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ÀÍÎÒÀÖIß

Êiîñàê Â.À. Âiäîáðàæåííÿ ñïåöiàëüíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ. �

Êâàëiôiêàöiéíà íàóêîâà ïðàöÿ íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ äîêòîðà ôiçèêî-

ìàòåìàòè÷íèõ íàóê çà ñïåöiàëüíiñòþ 01.01.04 “Ãåîìåòðiÿ i òîïîëîãiÿ“. �

Êè¨âñüêèé Íàöiîíàëüíèé Óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà, Iíñòèòóò

ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨â, 2017.

Äèñåðòàöiÿ ïðèñâÿ÷åíà âèâ÷åííþ ãåîäåçè÷íèõ, êîíôîðìíèõ òà

ãîëîìîðôíî-ïðîåêòèâíèõ âiäîáðàæåíü ïñåâäîðiìàíîâèõ ïðîñòîðiâ.

Ç ìåòîþ âèâ÷åííÿ çàãàëüíèõ çàêîíîìiðíîñòåé òåîði¨ âiäîáðàæåííÿ,

ìîäèôiêóþ÷è ìåòîäèêó Íîðäåíà, çíàéäåíî ôîðìóëè, ùî ïîâ'ÿçóþòü îñíîâíi

òåíçîðè, òåíçîð äåôîðìàöi¨, òåíçîð Ðiìàíà, òåíçîð Ði÷÷i òà ¨õ ïåðøi i

äðóãi êîâàðiàíòíi ïîõiäíi äëÿ ïðîñòîðiâ An òà Ān, ÿêi ïîâ'ÿçàíi çàäàíèì

âiäîáðàæåííÿì. Â öèõ ôîðìóëàõ ïðèñóòíi ÿê îá'¹êòè An, òàê i Ān ç

êîâàðiàíòíèìè ïîõiäíèìè ïî âiäïîâiäíèõ çâ'ÿçíîñòÿõ. Äëÿ ñïðîùåííÿ,

ââåäåíå ïîíÿòòÿ óêîðî÷åíîãî âiäîáðàæåííÿ i éîãî ñïåöiàëüíîãî âèïàäêó �

ïîëîâèííîãî âiäîáðàæåííÿ. Çâ'ÿçíiñòü, ÿêà âèïëèâà¹ ïðè ïîëîâèííîìó

âiäîáðàæåííi, íàçâàíà ñåðåäíüîþ.

Ïîïåðåäíi ôîðìóëè ïðè ïåðåõîäi äî êîâàðiàíòíèõ ïîõiäíèõ â ñåðåäíié

çâ'ÿçíîñòi çíà÷íî ñïðîùóþòüñÿ.

Íà ïðèêëàäi âiäîáðàæåííÿ, ùî çáåðiãà¹ òåíçîð Âåéëÿ, ïîêàçàíî, ÿê

çàäà÷i òàêîãî òèïó çâîäÿòüñÿ äî ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü.

×åðåç çíà÷íi òåõíi÷íi òðóäíîùi ëîêàëüíèõ ðîçâ'ÿçêiâ çàäà÷ òàêîãî òèïó
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âèíèêà¹ íåîáõiäíiñòü ñïåöiàëiçàöi¨ ïðîñòîðiâ àáî âiäîáðàæåíü.

Äîâåäåíî, ÿê âïëèâà¹ íà õàðàêòåð âiäîáðàæåííÿ îáìåæåííÿ íà

âíóòðiøíi îá'¹êòè ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi An. À ñàìå, ÿêùî â äâîõ

ïðîñòîðàõ àôiííî¨ çâ'ÿçíîñòi An òà Ān ñïiâïàäàþòü çíà÷åííÿ òåíçîðiâ Ðiìàíà

R1
223 òà R̄1

223, òî âiäîáðàæåííÿ çà íåîáõiäíiñòþ íàáóâàþòü ñïåöiàëüíîãî

õàðàêòåðó.

Äàëi ðîçãëÿíóòi ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó

òèïó Êîøi.

Âiäìi÷åíà ìîæëèâiñòü òà îñîáëèâîñòi âèêîðèñòàííÿ òîòîæíîñòi Ði÷÷i â

ÿêîñòi óìîâ iíòåãðóâàííÿ âêàçàíèõ ñèñòåì.

Ââåäåíî ïîíÿòòÿ ôóíäàìåíòàëüíèõ âiäîáðàæåíü. Êîëè α
1

= 1, à

α
2

= α
3

= 0, òî ôóíäàìåíòàëüíi âiäîáðàæåííÿ ñòàþòü ãåîäåçè÷íèìè, òîáòî

ïðè íèõ çáåðiãàþòüñÿ ãåîäåçè÷íi ëiíi¨.

Ðîçãëÿíóòi ãåîäåçè÷íi âiäîáðàæåííÿ ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi íà

ïñåäîðiìàíîâi ïðîñòîðè.

Äîâåäåíî, ùî âèâ÷åííÿ ãåîäåçè÷íèõ âiäîáðàæåíü ïðîñòîðiâ àôiííî¨

çâ'ÿçíîñòi íà ïñåâäîðiìàíîâi ïðîñòîðè ìîæíà âêîðîòèòè i çâåñòè äî ðîçãëÿäó

ãåîäåçè÷íèõ âiäîáðàæåíü åêâiàôiííèõ ïðîñòîðiâ íà ïñåâäîðiìàíîâi ïðîñòîðè.

Ñïåöiàëiçàöiÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ, ÿê çàñiá ââåäåííÿ äîäàòêîâèõ

îáìåæåíü â ïåðåâèçíà÷åíi ñèñòåìè ðiâíÿíü, ìà¹ äâà îñíîâíèõ äæåðåëà.

Ïî-ïåðøå, öå ãåîìåòðè÷íi óìîâè îá'¹êòiâ, ùî äîñëiäæóþòüñÿ, ïî-äðóãå, öå

òåõíîëîãi÷íi ìîæëèâîñòi ìåòîäiâ äîñëiäæåííÿ. Âðàõîâóþ÷è öi çàñîáè òà

ìàþ÷è íà óâàçi äîñëiäæåííÿ âiäîáðàæåíü, çàïðîïîíîâàíî ìåòîä ñïåöiàëiçàöi¨
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ïñåâäîðiìàíîâèõ ïðîñòîðiâ çà òèïîì âíóòðiøíiõ îá'¹êòiâ.

Ñåðåä ïñåâäîðiìàíîâèõ ïðîñòîðiâ, ùî äîçâîëÿþòü ñïåöiàëüíèé âèä

ìåòðèêè â äåÿêié ñèñòåìi êîîðäèíàò, âèäiëåíi çâiäíi òà íàïiâçâiäíi ïðîñòîðè.

Âèâ÷åíi ¨õ òåíçîðíi îçíàêè òà, ñïèðàþ÷èñü íà öå, äåÿêi ãåîìåòðè÷íi

âëàñòèâîñòi.

Ó òåîði¨ ñïåöiàëüíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ îñîáëèâå ìiñöå

çàéìàþòü ñèìåòðè÷íi i ðåêóðåíòíi ïðîñòîðè. Óçàãàëüíåííÿ öèõ ïðîñòîðiâ

éøëî â îñíîâíîìó â äâîõ íàïðÿìàõ: çáiëüøåííÿ ïîðÿäêó êîâàðiàíòíèõ

ïîõiäíèõ i ðîçãëÿä â ÿêîñòi ñèìåòðè÷íèõ (ðåêóðåíòíèõ) iíøèõ òåíçîðiâ.

Ïðèðîäíèì ÷èíîì âèíèê íîâèé òèï ðåêóðåíòíîñòi � ñëàáêà ñèìåòðè÷íiñòü.

ßêùî óçàãàëüíåííÿ ðåêóðåíòíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ âåñòè

øëÿõîì àëãåáðà¨÷íèõ óìîâ, òî ìè ïðèéäåìî äî ïñåâäîðiìàíîâèõ ïðîñòîðiâ iç

ñïåöiàëüíîþ âåêòîðíîþ îáîëîíêîþ. �õ âèâ÷åííÿ âåäåòüñÿ ç äîïîìîãîþ

óäîñêîíàëåííÿ ìåòîäà Â. Êàéãîðîäîâà. Óçàãàëüíåííÿ ñèìåòðè÷íèõ

ïñåâäîðiìàíîâèõ ïðîñòîðiâ ïðèâîäèòü äî ãàðìîíiéíèõ ïðîñòîðiâ. Äëÿ

äâîõâàëåíòíèõ òåíçîðiâ íàéáiëüø âäàëîþ ¹ çàïðîïîíîâàíà Ñ. Ñòåïàíîâèì

äëÿ òåíçîðà åíåðãi¨�iìïóëüñó ìåòîäèêà ðîçáèòòÿ íà êëàñè Ω. Ìîäèôiêóâàâøè

¨¨, çàñòîñîâó¹ìî äëÿ ñïåöiàëiçàöi¨ äâi÷i êîâàðiàíòíèõ âíóòðiøíiõ òåíçîðiâ.

Ðîçãëÿíóòi ãåîäåçè÷íi âiäîáðàæåííÿ ñïåöiàëüíèõ ïñåâäîðiìàíîâèõ

ïðîñòîðiâ. Îñîáëèâó óâàãó ïðèäiëåíî âèâ÷åííþ ñïåöiàëüíèõ ãåîäåçè÷íèõ

âiäîáðàæåíü, ïðè ÿêèõ òåíçîð ϕij
def
= ϕi,j − ϕiϕj , óòâîðåíèé âåêòîðîì,

ùî çàäà¹ äàíå âiäîáðàæåííÿ, ¹ ëiíiéíîþ êîìáiíàöi¹þ ìåòðè÷íèõ òåíçîðiâ

ãåîäåçè÷íî âiäïîâiäíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ.

Çíàéäåíî îñîáëèâiñòü òàêîãî òèïó âiäîáðàæåíü, à ñàìå, ÿêùî òàêå
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âiäîáðàæåííÿ äîçâîëÿ¹ çàäàíèé ïðîñòið Vn, òî âií íå äîçâîëÿ¹ íiÿêèõ

iíøèõ âiäîáðàæåíü. À ïðîñòîðè, ùî íàëåæàòü äî éîãî ãåîäåçè÷íîãî êëàñó

òàêîæ äîçâîëÿþòü ëèøå ãåîäåçè÷íi âiäîáðàæåííÿ ç óìîâîþ, âêàçàíîþ

âèùå. Äîâåäåíî, ùî äî òàêèõ ïðîñòîðiâ íàëåæàòü âñi ïñåâäîðiìàíîâi

ïðîñòîðè, ñòåïiíü ìîáiëüíîñòi ÿêèõ áiëüøå äâîõ. Âèâ÷åíî äåÿêi ¨õ

ãåîìåòðè÷íi âëàñòèâîñòi. Ñïèðàþ÷èñü íà öå, äîâåäåíî, ùî ÷îòèðüîõâèìiðíi

ïðîñòîðè Åéíøòåéíà, âiäìiííi âiä ïðîñòîðiâ ñòàëî¨ êðèâèíè, íå äîçâîëÿþòü

íåòðèâiàëüíèõ ãåîäåçè÷íèõ âiäîáðàæåíü. ßêùî ðîçìiðíiñòü ïðîñòîðó

Åéíøòåéíà áiëüøå ÷îòèðüîõ, òî iñíóþòü òàêi ïðîñòîðè, âiäìiííi âiä ïðîñòîðiâ

ñòàëî¨ êðèâèíè, ùî äîçâîëÿþòü íåòðèâiàëüíi ãåîäåçè÷íi âiäîáðàæåííÿ.

Íàâåäåíî ïðèêëàä òàêèõ ïðîñòîðiâ, íà ÿêîìó ïîêàçàíî, ùî ñèãíàòóðà

ïðîñòîðó íå âïëèâà¹ íà éîãî âëàñòèâiñòü äîçâîëÿòè ÷è íå äîçâîëÿòè

ãåîäåçè÷íi âiäîáðàæåííÿ. Òàêîæ, äëÿ ïðèêëàäó äîñëiäæåíî ãåîäåçè÷íi

âiäîáðàæåííÿ ïðîñòîðiâ Êàçíåðà.

Ïðè ñïåöiàëüíèõ çíà÷åííÿõ ïàðàìåòðiâ ôóíäàìåíòàëüíi âiäîáðàæåííÿ

ñòàþòü êîíôîðìíèìè.

Âèâ÷åíi ïðîñòîðè, â ÿêèõ ïðè ãåîäåçè÷íèõ âiäîáðàæåííÿõ çáåðiãàþòüñÿ

âiäïîâiäíi îá'¹êòè. Íàâåäåíî óìîâè, ÿêèì çàäîâîëüíÿþòü ïñåâäîðiìàíîâi

ïðîñòîðè, â ÿêèõ ïðè ãåîäåçè÷íèõ âiäîáðàæåííÿõ çáåðiãàþòüñÿ âíóòðiøíi

òåíçîðè, ¨õ êîâàðiàíòíi ïîõiäíi òà iíøi âëàñòèâîñòi.

Âèâ÷åííÿ êîíôîðìíèõ âiäîáðàæåíü ïñåâäîðiìàíîâèõ ïðîñòîðiâ � öå

îäíà ç àêòóàëüíèõ çàäà÷ ñó÷àñíî¨ äèôåðåíöiàëüíî¨ ãåîìåòði¨.

Ðîçãëÿíóòi êîíôîðìíi âiäîáðàæåííÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ íà

ïðîñòîðè Åéíøòåéíà. Îöiíåíà ëàêóíà â ðîçïîäiëi ñòåïåíiâ ìîáiëüíîñòi

ïñåâäîðiìàíîâèõ ïðîñòîðiâ âiäíîñíî êîíôîðìíèõ âiäîáðàæåíü íà ïðîñòîðè
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Åéíøòåéíà.

Äîâåäåíî, ÿêùî ñòåïiíü ìîáiëüíîñòi ïñåâäîðiìàíîâîãî ïðîñòîðó Vn

âiäíîñíî êîíôîðìíèõ âiäîáðàæåíü íà ïðîñòîðè Åéíøòåéíà áiëüøå

îäèíèöi, òî ïðîñòið Åéíøòåéíà äîçâîëÿ¹ êîíöèðêóëÿðíå âåêòîðíå ïîëå;

ñòåïiíü ìîáiëüíîñòi ïñåâäîðiìàíîâîãî ïðîñòîðó Vn âiäíîñíî êîíôîðìíèõ

âiäîáðàæåíü íà ïðîñòîðè Åéíøòåéíà íà îäèíèöþ áiëüøà âiä êiëüêîñòi

ëiíiéíî íåçàëåæíèõ êîíöèðêóëÿðíèõ âåêòîðíèõ ïîëiâ, ùî ¨õ äîçâîëÿ¹ ïðîñòið

Åéíøòåéíà; ñåðåä ïðîñòîðiâ äðóãî¨ ëàêóíàðíîñòi âiäíîñíî êîíôîðìíèõ

âiäîáðàæåíü íà ïðîñòîðè Åéíøòåéíà íå ìîæå áóòè ïðîñòîðiâ Åéíøòåéíà.

Ðîçðîáëåíi ìåòîäè çàñòîñîâàíi â òåîði¨ ãåîäåçè÷íèõ äåôîðìàöié

ãiïåðïîâåðõîíü äîâiëüíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ. Ðîçâ'ÿçîê çâåäåíî

äî âèâ÷åííÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü òèïó Êîøi â êîâàðiàíòíèõ

ïîõiäíèõ. Çàïðîïîíîâàíi ôîðìóëè ïåðåõîäó äîçâîëÿþòü ïåðåíîñèòè

ðåçóëüòàòè îòðèìàíi â òåîði¨ ãåîäåçè÷íèõ âiäîáðàæåíü íà äîñëiäæåííÿ

ãåîäåçè÷íèõ äåôîðìàöié.

Ùå îäíèì âèäîì ôóíäàìåíòàëüíèõ âiäîáðàæåíü ¹ ãîëîìîðôíî-

ïðîåêòèâíi âiäîáðàæåííÿ, òîáòî âiäîáðàæåííÿ, ïðè ÿêèõ çáåðiãàþòüñÿ

àíàëiòè÷íî-ïëàíàðíi êðèâi. Äîñëiäæåíî ãîëîìîðôíî-ïðîåêòèâíi

âiäîáðàæåííÿ ñïåöiàëüíèõ êåëåðîâèõ ïðîñòîðiâ ç îáìåæåííÿìè íà òåíçîð

Áîõíåðà, Ði÷÷i, Ðiìàíà.

Êëþ÷îâi ñëîâà: ãåîäåçè÷íi âiäîáðàæåííÿ, êîíôîðìíi âiäîáðàæåííÿ,

ãîëîìîðôíî-ïðîåêòèâíi âiäîáðàæåííÿ, ïñåâäîðiìàíîâi ïðîñòîðè, êåëåðîâi

ïðîñòîðè.
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Abstract

Kiosak V.A. Mappings of special pseudo-Riemannian spaces. � Quali�cation

scienti�c work. Manuscript

Dissertation in pursuit of scienti�c degree of doctor of physical and mathe-

matical sciences in specialization 01.01.04 “Geometry and topology “. � “Taras

Shevchenko“ National University of Kyiv, Institute of mathematics NAS Ukraine,

Kyiv, 2017.

Dissertation treats geodesic, conformal and holomorphically projective map-

pings of pseudo-Riemannian spaces.

In order to study general patterns of theory of conformity, the author has

found the formulae that connect main tensors, tensor of deformation, Riemannian

tensor, Ricci tensor and their �rst and second covariant derivatives for spaces An

and Ān, united by the given mapping. It was achieved by means of modi�ed

Norden method. The above-mentioned formulae include such objects as An

and as Ān with covariant derivatives of the relevant connections. In order to

simplify matter, the notions of a shortened mapping and its particular case, a

half mapping are introduced. Connection that is characteristic for a half mapping

is called a medium connection.

Previously-known formulae are largely simpli�ed by a transition to covariant

derivatives of a medium connection.

A case-study (a mapping that preserves Weil tensor) revealed the way by

which the problems of this type are reduced to systems of di�erential equations.

Due to serious technical di�culties of a local solution of a problem of this
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type, there is a necessity of spaces and/or mappings specialization.

A limitation of inner object of spaces of a�ne connection An in�uences

the exact nature of a mapping in a certain way. In particular, if two spaces of

a�ne connection An and Ān have the same value of Riemannian tensors

R1
223 and R̄1

223, then the mappings obtain special character by necessity.

Then, systems of �rst-order di�erential equations of Cauchy type are studied.

The author notes the possibilities and peculiarities of application of Ricci

identity as an integration condition for the above-mentioned system.

The concept of a fundamental mapping is introduced. When: α
1

= 1,

α
2

= α
3

= 0, then fundamental mappings became geodesic, in other words �

they preserve geodesic lines.

Geodesic mappings of spaces of a�ne connection on the Riemannian spaces

are treated.

The author has proved that the investigation of geodesics of spaces of a�ne

connection on pseudo-Riemannian spaces can be shortened and simpli�ed in the

investigation of geodesic mappings of equi-a�ne spaces on pseudo-Riemannian

spaces.

Specialization of pseudo-Riemannian spaces has two main sources as a way

to introduce additional limitations in re-de�ned systems of equations. The former

source is the geometric conditions of the objects under study. The latter one con-

sists in technological possibilities of investigation methods. Taking into account

these means and considering the investigation of mappings, the author proposes

method of specialization of Riemannian space by a type of inner objects.
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Product and wrapped-product spaces are de�ned among pseudo-Riemannian

spaces that allow special type of metrics in a given system of coordinates. Their

tensor characteristics are studied and following this way - also their geometric

peculiarities.

Symmetrical and recurrent spaces play important role in the theory of special

pseudo-Riemannian spaces. Generalization of these spaces went along two paths:

by increasing the order of covariant derivatives and by treatment of other tensors

as symmetrical and recurrent ones. Naturally, the new type of recurrence, a weak

symmetry, was created.

In case the generalization of recurrent pseudo-Riemannian spaces is carried

out by means of algebraic limitations, we arrive at pseudo-Riemannian spaces

with a special vector shell. The latter is studied by optimized method of V. Kaig-

orodov.

The generalization of symmetrical pseudo-Riemannian spaces leads us to

harmonic spaces. The method of S. Stepanov was proposed for tensor energy-

impulse. It is based on the dividing in classes Ω. This method is best suited

for two-valent tensors. After modi�cation it can be applied for specialization of

twice covariant inner tensors.

The author studies geodesic mappings of special pseudo-Riemannian spaces.

A particular attention is paid to the investigation of special geodesic mappings

that have a tensor ϕij
def
= ϕi,j − ϕiϕj, created by vector that de�nes the given

mapping and which is a linear combination of metric tensors of geodesically

relevant pseudo-Riemannian spaces.

The characteristic of this type of mappings is found. If the mapping allows
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a given space Vn, then it will not allow any other mapping. And spaces, that

belong to its geodesic classe, allow only the geodesic mappings with a condition

that was de�ned above. We have proved that such spaces include all pseudo-

Riemannian spaces with degree of mobility larger than two. The author investi-

gates some geometric properties of them.

The above-mentioned result forms a basis for a proof: four-dimensional Ein-

stein spaces, that have no constant curvature, will not allow non-trivial geodesic

mappings. If the order of Einstein space is more than four, then there should

be such spaces, without constant curvature, that allow non-trivial geodesic map-

pings.

An example of such spaces is constructed. It demonstrates that signature

of the space has no in�uence on its property to allow or not to allow geodesic

mappings. Geodesic mappings of Kasner spaces are studied as a case-study.

When parameters have special values, fundamental mappings turn into con-

formal ones.

The author has studied some spaces which preserve relevant object under

geodesic mapping. The conditions of preservation of inner tensors, their covariant

derivatives, and other properties for pseudo-Riemannian spaces under geodesic

mappings.

Research on conformal mappings of pseudo-Riemannian spaces is one of the

most up-to-date objectives of modern di�erential geometry.

Conformal mappings of pseudo-Riemannian spaces on Einstein spaces were

studied. The author de�ned the lacuna in a distribution of degrees of mobility of

pseudo-Riemannian spaces relatively conformal mappings on the Einstein spaces.
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It is proved that if the degree of mobility of pseudo-Riemannian space Vn is

more than one, then Einstein space allows con-circular vector �eld; a mobility de-

gree of pseudo-Riemannian space Vn to conformal mappings on Einstein spaces

equals to number of liner independent con-circular vector �elds that are allowed

by the Einstein space plus one; the spaces of second lacunarity to conformal

mappings on Einstein spaces cannot be the Einstein spaces by themselves.

The developed methods were applied in the theory of geodesic transforma-

tions of hyper-surfaces of any pseudo-Riemannian space.

The solution is simpli�ed to a study of system of di�erential equations of

Cauchy type in covariant derivatives. The proposed formulae of transition permits

the transfer of results obtained in theory of geodesic mappings to the �eld of

geodesic deformations.

One more type of fundamental mappings is represented by holomorphic pro-

jective mappings, in other words mappings that preserve analytical planar curves.

The author has studied holomorphic projective mappings of special Kahler man-

ifolds with limitation of tensor Bochner, Ricci, Riemann.

Key words: geodesic mappings, conformal mappings, holomorphically pro-

jective mappings, pseudo-Rimannian spaces, Kahlerian spaces.

11



ÑÏÈÑÎÊ ÎÏÓÁËIÊÎÂÀÍÈÕ ÏÐÀÖÜ ÇÀ ÒÅÌÎÞ

ÄÈÑÅÐÒÀÖI�

1. Kiosak V. Geodesic mappings of manifolds with a�ne connection

/V. A. Kiosak, J. Mikes, O. Vanzurova// Palacky University, Olomouc. �

2008. � 220p.

2. Kiosak V.A. ϕ(Ric)�Vector Fields sn Riemannian Spaces/ V.A. Kiosak,

I. Hinterleitner //Archivum-mathematicum (Brno). � 2008. � Vol. 44. �

P. 385-390.

3. Kiosak V.A. On geodesic mappings of a�ne connection mani-

folds/V. A. Kiosak, J. Mikes, I. Hinterleitner // Acta Physica Debrecina

(ISSN 1789-6088).� 2008. � Vol.42. � P. 19-28.

4. Kiosak V.A. There are no conformal Einstein rescalings of complete pseudo-

Riemannian Einstein metrics/V.A. Kiosak, V.S.Matveev// C. R. Acad. Sci.

Paris.� 2009. � Ser. I 347. � P. 1067-1069.

5. Kiosak V.A. Fubini Theorem for pseudo-Riemannian metrics/V. A. Kiosak,

A. Bolsinov, V. S. Matveev //Journal of the London Mathematical Society.

� 2009. � Vol. 80. � �2. � P. 341-356.

6. Kiosak V.A. Complete Einstein metrics are geodesically rigid/V.A. Kiosak,

V.S.Matveev // Comm. Math. Phys.� 2009. � Vol. 289. � �1. � P. 383-

400.

7. Kiosak V.A. (Ric)-Vector Fields on Conformally Flat Spaces/V.A. Kiosak,

I. Hinterleitner // Proceedings of American Institute of Physics. � 2009. �

Vol. 1191. � P. 98-103.

12



8. Kiosak V.A. Proof of the Projective Lichnerowicz Conjecture for

Pseudo-Riemannian Metrics with Degree of Mobility Greater than

Two/V. A. Kiosak, V. S. Matveev//Communications in Mathematical

Physics, Springer. � 2010. � Vol.297. � P. 401-426.

9. Kiosak V.A. Confomal mappings of Riemannian Spaces which Preserve

the Einstein tensor/V. Kiosak, Î. Chepurna, J.Mikes//Journal of Applied

Mathematics. � 2010. � Vol.III, �1.�P. 253-258.

10. Kiosak V.A. On Geodesic Mappings Preserving the Einstein ten-

sor/V. Kiosak, Î. Chepurna, J. Mikes // Acta Univ. Palacki. Olomouc.,

fac. rer. nat., Mathematika.� 2010. � Vol.49, �2. � P. 49-52.

11. Kiosak V.A. Special Einstein's equations on Kahler manifolds /V. A. Kiosak,

I. Hinterleitner// Archivum Mathematicum.� 2010. � Vol. 46, �5. �

P. 333�337.

12. Kiosak V. The only closed Kahler manifold with degree of mobility >2 is

(CP(n), g-Fubini-Study/V. Kiosak, V. Matveev, À. Fedorova, S. Rosemann

// Proc. London Math. Soc.� 2012. � Vol.105, �1. � P. 153-188.

13. Kiosak V. There exist no 4-dimensional geodesically equivalent metrics with

the same stress-energy tensor/V. Kiosak, V. Matveev // J. Geom. Phys.�

2014. � Vol.78. � P. 1-11.

14. Êèîñàê Â.À. Ñïåöèàëüíûå âåêòîðíûå ïîëÿ â ðèìàíîâûõ ïðîñòðàíñòâàõ/

Â.À. Êèîñàê, È. É. Ãèíòåðëåéòíåð// Òåçè äîïîâiäåé ìiæíàðîäíî¨

êîíôåðåíöi¨
”
Õ Áåëîðóññêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ“, Ìiíñüê.�

2008.� Ñ.153.

13



15. Êiîñàê Â.À. Ñïåöiàëüíi âåêòîðíi ïîëÿ â ðiìàíîâèõ ïðîñòîðàõ/

Â. À. Êiîñàê, I. Ãiíòåðëåéòíåð// Ãåîìåòðiÿ â Îäåñi-2008, Òåçè äîïîâiäåé

ìiæíàðîäíî¨ êîíôåðåíöi¨.� 2008. � Ñ.45.

16. Êèîñàê Â. À. Î ìîáèëüíîñòè ðèìàíîâûõ ïðîñòðàíñòâ îòíîñèòåëüíî

êîíôîðìíûõ îòîáðàæåíèé íà ïðîñòðàíñòâà Ýéíøòåéíà/Â.Êèîñàê,

Ë. Åâòóøèê, É. Ìèêåø//Èçâåñòèÿ âóçîâ. Ìàòåìàòèêà. � 2010. � Vol.8.

� C. 36-41.

17. Êèîñàê Â. À. Î ñòåïåíè ãåîäåçè÷åñêîé ïîäâèæíîñòè ðèìàíîâûõ

ìåòðèê/Â.A. Êèîñàê, Â.Ñ. Ìàòâååâ, É. Ìèêåø, È.Ã.Øàíäðà //Ìàò.

çàìåòêè. �2010. � Vol.87, �4. � C. 628-629.

18. Êèîñàê Â. À. Ãîëîìîðôíî-ïðîåêòèâíûå îòîáðàæåíèÿ êåëåðîâûõ

ïðîñòðàíñòâ ñ ñîõðàíåíèåì òåíçîðà Ýéíøòåéíà/Â. À. Êèîñàê,

Î. �. ×åïóðíà//Proceedings international geometry center. � 2010. � ò.3,

�4. � C. 52-57.

19. Êiîñàê Â. À. Ðiâíÿííÿ Åéíøòåéíà â êåëåðîâèõ ïðîñòîðàõ/ Â.À. Êiîñàê,

I. Ãiíòåðëåéòíåð//Ãåîìåòðiÿ â Îäåñi-2010, Òåçè äîïîâiäåé ìiæíàðîäíî¨

êîíôåðåíöi¨, Îäåñà.� 2010.� Ñ.20.

20. Êèîñàê Â. À. Î êâàçè-êîíöèðêóëÿðíûõ îòîáðàæåíèÿõ ïñåâäîðèìàíîâûõ

ïðîñòðàíñòâ ñ ñîõðàíåíèåì òåíçîðà Åéíøòåéíà/ Â.À. Êèîñàê,

Å.×åïóðíàÿ // Ãåîìåòðèÿ â Êèñëîâîäñêå-2010. Òåçèñû ìåæäóíàðîäíîé

êîíôåðåíöèè, Êèñëîâîäñê.� 2010.� Ñ.42.

21. Êèîñàê Â. À. Î ãåîäåçè÷åñêèõ îòîáðàæåíèÿõ ïðîñòðàíñòâ

êâàçèïîñòîÿííîé êðèâèçíû/ Â.À. Êèîñàê// Ìàòåðèàëû 2-é Ðîñ. øêîëû-

êîíôåðåíöèè ñ ìåæäóíàðîäíûì ó÷àñòèåì. Ìàòåìàòèêà, èíôîðìàòèêà,

14



èõ ïðèëîæåíèÿ è ðîëü â îáðàçîâàíèè. Òåçèñû äîêëàäîâ. Òâåðü: Òâåð.

ãîñ. óí-ò.� 2010.�Ñ.144-149.

22. Êèîñàê Â. À. Èíâàðèàíòíûå ïðåîáðàçîâàíèÿ ñ ñîõðàíåíèåì

ãåîäåçè÷åñêèõ/Â. À. Êèîñàê, Î. �. ×åïóðíà // Proceedings interna-

tional geometry center. � 2011.� ò.4, �2. � C. 43-50.

23. Êiîñàê Â. À. Ïðî åêâiäiñòàíòíi ïñåâäîðiìàíîâi ïðîñòîðè/Â. À. Êiîñàê

//Ìàòåìàòè÷íi ñòóäi¨, Ëüâîâ. � 2011.� ò.36, �1. � C. 21-25.

24. Êiîñàê Â. À. Ïðî êîíôîðìíi âiäîáðàæåííÿ ìàéæå Åéíøòåéíîâèõ

ïðîñòîðiâ /Â. À. Êiîñàê//Ìàòåìàòè÷íi ìåòîäè òà ôiçèêî-ìåõàíi÷íi

ïîëÿ. � 2011. � ò.54, �2. � Ñ. 17-22.

25. Êèîñàê Â. À. Êîíôîðìíûå îòîáðàæåíèÿ ñ ñîõðàíåíèåì òåíçîðà ýíåðãèè-

èìïóëüñà/Â. À. Êèîñàê //Èçâåñòèÿ ÏÃÏÓ èì. Áåëèíñêîãî, Ïåíçà. �

2011. � �26. � Ñ. 98-104.

26. Êèîñàê Â. À. Î ñëàáî êîíöèðêóëÿðíî ñèììåòðè÷åñêèõ ïñåâäîðèìàíîâûõ

ïðîñòðàíñòâàõ/Â. À. Êèîñàê, Å.Å.×åïóðíàÿ// Proceedings international

geometry center. � 2011. � ò.4, �3. � C. 15-22.

27. Êèîñàê Â. À. Î ãåîäåçè÷åñêèõ îòîáðàæåíèÿõ ïðîñòðàíñòâ

êâàçèïîñòîÿííîé êðèâèçíû/Â. À. Êèîñàê // Proceedings international

geometry center. �2011. � ò.4, �4. � C. 59-65.

28. Êiîñàê Â.À. Ïðî ñëàáî ñèìåòðè÷íi ïñåâäîðiìàíîâi ïðîñòîðè/ Â. Êèîñàê,

Î. ×åïóðíà, �. ×åðåâêî //Òåçè äîïîâiäåé ìiæíàðîäíî¨ êîíôåðåíöi¨

Ãåîìåòðiÿ â Îäåñi-2011 Îäåñà.� 2011.� Ñ.18.

29. Êiîñàê Â.À. Äèôåîìîðôiçìè óçàãàëüíåíèõ ïðîñòîðiâ i ìîäåëþâàííÿ

äèíàìi÷íèõ ñèñòåì/ Â.À. Êiîñàê, Î.Ý. ×åïóðíà// 15 International Con-

15



ference Dynamical system modeling and stability investigation, 24-27

òðàâíÿ, 2011:Êè¨â. �2011.�Ñ.177.

30. Êiîñàê Â. À. Ïðî êiëüêiñòü ðîçâ'ÿçêiâ îäíi¹¨ ñèñòåìè àëãåáðà¨÷íèõ

ðiâíÿíü/Â. À. Êiîñàê //Proceedings international geometry center. � 2012.

� ò.5, �2. � C. 43-52.

31. Êèîñàê Â. À. Äèôôåîìîðôèçìû ñ ñîõðàíåíèåì òåíçîðà

Ýéíøòåéíà/Â. À. Êèîñàê, Å. E. ×åïóðíàÿ. � Lambert Academic

Publishing. � 2012. � 105c.

32. Êiîñàê Â.À Iíâàðiàíòíi ïåðåòâîðåííÿ ïðîñòîðiâ Âåéëÿ iç çáåðåæåííÿì

ãåîäåçè÷íèõ/Â.À. Êiîñàê, Â.Ñ. Âàñüêîâåöü//ÕIV Ìiæíàðîäíà íàóêîâà

êîíôåðåíöiÿ iì. àêàä. Ì. Êðàâ÷óêà, 19-21 êâiòíÿ, 2012: Êè¨â.�2012.�

Ñ. 119.

33. Êiîñàê Â.À. Ïðî êîíôîðìíi âiäîáðàæåííÿ íà ïðîñòîðè Åéíøòåéíà

/ Â.À. Êiîñàê, Ì.Ë. Ãàâðèëü÷åíêî// Òåçè äîïîâiäåé ìiæíàðîäíî¨

êîíôåðåíöi¨ Ãåîìåòðiÿ â Îäåñi-2013, Îäåñà.� 2013.� Ñ. 144.

34. Êiîñàê Â.À. Ïðî ñïåöiaëüíi ìàéæå åéíøòåéíîâi ïðîñòîðè/ Â.À. Êiîñàê//

Òåçè äîïîâiäåé ìiæíàðîäíî¨ êîíôåðåíöi¨ Ãåîìåòðiÿ i òîïîëîãiÿ â Îäåñi-

2016, 2-8 ÷åðâíÿ 2016: Îäåñà.� 2016.� Ñ.78 .

16



Çìiñò

Âñòóï . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

1 Ñïåöiàëüíi âiäîáðàæåííÿ ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi 31

1.1 Ïðî âiäîáðàæåííÿ óçàãàëüíåíèõ ïðîñòîðiâ . . . . . . . . . . . 31

1.2 Âiäîáðàæåííÿ ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi . . . . . . . . . . . 35

1.3 Óêîðî÷åíi âiäîáðàæåííÿ ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi . . . . . 51

1.4 Âiäîáðàæåííÿ ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi íà ðiìàíîâi ïðîñòîðè 64

Âèñíîâêè ç ðîçäiëó 1 . . . . . . . . . . . . . . . . . . . . . . . . 79

2 Ñïåöiàëüíi ïñåâäîðiìàíîâi ïðîñòîðè 81

2.1 Çâiäíi ïñåâäîðiìàíîâi ïðîñòîðè . . . . . . . . . . . . . . . . . . 81

2.2 Íàïiâçâiäíi ïñåâäîðiìàíîâi ïðîñòîðè Vn. . . . . . . . . . . . . . 100

2.3 Ñïåöiàëüíi êëàñè ïî òèïó òåíçîðiâ . . . . . . . . . . . . . . . . 111

2.3.1 Ñëàáîñèìåòðè÷íi ïñåâäîðiìàíîâi ïðîñòîðè . . . . . . . 113

17



2.3.2 Ïñåâäîðiìàíîâi ïðîñòîðè iç ñïåöiàëüíîþ âåêòîðíîþ

îáîëîíêîþ . . . . . . . . . . . . . . . . . . . . . . . . . . 117

2.3.3 Ãàðìîíiéíi ïðîñòîðè . . . . . . . . . . . . . . . . . . . . 120

2.3.4 Ïðîñòîðè còàëî¨ ñêàëÿðíî¨ êðèâèíè . . . . . . . . . . . 122

2.3.5 Ïðîñòîðè ðîçäiëåíî¨ êðèâèíè . . . . . . . . . . . . . . . 126

Âèñíîâêè ç ðîçäiëó 2 . . . . . . . . . . . . . . . . . . . . . . . . 133

3 Ãåîäåçè÷íi âiäîáðàæåííÿ ñïåöiàëüíèõ ïñåâäîðiìàíîâèõ

ïðîñòîðiâ 135

3.1 Ãåîäåçè÷íi âiäîáðàæåííÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ . . . . . . 136

3.2 Ãåîäåçè÷íi âiäîáðàæåííÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ Vn(B). . . 148

3.3 Ãåîäåçè÷íi âiäîáðàæåííÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ ç

óìîâàìè íà òåíçîð Ði÷÷i . . . . . . . . . . . . . . . . . . . . . . 159

3.4 Ãåîäåçè÷íi âiäîáðàæåííÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ ç

óìîâàìè íà òåíçîð Ðiìàíà . . . . . . . . . . . . . . . . . . . . . 172

3.5 Iíâàðiàíòíi âiäíîñíî ãåîäåçè÷íèõ âiäîáðàæåíü îá'¹êòè

ïñåâäîðiìàíîâèõ ïðîñòîðiâ . . . . . . . . . . . . . . . . . . . . 181

3.6 Ïðî ãåîäåçè÷íi âiäîáðàæåííÿ ðiìàíîâèõ ïðîñòîðiâ Vn(B)
”
â

öiëîìó“ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 195

Âèñíîâêè ç ðîçäiëó 3 . . . . . . . . . . . . . . . . . . . . . . . . 203

4 Ôóíäàìåíòàëüíi âiäîáðàæåííÿ ñïåöiàëüíèõ ïñåâäîðiìàíîâèõ

18



ïðîñòîðiâ 205

4.1 Êîíôîðìíi âiäîáðàæåííÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ . . . . . 205

4.2 Ïðî êîíôîðìíi âiäîáðàæåííÿ íà ïðîñòîðè Åéíøòåéíà . . . . . 215

4.3 Ïðî êîíôîðìíi âiäîáðàæåííÿ çi çáåðåæåííÿì ñïåöiàëüíèõ

òåíçîðiâ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224

4.4 Iíâàðiàíòíi ïåðåòâîðåííÿ çi çáåðåæåííÿì ãåîäåçè÷íèõ . . . . . 231

4.5 Ãåîäåçè÷íi äåôîðìàöi¨ ãiïåðïîâåðõîíü ïñåâäîðiìàíîâèõ

ïðîñòîðiâ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237

4.6 Ïðî ñîëiòîíè Ði÷÷i â ñïåöiàëüíèõ ðiìàíîâèõ ïðîñòîðàõ . . . . 256

Âèñíîâêè ç ðîçäiëó 4 . . . . . . . . . . . . . . . . . . . . . . . . 265

5 Ãîëîìîðôíî-ïðîåêòèâíi âiäîáðàæåííÿ 267

5.1 Ñïåöiàëüíi êåëåðîâi ïðîñòîðè . . . . . . . . . . . . . . . . . . 268

5.2 Ãåîäåçè÷íi âiäîáðàæåííÿ ñïåöiàëüíèõ êåëåðîâèõ ïðîñòîðiâ . . 277

5.3 Îñíîâíi ðiâíÿííÿ òåîði¨ ãîëîìîðôíî-ïðîåêòèâíèõ âiäîáðàæåíü

êåëåðîâèõ ïðîñòîðiâ . . . . . . . . . . . . . . . . . . . . . . . . 279

Âèñíîâêè ç ðîçäiëó 5 . . . . . . . . . . . . . . . . . . . . . . . . 285

Âèñíîâêè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 287

Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè . . . . . . . . . . . . . . . . . . 292

19



Oñíîâíi ïîíÿòòÿ òà ïîçíà÷åííÿ

Íàâåäåìî îñíîâíi ïîíÿòòÿ òà ïîçíà÷åííÿ òåîði¨ àôiííîçâ'ÿçíèõ (An) i

ðiìàíîâèõ (Vn) ïðîñòîðiâ, ñëiäóþ÷è, ãîëîâíèì ÷èíîì, çà [18, 170, 178].

Â ïðîñòîði àôiííî¨ çâ'ÿçíîñòi áåç ñêðóòó An, ÿêèé âiäíåñåíèé äî

ëîêàëüíî¨ ñèñòåìè êîîðäèíàò x ≡ (x1, x2, . . . , xn), ïîðÿä ç îá'¹êòîì àôiííî¨

çâ'ÿçíîñòi Γhij(x) h, i, j = 1, . . . , n, ðîçãëÿäàþòüñÿ òåíçîðè Ðiìàíà, Ði÷÷i i

ïðîåêòèâíî¨ êðèâèíè Âåéëÿ, ÿêi âèçíà÷àþòüñÿ íàñòóïíèì ÷èíîì:

Rh
ijk

def
=∂jΓ

h
ki + ΓαkiΓ

h
jα − ∂kΓhji − ΓαjiΓ

h
kα,

Rij
def
=Rα

ijα,

W h
ijk

def
=Rh

ijk −
1

n− 1

(
δhkRij − δhjRik

)
+

+
1

n+ 1

(
δhi R[jk] −

1

n− 1

(
δhkR[ji] − δhjR[ki]

))
,

äå δhi � ñèìâîëè Êðîíåêåðà, ∂i ≡ ∂
∂xi , [i j] îçíà÷à¹ àëüòåðíóâàííÿ áåç

äiëåííÿ, ïî îäíîéìåííèì iíäåêñàì êîâàðiàíòíèì i êîíòðàâàðiàíòíèì ìà¹ìî

íà óâàçi ñóìóâàííÿ. Åêâiàôiííèì ïðîñòîðîì íàçèâà¹òüñÿ ïðîñòið An, â ÿêîìó

âèêîíó¹òüñÿ Rij = Rji. Ïðîñòið, â ÿêîìó ìà¹ ìiñöå Rh
ijk = 0 (Rij = 0),

íàçèâàþòü ïëàñêèì (Ði÷÷i-ïëàñêèì).

Â ïñåâäîðiìàíîâîìó ïðîñòîði Vn, ÿêèé âèçíà÷åíèé ñèìåòðè÷íèì

íåâèðîäæåíèì òåíçîðîì gij, âèçíà÷àþòü ñèìâîëè Õðèñòîôåëÿ I-ãî i II-
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ãî ðîäiâ: Γijk
def
=

1

2
(∂(igj)k − ∂kgik), Γhij

def
= ghαΓijα, äå gij � åëåìåíòè

îáåðíåíî¨ ìàòðèöi äî ‖gij‖ , (i j) îçíà÷à¹ ñèìåòðóâàííÿ áåç äiëåííÿ. Íà

ñèãíàòóðó ìåòðèêè, ÿêùî íå âèìàãà¹òüñÿ iíøîãî, íå íàêëàäa¹ìî íiÿêèõ

óìîâ. Êîâàðiàíòíó ïîõiäíó ïî çâ'ÿçíîñòi Vn áóäåìî ïîçíà÷àòü ÷åðåç êîìó,

íàïðèêëàä, gij,k , à â An � ∇. Ïñåâäîðiìàíiâ ïðîñòið ¹ åêâiàôiííèì. Ïðîñòið
Vn íàëåæèòü äî êëóñó Cr (Vn ∈ Cr), ÿêùî gij ∈ Cr.

Çà äîïîìîãîþ gij i gij â Vn âèçíà÷àþòü îïåðàöiþ ïiäíiìàííÿ òà îïóñêàííÿ

iíäåêñiâ, íàïðèêëàä: Rhijk
def
= ghαR

α
ijk, R

h k
. ij.

def
= gkαRh

ijα, R
h
i

def
= ghαRαi.

Ñïðîùó¹òüñÿ îçíà÷åííÿ òåíçîðà Âåéëÿ â Vn.

W h
ijk

def
= Rh

ijk −
1

n− 1
(δhkRij − δhjRik).

Â Vn âèçíà÷à¹òüñÿ ñêàëÿðíà êðèâèíà R
def
= Rαβg

αβ, òåíçîðè Áðiíêìàíà i

êîíôîðìíî¨ êðèâèíè Âåéëÿ:

Lijk
def
=

1

n− 2
(Rij −

R

2(n− 1)
gij); Chijk

def
= Rhijk − gh[kLj]i + gi[kLj]h.

Ðîçãëÿíåìî êîíêðåòíå âiäîáðàæåííÿ (äèôåîìîðôiçì) ïðîñòîðiâ,

íàïðèêëàä: f : Vn → V̄n, ÿêi âiäíåñåìî äî ñïiëüíî¨ ïî öüîìó âiäîáðàæåííþ

ñèñòåìè êîîðäèíàò x. Öÿ êîîðäèíàòíà ñèñòåìà õàðàêòåðèçó¹òüñÿ

âëàñòèâiñòþ, ùî âiäïîâiäíi òî÷êè M ∈ Vn i f(M) ∈ V̄n ìàþòü îäíàêîâi

êîîðäèíàòè x = (x1, x2, . . . , xn). Âiäïîâiäíi ãåîìåòðè÷íi îá'¹êòè â V̄n áóäåìî

ïîçíà÷àòè ðèñêîþ. Íàïðèêëàä, R̄h
ijk i R̄ij ¹ òåíçîðàìè Ðiìàíà i Ði÷÷i ïðîñòîðó

V̄n.
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Íèæ÷å íàâåäåìî îñíîâíi ñêîðî÷åííÿ, ÿêi âèêîðèñòà¹ìî â äèñåðòàöi¨:

∗ An � ïðîñòið àôiííî¨ çâ'ÿçíîñòi; ∗ Vn � ïñåâäîðiìàíiâ ïðîñòið;

∗ Kn � êåëåðiâ ïðîñòið; ∗ Cn � êîíôîðìíî-ïëàñêèé ïðîñòið;

∗ ÏÑÊ � ïðîñòið ñòàëî¨ êðèâèíè;

∗ ÏÅ � ïñåâäîðiìàíiâ ïðîñòið Åéíøòåéíà;

∗ ÃÂ � ãåîäåçè÷íå âiäîáðàæåííÿ;

∗ ÊÂ � êîíôîðìíå âiäîáðàæåííÿ;

∗ ÃÏÂ � ãîëîìîðôíî-ïðîåêòèâíå âiäîáðàæåííÿ;

∗ ÍÃÂ � íåòðèâiàëüíi ÃÂ;

∗ ÍÊÂ � íåòðèâiàëüíi ÊÂ;

∗ ÍÃÏÂ � íåòðèâiàëüíi ÃÏÂ.
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Âñòóï

Àêòóàëüíiñòü òåìè äîñëiäæåííÿ.

Äèôåîìîðôiçìè óçàãàëüíåíèõ ãåîìåòðè÷íèõ ïðîñòîðiâ óòâîðþþòü îäèí

iç àêòóàëüíèõ íàïðÿìêiâ ñó÷àñíî¨ äèôåðåíöiàëüíî¨ ãåîìåòði¨.

Ïîáóäîâà êëàñè÷íî¨ òåîði¨ âiäîáðàæåíü áåðå ñâié ïî÷àòîê â ñåðåäèíi

ÕIÕ ñòîði÷÷ÿ â ïðàöÿõ iòàëiéñüêîãî ãåîìåòðà �. Áåëüòðàìi, ÿêèé ðîçãëÿíóâ

âiäîáðàæåííÿ ïîâåðõîíü íà ïëîùèíó òàêi, ùî ãåîäåçè÷íi ëiíi¨ ïåðåõîäÿòü

â ïðÿìi. Ç ðîçâèòêîì òåíçîðíîãî àíàëiçó òà éîãî çàñòîñóâàííÿì â

äèôåðåíöiàëüíié ãåîìåòði¨ áóëè îòðèìàíi áàçîâi ôóíäàìåíòàëüíi ðåçóëüòàòè

â ðîáîòàõ Ò. Ëåâi-×èâiòè, Ã. Âåéëÿ, Ò. Òîìàñà.

Â òåîði¨ âiäîáðàæåíü ïðàöþâàëà âåëèêà êiëüêiñòü â÷åíèõ ÿê

ìàòåìàòèêiâ, òàê i ôiçèêiâ, çàöiêàâëåíèõ â çàñòîñóâàííi ðåçóëüòàòiâ äëÿ

ìîäåëþâàííÿ äèíàìi÷íèõ ïðîöåñiâ. ßê âiäîìî, ðóõ äåÿêèõ òèïiâ ìåõàíi÷íèõ

ñèñòåì, áàãàòî ïðîöåñiâ â ãðàâiòàöiéíèõ òà åëåêòðîìàãíiòíèõ ïîëÿõ, â

ñóöiëüíèõ ñåðåäîâèùàõ ïðîòiêàþòü çà òðà¹êòîðiÿìè, ÿêi ìîæíà ðîçãëÿäàòè,

ÿê ãåîäåçè÷íi ëiíi¨ àôiííîçâ'ÿçíîãî àáî ïñåâäîðiìàíîâîãî ïðîñòîðó, ùî

âèçíà÷àþòüñÿ åíåðãåòè÷íèì ðåæèìîì, ïðè ÿêîìó çîâíiøíi ñèëè âiäñóòíi,

àáî çà äåÿêèìè êðèâèìè, âåêòîð êðèâèíè ÿêèõ � öå âåêòîð óçàãàëüíåíèõ

çîâíiøíiõ ñèë.

Âiäáóëàñü ñïåöiàëiçàöiÿ âiäîáðàæåíü òà áóëè ñôîðìîâàíi òðè îñíîâíèõ

íàïðÿìêè:

1. Âèâ÷åííÿ îñíîâíèõ çàêîíîìiðíîñòåé âiäîáðàæåíü.

2. Äëÿ çàäàíîãî óçàãàëüíåíîãî ïðîñòîðó òà ñïåöiàëüíîãî âiäîáðàæåííÿ
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ïîøóê âiäïîâiäi íà ïèòàííÿ: äîçâîëÿ¹ ÷è íå äîçâîëÿ¹ âií âiäîáðàæåííÿ.

3. Äëÿ çàäàíî¨ ïàðè ïðîñòîðiâ çíàéòè âiäîáðàæåííÿ, ÿêå ¨õ ïîâ'ÿçó¹.

Ñôîðìóâàëèñü ìàòåìàòè÷íi øêîëè, ïðåäñòàâíèêè ÿêèõ ïðàöþâàëè â öèõ

íàïðÿìêàõ:

- Êàçàíñüêà ãåîìåòðè÷íà øêîëà (Ï.À. Øèðîêîâ, Â.Ð. Êàéãîðîäîâ,

À. Ï. Íîðäåí, À.Â. Àìiíîâà);

- Mîñêîâñüêà ãåîìåòðè÷íà øêîëà (Ï.Ê. Ðàøåâñüêèé, Â.Ã. Êðó÷êîâè÷,

À. Ñ. Ñîëîäîâíiêîâ, Â.Ô. Êèðè÷åíêî);

- Êè¨âñüêà øêîëà (Î.Ç. Ïåòðîâ);

- Ïåíçåíñüêà ãåîìåòðè÷íà øêîëà (I.Ï. �ãîðîâ);

- ßïîíñüêà øêîëà (Ê. ßíî);

- Ðóìóíñüêà øêîëà (Ã. Âðåí÷àíó).

Ñåðåä íîâiòíiõ øêië ñëiä âiäçíà÷èòè Âðîöëàâñüêó øêîëó (P. Äåø÷);

Îëîìîóöüêó øêîëó (É. Ìiêåø); Éåíñüêó øêîëó (Â. Ñ. Ìàòâ¹¹â);

Àâñòðàëiéñüêó øêîëó (Ì. Iñòâóä).

Îñîáëèâå ìiñöå â ðîçâèòêó òåîði¨ âiäîáðàæåíü çàéìà¹ Îäåñüêà

ãåîìåòðè÷íà øêîëà. Õî÷à ôîðìàëüíî øêîëà áåðå ïî÷àòîê âiä Â. Ô. Êàãàíà,

îñíîâíi óñïiõè ïîâ'ÿçàíi ç ðîáîòàìè ïðîôåñîðà Ì.Ñ. Ñiíþêîâà òà éîãî

ó÷íiâ Ì.Ë. Ãàâðèëü÷åíêà, Ñ.Ã. Ëåéêà, É. Ìiêåøà, I.Ì. Êóðáàòîâî¨,

Í. Â. ßáëîíñüêî¨, Î. Ì. Ñiíþêîâî¨ òà iíøèõ.

Âèâ÷åííÿ âiäîáðàæåíü çâîäèòüñÿ äî ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü.

Ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü ïðèâîäèòü äî àëãåáðà¨÷íî¨ ñèñòåìè,
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ùî ïðåäñòàâëÿ¹ ñîáîþ óìîâè iíòåãðóâàííÿ. ×àñòiøå çà âñå, öi ñèñòåìè

ïåðåâèçíà÷åíi, ââîäÿ÷è äîäàòêîâi îáìåæåííÿ, ¨õ ñïðîùóþòü àáî iíòåãðóþòü.

Òàêèì ÷èíîì, ãåîìåòðè÷íi ïèòàííÿ ðîçâ'ÿçóþòüñÿ ìåòîäàìè ëiíiéíî¨

àëãåáðè, çîêðåìà, òàêi ÿê

- ãåîäåçè÷íi âiäîáðàæåííÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ;

- ãåîäåçè÷íi âiäîáðàæåííÿ ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi íà

ïñåâäîðiìàíîâi ïðîñòîðè;

- ãåîäåçè÷íi âiäîáðàæåííÿ áåðâàëüäîâèõ ïðîñòîðiâ íà ïñåâäîðiìàíîâi

ïðîñòîðè;

- ãåîäåçè÷íi äåôîðìàöi¨ ãiïåðïîâåðõîíü ïñåâäîðiìàíîâèõ ïðîñòîðiâ;

- êîíôîðìíi âiäîáðàæåííÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ íà ïðîñòîðè

Åéíøòåéíà;

- ãîëîìîðôíî-ïðîåêòèâíi âiäîáðàæåííÿ êåëåðîâèõ ïðîñòîðiâ;

- ìàéæå ãåîäåçè÷íi âiäîáðàæåííÿ ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi òà ií.

Çàóâàæèìî, ùî ïðèíöèïîâà ìîæëèâiñòü ëîêàëüíîãî ðîçâ'ÿçêó öèõ

çàäà÷ ïî¹äíó¹òüñÿ ç ñåðéîçíèìè òðóäíîùàìè òåõíi÷íîãî õàðàêòåðó. Òîìó

çáåðiãà¹ àêòóàëüíiñòü çàäà÷à âèâ÷åííÿ âíóòðiøíiõ òåíçîðíèõ õàðàêòåðèñòèê

óçàãàëüíåíèõ ïðîñòîðiâ, ùî äîçâîëÿþòü ÷è íå äîçâîëÿþòü âêàçàíi

âiäîáðàæåííÿ. Öå, â ñâîþ ÷åðãó, ïðèâîäèòü äî ñïåöiàëiçàöi¨ ïðîñòîðiâ àáî

äî ñïåöiàëiçàöi¨ âiäîáðàæåíü.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.

Äèñåðòàöiéíà ðîáîòà âèêîíàíà â ðàìêàõ òåìè íàóêîâèõ äîñëiäæåíü
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êàôåäðè ãåîìåòði¨, òîïîëîãi¨ òà äèíàìi÷íèõ ñèñòåì ìåõàíiêî-ìàòåìàòè÷íîãî

ôàêóëüòåòó Êè¨âñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Òàðàñà Øåâ÷åíêà

(� äåðæðå¹ñòðàöi¨ 16ÁÔÎ38-01) i ïîâ'ÿçàíà ç íàóêîâèìè òåìàìè,

ÿêi ðîçðîáëÿëèñü â Óíiâåðñèòåòi Ïàëàöüêîãî, ì. Îëîìîóö (×åõiÿ)

(� äåðæðå¹ñòðàöi¨ MSM 6198959214), çà ïðîãðàìîþ ãðàíòó Ãðàíòîâî¨

àãåíöi¨ ×åñüêî¨ ðåñïóáëiêè, âiäïîâiäà¹ ïëàíàì ñïiâïðàöi çà äîãîâîðîì ìiæ

Óíiâåðñèòåòîì iì. Ïàëàöüêîãî ì. Îëîìîóö, ×åñüêà ðåñïóáëiêà i Îäåñüêèì

Íàöiîíàëüíèì ïîëiòåõíi÷íèì óíiâåðñèòåòîì, i âiäïîâiäà¹ äåðæáþäæåòíié

äîñëiäíèöüêié òåìi �162
”
Äîñëiäæåííÿ äèôåðåíöiàëüíî¨ ãåîìåòði¨

âiäîáðàæåíü ìíîãîâèäiâ“ (0106U0123135) Óêðà¨íà. À òàêîæ çà ïðîãðàìàìè

Óíiâåðñèòåòó Øiëëåðà, ì. Éåíà, Íiìå÷÷èíà (DFG Priority Program 1154 -

”
Global Di�erential Geometry“; DFG MA 2565/2

”
H-projectivety equivalent

metrics“; Research Training Group 1523
”
Quantum and Gravitational Fields“).

Ìåòà òà çàâäàííÿ äîñëiäæåííÿ.

Ìåòîþ äèñåðòàöiéíî¨ ðîáîòè ¹ çíàõîäæåííÿ íîâèõ õàðàêòåðèñòèê

ïñåâäîðiìàíîâèõ i àôiííîçâ'ÿçíèõ ïðîñòîðiâ òà ¨õ âiäîáðàæåíü.

Îá'¹êòîì äîñëiäæåííÿ ¹ ñïåöiàëüíi ïñåâäîðiìàíîâi, àôiííîçâ'ÿçíi òà

êåëåðîâi ïðîñòîðè i ¨õ ãåîäåçè÷íi, êîíôîðìíi òà ãîëîìîðôíî-ïðîåêòèâíi

âiäîáðàæåííÿ.

Ïðåäìåòîì äîñëiäæåííÿ ¹ äèôåðåíöiàëüíi ðiâíÿííÿ, ¨õ óìîâè

iíòåãðîâàíîñòi òà äèôåðåíöiàëüíi ïðîäîâæåííÿ, ÿêi õàðàêòåðèçóþòü òå,

äîçâîëÿ¹ ÷è íå äîçâîëÿ¹ çàäàíèé óçàãàëüíåíèé ïðîñòið âêàçàíèé òèï

âiäîáðàæåííÿ. Ñèñòåìè ðiâíÿíü, ùî çàäàþòü âêàçàíi âiäîáðàæåííÿ,

çâîäÿòüñÿ äî ïåðåâèçíà÷åíî¨ ñèñòåìè àëãåáðà¨÷íèõ ðiâíÿíü. Øëÿõîì

ââåäåííÿ äîäàòêîâèõ îáìåæåíü ñïåöiàëiçàöi¨ ïðîñòîðiâ ðîçâ'ÿçóþòüñÿ çàäà÷i
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îïèñàííÿ ãåîìåòðè÷íèõ õàðàêòåðèñòèê àôiííîçâ'ÿçíèõ, ïñåâäîðiìàíîâèõ

òà êåëåðîâèõ ïðîñòîðiâ, ùî äîçâîëÿþòü ÷è íå äîçâîëÿþòü ãåîäåçè÷íi,

êîíôîðìíi òà ãîëîìîðôíî-ïðîåêòèâíi âiäîáðàæåííÿ.

Ìåòîäè äîñëiäæåííÿ � öå êëàñè÷íi ìåòîäè äîñëiäæåííÿ ðiìàíîâî¨

ãåîìåòði¨. Äîñëiäæåííÿ âåäóòüñÿ ëîêàëüíî, â êëàñi äîñòàòíüî ãëàäêèõ

ôóíêöié ç âèêîðèñòàííÿì òåíçîðíèõ ìåòîäiâ, áåç îáìåæåíü íà

çíàêîâèçíà÷åíiñòü òà ñèãíàòóðó ìåòðèêè.

Íàóêîâà íîâèçíà îòðèìàíèõ ðåçóëüòàòiâ: ïîëÿãà¹ â ðîçðîáöi

ìåòîäiâ ñïåöiàëiçàöi¨ âiäîáðàæåíü óçàãàëüíåíèõ ïðîñòîðiâ â çàëåæíîñòi âiä

òèïó ïðîñòîðó òà çàäà÷, ÿêi äîñëiäæóþòüñÿ.

