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Cnoucoxk YMOBHUX IIO3HAY€HDb

N — MHOXKMHA HATYpAJILHUI YHCEL.

7, — MHOXKWHA, I[IJINX THCE.

7., — MHOXKHUHA IIJIMX HEBIJ€MHUX YUCEJ.

R — MHOXMHA, JIACHUX THCE.

C — MHOXKMHA KOMILIEKCHUX YUCEL.

C; (C_) — Bepxusi (HMXKHs) BLIKPUTA KOMILJIEKCHA MIBILJIONINHA.
T — MHOXKHMHA TOYOK Ha MeXKi OJMHUIHOro Kpyra {z : |z| = 1}.
D — mHOXKMHA TOYOK y cepejHi ouHraHOrO Kpyra {z @ |z] < 1}.
C" — pimHiiftHui TPOCTIP KOMIIEKCHUX N-MIPHUX BEKTOPIB—KOJOHOK.
C™™ — mpocTip KOMIJIEKCHUX MaTPUIlh PO3MIPY 1 X M.

(,), (+,)g — cragspuuii 106yTOK (B Tpocropi H ).

spanl — jiniitHa 000JI0HKa MHOXKUHU L.

clos L — 3aMKHEHHSI MHOXKUHU L.

Al ; — 3Byx)enns oneparopa A Ha mignpocrip L C H.

[1;, — oproronanbuumii npoekTop Ha mianpocrip L C H.

Hy 1 Hy — mignpocropu Hy i Hy opToronaJjibHi.

H, 4+ Hy — cyma mignpocropis Hy i H.

H,+H, — npsiva cyma mignpocropis Hy i Hs.

H{ & Hs — oproronajbha cyma mijanpocropiB Hy i Ho.

H, x Hy — nexkaprosuii j1obyTok mijnpocropis Hy i Hi.

I, I, — oquuwana Marputisi (TOPSIKY 1).

0, 0,, — HyJbOBa MaTpuIis (MOPSIKY 7).

A~ — marpung (omeparop) obeprena 10 A.

A* — marpuig (oneparop) crpsikena jio A.

A7 = (A™Y* — omeparop crpsyKenuit 10 omepaTopa 0OepHEHOTo 10 A.
A > 0 — camocnpsikena marputist (oneparop) A HeigeMHa.

A > 0 — camocmpsizkena Marpuiist (omeparop) A ¢Tporo JojaTHa.
A C B — B € posmmpernnst oniepatopa A.

det A — Busnaunuk marpuni A.

rank A — panr marpuni A.

dom A — obsiacrb Bu3HadeHusi marpuni (oueparopa) A.

ran A — obsacThb 3HavdeHb MaTpuIll (omeparopa) A.

ker A — siipo marpuii (oneparopa) A.

I|A|l, ||Al|g — nopma marpuri (omepatopa) A (B mpocropi H).
A—Q — HeJOTUYHA IPaHUIE B TOUl] v 800 B HECKIHYEHHOCTI.

d;j — cumBog Kpounekepa.

hs — MHOXKMHA TOYOK roJioMOp¢dHOCTI DYHKIIT S.



Bceryn

AxTyanbHicTh TemMu. /lucepraliis MpucBsiueHa J0C/1IKEHHIO OIIePATOPHOIO Me-
TOJIa PO3B’sI3KY IHTEPIOJIIIHUX TPpobJieM B y3arajbHeHUX Kjacax GpyHkiiii. Teo-
pist IHTEpIIOJISIT HaOy/1a OCTaHHIM YacOoM IIXPOKOr0 3aCTOCYBaHHS B TEOPIl CUCTEeM
1 Teopil Hy-koHTpOJIt0. ['0J10BHI 11pobsiemu Teopil H,-KOHTPOJIIO — 1ie 1podsemMa
pPeyKIll Mojiesi 6e3 MoMITHOI 3MiHM IepeaBajbHOl (pyHKIIT 1 mpobJieMa pobact-
HOl (BijiMOBOCTIiKOT) cTabiiizanil, sika Mojsirae B CHHTE31 KOMIIEHCATOPA B CHCTe-
MaX 3BOPOTHOI'O 3B’$I3KYy TaKUM UMHOM, 100 CHCTEMa 3aJIMIIAJach BHYTPIIIHBO
crabisibaoro. B pobori [osepa [69] 6ysio nokazano, 1o npodieMa pejyKiiil Mo-
JleJli MOxKe OyTH 3BejieHa J10 iHTeproJsiiinol npobiaemn Hexapi-Takari. Takox
Kimypa i Buj'sicarap [95] nokaszasiu, o npobsema pobacrHol crabiiizanii € Jiesi-
KOIO 1HTepIoJIsIiiHo0 npodsiemoro. i mpodbiaemu Teopil Ho-KOHTPOJIIO IHTEHCUB-
HO JIOCJIIJI>KYBaJIUCh B OCTaHHI TpH Jlekaju B poborax bxaiisi, @pancica, Kypreiin,
Maxk®apJiaitna, Ta 6araTbox iHmux. Ilpu gocmiKeHH] X 1podJeM IMUPOKO BH-
KOPHCTOBYBAJIUCH METOIU TeOPil IHTePHOSIIIHHUX MATPUIHUX TTPODJIEM, PO3POO-
neni B poborax Amamsaa, Aposa i Kpeiina [1|, Bosra i Xemrona [44], Bosra,
Tox6Gepra i Pogmana [43], T. Hima [68]. Tligkpeciumo, mo jy»e 4acto Teopis
H .-KoHTpOII0 TTOTpedye BUKOPUCTAHHS TAKUX 1HTEPIOJIANINHIX 332, sIKl € 1H-
JIepIHITHUMHY 38 CBOEIO CYTTIO.

OmnepaTopHuit maxia 10 KIACHIHOI IHTepHoJIsiiiinol mpobjaemu HeBanainnu-
[Tika 6yB pospobiiennii B podori B. Cekedasbsi-Hajb 1 A. Kopatbu [76]. B 60-x
POKax omepaTopHuil maxig 0ys 3acrocoBanuit A ramsinom, Aposum i Kpeitnom 10
npobsiemn Hexapi i injiedpinitaol npodiaemn Hexapi-Takari. B 1986 pori B pobori
B.E. Kamuenbcona, A.4. Xeiidena Ta [1.M. FOguipkoro [14] 6ymra 3ampomnoHosa-
Ha HOBA CXeMa PO3B’S3KY IHTepHoJsAIiitHux mpoodsem. B 1iit poboTi O6ysi0 BBegeHO
JIO PO3IJISLAY aOCTPAKTHY 1HTEPHOJAIIHY MpodieMy, K y3araJbHEHHs I1IXOIY
B.II. Tloranora g0 inTepriossimiiianx 3agad. Omuc BCiX po3B’si3KiB abCTPaKTHOT
IHTEPIOJIAINHOT TpobjieMu OYJI0 3BEJEHO JI0 OIMUCY BCIX MATPHUIL PO3CIIOBAHHS
YHITAPHUX PO3IUPEHD JIETKOT YaCTKOBOI 130MeTpil. Y 1oJ1aabiomMy OyJio TOKa3aHo
(IT.M. FOauupbkuit [35], A.51. Xeiidern [33], C. Kymin [82]), mio 6araro 3aja4 anasi-
3y, TAKUX AK JIOTHYHA 1 OiJJoTH4YHA IIpobJieMu, IpodjemMa JipTUHra KOMMYTAHTA,
pobJieMa MOMEHTIB, Ta 1HITKX, MOXKHA BKJIIOUATH B 3arajbHy CXeMy a0CTPaKTHOI
iHTepIoJIsANiiHOl mpobsemu. IlapaJiesibHy Bepcito abcTpaKTHOI 1HTEPIIOJIANIHOL
npobsiemu B oneparopuux Kiacax Hesansinau Oyso posrisinyto B.O. depkadem
B |58].

[njediniTHuii anajor abCTpakTHOT 1HTEPHOJIAIINHOT 1TPODJIeMU B y3araJib-
nerux Kiaacax llypa mocmimkysascsa B [57]. [Ipore abcrpakTha inTepronsiiiina
1pobJiemMa B onepaTopHux KJjacax HeBaHJliHHN 3ajulilajgach BiKpUTow. Po3riisi



i€l pobJsieMu JIO3BOJIUB OM OTPpUMATU HOBUM 11jXiJ 10 OaraTbox iHjediHITHIX
iHTepnossmiiaux 3aga4. OnHa 3 Takux 3ajad — e iajgediniTHa mpobjema Mo-
MeHTIB, sika OyJia posrisinyTa B poborax M.I. Kpeiina i I. Jlanrepa [80] merojgamu
Teopil PO3IIUPEHb CHMETPHYHIX OllepaTopiB B IpocTopax IlonTpsrina. [ammii min-
Xij j1o i€l mpobJiemu, sikuii 0asyerbest Ha ajgroputwmi Ilypa, Oyso 3acTocoBaHo
B |55].

[uia ipobJiemMa, sika BUBYAETHCs B pOOOTI — 11 IPOEKTUBHUI BapiaHT JIOTH Y-
HOI iIHTepHoJsIiiiHOI mpodsemu. Jloruuna iHTEpOsIiiHa IpodIeMa, sTKa, BIIepIie
Oysia posriisinyTa B pooori I. @ejuinoil B 1974 p., ojpaldy 3Haiiliia 3acToCy BaHHS
B Teopil cucreMm. Pisui minxoau mo i€l npobseMu Oyso 3ampomnonosano A.A. Hy-
neabmanom, [1.3. Aposuwm, LI Tox6eprowm, I'. Hdimowm, JI.D. CaxnoBudem Ta iH-
muMu. 3okpema, B poborax O. Xeitderna 6ijoTHUYHA IHTEPHOIAIIHA TPOOIEMA
OyJ1a po3B’sizaHa MeTojaMu abCTPakTHOI iHTepHoJsiiiiHol npobsemu. B kiacud-
HOMY BHUIIQJIKy MHOXKHHA PO3B’SI3KIB JOTHYHOI IHTEPIIOJSIIRHOI IPOOJIEeMI MOXKe
OyTu onucaHa sik Jiesike JpoboBo-Jiiniiine nepersopennst Ty [e] Bl napamerpa e,
sikuii mpobirae marpuunnii kiaac [ypa, ne marpung W apobopo-jiHiiiHOrO nepe-
TBOPEHHS OYJIYEThCS 38, JAHUME ITPOOJIEMMU.

[anediniTHRl BapiaHT JOTHYHOI 1 OIIOTHMYHOI IHTEPHOJSAIIAHOI IpobaeMu
posrisiiasest B poborax A.A. Hynensmana, JIxx. Bosra, L.I1. T'ox6epra i JI. Pogma-
ra [43], A.A. Amipmajgna i B.O. Hepkaua [39], B.O. epkaua i I'. ima [60]. s
1HJ1eIHITHOT JJOTUYHOT IHTEPHOJIAIIHOT TpobJjieMK 3arajbHa KapThHa apaMer-
kiaacy lypa. Ti marpuni-yHkIii €, jjist ssKux JIpoOOBO-JIiHIiiHE TIEPETBOPEHHS
Twe] ne € po3B’a3KOM JOTHUHOT IHTEPHOJANIHHOL ITPOOIEME, HA3UBAIOTH BUHAT-
KOBUMU. ¥ CKaJIIPHOMY BUIAJIKY MHOXKMHA BUHATKOBUX TapaMeTpiB iHieiHiTHOI
iHTepnoJsniitnol mpodbaemu Kapareomopi-@eiiepa Oyiao onucano B. BosmoThiko-
suM, O. Xeiidenem i JI. Pogmanowm [49, 48]. Tust ingediniTaol joTuaHOT iHTEpITO-
JISIIIAHOL TPOo0JIeMH 3a1a9a, OIMCY MHOXKUHU BUHATKOBHUX ITapaMeTPIB 3aJIUIIAIACDH
BIIKPUTOIO.

3B’430K 3 HAYKOBUMMU IporpaMaMu, IJIaHaMu, Temamu. OCHOBHI Ha-
YKOBI pe3yIbTaTy, BUKJIaJeHl B JIUCEPTAIlil, OTPUMAHO B X011 BUKOHAHHS HayKOBO-
JOCTITHUILKUX pobiT "TapMoniunmii Ta cnekTpaJbHuil anamis pyHKIi 1 onepa-
TODIB, PIBHSIHHSI 3rOPTKH Ta HabsmxkeHHst QyHKIHIH" (HOMep Jep:KaBHOT peecTpariii
0115U000136), "Merpuuni mpoctopu, rapMoHidHuil aHai3 GyHKIIi i omepatopis,
CHUHTYJISDHI Ta HeKJacHuHl 3a7aqi jiuis udepenniaabaux piHsiab" (HoMep Jep-
x)aBHol peecrparii 0115U000136), 1m0 BUKOHYBAJIKCH BIIMOBIIHO JIO TJIAHY PO-
oorn Jlonenbkoro marionajanbHoro yuisepcurery; "CrnekTpasiabhi mpobieMu Teo-
pii gudepenniaibuux i pisHUNEBUX ormepaTopis' (HOMep jep:KaBHOI peecTpariil
0115U000556), 1m0 BUKOHYBaJIach BLAMOBIIHO Jjio MutaHy poboru HarfioHanibHOTO



nejiaroriynoro yuisepcurery imeni M.II. /Iparomanosa.

Meta i 3aga4i gocuiaxkeHHs. OCHOBHOIO METOI JucepTallil € BIpOBa-
JIDKEHHSI HOBOI'O IIJIXOJY JIO 1HTEPHOJSIIHHUX 1TpobJieM B y3arajbHEHUX KJiacax
¢ynkniit Hepanninau abo HeBaH/IIHHIBCHKIX IIap. 3ajladaMy JIOCIIPKEHHS €:

e 1100Y/I0Ba JIJIsT KOYKHOI HOPMaJII30BaHO! y3araJbHEeHOI HeBAH/IIHHIBCHKOI TTapn
(N,-ntapu) byHKIIOHATBHOT MOJIEJ CAMOCIPSIXKEHOTO JIHIHHONO BiHOIIEH-
s A y mpocropi IlonTpsiriza 3 BIATBOPIOIOYUUM SIAPOM, TAKOTO IO 3a1aHa,
N, -11apa € acoIiiOBaHHOIO 3 IINM CAMOCIPSI>KEHHUM BI1JIHOIIEHHSIM; TT00Y/10-
Ba JIUis KOXKHOT y3araJjibuenol ¢pyukiil Hesausinnu m € N, dyHKIiioHabHOT
MOJIeJIl CUMETPUIHOTO JIHIHOTO orniepaTopa B pocTopi jie Bpanka-PosHsika,
1 PpaHUYHOT TPINiKK, TaKUX 1110 BijioBIjiHa PyHKIis Beitis cuisiiajiae 3 hyHk-
i€t m; onuc npocropy je bpamnxka-Posuska H(m) ysarajibaenol ¢pyHKIil
Hesansinuu m € N,,.

® BBEJICHHSI JI0 PO3IVISIY abCTPaKTHOI IHTEPIOJIAIIHOT TpobJieMu B Kjaci Ny-
1ap, OIKMC PO3B’sI3KIB abCTPAKTHOI 1HTEPIOJIAININHOI TpodaeMu B Kiaci [V~
nap.

® 3aCTOCYyBaHHs abCTPAKTHOI IHTEPHOJIAIIiHOI mpobjemu B Kiaci N-1ap Jio
iHJ1epiHITHOT TPOOJIEeMU MOMEHTIB, 1100Y/I0Ba abCTPaKTHOT 1HTEPIOJAIIHHOT
1Ipo0JIeMK, MHOXKMHA PO3B’sI3KIB sIKOI CIIIBIIa Ia€ 3 MHOXKHMHOIO PO3B’SI3KIB 1H-
JiepiHITHOI TTPOOJIEMU MOMEHTIB.

® JIOBeJIeHHs aHaJjory Teopemu Pyiie juisg QyHKIIH 3 y3arajbHEHOIo KJjacy
CwmipHoBa.

® OIMC BUHATKOBUX MapaMeTpiB y3arajJbHEHOI JJOTUIHOI IHTEPIOJIAIIRHOI TTPO-
osnemu [ypa-Takari, po3riis i JTOCTIPKEHHsT JOIIOMIXKHOI TPOEKTHBHOI JI0-
TUYHOI IHTEPTOJIAIIIHOT TTpobJIeMt, 1TOB’A3aHOT 3 PE30JIbBEHTHOIO MaTPUIICIO
y3araJibHeHOI TOTHIHOI inTeproJsmniitnol npobgemu Ilypa-Taxari.

O06’exr gociaipkents. OO’ €KTOM JIOCLPKEHHSI € IHTePIOoJIALiiH] TpobjeMn B

y3aragbHennx Kjaacax Hesamminnwm i lypa.
[Ipeamer pociimkennsi. [Ipeamerom jociiipKerHst € PyHKIIOHAIbHA MOJIE/Ib

CaMOCIIPsI?KEHOro JiiHifHOro BigHomenus A y npocropi IlonTpsarina 3 BiaTBOproro-
YUM s1JIPOM, aDCTPaKTHA IHTEPHOJIsIiiiHA TTpodJIeMa B KJacl y3arajJbHeHUX HeBaH-
JIHHIBCBKIX map, injgediHiTHa TpobjieMa MOMEHTIB, IPOEKTHUBHA JOTUUHA IHTEP-
noJisAtiitHa mpodJieMa, ONMUC BUHSATKOBUX apaMeTpiB y3araJibHEHOI JIOTUYHOI 1H-
TeproJisniiiaol mpobsemu Ilypa-Takari.



Merou jociijikennsi. Y jucepTaliil BAKOPUCTOBYETHCsI 1 PO3BUBAETHCSI Me-

TOJ, abCcTpaKTHOI 1HTepIoJsNiiiHol mpobjemu Karmuenabcona, Xeiiderna i FOumb-

KOT'0, METOJ TPAHUYHUX TPIHOK B TEOPil pO3IMIUPEHb CUMETPUUYHUX OIEPATOPIB Y

npoctopi [lonTpsrina, Meroau Teopil MaTpuilb, MeToAu mpoctopis IlonTpsrina 3

BIITBOPIOIOYUM $IJIPOM.

HaykoBa HOBuU3Ha OTpUMaHUX PE3yJIbTATIB ¥ jucepTallil OTpuMaHi Ta-

Kl HOBI pe3yJibTaru:

e Brejsieno mnonsarTss HopmastizoBanol N -napu. Jlas KoxKHOI y3arajbHEHOT
HEBAHJIIHHIBCHKOT 11apu 1100Y/10BaHO (PYHKIIIOHAJIBHY MOJIEJb CAMOCIPSI2KEHO-
ro JiiHifHOrO BijIHOIIEHHS Y TpocTopi [IoHTpsriHA 3 BIJITBOPIOIOUNM SIIPOM.
st yzarasbuenol dpynkiil Hesaniinau m € N, OTpuMaHO OIUC 1IPOCTOPY
ne Bpamxa-Posusika H(m), sikuii € npocropom IlonTpsrina 3 BiTBOpIOIO-
YUM $1J[POM.

PosryisinyTo abctpakTHy iHTEpHOJsIiitHy mpobiemy B Kiaci N -map. 3 KO-
HOIO a0CTPAKTHOMI 1HTEPIOJIAINIINHOI MpobJeMOI0 TOB SI3aHO JlesiKe CHMEeT-
pudare Jiniiire Bignomenus A y npocropi IloHTpsirina, Take 10 MHOXWHA
PO3B’SI3KIB a0CTPAKTHOI 1IHTEPIIOJISAIINHOI TPOOJIEMU 3HAXOIUTHCS Y B3AEMHO
OJIHO3HAYHIN BIJIMOBIIHOCTI 3 MHOXKUHOIO CAMOCIPSIYKEHUX PO3MIUPEHDb 11HO-
IO CHMeTPUIHOro BigHomenuss A. SHaileHo BUIJISAI PEe30JILBEHTHOI MaTpPHU-
i oreparopa B TepMiHAX JaHWUX IHTEPTOJsIii. 3a JIOMOMOro0 Il MaTpu-
Il OTPUMAHO MapaMeTPHU3AII0 BCIX PO3B’A3KIiB aOCTPAKTHOI IHTEPIIOJSIIRHOT
pobJIeMU y BUIVISIAL JPOOOBO-JIIHITHOTO 1TepeTBOPEHHSI JOBLIHLHOI HEBAHJIIH-
HIBCHKOI ITapHu.

Meroy; abcTpakTHOT IHTEPIIOJIAIIHOT TPOOJIEMU 3aCTOCOBAHO JIO TOBHOI 1H-
nediniTHOl npobsemu MomeHTiB. [loOymoBano abcTpaKTHY iHTEPIOJSIIAHY
1pobJIeMy, MHOXKIMHA, PO3B’sI3KIB SIKOT CIIBIIAIa€ 3 MHOXKIHOIO PO3B’sI3KIB 1H-
JlepiHITHOI TpoOJIeMr MOMEHTIB. 3Ha#eHO BUIVISAJ, Pe30JIbBEHTHOI MATPHIIL.

BgejieHo jio po3riisijly HOBUIT KJjiac Mepomopduux B D mMarpuiHO-3HAUHUX
¢yHKIi#l, Tak 3BaHmit y3arajgbHeHuii Kjaac CwmipHoBa 3 k mnojocamu B D,
skuil y Bunasiky £ = 0 criiBnajae 3 kiacuaaum Kjaacom Cmipaosa. [JosejieHo
anajior TeopeMu Pyte st pyHKIiit 3 y3araabnenoro kiacy CmipHOBA.

SHaiIeHO OMUC BUHATKOBUX TTapaMeTpiB y3araJbHEHO! JOTHIHOI IHTEPTIOJIs-
miitnol npobsiemu Ilypa-Takari. [yisi 11b0r0 pO3TJISIHYTO HOBY JIOTIOMIXKHY
IPOEKTUBHY JOTUIHY MpOOJIEMY, siKa PO3B’si3aHa METOJOM a0CTPAKTHOI 1H-
TeproJisiitHol npobsemu. MHOXKWHA PO3B’sI3KIB II€T TTPOOJIEMU ONUCaHa Y



dopmi J1poOOBO-JIHIHOIO HEPETBOPEHHS 3a JIOIOMOI'0OI0 PE30JIbBEHTHOI MaT-
puri. B ckangpHOoMy BUIIaIKy OTPUMAHUI ONMNC BUHATKOBUX ITap CIIIBIIA A€ 3
pesyabraramu nomepesaix podit B. Bosiorhikosa, O. Xeitdena i JI. Poamana.

IIpakTuvHe 3HaYEeHHs OJep>KaHUX pe3yJbTaTriB. Pesynbrratn gucepra-
il MalTh TEOPEeTUIHUN XapakTep. BoHn MOXKyTh OYTH 3aCTOCOBAHI IPHU JOCJIiJI-
YKEHH1 THITTUX THUIIB 1HTEpIoJIAniitHuX pobsem. [nTeprnossiiitai mpobjaemu B y3a-
raJbHEeHUX OTePaTOPHO-3HAUHAX KJIacaX BUHUKAIOTL y Teopil cucteM. Martepiann
JiicepTallii MoKy Th OyTH BUKOPUCTAH] y HaBYaJIbHOMY TTPOIIEC - TPU BUKJIAIaHH]
clenlaJbHUX KyPCIB 110 MaTeMaTUIHOMY aHaJI3Y.

OcobucTuit BHecOK 37100yBava. Buznadennst HapsMKy Ta MJiaHy J0C/IiJI-
JKE€Hb, 1IOCTAHOBKa 3a/1a4 Ta (POPMYJIFOBaAHHSI OCHOBHUX I'1110TE€3 HAJEXKUTH HAYKO-
BOMY KepiBHUKY. OcTaTouni popMyJioBaHts Ta JOBEJIEHHS PE3YIbTATIB HAJIeXKaATh
3,100yBady. Pesyibraru posaiiis 2, 3, 4 ta 5 ony0J1iKOBaHO BiJIIIOBIJIHO B poboTax
|86, 88|, |87], [88] Ta |24, 89.

Anpobaiiis pe3yibraTiB aucepraiiii. Pesysbraru jguceprarnii Jomosija-
JIUCH Ha TAKNX KOH(EpPEeHIisIx:

e Mixxnaponna koudepenmis - VW Summer School 2010, Infinite Dimensional
Operator Matrices — Theory and Applications, 59 smmms 2010, Technische
Universitat Berlin, m. Bepmin, Himeuuunna;

e CyuacHai npobsiemn marematuku i 11 3acrocyBannst, 30 kBiTHsa 2012, m. Xap-
KiB, YKpaiHa;

e Mixnaposna koudepeniis — International conference dedicate to the 120th
anniversary of Stefan Banach, 17-21 Bepecus 2012, m. JIbBiB, YKpaina;

e Mixnapoana kondepentiss — Kpumcbka Mizknaposina MareMaTrndHa KOHde-
pewrtist, 23 Bepecust — 3 ykoptHst 2013, M. Cynak, Kpum, Ykpaina;

e Mixxnaponna koudepennia — XVII MixkanapoHa HayKoBa KOH(MDEpeHIIid iM.
akaj. Muxaitna Kpasuyka, 19—20 rpaus 2016, m. Kuis, Ykpaina;

e Mixnaponna koudepemnris — Modeling, Analysis and Approximation Theory
toward applications in tomography and inverse problems, 24-28 uepsus 2016,
M. JIobek, Himeuunna;

e Mixxnaponna koudepenmis — 7th European Congress of Mathematics, 18-22
qanus 2016, m. Bepain, Himeauuna.

PesynpraTn aucepTaliil J0MOBIIaInCh Ha ceMiHapax:
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e JloHenbkuil HallioHaJIbHUI yHIBEpcUTeT, ceMiHap Kadejpu MaTeMarTudaHO-
ro aHaJizy Ta judepeHIiaJbHUX PIBHAHb, KEPIBHUK J.¢.-M.H. Ipodecop
B.O. Jlepkau, 2014;

e Hanionasibuuii nejaroriunuit yuigepcurer imeni M.II. JIparomanosa, cemi-
Hap Kadeapu MareMaTuIHOTO aHaJIi3y Ta JudepenialbHuX PiBHIHb, KepiB-
Huk Ji..-m.H. 11podecop ["M. Topbin, 2016;

e [ncruryr maremaruku HAH Ykpainn, KuiBchkuit ceminap 3 yHKITIOHAIBHO-
ro anaJsy, kepipauku: akajgemik HAH Ykpainu npodecop FO.M. Bepesancs-
kuit, wien-kopecrnongenT HAH Ykpainn npodecop M.JI. T'opbauayk, 2016;

e XapkiBchbkuii HallioHaJibHUl yHiBepcuTer imeni B.H. Kapasina, ceminap
Kadeapu GyHIaMEHTAJbHOI MaTeMaTHKH, KEepiBHUK J.¢.-M.H. IpodQecop

B.K. Hybosuit, 2016.

ITy6aukamum OcHOBHI pe3ysbTaTH JucepTariii omyOJiKoBaHI y O CTATTIX
[24], [86], [87], [88], [89] Ta y 5 Tesax monosijeil Ha KoHbepeHIisX.

CrpykTypa i o6’em poborm. [luceprallisi CKIaIa€Thbcs 31 BCTymy, 4
PO3JILIIB, IO TOJPIOHEH] Ha TIJ[PO3JILJIU, BUCHOBKIB Ta, CIUCKY JITEpaTypH, IO
MicTuTb 95 HaiimenyBanb. Obcsr poboTu ckiaiae 134 cTopiHOK.

OcHoBHuii 3micT aucepTraliii. /[ncepraliist TpucBsiieHa JOC/IIXKEHHIO OTe-
PATOPHOTO MiJIXOY JIO PO3B’SI3aHHS 1HTEPNOJAIIHHIX TPoOJeM B y3araJbHEHUX
KJacax (PyHKIII.

st po3B’si3antst aDCTPAKTHOI IHTEPHOJAIIAHOT 1POOJIEMU OTPUMAHO (PYHK-
I[IOHAJIBHY MOJIE/Ib CAMOCITPSIYKEHOT0 JITHIHOTO BijIHOMIEHHs Y 1pocTopi [ToHTpsi-
riHa 3 BLATBOPIOIOYUM sijipoM. [0 pyHKIIoHAJIbHY MOJI€/Ib 3aCTOCOBAHO JIJIsi 110-
Oy/JI0BU CUMETPUIHOIO JIHIKHOIO olleparopa IOB si3aHOro 3 abCTPaKTHOIO 1HTEpP-
HOJISAIIAHOIO TTPOOJIEMOIO 1 Jijist 004uncieHHsT ioro pe3osibBeHTHOT MaTpull. OTpu-
MaHO IapaMeTpPHU3allifo BCiX pO3B’si3KiB aOCTPaKTHOI 1HTEPIOJIANINHOI IIpodIeMu
y BULJIsJL JPOOOBO-JIIHIFHOIO 1IEPETBOPEHHSI JIOBLILHOI HEBAHJIHHIBCHKOI HApH.
Pospobsiennit MmeTo)1 abcTpakKTHOI 1IHTEPIOJIAIINHOL IIPOOJIEMU 3aCTOCOBAHO JI0 110~
BHOT iH/1ebiHITHOT pobjieMr MOMEHTIB. 3HaWIEHO SIBHUN BUIVISJL PE30JbBEHTHOI
MAaTpPHUILL i€l IpobJIeMH.

BBejieHo J10 po3ruisijily HOBI y3arajbHeHl KJjacu MaTpudHux pyHkiiin Cmip-
HOBa 1 OTPUMAHO MATPUIHUI aHaJor TeopeMu Pyie s Marpudaaux pyHKIH 3
1UX KJaciB. Po3ryisiHyTO HOBY JIOTMYHY 1HTEPHOJISIIAHY PODJIEeMY B MaTPUUHUX
knacax [lypa. Ilro monmomixkay mpoOJieMy 3aCTOCOBAHO JJIsI OMUCY BUHATKOBUX
napaMerpiB JIOTUUHOI iHTeploJisniiHol npodjemu [lypa-Takari.

Iloasikm. ABTOpP BHCJIOBJIIOE IUPY IOJISKY CBOEMY HAyKOBOMY KEPIBHUKY
npodecopy B.O. Hepkauy.
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1 Ornagan giTeparypu

1.1 OcHOBHI HOHATTH

CrangapTHuil cKaJagpHUil J0OYTOK B MPOCTOPI IHTErPOBAHUX MAaTPUYHO-3HATHUX
‘e X
bynxuiit L5 Gynemo noznauaru

2
=50 [ o it (g€ 15,

Bynemo nosnauarn Hs — mpocrip dyukiiit f, mo e ronomopdunmu B D 1 3a,10-
BOJILHSIIOTH YMOBI

2m
sup / |f(re™)|2dt < oo
0

O<r<1
Bynemo ororoxmioBaru dyukmiio f € Hy 3 11 rpaHnYHIMA 3HAYEHHAME Ha 1.
Takum aunom Oyjiemo BBaxkartu, 1mo Hy C L. Byjnemo noznavaru H,, — npoctip
dbyukiit f, mo € roromopduumu i oomexkenumu B 1D

Supzeﬂ)'f(z)’ < 00

Herasbhinte npo ckansapui kaacu Xapai He, He, qusuch [11]. Hexait H 7 (1 <
k < 00) — 1e kiaacn Xap/u MaTpHIHO-3HAYHUX (DYHKII TOPSIKY P X ¢ (JIUBUCH
20]).

Buznauumo 11, gk oproronasbuuii npoektop B Lo Ha mpoctip Hs Bijmo-
BijiHOI po3MmiprocTi, a Iy, sik oproronajbuuil npoekTop Ha mijgmnpocrip X. s
caMocIrpsiKeHoro omneparopa A = A* Gygemo nosnadaru v_(A) — po3mipHicTh
HaHOLIbIIOrO MmijipocTopy, Ha sikomy oreparop A e Bij'emuum. v_(A) jopiBHIoE
CyMapHiil KpaTHOCTI BJIACHUX BiJI' €MHUX 3HAUYEHL omeparopa A.

[Tpocrip T'inbbepra ‘H BekTOpHO3HAUHUX (DYHKIIIH 13 3HAUECHHSIMU Y MHOXKUHI
C", mo Bmznaueni na muoxkwnni 2 C C, masmBaeTncs mpocropom ['innbepra 3
sireoprooanm siipoM (RKHS, reproducing kernel Hilbert space)(ausucs [52], a
takox [41]), sxrmo icaye C"*" marpuuno-saauna dyukiis K, (), ska BusHauena
Ha () X (), Taka 1110 BUKOHAHI yMOBH:

(1) Ipu 6yp-sikomy BuOOPI ToukM w € 2 1 Bekropa u € C" mae micue BKJIO-
TCHHSI

K,()ueH. (1.1)

(2) Hust Beix w € Q, u € C" i f € 'H BukoHyeThCst piBHICTH

(f, Kou)y = " f(w) (1.2)
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[Tpu npomy marpuano-snauny Qynkiio K, () Ha3UBaIOTH BIATBOPIOIOYNM POM
upoctopy H.

Hexait 'H € niniitnum npocropom nayt nojem C. Buyrpininim j1o0yTKOM Ha3u-
BaIOTh BijoOpazkenis (-, )y : H X H — C, ske € jiniiiHuM 110 HEepIIOMYy apryMeH-
ry i cumerpuunum (jusucs [36]). IIpocropom Kpeitaa (H, (-, -)3) nasusaiors
Ainifinuit npoctip H 3 BHYTpImHIM J00YTKOM (-, )77, sIKHil MOXKHA PO3KJACTH B
OPTOI'OHAJILHY TIPSAMY CYMY

H=H, ®H_ (1.3)

BIJIHOCHO BHYTPIIIHBOIO JIOOYTKY (-, )77, i€ (H+, (-, >H) i (H_, — (-, >H) € KJla-
cuanuMu pocropaMu [imbbepra. So6paxkenusi (1.3) HasuBarorh dyHIAMEH-
TAJBHUM PO3KJIAA0M 11pocTopy H.

Jlinifinwmii mignpocrip G npocropy Kpeitna H wasuBaeTbest Biji'eMHEM (J10-
JIATHUM ), STKIIO

<f7f>7‘[<0 (<f7f>7‘[>0) (VfEQ,f%O)

Jliniiiauii mignpoctip G npocropy Kpeiina H wasuBaeTbest HefiTpaibHuM (b0
BUPOJKEHIM ), SIKIIIO

(fi ln=0 (Vf€g)

Koxnuit 3amMmxaenuii mignpoctip G B H J0MycKae OPTOrOHAJIBHUN PO3KIIA,T
G =G, [+] G- [+] Go, (1.4)

e G. € JoJaTHUM HOiaIpocTopoM, G € B €eMHUM MiAIpocTopoM, Gy € HeTpab-
uuM nignpocropoM B H. [pu mpomy poskias (1.4) He € ojgHO3HAYHUM, aJie IMijl-
npocTip Gy BU3HAYAETHCS OJHO3HAYHO 1 HA3UBAETHCS 130TPOIHUM IIiIIPOCTOPOM
npocropy G. Bigmitumo, 1o po3mipHoCTi

ke(G)=dimG, k_(G)=dimG_ £ko(G)=dimG,

He 3ajexkarh Bij Bubopy poskiany(l.4). lngekcu £ (G) 1 k- (G) HasUBAIOTDH JI0-
JIATHIM 1 BiJI'€MHUM iHJIE€KcaMu 11pocTopy G.

Y BHIAJKY, KOJU PO3MIpHICTL IpocTopy H_ 3 (yHIaMEHTAJIbLHOIO PO3KJIa-
1y (1.3) € ckinvennoro i jiopisaioe k, npocrip ‘H Haszupaorh mpocTopom ITonT-
PATIHA 3 BiJI €eMHUM 1HJIeKCOM K. [IOHATTS BIITBOPIOIOYOro sijipa OyJI10 PO3IINPEHO
110 ipocropis [lonrpsirina (ausuck [38]).

[Ipocrip Ilonrpsarina ‘H BekTopHO3HAaUHKX (DYHKINH MepomMopdHUX B {2 Mae
sirreopioove siiipo K, (A) (RKPS, reproducing kernel Pontriagin space), sikiio
pukonani ymosu (1.1) i (1.2) (mpm mpomy B dopmymi (1.2) maerbes na yBasi
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BHYTPitHif j106yTOK B 1ipocropi H).

