
Q2
s

)
ds+

t∫
0

4Ps
Q2
s

ds = 2

t∫
0

Hs

Qs
ds.

Óòâåðæäåíèå 3.3.12. Ïðè íåêîòîðûõ ρ > 0, µ > 0 èìååò ìåñòî íåðàâåí-
ñòâî

Ht

Qt
≥ µ1Qt≤ρ2, t ≥ 0.

Äîêàçàòåëüñòâî. Âûáåðåì ρ > 0 òàê, ÷òî ïðè 0 < r < ρ

1− bL(r)

r2
>

1

4
βL.
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Òàêîé âûáîð âîçìîæåí â ñèëó ñõîäèìîñòè 1−bL(r)
r2 → 1

2βL, r → 0 + . Ïðè
Rab(t) < ρ, Rac(t) < ρ èìååì

Ht

Qt
= 4

(1− bL(Rab(t)) + (1− bL(Rac(t))

Rab(t)2 +Rac(t)2
> βL.

Èìååì ïîýòîìó
Ht

Qt
≥ βL1Rab(t)≤ρ,Rac(t)≤ρ ≥ βL1Qt≤ρ2.

Óòâåðæäåíèå 3.3.13. Ïðè íåêîòîðûõ ρ > 0, ν > 0 èìååò ìåñòî íåðàâåí-
ñòâî

2Vt + 〈M〉t ≥ ν

t∫
0

1Qs≤ρ2ds.

Äîêàçàòåëüñòâî. Èç óòâåðæäåíèÿ 3.3.11 èìååì

2Vt + 〈M〉t = 2

t∫
0

Hs

Qs
ds.

Âûáåðåì ρ, µ êàê â óòâåðæäåíèè 3.3.12. Èìååì

t∫
0

Hs

Qs
ds ≥

t∫
0

Hs

Qs
1Qs≤ρ2ds ≥ µ

t∫
0

1Qs≤ρ2ds.

Èòàê,

2Vt + 〈M〉t ≥ 2µ

t∫
0

1Qs≤ρ2ds.

Óòâåðæäåíèå 3.3.14. Ïðè íåêîòîðûõ R0 > 0, γ > 0 èìååò ìåñòî íåðàâåí-
ñòâî

Vt ≥ γ

t∫
0

1Rab(s)≥R0,Rac(s)≥R0
d 〈M〉s .
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Äîêàçàòåëüñòâî. Ìû èñïîëüçóåì òå æå îáîçíà÷åíèÿ, ÷òî â äîêàçàòåëüñòâå
óòâåðæäåíèÿ 3.3.10. Âûáåðåì R0 > 0 òàê, ÷òî |bL(r)| < 1

8 ïðè r > R0. Ïîêà-
æåì, ÷òî ïðè Rab(t) ≥ R0, Rac(t) ≥ R0 èìååò ìåñòî

HtQt − 2Pt
Q2
t

≥ 3

32

Pt
Q2
t

.

Èìååì

‖vab‖2 = 2(1− bL(‖rab‖)) ≥
7

4
, ‖vac‖2 ≥ 7

4
,

(vab, vac) = 1− bL(‖rab‖)− bL(‖rac‖+ bL(‖rbc‖) ≤
11

8
,

è îòñþäà

1

2
HtQt − Pt = ‖rab‖2‖vac‖2 + ‖rac‖2‖vab‖2 − 2(rab, rac)(vab, vac) ≥

≥ 7

4
(‖rab‖2 + ‖rac‖2)− 11

8
(‖rab‖2 + ‖rac‖2) =

3

8
(‖rab‖2 + ‖rac‖2) =

3

8
Qt.

ßñíî, ÷òî

Pt = ‖rab‖2‖vab‖2 + ‖rac‖2‖vac‖2 + 2(rab, rac)(vab, vac) ≤
≤ 4(‖rab‖2 + ‖rac‖2) + 8‖rab‖‖rac‖ ≤ 8(‖rab‖2 + ‖rac‖2) = 8Qt.

Èòàê, ïðè Rab(t) ≥ R0, Rac(t) ≥ R0 èìååò ìåñòî

HtQt − 2Pt
Q2
t

≥ 3

4Qt
=

3

32

8Qt

Q2
t

≥ 3

32

Pt
Q2
t

.

Äëÿ ðàçëîæåíèÿ Äóáà ñåìèìàðòèíãàëà lnQt

lnQt = lnQ0 + Vt +Mt,

èìåþò ìåñòî ñîîòíîøåíèÿ

Vt =

t∫
0

HsQs − 2Ps
Q2
s

ds, 〈M〉t =

t∫
0

4Ps
Q2
s

ds.

Èç äîêàçàííîãî ñëåäóåò

Vt ≥
t∫

0

1Rab(s)≥R0,Rac(s)≥R0
dVs ≥

t∫
0

1Rab(s)≥R0,Rac(s)≥R0

HsQs − 2Ps
Q2
s

ds ≥

≥ 3

32

t∫
0

1Rab(s)≥R0,Rac(s)≥R0

Ps
Q2
s

ds =
3

128

t∫
0

1Rab(s)≥R0,Rac(s)≥R0
d 〈M〉s .
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Óòâåðæäåíèå 3.3.15. Ïðè íåêîòîðîì C > 0 èìååò ìåñòî

d 〈M〉t
dt

≤ C

Rab(t)2 ∨ 1
.

Äîêàçàòåëüñòâî. Ìû èñïîëüçóåì òå æå îáîçíà÷åíèÿ, ÷òî â äîêàçàòåëüñòâå
óòâåðæäåíèÿ 3.3.10. Âûáåðåì ρ > 0 òàê, ÷òî ïðè r < ρ

1− bL(r)

r2
≤ βL.

Òàêîé âûáîð âîçìîæåí â ñèëó ñõîäèìîñòè 1−bL(r)
r2 → 1

2βL, r → 0. Ïðè
Rab(t) < ρ,Rac(t) < ρ èìååì

Ht

Qt
= 4

(1− bL(Rab(t)) + (1− bL(Rac(t))

Rab(t)2 +Rac(t)2
≤ 4βL.

Èìååì ïîýòîìó, èñïîëüçóÿ íåðàâåíñòâî Ht ≤ 16:

Ht

Qt
≤ Ht

Qt
1Rab(t)≤ρ,Rac(t)≤ρ +

Ht

Qt
1Rab(t)≤ρ,Rac(t)>ρ +

Ht

Qt
1Rab(t)>ρ,Rac(t)>ρ ≤

≤ 4βL1Rab(t)≤ρ +
16

ρ2
1Rab(t)≤ρ +

16

Qt
1Rab(t)>ρ ≤

C1

Rab(t)2 ∨ ρ2

ïðè íåêîòîðîì C1 > 0. Ñëåäîâàòåëüíî, ïðèìåíÿÿ íåðàâåíñòâî HtQt ≥ 2Pt
(ñì. äîêàçàòåëüñòâî óòâåðæäåíèÿ 3.3.10), ïðè íåêîòîðûîì C2 > 0 ïîëó÷àåì

d 〈M〉t
dt

=
4Pt
Q2
t

≤ 2
Ht

Qt
≤ 2C1

1

Rab(t)2 ∨ ρ2
≤ C2

1

Rab(t)2 ∨ 1
.

Óòâåðæäåíèå 3.3.16. Ïðè t→∞
1

(ln t)2
〈M〉t

ñòîõàñòè÷åñêè îãðàíè÷åíî, òî åñòü

∀ε > 0 ∃t0 ∃C > 0 ∀t > t0 P
(
〈M〉t ≥ C(ln t)2

)
< ε.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî âûòåêàåò íåïîñðåäñòâåííî èç óòâåðæäåíèé
3.3.15 è 3.3.6.

Óòâåðæäåíèå 3.3.17. Ïóñòü R > 0 � ôèêñèðîâàíî. Äëÿ ëþáîãî ε > 0 ïðè
äîñòàòî÷íî áîëüøèõ t èìååò ìåñòî

P
(
∃s ≤ t : Qs ≤ R, Vs ≥ ε(ln t)2

)
< ε.
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Äîêàçàòåëüñòâî. Ïóñòü β � àññîöèèðîâàííûé ñ M âèíåðîâñêèé ïðîöåññ,

β(ln t)(u) =
1

ln t
β((ln t)2u), u ≥ 0.

Âûáåðåì C > 0 òàê, ÷òîáû ïðè äîñòàòî÷íî áîëüøèõ t

P
(
〈M〉t ≥ C(ln t)2

)
< ε.

Òàêîé âûáîð âîçìîæåí â ñèëó óòâåðæäåíèÿ 3.3.16. Èìååì òåïåðü

P
(
∃s ≤ t : Qs ≤ R, Vs ≥ ε(ln t)2

)
=

= P
(
∃s ≤ t : lnQs ≤ lnR, Vs ≥ ε(ln t)2

)
≤

≤ P (∃s ≤ t : ε(ln t)2 + lnQ0 + β(〈M〉s) ≤ lnR) ≤
≤ P

(
∃u ≤ 〈M〉t : ε(ln t)2 + lnQ0 + β(u) ≤ lnR

)
≤

≤ ε+ P (∃u ≤ C(ln t)2 : ε(ln t)2 + lnQ0 + β(u) ≤ lnR) =

= ε+ P

(
∃u ≤ C(ln t)2 : ε ln t+

1

ln t
β(u) ≤ lnR− lnQ0

ln t

)
=

= ε+ P

(
∃u ≤ C : ε ln t+ β(ln t)(u) ≤ lnR− lnQ0

ln t

)
=

= ε+ P

(
inf

0≤u≤C
β(u) ≤ lnR− lnQ0

ln t
− ε ln t

)
< 2ε

ïðè äîñòàòî÷íî áîëüøèõ t.

Óòâåðæäåíèå 3.3.18. Äëÿ ëþáûõ r1, r2 > 0, ε > 0 ïðè äîñòàòî÷íî áîëüøèõ
t èìååò ìåñòî

P

 t∫
0

1Rab(s)≥r1,Rac(s)≤r2d 〈M〉s ≥ ε(ln t)2

 < ε.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî âûòåêàåò íåïîñðåäñòâåííî èç óòâåðæäåíèé
3.3.15 è 3.3.9.

Óòâåðæäåíèå 3.3.19. Ïóñòü R > 0 � ôèêñèðîâàíî. Ïðè íåêîòîðîì α ∈ R
äëÿ ëþáîãî ε > 0 ïðè äîñòàòî÷íî áîëüøèõ t èìååò ìåñòî

P

∃s ∈ [0, t] : Qs ≤ R,

s∫
0

1Mu≥αd 〈M〉u ≥ ε(ln t)2

 < ε.
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Äîêàçàòåëüñòâî. Ïîëîæèì α = ln (2R2
0)−lnQ0, ãäåR0 èç óòâåðæäåíèÿ 3.3.14.

Èìååì, èñïîëüçóÿ óòâåðæäåíèÿ 3.3.14, 3.3.18 è íåðàâåíñòâî
Mu = lnQu − lnQ0 − Vu ≤ lnQu − lnQ0:

P

∃s ∈ [0, t] : Qs ≤ R,

s∫
0

1Mu≥αd 〈M〉u ≥ ε(ln t)2

 ≤
≤ P

∃s ∈ [0, t] : Qs ≤ R,

s∫
0

1lnQu−lnQ0≥αd 〈M〉u ≥ ε(ln t)2

 ≤
≤ P

∃s ∈ [0, t] : Qs ≤ R,

s∫
0

1Qu≥2R2
0
d 〈M〉u ≥ ε(ln t)2

 ≤
≤ P

∃s ∈ [0, t] : Qs ≤ R,

s∫
0

1Rab(u)≥R0,Rac(u)≥R0
d 〈M〉u ≥ ε(ln t)2/3

+

+ P

∃s ∈ [0, t] : Qs ≤ R,

s∫
0

1Rab(u)≥R0,Rac(u)≤R0
d 〈M〉u ≥ ε(ln t)2/3

+

+ P

∃s ∈ [0, t] : Qs ≤ R,

s∫
0

1Rab(u)≤R0,Rac(u)≥R0
d 〈M〉u ≥ ε(ln t)2/3

 ≤
≤ P

(
∃s ∈ [0, t] : Qs ≤ R, Vs ≥ γε(ln t)2/3

)
+ 2ε/3 ≤

≤ γε/3 + 2ε/3

ïðè äîñòàòî÷íî áîëüøèõ t â ñèëó óòâåðæäåíèÿ 3.3.17.

Óòâåðæäåíèå 3.3.20. Ïóñòü R > 0 � ôèêñèðîâàíî. Äëÿ ëþáîãî ε > 0 ïðè
äîñòàòî÷íî áîëüøèõ t èìååò ìåñòî

P
(
∃s ≤ t : Qs ≤ R, 〈M〉s ≥ ε(ln t)2

)
< ε.

Äîêàçàòåëüñòâî. Ôèêñèðóåì ε > 0. Ïóñòü

τε = τε(t) = inf{s > 0: Qs ≤ R, 〈M〉s ≥ ε(ln t)2}.

Òîãäà Q(τε) ≤ R, 〈M〉 (τε) ≥ ε(ln t)2,

P
(
∃s ≤ t : Q(s) ≤ R, 〈M〉s ≥ ε(ln t)2

)
= P (τε ≤ t).
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Ïóñòü α � èç óòâåðæäåíèÿ 3.3.19, β � àññîöèèðîâàííûé ñ M âèíåðîâñêèé
ïðîöåññ, β(ln t)(u) = 1

ln tβ((ln t)2u), u ≥ 0. Âûáåðåì δ = δ(ε), 0 < δ < ε òàê, ÷òî

P

 ε∫
0

1β(u)≥δdu ≤ δ

 < ε.