Âñi ðåçóëüòàòè, îòðèìàíi â äèñåðòàöi¨, ¹ íîâèìè i ïîëÿãàþòü ó

íàñòóïíîìó

1. Îá ðóíòîâàíî çàãàëüíèé ïiäõiä äî ñïåöiàëiçàöi¨ ÿê ìåòîäó äîñëiäæåííÿ

âiäîáðàæåííÿ óçàãàëüíåíèõ ïðîñòîðiâ.

2. Çàïðîïîíîâàíî ñïåöiàëiçàöiþ ïñåâäîðiìàíîâèõ ïðîñòîðiâ çà âèäîì

ìåòðèêè òà âíóòðiøíiõ îá'¹êòiâ.

3. Óäîñêîíàëåíî ìåòîäè äîñëiäæåííÿ âiäîáðàæåíü ïñåâäîðiìàíîâèõ

ïðîñòîðiâ iç çáåðåæåííÿì âëàñòèâîñòåé ïðîñòîðiâ òà îá'¹êòiâ.

4. Çíàéäåíî âèä ëiíiéíî¨ ôîðìè îñíîâíèõ ðiâíÿíü òåîði¨ ãåîäåçè÷íèõ

âiäîáðàæåíü ïñåâäîðiìàíîâèõ ïðîñòîðiâ â çàëåæíîñòi âiä ïîòóæíîñòi

ãåîäåçè÷íîãî êëàñó.

5. Äîâåäåíî, ùî ÷îòèðèâèìiðíi ïðîñòîðè Åéíøòåéíà âiäìiííi âiä ïðîñòîðiâ

ñòàëî¨ êðèâèíè îäíîçíà÷íî âèçíà÷àþòüñÿ ñâî¨ìè ãåîäåçè÷íèìè ëiíiÿìè.
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6. Îá ðóíòîâàíî, ùî ñèãíàòóðà ïðîñòîðó Åéíøòåéíà íå âïëèâà¹ íà éîãî

ãåîäåçè÷íå âiäîáðàæåííÿ.

7. Ïîáóäîâàíà íåñêií÷åííà ïîñëiäîâíiñòü ïñåâäîðiìàíîâèõ ïðîñòîðiâ, ùî

ïîâ'ÿçàíi ãåîäåçè÷íèì âiäîáðàæåííÿì.

8. Âèçíà÷åíî îñîáëèâiñòü çàñòîñóâàííÿ ðîçðîáëåíèõ ìåòîäiâ äëÿ

äîñëiäæåííÿ êîíôîðìíèõ âiäîáðàæåíü.

9. Çàïðîïîíîâàíî ìåòîäèêó ïîøèðåííÿ ìåòîäiâ òåîði¨ ãåîäåçè÷íèõ

âiäîáðàæåíü ïñåâäîðiìàíîâèõ ïðîñòîðiâ â òåîði¨ ãîëîìîðôíî-

ïðîåêòèâíèõ âiäîáðàæåíü êåëåðîâèõ ïðîñòîðiâ.

Ïðàêòè÷íå çíà÷åííÿ îòðèìàíèõ ðåçóëüòàòiâ.

Äèñåðòàöiÿ íîñèòü õàðàêòåð ôóíäàìåíòàëüíî-òåîðåòè÷íîãî

äîñëiäæåííÿ. Ðåçóëüòàòè, îòðèìàíi â äèñåðòàöi¨, öå ïðèðîäíèé ðîçâèòîê

âiäîìèõ ðåçóëüòàòiâ òåîði¨ ãåîäåçè÷íèõ i êîíôîðìíèõ âiäîáðàæåíü

ïñåâäîðiìàíîâèõ ïðîñòîðiâ, ãîëîìîðôíî-ïðîåêòèâíèõ âiäîáðàæåíü

êåëåðîâèõ ïðîñòîðiâ, i òîìó, ¹ òåîðåòè÷íî öiííèìè ç òî÷êè çîðó

äèôåðåíöiàëüíî¨ ãåîìåòði¨. Òàêîæ âîíè ìîæóòü áóòè âèêîðèñòàíi â çàãàëüíié

òåîði¨ âiäíîñíîñòi i òåîðåòè÷íié ìåõàíiöi ïðè ìîäåëþâàííi ôiçè÷íèõ ïðîöåñiâ.

Îñîáèñòèé âíåñîê àâòîðà.

Äèñåðòàöiÿ ¹ ñàìîñòiéíîþ íàóêîâîþ ïðàöåþ, â ÿêié âèñâiòëåíi âëàñíi

iäå¨ i ðîçðîáêè àâòîðà, ùî äîçâîëèëè âèðiøèòè ïîñòàâëåíi çàâäàííÿ. Ðîáîòà

ìiñòèòü òåîðåòè÷íi òà ìåòîäè÷íi ïîëîæåííÿ i âèñíîâêè, ñôîðìóëüîâàíi

äèñåðòàíòîì îñîáèñòî. Âèêîðèñòàíi â äèñåðòàöi¨ iäå¨, ïîëîæåííÿ ÷è

ãiïîòåçè iíøèõ àâòîðiâ ìàþòü âiäïîâiäíi ïîñèëàííÿ i âèêîðèñòàíi ëèøå
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äëÿ ïiäêðiïëåííÿ iäåé çäîáóâà÷à. Ðåçóëüòàòè, ùî íàëåæàòü ñïiâàâòîðàì,

íàâîäÿòüñÿ â äèñåðòàöi¨ çà íåîáõiäíiñòþ äëÿ ïîâíîòè îïèñó òîãî êîëà ïèòàíü

i ìåòîäiâ äëÿ ¨õ ðîçâ'ÿçóâàííÿ, ÿêi âèâ÷àþòüñÿ àâòîðîì äèñåðòàöi¨.

Àïðîáàöiÿ ðåçóëüòàòiâ.

Ìàòåðiàëè äèñåðòàöi¨ äîïîâiäàëèñü íà ìiñüêîìó ãåîìåòðè÷íîìó

ñåìiíàði Õàðêiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iì. Â.Í. Êàðàçiíà, íà

ãåîìåòðè÷íîìó ñåìiíàði ìàòåìàòè÷íîãî âiääiëåííÿ ÔÒIÍÒ iì. Á.I. Âåðêiíà

ÍÀÍ Óêðà¨íè, íà ñåìiíàði “Òîïîëîãiÿ òà ¨¨ çàñòîñóâàííÿ“ Ëüâiâñüêîãî

íàöiîíàëüíîãî óíiâåðñèòåòó iì. Iâàíà Ôðàíêà, íà ãåîìåòðè÷íîìó ñåìiíàði

iíñòèòóòó Ïðèêëàäíèõ Ïðîáëåì Ìåõàíiêè i Ìàòåìàòèêè ÍÀÍ Óêðà¨íè iì.

ß. Ïiäñòðèãà÷à, íà ñåìiíàði êàôåäðè ãåîìåòði¨, òîïîëîãi¨ òà äèíàìi÷íèõ

ñèñòåì Êè¨âñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iì. Òàðàñà Øåâ÷åíêà, íà

ñåìiíàði âiääiëó ãåîìåòði¨ i òîïîëîãi¨ Iíñòèòóòó ìàòåìàòèêè ÍÀÍ Óêðà¨íè.

Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ äîïîâiäàëèñü íà òàêèõ êîíôåðåíöiÿõ: “Õ

Áåëîðóññêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ“, (Ìiíñüê, Áiëîðóñü, 2008); In-

ternational Conference “Ãåîìåòðèÿ â Êèñëîâîäñêå-2009“; International Con-

ference “Ãåîìåòðèÿ â Êèñëîâîäñêå-2010“; 2-ÿ Ðîñ. øêîëà-êîíôåðåíöiÿ ç

ìiæíàðîäíîþ ó÷àñòþ. “Ìàòåìàòèêà, èíôîðìàòèêà, èõ ïðèëîæåíèÿ è ðîëü

â îáðàçîâàíèè“. Ðîñiÿ, Òâåð, 2010; “Ìiæíàðîäíà êîíôåðåíöiÿ “Aplimath““,

2010, 2011, Áðàòèñëàâà; 15 International Conference
”
Dynamical system mod-

eling and stability investigation“, Êè¨â, 2011; ÕIV Ìiæíàðîäíà íàóêîâà

êîíôåðåíöiÿ iì. àêàä. Ì. Êðàâ÷óêà, Êè¨â, 2012; Ìiæíàðîäíà êîíôåðåíöiÿ

“Òîïîëîãiÿ òà ¨¨ çàñòîñóâàííÿ“ Ëüâiâñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iì.

Iâàíà Ôðàíêà, Ëüâiâ, 2015; Ìiæíàðîäía êîíôåðåíöiÿ “Ãåîìåòðiÿ â Îäåñi“,

Îäåñà (2008 - 2016).
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Ïóáëiêàöi¨.

Çà ðåçóëüòàòàìè äîñëiäæåííÿ îïóáëiêîâàíî 34 íàóêîâi ïðàöi, ç íèõ - 22

íàóêîâi ñòàòòi ó ôàõîâèõ âèäàííÿõ [38] � [49], [133] � [135], [139] � [144], [147],

2 ìîíîãðàôi¨ [37, 148] òà 10 òåç äîïîâiäåé íà íàóêîâèõ êîíôåðåíöiÿõ [131],

[132],[136] � [138], [145] � [151].

Ñòðóêòóðà òà îá'¹ì äèñåðòàöi¨.

Äèñåðòàöiÿ ñêëàäà¹òüñÿ iç âñòóïó, ï'ÿòè ðîçäiëiâ, âèñíîâêó òà ñïèñêó

ëiòåðàòóðè. Ðîçäiëè ðîçáèòi íà ïàðàãðàôè. Êîæåí ðîçäië ìà¹ âèñíîâîê. Äëÿ

ôîðìóë i òåîðåì çàñòîñîâó¹òüñÿ ïîòðiéíà íóìåðàöiÿ: ïåðøà öèôðà îçíà÷à¹

íîìåð ðîçäiëó, äðóãà � íîìåð ïàðàãðàôó, à òðåòÿ � íîìåð ôîðìóëè â öüîìó

ïàðàãðàôi. Çàãàëüíèé îá'¹ì äèñåðòàöi¨ 317 ñòîðiíîê. Îñíîâíèé òåêñò

âèêëàäåíî íà 270 ñòîðiíêàõ. Ñïèñîê âèêîðèñòàíî¨ ëiòåðàòóðè âêëþ÷à¹ 197

íàéìåíóâàíü.

Íàîñòàíîê àâòîð âèñëîâëþ¹ ïîäÿêó ñâî¹ìó íàóêîâîìó êîíñóëüòàíòó

äîêòîðó ôiçèêî-ìàòåìàòè÷íèõ íàóê, ïðîôåñîðó Î.Î. Ïðèøëÿêó çà ïîñòiéíó

óâàãó äî ðîáîòè òà êîðèñíi îáãîâîðåííÿ. Òàêîæ äÿêóþ ñïiâàâòîðàì ç ×åõi¨:

ïðîôåñîðó É. Ìiêåøó, äîöåíòó I. Ãiíòåðëÿéòíåð òà äîöåíòó À. Âàíæóðîâié;

ç Íiìå÷÷èíè: ïðîôåñîðó Â.Ñ. Ìàòâ¹¹âó, ïðîôåñîðó Ñ. Ðîçåìàíó, äîêòîðó

À.Ôåäîðîâié; ç Âåëîêîáðèòàíi¨ ïðîôåñîðó À. Áîëñiíîâó. Îñîáëèâà ïîäÿêà

äîöåíòó Ì.Ë. Ãàâðèëü÷åíêî çà ïîñòiéíó ïiäòðèìêó i êîíñóëüòàöi¨.
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Ðîçäië 1

Ñïåöiàëüíi âiäîáðàæåííÿ ïðîñòîðiâ

àôiííî¨ çâ'ÿçíîñòi

Çâ'ÿçíîñòi â äèôåðåíöiàëüíié ãåîìåòði¨ âèíèêëè ñòî ðîêiâ òîìó â ðîáîòàõ

Òóëiî Ëåâi-×èâiòè (1917 ðiê), à çãîäîì Ã. Âåéëü (1920 ðiê), âèâ÷àþ÷è

ïèòàííÿ ïðî ïàðàëåëüíå ïåðåíåñåííÿ âåêòîðiâ, ïðèéøîâ äî ïðîñòîðiâ àôiííî¨

çâ'ÿçíîñòi.

Öåé ðîçäië ïðèñâÿ÷åíî âèâ÷åííþ âiäîáðàæåíü ïðîñòîðiâ àôiííî¨

çâ'ÿçíîñòi.

1.1 Ïðî âiäîáðàæåííÿ óçàãàëüíåíèõ ïðîñòîðiâ

Äæåðåëà òåîði¨ âiäîáðàæåíü çíàõîäÿòü â ðîáîòi äàâíüîãðåöüêîãî

ìàòåìàòèêà Àïîëîíiÿ Ïåðãñüêîãî
”
Êîíi÷íi ïåðåðiçè“, äå âèâ÷àþòüñÿ iíâåðñi¨

âiäíîñíî êîëà, åëiïñà, ïàðàáîëè, ãiïåðáîëè. Ïîòiì áóëà ðîáîòà Ëàãðàíæà ïî
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âèâ÷åííþ äèíàìi÷íèõ ñèñòåì i ¨õ ìîäåëþâàííþ.

Ïîáóäîâà êëàñè÷íî¨ òåîði¨ âiäîáðàæåíü áåðå ñâié ïî÷àòîê â ñåðåäèíi

ÕIÕ ñòîði÷÷ÿ â ïðàöÿõ iòàëiéñüêîãî ãåîìåòðà �. Áåëüòðàìi, ÿêèé ðîçãëÿíóâ

âiäîáðàæåííÿ ïîâåðõîíü íà ïëîùèíó òàêi, ùî ãåîäåçè÷íi ëiíi¨ ïåðåõîäÿòü

â ïðÿìi. Ç ðîçâèòêîì òåíçîðíîãî àíàëiçó òà éîãî çàñòîñóâàííÿì â

äèôåðåíöiàëüíié ãåîìåòði¨ áóëè îòðèìàíi áàçîâi ôóíäàìåíòàëüíi ðåçóëüòàòè

â ðîáîòàõ Ò. Ëåâi-×èâiòè, Ã. Âåéëÿ, Ò. Òîìàñà [54, 107, 93] .

Â òåîði¨ âiäîáðàæåíü ïðàöþâàëà âåëèêà êiëüêiñòü â÷åíèõ ÿê

ìàòåìàòèêiâ, òàê i ôiçèêiâ, çàöiêàâëåíèõ â çàñòîñóâàííi ðåçóëüòàòiâ äëÿ

ìîäåëþâàííÿ äèíàìi÷íèõ ïðîöåñiâ. ßê âiäîìî, ðóõ äåÿêèõ òèïiâ ìåõàíi÷íèõ

ñèñòåì, áàãàòî ïðîöåñiâ â ãðàâiòàöiéíèõ òà åëåêòðîìàãíiòíèõ ïîëÿõ, â

ñóöiëüíèõ ñåðåäîâèùàõ ïðîòiêàþòü çà òðà¹êòîðiÿìè, ÿêi ìîæíà ðîçãëÿäàòè,

ÿê ãåîäåçè÷íi ëiíi¨ àôiííîçâ'ÿçíîãî àáî ïñåâäîðiìàíîâîãî ïðîñòîðó, ùî

âèçíà÷àþòüñÿ åíåðãåòè÷íèì ðåæèìîì, çà ÿêîãî çîâíiøíi ñèëè âiäñóòíi,

àáî çà äåÿêèìè êðèâèìè, âåêòîð êðèâèíè ÿêèõ � öå âåêòîð óçàãàëüíåíèõ

çîâíiøíiõ ñèë.

Âèâ÷åííÿ âiäîáðàæåíü (ìîðôiçìiâ) ðiçíèõ òèïiâ ãåîìåòðè÷íèõ ñòðóêòóð

ñêëàäà¹ àêòóàëüíó ÷àñòèíó ñó÷àñíî¨ äèôåðåíöiàëüíî¨ ãåîìåòði¨. Ïiä

âiäîáðàæåííÿì â ñó÷àñíié ãåîìåòði¨ ðîçóìiþòü äèôåîìîðôiçì, ùî çáåðiãà¹ òi

÷è iíøi âëàñòèâîñòi ãåîìåòðè÷íèõ îá'¹êòiâ. Öåíòðàëüíîþ â ñó÷àñíié ãåîìåòði¨

¹ ñòðóêòóðà àôiííî¨ çâ'ÿçíîñòi, ÿê òàêà, ùî ìà¹ øèðîêå çàñòîñóâàííÿ.

Âiäáóëàñü ñïåöiàëiçàöiÿ âiäîáðàæåíü òà áóëè ñôîðìîâàíi òðè îñíîâíèõ

íàïðÿìêè ðîáiò:

1. Âèâ÷åííÿ îñíîâíèõ çàêîíîìiðíîñòåé âiäîáðàæåíü.
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2. Äëÿ çàäàíîãî óçàãàëüíåíîãî ïðîñòîðó òà ñïåöiàëüíîãî âiäîáðàæåííÿ

ïîøóê âiäïîâiäi íà ïèòàííÿ: äîçâîëÿ¹ ÷è íå äîçâîëÿ¹ âií âiäîáðàæåííÿ.

3. Äëÿ çàäàíî¨ ïàðè ïðîñòîðiâ çíàéòè âiäîáðàæåííÿ, ÿêå ¨õ ïîâ'ÿçó¹.

Îñîáëèâó ðîëü ñåðåä ãåîìåòðè÷íèõ îá'¹êòiâ âiäiãðàþòü ãåîäåçè÷íi ëiíi¨

òà ðiçíi ¨õ óçàãàëüíåííÿ. Ñàìå òîìó, ñåðåä âiäîáðàæåíü âèäiëÿþòü, ç ÷àñiâ

Å. Áåëüòðàìi, ãåîäåçè÷íi âiäîáðàæåííÿ, òîáòî âiäîáðàæåííÿ, ùî çáåðiãàþòü

ãåîäåçè÷íi ëiíi¨. Çíàìåíèòà òåîðåìà Áåëüòðàìi, ç ÿêî¨ i ïî÷àëàñü ñó÷àñíà

òåîðiÿ ãåîäåçè÷íèõ âiäîáðàæåíü, îïóáëiêîâàíà 1865 ðîöi, ñòâåðäæó¹, ùî

ãåîäåçè÷íi âiäîáðàæåííÿ íà ïëàñêi ïðîñòîðè, äîçâîëÿþòü ëèøå ïðîñòîðè

ñòàëî¨ êðèâèíè [3, 4]. Áiëüøå ÷èì ÷åðåç 120 ðîêiâ öåé ðåçóëüòàò óçàãàëüíèâ

À.Â. Ïîãîð¹ëîâ [172] äëÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ ç ìiíiìàëüíèìè

óìîâàìè íà ãëàäêiñòü ìåòðèêè. Çíà÷íèé âíåñîê â âèâ÷åííÿ çàãàëüíèõ

çàêîíîìiðíîñòåé òåîði¨ ãåîäåçè÷íèõ âiäîáðàæåíü âíåñëè Ò. Ëåâi-×èâiòà,

Ò. Òîìàñ, Ã. Âåéëü, Î. Ç. Ïåòðîâ, À. Ñ. Ñîëîäîâíiêîâ, Ã. I. Êðó÷êîâè÷,

Ì. Ñ. Ñiíþêîâ, Â. Ñ. Ñîá÷óê, É. Ìiêåø, Â. Ñ. Ìàòâ¹¹â [54, 93, 107, 170,

186, 152, 178, 185].

Ïðîäîâæåííÿì öüîãî íàïðÿìêó ¹ âèâ÷åííÿ ãåîäåçè÷íèõ âiäîáðàæåíü

ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi íà ïñåâäîðiìàíîâi ïðîñòîðè, à òàêîæ iíøi

ïîâ'ÿçàíi ïðîáëåìè [7, 8, 9, 13, 14, 37, 81, 90, 110, 160, 161].

Îñîáëèâå ìiñöå â ðîçâèòêó òåîði¨ âiäîáðàæåíü çàéìà¹ îäåñüêà

ãåîìåòðè÷íà øêîëà. Õî÷à ôîðìàëüíî øêîëà áåðå ïî÷àòîê âiä Â.Ô. Êàãàíà,

îñíîâíi óñïiõè ïîâ'ÿçàíi ç ðîáîòàìè ïðîôåñîðà Ì.Ñ. Ñiíþêîâà òà éîãî

ó÷íiâ: Ì.Ë. Ãàâðèëü÷åíêà, Ñ.Ã. Ëåéêà, É. Ìiêåøà, I.Ì. Êóðáàòîâî¨,

Í.Â. ßáëîíñüêî¨, Î.Ì. Ñiíþêîâî¨ òà iíøèõ [178, 179, 180, 118, 27, 28, 75,

76, 77, 78, 79, 80, 155, 156, 157, 158, 165, 166, 167, 182, 183].
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Âèâ÷åííÿ âiäîáðàæåíü çâîäèòüñÿ äî ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü.

Ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü ïðèâîäèòü äî àëãåáðà¨÷íî¨ ñèñòåìè,

ÿêà ¹ óìîâîþ iíòåãðóâàííÿ. ×àñòiøå çà âñå, öi ñèñòåìè ïåðåâèçíà÷åíi,

ââîäÿ÷è äîäàòêîâi îáìåæåííÿ, ¨õ ñïðîùóþòü àáî iíòåãðóþòü. Òàêèì ÷èíîì,

ãåîìåòðè÷íi ïèòàííÿ ðîçâ'ÿçóþòüñÿ ìåòîäàìè ëiíiéíî¨ àëãåáðè, çîêðåìà, òàêi

ÿê

- ãåîäåçè÷íi âiäîáðàæåííÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ;

- ãåîäåçè÷íi âiäîáðàæåííÿ ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi íà

ïñåâäîðiìàíîâi ïðîñòîðè;

- ãåîäåçè÷íi âiäîáðàæåííÿ áåðâàëüäîâèõ ïðîñòîðiâ íà ïñåâäîðiìàíîâi

ïðîñòîðè;

- ãåîäåçè÷íi äåôîðìàöi¨ ãiïåðïîâåðõîíü ïñåâäîðiìàíîâèõ ïðîñòîðiâ;

- êîíôîðìíi âiäîáðàæåííÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ íà ïðîñòîðè

Åéíøòåéíà;

- ãîëîìîðôíî-ïðîåêòèâíi âiäîáðàæåííÿ êåëåðîâèõ ïðîñòîðiâ;

- ìàéæå ãåîäåçè÷íi âiäîáðàæåííÿ ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi òà ií.

Çàóâàæèìî, ùî ïðèíöèïîâà ìîæëèâiñòü ëîêàëüíîãî ðîçâ'ÿçêó öèõ

çàäà÷ ïî¹äíó¹òüñÿ ç ñåðéîçíèìè òðóäíîùàìè òåõíi÷íîãî õàðàêòåðó. Òîìó

çáåðiãà¹ àêòóàëüíiñòü çàäà÷à âèâ÷åííÿ âíóòðiøíiõ òåíçîðíèõ õàðàêòåðèñòèê

óçàãàëüíåíèõ ïðîñòîðiâ, ùî äîçâîëÿþòü ÷è íå äîçâîëÿþòü âêàçàíi

âiäîáðàæåííÿ. Öå, â ñâîþ ÷åðãó, ïðèâîäèòü äî ñïåöiàëiçàöi¨ ïðîñòîðiâ àáî äî

ñïåöiàëiçàöi¨ âiäîáðàæåíü. Ðîçðîáëåíi ìåòîäè çíàéøëè øèðîêå çàñòîñóâàííÿ

i ïîäàëüøèé ðîçâèòîê â ðîáîòàõ Â.Ñ. Ìàòâ¹¹âà [57, 58, 59, 60, 61, 62, 63, 64,

65, 66, 67].
34



1.2 Âiäîáðàæåííÿ ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi

Ïðîñòîðîì àôiííî¨ çâ'ÿçíîñòi An ðîçìiðíîñòi n íàçèâàþòü òàêèé

äèôåðåíöiéîâàíèé ìíîãîâèä, íà êîæíié êðèâié ÿêîãî çàäàíà àôiííà

çâ'ÿçíiñòü, ùî çàäîâîëüíÿ¹ óìîâi ëiíiéíîñòi, òîáòî äëÿ êîæíî¨ òî÷êè M òà

äëÿ âñÿêîãî âåêòîðíîãî ïîëÿ â îêîëi äàíî¨ òî÷êè, àáñîëþòíèé äèôåðåíöiàë

âåêòîðà, ùî íàëåæèòü öüîìó ïîëþ, îá÷èñëåíèé â òî÷öiM äëÿ âñÿêî¨ êðèâî¨,

ùî ïðîõîäèòü ÷åðåç öþ òî÷êó, ¹ ëiíiéíà ôóíêöiÿ âåêòîðà åëåìåíòàðíîãî

çìiùåííÿ ïî êðèâié.

ßêùî íå çàçíà÷åíî iíøå , òî ðîçãëÿäàþòüñÿ ïðîñòîðè àôiííî¨ çâ'ÿçíîñòi

An áåç ñêðóòó, òîáòî òàêi, ùî

Γhij(x) = Γhji(x). (1.2.1)

Ïðîñòið An íàëåæèòü êëàñó Cr (An ∈ Cr), ÿêùî Γhij(x) ∈ Cr.

Ðîçãëÿíåìî äâà ïðîñòîðè àôiííî¨ çâ'ÿçíîñòi.

Îçíà÷åííÿ 1.2.1. Âçà¹ìíî îäíîçíà÷íà âiäïîâiäíiñòü ìiæ òî÷êàìè

ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi An òà Ān íàçèâà¹òüñÿ âiäîáðàæåííÿì, ÿêùî

â ñïiëüíié çà âiäîáðàæåííÿì ñèñòåìi êîîðäèíàò âèêîíóþòüñÿ óìîâè

Γ̄ij(x) = Γhij(x) + P h
ij(x). (1.2.2)

Ñïiëüíîþ çà âiäîáðàæåííÿì ñèñòåìîþ êîîðäèíàò íàçèâàþòü òàêó

ñèñòåìó êðèâîëiíiéíèõ êîîðäèíàò, â ÿêié êîîðäèíàòè âiäïîâiäíèõ òî÷îê

ñïiâïàäàþòü.
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Îçíà÷åííÿ 1.2.2. Òåíçîð P h
ij(x) íàçèâàþòü òåíçîðîì äåôîðìàöi¨

çâ'ÿçíîñòi ïðè äàíîìó âiäîáðàæåííi.

ßêùî

P h
ij(x) /≡ 0, (1.2.3)

òî âiäîáðàæåííÿ íàçèâàþòü íåòðèâiàëüíèì.

Çàóâàæèìî, ùî òåíçîð äåôîðìàöi¨ ñèìåòðè÷íèé çà êîâàðiàíòíèìè

iíäåêñàìè, òîáòî P h
ij = P h

ji, äëÿ ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi áåç ñêðóòó.

Â âèïàäêó òåíçîðíîãî ïîëÿ S òèïó ( pq ) êîâàðiàíòíà ïîõiäíà ïî çâ'ÿçíîñòi

An, ÿêó ìè áóäåìî ïîçíà÷àòè ∇, â êîæíié ñèñòåìi êîîðäèíàò x1, x2, . . . , xn

âèçíà÷à¹òüñÿ íàñòóïíèì ÷èíîì:

∇kS
i1i2...ip
j1j2...jq

(x) = ∂kS
i1i2...ip
j1j2...jq

(x) + Γi1kα(x)S
αi2...ip
j1j2...jq

(x) + . . .+

+ Γ
ip
kα(x)S

i1i2...ip−1α
j1j2...jq

(x)− Γβkj1(x)S
i1i2...ip
βj2...jq

(x)− . . .− (1.2.4)

− Γβkjq(x)S
i1i2...ip
j1j2...jq−1β

(x),

(i1, . . . , ip; j1, . . . jq; k = 1, 2, . . . , n).

Äëÿ ïðîñòîðó Ān òà êîâàðiàíòíié ïîõiäíî¨ â íüîìó ∇̄ áóäåìî ìàòè â

ñïiëüíié ñèñòåìi êîîðäèíàò
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∇̄kS
i1i2...ip
j1j2...jq

(x) = ∂kS
i1i2...ip
j1j2...jq

(x) + Γ̄i1kα(x)S
αi2...ip
j1j2...jq

(x) + . . .+

+ Γ̄
ip
kα(x)S

i1i2...ip−1α
j1j2...jq

(x)− Γ̄βkj1(x)S
i1i2...ip
βj2...jq

(x)− . . .− (1.2.5)

− Γ̄βkjq(x)S
i1i2...ip
j1j2...jq−1β

(x),

(i1, . . . , ip; j1, . . . jq; k = 1, 2, . . . , n).

Âiäíiìàþ÷è âiä îñòàííüîãî (1.2.4) ç óðàõóâàííÿì (1.2.2), îòðèìà¹ìî

∇̄kS
i1i2...ip
j1j2...jq

(x)−∇kS
i1i2...ip
j1j2...jq

(x) = P i1
kα(x)S

αi2...ip
j1j2...jq

(x) + . . .+

+ P
ip
kα(x)S

i1i2...ip−1α
j1j2...jq

(x)− P β
kj1

(x)S
i1i2...ip
βj2...jq

(x)− . . .− (1.2.6)

− P β
kjq

(x)S
i1i2...ip
j1j2...jq−1β

(x),

(i1, . . . , ip; j1, . . . jq; k = 1, 2, . . . , n).

Îñòàíí¹ ñïðàâåäëèâå äëÿ áóäü-ÿêîãî òåíçîðà, à äëÿ òåíçîðà äåôîðìàöi¨

(1.2.6) ïðèéìå âèãëÿä

∇̄kP
h
ij(x)−∇kP

h
ij(x) = P h

kα(x)P α
ij(x)− P α

ki(x)P h
αj(x)− P α

kj(x)P h
iα(x). (1.2.7)
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Ñèìåòðóþ÷è îñòàíí¹, îòðèìà¹ìî

∇̄kP
h
ij + ∇̄jP

h
ik −∇kP

h
ij −∇jP

h
ik = −2P α

kjP
h
iα. (1.2.8)

À, àëüòåðíóþ÷è �

∇̄kP
h
ij − ∇̄jP

h
ik −∇kP

h
ij +∇jP

h
ik = −2(P h

kαP
α
ij − P α

kiP
h
αj). (1.2.9)

Çàêîí çìiíè òåíçîðà êðèâèíè, ùî âèçíà÷à¹òüñÿ, ÿê

Rh
. ijk = ∂jΓ

h
ik + ΓαikΓ

h
jα − ∂kΓ

h
ij − ΓαijΓ

h
kα, (1.2.10)

ïðè âiäîáðàæåííi ïðîñòîðó An íà Ān çàïèøåòüñÿ â âèãëÿäi

R̄h
. ijk = Rh

. ijk +∇kP
h
ji − ∇jP

h
ki + P h

αkP
α
ji − P h

αjP
α
ki. (1.2.11)

Àáî, ç óðàõóâàííÿì (1.2.9),

R̄h
. ijk = Rh

. ijk +
1

2
(∇kP

h
ji − ∇jP

h
ki + ∇̄kP

h
ji − ∇̄jP

h
ki). (1.2.12)

Òåíçîð Ði÷÷i Rij = Rα
ijα çìiíþ¹òüñÿ çà çàêîíîì

R̄ij = Rij +
1

2
(∇αP

α
ji − ∇jP

α
αi + ∇̄αP

α
ji − ∇̄jP

α
αi). (1.2.13)

Òåîðåìà 1.2.1. Ïðè âiäîáðàæåííi ïðîñòîðó àôiííî¨ çâ'ÿçíîñòi An íà

ïðîñòið àôiííî¨ çâ'ÿçíîñòi Ān òåíçîðè Ðiìàíà òà Ði÷÷i ïðîñòîðiâ An òà

Ān â ñïiëüíié ñèñòåìi êîîðäèíàò çâ'ÿçàíi ñïiââiäíîøåííÿìè (1.2.12) òà

(1.2.13) âiäïîâiäíî.
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ßêùî â ïðîñòîði àôiííî¨ çâ'ÿçíîñòi òåíçîð Ði÷÷i ¹ ñèìåòðè÷íèì, òîáòî

Rij = Rji, òî òàêi ïðîñòîðè íàçèâàþòü åêâiàôiííèìè ïðîñòîðàìè.

Äëÿ êîâàðiàíòíèõ ïîõiäíèõ òåíçîðà Ðiìàíà, iç ôîðìóëè (1.2.6), áóäåìî

ìàòè

∇̄kR
h
. ijl −∇kR

h
. ijl = P h

kαR
α
. ijl − P α

kiR
h
. αjl − P α

kjR
h
. iαl − P α

klR
h
. ijα. (1.2.14)

Êîâàðiàíòíà ïîõiäíà òåíçîðà Ðiìàíà Ān iç (1.2.12) ìà¹ âèãëÿä

∇̄lR̄
h
. ijk = ∇̄lR

h
. ijk +

1

2
(∇̄l∇kP

h
ji − ∇̄l∇jP

h
ki + ∇̄l∇̄kP

h
ji − ∇̄l∇̄jP

h
ki). (1.2.15)

Âðàõîâóþ÷è (1.2.14) òà ïåðåõîäÿ÷è äî ïîõiäíî¨ â An, îòðèìà¹ìî:

∇̄lR̄
h
. ijk = ∇lR

h
. ijk + P h

lαR
α
. ijk − P α

liR
h
. αjk − P α

ljR
h
. iαk − P α

klR
h
. ijα +

+
1

2
(∇l∇kP

h
ji − ∇l∇jP

h
ki + ∇̄l∇̄kP

h
ji − ∇̄l∇̄jP

h
ki + (1.2.16)

+∇αP
h
jiP

α
kl + ∇kP

h
αiP

α
jl +∇kP

h
jαP

α
il + ∇kP

α
ijP

h
αl).

Êîâàðiàíòíà ïîõiäíà òåíçîðà Ði÷÷i

∇̄kRij −∇kRij = −P α
kiRαj − P α

kjRαi (1.2.17)
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òà

∇̄kR̄ij = ∇lRij − P α
kiRαj − P α

kjRαi +

+
1

2
(∇β∇kP

β
ji − ∇β∇jP

β
ki + ∇̄β∇̄kP

β
ji − ∇̄β∇̄jP

β
ki + (1.2.18)

+∇αP
β
jiP

α
kβ + ∇kP

β
αiP

α
jβ +∇kP

β
jαP

α
iβ + ∇kP

α
ijP

β
αβ).

Òåîðåìà 1.2.2. Ïðè âiäîáðàæåííi ïðîñòîðiâ An òà Ān êîâàðiàíòíi ïîõiäíi

òåíçîðà äåôîðìàöi¨, òåíçîðà Ðiìàíà òà òåíçîðà Ði÷÷i çàäîâîëüíÿþòü

(1.2.7), (1.2.16), (1.2.18).

Òàêèì ÷èíîì, íàìè îòðèìàíi ôîðìóëè, ùî çâ'ÿçóþòü âiäïîâiäíi îá'¹êòè

òà ¨õ êîâàðiàíòíi ïîõiäíi â âiäïîâiäíèõ çà âiäîáðàæåííÿì ïðîñòîðàõ An òà

Ān.

Äëÿ òåíçîðà S ñïðàâåäëèâà òîòîæíiñòü Ði÷÷i:

∇k∇lS
i1i2...ip
j1j2...jq

(x)−∇l∇kS
i1i2...ip
j1j2...jq

(x) =

= −Ri1
. αkl(x)S

αi2...ip
j1j2...jq

(x) − . . .− R
ip
. αkl(x)S

i1i2...ip−1α
j1j2...jq

(x) +

(1.2.19)

+Rβ
. j1kl

(x)S
i1i2...ip
βj2...jq

(x) + . . .+ Rβ
. jqkl

(x)S
i1i2...ip
j1j2...jq−1β

(x),

(i1, . . . , ip; j1, . . . jq; k = 1, 2, . . . , n).
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Äëÿ êîâàðiàíòíî¨ ïîõiäíî¨ â Ān

∇̄k∇̄lS
i1i2...ip
j1j2...jq

(x)− ∇̄l∇̄kS
i1i2...ip
j1j2...jq

(x) =

= −R̄i1
. αkl(x)S

αi2...ip
j1j2...jq

(x) − . . .− R̄
ip
. αkl(x)S

i1i2...ip−1α
j1j2...jq

(x) +

(1.2.20)

+ R̄β
. j1kl

(x)S
i1i2...ip
βj2...jq

(x) + . . .+ R̄β
. jqkl

(x)S
i1i2...ip
j1j2...jq−1β

(x)

(i1, . . . , ip; j1, . . . jq; k = 1, 2, . . . , n).

Âiäíiìåìî (1.2.19) âiä (1.2.20)

∇̄k∇̄lS
i1i2...ip
j1j2...jq

(x)−∇k∇lS
i1i2...ip
j1j2...jq

(x) +∇l∇kS
i1i2...ip
j1j2...jq

(x)− ∇̄l∇̄kS
i1i2...ip
j1j2...jq

(x) =

=
1

2
(∇kP

i1
lα −∇lP

i1
kα + ∇̄kP

i1
lα − ∇̄lP

i1
kα)S

αi2...ip
j1j2...jq

(x) + . . .+

+
1

2
(∇kP

ip
lα −∇lP

ip
kα + ∇̄kP

ip
lα − ∇̄lP

ip
kα)S

i1i2...ip−1α
j1j2...jq

(x) +

(1.2.21)

+
1

2
(∇lP

β
kj1
− ∇jP

h
kj1

+ ∇̄lP
β
kj1
− ∇̄kP

β
lj1

)S
i1i2...ip
βj2...jq

(x) + . . .+

+
1

2
(∇lP

β
kjq
− ∇kP

β
ljq

+ ∇̄lP
β
kjq
− ∇̄kP

β
ljq

)S
i1i2...ip
j1j2...jq−1β

(x)

(i1, . . . , ip; j1, . . . jq; k = 1, 2, . . . , n).
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Öå äîçâîëÿ¹ çàïèñàòè òîòîæíiñòü Ði÷÷i äëÿ òåíçîðà äåôîðìàöi¨

∇l∇jP
h
ki −∇j∇lP

h
ki = P h

αiR
α
. kjl − P α

kiR
h
. αjl + P h

kαR
α
. ijl. (1.2.22)

∇̄l∇̄jP
h
ki − ∇̄j∇̄lP

h
ki = P h

αiR̄
α
. kjl − P α

kiR̄
h
. αjl + P h

kαR̄
α
. ijl. (1.2.23)

Âðàõîâóþ÷è ïîïåðåäí¹, îòðèìà¹ìî

∇̄l∇̄jP
h
ki − ∇̄j∇̄lP

h
ki −∇l∇jP

h
ki +∇j∇lP

h
ki =

=
1

2
P h
αi(∇lP

α
jk − ∇jP

α
lk + ∇̄lP

α
jk − ∇̄jP

α
lk)−

(1.2.24)

− 1

2
P α
ki(∇lP

h
jα − ∇jP

h
lα + ∇̄lP

h
jα − ∇̄jP

h
lα) +

+
1

2
P h
kα(∇lP

α
ji − ∇jP

α
li + ∇̄lP

α
ji − ∇̄jP

α
li ).

Òîòîæíiñòü Ði÷÷i äëÿ òåíçîða Ðiìàíà ìà¹ âèãëÿä

∇̄[lm]R̄
h
ijk = −R̄α

ijkR̄
h
αlm + R̄h

αjkR̄
α
ilm + R̄h

iαkR̄
α
jlm + R̄h

ijαR̄
α
klm. (1.2.25)

∇[lm]R
h
ijk = −Rα

ijkR
h
αlm +Rh

αjkR
α
ilm +Rh

iαkR
α
jlm +Rh

ijαR
α
klm. (1.2.26)

Âiäíiìàþ÷è ç (1.2.25) (1.2.26) òà âðàõîâóþ÷è (1.2.12), áóäåìî ìàòè
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∇̄[lm]R̄
h
ijk −∇[lm]R

h
ijk =

=
1

2
(−Rh

αlm(∇kP
α
ji − ∇jP

α
ki + ∇̄kP

α
ji − ∇̄jP

α
ki)−

−R̄α
ijk(∇mP

h
lα − ∇lP

h
mα + ∇̄mP

h
lα − ∇̄lP

h
mα) +

+Rα
ilm(∇kP

h
jα − ∇jP

h
kα + ∇̄kP

h
jα − ∇̄jP

h
kα)+

+R̄h
αjk(∇mP

α
li − ∇lP

α
mi + ∇̄mP

α
li − ∇̄lP

α
mi) + (1.2.27)

+Rα
jlm(∇kP

h
αi − ∇αP

h
ki + ∇̄kP

h
αi − ∇̄αP

h
ki) +

+R̄h
iαk(∇mP

α
lj − ∇lP

α
mj + ∇̄mP

α
lj − ∇̄lP

α
mj) +

+Rα
klm(∇αP

h
ji − ∇jP

h
αi + ∇̄αP

h
ji − ∇̄jP

h
αi) +

+R̄h
ijα(∇mP

α
lk − ∇lP

α
mk + ∇̄mP

α
lk − ∇̄lP

α
mk)).

Ãðóïóþ÷è, ïåðåêîíà¹ìîñü â ñïðàâåäëèâîñòi

∇̄[lm]R̄
h
ijk −∇[lm]R

h
ijk =
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=
1

2
(−Rh

αlm(∇[kP
α
j]i + ∇̄[kP

α
j]i)− R̄α

ijk(∇[mP
h
l]α + ∇̄[mP

h
l]α) +

+Rα
ilm(∇[kP

h
j]α + ∇̄[kP

h
j]α) + R̄h

αjk(∇[mP
α
l]i + ∇̄[mP

α
l]i) + (1.2.28)

+Rα
jlm(∇[kP

h
α]i + ∇̄[kP

h
α]i) + R̄h

iαk(∇[mP
α
l]j + ∇̄[mP

α
l]j) +

+Rα
klm(∇[αP

h
j]i + ∇̄[αP

h
j]i) + R̄h

ijα(∇[mP
α
l]k + ∇̄[mP

α
l]k)).

Äëÿ òåíçîðiâ Ði÷÷i, àíàëîãi÷íî, îäåðæèìî

∇̄[lm]R̄ij −∇[lm]Rij =

=
1

2
(−Rβ

αlm(∇[βP
α
j]i + ∇̄[βP

α
j]i)− R̄α

ijβ(∇[mP
β
l]α + ∇̄[mP

β
l]α) +

+Rα
ilm(∇[βP

β
j]α + ∇̄[βP

β
j]α) + R̄αj(∇[mP

α
l]i + ∇̄[mP

α
l]i) + (1.2.29)

+Rα
jlm(∇[βP

β
α]i + ∇̄[βP

β
α]i) + R̄iα(∇[mP

α
l]j + ∇̄[mP

α
l]j) +

+Rα
βlm(∇[αP

β
j]i + ∇̄[αP

β
j]i) + R̄β

ijα(∇[mP
α
l]β + ∇̄[mP

α
l]β)).

Òåîðåìà 1.2.3. Ïðè âiäîáðàæåííi ïðîñòîðó An íà ïðîñòið Ān äëÿ äðóãèõ

êîâàðiàíòíèõ ïîõiäíèõ òåíçîðà äåôîðìàöi¨, òåíçîðà Ðiìàíà òà òåíçîðà

Ði÷÷i âèêîíóþòüñÿ âiäïîâiäíî óìîâè (1.2.24), (1.2.28), (1.2.29).
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Çàóâàæèìî, ùî çàçíà÷åíi â íàâåäåíèõ òåîðåìàõ óìîâè íîñÿòü ëèøå

íåîáõiäíèé õàðàêòåð.

Ïîçíà÷èìî ðiçíèöþ òåíçîðiâ Ðiìàíà ïðîñòîðiâ Ān òà An, ïîâ'ÿçàíèõ

âiäîáðàæåííÿì, ÷åðåç P h
ijk, òîáòî P

h
ijk � äåôîðìàöiÿ òåíçîðiâ Ðiìàíà ïðè

âiäîáðàæåííi �

R̄h
ijk −Rh

ijk
def
= P h

ijk (1.2.30)

àáî, âðàõîâóþ÷è ïîïåðåäí¹,

P h
ijk =

1

2

(
∇̄kP

h
ij − ∇̄jP

h
ik +∇kP

h
ij −∇jP

h
ik

)
. (1.2.31)

Çàóâàæèìî, ùî òåíçîð P h
ijk çàäîâîëüíÿ¹ óìîâàì

P h
ijk + P h

ikj = 0 (1.2.32)

òà

P h
ijk + P h

jki + P h
kij = 0. (1.2.33)

Äîâåäåìî òåîðåìó

Òåîðåìà 1.2.4. ßêùî â äîâiëüíié ñèñòåìi êîîðäèíàò òåíçîð P h
ijk òàêèé,

ùî P 1
223 = 0 (àáî P 1

234 = 0 äëÿ n > 3), òî öåé òåíçîð çàïèñó¹òüñÿ

íàñòóïíèì ÷èíîì

P h
ijk = δhi (Pjk − Pkj) + δhjPik − δhkPij, (1.2.34)

äå Pij � äåÿêèé òåíçîð.

Äîâåäåííÿ.

Ïðè ïåðåòâîðåííi ñèñòåìè êîîðäèíàò

x′h = x′h(x1, x2, . . . xn) (1.2.35)
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êîìïîíåíòè òåíçîðà P h
ijk ïåðåòâîðþþòüñÿ çà çàêîíîì

P ′hijk = P α
βγδP

h
αB

β
i B

γ
jB

δ
k, (1.2.36)

äå

P h
i
def
= ∂ix

′h,
∥∥Bh

i

∥∥ def
=
∥∥P h

i

∥∥−1
. (1.2.37)

Ïåðåêîíà¹ìîñü, ùî, ÿêùî P 1
223 = 0 (àáî P 1

234 = 0) â áóäü-ÿêèé ñèñòåìi

êîîðäèíàò, òî âiäïîâiäíî

P h
iij = 0 (1.2.38)

òà

P h
ijk = 0 (1.2.39)

â áóäü-ÿêèé ñèñòåìi êîîðäèíàò äëÿ âçà¹ìíî âiäìiííèõ iíäåêñiâ i, j, k, h.

Ðîçãëÿíåìî íàñòóïíi ïåðåòâîðåííÿ êîîðäèíàò

x′p = xp + rxq; x′s = xs; p 6= s. (1.2.40)

Òóò p òà q âçà¹ìíî âiäìiííi iíäåêñè, r � äîâiëüíà ñòàëà.

Òîäi P h
i òà Bh

i â ðiâíÿííÿõ (1.2.36) çàïèñóþòüñÿ â âèãëÿäi

P h
i = Bh

i = δhi , P p
q = −Bp

q = r, (1.2.41)

çà óìîâîþ àáî h 6= p, àáî i 6= q.

Îá÷èñëèìî êîìïîíåíòè òåíçîðà P h
ijk â íîâié ñèñòåìi êîîðäèíàò, ùî

âèçíà÷à¹òüñÿ (1.2.40)

P ′hpqk = P h
pqk + rP h

qqk. (1.2.42)

Òîäi

P ′hppk = P h
ppk + r(P h

pqk + P h
qpk) + r2P h

qqk, (1.2.43)
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äëÿ

P ′qpjk = P q
pjk + r(P q

qjk − P
p
pjk)− r

2P p
qqk, (1.2.44)

òàêîæ

P ′qipk = P q
ipk + r(P q

iqk − P
p
ipk)− r

2P p
iqk (1.2.45)

i, íàîñòàíîê,

P ′qppk = P q
ppk − r(P

p
ppk − P

q
qpk − P

q
qpk)− r3P p

qqk +

(1.2.46)

+r2(P q
qqk − P

p
pqk − P

p
qpk).

Â îñòàííiõ ôîðìóëàõ âñi, ðiçíi çà íàïèñîì, iíäåêñè âiäìiííi. Çà iíäåêñàìè

p òà q òóò òà â ïîäàëüøîìó â öüîìó äîâåäåíi çãîäó Åéíøòåéíà ïðî ñóìóâàííÿ

íå çàñòîñîâó¹ìî. Âðàõîâóþ÷è (1.2.42) , ïåðåêîíà¹ìîñü, ùî ç (1.2.39) âèòiêà¹

(1.2.38).

Äîâåäåìî çâîðîòíå. Íåõàé âèêîíóþòüñÿ ðiâíÿííÿ (1.2.38), òîáòî P h
iik = 0

â áóäü-ÿêié ñèñòåìi êîîðäèíàò, ïðè âçà¹ìíî âiäìiííèõ iíäåêñàõ h, i, k. Òîäi

ç (1.2.43) îòðèìà¹ìî

P h
ijk + P h

jik = 0, (1.2.47)

äå i, j, k, h âçà¹ìíî âiäìiííi iíäåêñè.

Àëüòåðíóþ÷è îñòàíí¹ çà iíäåêñàìè k òà j, âðàõîâóþ÷è âëàñòèâîñòi

(1.2.32) òà (1.2.33) òåíçîðà P h
ijk, îòðèìà¹ìî (1.2.39). Äàëi ç (1.2.42) òà (1.2.45)

çíàéäåìî

P q
qjk = P p

pjk, P q
iqk = P p

ipk, (1.2.48)

äå p, q 6= k, j.

Iç îñòàííüîãî âèïëèâà¹, ùî äëÿ âñiõ iíäåêñiâ j, k, p (p 6= j, k)
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P p
pjk = Bjk, P p

ipk = Pik. (1.2.49)

Òóò Bjk, Pik � äåÿêi ãåîìåòðè÷íi îá'¹êòè.

Âðàõîâóþ÷è (1.2.39), (1.2.49), à òàêîæ òå, ùî r � äîâiëüíà ñòàëà, iç

(1.2.46) îòðèìà¹ìî

P p
ppk = Bpk + Ppk, (1.2.50)

äëÿ äîâiëüíèõ iíäåêñiâ p 6= k.

Òåïåð ïåðåêîíà¹ìîñÿ, ùî (1.2.38), (1.2.39), (1.2.49), (1.2.50) ìàþòü âèãëÿä

P h
ijk = δhi Bjk + δhjPik − δhkPij, (1.2.51)

äå i, j, k, h � äîâiëüíi iíäåêñè.

Öèêëþþ÷è çà iíäåêñàìè i, j, k, îòðèìà¹ìî

Bjk = Pjk − Pkj. (1.2.52)

Òàêèì ÷èíîì, óìîâè (1.2.34) âèêîíóþòüñÿ. Òåïåð çàóâàæèìî, ùî Pjk �

¹ òåíçîðîì òèïó

(
0

2

)
. Çãîðòàþ÷è (1.2.34), ïåðåêîíà¹ìîñü â öüîìó. Äiéñíî,

Pkj =
1

(n2 − 1)
(nP α

jkα + P α
kjα). (1.2.53)

Â îñòàííüîìó, ïðàâà ÷àñòèíà � òåíçîðíèé âèðàç, à òîìó Pkj � òåæ

òåíçîð. Òàêèì ÷èíîì, òåîðåìó äîâåäåíî.

Çàóâàæèìî, îñêiëüêè ïðè äîâåäåíi òåîðåìè âèêîðèñòîâóâàëèñü ëèøå

àëãåáðà¨÷íi âëàñòèâîñòi P h
ijk, òîìó âîíà ñïðàâåäëèâà äëÿ äîâiëüíîãî òåíçîðó,
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ÿêèé çàäîâîëüíÿ¹ óìîâàì (1.2.32) òà (1.2.33), çîêðåìà äëÿ òåíçîðó Âåéëÿ

W h
ijk.

Íåõàé òåíçîð P h
ijk çàäîâîëüíÿ¹ óìîâàì òåîðåìè 1.2.4, òîäi, âðàõîâóþ÷è

(1.2.30) òà (1.2.34), ìîæåìî çàïèñàòè

R̄h
ijk = Rh

ijk + δhi (Pjk − Pkj) + δhjPik − δhkPij. (1.2.54)

Çãîðòàþ÷è, äëÿ òåíçîðiâ Ði÷÷i An òà Ān îòðèìà¹ìî

R̄ij = Rij + Pji − nPij. (1.2.55)

Äëÿ åêâiàôiííèõ ïðîñòîðiâ ïåðåêîíà¹ìîñü, ùî òåíçîð Pij ñèìåòðè÷íèé, i

îñòàííi ôîðìóëè ïåðåïèøóòüñÿ â âèãëÿäi

R̄h
ijk = Rh

ijk + δhjPik − δhkPij. (1.2.56)

R̄ij = Rij − (n− 1)Pij. (1.2.57)

Âðàõîâóþ÷è öå, áóäåìî ìàòè

R̄h
ijk −

1

n− 1
(δhkR̄ij − δhj R̄ik) =

(1.2.58)

= Rh
ijk −

1

n− 1
(δhkRij − δhjRik).

. Òîáòî

W̄ h
ijk = W h

ijk, (1.2.59)

äå W̄ h
ijk, W

h
ijk � òåíçîðè ïðîåêòèâíî¨ êðèâèíè Âåéëÿ Ān òà An âiäïîâiäíî.

Î÷åâèäíî, ùî àíàëîãi÷íi ðåçóëüòàòè ìîæíà îòðèìàòè i äëÿ

íååêâiàôiííèõ ïðîñòîðiâ.

Òàêèì ÷èíîì, ñïðàâåäëèâà
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Òåîðåìà 1.2.5. ßêùî â äîâiëüíié ñèñòåìi êîîðäèíàò òåíçîð P h
ijk òàêèé,

ùî P 1
223 = 0 (àáî P 1

234 = 0 äëÿ n > 3), òî ïðè öüîìó âiäîáðàæåííi

çáåðiãà¹òüñÿ òåíçîð ïðîåêòèâíî¨ êðèâèíè Âåéëÿ.

Îñòàííi òåîðåìè äîçâîëÿþòü ñôîðìóëþâàòè íàñëiäêè íàñòóïíîãî òèïó

Íàñëiäîê 1.2.1. ßêùî ó ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi ñïiâïàäàþòü

çíà÷åííÿ êîìïîíåíò òåíçîðiâ Ðiìàíà R1
223 (àáî R1

234 äëÿ n > 3) òà R̄1
223

(àáî R̄1
234), òî ïðè âiäîáðàæåííi ¨õ îäèí íà îäíîãî çáåðiãà¹òüñÿ òåíçîð

ïðîåêòèâíî¨ êðèâèíè Âåéëÿ.

Âðàõîâóþ÷è (1.2.28) òà (1.2.29) äëÿ ïðîñòîðiâ, â ÿêèõ âèêîíó¹òüñÿ óìîâà

(1.2.56), îòðèìà¹ìî äëÿ òåíçîðiâ Ðiìàíà

∇̄[lm]R̄
h
ijk = ∇[lm]R

h
ijk + δh[mPl]αR

α
ijk +

+δhjPα(kR
α
i)lm − δhkPα(jR

α
i)lm + Pi[mR

h
l]jk + (1.2.60)

+PjmR
h
ilk − PjlRh

imk + PkmR
h
ijl − PklRh

ijm

òà äëÿ òåíçîðiâ Ði÷÷i

∇̄[lm]R̄ij = ∇[lm]Rij − (n− 1)∇lmPij +

(1.2.61)

+Pm(iRj)l − Pl(iRj)m
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aáî, ùî òå ñàìå,

∇̄[lm]R̄ij = ∇[lm]Rij − (n− 1)Pα(iW
α
j)lm. (1.2.62)

Òàêèì ÷èíîì, ìà¹ ìiñöå òåîðåìà

Òåîðåìà 1.2.6. ßêùî â äîâiëüíié ñèñòåìi êîîðäèíàò òåíçîð P h
ijk òàêèé,

ùî P 1
223 = 0 (àáî P 1

234 = 0 äëÿ n > 3), òî ïðè öüîìó âiäîáðàæåííi òåíçîðè

Ðiìàíà òà Ði÷÷i çàäîâîëüíÿþòü óìîâàì (1.2.60), (1.2.62).

Íàìè íàâåäåíî îäèí iç ñïîñîáiâ ñïåöiàëiçàöi¨ ïðîñòîðiâ àôiííî¨

çâ'ÿçíîñòi, ÿêèé ïðèâîäèòü äî ñïåöiàëiçàöi¨ âiäîáðàæåíü. Äàëi ìè ðîçãëÿíåìî

iíøi ðiçíîìàíiòíi ñïîñîáè ñïåöiàëiçàöi¨.

1.3 Óêîðî÷åíi âiäîáðàæåííÿ ïðîñòîðiâ àôiííî¨

çâ'ÿçíîñòi

Õî÷à ïðè âèçíà÷åííi âiäîáðàæåííÿ ìè ãîâîðèìî ïðî âçà¹ìíîîäíîçíà÷íó

âiäïîâiäíiñòü, âèáîðîì çíàêó òåíçîðà äåôîðìàöi¨ ìè âïîðÿäêîâó¹ìî çàäàíó

ïàðó àôiííîçâ'ÿçíèõ ïðîñòîðiâ An òà Ān. Ìiæ êîæíîþ ïàðîþ ïðîñòîðiâ An

òà Ān ìîæëèâî âñòàíîâèòè âiäïîâiäíiñòü, ÿêà çàäà¹òüñÿ îá'¹êòàìè çâ'ÿçíîñòi

öèõ ïðîñòîðiâ. Ç iíøîãî áîêó, îá'¹êò çâ'ÿçíîñòi An òà òåíçîð äåôîðìàöi¨

çàäàþòü çâ'ÿçíiñòü ïðîñòîðó Ān. Öå äîçâîëÿ¹ ââåñòè â ðîçãëÿä âiäîáðàæåííÿ,

ÿêi íàçèâàòèìåìî óêîðî÷åíèìè âiäíîñíî çàäàíîãî âiäîáðàæåííÿ.
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Îá'¹êò
λ

Γh
ij, ïîáóäîâàíèé çà ïðàâèëîì

λ

Γh
ij = Γhij(x) +

λ

1 + λ
P h
ij(x), (1.3.1)

λ = const > 0,

çàäà¹ çâ'ÿçíiñòü äåÿêîãî ïðîñòîðó àôiííî¨ çâ'ÿçíîñòi
λ

An [169].

Îçíà÷åííÿ 1.3.1. Âiäîáðàæåííÿ ïðîñòîðó àôiííî¨ çâ'ÿçíîñòi An íà

ïðîñòið àôiííî¨ çâ'ÿçíîñòi
λ

An íàçèâàþòü óêîðî÷åíèì âiäîáðàæåííÿì,

ÿêùî â ñïiëüíî¨ çà âiäîáðàæåííÿì ñèñòåìi êîîðäèíàò, ìà¹ ìiñöå ðiâíÿííÿ

(1.3.1).

Âðàõîâóþ÷è (1.2.2), îòðèìà¹ìî

λ

Γh
ij =

Γhij + λΓ̄hij
1 + λ

. (1.3.2)

Ðiâíÿííÿ (1.3.2) ìîæíà çàïèñàòè â âèãëÿäi:

λ

∇kP h
ij(x)−∇kP

h
ij(x) =

(1.3.3)

=
λ2

(1 + λ)2 (P h
kα(x)P α

ij(x)− P α
ki(x)P h

αj(x)− P α
kj(x)P h

iα(x)).

Äëÿ ïåðøî¨ êîâàðiàíòíî¨ ïîõiäíî¨ òåíçîðà äåôîðìàöi¨ òà äëÿ äðóãî¨ �
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λ

∇l
λ

∇jP h
ki−

λ

∇j
λ

∇lP h
ki −∇l∇jP

h
ki +∇j∇lP

h
ki =

=
λ2

2(1 + λ)2 (P h
αi(∇lP

α
jk − ∇jP

α
lk+

λ

∇lP α
jk−

λ

∇jP α
lk)−

(1.3.4)

− P α
ki(∇lP

h
jα − ∇jP

h
lα+

λ

∇lP h
jα−

λ

∇jP h
lα) +

+ P h
kα(∇lP

α
ji − ∇jP

α
li+

λ

∇lP α
ji−

λ

∇jP α
li )).

Äëÿ òåíçîðiâ Ðiìàíà

λ

R h
. ijk = Rh

. ijk +
λ

1 + λ
(∇kP

h
ji − ∇jP

h
ki+

λ

∇kP h
ji−

λ

∇jP h
ki) (1.3.5)

òà ¨õ êîâàðiàíòíèõ ïîõiäíèõ

λ

∇l
λ

R h
. ijk = ∇lR

h
. ijk +

λ

1 + λ
(P h

lαR
α
. ijk − P α

liR
h
. αjk − P α

ljR
h
. iαk −

− P α
klR

h
. ijα +

1

2
(∇l∇kP

h
ji − ∇l∇jP

h
ki+

λ

∇l
λ

∇kP h
ji−

λ

∇l
λ

∇jP h
ki)) + (1.3.6)

+
λ2

2(1 + λ)2 (∇αP
h
jiP

α
kl + ∇kP

h
αiP

α
jl +∇kP

h
jαP

α
il + ∇kP

α
ijP

h
αl).
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Äðóãà ïîõiäíà ç óðàõóâàííÿì òîòîæíîñòi Ði÷÷i ïðèâåäå äî

λ

∇[lm]

λ

R h
ijk −∇[lm]R

h
ijk =

=
λ

2(λ+ 1)
(−Rh

αlm(∇[kP
α
j]i+

λ

∇[kP
α
j]i)−

λ

R α
ijk(∇[mP

h
l]α+

λ

∇[mP
h
l]α) +

+Rα
ilm(∇[kP

h
j]α+

λ

∇[kP
h
j]α)+

λ

R h
αjk(∇[mP

α
l]i+

λ

∇[mP
α
l]i) + (1.3.7)

+Rα
jlm(∇[kP

h
α]i+

λ

∇[kP
h
α]i)+

λ

R h
iαk(∇[mP

α
l]j+

λ

∇[mP
α
l]j) +

+Rα
klm(∇[αP

h
j]i+

λ

∇[αP
h
j]i)+

λ

R h
ijα(∇[mP

α
l]k+

λ

∇[mP
α
l]k)).