1.2 Kimaac cruckaounx ¢yskmiii. Jlodbytok DBasmike-
IToramosa

Oyukiito s 3 kiacy Hy Bignocsats jio kiaacy llypa S, sximo |s(z)| < 1 s
Beix z € D. dk sigomo [11], myni o (j < N < 00) ckanapuoi yukuil f €
H., 1m0 € 3aHyMepoBaHUMM 3 ypaxXyBaHHSAM KDPATHOCTI, 3aJI0BOJILHAIOTL YMOBI

N
> (1 —|aj|) < o0, a cama pyuxuis f mae paxropusanio
j=1

N

FO) =bN)fo(N), bA) =]]ba,(V), N < oo,

1

aj A—a;
@ 1-xa;
HaJIeXKUTh J10 Hy 1 He mae nyniB B . Yucso N Ha3MBaOThb CTYHIHHIO JOOYTKY

Buistiike b(\).
Harasaemo, 1o marpuano-sHadny dbyHKIO §(2) HOPAAKY P X ¢ BUIHOCATH 710

ae b(A) e nobyrkom Buisiiike, by, (A) = — MHOkHUKK Buistinike, a fo(A)

marpuanoro kiacy ypa SP*4, skimo s(z)*s(z) < I, juist Beix z € D. Marpuuno-
3HauHa YHKINs P HOpsiJIKy P X q 3 kjaacy HL*? nazuBaeTbes 306HIUHbO10, AKITIO
muoxkuna ¥ Hy (D) € minbnoo 8 Hy (D). Marpuano-snauna dyukiist o(\) € HP*
HA3UBAETBCSA GHYMPIUUHDOI0, SIKITO

©(C) p(C) = 1, (mst maiixe Beix ¢ € T).

X . . . ..
SP*9 — e MHOXKMHa BCiX BHYTPINIHIX Marpuuno-sHaunux QyHkiii s € SPXY.
[Ipukiajiom BHYTpIIIHBOI MaTpUUHOI (PYHKINI € MHOXKHUK Disiinke-
[Toranosa [28], 10610 MarpudHo-3HAUHA (DYHKILs, 10 3a/aHa (HOPMYIIO0

Ba(A) = I, — IT + by (M), (1.5)

Je by (N\) — muoxkuuk Businike, a I — oproronasbuuit npoekrop B C". MuoxkHUK

Baamike-Iloramnosa B, (A) Ha3UBAETHCS TPOCTUM, SKITIO OPTOTOHAJIBHUN TPOEKTO
o )

IT 8 (1.5) mae panr 1. Marpuano-snadna QyHKIis

Bi(\) = ﬁjle%(A), N < oo, (1.6)
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N
ae B, (N), (j = 1,2,...,N) — npocri muoxuuku Busmike-Iloranosa i ) (1-

j=1
|aj|) < o0, nasuBatoThes stiBnM 106y TKOM Busiike-Iloranosa. obpasennst (1.6)
JUIst MaTpuaHO-3HadHOl (ByHKIIT By(A) He € oJHO3HAYHWM, ajie TPU YMOBI, IO
BCI MHOXKHUKHM by, € NPOCTUMM, BUABISAETHCS, 1O TXHs KIIBKICTh € CTaJIolo [28].
Kinbkicts muoxkuuKiB Bastmike-Iloramosa B posknaszi (1.6) Ha3uBaloOTh CTYIIHHIO
jiBoro jgobyTky Busiiike-IToranosa 1 noznagaernest deg By.

AHaOrivHO BU3HAYAETHCSI MOHSITTS TpaBoro Jo0yTKy Buistimke-Iloramosa i
BUSABJISIETHCSA, 110 CTYTEHI JIiBOTO 1 mpaBoro jo0yTkiB Bisiike-Iloranosa criib-
magaTh. Ak Bimomo [28], marpuuno-sHauna dywkiis F€ HX" maka 1110
det F'(\) #Z 0 nonyckae dpakropusarnii

F(A) - BE(A)GK(/\) - GT(A)BT()\>

1e By(A) i B,(\) e nobyrkamu Basiike-Tloranosa, a Gy, G, € HI™ € oboporHuME
Jutst Beix A € D,

Oznagennd 1.1. Hyavosorw kpammnicmio M das F' € HIZ™ mu 6ydemo nasusa-
mu cmynins dobymxy Baswxe-Ilomanosa By, axa dopisnioe cmynento dobymxy
Baswxe-Ilomanosa B, [81].

M (F) = deg By(= deg B,).

1.3 Imrepnongiiitaa mpobaema HeBamminan-1lika

B po6orax Ulypa [93], Hesarmminuu [90], Ilika [92] 6yma posrasgmyTa Taka imTep-
noJisttiiitna npobJema:
IIpo6siema Hemanminau-Ilika. Maemo mociigosricts Touok z; € D (j =
1,...,n) 1 mocaigosuicTs uncesn w; € D (j = 1,...,n). Tpeba snaiitn dyHkiio
f €8, raky mo

f(z))=w; (j=1,..,n). (1.7)

K BusiBJISIETHC Taka MpobJeMa He 3aBXKJU Mae po3B’si30K. 3 1pobsemoro (1.7)
noB’s13y10Th piBHsHHd JIamynosa-Creiina

P — Z*PZ = W*ju W, (1.8)
e

. wyp Wy . 1 0
7 = diag(z1, ..., zn), Wz[ll ] ], ]11:[ _1].



15

Posp’si3koM 11b010 piBHsiHHS € MaTpulist [lika

P [1—_7{%] | (1.9)
L =Zjzk |-

Ak mokazano B [92] HEOOXITHOWO 1 JTOCTATHBOIO YMOBOIO JJIs TOTO, 100 MpobeMa
Hepanninuun-ITika (1.7) mMana po3s’sizok, € HeBig'emuicTh Marpuii [Tika

P>0. (1.10)

[Lyp po3pobus MOKPOKOBHUil AJTOPUTM JiJIst OMUCY pO3B si3kiB mpobsiemu (1.7) [93].
[Tizuime Hesansinua [90] sacrocysas ajaropurm Ilypa jist onucy poss’siskis in-
Teprosisiniitaol mpobsiemu (1.7) 3 HeCKIHUeHHUM YUCIOM TOYOK iHTeprosisil. Mar-
pUUHI IHTEPHOJISIIiHI TPOOJIEeMU 3 KPATHUMU TOYKAMU 1HTEPHOJISAIIT OyIn po3r-
mauyTi B [15], [26], [31], [43].

BarajbHuil migxig go iHTepnossmiinnx npobsem [Ilypa-Hesanminau-Ilika
OyB samporonoBanuii B poborax Aposa [2|, e indopwmamis mpo jgani iHTEpIo-
JIil MicTuThesd B JlesdknX pyHkiisax kiacy [lypa. i ¢pysKIil yTBOPIOIOTH aco-
niifoany napy B tepminosiorii Aposa [2]|. Ilpu nbomy BHYTpIimHIM TOYKaM iH-
TEePIOoJIslil Bi/INTOBIa0Th BHYTPIIHI (DYHKIIT CleliaJbHOT0 BUIJISILY — JO0yTKN
Basamke-IToramosa.

1.4 YzaraabHeHuit kjac Illypa

Hexait k € NU{0}, Q — obacrs y D. Bynemo kazaru, mo sapo Ke(z) : 2 x Q —
CP*P mae Kk 6id’emnur xeadpamis, Ko s Oyab-sakoro n € N i1 Oyab-gIKux
pisaux z; € Qiu; € CP (j=1,...,n) marpurs

(<sz(zk)uj,uk>)

Mae He Olibin HiXK K, 1 upu Jjeskux n € N, z; € D i u; € CP pisuo k Bijj'emunx

n

Jk=1

BJIACHUX 3HAUEHD (UBHUCH [77]).
Hexait s — CP*%-3nauna dynkiis, mo € mepomopdnono B D. Marpuuano-
3HAUHy (PYHKIIO S BIIHOCATH JIO y3azanvhenozo kaacy lypa SP*9, saxio supo

A(z) = 12 _1S£Zi§(<)* (2.C € b.) (1.11)

Ma€ K BIJI'€MHUX KBaJIpaTiB B hg X fj.

. . X o
BinmitTumo, mo knac SP*1 := 87 ¢ spuuaitnnm xkracom Illypa, To6To Kita-
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coMm MaTpuuHux pynkiiit rojomopduux B D i oOMexkeHux 3a HOPMOIO OJIMHUIIEIO.
Ak BumuBae 3 Teopemu Kpeitna-Jlanrepa [77], Oynp sika dbyskiis s € SP*9
110 HAJIEXKUTH JI0 y3arajbHenoro kjacy Illypa, npuityckae ¢gpakropusaiiio

s(2) = b(2) ts(2) (2 € by), (1.12)

jie by — nobyrok Bustinke-Iloranosa crynento &, s; — Gynkiisa kiacy lypa SP*9 i
ker s;(2)* Nkerb(2)* ={0} (z € D). (1.13)

Taka dakropusais (1.12) HABUBAETHCS 416010 63AEMHO NPOCTNOI PAKMOPUIALII0
MaTPUIHO-3HATHOT (DYHKIIT S.

Awnanoriuno, 6y/b-ska MaTpuuHo-3HauHa yHkiig s € SP*? 3 knacy llypa
JIOTIYCKAE NPasy 83AEMHO NPOCMY PaKmMopu3ayiro

s(2) = s,.(2)b(2)"1 (2 € b,), (1.14)

ne b, — mooyrox Basmxke-Iloramosa crynento k1 s, € SP*? 3a10BO/IbHSIE YMOBI
ker s, (z) Nkerb,(2) ={0} (z€D). (1.15)

B poskiagax (1.12) i (1.14) marpuano-suauni dyskuii by 1 b, BusHauaeTbCs
OJTHO3HAYHO 3 TOUYHICTIO JIO JIIBOT'O, BIITIOBLIHO ITPABOTrO, MOCTIMHOTO yHITAPHOI'O
MHOXKHUKA. 3a3HAUNMO, 1110 BUKOHYIOThCsI Taki TBep/KeHHst (juBuch [59]) B sikux
ymosu (1.13) i (1.15) B3aemuoi mpocrorn dakropuzarniii (1.12) i (1.14) nepedop-
MYyJIbOBaHl B €KBIBAJIEHTHOMY BUTJISI/IL.

IIponosunis 1.2. (/59)) Hexaii sy € SP*1, s, € §P*1, b, € SP*F b, € SIY.
To0::

(1) @axmopusayia (1.12) € aisoro 63aemmno npocmoro, modi i auwe modi,
KOAU ICHYE NAPa MAMPUYHO-3Hawrur dynwkyild ¢ € HYXP o d € HI*P maxuz, wo

be(2)c(z) + se(2)d(z) =1, (z€D).

(i1) @axmopusavia (1.14) € npasoro 63aemmo npocmoro, modi i auwe modi,
KOAU 1CHYE Napa Mampuyno-3navwnur gynkuyid c € HLY ¢d € HLP maxux, wo

c(2)b(2) +d(2)s.(2) =1, (z€D).
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1.5 AIll B kaacax Illypa

Oneparopuuii mijxijg 0 KJaCHIHOT 1HTEpHoJsiiinol npobjgemu HeBaninau-
[lika (1.7) 6ys 3anpononoBanuii B [29], |76] (muBucs Takox [4, [masa 3]). B po6o-
rax M.I'. Kpeitna Besimka KiJabKicTh IHTEPHOJIAIIRHEX 1Ipobsiem OyJia po3B’si3aHa,
3a JIOIIOMOT'OIO 0r0o Teopil 300parKeHHsI CAUMETPUIHUX OIIepaTOpIiB 1 popMyIn y3a-
raJibHEeHUX Pe30JIbBEHT.

B 1986 pormi B poboti [14] Oysa 3ampononoBaHa cxema po3B’si3Ky abCTpakT-
HOI iHTeprossiiiiHol npobsemu (juBuch Takoxk [75]). B [14] abcrpakTHa inTep-
HOJIATIHA TpobsieMa po3Iiidialiach, K y3arajgbHeHHs miaxojy B.I1. Iloramosa
J0 irepnossniinux 3agad [15]. Omuc ycix po3s’sskiB abCTPaKTHOT 1HTEPIIOJIs-
1iitHol mpobJieMu OYJIO 3BeIEHO JIO OIHUCY BCIX MaTPHIb PO3CIIOBAHHA YHITAPHUX
posipenrb dacTkoBol i3omerpii V' ([3]). B nusui crareii [45], [74], [75], [82] 6ymno
II0Ka3aHo, 1110 Oararo 3aJiad aHaJjildy, Taki gk, OijoTuuHa mpobjieMa, mpobeMa Mo-
MEHTiB, npobJieMa JipTUHTa KOMMYTAHTa Ta 1HII, MOYXKHA BKJIIOUUTH B 3arajbHy
cxeMy abCTPaKTHOI IHTEPIOJISIIAHOI ITPOOIEeMH.

[Tepm wHixk opmysitoBaT abCTpaKTHY IHTEPHOJAIIHY TpobJieMy J1aMo
BU3HAUEHHs mpocTopy ne Bpamxa-Posusaka B(w) (musncs [53)).

Hexait w € SP*". Tlpocrip B(w) ckianaerhest 3 BEKTOPHOZHATHUX (DYHKIITH

f= [;j € HY @ (H3)* makux, mo

w(7)

f(T)ERan[ Ly Ir ] (w5 T), (1.16)

/ f(r [ wI(T)} . F(r)dr < 0. (1.17)

[Tpu npomy tpocrip B(w) e npocropom [iibnbepra 3 HOPMOIO, 1110 3aa€THCsT GOp-
myJoio (1.17).

Bapas mepeiigemo 10 HGopMyJIIoBaHHS a0CTPAKTHOI IHTEPITOJISIIAHOT TpobJIe-
MU

ITpobaema AIP(X, Ey, Ey, Ty, Ty, My, My, D). Hexait X — ninifinuii npo-
ctip; Fh 1 By — cenapabenbhi npoctopu ['inbbepra; T 1 15 — niHiiiHI onepaTopu B
X; My i My — niniiini Bimobpaskennst 3 X B F1 1 Fo, Binnosijgno; D — HeBix eMHa,
kBagparnana ¢opma ma X. Hexait nna f,g € X omneparopu 11,15, My, My, D
OB SI3aH1 CITIBB1IHOIITEHHSIM

D(Tif,Tig) — D(Taf, Tag) = (M1 f, M1g)g, — (Maf, Mag)E,. (1.18)
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Tpeba onucaru yci [Fy, Es]-3nauni dyHkiii w, siki € CrUCKAIOYMME 1 aHAJITHYHU-
vu B D, 1 jyist sikux ichye siniiine sijgoopaxenns F: X — B(w), 1m0 3a,10B0JIbHsI€
TaKl yMOBHU:

(C1) FTyf =t- FThf — [IEl w] [—le

,upu f € X g m.B. t € T;
* IE2 sz:| p f pit

(C2) |Ff |13 < DUf. f) npu f € X.
Hacrynnuii onuc po3s’sizkiB abcTpakTHOT IHTEPHOJSAIIHHOT 11pobsiemu OyJio
nasesieno B [14] (ausBuch Takox |75]).

Teopema 1.3. Mnoowcuna yciz pose’saswic AIP(X, Ey, Ey, Th, Ty, My, My, D) na-
PAMEMPUBYEMBCHA CTNUCKANOUUMY 0NePamoprumu gynkyiamu € € S[Ly, Lo], de
L1, Lo — dedpexmmni nidnpocmopu i3omempii V', wo nobydosana 3a darumu npo-
bnemu (dueucw [14]). A came, dasn 6ydv-axoi fynwuii € € S[Ly, La] pose’asok
AIP susnauaemvcs 3a Gopmy.noto

w = sg + s9(Ip, —5) lesy., (1.19)

S0

(9652{

) ?] — mampuuAa poscirosanna izomempii Vo (dueucw [3]).
1

[anediniTHRl aHaI0T AOCTPAKTHOI IHTEPIOJSIIAHOI TPOdJIeMHU B y3araabHe-
nux Kiaacax lypa 6yso posrustayTo B [57|. Byso Beeneno ingedinitauit mpoctip
ne Bpanxa-Posusika B(w) BijinosijHol marpuiano-snadnol Gyskiil w € SP*9,
Bismitumo, mo npocrip B(w) € yHITapHO eKBIBAJEHTHUM JESKOMY HPOCTOPY
[Tonrpsirina 3 BiATBOPIOIOUKUM $JIPOM, KUl € 1OB’'$I3aHUM 3 MaTPUIHO-3HAYHOIO

dbynkmieio w € SP* (|59, Theorem 2.20]).

1.6 Kiaac HeBansjiHHE 1 HEBaHJIIHHIBCHKIX map

Ho ckanspuoro kiacy N BigHocsaTh rogoMopdui hyHKIl, Korpi mioTrs 3 C, 10
C,.

Ak Bimomo (mmBuch [5, §69, Teopema 2|) Gynb-ska dbynkmisa 3 knacy N Jo-
MyCKae 1HTerpajbHe MepeTBOPEHHS

m(\) :a+b)\—|—/_oo <t—1)\_ Hfﬂ) do(t), (1.20)

(e.¢]

je a,b piiicni uucaa, b > 01 o(t) — HenepepsHa npaBopyd HecnajHa (HyHKIIsI,

/OO dolt) _ (1.21)

TaKa 1110
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isnkiaacom N nasupators dynxuii mo € N, KoTpi MaioTh iHTerpajbHe 300-

mo(\) = / da(i) (1.22)

rRT—

paKeHHs

3 obmexenoo dynkiieo o(t), mo ne cnajae. Koxkua dynkiis m 3 kiacy N
JIOIyCKA€ IPUMYCOBe IpogoBzkenns 1o msmiominn C_, gke BusHavaeTnes dop-
MyJ1010 (1.20) 1 B IOJaJIBIIOMY MO3HAYAETHCS TUM YK€ CUMBOJIOM (), TIPH [IbOMY

m(\) = m(\)*, reC_. (1.23)

BijmiTumo, 1mo Oyjb-saka dyHKiis m 3 kaacy N 3aj0BojbHAE yMOBY m(A) =
O(A) mpu A=o00. Tyr A=00 o3nauae, 1o A IPAMYE J10 00 HEJOTUUHUM IIJISIXOM,
TOOTO B JiesikoMy cekTopi |arg(\) — m/2| < m/2 — e, € > 0. dk Bigomo (quBuChH
5, §69 Teopewma 3|) dbyuknis mg € N nanexxuts j0 knacy N, roni i smmte o,
KOJIN

mo(A) = O(AH) (AW 500).

3 Teopemu I'ambyprepa-Hesamnianu (nusuce |4, Teopema 3.2.1|) Bumiusae,
mo dynkuig mo € N° surasy (1.22) gomyckae acHMITOTHEHII PO3KIA

0 0 0
mo(\) = —% - % - % D e (1.24)

Jie s? € R, Toxi i jmmie Toi, KoJin

/OO tdo(t)=s) (j=0,1,..). (1.25)

BayBaxkenns 1.4. 3 (1.25) sunausae, wo 6ydvo-axut nosinom Haiexncums Ao
npocmopy Lo(do).

Kuac N(L) cknagaernes 3 oneparopHo-3nadnux Gynkiiid m(\), siki € roso-
vMopdaumE y BepxHiil manismiomuni C, 31 3Havennamu y Muoxkuni [L£] obmerke-
HUX orneparopiB y mpocropi ['ibbepra L 1 Takux, 110 sijipo

m(A) — m(w)*

)_
N —G

N™()) = (1.26)

S

¢ nepiy'emunm na C . 3 11i€l yMOBY aBTOMATHYHO BUILIMBAE, 110 JJIs IIPUMYCOBOIO
npojioBkerHst GbyHKIil m, BusHauenroro dopmystoii (1.23), sapo N'(A\) Takox
oyse nesig'emunm na C_ N Cy.

Hacrynne nousarrs HeBaH/IIHHIBCLKOI APU € y3araJbHEeHHAM HOHSTTS (DyHK-
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il Hepamninmmn.

Osnavenns 1.5. Hapa {P,V} [L]-snaunux dynruyit O(-), V() eoromoppruz 6
C\R nasusaemoca N-naporo (He6anainniccokoto napor) axuo:

(1) sdpo

KA

(NP (w)

IO ew) -
NE¥(3) = —

€l

nesid’emme na Co;
(i) WA)*®(N) — ®(N)*U(N) =0 npu 6cex A € C,;
(iii) 0 € p(P(N) — AV(N)) das scix A € C.

sl N-napu {®, ¥} i {®y, ¥} nazupators expiBajentaumu, sikino P1(N) =
D(N)x(A) 1 U (A) = U(AN)x(A) ms gesikoi onepatoprol dbyHKIil x(+) 13 3HaUEH-
usimu B [L], sika € rosomopdnoro i oboporuoio Ha C,. Muoxuny Bcix KJacis
exsiBastentHOCTi N-nap B £ Gyemo nostauata N(L).

Axmo ®(N) = I, ne Iz € opunnunmii oneparop B nipocropi £, 1o 3 O3Ha-
aenns 1.5 sumuBae, mo V(A) € N(L)-dbyukiieo B cenci [21]. B npomy Buna-
Ky ymoBa (iii) Bukonyerbesi apromaruano. Akmo {®, U} ¢ N-napowo takoo, 1o
0 € p(®(N)) A € bow, To BoHA € exsiBasenTHOW mapi { Iz, W(N)P(N)~'}, ne
Vo1 € N(L). le nae nigcrasy saxarn, mo kiac N(L) € BKIaJeHIM B KJac
N(L).

Amnagioriuno, 6yjeMo Kazaru, 10 onepaTopHo-3Hauna dyHKiisa m(A) Hase-
KUTh 10 yaazarvienozo kaacy Hesamainnu Ni(L), axmo sapo NM(A\) mae k
B’ €MHUX KBaJpaTiB B [, X bj,.

Osnavenns 1.6. N-napa {@, v} nasusaemuvca nopmanizosanoro N-naporo, ak-
Wo OAA Hel MaAKoNHc BUKOHYEMBCA YMOBA:

(iii') p(A) — Mp(N) = Iz das eciz A € C.
Byab-sika N-napa {®, ¥} Taka, mo 0 € p(®(A) — A¥(N)) npu A € C,
ekBiBajieHTHA HOpMaJiizoBaniil N-napi {@, 1}, sika orpumana 1€peTBOPEHHSIM

1 1

e(A) = DN (P(A) —AT(N)) . (AN =T (B(N) —AT(N) . (1.27)

1.7 AIP B kiacax HeBanjiioum

Hexait m € N(L). Bynemo nosnauaru npoctip I'ibbepra 3 BIATBOPIOIOUUM ApOM
N ()), sike BusHadeno 3a dopmysoo (1.26), sk H(m). B pobori B.O. [lepkaua
|58] 6ysa posrisinyTa napasenbia sepcis AIP st knacy Hesawmminnu N(L).
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Hexait X € koMmiuiekcauM JiiHiiiHUM 11pocTopoM; L € npocropoM [ianbepra;
B, By € miniitnumn oneparopamu B X'; Ch, Cy € jiHIfiHUMI oneparopaMu 3 X
B L; K € HeBij'emHoro nipropaJiniiiny ¢gopmoio B X. Posrisinemo HernepepBHuii
aHaJIor abCcTpaKTHOI IHTEPHOJIAIIHOT TpobIeMHu.

IIpo6baema AIP(Bi, By, Cy,Cs, K). Hexait oneparopu By, By, Cy,Co, K

3aJ10BOJIbHSIOTH YMOBI
(Al) K(Bzh, Blg) — K(Blh, ng) = (Clh, CQQ)E — (Cgh, Clg)g Vh, g c X;

Buaittu dyukiio m(A) 3 kiacy N (L) raky, 1o icuye Jinifine Bijoopaxkents F :
X — H(m), Jjs1 IKOrO BUKOHYIOTHCSI HACTYIHI YMOBHU NpH Oyb-sikomy h € X

(€1 (FEN) ~AFBRN) = [ 1 -m)] | &t |

(C2) (F'h, Fh)ymy < K(h,h);

st mocatiyikenns npobemu AIP B kiraci Hesaninau B poboti [58] poburhest
dgakropuzaris npocropy X BimgHocHO sjpa ker K miniitnol ¢popmu K. Bymemo
pBaxkaru, o ker K = {h € X : K(h,h) = 0} = 0. Hexaii H € nonosxenHsim
1
npocropy X signocro nopmu ||hl|y = (K (h, h))®>.
3 ymoBu (Al) BuruiuBae, 1m0 JiHifiHE BIHOMICHHS

=tlenl [en]pnes)

€ cuMmerpuaHuM B ipoctopi X @ L.
B [58] orpumano omnuc MHOXUHU yCix po3B’st3kiB npobiemu AlP.

Teopema 1.7. Hexati onepamopu By, By, C1, Co, K 3adosoavnatoms ymosi (Al).
Todi npobaema AlIP(By, By, C1,Cy, K) mae posé’asox, i eci ii pose’asku m(\)
NAPAMemPuUsyOmMvCa Yy 6u2aili

m(A) = Te(A = N1 g (I + Ag(A = )7 )7 (1.28)

de A npobizae MHONCUNHY BCIT CAMOCTPANHCENUT L-pe2Yyraprus posuupens Ainii-
1020 Gidnowenna A npocmip HBL D HBL. Bidnosione ainidine cidobpasicenm
F : X — H(m) 3adaemuvca gopmyaoro

(FR)YN) =TI2(A—=XN)"'h, heX.

Ax  sBummsae 3 Teopemu 1.7 onwmc ycix po3s’si3kiB  m  1podsiemu
AIP(By, By, C1,Cy, K) 3BOIUTBCS JIO OMUCY BCIX L-perynsipuux L-pe3oJibBeHT
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niniitnoro signomenns A. Takuit omuc Gepe nouarok 3 pobir M.T. Kpeitna [20]
(muBHCH Takox [23]).
BijnosiHo j10 [58] Hak/ajiemo j1oaTkoBl yMOBY Ha, JaHi 1podJIeMu:

(A2) dimker K < oo i mpocrip X jomyckae 300paKeHHsT
X =X +ker K (1.29)
TaKkKe, 1110 BjXO Q XQ (] = 1,2)

(A3) By = Iy i oneparopu By : Xy CH — H, C1,Cy : X CH — L e obmexe-

HUM.
Busnaaumo oneparopHo-3Hauny GyHKI0 © dhopmyiowo

o) = [g;g;; Z;jm Loz — A [gj (= AB) ' [-C5 Ci]. (1.30)

Teopema 1.8. Hexati onepamopu By, By, Ci, Cy, K 3adososvharoms  ymoseu
(A1)-(A3) i ranCy = L. Hexati O(\) susnauwaemoca cnissionowennam (1.30).
Todi popmyna

m(A) = (B11(N)a(A) + 012(N)p(N) (B21(N)g(A) + O (N)p(N) ! (1.31)

BCMAHOBANE  B3AEMHO  00HO3HAYUHY  6I0NOBIOHICMD  MINC  MHOHCUHONW  YCIT
pose’aswic m(\) npooaemu AlP.(B1, By, C1,Cy, K) i muoscunoto kaacie exei-
sasenmmocmi nesansinniscvriz nap {p,q} € N(L).

1.8 Meroa rpaHNYHNX TPIiOK B Teopil po3mMIMPEHb CUMET-
PUYIHNX OIIEPaATOPiB

Teopis po3MmKUpEHHS MIIJIbHO BU3HAYCHUX CUMETPUUHUX OllepaTopiB Oepe CBiii 1mo-
yaToK B 1930-11 poku 3 pobit Hxona ¢don Heiimana. [Tosuuit onuc st Beix
CAMOCIIPSI?KEHIX PO3ITUPEHb CUMETPUIHOIO OllepaTopa B TepMiHaX JedeKTHUX
nijpocropis Oyso orpumano B [85] (suBuck Takox [94]). ¥V nogasbiomy Kai-
KiHEM OyB pO3po0JIeHmil 1HIINiA miaxi, o 0a3yerbesa Ha HoHATTI "abcTpakTHHX
rpanndnux ymMoB" . Ileit MmeTos1 3BouTh podJieMy pO3IIUPEHHsT OlEPATOPa, /10 PO~
OJieMH OIIUCY Tillep-MaKCUMAJbHUX HEHTPAJbHUX IIIIPOCTOPIB JESKUX JIOIOMIXK-
uux npocropis [inbbepra (musncs |7, Chapter 2]). Ipojgosxkennst 1poro miaxoy
JI0 KpailoBux mpobsieM MokHa 3HaiiTu B podborax [19], [8], [6], a morim B [91], |71],
[30], [10]. iy BrsmBOM KX POGIT OYJIO POPOOJIEHE HOHATTS I'PAHUYHOT TPifiKu
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A H. Kouy6eewm B [16] i B.M. Bpykowm B |7] (suBucs rakox [9]). TosioBHum 06’ekrom
1€l KOHIENIII € abcTpaKTHa Bepcis TOTOXKHOCTI I'piHa st MIJIbHO BU3HAYUEHOIO
cumerpuanoro oneparopa A B npocropi [sbepra H 3 piBHMME iHJIEKCAMHU J1e-

dekry.

Osnavenns 1.9. Hexati L ¢ npocmopom Liavbepma. Tpitika Y = {L£,T1, Ty},
de I'; - dom A" — L, i = 1,2 ainiting 61dobpasicenms, HA3UBAGEMBCA 2PAHUYHOTO
mpitikoto dasa A*, axwo dasa ecix f,g € dom A* sukxonyemvca dopmyaa

(A f,9)n = (f; Agn = (T1f, Tag)e — (Tof Trg)e, (1.32)

Iy

* 'C 7
FJ : dom A* — [EI € COP EXMUSHUM.

i sidobpasicenma I' := [

Bigobpaxkenns I croiBrajiae 3 orneparopoM, sikuii Kajkin Hasusae omneparo-
pom peaykiiii. Le BijoOparkeHHsi BCTAHOBJIIOE B3AEMHO OJHO3HAUHY BiJIIIOBIIHICTD
Mk pakTop-ipocropom dom A*[ yon4 1 £ @ L. Leit dakT mpuBoguTh 10 IIa-
paMeTpusallii MHOKHHU CAMOCIIPSIZKEHUX PO3IIMpeHhb oneparopa A B TepMminax
aOCTpaKTHUX I'PAHUIHUX YMOB.

Hexaii oneparop Ap — ne ssyxennst oneparopa A* na npocrip dom Ay =
ker I's. Boracui camocnpspkeni posmupenis A e 3By:kenms oneparopa A* ma mij-
POCTIP B

domA = {f €dom A" : I'1f = B, f}, (1.33)

Jie B nipobirae MHOXKMHY BCIX caMOCIpsi>keHux oreparopiB B H. BigmiTumo, 1o
ormc (1.33) He noTpedye 3HAHHS JIeGEKTHUX MJIMTPOCTOPIB, 1 MapaMeTpu3allis ycix
PO3IINPEHb TOJIAETHCs DE3M0CEPEJIHBO B TepMiHaX aOCTPAKTHOI I'PAHUTHUX YMOB.

Oynkmig Beiis, 1o Bifmositae rpanraHiil Tpiimi T JIst CIpsizKeHOoro omnepa-
Topa A*, Oyna BBegena i gocigkena B poborax B.A. Hepkada i M.M. Manamya
3], [65].

Osnauenns 1.10. Onepamop-snauna gynryia M, wo eusnauaemovcs pienicmio
Flf)\ = M()\)FQf)\, f/\ eENy, N € ,O(A()), (134)

nasusacmves abempaxmmuoto gynkyicto Betina cumempuunozo onepamopa A, wo
sidnosidac epanuunit mpitui T = {L,T'1,Ta}.

Ak mokazano B poboti |13] dyukiisa Beitns cumerpudanoro omneparopa Ha-
JexxuThb Jio kjacy dynkniin Hesanninuu N. s dyHkiis € abcTpakTHUM aHAJIO-
rom Bijjomol dyuKIl Beitasg-TiTumapima, mo nos’s3ana 3 oneparopom LITypma-
Jluysusiisi. Oueparop dyukiis M () € apoboBo-siiHiiiHUM [IEPETBOPEHHSIM XapaK-
tepuctuanol yukmil (ska Oyna seegena A.H. Kouybeem B [17]), mo Bignosigae
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rpanuaniii Tpiitiii Y. AbcrpakrhHa dyHkiis Beitis M Busnadae oneparop A, a
TaKOXK caMy IpaHHIHy TPiiiky Y, OJHO3HAYHO 3 TOUHICTIO JO YHITAPHOI eKBiBa-
aentHocTi (juBuch [65], a Takox [83]).
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2 @PyHKIOHAJbHA MOJIEJb

B 1946 M.T. Kpeiin B [18] BBiB 1n0oHsITTSI QQ-DYHKIIT CUMETPUYHOIO ONEPATOPA
A B npocropi 'impbepra 31 ckindennmu ingekcamu jgedexty (m,m). g dbynk-
s BiJirpae BaykKJIMBY pOJIb B OIMUCI y3araJbHEHWX Pe30JhBeHT ornepartopa A. Y
nopasbiomy M.I. Kpeitn ta X. Jlamrep B [77] y3araabHuwiu e TOHATTS Ha BUTIA-
JIOK CHMETPUYIHOTO oneparopa A 3 HeckimuenHnMn ingekcamu JaedekTy, sikuii Jie
y npocropi [Horrpsirina, 1 nokazauu, mo Q-PyHKIsE OJHOZHATHO BU3HAYAE IIPO-
cTuit cuMerprunmii oneparop A 3 TouHicTIO 10 yHITAPHOT €KBIBAJIEHTHOCTI. Biibi
toro, y [77] Oyna BBejena rta jociijpkena QyHKIIOHAJbHA MOJE/b JIJIs CUMMET-
pudHOro omneparopa. Ll Mojensb 103BoJIse BUPINTYBaTH 0bepHeny TpodIeMy J1Jis
Q-dyHKILiii, npobseMy HOIIYKY KpUTepito juisi y3arajbHenol ¢pyHkiii HeBaniinan
ska € (Q-dyukiieo m-EpmitoBa oneparopa.

DyHKIIOHAJbHA MOJIEJb I CUMMETPUIHOI'O oneparopa B npocropi ['iib-
Oepra B Tepminax -yl Oysa nmodymosana B [83], [72|. B [66] B.A. Hepka-
yem ta, M.M. MaJjiamyjiom OyJin Bukopucrani inii (pyHKIIOHAJIbHI MOJIEI JiJist
CHMETPUIHUX OIMEpaTopiB (IuBuCh TakoXK |84]) /uisi po3B’s3aHHst 0OEPHEHOI MPO-
Osiemu Jyist byukuil Beitisi. A came, nouunatoun iy R-pyukuii M (-) raxol, 1o
0 € p(ImM(N)) gz A € C\R asropu B [66] GyayioTh MOje/Ib CHMETPHIHOLIO
oneparopa A i rpanuany Tpiiiky just A* raky, mo BignosijgHa dysakmis Beits
criBnajae 3 M ().

Bijibll 3arajibHe MOHSITTS 'PAHUYHOIO BJIHOIIEHHsI OYJIO0 3alPOIIOHOBAHO B
|50]. BuxopucroBytoun me nonsarrs asropu [50| mpejcrasmin gosinbiny Hesan-
aunniBebky napy {p, ¥}, sk cim’'io Befiis cumerpuunoro oneparopa, sikuit Biji-
noBifiae rparngHiii Tpidmi. Joenenust B [50| 6asyerbest na Teopemi Haiimapka
npo Jijaranii. Mojiesi jijist CMMETPUYHUX OllePaTopiB, siKi peasiizyiorh Oy/ib-sKy
HeBanyinHHIBCHKY mapy, K ciMm 1o Beiisis, 1110 BiJIIOBIIa€ IPAHUYIHOMY BiJIHOIICH-
uio I' Gysio nipejicrasieno rakox B [47].

2.1 V¥Y3arajbHeHI HEBaHJIHHIBChKI mapnu

Hexait £ € mpocropom [imbbepra. dnpom mnasusarors dyskiio K, (A) ra 2 x Qi3
3HAYEHHSIMU y TIPOCTOPI HenepepBHUX oneparTopis y npocropi [ibsbepra £ (2 C
C). Mu 6ynemo kazaru, mo sapo K,(A) mae k Big'emHuX KBajpatTiB i nucaru
sq_K = K, akmo Jjuist Oyjib-IKUX TOYOK Wi, ...,wW, B §2, BEKTOPIB U1, ..., U, B L
KBaJIpaTU4IHa (PopMa

n

3 (Ko, @iy, w) &, & €C

i,j=1
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Ma€ He MeHILe HI>K K BlJ'€MHMX BJIACHUX 3HaUY€Hb, 1 1IPU JedKoMy BHOODI 1, wj,
: .
u; 18 MATPUIS Ma€ PIBHO K BLJI'€MHHX BJiacHuX 3Hadenb ([36]).

Osuauennsa 2.1. Kaac N, (L) e wmmoocunoro mepomopprur ¢ Cp U C_

onepamopro-snaunur Gynruyit m(N), maxuz wo m(X) = m(A)*, i adpo
m(A) — m(w)*
N"(\) = 2.1
ny = A 2.1)

Mmae K 6id emnur xeadpamie y b, — obaacmi 2oromopdprocmi m.

Osnavenns 2.2. Ilapa {®,V} [L]-snaunuz gynxyia (), V(-) mepomoppnux
na C\R 3i cniavnoro obaacmio zonomopprocmi Yoy nasusaemovca Ng-naporo
(Y3a2a.0bHEHO0M0 HEBAHAIHNIBCHEONW NAPOI0) AKULO:

(1) adpo

KA

(\) ¥ (@)

9

FUNELICE

€l

Mae K 610 emnux keadpamis na Hey;
(ii) T(A)*®(N) — ®(N)*T(N\) = 0 for all X € hay;

(iii) daa eciz X € hoy N Cy icnye p € C, make wo
0€p(®N) — pP(A) i0€p(®N) —RT(N)).