Èìååì ïðè t > t0 = eα/δ

P

 τε∫
0

1Ms≥αd 〈M〉s ≤ δ(ln t)2

 = P

 τε∫
0

1β(<M>s)≥αd 〈M〉s ≤ δ(ln t)2

 =

= P

 〈M〉(τε)∫
0

1β(u)≥αdu ≤ δ(ln t)2

 ≤ P

 ε(ln t)2∫
0

1β(u)≥αdu ≤ δ(ln t)2

 =

= P

 ε∫
0

1β(ln t)(u)≥α/ ln tdu ≤ δ

 ≤ P

 ε∫
0

1β(ln t)(u)≥δdu ≤ δ

 < ε.

Èìååì, èñïîëüçóÿ óòâåðæäåíèå 3.3.19 è ïðîâåä¼ííûå îöåíêè:

P

∃s ∈ [0, t] : Qs ≤ R,

t∫
0

1Qs≤Rd 〈M〉s ≥ ε(ln t)2

 = P (τε ≤ t) ≤

≤ P

 τε∫
0

1Ms≥αd 〈M〉s ≤ δ(ln t)2

+P

τε ≤ t,

τε∫
0

1Ms≥αd 〈M〉s ≥ δ(ln t)2

 ≤
≤ ε+ P

∃s ∈ [0, t] : Qs ≤ R,

s∫
0

1Mu≥αd 〈M〉u ≥ δ(ln t)2

 ≤ ε+ δ < 2ε

ïðè äîñòàòî÷íî áîëüøèõ t.

Óòâåðæäåíèå 3.3.21. Ïðè íåêîòîðîì ρ > 0 äëÿ ëþáîãî ε > 0 ïðè äîñòà-
òî÷íî áîëüøèõ t èìååò ìåñòî

P

 t∫
0

1Qs≤ρ2ds ≥ ε(ln t)2

 < ε.
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Èíûìè ñëîâàìè,

1

(ln t)2

t∫
0

1Qs≤ρ2ds
P−−−→

t→∞
0.

Äîêàçàòåëüñòâî. Ôèêñèðóåì ε > 0. Ïóñòü

τε = inf

t > 0:

t∫
0

1Qs≤ρ2ds ≥ ε(ln t)2

 .

Òîãäà Q(τε) ≤ ρ2. Âûáåðåì ρ, ν êàê â óòâåðæäåíèè 3.3.13. Èìååì

P

 t∫
0

1Qs≤ρ2ds ≥ ε(ln t)2

 ≤ P

∃s ≤ t : Qs ≤ ρ2,

s∫
0

1Qu≤ρ2du ≥ ε(ln t)2

 ≤
≤ P

(
∃s ≤ t : Qs ≤ ρ2, 2Vs + 〈M〉s ≥ εν(ln t)2

)
≤

≤ P
(
∃s ≤ t : Qs ≤ ρ2, Vs ≥ εν(ln t)2/3

)
+

+ P
(
∃s ≤ t : Qs ≤ ρ2, 〈M〉s ≥ εν(ln t)2/3

)
< 2εν/3

ïðè äîñòàòî÷íî áîëüøèõ t â ñèëó óòâåðæäåíèé 3.3.17 è 3.3.20.

Îòñþäà íåïîñðåäñòâåííî ñëåäóåò

Óòâåðæäåíèå 3.3.22. Ïðè íåêîòîðîì ρ > 0 èìååò ìåñòî

1

(ln t)2

t∫
0

1Rab(s)≤ρ,Rac(s)≤ρds
P−→ 0, t→∞.

Óòâåðæäåíèå 3.3.23. Ïðè ëþáîì R > 0 èìååò ìåñòî

1

(ln t)2

t∫
0

1Rab(s)≤R,Rac(s)≤Rds
P−→ 0, t→∞.

Äîêàçàòåëüñòâî. Ïóñòü ρ � èç óòâåðæäåíèÿ 3.3.22. Áåç îãðàíè÷åíèÿ îáùî-
ñòè ìîæíî ñ÷èòàòü R > ρ. Â ýòîì ñëó÷àå èìååì

t∫
0

1Rab(s)≤R,Rac(s)≤Rds ≤

≤
t∫

0

1Rab(s)≤ρ,Rac(s)≤ρds+

t∫
0

1ρ≤Rab(s)≤Rds+

t∫
0

1ρ≤Rac(s)≤Rds.

Äîêàçûâàåìàÿ îöåíêà òåïåðü âûòåêàåò èõ óòâåðæäåíèé 3.3.5 è 3.3.22.
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Óòâåðæäåíèå 3.3.24. Äëÿ ïîïàðíî ðàçëè÷íûõ òî÷åê ïëîñêîñòè a, b, c, d
ïðè ëþáîì R > 0 èìååò ìåñòî

1

(ln t)2

t∫
0

1Rab(s)≤R,Rcd(s)≤Rds
P−→ 0, t→∞.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó

1

(ln t)2

t∫
0

1Rab(s)≤R,Rac(s)≤Rds
P−→ 0, t→∞,

òîëüêî âìåñòî Qt = Rab(t)
2 +Rac(t)

2 ðàññìàòðèâàåòñÿ Q′t = Rab(t)
2 +Rcd(t)

2.
Äëÿ Q′t èìåþò ìåñòî àíàëîãè÷íûå ðàâåíñòâà

dQ′t = H ′tdt+ 2dN ′t,

d lnQ′t =

(
H ′t
Q′t
− 2P ′t
Q′2t

)
dt+

2

Q′t
dN ′t,

ãäå
H ′t = 4 (2− bL(Rab(t))− bL(Rcd(t))) ,

d 〈N ′〉t = P ′tdt = Rab(t)
2d 〈Xab〉t +Rcd(t)

2d 〈Xcd〉t +
+ 2(Xab(t)Xcd(t) + Yab(t)Ycd(t))d 〈Xab, Xcd〉t .

Äîêàçàòåëüñòâî íåðàâåíñòâà

H ′tQ
′
t ≥ 2P ′t

è ïîñëåäóþùèå ðàññóæäåíèÿ ïðîâîäÿòñÿ àíàëîãè÷íî ðàññóæäåíèÿì äëÿ Qt.

Óòâåðæäåíèå 3.3.25. Ïðè ëþáîì R > 0 èìååò ìåñòî

1

(ln t)2

t∫
0

1Rab(s)≤R
1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds

P−−−→
t→∞

0, t→∞,

1

(ln t)2

t∫
0

1Rac(s)≤R
1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds

P−−−→
t→∞

0, t→∞,

1

(ln t)2

t∫
0

1Rbc(s)≤R
1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds

P−−−→
t→∞

0, t→∞.
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Äîêàçàòåëüñòâî. Èìååì

t∫
0

1Rab(s)≤R
1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds ≤

t∫
0

1Rab(s)≤R
1

Rac(s) ∨ 1
ds =

=

t∫
0

1Rab(s)≤R,Rac(s)≤1ds+

t∫
0

1Rab(s)≤R,Rac(s)≥1
1

Rac(s)
ds,

t∫
0

1Rac(s)≤R
1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds ≤

t∫
0

1Rac(s)≤R
1

Rab(s) ∨ 1
ds =

=

t∫
0

1Rac(s)≤R,Rab(s)≤1ds+

t∫
0

1Rac(s)≤R,Rab(s)≥1
1

Rab(s)
ds,

t∫
0

1Rbc(s)≤R
1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds ≤

≤
t∫

0

1Rbc(s)≤R,Rab(s)≤1ds+

t∫
0

1Rbc(s)≤R,Rab(s)≥1
1

Rab(s)
ds.

Èç óòâåðæäåíèé 3.3.7 è 3.3.23 âî âñåõ òð¼õ ñëó÷àÿõ ïîëó÷àåì íóæíîå. .

Óòâåðæäåíèå 3.3.26. Ïðè ëþáîì A > 0, R > 1 èìååò ìåñòî

t∫
0

1Rab(s)≥R,Rac(s)≥R,| lnRab(s)−lnRac(s)|>A
1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds ≤

≤ C1e
−A

 t∫
0

1

Rab(s)2 ∨ 1
ds+

t∫
0

1

Rac(s)2 ∨ 1
ds

 .
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Äîêàçàòåëüñòâî. Èìååì

t∫
0

1Rab(s)≥R,Rac(s)≥R,lnRac(s)−lnRab(s)>A
1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds =

=

t∫
0

1Rab(s)≥R,Rac(s)>eARab(s)
1

Rab(s)Rac(s)
ds ≤ e−A

t∫
0

1

Rab(s)2 ∨ 1
ds.

Àíàëîãè÷íî ïîëó÷àåì

t∫
0

1Rab(s)≥R,Rac(s)≥R,lnRac(s)−lnRab(s)<−A
1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds ≤

≤ e−A
t∫

0

1

Rac(s)2 ∨ 1
ds.

Ñêëàäûâàÿ ïîëó÷åííûå íåðàâåíñòâà, ïîëó÷àåì íóæíîå.

Óòâåðæäåíèå 3.3.27. Ïóñòü β � îäíîìåðíîå áðîóíîâñêîå äâèæåíèå, β(0) =
x0. Òîãäà ïðè ëþáîì A > 0

1

t

t∫
0

1|β(u)|≤Adu
P−−−→

t→∞
0.

Äîêàçàòåëüñòâî. Ïîñêîëüêó
t∫

0

1|β(u)|≤Adu ≤
t∫

0

1|β(u)−x0|≤A+|x0|du,

ìîæíî ñ÷èòàòü β(0) = 0. Â ýòîì ñëó÷àå èìååì

1

t

t∫
0

1|β(u)|≤Adu =

1∫
0

1|β(tu)|≤Adu =

1∫
0

1|w(u)|≤ A√
t
du,

ãäå w(u) = 1√
t
β(tu) � îäíîìåðíîå áðîóíîâñêîå äâèæåíèå, w(0) = 0. Îñòàëîñü

ïîêàçàòü, ÷òî èìååò ìåñòî ñõîäèìîñòü
1∫

0

1|w(u)|≤εdu
P−−−→

ε→0+
0.
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Äëÿ ëþáîé íåîòðèöàòåëüíîé èçìåðèìîé ôóíêöèè f èìååò ìåñòî ñîîòíîøåíèå

t∫
0

f(ws)ds =

∞∫
−∞

f(x)Lxt dx, t ≥ 0,

ãäå L � íåïðåðûâíàÿ ñïðàâà âåðñèÿ ëîêàëüíîãî âðåìåíè w (ñì. òåîðåìó 22.5
â [56]). Ïðèìåíÿÿ ýòî ñîîòíîøåíèå äëÿ f(x) = 1|x|≤ε, ïîëó÷àåì

1∫
0

1|ws|≤εds =

ε∫
−ε

Lx1dx→ 0 ï.í., ε→ 0 + .

Äîêàçàòåëüñòâî îêîí÷åíî.

Óòâåðæäåíèå 3.3.28. Ïðè íåêîòîðûõ R > 1, C ′ > 0 èìååò ìåñòî

1Rab(t)≥R,Rbc(t)≥R,Rac(t)≥R
1

Rac(t)2
≤ C ′

d 〈lnRab − lnRac〉t
dt

.

Äîêàçàòåëüñòâî. Èìååì, îáîçíà÷àÿ Rab = Rab(t), Rac = Rac(t), Xab = Xab(t)
è ò. ä.:

1

2

d 〈lnRab − lnRac〉t
dt

=
1

2

d 〈lnRab〉t
dt

+
1

2

d 〈lnRac〉t
dt

− d 〈lnRab, lnRac〉t
dt

=

=
1− bL(Rab)

R2
ab

+
1− bL(Rac)

R2
ac

−XabXac + YabYac
R2
abR

2
ac

(1−bL(Rab)−bL(Rac)+bL(Rbc)) ≥

≥ 1− bL(Rab)

R2
ab

+
1− bL(Rac)

R2
ac

− RabRac

R2
abR

2
ac

|1− bL(Rab)− bL(Rac) + bL(Rbc)| =

=
1− bL(Rab)

R2
ab

+
1− bL(Rac)

R2
ac

− |1− bL(Rab)− bL(Rac) + bL(Rbc)|
RabRac

.

Äëÿ äàííîãî ε, 0 < ε < 1, âûáåðåì R òàê, ÷òî |bL(r)| < ε ïðè r > R. Òàêîé
âûáîð âîçìîæåí â ñèëó bL(r) → 0 (r → ∞). Ïðè Rab ≥ R,Rac ≥ R,Rbc ≥ R
èìååì

1− bL(Rab)

R2
ab

+
1− bL(Rac)

R2
ac

− |1− bL(Rab)− bL(Rac) + bL(Rbc)|
RabRac

≥

≥ 1− ε
R2
ab

+
1− ε
R2
ac

− 1 + 3ε

RabRac
≥ 1− ε

R2
ab

+
1− ε
R2
ac

− 1 + 3ε

2

(
1

R2
ab

+
1

R2
ac

)
=

=
1− 5ε

2

(
1

R2
ab

+
1

R2
ac

)
.
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Ïîëîæèâ ε = 1
6 , ïîëó÷àåì

1

2

d 〈lnRab − lnRac〉t
dt

≥ 1

12
1Rab≥R,Rbc≥R,Rac≥R

(
1

R2
ab

+
1

R2
ac

)
,

è
6d 〈lnRab − lnRac〉t

dt
≥ 1Rab≥R,Rbc≥R,Rac≥R

1

R2
ac

.

Óòâåðæäåíèå 3.3.29. Ïóñòü a, b, c, d � ïîïàðíî ðàçëè÷íûå òî÷êè ïëîñêî-
ñòè. Ïðè ëþáîì ε > 0 ñóùåñòâóåò R1 > 1, òàêîå, ÷òî∣∣∣∣d 〈Φab,Φcd〉t

dt

∣∣∣∣ ≤ ε
1

Rab(t)Rcd(t)
,

êàê òîëüêî âñå ïîïàðíûå ðàññòîÿíèÿ ìåæäó òî÷êàìè a, b, c, d áîëüøå R1.

Äîêàçàòåëüñòâî. Âûáåðåì R1 > 1 òàê, ÷òîáû |bL(r)| < ε
4 ïðè r > R1. Èìååì∣∣∣∣d 〈Φab,Φcd〉t

dt

∣∣∣∣ =

=
|XabXcd + YabYcd||bL(Rac) + bL(Rbd)− bL(Rad)− bL(Rbc)|

R2
abR

2
cd

(t) ≤

≤ ε

Rab(t)Rcd(t)
,

êàê òîëüêî âñå ïîïàðíûå ðàññòîÿíèÿ ìåæäó òî÷êàìè a, b, c, d áîëüøå R1.