Îòðèìà¹ìî àíàëîãi÷íi ôîðìóëè äëÿ òåíçîðà Ði÷÷i

λ

Rij = Rij +
λ

2(λ+ 1)
(∇αP

α
ji − ∇jP

α
αi+

λ

∇αP α
ji−

λ

∇jP α
αi), (1.3.8)

êîâàðiàíòíèõ ïîõiäíèõ òåíçîðà Ði÷÷i â ïðîñòîðàõ An òà
λ

An âiäïîâiäíî

λ

∇k
λ

Rij = ∇lRij − P α
kiRαj − P α

kjRαi +

+
λ

2(λ+ 1)
(∇β∇kP

β
ji − ∇β∇jP

β
ki+

λ

∇β
λ

∇kP β
ji−

λ

∇β
λ

∇jP β
ki) + (1.3.9)

+
λ2

2(λ+ 1)2 (∇αP
β
jiP

α
kβ + ∇kP

β
αiP

α
jβ +∇kP

β
jαP

α
iβ + ∇kP

α
ijP

β
αβ).
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Ç óðàõóâàííÿì òîòîæíîñòi Ði÷÷i, îäåðæèìî

λ

∇[lm]

λ

Rij −∇[lm]Rij =

=
λ

2(λ+ 1)
(−Rβ

αlm(∇[βP
α
j]i+

λ

∇[βP
α
j]i)−

λ

R α
ijβ(∇[mP

β
l]α+

λ

∇[mP
β
l]α) +

+Rα
ilm(∇[βP

β
j]α+

λ

∇[βP
β
j]α)+

λ

Rαj(∇[mP
α
l]i+

λ

∇[mP
α
l]i) + (1.3.10)

+Rα
jlm(∇[βP

β
α]i+

λ

∇[βP
β
α]i)+

λ

R iα(∇[mP
α
l]j+

λ

∇[mP
α
l]j) +

+Rα
βlm(∇[αP

β
j]i+

λ

∇[αP
β
j]i)+

λ

R β
ijα(∇[mP

α
l]β+

λ

∇[mP
α
l]β)).

Òåîðåìà 1.3.1. ßêùî ïðîñòîðè An òà Ān äîçâîëÿþòü âiäîáðàæåííÿ, ùî

âiäïîâiäà¹ òåíçîðó äåôîðìàöi¨ P h
ij , òîäi iñíó¹ óêîðî÷åíå âiäîáðàæåííÿ,

çà ÿêîãî òåíçîðè äåôîðìàöi¨, Ðiìàíà, Ði÷÷i òà ¨õ êîâàðiàíòíi ïîõiäíi

çàäîâîëüíÿþòü óìîâàì (1.3.4) � (1.3.10).

ßêùî λ = 1, òî òàêå âiäîáðàæåííÿ íàçèâà¹òüñÿ óêîðî÷åíèì íàâïië àáî

ïîëîâèííèì, à ñàìà çâ'ÿçíiñòü � ñåðåäíüîþ.

Äëÿ ñåðåäíüî¨ çâ'ÿçíîñòi òåíçîð äåôîðìàöi¨ çàäîâîëüíÿ¹ óìîâàì

c

∇kP h
ij(x)−∇kP

h
ij(x) =

(1.3.11)

=
1

4
(P h

kα(x)P α
ij(x)− P α

ki(x)P h
αj(x)− P α

kj(x)P h
iα(x)).

Òóò
c

∇k � êîâàðiàíòíà ïîõiäíà ïî ñåðåäíié çâ'ÿçíîñòi.
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Äëÿ äðóãèõ êîâàðiàíòíèõ ïîõiäíèõ

c

∇l
c

∇jP h
ki−

c

∇j
c

∇lP h
ki −∇l∇jP

h
ki +∇j∇lP

h
ki =

=
1

8
(P h

αi(∇lP
α
jk − ∇jP

α
lk+

c

∇lP α
jk−

c

∇jP α
lk)−

(1.3.12)

− P α
ki(∇lP

h
jα − ∇jP

h
lα+

c

∇lP h
jα−

c

∇jP h
lα) +

+ P h
kα(∇lP

α
ji − ∇jP

α
li+

c

∇lP α
ji−

c

∇jP α
li )).

Öå äà¹ ìîæëèâiñòü äëÿ òåíçîðiâ Ðiìàíà ðiâíÿííÿ (1.2.12) çàïèñàòè â

âèãëÿäi :

R̄h
. ijk = Rh

. ijk+
c

∇kP h
ji−

c

∇jP h
ki. (1.3.13)

Äëÿ ïîõiäíî¨ òåíçîðà Ðiìàíà

c

∇l
c

R h
. ijk = ∇lR

h
. ijk +

1

2
(P h

lαR
α
. ijk − P α

liR
h
. αjk − P α

ljR
h
. iαk −

− P α
klR

h
. ijα +

1

2
(∇l∇kP

h
ji − ∇l∇jP

h
ki+

c

∇l
c

∇kP h
ji−

c

∇l
c

∇jP h
ki)) + (1.3.14)

+
1

8
(∇αP

h
jiP

α
kl + ∇kP

h
αiP

α
jl +∇kP

h
jαP

α
il + ∇kP

α
ijP

h
αl).

Ç óðàõóâàííÿì òîòîæíîñòi Ði÷÷i ìîæåìî çàïèñàòè
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c

∇[lm]

c

R h
ijk −∇[lm]R

h
ijk =

=
1

4
(−Rh

αlm(∇[kP
α
j]i+

c

∇[kP
α
j]i)−

c

R α
ijk(∇[mP

h
l]α+

c

∇[mP
h
l]α) +

+Rα
ilm(∇[kP

h
j]α+

c

∇[kP
h
j]α)+

c

R h
αjk(∇[mP

α
l]i+

c

∇[mP
α
l]i) + (1.3.15)

+Rα
jlm(∇[kP

h
α]i+

c

∇[kP
h
α]i)+

c

R h
iαk(∇[mP

α
l]j+

c

∇[mP
α
l]j) +

+Rα
klm(∇[αP

h
j]i+

c

∇[αP
h
j]i)+

c

R h
ijα(∇[mP

α
l]k+

c

∇[mP
α
l]k)).

Çãîðòàþ÷è (1.3.13), äëÿ òåíçîðiâ Ði÷÷i áóäåìî ìàòè

R̄ij = Rij+
c

∇αP α
ji−

c

∇jP α
αi. (1.3.16)

Äëÿ êîâàðiàíòíèõ ïîõiäíèõ òåíçîðà Ði÷÷i

c

∇k
c

Rij = ∇lRij − P α
kiRαj − P α

kjRαi +

+
1

4
(∇β∇kP

β
ji − ∇β∇jP

β
ki+

c

∇β
c

∇kP β
ji−

c

∇β
c

∇jP β
ki) + (1.3.17)

+
1

8
(∇αP

β
jiP

α
kβ + ∇kP

β
αiP

α
jβ +∇kP

β
jαP

α
iβ + ∇kP

α
ijP

β
αβ).

57



Äëÿ òåíçîðà Ði÷÷i ç óðàõóâàííÿì òîòîæíîñòi Ði÷÷i
c

∇[lm]

c

Rij −∇[lm]Rij =

=
1

4
(−Rβ

αlm(∇[βP
α
j]i+

c

∇[βP
α
j]i)−

c

R α
ijβ(∇[mP

β
l]α+

c

∇[mP
β
l]α) +

+Rα
ilm(∇[βP

β
j]α+

c

∇[βP
β
j]α)+

c

Rαj(∇[mP
α
l]i+

c

∇[mP
α
l]i) + (1.3.18)

+Rα
jlm(∇[βP

β
α]i+

c

∇[βP
β
α]i)+

c

R iα(∇[mP
α
l]j+

c

∇[mP
α
l]j) +

+Rα
βlm(∇[αP

β
j]i+

c

∇[αP
β
j]i)+

c

R β
ijα(∇[mP

α
l]β+

c

∇[mP
α
l]β)).

Òåîðåìà 1.3.2. ßêùî ïðîñòîðè An òà Ān äîçâîëÿþòü âiäîáðàæåííÿ, ùî

âiäïîâiäà¹ òåíçîðó äåôîðìàöi¨ P h
ij , òîäi iñíó¹ ïîëîâèííå âiäîáðàæåííÿ,

çà ÿêîãî òåíçîðè äåôîðìàöi¨, Ðiìàíà, Ði÷÷i òà ¨õ êîâàðiàíòíi ïîõiäíi

çàäîâîëüíÿþòü óìîâàì (1.3.11) � (1.3.18).

Äîâåäåíi òåîðåìè äîçâîëÿþòü âiäïîâiäàòè íà ïèòàííÿ, ùî âèíèêàþòü

ïðè âiäîáðàæåííÿõ çi çáåðåæåííÿì îá'¹êòiâ � òåíçîðà Ðiìàíà, Ði÷÷i, ¨õ

êîâàðiàíòíèõ ïîõiäíèõ, à òàêîæ â ðàçi çàâäàííÿ óìîâ íà òåíçîð äåôîðìàöi¨.

Íàïðèêëàä, äëÿ òåíçîða Âåéëÿ îòðèìà¹ìî, ïðèãàäàâøè, ùî òåíçîð Âåéëÿ

W h
ijk âèçíà÷à¹òüñÿ, ÿê

W h
ijk

def
=Rh

ijk −
1

n− 1

(
δhkRij − δhjRik

)
+

(1.3.19)

+
1

n+ 1

(
δhi R[jk] −

1

n− 1

(
δhkR[ji] − δhjR[ki]

))
.
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Äëÿ åêâiàôiííèõ ïðîñòîðiâ îñòàíí¹ ðiâíÿííÿ ïðèéìà¹ âèãëÿä

W h
ijk

def
= Rh

ijk −
1

n− 1
(δhkRij − δhjRik). (1.3.20)

Ïðè âiäîáðàæåííÿõ òåíçîðè Âåéëÿ An òà Ān ïîâ'ÿçàíi ñïiââiäíîøåííÿìè

W̄ h
ijk=W

h
ijk+

c

∇kP h
ji−

c

∇jP h
ki −

− 1

n− 1

(
δhk(

c

∇αP α
ji−

c

∇jP α
αi)− δhj (

c

∇αP α
ki−

c

∇kP α
αi)

)
+

(1.3.21)

+
1

n+ 1
(δhi (

c

∇jP α
αk−

c

∇kP α
αj)−

− 1

n− 1
(δhk(

c

∇jP α
αi−

c

∇iP α
αj)− δhj (

c

∇kP α
αi−

c

∇iP α
αk)))

àáî, äëÿ åêâiàôiííèõ ïðîñòîðiâ

W̄ h
ijk=W

h
ijk+

c

∇kP h
ji−

c

∇jP h
ki −

(1.3.22)

− 1

n− 1

(
δhk(

c

∇αP α
ji−

c

∇jP α
αi)− δhj (

c

∇αP α
ki−

c

∇kP α
αi)

)
.

Ìà¹ ìiñöå òåîðåìà

Òåîðåìà 1.3.3. ßêùî ïðè âiäîáðàæåííi ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi

çáåðiãà¹òüñÿ òåíçîð Âåéëÿ, òî òåíçîð äåôîðìàöi¨ çàäîâîëüíÿ¹ óìîâàì
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c

∇kP h
ji−

c

∇jP h
ki =

=
1

n− 1

(
δhk(

c

∇αP α
ji−

c

∇jP α
αi)− δhj (

c

∇αP α
ki−

c

∇kP α
αi)

)
−

(1.3.23)

− 1

n+ 1
(δhi (

c

∇jP α
αk−

c

∇kP α
αj)−

− 1

n− 1
(δhk(

c

∇jP α
αi−

c

∇iP α
αj)− δhj (

c

∇kP α
αi−

c

∇iP α
αk))),

à äëÿ åêâiàôiííèõ ïðîñòîðiâ

c

∇kP h
ji−

c

∇jP h
ki =

(1.3.24)

=
1

n− 1

(
δhk(

c

∇αP α
ji−

c

∇jP α
αi)− δhj (

c

∇αP α
ki−

c

∇kP α
αi)

)
.

Òàêèì ÷èíîì, çàäà÷à ïðî ñïåöiàëüíi âiäîáðàæåííÿ àáî ïðî âiäîáðàæåííÿ

ñïåöiàëüíèõ ïðîñòîðiâ çâîäèòüñÿ äî âèâ÷åííÿ äèôåðåíöiàëüíèõ ðiâíÿíü â

êîâàðiàíòíèõ ïîõiäíèõ.

Âèâ÷åííÿ öèõ ðiâíÿíü äà¹ ìîæëèâiñòü ÿê ÿêiñíîãî àíàëiçó, òîáòî

âiäïîâiäi íà ïèòàííÿ: iñíó¹ ÷è íå iñíó¹ ðîçâ'ÿçîê, òàê i áiëüø ãëèáîêèõ

ðåçóëüòàòiâ â ðàçi iñíóâàííÿ ðîçâ'ÿçêiâ.

Éäó÷è øëÿõîì ñïåöiàëiçàöi¨ âiäîáðàæåíü âèâ÷èìî ìîæëèâîñòi

ñïðîùåííÿ âèãëÿäó òåíçîðà äåôîðìàöi¨, à ñàìå äîâåäåìî òåîðåìó:
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Òåîðåìà 1.3.4. Óìîâè

P h
αβu

αuβ = a(u)uh+
1
b(u)F h

αu
α (1.3.25)

òà

P h
αβu

αuβ = a(u)uh+
2
b(u)vh (1.3.26)

âèêîíóþòüñÿ òîòîæíî âiäíîñíî äîâiëüíîãî âåêòîðà ui òîäi i òiëüêè òîäi,

êîëè âiäïîâiäíî

P h
ij = ψ(iδ

h
j) + ϕ(iF

h
j) (1.3.27)

òà

P h
ij = ψ(iδ

h
j) + vhaij, (1.3.28)

ïðè÷îìó,

a(u) = 2ψαu
α;

1
b(u) = 2ϕαu

α;
2
b(u) = aαβu

αuβ.

Òóò P h
ij � òåíçîð äåôîðìàöi¨, ui, vi � êîìïîíåíòè äåÿêîãî âåêòîðà,

a(u),
1
b(u),

2
b(u) � äåÿêi ôóíêöi¨, aij � òåíçîð, F h

i � àôiíîð.

Äëÿ âèïàäêó
1
b =

2
b = 0 öþ òåîðåìó äîâåäåíî Ò. Ëåâi�×èâiòîþ [54],

ñóòò¹âîþ ¹ âèìîãà, ùî n > 2.

Äëÿ âèïàäêó n = 2 öÿ òåîðåìà íå ¹ âiðíîþ. Ìè ñêîðèñòà¹ìîñü äëÿ

äîâåäåííÿ ìåòîäèêîþ, çàïðîïîíîâàíîþ Ì.Ñ. Ñiíþêîâèì òà É. Ìiêåøåì

[180, 78].
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Äiéñíî, íåõàé òîòîæíî âèêîíóþòüñÿ óìîâè (1.3.25) âiäíîñíî äîâiëüíîãî

âåêòîðó u.

Äîìíàæàþ÷è (1.3.25) íà uiF j
αu

α, à ïîòiì àëüòåðíóþ÷è çà iíäåêñàìè h, i

òà j, îòðèìà¹ìî îäíîðiäíèé ïîëiíîì 4-ãî ïîðÿäêó âiäíîñíî êîìïîíåíòiâ

âåêòîðó u. ×åðåç äîâiëüíiñòü u iç îòðèìàíîãî âèòiêà¹

P
[h
(αβδ

i
jF

j]
δ) = 0. (1.3.29)

Íåõàé εh � âëàñíèé âåêòîð ìàòðèöi F h
i , ùî âiäïîâiäà¹ âëàñíîìó

çíà÷åííþ ρ, òîáòî

εαF h
α = ρεh, (1.3.30)

òóò εh òà ρ ìîæóòü ïðèéìàòè i êîìïëåêñíi çíà÷åííÿ.

Òîäi εαGh
α = 0, ÿêùî Gh

i
def
=F h

i − ρδhi .

Ðîçãëÿíåìî âèïàäîê, êîëè ðàíã ìàòðèöi
∥∥Gh

i − εhai
∥∥ áiëüøå îäèíèöi.

Çãîðòàþ÷è (1.3.29) ç εβεγεδ ïðè óìîâi, ùî n ≥ 3, ïåðåêîíà¹ìîñü â

ñïðàâåäëèâîñòi P h
αβε

αεβ 6= kεh. Òóò k � äåÿêèé iíâàðiàíò.

Çãîðòàþ÷è ïiñëÿ öüîãî (1.3.29) çi εγεδ, çíàéäåìî

P h
iαε

α = βGh
i + εh

1
bi. (1.3.31)

I íàðåøòi, çãîðòàþ÷è (1.3.29) çi εδ, îòðèìà¹ìî ðiâíÿííÿ (1.3.27).
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Òåïåð ðîçãëÿíåìî âèïàäîê, êîëè íå âèêîíóþòüñÿ îáìåæåííÿ íà ðàíã

ìàòðèöi, òîáòî ìà¹ ìiñöå

F h
i = ρδhi + aiε

h+
1
bic

h, (1.3.32)

ïðè÷îìó, ai, bi, εh, ch � íå êîëiíåàðíi, áî iíàêøå ïîðóøóâàëàñü áè óìîâà

(1.3.25).

Îñêiëüêè εαaα = εα
1
bα = 0, òî çãîðòàþ÷è (1.3.29) ç εβεγεδ, ïåðåêîíà¹ìîñü,

ùî Ah
αβε

αεβ êîìïëàíàðíèé ç εh òà ch. Ïiñëÿ öüîãî, çãîðòàþ÷è (1.3.29) çi εγεδ

çíàéäåìî, ùî P h
iαε

α = aiε
h + βch.

I íàðåøòi, çãîðòàþ÷è (1.3.29) çi εδ, çíàéäåìî

P h
ij = aijε

h + bijc
h. (1.3.33)

Iç öüîãî òà (1.3.29), âèïëèâà¹

a(ij

1
bk) = b(ijak). (1.3.34)

Îñêiëüêè ai, bi � íåêîëiíåàðíi, òî ç (1.3.34) îòðèìà¹ìî

aij = a(iϕj)

òà (1.3.35)

bij =
1
b(iϕj).
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I òîäi (1.3.33) ïðèéìà¹ âèãëÿä, ÿêèé âèìàãàâñÿ óìîâàìè òåîðåìè.

Íåîáõiäíiñòü î÷åâèäíà, à òå, ùî ç (1.3.26) áóäåìî ìàòè (1.3.28),

äîâîäèòüñÿ àíàëîãi÷íî.

Òàêèì ÷èíîì, òåîðåìy äîâåäåío.

Íàâåäåíà òåîðåìà ìîæå ñëóæèòè àðãóìåíòîì äëÿ ââåäåííÿ íàñòóïíîãî

îçíà÷åííÿ.

Îçíà÷åííÿ 1.3.2. Âiäîáðàæåííÿ ïðîñòîðó àôiííî¨ çâ'ÿçíîñòi An íà Ān

íàçèâàþòü ôóíäàìåíòàëüíèì, ÿêùî òåíçîð äåôîðìàöi¨ P h
ij ìà¹ âèãëÿä

P h
ij =α

1
δh(iψj)+ α

2
ϕ(iF

h
j)+ α

3
uhaij, (1.3.36)

òóò α
1
, α

2
, α

3
� ÷èñëà, ùî äîðiâíþþòü íóëþ àáî îäèíèöi, ϕi, ψi, u

h �

âåêòîðè, aij, F
h
j � òåíçîðè.

ßêùî α
1

= 0, òî ôóíäàìåíòàëüíå âiäîáðàæåííÿ íàçèâàþòü êàíîíi÷íèì.

Çàäàþ÷è ðiçíi çíà÷åííÿ α
r
òà âëàñòèâîñòi âåêòîðiâ òà òåíçîðiâ â ðiâíÿííi

(1.3.36), ìè îòðèìà¹ìî ñïåöiàëüíi òèïè âiäîáðàæåíü.

1.4 Âiäîáðàæåííÿ ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi íà

ðiìàíîâi ïðîñòîðè

Äèôåîìîðôiçìè i àâòîìîðôiçìè óçàãàëüíåíèõ ãåîìåòðè÷íèõ ïðîñòîðiâ,

ÿê âiäîìî, ñêëàäàþòü âàæëèâó ÷èñòèíó äèôåðåíöiàëüíî¨ ãåîìåòði¨. Áàãàòî
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ïðàöü ïðèñâÿ÷åíî âèâ÷åííþ içîìåòðè÷íèõ, ãîìîòåòè÷íèõ, êîíôîðìíèõ,

àôiííèõ, ãåîäåçè÷íèõ (ïðîåêòèâíèõ), êâàçiãåîäåçè÷íèõ, ãîëîìîðôíî-

ïðîåêòèâíèõ, ìàéæå ãåîäåçè÷íèõ, F�ïëàñêèõ òà iíøèõ âiäîáðàæåíü,

ïåðåòâîðåíü i äåôîðìàöié.

Î÷åâèäíî, iñíóâàííÿ ðîçâ'ÿçêiâ ôóíäàìåíòàëüíèõ ðiâíÿíü âèçíà÷à¹

iñíóâàííÿ âiäîáðàæåíü, ïåðåòâîðåíü i äåôîðìàöié, ÿêi ïiäëÿãàþòü âèâ÷åííþ.

Â ñâîþ ÷åðãó, öi ôóíäàìåíòàëüíi ðiâíÿííÿ ìàþòü ñêëàäíó ôîðìó. Ñåðåä

íèõ âèäiëÿþòüñÿ ðiâíÿííÿ, ÿêi ìàþòü çðó÷íèé äëÿ âèâ÷àííÿ âèãëÿä, öå

ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü â ÷àñòèííèõ ïîõiäíèõ òèïó Êîøi. Äëÿ

íèõ, ó âèïàäêó, êîëè âîíè ìàþòü ëiíiéíó ôîðìó, iñíóþòü àëãåáðà¨÷íi ìåòîäè

äîñëiäæåííÿ. Âèâ÷åííÿ öèõ ñèñòåì ìà¹ áàãàòî àñïåêòiâ, ÿêi çîñåðåäæåíi íà

ïèòàííÿõ iñíóâàííÿ òà êiëüêîñòi ðîçâ'ÿçêiâ, äèôåðåíöiéîâàíîñòi ôóíêöié,

ëîêàëüíèõ i ãëîáàëüíèõ âëàñòèâîñòåé ðîçâ'ÿçêiâ.

Â ïîäàëüøîìó îáìåæèìîñÿ ëîêàëüíîþ òåîði¹þ [173, 174, 175].

Ïðèïóñòèìî, ùî D ⊂ Rn � âèïóêëà îáëàñòü ç êîîðäèíàòàìè x =

(x1, x2, . . . , xn) i ôóíêöi¨ FA
i (x, y), i = 1, . . . , n, A = 1, . . . , N , âèçíà÷åíi íà

îáëàñòi D̃ ⊂ D × Rn. Òàêîæ ââàæàòèìåìî, ùî ôóíêöi¨ FA
i (x, y) íåïåðåðâíi

âiäíîñíî çìiííèõ x i äèôåðåíöiéîâàíi âiäíîñíî y â îáëàñòi D̃.

Ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü â ÷àñòèííèõ ïîõiäíèõ òèïó Êîøi ìà¹

âèãëÿä

∂yA(x)

∂xi
= FA

i (x, y(x)), A, B = 1, . . . , N, i = 1, . . . , n, (1.4.1)

äå y(x) = (y1(x), . . . , yN(x)) � íåâiäîìi ôóíêöi¨.
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Äëÿ ïî÷àòêîâèõ çíà÷åíü ( ïî÷àòêîâi óìîâè Êîøi)

yA(x0) = yA0 , A = 1, . . . , N, (1.4.2)

äå x0 ∈ D i (x0, y
A
0 ) ∈ D̃ ñèñòåìà (1.4.1) ìà¹ íå áiëüøå îäíîãî ðîçâ'ÿçêó

yA = yA(x1, . . . , xn), (1.4.3)

ó êëàñi C1, ïðè öüîìó (x, y(x)) ∈ D̃. Iç öüîãî ôàêòó âèòiêà¹, ùî çàãàëüíèé

ðîçâ'ÿçîê ñèñòåìè (1.4.1) çàëåæèòü âiä r ≤ N äiéñíèõ ïàðàìåòðiâ.

Ïðèïóñòèìî, ùî FA
i (x, y) ∈ C1(D̃) i øóêàíèé ðîçâ'ÿçîê yA(x) ∈ C2(D).

Òîäi óìîâè iíòåãðîâàíîñòi (1.4.1) çàïèøóòüñÿ â âèãëÿäi

∂jky
A(x) = ∂kjy

A(x) (1.4.4)

i, çãiäíî (1.4.1), ∂k(FA
j (x, y(x))) = ∂j(F

A
k (x, y(x))) âèãëÿäàþòü íàñòóïíèì

÷èíîì

∂kF
A
j (x, y) + ∂BF

A
j (x, y)∂ky

B − ∂jFA
k (x, y)− ∂BFA

k (x, y)∂jy
B = 0.

Âèêîðèñòîâóþ÷è (1.4.1), îäåðæèìî

∂kF
A
j + ∂BF

A
j F

B
k − ∂jFA

k − ∂BFA
k F

B
j = 0. (1.4.5)

Òóò ââåäåíi ïîçíà÷åííÿ ∂kFA
j =

∂FA
j

∂xk
, ∂BF

A
j =

∂FA
j

∂yB
.
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Äëÿ âñiõ ðîçâ'ÿçêiâ (1.4.3) ñèñòåìè (1.4.1) óìîâè (1.4.5) âèêîíóþòüñÿ

òîòîæíî ó âñiõ òî÷êàõ x ∈ D. Ìiæ iíøèì, öi óìîâè ïîâèííi âèêîíóâàòèñÿ

äëÿ ïî÷àòêîâèõ óìîâ Êîøi (1.4.2).

Óìîâè (1.4.4) íàçèâàþòüñÿ óìîâàìè iíòåãðîâàíîñòi ñèñòåìè (1.4.1).

Â âèïàäêó, êîëè (1.4.5) âèêîíó¹òüñÿ òîòîæíî äëÿ âñiõ x ∈ D, ñèñòåìà

(1.4.1) íàçèâà¹òüñÿ öiëêîì iíòåãðîâàíîþ. Â öüîìó âèïàäêó ñèñòåìà ìà¹

ðîçâ'ÿçîê äëÿ áóäü-ÿêèõ ïî÷àòêîâèõ óìîâ (1.4.2), òîáòî çàãàëüíèé ðîçâ'ÿçîê

ñèñòåìè (1.4.1) çàëåæèòü âiä N äiéñíèõ ïàðàìåòðiâ.

Ïðèïóñòèìî, ùî îêðiì ðiâíÿíü (1.4.1) yA(x) çàäîâîëüíÿþòü äîäàòêîâèì

ðiâíÿííÿì

f p(x1, . . . , xn, y1, . . . , yN) = 0, p = 1, . . .m. (1.4.6)

Ôóíêöi¨ f p(x, y) âèçíà÷åíi â îáëàñòi D̃.

Ñóêóïíiñòü (1.4.1) i (1.4.6) ìà¹ íàçâó çìiøàíà ñèñòåìà äèôåðåíöiàëüíèõ

ðiâíÿíü â ÷àñòèííèõ ïîõiäíèõ òèïó Êîøi. Ïðè âèâ÷åííi öi¹¨ ñèñòåìè óìîâè

iíòåãðîâàíîñòi (1.4.5) i (1.4.6) ðîçãëÿäàþòüñÿ ðàçîì, ïðè öüîìó ñêîðî÷åíî

âîíè ïîçíà÷àþòüñÿ ÷åðåç (B).

Íåõàé FA
i (x, y) ∈ Cr+2(D̃) i f p(x, y) ∈ Cr+1(D̃). Çâiäñè

ïîñëiäîâíèì äèôåðåíöiþâàííÿì îòðèìà¹ìî äèôåðåíöiàëüíi ïîäîâæåííÿ

(B1), (B2), . . . , (Br). Ïîçíà÷èìî B0 ≡ (B). Òîäi (Bk+1) îòðèìà¹òüñÿ iç

(Bk) äèôåðåíöiþâàííÿì âñiõ ðiâíÿíü ïî ∂i, i = 1, . . . , n. Âñi ðiâíÿííÿ

(B0), (B1), . . . , (Br) ïîâèííi çàäîâîëüíÿòè ïî÷àòêîâèì óìîâàì (1.4.2).

Ñôîðìóëüîâàíà íèæ÷å òåîðåìà íàâîäèòüñÿ â ïðàöÿõ Ë.Ï. Åéçåíõàðòà,
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Ï.Ê. Ðàøåâñüêîãî, Ì.Ñ. Ñiíþêîâà [20, 174, 178]. Äëÿ àíàëiòè÷íèõ ðîçâ'ÿçêiâ

¨¨ ìîæíà çàïèñàòè òàê:

Òåîðåìà 1.4.1. Çìiøàíà ñèñòåìà ðiâíÿíü â ÷àñòèííèõ ïîõiäíèõ (1.4.1),

(1.4.6) òèïó Êîøi ìà¹ â îêîëi òî÷êè x0 = (xi0) ¹äèíèé ðîçâ'ÿçîê (1.4.3)

â êëàñi Cr+1, ÿêèé âiäïîâiäà¹ ïî÷àòêîâèì óìîâàì (1.4.2) òîäi i òiëüêè

òîäi, êîëè óìîâè (B0), (B1), . . . , (Br) âèêîíóþòüñÿ â òî÷öi (x0, y0) i r ¹

íàéìåíøèì çíà÷åííÿì, äëÿ ÿêîãî óìîâè (Br+1) áóäóòü íàñëiäêîì ñèñòåìè

ïîïåðåäíiõ ïîäîâæåíü.

Ñèñòåìó (1.4.1) òàêîæ ìîæëèâî çàïèñàòè íà ìîâi êîâàðiàíòíèõ ïîõiäíèõ.

Îñíîâíå äîñëiäæåííÿ (1.4.1) çâîäèòüñÿ äî ðîçãëÿäó óìîâ iíòåãðîâàíîñòi, ÿêi

¹ àëãåáðà¨÷íèìè óìîâàìè âiäíîñíî íåâiäîìèõ çìiííèõ yA. Â öüîìó âèïàäêó

ìà¹ìî r = N .

Ðàíiøå ðîçãëÿíóòi ñèñòåìè ìàþòü âåëèêå çíà÷åííÿ, êîëè çâîäÿòüñÿ äî

ëiíiéíèõ. Â öüîìó âèïàäêó äèôåðåíöiàëüíi ðiâíÿííÿ (1.4.1) òà óìîâè (1.4.6)

çàïèøóòüñÿ â íàñòóïíîìó âèãëÿäi

δyA(x)

δxi
= FA

iB(x) · yB(x) + FA
i (x), (1.4.7)

f pB(x) · yB + f p(x) = 0, (1.4.8)

äå FA
iB(x), FA

i (x), f pB(x), f p(x) � ôóíêöi¨ íà D.

Óìîâè iíòåãðîâàíîñòi (1.4.7) ëiíiéíi àëãåáðà¨÷íi ðiâíÿííÿ âiäíîñíî

íåâiäîìèõ ôóíêöié yA i, î÷åâèäíî, âîíè ìàþòü âèãëÿä óìîâ (1.4.8):
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(∂kF
A
jB − ∂jFA

kBF
A
jCF

C
kB − FA

kCF
C
jB)yB +

(1.4.9)

+∂kF
A
j − ∂jFA

k + FA
jCF

C
k − FA

kCF
C
j = 0.

Êîëè FA
iB, F

A
i ∈ Cr+2(D) i f pB, f

p ∈ Cr+1(D), òîäi iñíóþòü óìîâè

(B0) ≡ (B) i ¨õ äèôåðåíöiàëüíi ïîäîâæåííÿ (B1), . . . , (Br), (Br+1), ÿêi ¹

ëiíiéíèìè àëãåáðà¨÷íèìè ðiâíÿííÿìè âiäíîñíî íåâiäîìèõ ôóíêöié yA(x), ç

êîåôiöi¹íòàìè, ÿêi ¹ äåÿêèìè ôóíêöiÿìè çìiííî¨ x ∈ D.

Î÷åâèäíî, âèêîíó¹òüñÿ òåîðåìà 1.4.1 i, îòæå, çàäà÷à ïðî òå, ÷è ìà¹

ðîçâ'ÿçîê ëiíiéíà ñèñòåìà (1.4.7), (1.4.8), çâîäèòüñÿ äî òîãî, ÷è ìà¹ ðîçâ'ÿçîê

ëiíiéíà àëãåáðà¨÷íà ñèñòåìà (B0), (B1), . . ..

Äëÿ çàñòîñóâàííÿ òåîði¨ ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü â ÷àñòèííèõ

ïîõiäíèõ òèïó Êîøi â ãåîìåòði¨ ðiâíÿííÿ (1.4.1) i (1.4.7) çàïèñóþòü â

òåíçîðíié ôîðìi.

Íåõàé D ⊂ Rn ¹ êîîðäèíàòíèì îêîëîì ïðîñòîðiâ An ç àôiííîþ

çâ'ÿçíiñòþ ∇. Ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü â ÷àñòèííèõ ïîõiäíèõ òèïó
Êîøi â êîâàðiàíòíèõ ïîõiäíèõ (âiäíîñíî àôiííî¨ çâ'ÿçíîñòi ∇) âiäíîñíî

m íåâiäîìèõ òåíçîðíèõ ïîëiâ Y
σ

i1i2...ipσ
j1j2...jqσ

(x), σ = 1, . . .m, òèïó (pσ, qσ) ìà¹

íàñòóïíèé âèãëÿä:

Y
σ

i1i2...ipσ

j1j2...jqσ ,k
(x) = F

σ

i1i2...ipσ

j1j2...jqσk
(x, Y

1
, . . . , Y

m
),

(1.4.10)

i1, i2, . . . ip, j1, j2, . . . jp, k = 1, 2, . . . , n.
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Ïðàâà ÷àñòèíà (1.4.10) � öå òåíçîðíi ôóíêöi¨ òèïó (pσ, qσ), ÿêi ïîáóäîâàíi

âèçíà÷åíèì çàñîáîì çà äîïîìîãîþ ñêií÷åíî¨ êiëüêîñòi òåíçîðíèõ îïåðàöié

âiäíîñíî íåâiäîìèõ òåíçîðíèõ ïîëiâ Y
σ
, à òàêîæ êîìïîíåíò äåÿêèõ âiäîìèõ

îá'¹êòiâ, ÿêi âêëþ÷àþòü ëiíiéíi çâ'ÿçíîñòi ∇ . Óìîâè iíòåãðîâàíîñòi (1.4.10),

âðàõîâóþ÷è òîòîæíîñòi Ði÷÷i äëÿ òåíçîðiâ Y
α

i1i2...ip

j1j2...jp
:

Y
σ

h1...hp

i1...iq,[lm]
≡ Y

σ

h1...hp

αi2...iq
Rα
i1lm

+ . . .+ Y
σ

h1...hp

i1i2...α
Rα
iqlm
−

− Y
σ

αh2...hp

i1 ... iq
Rh1

αlm − . . .− Y
σ

h1h2...α

i1i2...iq
R
hp
αlm+ Y

σ

h1...hp

i1...iq,α
Sαlm = (1.4.11)

=F
σ

i1i2...ipσ

j1j2...jqσ l,m
− F

σ

i1i2...ipσ

j1j2...jqσm,l
.

Òàêèì ÷èíîì, óìîâè iíòåãðîâàíîñòi ìîæëèâî çàïèñàòè â òåíçîðíié ôîðìi.

Ïñåâäîðiìàíîâèì ïðîñòîðîì Vn íàçèâàþòü äiéñíèé äèôåðåíöiéîâàíèé

ìíîãîâèä Xn êëàñó Cr, â ÿêîìó iñíó¹ ïîëå äâi÷i êîâàðiàíòíîãî ñèìåòðè÷íîãî

íåîñîáëèâîãî òåíçîðó gij, ÿêèé íàçèâàþòü ìåòðè÷íèì òåíçîðîì ïðîñòîðó.

Â êîæíié ëîêàëüíié ñèñòåìi êîîðäèíàòXn éîãî êîìïîíåíòè � öå ôóíêöi¨

êëàñó Cr−1 âiä êîîðäèíàòiâ x1, x2, . . . , xn äåÿêî¨ òî÷êè M ∈ Xn. Ìåòðè÷íèé

òåíçîð çàäîâîëüíÿ¹ óìîâàì

gij(x
1, x2, . . . , xn) = gji(x

1, x2, . . . , xn), (1.4.12)

g = det |gij(x)| 6= 0. (1.4.13)

Òóò i äàëi i, j = 1, 2, . . . , n.
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Êâàäðàòè÷íà ôîðìà

I = gαβdx
αdxβ (1.4.14)

íàçèâà¹òüñÿ îñíîâíîþ ìeòðè÷íîþ ôîðìîþ ïñåâäîðiìàíîâîãî ïðîñòîðó.

Íàãàäà¹ìî, ùî ïî îäíîéìåííèì iíäåêñàì äi¹ ïðàâèëî Åéíøòåéíà ïðî

ñóìóâàííÿ.

Äëÿ ìàòðèöi ìeòðè÷íîãî òåíçîðà gij âèçíà÷àþòü îáåðíåíó ìàòðèöþ, ÿêó

ïîçíà÷àþòü gij:

gαig
αj = δji . (1.4.15)

Âèêîðèñòîâóþ÷è ìeòðè÷íèé òåíçîð gij, âèçíà÷àþòü:

ñèìâîëè Õðèñòîôåëÿ I ðîäó

Γijk(x) =
1

2

(
∂gik(x)

∂xj
+
∂gjk(x)

∂xi
− ∂gij(x)

∂xk

)
, (1.4.16)

ñèìâîëè Õðèñòîôåëÿ II ðîäó

Γhij(x) = Γijα(x)gαh(x), (1.4.17)

òåíçîð Ðiìàíà

Rh
ijk = ∂jΓ

h
ik(x) + Γαik(x)Γhjα(x)− ∂kΓhij(x)− Γαij(x)Γhkα(x), (1.4.18)
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òåíçîð êðèâèíè

Rhijk(x) = ghαR
α
· ijk, (1.4.19)

òåíçîð Ði÷÷i

Rij(x) = Rα
· ijα(x), (1.4.20)

ñêàëÿðíó êðèâèíó

R(x) = gαβ(x)Rαβ(x). (1.4.21)

Ó ïñåâäîðiìàíîâèõ ïðîñòîðàõ Vn i â ïðîñòîðàõ àôiííî¨ çâ'ÿçíîñòi An ïðÿìi

ëiíi¨ óçàãàëüíþþòüñÿ ãåîäåçè÷íèìè êðèâèìè, ÿêi õàðàêòåðèçóþòüñÿ óìîâîþ

ïàðàëåëüíîãî ïåðåíåñåííÿ äîòè÷íîãî âåêòîðó óçäîâæ íèõ.

Öÿ óìîâà âèðàæà¹òüñÿ ðiâíÿííÿìè

∇λ(s)λ(s) = 0 àáî ∇λ(t)λ(t) = g(t)λ(t). (1.4.22)

Îòæå, êîâàðiàíòíà ïîõiäíà ∇ äîòè÷íîãî âåêòîðà λ óçäîâæ ãåîäåçè÷íî¨

àáî äîðiâíþ¹ íóëþ, àáî óçäîâæ íå¨ êîëiíåàðíà. Òóò s - êàíîíi÷íèé ïàðàìåòð

i t - çàãàëüíèé ïàðàìåòð.

Ãåîäåçè÷íi ëiíi¨ â ïñåâäîðiìàíîâèõ ïðîñòîðàõ ïîâ'ÿçàíi ç âàðiàöiéíîþ

çàäà÷åþ ïðî äîâæèíó äóãè.

Îçíà÷åííÿ 1.4.1. Äèôåîìîðôiçì f ïðîñòîðó àôiííî¨ çâ'ÿçíîñòi

An íà ïðîñòið àôiííî¨ çâ'ÿçíîñòi Ān íàçèâà¹òüñÿ ãåîäåçè÷íèì
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âiäîáðàæåííÿì, ÿêùî ïðè äèôåîìîðôiçìi f óñi ãåîäåçè÷íi ëiíi¨ ïðîñòîðó

An âiäîáðàæàþòüñÿ íà ãåîäåçè÷íi ëiíi¨ ïðîñòîðó Ān.

Âiäîáðàæåííÿ ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi An íà Ān ¹ ãåîäåçè÷íèì

òîäi i òiëüêè òîäi, êîëè â ñïiëüíié çà âiäîáðàæåííÿì ñèñòåìi êîîðäèíàò x

âèêîíóþòüñÿ óìîâè

Γ̄hij(x) = Γhij(x) + δhi ϕj + δhjϕi, (1.4.23)

äå ϕi(x) � äåÿêèé âåêòîð.

ßêùî ϕi(x) /≡ 0, òî ãåîäåçè÷íå âiäîáðàæåííÿ íàçèâàþòü íåòðèâiàëüíèì.

ßêùî ϕi(x) = 0, òî ãåîäåçè÷íå âiäîáðàæåííÿ íàçèâàþòü òðèâiàëüíèì àáî

àôiííèì.

Åêâiàôiííèé ïðîñòið An äîçâîëÿ¹ ãåîäåçè÷íå âiäîáðàæåííÿ íà Vn òîäi i

òiëüêè òîäi, êîëè â An iñíó¹ ðîçâ'ÿçîê ñèñòåìè îäíîðiäíèõ ëiíiéíèõ ðiâíÿíü

â êîâàðiàíòíèõ ïîõiäíèõ òèïó Êîøi [78]:

aij,k = δikλ
j + δjkλ

i; (1.4.24)

nλi,j = µδij + aiαRαj − aαβRi
αβj; (1.4.25)

(n− 1)µ,i = 2(n+ 1)λαRαi + aαβ(2Rαi,β −Rαβ,i) (1.4.26)

âiäíîñíî íåâiäîìèõ ñèìåòðè÷íîãî íåâèðîäæåíîãî òåíçîðà aij, âåêòîðó λi i
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iíâàðiàíòó µ. Òóò
”
,“ çíàê êîâàðiàíòíî¨ ïîõiäíî¨ ïî çâ'ÿçíîñòi Vn.

Öi ðîçâ'ÿçêè ïîâ'ÿçàíi ç ðîçâ'ÿçêàìè ðiâíÿíü (1.4.24) íàñòóïíèìè

ñïiââiäíîøåííÿìè:

aij(x) = e2ϕḡij; λi = −e2ϕḡiαψα. (1.4.27)

Â öüîìó âèïàäêó ñèñòåìà ¹ ëiíiéíîþ i ¨¨ ðîçâ'ÿçîê çâîäèòüñÿ äî ðîçãëÿäó

óìîâ iíòåãðîâàíîñòi i ¨õ äèôåðåíöiàëüíèõ ïîäîâæåíü, ÿêi ¹ ñèñòåìîþ ëiíiéíèõ

îäíîðiäíèõ àëãåáðà¨÷íèõ ðiâíÿíü âiäíîñíî øóêàíèõ òåíçîðiâ aij, λi i µ ç

êîåôiöi¹íòàìè ç ïðîñòîðó An. Òàêèì ÷èíîì, ïðèíöèïîâî âèðiøó¹òüñÿ çàäà÷à

ïðî ãåîäåçè÷íi âiäîáðàæåííÿ åêâiàôiííèõ An, ùî äîçâîëÿþòü ãåîäåçè÷íi

âiäîáðàæåííÿ íà ïñåâäîðiìàíîâi ïðîñòîðè V̄n.

Ðiâíÿííÿ (1.4.24) ¹ íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ iñíóâàííÿ

ãåîäåçè÷íèõ âiäîáðàæåíü åêâiàôiííèõ An → V̄n. Âiäîáðàæåííÿ íåòðèâiàëüíe

òîäi i òiëüêè òîäi, êîëè λi /≡ 0.

Ïîêàæåìî, ùî ç âêàçàíîãî âèùå ðåçóëüòàòó âèòiêà¹ iñíóâàííÿ ñèñòåìè

ëiíiéíèõ ðiâíÿíü i äëÿ âèïàäêó ãåîäåçè÷íîãî âiäîáðàæåííÿ ïðîñòîðó àôiííî¨

çâ'ÿçíîñòi íà ïñåâäîðiìàíîâi ïðîñòîðè [39].

Ïðèïóñòèìî, ùî ïðîñòið An äîçâîëÿ¹ ãåîäåçè÷íå âiäîáðàæåííÿ íà

äåÿêèé åêâiàôiííèé ïðîñòið Ãn, ëîêàëüíî âèçíà÷åíèé çâ'ÿçíiñòþ:

Γ̃hij(x) = Γhij(x)− 1

n+ 1

(
δhi Γαjα(x) + δhj Γαiα(x)

)
(1.4.28)

i Ãn äîçâîëÿ¹ ãåîäåçè÷íå âiäîáðàæåííÿ íà ïñåâäîðiìàíîâèé ïðîñòið V̄n ç

74



ìåòðèêîþ ḡ.

Òîäi ôîðìóëó (1.4.24) ìîæíà ïåðåïèñàòè òàê:

∇̃ka
ij ≡ ∂ka

ij + aαjΓ̃iαk + aαiΓ̃jαk = λiδjk + λjδik, (1.4.29)

äå ∇̃ - êîâàðiàíòíà ïîõiäíà â Ãn. Ïiäñòàíîâêîþ (1.4.27) â (1.4.28) îòðèìà¹ìî

øóêàíå ðiâíÿííÿ ãåîäåçè÷íîãî âiäîáðàæåííÿ An íà V̄n ó âèãëÿäi

aij,k ≡ ∂ka
ij + aαjΓiαk + aαiΓjαk =

2

n+ 1
aijΓααk + δikΛ

j + δjkΛ
i, (1.4.30)

äå

Λi = λi +
1

n+ 1
aiβΓαβα.

Ñèñòåìà (1.4.30) ¹ ëiíiéíîþ âiäíîñíî íåâiäîìèõ ôóíêöié aij(x) i λi(x), i

öÿ óìîâà âèêîíó¹òüñÿ ó âèáðàíié êîîðäèíàòíié ñèñòåìi (xi). Ó öèõ ðiâíÿííÿõ

aij(x) i λi(x) ¹ êîìïîíåíòàìè òåíçîðiâ i íå çàëåæàòü âiä âèáîðó êîîðäèíàò.

Äëÿ óñiõ ðîçâ'ÿçêiâ ðiâíÿíü (1.4.30) âèêîíóþòüñÿ óìîâè (1.4.17), çà

äîïîìîãîþ ÿêèõ ìîæå áóòè âiäíîâëåíà øóêàíà ìåòðèêà ḡ ïñåâäîðiìàíîâîãî

ïðîñòîðó V̄n. Òàêèì ÷èíîì, ñïðàâåäëèâà íàñòóïíà òåîðåìà.

Òåîðåìà 1.4.2. Ïðîñòið An äîçâîëÿ¹ ãåîäåçè÷íå âiäîáðàæåííÿ íà

ïñåâäîðiìàíîâèé ïðîñòið V̄n òîäi, i òiëüêè òîäi, êîëè iñíó¹ ðîçâ'ÿçîê

(1.4.30) âiäíîñíî íåâiäîìèõ ôóíêöié aij(x), det
(
aij(x)

)
6= 0 i λi(x).

Ãåîäåçè÷íi âiäîáðàæåííÿ ïðîåêòèâíî ïëàñêèõ ïðîñòîðiâ äåòàëüíî

âèâ÷àëèñÿ â ìîíîãðàôiÿõ [170, 178].
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Àíàëiçóþ÷è óìîâè iíòåãðîâàíîñòi ðiâíÿíü (1.4.29) i ¨õ ïåðøèõ ïîäîâæåíü

â êîîðäèíàòíîìó îêîëi, ùî ðîçãëÿäà¹òüñÿ, â ÿêîìó ïðîñòið An íå ¹

ïðîåêòèâíî åâêëiäîâèì, ìîæíà âåêòîð λi(x) âèðàçèòè ó âèãëÿäi

λi = aαβGi
αβ(x), (1.4.31)

äå Gi
αβ(x) � äåÿêèé òåíçîð, âèçíà÷åíèé çà äîïîìîãîþ àôiííî¨ çâ'ÿçíîñòi

ïðîñòîðó An. Â öüîìó âèïàäêó ðiâíÿííÿ (1.4.30) óòâîðþþòü ëiíiéíó ñèñòåìó

òèïó Êîøi âiäíîñíî íåâiäîìèõ ôóíêöié aij(x).

Äëÿ äîâåäåííÿ ôîðìóëè (1.4.31), îáìåæèìîñü ðîçãëÿäîì ïðîñòîðiâ

àôiííî¨ çâ'ÿçíîñòi ç íåíóëüîâèì òåíçîðîì ïðîåêòèâíî¨ êðèâèíè Âåéëÿ, òîáòî

W h
ijk 6= 0.

Ïîáóäó¹ìî ëàíöþã ãåîäåçè÷íî âiäïîâiäíèõ ïðîñòîðiâ

An → Ān → V̄n. (1.4.32)

Òóò An � äîâiëüíèé ïðîñòið àôiííî¨ çâ'ÿçíîñòi, Ān � åêâiàôiííèé

ïðîñòið àôiííî¨ çâ'ÿçíîñòi, à V̄n � ïñåâäîðiìàíiâ ïðîñòið.

Óìîâè iíòåãðóâàííÿ äëÿ (1.4.30) ìàþòü âèãëÿä

a
α(
R̄
j)
αkl = ∇̄lλ

(iδj) − ∇̄kλ
(i
δ
j)
l , (1.4.33)

äå ∇̄ � çíàê êîâàðiàíòíî¨ ïîõiäíî¨ â Ān, R̄h
ijk � òåíçîð Ðiìàíà Ān.
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Ïåðåõîäÿ÷è â îñòàííüîìó äî òåíçîðà ïðîåêòèâíî¨ êðèâèíè Âåéëÿ Ān,

ÿêèé âèçíà÷à¹òüñÿ çà ôîðìóëîþ

W̄ h
ijk = R̄h

ijk −
1

n− 1

(
δhkR̄ij − δhj R̄ik

)
, (1.4.34)

òóò R̄ij � òåíçîð Ði÷÷i Ān;

à òàêîæ âðàõîâóþ÷è iíâàðiàíòíiñòü òåíçîðà ïðîåêòèâíî¨ êðèâèíè Âåéëÿ

âiäíîñíî ãåîäåçè÷íèõ âiäîáðàæåíü, îòðèìà¹ìî

a
α(i
W

j)
αkl = Λ

(i
l δ

j)
k − Λ

(i
k δ

j)
l , (1.4.35)

äå Λi
j � äåÿêèé òåíçîð, àW h

ikl � òåíçîð ïðîåêòèâíî¨ êðèâèíè Âåéëÿ ïðîñòîðó

àôiííî¨ çâ'ÿçíîñòi An.

Äèôåðåíöiþþ÷è êîâàðiàíòíî ïî çâ'ÿçíîñòi An, áóäåìî ìàòè

∇ma
α(i
W

j)
αkl + a

α(i∇mW
j)
αkl = ∇mΛ

(i
l δ

j)
k −∇mΛ

(i
k δ

j)
l . (1.4.36)

Àáî, âðàõîâóþ÷è ðiâíÿííÿ (1.4.30),

λ
(i
W

j)
mkl + aαβT ijαβklm = Λ

(i
lmδ

j)
k − Λ

(i
kmδ

j)
l + L

(i
klδ

j)
m. (1.4.37)

Òóò T ijαβklm, Λi
lm, L

i
kl � äåÿêi îá'¹êòè, ùî âèçíà÷àþòüñÿ çâ'ÿçíiñòþ An.

Íàãàäà¹ìî, ùî n > 2, W h
ijk 6= 0, òîáòî W 1

223 6= 0. Äiéñíî, ÿêùî W 1
223 =

0, òî ìà¹ ìiñöå òåîðåìà 1.2.4, à äëÿ òåíçîðà Âåéëÿ öå îçíà÷à¹ W h
ijk = 0.

Âðàõîâóþ÷è öå, ïiäñòàâèìî â îñòàíí¹ íàñòóïíi çíà÷åííÿ iíäåêñiâ:
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à). i = 1, . . . , n, j = 1, m = k = 2, l = 3;

á). i = j = k = 1, l = 3, m = 2;

â). i = j= m = 1, l = 3, k = 2;

ã). i = j = k = 1, l = m = 2.

Öå äîçâîëÿ¹ ïåðåêîíàòèñü â ñïðàâåäëèâîñòi ðiâíÿííÿ (1.4.31).

Òàêèì ÷èíîì, ìà¹ ìiñöå íàñòóïíà òåîðåìà [39].

Òåîðåìà 1.4.3. Íåõàé An - ïðîñòið àôiííî¨ çâ'ÿçíîñòi, ÿêèé (ëîêàëüíî)

íåïðîåêòèâíî ïëàñêèé â îêîëi òî÷êè p ∈ An. Òîäi îêië òî÷êè p ç An

äîçâîëÿ¹ ãåîäåçè÷íå âiäîáðàæåííÿ íà ïñåâäîðiìàíîâèé ïðîñòið V̄n òîäi i

òiëüêè òîäi, êîëè çàìêíóòà ñèñòåìà ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

òèïó Êîøi â êîâàðiàíòíèõ ïîõiäíèõ â An

aij,k =
2

n+ 1
aijΓααk + δikΛ

j + δjkΛ
i, (1.4.38)

äå

Λi = aαβGi
αβ +

1

n+ 1
aiβΓαβα (1.4.39)

ìà¹ ðîçâ'ÿçîê âiäíîñíî ñèìåòðè÷íîãî íåâèðîäæåíîãî òåíçîðà aij.

Òàêèì ÷èíîì, äîâåäåíî, ùî ðîçãëÿä ãåîäåçè÷íèõ âiäîáðàæåíü ïðîñòîðiâ

àôiííî¨ çâ'ÿçíîñòi íà ïñåâäîðiìàíîâi ïðîñòîðè, óêîðî÷óþ÷è âiäîáðàæåííÿ,

ìîæíà çâåñòè äî ðîçãëÿäó ãåîäåçè÷íîãî âiäîáðàæåííÿ åêâiàôiííîãî ïðîñòîðó

àôiííî¨ çâ'ÿçíîñòi íà ïñåâäîðiìàíiâ ïðîñòið.
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Âèñíîâêè ç ðîçäiëó 1

.

Ìàþ÷è äîâãó iñòîðiþ, òåîðiÿ âiäîáðàæåíü îòðèìàëà íîâå äèõàííÿ

çàâäÿêè òåíçîðíèì ìåòîäàì äîñëiäæåííÿ. Ââåäåíå ñòî ðîêiâ òîìó ïîíÿòòÿ

àôiííî¨ çâ'ÿçíîñòi, äîçâîëèëî ïî-íîâîìó ïîãëÿíóòü íà êëàñè÷íi ãåîìåòðè÷íi

çàäà÷i.

Â öüîìó ðîçäiëi ââîäèòüñÿ, ñëiäóþ÷è çàãàëüíî ïðèéíÿòié òðàäèöi¨,

ïîíÿòòÿ âiäîáðàæåííÿ ïðîñòîðó àôiííî¨ çâ'ÿçíîñòi. Ìîäèôiêóþ÷è ìåòîäèêó

Íîðäåíà [169], çíàéäåíî ôîðìóëè, ùî ïîâ'ÿçóþòü îñíîâíi òåíçîðè, òåíçîð

äåôîðìàöi¨, òåíçîð Ðiìàíà, òåíçîð Ði÷÷i òà ¨õ ïåðøi i äðóãi êîâàðiàíòíi

ïîõiäíi äëÿ ïðîñòîðiâ An òà Ān, ÿêi ïîâ'ÿçàíi çàäàíèì âiäîáðàæåííÿì. Â

öèõ ôîðìóëàõ ïðèñóòíi ÿê îá'¹êòè An, òàê i Ān ç êîâàðiàíòíèìè ïîõiäíèìè

ïî âiäïîâiäíèõ çâ'ÿçíîñòÿõ. Äëÿ ñïðîùåííÿ, ââåäåíå ïîíÿòòÿ óêîðî÷åíîãî

âiäîáðàæåííÿ i éîãî ñïåöiàëüíîãî âèïàäêó � ïîëîâèííîãî âiäîáðàæåííÿ.

Çâ'ÿçíiñòü, ÿêà âèïëèâà¹ ïðè ïîëîâèííîìó âiäîáðàæåííi, íàçâàíà ñåðåäíüîþ.

Ïîïåðåäíi ôîðìóëè ïðè ïåðåõîäi äî êîâàðiàíòíèõ ïîõiäíèõ â ñåðåäíié

çâ'ÿçíîñòi çíà÷íî ñïðîùóþòüñÿ. Çîêðåìà ìà¹ ìiñöå òåîðåìà 1.3.2:

Òåîðåìà 1.3.2. ßêùî ïðîñòîðè An òà Ān äîçâîëÿþòü âiäîáðàæåííÿ,

ùî âiäïîâiäà¹ òåíçîðó äåôîðìàöi¨ P h
ij , òîäi iñíó¹ ïîëîâèííå âiäîáðàæåííÿ,

çà ÿêîãî òåíçîðè äåôîðìàöi¨, Ðiìàíà, Ði÷÷i òà ¨õ êîâàðiàíòíi ïîõiäíi

çàäîâîëüíÿþòü óìîâàì (1.3.11) � (1.3.18).

Íà ïðèêëàäi âiäîáðàæåííÿ, ùî çáåðiãà¹ òåíçîð Âåéëÿ, ïîêàçàíî, ÿê

çàäà÷i òàêîãî òèïó çâîäÿòüñÿ äî ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü.
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×åðåç çíà÷íi òåõíi÷íi òðóäíîùi ëîêàëüíèõ ðîçâ'ÿçêiâ çàäà÷ òàêîãî òèïó

âèíèêà¹ íåîáõiäíiñòü ñïåöiàëiçàöi¨ ïðîñòîðiâ àáî âiäîáðàæåíü.

Äàëi ðîçãëÿíóòi ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó

òèïó Êîøi.

Âiäìi÷åíà ìîæëèâiñòü âèêîðèñòàííÿ òîòîæíîñòi Ði÷÷i â ÿêîñòi óìîâ

iíòåãðóâàííÿ âêàçàíèõ ñèñòåì.

Ïîòiì ðîçãëÿíóòi ãåîäåçè÷íi âiäîáðàæåííÿ ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi

íà ïñåäîðiìàíîâi ïðîñòîðè. Äîâåäåíî, ùî

Ïðîñòið An äîçâîëÿ¹ ãåîäåçè÷íå âiäîáðàæåííÿ íà ïñåâäîðiìàíîâèé

ïðîñòið V̄n òîäi, i òiëüêè òîäi, êîëè iñíó¹ ðîçâ'ÿçîê (1.4.7) âiäíîñíî

íåâiäîìèõ ôóíêöié aij(x), det
(
aij(x)

)
6= 0 i λi(x).

À òàêîæ

Òåîðåìà 1.4.3.Íåõàé An - ïðîñòið àôiííî¨ çâ'ÿçíîñòi, ÿêèé (ëîêàëüíî)

íåïðîåêòèâíî åâêëiäîâèé â îêîëi òî÷êè p ∈ An. Òîäi îêië òî÷êè p ç An

äîçâîëÿ¹ ãåîäåçè÷íå âiäîáðàæåííÿ íà ïñåâäîðiìàíîâèé ïðîñòið V̄n òîäi i

òiëüêè òîäi, êîëè çàìêíóòà ñèñòåìà ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

òèïó Êîøi â êîâàðiàíòíèõ ïîõiäíèõ â An

aij,k =
2

n+ 1
aijΓααk + δikΛ

j + δjkΛ
i,

äå

Λi = aαβGi
αβ +

1

n+ 1
aiβΓαβα

ìà¹ ðîçâ'ÿçîê âiäíîñíî ñèìåòðè÷íîãî íåâèðîäæåíîãî òåíçîðà aij.
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Ðîçäië 2

Ñïåöiàëüíi ïñåâäîðiìàíîâi ïðîñòîðè

Ïîòðåáà åôåêòèâíîãî âèâ÷åííÿ âiäîáðàæåíü ïñåâäîðiìàíîâèõ ïðîñòîðiâ

ïðèâîäèòü äî íåîáõiäíîñòi ñïåöiàëiçàöi¨ ñàìèõ ïðîñòîðiâ. Ïðèðîäíî, ùîá

îáìåæåííÿ ñòîñóâàëèñü âíóòðiøíiõ ãåîìåòðè÷íèõ îá'¹êòiâ, òîáòî ìåòðèêè

òà òåíçîðiâ, îòðèìàíèõ ç íå¨.