Hsi Ne-napu {®, U} i {Py, U} nasuBaoThcs eKBIBAJEHTHUMHE, SKIIO
D1 (A) = P(A)x(A) Ta Uy () = W(A)x(A) auist jiesikol onepaTopHo-3HAUHOT ByHK-
it x(-) 31 3Havenusmu B [H|, sika rojomopdHa i 060poTHA it yeix A € hgy.
Muorknna, ycix KiaciB ekBiBaJeHTHOCTI Ni-tap B L BU3HATAETHCS SIK ]\Nf,{(ﬁ). Mwn
6ynemo mncatu {®, U} € N,.(L) ans ysaranbHeHol HeBaninHiBebKOT mapi {®, U1

Adxmo ®(A) = Iz, ne Ip — ne ogunuunmii oneparop y npocropi £, Toji 3
Osznavennsi 2.2 summusae, 1o Y(A) € Ni(L)-dyukuiero y cenci [21]. A rakox
sikiio {®, U} e Ny-napa raxa, mo 0 € p(®(X)) A € hoy, To BoHa ekBiBaseHTHA
napi {Iz,m(A)}, se Gyuxnis m := U~ nanexurs 1o kiacy Ny(L).

Osnavenns 2.3. N,-napa {@, vV} nasusaemovca nopmanizosannoro Ny-naporo,
AKULO:

(i) @(X) — Ap(A) = Iz for all X € By
Byab-sika Ny-napa {®, ¥} raka, mo 0 € p(®(X) — AU(N)) miz A € how

eKkBiBaJIeHTHA €MHill HOpMaJizoBanuiil N-uapi {¢, ¥}, sika BuzHauaeThCst

p(N) = @) (@) = X)), () = B (B — AB(V) L (22)
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2.2 N,-mapa, 1Mo BIAIIOBiga€ caMOCHPsSKEHOMY JIHIAHOMY
B1THOIIICHHIO

Hexait ‘H — e nmpoctip [lonTpsrina, i £ — 1ie mpocrip I'intnbepra. Jliniinnm Bimo-
mennsiM A B H HazuBatoTh jiniitanii mignpocrip B H X H (ausucsk [40]). Cripsixkene
Jiniiine BigHomenns A* BU3HAYAETHCST PIBHICTIO

At = {(f7 f/)T : <flag>7'( - <f7 g/>H7 JJisT BCIX (979/)7— < A} :

Jliniitne Bignomenust A HasmBaeThest cuMmerpuannM, axmo A C A* 1 camocnpsi-
JKeHuM, gkio A = A*.

Touka A € C HazuBaeTHC TOUKOIO PEryJSIPHOIO TUITY JIJIsT 3aMKHYTOIO CH-
METPUYHOrO JiiHifiHoro BijHomennst A, gximo Muoxuua ran (A — \) € 3aMKHEHOTO
B H® L. Byjgemo nosnadaru uepes p(A) MHOXKUHY YCIX TOUOK PETYJISIPHOIO TUILY
nuist iniiieoro signomenns A. Bimomo (|70]), mo Bei roukn CLUC_ 3a Bukmouen-
HAM sAKHAHOLIbITE K TTap KOMIJIEKCHO-CIIPSIYKEHNX YUCeJl € TOUYKAMU PETryJIsTpHOro
THILY, 1 JedeKTHUH MiIIPOCTip

M(A)=He L)cran (A —))

mae posmipuocti ny(A) in_(A) npu A€ CLi A e C
BafOTL JePEKTHUMI JUCJIAMUA CHMETPUUHOTO JIHIAHOrO BiHOIIEHHS A.

BIJITIOBIJIHO, KOTP1 HA3W-

-

~ ~

Oznaagenna 2.4. Jlinitine sidnowenns A = A* ¢ H © L wnaszusaemoca L-
MIHIMANDHUM, AKULO

Ho = span{llx(A —N)"'L: A€ p(Ad)} =H, (2.3)
de Iy — ue opmozonasvrutd npoexmop na npocmip Ilonmpazina H.

Hexait A — e camocnpsizkene Jiniitne sijpomennst B H @ L, 1 Iz — e opro-
TOHAJILHUI TpOeKTOp Ha MacmTabuuit mpoctip L. [osmaunmo oneparopno-3Hatmi

yHKIil

~

() =T+ AT (A= N e v =T(A= N1 (A€ p(A)). (24)
OueBuHO, 110

PN =), ¢V =v() (A€ p(4)). (2.5)

~

IIpono3urtiz 2.5. Hexati H — ue Il.-npocmip, L — ue npocmip Liavbepma, A
— ue camocnpasicene ainitine sidnowenna ¢ H & L. Ilapa onepamoprno-snayunus
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Pynruit {, ¥} acouitiosanux 3 A 3a fopmyaoio (2.4) € nopmanrizosantoro N -
napor, de 0 < k' < k. Hxwo, do mozo oc, aimitine sionowenna A e L-
MIHIMAALHUM, MO K = K.

JOBEJIEHHS. Yk Moxkna nobaunTn 3 Biaactusocteit (2.5) aupo NPY(X\) pus napu
{¢, ¥} upuiimae Bursiy

Niw()\) _ ¢()\)<P(@) _z_j()‘)w(w), \w € p(;() (26)

3 Osuavenns (2.4) Bumausae, 1o

N ) = ST ooy
::HLEZL;EE [ —leRA\IL R [ (27)

A— @
= R\IyR; [z,

e Ry = (Z — A)7! — 1e pesonabBenTa MiHIAHOrO BiHOMEHH A. Hexaii w; HaJe-
xarb j10 p(A), u; nanexkars jo npocropy £ npu j = 1,....n. Tom

n n

> (N (wr)uy, ) &&= > (MR Iy Rayy Juj, ur) &5,

Jik=1 jk=1

= Z [y Ry ugs g R ug]p & & (2.8)
jk=1

= > l9j: 9Wn&; &

jk=1

ne g; = lyRgu;. Tak ax ‘H e I-npocropom i u; (j = 1,...,n) — noBlibHi
BekTopH B L, T0 KBajparndHa (opma (2.8) mae k' Bij'emunx kBajparis, je k' < K.
Takum unrOM fM0BeseHO BracTuBicTh (1) O3navenns 2.2.

Bnacrusicrs (i) serko nepesipsernbes. Ouesngno, mo ¢(A) — AMp(A) = I

auist yeix A € p(A) i, smauuth napa {@, ¥} € nopmasizosannoio Ny-naporo.
Axkimo BijHomennss A € L-MiHIMAJILHUM, TO MHOXKWHA,

~

span{IlyR,u: w € p(A), u € L}

€ miibHOI0 ¥ Tipoctopi H. B nmbomy Bumajiky kBaparuvna ¢popma (2.8) Mae TOIHO
K BIJI'EMHMX KBaJPaTIB, a 3HAUYUTH $JIPO Ngw()\) Ma€ K BiJI'€EMHUX KBa/JIpaTiB.
Takum unnom napa {p, ¥} € Hopmaizopanoio Ny-napoio. O
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Osnavenns 2.6. [lapa onepamopno-anaunux Gynruiti {o, v}, wo eusnaue-
na gopmyaoto (2.4) nasusaemuvca Ny-naporo, wo 6idnosidae camocnpantcenomy
AtHIGHOMY 6idnowennto A i macwmabdy L.

Baysaxxumo, 1110 BekTopHo3HauHi GyHKIT ©(A) 1 ¥(A) BusHaueni dopmy-
71010 (2.4), MaIOTD CITbHY 00/1acTh TONOMOPDHOCTI hyy = by = hy.

2.3 @OyHKIIOHAJbHA MOJIEJb IJd CAMOCHPHAXKEHOTO JIiHiii-

HOTO BiTHOIIICHHS

Posruisinemo nipocrip ourpsirina 3 Bijrsoprowouum siipom H(p, 1), sikuii xapak-
TEPU3YETHCS BJIACTUBOCTIAMU:

(1) N£Y(-)u € H(p, 1) aust ycix w € By ma u € L;

(2) nuist Beix f € H(p, 1)) BUKOHYETHCsT TaKa TOTOXKHICTD
Nl = F@) e wEbppuele  (29)

Ak BunmBae 3 (2.9) oneparop eBaJioarlii

EQN): f—= (A (f € Hip,¥))

e obmezkernm oneparopoM 3 H(p,¥) B L. Takox BiaMITEMO, 10 MHOXKKHA, (DYHK-
it {N£Y(Ju: w € huy, u € L} e Torasuowo s H(p,v) (|36]).

Y HaCTyIHI TeopeMi ME OTPUMAEMO (DYHKIIOHAJIBHY MOJIEJb JIJIsI CAMOCIIPSI-
>KEHOI'O JIIHIHOI'O BIJIHOIIIEHHSI A.

Teopema 2.7. Hexati L ¢ npocmopom Liavbepma, i {p, ¥} € nopmanizosanoro
Ng-naporo. Todi sinitine sidnowernms

RIITaRTaN Fof € Hp ) ud € L. }
Alp¥) = {{ [ u ] ’ [ " ” PO M) = (N — () A€ b

(2.10)

e camocnpaoicenum 6 H(p, ) & L, i nopmanizosana napa {p, v} e Ni-naporo,

wo eidnosidac camocnpascenomy sionowennto A(p, V) ma macwmaby L.

JOBEJIEHHS. Kpox 1. ITokaxemo, 1m0 A(p, 1)) MicTuTb B €061 BEKTOPH BULJISALY

(F, Flo) = H I@\Ib? )):j ] | [@Nw()'zj“ ] } vEL, wEbu  (211)
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A = Span{{va, Flv}:vel, we hw}

€ CUMETPUYHUM JIHIMHAM BIJIHOIIEHHSIM.
Hiiicho, 3 dopmynn (2.10) i ToroxkHOCTI

(@ = MNu(Mv = o(A) (@) — () (@)

puimBae, mo {F,u, F v} € A(p, ).
st joBUIbHUX W € Byy, v € L (j = 1,2) orpumaemo, 1o

orxke, A" € cumerpuanum BijHomenusm y H(p, ) @ L.

Kpox 2. Tlokaxemo, mo muoxkuua ran (A" — \) e minsnoo B H(p, ) ® L
st X € by Bubepemo exrop {Fv, Flv} 3 w = . Tax sk ¢(\) — Mp(N) =
TO
[ Ns(v ] T 0
Fo, Fio — AFot = { A , ]}
A R0 = A0 = g || ene - aete
Mool [0 (2.12)
_ ALY I
—{_w()\)v_,_v”eA A

Orxe 0L C ran (A'—\). Posrsmenmo napy { F,v, F/v} 3w # A, Mu oTpuMaeMo,
3 hopmysin (2.11)

(] L2 T e

Nwé')U] € ran (A’ — \) izt yeix w # . Bukopucrosytoun siacrusocri (1)

i (2) npocropy Ilourpsrina 3 BigrBoprowounm siipom H(p, 1)) orpuMaeMo TBep-

oT2Ke [

JUKeHHst, sike HaMm n1orpione. Takum unnom, A’ € camocupskennm siniitnum BijgHoO-

N+

mennsiM, 1 orxke (A')" e camocnpsizkennm Jiinifinum BigHomenHsAM B H (@, 1) G L.
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Kporx: 3. Tlokaxxemo, mo A(p, 1) = (A")". Hdijicno, s 6yib-9KOrO BEKTOPY

= 10] [0 eae

u

ae f.ff € H(p,¢) i u, v’ € L, 1 goBlibHa w € By, v € L. 3 ToT0KHOCTI (2.10)
BUILJINBAE, 1110

L Fov ] youyor = BV Fovlyoor = L No (Dol gy = L ONLCIv]5y0)

+ (ula w(@)v)g - (U, 90(@)@)5

— (f’(w) —wf(w) +Y(@)u — p(@)*u, v)£ =0.
Orke F € (A)F and A(p, 1) C (A))*. Habnaku, sKio

Lf NW(')U}H(%w) — [f, Ny (+)v] o) T (v, ¥(@)v) , — (u, (@)v) , =0
aust pesikoro f, f € H(p, ), u,u' € L1 st yeix w € by, v € L, Toai
flw) —wf(w) = (p@)u —y@)u) =0

i omke, F € A(p,1). Le nosogurs, mo (A C A(p, 1), i osnauae, mo (4')F =
A(p, ). Tomy A(p,1)) € camoctpsizKeHUM JIHIHAM BiTHOIIIEHHSIM.,

Kpox 4. Hapemiri, mu niokaxxemo, 110 {@, 1} € naporo, 1mo Bijnosijae camo-
CHIpSZKeHOMy JtiHiiiHoMY Bifnomentio A i macmraby L. Jlificro, 3 (2.12) i OsHa-
aenns 2.3 (iii') Burimsae, 1o

o

||
<
>

~ -1
Me(A(p, ) =A) 1
~ -1
I+ Mg (A(p,¥) = A)
Omrxe napa {, ¥} e nopmaizosanoo N,-mapoio, Mo BiANOBIIAE JiHIAHOMY Bij-
norento A(p, ) i macmrady L. O

BayBaxkennss 2.8. 3 dopmyau (2.12) eunausae, wo sinitine 6ionowennAa
A(p, ), axe ompumane gopmyaoto (2.10), € L-minimaronum.

BayBaxkenus 2.9. /laa 0ydv-axoi nopmanizosanoi Ng-napu {p,9¥} i h €
H(p, ) suronyemves maka pieHicmo

(A, = N7 o] =500, (e ). (213
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Hiticno, ax caidye 3 (2.12), das 6ydv-axux v € L ompumaemo, wo

e [, [ w51
= [Ny = (RN, ).

Omorce, E(X) = Iz (A(p, ¢) — )\)_1 [H(pw) € onepamopom esanoauii 6 H(p, V).

[Toznauumo siniiiauit npocrip N, dpopmyioro

N, = {wa(-)u, ue L} . (2.14)

IIponosumisa 2.10. Hexati {@, v} € nopmanizosanoro Ng-naporo 6 npocmopi L.
Tooi:

(1) npocmip gt@ ¢ dodammnum nidnpocmopom 6 H(p, V) modi i auwe modi, xoau
N (w) e empozo dodammnuii onepamop 6 L.

(ii) axwo do mozo oc [y ker N?¥(X) = {0}, mo npocmip N e supodorcenum
nidnpocmopom 6 H(p, V) modi i auwe modi, koau 0 € srachum 3Hnavernnam

NZ* (w).

JOBEJEHHSI. Byyemo nosnauaru N, (+) := N¥¥(-). dosejgemo nepiuie rBepKe-
He. Tak gk

[Nw(')ua Nw()u} H(p) - (Nw(w)uau)g (u < £)

To ymosu Ny (w) > 0 exsisanenrni nepisrocti (N (+)u, Ny (-)u) > 0, ske

H(py)
BUKOHY€eThCs Jiist yeix (0 #)u € L.

Bapaz mu joBesiemMo jpyre TBeprkerHs. Crodarky BIAMITHMO, MO TPOCTIP

M5 € BupopkennM mignpocropoM. Tomi ichye (0 #)uy € L rake, 1m0

0= [Nu(-)uo, Nw(')U}H(%ib) = (No(w)ug,v) ,

s yeix v € L. Orxe Ny(w)ug = 0, ne osnauae, mo 0 € BJacHUM 3HAYEHHAM
N, (w).
Hasnaku, nexait Ny, (w)ug = 0, e (0 #)ug € L. Toui

0= (Nw(w)u(bv)/j = [Nu()uo, Nw(')v]H(so,w)’

Tomy Ny (-)ug € oproronabhie mpocropy N,. Tax sK N, (-)up Z 0, Toai ne izo-
Tponuuii Bekrop y npocropi N,,. O
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IIpomno3urtiz 2.11. Hexati A € camocnpasicenum Mnitinum 610HOUEHHAM Y NPO-
cmopi HBL 1 nexati {p, ¥} € nopmarizo6amoro nesaniinniccvr010 napoto, wo om-
pumana 3a gopmyaoto (2.4). Hexat onepamopno-snauna dynryia y(N) : L — H
GUSHAYEHA POPMYN00

V) =T A= N) "z (A€ p(A)). (2.15)
Todi sukonyemves maxa pieHicmo
NEY(A) = 7 (A) (@) (2.16)
JOBEJIEHHSI. [liiicno, ak sumnsae 3 (2.7), aapo N¥Y(\) mae dopmy

NEY () = (Lo Raly) (T Ro| ) = 7 (A)"y(@).

Harajiaemo, 1110 JiiHifiHKI OllepaTop HA3UBAETHC HOPMAALHO PO36 A3YEAHUM,
SIKIIO BIH Ma€ 3aMKHEHY 00JIacTh BU3HAUCHHSI.

IMponosurtisi 2.12. Hexati {p, v} ¢ nopmanizosanoro N-naporo 6 npocmopi L.
Todi N, € s3amrnenum npocmopom modi i auwe modi, xkoau onepamop N, (w) e
HOPMAADHO PO3E A3YGAHUM.

JOBEJEHHSI. ITosnaanmo B := N¥¥(w) i posrigmeMo HOro CHeKTpaibHuil pos-

KJIaJ1
B=B,®B @B, (2.17)

1 BimoBiAHUI poska sl mpocropy ['inmnbepra L
L=L, DL DLy (2.18)
ne By >0, B_<0,iBy=0g,. fx summmsac 3 (2.12) i (2.15),
v(w)v =N (v Yo e L.
Tax sx N, = v(w)L, To N, MoKHA PO3KJIACTH
N, = NI [+, [+, (2.19)

ae NE = y(w)Ly i N = ~(w)Ly. Leit poskaas € OPTOrOHAILHEM, TaK AK
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N, (w) = Ng(@). Haupukaas, sikiio vy € Lo, v- € L o

[/y(w)v-l-a V(w)v—} Hipab) [Nw(')v-i-: NE(')U—]H(%w) - (Nﬁ(w)v-i-a U_)ﬁ
= (No(w)vy,v-) . =0.

Hexait B = N?¥(w) € HOpMAIBHO DPO3B’A3yBaHUM, ran B € 3aMKHCHIM B
L. Ockimbku L1 Ly € CKIHIeHHOBUMIPHUM TiampocTopoM B L, Toml ran By €
3aMKHEHHUM, OTXKe 3a TeopeMoio banaxa icaye uncyo ¢ > 0 Take, 1mo

(Byv, v)e > |||z (veLh). (2.20)
3 Ilpomozutii 2.11 BumInBae, 10 BUKOHYETHCST HEPIBHICTH
[ (@)v Ay 2 AlE (0 € £7), (2.21)

Takum oM N = v(w)L. € 3amkHeHoro MHOKHHOW. Tak gk dimM, < k i
w + D¢ w
dimMNY < k, 10 1e ozuavae, Mo N, € 3aMKHEHOI MHOKUHOIO.
w Y )

Hapnaxu, nexait N, € 3aMKHEHOI0 MHOXKHUHOIO, TO1 N € TaKoXK 3aMKHEHOIO
MHOKHUHOI0. Tak 5K y(w) [z, € 0boporHoIo, TO ichye ¢ > 0 Taxe, 110 BAKOHYETHCS
piBaicTh (2.21). 3 IIpomnosurii 2.11 BumuBae, Mo MHOXKUHA ran B € 3aMKHEHOO
y nipoctopi L. Tak sik B_ € CKIHYeHHOBUMIPHUM, TO MHOXKIWHA Tan I3 € 3aMKHEHOIO.
Ile noBojuTh TBEpKEeHHS. O

BayBaxkenust 2.13. dxwo m e ¢ynruicto 3 xaacy Ny(L) ue osnavae, wo I —
Am(A) e obopomnoro das yciz A € C\R modi napa {1z, m(\)} e exsisarenmmnorn
do nopmanizosanoi N-napu

fo.w} = {(Ie = Am() ™", m(N) (I = am(1) '}
i 810Nn0610HE MODeAbHE BIOHOULEHHA MONCHA 3ANUCANU, AK
_ f L fif € Hp,); u,u’ € L;
Al v) = {{{u} ’ {u’]} L) = A\ =u—m\u A eC\R }
(2.22)

Posrusiiatoun npoexiito i€l Mojeni na npocrip H(p, 1), MoxkHa 1moby Ly Ba-
TH, MOJI€/JIh CUMETPUYHOIO oneparopa S 3 abcrpakrnoio dynkiieio Beitas m(\)
y mpoctopi [lorTpsirina. 30KpemMa MOJe/Ib sl CAMOCIPSKEHOTO po3imupents A
oneparopa S MOXKHa 3almMcaTh, 5K (2.22) y BUIIs:

Ag={{f. '} e H(p,¥)?: ['(N) = Af(A) = u st piesikoro w € L} . (2.23)
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2.4 Y3z3arajgbHeHe IlepeTBOpeHHaA Pyp’e

3apas MU MMOKaXkeMo, 110 Oyjib-sike L-MiHIMaJIbHE CaMOCIPSKEHE JiHIfHE BlJIHO-
menns A € yaitapHo ekBiBaseHTHIM 11 (byHKIIOHAIBHIE Mojem A(p, 1)), ske 6yo
nobyiosaro B Teopemi 2.7. Oueparop F : H — H(p, 1) Busnauenuii ¢hpopmyioro

hi— (FRYA) = v\ 'h =T1.(A—\)"'h (heH) (2.24)

HA3UBAETLCsI y3arajbHeHuM neperBopennsM Pyp’e, mo acoriiiopane 3 A 1 mac-
mradom L.

Teopema 2.14. Hexati Ae CAMOCIPANCEHUM NIHITHUM S10HOwenHam 6 H B L
i {p, ¥} e sidnosidna Ny-napa, wo eusnauaemuves gopmyaoto (2.4). Todi:

1) Ysaeaavnene nepemeopenns Q@yp’e F ¢ isomempuunum onepamopom 3 nid-
npocmopy Ho na H(p,¥) i F momoosicnwvo dopisnioe 0 na nidnpocmopi

H e Hy;

2) Jlaa 6ydv-a%oi napu { [ﬂ ) [5] } cA BUKOHYEMBHCA MAKG PLEHICTD
BVF =7 = [y —e)] [1]. 229

~

JOBEJAEHHS. 1) dust Gyab-sikoro Bektopy h = vy(w)v (w € p(A), v € L) 3
IIponosumnii 2.11 BunnBae, 1Mo

(FR)(A) = v\ v(@)w = NEY (Ao
Orxe, F sijobpaskae yiinifinuit mpocrip span{y(0)L : w € p(;lv)}, SIKUI € HIJIb-
nuM y ‘Ho, na miniianit npocrip span{N?¥ ()L : w € p(A)}, axuii e minpuum y
H(p, ). Bliblie Toro, 1e BijloOpaKeHHs € iI30METPUIHUM TaK siK,

H(pp) — [wa(')% Niqﬁ(')v]H(%ﬂ))

— (N (@), ) = [h Bl (2.26)

[Te noBoguTh mepiie TBeppKeHHs. Ak MokHa nobauntn 3 (2.24) Fh = 0 s
h € 'HS Hy. _
2) Hexait h = y(@)v = Ty(A — @) v, ne v € L. 3 (2.4), (2.15) Bunusae,

U Lea-er ] [ ussasan]]
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{ [wéw} | LZS } €4

- ~ 7 /
Tak sk A = A*, TO oepKyeMo ISt yCix { [5 : [f,] } eA

u

[fla h]')‘( - [fa @h]H + (ula ¢(@))£ - (U, @(@)U)E = O, v e L.

Lle o3nauae, 1110

~

@ (f = 5f) = gl — v, w e p(d). (2.27)
Pignicts (2.25) noseaena. O

Hacaigok 2.15. V sunadky, xoau asinitine eidnowenns A e L-minimarvhum,
BOHO € YHIMAPHO €KGI8ANCHMHUM NIHITHOMY Sidnowennto A(p, 1) 3a dopmyroto

oo {EL AL o

Onepamop F & I, 3diticnioe uio ex6i8asenmmicmo.

Hacaigok 2.16. fx sunausae 3 (2.13) nepemeopenns @yp’e F, axe ¢ acoyit-
osanum 3 onepamopom A(p, ) e momoosicrim, mar %

h

(IO = MelAp ) =) [

] = h(\)  daa sciz h € H(p, ).

Jlema 2.17. Hexatii A — ue camocnpascene ainitine sidnowenns 6 Hd L, nexat
{, ¥} — nopmanizosana Ny-napa, wo ompumana 3a gopmyaoro (2.4). Todi su-
KOHYIOMBCA MaAKt IMNAIKAULL:

(i) ker (X)) = {0} daa dearozo A € p(A) = Ty dom A ¢ winvnow 6 L;
(ii) ker () = {0} daa dearozo N € p(A) = Igran A ¢ winvnow 6 L.

Hruyo do mozo orc 8idnowenA Ac L-miriimanvnum, ma N9Y (w) > 0 das dearozo
w € p(A), mo

ker p(w) = {0}, kery(w) = {0}.

JTOBEJIEHHA. opegemo crnodarky nepine rBepikents. Muoxuna Il dom A
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CKJIAJAETHCS 3 BEKTOPIB U € L Takux, 110

{ {f] : [f:] } cA g geakux  f, f € H,u' € L.

U U

Axmo icaye BekTop v € L Takuit, mo v L u gua ycix v € [Idom g, TO

Ul L)<

oMy 3 (2.4) Bummsae, 1o @(A)v = 0. Ase ker ¢»(A) = {0}, orke v = 0.
JloBejieHHsT JIpyTol YaCTHHU € aHAJIOTIIHIM. N

Bynemo Beazkaru, mo N?¥(w) > 0 mna gesxoro w € p(A) i, mo 1 (w)v = 0.
Topni, sik Moxkna 6adutn 3 (2.4), mo g(w)v = v i

1

w—w

(No(@)v, ), = (No@)v,v) , = —— ((#(@)e(w) — p(@)(w))v,v)

= 1 - (v, gp(w)v)ﬁ = 0.

w—w

Ile oznauae, mo v = 0. O
Kpurepil jiist mpaBux dacrun B (i) a (i) Takoxk BipHi.

Jlema 2.18. Hexati A ¢ L-MINIMAADHUM CAMOCTPANCEHUM ATHITHUM 6IOHOWEH-
nwam y H & L, nexati {p, ¥} e nopmanrizosanoro Ny-naporo, uo ompumana 3a
dopmyaoio (2.4). Todi

(1) m/\ep(i) ker (N) = {0} modi i miavku modi, xoau Iz dom A e winvmow y
L;

(1) Myepca) ker p(A) = {0} modi @ minvru modi, xoau Iz ran A e winvnow y L.

JOBEJIEHHS. Heobxignicts ymoB B (i) Ta (i) Bummmsae 3 Jlemn 2.17. s mo-
BeJIeHHsI JIOCTaTHOCTI PO3rjisiHeMo Jiiniitne BijHomenust A(p, 1), sike orpumane
3a opmysoo. 3asusku Hacigky 2.15 signomenns A(p, 1)) € yHirapHo expiBa-
JIEHTHUM JIIHIHHOMY BiJTHOTIIEHHIO A. Orsxe JIOCTATHBO JIOBECTH TBEPJKEHHST JIJIsI
Bigmomenns A(p, ).

[Tpunycrumo, o P(A)v = 0 st gesikoro v € L1 st yeix A € p(A(p, ).
Toni 3 (2.4) BuruuBae, mo @(A\)v = v Ta

NS ()0 = —— ((w)p(A) — @) (\)v =0
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st yeix A, w € p(A(p, ). 3 (2.11) Buniusae, 1o

ol LL A0 PR st

Orxe v L II,dom A O

2.5 @yHKHOIOHAJbHA MO/IEJIb /IJid CAMETPUYHOIO OIIepaTopa,
B nipocTopi IloHTpAaTiHA

Ax mokazano B 3ayBakenni 2.13 KoxKHIli y3araJbHeHill OIepaTOPHO-3HATHOI
dbynknil Hepanninnun m € Ny (L) Bignosigae camocupsizkene jiiniiine BijHOmEHHsT
A(m) B npocropi H(m), take mo napa (12, m(\)) € aconiiioBanoro 3 num JiHiinum
B1JIHOIIIEHHSIM.

Y 1pomy mnaparpadi Oyje modyI0BaHO MOJE/IbHUNM CUMETPUUHUIE OIepaTop
S(m) y upocropi H(m) i sesiky rpanuany rpiiiky {L£, g, ['1} jgist siiniiinoro Biji-
Homrennst S(m)*, Taky mo oneparop dyukiia m(\) e dyuxiieo Beitis oneparo-
pa S(m), sika Bijnosijae rpannaniii rpiiini {L£, To, 'y }. Leit pesysibrar Buiinsae
3 IOIEpPEIHBOI0 PEe3ysabTaTy Ipo (PYHKIIOHAJBHY MOJIEIb JIjisd JIHIAHOTO BiJIHO-
mennsi A(m) 3a j1010MOroI0 Tak 38aHOr0 "OCHOBHOTO 1epeTBOpeHHs " 'PaHuIHOIO
JIHIHHOTO BiJIHOIIEHHS, TTOB’A3aH0r0 3 rpanndnon Tpiiikoro {L£, g, 1} (muBuch

[50]).

Teopema 2.19. Hexatim € N,(L), dim £ < oo idet Imm(A) #Z 0. Hexati H(m)
— ue npocmip Ilowmpazina 3 eidmeoprorowum adpom (1.26), S(m) — onepamop
mmooicenna 6 H(m). Todi:

(1) S(m) e cumempuunum onepamopom 6 H(m);

*

(2) cnpasicene ainitne eidnowenns S(m)* cnienadae 3

7= {19) & m? g0 - 2000 = s = mun, s € £}
(2.29)

(3) epanuuna mpitra das S(m)* mooce bymu susnavena y euzanadi {L,1'1,1's}
9 g
Fl [g,:| = Uq, FQ [g,] = Uy, (230)

(4) Pynryia Betina, wo eidnosidae mpitui {L,1'1,Ts}, cnisnadae 3 m(\).
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HOBEJEHHS. [lepexojisium, sKIO HEOOXiJIHO, BiJi MaTpUYHO-3HAYHOI (DYHKIIT
m(A) o marpuuno-3aadnol dyukiii cm(A) (¢ > 0), Oyaemo BBaxKaTH, IO

det(I, — Am(X\)) # 0.
Toui napa {Iz, m(\)} € exsiasenrnowo nopmasizosaniit Ny-uapi

{e\), vV} = {(I = Am(A) ™, m(A) (I — Am(X) '}

3 TOTOXKHOCTI
NEY(N) = (I — Am(N) " IND(A) (I — wom(@)) ™!

BUILJIMBAE, 10 MaTpudHo-3HauHa GyHKIia f(A) HamexuTsb j10 npocropy H(p, 1)
TOJ 1 JIMIIE TOAI, KOJIM MaTPUIHO-3HAUHA (DYHKILisT ([5 — )\m()\))f()\) HAJIEXKUTh
1o mpoctopy H(m).

Posruisinemo camocnpsizkene siniitne igaormenns A(p, ) surusiy (2.10) i
BU3HAUNMO JIiHifiHe BigHomenus G HopMyaon

N E R (A

Kpox 1. YmiTapuicTp nimifimoro Biguomenus G . CUMETPUYHICTH JiHIM-
Horo BijHommenns A(p, 1) oznavae, 110 JJIs BEKTOPA

Ul 0]} € 460

(' oy + (i, u0) e = (f, fngow) + (o, ur) - (2.32)

BUKOHY€ETHCS PIBHICTD

[lepenumemo (2.32) y Burusm

(f", Flrowy — (s oy = (o, u1) e — (ur, uo) - (2.33)

Posrustnemo npocropu Kpeitna (H (@, ¥)?, Jy(op)) 1 (L2, Jz), e dbynaamen-
TaJIbHI CUMeTPIT J3(y ) 1 J BU3HAUEH] opMynamu

[0 =iy o —ilg
JH(%w)— Z'IH(QPJ/}) 0 . Jre= il, 0 . (2.34)
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] . Orpumyemo

N [ 0 —’LIH( 1/)) f f
(JH,fu)H,2:<- - :
(p:9) (1) _ZIH(cpﬂlJ) 0 f/ f/ Moy

-([7]- 1)
LU oy

- _(fla f)H(SDﬂ/J) + Z(f: f/)H(sO,w)‘

BacrocoByioun criBBijHomenHs (2.32), 0OTpUMyeEMo

~

(Trttonfs Frioyz = —i(uo, ur)c +i(u, uo) - (2.35)

PPN o [ O —i]g U Uo
oo = (L o) ) [5),

() - [22]).

= i(u1,u0)c — #(uo, u1) .

3 iHmmoro 60Ky

Orxke 3 pisrocti (2.35) BUMIMBAE, 10

~
AN AN

(ron [ Frpwy = (o, ) 2.

[le osmawae, mo Jiniitne BigHomenus G BusHadeHe dopmyinoo (2.31) €
(Sr(p)> J)-i30MeTpUUHIM.

Jlerko OGauuTH, IO 3 YMOBH CAMOCIPS>KEHOCTI JHHIHHOTO BiJHOIIEHHS
A(p, 1) = A(p,¥)* BumuBae piBHiCTH

Gfl — G*,

mo o3Hava€ (Jy (), Jr)-yHiTAPHICTS MiHiliHOTO BigHOmeHHs G

Kpok 2.
S(m)=%kerG, T =domG.

Hiiicho, nepiia piuicTs BurinBae 3 (2.31) 1 (2.10). ITokaxkemo jpyre criBBigHO-
IEHHS.

Hexaii [J{'} € domG. Toxi B cury o3HavdeHHs JiHifiHOrO BimHOIIeHHA (GG
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(2.31) icHytoTh BeKTOPHU U, U1 € L, Taki 1o

F1O) = AN = (Ie = dm(A) "y — m(A) (I — Am(\) " up.

[IpumycTumo, 110
90N = (Ie = Am(N) fN) € H(m), ¢'(\) == (I — Am(N) f/(\) € H(m).

Toni momepeaHs PiBHICTH NpHUitMae BUTJIA
g'(A) = Ag'(A) = ur — m(Nuo.

Taxum aurom, dom G C T'. AHAJIOTIIHO JIOBOJUTHCsST OOEPHEHE TBEPJIKEHHS.
Kpox 3. Ilokaxkemo, 110

ran G = £?, mulG = {0}. (2.36)
st 1bOro pO3IJISTHEMO BEKTOPHO3HAUHI (DYHKIIIT
h(A) =N"MNv, KA)=wN"Nv (veLl, webh,NCy),
gKl HasiexkaTb 10 npocropy H(m). Tak sk
R'(X) — AR(A) = (@ — AN (Mo = m(w) v — m(\)v,

10 B cuity (2.31)

€ ran G, ] €ranG.

[m(::)*v} [m(z)v

Ie osnauae, mo ran G = L£2. 3 [50, Prop 2.12| suninsae, mo mul G = {0}, to6ro
G € 0JHO3HAUYHUI OIIepaTop.

Kpox 4. 3 (2.36) unuusae, mo 1T' = clos T, romy T = S(m)*, mo poBojursb
TBep/izKeHHs (2).

3 roroxuocri (2.33) Bunuimsae dbopmysa I'pina (1.32), a ciop’ekTuBHICTH
Lo
Iy

Trepipkennst (4) Takox BummBae 3 roroxxuocti (2.33). Hiiicuo,

BitoOpaxkenus [ = [ ] crijiye 3 Bractusocti (2.36).

h'(A) — Ah(A) = WNZ(X)v — ANZ (Vv = m(w)*v — m(X)v = ug — m(A\)u,
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~ | NZ(M)v
T0OTO TIpK h = [wNm()\)fu

w

] € M (S(m)) orpnvaeno

~

Takum unrom, m(A) e dynkiieo Beitiasa omeparopa S(m), sika Bignosinae
rpannaniit rpiitui {L£, o, ['1}. O

BayBaxkenHs 2.20. Pesyavmam Teopemu 2.19 6yao nowupeno na sunadox N -
nap y pobomi [46, Theorem 4.7].

2.6 ¥YzaraabHeHwuii nmpoctip H(m)

Y ckansippomy Bunajky napa {p, ¥} i3 kinacy N, (C) Bignosigae jesikiit yskiii
m 3 kjaacy N, 3a €IMHUM BUHATKOM, KOJHU Iapa {@, ¥} € eKBIBaJeHTHO mapi
{0,1}, o moxuBe Tinbku y Bunajaxy k£ = 0. iiicho, sijipo

0-1—-1-0
A—w

NG (V) = 0
HE Ma€ BiJI' €MHUX KBaJIPATIB.

Posrystremo foBinbay ckagsipuy dyukiio m € Ny i saapo N7'(N), mo Busna-
qaerbesi popmydioo (2.1). Ipocrip Hourpsirina 3 BigrBoprowounm sigpom N7'(A)
OyZIeMO Ha3UBaTH y3azaivHenum npocmopom de Bpanorwca-Posnara H(m). Y Bu-
najiky k = 0 rakuit npocrip 6yso posrasinyro y [51] je nasegeno Takox ioro
OTINC B TePMiHAX IHTEIPAJbHUX 300paXkKeHb (PYHKIIT M.