Óòâåðæäåíèå 3.3.30. Ïðè íåêîòîðîì R > 1 äëÿ âñåõ A > 0 èìååò ìåñòî

1

(ln t)2

t∫
0

1Rab(s)≥R,Rac(s)≥R,Rbc(s)≥R,| lnRab(s)−lnRac(s)|≤A
1

Rac(s)2
ds

P−→ 0, t→∞.

Äîêàçàòåëüñòâî. Âûáèðàÿ R êàê â óòâåðæäåíèè 3.3.28, ïîëó÷àåì

t∫
0

1Rab(s)≥R,Rac(s)≥R,| lnRab(s)−lnRac(s)|≤A
1

Rac(s)2
ds ≤

≤ C ′
t∫

0

1| lnRab(s)−lnRac(s)|≤Ad 〈lnRab − lnRac〉s =

= C ′

〈lnRab−lnRac〉t∫
0

1|β(u)|≤Adu ≤ C ′

2〈lnRab〉t+2〈lnRac〉t∫
0

1|β(u)|≤Adu,
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ãäå β � àññîöèèðîâàííîå ñ ëîêàëüíûì ìàðòèíãàëîì lnRab − lnRac áðîóíîâ-
ñêîå äâèæåíèå. Óòâåðæäåíèå òåïåðü âûòåêàåò èç ñóùåñòâîâàíèÿ ïðåäåëîâ ïî
ðàñïðåäåëåíèþ

〈lnRab〉t
(ln t)2

d−−−→
t→∞

τ1/2,
〈lnRac〉t
(ln t)2

d−−−→
t→∞

τ1/2

è óòâåðæäåíèÿ 3.3.27.

Óòâåðæäåíèå 3.3.31. Èìååò ìåñòî ñõîäèìîñòü

1

(ln t)2

t∫
0

1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds

P−−−→
t→∞

0.

Äîêàçàòåëüñòâî. Âûáåðåì R > 1 êàê â óòâåðæäåíèè 3.3.30. Èìååì ïðè ïðî-
èçâîëüíîì A > 0, ïðèìåíÿÿ óòâåðæäåíèå 3.3.26:

t∫
0

1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds ≤

t∫
0

1Rab(s)≤R
1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds+

+

t∫
0

1Rac(s)≤R
1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds+

t∫
0

1Rbc(s)≤R
1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds+

+

t∫
0

1Rab(s)≥R,Rbc(s)≥R,Rac(s)≥R,| lnRab(s)−lnRac(s)|≤A
1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds+

+

t∫
0

1Rab(s)≥R,Rbc(s)≥R,Rac(s)≥R,| lnRab(s)−lnRac(s)|>A
1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds ≤

≤
t∫

0

1Rab(s)≤R
1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds+

+

t∫
0

1Rac(s)≤R
1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds+

t∫
0

1Rbc(s)≤R
1

(Rab(s) ∨ 1)(Rac(s) ∨ 1)
ds+
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+

t∫
0

1Rab(s)≥R,Rbc(s)≥R,Rac(s)≥R,| lnRab(s)−lnRac(s)|≤A
1

Rab(s)2
ds+

+

t∫
0

1Rab(s)≥R,Rbc(s)≥R,Rac(s)≥R,| lnRab(s)−lnRac(s)|≤A
1

Rac(s)2
ds+

+ C1e
−A

 t∫
0

1

Rab(s)2 ∨ 1
ds+

t∫
0

1

Rac(s)2 ∨ 1
ds

 .

ÏîñêîëüêóA ìîæåò áûòü âûáðàíî ñêîëü óãîäíî áîëüøèì, òî, ó÷èòûâàÿ óòâåð-
æäåíèÿ 3.3.25, 3.3.30 è 3.3.6, ïîëó÷àåì íóæíîå.

Ñ èñïîëüçîâàíèåì îöåíîê èç óòâåðæäåíèÿ 3.3.3 è àíàëîãè÷íûõ îöåíîê äëÿ∫ t
0 |d 〈lnRab,Φac〉s|, ìû ïîëó÷àåì èç óòâåðæäåíèÿ 3.3.31

Óòâåðæäåíèå 3.3.32. Äëÿ ïîïàðíî ðàçëè÷íûõ òî÷åê ïëîñêîñòè a, b, c èìå-
åò ìåñòî

1

(ln t)2

t∫
0

|d 〈Φab,Φac〉s|
P−−−→

t→∞
0,

1

(ln t)2

t∫
0

|d 〈lnRab, lnRac〉s|
P−−−→

t→∞
0,

1

(ln t)2

t∫
0

|d 〈lnRab,Φac〉s|
P−−−→

t→∞
0.

Àíàëîãè÷íûå ðàññóæäåíèÿ ïîçâîëÿþò ïîëó÷èòü ñëåäóþùèé ðåçóëüòàò.

Óòâåðæäåíèå 3.3.33. Äëÿ ïîïàðíî ðàçëè÷íûõ òî÷åê ïëîñêîñòè a, b, c, d

èìååò ìåñòî

1

(ln t)2

t∫
0

|d 〈Φab,Φcd〉s|
P−−−→

t→∞
0,

1

(ln t)2

t∫
0

|d 〈lnRab, lnRcd〉s|
P−−−→

t→∞
0,
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1

(ln t)2

t∫
0

|d 〈lnRab,Φcd〉s|
P−−−→

t→∞
0.

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî

1

(ln t)2

t∫
0

|d 〈Φab,Φcd〉s|
P−−−→

t→∞
0.

Îñòàëüíûå ñîîòíîøåíèÿ äîêàçûâàþòñÿ àíàëîãè÷íî. Ïóñòü ε > 0 ôèêñèðîâà-
íî. Âûáåðåì R1 êàê â óòâåðæäåíèè 3.3.29. Èìååì äëÿ íåêîòîðîé ïîñòîÿííîé
C > 0, èñïîëüçóÿ óòâåðæäåíèå 3.3.4

1

(ln t)2

t∫
0

|d 〈Φab,Φcd〉s| ≤
C

(ln t)2

t∫
0

1Rab(s)≤R1,Rcd(s)≤R1
ds+

+
C

(ln t)2

∑
k,l∈{a,b,c,d},k 6=l,{k,l}6={a,b}

t∫
0

1Rkl(s)≤R1,Rab(s)≥R1

1

Rab(s)
ds+

+
C

(ln t)2

∑
k,l∈{a,b,c,d},k 6=l,{k,l}6={c,d}

t∫
0

1Rkl(s)≤R1,Rcd(s)≥R1

1

Rcd(s)
ds+

+
1

(ln t)2

t∫
0

1∀k 6=l∈{a,b,c,d}Rkl≥R1

∣∣∣∣d 〈Φab,Φcd〉s
ds

∣∣∣∣ ds.
Ïåðâàÿ ïîäñóììà íàøåé ñóììû ñõîäèòñÿ ê 0 ïî âåðîÿòíîñòè ïðè t→∞ (ïðè
ôèêñèðîâàííîì R1) çà ñ÷¼ò óòâåðæäåíèÿ 3.3.24, âòîðàÿ è òðåòüÿ � çà ñ÷¼ò
óòâåðæäåíèé 3.3.7 è 3.3.8. ×åòâ¼ðòàÿ ñóììà â ñèëó âûáîðà R1 íå ïðåâûøàåò

ε

(ln t)2

 t∫
0

1

Rab(s)2 ∨ 1
ds+

t∫
0

1

Rcd(s)2 ∨ 1
ds

 .

Ïîñêîëüêó ε ìîæåò áûòü âûáðàíî ñêîëü óãîäíî ìàëûì, ñ ó÷¼òîì óòâåðæäåíèÿ
3.3.6 ïîëó÷àåì íóæíîå.

Ðàññìîòðèì â óñëîâèÿõ òåîðåìû 3.3.1 òðàåêòîðèè ÷àñòèö Ft(xi), 1 ≤ i ≤ m,
âûõîäÿùèå èç ïîïàðíî ðàçëè÷íûõ òî÷åê ïîñêîñòè x1, . . . , xm. Îáîçíà÷èì äëÿ
êàæäîé ïàðû ÷àñòèö k, l, k 6= l Rkl(t) = ‖Ft(xk)−Ft(xl)‖, Φkl(t) � óãîë îáõîäà
òðàåêòîðèè Fs(xk) âîêðóã Fs(xl) ê ìîìåíòó âðåìåíè t.
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Â äàëüíåéøèõ âûêëàäêàõ ìû áóäåì èñïîëüçîâàòü îáîçíà÷åíèå

f (h)(u) =
1

h
f(h2u), h > 0.

Ïðèâåä¼ííûå îöåíêè ïîçâîëÿþò ïîëó÷èòü ñëåäóþùèé ðåçóëüòàò.

Óòâåðæäåíèå 3.3.34. Ïóñòü {αn} � ïîñëåäîâàòåëüíîñòü ïîëîæèòåëü-
íûõ ÷èñåë, òàêàÿ, ÷òî lim

n→∞
αn = +∞. Ïóñòü (βkl, γkl, 1 ≤ k < l ≤ m), �

àññîöèèðîâàííûå ñ ëîêàëüíûìè ìàðòèíãàëàìè (lnRkl,Φkl, 1 ≤ k < l ≤ m)
áðîóíîâñêèå äâèæåíèÿ (ñì. îïðåäåëåíèå 3.2.1). Òîãäà

(β
(αn)
kl , γ

(αn)
kl , 1 ≤ k < l ≤ m)

d−−−→
n→∞

(β∞kl , γ
∞
kl , 1 ≤ k < l ≤ m),

ãäå β∞kl , γ
∞
kl , 1 ≤ k < l ≤ m � íåçàâèñèìûå â ñîâîêóïíîñòè áðîóíîâñêèå

äâèæåíèÿ, β
(a)
kl (t) = 1

aβkl(a
2t), γ

(a)
kl (t) = 1

aγkl(a
2t).

Äîêàçàòåëüñòâî. Èç óòâåðæäåíèé 3.3.32, 3.3.33 ñëåäóåò, ÷òî ñóùåñòâóåò òà-
êàÿ ïîñëåäîâàòåëüíîñòü {Hn}, ÷òî

• Hn →∞ (n→∞);

• αn = o(lnHn) (n→∞);

• äëÿ ëþáûõ p, q, k, l, {p, q} 6= {k, l}, p 6= q, k 6= l, âûïîëíåíî

1

α2
n

Hn∫
0

∣∣d 〈Φpq,Φkl〉s
∣∣ =

1

α2
n

Hn∫
0

∣∣d 〈lnRpq, lnRkl〉s
∣∣ P−−−→
n→∞

0,

1

α2
n

Hn∫
0

∣∣d 〈Φpq, lnRkl〉s
∣∣ P−−−→
n→∞

0,

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü íàáîðîâ ëîêàëüíûõ ìàðòèíãàëîâ(
lnRkl

αn
,
Φkl

αn
, 1 ≤ k < l ≤ m

)
, n = 1, 2, 3, . . . ,

è ïóñòü (βnkl, γ
n
kl, 1 ≤ k < l ≤ m), � àññîöèèðîâàííûå ñ ýòèìè ëîêàëüíûìè

ìàðòèíãàëàìè áðîóíîâñêèå äâèæåíèÿ (ñì. îïðåäåëåíèå 3.2.1). Çàìåòèì, ÷òî
èìåþò ìåñòî ñîîòíîøåíèÿ

βnkl(s) =
1

αn
βkl(α

2
ns), s ≥ 0,
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γnkl(s) =
1

αn
γkl(α

2
ns), s ≥ 0.

Óòâåðæäåíèå 3.2.4 è óñëîâèÿ íà ïîñëåäîâàòåëüíîñòü {Hn} äåëàþò âîçìîæíûì
ïðèìåíåíèå òåîðåìû 3.3.2 ê ïîñëåäîâàòåëüíîñòè ëîêàëüíûõ ìàðòèíãàëîâ(

lnRkl

αn
,
Φkl

αn
, 1 ≤ k < l ≤ m

)
, n = 1, 2, 3, . . .

Ñëåäîâàòåëüíî, èìååò ìåñòî ñëåäóþùàÿ ñëàáàÿ ñõîäèìîñòü â ïðîñòðàíñòâå
C[0,∞):

(βnkl, γ
n
kl, 1 ≤ k < l ≤ m)

d−−−→
t→∞

(β∞kl , γ
∞
kl , 1 ≤ k < l ≤ m),

ãäå β∞kl , γ
∞
kl , 1 ≤ k < l ≤ m � íåçàâèñèìûå â ñîâîêóïíîñòè áðîóíîâñêèå äâè-

æåíèÿ.