2.1 Çâiäíi ïñåâäîðiìàíîâi ïðîñòîðè

Ïñåâäîðiìàíiâ ïðîñòið Vn ç ìåòðè÷íèì òåíçîðîì gij íàçèâàþòü ëîêàëüíî

çâiäíèì, ÿêùî â äåÿêîìó îêîëi êîæíî¨ éîãî òî÷êè M ¹ ìîæëèâiñòü âèáðàòè

òàêó ñèñòåìó êîîðäèíàò y1, y2, . . . , yn, âiäíîñíî ÿêî¨ îñíîâíà ìàòðè÷íà ôîðìà

ìà¹ âèãëÿä
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I = gpq(y
r)dypdyq + gσµ(y

ν)dyσdyµ, (2.1.1)

(p, q, r = 1, 2, . . . ,m; σ, µ, ν = m+ 1,m+ 2, . . . , n).

Òóò gpq çàëåæàòü ëèøå âiä y1, y2, . . . , ym, à gσµ � òiëüêè âiä

ym+1, ym+2, . . . , yn.

Â ïîäàëüøîìó, ëîêàëüíî çâiäíi ïðîñòîðè áóäåìî íàçèâàòè ïðîñòî

çâiäíèìè.

Òàêèì ÷èíîì, çâiäíèé ïñåâäîðiìàíiâ ïðîñòið Vn(gij), çãiäíî ç îçíà÷åííÿì,

¹ äîáóòêîì äâîõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ
1
Vm(gpq) òà

2
Vn−m(gσµ)

gij =


gpq | 0

− −
0 | gσµ

 (2.1.2)

Êîæåí iç ïðîñòîðiâ
1
Vm òà

2
Vn−m ìîæå â ñâîþ ÷åðãó ïðèâîäèòèñü ÷è

íå ïðèâîäèòèñü, i òîìó ôîðìóëó (2.1.1) ìîæíà çàïèñàòè ó âèãëÿäi

ds2 =
r∑

k=1

ds2
k (r > 1),

äå ds2
k � êâàäðàòè÷íà ôîðìà ïðîñòîðó Vmk

(m1 +m2 + . . .+mn = n).

Äëÿ çàäàíîãî ïñåâäîðiìàíîâîãî ïðîñòîðó Vn ÷èñëî r ìîæå ïðèéìàòè
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ðiçíi çíà÷åííÿ. Ìàêñèìàëüíå çíà÷åííÿ r íàçèâàþòü ìîáiëüíiñòþ

ïñåâäîðiìàíîâîãî ïðîñòîðó âiäíîñíî çâåäåííÿ.

Ïñåâäîðiìàíiâ ïðîñòið Vn çâiäíèé òîäi i òiëüêè òîäi, êîëè â íüîìó iñíó¹

ñèìåòðè÷íèé òåíçîð aij 6= cgij (ïðè äåÿêîìó ñòàëîìó c), ùî çàäîâîëüíÿ¹

óìîâàì

aiαa
α
j = aij (2.1.3)

òà

aij,k = 0, (2.1.4)

äå aij = aαjg
αi.

Ðiâíÿííÿ (2.1.3) òà (2.1.4) � öå iíâàðiàíòíà (âiäíîñíî âèáîðó ñèñòåìè

êîîðäèíàò) óìîâà, íåîáõiäíà òà äîñòàòíÿ äëÿ òîãî, ùîá ïñåâäîðiìàíiâ ïðîñòið

Vn áóâ çâiäíèì.

Â òàêîìó âèãëÿäi ¨¨ ñôîðìóëþâàâ Ï.À. Øèðîêîâ [197].

Òåíçîð aij, ùî çàäîâîëüíÿ¹ óìîâi (2.1.3), íàçèâàþòü iäåìïîòåíòíèì, à

óìîâi (2.1.4) � êîâàðiàíòíî ñòàëèì.

Âèìîãó iäåìïîòåíòíîñòi ìîæíà çàìiíèòè íà ïîáàæàííÿ, ùîá ìàòðèöÿ

òåíçîðà aij ìàëà ïðîñòi åëåìåíòàðíi äiëüíèêè òà äiéñíi êîðåíi (öå äîâiâ

Ã. Êðó÷êîâè÷ [152]). Â òàêîìó âèãëÿäi îçíàêà íàâîäèòüñÿ â ÿêîñòi âïðàâè

â êíèçi Ë.Ï. Åéçåíõàðòà "Ðiìàíîâà ãåîìåòðiÿ"[18], àëå áåç âèìîãè iñíóâàííÿ

äiéñíèõ êîðåíiâ. ßê ëåãêî ïåðåêîíàòèñü, áåç öüîãî îçíàêà ¹ ïîìèëêîâîþ.

Êëàñèôiêóâàâ âñi ïñåâäîðiìàíîâi ïðîñòîðè Vn, ùî äîçâîëÿþòü

êîâàðiàíòíî ñòàëi òåíçîðè äðóãîãî ïîðÿäêó, Â.Í. Àáäóëií [112].

Óìîâè iíòåãðîâàíîñòi äëÿ ðiâíÿííÿ (2.1.4) ç óðàõóâàííÿì òîòîæíîñòi
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Ði÷÷i áóäóòü

aαiR
α
jkl + aαjR

α
ikl = 0. (2.1.5)

Öèêëþþ÷è îñòàíí¹ çà (i, k, l), îòðèìà¹ìî

aαiR
α
jkl + aαkR

α
jli + aαlR

α
jik = 0. (2.1.6)

Çãîðòàþ÷è çà iíäåêñàìè (j, k), áóäåìî ìàòè

aαiR
α
l − aαlRα

i = 0. (2.1.7)

Òóò

Ri
j = Rαjg

αi. (2.1.8)

Ïðî òåíçîðè aij òà bij, äëÿ ÿêèõ âèêîíóþòüñÿ óìîâè

aαi bαj = aαj bαi (2.1.9)

êàæóòü, ùî âîíè êîìóòóþòü.

Òåîðåìà 2.1.1. Â çâiäíèõ ïñåâäîðiìàíîâèõ ïðîñòîðàõ Vn, iñíó¹

iäåìïîòåíòíèé òåíçîð, ùî êîìóòó¹ ç òåíçîðîì Ði÷÷i Vn.

Ïñåâäîðiìàíiâ ïðîñòið Vn íàçèâàþòü ïëàñêèì (àáî ëîêàëüíî åâêëiäîâèì),

ÿêùî â äåÿêîìó îêîëi òî÷êèM ìîæå áóòè âèáðàíà òî÷êà ñèñòåìè êîîðäèíàò

y1, y2, . . . , yn, ÿêó íàçèâàþòü äåêàðòîâîþ, âiäíîñíî ÿêî¨ îñíîâíà ìàòðè÷íà

ôîðìà ïðîñòîðó ìà¹ âèä

I = e1(dy
1)2 + e2(dy

2)2 + . . .+ en(dy
n)2, (2.1.10)
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e1, e2, . . . , en äîðiâíþþòü ïëþñ àáî ìiíóñ îäèíèöi.

Òåíçîðíîþ îçíàêîþ, íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ òîãî, ùîá ïðîñòið

áóâ ïëàñêèì, ¹ âèìîãà

Rhijk = 0. (2.1.11)

Ïëàñêi ïðîñòîðè, ÿê âèäíî ç îçíà÷åííÿ (2.1.10), öå ãðàíè÷íèé âèïàäîê

çâiäíîñòi. Ç iíøîãî áîêó, äèôåðåíöiàëüíi ðiâíÿííÿ (2.1.4) äëÿ ïëàñêèõ

ïðîñòîðiâ çàâæäè ìàþòü ðîçâ'ÿçîê, îñêiëüêè óìîâè iíòåãðóâàííÿ (2.1.5) ç

óðàõóâàííÿì (2.1.11) âèêîíóþòüñÿ òîòîæíî.

Ìàêñèìàëüíà êiëüêiñòü ðîçâ'ÿçêiâ äëÿ ñèñòåìè (2.1.4) äîðiâíþ¹
(n+ 1)n

2 .

Ñèñòåìà (2.1.5) ¹ ïåðåâèçíà÷åíîþ àëãåáðà¨÷íîþ ñèñòåìîþ. Ðîçâ'ÿçêè

ñèñòåìè aij, ÿêi íå âèðàæàþòüñÿ ÷åðåç iíøi êîìïîíåíòè òåíçîðà àáî ÷åðåç

âíóòðiøíi îá'¹êòè ïñåâäîðiìàíîâîãî ïðîñòîðó Vn, íàçèâàþòü ñóòò¹âèìè.

Îòæå ìàêñèìàëüíó êiëüêiñòü ñóòò¹âèõ êîìïîíåíò òåíçîðà aij äîçâîëÿþòü

ïëàñêi ïðîñòîðè. Â ïîäàëüøîìó, ïðè âèâ÷åííi ïèòàííÿ ïðî êiëüêiñòü

ñóòò¹âèõ êîìïîíåíò òåíçîðà aij, ìè îáìåæèìîñÿ ðîçãëÿäîì ïðîñòîðiâ

âiäìiííèõ âiä ïëàñêèõ.

Îöiíèìî êiëüêiñòü íåçàëåæíèõ êîìïîíåíò ñèìåòðè÷íîãî, íåâèðîäæåíîãî

òåíçîðà aij, ùî çàäîâîëüíÿ¹ ðiâíÿííþ

aαiK
α
j + aαjK

α
i = 0. (2.1.12)

Òóò Kh
j - äåÿêèé àôiíîð, íåçàëåæíèé âiä aij, êðiì òîãî ïðèïóñêà¹ìî, ùî âií
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çàäîâîëüíÿ¹ óìîâi

gαiK
α
j + gαjK

α
i = 0. (2.1.13)

Óìîâà (2.1.13) îçíà÷à¹, ùî òåíçîð Kij
def
= Kα

j gαi ¹ êîñîñèìåòðè÷íèì.

Íåõàé r∗ � ÷èñëî, ÿêå äîðiâíþ¹ 3n − 5 äëÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ

Vn, n 6= 4, 6, à ó âèïàäêó n = 4 àáî 6 äîðiâíþ¹ 3n− 6.

Äîâåäåìî íàñòóïíó òåîðåìó

Òåîðåìà 2.1.2. ßêùî ðàíã ìàòðèöi
∥∥K i

j

∥∥ áiëüøå äâîõ, òî ñåðåä êîìïîíåíò
òåíçîðà aij íå ìåíøå ÷èì r∗ çàëåæèòü âiä iíøèõ êîìïîíåíò òåíçîðà aij

i àôiíîðà K i
j.

Äîâåäåííÿ öi¹¨ òåîðåìè ïðîâîäèòèìåìî â äåÿêié ôiêñîâàíié òî÷öi

M(xh) ∈ Vn. Ðîçãëÿíåìî ëiíiéíå íåâèðîäæåíå ïåðåòâîðåííÿ êîîðäèíàò â öié
òî÷öi

yh = Ah
αx

α,

äå det
∥∥Ah

i

∥∥ 6= 0.

Òåíçîðè aij òà K i
h ïåðåòâîðÿòüñÿ çãiäíî iç çàêîíîì

a8
ij = aαβB

α
i B

β
j ; K 8 h

i = Kα
βB

β
i B

h
α,

òóò
∥∥Bh

i

∥∥ def
=
∥∥Ah

i

∥∥−1
.

Î÷åâèäíî, ùî ðàíã òåíçîðà Kh
i , à òàêîæ ÷èñëî çàëåæíèõ êîìïîíåíò

òåíçîðà aij â ðiâíÿííi (2.1.12) ¹ iíâàðiàíòíèìè âiäíîñíî ïåðåòâîðåííÿ

êîîðäèíàò. Îñòàíí¹ âiðíî i ó òîìó âèïàäêó, êîëè
∥∥Ah

i

∥∥ ¹ êîìïëåêñíîçíà÷íîþ
íåâèðîäæåíîþ ìàòðèöåþ.

86



Äëÿ ïîäàëüøèõ äîñëiäæåíü ïðèâåäåìî àôiíîð K i
h çà äîïîìîãîþ

íåâèðîäæåíîãî ïåðåòâîðåííÿ (âèïàäîê êîìïëåêñíîãî ïåðåòâîðåííÿ íå

âèêëþ÷à¹òüñÿ) äî êàíîíi÷íî¨ ôîðìè Æîðäàíà. Ó íàøîìó äîñëiäæåííi ìè

îáìåæèìîñÿ ñïðîùåíèì çàïèñîì öi¹¨ ìàòðèöi:

Kh
i =



ω1 K1
2 0 . . . 0

0 ω2 K2
3 . . .

...
... . . . . . . 0
... . . . . . . ωn−1 Kn−1

n

0 . . . . . . 0 ωn,


(2.1.14)

äå Kα
α+1 = 0 àáî 1.

Îñòàíí¹ ìîæíà çàïèñàòè òàêèì ÷èíîì

Kα
α = ωα; Kα+1

α = 0, 1; Ka
b = 0 äëÿ b 6= a, a+ 1.

Òóò a, b = 1, 2, . . . , n. Â öié ôîðìóëi, ÿê i â óñié ðîáîòi, ïî îäíàêîâèõ iíäåêñàõ

ñóìóâàííÿ íå ðîáèòüñÿ.

Ïðèðîäíî, ùî â çàãàëüíîìó âèïàäêó âëàñíi ÷èñëà ωα ìàòðèöiKh
i ìîæóòü

áóòè êîìïëåêñíèìè. Ñèñòåìó êîîðäèíàò y, â ÿêiéKh
i ìà¹ ôîðìóÆîðäàíà,

íàçâåìî êàíîíi÷íîþ.

Ðiâíÿííÿ ñèñòåìè (2.1.12) ç ôiêñîâàíèìè iíäåêñàìè i i j ïîçíà÷èìî

÷åðåç Θij. Îñêiëüêè ðiâíÿííÿ Θji ñïiâïàäà¹ ç ðiâíÿííÿì Θij, ñèñòåìà (2.1.12)

åêâiâàëåíòíà ñèñòåìi ðiâíÿíü
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Θ : Θij(i ≤ j; i, j = 1, 2, . . . , n).

Ðiâíÿííÿ (2.1.12) â êàíîíi÷íié ñèñòåìi êîîðäèíàò y ìàþòü íàñòóïíó

ôîðìó:

Θij(i, j < n) : aij(ωi + ωj) + ai+1 jK
i+1

i + aij+1K
j+1

j = 0; (2.1.15)

Θin(i < n) : ain(ωi + ωn) + ai+1 nK
i+1

j = 0; (2.1.16)

Θnn : ann(ωn + ωn) = 0. (2.1.17)

Íàãàäà¹ìî, ùî ó ðiâíÿííÿõ (2.1.15) i (2.1.16) ïðàâèëî Åéíøòåéíà íå

çàñòîñîâó¹òüñÿ. Çàçäàëåãiäü äîâåäåìî íàñòóïíi ëåìè:

Ëåìà 2.1.1. Êîìïîíåíòè ñèìåòðè÷íîãî òåíçîðà aij, äëÿ ÿêèõ (ωi+ωj) 6= 0,

çàëåæàòü âiä iíøèõ êîìïîíåíò òåíçîðà aij i àôiíîðà K
i
j.

Äîâåäåííÿ.

Ìíîæèíó âïîðÿäêîâàíèõ ïàð iíäåêñiâ (i, j), äå i ≤ j, i, j = 1, 2, . . . , n,

ïîçíà÷èìî ÷åðåç I. ×åðåç I1 i I∗ ïîçíà÷èìî ïiäìíîæèíè I òàêi, ùî

(i, j) ∈ I1 ⇔ (ωi + ωj) 6= 0 i I∗ = I\I1.
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Êiëüêiñòü åëåìåíòiâ I1 ïîçíà÷èìî ÷åðåç q. Íèæ÷å äîâåäåìî, ùî q

êîìïîíåíò aij, äå (i, j) ∈ I1, ÿâíî âèðàæàþòüñÿ ÷åðåç iíøi êîìïîíåíòè

òåíçîðà aij i àôiíîðà Kh
i .

Êðîê 1. Ç ìíîæèíè ïàð I1 âèáåðåìî ïàðó (i1, j1) òàêó, ùî iíäåêñè i1 i j1

¹ �ìàêñèìàëüíèìè�. Êîðåêòíiøå:

i1 = max
∀(i,j)∈I1

i òà j1 = max
∀(i,j)∈I1

j .

Àíàëiçîì ðiâíÿííÿ Ωi1j1 (äèâ. (2.1.15), (2.1.16), (2.1.17)) ìîæíà ÿâíèì

÷èíîì âèðàçèòè êîìïîíåíòó ai1j1 ÷åðåç êîìïîíåíòè aij ∈ I∗ i Kh
i .

Êðîê 2. Äàëi ïîçíà÷èìî ÷åðåç I2
def
= I1\{(i1, j1)}. Àíàëîãi÷íî, ç ìíîæèíè

ïàð I2 âèáåðåìî �ìàêñèìàëüíó� ïàðó (i2, j2):

i2 = max
∀(i,j)∈I2

i òà j2 = max
∀(i,j)∈I2

j .

Òîäi íåâàæêî áà÷èòè ïî àíàëîãi¨ ç ïîïåðåäíiì, ùî àíàëiçîì ðiâíÿííÿ

Ωi2j2 ìîæíà ÿâíèì ÷èíîì âèðàçèòè êîìïîíåíòó ai2j2 ÷åðåç êîìïîíåíòó ai1j1 i

êîìïîíåíòè aij, (i, j) ∈ I∗ i Kh
i . Àëå òîäi íà ïiäñòàâi 1-ãî êðîêó âèòiêà¹, ùî i

ai2j2 âèðàæà¹òüñÿ ÿâíèì ÷èíîì òiëüêè ÷åðåç êîìïîíåíòè aij, (i, j) ∈ I∗ i Kh
i .

Ïðîöåñ ïðîäîâæó¹ìî àíàëîãi÷íî. Ïiñëÿ q êðîêiâ ïåðåêîíà¹ìîñÿ, ùî óñi

êîìïîíåíòè aij, äëÿ ÿêèõ (i, j) ∈ I1, ÿâíèì ÷èíîì âèðàæàþòüñÿ òiëüêè ÷åðåç

êîìïîíåíòè aij, (i, j) ∈ I∗ i àôiíîðà Kh
i .

Ëåìó äîâåäåíî.
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Íà ïiäñòàâi ëåìè 2.1.1 ìîæåìî äîâåñòè íàñòóïíó ëåìó, ùî äîçâîëÿ¹

äîâåñòè òåîðåìó:

Ëåìà 2.1.2. ßêùî ÷èñëî çàëåæíèõ êîìïîíåíò òåíçîðà aij íå ïåðåâèùó¹

÷èñëà r∗, òî ñåðåä ÷èñåë ωi íå áiëüøå äâîõ âiäìiííèõ âiä íóëÿ.

Äîâåäåííÿ.

Äîâåäåííÿ ïðîâåäåìî ìåòîäîì âiä ïðîòèëåæíîãî. Ïðèïóñòèìî, ùî iñíó¹

ïðèíàéìíi òðè íåíóëüîâi ÷èñëà ωa, ωb, ωc (òóò a, b, c � âçà¹ìíî âiäìiííi

iíäåêñè; ïiñëÿ ïåðåíóìåðàöi¨ iíäåêñiâ, ìîæíà ââàæàòè a = 1, b = 2, c = 3).

Ïîêàæåìî, ùî ïðè öüîìó ïðèïóùåííi õî÷ áè 3n − 5, à ó âèïàäêó n = 4, 6

õî÷ áè 3n − 6 êîìïîíåíò òåíçîðà aij çàëåæèòü âiä iíøèõ êîìïîíåíò öüîãî

òåíçîðà i àôiíîðà Kh
i (öå ÷èñëî ìè ïîçíà÷èëè ÷åðåç r∗). Âðàõîâóþ÷è ëåìó

2.1.1, äëÿ öüîãî äîñèòü, ùîá ñåðåä åëåìåíòiâ òðèêóòíî¨ ìàòðèöi ω:

ω =


ω1 + ω1 ω1 + ω2 . . . ω1 + ωn

0 ω2 + ω2 . . . ω2 + ωn
... ... . . . ...

0 0 . . . ωn + ωn



çíàéøëîñÿ, ïðèíàéìíi, r∗ íåíóëüîâèõ åëåìåíòiâ.

1. Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê, êîëè íåíóëüîâi âëàñíi ÷èñëà ω1, ω2, ω3

çàäîâîëüíÿþòü óìîâi

|ω1| 6= |ω2| 6= |ω3| .
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Òîäi íå äîðiâíþþòü íóëþ ÷èñëà

ω1 + ω1, ω1 + ω2, ω1 + ω3, ω2 + ω2, ω2 + ω3, ω3 + ω3,

à äëÿ a > 3:

à) ÿêùî ωa = ±ω1 , òî íå äîðiâíþþòü íóëþ

ω2 + ωa; ω3 + ωa; ωa + ωa;

á) ÿêùî ωa = ±ω2 , òî íå äîðiâíþþòü íóëþ

ω1 + ωa; ω3 + ωa; ωa + ωa;

â) ÿêùî ωa = ±ω3 , òî íå äîðiâíþþòü íóëþ

ω1 + ωa; ω2 + ωa; ωa + ωa;

ã) ÿêùî ωa 6= ±ω1,±ω2,±ω3 , òî íå äîðiâíþþòüñÿ íóëþ

ω1 + ωa; ω2 + ωa; ω3 + ωa.

Çâiäñè íà ïiäñòàâi ëåìè 2.1.1 âèòiêà¹, ùî ñåðåä êîìïîíåíò aij ïðèíàéìíi

3n− 3 êîìïîíåíò çàëåæíèõ, ùî ñóïåðå÷èòü óìîâi r∗ ≥ 3n− 3.

2. Ðîçãëÿíåìî âèïàäîê, êîëè íåíóëüîâi âëàñíi ÷èñëà ω1, ω2, ω3

çàäîâîëüíÿþòü óìîâi

ω1 = −ω2, ω3 6= ±ω1 i äëÿ ∀a > 3 : ωa = ±ω1,±ω3, 0.

Iíøå çíà÷åííÿ ωa íàñ ïðèâîäèòü äî ðîçãëÿäó ï. 1.
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Â öüîìó âèïàäêó íå äîðiâíþþòü íóëþ ÷èñëà

ω1 + ω1, ω1 + ω3, ω2 + ω2, ω2 + ω3, ω3 + ω3,

a äëÿ a > 3:

à) ÿêùî ωa = 0, òî íå äîðiâíþþòüñÿ íóëþ

ω1 + ωa; ω2 + ωa; ω3 + ωa;

á) ÿêùî ωa = ω1, òî íå äîðiâíþþòüñÿ íóëþ

ω1 + ωa; ω3 + ωa; ωa + ωa;

â) ÿêùî ωa = −ω1, òî íå äîðiâíþþòüñÿ íóëþ

ω2 + ωa; ω3 + ωa; ωa + ωa;

ã) ÿêùî ωa = ±ω3, òî íå äîðiâíþþòüñÿ íóëþ

ω1 + ωa; ω2 + ωa; ωa + ωa.

Çâiäñè íà ïiäñòàâi ëåìè 2.1.1 âèòiêà¹, ùî ñåðåä êîìïîíåíò aij

ïðèíàéìíi 3n − 4 êîìïîíåíò çàëåæíèõ, ùî ñóïåðå÷èòü óìîâi

r∗ ≥ 3n− 4.

3. Ðîçãëÿíåìî âèïàäîê, êîëè íåíóëüîâi âëàñíi ÷èñëà ω1, ω2, ω3

çàäîâîëüíÿþòü óìîâi

ω1 = ω2, ω3 6= ±ω1 i ∀a > 3 : ωa = ω1, ±ω3, 0.
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Çíà÷åííÿ ωa 6= ±ω1,±ω2, íàñ ïðèâîäèòü äî ðîçãëÿäó ï. 1., à çíà÷åííÿ

ωa = −ω1 � ïðèâîäèòü äî ï. 2.

Â öüîìó âèïàäêó íå äîðiâíþþòü íóëþ ÷èñëà

ω1 + ω1, ω2 + ω3, ω1 + ω3, ω2 + ω2, ω2 + ω3, ω3 + ω3,

a äëÿ a > 3:

à) ÿêùî ωa = 0, òî íå äîðiâíþþòüñÿ íóëþ

ω1 + ωa; ω2 + ωa; ω3 + ωa;

á) ÿêùî ωa = ω1,±ω3, òî íå äîðiâíþþòüñÿ íóëþ

ω1 + ωa; ω3 + ωa; ωa + ωa.

Çâiäñè íà ïiäñòàâi ëåìè 2.1.1 âèòiêà¹, ùî ñåðåä êîìïîíåíò aij ïðèíàéìíi

3n− 3 êîìïîíåíò çàëåæíèõ, ùî ñóïåðå÷èòü óìîâi r∗ ≥ 3n− 3.

4. Î÷åâèäíî, çàëèøèëîñÿ ðîçãëÿíóòè âèïàäîê, êîëè

ω1 = ω2 = . . . = ωk = −ωk+1 = −ωk+2 = . . . = −ωk+l 6= 0,

ωk+l+1 = . . . = ωn = 0.

Â öüîìó âèïàäêó êiëüêiñòü íåíóëüîâèõ ÷èñåë ωi + ωj (i ≤ j) äîðiâíþ¹

k(k + 1)

2
+
l(l + 1)

2
+ (k + l)(n− k − l).

Áåçïîñåðåäíiì àíàëiçîì ìîæíà âñòàíîâèòè:
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à) êîëè{
n = 4 i ω1 = ω2 = −ω3 = −ω4 6= 0,

n = 6 i ω1 = ω2 = ω3 = −ω4 = −ω5 = −ω6 6= 0

}
,

òo ïðèíàéìíi 3n − 6 êîìïîíåíò aij çàëåæíèõ, ùî óçãîäæó¹òüñÿ iç

òâåðäæåííÿì ëåìè.

á) ó iíøèõ âèïàäêàõ, êîëè k + l > 2, ñåðåä êîìïîíåíò aij ïðèíàéìíi

3n−5 êîìïîíåíò çàëåæíèõ, ùî òàêîæ óçãîäæó¹òüñÿ iç òâåðäæåííÿì

ëåìè.

Ó ðåçóëüòàòi, íàìè ðîçãëÿíóòi óñi ìîæëèâi âèïàäêè i, òàêèì ÷èíîì, ëåìó

2.1.2 äîâåäåíî.

Íà ïiäñòàâi ïîïåðåäíiõ ëåì äîâåäåìî ðàíiøå ñôîðìóëüîâàíó íàìè

òåîðåìó.

Äîâåäåííÿ.

Íàì äîñèòü ïîêàçàòè, ùî, ÿêùî ÷èñëî çàëåæíèõ êîìïîíåíò òåíçîðà aij

ìåíøå àáî ðiâíî 3n−5 äëÿ n 6= 4, 6 i 3n−6 äëÿ n = 4, 6, òo ìàòðèöÿ òåíçîðà

K i
j ìà¹ íå áiëüøå äâîõ ëiíiéíî íåçàëåæíèõ ðÿäêiâ.

Äîâåäåííÿ ïðîâåäåìî ìåòîäîì âiä ïðîòèëåæíîãî. Íàäàëi

ïðèïóñêàòèìåìî, ùî â ìàòðèöi K i
j, ïðèâåäåíié äî ôîðìè Æîðäàíà,

ïðèíàéìíi, òðè íåíóëüîâi ðÿäêè. Âðàõîâóþ÷è ëåìó 2.1.2 i ìîæëèâiñòü

ïåðåñòàíîâêè êëiòèí Æîðäàíà, äîñèòü ðîçãëÿíóòè íàñòóïíèõ ñiì âèïàäêiâ:

1). ω1, ω2 6= 0, ωa = 0, äëÿ a = 3, n, K4
3 = 1;

2). ω1 6= 0, ωa = 0, äëÿ a = 2, n, K3
2 = K4

3 = 1;
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3). ω1 6= 0, ωa = 0, äëÿ a = 2, n, K3
2 = 1, K4

3 = 0, K5
4 = 1;

4). ωa = 0, äëÿ a = 1, n, K2
1 = K3

2 = K4
3 = 1;

5). ωa = 0, äëÿ a = 1, n, K2
1 = K3

2 = 1, K4
3 = 0, K5

4 = 1;

6). ωa = 0, äëÿ a = 1, n, K2
1 = 1, K3

2 = 0, K4
3 = K5

4 = 1;

7). ωa = 0, äëÿ a = 1, n, K2
1 = 1, K3

2 = 0, K4
3 = 1, K5

4 = 0, K6
5 = 1.

Íåõàé ω1 6= 0, ω2 6= 0, i ωa = 0, äëÿ óñiõ a = 3, n, i K4
3 = 1, òîäi

ìàòðèöÿ K i
j ìà¹ âèãëÿä

K i
j =



ω1 K2
1 0 . . . 0

0 ω2 0 . . . 0

0 0 0 K4
3

...
... ... ... . . . Kn

n−1

0 0 0 . . . 0


Î÷åâèäíî, ùî ÷èñëà ω1 + ωa, ω2 + ωa (∀a > 2) âiäìiííi âiä íóëÿ i,

îòæå, ÷åðåç ëåìó 2.1.1 êîìïîíåíò a1a (a 6= 2), a2a (a 6= 1) çàëåæàòü âiä iíøèõ

êîìïîíåíò ìàòðèöi aij.

Ïîêëàâøè â (2.1.15) i = j = 3, çíàõîäèìî, ùî a34 = 0. Ç (2.1.16) çà i = 3

âèòiêà¹, ùî a4n = 0.

Ôîðìóëà (2.1.15) çà i = 3, j = s 6= 1, 2, 3, n íàáèðà¹ âèãëÿäó

a4s + a3 s+1K
s+1
s = 0.

Ïiñëÿ íåâàæêîãî àíàëiçó ïåðåêîíà¹ìîñÿ, ùî ñåðåä êîìïîíåíò òåíçîðà
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aij íå ìåíøå ÷èì 3n − 4 çàëåæíèõ. Ñàìå íèìè ¹ êîìïîíåíòè

a1a (a = 1, 3, 4, . . . , n), a2a (a = 2, 3, 4, . . . , n) i a4a (a = 3, 4, . . . , n).

2) Ðîçãëÿíåìî äðóãèé âèïàäîê. Îñêiëüêè ω1+ωa(a = 1, n) íå äîðiâíþþòü

íóëþ, òî íà ïiäñòàâi ëåìè 2.1.1 êîìïîíåíòè a1a (a = 1, n) âèðàæàþòüñÿ ÷åðåç

iíøi êîìïîíåíòè ìàòðèöi aij.

Ç (2.1.16) ïðè i = 2, 3, âèòiêà¹ a3n = a4n = 0.

Ôîðìóëà (2.1.15) çà i = 2, j = s (s = 2, n− 1), äà¹

a3s = −a2 s+1K
s+1
s , (2.1.18)

a çà i = 3, j = s (s = 3, n− 1) äà¹

a4s = −a3 s+1K
s+1
s . (2.1.19)

Îòæå, a1a (a = 1, 2, . . . , n), a3a (a = 2, 3, . . . , n) i a4a (a = 4, 5, . . . , n)

çàëåæàòü âiä iíøèõ êîìïîíåíò òåíçîðà aij, òîáòî ñåðåä êîìïîíåíò aij íå

ìåíøå íiæ 3n− 4 çàëåæíèõ.

3) Òðåòié âèïàäîê àíàëîãi÷íèé äðóãîìó. Ëåãêî áà÷èòè, ùî êîìïîíåíòè

a1a (a = 1, n), âèðàæàþòüñÿ ÷åðåç iíøi êîìïîíåíòè ìàòðèöi aij.

Ç (2.1.16) çà i = 2, 4, âèòiêà¹, a3n = a5n = 0.

Ôîðìóëà (2.1.16) çà i = 2, j = s (s = 2, n− 1) äà¹

a3s = −a2 s+1K
s+1
s , (2.1.20)
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à çà i = 4, j = s (s = 4, n− 1) äà¹

a5s = −a4 s+1K
s+1
s . (2.1.21)

Îòæå, a1a (a = 1, 2, . . . , n), a3a (a = 2, 3, . . . , n) i a5a (a = 4, 5, . . . , n)

çàëåæàòü âiä iíøèõ êîìïîíåíò òåíçîðà aij, òîáòî ñåðåä êîìïîíåíò aij íå

ìåíøå ÷èì (3n− 4) çàëåæíèõ.

4, 5, 6 i 7 âèïàäêè ïîäiáíèì àíàëiçîì ðiâíÿíü (2.1.15) i (2.1.16) ïðèçâîäÿòü

äî òîãî, ùî ñåðåä êîìïîíåíò aij íå ìåíøå ÷èì 3n−5 çàëåæíèõ. Îáìåæèìîñÿ

òiëüêè ðîçãëÿäîì ðiâíÿíü ((2.1.15) i (2.1.16), ÿêi ïðèçâîäÿòü äî òàêîãî

âèñíîâêó:

Âèïàäîê 4: ïðè i = 1, 2, 3; âèïàäîê 5: ïðè i = 1, 2, 4; âèïàäîê 6: ïðè

i = 1, 3, 4; âèïàäîê 7: ïðè i = 1, 3, 5.

Òàêèì ÷èíîì, â óñiõ âèïàäêàõ íàìè îòðèìàíî ïðîòèði÷÷ÿ, ÿêå äîâîäèòü

ñïðàâåäëèâiñòü òåîðåìè.

Âèâ÷èâøè â ñïåöiàëüíié ñèñòåìi êîîðäèíàò êiëüêiñòü çàëåæíèõ

êîìïîíåíò òåíçîðà aij, â âiäìiííîìó âiä ïðîñòîðó ñòàëî¨ êðèâèíè,

ïñåâäîðiìàíîâîìó ïðîñòîði, íàìè äîâåäåíî òåîðåìó, ùî ìà¹ âàæëèâå

çíà÷åííÿ äëÿ îöiíêè êiëüêîñòi ñóòò¹âèõ êîìïîíåíò êîâàðiàíòíî ñòàëîãî

òåíçîðà aij.

Ðîçãëÿíåìî çâiäíèé ïñåâäîðiìàíiâ ïðîñòið Vn ç îñíîâíîþ ìåòðè÷íîþ

ôîðìîþ
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ds2 = ds2
1 + ds2

2. (2.1.22)

Òóò

ds2
1 =

1
gab(x

c)dxadxb (2.1.23)

(a, b, c = 1, 2, . . . ,m;m < n)

ìåòðè÷íà ôîðìà ïñåâäîðiìàíîâîãî ïðîñòîðó
1
V m, âiäíåñåíîãî äî ñèñòåì

êîîðäèíàò x1, x2, . . . , xm, à

ds2
2 =

2
gAB(xC)dxAdxB, (2.1.24)

(A, B, C = m, m+ 1, . . . , n)

ìåòðè÷íà ôîðìà ïñåâäîðiìàíîâîãî ïðîñòîðó
2
V n−m , âiäíåñåíîãî äî ñèñòåì

êîîðäèíàò xm+1, xm+2, . . . , xn.

Òîäi äëÿ ïñåâäîðiìàíîâîãî ïðîñòîðó Vn

gab =
1
gab(x

c); gAB =
2
gAB(xc); gaB = 0 (2.1.25)

âíóòðiøíi îá'¹êòè, çàïèøóòüñÿ â âèãëÿäi
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Γabc =
1
Γabc; ΓABC =

2
ΓABC ; (2.1.26)

Ra
bcd =

1
R a

bcd; RA
BCD =

2
RABCD, (2.1.27)

äå
1
Γabc,

1
Rabcd,

2
ΓABC ,

2
RABCD � ñèìâîëè Õðèñòîôåëÿ òà òåíçîð Ðiìàíà

1
Vm òà

2
Vn−m.

Ðåøòà êîìïîíåíò ñèìâîëiâ Õðèñòîôåëÿ òà òåíçîðà Ðiìàíà Vn äîðiâíþþòü

íóëþ.

Óìîâè iíòåãðóâàííÿ ðiâíÿíü (2.1.4) â
1
Vm ïðèéìàþòü âèãëÿä

1
aae

1
R e

bcd+
1
abe

1
R e

acd = 0, (2.1.28)

à â
2
Vn−m

2
aAE

2
R E

BCD+
2
aBE

2
R E

ACD = 0. (2.1.29)

Àíàëiç öèõ ðiâíÿíü, ç âèêîðèñòàííÿì ìåòîäiâ çàïðîïîíîâàíèõ â [147],

äîçâîëÿ¹ äîâåñòè òåîðåìó

Òåîðåìà 2.1.3. Â ïñåâäîðiìàíîâèõ ïðîñòîðàõ, âiäìiííèõ âiä ïðîñòîðiâ

ñòàëî¨ êðèâèíè, ÿêi äîçâîëÿþòü ìàêñèìàëüíó êiëüêiñòü êîâàðiàíòíî

ñòàëèõ òåíçîðiâ aij, òåíçîð êðèâèíè ìà¹ âèãëÿä

Rhijk = e(ahbi − aibh)(ajbk − akbj), (2.1.30)

òóò ai, bi � äåÿêi âåêòîðè, e = ±1.
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Òàêèì ÷èíîì, çíàéäåíà îçíàêà ïñåâäîðiìàíîâèõ ïðîñòîðiâ, âiäìiííèõ âiä

ïðîñòîðiâ ñòàëî¨ êðèâèíè, ìàêñèìàëüíî ìîáiëüíèõ âiäíîñíî çâåäåííÿ.

2.2 Íàïiâçâiäíi ïñåâäîðiìàíîâi ïðîñòîðè Vn.

Íàïiâçâiäíèì ðîçêëàäîì ìåòðèêè ïñåâäîðiìàíîâîãî ïðîñòîðó Vn (n > 2)

íàçèâàþòü ¨¨ ðîçêëàä â âèäi

ds2 = ds2
1(x

1, x2, . . . , xr) + σ(x1, x2, . . . , xr)ds2
2(x

r, xr+1, . . . , xn). (2.2.1)

Òóò ds2
1 òà ds2

2 � ñàìîñòiéíi ìåòðèêè, ùî çàëåæàòü âiä ðiçíèõ êîîðäèíàò,

à ôóíêöiÿ σ çàëåæèòü ëèøå âiä êîîðäèíàò ds2
1.

Ïðîñòið Vn, ùî äîçâîëÿ¹ õî÷à á îäèí íàïiâçâiäíèé ðîçêëàä, íàçèâàþòü

íàïiâçâiäíèì.

Iíøèé ãðàíè÷íèé âèïàäîê íàïiâçâiäíî¨ ìåòðèêè

ds2 = ds2
1(x

1, x2, . . . , xn−1) + σ(x1, x2, . . . , xn−1)(dxn)2 (2.2.2)

öiêàâèé, ÿê óçàãàëüíåííÿ ñòàòè÷íî¨ ìåòðèêè â çàãàëüíié òåîði¨ âiäíîñíîñòi.

Äëÿ òîãî, ùîá ïñåâäîðiìàíiâ ïðîñòið Vn áóâ íàïiâçâiäíèì íåîáõiäíî

òà äîñòàòíüî, ùîá â íüîìó iñíóâàâ ñèìåòðè÷íèé iäåìïîòåíòíèé òåíçîð, íå
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ïðîïîðöiéíèé ìåòðè÷íîìó, òàêèé, ùî [152, 170]

bαib
α
j = bij, (2.2.3)

bij,k = uibjk + ujbik. (2.2.4)

Òóò ui = u,i = ∂iu � äåÿêèé ãðàäi¹íòíèé âåêòîð.

Ðiâíÿííÿ (2.2.3) òà (2.2.4) íàçèâàþòü òåíçîðíîþ îçíàêîþ íàïiâçâiäíîñòi

ïñåâäîðiìàíîâèõ ïðîñòîðiâ.

Äèôåðåíöiþþ÷è (2.2.3) ç óðàõóâàííÿì (2.2.4), îòðèìà¹ìî

uαb
α
j bik + uαb

α
i bjk = 0. (2.2.5)

Àëüòåðíóþ÷è çà iíäåêñàìè j, k

uαb
α
j bik − uαbαkbij = 0. (2.2.6)

Ïåðåïîçíà÷èìî iíäåêñè i òà k

uαb
α
j bki − uαbαi bkj = 0. (2.2.7)

Äîäàþ÷è (2.2.7) òà (2.2.5), ïåðåêîíà¹ìîñü, ùî

uαb
α
j = 0. (2.2.8)
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Iç îñòàííüîãî áóäåìî ìàòè

uα,ib
α
j = −uαuαbij. (2.2.9)

Óìîâè iíòåãðóâàííÿ (2.2.4), âðàõîâóþ÷è òîòîæíiñòü Ði÷÷i, ïðèéìóòü âèä

bαiR
α
jkl + bαjR

α
ikl = (ul,i − ului)bjk +

(2.2.10)

+(ul,j − uluj)bik − (uk,i − ukui)bjl − (uk,j − ukuj)bil.

Çãîðòàþ÷è (2.2.10) òà ïiäñòàâëÿþ÷è (2.2.8) i (2.2.9), îòðèìà¹ìî

(ul,i − ului)b = (u α
α, − uαuα)bil +

(2.2.11)

+bαiR
α
l − bαβR

α β
. il . .

Òóò b = bαβg
αβ, u α

α, = uα,βg
αβ, ui = uαg

αi, Rh j
il = Rh

ilβg
αj.

Òàêèì ÷èíîì, äîâåäåíî

Òåîðåìà 2.2.1. Âåêòîð ui â òåíçîðíié îçíàöi íàïiâçâiäíèõ

ïñåâäîðiìàíîâèõ ïðîñòîðiâ çàäîâîëüíÿ¹ óìîâàì (2.2.8), (2.2.9), (2.2.11).

Êðiì òîãî, çãîðòàþ÷è (2.2.4) çà iíäåêñàìè i, j, âðàõîâóþ÷è (2.2.8),

ïåðåêîíà¹ìîñü, ùî

b,i = 0. (2.2.12)
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Äîìíîæàþ÷è (2.2.11) íà bij òà çãîðòàþ÷è ïî i, ç óðàõóâàííÿì (2.2.3),

îòðèìà¹ìî

0 = u α
α, bij + bαiR

α
j − bαβb

γ
iR

α β
γj . (2.2.13)

Ïñåâäîðiìàíiâ ïðîñòið Vn ç ìåòðè÷íèì òåíçîðîì gij íàçèâà¹òüñÿ

åêâiäèñòàíòíèì, ÿêùî â íüîìó iñíó¹ âåêòîðíå ïîëå ϕi 6= 0, ùî çàäîâîëüíÿ¹

ðiâíÿííÿì

ϕi,j = τgij, (2.2.14)

äå τ � äåÿêèé iíâàðiàíò, à êîìà �,� � çíàê êîâàðiàíòíî¨ ïîõiäíî¨ â Vn .

Ïðè τ 6= 0 öå � åêâiäèñòàíòíèé ïðîñòið îñíîâíîãî âèïàäêó, à ïðè τ = 0

� îñîáëèâîãî [180].

Âåêòîðíå ïîëå, ùî çàäîâîëüíÿ¹ ðiâíÿííÿì (2.2.14), Ê. ßíî íàçèâàâ

êîíöèðêóëÿðíèì [108]. Ìè, ñëiäóþ÷è çà Ì.Ñ. Ñiíþêîâèì [178],

íàçèâàòèìåìî éîãî åêâiäèñòàíòíèì âåêòîðíèì ïîëåì.

Óìîâè iíòåãðîâàíîñòi îñíîâíèõ ðiâíÿíü (2.2.14) ìàþòü âèãëÿä

ϕαR
α
ijk = gijτ,k − gikτ,j,

òóò Rh
ijk � òåíçîð Ðiìàíà Vn . Ç îñòàííüîãî íåâàæêî îòðèìàòè

τ,i =
1

n− 1
ϕαR

α
i , (2.2.15)

äå Rh
i = gαhRαi, Rij � òåíçîð Ði÷÷i, gij � åëåìåíòè îáåðíåíî¨ ìàòðèöi

äî gij. Ñóêóïíiñòü ðiâíÿíü (2.2.14) i (2.2.15) íîñèòü çàìêíóòèé õàðàêòåð.
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Âîíà ¹ ñèñòåìîþ ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü â êîâàðiàíòíèõ ïîõiäíèõ

ïåðøîãî ïîðÿäêó òèïó Êîøi ç êîåôiöi¹íòàìè, îäíîçíà÷íî âèçíà÷åíèìè

ïðîñòîðîì Vn, âiäíîñíî íåâiäîìîãî âåêòîðà ϕi i iíâàðiàíòà τ .

Ñèñòåìà ðiâíÿíü (2.2.14) i (2.2.15) â ïðîñòîði Vn äëÿ áóäü-ÿêèõ

ïî÷àòêîâèõ çíà÷åíü øóêàíèõ ôóíêöié

ϕi(x0) =
o
ϕ
i
; τ(x0) =

o
τ,

çàäàíèõ â òî÷öi M0(x0), ìà¹ íå áiëüøå îäíîãî ðîçâ'ÿçêó. Îòæå, ÷èñëî

äîâiëüíèõ ñòàëèõ â çàãàëüíîìó ðîçâ'ÿçêó ñèñòåìè íå ïåðåâèùó¹ ÷èñëà ν =

n+ 1.

Îñêiëüêè ñèñòåìà (2.2.14) i (2.2.15) ëiíiéíà, òî âîíà ìà¹ íå áiëüøå íiæ

ν ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ ç ñòàëèìè êîåôiöi¹íòàìè. Âiäîìî [21], ùî

n + 1 ëiíiéíî íåçàëåæíå åêâiäèñòàíòíå âåêòîðíå ïîëå äîçâîëÿþòü ïðîñòîðè

ñòàëî¨ êðèâèçíè i òiëüêè âîíè.

Ç óìîâ iíòåãðîâàíîñòi (2.2.14) íåâàæêî îòðèìàòè, ùî

τ,k = Bϕk, (2.2.16)

òóò B � äåÿêèé iíâàðiàíò.

Äîâåäåìî íàñòóïíó òåîðåìó:

Òåîðåìà 2.2.2. ßêùî ïñåâäîðiìàíîâèé ïðîñòið Vn (n > 2) äîçâîëÿ¹

ïðèíàéìíi äâà ëiíiéíî íåçàëåæíèõ åêâiäèñòàíòíèõ âåêòîðíèõ ïîëÿ, òî

â ðiâíÿííÿõ (2.2.16) iíâàðiàíò B � äåÿêà ñòàëà, îäíîçíà÷íî âèçíà÷åíà äëÿ

çàäàíîãî ïðîñòîðó Vn.

Äîâåäåííÿ.
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Íåõàé â Vn iñíóþòü õî÷à á äâà ëiíiéíî íåçàëåæíèõ åêâiäèñòàíòíèõ

âåêòîðíèõ ïîëÿ ϕi i ϕ̃i. Òîäi äëÿ íèõ ìàþòü ìiñöå óìîâè:

ϕαR
α
ijk = B(gijϕk − gikϕj), (2.2.17)

ϕ̃αR
α
ijk = B̃(gijϕ̃k − gikϕ̃j), (2.2.18)

äå B, B̃ � äåÿêi iíâàðiàíòè.

Ïîìíîæèâøè (2.2.17) íà ϕ̃k i çãîðòàþ÷è çà k, ç óðàõóâàííÿì (2.2.18),

îòðèìà¹ìî

(B − B̃)(gijϕαϕ̃
α − ϕ̃iϕj) = 0.

Ïðèïóñòèìî, ùî B 6= B̃, òîäi

gijϕαϕ̃
α − ϕ̃iϕj = 0.

Ç îñòàííüîãî âèäíî, ùî: ϕαϕ̃
α = 0 i ϕ̃iϕj = 0, à öå ñóïåðå÷èòü

íàøîìó ïðèïóùåííþ ïðî òå, ùî âåêòîðè íåíóëüîâi. Îòæå, çà íåîáõiäíiñòþ

ìà¹ ìiñöå B = B̃.

Òàêèì ÷èíîì, iíâàðiàíò B îäíîçíà÷íî âèçíà÷à¹òüñÿ äëÿ çàäàíîãî Vn.

Êîâàðiàíòíî ïðîäèôåðåíöiþâàâøè (2.2.17), ç óðàõóâàííÿì (2.2.14),

îòðèìà¹ìî:

τRhijk + ϕαR
α
ijk,h = (ϕkgij − ϕjgik)B,h + τB(ghkgij − ghjgik) (2.2.19)

105



Ïðîöèêëþ¹ìî (2.2.19) çà iíäåêñàìè h, j, k, à ïîòiì ðåçóëüòàò çãîðíåìî

ç gij, áóäåìî ìàòè ôîðìóëó

B,kϕh −B,hϕk = 0.

Ç îñòàííüîãî íåâàæêî ïåðåêîíàòèñÿ, ùî

B,k = γϕk, (2.2.20)

äå γ � äåÿêèé iíâàðiàíò.

Àíàëîãi÷íà ðiâíiñòü ìà¹ ìiñöå i äëÿ âåêòîðà ϕ̃k:

B,k = γ̃ϕ̃k.

Òîäi, ïîðiâíþþ÷è îñòàíí¹ ç (2.2.20), âíàñëiäîê òîãî, ùî âåêòîðè ϕk i ϕ̃k

íåêîëiíåàðíi, ëåãêî áà÷èòè, ùî γ̃ = γ = 0. Îòæå, B,k = 0, òîáòî B−const.

Òàêèì ÷èíîì, òåîðåìó 2.2.2 äîâåäåío.

Çàóâàæèìî, ùî íàâåäåíà òåîðåìà àíàëîãi÷íà ðàíiøå äîâåäåíèì

ðåçóëüòàòàì çà äåÿêèõ äîäàòêîâèõ óìîâ [105].

Òåîðåìà 2.2.3. Íå iñíó¹ ïñåâäîðiìàíîâèõ ïðîñòîðiâ Vn, âiäìiííèõ âiä

ïðîñòîðiâ ñòàëî¨ êðèâèíè, ùî äîçâîëÿþòü áiëüø íiæ n − 2 ëiíiéíî

íåçàëåæíèõ ç ñòàëèìè êîåôiöi¹íòàìè åêâiäèñòàíòíèõ âåêòîðíèõ ïîëiâ.

Äîâåäåííÿ.

Äîâåäåííÿ ïðîâåäåìî ìåòîäîì âiä ïðîòèëåæíîãî. Ïðèïóñòèìî, ùî iñíó¹

ïðîñòið Vn âiäìiííèé âiä ïðîñòîðó ñòàëî¨ êðèâèíè, äîçâîëÿþ÷èé áiëüø
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íiæ (n − 2) ëiíiéíî íåçàëåæíèõ ç ñòàëèìè êîåôiöi¹íòàìè åêâiäèñòàíòíèõ

âåêòîðíèõ ïîëiâ. Öå îçíà÷à¹, ùî íà êîìïîíåíòè âåêòîðà ϕi i iíâàðiàíòà τ íå

ïîâèííi íàêëàäàòèñÿ áiëüø íiæ 3 çàëåæíîñòi.

Óìîâè iíòåãðîâàíîñòi (2.2.14) çàïèøåìî ó âèäi

ϕαZ
α
ijk = 0, (2.2.21)

äå Zh
ijk

def
=Rh

ijk −B(δhkgij − δhj gik); δhi � ñèìâîëè Êðîíåêåðà.

Äèôåðåíöiþþ÷è (2.2.21) i âðàõîâóþ÷è (2.2.14), îòðèìà¹ìî

τZhijk + ϕαZ
α
ijk,h = 0.

Òóò Zhijk = gαhZ
α
ijk.

Îñêiëüêè Zhijk 6= 0, òî âèòiêà¹, ùî iíâàðiàíò τ âèðàæà¹òüñÿ ÷åðåç

êîìïîíåíòè âåêòîðó ϕi i îá'¹êòè, ùî âèçíà÷àþòüñÿ ìåòðèêîþ Vn.

Òåíçîð Zh
ijk ìîæíà çàïèñàòè ó âèãëÿäi

Zh
ijk =

m∑
s=1

b
s

h

Ω
s ijk

, (2.2.22)

äå b
s

h

� ëiíiéíî íåçàëåæíi âåêòîðè, à Ω
s ijk

� ëiíiéíî íåçàëåæíi òåíçîðè.

Îñêiëüêè Vn íå ¹ ïðîñòîðîì ñòàëî¨ êðèâèíè, òî m ≥ 2.

Ç óìîâ (2.2.21), âðàõîâóþ÷è çàïèñ òåíçîðà (2.2.22), âèòiêà¹:
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ϕα b
1

α

= 0

ϕα b
2

α

= 0

(2.2.23)

. . . . . . . . .

ϕα b
m

α

= 0

Âíàñëiäîê òîãî, ùî m ≥ 2, ñåðåä ñèñòåìè (2.2.23) çíàéäóòüñÿ õî÷à á

äâà iñòîòíi ðiâíÿííÿ. Îòæå, íà âåêòîð ϕi i iíâàðiàíò τ íàêëàäàþòüñÿ,

ïðèíàéìíi, òðè çàëåæíîñòi. À öå ñóïåðå÷èòü ïðèïóùåííþ.

Òàêèì ÷èíîì, òåîðåìó 2.2.3 äîâåäåíî.

Ìà¹ ìiñöå [128, 140]

Òåîðåìà 2.2.4. Â ïñåâäîðiìàíîâèõ ïðîñòîðàõ Vn(n > 3) , ùî äîçâîëÿþòü

n−2 ëiíiéíî íåçàëåæíèõ åêâiäèñòàíòíèõ âåêòîðíèõ ïîëÿ i òiëüêè â íèõ,

âèêîíóþòüñÿ óìîâè

Rhijk = B(ghkgij − ghjgik) + e(ahbi − aibh)(ajbk − akbj); (2.2.24)

ai, j =
1
ξ
j
ai+

2
ξ
j
bi + ciaj; (2.2.25)

bi, j =
3
ξ
j
ai+

4
ξ
j
bi + cibj; (2.2.26)

ci, j =
5
ξ
j
ai+

6
ξ
j
bi + cicj −Bgij, (2.2.27)
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äå ai i bi � íåêîëiíåàðíi îðòîãîíàëüíi âåêòîðè; ci,
s

ξ
j

(s = 1, . . . , 6) � äåÿêi

âåêòîðè; e = ±1, B = const.

Äîâåäåííÿ.

Íåîáõiäíiñòü. Íåõàé Vn (n > 3) äîçâîëÿ¹ n− 2 ëiíiéíî íåçàëåæíèõ

åêâiäèñòàíòíèõ âåêòîðíèõ ïîëÿ. Òîäi ìà¹ ìiñöå òåîðåìà 2.2.2, i ìîæíà

âèêîðèñòîâóâàòè õiä ¨¨ äîâåäåííÿ. Àíàëiçóþ÷è ñèñòåìó ðiâíÿíü (2.2.23),

ëåãêî áà÷èòè, ùî ñåðåä âåêòîðiâ b
s

i

iñíó¹ íå áiëüøå äâîõ íåíóëüîâèõ âåêòîðiâ.

Âðàõîâóþ÷è òå, ùî Zh
ijk 6= 0, (2.2.22) i âèçíà÷åííÿ òåíçîðà Zh

ijk i éîãî

âëàñòèâîñòi, îòðèìà¹ìî óìîâè (2.2.24):

Ïiäñòàâëÿþ÷è (2.2.24) â (2.2.17), ìà¹ìî:

ϕαaαbi − ϕαbαai = 0.

Îñêiëüêè ai i bi � íåêîëiíåàðíi âåêòîðè, òî çâiäñè âèòiêà¹

ϕαaα = 0, (2.2.28)

ϕαbα = 0. (2.2.29)

Êîâàðiàíòíî äèôåðåíöiþþ÷è (2.2.28), ç óðàõóâàííÿì ðiâíÿíü (2.2.14),

îòðèìà¹ìî

ϕαaα,i + τai = 0, (2.2.30)

ϕαbα,i + τbi = 0. (2.2.31)
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Òåíçîð ai,j ìîæíà çàïèñàòè ó âèãëÿäi

ai, j = ciaj +
m∑
s=1

s
q
i

s
ν
j
, (2.2.32)

äå aj,
s
ν
j

(s = 1, . . . ,m, m ≤ n − 1) � äåÿêi íåêîëiíåàðíi âåêòîðè; ci,
s
q
i
�

äåÿêi âåêòîðè.

Ïiäñòàâëÿþ÷è (2.2.32) â (2.2.30), íåâàæêî ïåðåêîíàòèñÿ, ùî

(ϕαcα + τ)ai +
m∑
s=1

ϕα
s
q
α

s
ν
i

= 0.

Ç îñòàííüîãî âèïëèâà¹

τ = −ϕαcα,

(2.2.33)

ϕα
s
q
α

= 0.

Àëå òîäi, çâàæàþ÷è íà óìîâè (2.2.28), (2.2.29), (2.2.33) i êiëüêiñòü n − 2

íåçàëåæíèõ åêâiäèñòàíòíèõ âåêòîðiâ âèõîäèòü, ùî óñi âåêòîðè
s
q
i
ëiíiéíî

âèðàæàþòüñÿ ÷åðåç âåêòîðè ai i bi. Â öüîìó âèïàäêó ôîðìóëà (2.2.32)

ïðèéìà¹ âèä (2.2.25). Àíàëîãi÷íî, ìîæåìî ïåðåêîíàòèñÿ â ñïðàâåäëèâîñòi

ôîðìóëè (2.2.26).

Êîâàðiàíòíî ïðîäèôåðåíöiþ¹ìî (2.2.33), íà îñíîâi (2.2.14) i (2.2.16)

ìîæíà çàïèñàòè ðåçóëüòàò òàêèì ÷èíîì:

ϕα(cα,i +Bgαi) + τci = 0.
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Çâiäñè, àíàëîãi÷íî, âèòiêàþòü ôîðìóëè (2.2.27). Îòæå, Vn ¹ çà íåîáõiäíiñòþ

ïðîñòîðîì, â ÿêîìó âèêîíóþòüñÿ óìîâè (2.2.24), (2.2.25), (2.2.26), (2.2.27).

Äîñòàòíiñòü. Ðîçãëÿíåìî â ïðîñòîði Vn çìiøàíó ñèñòåìó

äèôåðåíöiàëüíèõ ðiâíÿíü (2.2.14) ïðè äîäàòêîâèõ óìîâàõ (2.2.24), (2.2.25),

(2.2.26), (2.2.27), (2.2.28), (2.2.29) òà (2.2.33).

Óìîâè iíòåãðîâàíîñòi ðiâíÿíü (2.2.14) â òàêèõ ïðîñòîðàõ âèêîíóþòüñÿ

òîòîæíî. Äèôåðåíöiàëüíi ïîäîâæåííÿ (2.2.33) òàêîæ âèêîíóþòüñÿ òîòîæíî.

Îòæå, ñèñòåìà (2.2.14), (2.2.16) ìà¹ â òàêèõ ïðîñòîðàõ ðîçâ'ÿçêè äëÿ óñiõ

ïî÷àòêîâèõ çíà÷åíü
o
ϕ,

o
τ, ÿêi çàäîâîëüíÿþòü óìîâàì (2.2.33).

Ëåãêî áà÷èòè, ùî äëÿ öèõ ðiâíÿíü â ïðîñòîði Vn iñíó¹ òî÷íî n − 2

ëiíiéíî íåçàëåæíèõ åêâiäiñòàíòíèõ âåêòîðíèõ ïîëÿ.

Ùî i òðåáà áóëî äîâåñòè.

2.3 Ñïåöiàëüíi êëàñè ïî òèïó òåíçîðiâ

Íåõàé Vn (n > 2) ïñåâäîðiìàíiâ ïðîñòið ç ìåòðè÷íèì òåíçîðîì gij(x).

Çàãàëüíîïðèéíÿòèì ÷èíîì â íüîìó âèçíà÷åíi: Γhij � ñèìâîëè Õðèñòîôåëÿ,

Rh
ijk � òåíçîð Ðiìàíà, Rij = Rα

ijα � òåíçîð Ði÷÷i, R = Rαβg
αβ � ñêàëÿðíà

êðèâèíà, gij � åëåìåíòè îáåðíåíî¨ ìàòðèöi äî ‖gij‖. Êðiì òîãî, òåíçîðè, ùî

âèâ÷àþòüñÿ, âèçíà÷àþòüñÿ ÿê:

òåíçîð Åéíøòåéíà �

Eij = Rij −
R

n
gij, (2.3.1)
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òåíçîð åíåðãi¨-iìïóëüñó �

Tij = Rij −
R

2
gij, (2.3.2)

òåíçîð Áðiíêìàíà �

Lij =
1

n− 2
(Rij −

1

2(n− 1)
Rgij), (2.3.3)

òåíçîð êîíöèðêóëÿðíî¨ êðèâèíè �

Y h
ijk = Rh

ijk −
R

n(n− 1)
(δhkgij − δhj gik), (2.3.4)

òåíçîð ïðîåêòèâíî¨ êðèâèíè �

W h
ijk = Rh

ijk −
1

n− 1
(Rijδ

h
k −Rikδ

h
j ), (2.3.5)

òåíçîð êîíôîðìíî¨ êðèâèíè �

Ch
ijk = Rh

ijk + δhjLik − δhkLij + Lhj gik − Lhkgij, (2.3.6)

äå δhi � ñèìâîëè Êðîíåêåðà, Lhi = Lαig
αh.