Teopema 2.21. ([53, Theorem 5]) Hexatd dynruia mgy naresrcums do kaacy N
i donyckac inmeezpasvne sobpascenna (1.20). Todi:

(i) npocmip H(my) cnienadae 3 mnoorcunoto Gynryid

Hmm:{o+12i9@dm cleeme@.

(i1) Swxwo oxpim yvozo dymryia my narescums do xaacy N° i donyexae 306pa-
orcenna (1.22), mo

H@m):{ xﬂiﬁddw,tﬂ@eLﬂmﬁ}. (2.37)

ot
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B marpuunomy Bunajiky anasor Teopemu 2.21 nasejieno B [37]. Huxue Oysie
HaBejieHo aHaJior Teopemu 2.21 jjsa dyunkuil 3 kiacy Ny. [Ipu npomy mu 6ygpemo
BUKOPUCTOBYBaTU TEOPEMY 11pO (pakTOpu3aliiio jJoBljabHOT GyHKil Kiacy Ny

Hexait p(A) = poA" +pi A\ L+ ...+ p,_1 A+ p, € noninom crenento n. Busna-
aumo p7 (N) dopmyiioro

p*(A) = pN) =B A" + BN+ o 4+ By A + Py

Teopema 2.22. ([67], [62]) Bydv-axa pynxyiam € N, donyckae dparmopusayio
m(\) = ——————=mg(\), (2.38)

de p i q — 00HO3HAYHO BUSHAYEHT B3AEMHO NPOCTNT MOHIYHE NOAHOMY Tha My € N.
IIpu yvomy
max{deg(p), deg(q)} = &.

Hexait pamnionanbha (pyHKIIISA 7 BU3HAUEHA depe3 POPMYIIy

oy P PPN
(N : 0 (N : FO (2.39)
Toni dbopmyna (2.38) Moxke OyTH nepernucana, sK
m(\) = r(AN)mo(\)r¥ (N). (2.40)

Hexait p,q ¢ noninomamu, £ = max{degp,degq} i nexait koedinienrn b;;
BU3HAYEHI 3a MPaBUJIOM

p(@)a(y) — pWax) _ o
z—y = Z;) blj Y-

k—1 . . .
Ha3UBAETHCsA 6e3ymzanm070 IIOJIIHOMI1B P Ta ( (ILI/IBI/ICB

Marpunga B, := (bij)z‘,j:()
[22]). Besyrianra B, , € 000pOTHOIO MAaTPHIICIO, SKIIO P Ta ¢ € B3AEMHO POCTUMH
MOJIIHOMaMU.

BusnauumMo matpuili
A=A, = (LN N, M= M, =1, p, 4%, .., 0.

Teopema 2.23. Hexati m € N, donyckae gaxmopusayito (2.38). Todi npocmip
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H(m) cnisnadae 3 npocmopom (H, (-, ")z ), de H — ye mmoocuna dynwuit

1
FA) = r(M)fo(A) + W%(A) + mo(A)pa(A), (2.41)

q# (M)

a snympiwnit dooymok (-, )y 6USHANAETDCA AK

<f7 f>H = (f07 fO)'H(mO) + f*B_lf, (242)
@ 0 B
] o[, %]

de fo € H(mg); @1,p2 — dosiavii noaimomu Gopmasvrozo cmynento k — 1;
fO 2 e C* — cmosnui koedivienmis noainomie 1 ma s, 610N06iI0N0; By, -
be3ymianma nostHoOMIG P Ma q.

JIOBEEHHS. Byab-sika dyukuis f sumy (2.41) momyckae 300parkeHHs

Jo
N 1 r(A) m 1

ae fo € H(mg), Ta fU, f@ € C*. Toni dbynkmis N’ () mpu 6ymn axomy p € by,
Ma€e popmy

[ ()N ]

1, () Lo M
WO = [0 gyt Fgmn] o o B, ).
e D) i

OueBnno, mo H e npocropom IlorTpsirina 3 Bij’€eMHUM 1HIEKCOM K. Biabir Toro
‘H € npoctopoMm IIoHTpsTriHa 3 BIATBOPIOBAJILHAM SIJIPOM NZL()\), Tax sIK JIJ1s1 Oy/Ib-
skol dyHkiil f Bujy (2.43) orpumaemo

M| BB 'F

FONEOY = ()N O ) sy + | g7 M m‘“ﬁ)q%

=T L m A
= r(u) folp) + q(u)wl(u) + mo(p) 00 pa(p),

e pi(p) = MfU) (5 =1,2). e 10BoauTh BiATBOPIOBAJIbIY BIACTHBICTL HPOCTO-
py H. Takum uunom, H cuisnajgae 3 H(m). O
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2.7 BucHOBKH A0 pPoO3aiiIy 2

Pesysibrarn riasu Oysu npejcrasieni B [86] 1 [88].

1) Beeseno mousTTst HOpMastizoBaHol N-Tlapu, 10 BiIIOBIIAE CAMOCIIPSIZKE-
HOMY JiiHiitHOMY BijHOIIeHHIO Yy 1poctopi [louTpsrina. B Teopemi 2.7 mnokaszaHo,
1110 JIJIs KOYKHOI HOpMaJiizoBaHol N-llapu ICHY€E €JuHe 3 TOYHICTIO JIO YHITapHOI
eKBIBaJIEHTHOCTI MiHIMaJbHE caMOCHpsi’KeHe JiHifiHe BigHomenHss A y mpocropi
[TonTpsirina, Take 1o napa {y, ¥} Bianosigae pomy signomenmio A. ITobynosa-
HO (PYHKIIOHAJILHY MOJEJb TAKOrO CaMOCIIPSI>KEHOr0 JIIHIHHOro BijHoIenus A y
npoctopi IloHTpATiHA 3 BIATBOPIOIOYNM SIIPOM.

2) dust ysaranbhenol ¢yukiii Hesanninan m € N, B Teopemi 2.23 nasejieno
omuc npoctopy Je Bpamxka-Posusika H(m), skuit € npocropom [lonTpsirina 3
BirrBoptoroanM stipom N7 ().
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3 AbGcTpakTHa 1HTepHoJidlliina npobJjema B y3a-
raJbHeHnx KJjacax HeBamminaHnu

3.1 IlocranoBka Ta po3B’sa3aHHA aOCTPAKTHOI IHTEPHOJIL-
ImiifHOI mpoOJIeMn

Hexait X' € kommiekcauM JiiniinuM mpocropoM, L — 1e npoctip [anbepra. Hexai
B, By — ue miniiini oneparopu B X, 1 C1, Cy — 1e Jiniitni oneparopu 3 X B
L. Hexait K — ne miBropasiniiina ¢popma B X, 110 Ma€ V BIJ €MHUX KBaJpaTiB.
Posrisinemo HenepepBHMii aHaJI0r adCTPAKTHOI IHTEPIOJISIIAHOT IIPOOJIEMH.

IIpo6aema AIP,(Bi, By, C1,Cy, K). Hexait k € Z, 1 nexaii oneparopu
By, By, C4, Oy, K 3aJ10BOJILHSIIOTH YMOBMU:

(Al) K(th, Blg) — K(Blh,BQ_g) = (Clh, CQQ)E — (CQh,Clg)g Vh,g e X;
(A2) ker K = {0}, ieker K = {h € X : K(h,u) =0 Yue X}.

Bnaiitu Ny-apy {p,1} € N.(L), raky 1o ictye inifine BijgoGparkeHHst
F: X — Hp, 1), jid 9KOro BUKOHYIOTBCA TaKi yMOBH:

Chh

(C1) (FBoh)(A) — A(FBih)(N) = [ o(A) —p(N) | lcgh

],,ZLJIHyCiXhGX;

(C2) (Fh, Fh)ypy) < K(h,h), nus ycix h € X.

BayBaxkennst 3.1. /i pose’asnocmi npooaemu Al Py(By, By, C1,Cy, K), 1eob-
T10HO uL00
v < K. (3.1)

[iiicHo, po3KaaieMo npocTip X B IpsiMy CyMy Bij'eMHOro X_ 1 HEBiJl €MHOIO
X, nignpocropis signocuo Gopmu K (h, h)

X=X +X,. (3.2)

[Tpu mpomy degclos (X_) = v, a omxke X_ — 11e 3aMKHEHHUIT TAPOCTIP MTPOCTOPY
X. 3 ymosu (C2) sumusae, mo, (Fh, Fh)y, ) < 0 npn byap-saxomy h(# 0) €
X_. Takum unnHoOM, JiHiiiHKA onepaTop F' He obepraernhes B 0 Ha migmpocTopl X,
OKPiIM HYJILOBOI'O BekTOpy. Tomy 3By»KenHs orieparopa F' Ha CKIHYUEeHHOBUMIpPHMIA
minpocTip X Mae 0DOpOTHHI OoIlepaTop, a OTKe 30epirae po3MIpHICTh

dim F(X_) = v.
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[Ipu npomy muoxkuua F(X_) € 4acTuHO0 BiJ'€MHOIO MiIIPOCTOPY HPOCTOPY
H(p, ). Orxke posmiphicTsb Biji'emuoro mijmnpocropy npocropy H(p, 1) ne mMeniu
HIXK V.

[Ipu k = v = 0 3a1a1a (C1)-(C2) 6yna posmsanyTa B |58].

Busnauumo nipoctip Ilourpsirina H 3 Biji'€MHUM 1HJIEKCOM V, sIK [TOIOBHEHH i
1pocTopy X BIJIHOCHO JIOOYTKY

<hag>H - K(h7g)7 h,geX. <33>

[Tpu nbomy mu OyjieMo oroToXKHIOBaTH onieparopu By, By : X — X 3 jiinilinumun
oneparopamu By, By : X — H.

IIponio3uriia 3.2. Hexati onepamopu By, By, C1,Co, K 3adosoavuatoms ymosi
(A1). Todi ainitine sionowenna

I EI | R N

e cumempuunum 6 H ® L.

JIOBEEHHS. Teepmkenns puminsae 3 nponosuriil (Al), tak sk

el Len]),.~(Lénl-[enl),..

= K(th, Blh) + (Cgh, Clh)g — K(Blh, th) — (Clh, Cgh)g = 0.

g

Osznavenns 3.3. Jiniine cionowenna A = A* ¢ H & L nasusaemvea L-
peayaaprum, axuo H S Hy e npocmopom iavbepma, de Hy susnaveno pop-
mya0t0 (2.3).

Y BHUIAJKY 130METPUUIHOTO omeparopa B mpoctopi llonTpsarina mousarts L-
peryJsiprocti Oysio npejcrasieHo B [57.

Teopema 3.4. Hexati onepamopu By, Bs, C1,Co, K 3adososvharoms ymosam
(A1)-(A2) i v = sq(K) < k. Todi npobrema AIP,(By, By, C1,Cy, K) €
PO36 A3HOI0, T MHOHCUHG BCIT 11 HOPMANIB08AHUT PO3E A3KIE NAPAMETPUSYEMDHCA
hopmy.noro N

ZD()\) B I 0 Hﬁ(A—)\)_lrﬁ

p(A) A I Ir
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de A nPobi2ae MHONCUHY YCIT CAMOCTPANCERUT L-PEYAAPHULT POZUUPEHD NIHIT-
nozo sidnowenna A 6 npocmopt Ilonwmpazina HOL DO H®DL MaKUT, U0
/1_(7-() = K. Bidnosione ainitine sidoopasicenns F @ X — H(p, 1) sadaemvces
hopmy.noro

(FR)YN) =TI2(A—=XN)"'h, hex. (3.6)

HOBEOEHHSA. HJocmammicmy. Hexaii Ae CaAMOCIIPSIKEHUM L-pPeryjisipaiM po3-
MIAPEHHAM JIHIMHOTO BIIHOIIEHHS A i nexaii {p, ¥} — vopmamizoBana Ny -mapa,
110 BiJIMOBiIa€ JIIHIHHOMY BiTHOTIIEHHIO Ai mactrabromy mpocropy L. Tomi dop-
mysa (3.5) BumutuBae 3 (2.4).

Hexait F : H — H(p, %) — e ysaranbhene nepersopenst Oyp'e, Mo Bigro-
sinae A. Toxi 3 (2.24) BunsmBae, o Jainiiine Bijobpaxenns F @ X — H(p, ),
sike Bu3HaveHe 3a (opmysown (3.6), € mos’s3annmM 3 F CriBBIHOMEHHSIM

Fh=Fh (heX). (3.7)

Tak gk F 3a70BOJIbHsIE TOTOXKHOCTI (2.25) 1

Bih ] [ Bah P
Uein] Len]yeaes

orpumae 3 (2.25), 1o

(E'B2h)(A) = A(FBih)(A) = (FB2h)(A) = MFB1h)(A)

Cih

=[N —p(\) ] lczh] vhex, 8

[le joBouTh TBEp/KEHHS (C1) mag Bimobpaxkenns F'.
Tax sixk A € L- PEryJIsipHAM PO3HIMPEHHSIM JIIHIITHOrO BiJIHOIIEHHA A TO 3
Teopemu 2.14 BunauBae, 110

<Fh,.’/"'h>7-((%¢) < <h, h>H (h - H) <39)

1k = H_(ﬁ). Miiicuo, uepiBhicTb (3.9) BUKOHYETHCs, Tak $IK y3arajibHEHe lepe-
reopennst Pyp’e F izomerpuuno sijobpaxkae npoctip [Honrpsarina Hy na H(p, 1)
i roroxubo jiopistioe 0 Ha npocropi [ibepra H & Hy. Haui 3 dopmya (3.7) i
(3.3) orpumyemo, s ycix h € X

<Fh7 Fh>7‘(<30,¢> = <fh7fh>H(<p,z/J) < <h7 h>7‘( = K(h7 h):

mo nosouts TBepukenns (C2). Tak sk H C Hiv = k_(H), kK = k_(H), o
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BUKOHY€EThCst HepiBHicTb (3.1).

TakuM 9MHOM MU OTPUMAJIH, 10 JIHIAHO BijoOparkeHHst F' 3aJ10BOJIbHSIE YMO-
Bu (C1)-(C2) i orxke, Ny-niapa {@, 1} aiiicHo € poss’sizkom npobsiemu Al P,

Heobzionicms. Hexait nopmasizosana N-napa {p, 1} e pos’askom AlP i
nexaii Bijobpaxenust F' 1 X — H(p, ) sagososbhsie ymosu (C1)-(C2). IToby-
JIYEMO CaMOCIpszKene L-peryJisipHe po3IIupeHHst A nimifinoro B1JTHOIIIEHHS A JIIs
SIKOIO BUKOHYIOThCs BijHomenns (3.5) 1 (3.6).

Kpox 1. Hobydosa izomempuunozo exaadenns H 6 H(p, ). Posrasmemo
BiJlOOpaskeHHst F:H — H(p, 1), sk npojosxkenus Bijgobpaxkenust F 1 X —
H(p, ) na mpocrip H D X.

Bigobpaskennst F' e cruckatounm. JificHo. 1e BUILIMBAE 3 O3HAYCHHST Fi (C2)
(ERO), (PR )y = (PR, (FRY Ny < K () = (B B

Taxum unaom oneparop Iy — F*F : 'H — 'H € HeBl eMHUM.
Hexait D = D*(> 0) e gedexTruM onepaTopoM CTUCKar4oro omneparopa F,
KOTPHUI 3aJa€THCA PIBHICTIO

D*=]—F'F:H—H. (3.10)

Hexait D = tan D — 1ie gedekTHuil miirnpocTip BijloOparkeHHst FrH. Bijmitumo,
o mnpoctip D € npocropom ['inbbepra, Tak sik onepaTop [ Hesix emuuit. Posr-
JIAHEMO PO3IIUPEHHS OllepaTopa F JI0 130MEeTPUIHOIO Bi0OparkeHHs F:H—
D & H(p, 1), mo npeacrapieHo hopMynoo

~ Dh
Fh = [ﬁh] heH. (3.11)

Kpox 2. Ilobydosa camocnpastcernozo sinitinozo eidnowenns A. Hexait Ap —
e JiHiiiHe BioOpaxkKeHHs B D, 110 BUSHAUEHO SIK

Ap = {{DBlh, DBQh} ch e X} .

[Tokazkemo, 1m0 Ap € cumerpuaauM JiHiftHUM BigHomenHsiM B D. [ljist iboro Tpebda

JIOBECTH, 1110
(DBsh, DB1h) — (DBi1h, DBoh)y = 0. (3.12)
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3 dbopmydiu (3.10) BunmBag, 1o

(DBsh, DBih)y; — (DBih, DBoh)y
— ((I — F*F)Byh, Bih)y, — (I — F*F)Bih, Boh)y
= (Bah, Bih)y — (B1h, Bah)y

DS T 3.13
— (FBah, FBih)yy, ) + (FBih, FBoh)y o) (3.13)
— K (Bsh, Bih) — K (Bih, Byh)
— (FBsh, FBih)yy, ) + (FBih, FByh)yy(p.).
Yumona (C1) oznauae, o
(FBsh)(A) = A(FBiR)(A) = (FBsh)(A) = A(FBih)(A)
C1h (3.14)

— () e ] [C2h] Vhe X.

Omxe, y 3B’a3Ky 3 Teopemoro 2.7 BUILIUBAE, 110

([ [} eaen

Tak sik A(p, 1)) € camocnpsixkenuM JiiHIHHUM BiJIOOpaXKEHHSIM, TO
(FBsh, FBih) ., + (Coh,Cih)c — (FBih, FByh)y,  — (Cih, Coh)z = 0.
Toni nmpaBy gactuny piBaoCTi (3.13) MOXKHA TTEepenucaT y BUTIISII
K(Bsh, Bih) — K(B1h, Boh) — (C1h, Csh) e + (Coh, C1h) .

Heit Bupas jopishioe 0 B cuiy ymosu (Al). Takum uunom pisnicrs (3.12) jose-
JleHa, OTKe 4]) JICHO € CUMEeTPpUYIHUM JIHIRHUM BifHOIIeHHsAM B D.

Hexait Ap 11e CaMOCHPsZKeHe PO3IUIUPEHHs! JIIHIHHOrO BIJAHOICHHS Ap B 1po-
crip I'inmsbepra D D D 1 Hexaii

A=Ap® Alp, ). (3.15)

BijmiTumo, 110 Ae caMoOCIIpsi>KeHe JIiHIfiHe BIJIHOILIEHHS, sIK IpsMa CyMa CaMo-
CHPSKEHUX JIHIAHNX BYHOMIEHD.

Kpox 5. Jlinitine sidnowenns A sadosonvnae dopmyaam (3.5) i (3.6). Oro-
TOXKHIOEMO BeKTOp h € H 3 F'h. Tojii MOXKHa OTOTOXKHIOBATU CUMETPUUIHE JIiHIHEe
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Bigobpaxentst A B H @ L 3 cuMeTpuaIHUM JIHITHIM BiIHOIIEHHSIM

A= (F®I)AF @ 1)
DBh DBsh
= FBih |, | FByh heX
Cih )

B H := D @ H(p,¢) @ L. Binbiie Toro 3 pesynbraris Kpoky 2 1€l reopemu
BUILJINBAE, 10 A1 MICTUTBCS B CAMOCIIPSI?KEHOMY JIiHIHOMY BigHoment A = Ap®

A(p, ), mak sk {DB1h, DBsh} € Ap C Ap i

([ [} eaen

Dopmysia (3.5) BumBae 3 aHaJOrigHOT (HbOPMYJIH Jijist JIHITHOIO BiJfHOIICHHSI

Alev) A I 0 I[I.(A )t
[w>]:[Ai]Z][£<wm2—> u]

e(A(p, ) = N) 7 =T (A= )7

3 oznauenns JgiHiiinoro Bignomrennst A i Bijobpaxkenns F' BUILIUBaE, 110 JJIsT YCIX

heX -
Fh
i 0
[ Fh

Fh

(A - N7 [ 0

]ZHAAwmo—m1
5 (3.16)

Hami, migcrasumo B (3.16) pesynbrar Saysaxkenns 2.9. OTpumaemo

Fh] _ (FR)(\).

T (A—A)! { 0

st 3aBepiiennst goseenus dopmyiu (3.6) 3auImaoch BIAMITUTH TOTOXKHICTh
Fhih.

Kpox 4. Hosedemo L-pezyrapricmsv poswupenms A. Posrasmemo MIPOCTIP

Hoy = —Span{nﬁ@w GA-NTL: e p(Z)}.
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Tak sik camocupsikene Bijguoiennst A(p, 1) € L-minimajibHum i

Hﬁ@H(W/))(‘ZI_ )‘)_ £ = ae,w) ( () = A)~ fca

T0 Hoy = H(p, ). Orke migmpocTip
(5 S H(ep, ¢)) o Hy

criBnajiae 3 npocropom [ianbepra D, 1o J0BOANTH L-pery/sipHICTh JIHITHOTO
planomenna A. O

3.2 Omnwuc po3’da3KiB abCTPAKTHOI IHTEPIIOJLIiiiHOI ITpoOJIe-
Mu B KJjacax HeBansriHHN

B miit vactuni, Mmu OyeMo IpUIyCKaTH, 10 KIJIBKICTh BiJI' €EMHUX KBa/JIpaTiB A/Ipa,
N¥¥(X) nopisnioe Kinbkocti Bifg'emanx kajpatis popmu K. [Hakime Kaskydn, Mu
nocaikyemo npobaemy Al P, ne k = v.

Osnauenns 3.5. Hezaii A Ue CAMOCIPAIICENE POSWUPENHA AINITINO020 610HOULENH-
na A 6 npocmip Honwmpaeina He L. Onepamop-gpynxuiro Ry = Hg(A AL
Hasusaromv L-pe3osveenmoro eidnouwents A.

Sruo Aec L-pezyaraprum sinitinum sionowennam, mo L-pesosveenmy Ry
bydemo nazusamu L-pe2yrapHono.

Ak Bumusae 3 Teopemu 3.4 onuc MHOXKMHK yCixX po3B’si3KiB upobiemu Al P,
3BOJIUTHCSE JIO OHUCY yeix L-peryiasipaux L-pe30/ibBeHT JIHIAHOrO BijHomeHn st A.
Haxksagemo jgomaTkoBi ymoBu Ha oneparopu By, Be, C, Cy, K

(A3) By = Iy ioneparopu By : X CH —H, C1,Cy: X CH — L € obMexeHu-

MM.

Cumerpuune JiHiliHe BIIHOIMIEHHS A MOXKHA [IEPEIUCATH y BUIJISAI

S EAEY

Ak caipye 3 (A3) samukanHs JinifiHoro BigHomeHHst A Mae BUTIIsi

A::closﬁz{{lgiz],[Czh]}:heH}. (3.18)
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Hai Mu nokazkemo, 1o cuMeTpudHe JiiHifiHe BijgHomenHst A, sike BU3HAYEHO
3a opmysoro (3.18), mae pisni gedexrni qucaa ny(A) =n_(A) = dim L i, kpim
toro, 0 € p(A).

ITpono3urig 3.6. Hexati onepamopu B1, By, C1, Cy, K 3adososvratoms ymosu

(A1)-(A3). Todi:

1) cnpaoscene ainitine sidnowenns A* mae euzand

.~ g q . v,v' € L, ¢ €H, _
G G B ) RO i SRR

2) mmoorcuna p(A) mouok pezysapro2o MUna CuMempu¥Ho20 AHiTin020 610Ho-

wenns A micmumov y cobi pe3oAbEERMHY MHONCUHY AIHITIH020 GIOHOWEHHA
Bt
p(Br') = {A € (C\{0}) : 1/X € p(B1) } U {0};

3) dedpexmmudi nionpocmip Ny(A) npu X € p(B{Y) ckaadacmuvca 3 sexmopis

{_Fgwﬂ, weL, (3.20)

de onepamopro-snauna gynkyis F(N) 1 H — L, € eusnavenoto $opmyaon

F(\) = (Cy — ACy) (I — ABy) ™. (3.21)

JIOBEEHHS. 1) Hexaii

§=Hg],[g:”eA* (9.9 € H;v,0' € L).

v v
Toni 3 bopmysin (3.18) BunuBae, 1o
(¢', Bih)y — (g, h)x + (v',C1h)z — (v,Csh), =0
qutst yeix h € ‘H. Tak sk mpoctip [loaTpsrina H € BUPOIKEHNM, TO
ig — g+ O — Civ=0,
10 MOXKHa, 3aITUCATH B €KBIBAJEHTHOMY BUTJISII

g = B¢ + C{v' — Csv. (3.22)
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2) SIk Bummsae 3 (3.18)
O (AN ) e N

ran (A — \) = {[F(’;)h] : heH}.

ne F(\) sanaernes dopmysioro (3.21). Tomy muoxuna ran (A — \) € 3aMKHEHOO
st yeix A € p(Byh).
3) Axmo A € p(By') i g € My(A) = ker(A* — N), 10 ¢ = A\g, v/ = M.

[TigcraBumo i piBHsiHEs B hopmyay (3.22), Mu OTpUMAEMO

OT2Ke

(In — ABy)g = —(C3 — ACT)v.

Is1 piBHICTD JIOBOJUTD TPETIO YACTUHY TBEP/KEHHsI, TaK K § = —F(S\)*v. O

3.2.1 3ob6paxenHna KpeiiHa 1jid CMUMETPUYHOrO BijgHOINeHHS A

Haraaemo jgesiki (paxTu 3 Teopil mpejcraBienb Kpeitna i ciMeTpuaHOro JIiHii-
woro Bignormennst ([20], [66]). Byuemo kazaru, mo A € p(A, £) st cumMeTpuaHoro
miriiinoro Biguomenus A B H @ L, K0 A € TOUYKOIO PeryaspHOro THILY i

HOL=ran(A—-\)+ L. (3.24)

[Toknagemo ps(A, L) = p(A, L) N p(A, L). Hust 6yap-sikoro A € p(A, L) BusHa-
qauMo oreparopHo-3Hauny dyukiio P(A) 1 H — L, gk Kocuil IpoeKTop Ha M-
npoctip £ B poskaaji (3.24),1 Q(A\) : H — L, sk

Q) =TI (A= NI =P(N), AcplAL). (3.25)

Hexait marpung J € L & L € Bu3HAIEHOI (HOPMYJIOI0

[0 —iI
J‘L‘Q 0]

B wmacrymwiit Teopemi mu mpejcrasumo P(A) 1 Q(N) depes mani mpobsemn
AIP,.

Teopema 3.7. Hexat onepamopu By, Bs, Cy, C5, K 3adososvnsaomsv ymo-
eu (Al) — (A3). Busnauumo onepamopno-anauny dynruito F(X) sa dopmynoro
(3.21). Todi:
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1) p(A, L) = p(ByY) i das A € p(A, L) onepamopno-snauni dynxuii P(N),
Q(N) susnauaromvbes 3a GopmysaMU

P(A)[i]zu—F(A)f, feH, uel, (3.26)
o[ ] = cutt-amy s ren (3.2
. . H
2) Cnpasiceni onepamopu do onepamopie P (), Q(A) : [ r ] — L maromo
6u2AA0 .
P(AN)'u = [ _ng\) " ] ue L, Nep(A L), (3.28)
QN u = [ (I = X’gf)_lcf“ ] u€ L, \€p(AL); (3.29)

JOBEJAEHHS. 1) [Ipunycrumo, mo A € p(A, £) i mae micre poskaian (3.24). Toxi
st f € H, u € L oqnosnauno susHaveni h € H i v € L Taki, 1m0

(IH — )\Bl)h = f, (02 — )\Cl)h + v =u. (330)

Bokpewma 1ie o3nauae, mo A € p(By ).

Hapmaku, axmo A € p(By'), 1o cucrema pisasans (3.30) Mae empummii
pos’sizok h € Hiwv € L. Omke A € p(A, L). dx 6aunmo 3 (3.30) i po3s’s3ku
MAIOTh BUTJISI]

f

u

h=(Iy—\B)f, v=P0 { ] —u—FOF. (3.31)

3i cuisBijnomenus (3.25), (3.31) i (3.23) Bumsmsag, 1o

Q“Jf}:““A—M*U—P@»[f}

U U

=m0 |

B Bi(I — AB)"f
=1l [01(02 SR f]

= CI(IH — )\Bl)ilf.

2) @opmymu (3.28), (3.29) BUIUIMBAIOTL 3 BXKE JOBEJEHUX CITIBBLIHO-
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menb (3.26), (3.27) i piBHOCTEIH

(rora [, = rone= ([0 1]},

> = (0,C1(In — AB) "\ f)e
HeLl N
(e ),

[Tosuauumo T = {L£,T'1, 9} gk rpanuuny Tpiiiky i A*, ge I'; + A* — L,
i = 1,2. B upomy pasi abcrpakruaa gopmysa ['puna s seix f = {f, f'}, g =
{g9,9'} € A* mae Bursss

(f', D rer — (f, 9 ) nar = (Flj?, ['2g)c — (F2]?, ['9)c (3.32)

I'

D - € CIOP €KTUBHUM
P L p '

1 BijloOparxkenns [’ 1= [

3.2.2 I'panuunHa Tpiiika gaa A*

~

Hexaii oneparopuo-zuauni pyHKIil 7/5()\)* i Q(A)* Buznaueni 3a dpopmysamu
PN = {P\)u, AP(\)*u}, ue L, (3.33)

O\ u={O\) u,u+AQ\)u}, weL, (3.34)
ae P(A)*, Q(AN)* : L — 'H oueparopu cupsizkeni jio oneparopis P(A), Q(A) :
H— L.

Teopema 3.8. (/56/) Hexai A € ps(A, L), modi cnpasedrusuti maxuii npamui
po3kAad AiHItHo20 cidnowenns A*

A" = A+ PNL+ ONL. (3.35)

IIponio3uriig 3.9. Hexat onepamopu By, By, C1, Cy, K 3adososvuaroms ymosu
(A1)-(A3). Todi epanuuna mpitxa Y = {L, 1, s} daa A* mooice 6ymu 3natidena
30 Popmy.n010

Ig=v—Cg, T9g=—v+Csy. (336)
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HOBEJIEHHS. [ist jiBOX BEKTOPIB
SRR HERIL

<f/7 g>7‘l - <f7 g,>7‘( + (ula U)/J - (U’a U/)C = (u/7 U)E - (uu UI)/J
+(f, Big' + C1v' — Cv)y — (Bi f' + Cu' — C3u, ¢')n.

OTPUMAEMO
(3.37)

3 BiractuBocreii (Al) BummBae, 1Mo Mpasa dacTuHa piBHOCTI (3.37) Mae BUTIIsI

(Bif' 9" = (f, Big' ) + (Cof' s 0) e — (Cof'sv)c
— (', C1g) e + (u, Cog") g + (W, 0) — (u, v,
= (Cof',C1g") e — (Cof, Cag) e+ (CLf V) e — (Cof',v).
— (', C1g) e + (u, Cog) g + (W) — (u,v),
= (Cof =, Cig" —v)e — (Ciff —u,Cog’ — ')

Orxke juist Bimo6paxkennn 'y 1 'y, o Busnaveni 3a hopmyavu (3.36) BUKOHYETH-
cst abcrpakTHa dopmyia ['pina (3.32).
Tak sik 0 € p(A, L), o dopmyany (3.35) MOXKHaA TIepenucaTy y BUTIIsiI

A* = A+ P0)L+ O(0)L.

3 pisuocreit (3.28), (3.29), (3.33), (3.34) BuruBae, 10 npu OyAb-dKuX U € L

sore- ([ 5] (2]} awr-{[] [2])

Toni, 3 dopmyi (3.36) BumiuBae, 1o

I'P(0)u = H] . TO(0)u = { 0 ] .

Orxke Bigobpaxentsi I' 1 A* — LB L e ciop’ekrusaum. Takum uunom, {L£, ', Ty}
JUHACHO € rpaHruYHOIO TPIiKOo0 JuId JiHiiiHoro BijHomenns A*. O
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3.2.3 L-pe30JbBEHTHA MaTPUII

Oznauenns 3.10. (/66], [56]) Hexatu T = {L,1'1, 2} € epanuunoro mpitrorn
ona A%, i X € ps(A, L). Mampuuro euenndy

*

Wre(X) = [wi (V)]

_ | —T20()" TPV
TP B0 TP (3.38)

(A)

Ha3u6a10mv L-pe3osbeenmmuoto Mampuyelo Ainitino2o cidnowenns A, axa 6iono-
gidae eparnuunit mpitui Y (abo Y L-pesosveenmuoro mampuyero).

ITpono3uria 3.11. Hexati onepamopu By, By, C1, Cy, K 3adososvharoms ymo-
eu (A1)-(A3). Todi L-pesoaveenmua mampuus Ainitinozo eidnowenns A, wo
gidnosidac epanuunit mpitui T = {L,T1, T2}, sadaemocs popmyaoro

Wrr(A) = [f‘; IOJ <I+z’/\ [ g; ] (I — AB;) 7! [ g; ]J) (3.39)

JOBEEHHSI. 3 crissignommens (3.33), (3.28) 1 (3.36) orpnmaemo, 1110

TP (A0 = —Av — ACoF(A)*v, (3.40)
TP\ = v+ ACIF(\)* . (3.41)
Amagoriuno, 3 dopmya (3.34), (3.29) i (3.36) sunmsae, mo
—TyO(\)*v = v — ACs(Ir — ABI) " 'Cv, (3.42)
—T1O(\) v = ACy (I, — AB) ' Chv. (3.43)

Toni, 3 piBrocreit (3.40)-(3.43) i (3.38) orpumaemo, 110

Wre(A) = [“ ‘X] —A[ G ](IH—ABT)‘l i C3-Acy]

0 I —C
1 OTKe
_ I O Cl ] . -1 * 0%
I 0 C _
=1\ (Iﬁ@ﬁ—xlci (I = AB1) ™ [C5 —Ci‘]),

o crisnajae 3 dhopmydiown (3.39) O
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Harajiaemo ocuosni Biacrusocri Y L-pesosnbsentrol marpuii Wy . Beejgemo

6s10uni oneparopuo-zunaqni dyukiii V(A) = {_PQ(E\;\)] e H,L®L iV =
50
PN

-~

. Toni dopmyty (3.38) MOXKHA MPEJACTABUTH Y BUIJISII

A~

Wee(A\) = (TV(A)). (3.44)

IIpono3umis 3.12. ([56/) Hexat A ¢ cumempuunum Ainitinum 6ionowennam 6
HoL, T ={L,T1,T3} e epanuunoro mpitixoro das sinitnozo eidnowenms A* i
ps(A, L) # 0, nexai W () = Wyre(N) e TL-pesoaveenmmoro mampuuero. Todi:

1) 0 € p(W (X)) dan yciz X € ps(A, L);

2) L-pesoaveenmua mampuus W (X) sadosoavhae cniesionowenmm
WOVIW () = J +i(A— AV (L€ p(A L)) (3.45)
W) =1+iAVAN)V(0)T (A€ p(A L)) (3.46)

3) L-pesoaveenmna mampuys W(A) narescums do waacy Ilomanosa P(J),
moomo

WA JWA)* = J
i(A—N)

>0 (Aep(4 L))

4) ®aac L-pesoaveenmuus mMampuys Ainiinozo eidnowenns A, wo 6idnosida-
omos epanudnit mpitiul Y, € itheaplanmuum 610H0CHO MHONCEHHA Ha NPABUT
J-ynimapnut MHONCHUK.

BigmiTumo, 1o crnodarky ToToxHicTh (3.45) BukopucroBysastach M.I. Kpeii-
HOM siK o3HaueHHs1 L-pe3osibBerTHol MaTpuli B [20], [23].

Orpumaemo HhOpMyIIy s 3HAXOIKEHHST L-pe30JILBEHTHOI MATPHUIIL JIIHIAHO-
ro Bigrorrentst A st GiIbIT 3araanbHOT TPOOJIEMH.

Hacainok 3.13. Hexat onepamopu By, By, C1,Cy, K 3ad060avHA10Mb YyMOBU
(A1), (A2) i ymosi

(A3') onepamop D = By — uBy e isomopgismom 6 X Oas desrxoeo p € R, i
onepamopu B1D™1: X — X, G(u) : X — L% € obmesicenumu, de onepamop
G(u) : X — L% 3adaemvca pienicmio

6l = |ct| (Br= By (e m) (347
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Todi L-pesoaveernmmua mampuus Ainitinozo sidnowenns A moorce 6ymu 3natioena
30 Hopmy.n010

[ —[A ? ]1 W (3.48)

. C s ~alal
=T+iA—p) | | (Ba=AB) "By —uB)™" | |
Cs Cs
HOBEJIEHHSI. Oneparopu By, By, C1,Cy, K
(Bi(B2 — uB1) ™, Ix, C1(By — uBy) ™", (Cy — pCh)(By — pBy) ', K)

3a1080J1bHsAI0TH yMoBHu (Al)-(A3). [iiicno, ymosa (Al) poBogursest Gesnocepe/i-
HBO MijIcTaHoBKOW B (hopmyiny (Al) BekTOpiB

h=(By—uB)l, g=(By—puBi)g';

a ymoBu (A2) i (A3) BummmBaiors 3 ymosu (A3').
Bigmitumo, 1o siniitae BigHomenns A, o BusHadeno 3a ¢popmysion (3.18),
Mae onHakoBuit Burssa s npobaem Al P, (B, By, Cy,Co, K) i

AIP.(By(By — uBy) ™, Iy, C1(By — uBy) ™, (Co — pC1)(By — pnBy) 1, K).