Îòñþäà óæå íåñëîæíî ïîëó÷àåòñÿ íàø îñíîâíîé ðåçóëüòàò. Ðàññóæäåíèÿ
ïðè ýòîì àíàëîãè÷íû òåì, êîòîðûå ïðîâîäÿòñÿ â ðàáîòå [61] ïðè èññëåäîâà-
íèè ñîâìåñòíîãî àñèìïòîòè÷åñêîãî ðàñïðåäåëåíèÿ óãëîâ îáõîäà äâóìåðíîãî
áðîóíîâñêîãî äâèæåíèÿ âîêðóã íåñêîëüêèõ òî÷åê ïëîñêîñòè. Òàê, ìû ðàñ-
ñìàòðèâàåì ñëó÷àéíûå ìîìåíòû âðåìåíè

Tkl(r) = inf {s > 0: Rkl(s) = r}

è ïîêàçûâàåì, ÷òî óãëû îáõîäà Φkl(t) â íåêîòîðîì ñìûñëå õîðîøî ïðèáëèæà-
þòñÿ óãëàìè Φkl(Tkl(

√
t)). Òî÷íåå ãîâîðÿ, ñîãëàñíî óòâåðæäåíèþ 3.2.5

Φkl(t)− Φkl(Tkl(
√
t))

1
2 ln t

P−−−→
t→∞

0,

â òî âðåìÿ êàê
Φkl(Tkl(

√
t))

1
2 ln t

d−−−→
t→∞

ξ,

ãäå ξ � ñëó÷àéíàÿ âåëè÷èíà, èìåþùàÿ ñòàíäàðòíîå ðàñïðåäåëåíèå Êîøè.
Îñòà¼òñÿ ïîêàçàòü, ÷òî(

1
1
2 ln t

Φkl(Tkl(
√
t)), 1 ≤ k < l ≤ m)

)
d−−−→

t→∞
(ξkl, 1 ≤ k < l ≤ m), (3.7)

ãäå ξkl � íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû ñ ðàñïðåäåëåíèåì Êîøè. Ïîñëåä-
íåå æå ñîîòíîøåíèå ïîëó÷àåòñÿ èç óòâåðæäåíèÿ 3.3.34 ïðèìåíåíèåì ñëåäóþ-
ùåé ëåììû èç ðàáîòû [61].
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Ëåììà 3.3.1. [61] Äîïóñòèì, ÷òî äëÿ âñåõ j = 1, . . . , k è n = 1, 2, . . . , Xn
j

� ñëó÷àéíûå ýëåìåíòû ñî çíà÷åíèÿìè â ñåïàðàáåëüíîì ìåòðè÷åñêîì ïðî-
ñòðàíñòâå Sj, òàêèå, ÷òî äëÿ êàæäîãî j ðàñïðåäåëåíèå Xn

j íå çàâèñèò îò
n, è ïðè n→∞

(Xn
j , j = 1, . . . , k)

d−→ (Xj, j = 1, . . . , k).

Òîãäà äëÿ èçìåðèìûõ áîðåëåâñêèõ ôóíêöèé φj : Sj → Tj ñî çíà÷åíèÿìè
â íåêîòîðûõ ñåïàðàáåëüíûõ ìåòðè÷åñêèõ ïðîñòðàíñòâàõ Tj èìååò ìåñòî
ñõîäèìîñòü

(φj(X
n
j ), j = 1, . . . , k)

d−→ (φj(Xj), j = 1, . . . , k).

Èòàê, ïóñòü {tn} � ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü, óäîâëåòâîðÿþùàÿ
óñëîâèþ tn → +∞ (n → ∞). Ïîëîæèì αn = 1

2 ln tn, è ïóñòü, êàê â äîêàçà-
òåëüñòâå óòâåðæäåíèÿ 3.3.34,

βnkl(s) =
1

αn
βkl(α

2
ns), s ≥ 0,

γnkl(s) =
1

αn
γkl(α

2
ns), s ≥ 0.

Ìû ïðèìåíÿåì ëåììó 3.3.1 ê íàáîðàì äâóìåðíûõ áðîóíîâñêèõ äâèæåíèéXn
kl,

ãäå
Xn
kl(t) = βnkl(t)− βnkl(0) + iγnkl(t),

à â ðîëè φj : C[0,∞)× C[0,∞)→ R áåð¼ì îäíó è òó æå ôóíêöèþ

φ(u(·), v(·)) = φ(u(·) + iv(·)) = v(inf{s : u(s) = 1}).

Ïðèìåíåíèå ëåììû äà¼ò ñõîäèìîñòü ïî ðàñïðåäåëåíèþ íàáîðà ñëó÷àéíûõ âå-
ëè÷èí γnkl(inf{u : βnkl(u)−βnkl(0) = 1}) ê íàáîðó íåçàâèñèìûõ ñëó÷àéíûõ âåëè-
÷èí ñ ðàñïðåäåëåíèåì Êîøè. Ëåãêî âèäåòü, ÷òî ïðè âñåõ k < l: βnkl(0) −−−→

n→∞
0,

è
γnkl(inf{u : βnkl(u) = 1})− γnkl(inf{u : βnkl(u)− βnkl(0) = 1}) P−−−→

n→∞
0.

Ñëåäîâàòåëüíî, è

(γnkl(inf{u : βnkl(u) = 1}), 1 ≤ k < l ≤ m)
d−−−→

n→∞
(ξkl, 1 ≤ k < l ≤ m),

ãäå ξkl � íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû ñî ñòàíäàðòíûì ðàñïðåäåëåíèåì
Êîøè. Çàìåòèì, ÷òî èìååò ìåñòî ðàâåíñòâî

1
1
2 ln tn

Φkl(Tkl(
√
tn)) = γnkl(inf{u : βnkl(u) = 1}),
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ïîñêîëüêó

1
1
2 ln tn

Φkl(Tkl(
√
tn)) =

1

αn
Φkl(inf{s > 0: Rkl(s) =

√
tn}) =

=
1

αn
γkl(〈Φkl〉 (inf{s > 0: lnRkl(s) = αn})) =

=
1

αn
γkl(〈lnRkl〉 (inf{s > 0: βkl(〈lnRkl〉s) = αn})) =

=
1

αn
γkl(inf{u > 0: βkl(u) = αn}),

è äàëåå, ïðîèçâîäÿ ïåðåìàñøòàáèðîâàíèå âèíåðîâñêèõ ïðîöåññîâ βkl, γkl,

1

αn
γkl(inf{u > 0: βkl(u) = αn}) =

1

αn
γkl(α

2
n inf{u > 0: βkl(α

2
nu) = αn}) =

= γnkl(inf{u > 0: βkl(α
2
nu) = αn}) = γnkl(inf{u > 0: βkl(α

2
nu)/αn = 1}) =

= γnkl(inf{u > 0: βnkl(u) = 1}).

Òåì ñàìûì, ìû ïîëó÷èëè(
1

1
2 ln tn

Φkl(Tkl(
√
tn)), 1 ≤ k < l ≤ m)

)
d−−−→

n→∞
(ξkl, 1 ≤ k < l ≤ m).

Ïîñêîëüêó ïîñëåäîâàòåëüíîñòü {tn} ïðîèçâîëüíà, ìû ïîëó÷èëè (3.7), è äîêà-
çàòåëüñòâî îêîí÷åíî.

Âûâîäû ê ãëàâå 3

1. Óñòàíîâëåí àíàëîã çàêîíà Ñïèöåðà äëÿ áðîóíîâñêèõ ïîòîêîâ ñî ñòàðøèì
ïîêàçàòåëåì Ëÿïóíîâà, ðàâíûì íóëþ.

2. Ïîëó÷åíî ñîâìåñòíîå àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå âçàèìíûõ óãëîâ
îáõîäà ÷àñòèö â áðîóíîâñêîì ñòîõàñòè÷åñêîì ïîòîêå ïðè t→∞.
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Ãëàâà 4

Áîëüøèå óêëîíåíèÿ äëÿ óãëà îáõîäà

Â ïðåäûäóùåé ãëàâå ìû ðàññìàòðèâàëè ïîâåäåíèå âçàèìíûõ óãëîâ îáõîäà
÷àñòèö â áðîóíîâñêîì ïîòîêå ïðè t → ∞. Èññëåäîâàíèå ïîâåäåíèÿ óãëà îá-
õîäà íà÷àëîñü ñ ðàáîò Ô. Ñïèöåðà, êîòîðûé â 1958 ãîäó äîêàçàë [14], ÷òî äëÿ
äâóìåðíîãî áðîóíîâñêîãî äâèæåíèÿ

2Φ(t)

ln t

d−−−→
t→∞

ξ.

Çäåñü Φ(t) � óãîë îáõîäà âîêðóã íà÷àëà êîîðäèíàò O äâóìåðíîãî áðîóíîâñêî-
ãî äâèæåíèÿ, âûõîäÿùåãî èç òî÷êè, îòëè÷íîé îò O, ê ìîìåíòó âðåìåíè t, ξ
� ñëó÷àéíàÿ âåëè÷èíà ñî ñòàíäàðòíûì ðàñïðåäåëåíèåì Êîøè, ò.å. ñ ïëîòíî-
ñòüþ ðàñïðåäåëåíèÿ p(x) = 1

π(1+x2) . Áîëåå òîíêèå ðåçóëüòàòû, îïèñûâàþùèå
ïîâåäåíèå óãëîâ îáõîäà, áûëè ïîëó÷åíû â ðàáîòàõ Zhan Shi [65], J. Bertoin è
W. Werner [66].
Êðîìå àñèìïòîòè÷åñêîãî ïîâåäåíèÿ óãëà îáõîäà áðîóíîâñêîãî äâèæåíèÿ

ïðè t→∞, ïðåäñòàâëÿåò èíòåðåñ åãî ïîâåäåíèå íà ìàëûõ èíòåðâàëàõ âðåìå-
íè, ïðè t→ 0. Â ýòîé ãëàâå ðàññìàòðèâàåòñÿ âîçìîæíîñòü ïîëó÷åíèÿ ïðèíöè-
ïà áîëüøèõ óêëîíåíèé äëÿ óãëà îáõîäà áðîóíîâñêîãî äâèæåíèÿ âîêðóã íà÷àëà
êîîðäèíàò. Ïðèâåä¼ì íåîáõîäèìûå îïðåäåëåíèÿ, ñëåäóÿ ãë. 27 [56].

Îïðåäåëåíèå 4.0.1. [56] Ïóñòü X � ìåòðè÷åñêîå ïðîñòðàíñòâî, (ξε)ε>0 �
ñåìåéñòâî ñëó÷àéíûõ ýëåìåíòîâ ñî çíà÷åíèÿìè â X, I : X → [0,∞] � íåêî-
òîðàÿ ïîëóíåïðåðûâíàÿ ñíèçó ôóíêöèÿ. Äëÿ ëþáîãî ïîäìíîæåñòâà A ⊆ X
ìû îáîçíà÷àåì I(A) = inf

x∈A
I(x). Ìû ãîâîðèì, ÷òî äëÿ ñåìåéñòâà (ξε)ε>0 âû-

ïîëíåí ïðèíöèï áîëüøèõ óêëîíåíèé ñ ôóíêöèåé ñêîðîñòè I, åñëè äëÿ ëþáîãî
áîðåëåâñêîãî ìíîæåñòâà A ⊆ X âûïîëíåíû ñëåäóþùèå íåðàâåíñòâà:

−I(A◦) ≤ lim
ε→0

ε lnP (ξε ∈ A) ≤ lim
ε→0

ε lnP (ξε ∈ A) ≤ −I(A).
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Çäåñü ÷åðåç A◦ îáîçíà÷åíà âíóòðåííîñòü ìíîæåñòâà A, è ÷åðåç A � çàìû-
êàíèå A.

Îïðåäåëåíèå 4.0.2. [56] Ïóñòü X, (ξε)ε>0, I � êàê â îïðåäåëåíèè 4.0.1.
Ìû ãîâîðèì, ÷òî äëÿ ñåìåéñòâà (ξε)ε>0 âûïîëíåí ñëàáûé ïðèíöèï áîëüøèõ
óêëîíåíèé ñ ôóíêöèåé ñêîðîñòè I, åñëè äëÿ ëþáîãî îòêðûòîãî ìíîæåñòâà
G ⊆ X è ëþáîãî êîìïàêòà K ⊆ X âûïîëíåíû ñëåäóþùèå íåðàâåíñòâà:

−I(G) ≤ lim
ε→0

ε lnP (ξε ∈ G),

lim
ε→0

ε lnP (ξε ∈ K) ≤ −I(K).

Â ýòîé ãëàâå ìû ðàññìàòðèâàåì àñèìïòîòèêó òàêèõ æå âûðàæåíèé â ñëå-
äóþùåé ñèòóàöèè. Ïóñòü X = C([0, 1]) ñ ðàâíîìåðíîé íîðìîé. Îïðåäåëèì
ñëó÷àéíûå ýëåìåíòû Φε ñî çíà÷åíèÿìè â X.
Ïîñòàâèì â ñîîòâåòñòâèå êàæäîé íåïðåðûâíîé ôóíêöèè f : [0, 1]→ R2, 0 ≤

t ≤ 1, óäîâëåòâîðÿþùåé óñëîâèþ f(0) =

(
1
0

)
, f(t) 6=

(
0
0

)
äëÿ âñåõ t ∈ [0, 1],

ôóíêöèþ Φ(f) ∈ C([0, 1]), ÿâëÿþùóþñÿ íåïðåðûâíîé âåðñèåé óãëà îáõîäà f
âîêðóã íà÷àëà êîîðäèíàò. Èòàê, ìû ââåëè îòîáðàæåíèå

Φ:

{
f ∈ C([0, 1],R2) | f(0) =

(
1
0

)
,∀t ∈ [0, 1] f(t) 6=

(
0
0

)}
→ C([0, 1]).

Ïóñòü w � äâóìåðíûé âèíåðîâñêèé ïðîöåññ, âûõîäÿùèé èç òî÷êè

(
1
0

)
.Ïóñòü

wε � ïðîöåññ âèäà wε(t) = w(εt), t ∈ [0, 1] äëÿ ε > 0. Òåïåðü ìû ìî-
æåì ðàñìîòðåòü ñåìåéñòâî ñëó÷àéíûõ ýëåìåíòîâ Φε = Φ(wε) ñî çíà÷åíèÿìè
C([0, 1]). Çàìåòèì, ÷òî ýòè ñëó÷àéíûå ýëåìåíòû îïðåäåëåíû ñ âåðîÿòíîñòüþ 1,
ïîñêîëüêó äëÿ ëþáîãî ε âåðîÿòíîñòü, ÷òî wε ïîïàäàåò â íà÷àëî êîîðäèíàò,
ðàâíà 0.
Â ýòîé ãëàâå ìû èññëåäóåì òàêîé âîïðîñ: ìîæíî ëè íàéòè ôóíêöèþ J , òà-

êóþ, ÷òî äëÿ ñåìåéñòâà ñëó÷àéíûõ ýëåìåíòîâ (Φε) âûïîëíåí ñëàáûé ïðèíöèï
áîëüøèõ óêëîíåíèé èëè ïðèíöèï áîëüøèõ óêëîíåíèé ñ ôóíêöèåé ñêîðîñòè
J? Â ðàçäåëå 4.1 ìû ïîêàæåì, ÷òî äëÿ (Φε) âûïîëíåí ñëàáûé ïðèíöèï áîëü-
øèõ óêëîíåíèé. Â ðàçäåëå 4.2 ìû ïîêàçûâàåì, ÷òî îöåíêè ïðèíöèïà áîëüøèõ
óêëîíåíèé âûïîëíåíû äëÿ êëàññà öèëèíäðè÷åñêèõ ìíîæåñòâ â C([0, 1]). Îä-
íàêî, ïîëíûé ïðèíöèï áîëüøèõ óêëîíåíèé äëÿ (Φε) íå âûïîëíåí, êàê ìû
ïîêàçûâàåì â ðàçäåëå 4.3.
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4.1. Ñëàáûé ïðèíöèï áîëüøèõ óêëîíåíèé äëÿ óãëà îá-
õîäà

Ïóñòü I(x) � ôóíêöèÿ ñêîðîñòè äëÿ äâóìåðíîãî áðîóíîâñêîãî äâèæåíèÿ.