Çàóâàæèìî, ùî îáåðíåííÿ â íóëü êîæíîãî ç öèõ òåíçîðiâ ïðèçâîäèòü äî

íàñòóïíèõ êëàñiâ ïðîñòîðiâ :

Eij = 0 ⇒ Rij −
R

n
gij = 0⇒ ïðîñòîðè Åéíøòåéíà;

Tij = 0 ⇒ Rij −
R

2
gij = 0⇒ R = 0⇒ Rij = 0⇒ Ði÷÷i-ïëàñêi ïðîñòîðè;
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Lij = 0 ⇒ Rij −
R

2(n− 1)
gij = 0⇒ R = 0⇒ Rij = 0⇒ Ði÷÷i-ïëàñêi ïðîñòîðè;

Y h
ij = 0 ⇒ Rh

ijk −
R

n(n− 1)
(δhkgij − δhj gik) = 0⇒ ïðîñòîðè ñòàëî¨ êðèâèíè;

W h
ijk = 0 ⇒ Rh

ijk −
1

n− 1
(Rijδ

h
k −Rikδ

h
j ) = 0⇒ Rh

ijk = 0⇒ ïëàñêi ïðîñòîðè;

Ch
ijk = 0 ⇒ êîíôîðìíî-ïëàñêi ïðîñòîðè.

Òîìó â ïîäàëüøîìó, ÿêùî öå íå îãîâîðþâàëîñÿ ñïåöiàëüíî, áóäåìî

âèêëþ÷àòè ç ðîçãëÿäó âèïàäêè îáåðíåííÿ â íóëü âiäïîâiäíèõ òåíçîðiâ.

Iíäåêñè îïóñêàþòüñÿ i ïiäíiìàþòüñÿ çà äîïîìîãîþ ìåòðè÷íîãî òåíçîðà

ïñåâäîðiìàíîâîãî ïðîñòîðó Vn.

2.3.1 Ñëàáîñèìåòðè÷íi ïñåâäîðiìàíîâi ïðîñòîðè

Ðîçãëÿíåìî ñïåöiàëüíi ïñåâäîðiìàíîâi ïðîñòîðè.

Îçíà÷åííÿ 2.3.1. Ïñåâäîðiìàíiâ ïðîñòið Vn, â ÿêîìó iñíó¹ òåíçîð Ai1i2...ik

òàêèé, ùî

Ai1i2...ik, j =
1

τjAi1i2...ik+
2

τi1Aji2...ik+
3

τi2Ai1ji3...ik + . . .+
k+1
τikAi1i2...ik−1j, (2.3.7)

íàçèâà¹ìî A�ñëàáîñèìåòðè÷íèì.
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Òóò α
τi� äåÿêi âåêòîðè, êîìà “, “ çíàê êîâàðiàíòíî¨ ïîõiäíî¨ ïî çâ'ÿçíîñòi

Vn.

Â çàëåæíîñòi âiä òîãî, ÿêèé òåíçîð çàäîâîëüíÿ¹ óìîâàì (2.3.7), ââåäåìî

íàñòóïíi ïîçíà÷åííÿ:

Òåíçîð Ïîçíà÷åííÿ Íàçâà

À ASSn À�ñëàáîñèìåòðè÷íèé

Rij RicSSn Ði÷÷i�ñëàáîñèìåòðè÷íèé

Eij ESSn Å�ñëàáîñèìåòðè÷íèé

Lij LSSn L�ñëàáîñèìåòðè÷íèé

Tij TSSn T�ñëàáîñèìåòðè÷íèé

Rh
ijk RSSn ñëàáîñèìåòðè÷íèé

Y h
ijk Y SSn êîíöèðêóëÿðíî�ñëàáîñèìåòðè÷íèé

W h
ijk WSSn ïðîåêòèâíî�ñëàáîñèìåòðè÷íèé

Ch
ijk CSSn êîíôîðìíî�ñëàáîñèìåòðè÷íèé

Êîëè óìîâàì (2.3.7) çàäîâîëüíÿ¹ äåÿêèé äâi÷i êîâàðiàíòíèé òåíçîð Aij,

òî

Aij, k =
1

τkAij+
2

τiAjk+
3

τkAik. (2.3.8)

ßêùî òåíçîð Aij � ñèìåòðè÷íèé, òî, ñèìåòðóþ÷è îñòàíí¹, îäåðæèìî

Aij, k =
1

τkAij +
1

2

(
2

τi+
3

τi

)
Ajk +

1

2

(
2

τj+
3

τj

)
Aik (2.3.9)
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i, òàêèì ÷èíîì, äëÿ ñïåöiàëüíèõ òåíçîðiâ áóäåìî ìàòè

RicSSn : Rij, k = ukRij + viRjk + vjRik (2.3.10)

ESSn : Eij, k = γkEij + ρiEjk + ρjRik (2.3.11)

LSSn : Lij, k = σkLij + νiLjk + νjLik (2.3.12)

TSSn : Tij, k = ωkTij + ϕiTjk + ϕjTik (2.3.13)

Îòæå, ñïðàâäæó¹òüñÿ òàêà [143, 145]

Òåîðåìà 2.3.1. Â ïñåâäîðiìàíîâèõ ïðîñòîðàõ RicSSn, ESSn, LSSn, TSSn

çà íåîáõiäíiñòþ ìàþòü ìiñöå ðiâíÿííÿ (2.3.10), (2.3.11), (2.3.12), (2.3.13),

âiäïîâiäíî.

Ðîçãëÿíåìî ASSn ïðîñòîðè ó âèïàäêó, êîëè òåíçîð Aijkl çàäîâîëüíÿ¹

óìîâàì

Ahijk + Ahikj = 0, (2.3.14)

òîäi

Ahijk,m = amAhijk + bhAmijk + ciAhmjk + djAhimk + fkAhijm. (2.3.15)
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Ñèìåòðóþ÷è îñòàíí¹ çà iíäåêñàìè j i k òà âðàõîâóþ÷è àëãåáðà¨÷íi

âëàñòèâîñòi òåíçîðà Ahijk, îòðèìà¹ìî

τjAhimk + τkAhimj = 0, (2.3.16)

äå τh
def
= dn − fn.

Ïðèïóñòèìî, ùî τh 6= 0, òîäi ìîæëèâî ïiäiáðàòè âåêòîð ζh òàêèé, ùî

ταζ
α = 1. Äîìíîæóþ÷è (2.3.16) íà ζh òà çãîðòàþ÷è çà iíäåêñîì j, áóäåìî

ìàòè

Ahimk + τkζ
αAhimα = 0. (2.3.17)

Ùå ðàç äîìíîæàþ÷è òà çãîðòàþ÷è ç ζ l, ïåðåêîíà¹ìîñÿ, ùî

ζαAhimα = 0 (2.3.18)

i òîäi iç (2.3.17) âèòiêà¹ Ahijk = 0, à öå ñóïåðå÷èòü íàøîìó ïðèïóùåííþ.

Îòæå, τi = 0 i, çíà÷èòü, dn = fn.

Àíàëîãi÷íèì ÷èíîì ïîêàæåìî, ùî di = ci, ÿêùî

Ahijk = Ajkhi (2.3.19)

i, îòæå,

Ahijk,m = amAhijk + bhAmijk + biAhmjk + djAhimk + dkAhijm. (2.3.20)

Âðàõîâóþ÷è îñòàííi äâà ðiâíÿííÿ, íåâàæêî ïåðåêîíàòèñÿ, ùî

Ahijk,m = amAhijk + b̌hAmijk + b̌iAhmjk + b̌jAhimk + b̌kAhijm. (2.3.21)
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Òóò b̌i =
1

2
(bi + di).

Îñêiëüêè óìîâi (2.3.19) çàäîâîëüíÿþòü òåíçîð Ðiìàíà, òåíçîð

êîíöèðêóëÿðíî¨ êðèâèíè è òåíçîð êîíôîðìíî¨ êðèâèíè, òî íàìè äîâåäåíî

Òåîðåìà 2.3.2. Â ïñåâäîðiìàíîâèõ ïðîñòîðàõ ROn, Y On, COn

âèêîíóþòüñÿ, âiäïîâiäíî, óìîâè

Rhijk , m = amRhijk + b̌hRmijk + b̌iRhmjk + b̌jRhimk + b̌kRhijm; (2.3.22)

Yhijk , m = amYhijk + b̌hYmijk + b̌iYhmjk + b̌jYhimk + b̌kYhijm; (2.3.23)

Chijk , m = amChijk + b̌hCmijk + b̌iChmjk + b̌jChimk + b̌kChijm. (2.3.24)

2.3.2 Ïñåâäîðiìàíîâi ïðîñòîðè iç ñïåöiàëüíîþ âåêòîðíîþ

îáîëîíêîþ

Îçíà÷åííÿ 2.3.2. Êàæóòü, ùî ïñåâäîðiìàíiâ ïðîñòið Vn äîçâîëÿ¹

âåêòîðíó îáîëîíêó âiäíîñíî òåíçîðà Ai1i2...ijkl, ÿêùî â íüîìó iñíó¹ íåíóëüîâå

âåêòîðíå ïîëå τh òàêå, ùî

τhAi1i2...ijkl + τkAi1i2...ij lh + τlAi1i2...ijhk = 0. (2.3.25)

Òàêi ïðîñòîðè íàçèâàòèìåìî À�ñëàáîðåêóðåíòíèìè.

Ââåäåìî íàñòóïíi ïîçíà÷åííÿ:
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Òåíçîð Ïîçíà÷åííÿ Íàçâà

À AOn À�ñëàáîðåêóðåíòíèé

Rij RicOn Ði÷÷i�ñëàáîðåêóðåíòíèé

Eij EOn Å�ñëàáîðåêóðåíòíèé

Lij LOn L�ñëàáîðåêóðåíòíèé

Tij TOn T�ñëàáîðåêóðåíòíèé

Rh
ijk ROn ñëàáîðåêóðåíòíèé

Y h
ijk Y On êîíöèðêóëÿðíî�ñëàáîðåêóðåíòíèé

W h
ijk WOn ïðîåêòèâíî�ñëàáîðåêóðåíòíèé

Ch
ijk COn êîíôîðìíî�ñëàáîðåêóðåíòíèé

ßêùî òåíçîð çàäîâîëüíÿ¹ Aijkl àëãåáðà¨÷íèì óìîâàì

Aijkl + Ajikl = 0, (2.3.26)

Aijkl − Aklij = 0, (2.3.27)

Aijkl + Aiklj + Ailjk = 0, (2.3.28)

òî â Vn iñíó¹ íå áiëüøå äâîõ ëiíiéíî íåçàëåæíèõ íåíóëüîâèõ âåêòîðíèõ ïîëÿ,

äëÿ ÿêèõ âèêîíóþòüñÿ (2.3.25).

Çàäëÿ äîâåäåííÿ öüîãî ôàêòó ñêîðèñòó¹ìîñü ìåòîäèêîþ, ÿêó

çàïðîïîíóâàâ Â. Êàéãîðîäîâ [124, 125].
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Ïðèïóñòèìî, ùî êiëüêiñòü ëiíiéíî íåçàëåæíèõ âåêòîðiâ τ
α
, ÿêi

çàäîâîëüíÿþòü (2.3.25), äîðiâíþ¹ òðüîì i, âèáèðàþ÷è ñèñòåìó êîîðäèíàò òàê,

ùîá ëiíiéíî íåçàëåæíi âåêòîðè τ i
α

(α = 1, 2, 3) ìàëè âèãëÿä τi
α

= δαi iç

(2.3.25), âðàõîâóþ÷è (2.3.26), (2.3.27), (2.3.28), îäåðæèìî, ùî

Ahijk = 0.

ßêùî æ α ≤ 2, òî ñèñòåìà ðiâíÿíü (2.3.25) äîçâîëÿ¹ íåòðèâiàëüíi

ðîçâ'ÿçêè.

Òàêèì ÷èíîì, äîâåäåíî òåîðåìó

Òåîðåìà 2.3.3. Ìàêñèìàëüíà êiëüêiñòü ëiíiéíî íåçàëåæíèõ âåêòîðiâ

ñåðåä âåêòîðiâ, ÿêi âõîäÿòü äî âåêòîðíî¨ îáîëîíêè íåíóëüîâîãî òåíçîðó

Aijkl, íå ïåðåâèùó¹ äâîõ.

Çàóâàæèìî, ùî òåíçîð êîíöèðêóëÿðíî¨ êðèâèíè çàäîâîëüíÿ¹ óìîâàì

(2.3.26), (2.3.27), (2.3.28).

Öèêëþþ÷è (2.3.23) çà iíäåêñàìè i, j, k ïåðåêîíà¹ìîñÿ, ùî â

ïñåâäîðiìàíîâîìó ïðîñòîði Vn âèêîíóþòüñÿ óìîâè:

(bi − di)Yhmjk + (bj − dj)Yhmki + (bk − dk)Yhmij = 0. (2.3.29)

Òàêèì ÷èíîì, ìîæëèâi òðè òèïè êîíöèðêóëÿðíî�ñëàáîñèìåòðè÷íèõ

ïðîñòîðiâ:

I òèï: bi = di i

Yhijk , m = amYhijk + bhYmijk + biYhmjk + bjYhimk + bkYhijm (2.3.30)
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II òèï: bi 6= di i â Vn iñíó¹ îäíà âåêòîðíà îáîëîíêà

âiäíîñíî òåíçîðà Yhijk, ùî çàäà¹òüñÿ âåêòîðîì (bi − di)

III òèï: bi 6= di i â Vn iñíó¹ îäíà âåêòîðíà îáîëîíêà

âiäíîñíî òåíçîðà Yhijk, ùî çàäà¹òüñÿ âåêòîðîì

íåêîëiíåàðíèì âåêòîðó (bi − di).

2.3.3 Ãàðìîíiéíi ïðîñòîðè

Ââåäåìî ïîíÿòòÿ À�ãàðìîíiéíèõ ïðîñòîðiâ i âèâ÷èìî äåÿêi ¨õ

âëàñòèâîñòi.

Îçíà÷åííÿ 2.3.3. Ïñåâäîðiìàíiâ ïðîñòið Vn, â ÿêîìó iñíó¹ òåíçîð A
h
i1i2...ik

,

ùî çàäîâîëüíÿ¹ óìîâàì

Aα
i1i2...ik,α

= 0, (2.3.31)

áóäåìî íàçèâàòè À�ãàðìîíiéíèì ïñåâäîðiìàíîâèì ïðîñòîðîì i ïîçíà÷àòè

AMn.

Çàóâàæèìî, ùî Ñ. Áîõíåð i Ê. ßíî [111] íàçèâàþòü òåíçîðíå ïîëå

À � ãàðìîíiéíèì, ÿêùî âîíî çàäîâîëüíÿ¹ ïðè äåÿêèõ äîäàòêîâèõ óìîâàõ

(2.3.31). Íèìè äîâåäåíi äåÿêi âëàñòèâîñòi ãàðìîíiéíèõ òåíçîðíèõ ïîëiâ íà

êîìïàêòíèõ îði¹íòîâàíèõ ðiìàíîâèõ ïðîñòîðàõ Vn.

Ó âèïàäêó, êîëè óìîâàì (2.3.31) çàäîâîëüíÿ¹ òåíçîð Ðiìàíà Vn, ïðîñòið

áóäåìî íàçèâàòè ãàðìîíiéíèì.

Â çàëåæíîñòi âiä âèáîðó òåíçîðà À, âiäïîâiäíi À � ãàðìîíiéíi ïðîñòîðè

AMn áóäåìî íàçèâàòè òà ïîçíà÷àòè íàñòóïíèì ÷èíîì:
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Òåíçîð Ïîçíà÷åííÿ Íàçâà

À AMn À�ãàðìîíiéíèé

Rij RicMn Ði÷÷i�ãàðìîíiéíèé

Eij EMn Å�ãàðìîíiéíèé

Lij LMn L�ãàðìîíiéíèé

Tij TMn T�ãàðìîíiéíèé

Rh
ijk RMn ãàðìîíiéíèé

Y h
ijk YMn êîíöèðêóëÿðíî�ãàðìîíiéíèé

W h
ijk WMn ïðîåêòèâíî�ãàðìîíiéíèé

Ch
ijk CMn êîíôîðìíî�ãàðìîíiéíèé

Çàóâàæèìî, ùî âèìîãè ñòàëîñòi ñêàëÿðíî¨ êðèâèíè, Å � ãàðìîíiéíîñòi,

Ði÷÷i � ãàðìîíiéíîñòi i L � ãàðìîíiéíîñòi ïðîñòîðó Vn åêâiâàëåíòíi, òîáòî

ìà¹ ìiñöå

LMn ≡ EMn ≡ RicMn ⇔ R = const.

Iç òîòîæíîñòi Áiàíêi ëåãêî áà÷èòè, ùî òåíçîð Ði÷÷i ãàðìîíiéíîãî

ïðîñòîðó Vn çàäîâîëüíÿ¹ óìîâàì Êîäàööi:

Rα
ijk, α ≡ Rij, k −Rik, j = 0. (2.3.32)

Çãîðòàþ÷è (2.3.32) ç gij, ëåãêî ïåðåêîíàòèñÿ, ùî RMn ¹ ïðîñòîðàìè

ñòàëî¨ ñêàëÿðíî¨ êðèâèíè.
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Íåâàæêî ïîáà÷èòè, ùî

RMn ≡ WMn ≡ YMn.

Âèêîðèñòîâóþ÷è îçíà÷åííÿ òà âëàñòèâîñòi òåíçîðà êîíôîðìíî¨ êðèâèíè,

îòðèìà¹ìî, ùî ïðîñòîðè CMn (n > 3) õàðàêòåðèçóþòüñÿ óìîâîþ

Rij, k −Rik, j −
1

2(n− 1)
(R, kgij −R, jgik) = 0. (2.3.33)

Çàóâàæèìî, ùî ãàðìîíiéíèìè ïðîñòîðàìè, çîêðåìà, ¹: ïðîñòîðè ñòàëî¨

êðèâèíè, ïðîñòîðè Åéíøòåéíà, ñèìåòðè÷íi ïðîñòîðè, ïðîñòîðè ç ìåòðèêîþ

Äçåðæèíñüêîãî i áàãàòî iíøèõ òèïiâ ñïåöiàëüíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ.

Êîíôîðìíî-ãàðìîíiéíèìè áóäóòü êîíôîðìíî�ïëàñêi ïðîñòîðè Cn òa

êîíôîðìíî�ñèìåòðè÷íi ïðîñòîðè.

2.3.4 Ïðîñòîðè còàëî¨ ñêàëÿðíî¨ êðèâèíè

Ðiâíÿííÿ

Rhijk , l +Rhikl , j +Rhilj , k = 0 (2.3.34)

ìà¹ íàçâó äèôåðåíöiàëüíîãî ðiâíÿííÿ Áiàíêi [18].

Äîâåäåìî òåîðåìó:

Òåîðåìà 2.3.4. Â ïñåâäîðiìàíîâîìó ïðîñòîði Vn(n > 2) òåíçîð Yhijk

çàäîâîëüíÿ¹ òîòîæíîñòÿì òèïó Áiàíêi òîäi i òiëüêè òîäi, êîëè R =

const.
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Äîâåäåííÿ.

Íåõàé R = const, òîäi, äèôåðåíöiþþ÷è (2.3.4), îäåðæèìî

Yhijk , l = Rhijk , l (2.3.35)

i, îòæå, Yhijk çàäîâîëüíÿ¹ óìîâàì

Yhijk , l + Yhikl , j + Yhilj , k = 0. (2.3.36)

Íàâïàêè, íåõàé âèêîíóþòüñÿ (2.3.36), òîäi ç óðàõóâàííÿì (2.3.34), áóäåìî

ìàòè

R, l(ghkgij − ghjgik) +R, j(ghlgik − ghkgil) +R, k(ghjgil − ghlgij) = 0. (2.3.37)

ßêùî çãîðíóòè iç ghk, îòðèìà¹ìî

R, lgij −R, jgil = 0. (2.3.38)

I, íàðåøòi, çãîðíóâøè îñòàíí¹ iç gij, ïåðåêîíà¹ìîñÿ, ùî R, l = 0 .

Ùî é ïîòðiáíî áóëî äîâåñòè.

ßêùî R = const, òî öèêëþþ÷è (2.3.23) çà iíäåêñàìè j, k,m òa h, i,m,

îòðèìà¹ìî âiäïîâiäíî:

(am − 2dm)Yhijk + (ai − 2di)Yhikm + (ak − 2dk)Yhimj = 0, (2.3.39)

(am − 2bm)Yhijk + (ah − 2bh)Yimjk + (ai − 2bi)Ymhjk = 0. (2.3.40)
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Îòæå, ïðè R = const êîíöèðêóëÿðíî�ñëàáîñèìåòðè÷íi ïðîñòîðè ìîæóòü

áóòè

I òèïó: a) ai = 2bi ⇒

Yhijk , m = 2bmYhijk + bhYmijk + biYhmjk +

(2.3.41)

+bjYhimk + bkYhijm

b) ai 6= 2bi

i â Vn iñíó¹ îäíà âåêòîðíà îáîëîíêà âiäíîñíî

òåíçîðà Yhijk, ÿêà çàäàíà âåêòîðîì (ai − 2bi)

II òèïó:

ßêùî îáèäâà âåêòîðè (ai − 2di) òa (ai − 2bi) äîðiâíþþòü íóëþ,

òî öå ñóïåðå÷èòü òîìó, ùî di 6= bi. Òîáòî ñåðåä âåêòîðiâ (ai − 2di)

i (ai − 2bi) õî÷à á îäèí íåíóëüîâèé.

Íåõàé (ai − 2bi) = 0, à (ai − 2di) 6= 0, òîäi ìîæëèâi äâà

âèïàäêè:

a) (ai = 2bi) i di − bi = α(ai − 2di); (äå α � êîåôiöi¹íò

ïðîïîðöiéíîñòi), à, îòæå

Yhijk , m = 2bmYhijk + bhYmijk + biYhmjk +

(2.3.42)

+djYhimk + dkYhijm
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è α � çà íåîáõiäíiñòþ äîðiâíþ¹ 1
2 .

ßêùî (ai = 2bi) òa di − bi 6= µ(ai − 2di), òîäi äâà ëiíiéíî íåçàëåæíèõ

âåêòîðè íàëåæàòü âåêòîðíié îáîëîíöi âiäíîñíî òåíçîðà Yhijk, i ïðîñòið

íàëåæèòü äî III òèïó.

Íåõàé îáèäâà âåêòîðè (ai − 2bi) òa (ai − 2di) íåíóëüîâi, òîäi çàëåæíî

âiä òîãî, ëiíiéíî çàëåæíi àáî íåçàëåæíi âåêòîðè òðiéêè (di − bi), (ai − 2bi),

(ai − 2di), îòðèìà¹ìî:

b) Òðiéêà ëiíiéíî çàëåæíèõ âåêòîðiâ:

ó âåêòîðíó îáîëîíêó òåíçîðà Yhijk âõîäèòü îäèí âåêòîð.

Ñåðåä ïðîñòîðiâ, ùî íàëåæàòü äî III òèïó, âèäiëèìî, âèõîäÿ÷è ç

âèêëàäåíîãî âèùå, íàñòóïíi òèïè:

a) (di − bi), (ai − 2bi) âiäìiííi âiä íóëÿ i ëiíiéíî íåçàëåæíi,

(ai−2di) âiäìiííèé âiä íóëÿ, ëiíiéíî çàëåæíèé âiä íèõ àáî íóëüîâèé;

b) (di − bi), (ai − 2di) âiäìiííi âiä íóëÿ i ëiíiéíî íåçàëåæíi,

(ai−2bi) âiäìiííèé âiä íóëÿ, ëiíiéíî çàëåæíèé âiä íèõ àáî íóëüîâèé.

Òàêèì ÷èíîì, íàìè ðîçãëÿíóòi óñi ìîæëèâi âèïàäêè i ïîâíiñòþ

îïèñàíi õàðàêòåðèñòèêè ñëàáî-êîíöèðêóëÿðíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ,

ÿêi âèòiêàþòü ç àëãåáðà¨÷íèõ âëàñòèâîñòåé òåíçîðà êîíöèðêóëÿðíî¨ êðèâèíè

i ç äèôåðåíöiàëüíèõ òîòîæíîñòåé Áiàíêi.
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2.3.5 Ïðîñòîðè ðîçäiëåíî¨ êðèâèíè

ßêùî òåíçîð êðèâèíè ïñåâäîðiìàíîâîãî ïðîñòîðó Vn, âiäìiííîãî âiä

ïðîñòîðó ñòàëî¨ êðèâèíè, ïðåäñòàâëÿ¹òüñÿ â âèãëÿäi

Rhijk = ShiSjk, (2.3.43)

äå Shi � äåÿêèé êîñîñèìåòðè÷íèé òåíçîð, òî ïðîñòið Vn íàçèâàþòü ïðîñòîðîì

ðîçäiëåíî¨ êðèâèíè.

Îñêiëüêè ðåçóëüòàò öèêëþâàííÿ çà êîâàðiàíòíèìè iíäåêñàìè òåíçîðà

Ðiìàíà òîòîæíî äîðiâíþ¹ íóëþ, iç (2.3.43) îòðèìà¹ìî

ShiSjk + ShjSki + ShkSij = 0. (2.3.44)

Ïiäáåðåìî íåíóëüîâi âåêòîðè òà
1
τ i,

2
τ i òàêèì ÷èíîì, ùî Sαβ

1
τα

2
τβ = 1 .

Äîìíàæàþ÷è (2.3.44) íà
1
τ j· 2

τ k, òà çãîðòàþ÷è çà iíäåêñàìè j, k, áóäåìî ìàòè

Shi = ahbi − aibh (2.3.45)

äå ai = Siα
1
τ α, bi = Siα

2
τ α � âçà¹ìíî îðòîãîíàëüíi íåíóëüîâi âåêòîðè.

Òîäi ðiâíÿííÿ (2.3.43) ïðèéìå âèãëÿä

Rhijk = (ahbi − aibh)(ajbk − akbj). (2.3.46)
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Ïñåâäîðiìàíiâ ïðîñòið Vn íàçèâàþòü ïiâñèìåòðè÷íèì, ÿêùî éîãî òåíçîð

Ðiìàíà çàäîâîëüíÿ¹ óìîâàì

Rh
ijk,[lm] = 0. (2.3.47)

Òóò êîìà �,� � çíàê êîâàðiàíòíî¨ ïîõiäíî¨ â Vn, äóæêàìè [ ] ïîçíà÷åíî

àëüòåðíóâàííÿ [154, 168].

Âðàõîâóþ÷è òîòîæíiñòü Ði÷÷i, (2.3.47) ìîæíà çàïèñàòè â âèãëÿäi

RαijkR
α
hlm +RhαjkR

α
ilm +RhiαkR

α
jlm +RhijαR

α
klm = 0. (2.3.48)

Ïiäñòàâëÿþ÷è â ðiâíÿííÿ (2.3.48) óìîâè (2.3.43), ïåðåêîíà¹ìîñü â

ñïðàâåäëèâîñòi òåîðåìè

Òåîðåìà 2.3.5. Ïðîñòîðè ðîçäiëåíî¨ êðèâèíè íàëåæàòü äî

ïiâñèìåòðè÷íèõ ïðîñòîðiâ.

Òåíçîð Ði÷÷i Rij äëÿ ïðîñòîðiâ ðîçäiëåíî¨ êðèâèí ìà¹ âèãëÿä, íà îñíîâi

(2.3.46) �

Rij = Rα
ijα = −bαbαaiaj − aαaαbibj, (2.3.49)

äå ai = aαg
αi; bi = bαg

αi; gij � åëåìåíòè ìàòðèöi îáåðíåíî¨ äî ìåòðèêè

gij.

Ñêàëÿðíà êðèâèíà R çàäîâîëüíÿ¹ ðiâíÿííþ
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R = Rαβg
αβ = −2aαa

αbαb
α. (2.3.50)

Ôîðìóëè (2.3.46) , (2.3.49) òà (2.3.50) äîçâîëÿþòü ðîçáèòè ìíîæèíó

ïñåâäîðiìàíîâèõ ïðîñòîðiâ ðîçäiëåíî¨ êðèâèíè íà òðè êëàñè, ùî íå

ïåðåòèíàþòüñÿ:

(A) : aαa
α 6= 0; bαb

α 6= 0, (2.3.51)

(B) : aαa
α 6= 0; bαb

α = 0, (2.3.52)

(C) : aαa
α = bαb

α = 0. (2.3.53)

Çàïèøåìî (2.3.46) â âèãëÿäi

Rhijk = ahbiajbk − ahakbibj − aibhajbk + aibhakbj. (2.3.54)

Ðîçãëÿíåìî ïðîñòîðè ðîçäiëåíî¨ êðèâèíè êëàñó (À), òîáòî ïðîñòîðè, â

ÿêèõ âèêîíóþòüñÿ óìîâè (2.3.51).

Äîìíîæèìî (2.3.54) íà âèðàç

f = −(aαa
α)(bαb

α). (2.3.55)

Â ðåçóëüòàòi îòðèìà¹ìî
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R

2
Rhijk = −(aαa

α)(bαb
α)ahajbibk + (aαa

α)(bαb
α)ahakbibj +

(2.3.56)

+(aαa
α)(bαb

α)aiajbhbk − (aαa
α)(bαb

α)aiakbhbj.

Ïîñëiäîâíî âèêëþ÷àþ÷è iç îñòàííüîãî âåêòîðè ai, à ïîòiì bi, ç

óðàõóâàííÿì (2.3.49), áóäåìî ìàòè âiäïîâiäíî

R

2
Rhijk = aαa

αbibkRhj − aαaαbibjRhk −

(2.3.57)

−aαaαbhbkRij + aαa
αbhbjRik

òà

R

2
Rhijk = 2(RijRhk −RikRhj)−

−bαbαaiakRhj + bαb
αaiajRhk + (2.3.58)

+bαb
αahakRij − bαbαahajRik.

Ç iíøîãî áîêó, âèêëþ÷àþ÷è ç (2.3.56) âåêòîðè bi, ç óðàõóâàííÿì (2.3.49),

îòðèìà¹ìî âèðàç

R

2
Rhijk = Rikbαb

αahaj −Rijbαb
αahak −

(2.3.59)

−Rhkbαb
αaiaj +Rhjbαb

αaiak,
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ÿêèé äà¹ çìîãó (2.3.58) çàïèñàòè òàêèì ÷èíîì

R

2
Rhijk = RhkRij −RhjRik. (2.3.60)

Çàóâàæèìî, ùî ñêàëÿðíà êðèâèíà òà òåíçîð Ði÷÷i òàêèõ ïðîñòîðiâ

âiäìiííi âiä íóëÿ.

Äëÿ ïðîñòîðiâ òèïó (Â) òåíçîð Ði÷÷i çàäîâîëüíÿ¹ óìîâi

Rij = −aαaαbibj,

(2.3.61)

R = 0.

Âðàõîâóþ÷è (2.3.61), âèðàç (2.3.54) ìîæëèâî çàïèñàòè ó âèäi

Rhijk =
1

(aαaα)
(ahakRij − ahajRik +

(2.3.62)

+aiajRhk − aiakRhj).

Äî òðåòüîãî òèïó (Ñ) íàëåæèòü Ði÷÷i ïëàñêi ïðîñòîðè, òîáòî ïðîñòîðè,

â ÿêèõ

Rij = 0. (2.3.63)

Òàêèì ÷èíîì, ìîæíà ñôîðìóëþâàòè òåîðåìó
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Òåîðåìà 2.3.6. Ïñåâäîðiìàíîâi ïðîñòîðè Vn ðîçäiëåíî¨ êðèâèíè ìîæíà

ðîçáèòè íà òðè êëàñè, â ÿêèõ âèêîíóþòüñÿ óìîâè (2.3.46), (2.3.60) äëÿ

òèïó (À), (2.3.61) äëÿ òèïó (Â) òà (2.3.63) äëÿ òèïó (Ñ).

Ïðè äîñëiäæåííi ðiâíÿíü ïîëÿ Ñòåïàíîâèì Ñ.�. [188] ñåðåä

ïñåâäîðiìàíîâèõ ïðîñòîðiâ áóëî âèäiëåíî ñiì êëàñiâ Ω
i
, i = 1, 7 ïðîñòîðiâ â

çàëåæíîñòi âiä âèäó òåíçîðà åíåðãi¨�iìïóëüñó

Ω
1

: Tij, k + Tjk, i + Tki, j = 0; (2.3.64)

Ω
2

: Tij, k − Tik, j = 0; (2.3.65)

Ω
3

: Tij, k = akgij + bigjk + bjgik, (2.3.66)

äå

ai =
(2− n)(n+ 1)

2(n− 1)(n+ 2)
R, i; bi =

((n− 2)

2(n− 1)(n+ 2)
R, i; (2.3.67)

Ω
4

: Ω
1
∩ Ω

2
(2.3.68)

Îñòàííi òðè êëàñè ¹ ïåðåòèíîì i ïðÿìèìè ñóìàìè ïåðøèõ òðüîõ.

Ïåðøi òðè êëàñè Ω
i
, i = 1, 3, ïðèðîäíî, íàçâàòè îñíîâíèìè.

ßê ïîêàçàíî [189], ïðîñòîðè Ω
1

i Ω
2

¹ ïðîñòîðàìè ñòàëî¨ ñêàëÿðíî¨

êðèâèíè i, òîìó êëàñè Ω
i
, i = 5, 7 ñêëàäàþòüñÿ ç Ði÷÷i ñèìåòðè÷íèõ

ïðîñòîðiâ, òîáòî ïðîñòîðiâ, â ÿêèõ

Rij, k = 0. (2.3.69)
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Ñåðåä îñòàííiõ âèäiëèìî äâà òèïè, ùî íå ïåðåòèíàþòüñÿ : ïðîñòîðè

Åéíøòåéíà, ùî õàðàêòåðèçóþòüñÿ óìîâîþ

Rij =
R

n
gij, (2.3.70)

i, âëàñíå, Ði÷÷i ñèìåòðè÷íi, òîáòî ïðîñòîðè, â ÿêèõ âèêîíóþòüñÿ óìîâè

(2.3.69), àëå íå âèêîíóþòüñÿ (2.3.70).

Äëÿ ïðîñòîðiâ Åéíøòåéíà òåíçîð åíåðãi¨-iìïóëüñó ìà¹ âèãëÿä:

Tij =
2− n

2n
Rgij. (2.3.71)

Ïðîñòîðè Åéíøòåéíà ïîçíà÷èìî Ω, à Ði÷÷i ñèìåòðè÷íi, âiäìiííi âiä

ïðîñòîðiâ Åéíøòåéíà � Ω
0
. Âiäíåñåìî ¨õ äî îñíîâíèõ êëàñiâ.

Òàêèì ÷èíîì, iñíó¹ ï'ÿòü îñíîâíèõ êëàñiâ ñïåöiàëüíèõ ïñåâäîðiìàíîâèõ

ïðîñòîðiâ çà âèäîì òåíçîðó Ði÷÷i, ÿêi i ñòàíóòü îá'¹êòîì íàøîãî ïîäàëüøîãî

âèâ÷åííÿ. Âîíè çàäàþòüñÿ óìîâàìè:

Ω : Rij =
R

n
gij;

Ω
0

:

{
Rij, k = 0

Rij 6= R
ngij;

Ω
1

: Rij, k +Rjk, i +Rki, j = 0;
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Ω
2

: Rij, k −Rik, j = 0;

Ω
3

: Rij, k =
n

(n− 1)(n+ 2)
R, kgij +

n− 2

2(n− 1)(n+ 2)
R, jgik +

+
n− 2

2(n− 1)(n+ 2)
R, igjk.

Çàóâàæèìî, ùî ïðîñòîðè, â ÿêèõ âèêîíóþòüñÿ óìîâè Ω
3
, Ì. Ñ. Ñiíþêîâ

íàçèâàâ ïðîñòîðàìè Ln [178].

Âèñíîâêè ç ðîçäiëó 2

Ñïåöiàëiçàöiÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ, ÿê çàñiá ââåäåííÿ äîäàòêîâèõ

îáìåæåíü â ïåðåâèçíà÷åíi ñèñòåìè ðiâíÿíü, ìà¹ äâà îñíîâíèõ äæåðåëà.

Ïî-ïåðøå, öå ãåîìåòðè÷íi óìîâè îá'¹êòiâ, ùî äîñëiäæóþòüñÿ, ïî-äðóãå, öå

òåõíîëîãi÷íi ìîæëèâîñòi ìåòîäiâ äîñëiäæåííÿ. Âðàõîâóþ÷è öi çàñîáè òà

ìàþ÷è íà óâàçi äîñëiäæåííÿ âiäîáðàæåíü, çàïðîïîíîâàíî ìåòîä ñïåöiàëiçàöi¨

ïñåâäîðiìàíîâèõ ïðîñòîðiâ ïî òèïó âíóòðiøíiõ îá'¹êòiâ.

Ñåðåä ïñåâäîðiìàíîâèõ ïðîñòîðiâ, ùî äîçâîëÿþòü ñïåöiàëüíèé âèä

ìåòðèêè â äåÿêié ñèñòåìi êîîðäèíàò, âèäiëåíi çâiäíi òà íàïiâçâiäíi ïðîñòîðè.

Âèâ÷åíi ¨õ òåíçîðíi îçíàêè òà, ñïèðàþ÷èñü íà öå, äåÿêi ãåîìåòðè÷íi

âëàñòèâîñòi.

Ó òåîði¨ ñïåöiàëüíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ îñîáëèâå ìiñöå
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çàéìàþòü ñèìåòðè÷íi i ðåêóðåíòíi ïðîñòîðè.

Óçàãàëüíåííÿ öèõ ïðîñòîðiâ éøëî â îñíîâíîìó â äâîõ íàïðÿìàõ:

çáiëüøåííÿ ïîðÿäêó êîâàðiàíòíèõ ïîõiäíèõ i ðîçãëÿä â ÿêîñòi ñèìåòðè÷íèõ

(ðåêóðåíòíèõ) iíøèõ òåíçîðiâ [125]. Ïðèðîäíèì ÷èíîì âèíèê íîâèé òèï

ðåêóðåíòíîñòi � ñëàáêà ñèìåòðè÷íiñòü.

ßêùî óçàãàëüíåííÿ ðåêóðåíòíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ âåñòè

øëÿõîì àëãåáðà¨÷íèõ óìîâ, òî ìè ïðèéäåìî äî ïñåâäîðiìàíîâèõ ïðîñòîðiâ

iç ñïåöiàëüíîþ âåêòîðíîþ îáîëîíêîþ. �õ âèâ÷åííÿ âåäåòüñÿ ç äîïîìîãîþ

óäîñêîíàëåííÿ ìåòîäó Â. Êàéãîðîäîâà [124].

Óçàãàëüíåííÿ ñèìåòðè÷íèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ ïðèâîäèòü äî

ãàðìîíiéíèõ ïðîñòîðiâ. Äëÿ äâîõâàëåíòíèõ òåíçîðiâ íàéáiëüø âäàëîþ ¹

çàïðîïîíîâàíà Ñ. Ñòåïàíîâèì [189] äëÿ òåíçîðà åíåðãi¨�iìïóëüñó ìåòîäèêà

ðîçáèòòÿ íà êëàñè Ω. Ìîäèôiêóâàâøè ¨¨, çàñòîñîâó¹ìî äëÿ ñïåöiàëiçàöi¨ äâi÷i

êîâàðiàíòíèõ âíóòðiøíiõ òåíçîðiâ.
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Ðîçäië 3

Ãåîäåçè÷íi âiäîáðàæåííÿ ñïåöiàëüíèõ

ïñåâäîðiìàíîâèõ ïðîñòîðiâ

Ïåðøèì ïèòàííÿ ïðî ãåîäåçè÷íå âiäîáðàæåííÿ ïîâåðõíi V2 íà ïëîùèíó

Ē2 ðîçãëÿíóâ Å. Áåëüòðàìi [3] â 1865 ðîöi, ðîçâ'ÿçóþ÷è çàäà÷i êàðòîãðàôi¨

[52]. Ïiçíiøå â 1869 ðîöi Ó. Äiíi [15] ïîñòàâèâ çàãàëüíó çàäà÷ó ïðî ìîæëèâiñòü

ãåîäåçè÷íîãî âiäîáðàæåííÿ V2 íà V̄2. Íèì, ïî ñóòi, öÿ çàäà÷à áóëà ðîçâ'ÿçàíà

äëÿ ðiìàíîâèõ ïðîñòîðiâ, îäíàê ðîçâ'ÿçîê áóâ íàäçâè÷àéíî ñêëàäíèé, i

âñi ðîêè ïiñëÿ òîãî, âií áàãàòî ðàç óòî÷íþâàâñÿ òà ìîäèôiêóâàâñÿ öiëèì

ðÿäîì â÷åíèõ. Ñåðåä öèõ ðîáiò îñîáëèâå ìiñöi çàéìà¹ ðîáîòà 1896 ðîêó

Ò. Ëåâi-×èâiòè [54], â ÿêié âií, âèõîäÿ÷è ç ðiâíÿíü äèíàìiêè, ñôîðìóëþâàâ

ïîñòàíîâêó çàäà÷i òà îòðèìàâ îñíîâíi ðiâíÿííÿ [26].

Ïiñëÿ òîãî, ÿê òåíçîðíi ìåòîäè äîñëiäæåííÿ çàéíÿëè äîìiíóþ÷i ïîçèöi¨

â äèôåðåíöiàëüíié ãåîìåòði¨, Ã. Âåéëü, Ë. Ï. Åéçåíõàðò, Â. Ô. Êàãàí,

Ã. I. Êðó÷êîâè÷, À. Ñ. Ñîëîäîâíiêîâ òà iíøi ïîáóäóâàëè ñòðóíêó òåîðiþ

ãåîäåçè÷íèõ âiäîáðàæåíü ïñåâäîðiìàíîâèõ ïðîñòîðiâ, iíâàðiàíòíó âiäíîñíî

âèáîðó ñèñòåìè êîîðäèíàò [16, 17, 18, 20, 123, 153, 186, 187].
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Íîâèé ïîøòîâõ öÿ òåîðiÿ îòðèìàëà ïiñëÿ ðîáiò Ì.Ñ. Ñiíþêîâà, ÿêèé çâiâ

çàäà÷ó äî äîñëiäæåííÿ ëiíiéíî¨ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü [178].

3.1 Ãåîäåçè÷íi âiäîáðàæåííÿ ïñåâäîðiìàíîâèõ

ïðîñòîðiâ

Íàãàäà¹ìî, ùî

Îçíà÷åííÿ 3.1.1. Âçà¹ìíî îäíîçíà÷íà âiäïîâiäíiñòü ìiæ òî÷êàìè

ïñåâäîðiìàíîâèõ ïðîñòîðiâ Vn ç ìåòðè÷íèì òåíçîðîì gij òà V̄n ç

ìåòðè÷íèì òåíçîðîì ḡij íàçèâà¹òüñÿ ãåîäåçè÷íèì âiäîáðàæåííÿì, ÿêùî

ïðè íié êîæíà ãåîäåçè÷íà ëiíiÿ Vn ïåðåõîäèòü â ãåîäåçè÷íó ëiíiþ V̄n.

Ïñåâäîðiìàíîâi ïðîñòîðè Vn òà V̄n, ÿêi äîçâîëÿþòü ãåîäåçè÷íå

âiäîáðàæåííÿ îäèí íà îäíîãî, áóäåìî íàçèâàòè ïðîñòîðàìè, ùî çíàõîäüñÿ â

ãåîäåçè÷íié âiäïîâiäíîñòi , àáî òàêèìè , ùî íàëåæàòü äî îäíîãî ãåîäåçè÷íîãî

êëàñó.

Òåíçîð äåôîðìàöi¨ ïðè ãåîäåçè÷íèõ âiäîáðàæåííÿõ ìà¹ âèãëÿä:

P h
ij = δh(iϕj),

äå ϕi � äåÿêèé çà íåîáõiäíiñòþ ãðàäi¹íòíèé âåêòîð.

Öÿ óìîâà íåîáõiäíà i äîñòàòíÿ äëÿ òîãî, ùîá äàííi ïñåâäîðiìàíîâi

ïðîñòîðè Vn òà V̄n äîçâîëÿëè ãåîäåçè÷íi âiäîáðàæåííÿ îäèí íà îäíîãî [54].
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Âðàõîâóþ÷è îçíà÷åííÿ òåíçîðà äåôîðìàöi¨, îòðèìà¹ìî

Γ̄hij = Γhij + ϕiδ
h
j + ϕjδ

h
i , (3.1.1)

àáî, âðàõîâóþ÷è êîâàðiàíòíó ñòàëiñòü ìeòðè÷íîãî òåíçîðà �

ḡij,k = 2ϕkḡij + ϕiḡjk + ϕj ḡik. (3.1.2)

Ðiâíÿííÿ (3.1.1) òà (3.1.2) åêâiâàëåíòíi, íåîáõiäíi i äîñòàòíi óìîâè òîãî,

ùîá ïñåâäîðiìàíiâ ïðîñòið Vn òà V̄n çíàõîäèëèñü â ãåîäåçè÷íié âiäïîâiäíîñòi.

Íåîáõiäíîþ óìîâîþ äëÿ ãåîäåçè÷íîãî âiäîáðàæåííÿ áóäóòü ðiâíÿííÿ:

R̄h
ijk = Rh

ijk + ϕijδ
h
k − ϕikδhj , (3.1.3)

R̄ij = Rij + (n− 1)ϕij, (3.1.4)

äå ϕij = ϕi, j − ϕiϕj.

Ãåîäåçè÷íå âiäîáðàæåííÿ âiäìiííå âiä ãîìîòåòi¨ íàçèâàþòü

íåòðèâiàëüíèì.

Äëÿ òîãî, ùîá çàäàíèé ïñåâäîðiìàíiâ ïðîñòið Vn äîçâîëÿâ íåòðèâiàëüíå

ãåîäåçè÷íå âiäîáðàæåííÿ íåîáõiäíî i äîñòàòíüî, ùîá â íüîìó iñíóâàâ

ðîçâ'ÿçîê ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü âiäíîñíî òåíçîðà aij = aji 6= cgij

òà âåêòîðà λi = λ,i 6= 0. Öþ ñèñòåìó íàçèâàþòü ëiíiéíîþ ôîðìîþ îñíîâíèõ

ðiâíÿíü.

Ëiíiéíà ôîðìà îñíîâíèõ ðiâíÿíü òåîði¨ ãåîäåçè÷íèõ âiäîáðàæåíü ìà¹

âèãëÿä [178]
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aij,k = λigjk + λjgik. (3.1.5)

Óìîâè iíòåãðóâàííÿ öèõ ðiâíÿíü �

aαiR
α
jkl + aαjR

α
ikl = λligjk + λljgik − λkigjl − λkjgil. (3.1.6)

Ç óìîâ (3.1.6) îòðèìà¹ìî

nλi,j = µgij + aαiR
α
j − aαβR

α β
. ij . , (3.1.7)

òóò µ = λα,βg
αβ; Ri

j = Rαjg
αi; Rh k

ij = Rh
ijαg

α k
.

Ç îñòàííüîãî áóäåìî ìàòè:

(n− 1)µ,i = 2(n+ 1)λαR
α
i + aαβ(2Rα β

. i, . −R
αβ
,i). (3.1.8)

Ðîçâ'ÿçêè (3.1.2) òà (3.1.5) ïîâ'ÿçàíi ñïiââiäíîøåííÿì

aij = e2ϕḡαβgαigβj; (3.1.9)

λi = −e2ϕḡαβgαigβ. (3.1.10)

Ñèñòåìà ðiâíÿíü (3.1.5), (3.1.7) òà (3.1.8) äà¹ ïðèíöèïîâó ìîæëèâiñòü

âiäïîâiäàòè íà ïèòàííÿ: ÷è äîçâîëÿ¹ çàäàíèé ïñåâäîðiìàíiâ ïðîñòið Vn
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ãåîäåçè÷íå âiäîáðàæåííÿ íà ïñåâäîðiìàíiâ ïðîñòið V̄n. Ïèòàííÿ çâîäèòüñÿ äî

âèâ÷åííÿ óìîâ iíòåãðóâàííÿ öèõ ðiâíÿíü òà ¨õ äèôåðåíöiàëüíèõ ïîäîâæåíü.

Öþ ñèñòåìó áóäåìî íàçèâàòè ñèñòåìîþ îñíîâíèõ ðiâíÿíü òåîði¨ ãåîäåçè÷íèõ

âiäîáðàæåíü.

Âêàçàíà ñèñòåìà äëÿ ïî÷àòêîâèõ çíà÷åíü â òî÷öi x0 ∈ Vn

aij(x0) =
0
aij; λi(x0) =

0
λi; µ(x0) =

0
µ

ìà¹ íå áiëüøå îäíîãî ðîçâ'ÿçêó. Òàêèì ÷èíîì, ìíîæèíà ðîçâ'ÿçêiâ öi¹¨

ñèñòåìè çàëåæèòü âiä

rΓB ≤
(n+ 1)(n+ 2)

2
(3.1.11)

ñóòò¹âèõ ïàðàìåòðiâ.

Îçíà÷åííÿ 3.1.2. ×èñëî ñóòò¹âèõ ïàðàìåòðiâ rΓB, âiä ÿêèõ çàëåæàòü

ðîçâ'ÿçêè ñèñòåìè (3.1.5), (3.1.7) òà (3.1.8) íàçèâàþòü ñòåïåíþ

ìîáiëüíîñòi ïñåâäîðiìàíîâîãî ïðîñòîðó Vn âiäíîñíî ãåîäåçè÷íèõ

âiäîáðàæåíü.

Ìàêñèìàëüíå çíà÷åííÿ rΓB äîçâîëÿþòü ïðîñòîðè ñòàëî¨ êðèâèíè i òiëüêè

âîíè.

Äàëi ìè çíàéäåìî âèä ðiâíÿíü (3.1.7) òà (3.1.8) äëÿ ïñåâäîðiìàíîâèõ

ïðîñòîðiâ, ÿêi äîçâîëÿþòü ñòåïiíü ìîáiëüíîñòi âiäíîñíî ãåîäåçè÷íèõ

âiäîáðàæåíü áiëüøå äâîõ.
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Ïîïåðåäíüî äîâåäåìî ëåìó

Ëåìà 3.1.1. Íåõàé â ïñåâäîðiìàíîâîìó ïðîñòîði Vn iñíóþòü ñèìåòðè÷íi

òåíçîðè aij( /≡ cgij), bij( /≡ µgij + Baij), Aij( /≡ cgij), Bij, ùî çàäîâîëüíÿþòü

óìîâàì

aij〈lm〉 = bl(igj)k − bk(igj)l; (3.1.12)

Aij〈lm〉 = Bl(igj)k −Bk(igj)l; (3.1.13)

òîäi

aij =
1
cgij+

2
cAij, (3.1.14)

äå c, µ, B,
1
c,

2
c - äåÿêi iíâàðiàíòè.

Äîâåäåííÿ.

Çàñòîñîâóþ÷è òîòîæíiñòü Ði÷÷i äî òåíçîðiâ aij òà Aij íà ïiäñòàâi (3.1.12)

i (3.1.13), îòðèìà¹ìî

Am(ibj)k + Ak(ibj)m − am(iBj)k − ak(iBj)m +

(3.1.15)

+gm(icj)k + gk(icj)m = 0,

äå

cij
def
=(Bjαaβi − Ajαbβi)g

αβ. (3.1.16)
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Çãîðòàþ÷è (3.1.15) ç gim, âðàõîâóþ÷è (3.1.16), ëåãêî ïåðåêîíà¹ìîñÿ, ùî

òåíçîð cij ñèìåòðè÷íèé.

Àëüòåðíó¹ìî (3.1.15) çà iíäåêñàìè i i m, à ïîòiì ïîìiíÿ¹ìî ìiñöÿìè

iíäåêñè j òà m, îòðèìàíå ïî÷ëåííî ñêëàäåìî ç (3.1.15). Ó ðåçóëüòàòi

çíàõîäèìî, ùî

Ajmbik + Aikbjm − ajmBik − aikBjm +

(3.1.17)

+gjmcik + gikcjm = 0.

Çãîðòàþ÷è (3.1.17) ç gjm, îòðèìà¹ìî

cij = −A
n
bij +

a

n
Bij −

d

n
Aij +

D

n
aij −

c

n
gij, (3.1.18)

äå

A
def
=Aαβg

αβ; a
def
=aαβg

αβ; d
def
=bαβg

αβ;

c
def
=cαβg

αβ; D
def
=Bαβg

αβ.

Äîäàòêîâèì çãîðòàííÿì (3.1.18) ïåðåêîíà¹ìîñÿ, ùî

c =
1

n
(aD − Ad).

Òîäi, ïiñëÿ ïiäñòàíîâêè (3.1.18) â (3.1.17), ãðóïóþ÷è, áóäåìî ìàòè:

Ejmσik + Eikσjm − ejmΣik − eikΣjm = 0. (3.1.19)
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Òóò

Eij
def
= Aij −

A

n
gij; Σij

def
= Bij −

D

n
gij;

(3.1.20)

eij
def
= aij −

a

n
gij; σij

def
= bij −

d

n
gij.

Òåíçîð Σij /≡ 0, áî ó ïðîòèëåæíîìó âèïàäêó àáî Eij = 0, àáî σij = 0, ùî

ñóïåðå÷èòü ïðèïóùåííÿì ëåìè.

Òîìó, iñíó¹ òåíçîð T ij òàêèé, ùî T αβΣαβ = 1. Çãîðòàþ÷è (3.1.19) ç T ik,

ìîæíà ÿâíèì ÷èíîì âèðàçèòè òåíçîð ejm:

ejm =
1
cEjm+

2
cσjm+

3
cΣjm, (3.1.21)

äå
α
c � äåÿêi iíâàðiàíòè.

Ïiñëÿ ïiäñòàíîâêè (3.1.21) ôîðìóëà (3.1.19) ïåðåòâîðèòüñÿ äî íàñòóïíîãî

âèäó

(Ejm−
2
cΣjm)σik + (Eik−

2
cΣik)σjm −

(3.1.22)

−(
1
cEjm+

3
cΣjm)Σik − (

1
cEik+

3
cΣik)Σjm = 0.

à) Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê, êîëè

Ejm−
2
cΣjm = 0.
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Òîäi ç (3.1.22) âèòiêà¹, ùî

1
cEjm+

3
cΣjm = 0

i ó ñâîþ ÷åðãó (3.1.21) ìà¹ ôîðìó

ejm =
2
cσjm.

Ç öüîãî ñïiââiäíîøåííÿ, î÷åâèäíî, âèòiêà¹ (3.1.14).

á) Çàëèøèëîñÿ ðîçãëÿíóòè âèïàäîê, êîëè

Ejm−
2
cΣjm /≡ 0.

Òîäi ç (3.1.22) âèòiêà¹, ùî

σjm =
4
cEjm+

5
cΣjm (3.1.23)

i ôîðìóëà (3.1.21) ñïðîñòèòüñÿ òàêèì ÷èíîì

ejm =
6
cEjm+

7
cΣjm. (3.1.24)

Ïiñëÿ ïiäñòàíîâêè â (3.1.19), îòðèìà¹ìî

(
2

4
cEik +

(
5
c− 6

c
)

Σik

)
Ejm + Σjm

((
5
c− 6

c
)
Eik + 2

7
cΣik

)
= 0. (3.1.25)

Î÷åâèäíî, êîëè
7
c= 0, òî ç (3.1.24) áóäåìî ìàòè (3.1.14). Òîìó ðîçãëÿíåìî

âèïàäîê, êîëè
7
c /≡ 0.
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Àëå òîäi, ÿêùî (
5
c− 6

c
)
Eik + 2

7
cΣik = 0, (3.1.26)

îòðèìà¹ìî, ùî

Σik =
8
cEik. (3.1.27)

Óìîâà (3.1.27) âèòiêà¹ ç (3.1.15) i ó ðàçi, êîëè íå âèêîíó¹òüñÿ (3.1.26).

Â ðåçóëüòàòi ïiñëÿ ïiäñòàíîâêè (3.1.27) â (3.1.24), îòðèìà¹ìî

ejm =
9
cσjm.

Çâiäñè âèòiêà¹ ôîðìóëà (3.1.14).

Òàêèì ÷èíîì, ëåìó 3.1.1 äîâåäåíî ïîâíiñòþ.

Ñïèðàþ÷èñü íà íå¨, äîâåäåìî òåîðåìó [35, 41, 126, 127, 134]

Òåîðåìà 3.1.1. ßêùî ñòåïiíü ìîáiëüíîñòi rãâ ïñåâäîðiìàíîâîãî ïðîñòîðó

Vn âiäíîñíî ãåîäåçè÷íèõ âiäîáðàæåíü áiëüøå äâîõ, òî ëiíiéíà ôîðìà

îñíîâíèõ ðiâíÿíü òåîði¨ ãåîäåçè÷íèõ âiäîáðàæåíü ïñåâäîðiìàíîâèõ

ïðîñòîðiâ Vn ïðèéìà¹ íàñòóïíó ôîðìó

(a) aij,k = λigjk + λjgik;

(b) λi,j = µgij +Baij; (3.1.28)

(c) µ,i = 2Bλi,

144



äå B � äåÿêà ñòàëà, ùî îäíîçíà÷íî âèçíà÷åíà äëÿ çàäàíîãî

ïñåâäîðiìàíîâîãî ïðîñòîðó Vn.

Äîâåäåííÿ.

Íåõàé ïñåâäîðiìàíiâ ïðîñòið Vn ìà¹ ñòåïiíü ìîáiëüíîñòi âiäíîñíî

ãåîäåçè÷íèõ âiäîáðàæåíü áiëüøå äâîõ.

Äàëi ïðèïóñòèìî, ùî aij, λi çàãàëüíèé ðîçâ'ÿçîê i Aij (6= cgij), Λi äåÿêèé

÷àñòêîâèé ðîçâ'ÿçîê ñèñòåìè ðiâíÿíü (3.1.1) â Vn.

Ââàæàþ÷è

bij
def
= λi,j; Bij

def
= Λi,j,

ïåðåêîíà¹ìîñÿ, ùî óìîâè iíòåãðîâàíîñòi ðiâíÿíü (3.1.5) ìîæíà çàïèñàòè ó

ôîðìi (3.1.12) i (3.1.13).

à) Ïðèïóñòèìî ïðîòèëåæíå, òîáòî ùî òåîðåìà 3.1.1 íå âiðíà i íå

âèêîíó¹òüñÿ ðiâíÿííÿ (3.1.14) äëÿ çàãàëüíîãî ðîçâ'ÿçêó aij, λi.

Âèùå íàâåäåíi ïðèïóùåííÿ ¹ ïî ñóòi óìîâàìè ëåìè 3.1.1, ç ÿêî¨ ó ñâîþ

÷åðãó âèòiêà¹, ùî òåíçîðè aij i Aij ïîâ'ÿçàíi ñïiââiäíîøåííÿìè (3.1.14):

aij =
1
c gij+

2
cAij. (3.1.29)

Äèôåðåíöiþ¹ìî (3.1.29) ïî xk, îòðèìà¹ìî

τigjk + τjgik =
1
ck gij+

2
ck Aij, (3.1.30)
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äå

τi
def
= λi−

2
cΛi;

1
ck

def
=

1
c,k;

2
ck

def
=

2
c,k.

Âèïàäîê, êîëè τi = 0, âåäå àáî äî óìîâè

Aij = cgij,

ùî ñóïåðå÷èòü ïðèïóùåííþ, àáî äî âèñíîâêó, ùî
1
c òà

2
c � ñòàëi. Òîäi ç

ôîðìóëè (3.1.29) íà ïiäñòàâi îñòàííüîãî rãâ ≤ 2.

Îòæå, íàì çàëèøèëîñÿ ðîçãëÿíóòè âèïàäîê, êîëè τi /≡ 0.

Çãîðíåìî (3.1.30) ç äåÿêèì âåêòîðîì εi, ÿêèé çàäîâîëüíÿ¹ óìîâi:

ταε
α = 1.

Â ðåçóëüòàòi îòðèìà¹ìî

gjk = −τjεk+
1
ck εj+

2
ck Aαjε

α, (3.1.31)

äå εi
def
= εαgiα.

Ïiñëÿ çãîðòàííÿ (3.1.31) ç εj, çíàõîäèìî

2εk =
1
ck εαε

α+
2
ck Aαβε

αεβ.

Âèêëþ÷èâøè ç ôîðìóëè (3.1.31) âåêòîð εk, çà äîïîìîãîþ îñòàííiõ

âèðàçiâ, ïåðåêîíà¹ìîñÿ, ùî rang ‖gij‖ ≤ 2, à öå íåìîæëèâî.

Ó ðåçóëüòàòi îòðèìàëè, ùî ðiâíÿííÿ (3.1.28)(b), äå B � äåÿêèé iíâàðiàíò,

âèêîíó¹òüñÿ çà íåîáõiäíiñòþ. Îäíîçíà÷íà âèçíà÷åíiñòü iíâàðiàíòó B ó

ôîðìóëàõ (3.1.28)(b) â çàäàíîìó Vn ïîêàçàíà â ðîáîòi [44].
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á) Çàëèøèëîñÿ äîâåñòè ñïðàâåäëèâiñòü ðiâíÿíü (3.1.28)(c).