Posrisinemo stiniitae BijgHomenss A —

A A R P, | R

Ak sumimsae 3 (3.39) i1 L-pesosnbeentra Marpuig W () 3a10BosbHsI€ piBHOCTI

[ —)\I _0[ ]_IW()\) -
Ch

Cy — uCy

|-y —mr [ 9

= Irar + 1A [

Toni marpuig WH(A) = W(A — u) € L-pe3obBeHTHOI MATPHIEI JIHIHHOTO
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BijiHOIIEHHSA A, oTXKe

0T = L8]

= (tese it | G | (B B 55 - ) | ) ]J) it

Ile moBomuth dopmyny (3.48), Tak sk Kjac L-pe30JbBEHTHUX MATPHUIb € iH-
BapilaHTHUM BIJITHOCHO MHOXKEHHs Ha rpaBuil J-yHitapuuit MHOKHUK. O

Teopema 3.14. Hexati dimL < oco. Hexatii A ¢ cumempuunum sinitinum 6i0mo-
wennam 6 H@® L, nexatt T = {L,T1, s} € epanunnoro mpitiroro das ainitinozo
gionowenna A* i Wyp () € TL-pesorveenmuoro mampuuero sionowenna A. To-
di MHootCuUna L-pe3osveenm cumMempuyurozo 6i0HOwWeRHA A napamempusyemncs

hopmy.no1o
e (A=N) "' 2 = (win(A)g(\) +wi2(A)p(N)) (war () g(A) +waa(Mp(A) ™, (3.49)

de {p,q} npobiecae mmoorcuny N(ﬁ) HEGAHNINHIGCOKIT NAP MAKUT, W0
det(wq1q + waep) # 0. (3.50)

IIpu yvomy L-pesoavsenma Hg(ﬁ— N7 2, wo susnavena gopmyaoio (3.49), e
L-pezyraproro modi i misvku modi, Kosu SUKOHYEMBCA YMOBA

(w1 (N)g(A) + wis(Np(V)) (war (Na(A) + waa(Np(N) " € Nu(£).  (3.51)

JOBENEHHS. Ilepie tBepmkenns tiel Teopemu joseseno B pobori |56, Prop.
5.3].

[Ipunycrumo, 1mo L-pe3ojbBenTa HE(Z — A7 € L-peryaaproro. Tomi mif-
MTPOCTIP

Ho = span{Ilx(A — )L : A € p(A)},

€ HEeBUPOJKJICHUM IIpocTopoM [loHTpsrina 3 Bl €éMHUM 1HJIEKCOM, IO JOPIBHIOE
k. Ak BumiuBae 3 Teopemu 2.14 neperopennsi Oyp’e, 1Mo 3ajia€rbesi HPoOpMy-
q010 (2.24) izomerpuuno nepesoguth npoctip Ho wa H(p, 1), ne dbyskuil ¢,
pusHadeni 3a dopmysoo (2.4). Tomy npocrip H(p,¥) e [l-npocropom. Orxe
{¢. ¢} € Ny (L).

Hexaii renep {¢, 1} € N.(L). Toui nupocrip H(p, ) e I-upocropom, 3ua-
quth Hy € Il,-mpocropom. Ocramne TBep/RKeHHS 03HAYAE, 110 CAMETPUIHE BiJTHO-
menns A e L-perynsipanm. O



62

3.2.4 Ilapamerpu3sallias MHOXKWHU PO3B’sa3KiB npobsevmu Al P,

st orucy po3B’si3KiB aOCTPAKTHOI IHTEPIIOJIAIIHOT TPOOJIEMU HAM 3aJIAIIAETHCS
BUKOpHucTaTu pe3ynbratu Teopem 3.4 1 3.14. Hexait oneparopHo-3HadHa (pyHKIIisA

011 0
O = [ 1 12] € BU3HAUEHOIO 32 (POPMYIOI0

921 922

O(\) = K ?] W) = (1— A [ g; ] (I — ABY) "' [C3 —cﬂ) (3.52)

Teopema 3.15. Onepamopu By, By, Cy, Cy, K 3adososvnaoms ymosu (Al)-
(A3) i sq-K = k. Todi gopmyaa

{ i ] =60 [ s ] (wn (Mg +wn(Wp(N) ! (3.5)

GCMMANOBANE B3AEMHO 00HO3HAYMY BION0GIOHICTIG MINC MHONCUHON YCIT HOP-
MaAi308aHUT 036 a3kie {p, Y} npobaemu Al Py(By, Ba, Cy, Cy, K) i mHostcunoro
YCIT KAGCI6 EKGIGANCHIMHOCTNT HEGUHAMNHIGCHKIT nap {p,q} € N(ﬁ), MaKUT U0
suxonyromocs ymosu (3.50) i (3.51).

Bionosidue sidobpasicenna F : X — H(p, V), wo 3adosorvnae ymosu (C1)-
(C2), susnanacmuvcea naporo {@, vV} 3a dopmyaoto

(Fg)(p) = [o(p) —v(w)] Glu)g (neO,geX), (3.54)

de O — deaxuti oxia mouxu 0, © mampuuno-suauna dynkuia G eusnavena gop-
MYN010

6 = |G| tn =B e o)

JOBEJAEHHS. Cuissignomenns (3.53) punmsae 3 Teopemu 3.14 i opmyur (3.5),
(3.52). Hiiicwo,

9015 e
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CKOpHUCTABIINCH CIIIBBIIHOMICHHSIM

W [Q] _ [wnq + w12p}
p W9o1q + Wa2P

MU OTPUMAEMO TIpaBy 1actuny dopmynn (3.55) y Burusii

YN _ -1 q(\)
LD()\)] - G(A)W()\) W()\) [p()\)] (U}Ql()\)q()\) _|_w22<)\)p<)\))

ey -
-0 [P()\)] (wa21(N)g(A) + wa(A)p(N))

Takuwm unrom, dopmyiy (3.53) jgoBejero.

Hexait O — 1ie okis Toukn 0 rakuii, mo oneparop (Iy — puB1) € 06opoTHEM B
H st € O, inexait g € (I —puBp)X (u € O). Bacrocosyioun ymony (C1) o
Bekropa h = h, := (I — uBy) g, orpumaemo

-1

(Fg)(A) = (Fhy)(A) = p(FBihy,) ()

= [oN) —0] Glwg+ (A= (FBIR).
[Tigcrasmsioan y dhopmyny (3.56) A = p, orpuMaemo
(Fg)(p) = [p(p) —v(w)] G(r)g (ne€ O,g € (I —puB)X). (3.57)

Hexait g € X, g, € (I — uB1)X i g, — g npu n — 00 (10670 @)y 36irAETHCS JI0 ¢
y mpocropi [lonrpsirina H). Toxi nepexosisaau 10 TpaHuIl Ipu 1 — 0O B PIBHOCTI

(Fga)(1) = [o(n) —(1)] G(1)gn
orpumaemo dopmyiy (3.54) jis g € X. O

Teopema 3.16. Hewati onepamopu By, By, C1, Cy, K 3adososvharomv ymoeu
(A1), (A2), (A3’) (sq-K = k) i nexat
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Tooi ¢0pmyﬂa
[ W% } =o' [ o ] (wh (Vg + ufp(p(N) ! (3.58)

BCMAHOBANE B3AEMHO 00HO3HAYUHY BION0GIOHICMG MINC MHOHCUHONW GCIT HOP-
MANi306aHUT PO36 A3KI6 {p, 1} npobaemu Al Py (By, By, C1, Cy, K) i mmostcunoro
6CIT KAGCIE exsisarenmmuocmi nesansinniscvriz nap {p,q} € N(L), marxuxr wo
BUKOHYIOMBCA YMOBU

det(whq + whyp) # 0,

(wf (\)a(N) + s (Np(V) (ks (Na(N) + why(Mp(V) ™ € Ny(£).

JHOBEJIEHHS. TBepjizkeHHsi TeOpeMu BUILJIMBAE 3 1I0MHO jloBejieHol Teopemu 3.15
1 Hacmigky 3.13. O

3.2.5 OpnHo3Ha4YHICTH BioOpakeuus F'

Hexaii oneparopu By, B, C1, Co, K 3ajoBoibasiiors ymosu (Al)-(A2), i v < k.
Toni Bijobpaxkenns F : X — H(p, 1), y 3arajbHOMy BUIIAJKY, BUSHAYAETHCSA
poss’sizkom {p, ¥} npobaemu AP, (B, Bs,C1,Cy, K) i ymoBamu(C1)-(C2) e
oJiHO3HAYHO. MK HaK/IaJ1eMo JOJATKOBY yMOBY Ha mami npobiemu Al P,:

(U) Bimobpaxkenust By — ABp € i3omopdismom B X' Jist BCIX A, 10 HaJEKaTh
nesikomy okosy O4 C Ca.

4k nokaszano B HacTymHOMY TBep/RKenHi ymoBa (U) rapaHTye eJuHICTH Bi-
nobpaxkennst F'. TTokiagemo

G(\) = [gj (By —ABy)™' (A€ 02). (3.59)

IIpono3urtiz 3.17. Hexatli onepamopu By, By, C1, Cy, K 3adosoavnsioms ymoeu
(A1)-(A2) i (U) (v < k). Todi sidobpasicenna F : X — H(p, ) susnauaemoca
ymosamu (C1)-(C2) odnosnauno npu dircosanomy poszs’asky {p, v} npobaemu
AIP,(B1, By, Cy,Cs, K). Bidobpascenna F : X — H(p,¥) snazodumvcs 3a
hopmy.noro

(FR)N) = [p(\) —vN] GWh - (A € O4). (3.60)
JIOBEJIEHHS. 3acrocyemo ymoBy (C1) g0 BekTopa,

h=hy:=(By—puB)'g (neOs, geX),
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OTPUMAEMO, 1110
(Fg)(A) = (FBzhy)(A) — p(FByhy)(A)
= (FBahy,)(A) = AFB1h)(A) + (A = ) (FB1hy)(A) (3.61)
= [p(\) —vWN)] G(r)g + (A = @) (FBihy,)(N).

[Ipu A = p orpumaenmo 3 (3.61), mo (Fg)(1) = [p(p) —v(w)] G(r)g. O

BayBaxkeHHsa 3.18. Hexat onepamopu By, By, C1, Cy, K 3adososvharoms ymo-
eu (A1)-(A3). Todi ymosa (U) das yux onepamopis ukonyemuvcsa a8momamu-
no. Omotce 3a ymos Teopemu 3.15 eidobpasicenna F : X — H(p, ), axe 3a-
dosorvnae ymosu (C1)-(C2), susnavaemocs odnoznauno 3a naporo {@,v}. Ie
sidobpasicenna moocna snatimu 3a gopmyaroto (3.54).

3.3 Posp’aznicth AIP, B Knaci N,-dyHKIIiii

Hexait N-napa {p,1} e poss’siskom Al P,;. Oyuxiiio m € N (L) bynemo nasu-
Baru poss’siskom Al Py, sikino napa {I, m} exsisasenrna napi {y, ¥ }. Bzarasi
KayKyuHd, He KOXKHa abCTpaKTHa 1HTepIIoIsliliHa IpobjieMa Mae po3B’si3KU B KJ1acl

OJIHO3HAUHKUX oliepaTop-pyHkIiin. Hakjajgemo j10/laTkoBy yMOBY Ha ollepaTopu
By, By, Cy,Cy, K

(A4) ms jeskux pisnmx Todok A; € Co (j = 1,..., k) BUKOHAHO CIIBBIHONIEHS

ker [C5 (1—MBj)™'Cs (1—XB))'C5 -+ (1—X\.Bj)"'C;] = {0}.

Briepiiie ymoa suruisiiry (A4), mabyTh, 3ycrpiuaerbest y podori [27]. B pobori
|39] anasoriuaa yMoBa BUKOPUCTOBYBAJIACS JIJisi PO3B sI3aHHs JESKOT IHTEPIIOJIs-
HIHOT TpOOJIeMU Y MHOYXKUHI (PYHKIIIH.

Teopema 3.19. Hexati onepamopu By, Bo, C1, Cy, K 3adosorvhatomsv ymosu
(A1) K(Bsh, Big) — K(B1h, Bag) = (C1h,Cog)r — (Coh,Cig)s  Vh,g € X;
(A2) ker K = {0}, deker K ={h e X : K(h,u)=0 Yue X}.

(A3) By = Iy i onepamopu By : X C H — H, C1,Cy : X CH — L ¢

0OMEINCEHUMU.

(A4) dna dearux pisnux movor \; € Cy (j = 1,...,K) sukonyemnvca cnissidno-
WenHA

ker [C5 (1—MBj)'C; (1—MBp)'C; -+ (1—X\.Bj)'C5] ={0}.
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BHAYHUMY YHKULAMY T NAPAMEMPUSYIOMBCA Y 6UAAD

m(A) = Te(A— A" (L + A (A= A) 1) 7

de A npobizac MHOINCUNY GCLT CAMOCTPANCENUT L-Pe2yrapnur posuupens Ainit-
nozo sidnowenns A 6 npocmip Ionwmpazina H@® L O H® L. Bidnosione ainitine
gidobpaicenna F : X — H(m) sadacmuvea uepes dopmyary

(FR)YN) =TI(A—=XN)"'h, heX.

JOBEJIEHHS. 3rigHo 3 Teopemoro 3.4 HaM 3aJIMIINIIOCH [TIOKA3ATHU, 0 OY/b-siK1ii
po3B’s130K nmpobsemu Al P, (B1, Bs, C1, Cy, K) € oneparop-dyukiieo. Hexaii mapa
{p, 1} € poss’sazkom Al P, i ne eksiBasientha napi suriisiiy {Iz, m}. e osnauae,
mo ichye me ojaa Touka A1 € CL(# Aj) iBekrop f; € L (7 =1,...,k+1), raxi
10 BUKOHAHI TaKl yMOBH

P =0, o) #0 (G =1,k +1) (3.62)

Tak sk Ny-mapa {®, ¥} € HopMmasizoBano, 10 ©(A) — AY(N) = I.. Hexait cumer-
puYHe JIHIHEe BITHONIEHHS Ae CAMOCTIPSTYKEHUM L-PeryasipHuM  PO3ITUPEHHSTM
JIHIAHOTO BIJIHOIIEHHS A npoctopi [lorTpsarina HeLO>HS L, 1 npu npomy
BUKOHYEThCsT popmyita (3.5). Busnatnmo sekropn h; € HOL CIIBBIJIHOTIICHHSIM U

hi=NA-X) 5+ fi, (G=1,.k+1). (3.63)

Tomi B
{hj — fj, )\jhj} eA (] =1,..k+ 1) (364)

IToxazkemo, 110 BeKTOpH 1 HajlexKaTb IPOCTOPY H. Hiiicno,
Hehj = e\ (A = N) "+ 1) f = o(\) f; = 0.

Tak sk miniiine BijgHomenns A € camocnpsizkenuM, a npocropu H i L € op-
TOrOHAJILHUMHU, TO 1pn Oyiab-skux J, k = 1,...,k + 1

0= (hj — fis Mehe) e — Ny bk — Fid e = (Nj — M) (s P) -

Otxke yci k + 1 BekTopu h; HajexkaThb HefTpaJbHOMY HiAIpocTOpy IpocTopa H.
Tak K Po3MIpHICTH HEATPaAJLHOIO IMiAIPOCTOPY HpocTopa H He TepeBUIIyE K,
To cuctema Bextopin {h;}iT mimitimo samexxma, To6To icmyiorh wmema a; € C
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(7=1,...,k+ 1) raxi, mo
k+1

> ajh; =0. (3.65)
j=1

[Ipunycrumo, 1mo a1 = —1, To06TO

K
h,ﬁ_lz E Oéjhj.
J=1

Topni 3 BrIOUEHb (3.64) BuIIMBaAE, 1110

{ 1 (Pry1 = fry1) — Z%(}lj — i), 0} € ﬁ,

)\KH-l =1 j

oT2Ke

- 1 1 1 ~ q; ~
a; —— )hi——fe1 + Y 2Lfi,0p €A, 3.66
{Zl / ()\/-;Jrl /\j) / )\n+1f o Zl )\j f] } ( )
Jj= j=

Busnauumo sexkropu gg € L1 g € H PIBHOCTSMUI

N 1 R 11
90 -—Z)\—jfj—mfnﬂa g-—z@j <——>\—J> hy.

j=1 j=1 )\Ii-l—l
Toni cuisBigHomenns (3.66) moxkua neperucaru y Buriasa {go + g, 0} € A.

Tak sk A = B , . cx € X p 1 jiHiiiHe BiJHOIIEHHS Ae
0156 CQiC

floro caMOCIPSI2KEHUM PO3IIMPEHHsAM, TO IIpU Oyab-akoMy T € X

~ T ~
0= <g + 9o, [Cgaz} >ﬁ@£ = (90, Cox)c + (g, 1) 5. (3.67)

Posrisinemo BekTop g. 3acrocoByioun J0 Hboro Busnadens (3.63) Bekropis hj;
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OTPUMAEMO

Jie BEKTOpH ¢; € L, BU3SHAYAIOTHCA PIBHOCTAMHE

1 1
gj—Oéj ()\H—H —)\—j> ijE.

Haui BigmiTumo, 110 3 criBBigHOMEHHS (3.23) BUILIHBAE

= MA-0 = (1 o] el e e

N {{ [(02 - )\jcl)é - )\jBl)lxl ’ [6521(1_—/\1\?23)1;1:?%] } e H} '

OTrke, 3HOBY 3 caMOCHpsi?KeHocTi JiiHiiiHoro Bigromennst A O A BunumBag, 1o
Kj\"j = KXj- TakuM IUHOM OTPUMAEMO JiJIsi Oy/Ib-SIKOro r € X

(G, )= > ((N(A=XN)" +1D)gj, 2)5

0] [z
NCAMEHY
195 HoL

0] R >
gi| Y (Co = NCOI = NjBy) x| [ 5

<

-2 <KAJ- ol - nenr- XjBn—lx: >ﬁ@c
< _ _
(

0 [ (1 -%B) " ]>
195 ] 7 CQ(I — )\jBl)_lx For
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[Tijcrasistioun orpumanuii Bupas y gopmyay (3.67) maemo piBHIiCTH
KR
0= (g, Com)e+ Y (g5, Coll = X;B1) ')z
j=1

= (C5go, 21+ > (I = \;BY) ' Cigj, )

J=1

(3.68)

Llst piBHICTH BUKOHYETHCS I OYIb-IKUX T 3 BCIOJM IIJIHLHOI MIMHOXKWHU X
npocropy Ilonrpsirina H. Tomy 3 ymosu (A4) Burinsae, 1o

Jo=0=9=..=9g:=0
Lle o3nauae, 1110

afi=ofo=...=ofr=0, fi1=0,

[Ilo npuBOAUTE J0 MPOTUPIYYS 3 YMOBOIO f.y1 7 0.

BigmiTrmMo, 1110 3 JTiHIHOT 3a/1€2KHOCTI BEKTOPIB {hj}’fle BUILJIUBAE, 1110 AKIIO
KoedirienT A1 mpu hyi1 B (3.65) mopisaioe 0, TO MU TAKOXK OTPUMAEMO TPOTH-
piaust. JlificHo, Bupaxkaemo H0BLILHUI BEKTOP hy 1epe3 k— 1 Tux, 10 3aJnuIIINCh
(okpim BekTOpA hyt1). AHAJIOTITHO BXKe JIOBEJICHOMY OTpuUMaeMo, 1o fi = 0.

Taxum wuroM, He iciye Bektopis { f; 147, mo zagosombusiors ymosn (3.62).
Omrxe B Ny-napi {p, 1} oneparop-dyuxiiis ¢(A) € obopornoio s yeix A € Cy
OKpiM, MOXHBO, K Touok. Taxum unnom, N.-bynxmia m(A) = (A H(A) €
po3B’si3koM TipobsiemMu Al P (B1, Bo, C1,Cy, K). O

Ax Bumiauae 3 Teopemu 3.19 ommc ycix pos3B’s3KiB m  mpobsemu
AIP,(By, By, C1,Co, K) 3B0jtMTHCs 10 11pobJiemu onucy ycix L-peryssipuux L-
PE3OJLBEHT CHMETPUIHOTO BiHomen s A. HacTymHuil omue Bo3XomTh 10 poboTH
Kpeitna [20] (auBuch Takox [23]).

Teopema 3.20. Hexati k = v. Hexati onepamopu By, By, C1, Co, K 3adosoavmi-
omo ymosu (Al)-(A4), i nexati O(N) susnauacmovca cnissidnowenmam (3.52).
Todi popmyna

-1

m(X) = (011(A\)g(A) + 012(A)p(N)) (B21(A)g(X) + 22 (M)p(N)) (3.69)

BCMAHOBANE  B3AEMHO  00HO3HAYHY  6IL0NOBIOHICIND  MINHC  MHOHCUHONW  YCIT
po3e’askic m(\) npobaemu Al P, (B, By, C1,Cy, K) i MHostcunorn karacie exsi-
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BANCHMHOCTNE HEGAHAIHHIGCHKIT nap {p,q} € ﬁ(ﬁ), MAKUT WO GUKOHANT YMOGU
det(leq + 922]?) §é 0,
(01(N)g(A) + 012(N)p(N)) (21(Na(N) + O22(Np(V)) " € N (L).

JTOBEJIEHHSI. Hexait mapa {p, 0} € PO3B’SI3KOM pobJsieMn
AIP,(B1, By, C1,Cs, K). 3 Teopemu 3.15 Buiiusae, 1o

VA | _ [0u(N)g(A) + O12(A)p(A) B
[w(k) ] a {921()\)6_]()\) + (0 )p(n | (P2t N + w0 (MpA)

3 Teopemu 3.19 Bumiusae, 1mo poss’siskom npobiaemu Al P, (B, By, Cy,Cs, K) €
N.-byuknii m(A) = (N)e(N) L. Bsigen sunmsae bopmyna (3.69). O

3.4 BwmcHOBKEH A0 po3aiay 3

Pesynpratn rmasu omybmiikosano B [87].

1) Posrusinyro aberpakrHy intepriodsniiiny npobsaemy B kiaci Ne-nap. 3
KOYKHOIO aDCTPaKTHOI IHTEPHOJISIIIAHO ITPo0JeMOI0 OB s3aHO JiesiKe CUMeT-
pUYHe BIJIHOMIEHHS A y npocropi [TonTpsirina, Take 10 MHOXXUHA PO3B’s3KiB a0-
CTPAKTHOI 1IHTEPHOJIAIIHHOI IIPOOIEeMU 3HAXOAUTHCS Y 'B3a€EMHO OJHO3HAYHIN BiJI-
MOBIIHOCTI 3 MHOYKMHOIO CAMOCITPSIZKEHUX PO3ITUPEHb A IhOro ciMeTpraHOro Bijl-
Horentst A. R

2) 3HaiiJIeHO BUIJIsiJl Pe30JIbBEHTHOI MaTpuill ornepatopa A B Tepminax ja-
HUX 1HTepHoJAIii. 3a JOIOMOTOI0 IIi€l MaTpUIll OTPUMAHO IapaMeTpHU3allifo BCiX
PO3B’A3KIB aOCTPAKTHOT IHTEPIIOJIAIIIHOI TPOOJIEeMU Yy BUTJIs]IT JIPOOOBO-JIIHIHHOIO
epPETBOPEHHS JIOBLIHLHOI HEBAHJIIHHIBCHKOI apy. PO3IVIAHYTO MUTAHHS PO OJTHO-
3HAYHICTH MOOYIOBU y3arajbHeHoro neperBopents Oyp’e 110 po3B’si3Ky abcTpakT-
HOI 1IHTePHOJIAIIHOT TpobIeMHu.



71

4 ImngediniTHa npobaeMa MOMEHTIB

Kitacuuna mpobjiemMa MOMEHTIB TOJISATaE y TOMY, 1100 3HAWTH MIpy o Ha JificHui
Bici R mo mamepes BijoMuM MOMeHTaM Si € R

o0
/ thdo(t) = s, (k=0,1,...). (4.1)
—00

Llst mpobaema BuBuajach 1. Ctunt’ecom, I'. ambyprepom, M. Pucom, P. Hesan-
JIIHHOO Ta IHIIUMH. fIK BIJIOMO HEOOXIIHa yMOBa JIijisl TOro, 11100 IpobyemMa MOMeH-

: ) : o n—1

TiB (4.1) Oyna poss’asna, nosrae y ToMy, mo Marpuit lankens Dy, := (sj44)7 20
€ HeBly eMHUME Jij1s1 Oynb-akux 1 € N. 3B’s130K 11i€l mpobieMu 3 JIesIKOI0 KpaT-
HOTO IHTEPHOJISAIINHOIO 11pobJeMOI0 Ha 00 OyB 3Haitjienuit lamOyprepom B 1920.
Im Bysi0 mokazaHo, 1Mo 0 € po3B’sA3KOM KJIacHIHOI Tpobsiemu MomenTiB (4.1) Tomi
1 jiiie Tojii, KoJin 11 aconiftoBana pyHKIiist

m(\) = / d“(tj (4.2)

rRT—

HOIIYyCKa€ TaKE€ aCUMIITOTUYIHE PO3BUHEHH:A
m\) ~ -2 L %2 (A 500) (4.3)

Jie A psiMy€ J10 00 HeJoTuIHUM 1uisixoM (juBuch Posuin 1.6).

[anediniTHa npobieMa MoMeHTiB Oyia posrisnyra B 1979 M.I'. Kpeitnowm i
. JTanrepowm [80]. Llst npobsiema hOpMysI0eThCsi HACTYIIHUM YUHOM:

IIpobiema M P(s). Maemo mocyifopuicts jificaux umcen s = {s;}32,.
Buaiitu Gynkiio m € N, Taky, 1110 BUKOHy€eThCst bopmyJia (4.3).

[Tosnauumo 4epes H,. Kiac mOCHIIOBHOCTEH JIHCHUX 9UCET S = {sj};?‘;o Ta-
Kux, 1o ['ankesesa marpuiisi D, Ma€ PiBHO K BiJI' €MHUX BJIACHUX 3HAYEHD JIJIST BCIX
JIOCTATHBO BeJUKHX 1. Sk Oyso nokazano B [80] mpobaema M P, (s) mMae po3’s30K
Jutst OyJib-sikux s € H. Ilsg npobsiema Ha3uBaETHCH 6U3HAYEHOT0, STKIIIO BOHA M€
€MUK PO3'30K 1 HeGU3HaAvEeH010, B IHILIOMY BUIaJIKY. B moJaabIoMy Mu OyneMo
BBaXKATH, 110

npobsiema M Py(S) € HeBU3HAUEHOIO. (4.4)

MHuoXuHa PO3B’sI3KiB HEBU3HAUEHOT PobJieMu MOMEHTIB OyJia onucana B [30]
MEeTOJAMU Teopil posiupenib. Mu GygemMo posrisggaT abCTPAKTHY 1HTEPIIOJis-
niiiny npobsaemy (AIPy), aconiifoBany 3 npobiemoro M Py (s) i orpumaemo onuc
po3s’si3kiB Al P.,.
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4.1 lomoMiKHI TBEpPIKEHHH
4.1.1 ®Popmanabhi pgau Ta marpuili Terurina

Hacrynua jonomizkaa ymosa Oyiia jiosejiena B pobori [58, Lemma 2.12| y Gisbi
3arajJbHOMY CEHCI.

Jlema 4.1. (/58]) Hexai my € N, modi
(i) f(A) =0() (A=00) das sciz f € H(mg);

(ii) Sruo do mozo oc, my € N° modi f(N) = O(5) (A=00) dan eciz [ €
H(mo)

Byjemo nosnauaru P, MHOXKUHY 110JIIHOMIB (DOPMaJILHOT'O CTYIIEHIO 7.
[oBesieMo asiredbpaivdie TBEPKEHH, Ke CTOCYEThC (POPMAJTHHUX CTeleHe-
BUX psijiiB p(A) cryneHio n

p(A) = poA" + pr A 4 (4.5)
i Binosinux maTpunb Temtina Ty (p) € CF*F ix k crapmux koedimienTis

Po P1 P2 -+ Pk-1

0 po p1 -+ DPr-2
Ty(p) = {0 0 po -+ pr-3 (4.6)
0 0 0 - py|

ITIpono3uriis 4.2. Hexati p i ¢ — ue popmarvii padu cmynenis k i n, 6idnosidno,
P = poX* +p N () = @A+ @A T+ (po,qo #0).
Hexatw Tj(p) i Tj(q) € mampuyamu j cmapwus xoedivienmis padie p i q. Todi

Ti(pq) = T;(p)T;(q)- (4.7)

HOBEAEHHS. JTooyrok T;(p)T;(q) nopistioe

[Podo Poqi +P1do Poda + Prqi +P2qo 0 Podi—1 + Pidj—2 + - + Dj—1q0 |

0 Poqo Poq1 + P1qo “er Pogi—2 +P1gj—3 + ... + D20

T;(p)T;(q) = | O 0 Podo “rr Pogi-3 + P1gj—a + ... T Pj—390
| 0 0 0 - ot

(4.8)
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JTobyTok psijiiB p(A)g(A) mae dopmy

p(AN)g(A) = pogoX™™ + (g1 + prago) N+ (pogz + pray + pago) N+

+ (pOQj—l + pIQj—Q + ...+ pj_lqo))\k‘HT—j—Fl + O(Ak+n_j+1)_
(4.9)
Orxke dhopmyda (4.7) nosejena. O

Hacaigok 4.3. Tax ax dobymru p(A)g(X) i g(A)p(N) dopmanvruz padie cnis-
nadaromy, mo mampuyi Tj(p) i Tj(q) womymyromo

T;(p)Tj(q) = Tj(a)T;(p).

Hacaigox 4.4. Hexati ¢(\) = go\* + ¢\ 1 + ... dopmanvruti pad 3 qo # 0.
Todi j cmapwuz xoepiuienmis pady
1 q , ¢ 5

O T e

oydyromuvca no mampuyi T;(1/q), axa noe’asana 3 Tj(q) cniesionowernnam
-1
T;(1/q) = (Ty(@)

[Iponozumis 4.5. Hexaii c(\) = N +c N7+ ...+ ¢j ¢ noainomom cmyneno j.
Hezati dpynxuia mg € N° donyckae inmeepanvne 306pasiceni (1.22) i donyckae
poskaad y pad (1.24). Todi dynruyia

Tj(d) = T(e)Ty(s"), (4.10)
de Tj(c) i Tj(s°) mampuyi j emapwux xoedivienmic noairomic c(N) i

s'N) = SN TSIV L s,
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JOBEIEHHS. TToknanemo cg = 1. Toui dpynxuis d(N) mae dpopmy

=N =t — N1 t— A
d()\) = /OO( P )\ () + ﬁ61 + + T)\Cj_l)d()'(t)

— / (o' + A+ L+ N+ + N+ + ) do(2).

(4.11)
gk BunumBae 3 pisnocreit (1.25) ra (4.11)

d(\) = co(sg_l 4SOV 4 01(39_2 oSN sy

= cosgN T+ (cos] + asg)N TP 4 L+ (o) F e18) g+ .+ cjo1sp).
Orxe 3 (4.8) Bummsae (4.10). O

4.1.2 OpgHa JomoMiXKHa JieMa

Jlema 4.6. Qynkuyia m € Ny 3adososvnae ymosy
A=oo (daa sciz j € Z) (4.12)
modi 1 miAvKkYu Modi, KoAU

Nm(A) +soN P+ s N2+ 45, € H(m) (das eciz j €Z).  (4.13)

HOBEOEHHSA. Jocmammicmo. Ilpunycrumo, mo dyHkiis m € N, 3aJ0BOJbHSIE
(4.13). Ilokaxkewmo, mo ymosa (4.12) Bukonana. Hexaii mosinomu p, ¢ i dbyukiis
mo € N Busnaueni pakropuzarieio (2.38) jist dynkuii m € N,.

Bunadox 1. Hexait k = n = degq > degp = k. Tomi r(A\) = O(1/A) npu
A=00. Tak sk mg € N, 10

mo(A) = O(\)  (A\=o0). (4.14)
3 Jlemu 4.1 BuiiuBae, 1o

foA) =0(1)  (A=o0) (4.15)
st yeix fo € H(myg). 3 dopmyau (2.41) orpumyemo, 1o s yeix f € H(m)

FO) =0(1/N) (A Soo). (4.16)
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Takuwm unnowm, crissijguorienns (4.13) oznadae, 110

Sj—1 1

= O(W)

S S
m(\) + = 4+ = 4 .+

DY Y (A=00).

Bunadox 2. Hexait k = degq = degp. Toui r(A) = O(1) npu \=oc.
[IBukicTs 3pocTanus Ha HecKiHYeHHOCTI (byHKIT mo(A) mokazano B (4.14) Ta
(4.15). Toxi 3 Teopemu 2.23 Burutusae, 1o s ycix f € H(m)

fA) =0(1) (A=o00). (4.17)
3 dopmynu (4.13) caimye, 1o
m(A) =O(1/\)  (A=o00).
Orxe, 3 npunymenns degq = degp Ta dbaxkropuszanii (2.38) Bursmsae, 1o
mo(A) = O(1/))  (A=o0). (4.18)
3 Jlemu 4.1 orpumaemo, 1110
foA) = O(1/X)  (A—=o0) (4.19)

Juist yeix fo € H(myg). Orxe 3 (2.41), (4.18) i (4.19) Mu maemo (4.16). 3akinvenHs
JIOBeJIeHHs aHaJioriune Bunadky 1 1iel Jlemu.

Bunadox 3. Hexait n = degq < degp = k = k. Toui r(\) = O(\F™")
npu A=o0. Ak cainye 3 Teopemu 2.23 1 cuissignomenn (4.14), (4.15), aust ycix
f € H(m) maemo

f) =0\ (A S00). (4.20)

Yumona (4.13) npu j = 2 jae
m(\) = O\ (A\Soo).
Takum aunom 3 dakropusarii (2.38) Burmsag, 1o
mo(A) = O0(A%) (A 500). (4.21)

Cuissignommennst (4.21) € mporupiuusm ymosi my € N. Oxe nHepiricts deg g <
deg p € HeMOXKIMBOIO, JTst DYHKILH ™M, K1 33J10BOIBHSIOTH yMOBH (4.13).
Heobzionicms. Hexait dynknis m € N, 3amoBosbhse ymosi (4.12). Busna-
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aumo 1osiiHoM s(A) dopmasbaoro cryuento j — 1 dhopmyiioro
S()\) = SO)\j_l + 81)\j_2 + ...+ Sj—l- (422)

Hexait dyukiis my € N Ta MoOHIUHI nojiiHOMU p i ¢ Bu3Ha4YeHl (akTopu3a-
nieto (2.38). Hexait cryneni nosiinomis p i ¢ jopiBHiooTh k Ta n, BLIHOBIIHO,

pN) = N+ p XN 4 N+

4.23
Q()‘) = A"+ Q1)\n_1 + ...+ Qn—l)\ + Qn, ( )

i wexait gynkiis my € N Busnadena daxkropusaiieo (2.38).

Bunadox 1: Kk =k = degp = degq = n.

3 ymoru (4.12) BuruimBae, o mo = O(1/)), Tromy, dyHKIS my HAJEKUATE
10 kiacy NV ta mae inrerpaibhe 306pasxkents (1.22).

Hexait ¢ e neskiit monianuit mosinom crynento j (¢; € Cupu i = 1,2, ..., 5)

cA) =N+ e N eV 2+ .+ (4.24)

Posriaanemo takuit poskian dynxmii Mm(A\) + s(\)

R P o
e
FO = /_ ) tcit))\da(t), (4.26)
o B > )
) 1= a5+ pOmo e~ p) [ Ddote),  (a21)
©a(A) == T (NN — g (N)e(N). (4.28)

Mu nokazkemo, IO MOJIIHOM ¢ MOYKHa, BUOpaTH TaKUM YMHOM, IO

f() € H(mo);  ¢1(), pa(-) € P (4.29)

Toni 3a Teopemoro 2.23 1ie Oyne oznauaru, mo (4.13) BUKOHAHO.
Bruouenns f(-) € H(mg) sunusae 3 Saysaxenns 1.4 1 Teopemu 2.21.
Hexait P; = Ti(p), Q; = Ti(q), S; = Ti(s), Ci = T;(c), SY = T;(s°) marpuri i
crapix koedimientis nosinomis p(A), ¢(A), s(N), c(N), sY(N), sianosigno, i nexait
P;, Q; MATPUITi 3 KOMILIEKCHO CIIPSYKEHIMHE eIeMEeHTAaMI /10 elIeMEeHTIB MaTpPHIID
P; ra Q;. Bigmitumo, mo P; = T;(p*), Q. = Ti(q™).