âûõîäÿùåãî èç òî÷êè

(
1
0

)
, ò.å. (ñì. [56], òåîðåìà 27.6)

I(x) =


1
2

1∫
0

‖x′(s)‖2ds, x(0) =

(
1

0

)
,

∞, x(0) 6=

(
1

0

)
.

Ìû ïðèäåðæèâàåìñÿ ñîãëàøåíèÿ
1∫

0

‖x′(s)‖2ds =∞, åñëè x íå ÿâëÿåòñÿ àáñî-

ëþòíî íåïðåðûâíîé ôóíêöèåé. Â ýòîì ðàçäåëå ìû äîêàçûâàåì ñëåäóþùóþ
òåîðåìó.

Òåîðåìà 4.1.1. Äëÿ ñëó÷àéíûõ ýëåìåíòîâ Φε ∈ C([0, 1]) âûïîëíåí ñëàáûé
ïðèíöèï áîëüøèõ óêëîíåíèé ñ ôóíêöèåé ñêîðîñòè J(φ) = I(Φ−1(φ)).

Çàìå÷àíèå 4.1.1. Çäåñü è â äàëüíåéøåì ìû îáîçíà÷àåì ÷åðåç Φ−1(A) çà-
ìûêàíèå â C([0, 1],R2) ìíîæåñòâà Φ−1(A) = {x ∈ C([0, 1],R2) : x(0) =(

1
0

)
,∀t ∈ [0, 1]‖x(t)‖ > 0,Φ(x) ∈ A}. Ìû ïèøåì Φ−1(φ) äëÿ Φ−1({φ}).

Çàìåòèì, ÷òî áûëî áû åñòåñòâåííî ïîïðîáîâàòü äîêàçàòü âûïîëíåíèå ïðèí-
öèïà áîëüøèõ óêëîíåíèé äëÿ ñåìåéñòâà (Φε) ñ ïîìîùüþ ïðèíöèïà ñæàòèÿ [67].
Äåéñòâèòåëüíî, ñëó÷àéíûå ýëåìåíòû Φε ïîëó÷àþòñÿ èç ñëó÷àéíûõ ýëåìåí-
òîâ wε ñ ïîìîùüþ îòîáðàæåíèÿ Φ. Íî ýòî îòîáðàæåíèå íå ÿâëÿåòñÿ íåïðå-
ðûâíûì íà C([0, 1],R2). Òåì íå ìåíåå, äëÿ íåêîòîðûõ ðàçðûâíûõ îòîáðàæå-
íèé ïðèíöèï áîëüøèõ óêëîíåíèé òîæå ìîæåò áûòü ïîëó÷åí [67], [68]. Íàïðè-
ìåð, â ñòàòüå [29] áûëî äîêàçàíî âûïîëíåíèå ïðèíöèïà áîëüøèõ óêëîíåíèé
äëÿ îñòàíîâëåííîãî âèíåðîâñêîãî ïðîöåññà. Òî÷íåå ãîâîðÿ, ðàññìàòðèâàëèñü
ñëó÷àéíûå ýëåìåíòû w(εt ∧ τ). Çäåñü w � d-ìåðíûé âèíåðîâñêèé ïðîöåññ,
τ = inf{t : w(t) ∈ B} ∧ 1, B ⊂ Rd � íåêîòîðîå çàìêíóòîå ìíîæåñòâî.
Ýòè ñëó÷àéíûå ýëåìåíòû ïîëó÷àþòñÿ èç ñëó÷àéíûõ ýëåìåíòîâ wε ñ ïîìîùüþ
îòîáðàæåíèÿ Ψ, ãäå äëÿ f ∈ C([0, 1],Rd)

τ(f) = inf{t : f(t) ∈ B} ∧ 1; Ψ(f)(t) = f(t ∧ τ(f)), t ∈ [0, 1].
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Äîêàçàòåëüñòâî âåðõíåé îöåíêè â [29] îñíîâûâàåòñÿ íà ñîîòíîøåíèè

I(Ψ−1(F )) = I(Ψ−1(F ))

äëÿ çàìêíóòûõ ìíîæåñòâ F . Íî â íàøåì ñëó÷àå àíàëîãè÷íîå ðàâåíñòâî

I(Φ−1(F )) = J(F )

âûïîëíåíî íå äëÿ âñåõ çàìêíóòûõ ìíîæåñòâ F . Îäíàêî, îíî âûïîëíåíî äëÿ
êîìïàêòíûõ ìíîæåñòâ F ⊆ C([0, 1]), è ýòîò ôàêò ïîçâîëÿåò ïîëó÷èòü ñëàáûé
ïðèíöèï áîëüøèõ óêëîíåíèé äëÿ (Φε).
Ïðåæäå âñåãî, ìû ïîêàçûâàåì, ÷òî ôóíêöèÿ J íåïðåðûâíà ñíèçó. Íàì ïî-

íàäîáèòñÿ ñëåäóþùàÿ ëåììà.

Ëåììà 4.1.1. Äëÿ ëþáîãî êîìïàêòíîãî ìíîæåñòâà K ⊆ C([0, 1]) èìååì

Φ−1(K) = {r(t)eiφ(t), 0 ≤ t ≤ 1 | φ ∈ K,φ(0) = 0, r ∈ C([0, 1]), r(0) = 1}.

Òî åñòü çàìûêàíèå Φ−1(K) ñîäåðæèò ëèøü ôóíêöèè âèäà r(t)eiφ(t) ñ íåêî-
òîðûì φ ∈ K.

Çàìå÷àíèå 4.1.2. Ýòî ñâîéñòâî íå âûïîëíåíî äëÿ íåêîìïàêòíûõ ìíî-
æåñòâ. Íàïðèìåð, åñëè

A = {φ ∈ C([0, 1]) : φ(0) = 0, φ(1) ≥ 1},

òî ëåãêî âèäåòü, ÷òî çàìûêàíèå Φ−1(A) ñîäåðæèò ôóíêöèþ z(t) = 1 − t,
0 ≤ t ≤ 1, êîòîðàÿ íå ÿâëÿåòñÿ ôóíêöèåé âèäà r(t)eiφ(t) íè ïðè êàêîì φ ∈ A.

Äîêàçàòåëüñòâî. Ïóñòü x0 ∈ Φ−1(K). Òîãäà ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü
xn → x0, xn ∈ Φ−1(K). Ïóñòü φn = Φ(xn). Äëÿ ëþáîãî n, φn ∈ K. Ïîñêîëüêó
K êîìïàêòíî, ñóùåñòâóåò ñõîäÿùàÿñÿ ïîäïîñëåäîâàòåëüíîñòü {φnk} ñ φnk →
φ0 äëÿ íåêîòîðîãî φ0 ∈ K. Ïóñòü rn(t) = ‖xn(t)‖, r0(t) = ‖x0(t)‖. Èìååì
rn → r0 â C([0, 1]). Ñëåäîâàòåëüíî, xnk(t) = rnk(t)e

iφnk (t) −−−→
k→∞

r0(t)e
iφ0(t) äëÿ

ëþáîãî t ∈ [0, 1]. Ïîñêîëüêó ïðåäåë åäèíñòâåííûé, ìû ïîëó÷àåì

∀ t ∈ [0, 1]x0(t) = r0(t)e
iφ0(t).

Ýòî äîêàçûâàåò âêëþ÷åíèå

Φ−1(K) ⊆ {r(t)eiφ(t), 0 ≤ t ≤ 1 | φ ∈ K,φ(0) = 0, r ∈ C([0, 1]), r(0) = 1}.

Âêëþ÷åíèå

{r(t)eiφ(t), 0 ≤ t ≤ 1 | φ ∈ K,φ(0) = 0, r ∈ C([0, 1]), r(0) = 1} ⊆ Φ−1(K)

î÷åâèäíî.
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Ëåììà 4.1.2. Ôóíêöèÿ J(φ) = I(Φ−1(φ)) ïîëóíåïðåðûâíà ñíèçó íà C([0, 1]).

Äîêàçàòåëüñòâî. Ìû ïîêàçûâàåì, ÷òî äëÿ ëþáîãî C ìíîæåñòâî
{φ ∈ C([0, 1]) : J(φ) ≤ C} çàìêíóòî.
Ïóñòü φn ∈ C([0, 1]) òàêîâî, ÷òî φn → φ0, è J(φn) ≤ C äëÿ âñåõ n ≥ 1.

Ïîêàæåì, ÷òî è J(φ0) ≤ C. Âûáåðåì xn ∈ Φ−1(φn) òàê, ÷òî I(xn) ≤ J(φn)+ 1
n .

Ïîñêîëüêó I(xn) ≤ C + 1 äëÿ êàæäîãî n, è ìíîæåñòâà óðîâíÿ I êîìïàêòíû,
ìû ïîëó÷àåì, ÷òî âñå xn ëåæàò â îäíîì êîìïàêòå K = {x : I(x) ≤ C + 1}.
Ñëåäîâàòåëüíî, ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü {xnk} ñ xnk → x0 ∈ K.
Èìååì I(x0) ≤ lim

k→∞
I(xnk) ≤ C.

Äëÿ êàæäîãî n ≥ 1 èìååì xn ∈ Φ−1(φn). Ñëåäîâàòåëüíî, ïî ëåììå 4.1.1,
ïðèìåí¼ííîé ê êîìïàêòíûì ìíîæåñòâàì {φn} ìû ïîëó÷àåì xn(t) = ‖xn(t)‖eiφn(t)

äëÿ âñåõ n. Ïîñêîëüêó xnk → x0 è φnk → φ0, èìååì

‖xnk(t)‖eiφnk (t) → ‖x0(t)‖eiφ0(t)(k →∞).

Ñ äðóãîé ñòîðîíû,

‖xnk(t)‖eiφnk (t) = xnk(t)→ x0(t)(k →∞).

Ïîñêîëüêó ïðåäåë åäèíñòâåíåí, òî x0(t) = ‖x0(t)‖eiφ0(t) äëÿ âñåõ t ∈ [0, 1].
Ñëåäîâàòåëüíî, x0 ∈ Φ−1(φ0), è J(φ0) ≤ I(x0) ≤ C.

Òåïåðü äîêàæåì âåðõíþþ îöåíêó â ñëàáîì ïðèíöèïå áîëüøèõ óêëîíåíèé
äëÿ Φε.

Óòâåðæäåíèå 4.1.1. Äëÿ ëþáîãî êîìïàêòíîãî ìíîæåñòâà K ⊆ C([0, 1])
âûïîëíåíî

lim
ε→0

ε lnP (Φε ∈ K) ≤ −J(K).

Äîêàçàòåëüñòâî. Èç ïðèíöèïà áîëüøèõ óêëîíåíèé äëÿ áðîóíîâñêîãî äâèæå-
íèÿ ïîëó÷àåì:

lim
ε→0

ε lnP (Φε ∈ K) = lim
ε→0

ε lnP (wε ∈ Φ−1(K)) ≤ −I(Φ−1(K)).

Ïî ëåììå 4.1.1 èìååì
Φ−1(K) =

⋃
φ∈K

Φ−1(φ).

Ñëåäîâàòåëüíî, I(Φ−1(K)) = inf
φ∈K

I(Φ−1(φ)) = inf
φ∈K

J(φ) = J(K). Èòàê, ïîëó-
÷àåì

lim
ε→0

ε lnP (Φε ∈ K) ≤ −I(Φ−1(K)) = −J(K).
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Ìû ïåðåõîäèì ê äîêàçàòåëüñòâó íèæíåé îöåíêè â ïðèíöèïå áîëüøèõ óêëî-
íåíèé. Íàì ïîíàäîáèòñÿ ñëåäóþùàÿ ëåììà.

Ëåììà 4.1.3. Äëÿ êàæäîãî îòêðûòîãî ìíîæåñòâà G ⊆ C([0, 1]) èìååì

J(G) = I(Φ−1(G)).

Äîêàçàòåëüñòâî. ßñíî, ÷òî J(G) = inf
φ∈G

I(Φ−1(φ)) ≤ inf
φ∈G

I(Φ−1(φ)) = I(Φ−1(G)).

Äîêàæåì âûïîëíåíèå ïðîòèâîïîëîæíîãî íåðàâåíñòâà, òî åñòü

I(Φ−1(G)) ≤ J(G) = I

(⋃
φ∈G

Φ−1(φ)

)
.

Âûáåðåì ïðîèçâîëüíîå x0 ∈ Φ−1(φ0) äëÿ íåêîòîðîãî φ0 ∈ G. Íàì íóæíî
ïîêàçàòü, ÷òî I(Φ−1(G)) ≤ I(x0).
Âî-ïåðâûõ, ðàññìîòðèì ñëó÷àé, êîãäà x0 íå ïðîõîäèò ÷åðåç íà÷àëî êîîðäè-

íàò:
∀t ∈ [0, 1] ‖x0(t)‖ 6= 0.