Ñïî÷àòêó ïåðåêîíà¹ìîñü, ùî B - ñòàëà. Ëåãêî ïåðåêîíàòèñü, ùî óìîâàì

(3.1.28)(b), âðàõîâóþ÷è (3.1.10), åêâiâàëåíòíi ñïiââiäíîøåííÿ

ψij = B̄ḡij −Bgij, (3.1.32)

äå B̄ - äåÿêèé iíâàðiàíò.

Ðîçãëÿíåìî âèïàäîê, êîëè B /≡ const. Òîäi íà ïiäñòàâi ðåçóëüòàòiâ,

îòðèìàíèõ Å.Ç. Ãîðáàòèì [119], ïñåâäîðiìàíiâ ïðîñòið Vn çà íåîáõiäíiñòþ

¹ åêâiäèñòàíòíèì. Áiëüøå òîãî, ïðè öié óìîâi ìåòðè÷íi òåíçîðè óñiõ

ïñåâäîðiìàíîâèõ ïðîñòîðiâ Vn, íà ÿêi äîçâîëÿ¹ íåòðèâiàëüíi ãåîäåçè÷íi

âiäîáðàæåííÿ çàäàíå Vn, ìîæíà çàïèñàòè â âèãëÿäi

ḡij = c
1
µ
1
gij+ c

2
µ
2
εiεj, (3.1.33)

äå c
1
, c

2
− const, µ

1
, µ

1
� iíâàðiàíòè îäíîçíà÷íî âèçíà÷åíi â Vn, εi �

îäíîçíà÷íî âèçíà÷åíèé (ç òî÷íiñòþ äî ñòaëîãî ìíîæíèêà) âåêòîð â Vn.

Îñòàíí¹ âêàçó¹ íà òå, ùî ñòåïiíü ìîáiëüíîñòi öèõ ïñåâäîðiìàíîâèõ

ïðîñòîðiâ Vn âiäíîñíî ãåîäåçè÷íèõ âiäîáðàæåíü äîðiâíþ¹ äâîì.

Âðàõîâóþ÷è ñêàçàíå âèùå, B = const. Àëå â öüîìó âèïàäêó, ç ðiâíÿíü

(3.1.28)(b) äîâåäåíi ôîðìóëè (3.1.28)(c).

Òàêèì ÷èíîì, òåîðåìy 3.1.1 äîâåäåío ïîâíiñòþ.

Îòðèìàíi ðåçóëüòàòè äaþòü ìîæëèâiñòü ðîçáèòè âñi ïñåâäîðiìàíîâi

ïðîñòîðè Vn, ùî äîçâîëÿþòü íåòðèâiàëüíi ãåîäåçè÷íi âiäîáðàæåííÿ, íà äâi
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âåëèêi ãðóïè â çàëåæíîñòi âiä ¨õ ñòåïåíi ìîáiëüíîñòi âiäíîñíî ãåîäåçè÷íèõ

âiäîáðàæåíü.

3.2 Ãåîäåçè÷íi âiäîáðàæåííÿ ïñåâäîðiìàíîâèõ

ïðîñòîðiâ Vn(B).

Çâåðòà¹ìî óâàãó, ùî â öüîìó ïiäðîçäiëi ðîçãëÿäàþòüñÿ ïîðÿä ç

ïñåâäîðiìàíîâèìè ïðîñòîðàìè i ðiìàíîâi ïðîñòîðè.

ßêùî â äåÿêié ñèñòåìi êîîðäèíàò ìåòðèêà ðiìàíîâîãî ïðîñòîðó Vn ìîæå

áóòè çàïèñàíà â âèãëÿäi

ds2 =

p∑
α=1

∏ ′

β
|fβ − fα| ds2

α, (3.2.1)

òî ìåòðèêó âèäó (3.2.1) íàçèâàþòü ìåòðèêîþ Ëåâi-×èâiòè, à ñàì çàïèñ ds2

çàïèñîì â ôîðìi Ëåâi-×èâiòè.

Ïîÿñíèìî ïîçíà÷åííÿ â îñòàííié ôîðìóëi:

1. êîîðäèíàòè x1, x2, . . . , xn ðîçáèòi íà ãðóïè p > 1 ãðóï (xiα), α = 1, . . . , p.

Íàïðèêëàä, ÿêùî p = 2, òî iíäåêñ i1 ïðîáiãà¹ íîìåðà êîîðäèíàò ïåðøî¨

ãðóïè x1, x2, . . . , xk (k < n), à iíäåêñ i2 � íîìåðè, ùî çàëèøèëèñü k +

1, k + 2, . . . , n. Ïðè öüîìó îäíà àáî äåêiëüêà ãðóï ìîæóòü ñêëàäàòèñü

âñüîãî ëèøå ç îäíî¨ êîîðäèíàòè.
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2. ôîðìà ds2
0 äîäàòíüî çíàêîâèçíà÷åíà âiä çìiííèõ x

i
α.

3. ôóíêöiÿ fα çàëåæèòü âiä îäíi¹¨ çìiííî¨, ÿêùî ãðóïà xiα ñêëàäà¹òüñÿ ç

îäíî¨ êîîðäèíàòè, òà fα = const, ÿêùî ãðóïà xiα ñêëàäà¹òüñÿ áiëüøå íiæ

ç îäíî¨ êîîðäèíàòè.

4.
∏′

β |fβ − fα| � îçíà÷à¹ äîáóòîê ìíîæíèêiâ |fβ − fα| äëÿ âñiõ

β = 1, 2, . . . , p, êðiì β = α; fβ 6= fα ïðè β 6= α.

Íàïðèêëàä,

ds2 =
∣∣f2(x

2)− f1(x
1)
∣∣ ∣∣f3 − f1(x

1)
∣∣ dx12

+

+
∣∣f1(x

1)− f2(x
2)
∣∣ ∣∣f3 − f2(x

2)
∣∣ dx22

+ (3.2.2)

+
∣∣f1(x

1)− f3
∣∣ ∣∣f2(x

2)− f3
∣∣ ds2

3,

òóò p = 3, i1 = 1, i2 = 3, 4, . . . , n, f3 = const, ds2
3 � ìåòðè÷íà ôîðìà

âiä çìiííèõ x3, x4, . . . , xn.

Òåíçîðíîþ îçíàêîþ òîãî, ùîá ìåòðèêà ðiìàíîâîãî ïðîñòîðó Vn

äîçâîëÿëà çàïèñ â ôîðìi Ëåâi-×èâiòè ¹ iñíóâàííÿ â íüîìó òåíçîðà

aij(= aji 6= cgij) òà ôóíêöi¨ ϕ 6= const òàêèõ, ùî [1, 113, 114, 116, 153]

aij,k = 2ϕ,kgij + ϕ,igjk + ϕ,jϕik. (3.2.3)

Êîìïîíåíòè òåíçîðà aij òà ôóíêöiÿ ϕ âèçíà÷àþòüñÿ ç óìîâ

149



aijdx
idxj =

p∑
α=1

(fα +
n∑
1

fp)Φα; (3.2.4)

Φα =
∏ ′

β
|fβ − fα| ds2

α; (3.2.5)

ϕ =
1

2

p∑
1

fβ. (3.2.6)

Ôóáiíi íàçèâàâ ïðè¹äíàíèì ëiíiéíèé åëåìåíò

ds2 =

p∑
α=1

∏ ′

β
|fβ − fα| (dyα)2. (3.2.7)

Òóò y1, y2, . . . , yp � íîâi çìiííi, ïðè ïåðåõîäi äî ÿêèõ âñi íåîäíîâèìiðíi

çìiííi ôîðìè Ëåâi-×èâiòè áóëè çàìiíåíi íà îäíîâèìiðíi. Öå ìîæëèâî çðîáèòè

òîìó, ùî çìiííi ç öèõ ds2
α â iíøi ÷ëåíè íå âõîäÿòü: fα = const.

Ïðè¹äíàíà ìåòðèêà ìà¹ ñòàëó êðèâèíó K, ÿêùî

ϕ,ij = −Kaij + Lgij, (3.2.8)

òóò L � äåÿêà ñòàëà.

Ïðîñòið Vn ç ìåòðèêîþ

ds2 = ds2
0 +

t∑
α=1

α
σds2

α, (3.2.9)

äå ds2
0, ds

2
α (α = 1, 2, . . . , t) ñàìîñòiéíi ìåòðèêè, ùî çàëåæàòü êîæíà âiä ñâî¹¨
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çìiííî¨, ïðè÷îìó âñi ds2
α � íåîäíîâèìiðíi,

α
σ � äîäàòíi ôóíêöi¨;

íàçèâàþòü ïðîñòîðîì V (K), ÿêùî ïðè¹äíàíà ìåòðèêà

d
∗
s 2 = ds2

0 +
t∑

α=1

α
σ(dyq+α)2 (3.2.10)

ìà¹ ñòàëó êðèâèíó K.

Ïîïåðåäíi ðîçðàõóíêè âåëèñü äëÿ ðiìàíîâèõ ïðîñòîðiâ. Â òàêîìó âèãëÿäi

ïðîñòîðè ìîæíà çíàéòè â ðîáîòàõ À.Ñ. Ñîëîäîâíiêîâà [186, 187]. Ðiâíÿííÿ

(3.2.8) åêâiâàëåíòíe ðiâíÿííþ (3.1.32) äëÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ. À

(3.1.32) ìîæëèâî çàïèñàòè â âèãëÿäi (3.1.28)(b) i, òàêèì ÷èíîì, âèíèêà¹

íåîáõiäíiñòü â âèâ÷åííi ïñåâäîðiìàíîâèõ ïðîñòîðiâ ç ñïåöiàëüíèì âèäîì

âåêòîðà λi.

Ïñåâäîðiìàíiâ ïðîñòið Vn, ùî äîçâîëÿ¹ íåòðèâiàëüíå ãåîäåçè÷íå

âiäîáðàæåííÿ, çà ÿêîãî âèêîíóþòüñÿ ðiâíÿííÿ:

λi,j = µgij +Baij, (3.2.11)

äå B � äåÿêèé iíâàðiàíò, ïîçíà÷àòèìåìî ÷åðåç Vn(B).

ßêùî Vn(B) äîçâîëÿ¹ áóäü-ÿêå iíøå ãåîäåçè÷íå âiäîáðàæåííÿ íà

äåÿêå V̄n, òî ïðè öüîìó âiäîáðàæåííi òàêîæ âèêîíóâàòèìóòüñÿ ðiâíÿííÿ

(3.2.11). Bñòàíîâëåíà çàìêíóòiñòü ïðîñòîðiâ Vn(B) âiäíîñíî ãåîäåçè÷íèõ

âiäîáðàæåíü, òîáòî äîâåäåíî, ùî ÿêùî Vn(B) äîçâîëÿ¹ ãåîäåçè÷íå

âiäîáðàæåííÿ íà äåÿêå V̄n, òî V̄n ¹ ïðîñòîðîì V̄n(B̄) [78].
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Âñòàíîâëåío [37], ùî Åéíøåéíîâi, óçàãàëüíåíî ïiâñèìåòðè÷íi i

óçàãàëüíåíî Ði÷÷i ïiâñèìåòðè÷íi ïðîñòîðè Vn, ùî äîçâîëÿþòü íåòðèâiàëüíi

ãåîäåçè÷íi âiäîáðàæåííÿ, ¹ ïðîñòîðàìè Vn(B). Ïðîñòîðàìè Vn(B) áóäóòü

òàêîæ ïðîñòîðè V (K) À. Ñ. Ñîëîäîâíiêîâà [186] i Ã. I. Êðó÷êîâè÷à [152].

Âðàõîâóþ÷è ñêàçàíå âèùå ïðî ïðîñòîðè Vn(B), ìîæåìî ñôîðìóëþâàòè

òåîðåìó 3.1.1 â íàñòóïíîìó âèäi:

Òåîðåìà 3.2.1. Ïñåâäîðiìàíîâi ïðîñòîðè Vn, ùî ìàþòü ñòåïiíü

ìîáiëüíîñòi âiäíîñíî íåòðèâiàëüíèõ ãåîäåçè÷íèõ âiäîáðàæåíü áiëüøå äâîõ,

¹ ïðîñòîðàìè Vn(B), B − const.

Âiäìiòèìî äåêiëüêà âëàñòèâîñòåé ïðîñòîðiâ Vn(B). Ìà¹ ìiñöå

Òåîðåìà 3.2.2. Áóäü-ÿêå ãåîäåçè÷íå âiäîáðàæåííÿ ïñåâäîðiìàíîâîãî

ïðîñòîðó Vn(B), B /≡ 0, ¹ àáî íåòðèâiàëüíèì, àáî ãîìîòåòè÷íèì.

Äîâåäåííÿ.

Ïðèïóñòèìî, ùî ïñåâäîðiìàíiâ ïðîñòið Vn(B), B /≡ 0, äîçâîëÿ¹ àôiííe

âiäîáðàæåííÿ (òîáòî òðèâiàëüíå ãåîäåçè÷íå). Òîäi iñíó¹ ðîçâ'ÿçîê ðiâíÿíü

(3.1.28)(a) ïðè λi = 0. Ç (3.1.28)(b) ≡ (3.2.11) âèïëèâà¹ µgij +Baij = 0. Ïðè

B /≡ 0 âèòiêà¹, ùî aij =
µ

B
gij. Çâiäñè, çãiäíî [178], âèïëèâà¹, ùî ãåîäåçè÷íå

âiäîáðàæåííÿ ¹ ãîìîòåòè÷íèì.

Òåîðåìó äîâåäåíî.

Òåîðåìà 3.2.3. ßêùî â ïñåâäîðiìàíîâîìó ïðîñòîði Vn(B) ñåðåä âeêòîðiâ

λi, ùî çàäîâîëüíÿþòü (3.2.11), ¹ íåíóëüîâèé âåêòîð ñòàëî¨ äîâæèíè, òî

òîäi B = 0.
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Äîâåäåííÿ.

Íåõàé â Vn(B), B /≡ 0, òåíçîð aij, êîâåêòîð λi ( /≡ 0) i iíâàðiàíò µ ¹

ðîçâ'ÿçêîì ëiíiéíî¨ ôîðìè îñíîâíèõ ðiâíÿíü ãåîäåçè÷íèõ âiäîáðàæåíü, ÿêi â

Vn(B) ìàþòü âèãëÿä (3.1.5) òà (3.2.11).

Íåõàé âåêòîð λi ìà¹ ñòàëó äîâæèíó, òîáòî âèêîíóþòüñÿ óìîâè

λαλβg
αβ = c = const. (3.2.12)

Òàêié óìîâi çàäîâîëüíÿþòü içîòðîïíi âåêòîðè λi, â ÿêèõ ìà¹ ìiñöå

ðiâíÿííÿ

λαλβg
αβ = 0. (3.2.13)

à) Ñïî÷àòêó ðîçãëÿíåìî âèïàäîê, êîëè B /≡ const.

Ç äîñëiäæåíü Å.Ç. Ãîðáàòîãî [119] âèòiêà¹, ùî òåíçîð aij i âåêòîð λi

çàäîâîëüíÿþòü óìîâàì:

(a) aij = αgij + βλjλj;

(3.2.14)

(b) λi,j = γgij + δλiλj,

äå α, β, γ, δ � äåÿêi ôóíêöi¨ iíâàðiàíòó λ.

Äèôåðåíöiþþ÷è (3.2.12), ïiäñòàâëÿþ÷è (3.2.14)(b), ïåðåêîíà¹ìîñÿ, ùî

γ + cδ = 0.
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Òîäi äèôåðåíöiþ¹ìî (3.2.14)(a), ïiñëÿ ïiäñòàíîâêè (3.1.5) i (3.2.14)(b)

ìà¹ìî:

λigjk + λjgik = λi(α
′gij + (β′ + 2δ)λiλj) = 0.

Çâiäñè âèòiêà¹, ùî λi = 0. Iíàêøå � rang ‖gij‖ ≤ 2. Îòæå, âèïàäîê à)

äîâåäåíèé.

á) Çàëèøèëîñÿ ðîçãëÿíóòè âèïàäîê, êîëè B ≡ const /≡ 0.

Òîäi ìàþòü ìiñöå ðiâíÿííÿ (3.1.28). Äèôåðåíöiþ¹ìî (3.2.12). Ïiñëÿ

ïiäñòàíîâêè (3.2.11) îòðèìó¹ìî

µλi +Baiαλα = 0. (3.2.15)

Ïîòiì äèôåðåíöiþ¹ìî (3.2.15), âðàõîâóþ÷è (3.1.5) i (3.2.12), ìà¹ìî

3Bλiλj + µ2gij + 2µBaij +B2aiαa
α
j = 0. (3.2.16)

Ïðîäèôåðåíöiþ¹ìî (3.2.16) ïî xk, íà îñíîâi (3.1.28) ìàòèìåìî

4λk(Bµgij +B2aij) + λicjk + λjcik = 0, (3.2.17)

äå cij � äåÿêèé ñèìåòðè÷íèé òåíçîð.

Îñêiëüêè λi /≡ 0, òî iñíó¹ εi òàêèé, ùî cαkεα = cλk, äå c - äåÿêèé

iíâàðiàíò.
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Òîäi, ïiñëÿ çãîðòàííÿ (3.2.17) ç εi, îòðèìà¹ìî cjk = cjλk, äå cj � äåÿêèé

âåêòîð. Òåíçîð cjk ¹ ñèìåòðè÷íèì òåíçîðîì, òîìó ìà¹ìî cjk = αλjλk, äå α �

äåÿêèé iíâàðiàíò. Àëå òîäi ç (3.2.17) âèòiêà¹ ñïðàâåäëèâiñòü ôîðìóëè :

µBgij +B2aij + βλiλj = 0, (3.2.18)

äå β � äåÿêèé iíâàðiàíò.

Ïiñëÿ äèôåðåíöiþâàííÿ (3.2.18) ïî xk ïåðåêîíà¹ìîñÿ, ùî ñïðàâåäëèâà

ôîðìóëà

2B2λkgij + λidjk + λjdik = 0,

äå dij � äåÿêèé òåíçîð.

Ç îñòàííüî¨ ðiâíîñòi, ó ðàçi, êîëè B /≡ 0, âèòiêà¹, ùî rang ‖gij‖ ≤ 2.

Îòæå, B = 0, ùî i âèìàãàëîñÿ äîâåñòè.

Òåîðåìà 3.2.4. ßêùî â ïñåâäîðiìàíîâîìó ïðîñòîði Vn(B) ñåðåä íåíóëüîâèõ

âåêòîðiâ λi, ùî çàäîâîëüíÿþòü (3.2.11), ¹ âçà¹ìíî îðòîãîíàëüíi, òî òîäi

B = 0.

Äîâåäåííÿ.

Íåõàé Vn ¹ ïñåâäîðiìàíîâèé ïðîñòið Vn(B), B /≡ 0.

Î÷åâèäíî, ùî iíâàðiàíò B çà íåîáõiäíiñòþ ¹ ñòaëèì, iíàêøå ñòåïiíü

ìîáiëüíîñòi rãâ ≥ 2, à öå ñóïåðå÷èòü òåîðåìi 3.2.1.
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Òîìó, äàëi ðîçãëÿäà¹ìî ïñåâäîðiìàíiâi ïðîñòîðè Vn(B), B−const. Íåõàé
aij, λi, µ i Aij, Λi, M � äâà ðîçâ'ÿçêà ðiâíÿíü (3.1.28), ïðè÷îìó âåêòîðè λi

i Λi îðòîãîíàëüíi ìiæ ñîáîþ, ùî ðiâíîñèëüíî óìîâi

λαΛβg
αβ = 0. (3.2.19)

Âèïàäîê, êîëè λi i Λi êîëiíåàðíi, âåäå äî òîãî, ùî öi âåêòîðè içîòðîïíi,

à âèïàäîê, êîëè âåêòîðè λi àáî Λi içîòðîïíi, âèðiøåíèé â òåîðåìi 3.2.3.

Òîìó íàäàëi îáìåæèìîñÿ âèïàäêîì, êîëè âåêòîðè λi i Λi íåiçîòðîïíi i

íåêîëiíåàðíi.

Êîâàðiàíòíî äèôåðåíöiþþ÷è ôîðìóëó (3.2.19), âðàõîâóþ÷è (3.1.28),

îòðèìà¹ìî

µΛi +BaαiΛα +Mλi +BAαiλ
α = 0. (3.2.20)

Àíàëîãi÷íî êîâàðiàíòíî äèôåðåíöiþþ÷è (3.2.20), áóäåìî ìàòè

3BλjΛi + 3BΛjλi + 2µMgij +

(3.2.21)

+2µBAij + 2MBaij +B2aα(iAj)α = 0,

äå aαi
def
= aijg

αj.

Ùå ðàç äèôåðåíöiþþ÷è, çãðóïóâàâøè, îòðèìà¹ìî
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Λ(iÃj)k + λ(i
˜̃Aj)k = 0, (3.2.22)

äå Ãij
def
= B(Baij +Mgij);

˜̃Aij
def
= B(BAij − µgij).

Çãîðòàþ÷è (3.2.22) ç gjk, ìàòèìåìî

B(nµ+ aB)Λi + (nM +BA)λi = 0.

Îñêiëüêè âåêòîðè λi i Λi íåêîëiíåàðíi, òî òîäi

nµ+ aB = 0.

Äèôåðåíöiþþ÷è îñòàíí¹, âðàõîâóþ÷è (3.1.28) i a,i = 2λi, ïðèõîäèìî äî

ñóïåðå÷íîñòi, òîìó ùî B /≡ 0.

Òàêèì ÷èíîì, ïåðåêîíó¹ìîñÿ â ñïðàâåäëèâîñòi òåîðåìè.

Ðîçãëÿíåìî ïñåâäîðiìàíîâi ïðîñòîðè Vn, â ÿêèõ iñíó¹ íåíóëüîâå âåêòîðíå

ïîëå f,i òàêå, ùî

f,ijk = A(2f,kgij + f,igjk + f,jgik), (3.2.23)

äå A− const.

Ìà¹ ìiñöå íàñòóïíà òåîðåìà

Òåîðåìà 3.2.5. Äëÿ òîãî, ùîá ïñåâäîðiìàíiâ ïðîñòið Vn, áóâ ïðîñòîðîì
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Vn(B), B = const, íåîáõiäíî i äîñòàòíüî, ùîá â íüîìó iñíóâàëî âåêòîðíå

ïîëå f,i, ùî çàäîâîëüíÿ¹ óìîâàì (3.2.23), ïðè A = const 6= 0 .

Äîâåäåííÿ.

Íåõàé â Vn iñíó¹ íåíóëüîâå ãðàäi¹íòíå âåêòîðíå ïîëå f,i, ùî çàäîâîëüíÿ¹

óìîâàì (3.2.23), äå A /≡ 0 . Ïîêëàâøè

aij = f,ij − 2Afgij,

(3.2.24)

λi = Af,i

i, âðàõîâóþ÷è (3.2.23), ïåðåêîíà¹ìîñÿ, ùî â Vn âèêîíóþòüñÿ ðiâíÿííÿ

(3.1.28)(a) i (3.1.28)(b), ïðè÷îìó B = A. Òîäi Vn ça oçíà÷åííÿì ¹ ïðîñòîðîì

Vn(B).

Ç iíøîãî áîêó, íåõàé ìà¹ìî ïñåâäîðiìàíiâ ïðîñòið Vn(B), B/≡0. Ïîêëàâøè

A = B, f =
1

B
λ, ïåðåêîíà¹ìîñÿ, ùî íà îñíîâi (3.1.28) âèêîíóþòüñÿ

ðiâíÿííÿ (3.2.23).

Òàêèì ÷èíîì, äîâåäåííÿ òåîðåìè çàâåðøåíå, à ðîçâ'ÿçàííÿ çàäà÷i ïðî

ãåîäåçè÷íå âiäîáðàæåííÿ äëÿ áàãàòüîõ òèïiâ ñïåöiàëüíèõ ïðîñòîðiâ [22, 98,

176, 177, 185] çâåäåíî äî âèâ÷åííÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü (3.2.23).
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3.3 Ãåîäåçè÷íi âiäîáðàæåííÿ ïñåâäîðiìàíîâèõ

ïðîñòîðiâ ç óìîâàìè íà òåíçîð Ði÷÷i

Ðîçãëÿä ãåîäåçè÷íèõ âiäîáðàæåíü ñïåöiàëüíèõ ïñåâäîðiìàíîâèõ

ïðîñòîðiâ ðîçïî÷íåìî ç âèâ÷åííÿ ãåîäåçè÷íèõ âiäîáðàæåíü ïðîñòîðiâ

Åéíøòåéíà.

Ïðîñòîðè Åéíøòåéíà, ÿêi õàðàêòåðèçóþòüñÿ óìîâàìè íà òåíçîð Ði÷÷i

Rij =
R

n
gij, (3.3.1)

ìàþòü âåëèêå çíà÷åííÿ, ÿê â ðiìàíîâié ãåîìåòði¨, òàê i â ¨¨ çàñòîñóâàííÿõ,

äèâ. [2, 23, 51, 84]. Ïèòàííÿìè ïðî ãåîäåçè÷íi âiäîáðàæåííÿ ïðîñòîðiâ

Åéíøòåéíà çàéìàëîñÿ áàãàòî ãåîìåòðiâ, íàïðèêëàä, Î.Ç. Ïåòðîâ [170, 171],

Ï. Âåíöi [94, 95, 102, 103], É. Ìiêåø [157], Ñ.Ôîðìåëà [24, 25].

Íàãàäà¹ìî, ïiäñóìêîâèé ðåçóëüòàò Î.Ç. Ïåòðîâà ïðî ãåîäåçè÷íi

âiäîáðàæåííÿ ÷îòèðèâèìiðíèõ ïðîñòîðiâ Åéíøòåéíà :

×îòèðèâèìiðíi ïðîñòîðè Åéíøòåéíà V4 íåñòàëî¨ êðèâèíè ç

ñèãíàòóðîþ Ìiíêîâñüêîãî íå äîçâîëÿþòü íåòðèâiàëüíi ãåîäåçè÷íi

âiäîáðàæåííÿ íà ïðîñòîðè Åéíøòåéíà V̄n ç ñèãíàòóðîþ Ìiíêîâñüêîãî.

Íàìè äîâåäåíî òåîðåìó, ÿêà óçàãàëüíþ¹ öåé ðåçóëüòàò [129]:

Òåîðåìà 3.3.1. ×îòèðèâèìiðíi ïðîñòîðè Åéíøòåéíà V4, âiäìiííi âiä

ïðîñòîðiâ ñòaëî¨ êðèâèíè, íå äîçâîëÿþòü íåòðèâiàëüíi ãåîäåçè÷íi

âiäîáðàæåííÿ íà ïñåâäîðiìàíîâi ïðîñòîðè V̄4.
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Äîâåäåííÿ .

Äîâåäåííÿ ïðîâåäåìî ìåòîäîì âiä ïðîòèëåæíîãî. Íåõàé ÷îòèðèâèìiðíèé

ïðîñòið Åéíøòåéíà V4, âiäìiííèé âiä ïðîñòîðó ñòàëî¨ êðèâèíè, äîçâîëÿ¹

íåòðèâiàëüíå ãåîäåçè÷íå âiäîáðàæåííÿ íà ïñåâäîðiìàíiâ ïðîñòið V̄4.

Òîäi, çãiäíî ç òåîðåìîþ É. Ìiêåøà [157], V̄4 ¹, çà íåîáõiäíiñòþ, òàêîæ

ïðîñòîðîì Åéíøòåéíà, à äëÿ ñàìîãî Vn oñíîâíi ðiâíÿííÿ ãåîäåçè÷íèõ

âiäîáðàæåíü (3.1.28) çàïèøóòüñÿ òàê [36, 46, 49]:

(a) aij,k = λigjk + λjgik;

(b) λi,j = µgij +
R

12
aij; (3.3.2)

(c) µ,i =
R

6
λi.

Óìîâè iíòåãðîâàíîñòi ðiâíÿíü (3.3.2)(b) ìàþòü âèãëÿä

λαY
α
ijk = 0, (3.3.3)

äå

Y h
ijk

def
=Rh

ijk −
R

n(n− 1)
(δhkgij − δhj gik). (3.3.4)

Òåíçîð Y h
ijk � öå òåíçîð êîíöèðêóëÿðíî¨ êðèâèíè ïñåâäîðiìàíîâîãî

ïðîñòîðó Vn.
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Îñêiëüêè ïðîñòið V4 ìà¹ íåñòaëó êðèâèíó, òî éîãî òåíçîð êîíöèðêóëÿðíî¨

êðèâèíè íå äîðiâíþ¹ íóëþ.

Ïîòiì íà ïiäñòàâi äîñëiäæåíü ß.À. Ñõîóòåíà i Ä.Äæ. Ñòðîéêà [87, 130],

ùî äåòàëüíî îïèñàíi Î.Ç. Ïåòðîâèì [170, ñòîð. 261] ç óìîâ (3.2.3) ïðè n = 4

çðîáèìî âèñíîâîê ïðî içîòðîïíiñòü âåêòîðó λh.

Òîäi ç içîòðîïíîñòi âèòiêà¹, ùî R = 0. A, çíà÷èòü, äîñëiäæóâàíèé íàìè

ïðîñòið V4 ¹ Ði÷÷i ïëañêèì, òîáòî ìà¹ ìiñöå

Rij = 0. (3.3.5)

Óìîâè (3.3.2)(b) ñïðîùóþòüñÿ: λi,j = µgij. Içîòðîïíiñòü âåêòîðó λi òÿãíå

ðiâíiñòü íóëþ iíâàðiàíòà µ. Îòæå, âåêòîð λi � êîâàðiàíòíî ñòàëèé.

Òîäi óìîâè (3.3.3) íàáèðàþòü âèãëÿäó

λαR
α
ijk = 0. (3.3.6)

Âiäîìî [170], ùî â V4, â ÿêîìó iñíó¹ içîòðîïíèé êîâàðiàíòíî ñòàëèé

âåêòîð λh, ìîæíà âèáðàòè ñïåöiàëüíó ñèñòåìó êîîðäèíàò, â ÿêié

λh = δh1 ; gij(x) =


0 0 0 1

0 g22 g23 g24

0 g23 g33 g34

1 g24 g34 g44

 (3.3.7)

Ïîäàëüøi ìiðêóâàííÿ áóäåìî âåñòè â öié ñèñòåìi êîîðäèíàò. Ó öié

ñèñòåìi ìàòðèöÿ gij îáåðíåíà äî gij ìà¹ âèãëÿä:
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gij(x) =


g11 g12 g13 1

g12 g22 g23 0

g13 g23 g33 0

1 0 0 0

 (3.3.8)

Âðàõîâóþ÷è (3.3.6) i (3.3.7), îòðèìà¹ìî, ùî Rlijk = 0. Ïîòiì, ç (3.3.5) i

(3.3.8) ïðè i = 2, j = 4 i i = 3, j = 4, ìà¹ìî

g32R3242 + g33R3243 = 0;

(3.3.9)

g22R2342 + g23R2343 = 0.

Îñêiëüêè

gij(x) = det

(
g22 g23

g23 g33

)
/≡ 0,

òî ç (3.3.9) îòðèìà¹ìî

R3242 = R3243 = 0.

Êðiì òîãî, ç (3.3.5) ïðè i = j = 2; i = j = 3 òà j = 2; j = 3 áóäåìî ìàòè

g33R3223 = g22R2332 = g23R3232 = 0.

Ç îñòàííüîãî âèòiêà¹

162



R2332 = 0.

Ó ðåçóëüòàòi, ìè ïåðåêîíàëèñÿ, ùî âiäìiííèìè âiä íóëÿ êîìïîíåíòàìè

òåíçîðà Ðiìàíà (ç óðàõóâàííÿì âiäîìèõ òîòîæíîñòåé òåíçîðà Ðiìàíà)

ìîæóòü áóòè òiëüêè

R2442, R2443, R3443.

Òàêèì ÷èíîì, òåíçîð Ðiìàíà ÷îòèðèâèìiðíîãî ïðîñòîðó Åéíøòåéíà

ìîæå áóòè ïðåäñòàâëåíèé ó âèäi

Rhijk = ε(ξhλi − ξiλh)(ξjλk − ξkλj). (3.3.10)

Òóò λi
def
= λαgαi = g1i = δ4

i ; ξi � äåÿêèé íåêîëiíåàðíèé äî λi âåêòîð,

ε = ±1.

Âðàõîâóþ÷è (3.3.5), ç (3.3.10) âèòiêà¹, ùî

ξαξα = 0 òà ξαλ
α = 0. (3.3.11)

Êîâàðiàíòíî ïðîäèôåðåíöiþ¹ìî (3.3.10) ó íàïðÿìi xl ÷åðåç êîâàðiàíòíó

ñòàëiñòü âåêòîðó λi, ìà¹ìî:
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Rhijk,l = ε(ξh,rλi − ξi,lλh)(ξjλk − ξkλj)−

(3.3.12)

−ε(ξhλi − ξiλh)(ξj,lλk − ξk,lλj).

Âðàõîâóþ÷è òîòîæíiñòü Áiàíêi, ïðîöèêëþ¹ìî îñòàíí¹ çà iíäåêñàìè j, k, l

(λiξh,l − ξi,lλh)(ξjλk − ξkλj) +

+(λiξh,j − ξi,jλh)(ξkλl − ξlλk) + (3.3.13)

+(ξhλi − ξiλh)(ξj,lλk − ξk,lλj + ξk,jλi − ξl,jλk + ξl,kλj − ξj,kλl) = 0.

Ç öüîãî ñïiââiäíîøåííÿ âèäíî, ùî

ξh,l = ξhcl + dlλh + lhξl + fhλl, (3.3.14)

äå ci, di, li, fi - äåÿêi âåêòîðè.

Ïiäñòàâèâøè îñòàíí¹ â (3.3.13), îòðèìà¹ìî:

lj(ξlλk − ξkλl) + lk(ξjλl − ξlλj) + ll(ξkλj − ξjλk) = 0.

Òîäi
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li = αξi + βλi,

äå α, β � äåÿêi iíâàðiàíòè.

Òàêèì ÷èíîì, ôîðìóëó (3.3.14) ìîæíà ïåðåïèñàòè â íàñòóïíîìó âèäi:

ξh,l = ξhcl + lhdl + fhλl. (3.3.15)

Äèôåðåíöiþâàâøè (3.3.11), îòðèìà¹ìî

ξαξα,i = 0; λαξα,i = 0.

Çãîðòàþ÷è (3.3.15) ç ξh, à ïîòiì ç λh, ìàòèìåìî (3.3.16)

ξαfα = 0; ξαfα = 0. (3.3.16)

Íåõàé âåêòîð fi ëiíiéíî íå çàëåæèòü âiä âåêòîðiâ λi i ξi, òîäi â äåÿêié

òî÷öi x0 ìîæíà âèáðàòè ñèñòåìó êîîðäèíàò òàê, ùîá

λi = δi1; ξi = δi2; f i = δi3.

Àëå â öüîìó âèïàäêó, â ñèëó (3.3.16) i içîòðîïíîñòi âåêòîðiâ λi, ξi,

ìåòðèêà âèðîäæó¹òüñÿ. Îòðèìàíà ñóïåðå÷íiñòü îçíà÷à¹, ùî âåêòîð fi ìîæíà

ëiíiéíî âèðàçèòè ÷åðåç âåêòîðè λi òà ξi.

Ó òàêîìó âèïàäêó (3.3.15) íàáåðå ïðîñòiøîãî âèãëÿäó:
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εh,l = ξhcl + λhdl.

Ïiäñòàâèâøè îñòàíí¹ â (3.3.12) i âðàõîâóþ÷è (3.3.10), îòðèìà¹ìî, ùî

Rhijk,l = ϕlRhijk, (3.3.17)

òóò ϕl = 2εcl.

Îñòàííüîþ óìîâîþ õàðàêòåðèçóþòüñÿ ðåêóðåíòíi ïñåâäîðiìàíîâi

ïðîñòîðè, ÿêi, ÿê âiäîìî [86, 97, 179], äîçâîëÿþòü íåòðèâiàëüíi ãåîäåçè÷íi

âiäîáðàæåííÿ òiëüêè ó òîìó âèïàäêó, êîëè ¹ ïðîñòîðàìè ñòàëî¨ êðèâèíè. À

öå ñóïåðå÷èòü íàøîìó ïðèïóùåííþ.

Òàêèì ÷èíîì, òåîðåìó ïîâíiñòþ äîâåäåíî.

Â ðåçóëüòàòi íàìè âèäiëåíèé ùå îäèí êëàñ ïñåâäîðiìàíîâèõ ïðîñòîðiâ,

îäíîçíà÷íî âèçíà÷åíèõ âiäíîñíî íåòðèâiàëüíèõ ãåîäåçè÷íèõ âiäîáðàæåíü,

ÿêèìè ¹, íàïðèêëàä, ñèìåòðè÷íi, ðåêóðåíòíi, óçàãàëüíåíî ñèìåòðè÷íi i iíøi

ïðîñòîðè, äèâ. [29, 85, 92, 99, 101, 191, 192].

Ïîøèðþþ÷è ìåòîäè äîñëiäæåíü, ðîçðîáëåíi äëÿ âèâ÷åííÿ ãåîäåçè÷íèõ

âiäîáðàæåíü ÷îòèðèâèìiðíèõ ïðîñòîðiâ Åéíøòåéíà ñèãíàòóðè Ìiíêîâñüêîãî

íà Åéíøåéíîâi ïðîñòîðè âèùî¨ ðîçìiðíîñòi n > 4 Î.Ç. Ïåòðîâèì [170], ñòîð.

355 i 461, áóëà âèñëîâëåíà ãiïîòåçà:

Ïðîñòîðè Åéíøòåéíà Vn (n > 4) ñèãíàòóðè Ìiíêîâñüêîãî, âiäìiííi

âiä ïðîñòîðiâ ñòàëî¨ êðèâèíè, íå äîçâîëÿþòü íåòðèâiàëüíèõ ãåîäåçè÷íèõ

âiäîáðàæåíü íà ïðîñòîðè Åéíøòåéíà òi¹¨ æ ñèãíàòóðè.
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Ñïðîñòó¹ìî öþ ãiïîòåçó çà äîïîìîãîþ íàñòóïíîãî ïðèêëàäó.

Íåõàé Vn (n > 4) åêâiäèñòàíòíèé ïðîñòið Åéíøòåéíà ç íàñòóïíîþ

ìåòðèêîþ

ds2 = dx12

+ e2ϕ(x1)g̃αβ(x2, . . . , xn)dxαdxβ; α, β > 1.

Òóò g̃αβ � ìåòðè÷íèé òåíçîð ïðîñòîðó Åéíøòåéíà Ṽn−1, âiäìiííîãî âiä

ïðîñòîðó ñòàëî¨ êðèâèíè, ôóíêöiÿ ϕ(x1) çàäîâîëüíÿ¹ óìîâi

ϕ′ · ϕ′ = K + K̃e−2ϕ /≡ 0,

K, K̃ - êðèâèíè âiäïîâiäíî ïðîñòîðiâ Vn, Ṽn−1, K =
R

n(n− 1)
.

Êîíöèðêóëÿðíèé âåêòîð ξi, ÿêèé ïîðîäæó¹ åêâiäèñòàíòíèé ïðîñòið Vn,

â öié ñèñòåìi êîîðäèíàò ìà¹ âèä ξi = δ1
i .

Òàêèé ïñåâäîðiìàíiâ ïðîñòið Vn, ÿê âiäîìî [157, 178], äîçâîëÿ¹

íåòðèâiàëüíå ãåîäåçè÷íå âiäîáðàæåííÿ íà ïðîñòið V̄n, ÿêèé òàêîæ áóäå

åêâiäèñòàíòíèì ïðîñòîðîì Åéíøòåéíà.

Òåíçîð aij âèäó

aij = kgij + ξiξj,

äå k - äåÿêà ñòàëà òàêà, ùî |aij| /≡ 0, ¹ ðîçâ'ÿçêîì ñèñòåìè ðiâíÿíü òåîði¨

ãåîäåçè÷íèõ âiäîáðàæåíü. Òîäi åëåìåíòè îáåðíåíî¨ ìàòðèöi ḡij äî ìåòðè÷íîãî

òåíçîðó ḡij ðiìàíîâà ïðîñòîðó V̄n âèðàçÿòüñÿ òàê :
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ḡij = e−2ϕaαβg
αigβj.

Ïðè àíàëiçi ñèãíàòóð ìåòðèê äàíèõ ïðîñòîðiâ Vn i V̄n îáìåæèìîñÿ äåÿêîþ

òî÷êîþ x0 = (x1
0, x

2
0, . . . , x

n
0) ∈ Vn. Ñèñòåìó êîîðäèíàò â Ṽn−1 âèáåðåìî òàê,

ùîá

ḡij = diag(e2, e3, . . . , en),

äå ei = ±1.

Ïîçíà÷èìî ÷åðåç c = 2ϕ(x1
0) i q = 2ϕ(x0). Òîäi òåíçîðè gij, gij, aij, ḡij, ḡij

ìàþòü â òî÷öi x0 âèä:

gij = diag(1, ce2, ce3, . . . , cen),

gij = diag(1, c−1e2, c
−1e3, . . . , c

−1en),

aij = diag(1 + k, kce2, kce3, . . . , kcen),

ḡij = qdiag(1 + k, kce2, kce3, . . . , kcen),

ḡij = q−1diag((1 + k)−1, (kc)−1e2, (kc)−1e3, . . . , (kc)−1en).

Ç öèõ ôîðìóë âèòiêà¹, ùî ïðè
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e2 = e3 = . . . = en = −1, k > 0,

ìåòðèêè ïñåâäîðiìàíîâèõ ïðîñòîðiâ Vn òà V̄n ìàþòü ñèãíàòóðó Ìiíêîâñüêîãî.

Òàêèì ÷èíîì, íàâåäåíî ïðèêëàä ïðîñòîðiâ Åéíøòåéíà ñèãíàòóðè

Ìiíêîâñüêîãî, ÿêi çíàõîäÿòüñÿ â íåòðèâiàëüíié ãåîäåçè÷íié âiäïîâiäíîñòi.

Öå i ¹ êîíòðïðèêëàä ãiïîòåçi, âèñëîâëåíié Î.Ç. Ïåòðîâèì.

Â ÿêîñòi çàóâàæåííÿ âiäìiòèìî, ùî ïðè âiäïîâiäíîìó âèáîði êîåôiöi¹íòà

k, ãåîäåçè÷íî âiäïîâiäíi ïðîñòîðè Vn òà V̄n ìîæóòü ìàòè ðiçíi ñèãíàòóðè.

Â ÿêîñòi ïðèêëàäó ðîçãëÿíåìî ãåîäåçè÷íi âiäîáðàæåííÿ

ïñåâäîðiìàíîâîãî ïðîñòîðó V4, ÿêèé íàçèâàþòü ïðîñòîðîì Êàçíåðà [170].

ds2 = dt2 − t2p1dx2 − t2p2dy2 − t2p3dz2. (3.3.18)

Òóò p1, p2, p3 � öå òðè ÷èñëà, ÿêi çàäîâîëüíÿþòü óìîâi

p1 + p2 + p3 = 1, p2
1 + p2

2 + p2
3 = 1.

Òàêèé âèä ìåòðèêè âèíèê â ðåçóëüòàòi ïîøóêó ðîçâ'ÿçêó ðiâíÿííÿ ïîëÿ

äëÿ ïëàñêîãî ïðîñòîðó (âàêóóìíi ðîçâ'ÿçêè).

Îñêiëüêè ïðîñòið Êàçíåðà ¹ ïñåâäîðiìàíîâèì ïðîñòîðîì Åéíøòåéíà, òî

âií äîçâîëÿ¹ íåòðèâiàëüíi ãåîäåçè÷íi âiäîáðàæåííÿ ëèøå â âèïàäêó, êîëè ìà¹

ñòàëó êðèâèíó. Öå ìîæëèâî ëèøå êîëè

p1 = p2, à p3 = 1.
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Ðîçâ'ÿçóþ÷è ïðè öèõ óìîâàõ ñèñòåìó îñíîâíèõ ðiâíÿíü òåîði¨

ãåîäåçè÷íèõ âiäîáðàæåíü îòðèìà¹ìî äëÿ âåêòîða λi:

λi =



µ

n
t+ c1e

z + c2e
−z

µ

n
x+ c3

µ

n
y + c4

t(c1e
z − c2e

−z)

, ci = const, i = 1, 4.

Âðàõîâóþ÷è ãðàäi¹íòíiñòü âåêòîðà , ïåðåêîíà¹ìîñü, ùî

λ =
µ

2n
(t2 − x2 − y2)µ+ c3x+ c4y + t(c1e

z + c2e
−z) + C.

Âèêîðèñòîâóþ÷è çíàéäåíi ðîçâ'ÿçêè λi, çíàéäåìî çàãàëüíi ðîçâ'ÿçêè

ëiíiéíî¨ ôîðìè îñíîâíèõ ðiâíÿíü òåîði¨ ãåîäåçè÷íèõ âiäîáðàæåíü

a11 =
µ

n
t2 + 2t(c1e

z + c2e
−z) + c13e

2z + c14e
−2z + c5;

a12 = −µ
n
xt− x(c1e

z + c2e
−z) + c3t+ c8e

z + c9e
−z;

a13 = −µ
n
yt− y(c1e

z + c2e
−z) + c4t+ c11e

z + c12e
−z;
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a14 = (c1e
z − c2e

−z)t2 + (c13e
2z − c14e

−2z)t;

a22 =
µ

n
x2 − 2c3x+ c6;

a23 =
µ

n
xy − c4x− c3y + c7;

a24 = (−(c1e
z − c2e

−z)x+ c8e
z − c9e

−z) t;

a33 =
µ

n
y2 − 2c4y + c10;

a34 = (−(c1e
z − c2e

−z)y + c11e
z − c12e

−z) t;

a44 = (c13e
2z + c14e

−2z − c5)t
2, cj = const, j = 5, 14.

Òàêèì ÷èíîì, ïðîñòið Êàçíåðà äîçâîëÿ¹ íåòðèâiàëüíi ãåîäåçè÷íi

âiäîáðàæåííÿ â âèïàäêó, êîëè éîãî ìåòðèêà ìà¹ âèãëÿä

gij =


1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −t2

 (3.3.19)

Çàãàëüíèé ðîçâ'ÿçîê îñíîâíî¨ ñèñòåìè òåîði¨ ãåîäåçè÷íèõ âiäîáðàæåíü

çàëåæèòü âiä 15 ñóòò¹âèõ ïàðàìåòðiâ, òîáòî rÃÂ = 15.

Çíàéäåíi òåíçîðè aij, âåêòîðè λi òà iíâàðiàíò µ äîçâîëÿþòü îäíîçíà÷íî

çíàéòè ìåòðèêó ïðîñòîðó V̄n, ðåçóëüòàòó ãåîäåçè÷íîãî âiäîáðàæåííÿ òà ñàì

âåêòîð, ùî çàäà¹ öå âiäîáðàæåííÿ.
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3.4 Ãåîäåçè÷íi âiäîáðàæåííÿ ïñåâäîðiìàíîâèõ

ïðîñòîðiâ ç óìîâàìè íà òåíçîð Ðiìàíà

Ïñåâäîðiìàíiâ ïðîñòið Vn(n > 2) ç ìåòðè÷íèì òåíçîðîì gij íàçèâàþòü

ïðîñòîðîì êâàçiñòàëî¨ êðèâèçíè, ÿêùî éîãî òåíçîð Ðiìàíà Rh
ijk çàäîâîëüíÿ¹

óìîâàì:

Rhijk = α(ghjgik− ghkgij) + β(ψhψjgik−ψhψkgij +ψiψkghj −ψiψjghk), (3.4.1)

äå Rhijk = gαhR
α
ijk; α, β � äåÿêi iíâàðiàíòè, à ψi � îäèíè÷íèé âåêòîð

[123], [56].

Çãîðòàþ÷è (3.4.1), ïåðåêîíà¹ìîñÿ, ùî

Rij = −(α(n− 1) + β)gij − β(n− 2)ψiψj, (3.4.2)

òóò Rij = Rα
ijα � òåíçîð Ði÷÷i Vn.

Ç (3.4.2) äëÿ ñêàëÿðíî¨ êðèâèíè R = Rαβg
αβ, äå gji � åëåìåíòè çâîðîòíî¨

ìàòðèöi äî gij, îòðèìà¹ìî:

R = −n(α(n− 1) + β)− β(n− 2) (3.4.3)

i òîäi (3.4.2) íàáåðå âèãëÿäó

Rij =
R

n
gij +

β(n− 2)

n
gij − β(n− 2)ψiψj. (3.4.4)
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Ç îñòàííüîãî âèäíî, ùî äëÿ ïðîñòîðiâ Åéíøòåéíà, òîáòî ïðîñòîðiâ, â

ÿêèõ âèêîíóþòüñÿ óìîâèRij =
R

n
gij, iíâàðiàíò β � çà íåîáõiäíiñòþ íóëüîâèé,

i ïðîñòið êâàçiñòàëî¨ êðèâèíè áóäå ïðîñòîðîì ñòàëî¨ êðèâèíè. Òîìó, íàäàëi,

ðîçãëÿäàòèìåìî ïðîñòîðè âiäìiííi âiä ïðîñòîðiâ Åéíøòåéíà.

Óìîâè iíòåãðîâàíîñòi ðiâíÿíü (3.1.5) ìàþòü âèãëÿä:

aαiR
α
jkl + aαjR

α
ikl = λligjk + λljgik − λkjgil − λkigjl, (3.4.5)

äå λij = λi,j.

Öèêëþþ÷è îñòàíí¹ ïî iíäåêñàõ (i i l), îòðèìà¹ìî

aαiR
α
jkl + aαkR

α
jli + aαlR

α
jik = 0. (3.4.6)

Ç îñòàííüîãî ìàòèìåìî, çãîðòàþ÷è çi gij �

aαlR
α
h − aαkRα

l = 0. (3.4.7)

Ïiäñòàâëÿþ÷è â (3.4.7) óìîâó (3.4.2), ïåðåêîíà¹ìîñÿ, ùî ïðè β 6= 0

ψαaαi = ρψi, (3.4.8)

äå ρ � äåÿêèé iíâàðiàíò, à ψh = ψαg
αh.

Òàêèì ÷èíîì, äîâåäåíî

Òåîðåìà 3.4.1. ßêùî ïñåâäîðiìàíiâ ïðîñòið êâàçiñòàëî¨ êðèâèíè äîçâîëÿ¹

ãåîäåçè÷íå âiäîáðàæåííÿ, òî âåêòîð ψi çàäîâîëüíÿ¹ óìîâàì (3.4.8).

Äèôåðåíöiþþ÷è (3.4.8), ìàòèìåìî ç óðàõóâàííÿì (3.1.5),

ψαλαgij + λiψj + aαiψ
α
, j = ρ, jψi + ρψi, j. (3.4.9)
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Çãîðòàþ÷è (3.4.9) ç ψi, îòðèìà¹ìî

ρ, j = 2ψαλαψj (3.4.10)

i, îòæå,

Òåîðåìà 3.4.2. Äëÿ òîãî, ùîá âëàñíå ÷èñëî ρ, ùî âiäïîâiäà¹ âëàñíîìó

âåêòîðó ψα ìàòðèöi aij, áóëî ñòàëèì, íåîáõiäíî i äîñòàòíüî, ùîá âåêòîðè

ψh i λi áóëè îðòîãîíàëüíèìè.

Ðîçâ'ÿçîê ðiâíÿíü (3.1.5), ÿêèé çàäîâîëüíÿ¹ óìîâàì

aij = ugij + vRij, (3.4.11)

íàçèâàþòü êàíîíi÷íèì [183].

Äîâåäåìî òåîðåìó:

Òåîðåìà 3.4.3. Ó ïñåâäîðiìàíîâîìó ïðîñòîði êâàçiñòàëî¨ êðèâèíè íå iñíó¹

ðîçâ'ÿçêiâ ðiâíÿíü (3.1.5), âiäìiííèõ âiä êàíîíi÷íèõ.

Äîâåäåííÿ.

Óìîâè (3.4.5) ç óðàõóâàííÿì (3.4.1) i (3.4.8) íàáåðóòü âèãëÿäó:

β(ψjψlaik − ψjψkail + ψiψlajk − ψiψkajl) =

(3.4.12)

= Λligjk + Λljgik − Λkjgil − Λkigjl.

174



Òóò

Λli
def
= λli + αali + ρβψiψl. (3.4.13)

Çãîðòàþ÷è (3.4.13) ç gjk, îòðèìà¹ìî

aψiψl − ail = nΛli − Λgil, (3.4.14)

äå

a
def
= aαβg

αβ; Λ
def
= Λαβg

αβ.

×è, âèðàæàþ÷è Λli �

Λli =
Λ

n
gli +

βa

n
ψiψl −

β

n
ail. (3.4.15)

Ïðîàëüòåðíó¹ìî (3.4.12) çà iíäåêñàìè i i k

β(ψjψlaik − ψjψialk − ψiψkajl + ψlψkaji) =

(3.4.16)

= Λljgik − Λijglk − Λkigjl + Λklgji.

Ó îñòàííüîìó âçà¹ìíî ïåðåïîçíà÷èìî iíäåêñè j i l:

β(ψlψjaik − ψlψiajk − ψiψkajl + ψjψkali) =

(3.4.17)

= Λljgik − Λilgjk − Λkigjl + Λkjgli.

Ñêëàäàþ÷è (3.4.17) i (3.4.12), ìàòèìåìî:

β(ψjψlaik − ψiψkajl) = Λljgik − Λikgjl. (3.4.18)
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Ç óðàõóâàííÿì (3.4.15), (3.4.18) ìîæíà çàïèñàòè ó âèäi

ψjψl(naik − agik)− ψiψk(najl − agjl) = aikglj − aljgik. (3.4.19)

Çãîðíåìî (3.4.19) ç ψjψl, âðàõîâóþ÷è (3.4.8), îòðèìà¹ìî

(n− 1)aik = (a− ρ)gik + (nρ− a)ψiψj. (3.4.20)

Ç (3.4.20) i (3.4.2) ïåðåêîíà¹ìîñÿ â ñïðàâåäëèâîñòi òåîðåìè, ïðè÷îìó

u =
αβ − 2βρ+ aα− nαρ

β(n− 2)
, (3.4.21)

v =
a− nρ
β(n− 2)

. (3.4.22)

Ïðîñòîðè, ùî äîçâîëÿþòü òiëüêè êàíîíi÷íi ðîçâ'ÿçêè ðiâíÿíü (3.1.5),

ìàþòü ñòåïiíü ìîáiëüíîñòi âiäíîñíî ãåîäåçè÷íèõ âiäîáðàæåíü íå áiëüøå äâîõ.

Òîìó ìîæíà ñôîðìóëþâàòè

Íàñëiäîê 3.4.1. Ñòåïiíü ìîáiëüíîñòi âiäíîñíî ãåîäåçè÷íèõ âiäîáðàæåíü

ïðîñòîðiâ êâàçiñòàëî¨ êðèâèçíè íå áiëüøå äâîõ.

Äîìíîæóþ÷è (3.4.1) íà ψh i çãîðòàþ÷è ïî h, îòðèìà¹ìî

ψαR
α
ijk = (α + β)(ψjgik − ψkgij). (3.4.23)

Äiþ÷è àíàëîãi÷íî íà (3.4.5) i âðàõîâóþ÷è (3.4.23), ìàòèìåìî

(α + β)(ψjaik − ψαaαi gkj + ψiajk − ψαaαj gik) =

(3.4.24)

= ψαλαigjk + ψαλαjgik − λkiψj − λkjψi.
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Àëüòåðíóþ÷è çà iíäåêñàìè k i j, âçà¹ìíî ïåðåïîçíà÷èâøè iíäåêñè i i k i

äîäàþ÷è îòðèìàíå ç (3.4.24), ïåðåêîíà¹ìîñÿ â ñïðàâåäëèâîñòi ðiâíÿíü �

ψj((α + β)(aik − ρgik) + λik) = ψαλαjgik. (3.4.25)

Ç îñòàííüîãî îòðèìà¹ìî

λik = (ψαψβλαβ + ρ(α + β))gik − (α + β)aik. (3.4.26)

Òàêèì ÷èíîì, äîâåäåío òåîðåìy

Òåîðåìà 3.4.4. ßêùî ïñåâäîðiìàíiâ ïðîñòið Vn êâàçiñòàëî¨ êðèâèíè

äîçâîëÿ¹ íåòðèâiàëüíi ãåîäåçè÷íi âiäîáðàæåííÿ, òî Vn ¹ ïðîñòîðîì Vn(B),

ïðè÷îìó B = −(α + β).

Âðàõîâóþ÷è (3.4.26) i çàìiíè (3.1.9), (3.1.10), ìîæíà çàïèñàòè

B̄ḡij −Bgij = ϕij. (3.4.27)

Îñòàííÿ ôîðìóëà äà¹ ìîæëèâiñòü äîñëiäæóâàòè ìåòðè÷íi òåíçîðè

ïñåâäîðiìàíîâèõ ïðîñòîðiâ V̄n, ùî çíàõîäÿòüñÿ â ãåîäåçè÷íié âiäïîâiäíîñòi

ç ïðîñòîðîì êâàçiñòàëî¨ êðèâèíè.

Óìîâè iíòåãðóâàííÿ îñíîâíî¨ ñèñòåìè òåîði¨ ãåîäåçè÷íèõ âiäîáðàæåíü

äëÿ ïðîñòîðiâ Vn(B) ìàþòü âèãëÿä

aαiZ
α
jkl + aαjZ

α
ikl = 0, (3.4.28)

λαZ
α
ikl = 0. (3.4.29)
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Ðîçãëÿíåìî ïñåâäîðiìàíîâi ïðîñòîðè Vn, â ÿêèõ âèêîíó¹òüñÿ

óìîâà óçàãàëüíåíî¨ Ði÷÷i ðåêóðåíòíîñòi, àáî, ùî òå ñàìå, óçàãàëüíåíî¨

ãàðìîíi÷íîñòi �

Rα
ijk,α = Rij,k −Rik,j = ρkgij − ρjgik, (3.4.30)

äå ρi =
1

2(n− 1)
R,i.

Ìà¹ ìiñöå

Ëåìà 3.4.1. Ïñåâäîðiìàíîâi ïðîñòîðè Vn(B), B−const, ÿêi çàäîâîëüíÿþòü
(3.4.30), ïðè R /≡ const, äîçâîëÿþòü òiëüêè êàíîíi÷íi ðîçâ'ÿçêè ðiâíÿíü

(3.1.5).

Äîâåäåííÿ.

Íåõàé Vn íàëåæèòü äî êëàñó ïðîñòîðiâ Vn(B), òî òîäi â íüîìó ìàþòü

ìiñöå óìîâè (3.4.11) i (3.4.12). Êîâàðiàíòíî äèôåðåíöiþþ÷è óìîâè (3.4.11), ç

óðàõóâàííÿì òîãî, ùî B − const i (3.4.12), îòðèìà¹ìî:

aα(iR
α
j)kl,m + λ(iZj)mlk = 0, (3.4.31)

òóò Zij
def
=Zα

ijkgαh.

Çãîðòàþ÷è îñòàíí¹ çà iíäåêñàìè l òà m i âðàõîâóþ÷è òîòîæíiñòü Áiàíêi

i (3.4.30), áóäåìî ìàòè:

λ(iZj)k + ραaα(igj)k − ρ(iaj)k = 0, (3.4.32)
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äå ρi
def
=ραg

αi.

Ïðîàëüòåðíó¹ìî (3.4.32) çà iíäåêñàìè j òà k

λ[jZk]i + ραaα[jgk]i + ρ[kaj]i = 0, (3.4.33)

Ïîìiíÿ¹ìî â îòðèìàíîìó ìiñöÿìè iíäåêñè i òà k i, ñêëàäàþ÷è ç (3.4.32),

çíàõîäèìî

λjZik + ραaαjgik − ρjaik = 0. (3.4.34)

Ç (3.4.34), ëåãêî áà÷èòè, ùî Vn äîçâîëÿ¹ êàíîíi÷íi ðîçâ'ÿçêè ñèñòåìè

ðiâíÿíü (3.1.5).

Ùî i âèìàãàëîñÿ äîâåñòè.

Íàâåäåíà ëåìà äîçâîëÿ¹ äîâåñòè íàñòóïíó òåîðåìó:

Òåîðåìà 3.4.5. Ñòåïiíü ìîáiëüíîñòi âiäíîñíî ãåîäåçè÷íèõ âiäîáðàæåíü

ïñåâäîðiìàíîâèõ ïðîñòîðiâ Vn, ùî çàäîâîëüíÿþòü óìîâàì (3.4.30) ïðè ρi/≡0,

íå ïåðåâèùó¹ ÷èñëà äâà.

Äîâåäåííÿ.

Ïðîâåäåìî äîâåäåííÿ ìåòîäîì âiä ïðîòèëåæíîãî. Ïðèïóñòèìî, ùî

ïñåâäîðiìàíiâ ïðîñòið, ùî çàäîâîëüíÿ¹ óìîâàì (3.4.30) ïðè R,i/≡0 ìà¹ ñòåïiíü

ìîáiëüíîñòi âiäíîñíî ãåîäåçè÷íèõ âiäîáðàæåíü áiëüøå äâîõ.