DyHKIIIA (P9 € TOJTIHOMOM (POPMATHLHOTO CTYIICHIO K+ . Busnaummo nosinomM
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c(N) Tak, 106 @o(-) € Pr_1. Llsi ymoBa € eKkBiBaJEHTHOW yMOBI
P,—QCi =0, (i=1,2,...,5+1).
Taxkum unHOM

Ci=(Q) '"Pi=Pi(Q)" (i=1,2,..,j+1). (4.30)
BigmiTuMo, 1m0 MaTpuId @jﬂ € 000pOTHOI0, & TOMY KoediIlieHTH ¢, C2, ..., Cj 3Ha-
XOJSATHCSA OJIHOZHAUHO.
Hauni mosenemo BrioUeHHs ©1(+) € Pr_1. 3 dakropusarii (2.38) Bummsag,
1110
—S; = PiP;Q;'(Q;)'(=5)), (4.31)
npu qoMy Bcl Marpuri B (4.31) komyryiors (nuBuch Haciiok 4.3). 3 inTerpass-
woro Buriisiry (1.22) Burinsae

[Iponozunis 4.5 o3nauae, mo 1 (A) — 1e noaiHoM hopMaIbHOro CTyIeHio K+ j — 1
1

Ti(¢1) = Q;S; — PiC;S). (4.32)

Bukopucrosytoun dhopmyiy (4.30) npu ¢ = j i cnissigHomennst (4.31) orpumaemo
Ti(p1) =Q; PP;Q7(Q)'S) — P(Q;)'P;S) = 0.

Takum uuaoM, mu orpuMasu (4.29).
Bunadox 2: k = degp < degq = n = k. llosnauumo d :=n — k(> 0). 3
poskiazy (1.20) mas Gyukmil mg € N BUILIUBAE, 110

mo()\) =a\N+ b+ m()()(/\). (433)

3 daxropusarii (2.38) s m € Ny i ymosu (4.12) orpumaemo, 1o mop(A) =
O(1/)), Tak mo mgy € N°. Orxe dbyHxmia moy Mae inTerpanbie 306parKenms,
mo € anajoriaanm (1.22).

Hexait koedinient a B (4.33) ne gopisnioe 0, Toai mo(A) = O(X) npu A=00
(Bunagku kosm mo(A) = O(1) i mo(A) = mgo(A) = O(1/A) npu A=00 posrisiia-
10TbCsl anasoriuno). 3 dakropusanii (2.38) Bumiusae, wo m(A) = O(5m—) upn
A=00 i

Sop — 81— ... = 894d—3 — O, $92d—2 75 0 (4.34)
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(50 = ... = 894—2 = 0, S2d—1 7& 0 Iipu a = 0; S) = ... = S9q—1 — O, Sod 75 0 npu
a = b = 0). B toro, nosiicom (), 1mo € Busnauenum Gopmysioro (4.22), mae
cryniab J — 2d + 1

S(}\) = Sgd_g)\j_2d+1 + Sgd_1>\j_2d TR C)

Hexati 7 > 2d — 1. Posrnsnemo poskiajn (4.25) dynxuii Mm(\) + s(A).
Bijmina Bij posriisinyToro Butiajiky d = 0 nosisirae y Tomy, 1o pyHKiis my € N
mae 300pakents (4.33); mipa do, 3HAXOUTHCSA 3 IHTErpaJIbHOTO Po3KIaLy (1.22)
Jutst PYHKIT Mgg; HOJIHOM C Ma€ CTYIiHb ] — d

cA) =N N N ey (4.35)

[Tokazkemo, 110 TIOJIHOM ¢ MOYKHa BUOpaTH Tak, 1o ymona (4.29) 6y/e BUKO-
HAHA.

3 Baysaxenusi 1.4 i Teopemu 2.21 sunsmsae xjovenusi f(-) € H(my).
YMoBa @o(-) € Py_1 € ekBiBasienTHOWO 10 yMoBu (4.30) pu ¢ = j — d + 1.

Haui mokaxemo BkioueHnst ¢1(-) € Py_1. 3 npescrapiens (4.33) ta (1.22)
BUILIUBAE, 10

A1) = a5 + e A +0) - p0) [~ L= o aa0)
Hexait _ -
a b 0 0
0 a b 0
Aisqro = Tj2442(aX+b) := |0 0 «a 0
_(:) 00 - C:L_

(Bipnosigro A = b, ge I — ue ogunudna marpuigt, ko a = 0, b # 0; Ta
A = 0xom a = b = 0). Busnauumo nosinom s° 3 dbopmasnbuum crynenem
degs’ =5 —d+2

SO(N) = 0+ N2 40 ML 4 N I

ne {s ‘g;g — ne koedinientn 3 poskiany (1.24) mis Gyukuii meg € N°. Mnu

Ma€eMO TOOABUTH /10 TOJiHOMA, SV HYJIBOBI JIOJIAaHKHU TaK, 1100 CTYIEeH] TOJaHKIB (1
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cruiBnajanan. Hexaii

»
oo
»

00 (1) 8]—2d—1
00 0 s 3?7%72
S?—2d+2:7}—2d+2(30) = (00 0 0 $)-2a-3
000 0 - 0 |

3 Ipormosutii 4.5 BumInBag, Mo @1 € MOJIHOMOM (POPMAJHLHOTO CTYIEHIO ] + N —
2d+11

Tj—sd+2(p1) = Qj—2a12Sj-2d+2+ Pj—2a42C—2a12Aj24+2— Pj—2a12Cj 24425} 94o-
Dakropusariis (2.38) 1 306paxentst (4.33) 03HaYAIOTH, 1110
5= PPQQ) (A "), (4.37)

Jie yci Marpuri Maoorh posmip (7 — 2d + 2) X (7 — 2d + 2).
3 dbopmyan (4.30) juist @ = j — 2d + 2 1 cuisBijgnomennst (4.36) orpuMaemo,

T(p1) = QPPQ Q) (-A+S") + PP(Q)'A—- PP(Q)'s"=0.

Takuwm wnrom 1 € P,_1 1 bopmyna (4.29) Bukonana.

Hezxati d < j < 2d — 1. 3 ymosu (4.34) Bunuusag, mo s(A) = 0. Posrusine-
MO 300pazkenns surasuy (4.25) pua dynxuii Mm()), ge moninom ¢ BusHaueHuit
dbopmyiioo (4.35).

Braouennst f(-) € H(mg) i wa(-) € Pr_1 10BOJATHC anagoriano. Posris-
HEMO (DYHKIIIIO

*e(t) — (M)

) do(t).

21(3) = p(\)e(N) (@A + b) — p(N) /

—0o0
3 Ipomozuii 4.5 i ymoBn j < 2d — 1 ButiMBae, 1mo @1 € MOJIHOMOM, Ta,
degpr=7+k—d+1<d+k=n==k.

Orxke @1 € Pp_1, 1 TakuM 9uHOM BijHOMEHHS (4.29) BUKOHAHO.
Hezxat j < d. 3 ymon (4.34) sutuiuBae, mo s(A) = 0. Posrusinemo cryninb
nostinoma p(A) N

deg(pANN) =k +j<k+d=n=r.
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Ak sunimsae 3 Teopemu 2.23 Mm(\) € H(m).
Bunadox 3: k = degp > degq ¢ memoxusuit 3 ymosu (4.12). O

Hacnimok 4.7. Hexat gynruia m € N, 3adosoavuae ymosi m(A) = O(1/))
das A=00. Busnanumo adpo Kt (X) dopmyaoro

ko) = B e ). (439
Todi
KL (A) € H(m) (4.39)

JOBE/JIEHHS. Bignomenus (4.39) BuminBae 3 TOTOKHOCTI

KL (A) = m(A) + BN (A). (4.40)
Brouennst m € H(m) josejeno s Jlemi 4.6, a skirouenns NP € H(m)
BUIIMBAE 3 O3HAYEHHST TPOCTOPY 3 BIATBOPIOBAILHUM sApOM. O

4.2 AbGcTpakTHa iHTEepHoJdIiitHa MpobdjieMa, acolfiiioBaHa 3
ITpo6JIeMOI0 MOMEHTIB

Hexait X = Clz] — ne mpocrip nominomis h(z) = Y77 ghja!  (n = 0,1,2,...).
[Tosnaunmo nocaiosricts s = {s,}° € H,. Busnaunmo nisropasiniiiny dopmy
K(-,+) na muoxuni X = C[\] dopwmyioro

n

K(h,h) =" sjwxhjhy. (4.41)
7.k=0

Tax sk mociiosuicTs uncen {s;}° namexurs 1o knacy Hy, o dopma K(-,-)
Mae K Big'emuux kpaaparis. CrangapThHa Oponeiypa 3aMUKaHHS IIPOCTOPY X
BIJIHOCHO BHYTPIIIHBOTO 100yTKY (4.41) mpuBoguTs j0 mpocropy IlonTpsrina H.
Busnauumo oneparopu By, By i C1, Cy 3a dopmynamu (jgusucs [74], [58])
h(z) — h(0
BBy X —x, Bh=@ 0O,

) (4.42)

01, 02 X — C, Clh = Z Sj_lhj, Cgh = —h(O)

J=1

[Tokaxkemo, 1o oneparopu By, By, Cy, C9, K 3aji0B0sbHsAI0TH yMOBH (Al)-
(A4). Aste crieprry 1oBeieMo KiibKa JJOTIOMIXKHUX BJIACTHBOCTEI.
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ITponosunis 4.8. Osnauenna (4.42) das onepamopa Cy mosicna nepenucamu
Cih =h(0) (heX), (4.43)

de cymiotcnutl noainom h susnaveruts Gopmy.roto

W) = K (h(x; = ﬁ“), 1) (he X, )eC). (4.44)

HOBEJJEHHSA. [iiicHo,

h(z) = h(0)

—_— = E hjl‘j_l (hEX),
i
j=1

TOJI
n

ﬁ(O) = K(Z hjSCj_l, 1) = Zsj—lhj = Olh (h € X)
j=1 j=1
(]

IIponosunis 4.9. Hexad onepamopu By, Cy, Cy susnaveni gopmyaamu (4.42).
Todi sukonyromves make cni6eIOHOULEHH.
xzh(z) — Ah(\)

(I —=ABy) 'h = — (h € X); (4.45)

Cy(I = ABy) "h=h(\), Cy(I —ABy) "h=—h()), (4.46)

de cymiotcrnutds noainom h eusnavenuis gopmynoro (4.44).

HOBEJEHHS. Hexait f € X. Toxui

(I = AB) f(x) = f(z) = AR "I o pa). (4.47)

[TigcraBumo © = A B pisnictb (4.47), orpumaemo f(0) = h(A). fk Bumiubae 3

(4.47), mo
zh(z) — Ah(\)
T — A '

flz) =

Takum unrom pisnicts (4.45) joBejeHa.
3 dbopmya (4.46) Ta (4.42) orpumaemo

(4.48)

Co(1 = AB1)th = Cof = —f(0) = —h(\).
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Anajioriuno, 3 dopmyi (4.46) ta (4.43) orpumaemo

Ci(1—AB)'h = Cif = £(0)
f(x) — £(0)

=K
( T r— A

g

ITpomno3uttia 4.10. Hewai {s;}° € Hy i suxonyemocea ymosa (4.4). Todi one-
pamopu By, By, Cy, Ca, K 3adososvnaoms ymosu (Al)-(A4) Teopemu 3.19 .

JTOBEAEHHS. Buactusicts (A1) joBOjuThCs Oe3rocepeiHiMu 00IMCICHHSIMU.

(A2) . osememo ymoBy (A2) Bin cynporussoro. [Ipumycrumo, mo ker K #
0. To6ro ichye nosinom h(x) crynento n rakuii, o K (h,u) = 0 jisi 6yjib-s1KOro
nosinoma u € Clz]. Orxe lanxenesa marpurs Dy, = {811} ;_y € TaKo, 1110
supopkyerbest (det D, = 0). Tak sik npobsema M P, (4.3) mae po3s’si30K, 10 3a,
Teopemoro |64, Theorem 1.3] miit po3s’szok € enuanm. OTPUMYEMO MPOTHPIUHs
npunymiernio (4.4). Takum unnom ker K = {0}.

(A3) . Hexait H - me nomoBHeHHsI IIpocTOpy ~X 3 BHYTPILIHIM JIOOYTKOM
K(-,-). Hexait My e¢ oneparop muoxkenusi B X 1 nexaii oneparop M — ne 3a-
vukanisa My B mpoctopi ‘H. Tak sk Bukonyerbest ymoBa (4.4), To omeparop M
€ MM m-cumerpudnuM oneparopom B H 3 macmrabom £ = C (musucs [80,
Proposition 1.1]).

Hexaii El € 3aMUKaHHsIM rpadika omneparopa B

B = {{h,Mh+u}: h€domM, ue C}.
Tak sik oneparop M e misum, 1o 0 € p(M,C) i
ran By =ran M+C =H, ker B;' =ran M N C = {0}.

Orxke B 11e rpadik odMexKeHoro omneparopa B mpoctopi H.
Obmexenicth oneparopa (7 BUILINBAE 3 BXKe JIOBEIeHOT 0OMEXKEHOCTI orre-
paropa By 1 [Iponoszumii 4.8. [iiicHo

h(zx) — h(0)

Cih = K(==—

, 1) = (Byh, 1)y.
Oneparop Cy € obmexenum, tak sik 0 € p(M,C) i

Coh = —Ilpc(0)h,
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se Iy c(0) — ne xocuit upoekrop ua npocrip C B poskiaui H = ran M+C.

(A4) . Temep nmokazkemo, 10 oneparopu By, By, C1, C5 3a10BOJILHSIIOTH YMOBI
(A4). dust pizunx touok A\j € C4 (j = 1,..., k) BUKOHYy€ETbCH
_ o ;

Co(1 = MBy)™!
O (4.49)

ran

02(1 — )\,{Bl)il

gk BunmBae 3 criBigHoMeHHst (4.46)

Co —f(0)
Cy(1 =M By)™! —f(\)

Co(1 = AeB1)™ —f ()

Tak sik nosiinomu f(z) € goBUIbHUMHU, MU OTpuMaeMo ymoBu (4.49). O

Abcerpakrhy inrepnossiuiitny upobsemy Al P, mo acouiitosana 3 M P (s),
MOZKHA (POPMYJIIOBATH TAKAM YHHOM.

IIpo6aema AIP,(Bi, By, C1,Cs, K). Hexait nocsijosticts jificHux 4u-
cem s = {s;}32, nanexuts H, Ta pukonana ymosa (4.4). Hexaii omeparopu
By, By, Cy, Cy, K Busnaueni dopmynamu (4.42) ra F' Busnauena pisticrio (3.60).
Buaittu N, dyukiio m(A), Taky 11o:

(C1) Fh € H(m) nis 6yab-skux h € X
(C2) (Fh, Fh)ymy < K(h,h) noa 6ynps-axux h € X.

[ponosumisa 4.11. Hewvaii s = {s;}32, € H, ma onepamopu By, By, Cy, Co, K
suanaueni gopmyaamu (4.42). Todi dynryiam, wo susnavena gopmyaoto (3.69),
naaestcums xaacy Ny

JTOBEJEHHSI. Hexait o € N = N U {oo} Tam € Ny (k' < kK, Bunajok &' >
K € HeMOXKJmBUM) BusHadeHa (opmynoo (3.69). Hexaii miniiine Bignomentsa A
orpumano dopmy.ioro (3.17). 3a Teopemoro 3.19 ichye camocpsiyKeHe po3IIUPEHHs
A nimiitnoro BIJIHOIIIEHHST A, Take 1110

(FRY(A) = Pe(A—=N)"'h e H(m) (he X).

i Bijobpaxkennst F' @ X — H(m) sajgoBosbhsie Toroxuocti (C'1). 3 inmoro 60Ky,
3 Ilponosunii 3.17 BuruBae, mo Bigobpaxenus F' mae dhopmy (3.60), ge G(N)
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BuzHadeHa Gopmysion (3.59)

(FR)(A) = [1 —m(\)] [gj (1—\B)'h  (heX)

3 (4.42) Ta (4.45) orpumaemo, st b = 7

SO)\j_l + 81)\j_2 + ...+ 55

} (2 + 277N+ 4+ V) = [ Y :

oT2Ke
(FR)(A) = Nm(A\) + soM T+ 51N 2+ .+ 55 € H(m) (h=2a7). (4.50)

Ak sunmsae 3 Jlemu 4.6, dyukiis m 3a70BoibHsie 300paxentio (4.3). Takuwm
anroM, 3 [80, Proposition 1.3] orpumaemo, mo m € N, (k' > k).
Otke m HaJIeXKUTh 10 Kaacy Ny. O

4.3 ExksiBajentHicTh npobsem AlP, ta M P,(s)

Teopema 4.12. Hexat {s;} € H,, onepamopu B, By, C,Co, K e6usna-
weni  popmyaamu  (4.42).  Todi Pynkuia m €  poze’azkom  npobaemu
AIP,(By, By, C1,Cy, K) modi i auwe modi, koau m € po3e’askom npobie-

mu MP,(s).

HOBEJIEHHA. Heobwionicms.  Hexait  m € N, € po3B’si3KOM
AIP,(By, By, C1,C5, K). 3 Tlponosurnii 3.17 Bumiusae, 10 BigoOparXkeHHst
F, mo Bignosigae Gynkiii m, equne. Le Binobpaxkenns mae suriisiy (3.60) ra 3a-
nosouibasie (4.50). 3 Jlemu 4.6 BuruBae, o dyHKIisS M Mae po3puHenHs (4.12)
Jist Gyjib-sikoro j € Z. Orxke dyukifis m e poss’siskom 1ipobsiemu M Py(s).

Jlocmammnicmos. Hexait m € N, — 1ie po3s’si3ok npobsiemn M Py (s). Busna-
anmo Bigobpaxennsi I 3a dopmyiioro (3.60).

Kpok 1. Hoxaocemo, wo F zadososvnac (Cl). 3 dbopmymn (4.50) ta Jle-
Mu 4.6 oTpuMaemMo, 110

FheH(m) (h=2a', j€Z,),

orxke Fh € H(m) nna 6yns-sxkux h € X. 3a [Iponosuriero 3.17 Bijobparkentst
F, mo susnauene dhopmydiown (3.60), sagoBosbhsie (C1). N
Kpok 2. Iloxascemo, wo F 3adosoavnac (C2). Hexait A — e camocmpsizke-
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Huii oreparop B npocropi je Bpanxa-Posusika H(m) (nusucs [86])
A={{f, f'} e Hm)*: f'(\) = A\f(A) = consT € C}. (4.51)
Busnaunmo yHKIIi
£ = NmOA) + N tsg+ M 2+ 4+s;1 (1=0,1,...).

3 Jlemn 4.6 sBummBae, mo f; € H(m) (7 = 0,1,...). Takum unnom, dynkmil f;
nas 7 = 0,1, ... 320BOJIBHAIOTH BlJITHOIIIEHHIO

fi+1(A) = Af;(A) = s; = CONST.
Orxe {fj, fir1} € A O3HAYAE, IO
Afy = fin. (4.52)

3 oznadennsi npocropy [lourpsirina 3 Bijgrsopowodum sipom H(m) ra Ha-
ciaKy 4.7 BUIIUBAE, 10

NZ(-) € H(m) i K2(-) € H(m).

Bisibin toro, 3 pisrocri (4.40) Buiiusae, 1o

{Nzl('), Kﬁ()} _ {m();)\ : T(ﬂ)7)\m()\))\ : ;n(,u) 4 m(ﬂ)} cA

1 OTKe
N2 (), ()} = {Nme), K — N ()} € A=
Lle o3nauae, 1110
(A=)~ tm() = (A= )~ fol) = N ().
Tozi BiTBOPIOIOYa BIACTUBICTH B pocTopi H(m) nae piBHICTH

(= 1) o) Fo Doy = (N )y = m(12): (4.53)

Tak sik m jonyckae acumnrorudanii poskias (4.3), o fy € dom (ZJ ) juist Oy ib-
gxux j € N (ausucs |78, Satz 1.10], a takox [63]) i

(A fo, fo)rmy = 55 (5 =0,1,...). (4.54)



86

Tak sik ijo = fj, TO

(Fis Fidmom) = (A fo, fodmom) = sy (5,7 = 0,1,2,...). (4.55)

Orxe szt Gysp-sikoro h = 375 hjz! € X orpumaemo, mo Fh = > im0 hifis
i3 (4.55) BunmBae

<Fh’Fh>H(m) - <Z hjfj?Zh]fJ>'H(m)
j=0 =0
= Z<hifiahjfj>7{(m)
i,j=0
= Z hiﬁjsi—i—j = K(h, h)
1,j=0

g

3ayBaxkeHHsa 4.13. Bidmimumo, wo y npoueci dosedenna Teopemu 4.12 mu
nokasau, w0 Oas yaazasvhenozo nepemeopenns Dyp’e F i X — H(m),
noe’azanozo 3 po3s’askom m npoosemu Al P (By, By, C1,Cs, K), sukonyemuvca
pisnicms Ilapcesans

(Fh, Fhysm = K(h,h) (Yh € X). (4.56)

Y sunadry k = 0 ya pisnicmy (4.56) 6yaa noxasana 6 [74].

4.4 Omnwuc po3B’a3kiB npodjaemn M P,

Basucnu { fi. }72 1 {9k} 72, B Clz] HasuBatorhest Giopmozonasvnumu BigHocHO dop-
MU K(7 ')7 AKMIO
K(fj,9t) =6 (J,k=0,1,...),

e O = 0 g k # jrad;; =1 (k,j =0,1,..). dxmo dbopma K(-,-) €
HEBIJI EMHOIO, TO OY/Ib-siKW#1 OPTOTOHAJLHUI 6a3UC € HIOPTOrOHAJBLHUM CaM JI0 Ce-
6e. KoHCTpyKITio OI0pTOroHAJIBLHOTO DA3UCy Y 3araJbHOMY BHUIIAJIKY Oy/e MojIaHo
HIK e,

Cucrema cymixanx nomnomis {gx(A) }72, BUBHAYAETHCS PIBHOCTAMH

G\ = K (9’*’2 - ik()\),1> (k=0,1,...). (4.57)
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IIponiosuuia 4.14. Hexat s € Hy i suxonana ymosa (4.4). Hexatd 6asucu
{fe}72o ma {9}, € Giopmozonarvnumu eidnocro gopmu K(-,-). Todi,

Cr=Y_ fr()ak(0)", Co==>" ful-)g(0)". (4.58)

JOBENEHHA. [iiicho, 3 poskaauy dyukiiii C7 1 C5 3a 6asucom {fi}, Ta dop-
My (4.43), (4.42) BumuinBae, 1Mo

(CTHN) = ka()\)<cik179k(')>H = Z fr) (L, Crgr()) o = ka()\)ﬁk(o)*,

N = (G5, grl- ka (1, Cagi() ka )gr(0)".
k=0

Hacryuna Teopema jlae onuc MHOXKUHU po3B’s13KiB npobsiemu M P (s).

Teopema 4.15. Hexaii nocaidoswicms s = {s;}32, nanesicums do Hy i 6u-
konyemuvea ymosa (4.4). Buswawumo enwympiwmniti dooymox K(-,-) ma mmo-
olcuni Clz] gopmynoro (4.41). Hexat {fr(N)}ie, ma {gr(N)}i2, ¢ Giopmozo-
nasvrumy basucamu eidnocno gopmu K. Hewat mampuuna dynruis O(N) =
[611()\) 912()\)
921()\) 922()\)

] € C**% guanauena dopmy.romo

(M) =1+2D frNge(0), 612(A) = 2D fr(Vgu(0)",
=0 =0 (4.59)
Ba1(A) = =A D fiN)ge(0)', Oa(A) =1 =AD" fr(N)Gi(0)*
Todi popmyna
m(2) = (BN + (V) (B (Ne(V) +02(1) ', (4.60)

BCTAHOBAIOE B3AEMHO 00HOZHAYHY GION0GIONICTL Midke Po3s askamu m(N) npo-
onemu M P, (s) ma mmoocunoro o € N = N U {oco}.

Hexaii marpuuno-zunautna dbyukiis () susnadena 3a dopmyiowno (3.52). 3
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cuissijHomenp (4.46) ta (4.58) BunimBag, o

O11(A) = 1+ AC1(T = AB) ™ > fil()gr(0)" = 1T+ A D fr(N)gr(0)",
k=0 k=0
B15(A) = AC1(I = AB1) ™Y fu()ge(0)" = XY fe(Mge(0)",
=0 =0 (4.61)
B21(N) = ACo(I = AB1) ™" >~ ful()g(0)" = =2 fi(N)gi(0)",
k=0 k=0
Oaa(A) = 1+ ACo(I = AB1) Y fi()3k(0)" =1 =AD" fu(\)gr(0)".
k=0 k=0

Orxke O(A) 36iraerbesi 3 MaTpriHO-3HaYHOIO (dyHKIE B (4.59).

Hexaii m — ne poss’siz0k npobsemu M P, (s). Toni 3a Teopemoro 4.12 dbynkiiis
m e poss’sizkom 1pobiiemu Al P, (B1, By, C1, Cy, K), orke jionyckae 3006parkeH-
nst (3.69) 3 p € N.

Hagnaxu, nexait 0 € N. Toi dbynkiis m susnatena GopMymnon (3.69) na-
JnexuTh J1o Kiaacy N, 3a IIponosunieto 4.11. 3a Teopemoro 3.20 dyuKIisg m €
poss’sizkom 1ipobsiemu Al P (B, By, C1, Cy, K). 3a Teopemoto 4.12 dyukiis m e
TakoXK 1 po3s’si3koM npobsiemu M P, (s). O

Y Bunajky k = 0 dopmyiu Toroxni (4.61) Oysio 3HaiigeHo B [4].

4.4.1 Ommc po3s’si3kiB ipobsaevu M P, (s) y dopwmi Kpeiina-JIanrepa

Muoxuna noninomis G = {gi } 72, HABUBAETHCA MAICE OPIMOZONANLHOIO CUCTILE-
moro ([79, §7.1], muBuch takox (80, §3.1]) BimHocHO dopmu K (-, -), KO st
Oy/ib-siKoro g € G icuye g € G 3 BIaCTUBOCTSIMU:

(i) K(gk,g;) =0 nnst Oynp-sixux j (j # K');
(11) K(gk;gk’) = +41.

[Mokagemo €y := K(gx, gr) aoist k=01, ...

Ak summsae 3 |79, Behauptung 7.1]), iciye maiixke opToroHajbHA CHCTEMA
{gr}32, Bimmocno dopmu K(-,-) Taka, mo gy = 1, ta g ne aificuuit mosinom
crenenio k. Orxke 6asucu {gr}re, Ta {ewgrw }ie, € OlopTOroHa bHUME BiJIHOCHO



89
dbopmu K (-, ). 3 dopmys (4.59) Bunimsae, mo

011(A) =1+ A Zé“kgk )gw(0), b12(A) = AZ erge(A) g (0

Oa1 (A :—Azekgk )gi(0), Bas(A —1—Azskgk )G (0

e {gr( AN}, — me cucrema cymiKHEX MOIHOMIB, IO BH3HadeHa (HOPMY-
1010 (4.57).

[eit onuc poss’sizkis npobiaemu M P, (s) crniBuasae 3 onucom |80, Theorem
1.4] (nuBuch Takox |79, Satz 7.5]).

4.4.2 Ommc pose’siskie npobsemu MP.(s) y dopmi [epessirina-
Jepka4ga

[mmmii onme poss’s3kiB mpobiemu M P, (s) 6yio mpeacrasierno B [55]. Leit omuc
TaKOXK MOKHa, orpumaTu 3 Teopemu 4.15, siKino odparu I OGI0pTOrOHAJBHI CHU-
o o

cremu { fi}i2o Ta {gr}p2o-

3 Bruajenns {s;}¢° € H, suniusae, mo icaye vomep N Takwuii, mo k£ =
v_(Dx) = v_(Dny1) = v—(Dny2) = ..., ge v_(D,) — e KUIbKICTb BiJI'€MHUX

. . L n—1

BJIACHWUX 3HaveHb LankeneBoi Marpuii Dy, = {s;41} i k=0- [Heke n Ha3UBaETHCH
nopmanrvrum, aximo det D, # 0. Hexait ng = 0 Ta ny < ny < ... — e moci-
JIOBHICTD ycix HOpMasbHuX injiexcin {s;}52,. Hexait k; = nj —ny (j € Zy).
Busnauumo nosinomu P, piBHICTIO

_SO S1 ... Snj |
P\ =cidet |1 72 7 T (e, (4.62)
1A . Am

Jie HopMaJIi3yiodi koedilienTn ¢; € BU3BHaUeHUMHU CIiBBIIHOIICHHAMU
K(Pn]<)‘)7 /\kj_lpnj(A» - gj ‘Ejl =1 <] S Z+)
Hauti Busnadumo nosinomu P, (X) npu n # n;

PN = MNP (N) k=1,2,..k;—1 (j€Z).
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Toji marpunst ['pama
G = (Gjr)je=0 G = K(P}, P)
cucremu { P;}22 mpuitvae 6101wy dbopwmy (ausuch [54])
G = diag(GY, W, ),

e GV — e nj_1 X n;_j HeBupopkena Marpung, 1 G; = 1 s 7 > M. 3 |54
BUILIUBAE, 1110 H € 130MOpQHUM IPOCTOPY (12, (G-, ->12) yepes BijoOparkeHHst

VP (jENU{0)).

e {e;}72, — 1e cranjaprHuii 6asuc y mpocropi la.
Hexait w(A) = (Py(A), Pi()),...). 3 ymosu (4.4) suiusae, wo 7(A) € lo.
Hexait

) =PN),  a(N) = (G'a(N)ser),, (k€ Zy).

Cucrema {g; }72, € 6ioproronansuoio 1o { fi}72, Binrocno dopmn K (-, -), Tak aK

K(fj,9:) = (GV f;, Vi,
= (Gej, G_lek)lz

= (ej, €)1, = Oji-

ITponosunia 4.16. Hewati noainomu P, (j € Zy ), wo susnaveni dopmy.na-
Mmu (4.62), ma Qp, € cymigiCHuMU NOATHOMAMU

0n (V) = ﬁnj()\) _ <PTLj()\))\ : tPnj(t)’ 1> .

Hexat
Q”ijk()\) = )‘anj()\) (k = 1, 2, ceey ]{Ij — 1)
Too:

~

Qnyk(A) = Poyi(A) (b =1,2, ..k —1). (4.63)
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HOBEJEHH. st Oyap sxux j € N, k=1,2, ..., k; — 1 orpumaemo

k 1k
ﬁnj—l-k()‘) =K (A Pnj();? — tt Pnj(t)7 1)
Py (\) — Py (1) Nk (464
:A’fK( Y A_t”f‘ ,1) + K (Pnj(t),ﬁ> .

3 (4.64) Bunmsae (4.63), Tak K octamHiil wien gopisaioe 0. O

Takum anroM hopmysa (4.59) cniBnasae 3 pesyasrarom [55, Corollary 3.17]
npu npoMy BrGopi Gioproronansuol cucremnu { fi 172, Ta {gr} i,

4.5 BucHOBKHI 10 po3aiay 4

OcHOBHI pe3ysibTaTi po3Jiay HaBeeHi y pobori [88].

Meros abcTpakTHOT IHTEPHOJSANIHHOT TPOOJIEME 3aCTOCOBAHO JIO MTOBHOI iH-
nediniTHOl mpobjaemMu MomeHTIB. IToOymoBano abcTpaKTHY IHTEPHOJIAIIAHY TpO-
OJ1eMy, MHOXKIHA PO3B’SI3KIB SIKOI CITIBIIAJIA€ 3 MHOYKIHOIO PO3B’sI3KiB iH1e(iHITHOT
npobseMn MoMmeHTIB. [lokazano, 1mo Jijs 1i€l abcTpakTHOI IHTEPIIOJSIIRHOI TPO-
OsieMr BUKOHYETHCsT BiacTuBicTh IlapceBasist. SHaiiieHO BUIIISL PE30JHBEHTHOI
marputi W ().
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5 JormuHa IHTepIoadIliiiHa IIpodjieMa B y3arajb-
HeHuXx KJjacax lllypa

B npoMy posjiisii Mu OyjeMo BUBYATH IHTEPIHOJSAIIHI TPpobJeMr Y BIAKPUTOMY
ojiuHrnaHOMY Kpy3i D.

5.1 V¥YzaraabHena npobJjema Illypa-Takari
5.1.1 VY3zaranbuennii knac Cmipaosa N7 1

Knacom Cwmipnosa NT*? nazupaerbcs MHOXKMHA MaTpUUHO-3HAUHMX (DYHKII{
Burisily h1s, e s € SP* a h — ckajispHa 30BHilIHs QYHKILsA,

[TositocHa KpaTHicTh P X g-MepoMopdHOl MaTpudHo-3HaYHOI DyHKIT F'(2) 3
nosirocamu B D, y Bijosiguocti 3 [1], paxyerbest 3a koedinienramu psijiis Jlopana.
A came, nexaii poskiaj y psj Jlopana Gynkuil F(z) B okoui Touni a € D mae
BUTJISIT

BusHaunMo MOJIIOCHY KpaTHICTH (BYHKINT F' B TOUI (v K

M (F,a) = rank(F_j; ;)F2

1,7=0"

OzuavenHs 5.1. [losrocHa KpaTHICTH MePOMOPPHHOT 6 0duHUMNHOMY KPY3L P X (-
MAMPUNHO-3Ha4H0T hynruli F' dopienioe

Me(F) =)  Mx(F.a).

a€eD

st kBajpaTHol MarpuaHo-3HauHOl GyHKHil F(2) € CTY BusnaummMo wy-
ADOGY KPAMMHICMY CIIBBIIHOTTICHHAM

M(F) = Mo(FY) (det F(z) #0).

Lle o3navenHs He € TPUBIAJBHUM Y BHUIIAQJIKY, AKIIO HYJI MaTPUIHO-3HATHOI

dyuknil F' crniBnajaors 3 11 nojocamu. Hanpukiia), MarpuiHo-3HadHa (PyHKILis

1
F(\) = ( 1/2 (1) > Mae i Hyzb 1 mosoc y Touni 0 ogHodacHo, Taxk ak F(A)™H =

~1/x 1

. . . . qxq
BinmiTumo, 1o cryninb ckindenoro po0yrtky basamke-Iloranosa b € S;)

( Lo ) Y 1poMy BUIAJKY oTpuMaeMo, mo M (F) = M (F) = 1.
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cuisrajiae 3 M (b).

Teopema 5.2. ([28|) Bydv-axa mampuuno-snawna gynkyisa F € HZ(D) wmae
300pastcenta

F(X) = bg(N) Fo(A) = F1(A\)br(N),
de by, by — dobymxu Baswxe-Ilomanosa; Fy, Fy € HI" i ne maromv nyaie 6

D. Ipu yvomy cmyneni dobymuxie Baswxe-Ilomanosa by 1 by cnisnadaromo.

Oznauenus 5.3. (dusuco [24] i [61]) Mepomoppny ¢ D mampuuno-snauny

dynruiro F 6ydemo nazusamu maxoro, U0 HaAEHCUMD 00 Y3a42AAbHEH020 KAA-

Cmi b d 0 di
CYy LMIpHOBAQ +K AKULO 60HA OONYCKRAE 300PAHCEHHA Y 6ULAATT

F=f+r,

. . X .
de [ Pynxuia 3 waacy Cmipnosa NV a r — pavionasvna mampuuno-znauna
Pynryia 3 nosocroro kpammuicmio My (r) = k.

Hacrynne TBepjpkeHHst 1JI0CTpye iHIMA criocid Bu3HaveHHs (PyHKI 3 y3a-

Cwi PXq
I'aJIbHEHOI'O Kﬂacy MIpHOBa +.5

IIpono3wurtiis 5.4. ([61, Proposition 2.2]) Hexati F' ue — p X g-mampuruno-3nayna

byrxuii, wo ¢ mepomopproro ¢ D. Todi meepdoicenns € exsi8aNCHMHUMU:
(i) F e NT!;
(11) F' mae 63aemmno npocmy aiey darmopusanio
F(z) = by(2) " Fy(2), (5.1)
de by € anXp, Fy, e foq; Mg(bg) =K1

ker by(z)" Nker Fy(2)" = {0} (z € D);

(ii1) F' mae 63aemmno npocmy npasy Paxmopusaito

de b, € ST F.e N1 Mc(b,) = k i

m

ker F,.(z) Nkerb.(2) = {0} (2 € D).

Bigmitumo, 1o 3 [Iponosunii (5.4) Bunuimsae, mo ysaraiabaenuii kiaac Llypa

. . X
SP*4 micruTbes B kaach N7
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5.1.2 ¥Y3zaraapHeHa Teopema Pymnre

Hexait F'i G rosjomopdHi B 3aMKHEHOMY OtmHEIHOMY Kpy3i D dbyHKIil, Taki 1o
|F(N)| > |G(N\)], st yeix A € T. Bigoma teopema Pyiie [34] creppkye, 1o
dbynkmiit F'1 F' 4+ G maorh 0JHaKOBY KLJIbKICTh HyJ1iB B .