Ïîêàæåì, ÷òî â ýòîì ñëó÷àå x0 ∈ Φ−1(G), è, ñëåäîâàòåëüíî, íóæíîå íàì
íåðàâåíñòâî âûïîëíåíî. Äåéñòâèòåëüíî, ïî ëåììå 4.1.1, ïðèìåí¼ííîé ê êîì-
ïàêòíîìó ìíîæåñòâó {φ0}, x0 èìååò âèä x0(t) = ‖x0(t)‖eiφ0(t). Ïîñêîëüêó x0

íå ïðîõîäèò ÷åðåç íà÷àëî êîîðäèíàò, ïîëó÷àåì Φ(x0) = φ0. Ñëåäîâàòåëüíî,
x0 ∈ Φ−1(φ) ⊆ Φ−1(G).

Ðàññìîòðèì òåïåðü ñëó÷àé, êîãäà x0(t0) =

(
0
0

)
äëÿ íåêîòîðîãî t0 ∈ [0, 1].

Îáîçíà÷èì

τ = inf{t ∈ [0, 1] : ‖x0(t)‖ = 0}, τδ = inf{t ∈ [0, 1] : ‖x0(t)‖ = δ}, δ ∈ (0, 1).

Ôèêñèðóåì ε > 0 ñ Bε(φ0) ⊆ G. Âûáåðåì ëþáóþ ôóíêöèþ ψ ∈ Bε/2(φ0) ñî
ñâîéñòâîì

1∫
0

ψ′(s)2ds < +∞.

Îïðåäåëèì äëÿ âñåõ δ > 0 ôóíêöèè xδ ∈ C([0, 1],R2) òàêèì îáðàçîì:

xδ(t) =


x0(t), 0 ≤ t ≤ τδ,

x0(τδ), τδ ≤ t ≤ τ,

δei(ψ(t)−ψ(τ)+φ0(τδ)), t ≥ τ.
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Ëåãêî âèäåòü, ÷òî xδ ∈ Φ−1(G) äëÿ âñåõ äîñòàòî÷íî ìàëûõ δ, è

I(xδ) =
1

2

τδ∫
0

‖x′0(s)‖2ds+
δ2

2

1∫
τ

ψ′(s)2ds.

Ñëåäîâàòåëüíî, ïîñêîëüêó
1∫

0

ψ′(s)2ds < +∞, ïîëó÷àåì lim
δ→0

δ2
1∫
τ

ψ′(s)2ds = 0.

Èìååì òàêæå

I(x0) ≥
1

2

τδ∫
0

‖x′0(s)‖2ds

äëÿ âñåõ δ > 0. Ñëåäîâàòåëüíî, I(Φ−1(G)) ≤ lim
δ→0

I(xδ) ≤ I(x0).

Òåïåðü ìû ãîòîâû äîêàçàòü íèæíþþ îöåíêó.

Óòâåðæäåíèå 4.1.2. Äëÿ êàæäîãî îòêðûòîãî ìíîæåñòâà G ⊆ C([0, 1])
âûïîëíåíî ñëåäóþùåå ñîîòíîøåíèå:

lim
ε→0

ε lnP (Φε ∈ G) ≥ −J(G).

Äîêàçàòåëüñòâî. Îáîçíà÷èì äëÿ êàæäîãî a ∈ R2, x ∈ C([0, 1],R2)

(Tax)(t) = x(t) + a, t ∈ [0, 1].

Òîãäà Tax ∈ C([0, 1],R2). Ïîëîæèì äëÿ A ⊆ C([0, 1],R2)

Ta(A) = {Tax | x ∈ A}, T (A) =
⋃
a∈R2

Ta(A).

Äëÿ êàæäîãî îòêðûòîãîG ⊆ C([0, 1]) ìíîæåñòâî T (Φ−1(G)) îòêðûòî â C([0, 1],R2),
è

I(Φ−1(G)) = I(T (Φ−1(G))).

(Çàìåòèì, ÷òî Φ−1(G) íå ÿâëÿåòñÿ îòêðûòûì â C([0, 1],R2), ïîñêîëüêó x(0) =(
1
0

)
äëÿ êàæäîãî x ∈ Φ−1(G)). Ñëåäîâàòåëüíî, ïî ïðèíöèïó áîëüøèõ óêëî-

íåíèé äëÿ âèíåðîâñêîãî ïðîöåññà è ïî ëåììå 4.1.3:

lim
ε→0

ε lnP (Φε ∈ G) = lim
ε→0

ε lnP (wε ∈ Φ−1(G)) =

= lim
ε→0

ε lnP (wε ∈ T (Φ−1(G))) ≥ −I(T (Φ−1(G))) = −I(Φ−1(G)) = −J(G).

Èç óòâåðæäåíèé 4.1.1 è 4.1.2 ïîëó÷àåì òåîðåìó 4.1.1.
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4.2. Ïðèíöèï áîëüøèõ óêëîíåíèé äëÿ öèëèíäðè÷åñêèõ
ìíîæåñòâ

Â ýòîì ðàçäåëå ìû ïîêàæåì âûïîëíåíèå âåðõíåé îöåíêè ïðèíöèïà áîëüøèõ
óêëîíåíèé äëÿ öèëèíäðè÷åñêèõ ìíîæåñòâ â C([0, 1]). Êàê ìû óâèäèì â ðàç-
äåëå 4.3, ïîëíûé ïðèíöèï áîëüøèõ óêëîíåíèé íå âûïîëíÿåòñÿ äëÿ (Φε).

Òåîðåìà 4.2.1. Ïóñòü B ⊆ Rm � çàìêíóòîå ìíîæåñòâî, 0 < t1 < . . . <
tm ≤ 1,

A = {φ ∈ C([0, 1]) : (φ(t1), . . . , φ(tm)) ∈ B}.
Òîãäà âûïîëíåíà ñëåäóþùàÿ îöåíêà:

lim
ε→0

ε lnP (Φε ∈ A) ≤ −J(A).

Çàìå÷àíèå 4.2.1. Íèæíÿÿ îöåíêà ïðèíöèïà áîëüøèõ óêëîíåíèé äëÿ âñåõ
îòêðûòûõ ìíîæåñòâ G ⊂ C([0, 1]) áûëà ïîëó÷åíà â ðàçäåëå 4.1.

Äëÿ äîêàçàòåëüñòâà íàì ïîíàäîáèòñÿ íåñêîëüêî ëåìì.

Ëåììà 4.2.1. Ïóñòü A ⊆ C([0, 1]) � çàìêíóòîå ìíîæåñòâî, x0 ∈ Φ−1(A).
Åñëè ‖x0(t)‖ > 0 äëÿ ëþáîãî t ∈ [0, 1] (ò.å. åñëè x0 íå ïðîõîäèò ÷åðåç íà÷àëî
êîîðäèíàò), òî x0 ∈ Φ−1(A).

Äîêàçàòåëüñòâî. Âûáåðåì xn ∈ Φ−1(A) ñî ñâîéñòâîì xn → x0. Ïîñêîëüêó Φ
íåïðåðûâíî â òî÷êå x0, èìååì

Φ(xn)→ Φ(x0).

Ò.ê. A çàìêíóòî, ïîëó÷àåì Φ(x0) ∈ A, è ñëåäîâàòåëüíî, x0 ∈ Φ−1(A).

Ëåììà 4.2.2. Ïóñòü A ⊆ C([0, 1]), x0 ∈ Φ−1(A). Ïóñòü τ = inf{t ∈
[0, 1] : ‖x0(t)‖ = 0} ∧ 1, y0(t) = x0(t ∧ τ). Òîãäà y0 ∈ Φ−1(A).

Äîêàçàòåëüñòâî. Äîñòàòî÷íî ðàññìîòðåòü ëèøü ñëó÷àé, êîãäà x0 ïðîõîäèò
÷åðåç íà÷àëî êîîðäèíàò. Âûáåðåì xn ∈ Φ−1(A) ñî ñâîéñòâîì xn → x0. Ïîëî-
æèì τδ = inf{t : ‖x0(t)‖ = δ} äëÿ 0 < δ < 1. Ïóñòü

ynδ (t) =

{
xn(t), t ≤ τδ,
‖xn(τδ)‖
‖xn(t)‖ xn(t), t ≥ τδ.

Òîãäà Φ(ynδ ) = Φ(xn) ∈ A, yn1/n → y0 (n → ∞) â C([0, 1],R2). Ñëåäîâàòåëüíî,

y0 ∈ Φ−1(A).
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Ëåììà 4.2.3. Ïóñòü t1 < t2 � äåéñòâèòåëüíûå ÷èñëà, φ : [t1, t2] → R

� íåïðåðûâíàÿ ôóíêöèÿ, òàêàÿ, ÷òî
t2∫
t1

φ′(s)2ds < +∞, h : [t1, t2] → R �

ïîëîæèòåëüíàÿ íåïðåðûâíàÿ ôóíêöèÿ, {αn}∞n=1 è {βn}∞n=1 äâå ïîñëåäîâà-
òåëüíîñòè äåéñòâèòåëüíûõ ÷èñåë ñî ñâîéñòâîì αn → 0, βn → 0. Òî-
ãäà ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ôóíêöèé ψn ∈ C([t1, t2]) ñî ñâîéñòâîì
t2∫
t1

ψ′n(s)
2ds < +∞, óäîâëåòâîðÿþùàÿ ñëåäóþùèì óñëîâèÿì:

• ψn(t1) = φ(t1) + αn äëÿ êàæäîãî n;

• ψn(t2) = φ(t2) + βn äëÿ êàæäîãî n;

•
t2∫
t1

h(s)ψ′n(s)
2ds→

t2∫
t1

h(s)φ′(s)2ds.

Äîêàçàòåëüñòâî. Ïîëîæèì ln(t) = αn + βn−αn
t2−t1 (t − t1), ψn(t) = φ(t) + ln(t).

Èìååì

t2∫
t1

h(s)ψ′n(s)
2ds−

t2∫
t1

h(s)φ′(s)2ds =

t2∫
t1

h(s)l′n(s)
2ds+ 2

t2∫
t1

h(s)φ′(s)l′n(s)ds =

=

(
βn − αn
t2 − t1

)2
t2∫
t1

h(s)ds+ 2

(
βn − αn
t2 − t1

) t2∫
t1

h(s)φ′(s)ds→ 0 (n→∞).

Ëåììà 4.2.4. Ïóñòü B ⊆ Rm � çàìêíóòîå ìíîæåñòâî, 0 < t1 < . . . <

tm ≤ 1,
A = {φ ∈ C([0, 1]) : φ(0) = 0, (φ(t1), . . . , φ(tm)) ∈ B}.

Òîãäà
I(Φ−1(A)) = I(Φ−1(A)) = J(A).

Äîêàçàòåëüñòâî. Ïîñêîëüêó I(Φ−1(A)) ≤ J(A) ≤ I(Φ−1(A)), íàì íóæíî
äîêàçàòü ëèøü

I(Φ−1(A)) ≤ I(Φ−1(A)).

Âûáåðåì ïðîèçâîëüíîå x0 ∈ Φ−1(A). Ìû ïîêàæåì, ÷òî I(Φ−1(A)) ≤ I(x0).
Áåç ïîòåðè îáùíîñòè, ìû ïîëàãàåì tm = 1 âñþäó â ýòîì äîêàçàòåëüñòâå.

Ðàññìîòðèì ñíà÷àëà ñëó÷àé, êîãäà x0 íå ïðîõîäèò ÷åðåç íà÷àëî êîîðäèíàò.
Ïî ëåììå 4.2.1, ïîëó÷àåì x0 ∈ Φ−1(A), è ñëåäîâàòåëüíî I(Φ−1(A)) ≤ I(x0).
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Ïðåäïîëîæèì òåïåðü, ÷òî x0 ïðîõîäèò ÷åðåç íà÷àëî êîîðäèíàò. Îáîçíà÷èì

τ = inf{t ∈ [0, 1] : ‖x(t)‖ = 0}.

Ïî ëåììå 4.2.2, ìû ìîæåì ñ÷èòàòü x0(t) =

(
0
0

)
äëÿ t ≥ τ. Ïîëîæèì t0 = 0.

Ïóñòü k, 1 ≤ k ≤ m òàêîâû, ÷òî τ ∈ (tk−1, tk]. Òîãäà èìååì

x0(t0) =

(
1
0

)
6=
(

0
0

)
, x0(t1) 6=

(
0
0

)
, . . . , x0(tk−1) 6=

(
0
0

)
, x0(tk) =

(
0
0

)
.

Âûáåðåì ïîñëåäîâàòåëüíîñòü xn → x0 ñ xn ∈ Φ−1(A) äëÿ êàæäîãî n. Îáî-
çíà÷èì φn = Φ(xn). Ïóñòü φ(t) � óãîë îáõîäà x0(t), îïðåäåë¼ííûé íà [0, τ).
Èìååì φn(ti)→ φ(ti), n→∞ äëÿ i = 1, . . . , k − 1.

Ôèêñèðóåì ëþáîå α > 1. Âûáåðåì ôóíêöèè ψn,i : [ti−1, ti] → R äëÿ i =
1, . . . , k − 1 ñî ñâîéñòâàìè

• ψn,i(ti−1) = φn(ti−1);

• ψn,i(ti) = φn(ti);

•
ti∫

ti−1

‖x0(s)‖2ψ′n,i(s)
2ds→

ti∫
ti−1

‖x0(s)‖2φ′(s)2ds (n→∞).

Òàêèå ôóíêöèè ñóùåñòâóþò â ñèëó ëåììû 4.2.3.
Ïîëîæèì

ψn(t) =



ψn,i(t), ti−1 ≤ t ≤ ti, i = 1, . . . , k − 1,

φn(tk−1), tk−1 ≤ t ≤ tk−1 + tk−tk−1
α ,

φn(ti), i = k, k + 1, . . . ,m,

ëèíåéíà íà êàæäîì çàìêíóòîì èíòåðâàëå [tk−1 + tk−tk−1
α , tk], [tk, tk+1], . . . ,

[tm−1, tm].