Àëå òîäi, íà ïiäñòàâi òåîðåìè 3.1.1 âîíî ¹ ïðîñòîðîì Vn(B), B − const,
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i â ñèëó ëåìè 3.4.1 äîçâîëÿ¹ êàíîíi÷íèé ðîçâ'ÿçîê ðiâíÿíü (3.1.5). Ñòåïiíü

ìîáiëüíîñòi â öüîìó âèïàäêó ¹ íå áiëüøå äâîõ.

Îòðèìàíå ïðîòèði÷÷ÿ äîêàçó¹ ñïðàâåäëèâiñòü òåîðåìè.

ßêùî æ R− const, òî ðiâíÿííÿ (3.4.30) íàáyâàþòü âèãëÿäó:

Rα
ijk,α = Rij,k −Rik,j = 0. (3.4.35)

Òàêi ðiìàíîâi ïðîñòîðè íàçèâàþòü Ði÷÷i óçàãàëüíåíî ñèìåòðè÷íèìè àáî

ãàðìîíi÷íèìè, àáî íàëåæíèìè äî êëàñó Ω
2
. Ãåîäåçè÷íi âiäîáðàæåííÿ öèõ

ïðîñòîðiâ âèâ÷àâ B.C. Ñîá÷óê [184]. Ìåòîäîì àíàëîãi÷íèì âèêîðèñòàíîìó

ïðè äîâåäåííi ëåìè 3.4.1 ìîæíà ïåðåêîíàòèñÿ â ñïðàâåäëèâîñòi òåîðåìè:

Òåîðåìà 3.4.6. Íå iñíó¹ ïñåâäîðiìàíîâèõ ïðîñòîðiâ Vn(B), B − const,

âiäìiííèõ âiä ïðîñòîðiâ Åéíøòåéíà, ÿêi çàäîâîëüíÿþòü óìîâàì (3.4.35).

Êðiì òîãî, ìà¹ ìiñöå, â ñèëó òåîðåì 3.1.1 i 3.4.6, íàñëiäîê:

Íàñëiäîê 3.4.2. Ði÷÷i óçàãàëüíåíî ñèìåòðè÷íi ïñåâäîðiìàíîâi ïðîñòîðè,

âiäìiííi âiä ïðîñòîðiâ Åéíøòåéíà, ìàþòü ñòåïiíü ìîáiëüíîñòi âiäíîñíî

íåòðèâiàëüíèõ ãåîäåçè÷íèõ âiäîáðàæåíü íå áiëüøå äâîõ.
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3.5 Iíâàðiàíòíi âiäíîñíî ãåîäåçè÷íèõ âiäîáðàæåíü

îá'¹êòè ïñåâäîðiìàíîâèõ ïðîñòîðiâ

Îá'¹êò, îá÷èñëåíèé â ïñåâäîðiìàíîâîìó ïðîñòîði Vn, íàçèâàþòü

iíâàðiàíòíèì âiäíîñíî ãåîäåçè÷íèõ âiäîáðàæåíü, ÿêùî âií äîðiâíþ¹

àíàëîãi÷íîìó îá'¹êòó, îá÷èñëåíîìó â ïñåâäîðiìàíîâîìó ïðîñòîði V̄n, ïðè÷îìó

Vn äîçâîëÿ¹ ãåîäåçè÷íå âiäîáðàæåííÿ íà V̄n.

Iíâàðiàíòíèìè âiäíîñíî ãåîäåçè÷íèõ âiäîáðàæåíü ¹ äèôåðåíöiàëüíi

ïàðàìåòðè Òîìàñà

T̄ hij = T hij;

(3.5.1)

T hij = Γhij − 1
n−1(δhi Γαjα + δhj Γαiα)

òà òåíçîð Âåéëÿ

W̄ h
ijk = W h

ijk;

(3.5.2)

W h
ijk = Rh

ijk − 1
n−1(δhkRij − δhjRik).

Ïðè âiäîáðàæåíi ïñåâäîðiìàíîâèõ ïðîñòîðiâ Vn(B) iíâàðiàíòíèì áóäå

òåíçîð Zh
ijk òà Zij = Zα

ijα, òîáòî

Zh
ijk = Z̄h

ijk; Zij = Z̄ij. (3.5.3)

Îñòàííi óìîâè âèêîíóþòüñÿ çà íåîáõiäíiñòþ.
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Ðîçãëÿíåìî ïñåâäîðiìàíiâ ïðîñòið Vn, ÿêèé äîçâîëÿ¹ ãåîäåçè÷íi

âiäîáðàæåííÿ, ïðè ÿêèõ çáåðiãà¹òüñÿ òåíçîð Zh
ijk.

Òîäi äëÿ òåíçîðà äåôîðìàöi¨ òåíçîðà Ðiìàíà âèêîíóþòüñÿ óìîâè

R̄h
ijk −Rh

ijk = B̄(δhk ḡij − δhj ḡik)−B(δhkgij − δhj gik). (3.5.4)

Âðàõîâóþ÷è (3.1.3), îòðèìà¹ìî

ϕij = B̄ḡij −Bgij. (3.5.5)

Êîâàðiàíòíî äèôåðåíöiþþ÷è (3.1.10), ç óðàõóâàííÿì îñòàííüîãî, áóäåìî

ìàòè

λi,j = −e2ϕϕα,j ḡ
αβgβi + e2ϕϕαϕβ ḡ

αβgji +

(3.5.6)

+ e2ϕϕjϕαḡ
αβgβi

àáî, îñòàòî÷íî

λi,j = µgij +Baij, (3.5.7)

äå

µ = e2ϕ(ϕαϕβ ḡ
αβ −B). (3.5.8)

Î÷åâèäíî, ùî, âèêîðèñòîâóþ÷è òiæ ìiðêóâàííÿ ìîæíà äîâåñòè i çâîðîòíå.

Òàêèì ÷èíîì, ìà¹ ìiñöå òåîðåìà

Òåîðåìà 3.5.1. Äëÿ òîãî, ùîá ïðè ãåîäåçè÷íèõ âiäîáðàæåííÿõ

ïñåâäîðiìàíîâèõ ïðîñòîðiâ Vn çáåðiãàâñÿ òåíçîð Zh
ijk, íåîáõiäíî i

äîñòàòíüî, ùîá ïñåâäîðiìàíiâ ïðîñòið Vn áóâ ïðîñòîðîì Vn(B).
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Öÿ òåîðåìà äîçâîëÿ¹ ñôîðìóëþâàòè íàñëiäîê

Íàñëiäîê 3.5.1. ßêùî ïðè ãåîäåçè÷íèõ âiäîáðàæåííÿõ ïñåâäîðiìàíîâîãî

ïðîñòîðó çáåðiãà¹òüñÿ òåíçîð Ðiìàíà, êîíöèðêóëÿðíî¨ êðèâèíè, Ði÷÷i,

Åéíøòåéíà, åíåðãi¨-iìïóëüñó, Áðiíêìàíà, òî òàêèé ïðîñòið ¹ ïðîñòîðîì

Vn(B), ïðè÷îìó âèêîíóþòüñÿ óìîâè (3.5.8).

Òàêîæ, íåâàæêî ïîêàçàòè, ùî óìîâè çáåðiãàííÿ òåíçîðà Ðiìàíà òà

òåíçîðà Ði÷÷i åêâiâàëåíòíi. Òåæ ìà¹ ìiñöå i äëÿ òåíçîðà êîíöèðêóëÿðíî¨

êðèâèíè òà òåíçîðà Åéíøòåéíà.

Âèêîðèñòîâóþ÷è ðiâíÿííÿ (1.2.6) äëÿ ãåîäåçè÷íèõ âiäîáðàæåíü,

îòðèìà¹ìî

S
i1i2...ip
j1j2...jq;k − S

i1i2...ip
j1j2...jq,k

=

= δi1k ϕαS
αi2...ip
j1j2...jq

+ δi2k ϕαS
i1αi3...ip
j1j2 ... jq

+ . . .+ δ
ip
k ϕαS

i1i2...ip−1α
j1j2 ... jq

−

−ϕj1S
i1i2...ip
kj2...jq

− ϕj2S
i1i2...ip
j1k...jq

− . . .− ϕjqS
i1i2 ... ip
j1j2...jq−1k

+ (3.5.9)

+(p− q)ϕkS
i1i2...ip
j1j2...jq,k

,

(i1, . . . , ip; j1, . . . jq; k = 1, 2, . . . , n),

òóò “;“ òà
”
,“ � çíàê êîâàðiàíòíî¨ ïîõiäíî¨ â ïñåâäîðiìàíîâîìó ïðîñòîði V̄n

òà Vn âiäïîâiäíî.

Çãîðòàþ÷è (3.1.5), ïåðåêîíà¹ìîñü, ùî

Γ̄ββi − Γββi = (n+ 1)ϕi. (3.5.10)

Ïðè÷îìó çãîðòêè ñèìâîëiâ Õðèñòîôåëÿ çàäîâîëüíÿþòü ôîðìóëi Ôîñcà-

Âåéëÿ:
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Γββi = ∂kln
√
|g|. (3.5.11)

Âðàõîâóþ÷è (3.5.10), (3.5.9) çàïèøåìî â âèãëÿäi

S̄
i1i2...ip
j1j2...jqk

= S
i1i2...ip
j1j2...jqk

, (3.5.12)

äå

S
i1i2...ip
j1j2...jqk

= S
i1i2...ip
j1j2...jq,k

−

−(δi1k ΓββαS
αi2...ip
j1j2...jq

+ δi2k ΓββαS
i1αi3...ip
j1j2 ... jq

+ . . .+ δ
ip
k ΓββαS

i1i2...ip−1α
j1j2 ... jq

−

−Γββj1S
i1i2...ip
kj2...jq

− Γββj2S
i1i2...ip
j1k...jq

− . . .− ΓββjqS
i1i2 ... ip
j1j2...jq−1k

+ (3.5.13)

+(p− q)ΓββkS
i1i2...ip
j1j2...jq,k

)
1

n+ 1
,

(i1, . . . , ip; j1, . . . jq; k = 1, 2, . . . , n).

Òàêèì ÷èíîì, äîâåäåíî òåîðåìó:

Òåîðåìà 3.5.2. Ïðè ãåîäåçè÷íèõ âiäîáðàæåííÿõ ïñåâäîðiìàíîâèõ

ïðîñòîðiâ iíâàðiàíòíèì ¹ òåíçîð S
i1i2...ip
j1j2...jqk

, ùî âèçíà÷à¹òüñÿ ôîðìóëîþ

(3.5.13).

ßêùî òåíçîð S � íîñèòü âíóòðiøíié õàðàêòåð, òîáòî âèçíà÷à¹òüñÿ

÷åðåç îá'¹êòè, ïîáóäîâàíi iç ìåòðèêè, ùî iíâàðiàíòíi âiäíîñíî ãåîäåçè÷íèõ

âiäîáðàæåíü, òî öÿ òåîðåìà äîçâîëÿ¹ áóäóâàòè âíóòðiøíi iíâàðiàíòíi îá'¹êòè.

Çàïèøåìî ðiâíîñòi, ùî âèïëèâàþòü iç (3.5.9) äëÿ îñíîâíèõ

âíóòðiøíiõ îá'¹êòiâ ïñåâäîðiìàíîâèõ ïðîñòîðiâ, ùî ïîâ'ÿçàíi ãåîäåçè÷íèìè

âiäîáðàæåííÿìè.
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Äëÿ òåíçîðà Âåéëÿ �

W h
ijl;k −W h

ijl,k = δhkϕαW
α
ijl −

(3.5.14)

−ϕiW h
kjl − ϕjW h

ikl − ϕlW h
ijk − 2ϕkW

h
ijl.

Äèôåðåíöiþþ÷è (3.5.2), îòðèìà¹ìî ç óðàõóâàííÿì ïîïåðåäíüîãî �

W̄ h
ijl;k = W h

ijl,k + δhkϕαW
α
ijl −

(3.5.15)

−2ϕkW
h
ijl − ϕiW h

kjl − ϕjW h
ikl − ϕlW h

ijk.

Íåõàé çíà÷åííÿ êîâàðiàíòíèõ ïîõiäíèõ òåíçîðà Âåéëÿ â ãåîäåçè÷íî

âiäïîâiäíèõ ïðîñòîðàõ ñïiâïàäàþòü, òîáòî

W̄ h
ijl;k = W h

ijl,k. (3.5.16)

Òîäi ç (3.5.15) ïåðåêîíà¹ìîñü, ùî

ϕαW
α
ijl = ϕαR

α
ijl −

1

n− 1
(ϕlRij − ϕjRil) = 0, (3.5.17)

à (3.5.15) ïðèéìå âèãëÿä

2ϕkW
h
ijl + ϕiW

h
kjl + ϕjW

h
ikl + ϕlW

h
ijk = 0. (3.5.18)
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Ðiâíÿííÿ (3.5.17) ïðèâåäóòü äî

ϕi(λkj −
1

n− 1
aαjRαk) +

1

n− 1
Rkjϕαa

α
i = ϕαλαigjk. (3.5.19)

Ïîìíîæyþ÷è íà âåêòîð ξi òàêèé, ùî ϕαξα = 1, îòðèìà¹ìî

λkj −
1

n− 1
aαjRαk = − 2

τRjk+
1
τgjk, (3.5.20)

òóò
2
τ = ϕαa

α
βξ

β 1

n− 1
;

1
τ = ϕαλ

α
βξ

β.

Ïiäñòàâèìî, ãðóïóþ÷è, áóäåìî ìàòè

Rkj(
1

n− 1
ϕαa

α
i −

2
τϕi) = gjk(ϕ

αλαi−
1
τϕi). (3.5.21)

Çãîðíåìî ç gjk

(ϕαλαi−
1
τϕi) =

R

n
(

1

n− 1
ϕαa

α
i −

2
τϕi). (3.5.22)

Âðàõîâóþ÷è öå �

(Rkj −
R

n
gkj)(

1

n− 1
ϕαa

α
i −

2
τϕi) = 0. (3.5.23)

Òîáòî, àáî ïñåâäîðiìàíiâ ïðîñòið ¹ ïðîñòîðîì Åéíøòåéíà, àáî â íüîìó

âèêîíóþòüñÿ óìîâè
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 ϕαλαi =
1
τϕi

ϕαaαi = (n− 1)
2
τϕi

(3.5.24)

Íåõàé ïñåâäîðiìàíiâ ïðîñòið Vn ¹ ïðîñòîðîì Åéíøòåéíà, òîäi òåíçîð

Âåéëÿ äîðiâíþ¹ òåíçîðó êîíöèðêóëÿðíî¨ êðèâèíè i çàäîâîëüíÿ¹ óìîâi

gαhW
α
ijk + gαiW

α
hjk = 0. (3.5.25)

Îïóñòèìî iíäåêñ h â ðiâíÿííi (3.5.18) :

ïðîàëüòåðíó¹ìî �

ϕigαhW
α
kjl + ϕhgαiW

α
kjl = 0. (3.5.26)

Iç îñòàííüîãî îòðèìà¹ìî W h
ijk = 0, òîáòî Vn � ¹ ïðîñòîðîì ñòàëî¨ êðèâèíè.

Â ðåçóëüòàòi, ìîæåìî ñôîðìóëþâàòè òåîðåìó [137, 138, 144]

Òåîðåìà 3.5.3. ßêùî ïðè ãåîäåçè÷íîìó âiäîáðàæåíi ïñåâäîðiìàíîâîãî

ïðîñòîðó Vn çáåðiãà¹òüñÿ êîâàðiàíòíà ïîõiäíà òåíçîðà Âåéëÿ, òî öå àáî

ïðîñòið ñòàëî¨ êðèâèíè, àáî â íüîìó âèêîíóþòüñÿ óìîâè (3.5.24).

Ðîçãëÿíåìî ãåîäåçè÷íi âiäîáðàæåííÿ ìàéæå Åéíøòåéíîâèõ ïðîñòîðiâ,

òîáòî ïñåâäîðiìàíîâèõ ïðîñòîðiâ Vn(n > 2), â ÿêèõ âèêîíóþòüñÿ âèìîãè

Rij =
R

n
gij + UiUj, (3.5.27)

äå Ui � çà âèçíà÷åííÿì ãðàäi¹íòíèé âåêòîð, òîáòî

Ui = U,i = ∂iU. (3.5.28)
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Ç âèçíà÷åííÿ âèïëèâà¹, ùî âåêòîð Ui � çà íåîáõiäíiñòþ içîòðîïíèé

âåêòîð. Âðàõîâóþ÷è (3.5.27), ðiâíÿííÿ (3.4.7), ïðèéìóòü âèãëÿä

UlU
αaαi = UiaαlU

α. (3.5.29)

Iç îñòàííüîãî ìà¹ìî

Uαaαi = ρUi, (3.5.30)

äå ρ
def
=aαβU

αξβ, ξi � äåÿêèé âåêòîð, òàêèé, ùî Uαξα = 1.

Òàêèì ÷èíîì, íàìè äîâåäåíî

Òåîðåìà 3.5.4. ßêùî ìàéæå åéíøòåéíiâ Vn äîçâîëÿ¹ íåòðèâiàëüíi

ãåîäåçè÷íi âiäîáðàæåííÿ, òî âåêòîð Ui ¹ âëàñíèì âåêòîðîì ìàòðèöi

òåíçîðà aij.

Äîâåäåìî íàñòóïíó òåîðåìó

Òåîðåìà 3.5.5. ßêùî ìàéæå åéíøòåéíiâ Vn äîçâîëÿ¹ íåòðèâiàëüíi

ãåîäåçè÷íi âiäîáðàæåííÿ, òî âåêòîðè Ui òà λi âçà¹ìî îðòîãîíàëüíi, òîáòî

Uαλα = 0. (3.5.31)

Äîâåäåííÿ.
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Äèôåðåíöiþþ÷è (3.5.30) ç óðàõóâàííÿì (3.1.5), îòðèìà¹ìî

Uα
,jaαi + Uαλαgij + λiUj = ρ,jUi + ρUi, j. (3.5.32)

×åðåç içîòðîïíiñòü âåêòîðà Ui, äîìíîæyþ÷è (3.5.32) íà íüîãî i

çãîðòàþ÷è, áóäåìî ìàòè

2UαλαUi = 0, (3.5.33)

îñêiëüêè Ui íå íóëüîâèé âåêòîð, òî òåîðåìó äîâåäåíî.

Ïåðåéäåìî äî ðîçãëÿäó ïèòàííÿ ïðî íåòðèâiàëüíi ãåîäåçè÷íi

âiäîáðàæåííÿ ìàéæå åéíøòåéíîâèõ ïðîñòîðiâ ñòàëî¨ ñêàëÿðíî¨ êðèâèíè.

Äîâåäåìî íàñòóïíó òåîðåìó

Òåîðåìà 3.5.6. ßêùî ìàéæå åéíøòåéíiâ ïðîñòið ñòàëî¨ ñêàëÿðíî¨

êðèâèíè äîçâîëÿ¹ íåòðèâiàëüíi ãåîäåçè÷íi âiäîáðàæåííÿ, òî âåêòîð λi

çàäîâîëüíÿ¹ óìîâàì

λ α
αj, = τλj, (3.5.34)

òóò λ α
iα, = λ α

i,α = λi,αβg
αβ, à τ � äåÿêèé iíâàðiàíò.

Äîâåäåííÿ.
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Äèôåðåíöiþþ÷è (3.4.5), ç óðàõóâàííÿì (3.1.5), îòðèìà¹ìî

λαR
α
jklgim + λiRmjkl + λαR

α
iklgjm +

+λjRmikl + aαiR
α
jkl,m + aαjR

α
ikl,m = (3.5.35)

= λli,mgjk + λlj,mgik − λki,mgjl − λkj,mgil.

Çãîðòàþ÷è îñòàíí¹ ïî l òà m, áóäåìî ìàòè

λαR
α
jki + λαR

α
ikj + λiRjk + λjRik +

+aαi R
β
kjα,β + aαjR

β
kiα,β = (3.5.36)

= λ α
αi, gjk + λ α

αj, gik − λki,j − λkj,i.

Âðàõîâóþ÷è, ùî Rα
ijk,α = Rij,k −Rik,j òà (3.5.27), îòðèìà¹ìî
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λαR
α
jki + λαR

α
ikj + λiRjk + λjRik +

+Uj(ρkUi + ρUi,k − λiUk)− ρUiUk,j +

(3.5.37)

+Ui(ρkUj + ρUj,k − λjUk)− ρUjUk,i =

= λ α
αi, gjk + λ α

αj, gik − λki,j − λkj,i.

Àáî, ùî òåæ ñàìå,

λαR
α
jki + λαR

α
ikj + λiRjk + λjRik +

+Uj(ρkUi − λiUk) + Ui(ρkUj − λjUk) = (3.5.38)

= λ α
αi, gjk + λ α

αj, gik − λki,j − λkj,i.

Àëüòåðíóþ÷è îñòàíí¹ ïî j, k, áóäåìî ìàòü

4λαR
α
ikj +

+2UjUiρk − 2UiUkρj + R
n (λjgik − λkgji) = (3.5.39)

= λ α
αj, gik − λ α

αk, gij.
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Äîìíîæèìî (3.5.39) íà λi òà çãîðíåìî ïî i, îòðèìà¹ìî

λ α
αj, λk − λ α

αk, λj = 0. (3.5.40)

Ç öüîãî âèïëèâà¹ (3.5.34), äå τ � äåÿêèé iíâàðiàíò, òàêèé ùî

τ = λ α
βα, η

β; à ηi � âåêòîð, ÿêèé çàäîâîëüíÿ¹ óìîâi λαηα = 1.

Òàêèì ÷èíîì, òåîðåìó äîâåäåíî.

Âðàõîâóþ÷è (3.5.34), ðiâíÿííÿ (3.5.39) ïðèéìå âèä

4λαR
α
ikj + 2UjUiρk − 2UiUkρj +

(3.5.41)

+(
R

n
− τ)(λjgik − λkgij) = 0.

Äîìíîæóþ÷è (3.4.5) íà λl, òà çãîðòàþ÷è ïî l ç óðàõóâàííÿì (3.5.41),

îòðèìà¹ìî

2aαi ραUkUj − 2ρρjUkUi + (
R

n
− τ)(λjaik − λαaαi gjk) +

+2aαj ραUkUi − 2ρρiUkUj + (
R

n
− τ)(λiajk − λαaαj gik) = (3.5.42)

= 4λαλαigjk + 4λαλαjgik − 4λkiλj − 4λkjλi.

Ïðîàëüòåðíó¹ìî îñòàíí¹ ïî j òà k, â îòðèìàíîìó âèðàçi ïîìiíÿ¹ìî

ìiñöÿìè iíäåêñè i←→ k òà ñêëàäåìî ðåçóëüòàò ç (3.5.42). Áóäåìî ìàòè
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2(aαi ρα − ρρi)UkUj + λi((
R

n
− τ)ajk + 4λkj) =

(3.5.43)

= (4λαλαi + (
R

n
− τ)λαa

α
i )gjk.

Çãîðòà¹ìî ç gjk, òîäi

4λαλαi + (
R

n
− τ)λαa

α
i = 4µλi, (3.5.44)

äå

4µ =
1

n
((
R

n
− τ)aαβ + 4λαβ)gαβ. (3.5.45)

Âðàõîâóþ÷è öå, (3.5.43) çàïèøåìî â âèãëÿäi

2(aαi ρα − ρρi)UkUj +

(3.5.46)

+λi((
R

n
− τ)ajk + 4λkj − 4µ gkj) = 0.

Çãîðòàþ÷è îñòàíí¹ ç ηi, îòðèìà¹ìî

(
R

n
− τ)ajk + 4λkj − 4µ gkj − 4

1
c UkUj = 0. (3.5.47)

Òóò
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2(aαβρα − ρρβ)ηβ
def
= − 4

1
c. (3.5.48)

Íåâàæêî ïåðåêîíàòèñü, ùî

τ =
R(n+ 3)

n(n− 1)
. (3.5.49)

I òîäi (3.5.47) ïðèéìå îñòàòî÷íèé âèãëÿä

λkj = µgkj +
R

n(n− 1)
akj+

1
c UkUj. (3.5.50)

Äèôåðåíöiþþ÷è (3.5.50), áóäåìî ìàòè

λi,jk = µ,kgij +
R

n(n− 1)
(λigjk + λjgik) +

(3.5.51)

+
1
c,k UiUj+

1
c Ui,kUj+

1
c UiUj,k.

Çãîðòàþ÷è ïî i, j �

gαβλα,βk = nµ,k +
2R

n(n− 1)
λk. (3.5.52)

Âèêîðèñòîâóþ÷è òîòîæíiñòü Ði÷÷i äëÿ ìàéæå åéíøòåéíîâèõ ïðîñòîðiâ

gαβ(λα,βk − λα,kβ) =
R

n
λk, (3.5.53)
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òîäi îòðèìà¹ìî

µ,i =
2R

n(n− 1)
λi (3.5.54)

Òàêèì ÷èíîì, ìà¹ ìiñöå òåîðåìà

Òåîðåìà 3.5.7. ßêùî ìàéæå åéíøòåéíiâ ïðîñòið Vn ñòàëî¨ ñêàëÿðíî¨

êðèâèíè äîçâîëÿ¹ íåòðèâiàëüíi ãåîäåçè÷íi âiäîáðàæåííÿ, òî â íüîìó

âèêîíóþòüñÿ óìîâè (3.5.50), (3.5.54).

Íàìè çíàéäåíî âèä ñèñòåìè îñíîâíèõ ðiâíÿíü äëÿ ãåîäåçè÷íèõ

âiäîáðàæåíü ìàéæå åéíøòåéíîâèõ ïðîñòîðiâ.

3.6 Ïðî ãåîäåçè÷íi âiäîáðàæåííÿ ðiìàíîâèõ ïðîñòîðiâ

Vn(B)
”
â öiëîìó“

Ó öüîìó ïàðàãðàôi ìè âèâ÷èìî ïèòàííÿ ïðî iñíóâàííÿ
”
â öiëîìó

”
ðiìàíîâèõ ïðîñòîðiâ Vn(B), B − const, çi çíàêîâèçíà÷åíîþ ìåòðèêîþ. Ïðè

ðîçãëÿäàííi
”
â öiëîìó

”
ââàæà¹ìî, ùî ïðîñòið çâ'ÿçíèé [5, 34].

Çàóâàæèìî, ùî íå iñíó¹ êîìïàêòíèõ ïðîñòîðiâ Vn(B), B = 0. Öå

âèòiêà¹ äëÿ ïðîñòîðiâ çi çíàêîâèçíà÷åíîþ ìåòðèêîþ ç ðåçóëüòàòiâ [104] i äëÿ

ïðîñòîðiâ çi çíàêîíåâèçíà÷åíîþ ìåòðèêîþ ç [82, 162, 188].

Òîìó ìè îáìåæèìîñÿ äîñëiäæåííÿì ïðîñòîðó Vn(B), B = const 6= 0.

Íàãàäà¹ìî, ùî íà ïiäñòàâi òåîðåìè 3.2.3, âåêòîð λi, ùî áåðå ó÷àñòü â

ðiâíÿííÿõ (3.1.28), ¹ íåiçîòðîïíèì.

Ìà¹ ìiñöå òåîðåìà:
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Òåîðåìà 3.6.1. Íå iñíó¹ êîìïàêòíèõ îði¹íòîâàíèõ ïðîñòîðiâ

Vn(B), B − const, äëÿ ÿêèõ

Bλαλ
α ≥ 0. (3.6.1)

Äîâåäåííÿ.

Ïðèïóñòèìî ïðîòèëåæíå. Íåõàé iñíóþòü Vn(B), ÿêi çàäîâîëüíÿþòü

óìîâàì òåîðåìè.

×åðåç ñêàçàíå âèùå, ìîæåìî ââàæàòè, ùî B 6= 0. I òîäi íà ïiäñòàâi

òåîðåìè 3.2.3 âèòiêà¹: λαλα 6= 0.

Çãîðíåìî ëiíiéíó ôîðìó îñíîâíèõ ðiâíÿíü òåîði¨ ãåîäåçè÷íèõ

âiäîáðàæåíü ç gij. Îòðèìà¹ìî

(aαβg
αβ),i = 2λ, i.

Òîìó

aαβg
αβ = 2λ+ c, (3.6.2)

äå c - ñòaëà.

Ïîòiì çãîðíåìî (3.2.11) ç gij, âðàõîâóþ÷è (3.6.2), ìà¹ìî

λα,α = nµ+B(2λ+ c), (3.6.3)

òóò λi
def
= giαλ,α.

Ââåäåìî â ðîçãëÿä âåêòîð
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ϕi
def
= (nµ+B(2λ+ c))λi, (3.6.4)

äèâåðãåíöiÿ öüîãî âåêòîðó äîðiâíþ¹:

ϕα,α = (nµ+B(2λ+ c))λα,α + (nµ,αλ
α + 2Bλαλα).

Âðàõîâóþ÷è, ùî µ,αλα = 2Bλαλα i (3.6.3), ìàòèìåìî

ϕα,α = (nµ+B(2λ+ c))2 + 2(n+ 1)Bλαλα. (3.6.5)

Îñêiëüêè â îði¹íòîâàíèõ êîìïàêòíèõ ïðîñòîðàõ [55]

∫
Vn

ϕα,αdv = 0. (3.6.6)

Âðàõîâóþ÷è íåâiä'¹ìíiñòü âèðàçó (3.6.5) ïðè âèêîíàííi óìîâ òåîðåìè,

ðiâíiñòü (3.6.6) âèêîíó¹òüñÿ òiëüêè äëÿ Bλαλα = 0 â êîæíié òî÷öi, à öå

ñóïåðå÷èòü ïðèïóùåííþ, ùî B 6= 0 i λαλα 6= 0. Òåîðåìy äîâåäåío.

Ç òåîðåìè 3.6.1, î÷åâèäíî, âèòiêà¹ íàñëiäîê

Íàñëiäîê 3.6.1. Íå iñíó¹ êîìïàêòíèõ îði¹íòîâàíèõ ðiìàíîâèõ ïðîñòîðiâ

Vn(B), B = const ≥ 0.

Ç öi¹¨ òåîðåìè òàêîæ âèïëèâà¹ íàñòóïíà ëåìà:
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Ëåìà 3.6.1. Äëÿ ïðîñòîðiâ Vn(B), B − const, óìîâà (3.6.1) åêâiâàëåíòíà

λαλβRαβ ≥ 0. (3.6.7)

Äîâåäåííÿ.

Óìîâà iíòåãðîâàíîñòi ðiâíÿíü (3.2.11) ìà¹ âèãëÿä:

λαR
α
ijk = B(λkgij − λjgik).

Çãîðòàþ÷è éîãî ç λkgij, îòðèìà¹ìî:

(n− 1)Bλαλ
α = λαλβRαβ.

Ç îñòàííüîãî âèòiêà¹ ñïðàâåäëèâiñòü ëåìè, äiéñíî, λαλβRαβ ≥ 0

åêâiâàëåíòíî Bλαλα ≥ 0. Îñêiëüêè äëÿ B = 0 íàñëiäîê ñïðàâåäëèâèé, òî

ðîçãëÿíåìî B 6= 0, àëå òîäi λαλα 6= 0 i, òàêèì ÷èíîì, Bλαλα > 0. Ùî é

òðåáà áóëî äîâåñòè.

Íà ïiäñòàâi ëåìè 3.6.1 ç òåîðåìè 3.6.1 áåçïîñåðåäíiì ÷èíîì âèïëèâà¹

ñïðàâåäëèâiñòü íàñòóïíî¨ òåîðåìè :

Òåîðåìà 3.6.2. Íå iñíó¹ êîìïàêòíèõ îði¹íòîâàíèõ ïðîñòîðiâ

Vn(B), B − const, ôîðìà òåíçîðà Ði÷÷i ÿêèõ íåâiä'¹ìíà.

Äîâåäåíå óçàãàëüíþ¹ ðåçóëüòàòè [68, 69], ïðî ãåîäåçè÷íi âiäîáðàæåííÿ

”
â öiëîìó

”
ïðîñòîðiâ Åéíøòåéíà i ïðîñòîðiâ ñòàëî¨ êðèâèíè. Î÷åâèäíî, ùî

îòðèìàíi ðåçóëüòàòè ìîæíà ðîçïîâñþäèòè i íà ðÿä iíøèõ ïñåâäîðiìàíîâèõ

ïðîñòîðiâ, â ÿêèõ ìà¹ ìiñöå òåîðåìà Ãðiíà, äèâ. íàïðèêëàä, [68, 71, 72, 182].
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Ðîçãëÿíåìî êîìïàêòíi ðiìàíîâè ïðîñòîðè Vn(B), B − const, áåç âèìîãè
îði¹íòîâàíîñòi. Äîâåäåìî íàñòóïíó òåîðåìó:

Òåîðåìà 3.6.3. Êîìïàêòíi ðiìàíîâi ïðîñòîðè Vn(B), B − const, íå

äîçâîëÿþòü íåòðèâiàëüíi ãåîäåçè÷íi âiäîáðàæåííÿ íà ïðîñòîðè V̄n,

ìåòðèêà ḡij ÿêèõ ìà¹ âiäìiííó ñèãíàòóðó âiä ñèãíàòóðè ìåòðèêè gij, çà

óìîâè, ùî ìåòðè÷íi òåíçîðè â óñiõ âiäïîâiäíèõ òî÷êàõ Vn i V̄n îäíî÷àñíî

çâîäÿòüñÿ äî äiàãîíàëüíîãî âèäó.

Äîâåäåííÿ.

ßê áóëî ñêàçàíî â ðîçäiëi 3.1, ïðîñòið Vn(B) i V̄n çíàõîäèòüñÿ â

ãåîäåçè÷íié âiäïîâiäíîñòi òîäi i òiëüêè òîäi, êîëè ìà¹ ìiñöå ðiâíÿííÿ (3.1.2)

i âåêòîð ϕi çàäîâîëüíÿ¹ óìîâi

ϕ,ij = ψiψj + B̄ḡij −Bgij. (3.6.8)

Íåâàæêî ïåðåêîíàòèñü, ùî ÿêùî B ¹ ñòàëîþ, òî òîäi i B̄ � ñòàëà.

Äëÿ âèçíà÷åíîñòi ââàæàòèìåìî B > 0. Ïðèïóñòèìî, ùî gij(x) i ḡij(x) â

òî÷öi ïðèâîäÿòüñÿ îäíî÷àñíî äî äiàãîíàëüíîãî âèäó

gij = diag(g11, g22, . . . , gnn) i ḡij = diag(ḡ11, ḡ22, . . . , ḡnn).

Âèìîãà íåñïiâïàäàííÿ ñèãíàòóð ìåòðèê öèõ ïðîñòîðiâ ðiâíîñèëüíà òîìó,

ùî, íàïðèêëàä, ḡ11, ḡ22 > 0 i g11 > 0, g22 < 0.

Ïîáóäó¹ìî ïîçèòèâíî âèçíà÷åíó ôîðìó Aαβxαxβ òàêó, ùî
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Aij(B̄ḡij −Bgij) > 0. (3.6.9)

Êîåôiöi¹íòè öi¹¨ ôîðìè øóêàòèìåìî â íàñòóïíîìó âèäi

Aij = diag(A11, A22, . . . , Ann), Aii > 0.

Òîäi íåðiâíiñòü (3.6.9) çàïèøåòüñÿ òàê

A11(B̄ḡ11 −Bg11) + . . . + Ann(B̄ḡnn −Bgnn) > 0. (3.6.10)

Î÷åâèäíî, ùî çàëåæíî âiä çíàêó ñòàëî¨ B̄

B̄ḡ11 −Bg11 > 0 àáî B̄ḡ22 −Bg22 > 0. (3.6.11)

Ç (3.6.10) i (3.6.11) ëåãêî áà÷èòè, ùî ìîæíà ïîáóäóâàòè ìàòðèöþ Aij, ùî

çàäîâîëüíÿ¹ óìîâàì (3.6.9).

Òîäi, çãîðòàþ÷è (3.6.8) ç Aij, âðàõîâóþ÷è (3.6.9), ìà¹ìî

Aijϕ,ij − Aijϕ,iϕ,j = (B̄ḡij −Bgij)Aij > 0. (3.6.12)

×åðåç êîìïàêòíiñòü Vn iñíó¹ òî÷êà x0 ∈ Vn, â ÿêié ôóíêöiÿ ϕ(x) äîñÿãà¹

ìiíiìóìó. Ó öié òî÷öi, î÷åâèäíî

Aαβϕ,αβ ≤ 0 òà ϕ,i = 0. (3.6.13)
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Òàêèì ÷èíîì, îòðèìàíî âèðàç, ùî çàïåðå÷ó¹ íåðiâíiñòü (3.6.12).

Àíàëîãi÷íèì ÷èíîì ðîçãëÿäà¹òüñÿ âèïàäîê, êîëè ḡ11 · ḡ22 < 0 i

g11 · g22 > 0. Òåîðåìy äîâåäåío.

Âiäîìî, ùî äâi êâàäðàòè÷íi ôîðìè, îäíà ç ÿêèõ çíàêîâèçíà÷åíà, ìîæíà

îäíî÷àñíî ïðèâåñòè äî äiàãîíàëüíîãî âèäó. Òîìó áåçïîñåðåäíüî ç òåîðåìè

3.6.3 âèïëèâà¹

Òåîðåìà 3.6.4. Êîìïàêòíi âëàñíå ðiìàíîâi ïðîñòîðè Vn(B), B − const, íå
äîçâîëÿþòü íåòðèâiàëüíi ãåîäåçè÷íi âiäîáðàæåííÿ íà ïñåâäîðiìàíîâi Vn ”

â

öiëîìó
”
.

Çàóâàæèìî, ùî òåîðåìè 3.6.3 i 3.6.4 ìîæóòü áóòè ñôîðìóëüîâàíi äëÿ

ïðîñòîðiâ Åéíøòåéíà i ïðîñòîðiâ ñòàëî¨ êðèâèíè, òîìó ùî âîíè ïðè

ãåîäåçè÷íîìó âiäîáðàæåííi ¹ ïðîñòîðàìè Vn(B), B = const.

Ïîìiòèìî, ùî ç (3.1.4) âèïëèâà¹

ϕ,ij = ϕiϕj +
1

n− 1
R̄ij −

1

n− 1
Rij. (3.6.14)

Ôîðìóëè (3.6.8) i (3.6.14) àíàëîãi÷íi. Òîìó, ïîäiáíèì ÷èíîì, ÿê äëÿ

òåîðåìè 3.6.3, ìîæíà ïåðåêîíàòèñÿ â ñïðàâåäëèâîñòi íàñòóïíî¨ òåîðåìè :

Òåîðåìà 3.6.5. Êîìïàêòíi ðiìàíîâi ïðîñòîðè Vn íå äîçâîëÿþòü

íåòðèâiàëüíi ãåîäåçè÷íi âiäîáðàæåííÿ íà ðiìàíîâi ïðîñòîðè V̄n, ôîðìà

Ði÷÷i R̄ij ÿêèõ ìà¹ âiäìiííó ñèãíàòóðó âiä ñèãíàòóðè ôîðìè Ði÷÷i Rij,

çà óìîâè, ùî ôîðìè Ði÷÷i â óñiõ âiäïîâiäíèõ òî÷êàõ Vn i V̄n îäíî÷àñíî

ïðèâîäÿòüñÿ äî äiàãîíàëüíîãî âèäó i ¨õ ðàíã íå íèæ÷å äâîõ.

201



Íàãàäà¹ìî, ùî C. Taíío äîâiâ [91], ÿêùî â ïîâíîìó çâ'ÿçíîìó ðiìàíîâîìó

ïðîñòîði Vn iñíó¹ ãðàäi¹íòíå âåêòîðíå ïîëå fi, ùî çàäîâîëüíÿ¹ óìîâi

f,ijk = A(2f,kgij + f,igjk + f,jgik), (3.6.15)

äå f,i = ∂if , A� äåÿêà âiä'¹ìíà ñòàëà, òî òîäi Vn ¹ ïðîñòîðîì ñòàëî¨ êðèâèíè.

Âðàõîâóþ÷è öå, òåîðåìó 3.2.5 òà ëåìó 3.6.1, ñôîðìóëþ¹ìî íàñòóïíi

òåîðåìè [42]:

Òåîðåìà 3.6.6. Íå iñíó¹ ïîâíèõ çâ'ÿçíèõ ðiìàíîâèõ ïðîñòîðiâ Vn(B),

B = const < 0, âiäìiííèõ âiä ïðîñòîðiâ ñòàëî¨ êðèâèíè.

Òåîðåìà 3.6.7. Íå iñíó¹ ïîâíèõ çâ'ÿçíèõ ç ïîçèòèâíî âèçíà÷åíîþ ôîðìîþ

Ði÷÷i ðiìàíîâèõ ïðîñòîðiâ Vn(B), B−const, âiäìiííèõ âiä ïðîñòîðiâ ñòàëî¨
êðèâèíè.

Âiäìiòèìî, ùî ïðèêëàä ïñåâäîðiìàíîâîãî ïðîñòîðó Vn(B), B = const,

”
â öiëîìó

”
ïîáóäîâàío É. Ìiêåøåì [76].
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Âèñíîâêè ç ðîçäiëó 3

Â òðåòüîìó ðîçäiëi ðîçãëÿíóòi ãåîäåçè÷íi âiäîáðàæåííÿ ñïåöiàëüíèõ

ïñåâäîðiìàíîâèõ ïðîñòîðiâ. Îñîáëèâó óâàãó ïðèäiëåíî âèâ÷åííþ ñïåöiàëüíèõ

ãåîäåçè÷íèõ âiäîáðàæåíü, ïðè ÿêèõ òåíçîð ϕij
def
= ϕi,j − ϕiϕj , óòâîðåíèé

âåêòîðîì, ùî çàäà¹ äàíå âiäîáðàæåííÿ, ¹ ëiíiéíîþ êîìáiíàöi¹þ ìåòðè÷íèõ

òåíçîðiâ ãåîäåçè÷íî âiäïîâiäíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ, òîáòî

B̄ḡij −Bgij = ϕij.

Çíàéäåíî îñîáëèâiñòü òàêîãî òèïó âiäîáðàæåíü, à ñàìå, ÿêùî òàêå

âiäîáðàæåííÿ äîçâîëÿ¹ çàäàíèé ïðîñòið Vn, òî âií íå äîçâîëÿ¹ íiÿêèõ iíøèõ

âiäîáðàæåíü.

À ïðîñòîðè, ùî íàëåæàòü äî éîãî ãåîäåçè÷íîãî êëàñó òàêîæ äîçâîëÿþòü

ëèøå ãåîäåçè÷íi âiäîáðàæåííÿ ç óìîâîþ, âêàçàíîþ âèùå.

Äîâåäåíî, ùî äî òàêèõ ïðîñòîðiâ íàëåæàòü âñi ïñåâäîðiìàíîâi ïðîñòîðè,

ñòeïiíü ìîáiëüíîñòi ÿêèõ áiëüøå äâîõ. Âèâ÷åíî äåÿêi ¨õ ãåîìåòðè÷íi

âëàñòèâîñòi.

Òàêi ïðîñòîðè íàçèâàþòü ïñåâäîðiìàíîâèìè ïðîñòîðàìè Vn(B). Äî íèõ

íàëåæàòü âñi ïðîñòîðè Åéíøòåéíà, ùî äîçâîëÿþòü íåòðèâiàëüíi ãåîäåçè÷íi

âiäîáðàæåííÿ.

Ñïèðàþ÷èñü íà öå, äîâåäåíî, ùî ÷îòèðüîõâèìiðíi ïðîñòîðè Åéíøòåéíà,

âiäìiííi âiä ïðîñòîðiâ ñòàëî¨ êðèâèíè, íå äîçâîëÿþòü íåòðèâiàëüíèõ

ãåîäåçè÷íèõ âiäîáðàæåíü. ßêùî ðîçìiðíiñòü ïðîñòîðó Åéíøòåéíà áiëüøå

÷îòèðüîõ, òî iñíóþòü òàêi ïðîñòîðè, âiäìiííi âiä ïðîñòîðiâ ñòàëî¨ êðèâèíè,
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ùî äîçâîëÿþòü íåòðèâiàëüíi ãåîäåçè÷íi âiäîáðàæåííÿ. Íàâåäåíî ïðèêëàä

òàêèõ ïðîñòîðiâ, íà ÿêîìó ïîêàçàíî, ùî ñèãíàòóðà ïðîñòîðó íå âïëèâà¹

íà éîãî âëàñòèâiñòü äîçâîëÿòè ÷è íå äîçâîëÿòè ãåîäåçè÷íi âiäîáðàæåííÿ.

Òàêîæ, äëÿ ïðèêëàäó, äîñëiäæåíî ãåîäåçè÷íi âiäîáðàæåííÿ ïðîñòîðiâ

Êàçíåðà.

Ïîòiì âèâ÷åíi ãåîäåçè÷íi âiäîáðàæåííÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ ç

àëãåáðà¨÷íèìè óìîâàìè íà òåíçîð Ðiìàíà. Äîâåäåíî, ùî ïðîñòîðè êâàçiñòàëî¨

êðèâèíè, ÿêi äîçâîëÿþòü íåòðèâiàëüíi ãåîäåçè÷íi âiäîáðàæåííÿ, õî÷ i

íàëåæàòü äî ïðîñòîðiâ Vn(B) , àëå ìàþòü ñòeïiíü ìîáiëüíîñòi äâà.

Â ï'ÿòîìó ïàðàãðàôi öüîãî ðîçäiëó âèâ÷åíi ïðîñòîðè, â ÿêèõ ïðè

ãåîäåçè÷íèõ âiäîáðàæåííÿõ çáåðiãàþòüñÿ âiäïîâiäíi îá'¹êòè. Íàâåäåíî

óìîâè, ÿêèì çàäîâîëüíÿþòü ïñåâäîðiìàíîâi ïðîñòîðè, â ÿêèõ ïðè

ãåîäåçè÷íèõ âiäîáðàæåííÿõ çáåðiãàþòüñÿ âíóòðiøíi òåíçîðè, ¨õ êîâàðiàíòíi

ïîõiäíi òà iíøi âëàñòèâîñòi.

Äëÿ îòðèìàííÿ ðåçóëüòàòiâ â öiëîìó ïðè ïåðåõîäi âiä ëîêàëüíèõ òåîðåì,

çàñòîñîâóþòü òðè îñíîâíèõ ìåòîäè:
”
òåõíiêó Áîõíåðà“, ìåòîä Øâåöÿ òà

òåîðåìó Îáàòè. Êîæåí iç öèõ ìåòîäiâ, ìîäèôiêîâàíèé äëÿ òåîði¨ ãåîäåçè÷íèõ

âiäîáðàæåíü, çàñòîñîâàíî äî ïðîñòîðiâ Vn(B). Ó âñiõ âèïàäêàõ äîâåäåíi

”
òåîðåìè çíèêíåííÿ“, òîáòî ïîêàçàíî, ùî òàêi ïðîñòîðè íå äîçâîëÿþòü

íåòðèâiàëüíèõ ãåîäåçè÷íèõ âiäîáðàæåíü
”
â öiëîìó“.
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Ðîçäië 4

Ôóíäàìåíòàëüíi âiäîáðàæåííÿ

ñïåöiàëüíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ

4.1 Êîíôîðìíi âiäîáðàæåííÿ ïñåâäîðiìàíîâèõ

ïðîñòîðiâ

Íåõàé Vn (n > 2) ïñåâäîðiìàíiâ ïðîñòið ç ìåòðè÷íèì òåíçîðîì gij(x) i

V̄n òàêîæ ïñåâäîðiìàíiâ ïðîñòið ç ìåòðè÷íèì òåíçîðîì ḡij(x). Êîíôîðìíèì

âiäîáðàæåííÿì íàçèâàþòü âçà¹ìíî-îäíîçíà÷íó âiäïîâiäíiñòü ìiæ òî÷êàìè

ïðîñòîðiâ Vn i V̄n òàêy, ùî

ḡij(x) = e2σ(x)gij(x), (4.1.1)

òóò σ - äåÿêà ôóíêöiÿ.

ßêùî σ - ñòàëà, òî âiäîáðàæåííÿ íàçèâàþòü ãîìîòåòi¹þ. Íàäàëi, ÿêùî öå

íå îáóìîâëåíî îñîáëèâî, ìè îáìåæèìîñÿ ðîçãëÿäîì âiäîáðàæåíü âiäìiííèõ

âiä ãîìîòåòè÷íèõ.
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Ç (4.1.1) îòðèìà¹ìî

ḡij = e−2σgij.

Ìàþòü ìiñöå ôîðìóëè [100, 109, 170]:

Γ̄hij = Γhij + δhi σj + δhj σi − σhgij; (4.1.2)

Äëÿ òåíçîðà Ðiìàíà

R̄h
ijk = Rh

ijk + δhkσij − δhj σik + ghα(σαhgij −

(4.1.3)

− σαjgik) + ∆1σ(δhkgij − δhj gik);

Äëÿ òåíçîðà Ði÷÷i

R̄ij = Rij + (n− 2)σij + (∆2σ + (n− 2)∆1σ)gij; (4.1.4)

Äëÿ ñêàëÿðíî¨ êðèâèíè

R̄ = e−2σ(R + 2(n− 1)∆2σ + (n− 1)(n− 2)∆1σ). (4.1.5)

Òóò i íàäàëi σi ≡
∂σ

∂xi
≡ σ,i, σh = σαg

αh,

σij = σ,ij − σ,iσ, j, (4.1.6)

∆1σ i ∆2σ - ïåðøèé i äðóãèé ñèìâîëè Áåëüòðàìi, ùî âèçíà÷àþòüñÿ

∆1σ = gαβσ,ασ,β; ∆2σ = gαβσ,αβ,
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êîìà �,� � çíàê êîâàðiàíòíî¨ ïîõiäíî¨ ïî çâ'ÿçíîñòi Vn.

Îá'¹êòè êîíôîðìíî âiäïîâiäíîãî Vn ïðîñòîðó V̄n ïîçíà÷àòèìåìî ðèñîþ.

Ïðîñòið Vn íàçèâàþòü êîíôîðìíî-çâiäíèì, ÿêùî éîãî ìåòðèêà â äåÿêié

ãîëîíîìíié ñèñòåìi êîîðäèíàò ìà¹ âèãëÿä

ds2 = σ2
r∑

k=1

ds2
k, (4.1.7)

äå ds2
k âèçíà÷à¹òüñÿ ÿê êâàäðàòè÷íà ôîðìà ïðîñòîðó Vmk

(m1+m2+. . .+mr =

n), r > 1, à σ = σ(x1, x2, . . . , xn) � äåÿêèé iíâàðiàíò. Äëÿ ïîøóêó òåíçîðíî¨

îçíàêè êîíôîðìíî-çâiäíèõ ïðîñòîðiâ, ðîçãëÿíåìî äâà âèïàäêè.

Ïåðøèé âèïàäîê, êîëè r = 2, òîáòî

ds2 = σ2(ds2
1 + ds2

2), (4.1.8)

òóò êâàäðàòè÷íi ôîðìè

ds2
1 = gi1j1(x

1, x2, . . . , xp)dxi1dxj1 (i1, j1 = 1, 2, . . . , p),

(4.1.9)

ds2
2 = gi2j2(x

p+1, xp+2, . . . , xn)dxi2dxj2 (i2, j2 = p+ 1, p+ 2, . . . , n).

Öåé âèïàäîê íàçèâàþòü îñíîâíèì òèïîì.

Äëÿ òîãî, ùîá ïñåâäîðiìàíiâ ïðîñòið áóâ êîíôîðìíî-çâiäíèì

îñíîâíîãî òèïó íåîáõiäíî i äîñòàòíüî, ùîá â íüîìó iñíóâàâ ñèìåòðè÷íèé

207



(íåïðîïîðöiéíèé ìåòðè÷íîìó) òåíçîð cij, ùî ðàçîì ç äåÿêèì iíâàðiàíòîì σ

çàäîâîëüíÿ¹ óìîâàì [170]

ciαc
α
j = cij; (4.1.10)

cij,k = −(σicjk + σjcik) + σα(cαi gjk + cαj gik), (4.1.11)

äå σi = ∂iσ; cij = gαicαj.

Óìîâè iíòåãðóâàííÿ ðiâíÿíü (4.1.11) ç óðàõóâàííÿì òîòîæíîñòi Ði÷÷i

ìàþòü âèãëÿä

ciαR
α
jkl + cjαR

α
ikl = σjkcli − σjlcki + σikclj − σilckj +

+σαl(gikc
α
j + gjkc

α
i )− σαk(gilcαj + gjlc

α
i ) + (4.1.12)

+∆1σ(gjlcik − gjkcil + gilcjk − gikcjl).

Ïñåâäîðiìàíiâ ïðîñòið Vn íàçèâà¹òüñÿ êîíôîðìíî-çâiäíèì ñïåöiàëüíîãî

òèïó, êîëè éîãî ìåòðèêà çàïèñó¹òüñÿ ó âèãëÿäi

ds2 = σ2(e1dx
12

+ gijdx
idxj), (4.1.13)

äå e1 = ±1, gij = gij(x
2, x3, . . . , xn), i, j = 2, 3, . . . , n.
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Äëÿ òîãî, ùîá Vn áóâ êîíôîðìíî-çâiäíèì ñïåöiàëüíîãî òèïó íåîáõiäíî i

äîñòàòíüî, ùîá â íüîìó iñíóâàëî íåiçîòðîïíå âåêòîðíå ïîëå ci, ÿêå ðàçîì ç

iíâàðiàíòîì σ çàäîâîëüíÿ¹ óìîâi [170]

ci, j = −(ciσj + cjσi) + cασαgij, (4.1.14)

òóò σi = ∂ilnσ; ci = gαicα.

Óìîâè iíòåãðóâàííÿ îñòàííüîãî ðiâíÿííÿ ìàþòü âèãëÿä

cαR
α
ijk = ckσij − cjσik + cα(gijσαk − gikσαj) +

(4.1.15)

+∆1σ(cjgik − ckgij).

ßêùî ïñåâäîðiìàíiâ ïðîñòið Vn äîçâîëÿ¹ êîíôîðìíi âiäîáðàæåííÿ íà

ïëàñêèé ïðîñòið, òî éîãî íàçèâàþòü êîíôîðìíî-ïëàñêèì [170].

Òàêèé ïðîñòið õàðàêòåðèçó¹òüñÿ óìîâàìè

Rhijk = Phkgij − Phjgik + Pijghk − Pikghj; (4.1.16)

Pij,k − Pik,j = 0, (4.1.17)
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òóò

Pij =
1

n− 2

(
Rij −

1

2(n− 1)
Rgij

)
. (4.1.18)

Óìîâè (4.1.16) òà (4.1.17) � öå íåîáõiäíi òà äîñòàòíi óìîâè òîãî, ùîá

ïñåâäîðiìàíiâ ïðîñòið Vn áóâ êîíôîðìíî-ïëàñêèì [170].

Çàóâàæèìî, ùî óìîâi (4.1.16) çàäîâîëüíÿþòü âñi òðüîõâèìiðíi

ïñåâäîðiìàíîâi ïðîñòîðè.

Êîíôîðìíî-ïëàñêi ïðîñòîðè íàëåæàòü äî êëàñó êîíôîðìíî-çâiäíèõ

ïñåâäîðiìàíîâèõ ïðîñòîðiâ.

Ðîçãëÿíåìî òåíçîðíó îçíàêó êîíôîðìíî¨ çâiäíîñòi äëÿ êîíôîðìíî-

ïëàñêèõ ïðîñòîðiâ. Äëÿ öüîãî ïiäñòàâèìî (4.1.16) â (4.1.12). Oòðèìà¹ìî

Ω
1
ilgjk− Ω

1
ikgjl+ Ω

1
jlgik− Ω

1
jkgil +

(4.1.19)

+ Ω
2
ilcjk− Ω

2
ikcjl+ Ω

2
jlcik− Ω

2
jkcil = 0,

òóò

Ω
1
ij = cαiP

α
j − σαicαj + ∆1σcij (4.1.20)

Ω
2
ij = Pij + σij. (4.1.21)

Àëüòåðíóþ÷è (4.1.18) çà iíäåêñàìè [j l],
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Ω
1
ilgjk− Ω

1
jkgil+ Ω

2
ilcjk− Ω

2
jkcil −

(4.1.22)

− Ω
1
ijglk+ Ω

1
lkgij− Ω

2
ijclk+ Ω

2
lkcij = 0.

Ïåðåïîçíà÷èìî â îñòàííüîìó iíäåêñè i òà l,

Ω
1
ligjk− Ω

1
jkgli+ Ω

2
licjk− Ω

2
jkcli −

(4.1.23)

− Ω
1
ljgik+ Ω

1
ikglj− Ω

2
ljcik+ Ω

2
ikclj = 0.

Äîäàìî îòðèìàíå äî (4.1.19), áóäåìî ìàòè

Ω
1
ilgjk− Ω

1
jkgil+ Ω

2
ilcjk− Ω

2
jkcil = 0. (4.1.24)

Çãîðòàþ÷è îñòàíí¹, îòðèìà¹ìî

Ω
1
il =

Ω
1

n
gil +

Ω
2

n
cil −

c

n
Ω
2
il = 0, (4.1.25)

òóò
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Ω
1

=Ω
1
αβg

αβ; Ω
2

=Ω
2
αβg

αβ;

(4.1.26)

c = cαβg
αβ.

Òîäi (4.1.24) ïðèéìå âèãëÿä

cil

Ω
2

n
gjk− Ω

2
jk

− cjk
Ω

2

n
gil− Ω

2
il

−
(4.1.27)

− c
n

Ω
2
ilgjk +

c

n
Ω
2
jkgil = 0.

Ïåðåòâîðèìî îñòàííié âèðàç

cil

Ω
2

n
gjk− Ω

2
jk

− cjk
Ω

2

n
gil− Ω

2
il

−

− c
n

Ω
2
ilgjk +

c Ω
2

n · n
gilgjk −

c Ω
2

n · n
gilgjk + (4.1.28)

+
c

n
Ω
2
jkgil −

c Ω
2

n · n
gilgjk +

c Ω
2

n · n
gilgjk = 0.

Ãðóïóþ÷è âiäïîâiäíèì ÷èíîì, îòðèìà¹ìî
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(
cil −

c

n
gil

)Ω
2

n
gjk− Ω

2
jk

−
(4.1.29)

−
(
cjk −

c

n
gjk

)Ω
2

n
gil− Ω

2
il

 = 0.

Îñêiëüêè cil 6=
c

n
gil, òî ìîæíà ïiäiáðàòè òåíçîð ξij òàê, ùî

(
cαβ −

c

n
gαβ

)
ξαβ = 1. (4.1.30)

Äîìíîæóþ÷è (4.1.29) íà ξil, òà çãîðòàþ÷è çà iíäåêñàìè i òà l,

ïåðåêîíà¹ìîñü, ùî

Ω
2
ij =

Ω
2

n
gij. (4.1.31)

Âðàõó¹ìî (4.1.21)

Pij + σ,ij − σ,iσ,j =
Ω
2

n
gij. (4.1.32)

Òàêèì ÷èíîì, [151]

Òåîðåìà 4.1.1. Êîíôîðìíî-ïëàñêi êîíôîðìíî-çâiäíi îñíîâíîãî òèïó

ïñåâäîðiìàíîâi ïðîñòîðè õàðàêòåðèçóþòüñÿ óìîâàìè
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Rhijk = σhkgij − σhjgik + σijghk −

(4.1.33)

−σikghj +
2

n
Ω
2

(ghkgij − ghjgik).

Öiêàâèì êëàñîì êîíôîðìíî-ïëàñêèõ êîíôîðìíî-çâiäíèõ

ïñåâäîðiìàíîâèõ ïðîñòîðiâ ¹ ñóáïðîåêòèâíi ïðîñòîðè. Â äåÿêèõ äæåðåëàõ

¨õ íàçèâàþòü ïðîñòîðàìè Êàãàíà. Ñóáïðîåêòèâíi ïðîñòîðè Êàãàíà

õàðàêòåðèçóþòüñÿ óìîâàìè

Rijkl = Q(v)(gikv,jv,l + gjlv,iv,k − gilv,jv,k − gjkv,iv,l)−

(4.1.34)

−2S(v)(gilgjk − gikgjl);

Pjk = S(v)gjk +Q(v)v,jv,k. (4.1.35)

Ìåòðèêà ñóáïðîåêòèâíîãî ïðîñòîðó Vn ìîæå áóòè çâåäåíà â äåÿêié

ñèñòåìi êîîðäèíàò äî îäíîãî ç òðüîõ âèäiâ

1.

ds2 = e−2σ(x1)(e1dx
12

+ e2dx
22

+ . . .+ endx
n2

). (4.1.36)

2.

ds2 = e−2σ(x)(e1dx
12

+ e2dx
22

+ . . .+ endx
n2

),

(4.1.37)

x =
√
e1x12 + e2x22 + . . .+ enxn

2.
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3.

ds2 = e−2σ(x1)(2dx1dx2 + e3dx
32

+ . . .+ endx
n2

). (4.1.38)

Iç áóäîâè ìåòðèêè âèäíî, ùî ñóáïðîåêòèâíi ïðîñòîðè íàëåæàòü äî

êîíôîðìíî-çâiäíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ, ïðè÷îìó ìíîæíèê

êîíôîðìíîñòi çàëåæèòü âiä íåiçîòðîïíî¨ â ïåðøîìó âèïàäêó, à â òðåòüîìó �

âiä içîòðîïíî¨ êîîðäèíàòè x1 ïëàñêîãî ïðîñòîðó, ìåòðèêà ÿêîãî íàâåäåíà â

äóæêàõ. Â äðóãîìó âèïàäêó, öåé ìíîæíèê çàëåæèòü ëèøå âiä âiääàëi âiä

ïî÷àòêó êîîðäèíàò.