B [81] 6ymo orpumano Take ysarajibHeHHs Teopemu Pyiie

Teopema 5.5. (Kpeitu-Jlanrep) Hexati F,G € NJ", det(F(\) + G(A\)) #Z 0
(6 D) il||GN) - FO)Y| <1 (m6. na T). Axwo F mae enympiwnid diavnus
cmynento kKp (< 00), mo F+ G mae snympiwnit diavhuk cmynento Kpig < Kp.
Sxuwo do moeo oic F(F + G) Yr € LP*"(T), modi krig = Kr.

Hosenennst Teopemn 5.5 B [81] mae mpobin, sxuii Gyno ycyneno B [61,
Theorem B1|. Tume ysaraiunuennst Teopemu Pytiie na marpuuno-snauni (yHKILI,
1o € mepomopdaumu B8 D orpumano B [12].

nXn

Osnauenns 5.6. Hevad F' € N7"(D) mac risy daxmopusauio (5.1). Todi
YUCAO

M(F) =M (F) — &

HA3UBAEMBCA CYMAPHON KPAMHICTIIO MEPOMOPPHHOT MAMPUUYHO-3HAWHOT PYHKULT

F(X) sionocno obaacmi D.

Jlema 5.7. /lra dosiavnux mepomopdprur mampuuro-anaunus Gynkuit A 1 B 3

N nxn - nXn N N N
waacic NPT 1 NI 610N061010, BUKOHYEMDCA BIOHOULEHHS

M(A-B) = M(A) + M(B). (5.2)
JOBENEHHS. dkmo n =1, o A1 B — cransapui dbyHKIl, 1 TBep/kenns (5.2)

oueBnano. iiicro, npu po0yTKy dyuknii A i B BiANOBiAHI MOPSiIKK HYJIIB 1
MOJTIOCIB JIOJAI0ThCsA. SKio n > 1, 1o gk BuminBae 3 [12]

M(A) = M(det(4)), M(B) = M(det(B)). (5.3)

[Tepexosiuum, 10 ckagspanx QyHKIIH Mu orpuMaemo 3 dopmyd (5.3) dopmyiry
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Teopema 5.8. Hewatii F' € NP (D), G € NEUI(D). Axwo det(F(N)+G(N)) #
0(6D)i||GNEFN <1 (M 6 naT), mo

M(F 4+ G) < M(F). (5.4)
Sxuwo do moeo oic F(F + G)7Yr € LY*"(T), mo
M(F + G) = M(F). (5.5)

JHOBEJAEHHS. 3 Ilponosumii 5.4 BumiuBae, mo dyakmil F' 1 G MoxkHa mIpeicra-
BUTU y BUTJISJI]

F = b_lFl, G = Gld_l,

jge bid— nobyrkn Busimike-Iloranosa crynenis k i k1, Bignosinno; Fy, Gp €
N Toni
F+G=0bYFd+bG)d .

3 Jlemu 5.7 BumiuBae, Io:

M(F+G) = MO + M(Fid + bGy) + M(d™H)

5.6
= —k1 + M(Fid+bGy) — k. (5.6)

Hauii 3acrocyemo Teopemy 5.5 jgo dynknil Fid + bG. Ilepesipumo, 1110 BUKOHY-
I0ThCA yci yMoBU Teopemu 9.5:
[Mo-nepme Fid, bGy € N7 rak sax Fy,Gy € N7 ib,d € HIX™.

Haumi jyist Beix A € T BUKOHY€ETHCSI HEPIBHICTH

[BOG(N) - (FL()d(N) Y < 1.

Hiitcho,

[IBOVGI() - (F1(NAN) | = NG (N A )]
=BG F (V]
= |GV F ()b
=[IGNF V] <1 (na T)

ITpu npomy Bukonyerses pisnicts |[B(A)G(A)FH )| = |G FE(A)b(ON)|],
ska € crupapeusoio Ha T, Tak stk b(\) e yuirapuoio na rpanuni T. 3Bijcu Bum-
JINBAE, 110

B)GL(N) - (F(AAN) ] < 1
na T.
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[Tokazkemo, 1o det(b(A)G1(A) + Fi(N)d(X)) # 0. [Hiiicno, jst yeix A € D

OTPUMAEMO
det (BN G1(A) + F1(A)d(N)) = det(b~1(N))
et (b(A)G1(A) + FL(A)d(N)) - det (d1 (X))
= det (b7 () (BNGI(A) + Fi(N)dN)d (V)
= det(F(A\) + G(\)) £ 0.

Otxe MU MOXKeMo 3acTocyBaTu Teopemy 5.90.
M(Fyd +bGy) < M(Fyd). (5.7)
3 Jlemu 5.7 BumninBae, 1o
M(Fyd) = M(Fy) + M(d) = Mc(F)) + k1. (5.8)
[Tigcrasumo (5.8) B (5.6):

M(F+G) < —k+ M(F1)+ k1 — k1
= —K+ MC(F1> = M(F)

Takum unroM HepiBHicTb (5.4) joBejieHA.

Basmsioch nepesipuT npunanexunicrs Fid(Fid + bGy)™t € LP(T).
MiicHo, 3a yMOBOIO

F(F+G)™' e 1""(T).
Tomy
FIF+G) ' =b 'R 'R +Gd™?
— b R (b (Fid 4 bGy)d ) T e LT,

[Mosnaunmo B = b~ Fid(Fid + bGy)™tb € LP™™(T). Tak ax £ < 00, TO
bBb~! ¢ Busnauenoo M.B. Ha T, a Tak Ak b € ymitapuoo Ha T, TO MaTpUIHO-
snauna gyukiis bBb~! nanexurs LP"(T), ane bBb™! = Fyd(Fid + bGy) L.

BacrocoBytoun Teopemy 5.5 mo dyukmii Fd + bG1, aHAJOIIIHO TOBOIIMO

pisnicts (5.5) npu sukonanni ymosn F(F +G)~1 € LT""(T). Teopema jnosejiena.
U

Hacainok 5.9. Hexalit F € N3, G € N Sxwo [|GNFA) 7 <p <1
na T, mo M(F + G) = M(F).

JIOBEAEHHS. [ns jmoBefieHns nocTaTHLo ToKazatd, mo F(F + G)7llp €



97

L™™(T). Hiiicto,

[FO)(FO) + G =1FO) - FO) (1 + F)'G) 7|
= |7 (1+FO)'a\) |

<(1-p)'<oo(nmaT).
Mu Bukopucramu cuissinontenss, mwo |[|GAN)EF (A7 = [[F(N)IG(N)]|. O

[le TBepyKeHHST € OUIBIN 3araJbHUM HIXK pe3y/abrar orpuManuii y [12], 60
MU HE HaKJIaJaJd YMOBY HOPMaJbHOCTI MaTpudHO-3HadHnX (hyHKINiH F 1 G Ta ix
HETIEPEPBHICTH ax JI0 KOHTYpy. B Toii ke uac BijmiTuMO, 1m0 B [12] iteThes mpo
orlepaToOpHO-3HAYHI (DYHKIIIT.

5.1.3 TIIpob6uema GSTP,(K,b)

CopmysiroeMo IHTEPHOIATIHY ITPo0JIeMy, Ky IIOCTaBUIM Ta po3B’sa3au B. [lep-
kad i I Tuwm B [61].

Y3aazaavrena npobaema Illypa-Tarazi GSTP,(K,b). Maemo BuyTpil-
1o MaTpuuno-3Hauny gyuknio b € ST dbynxiio K € HPX? 1 uine uncio k > 0.
3uaiitu yci marpudno-3naqni ¢ysknii s € SE*Y raki, mo

(s—K)b' e NP3L. (5.9)

Busnaunmo H.,(b), ax mogeabnuit npocrip H,(b) = Hs- © b*Hy-, i 11
OpTOTOHAILHIE TPoeKTOp B Lo na mpoctip Hy Bifmosignoi posmipHocti

Busnaunmo oneparopu I' 1 H,(b) — (H5)L i P : Ha(b) — H.(b), siki gitors
3a MIPABUIIOM

AK

-

Tf=TLKf (feH.(b)), (5.10)
P=1-TT (f€H.0). (5.11)

Teopema 5.10. ([61]) Jlas mozo wob npobrema GST Py(K,b) manra pose’asku
HeobT10HOo 1 docmammubo, w00
v_(P) <=,

de onepamop P susnawaemoca pienicmio (5.11).

Buznaunmo onepatop

I L (gP)L
F— [[H*(b)] L HL(b) — (HD): @ H.(b)
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Hexaii
F(z) = E(2)F (z € i), (5.12)

ne E(z) — oneparop esamoanii F(z) : f — f(z) € CP™ 5 rouni 2z € s, ¢ € Hy .
Busnaunmo marpuuno-saadny ¢yukiio W (z) piBhicrio

w11 Wi2

W(z) = [um o

] — T — (1= 20F(:)P'F()'py (5,C € bpnT). (5.13)

Ak nokazano B [61] marpuuno-3HauHa QyHKIis [wgl wgg} JIOIIYCKAE B3aE€MHO
pOCTy (haKTOPHU3AIIIIO

[war waa] =b7" [po1 o] , (5.14)

TOOTO

ker b(z)* Nker [p1(2) wgg(z)r = {0}.

Teopema 5.11. (/61]) Hexaii onepamop P, wo eusnavwenui gopmynroro (5.11),
mae obopomuud, i v—(P) = k. Hexat mampuuno-snauna gynxuis W(X) susna-
wena gopmyaoto (5.13). Todi dpoboso-riniiine nepemeopena

S = Tw[é?] = (wus + wlg)(IUQlé? —+ 'lUQQ)_l (515)

BCMAHOBANE B3AEMHO 00HOZHAYHY BI0N0BIOHICIND MINC MHONHCUHONW PO36 A3KIE
npobaemu GSTP.(K,b) i muoscunoro dynwuit € € SP* maxuzx, wo daxmopu-
3aULA

wa1(2)e(2) + waa(z) = b(2) " (a1(2)e(2) + paa(2)) (5.16)

e 63aemmno npocmoro na D, de 21(2) i wea(z) susnauaromvea pisnicmio (5.14).

5.2 JlomomikHa AOTHUYHA IHTEPIIOJMIIiiiHA IIpobJeMa

PosryisineMo HaCTYIHY JIOTOMIXKHY 1HTEPIOJIATIIHHY TPOOIEMY.

ITpobaema GTIP(0,p1,p2) (V3araabrena jgoTnaHa IHTEPHOJAIIHA 1PO-
6sema). Maemo Marpuuno-sHauni dbyuknii € S ¢ € HLP, oo € HL.
Omnucaru yci marpuani GyHKIl € € SP*"| 1151 IKUX BUKOHYETHCST YMOBa,

0~ (p1e + @) € HL . (5.17)

Y Bunajxy, konu ¢ = p i @1 = I, npodrema GTIP(0,1,,¢2) cuiBnaae 3
JOTUIHOIO 1HTEpoJIANiiiHo0 1pobsemoro, 1o Oyna postushyTta B (2], [73], [27].
Jauti 6ye HaBejieHo pisni Merou onucy po3s’askis npoduaemu GTIP(0, o1, ¢s).
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5.2.1 AoOcrpakTHaA iHTEpHOJIAIiiiHa mpobJieMma, 10 acolfiiioBaHa 3 J10-
IIOMi>KHOI0 iHTEpHOJIAIiiiHO0 mpobsemoro GT 1P (0, ¢1, p2)

Cdopmymioemo inrepnonsniiiny npobiaemy GTIP(0,p1, p2), gk abcTpakTHy iH-
TEePIOJIAIIHY TPodIeMy, JJIsi IHOT0 PO3IVISTHEMO JIEKLIbKa JIOMOMIXKHUX TBEP-
JIDKEHD.

Hexait o1 € HLYP, py € HL. ITnst suyrpimnboi dyuknii 6 € ST seejemo
JIBa MOJICJIbHUX IIPOCTOPH

H(9) = HY S 0HY, H.(6) = (H)" &0 (H)".

Beejemo oneparopu Ny : HY — H(0) i . Hy — H(0), ki giors 3a
NPABUIIOM
N f = Uygyprf, Nag = ~Tlyeypeg (f € Hy, g € Hy). (5.18)

Toui oneparopu Ny : H(0) — HY 1 Ny : H(0) — HY pitorsb 3a npaBujiom

Nif =Tiprf, Nof =—Ilhgyf (f € H(O)). (5.19)

[Tozraunmo

Pf = (NiNy — NaNy)f, (5.20)
st f € H(O).

Breuemo y npocropi H(0) ckansiphuii 100yToK 3a GOpMYJI0I0

(f, Dmey = (NNT = NoN3) f, g), = (PF, g)at (5:21)

Posruisinemo oneparopu My : H(0) — CP i My : H(0) — C", sxi gitors 3a
IPABUJIOM

My f = (N f)(0), Maf = (Naf)(0) (f € H(0)). (5.22)

Hexait oneparop T — ue oneparop 3cyBy B npocropi Hj. Hexait oneparop
Ty : H(0) — H(#) — € 3pisanum orneparopom 3cyBy B mpoctopi H(6)

Ty = Upo)T'T 140)
To/1i onepaTop T} € omepaTopom 3BOPOTHOTO 3¢yBy B mpocTopi H(6).
Jlema 5.12. Hacmynni momostcrocmi € 8ipHuUMU

NIT; =T*N;  (j=1,2), (5.23)
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de onepamop T ¢ onepamopom 3cyey 6 npocmopi HY abo Hj, sidnosidno, npu
j=12.

HOBEJAEHHS. Hexait f,g € H(#). Toxi 3a oznauenusm oneparopa N

<N]>'kT0*f7 > <H+90]T0f7 >

< *Tef g>st

= (i (N F(A), Ag(A)) st
= {

)
L5 (M) F(A); Ag(A))st = (T"NJf, g)st-
Orxe, pificno, Ny Ty =T*N7 npu j =1,2. O
Hacainok 5.13. 3 pisnocmet (5.23) makoorc caidyromo momostcnocmi
TyN; = N;T (j=1,2). (5.24)

Jlema 5.14. Onepamop P, wo susnauenutd pienicmio (5.20), i onepamopu My,
My, axi 3adaromuca pienocmamu (5.22) 3adosoavuaioms pienannio Jlanynosa

P —TyPT; = MM, — M M. (5.25)

JOBEOEHHA. [iiicHo juist Oyub-sikux f, g € H(0), BAKOPUCTOBYEMO O3HAUEHHS
npocropy H i 3acrocoByioun Totokuocti (5.23) i (5.24), orpumaemo Takuii sam-
IIOT [IePETBOPEHb

(Pf. 9) — (ToPTY [, 9)
= (NN} = NoNy ) f, g) g = ((NiNY — No Ny )T f, Ty 9)
(NINT = NoN3) f, g)q — ((NU(TT*)NT = No(TT*)N;) £, 9)
(N1 (I —TT*)N{ — No(I — TT*)N;‘)f, 9>5t
(M My — M3 M) f, g>st

{
<
Orxke, P 3am0Bosbisie piasnmio Jlsmynosa (5.25). O

IIpono3wutist 5.15. Pignanua Jlanynosa (5.25) mae edunut po3s’asok.

HOBEAEHHS. Hexait pisugnns Jlsnynosa (5.25) mae poss’askn Py i Py. Hexait
P:P1—P2. TO,[[i _ _
P =T,PTy. (5.26)

ITincraBumo (5.26) camo B cebe OTPUMAEMO, 110

P=TyP(T;)" (Vn€N). (5.27)
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3 [25, cp. 66] urimsae, mo (1y)" 501 ||Ty]| < 1. Toai (5.27) osnadae, 1o
P =0, tooto P, = P,. O

3 piBusnusa Jlamynosa (5.25) BumauBae, 1o npu ymosi P > 0 omepatopu
(H(0),CP,C", I, Ty, My, My, P) 3agoBosbhsiors cuissignomentio (1.18). Orxe,
MU MOXKEeMO COpMYJIIOBaTH aOCTPAKTHY IHTEPHOJIAIIAHY IpodJemMy, 1110 BiJiIIOBi-
nae GTIP(0, 1, p9).

IIpobaema AIP'(0,01,2). Maemo marpuuni gynkuii 6 € S ¢ €
HLP oy € HIX". Hexait T* — ne oneparop 380poTHOro 3cyBy B npocropi H(6),
onieparopu My, My Busnatdeni pisaicrio (5.22), oneparop P 3amaerbest hopmyiow
(5.20). Omucaru Bei dynkiil € € SP*", st sikux icHye JiHifine BijoOpaKeHHst
F :H(0) — B(e), mo 3a/10BOJIbHSE TaKi yMOBH:

(Cl) Ff=t-FT*f — [g’ ;] [_j\%}f] ,mpu f € H(0) s m.. t € T;

(C2) IF I, < (PF, fhos iow f € H(6).

Baysaxkenust 5.16. IIpooaema AIP' (0, @1, p2) mae pose’szor modi i avwe mo-
di, Koau onepamop P, wo eusnavaemoca gopmyaoro (5.20), € nesid emmum one-
pamopom 6 npocmopi H(0). Hdanri 6ydemo ssascamu, wo P > 0.

5.2.2 ExksiBajgentHictr GTIP 1 AIP’

Teopema 5.17. Hexati onepamopu Ny, Ny eusnauaromoca dopmysamu (5.18).
Sxwo pynruia e € SP*" e poss’askom npobaemu AIP'(0, p1,¢2), modi eidobpa-
orcenna F o H(0) — B(e), wo sidnosidae gpynxuii €, ¢ edunum, i 3adaemuvea
hopmy.noro

e[t

-, —N;f] (Vf e H()). (5.28)
JTOBEJIEHHS. Hexaii

2 )]

Posruisinemo anasituane npogosxkenns F f(-) 8 D. 3 crnissignomennst (C'1) Bun-
JIMBAE, 110

(F f)(2) = 2(F Ty )(2) = Mof —e(z)Maf (2 € D). (5.29)
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MMigcrasumo B (5.29) f = (I —(Ty) 'g, ne g € H(A) i ¢ € D, orpumaemo
Fo(l = CI3) g — 2P, T3( — CT3) g = (My — 2(:)My)(I — CT7) g, (5.30)
[TicTraBuMO CITIBBITHOIIIEHHST

Ti(1—CT5) " == (—1+ (I = CT5) ), (5.31)

N =

y dopmyay (5.30), orpumaemo
Fi(I—CTy) g - §F+(—f + (I —=CT3) ™ )g = (My — e(2) M) (I — CT;) g,

TToMHOMKUMO 0BMIB YacTuiu Ha ¢ OTPUMAEMO, 11O
C(Fag)(2) + (¢ — 2) (Fu(I = CT*) ) (2) = C((My - e(=)Mo)(I — CT) 'g) ()
TTiICTABIMO y TIOTIEPe/IHIO PIBHICTH ( = 2 OTPHMAEMO, IO

(Frg)(2) = (M) — e()Mo)(I — T3)'g) (2). (5.32)

Bukopucrosytoun Busnatenns (5.22) omeparopa M i crissignoments (5.23) or-
PUMAEMO, 110

M(I —2T}) g = EgN{ (I — 217) g
= Ey(I — 2T")"'Nig = (Ng)(2).

Amnasoriamo, MaeMo, 1o
My(I = 2Ty) " g = (N39)(2).
[TizcraBumo i piBHOCTI B criBBigHOMEHHS (5.32), OTPUMAEMO, 110
(Fr9)(2) = (N7g)(2) — £(2)(N29)(2).

Anagoriuno gosogurhest, mo (F_g)(z) = e(2)*(N{g)(z) — (N5g)(z).
Hiiicho, 3 cuiBBignomenns (C'1) Burnsmsae, 1o

(F-f)(2) = 2(F-Ty f)(2) = e M1 f(2) = Maf(2).
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Migcrasumo f:= (I —(Ty) g, ne g € H(0) i ¢ € D, orpumaemo
F (I =(Ty) g —2F-T;(I = CTy) g = " Mi(I = CT) " 'g — Ma(I = CT3) ™'y,
Hauni 3 criBsigrormensst (5.31) orpuMaemo, 1o

F_(I-CTy) g~ gF—(IJr (1=¢Ty) g = e"Mi(I —(Ty) g — Ma(I—CT) g,

3BIJIKU, TTIOMHOYKHUBIITK Ha ( OTPUMAEMO, 1110
2Fg+ (C—2)F-(I = CTy) g = " Mi(I — CTy) " 'g — CMa(1 — CT3) g

IlincraBumo ¢ = z i BuKopucrtaemo BxkKe josejieri dopmynn g Ni, Ny Oynemo

MaTH, II10
(F_g)(2) = " Mi(I — 2T3) g — Ma(I — 2T5) g

= &' (2)(N1g)(2) = (N29)(2).
(]

Teopema  5.18. Mnoowcunu  pose’asxic  npobaem  GTIP(0,p1,02) i
AIP' (0, p1,02) cnienadaroms.

JIOBEJIEHHsI. Kpok 1. Hexaii Marpuuno-sHauHa (DYHKISA € HAJIEXKUTD JI0 KJIacy
F
ﬂ , sike 3aj1aH0 (opmysown (5.28).

F_
Bigmitumo, mo Fy f wanexuts no knacy HY npu 6ynb-saxomy f € H(6).

SP*". Posriisnemo Bijgobparkenns F' = [

HiiicHo, 3 criBBigHomenns (5.19) BunmuBae, o
Fyof =TLpif +ellypsf € Hy.

3apas posrisHeMo yMoBHu Ipunanexunocti F_ f mpocropy (Hy)*. 3 crissiz-
worienb (5.19) BurmBae, 1o

FLf =ellipif + Hhps f. (f € H(B)) (5.33)
[punanexmnicrs dbynxmii £ f mpoctopy (H5)t osnauae, mo
L FLf =T (e Tt + Tga) f = 0. (f € H(P))
[Teperuinemo 11l piBHOCTI y CHIPsi>KEHHOMY BUIJIsII1

0 (P16 + p2)g = 0. (g € HY) (5.34)
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Cuissignomennst (5.34) oznavae, 1o (1€ + p2)g € OHy, mo Bianosigae ymo-
Bl (5.17) npobaemu GTIP(0, 1, p9).

Kpox 2. Hexait ynknis ¢ € SP*" — 1ne poss’sizok mnpobjemu
GTIP(0, 1, p2). 3 dopmynu (5.28) Bumiusag, mo Bijgobpaxkenns F' 3a10B0/bHsIE
ymoBi (C'1) npobsiemu AIP'(0, p1,p2). Takoxk 3 gosegenoro na Kpori 1 Burim-
Bag, 10 Bijgobpaxenns F jie y npocropi HY @ (H5)*.

st roro, o6 ¢yukiis € Gyia poss’siskom npobuemu AIP' (0, o1, ¢9) 3a-
JIMIINJIOCH JIOBECTH, 10 BUKOHYIOThCA yMmopa (C2). [lilicno, npu Oyjib-gaKoMy
f € H(#) Bukonano criBBiiHOIIECHHS

I Ny Ny
(Ff; Ff)B(E) = /]I:< [52 Ii] |:_]\1/v2;ff] ) |:_]\1/v2;ff] >(C(p+r)><(;v+r)d7'
= (N{f = eNo fs Ni f) gy + (€ NT = Nof, =No f) - (5:39)

Tak sik € € SP*" — ne poss’sisok GTIP(0, 1, p2), 10 3 piBHocTi (5.34) BuiIm-
Bae, 10 JAPYIHil JOJAHOK y mpasiil yactuni pisaocti (5.35) mopisutoe mysto. Tosi
piBaicTb (5.35) MOXKHA TIEpernucaT y BULJIsH

(S Ff)pe) = (NI fNTf) g — (ENo fL NT )y
- <N1N1*f7f>st - <N2*f75*N1f>st'

3HOBY BHUKODHCTOBYIOUHN CHiBBiHOIICHHSIM (5.34) Jist Ipyroro JIOfaHKy, OTpH-
Ma€eMo, 10

(FfaFf)B(g) = <N1N1*f7f>st_ <N2N2*f7f>5t: <Pf7f>st'

Takum annom, ymoBy (C2) moejeHo.

Kpox 3. Hexait dyukiist € — e poss’sizok AIP'(0,¢1,p2). Toui 3a Teope-
Fy
F
B(e). Orxe dynkuis F_ gie B upocrip (HS)™, mo e expisaienrnum (jusuch Kpok
1) ymosi (5.17) npobsemu GT1P(6, p1,p2) O

Moo 5.17 Bigobpaxkenust F = [ ] , sike 3ajane dhopmysoio (5.28) ie B mpocTip

3ayBaxkeHHd 5.19. Bidmimumo, wo no xrody dosedenns Teopemu 5.18 mu no-
Ka3aAu, wWo OAA GOCMPAKMHOL THMEPNOAAYITHOT npobaemu, Aka nobydosana 3a
darnumu donomioicnoi inmepnoaauitinoi domuunoi npobaemu GTIP(0, @1, v2) 6u-
Konyemovca pienwicmos Ilapcesanio
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de P — onepamop Ilixa, wo susnavenud pienicmio (5.20).
5.2.3 Po3B’930K JIONIOMIi>KHOI JOTHUYHOI iHTEPIIOJIAITHOI nmpobjiemu.
MeTos yHiBEpCaJIbHOTO PO3IMUPEHHH

[TousaTTS yHIBEPCATHLHOTO PO3IIUPEHHS I30METPUIHOTO onepaTopa OyJio BBEJIEHO B
pobori [3] (muBnck Takox [14]). Mero yHiBepcasbHOTO po3iupeHHsi 0yJi0 3acTo-
COBAHO JIJIsl OIIUCY PO3B’SI3KIB aOCTPAKTHOI IHTEpIOJIsANiitHOl mpobsemu. Ha npomy
MeTojll 3acHoBaHUil Takuii onuc poss’asky npobaemu AIP(0, o1, @s).
Posristremo oneparop V' : H(0) & C" — H(0) & CP, axwuii gie 3a npasuiom

f ] [Té‘f ]
V. e H(O)). 5.37
BRI R C) (537
IIponosumisa 5.20. 3 pisnanua Janynosa (5.25) eunausae, wo onepamop V,

axutl eusnavenuts gopmyaoto (5.37), € isomempuunum onepamopom.

[Tosnauumo pedekrhi mnijgpocropu oneparopa V sk
Ny, = (H(@) & CT) ©dy, Na, = (H(@) &) Cp) o Ay.

Hucna dy = dim Ny, 1 d2 = dim N, Ha3uBaOTHCA PAHZAMU HEBUSHAYEHOCTI
nupobsevun AP (0, p1, p9).

ITpono3uria 5.21. Jepexmmi nionpocmopi das onepamopa V- maromo euzand

Ndv = { [Z] € H(Q) D C": Pg — HH(@)SDQUJ = 0} y (538)
NAV = { [z] € H(Q) D CP . Tgpg + HH(Q)QDfU, = O} . (539)

JIOBEJIEHHSI. BekTop [‘ﬂ HaJEeXKUTh JedeKTHoMy mignpocTopy Ny, , SKIIO BU-

KOHYETLCA YMOBa

(Pg, [)g+ (u, Maf)er =0 (Vf € H(D)). (5.40)

Bukopucraemo o3HaudenusaM oreparopiB Ms 1 No, Jijist IbOro OyJIeMO OTOTOXKHIO-
BaTU KOHCTAHTY % 3 1ocTiiHolo (yHkiieo. [lepenuiiemo JiiBy 4dacTtuHy piBHO-
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cri (5.40) y Buruisid

(Pg, f) g+ (u, Maf)er = (Pg, [y + (u, (N5 £)(0))
= (Pg, [) g + (u, —(05£)(0)) o = (Pg, [y — (u, T 05 f)
= (Pg — Iy pau, ), =0

Takum qwnOM, piBHiCTH (5.38) MoBemeHe. AHAJONIYHO, JOBOJUTHLCS DiB-

nicrs (5.39). HiiicHo, BekTOp z HaJIexKuTh JedektaoMy mignpocropy Na,,, gK-

10 BUKOHYETHCA YMOBA

<P97T9*f>st + (u7 le)Cp =0 (Vf € H(Q))

HaJii Bukopucraemo o3nadentsim orieparopis My i Ny, orpumaemo

(TyPg, f)y + (u, My f)er = (TyPg, )y + (u, (NY £)(0))
= (TyPg, )y + (u, (L7 £)(0) oy = (ToPyg, [y + (w, T 07 f)
= (TyPg + Iy p1u, ), =0

d

Hacaigok 5.22. fdxwo onepamop P, wo eusnavwenud piswicmio (5.20), mae
obeprenut, mo nepwutd pane wesusnavwenocmi dy npobaemu AIP(0, o1, p9) €
MAKCUMAALHUM, TOOMO

d1 = dimNdV =T

Hiiicno, akmmo oneparop P Mmae obepuennit, To jedekTHnit mianpoctip Ny,
MOXKHA, TIEPEITUCATH Y BUIJISII

Na, = { [ﬂ ceHO)®C: g= P_lnH(e)SOQU} :

Hacaigok 5.23. Hxwo onepamop P mae obepnenud, i do moeo oc  6(0)
e obopommoro mampuuero, mo dpyeutll pane Hesusnavenocmi do  nPobAEMU
AIP' (0, p1,02) makosc e marcumarvrum, mobmo

dy =dim Np, =p

Hiiicro, sximo #(0) € 060poTHOIO MaTpHIe, TO onepaTop 3cyBy Ty € obep-
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nenum. Orxke jiedpexrauii nijnpocrip Na, MOXKHA HEperucaT y BUIJIs Il

Na, = { H cHO) & CP: g= —PlTelﬂme)%@lu} -

Hexaii £ 1 L5 — komii nedpexrrux npocropis Ny, 1 Na, , BiamosiiHo. Beeremo
orepaTop

A:HO)DC Ly =dy ® Ny, Ly — H(O) DCPd Ly = Ay & Na, @ Ly,

SIKA € YHITADHUM POSIIUPEHHSIM 130MEeTPUIHOTO omnepaTopa V', 10 BU3HAUEHMI
dopmyo

Ard :Va A[N

% dy

:ZdeV—>£1 A[)CQ:ZdEQ—)NAV,

Jie td mo3Hava€e BiJOOParXKEHHST TOTOKHOCTI.
Hexait S : C" ® Ly — CP @ L, — ne omepaTop pO3CIIOBAHHS YHITAPHOIO
oneparopa A, mo € Busnadenum Qopmysioro (jgusuch [75])

S(Z) = H(Cp@[:l (] - ZAHH(G))ilA[\(Cr@‘CQ. (541)

Hactynuuii onuc po3s’si3KiB abCTpaKTHOI IHTEPHOJISIIAHOI podiemu OyJio
nasejsieHo B [73] (nauBuch Takox [14]).

Teopema 5.24. ([73]) Hexad P > 0, de onepamop P ¢ eusnauenum pic-
nicmio (5.20), nevat Ly, Lo ¢ depexmuumu nidnpocmopamu isomempii V
wo nobydosana 3a gopmyaoro (5.37), nexat S € onepamop posciO6anHA, U0
susnavwenut 3a gopmyaoro (5.41). Todi mmoosicuna 6ciz poss’askic npobaemu
AIP' (0, p1,2) napamempusyemoca crmuckawumu MampusHo-3HasHumMu @yHk-
wismu w € S[Ly, Lo]. A came, dasn 6ydo-axoi mampuuno-snaunoi Gynkuii w €
S|[L1, L] pose’asox AIP'(0,p1,2) eusnavacmves 3a $opmyaoto

£ = HCP(I(CP@El - Sfﬁzwﬂgl)_ISf@. (542)
3ayBaxkeHHd 5.25. Bukxopucmosyouu 640une 300pascenhs di8 ONepamopa pos-
g — S0 S2| . Cr R Cp
a S1 S . £2 £1 ’

dopmyay (5.42) moorcna nepenucamu y euzaadi

ciosanmna S

€ =8y + 52(I£2 — ws)_lwsl. (w c S[/:l, ,CQ]) (543)
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Ak nokazano B [32, Teopema 1| 3 pisnocti [Tapcesasio (5.36) Buruinbae

IIpono3uriis 5.26. (/32/) Ba ymos Teopemu (5.24):
(1) sukonylombCa MaKi eK6IANCHIMHI MEEPINHCEHHA

rank(Icrge, —SS*) = rank(l, — sosy) —dim Na,  (m.6. na T), (5.44)

rank(Icrar, —S°S) = rank(l, — sgsp) — dim Ny, (m.6. na T); (5.45)

(ii) das 6ydv-arozo napamempa w € S[Ly, Ls], wo 6idnosidac po3s’asky €
npobaemu AIP' (0, p1,¢2), mae micye cnissionowers

rank(Icrae, —SS™) = rank(Iey — ec™) — rang(ler — ww™), (5.46)

rank(Icrgr, — S*S) = rank(Ier — e*e) — rang(Igr — w'w). (5.47)

IIponosuwisa 5.27. Hexatd onepamop P, wo susnavenutd pisnicmio (5.20), 3a-
dosoavnac ymost P >0, 1 nexai

0ep(P), det(6(0)) # 0. (5.48)
Todi onepamop poscitosanua S € 6HYMPIUHBOI GYHKUIEND, MOOMO

Iy, —SS" =1, —5S=0 (ms6 naT). (5.49)

JOBEJEHHSA. 3 Hacaiaky 5.22 BUILIUBAE, 10 paHI HEBU3HAYEHOCTI dq IpodJieMu
AIP' (0,91, p2) € makcumasbanmu, 10610 dim Ng, = 7. Toxi 31 criBBigHOIIEH-
st (5.45) orpuMyemo, 110

rank(/, — spsg) > dim Ny, =7 (m.B. na T).

[Is1 HepiBHiCTH € MOXKJIMBOIO Jjiniie 3a ymosu rank(l, — s§sg) = r. Toi 31 cuiBsiji-
worenns (5.45), orpumyemo, 1o rank(Ieree, — S*S) = 0.

Anasioriuno jrosojurbest, o rank(Iepge, — SS*) = 0. Hidicno, 3 Hacuij-
Ky 5.23 BUILIMBAE, 10 paHr HepusHaueHocTi dy npobaemu AIP (0, o1, ¢2) € Mak-
cumasbuMu, 10010 dim N, = p. 3i cuisignorenns (5.44) orpumyemo, 1110

rank(Icrge, — SS*) = rank(l, — sosy) —dim Na, =0 (m.B. na T).

[oemmyroun pesyabrartu (5.46), (5.47) i (5.49), mpu Bukonamui ymoB (5.48) Mu
oTpuMaeMo KJacnuHy rteopemy Hepansinuu-Ajgamsina-Aposa-Kpeitna jis npo-

onemu GTIP(0,¢1,p2) (musucs [1]).
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Teopema 5.28. Hexatii onepamop P > 0 ¢ 3adanum pienicmio (5.20), i euko-
nyromoca ymosu (5.48). Todi pose’asor £ npobaemu AIP' (0,01, p92) € euym-
PIwmb010 (*-8HYMPIwHb010 ) MAMPUUHO-31a1Ho10 GYnKYie0 Mmodi i miavku modi,
Koau 6idnosionut napamemp w € S[Ly, Lo] 6 dopmyai (5.43) makooc € enym-
piwmvoro (*-enympiwmnvoro) gynruyicro.

5.2.4 Po3B’930K JIOTIOMi>KHOI JOTHUYHOlI iHTEPIIOJIAIiiTHOI npobjiemu.
MeTo pe30JIbBEHTHOI MaTPUITi

3a JiesKuX JIOJIATKOBUX yMOB Ha JaHi mpobiaemu GTIP(0, o1, ¢2) dopmyia (5.43)
MOXKe OyTH 3aMiHeHa, JIpOOOBO-JIIHIHHUM TIEPETBOPEHHSIM, sIKE MTOPOJIXKEHO JIeSTKOIO
MaTpPUIHO-3HAUHOIO (pyHKII€0. B Bunaaky morudHol i 6110THIHOT 1IHTePIOJIAIIH-
HOI TIpobJIeME TakKe HepeTBOPeHHsi BUKOPUCTOBYBaJiocsi B poborax [27], [2], a B
cKaJIsIpHOMY BUTIQJIKY (p = ¢ = 1) mie pamime B [1].

Bapas mu nocuiaumo ymoBy (5.48) Ha oneparop P > 0, i mpumycrumo y
MO/TATTBIITIOMY, IO

0€p(P), 1€ hy. (5.50)

[Tepiia 3 ymos (5.50) osnauae, mo npocrip H(#) 31 ckaisipHum JJOOYTKOM, 1110
BusHadeHuit popmyson (5.21), € npocropom ['inbbepra. [Ipyra ymosa o3nauae,
1o Jist oneparopa V', sikuit Busnadenuit popmysioro (5.37), rouka 2z = 1 € T09YKO0O
PeryJsipHOrO THILY, 1 BAKOHYETHCs PIBHICTH

ran (1 — HyV) + [(gq] = [H(C(f >] :

sIKa B CBOIO Uepry € ekBiBajgenTHOO yMOBL 1 € p(1y).
Ak nokasano B [42] MHOXKMHA PO3B’13KIB aOCTPAKTHOT IHTEPIOJISAIIAHOT 1PO-
oaemu AIP' (0, o1, p2) ONUCYETHCST TAKOIO TEOPEMOIO

Teopema 5.29. Hexati onepamopu 0, p1, p2 3adososvnaoms ymosu (5.50) 1 P >
0, de onepamop P ¢ susnavenum gopmyroro (5.20). Hexat mampuuno-snawna

. U11(2> ulz(Z)] .
wxuia U(z) = . Clotr)x(ptr) _ Cotr)x(0+7) 500ama pienicmao
Pynruia U(z) [uﬂ(z) iz (2) p

Uiz)=1-(1-2) mj (I —2I))"'P (I —=Ty)* [Mj —M3].  (5.51)

Todi popmyna
€ = TU[CL)] = (ullw + ulg)(umw + UQQ)_I (552)

dac onuc Ycixr po3s’A3Kie IHMEPNONAULTHOT NPobAEMU, KOAU W NPOobI2GE KAGC
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SpXT’

BayBaxkennsi 5.30. llepesaza gopmyau (5.52) noaszae 6 momy, wo 6 (5.51)
npedcmasaena Acna Gopmyaa 0aa pezorveenmuoi mampuyi U inmepnonaniti-
noi 3adawi GTIP(0, 1, p2). IIpu yvomy 6 pobomi [42] dopmyaa (5.52) dosedena
6 iHdedinimmomy eunadky mMemodom abcmpaxmmoi IHMepPnoiAuLiHoi npobiemu

(Queucw [57]).