Ïîñêîëüêó ψn êóñî÷íî ëèíåéíà íà [tk−1 + tk−tk−1
α , 1], ìû ìîæåì âûáðàòü

δn > 0 ñ

δ2
n

1∫
tk−1+

tk−tk−1
α

ψ′n(s)
2ds <

1

2n

è
τn = inf{t : ‖x0(t)‖ = δn} > tk−1.
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Ïóñòü

ρn(t) =


‖x0(t)‖, 0 ≤ t ≤ tk−1,

‖x0(tk−1 + α(t− tk−1))‖, 0 ≤ t ≤ tk−1 + τn−tk−1
α ,

δn, t ≥ tk−1 + τn−tk−1
α .

Ïîëîæèì yn(t) = ρn(t)e
iψn(t), t ∈ [0, 1]. Èìååì

2I(yn) =
k−1∑
i=1

 ti∫
ti−1

(
d

ds
‖x0(s)‖

)2

ds+

ti∫
ti−1

‖x0(s)‖2ψ′n,i(s)
2ds

+

+ α2

τn∫
tk−1

(
d

ds
‖x0(s)‖

)2

ds+ δ2
n

1∫
tk−1+

tk−tk−1
α

ψ′n(s)
2ds ≤

≤
k−1∑
i=1

 ti∫
ti−1

(
d

ds
‖x0(s)‖

)2

ds+

ti∫
ti−1

‖x0(s)‖2ψ′n,i(s)
2ds

+

+ α2

1∫
tk−1

‖x′0(s)‖2ds+
1

2n
−−−→
n→∞

−−−→
n→∞

k−1∑
i=1

 ti∫
ti−1

(
d

ds
‖x0(s)‖

)2

ds+

ti∫
ti−1

‖x0(s)‖2φ′(s)2ds

+α2

1∫
tk−1

‖x′0(s)‖2ds ≤

≤ α2

1∫
0

‖x′0(s)‖2ds = 2α2I(x0).

Ñëåäîâàòåëüíî, ïîëó÷àåì

lim
n→∞

I(yn) ≤ α2I(x0).

Ïîñêîëüêó Φ(yn) ∈ A äëÿ êàæäîãî n, òî I(Φ−1(A)) ≤ lim
n→∞

I(yn), è ñëåäîâà-

òåëüíî
I(Φ−1(A)) ≤ α2I(x0).

Ïîñêîëüêó α > 1 ïðîèçâîëüíî, ïîëó÷àåì

I(Φ−1(A)) ≤ I(x0).
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Òåïåðü ìû äîêàçûâàåì òåîðåìó 4.2.1.

Äîêàçàòåëüñòâî. Èç ïðèíöèïà áîëüøèõ óêëîíåíèé äëÿ áðîóíîâñêîãî äâèæå-
íèÿ ïîëó÷àåì

lim
ε→0

ε lnP (Φε ∈ A) ≤ −I(Φ−1(A)).

Ïî ëåììå 4.2.4 èìååì J(A) = I(Φ−1(A)). Ñëåäîâàòåëüíî,

lim
ε→0

ε lnP (Φε ∈ A) ≤ −J(A).

4.3. Îòñóòñòâèå ïîëíîãî ïðèíöèïà áîëüøèõ óêëîíåíèé
äëÿ óãëà îáõîäà

Ïîêàæåì, ÷òî ïðèíöèï áîëüøèõ óêëîíåíèé äëÿ ñåìåéñòâà (Φε)ε>0 íå âûïîë-
íåí. Âî-ïåðâûõ, ïîêàæåì, ÷òî ïðèíöèï áîëüøèõ óêëîíåíèé ñ ôóíêöèåé ñêî-
ðîñòè J(φ) = inf

x∈Φ−1(φ)
I(x), ãäå

I(x) =


1
2

1∫
0

‖x′(s)‖2ds, x(0) =

(
1

0

)
,

∞, x(0) 6=

(
1

0

)
,

íå âûïîëíåí.

Óòâåðæäåíèå 4.3.1. Ñóùåñòâóåò òàêîå çàìêíóòîå ìíîæåñòâî A ⊆ C([0, 1]),
÷òî âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

• lim
ε→0

ε lnP (Φε ∈ A) ≥ −1
2 ;

• ñóùåñòâóåò C > 1
2, òàêîå, ÷òî äëÿ ëþáîãî φ ∈ A

I(Φ−1(φ)) ≥ C.

Äîêàçàòåëüñòâî óòâåðæäåíèÿ îñíîâàíî íà ñëåäóþùåé ëåììå.

Ëåììà 4.3.1. Äëÿ êàæäîãî α > π
2 , ñ âåðîÿòíîñòüþ 1 âûïîëíåíî ñëåäóþùåå

ñîîòíîøåíèå:

lim
ε→0

ε lnP (Φε(1) ≥ α) = −1

2
.
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Äîêàçàòåëüñòâî. Ôèêñèðóåì íåêîòîðîå α > π
2 . Ìû äîëæíû äîêàçàòü ñëåäó-

þùåå:

−1

2
≤ lim

ε→0
ε lnP (Φε(1) ≥ α) ≤ lim

ε→0
ε lnP (Φε(1) ≥ α) ≤ −1

2
.

Ñíà÷àëà ïðîâåä¼ì îöåíêó ñâåðõó. Èìååì{
x =

(
x(1)

x(2)

)
∈ C([0, 1],R2) : x(0) =

(
1
0

)
,Φ(x)(1) ≥ α

}
⊆

⊆
{
x : Φ(x)(1) ≥ π

2

}
⊆ {x : ∃t ∈ [0, 1], x(1)(t) ≤ 0}.

Ïîýòîìó

lim
ε→0

ε lnP (Φε(1) ≥ α) ≤ lim
ε→0

ε lnP (∃t ∈ [0, 1] : w(1)
ε (t) ≤ 0) = −1

2
.

Çäåñü w =

(
w(1)

w(2)

)
� äâóìåðíûé âèíåðîâñêèé ïðîöåññ, âûõîäÿùèé èç òî÷êè(

1
0

)
, w(1)

ε (t) = w(1)(εt), t ∈ [0, 1]. Òåïåðü ïðîâåä¼ì îöåíêó ñíèçó. Äëÿ êàæäîãî

δ ∈ (0, 1) îáîçíà÷èì βδ = 2α
δ è ðàññìîòðèì òðàåêòîðèþ(

xδ(t)
yδ(t)

)
∈ C([0, 1],R2), îïðåäåë¼ííóþ ñîîòíîøåíèÿìè

xδ(t) + iyδ(t) = zδ(t), zδ(t) =

{
1− t, 0 ≤ t ≤ 1− δ;
δeiβδ(t−(1−δ)), 1− δ ≤ t ≤ 1.

Ëåãêî âèäåòü, ÷òî

I(zδ) =
1

2
(1− δ + β2

δδ
3) =

1

2
(1− δ + 4α2δ)→ 1

2
(δ → 0).

Ïóñòü

G =

{
x ∈ C([0, 1],R2) : x(0) =

(
1
0

)
,∀t ∈ [0, t] ‖x(t)‖ > 0,Φ(x)(1) > α

}
.

Òîãäà èìååì zδ ∈ G, è

lim
ε→0

ε lnP (Φε(1) ≥ α) ≥ lim
ε→0

ε lnP (wε ∈ G) ≥ −I(G) ≥ −I(zδ).

Èñïîëüçóÿ I(zδ)→ 1
2(δ → 0), ïîëó÷àåì lim

ε→0
ε lnP (Φε(1) ≥ α) ≥ −1

2 .
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Òåïåðü äîêàæåì óòâåðæäåíèå 4.3.1.

Äîêàçàòåëüñòâî. Ðàçäåëèì íàøå äîêàçàòåëüñòâî íà 3 ÷àñòè. Â ïåðâîé ÷àñòè
ìû ïðîâåä¼ì ïîñòðîåíèå ìíîæåñòâà A. Âî âòîðîé ÷àñòè ìû ïîêàæåì, ÷òî
ìíîæåñòâî A çàìêíóòî. Â òðåòüåé ÷àñòè ìû íàéä¼ì òàêîå C > 1

2 , ÷òî âòîðîå
óñëîâèå óòâåðæäåíèÿ âûïîëíåíî.

1. Ïóñòü a ∈ (0, π2 ) � íåêîòîðîå ïîëîæèòåëüíîå ÷èñëî, òàêîå, ÷òî sinx
x > 3

4 for
0 < x < a. Ôèêñèðóåì âîçðàñòàþùóþ ïîñëåäîâàòåëüíîñòü αk →∞ (k →
∞), òàêóþ, ÷òî αk > π

2 äëÿ ëþáîãî k, è óáûâàþùóþ ïîñëåäîâàòåëüíîñòü
εk → 0 (k → ∞). Íàì òàêæå ïîòðåáóåòñÿ óáûâàþùàÿ ïîñëåäîàâòåëü-
íîñòü tk → 0 (k → ∞), òàêàÿ, ÷òî 0 < tk <

a2

2 äëÿ êàæäîãî k, êîòîðóþ

ìû ïîñòðîèì ïîçæå. Ïóñòü A =
∞⋃
k=1

Ak, ãäå Ak îïðåäåëåíû êàê

Ak =

{
φ ∈ C([0, 1]) : φ(0) = 0, φ(1) ≥ αk, sup

t∈[tk,tk−1]

φ(t)√
2t
≥ 1

}
.

Òåïåðü îïðåäåëèì ïîñëåäîâàòåëüíîñòü tk. Âûáåðåì tk ïî èíäóêöèè ñëå-
äóþùèì îáðàçîì. Ïîëîæèì t0 = a2

4 . Åñëè äëÿ íåêîòîðîãî k ≥ 1 tk−1 óæå
âûáðàíî, âûáåðåì n = n(k) ≥ k òàê, ÷òî

εn lnP (Φεn(1) ≥ αk) > −
1

2
− 1

2k
.

Ýòîò âûáîð âîçìîæåí â ñèëó ëåììû 4.3.1. Òåïåðü íàéä¼ì tk, 0 < tk <

tk−1, òàê, ÷òî

P (Φεn ∈ Ak) >
1

2
P (Φεn(1) ≥ αk).

Ýòî ìîæíî ñäåëàòü, ïîñêîëüêó

lim
u→0

P

(
sup

t∈[u,tk−1]

Φεn(t)√
2t
≥ 1

)
= 1,

÷òî ëåãêî ñëåäóåò èç çàêîíà ïîâòîðíîãî ëîãàðèôìà.

Èòàê, ìû ïðåäúÿâèëè àëãîðèòì äëÿ ïîñòðîåíèÿ ìíîæåñòâ Ak. Òåïåðü
èìååì

εn(k) lnP (Φεn(k) ∈ A) ≥ εn(k) lnP
(
Φεn(k) ∈ Ak

)
≥

≥εn(k) ln

(
1

2
P (Φεn(k)(1) ≥ αk)

)
> −εn(k) ln 2− 1

2
− 1

2k
.

Îòñþäà ïîëó÷àåì lim
k→∞

εn(k) lnP (Φεn(k) ∈ A) ≥ −1
2 .
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2. Ìû çíàåì, ÷òî ìíîæåñòâîA çàìêíóòî. Ïóñòü ïîñëåäîâàòåëüíîñòü {φn}∞n=1

òàêîâà, ÷òî äëÿ ëþáîãî n: φn ∈ A, è φn → φ(n → ∞). Ïîêàæåì, ÷òî è

φ ∈ A. Ïîñêîëüêó A =
∞⋃
k=1

Ak, òî äëÿ ëþáîãî n ñóùåñòâóåò ÷èñëî k(n),

òàêîå, ÷òî φn ∈ Ak(n). Ïîñêîëüêó φn(1) → φ(1)(n → ∞), òî ïîñëåäî-
âàòåëüíîñòü {φn(1)} îãðàíè÷åíà, è ìíîæåñòâî {k(n)} òàêæå îãðàíè÷å-
íî. Ñëåäîâàòåëüíî, ñóùåñòâóåò k0, òàêîå, ÷òî φn ∈ Ak0 äëÿ áåñêîíå÷íî
ìíîãèõ èíäåêñîâ n. Ëåãêî âèäåòü, ÷òî âñå ìíîæåñòâà Ak çàìêíóòû, è,
ñëåäîâàòåëüíî, φ ∈ Ak0 ⊆ A.

3. Òåïåðü ïðîâåðèì âûïîëíåíèå âòîðîãî óñëîâèÿ íàøåãî óòâåðæäåíèÿ. Îöå-
íèì I(Φ−1(φ)) äëÿ êàæäîãî φ ∈ A. Âûáåðåì ëþáîå z ∈ Φ−1(φ).

Ïîñêîëüêó sup
t∈[tk,tk−1]

φ(t)√
2t
≥ 1 äëÿ íåêîòîðîãî k, ñóùåñòâóåò h ∈ [tk, tk−1],

òàêîå, ÷òî φ(h) ≥
√

2h. Ñëåäîâàòåëüíî, òðàåêòîðèÿ z äîëæíà ïåðåñåêàòü
ïðÿìóþ l, îïðåäåë¼ííóþ óðàâíåíèåì y = x tan

√
2h, äî ìîìåíòà h, è òî

æå ñâîéñòâî, î÷åâèäíî, âûïîëíåíî äëÿ êàæäîãî z ∈ Φ−1(φ). Ïîñêîëüêó

ðàññòîÿíèå îò òî÷êè z(0) =

(
1
0

)
äî ïðÿìîé l ðàâíî sin

√
2h, è h < a2

2 , òî

I(x) ≥ 1

2

h∫
0

|x′(u)|2du ≥ (sin
√

2h)2

2h
=

(
sin
√

2h√
2h

)2

>

(
3

4

)2

=
9

16
.

Ñëåäîâàòåëüíî, äëÿ ëþáîãî φ ∈ A I(Φ−1(φ)) ≥ 9
16 . Ñëåäîâàòåëüíî, âòî-

ðîå óñëîâèå óòâåðæäåíèÿ âûïîëíåíî ñ C = 9
16 .