5.2.5 MakcumMyM eHTpPOTIril

4K BiJIOMO BeJIMKMIL KJ1aC 33124, Yi1 pO3B’sI3KKM MOXKHA, OIKICATH JIPOOOBO-JIHIAHUM
neperpopentsm ¢yHkil 3 kiacy Hlypa SP*", nonyckae € uHnii pO3B’30K, Y KO-
ro (-eHTPOIIHUI 1HTerpaJ

E () = /O " Indet(I — e(e")e(e™) ) doc (2), (5.53)

npuiiMmae Makcnmasbhe 3unadenns. Tyr ¢ € D i do¢(t) = %%dt (nuBHCH (68,

Section 11|). dust mpobsiemu GTIP(6, o1, p2) Mae Miciie Take TBEpKEHHsT

Teopema 5.31. Hexatd onepamopu 0,1,y 3adososvnaioms ymosu (5.50) i
P >0, de onepamop P ¢ susnavwenum gopmyaoro (5.20). Hexat mampuumno-
snanna @ynryia U(N) « CPHxetr) o Cetn)xvt) sadana pisnicmio (5.51), i
po3e’azor € € SP*" npobaemu GTIP(0, p1,p2) susnavacmoes gopmyaoto (5.52)
ona deaworo Pynruii w € SP*". Todi daa dearoi dircosanoi mouxu ¢ € D) Hu,,

Eg(E) S In det(UQQ(C)UQQ(C)* — UQl(C)UQl(C)*). (554)

IIpu yvomy pisnicmo 6 gopmyai (5.54) docazacmvea modi i auwe modi, Koau

£(2) = emax(2)

= (un(2)u21 ()" — ur2(2)uga(€)") (w2 (2)ua1(€)" — ua(2)u22(C)")

-1

(5.55)
Taxum wunom, pisnicmo 6 gopmyai (5.54) docazacmuvcea, axuo po3e’sa3ok € 6io-
nosidae 6 gopmyai (5.52) napamempy

w(2) = Wmax(2) = —u21(¢) uga (). (5.56)

JHOBEJAEHHS. @opmysia (5.54) BumamBae 3 onucy po3s’si3kiB  1pobsemu
GTIP(0,¢1,p9) y BurIsal apoboBo-jiniiiHoro mnepersopents (5.52). 9k moka-
3aHo B [68, Theorem 11.1| enrpomiiinuii inrerpasa (5.53) jocsirae Makcumymy y



111

BUIIAJIKY, KO € Mae Buriis B (5.55), 110 BIANOBLIAE 3HAYEHHIO MapaMerpa,
w(z) = —w9 (()*wea ()™ B dopmyii (5.52). O

5.3 BuHATKOBI mapamMeTpu
5.3.1 Kiacudikaliisi BUHATKOBUX NapaMeTpiB

[TosepHemocsi 10 po3riisijy y3arajabrenoi npobiemu lypa-Takaru (5.9).

Ozuauenns 5.32. [lapamemp € € SP*1 nasusaemuvca sunamrosum ois Npood.ae-
mu GSTP(K,b), axu,o nopyuyemves ymosa 63aEMmoi npocmomu. Gaxmopusa-
uii' (5.16), mobmo b(z) i pa1(2)e(2) + waa(z) maromo cninvhui aisut diavhuk

0 € §171,

Bgejiemo Taky kjacudikalilo MHOXXUHU BUHATKOBUX MapaMeTpiB 1mpodiemMu
GSTP,(K,b). Hexait  — e iBuii qiibHUK MaTpuaHO-3Ha4HOT DyHKIl b (6 Z I).
PosriisitnemMo MHOXKUHY

E6) = {g € SPXU: 07 (g1 + om) € Hggq}.
Axuio € € FE(f), 1o nokiaiemo

Y = 0" (pare + Pa),

1 OTPUMAEMO
P21 + 2 = 01,

T0OTO @ € JIBUM [IIBHUKOM MATPUIHO-3HAYHOI (DYHKINI 1€ + (P99, Tak ax 6 —
e HerTpuBlasibHKil JiiBUil JlibHUK b, TO 1e o3Hauae, 1o dakropusaris (5.16) He
€ B3a€MHO IIPOCTOIO.

3 inmoro 60Ky, Oy/ib-siIKUil BUHATKOBUI IIapaMerp € HOTPAILISE y OJUH 3
kjacis F(0) npu seskoMmy BEOOpI JIBOTO jiiibHUKA 6 MATPUIHO-3HAIHOI (DYHKIIIT
b.

Hiiicro, sikio daxropusariis (5.16) He € B3a€MHO IPOCTOI0, TO iICHYIOTD 2 €
D i hy e CP (||ho]] = 1) raxi, mo

hob(20) = g (@21(20)e(20) + @22(20)) = 0,

i orzke 00uBI MaTpuuHO-3HAUHI DYHKIHT b(2) 1 p91(2)e(2) + @22(2) MaOTh CIiIb-

HUIT JIIBUI JI1JIBHUK
Z — 20
0(2) = — Hho + 1 — Hho,
1— 2z
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ne I, = hoh{ — ue oproronajbhuit npoekrop sa uijgupocrip span{ho} B CP.
Tobro € € E(6).

3ayBaxkeHHda 5.33. Muoocuna ycix BUHAMKOSUT NAPAMEMPLIE  NPOOAEMU
GSTP,(K,b) e o0’ ednarnsam mmoocun E(0), de 0 e aisum dirvnurom b. Ilpu
yvomy muoocuna E(0) e muoocunoro poss’aswie npobaemu GTIP (0, a1, p22).

Jlema 5.34. ([60]) Hexatt W € N0, by € HE?, by € HLY mampuuno-3nauni
byrruii, marxi wo
M (V) = M, ().
Todi
M (b1 Why) = M (Why).

Hasenaxu, axuio

Mﬂ(q]bZ) = Mﬂ'(\p)7

Mﬂ-(bl‘ljbg) - Mﬂ-(bl\lf)

Jlema 5.35. ([61, Theorem 4.2]) Mampuunosnaywna gynruia W, wo eusnavena
dopmyaoto (5.13), donycrae 63aemmo npocmy daxmopusaito

~1
W =69o, ede@z[l Kb ],

0 (5.57)

i Pt € Hs.

[IpepcraBuMo MaTpuuHO-3HAUHY DYHKINIO P, 1110 BU3HAUEHA 3 (DAKTOPHU3a-
Y11 P12

P21 P22
dbyukii i3 3aavenusam y CP*P 1 C74, pinnosigno.

uii (5.57), y 6aounomy ursii = [ , Jle (011 1 P22 — MATPUUYHO-3HAYHI

Busnauumo MarpuiHO-3HaYHI (DYHKIIT
H = pne+via, G = pae+ pap. (5.58)

Jlema 5.36. (/61, Lemma 5.5]) Hexad mampuyuno-suauna gynwyii W, wo eusna-
wena gopmyaoo (5.13), donyckae daxmopusauito (5.57). Hexat v_(P) = K, de
onepamop P eusnauenuti gopmyaoro (5.11). Hexat mampuuno-snauna @ymx-
uia s eusnauena dpoboso-ainitinum nepemeopenmam (5.15) s = Tyle]. Todi
mampuuno-zuauna Gynxuia (s — K)b™1 npunycrae ezacmmo npocmy daxmopu-
341110

(s —K)b'=HG, (5.59)
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de dynwuii H i G eusnaneni dopmyaamu (5.58). Ipu ywomy H € N1 G €
NS
Teopema 5.37. Hexati b € SEY, K € HE*Y i k € N. Hexaii v_(P) = kK, de
onepamop P susnavaemvca gpopmyaoro (5.11). Busnawumo mampuuno-anaumi
Pynruii w1 1 o pienicmro (5.14) ma mampuuno-snauny dynryito W pie-
nicmio (5.13).

Hexati 0 ¢ aisum diavrurom mampuvno-anaunoi Gynxuii b, npu yvomy

b(z) = 0(2)b(z), (5.60)

i degl = ko < k. Hexati € € SP*1 ¢ poss’asrom npobaiemu GTIP(0, po1, pa2),
mobmo

p21(2)e(2) + p2a(z) = 0(2)Y(2) (5.61)

dna deaxoi v € HIXY. Todi mampuuno-snauna gymuxuyia s = Twle] suzaa-

dy (5.15), manescumn do waacy S, de ki < K — K, 1

(s— KD te NTL, . (5.62)
IIpu yvomy
(s — Kb e N3 (5.63)

Y eunadry, xoaru 0 ¢ natibirvwum s16um NALHUKOM b 1 pa1€ + (P2, BUKOHYEMBCA
PIBHICTND K1 = K — K.

Yumonry (5.62) MoXKHa TpaKTyBaTH sIK BUKOHAHHST DIBHO K — K( IHTEPIIOJIsi-

* . .on X o .
MIAHIX yMOB JJ1s (yHKIIIT S € 8;2_,%0, y Toii uac sk (5.63) ozHavae, MO HE BCI

iHTepriossAiiitai ymMmosu nipobsemn (5.9) BUKOHYIOTHCS.

JOBEJEHH:I. Kpox 1. Ilokaxewmo, mo s € SE*?. 3 pzaemno npocroi dakropu-
3arii (5.59) BummMBae, 1Mo

M(HG™) = M (G™Y) = k.
Toni 3 Jlemn 5.34 cainye, 1m0
M(HGb) = M (G 'b).
Tai, rak sk HG b =5 — K i G'b = ¢ b (nusucs popmyau (5.59), (5.61) i

(5.60)), rozi N
Mo(s) = My(s — K) = M (¢ ') < Kk — k.
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Y ButaiKy, KoJu 0 € HafOLIbIINM CIIJIBHEM JIJIBHUKOM b 1 (091€ + (P29 OTPUMAEMO,
1110
17
M (s) = Mz(p"b) = Kk — Ky.

Kpok 2. ITokaxkemo, 1o (s — K)g_l € fo;q_ﬁo. BinmiTumo, mo
(s — K)ot = HG™'6.
3HoBYy, 3a Jlemoro 5.34
M (HG'0) = M (G10).

Orxe, Tak sk 6 € giabankom G,

M ((s — K)b7Y) = M (G710) = k — rp.

. _ X
Kpox 3. Ilpunanexuicts (s — K)b™' no kmacy NP/ Bummsae 3 Jle-

mu (5.36). O

5.3.2 Onwuc BUHATKOBUX IMapaMeTPiB y CKAJIAPHOMY BUMAIKY

Pesynbrar, sikuit orpumano B Teopemi 5.37, B 0JIHOBUMIPHOMY BUIIAJIKYy 3BOJIUTHCS
10 Bijomoro pesysbrary B. Bosornikosa ([48]). B [48]| Oysa posrusinyra raka
odnosumipra ingediniTaa npobdsema Kapareomopi-Deiiepa.

ITpobaema CF,.. Maemo k pizHux TOUOK 21,..., 2 € D1 jojgaraux nijimx
k
qauces Ny, ..., Ng, 1 N = Y n; kommaekcanx qucen s;; (0 < j <n—1;1<

1=1
i < k). Hexaii k — 1ie HeBig'emue mise qucio. 3uaiitu yci dbysknii s € Sy, KOTpi

€ aHaﬂiTI/I‘{HI/IMI/I B TO4YKaX Z; 1 3a,/10BOJIbHAIOTDH YMOBI/I
sW(z)=3glsi; (i=1,....k; j=0,...,n; —1). (5.64)

[ammmu cioBaMu, Tpebda 3uaiiTi yci GyHKIN s € S,, y AKUX PO3KIIAI Y Pl
Teitopa B TOUKax z; Ma€ BULJIST

5(2) = st0-+ (2 = 2oua -+ (2 = 2V iy o = 20"

st =1,...,k.
BejieMo JieKkijibKa YMOBHUX TO3HAYEHD.
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Hexaii J,,(«) — opnoksitunna marpuis 2Kopjana posmipy n X n

a 1 0 0
0 a 1 :
Jn(r) = ' 0
a 1
1 0 0 «af

3a JaHUMH IPOOJIEMHU TOOYIYEMO MaTPHII

Jnl (Zl)

Jnk (Zk)

D=Ly~ L, C=[0r - @,

Je Ly, 1 C; — 11e BEKTOD PSJKU JIOBXKUHOIO 1; BUTJISLY
Lm - [1 U O} Y OZ - [Si70 Si,l T Sia”i*d '

Hexait P — ne marpurg Ilika, 1m0 Bu3HaUeHa 3a IPABUJIOM

P=N (THL'L-CC)T" (5.65)
k=0

Tak sk |z;] < 1, ro psiyt (5.65) 36iraerbest 1 marpunst Ilika P e poss’szkom pis-
nauag JIanynosa-Creiina,

P—TPT = L*L — C*C. (5.66)
Hexait MmaTpuna W(z) € C?*? obuncitoeTbes 3a GOPMYIIO0

—~

W(z) =L+ (1—2) m ([ —T)'PHI-T) [-C* L*]. (567

Busnaunmo marpuuno-snauny Qyuxiio 2(z) pishicrio
_ [2u(2) %(z)} (TT6
Q(z) := {Qﬂ(z) ()| = (11(2 %) >W(z). (5.68)

Teopema 5.38. (/48]) Hexaii mampuus Ilixa P npobaemu CFy (5.64) ¢ supod-



116

AHCEN010 T Ma€ K 610 emnus 6aacnur snavens. Hexal mampuuno-snauna gynryia
Q nobydosana 3a gopmyaoio (5.68). Todi 6ci pose’asku s npobaemu (5.64) napa-
MEMPUBYIOMBCA HOPMYA0I0

s(z) = Talel, (5.69)

de napamemp € € S 3a40080AHAE HEPIGHOCTNAMU

Oznauenns 5.39. ([48]) QPyuryia € € S nasusaemvbea BUHATKOBAM HapaMeT-
pom nepemeopenns (5.69), axwo 6ona ne 3adosoaviae xowa 6 0dny 3 ymos (5.70).
Bunamxosuti napamemp € € S mae MyIbTHIOPSIOK M = (My, ..., M), A%k-
wo Pynkyia Qo1(2)e(2) + Qaa(z) mae nyai xpamuocmi m; 6 mowkaxr z; npu
i=1,... .k

3 momepeJHLOr0 BU3HAUEHHsI BUILUIMBAE, IO Hapamerp JpoOOBO-JIHIAHOIO
[IePETBOPEHHS, KUl He € BUHATKOBAM — II€ IapaMeTp MYyJbTUIOPsAKy 0 =
(0,...,0).

BadikcyeMo MyJabTHIHIEKC N = (N, ...,Ng), 110 BUSHAYEHUIT JAHUME IPO-
osemu CFy; (5.64). B sanexuocti Bij My ibTuiHjeKey N po3ib’eMo iHJEKCH MyJib-
TUIIOPSJIKY 1M Ha MHOXKMHI

Hexait v := >, m;+ > n; =Y min{m;, n;}.

i€2Zm i€Zh i=1

Teopema 5.40. ([48]) fAxwo ¢ € S — ue sunamrosull napamemp MysbMUNO-
padky m = (my,...,my), mo gynxyia s = Tole] nareocums do kaacy Sy—-,

s = Tole] € Se_ry. (5.71)

Kpim moezo, ynkuia s mae nomocu nopadky m; — n; 6 mouyi z; npu i € 2\ i
300080NDHAE THIMEPNONAULTHL YMOBU
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a MaKoHC YMosi
s (25) # (n; — M) Sim—m, (i € Z,,\ Z,,)- (5.73)

BayBaxkeHHs 5.41. dxwo napamemp € € S mae mysvmunopadox m = 0, mo
meepdotcenns Teopemu 5.40 cnienadae 3 6idnosidnoro wacmunoro Teopemu 5.38.

5.3.3 3icraBjieHHdA pe3yJIbTATIB

[Tokarkemo, 1110 Hall pesy/brar Teopema 5.37 € MATPUIHUM aHAJIOIOM PE3YJIbTATY
B. Bosornikosa. Cdopmyoemo sagady CF,; (5.64), sk ckaaapny 3anaqy lypa-
Takaru.

ITpobaema CF.. Hexaii k — nie nesij’emue nije qucsio. Hexaii b — e 00y Tok
Buisiiike, 1o Mae HyJii HOpsiAKy n; B Toukax z; € D

o-11(-2)"

i=1

1 K — 11e Oy;ib-siKa rojiomopd Ha PYHKIIIs, 1110 3a/10BOJIbHSIE IHTEPIIOJSIIAHI yMOBK
(5.64)'. Bnaittu Bei dynkuii s € Sy, Taxi 1o

(s — Kbt eN,,. (5.74)

[Ipobsemu CF; (5.64) i CF, (5.74) € eksiBanenranmu. [iiicHo, ymosa (5.74)
€ eKBIBaJIEHTHOIO YMOBI, 1110 (GyHKIIIA § — K € rosomMopdHO0 B HYJIsIX (DYHKIIT b.
[Tpu nbomy wymai Gynkiii s — K 1 b criBmagaioTh 3 ypaxyBaHHsT KpaTHOCTI. ToOTO

sW(z) = KU(z) = jlsi; (i=1,...kj=0,..,n; —1).

Bigmitumo, mo dyuKiis K Mae Takux pos3kJiaj Teitjgopa B OKoIl TOUIN 2;

K(z) =) cis(z—z), (i=1..k (5.75)

Je
_+:Si’g. (620,,712—1)
[Tokaxkemo, 1o dopmyaa (5.69), ska onucye pO3B'sI30K NpobEeMH

CF, (5.64), cniBnagae 3 dopmyiowo (5.15), ska onmcye po3s’si3oK MpodseMu
CF. (5.74).

'Hanpuknan B akocti dyuaxnii K Moykna BUOpaTH Bianosimnwii inrepnonanifinmii nonxinom Epwmira.
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Posruisinemo raki oneparopu B ipocropi Hy(b): T — 1ie oneparop 3B0pOTHOIO
3cyBy, [V — 11e onepaTop eBaJitoallil B HeCKIHUEHHOCTI

(Th)(z) = zh(z) — zh_{go zh(z) (h € H.(b)), (5.76)
Eh = Zlirgo zh(z) (h € H.(b)). (5.77)

Hexait oneparop P : H.(b) — H.(b) € Buznauenuii dpopmymow (5.11).
Ak nokazano B |61, Theorem 3.16], omeparop P MoxkHa BU3HAUNTH DIBHSAHHSIM
JIsmynosa-Creiina,

P - T"PT = —B*j;, B, (5.78)

ET
ne B = [ E] oneparop 3 H.(b) B C? (oneparop I' Busnauaerhcs hopmysiomn

(5.10)).

Ak BijoMO, MHOXKWHA (PYHKIIIH
{fij(z)}izl k; j=0,.ni—1 {;ﬂ} (579)
R ' (z =2 i gm0 i

¢ 6asucom B npocropi H.(b). B 6asucy (5.79) oneparop s3Boporsoro scysy 1’
3aJIA€THCA MATPHIEIO

Jnl (21) N
=1T.
Omneparop esasoarii £ B 6azuci (5.79) mie sk
_J1:35=0
Eﬁy—{O:j#O. (5.80)

Toni 1eit onepaTop E 3aa€ThCsI MATPUIICIO

10+ 1010 - 0]=L.



119

B 6asuci (5.79) npu i = 1,..,k ra j = 0,...,n; — 1 oneparop I' jie sk

1
Ffw—H K fm_H <ZCZEZ_ZZ (Z—Z)J—H)

J
Ci e
- Z (2 — z;)i 1 (5.81)

z’,ffz’,j—f—&—la
Je koedinienTn ¢; j 3a1a10Tbes 3 poskyagay B psj Teimopa (5.75) dyuxnil K.
3 dbopmya (5.80) 1 (5.81) BunmBag, 1o
EFfi,j :Ci,jzsi,j- (Z: 1,..,]€, j:O,,nZ—l)
Toni kommozwuiiist oneparopis ET' B 6a3uci (5.79) 3a1aeTbcsi MATPHUIEIO

[s10 “** Stm-1 S20 *+ Skme-1] =C.

Busnaunmo marpuiiio ['pama P oneparopa P pisricTiO
§=0,..,0i—1;5'=0,....,ny—1

— ((Pfija fi’j’>st>i: . : (5.82)

Takum qunom, 3 piBusinust JIsnynosa-Creitna (5.78) BumiuBae, 1o Marpuis
['pama [P 3a10BOJIbHSIE PIBHAHHIO

P—T'PT = L*L — C*C.

Bijmitumo, 110 1ie piBasinbs criBnajiae 3 piBasinasiM (5.66) juist marpuni Ilika P
npobsemu C'F,; (5.64). Orxe, marpumi P i P CHiBIaaioTh.

Ak Bunusae 3 poboru [61, Lemma 3.11| oueparop F(z), o 3ajauuii pis-
ricto (5.12), MoxHa BU3HAIUTH (HOPMYJIOIO

(Fh)(2) = [EEF] (1—2T)"'h (heH.(0b)). (5.83)

Bamumemo dhopwmyiy (5.83) B 6asuci (5.79)

(Fh)(2) = m (I —T)"'h  (h e M. (D))
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[TisicraBumo orpumani pesysibratu B piaicTsb (5.13) it pe30JbBEHTHOT MaT-
pumi W

C

W(z)=1-(1—2) [L

] (21 = T)*PHI =T [C* L¥] g
[ls1 piBaicTs cmiBnajgae 3 dopmysowo (5.67) st pe30IbBEHTHOI MATPHII W po-
onemn C'F,; (5.64). Orxe, orcn poss’siskis npobsemu C'F; (5.64) i CF). (5.74) €
€KBIBAJIEHTHUMU.

[Tokaxxemo, mo Osnadenns 5.32 BUHATKOBUX MapaMeTPIB CITIBIAIAI0Th 3
Oznauenasam 5.39. Hexait € € BunsarkoBuM napaMerpom B cerci Oznauenus 5.39.

Tomi
Qo1(z:)e(z) + Qa2(z;)  ms gesikoro @ < k.

Lle oznauae, 110

k
<. (z = 2j)" (war(2)e(z) + w22(2))> [, =0,

J
OT2Ke

(b(:) (war(2)e(2) + waal2) ) o, =0

Takum auHOM, (DYHKILisT
W€ + Wop = b1 (90218 + QOQQ) (5.84)

Ma€ B TOYIN 2; IOJIIOC MOPSJKY He Olabille HiXK n; — 1, B Toil dac, K B3a€MHA
npocrora (akropusaiil (5.16) oznavae, mo dyHkis (5.84) Mae Moo MOPsIIKY
n; B TOUIIl Z;.

[TpoBojsian MipKyBaHHS y 3BOPOTHOMY TOPSIJIKY, MA OTPHUMAEMO €KBiBaJICHT-
Hicth Oznauenss 5.32 1 O3nauenns 5.39.

Hexait € € unsitkoBuM napamerpom mpobiemu C'F; (5.64) MyabTumopsijiky
m = (my,...,myg), im; <n; (i=1,....k),

Ko := M1+ M9 + ... + M.

Toni dyukuist 6(z), BusHaUeHa piBHICTIO

0(z) = ﬁ (f:;)m , (5.85)
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€ HaflOLIbIUMM cliijibHUM JiiibHUKOM b(2) 1 @a1(2)e(2) + @a2(2). Bigmitumo, 1o
degb = Ky 1

B(2) = b(z)/0(2) = f[ (f__;)nm |

1=1

B cuiy Teopemu 5.37 orpumaemo, 1o s = Tyyle] € Sy, 1

s(2) — K(2)
e e T

€ Ny (5.86)
[Ipu npomy mepiie 3 Brioverb (5.86) o3Hauae, 1o

sW(z))=gls;i; (i=0,....k j=0,...n; —m; —1),
a JIpyre O3HAYaE, 110

S(ni_mi)(zz') # (ni = mi)lsin,—m, (1=0,....k).

3sijcn BurmBaoTh ymosu (5.72) 1 (5.73).
TakuM YMHOM ONUC BUHIATKOBUX HapaMeTpiB, sIKKii MU OTPUMAJIH, MICTUTH B
co0l, sik 4aCTKOBUI BUIIAJIOK, pe3yJibraru poboru [48].

5.4 Ilpukaan

Hexait k = 1, p = 1, ¢ = 2. Hexaii b = [é S], K = [0 2}. Toai npobJiemy
GSTP,(K,b) moxua chopmysoBaTi TakuM 4MHOM: SHalTu BCl QyHKIl § =
[31 32} € S** Taxi, mo
$ 0 1%2
P X
(s—[0 2]) [0 1] e NP (5.87)

Yumona (5.87) € eKBiBaJICHTHOIO CUCTEMI PIBHSIHb
s1(0) =0, s9(0)=2. (5.88)

[Tpocrip H.(b), mio criBnajae 3 MHOKUHOIO

o) =spand| 7] [ ).

6yemo ororoxkuioparn 3 mpocropom C2. Oneparopn I', P, F, suznaueni gpopmy-
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gamu (5.10), (5.11), (5.12), Bignosigno, KOPiBHIOIOTH B Gazuci { [1(/)2“] ; [1321 }

r=[0 2], P:[é _03], F =

o = O
= O N

Pesosbeentaa marpung W, o susnadena gopmysioio (5.13), nopisrioe

1 4—2 0 z-—-2
Wi =—| 0 3 0
3209 L 0 4r 1

3a Teopemoro 5.11 mHOKWMHA PO3B’s13KiB 33/1a4i (5.87) mapaMeTpusyeThest Gopmy-
JIOTO

2692 — 269 — 4z + 1 269z — 269 — 42+ 1

5 = Twle] = [ —3e12 g9z — deg — 22 + 2 ] |

Jle MAaTPpUIHO-3HAUHA, (DYHKIISA € = [51 52] € TaKOIO, IO (paKTOPU3AIIis

b oo )

(5.89)

€ B3aEMHO TTPOCTOIO.
[Tosnaunmo maTpuuHO-3HAUYHI PYHKIIT

=, w-] L0

Hexait 6 — niBuit giapHuk b, 1 Hexai

6(z) = [(1) 2] |

s BU3HAUeHHST BUHSATKOBUX MapaMeTpIB &, IO BIAMOBIIAIOTL ILHUKY 6,
po3r/IsiHEMO y3arajibHeny joruuny npobiaemy GTIP(0,p1, 7). B npobiemi
GTIP(0,p1, ) HaM HeOOXiAHO 3HAKTH BCl DyHKII € = [51 62} € SM™? paxi,

: [(1) 1(/)21 ([2 8 z] S [3 420_ 1]) € Hj. (5.90)
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[Tpocrip H(0), mo cuiBnajiae 3 MHOXKUHOKO

(o) = span |}

oynemo ororoxkuioatn 3 npocropom C. Oneparopu Ny, Ny, P, mo Busnadeni
dbopmynamu (5.18), (5.20), BiAMOBIIHO, TOPIBHIOIOTH

Ny =[2], N,=1[0 1], P=3].

Tak sk P > 0, To MoxHa ckopucraruch Teopemoro (5.29) st onucy
po3B’s3kiB mpobsiemu (5.90). Marpuunosnadna dbyukiis U, mo BusnadeHa Gop-
mysoio (5.51) jopiBHioe

1 1—42 0 2— 22
U(z) == 0 3 0
22 —2 0 4—z

3a Teopemoro 5.29 MHOKKHA pO3B’s13KiB 11pobiiemu (5.90) napamerpusyerbes
dopmyitoro

Ty lw] 3wz Aoz —wy — 22+ 2
5: w| =
u Qwoz — 2o — 2+ 4 2wez —2we —z+ 4|’

Jle MaTpUIHO-3HaYHA PYHKIISA W = [wl wQ] 1pobirae kiac S*2.
BigmiTrMO, 10 MaTpUYHO-3HAYHA, (DYHKIIiA

5(2) = Tile] = Tw[Tulw] = [z @],

HaJIe:KNTH 710 Kiaacy S1*2. Ilpn 1poMy 3HadenHA B Touri 0 MATPUYIHO-3HAYHOI
GyHKIIT S JIOpiBHIOE

s(0) = [0 wy(0)] # [0 2].

TaxuM 9uHOM, FKITO € € BAHATKOBAM ITapaMeTPOM, IO BiJIITOBIIA€ TITLHUKY
6, To BiANOBIHA MaTPUIHO-3HAYHA (DYHKILIs S, 1110 O0UUCIIOETHCsT 38 (POPMYJIOO
s = Tw[e], ne 3a710BOMIbHsIE JIpyTrOMY 3 IHTEpHOJAIiiHUX yMOB (5.88)

Sapas posrisineMo iHimit jgiBuii alibHuk b. Hexait

6(z) = {S ﬂ |
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Anasioriuno, npocrip H(€'), mo cuisnajiae 3 MHOXKUHOIO

- ]}

oyemo ororoxkuioparu 3 pocropom C. Oneparopu Ny, Nj, P’ 1o BusHadeni 3a
dbopmysamu (5.18), (5.20), BianosijgHo, JOpiBHIOE

Ni=[0], Ny=[-3 0], P'=][-9].

Tak sik P' < 0, To npobsiema GTIP(0', 1, p2) He mae po3s’sizkis. Orxe, He
icHye BUHATKOBUX MApaMeTpIB &, 10 BLANOBLAAIOTL AILHUKY 6.

5.5 BucHOBKH A0 po3aiiIy 5

Pesysibraru possiiiay onybiikosano B poborax [89], [24].

1) Beesieno 10 po3riisiay HOBHil Kiac MepoMopduux B D MaTpuaHO-3HATHIX
dbyukIiit, Tak 3Banuit ysaragbHeruit kiac CmipHoBa 3 Kk nosocamu B D, sikmii
y BunaJiKy k = 0 cmiBnajae 3 KiaacuaauMm Kjiacom CuipHoBa. [oBejeHo aHajor
teopemn Pyire st pynkmii 3 y3arajibHeHoro kiacy CmipHoBa.

2) 3HaiiJieHO OIMMC BUHSATKOBUX MApPAMETPIB y3arajbHEHOI JOTHYHOI iHTEp-
noJisttiitnol podsiemu [lypa-Takari. st 1boro posriisinyTo HOBY JIONOMIXKHY
JIOTUYIHY MpoDOJIeMY, sIKy PO3B sI3aHO METOJI0M abCTPAKTHOI IHTEPIOJSIIHOT TPO-
6siemu, 3anpornonoBanuM B [14]. Muoxuna poss’s3kis 1iel npobsiemMn HaBejeHa
y naBox dopmax: y ¢opMi mneperBopennsi Penxedepa 3a J0IOMOromo omnepaTopa
PO3CIIOBaHHS CUMETPUIHOTO OIEepaTopa, M0 € MOPOJIXKEHUM JaHUMU TTPodIeMu; 1
B opMi IpOOOBO-TIHIAHOTO TIEPETBOPEHHS 32 JIOMOMOIOI0 PE30JILBEHTHOI MaTpPH-
mi. B ckamspromMy BT Ky OTpMMaHWil OMMC BUHATKOBUX Tap, MIO CIIBIALAE 3
pesynbratamu pobit B. Bomorwikosa, O. Xeiidera i I1. FO qupkoro (nusucs [48]).
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BucuoBknu

B jucepraniiiniii poboTi poO3IJIAHYTO 1 JOCTIPKEHO aDCTPAKTHY 1HTEPIOJSIIAHY
npobsiemy B KJiaci y3arajabHennx ¢ynkiiit Hepanainau. OcHoBHUMEI pe3ysibTaTa-
MU pODOTH €:

1) Beejieno nonsitTsi HopmasiizoBanoi Ny-1apu, 1o BiJIIOBiIa€ caMOCIpsizKe-
HOMY JIiHifiHOMY BijiHOIeHHIO y ipocTopi [lonTparina. I[Tokazano, mo 1 KoxKHOI
HOopMaJiizoBaHol Ny-1mapu icHy€ €IuHe 3 TOYHICTIO JIO YHITApHOI €KBiBaJIEHTHO-
cTl MiHIMaJIbHE caMocCIpsizKeHe Jiniiine Bigmnomennst A y mpoctopi [lonTpsirina,
take 110 napa {y, ¥} Bijnosigae npomy sBijHomenuo A. s KOKHOT y3arajibHe-
HOI HEeBaHJIIHHIBCHKOI ITapH 00Y10BaHO (PYHKITIOHAJIBHY MOJIEIb CAMOCIIPSXKEHOI'O
niniitroro Bignomenus A y npocropi Ionrpsirina 3 BigrBOprorounm sapom. s
y3araJybHenol ¢pyukiii Hepamminau m € N, HaBeJIeHO OIUC IpocTopy Jie bpamxka-
Posusika H(m), sikuii € npocropom ITonrpsirina 3 Bijrrsoproounm siipom N ().

2) Posrisinyro abcrpakTHy iHTeprnossriiiny mpobsemy B Kiaci Ny-map. 3
KOXKHOIO a6CTpaKTH9\10 IHTEPIHOJISIIITHOI TPODJIEMOIO TTOB SI3aHO JIEsIKEe CHMET-
puune Bignomends A y mpocropi [lonTpsarina, Take 1o MHOXKKIHA PO3B’SI3KIB a0-
CTPAKTHOI 1HTEPIOJISIIHOT TPODJIEMN 3HAXOIAUTHCS Y _B3AEMHO OJTHO3HATHIN BIJI-
MOBIJTHOCTI 3 MHOXKMHOIO CAMOCIPSIZKEHIX PO3IIUPeHb A 1[boro cuMeTpuyHoro Bij-
Horrentst A. SHaiieHo BUTIIS] PE30JbBEHTHOI MATPHIIl OTIepaTopa An TepMiHax
JIAaHAX IHTEPIOJAIII. 3a JOMOMOT0I0 IIEl MATPHUIN OTPUMAHO TapaMeTPU3aIliio BCIX
PO3B’A3KIB aOCTPAKTHOT IHTEPIIOJIAIIIHOI TPOOJIEeMU Yy BUTJIs]IT JIPOOOBO-JIIHIHHOTO
epeTBOPEHHS JIOBLIHLHOI HEBAHJIIHHIBCHKOI Tapy. PO3IISHYTO MUTAHHS PO OJTHO-
3HATHICTH 1TOOYI0BK y3arajbHeHoro nepersopents Oyp’e 1o po3n’sizKy mpodieMu
abCTPaKTHOI 1HTEPIIOJIAIINHOI TPOOJIEeMH.

3) Meroy abcrpakTHOI iHTEPHOJSIHOT TPOBIEMH 3aCTOCOBAHO JIO TIOBHOT
inediriTHOl mpobseMu MoMeHTIB. [IoOymoBaHO abCTpaKTHY IHTEPIOJSIIHHY TPO-
OJ1eMy, MHOXKIHA PO3B’SI3KIB STKOI CITIBIIAA€ 3 MHOYKIHOIO PO3B’sI3KiB 1H1eiHITHOT
npobyeMn MoMeHTIB. [lokazaHo, 1110 Jij1s 11i€l abcTpakKTHOT TPOOJIeMU BUKOHYETHCS
ByacTuBicTh IlapceBasst. 3naifeHo BUTIIS PE30JILBEHTHOT MATPHIIL.

4) Beejieno J10 posriisijty HoBuii kjiac mepomopduux B D marpuuno-suadHnx
¢yHKIi, Tak 3BaHuil y3arajbHenuii kjac CmipHoBa 3 Kk nosocamu B [D. JlopeeHo
aHaJior reopeMu Pyie Jyist pyHKIii 3 y3arajbHeHoro kiacy CMmipHOBa.

5) PosruisiyTo HOBY sloTHUHY iHTEpHOMSIiiiHy TPOOIEMY B MATPUIHUX KJla-
cax [llypa, siky po3B’si3aHO MeTOJIOM aDCTPAKTHOT IHTEPHOJIAIIHHOT 1pobsiemu. 1110
JIOIIOMI>KHY IIpO0OJIEMY 3aCTOCOBAHO JIJjIsI OIIMCY BUHATKOBUX IIapaMeTpPiB JOTUIHOI
iHTepuoJisniinol npobsemu Ilypa-Takari.
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