Òåïåðü ïîêàæåì, ÷òî ñåìåéñòâî ñëó÷àéíûõ ýëåìåíòîâ (Φε) íå ìîæåò óäî-
âëåòâîðÿòü ïðèíöèïó áîëüøèõ óêëîíåíèé íè ñ êàêîé ôóíêöèåé ñêîðîñòè Ĩ.
Äëÿ ýòîãî íàì ïîíàäîáèòñÿ íåñêîëüêî ëåìì. Îáîçíà÷èì

I(x) =
1

2

1∫
0

‖x′(u)‖2du.

Ëåììà 4.3.2. Äëÿ ëþáîãî φ ∈ C([0, 1]) âûïîëíåíî ñëåäóþùåå ðàâåíñòâî:⋂
δ>0

Φ−1(Bδ(φ)) = Φ−1(φ).
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Äîêàçàòåëüñòâî. Åñëè x ∈ Φ−1(Bδ(φ)) äëÿ âñåõ δ > 0, òî Φ(x) ∈ Bδ(φ) äëÿ
ëþáîãî δ > 0. Ýòî îçíà÷àåò, ÷òî Φ(x) = φ.

Ëåììà 4.3.3. Äëÿ êàæäîãî φ ∈ C([0, 1]), òàêîãî, ÷òî φ(0) = 0, âûïîëíåíî
ñëåäóþùåå: ⋂

δ>0

Φ−1(Bδ(φ)) = Φ−1(φ).

Äîêàçàòåëüñòâî. Ïóñòü x0 ∈
⋂
δ>0

Φ−1(Bδ(φ)). Òîãäà äëÿ ëþáîãî δ > 0 ñóùå-

ñòâóåò xδ ∈ Φ−1(Bδ(φ)) òàêîå, ÷òî ‖xδ − x0‖ < δ. Ñëåäîâàòåëüíî, xδ −−→
δ→0

x0.

Âûáåðåì òåïåðü yδ òàêèì îáðàçîì. ÷òî yδ ∈ Φ−1(φ) è yδ → x0 (δ → 0).

Ïóñòü xδ(t) = rδ(t)e
iφδ(t). Ïîëîæèì yδ(t) = rδ(t)e

iφ(t). Ïîêàæåì, ÷òî ‖yδ −
xδ‖ → 0 (δ → 0). Äëÿ ëþáîãî t ∈ [0, 1]:

‖yδ(t)− xδ(t)‖ = rδ(t)|eiφ(t) − eiφδ(t)| ≤ rδ(t)|φ(t)− φδ(t)|.

Ñëåäîâàòåëüíî, ‖yδ−xδ‖ ≤ |rδ| · ‖φ−φδ‖ → 0 (δ → 0). Òåïåðü èìååì xδ → x0,
‖yδ − xδ‖ → 0. Ñëåäîâàòåëüíî, yδ → x0(δ → 0). Ïîñêîëüêó Φ(yδ) = φ, òî
yδ ∈ Φ−1(φ). Ïîýòîìó x0 ∈ Φ−1(φ).

Ëåììà 4.3.4. Åñëè I(Φ−1(φ)) < +∞, òî I(Φ−1(Bδ(φ))) −−→
δ→0

I(Φ−1(φ)).

Äîêàçàòåëüñòâî. Ìû ïîêàæåì, ÷òî äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè δn →
0, δn > 0 âûïîëíåíî ñëåäóþùåå óñëîâèå:

I(Φ−1(Bδn(φ)) −−−→
n→∞

I(Φ−1(φ)).

Ïîñêîëüêó I(Φ−1(Bδn(φ)) ≤ I(Φ−1(φ)), íàì íóæíî ïîêàçàòü ëèøü òî, ÷òî äëÿ
ëþáîãî ε > 0 íåðàâåíñòâî

I(Φ−1(Bδn(φ))) ≤ I(Φ−1(φ))− 2ε

íå ìîæåò áûòü âûïîëíåíî äëÿ âñåõ n. Ïðåäïîëîæèì, ÷òî, íàîáîðîò, äëÿ íåêî-
òîðîãî ε > 0 èìååì äëÿ âñåõ n:

I(Φ−1(Bδn(φ))) ≤ I(Φ−1(φ))− 2ε.

Òîãäà äëÿ ëþáîãî n ìû ìîæåì íàéòè xn ∈ Φ−1(Bδn(φ)) òàêîå, ÷òî
I(xn) ≤ I(Φ−1(φ))− ε. Íî I(Φ−1(φ)) < +∞ ïî óñëîâèþ ëåììû. Ñëåäîâàòåëü-
íî, I(xn) ≤ I(Φ−1(φ))− ε < +∞ äëÿ âñåõ n.
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Ìíîæåñòâî K = {x : I(x) ≤ I(Φ−1(φ))− ε} êîìïàêòíî. Ïîýòîìó âñå xn ëå-
æàò â îäíîì êîìïàêòå K. Ñëåäîâàòåëüíî, ñóùåñòâóåò ñõîäÿùàÿñÿ ïîäïîñëå-
äîâàòåëüíîñòü {xnk}∞k=1 ïîñëåäîâàòåëüíîñòè {xn}. Ïóñòü xnk → x0(k → ∞).
Ïîñêîëüêó x0 ëåæèò â òîì æå êîìïàêòåK, òî I(x0) ≤ I(Φ−1(φ))−ε. Ñ äðóãîé
ñòîðîíû, x0 ∈

⋂
k

Φ−1(Bδnk
(φ)) = Φ−1(φ).

Ïîýòîìó x0 ∈ Φ−1(φ), è I(x0) ≤ I(Φ−1(φ))−ε.Ìû ïîëó÷èëè ïðîòèâîðå÷èå.

Ëåììà 4.3.5. Åñëè I(Φ−1(φ)) = +∞, òî I(Φ−1(Bδ(φ))) −−→
δ→0

+∞.

Äîêàçàòåëüñòâî. ßñíî, ÷òî I(Φ−1(Bδ(φ))) íå âîçðàñòàåò ïðè δ → 0. Ñëåäî-
âàòåëüíî, ñóùåñòâóåò êîíå÷íûé èëè áåñêîíå÷íûé ïðåäåë lim

δ→0
I(Φ−1(Bδ(φ))).

Ïðåäïîëîæèì, ÷òî ýòîò ïðåäåë êîíå÷åí:

lim
δ→0

I(Φ−1(Bδ(φ))) = A < +∞.

Ñëåäîâàòåëüíî, äëÿ ëþáîãî äîñòàòî÷íî ìàëîãî δ > 0 ñóùåñòâóåò xδ ∈
Φ−1(Bδ(φ)) ñ I(xδ) ≤ A + 1. Ïîñêîëüêó ìíîæåñòâà óðîâíÿ I êîìïàêòíû, ïî-
ëó÷àåì, êàê è â äîêàçàòåëüñòâå ëåììû 4.3.4, ÷òî xδn → x0 äëÿ íåêîòîðîé
ïîñëåäîâàòåëüíîñòè {δn}∞n=1, δn → 0 (n→∞). Ñëåäîâàòåëüíî, èìååì

• I(x0) ≤ A+ 1;

• x0 ∈
⋂
n

Φ−1(Bδn(φ)) = Φ−1(φ).

Ïîýòîìó I(Φ−1(φ)) ≤ I(x0) ≤ A + 1 < +∞. Ìû ïðèøëè ê ïðîòèâîðå÷èþ.

Ëåììà 4.3.6. Äëÿ ëþáîãî φ ∈ C([0, 1]) èìååò ìåñòî ñëåäóþùàÿ ñõîäè-
ìîñòü:

I(Φ−1(Bδ(φ))) −−→
δ→0

I(Φ−1(φ)).

Ýòà ëåììà ÿâëÿåòñÿ ñëåäñòâèåì ëåìì 4.3.4 è 4.3.5.

Ëåììà 4.3.7. Åñëè äëÿ ñëó÷àéíûõ ýëåìåíòîâ (Φε) âûïîëíåí ïðèíöèï áîëü-
øèõ óêëîíåíèé ñ ôóíêöèåé ñêîðîñòè Ĩ, òî äëÿ ëþáîãî φ ∈ C([0, 1]), φ(0) = 0
âûïîëíåíî ñëåäóþùåå íåðàâåíñòâî:

Ĩ(φ) ≥ I(Φ−1(φ)) = inf
x∈Φ−1(φ)

1

2

1∫
0

‖x′(u)‖2du.
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Äîêàçàòåëüñòâî. Èç ïðåäïîëàãàåìîãî ïðèíöèïà áîëüøèõ óêëîíåíèé äëÿ (Φε)
è ïðèíöèïà áîëüøèõ óêëîíåíèé äëÿ (wε) ïîëó÷àåì:

− Ĩ(Bδ(φ)) ≤ lim
ε→0

ε lnP (Φε ∈ Bδ(φ)) = lim
ε→0

ε lnP (Φ(wε) ∈ Bδ(φ)) =

= lim
ε→0

ε lnP (wε ∈ Φ−1(Bδ(φ))) ≤ −I(Φ−1(Bδ(φ))).

Îòñþäà ïîëó÷àåì: I(Φ−1(Bδ(φ))) ≤ Ĩ(Bδ(φ)). Íî Ĩ(Bδ(φ)) ≤ Ĩ(φ). Òàêèì
îáðàçîì, èìååì I(Φ−1(Bδ(φ))) ≤ Ĩ(φ).

Óñòðåìëÿÿ δ → 0 è èñïîëüçóÿ ëåììó 4.3.6, ïîëó÷àåì I(Φ−1(φ)) ≤ Ĩ(φ).

Òåîðåìà 4.3.1. Ïðèíöèï áîëüøèõ óêëîíåíèé äëÿ ñåìåéñòâà (Φε) íå âûïîë-
íÿåòñÿ íè ñ êàêîé ôóíêöèåé ñêîðîñòè Ĩ .

Äîêàçàòåëüñòâî. Ðàññìîòðèì ìíîæåñòâî A =
∞⋃
k=1

Ak èç óòâåðæäåíèÿ 4.3.1.

Ïî ëåììå 4.3.7, ïîëó÷àåì

∀φ ∈ A Ĩ(φ) ≥ I(Φ−1(φ)).

ñ äðóãîé ñòîðîíû, èç óòâåðæäåíèÿ 4.3.1 ñëåäóåò, ÷òî äëÿ ëþáîãî φ ∈ A

I(Φ−1(φ)) ≥ C.

Ïîýòîìó Ĩ(A) ≥ C > 1
2 . Íî ýòî ïðîòèâîðå÷èò íåðàâåíñòâó

lim
ε→0

ε lnP (Φε ∈ A) ≥ −1

2
.

Âûâîäû ê ãëàâå 4

1. Ïîëó÷åí ñëàáûé ïðèíöèï áîëüøèõ óêëîíåíèé äëÿ óãëà îáõîäà äâóìåð-
íîãî áðîóíîâñêîãî äâèæåíèÿ âîêðóã íà÷àëà êîîðäèíàò íà ìàëûõ èíòåð-
âàëàõ âðåìåíè.

2. Óñòàíîâëåíî îòñóòñòâèå ïîëíîãî ïðèíöèïà áîëüøèõ óêëîíåíèé äëÿ óãëà
îáõîäà äâóìåðíîãî áðîóíîâñêîãî äâèæåíèÿ âîêðóã íà÷àëà êîîðäèíàò.

3. Ïîêàçàíî âûïîëíåíèå îöåíîê ïðèíöèïà áîëüøèõ óêëîíåíèé íà êëàññå
öèëèíäðè÷åñêèõ ìíîæåñòâ.
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Âûâîäû

Äèññåðòàöèîííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ ãåîìåòðè÷åñêèõ õàðàêòåðèñòèê
ñëó÷àéíûõ ïîëåé è ñòîõàñòè÷åñêèõ ïîòîêîâ:

• èññëåäîâàíî ðàñïðåäåëåíèå èíäåêñà ñëó÷àéíîãî äâóìåðíîãî âåêòîðíîãî
ïîëÿ îòíîñèòåëüíî êðèâîé;

• äëÿ èçîòðîïíîãî äâóìåðíîãî ãàóññîâñêîãî ñëó÷àéíîãî ïîëÿ íàéäåíû ÿâ-
íûå âûðàæåíèÿ äëÿ ïåðâîãî è âòîðîãî ìîìåíòîâ èíäåêñà ïîëÿ îòíîñè-
òåëüíî êðèâîé;

• äëÿ èíâàðèàíòîâ Âàñèëüåâà êîñ, îáðàçîâàííûõ íåïðåðûâíûìè ñåìèìàð-
òèíãàëàìè îòíîñèòåëüíî îáùåé ôèëüòðàöèè, íàéäåíî âûðàæåíèå â âèäå
êðàòíûõ èíòåãðàëîâ Ñòðàòîíîâè÷à, àíàëîãè÷íîå èíòåãðàëüíîìó ïðåä-
ñòàâëåíèþ Êîíöåâè÷à ýòèõ èíâàðèàíòîâ äëÿ ãëàäêèõ êîñ;

• íàéäåíî ñîâìåñòíîå àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå âçàèìíûõ óãëîâ îá-
õîäà ÷àñòèö â áðîóíîâñêîì èçîòðîïíîì ñòîõàñòè÷åñêîì ïîòîêå ïðè
t→∞;

• ïîëó÷åí ñëàáûé ïðèíöèï áîëüøèõ óêëîíåíèé äëÿ óãëà îáõîäà äâóìåðíî-
ãî áðîóíîâñêîãî äâèæåíèÿ âîêðóã íà÷àëà êîîðäèíàò ïðè t→ 0; ïîêàçàíî,
÷òî îöåíêè ïðèíöèïà áîëüøèõ óêëîíåíèé âûïîëíÿþòñÿ òàêæå íà êëàññå
öèëèíäðè÷åñêèõ ìíîæåñòâ;

• óñòàíîâëåíî îòñóòñòâèå ïîëíîãî ïðèíöèïà áîëüøèõ óêëîíåíèé äëÿ óãëà
îáõîäà äâóìåðíîãî áðîóíîâñêîãî äâèæåíèÿ.
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