4.2 Ïðî êîíôîðìíi âiäîáðàæåííÿ íà ïðîñòîðè

Åéíøòåéíà

Ïèòàííÿ ïðî òå, ÷è äîçâîëÿ¹ Vn (n > 2) êîíôîðìíå âiäîáðàæåííÿ

[19] íà äåÿêèé ïðîñòið Åéíøòåéíà áóëî çâåäåíî Ã. Áðiíêìàíîì [6] äî

ïðîáëåìè iñíóâàííÿ ðîçâ'ÿçêiâ äåÿêî¨ íåëiíiéíî¨ ñèñòåìè äèôåðåíöiàëüíèõ

ðiâíÿíü òèïó Êîøi âiäíîñíî (n + 1) íåâiäîìî¨ ôóíêöi¨. Öÿ çàäà÷à

äåòàëüíî âèêëàäåíà â ìîíîãðàôi¨ Î.Ç.Ïåòðîâà [170]. Â ðîáîòaõ [118, 164]

îñíîâíà ñèñòåìà çâåäåíà äî ëiíiéíî¨ ñèñòåìè, çà äîïîìîãîþ ÿêî¨ âäàëîñü

îöiíèòè ñòåïiíü ïàðàìåòðè÷íî¨ äîâiëüíîñòi r â ðîçâ`ÿçêó âêàçàíî¨ çàäà÷i, â

íàøié òåðìiíîëîãi¨, ñòåïiíü ìîáiëüíîñòi ïñåâäîðiìàíîâîãî ïðîñòîðó âiäíîñíî

êîíôîðìíèõ âiäîáðàæåíü íà ïðîñòîðè Åéíøòåéíà.

Äàëi îöiíþ¹ìî ïåðøó ëàêóíó â ðîçïîäiëi ñòåïåíi ìîáiëüíîñòi

ïñåâäîðiìàíîâèõ ïðîñòîðiâ âiäíîñíî êîíôîðìíèõ âiäîáðàæåíü íà ïðîñòîðè

Åéíøòåéíà. ßê âiäîìî [164], ìàêñèìàëüíå çíà÷åííÿ r = n + 2 äîçâîëÿþòü

êîíôîðìíî-ïëàñêi ïñåâäîðiìàíîâi ïðîñòîðè i òiëüêè âîíè. Îäåðæàíà
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òåíçîðíà îçíàêà ïðîñòîðiâ âiäìiííèõ âiä êîíôîðìíî-ïëàñêèõ, äëÿ ÿêèõ

r = n− 1, ùî ¹ ìàêñèìàëüíî ìîæëèâèì çíà÷åííÿì. Òàêèì ÷èíîì, îäåðæàíà

îöiíêà ïåðøî¨ ëàêóíè â ðîçïîäiëi ñòåïåíiâ ìîáiëüíîñòi ïñåâäîðiìàíîâèõ

ïðîñòîðiâ âiäíîñíî êîíôîðìíèõ âiäîáðàæåíü íà ïðîñòîðè Åéíøòåéíà

i âèäiëåíi ìàêñèìàëüíî ìîáiëüíi âiäíîñíî âêàçàíèõ ñòåïåíiâ ïðîñòîðè,

âiäìiííi âiä êîíôîðìíî-ïëàñêèõ.

Ïðè êîíôîðìíèõ âiäîáðàæåííÿõ iíâàðiàíòíèì îá'¹êòîì ¹ òåíçîð

êîíôîðìíî¨ êðèâèíè

C̄h
ijk = Ch

ijk. (4.2.1)

Îñêiëüêè âèâ÷à¹ìî âiäîáðàæåííÿ íà ïðîñòîðè Åéíøòåéíà, òî

Ch
ijk = Ȳ h

ijk.

Ó ðîáîòi [164] äîâåäåíî, ùî ïñåâäîðiìàíiâ ïðîñòið Vn äîçâîëÿ¹

êîíôîðìíå âiäîáðàæåííÿ íà ïðîñòið Åéíøòåéíà Vn òîäi i òiëüêè òîäi, êîëè

â Vn iñíó¹ ðîçâ'ÿçîê ñèñòåìè ëiíiéíèõ îäíîðiäíèõ äèôåðåíöiàëüíèõ ðiâíÿíü

â êîâàðiàíòíèõ ïîõiäíèõ òèïó Êîøi âiäíîñíî iíâàðiàíòiâ u(x), s(x)(> 0) i

âåêòîðó si(x):

(à) s,i = si; (á) si,j = sLij + u gij; (â) u,i = sαL
α
i ; (4.2.2)

äå Lij =
1

n− 2
(Rij −

R

2(n− 1)
gij), Lαi = gαβLiβ.

Ïðè öüîìó s = e−σ, òîäi (4.1.1) íàáèðà¹ âèãëÿäó:

ḡij = s−2gij.

Ðiâíÿííÿ (4.2.2) ìàþòü äëÿ ïî÷àòêîâèõ çíà÷åíü s(x0) =
◦
s, u(x0) =

◦
u, si(x0) =

◦
s
i

íå áiëüøå îäíîãî ðîçâ'ÿçêó. Òàêèì ÷èíîì, çàãàëüíèé ðîçâ'ÿçîê ðiâíÿíü (4.2.2)
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çàëåæèòü âiä r ≤ n + 2 iñòîòíèõ ïàðàìåòðiâ. ×èñëî r íàçâåìî ñòåïåíþ

ìîáiëüíîñòi ïñåâäîðiìàíîâîãî ïðîñòîðó âiäíîñíî êîíôîðìíèõ âiäîáðàæåíü

íà ïðîñòîðè Åéíøòåéíà.

Ìàêñèìóì r = n + 2, ÿê âiäçíà÷àëîñÿ âèùå, äîçâîëÿþòü êîíôîðìíî-

ïëàñêi ïðîñòîðè. Äëÿ íåêîíôîðìíî-ïëàñêèõ ïðîñòîðiâ Vn ðîçâ'ÿçîê ðiâíÿíü

(4.2.2) çàëåæèòü íå áiëüøå íiæ âiä (n− 1) ïàðàìåòðà.

Ïîïåðåäíüî äîâåäåìî íàñòóïíó òåîðåìó:

Òåîðåìà 4.2.1. ßêùî çàãàëüíèé ðîçâ'ÿçîê (4.2.2) ó Vn çàëåæèòü âiä

r = n− 1 iñòîòíèõ ïàðàìåòðiâ, òî òåíçîð êîíôîðìíî¨ êðèâèíè ìà¹

âèãëÿä:

Chijk = ε(ahbi − aibh)(ajbk − akbj), (4.2.3)

äå ε = ±1 i ai, bi � äåÿêi íåêîëiíåàðíi âåêòîðè.

Äîâåäåííÿ.

Óìîâè iíòåãðîâàíîñòi ðiâíÿíü (4.2.2)(á) i ¨õ äèôåðåíöiàëüíi ïðîäîâæåííÿ

ìàþòü âiäïîâiäíî âèãëÿä:

sαC
α
ijk = s Pijk; (4.2.4)

sαC
α
ijk,l − slPijk + s (LαC

α
ijk − Pijk,l) + uCijkl = 0, (4.2.5)

òóò Pijk = Lij,k − Lik,j. Ç (4.2.5) äëÿ íåêîíôîðìíî-ïëàñêèõ ïðîñòîðiâ

âèòiêà¹, ùî iíâàðiàíò u âèðàæà¹òüñÿ íàñòóïíèì ÷èíîì:

u = ναsα + ωs,

äå ω � äåÿêèé iíâàðiàíò, à νi � äåÿêèé âåêòîð, ÿêi ó ñâîþ ÷åðãó âèðàæàþòüñÿ,

ìîæå áóòè i íåîäíîçíà÷íî, ÷åðåç îá'¹êòè ïðîñòîðó Vn.
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Òåíçîð êîíôîðìíî¨ êðèâèíè Ch
ijk � ìîæíà ïðåäñòàâèòè ó âèãëÿäi:

Ch
ijk =

m∑
τ=1

b
τ

h
Ω
τ ijk

.

Òóò b
τ

h � ëiíiéíî íåçàëåæíi âåêòîðè, à Ω
τ ijk

� ëiíiéíî íåçàëåæíi òåíçîðè.

Îñêiëüêè Vn íåêîíôîðìíî-ïëàñêèé ïðîñòið, òîm ≥ 2. Âðàõîâóþ÷è öå, óìîâè

(4.2.4) íàáåðóòü âèãëÿäó:

m∑
τ=1

sα b
τ

α
Ω
τ ijk

= s Pijk. (4.2.6)

Ç (4.2.6), çâàæàþ÷è íà ëiíiéíó íåçàëåæíiñòü òåíçîðiâ Ω
τ ijk

, âèòiêà¹, ùî

sα b
τ

α

= s P
τ
, τ = 1, . . . ,m,

äå P
τ

� äåÿêi iíâàðiàíòè, ïîðîäæåíi îá'¹êòàìè Vn. Î÷åâèäíî, ùî, ÿêùî

ñåðåä êîìïîíåíò âåêòîðó si áiëüøå íiæ äâi çàëåæíi, òî r ≤ n − 2, à îòæå

m ≤ 2. Àëå âèïàäîê, êîëè m = 1 ïðèçâîäèòü äî êîíôîðìíî-ïëàñêèõ

ïðîñòîðiâ, ùî íåìîæëèâî, îñêiëüêè äëÿ íèõ r = n + 2. Ïðè m = 2,

ïiñëÿ äîäàòêîâîãî àíàëiçó ç óðàõóâàííÿì àëãåáðà¨÷íèõ âëàñòèâîñòåé òåíçîðà

êîíôîðìíî¨ êðèâèíè ïåðåêîíó¹ìîñÿ â ñïðàâåäëèâîñòi ôîðìóëè (4.2.3). Ùî i

áóëî ïîòðiáíå äîâåñòè.

Ç âèäó òåíçîðà êîíôîðìíî¨ êðèâèíè (4.2.3), é ïîäàëüøîãî çãîðòàííÿ

îñòàííüîãî çi gij âèòiêà¹, ùî

aαaβg
αβ = 0; aαbβg

αβ = 0; bαbβg
αβ = 0; (4.2.7)

òîáòî âåêòîðè ai i bi ¹ içîòðîïíèìè i âçà¹ìíî îðòîãîíàëüíèìè. Îñêiëüêè, â
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ðiìàíîâèõ ïðîñòîðàõ Vn íå iñíó¹ içîòðîïíèõ âåêòîðíèõ ïîëiâ, òî ñïðàâåäëèâà

òåîðåìà:

Òåîðåìà 4.2.2. Äëÿ íåêîíôîðìíî-ïëàñêèõ ðiìàíîâèõ ïðîñòîðiâ Vn (n ≥ 4)

ðîçâ'ÿçîê ðiâíÿíü (4.2.2) çàëåæèòü íå áiëüøå íiæ âiä (n − 2) iñòîòíèõ

ïàðàìåòðiâ.

Äåòàëüíiøèì àíàëiçîì ðiâíÿíü (4.2.2) i ¨õ óìîâ iíòåãðîâàíîñòi äîâåäåìî

íàñòóïíó òåîðåìó, ùî äà¹ íàì îçíàêó, íåîáõiäíi i äîñòàòíi óìîâè

ìàêñèìàëüíî ìîáiëüíèõ ïðîñòîðiâ:

Òåîðåìà 4.2.3. Ïñåâäîðiìàíîâèé ïðîñòið Vn äîçâîëÿ¹ êîíôîðìíå

âiäîáðàæåííÿ íà ïðîñòið Åéíøòåéíà ç äîâiëüíiñòþ r = n − 1, òîäi i

òiëüêè òîäi, êîëè âèêîíóþòüñÿ óìîâè (4.2.3), ïðè÷îìó:

ai,j = −ciaj + ai
1
ξ
j

+ bi
2
ξ
j
; (4.2.8)

bi,j = −cibj + ai
3
ξ
j

+ bi
4
ξ
j
; (4.2.9)

ci,j = −cicj + ai
5
ξ
j

+ bi
6
ξ
j

+ Lij +
1

2
cαcαgij; (4.2.10)

äå ci,
τ

ξ
i
, τ = 1, . . . , 6 � äåÿêi âåêòîðè, à òåíçîð Pijk ìà¹ âèä:

Pijk = ε(Abi −Bai)(ajbk − akbj). (4.2.11)

Äîâåäåííÿ.

Íà ïiäñòàâi òåîðåìè 4.2.1 òåíçîð êîíôîðìíî¨ êðèâèíè äîñëiäæóâàíîãî

ïðîñòîðó Vn ìà¹ âèä (4.2.3). Òîäi óìîâè (4.2.4) ìàòèìóòü âèãëÿä:

ε(aαsαbi − bαsαai)(ajbk − bjak) = s Pijk.
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×åðåç ëiíiéíó íåçàëåæíiñòü ai i bi ç îñòàííüîãî âèðàçó âèòiêà¹, ùî

aαsα = As; bαsα = B s, (4.2.12)

òóò A i B � äåÿêi iíâàðiàíòè. Äèôåðåíöiþþ÷è (4.2.12), îòðèìà¹ìî

ñïiââiäíîøåííÿ, ÿêi ïðè âèêîðèñòàííi îñíîâíèõ ðiâíÿíü (4.2.2), çâåäóòüñÿ

äî âèäó:

sα(aα,j −Agαj) = s (A,j − aαLαj )− u aj, (4.2.13)

äå Lαj = gαβLβj.

Ç óðàõóâàííÿì (4.2.5) ìàòèìåìî:

sα(aα,j −Agαj + cαaj) = s (A,j −aαLαj − ωaj). (4.2.14)

Àíàëiçóþ÷è (4.2.14), ÿê i ïðè äîâåäåííi òåîðåìè 4.2.1, ïåðåêîíà¹ìîñÿ, ùî, ç

íåîáõiäíiñòþ:

ai,j − Agij + ciaj = ai
1
ξ
j

+ bi
2
ξ
j
; (4.2.15)

òóò i äàëi
τ

ξ
i
, ÿê i ðàíiøå, äåÿêi âåêòîðè. Âðàõîâóþ÷è (4.2.12), (4.2.13), (4.2.15),

ç óðàõóâàííÿì äîâiëüíîñòi iíâàðiàíòó s, îòðèìà¹ìî

A,j − aαLαj − ω aj = A
1
ξ
j

+B
2
ξ
j
. (4.2.16)

Àíàëîãi÷íî, ïiñëÿ äèôåðåíöiþâàííÿ (4.2.12), ìàòèìåìî

bi,j −Bgij + cibj = ai
3
ξ
j

+ bi
4
ξ
j
; B,j − bαLαj − ωbj = A

3
ξ
j

+B
4
ξ
j
. (4.2.17)

Äèôåðåíöiþâàííÿì óìîâ (4.2.7) ïåðåêîíà¹ìîñÿ, ùî

aα,j aα = 0; bα,j bα = 0; aα,j bα + bα,j aα = 0.

Ïiñëÿ ïiäñòàíîâêè â îñòàíí¹ (4.2.15), (4.2.16) îòðèìà¹ìî, ùî

A = cαa
α; B = cαb

α. (4.2.18)
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Äèôåðåíöiþþ÷è (4.2.5) òà âðàõîâóþ÷è (4.2.2), îòðèìà¹ìî

sα(cα,j + ω gαj − Lαj + cαcj) + s(ω,j + cαLαj + ωcj) = 0. (4.2.19)

Ç óðàõóâàííÿì íåçàëåæíîñòi êîìïîíåíò âåêòîðó si, ìàòèìåìî

ci,j + ωgij − Lij + cicj = ai
5
ξ
j

+ bi
6
ξ
j
; ω,j + cαLαj + ω cj = −A

5
ξ
j
−B

6
ξ
j
.

Äèôåðåíöiþþ÷è ôîðìóëè (4.2.18), ïiñëÿ ïðèâåäåííÿ ç óðàõóâàííÿì (4.2.15)-

(4.2.18), ïåðåêîíà¹ìîñÿ, ùî

(ω − 1

2
cαcα) aj = Acj; (ω − 1

2
cαcα) bj = B cj. (4.2.20)

Îñêiëüêè âåêòîðè ai i bi ëiíiéíî íåçàëåæíi, òî ç íåîáõiäíiñòþ:

ω =
1

2
cαcα.

Àëå òîäi, àáî A = B = 0, àáî ci = 0. Îñòàíí¹ ç óðàõóâàííÿì (4.2.18) òàêîæ

ïðèçâîäèòü äî âèìîãè A = B = 0.

Âðàõîâóþ÷è, îêðiì öüîãî, (4.2.20), ïåðåêîíà¹ìîñÿ, ùî ôîðìóëè (4.2.15),

(4.2.17), (4.2.19) íàáèðàþòü âèãëÿäó (4.2.8), (4.2.9), (4.2.10).

Òèì ñàìèì íåîáõiäíiñòü äîâåäåíî.

Äîâåäåìî äîñòàòíiñòü. Íåõàé â ïñåâäîðiìàíîâîìó ïðîñòîði Vn

âèêîíóþòüñÿ óìîâè íà òåíçîð êîíôîðìíî¨ êðèâèíè (4.2.3), (4.2.8), (4.2.9),

(4.2.10), (4.2.11).

Ïîêàæåìî, ùî öåé ïðîñòið Vn äîçâîëÿ¹ êîíôîðìíi âiäîáðàæåííÿ íà

ïðîñòið Åéíøòåéíà ç êiëüêiñòþ iñòîòíèõ ïàðàìåòðiâ r = n− 1.

Ðîçãëÿíóâøè îñíîâíi ðiâíÿííÿ (4.2.2), çà àëãåáðà¨÷íèìè óìîâàìè (4.2.5),

ìàòèìåìî

u = cαs
α +

1

2
cαc

αs; aαs
α = 0; bαs

α = 0. (4.2.21)
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Óìîâà iíòåãðîâàíîñòi ðiâíÿíü (4.2.2) âèêîíóþòüñÿ òîòîæíî, ç óðàõóâàííÿì

äèôåðåíöiàëüíîãî ïîäîâæåííÿ (4.2.5).

Ïåðåäóñiì, ïåðåêîíà¹ìîñÿ, ùî ç óìîâ (4.2.8), (4.2.9), (4.2.10) â ñèëó (4.2.7)

âèòiêà¹, ùî

cαa
α = 0; cαb

α = 0.

Äèôåðåíöiþþ÷è öi ñïiââiäíîøåííÿ, îòðèìà¹ìî:

cα,ja
α + cαa

α
,j = 0; cα,jb

α + cαb
α
,j = 0

Ïiñëÿ ïiäñòàíîâêè (4.2.8), (4.2.9), (4.2.10) ïåðåêîíà¹ìîñÿ, ùî

aαLαj =
1

2
cαc

αaj; bαLαj =
1

2
cαc

αbj.

Òåïåð âèäíî, ùî äèôåðåíöiàëüíi ïîäîâæåííÿ (4.2.20) âèêîíóþòüñÿ

òîòîæíî. Àëå òîäi ñèñòåìà ðiâíÿíü (4.2.2) ïðè (4.2.21) ìà¹ ðîçâ'ÿçîê ïðè

áóäü-ÿêèõ ïî÷àòêîâèõ çíà÷åííÿõ s(x0) =
◦
s , si(x0) =

◦
s
i
, u(x0) =

◦
u , ÿêi

çàäîâîëüíÿþòü óìîâàì (4.2.21). Ëåãêî áà÷èòè, ùî ÷èñëî íåçàëåæíèõ óìîâ

r = n− 1.

Òåîðåìó äîâåäåíî.

Íàìè îäåðæàíà òåíçîðíà îçíàêà, íåîáõiäíi i äîñòàòíi óìîâè,

ìàêñèìàëüíî ìîáiëüíèõ âiäíîñíî êîíôîðìíèõ âiäîáðàæåíü íà ïðîñòîðè

Åéíøòåéíà ïñåâäîðiìàíîâèõ ïðîñòîðiâ, òîáòî ïñåâäîðiìàíîâèõ ïðîñòîðiâ,

ùî äîçâîëÿþòü òî÷íî n − 1 iñòîòíèé ïàðàìåòð ó çàãàëüíîìó ðîçâ'ÿçêó

îñíîâíî¨ ñèñòåìè (4.2.2).

Òàêèì ÷èíîì, áóëà îöiíåíà ëàêóíà â ðîçïîäiëi ñòåïåíiâ ìîáiëüíîñòi òà

çíàéäåíà òåíçîðíà îçíàêà ïðîñòîðiâ äðóãî¨ ëàêóíàðíîñòi. �Â öiëîìó�, äëÿ

222



ïîâíèõ ïðîñòîðiâ, çàäà÷à ðîçâ`ÿçàíà â ðîáîòi [40]. Àíàëiç îñíîâíèõ ðiâíÿíü

äîçâîëèâ äîâåñòè íàñòóïíi òâåðäæåííÿ [133, 150]:

Òåîðåìà 4.2.4. ßêùî ñòåïiíü ìîáiëüíîñòi ïñåâäîðiìàíîâîãî ïðîñòîðó Vn

âiäíîñíî êîíôîðìíèõ âiäîáðàæåíü íà ïðîñòîðè Åéíøòåéíà áiëüøå îäèíèöi,

òî ïðîñòið Åéíøòåéíà äîçâîëÿ¹ êîíöèðêóëÿðíå âåêòîðíå ïîëå.

Òåîðåìà 4.2.5. Ñòåïiíü ìîáiëüíîñòi ïñåâäîðiìàíîâîãî ïðîñòîðó Vn

âiäíîñíî êîíôîðìíèõ âiäîáðàæåíü íà ïðîñòîðè Åéíøòåéíà íà îäèíèöþ

áiëüøà âiä êiëüêîñòi ëiíiéíî íåçàëåæíèõ êîíöèðêóëÿðíèõ âåêòîðíèõ ïîëiâ,

ùî ¨õ äîçâîëÿ¹ ïðîñòið Åéíøòåéíà.

Òåîðåìà 4.2.6. Ñåðåä ïðîñòîðiâ äðóãî¨ ëàêóíàðíîñòi âiäíîñíî êîíôîðìíèõ

âiäîáðàæåíü íà ïðîñòîðè Åéíøòåéíà íå ìîæå áóòè ïðîñòîðiâ

Åéíøòåéíà.
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r

Ðèñ. 4.1. Ðîçïîäië ñòåïåíiâ ìîáiëüíîñòi ïðè êîíôîðìíèõ âiäîáðàæåííÿõ íà ïðîñòîðè

Åéíøòåéíà

Öå, â ñâîþ ÷åðãó, çðîáèëî ìîæëèâèì ïîáóäóâàòè ïîâíó êàðòèíó

ðîçïîäiëó âêàçàíèõ ñòåïåíiâ òà êëàñèôiêóâàòè ïñåâäîðiìàíîâi ïðîñòîðè, ùî

äîçâîëÿþòü êîíôîðìíi âiäîáðàæåííÿ íà ïðîñòîðè Åéíøòåéíà.
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4.3 Ïðî êîíôîðìíi âiäîáðàæåííÿ çi çáåðåæåííÿì

ñïåöiàëüíèõ òåíçîðiâ

Ðîçãëÿíåìî òåíçîð âèäó

Zij = Rij −B(n− 1)gij. (4.3.1)

Äëÿ V̄n ìà¹ ìiñöå òàêèé æå òåíçîð

Z̄ij = R̄ij − B̄(n− 1)ḡij. (4.3.2)

Âiäíiìàþ÷è ç (4.3.2) ðiâíÿííÿ (4.3.1), îòðèìà¹ìî

(R̄ij −Rij)− (n− 1)(B̄ḡij −Bgij) = Z̄ij − Zij

Âðàõîâóþ÷è (4.1.1), (4.1.2) i (4.1.4), ìàòèìåìî

σij − ρgij =
1

n− 2
(Z̄ij − Zij), (4.3.3)

äå

ρ =
1

n− 2

(
(n− 1)(B̄e2σ −B)− (∆2σ + (n− 2)∆1σ)

)
.

Òàêèì ÷èíîì, ìà¹ ìiñöå òåîðåìà

Òåîðåìà 4.3.1. ßêùî Vn i V̄n äâà êîíôîðìíî âiäïîâiäíi ïñåâäîðiìàíîâi

ïðîñòîðè, òî ¨õ òåíçîðè Zij òa Z̄ij çàäîâîëüíÿþòü ñïiââiäíîøåííÿì

(4.3.3).

Êîíôîðìíi âiäîáðàæåííÿ ïñåâäîðiìàíîâîãî ïðîñòîðó Vn íà V̄n, çà ÿêèõ

Zij = Z̄ij, (4.3.4)
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íàçèâàþòü êîíôîðìíèìè âiäîáðàæåííÿìè iç çáåðåæåííÿì òåíçîðà Zij.

Ç óðàõóâàííÿì (4.3.4) ðiâíÿííÿ (4.3.3) íàáåðóòü âèãëÿäó

σij = ρgij (4.3.5)

àáî

σij =
∆2σ −∆1σ

n
gij. (4.3.6)

Ñåðåä êîíôîðìíèõ âiäîáðàæåíü âèäiëÿþòü ñïåöiàëüíèé òèï

âiäîáðàæåíü, ÿêi çáåðiãàþòü ãåîäåçè÷íi êîëà [96, 108, 111].

Îçíà÷åííÿ 4.3.1. Êðèâà â ïñåâäîðiìàíîâîìó ïðîñòîði Vn íàçèâà¹òüñÿ

ãåîäåçè÷íèì êîëîì, ÿêùî äëÿ íå¨ ïåðøà êðèâèíà ¹ ñòàëîþ, à äðóãà

òîòîæíî äîðiâíþ¹ íóëþ.

Îçíà÷åííÿ 4.3.2. Êîíôîðìíi âiäîáðàæåííÿ ïñåâäîðiìàíîâîãî ïðîñòîðó

Vn, ïðè ÿêèõ çáåðiãàþòüñÿ ãåîäåçè÷íi êîëà, òîáòî êîæíå ãåîäåçè÷íå êîëî

ïðîñòîðó Vn ïåðåõîäèòü ó ãåîäåçè÷íå êîëî êîíôîðìíîãî äî íüîãî V̄n,

íàçèâàþòü êîíöèðêóðÿðíèìè âiäîáðàæåííÿìè.

Íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ òîãî, ùî êîíôîðìíå âiäîáðàæåííÿ áóäå

êîíöèðêóëÿðíèì, ¹ âèêîíàííÿ ó íüîìó äëÿ ôóíêöi¨ σ ðiâíÿíü (4.1.2), (4.1.6),

óìîâ (4.3.5), (4.3.6).

Âðàõîâóþ÷è öå, ñôîðìóëþ¹ìî òàêó òåîðåìó

Òåîðåìà 4.3.2. ßêùî ïðè êîíôîðìíîìó âiäîáðàæåííi ïñåâäîðiìàíîâèõ

ïðîñòîðiâ Vn çáåðiãà¹òüñÿ òåíçîð Zij, òî ïðè íüîìó çáåðiãàþòüñÿ i

ãåîäåçè÷íi êîëà.
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Ç iíøîãî áîêó, âèâ÷àþ÷è (4.3.5) i (4.3.6), ìîæíà ïåðåêîíàòèñÿ, ùî, ÿêùî

Vn äîçâîëÿ¹ êîíöèðêóëÿðíi âiäîáðàæåííÿ i âèêîíó¹òüñÿ óìîâà

2∆2 + (n− 2)∆1

n
= B̄e2σ −B, (4.3.7)

òî ïðè öüîìó âiäîáðàæåííi çáåðiãà¹òüñÿ i òåíçîð Zij.

Ââåäåìî â ðîçãëÿä iíâàðiàíò S òàêèé, ùî

σ = −ln|S|. (4.3.8)

Tîäi (4.1.1) íàáåðóòü âèãëÿäó

ḡij(x) = S−2gij.

Ïîñëiäîâíî äèôåðåíöiþþ÷è (4.3.8), îòðèìà¹ìî

σ, i = − 1

S
S, i

σ, ij = −(S · S, ij − S, iS, j) · S−2

σij = −S, ij · S−1

Êðiì òîãî

∆1σ = ∆1S · S−2; ∆2σ = (∆1S − S∆2S) · S−2.

Âðàõîâóþ÷è öå, ðiâíÿííÿ (4.3.6) íàáåðóòü âèãëÿäó

S, ij =
∆2S

n
gij, (4.3.9)
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à (4.3.7) �

S∆2S =
n

2
∆1S. (4.3.10)

Âåêòîð S, i, ùî çàäîâîëüíÿ¹ óìîâàì (4.3.9), íàçèâàþòü êîíöèðêóëÿðíèì,

à ïðîñòîðè, äîçâîëÿþ÷è òàêi ïîëÿ � åêâiäèñòàíòíèìè [178].

Òàêèì ÷èíîì, íàìè äîâåäåíî òåîðåìó [45, 141, 142, 146, 148]:

Òåîðåìà 4.3.3. ßêùî ïñåâäîðiìàíiâ ïðîñòið Vn äîçâîëÿ¹ êîíôîðìíi

âiäîáðàæåííÿ çi çáåðåæåííÿì òåíçîðà Zij, òî Vn ¹ åêâiäèñòàíòíèì

ïðîñòîðîì.

Ïðè ∆2S 6= 0 åêâiäèñòàíòíèé ïðîñòið ââàæàòèìåìî òàêèì, ùî íàëåæèòü

îñíîâíîìó òèïó, à ïðè ∆2S ≡ 0 � îñîáëèâîìó. ßêùî âåêòîð S, i içîòðîïíèé,

òîáòî ∆1S = 0, òîé åêâiäèñòàíòíèé ïðîñòið íàëåæèòü ç íåîáõiäíîñòi äî

îñîáëèâîãî òèïó. Åêâiäèñòàíòíi ïðîñòîðè îñíîâíîãî òèïó õàðàêòåðèçóþòüñÿ

òèì, ùî â íèõ iñíó¹ ñïåöiàëüíà ñèñòåìà êîîðäèíàò, â ÿêié ìåòðè÷íèé òåíçîð

åêâiäèñòàíòíîãî ïðîñòîðó ìîæå áóòè ïðåäñòàâëåíèé ó âèäi

ds2
n = dx12 + f(x1)ds

2
n−1(x2, ..., xn). (4.3.11)

Òóò f(x1) 6= 0 - äåÿêà ôóíêöiÿ, à ds2
n−1 - ìåòðèêà (n − 1) � ìiðíîãî

ïñåâäîðiìàíîâîãî ïðîñòîðó.

Âðàõîâóþ÷è òåîðåìó 4.3.3, ìîæíà ñôîðìóëþâàòè

Òåîðåìà 4.3.4. ßêùî ïñåâäîðiìàíiâ ïðîñòið Vn(n > 2) äîçâîëÿ¹ êîíôîðìíi

âiäîáðàæåííÿ çi çáåðåæåííÿì òåíçîðà Zij i ∆2S 6= 0, òî â äåÿêié ñèñòåìi

êîîðäèíàò éîãî ìåòðè÷íèé òåíçîð ìà¹ âèä (4.3.11).
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Â ïîäàëüøîìó îá'¹êòîì äîñëiäæåííÿ ¹ ðiâíÿííÿ

Eij = uiuj, (4.3.12)

äå Eij
def
= Rji −

R

n
gij � òåíçîð Åéíøòåéíà.

Îçíà÷åííÿ 4.3.3. Ïñåâäîðiìàíiâ ïðîñòið Vn, âiäìiííèé âiä ïðîñòîðó

ñòàëî¨ êðèâèíè, íàçèâàþòü ìàéæå åéíøòåéíîâèì i ïîçíà÷àþòü ÷åðåçMn,

ÿêùî â íüîìó âèêîíóþòüñÿ óìîâè (4.3.12).

Çàóâàæèìî, ùî, çãîðòàþ÷è (4.3.12) i âðàõîâóþ÷è áåçñëiäíiñòü òåíçîðà

Åéíøòåéíà, ìîæíà ëåãêî ïåðåêîíàòèñü, ùî âåêòîð ui çà íåîáõiäíiñòþ ¹

içîòðîïíèì, òîáòî

uαu
α = 0.

Äàëi ðîçãëÿíåìî êîíöèðêóëÿðíi âiäîáðàæåííÿ ìàéæå åéíøòåéíîâèõ

ïðîñòîðiâ. Âðàõîâóþ÷è òåîðåìy 4.3.2 i îçíà÷åííÿ 4.3.3, îòðèìó¹ìî

Íàñëiäîê 4.3.1. Ìàéæå åéíøòåéíîâi ïðîñòîðè Mn ¹ çàìêíóòèìè

âiäíîñíî êîíöèðêóëÿðíèõ âiäîáðàæåíü, òîáòî, ÿêùî ìàéæå åéíøòåéíiâ

ïðîñòið Mn äîçâîëÿ¹ êîíöèðêóëÿðíå âiäîáðàæåííÿ íà ïñåâäîðiìàíiâ

ïðîñòið V̄n , òî V̄n - òàêîæ ìàéæå åéíøòåéíiâ ïðîñòið.

Óìîâè iíòåãðîâàíîñòi ðiâíÿíü (4.3.6) ç óðàõóâàííÿì òîòîæíîñòi Ði÷÷i

ìàþòü âèãëÿä

σαR
α
ijk = ρkgij − ρjgik, (4.3.13)
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äå

ρk =
1

n
(∆2σ −∆1σ),k − (∆2σ −∆1σ)σk. (4.3.14)

Äîìíîæyþ÷è (4.3.13) íà σi i çãîðòàþ÷è çà i, ç îãëÿäó íà òå, ùî

σασβRαβjk = 0 , îòðèìà¹ìî

ρkσj − ρjσk = 0.

Çâiäñè áóäåìî ìàòè

ρk = Bσk. (4.3.15)

Òóò B � äåÿêèé iíâàðiàíò. Òîäi (4.3.13) íàáóäå òàêîãî âèãëÿäó:

σαR
α
ijk = B(σkgij − σjgik).

Çãîðòàþ÷è ç gij , çàïèøåìî

σαR
α
k = B(n− 1)σk. (4.3.16)

Âðàõîâóþ÷è â (4.3.16) òå, ùî ïðîñòið ìàéæå åéíøòåéíiâ, îòðèìó¹ìî

R

n
σk + σαuαuk = B(n− 1)σk. (4.3.17)

Äîìíîæèìî (4.3.17) íà uk i âèêîíà¹ìî çãîðòêó çà iíäåêñîì k :
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σαuα

(
R

n
−B(n− 1)

)
= 0. (4.3.18)

Iç (4.3.17) òà (4.3.18), îñêiëüêè i ui 6= 0 , i σi 6= 0 , âèïëèâà¹, ùî îáèäâà

ñïiâìíîæíèêè â (4.3.18) äîðiâíþþòü íóëüîâi, òîáòî

σαuα = 0

òà

B =
R

n(n− 1)
. (4.3.19)

Îòæå, äîâåäåíî òàêi òâåðäæåííÿ.

Òåîðåìà 4.3.5. ßêùî ìàéæå åéíøòåéíiâ ïðîñòið Mn äîçâîëÿ¹

êîíöèðêóëÿðíi âiäîáðàæåííÿ, òî âåêòîðè ui òà σi âçà¹ìíî îðòîãîíàëüíi.

Òåîðåìà 4.3.6. Äëÿ ìàéæå åéíøòåéíîâèõ ïðîñòîðiâ Mn óìîâè

iíòåãðîâàíîñòi ðiâíÿíü (4.3.6) ìàþòü âèãëÿä

σαY
α
ijk = 0.

Ç ìåòîþ âèâ÷åííÿ ãåîìåòðè÷íèõ âëàñòèâîñòåé ìàéæå åéíøòåéíîâèõ

ïðîñòîðiâ, ùî äîçâîëÿþòü êîíöèðêóëÿðíi âiäîáðàæåííÿ, äîâåäåìî òàêó

òåîðåìó.

Òåîðåìà 4.3.7. ßêùî ïðè êîíöèðêóëÿðíèõ âiäîáðàæåííÿõ ìàéæå

åéíøòåéíîâèõ ïðîñòîðiâ Mn âåêòîð σi ìà¹ ñòàëó äîâæèíó, òî ïðîñòið

Mn ¹ ïðîñòîðîì ñòàëî¨ ñêàëÿðíî¨ êðèâèíè.

Äîâåäåííÿ
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Håõàé âåêòîð σi ìà¹ ñòàëó äîâæèíó, òîáòî

σασα = c,

äå c � äåÿêà ñòàëà.

Òîäi

σασα,j = 0,

àáî ç óðàõóâàííÿì (4.1.5) òà (4.3.6)

c+
1

n
(∆2σ −∆1σ) = 0,

çâiäêè

(∆2σ −∆1σ),i = 0.

I òîäi óìîâà (4.3.14) íàáóâà¹ âèãëÿäó

ρk = ncσk. (4.3.20)

Âðàõîâóþ÷è (4.3.15), (4.3.19) òà (4.3.20), îòðèìà¹ìî

R

n(n− 1)
= nc,

òîáòî

R,i = 0,

ùî é ïîòðiáíî áóëî äîâåñòè.

4.4 Iíâàðiàíòíi ïåðåòâîðåííÿ çi çáåðåæåííÿì

ãåîäåçè÷íèõ

Ñâîãî ÷àñó ïåðåä äîñëiäíèêàìè, ùî ïðàöþâàëè â òåîði¨ ãåîäåçè÷íèõ

âiäîáðàæåíü, ñòàëî ïèòàííÿ ïðî êiëüêiñòü ïðîñòîðiâ, ùî äîçâîëÿþòü
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íåòðèâiàëüíi ãåîäåçè÷íi âiäîáðàæåííÿ. Âiäïîâiäü íà öå ïèòàííÿ ñâî¨ìè

äîñëiäæåííÿìè äàâ Ì.Ñ. Ñiíþêîâ, ïîáóäóâàâøè íåñêií÷åííó ïîñëiäîâíiñòü

ïñåâäîðiìàíîâèõ ïðîñòîðiâ, ùî çíàõîäÿòüñÿ â íåòðèâiàëüíié ãåîäåçè÷íié

âiäïîâiäíîñòi [178].

Íåõàé ïñåâäîðiìàíîâèé ïðîñòið Vn äîçâîëÿ¹ íåòðèâiàëüíå ãåîäåçè÷íå

âiäîáðàæåííÿ, ùî âiäïîâiäà¹ âåêòîðó ϕi, íà ïðîñòið V̄n. Òîäi â Vn iñíó¹

ðîçâ'ÿçîê ñèñòåìè (3.1.5), ùî çàäîâîëüíÿ¹ (3.1.9).

Ðîçãëÿäàòèìåìî aij ÿê ìåòðè÷íèé òåíçîð ïñåâäîðiìàíîâîãî ïðîñòîðó
1

V
n
:

aij
def
=

1

g
ij
. (4.4.1)

Ìåòðè÷íèé òåíçîð
1

V̄
n
ïîáóäó¹ìî òàêèì ÷èíîì

1

ḡ
ij

= e2ϕgij, (4.4.2)

òîáòî, âñòàíîâèìî êîíôîðìíó âiäïîâiäíiñòü ìiæ ïðîñòîðàìè Vn i
1

V̄
n
, ÿêà

âiäïîâiäà¹ òîìó æ âåêòîðíîìó ïîëþ ϕi.

Òîäi, ÿê äîâåäåíî Ì.Ñ. Ñiíþêîâèì [178], ÿêùî ïñåâäîðiìàíiâ ïðîñòið Vn

ç ìåòðè÷íèì òåíçîðîì gij äîçâîëÿ¹ íåòðèâiàëüíå ãåîäåçè÷íå âiäîáðàæåííÿ,

ùî âiäïîâiäà¹ âåêòîðó ϕi, íà ïðîñòið V̄n ç ìåòðè÷íèì òåíçîðîì ḡij,

òî ïñåâäîðiìàíiâ ïðîñòið
1

Vn ç ìåòðè÷íèì òåíçîðîì
1

gij , ùî çàäîâîëüíÿ¹

(4.4.1), äîçâîëÿ¹ ãåîäåçè÷íå âiäîáðàæåííÿ, ùî âiäïîâiäà¹ òîìó æ âåêòîðó, íà

ïñåâäîðiìàíîâèé ïðîñòið
1

V̄n ç ìåòðè÷íèì òåíçîðîì
1

ḡij, âèçíà÷eíèì ôîðìóëîþ

(4.4.2).

Îçíà÷åííÿ 4.4.1. Çàêîí, ïðåäñòàâëåíèé ôîðìóëàìè (3.1.5), (4.4.1),

(4.4.2), ùî ïåðåâîäèòü ïàðó ïñåâäîðiìàíîâèõ ïðîñòîðiâ Vn i V̄n, äëÿ ÿêèõ
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iñíó¹ íåòðèâiàëüíå ãåîäåçè÷íå âiäîáðàæåííÿ, ùî çâ'ÿçó¹ ¨õ, â iíøó ïàðó

ïðîñòîðiâ
1

Vn i
1

V̄n , ïîâ'ÿçàíèõ òèì æå âiäîáðàæåííÿì, íàçèâàþòü

iíâàðiàíòíèì ïåðåòâîðåííÿì ïñåâäîðiìàíîâèõ ïðîñòîðiâ çi çáåðåæåííÿì

ãåîäåçè÷íèõ.

Vn
ϕ−→ V̄n

↓
ϕ

↘
1

V
n

ϕ−→
1

V̄
n

Öÿ ñõåìà îïèñó¹ ââåäåíi ïåðåòâîðåííÿ çi çáåðåæåííÿì ãåîäåçè÷íèõ,

âðàõîâóþ÷è ôîðìóëè (3.1.5) i (3.1.9). Âîíà ìîæå áóòè çàïèñàíà â íàñòóïíîìó

âèäi �

Vn −→ V̄n

aij ↓ ↓ aij
1

V
n
−→

1

V̄
n

òóò aij = aαjg
αi, à

1

g
ij

= gαia
α
j (4.4.3)

1

ḡ
ij

= ḡαia
α
j (4.4.4)

Ïðèâåäåíi äâi ñõåìè åêâiâàëåíòíi. Âèêîðèñòîâóþ÷è ïåðøó ç íèõ,

ïðîâåäåìî äîñëiäæåííÿ âèïàäêó, êîëè ïñåâäîðiìàíîâi ïðîñòîðè Vn i

V̄n çíàõîäÿòüñÿ â íåòðèâiàëüíîìó ãåîäåçè÷íîìó âiäîáðàæåííi, çà ÿêîãî

çáåðiãà¹òüñÿ òåíçîð Åéíøòåéíà, ùî âiäïîâiäà¹ âåêòîðó ϕi.
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Òîäi, â Vn âèêîíóþòüñÿ óìîâè

ϕij =
R̄

n(n− 1)
ḡij −

R

n(n− 1)
gij (4.4.5)

Äèôåðåíöiþþ÷è i âðàõîâóþ÷è (3.1.2), îòðèìà¹ìî

ϕij , k =
R̄, k

n(n− 1)
ḡij + R̄

n(n− 1)
(2ϕkḡij +

(4.4.6)

+ϕiḡjk + ϕj ḡik)−
R, k

n(n− 1)
gij

Îñêiëüêè Vn i
1

V̄n ïîâ'ÿçàíi êîíôîðìíèì âiäîáðàæåííÿì (4.4.2), òî äëÿ íèõ

âèêîíóþòüñÿ óìîâè (4.1.4) :

ϕij = Pij + ρgij, (4.4.7)

äå

Pij
def
=

1

n− 2
(

1
R̄
ij
−Rij);

ρ =
∆2ϕ

n− 2
+ ∆1ϕ.

Ïðîäèôåðåíöiþ¹ìî (4.4.7)�

ϕij , k = Pij , k + ρkgij. (4.4.8)

Âiäíiìåìî (4.4.8) ç ðiâíÿíü (4.4.6) :

Pij , k =
R̄, k

n(n− 1)
ḡij + R̄

n(n− 1)
(2ϕkḡij +

(4.4.9)

+ϕiḡjk + ϕj ḡik)− (
R, k

n(n− 1)
− ρk)gij
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Âèêëþ÷èìî ç îñòàííüîãî R̄
n(n− 1)

ḡij çà äîïîìîãîþ ôîðìóëè (4.4.5)

Pij , k =
R̄, k

n(n− 1)
ḡij + 2ϕkϕij + ϕiϕjk +

+ϕjϕik + R
n(n− 1)

(2ϕkgij + (4.4.10)

+ ϕigjk + ϕjgik)− (
R, k

n(n− 1)
− ρk)gij

Ïåðåéäåìî äî ïîõiäíî¨ çà çâ'ÿçíiñòþ ïðîñòîðó
1

V̄n , ïîçíà÷èâøè ¨¨
1

,̄ i,

âèêîðèñòîâóþ÷è ôîðìóëè (4.1.2) (4.4.10)�

P
ij

1
,̄k

+ 2ϕkPij + ϕiPjk + ϕjPik − 2Pαkϕ
αgij =

=
R̄, k

n(n− 1)
ḡij + 2ϕkϕij + ϕiϕjk +

(4.4.11)

+ϕjϕik + R
n(n− 1)

(2ϕkgij +

+ϕigjk + ϕjgik)− (
R, k

n(n− 1)
− ρk)gij

Âèêîðèñòîâóþ÷è (4.4.7), îòðèìà¹ìî

P
ij

1
,̄k

=
R̄, k

n(n− 1)
ḡij + ( R

n(n− 1)
− ρ)(2ϕkgij +

(4.4.12)

+ϕigjk + ϕjgik)− (
R, k

n(n− 1)
− ρk − 2Pαkϕ

α)gij
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I, íàðåøòi, âèêîðèñòîâóþ÷è (4.4.2), ìàòèìåìî

P
ij

1
,̄k

=
R̄, k

n(n− 1)
ḡij + ( R

n(n− 1)
− ρ)e−2ϕ(2ϕk

1

ḡ
ij

+

(4.4.13)

+ϕi
1

ḡ
jk

+ ϕj
1

ḡ
ik

)− e−2ϕ(R, k − ρk − 2Pαkϕ
α)

1

ḡ
ij

Òàêèì ÷èíîì, äîâåäåío òåîðåìy [139, 149]

Òåîðåìà 4.4.1. ßêùî ïñåâäîðiìàíîâi ïðîñòîðè Vn i V̄n çíàõîäÿòüñÿ

â íåòðèâiàëüíié ãåîäåçè÷íié âiäïîâiäíîñòi çi çáåðåæåííÿì òåíçîðà

Åéíøòåéíà, òî â ïðîñòîði
1

V̄n, îòðèìàíîìó iíâàðiàíòíèì ïåðåòâîðåííÿì

çi çáåðåæåííÿì ãåîäåçè÷íèõ, iñíó¹ òåíçîð Pij, ùî çàäîâîëüíÿ¹ óìîâàì

(4.4.13).

ßêùî ñêàëÿðíà êðèâèíà ïñåâäîðiìàíîâîãî ïðîñòîðó V̄n ñòàëà, òî

ðiâíÿííÿ (4.4.13) íàáèðàþòü âèãëÿäó

P
ij

1
,̄k

= uk
1

ḡ
ij

+ vi
1

ḡ
jk

+ vj
1

ḡ
ik
, (4.4.14)

òóò ui i vi � äåÿêi âåêòîðè.

Òåîðåìà 4.4.1 ïîñèëþ¹ i óçàãàëüíþ¹ ðåçóëüòàòè Ì.Ñ. Ñiíþêîâà [178]

i Ñ. Ôîðìåëè [24, 25] ïðî iíâàðiàíòíi ïåðåòâîðåííÿ çi çáåðåæåííÿì

ãåîäåçè÷íèõ äëÿ ïðîñòîðiâ ñòàëî¨ êðèâèíè i ïðîñòîðiâ Åéíøòåéíà.
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4.5 Ãåîäåçè÷íi äåôîðìàöi¨ ãiïåðïîâåðõîíü

ïñåâäîðiìàíîâèõ ïðîñòîðiâ

Ó òåîði¨ ãåîäåçè÷íèõ âiäîáðàæåíü ïñåâäîðiìàíîâèõ ïðîñòîðiâ

ïåðåäáà÷à¹òüñÿ òàêà âiäïîâiäíiñòü ìiæ ¨õ òî÷êàìè, ïðè ÿêié êîæíà

ãåîäåçè÷íà ëiíiÿ îäíîãî ïðîñòîðó ïåðåõîäèòü òî÷íî â ãåîäåçè÷íó iíøîãî.

Ó öüîìó ïàðàãðàôi ðîçãëÿäàþòüñÿ òàêi íåñêií÷åííî ìàëi äåôîðìàöi¨

ïñåâäîðiìàíîâèõ ïðîñòîðiâ, ïðè ÿêèõ êîæíà éîãî ãåîäåçè÷íà ïåðåõîäèòü â

ãåîäåçè÷íó äåôîðìîâàíîãî ïðîñòîðó ç äåÿêîþ êîíòðîëüîâàíîþ òî÷íiñòþ.

Òàêèé ïiäõiä, ÿêùî ìàòè íà óâàçi ïðèêëàäíi ïèòàííÿ ìîäåëþâàííÿ, ìîæå

âèÿâèòèñÿ òàêèì, ùî íàâiòü áiëüøå âiäïîâiäà¹ ðåàëüíèì ôiçè÷íèì ïîäiÿì,

ÿêi âèíèêàþòü â ãðàâiòàöiéíîìó àáî åëåêòðîìàãíiòíîìó ïîëi, ïðè ðåàëüíîìó

ðóñi äåÿêî¨ ìåõàíi÷íî¨ ñèñòåìè i ò.ï.

Íåõàé Vm - ïñåâäîðiìàíiâ ïðîñòið, âiäíåñåíèé äî ëîêàëüíèõ êîîðäèíàò

(y1, y2, . . . , ym), òîäi ôîðìóëàìè

yα = fα(x1, x2, . . . , xn), Rang

∥∥∥∥∂fα∂xi

∥∥∥∥ = n < m, (4.5.1)

âèçíà÷à¹òüñÿ äåÿêèé ïiäïðîñòið Vn ⊂ Vm.

ßêùî aαβ òà gij - ìåòðè÷íi òåíçîðè Vm i Vn, òî

ds2 = eaαβdy
αdyβ = eaαβ

∂yα

∂xi
∂yβ

∂xj
dxidxj = egijdx

idxj, (4.5.2)

äå
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gij = aαβ
∂yα

∂xi
∂yβ

∂xj
. (4.5.3)

Òóò i äàëi ãðåöüêi iíäåêñè α, β, . . . = 1, 2, . . . ,m, ëàòèíñüêi i, j, . . . =

1, 2, . . . , n, ÿêùî íå îáóìîâëåíå ïðîòèëåæíå.

Íåõàé, äàëi, ξα(x1, x2, . . . , xn) - äåÿêå êîíòðàâàðiàíòíå âåêòîðíå ïîëå Vm,

çàäàíå â òî÷êàõ Vn. Ôîðìóëè

ỹα = yα(x) + εξα(x), (4.5.4)

äå ε - ìàëèé ÷èñëîâèé ïàðàìåòð, âèçíà÷à¹ äåÿêèé Ṽn, ÿêèé ìè íàçèâàòèìåìî

íåñêií÷åííî ìàëîþ äåôîðìàöi¹þ Vn. Ïîëå ξα(x) ïðèðîäíî íàçâàòè ïîëåì

çìiùåíü àáî âåêòîðîì çìiùåíü [27, 130].

Âèâ÷àþ÷è Vn, ââàæàòèìåìî, ùî âåëè÷èíàìè ïîðÿäêó ε2 i âèùå, ÷åðåç

ìàëèçíó ε àáî ÷åðåç äîñòàòíþ òî÷íiñòü, ìîæíà çíåõòóâàòè.

Ìè ðîçãëÿäà¹ìî, òàêèì ÷èíîì, íåñêií÷åííî ìàëó äåôîðìàöiþ 1-ãî

ïîðÿäêó, õî÷à äâà îñòàííi ñëîâà â íàçâi òåîði¨ ñêîðî÷åíî îïóñêàòèìåìî, ÿê

öå ïðèéíÿòî çàçâè÷àé.

ßêùî A = A(x1, x2, . . . , xn) � äåÿêà âåëè÷èíà, ùî õàðàêòåðèçó¹ òó àáî

iíøó âëàñòèâiñòü Vn, òî äëÿ Vn âiäïîâiäíà âåëè÷èíà Ã = Ã(x1, x2, . . . , xn, ε)

i ¨ ¨ ìîæíà ïðåäñòàâèòè ó âèäi

Ã(x, ε) = A(x) + δA · ε+ δ2A · ε2 + . . . . (4.5.5)

Âåëè÷èíà ïàðàìåòðà äåôîðìàöi¨ ε ó ôîðìóëi (4.5.4) âèáèðà¹òüñÿ ç
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ìiðêóâàíü, ùî çàáåçïå÷óþòü ïîòðiáíó çáiæíiñòü ðÿäó (4.5.5), áåçâiäíîñíî äî

òîãî, ùî õàðàêòåðèçó¹ A(x).

Êîåôiöi¹íòè ðîçêëàäàííÿ â (4.5.5) δ, δ2, . . . , íàçèâàòèìåìî âiäïîâiäíî

äî ïåðøî¨, äðóãî¨ i òàê äàëi âàðiàöiÿìè âåëè÷èíè ïðè íåñêií÷åííî ìàëié

äåôîðìàöi¨ Vn [27].

Ìè ðîçãëÿäàòèìåìî âàðiàíò òåîði¨, ÿê âiäçíà÷àëîñÿ âèùå, êîëè öåé ðÿä

îáðèâà¹òüñÿ ïiñëÿ äðóãîãî ÷ëåíà.

×åðåç ñêàçàíå, ìåòðè÷íèé òåíçîð Vn

g̃ij = gij + εδgij. (4.5.6)

Çíàéäåìî òåíçîð gij. Äëÿ öüîãî ïîìiòèìî, ùî ôîðìóëà (4.5.4) äà¹

δyα = ξα(x).

aαβ(ỹ) = aαβ(y + εξ) = aαβ(y) +
∂aαβ
∂yγ

ξγ · ε+ . . . , (4.5.7)

îòæå δaαβ =
∂aαβ
∂yγ

ξγ.

Ïî âiäíîøåííþ äî ïåðåòâîðåííÿ êîîðäèíàò â ïðîñòîði Vn óñi yα òà ξα

iíâàðiàíòíi, òîìó ¨õ ïåðøi ÷àñòèííi ïîõiäíi ñïiâïàäàþòü ç êîâàðiàíòíèìè.

Ïîìiòèâøè óñå öå, ìàòèìåìî ÷åðåç ñïiââiäíîøåííÿ (4.5.3) :
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δaij = δ(aαβy
α
,iy

β
,j) = δaαβy

α
,iy

β
,j + aαβδy

α
,iy

β
,j + aαβy

α
,iδy

β
,j =

(4.5.8)

=
∂aαβ
∂yγ

ξγyα,iy
β
,j + aαβ(ξα,iy

β
,j + yα,iξ

β
,j).

Ôîðìóëà (4.5.8) ñïðàâåäëèâà äëÿ áóäü-ÿêî¨ íåñêií÷åííî ìàëî¨ äåôîðìàöi¨

i ó áóäü-ÿêié ñèñòåìi êîîðäèíàò.

Îçíà÷åííÿ 4.5.1. Íåñêií÷åííî ìàëi äåôîðìàöi¨ Vn íàçèâàòèìåìî

ãåîäåçè÷íèìè, ÿêùî ïðè öèõ äåôîðìàöiÿõ çáåðiãàþòüñÿ ãåîäåçè÷íi ëiíi¨ Vn.

Iíøèìè ñëîâàìè, Vn i Ṽn, âiäíåñåíi äî çàãàëüíèõ êîîðäèíàò xi, ïîâèííi

äîçâîëÿòè ãåîäåçè÷íå âiäîáðàæåííÿ îäèí íà îäíîãî. Àëå ó òàêîìó ðàçi äëÿ Vn

òà Ṽn ïîâèííi âèêîíóâàòèñÿ ðiâíÿííÿ Ëåâi - ×èâiòè (3.1.1) i ñïiââiäíîøåííÿ

(3.1.2) :

g̃ij,k = 2ψkg̃ij + ψig̃jk + ψj g̃ik, ψi =
1

2(n+ 1)
∂iln

∣∣∣∣ g̃g
∣∣∣∣ . (4.5.9)

Ó íàøîìó âèïàäêó

2(n+ 1)ψ = ln

∣∣∣∣ g̃g
∣∣∣∣ = ln

∣∣∣∣1 +
δg

g
ε

∣∣∣∣ = ln

(
1 +

δg

g
ε

)
= ε

δg

g
+ . . . , (4.5.10)

îòæå ψi â (4.5.9) ïîòðiáíî çàìiíèòè íà εψi.

Âðàõîâóþ÷è (4.5.6), ðiâíÿííÿ Ëåâi-×èâiòè äàþòü

δgij,k = 2ψkgij + ψigjk + ψjgik. (4.5.11)
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Íàâïàêè, ïðè âèêîíàííi (4.5.9) äëÿ òåíçîðà g̃ij = gij + εδgij áóäóòü

âèêîíàíi i (4.5.11). Íåâèðîäæåíiñòü g̃ij çàáåçïå÷ó¹òüñÿ ïîòðiáíèì âèáîðîì

ïàðàìåòðà ε. Òàêèì ÷èíîì, (4.5.11) íåîáõiäíi i äîñòàòíi äëÿ òîãî, ùîá

äåôîðìàöiÿ Vn áóëà ãåîäåçè÷íîþ. Ç äåÿêèõ ìiðêóâàíü ñèìåòðè÷íèé òåíçîð

δgij çðó÷íiøå íàäàëi îçíà÷àòè hij.

Íàìè îòðèìàíà [130]

Òåîðåìà 4.5.1. Äëÿ òîãî, ùîá ïñåâäîðiìàíiâ ïðîñòið Vn äîçâîëÿâ

íåñêií÷åííî ìàëi ãåîäåçè÷íi äåôîðìàöi¨, íåîáõiäíî i äîñòàòíüî, ùîá â íüîìy

iñíóâàâ ñèìåòðè÷íèé òåíçîð hij, ùî çàäîâîëüíÿ¹ ðiâíÿííÿì

hij,k = 2ψkgij + ψigjk + ψjgik (4.5.12)

ïðè äåÿêîìó ãðàäi¹íòíîìó âåêòîði ψi.

ßêùî â (4.5.12) ψi = 0, òî hij,k = 0, ùî ìîæëèâî â íàñòóïíèõ äâîõ

âèïàäêàõ:

1. hij = Cgij, C = const, àëå òîäi g̃ij = gij(1 + εC), òîáòî äåôîðìàöiÿ

çâîäèòüñÿ äî íåñêií÷åííî ìàëî¨ ãîìîòåòi¨.

2. hij 6= Cgij. Â öüîìó âèïàäêó â Vn iñíó¹ ñèìåòðè÷íèé êîâàðiàíòíî ñòaëèé

òåíçîð.

À ç (4.5.9) âèòiêà¹, ùî â îáîõ âèïàäêàõ g̃ = Cg, òîáòî äåôîðìàöiÿ ¹

ãîìîòåòè÷íî àðåàëüíîþ.

Ââàæàòèìåìî öi âèïàäêè òðèâiàëüíèìè, íåòðèâiàëüíèé âèïàäîê

õàðàêòåðèçó¹òüñÿ óìîâîþ ψi 6= 0. Àëå òîäi (4.5.12) ìîæíà ïåðåïèñàòè òàê:
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(hij − 2ψgij),k = ψigjk + ψjgik, (4.5.13)

òîáòî â Vn òåíçîð hij − 2ψgij çàäîâîëüíÿ¹ ñèñòåìi (3.1.5) ïðè λi = ψi.

Ïîðiâíþþ÷è öå ç ëiíiéíîþ ôîðìîþ îñíîâíèõ ðiâíÿíü òåîði¨ ÃÂ,

ïðèõîäèìî äî âèñíîâêó:

Òåîðåìà 4.5.2. ßêùî ïñåâäîðiìàíiâ ïðîñòið Vn äîçâîëÿ¹ íåòðèâiàëüíi

íåñêií÷åííî ìàëi ãåîäåçè÷íi äåôîðìàöi¨, òî âîíî äîçâîëÿ¹ i íåòðèâiàëüíi

ãåîäåçè÷íi âiäîáðàæåííÿ.

Çâîðîòíà òåîðåìà òàêîæ ìà¹ ìiñöå. Äiéñíî, ñèñòåìó (3.1.5) çàâæäè

ìîæíà çàïèñàòè ó âèäi

(aij + 2λgij),k = 2λkgij + λigjk + λjgik, (4.5.14)

à öå îçíà÷à¹, ùî äëÿ òåíçîðà

hij = aij + 2λgij

âèêîíóþòüñÿ óìîâè (4.5.12). Ìåòðè÷íèé òåíçîð Vn ìà¹ ïðåäñòàâëåííÿ

g̃ij = (1 + 2λε)gij + εaij.

Òåîðåìó 4.5.2 óïåðøå áóëî äîâåäåíî â ñïiëüíié ðîáîòi Ì.Ñ. Ñiíþêîâà i

Ì. Ë. Ãàâðèëü÷åíêî, àëå òiëüêè äëÿ ðiìàíîâèõ ïðîñòîðiâ ïåðøîãî êëàñó.

Ç òåîðåìè 4.5.2 âèòiêà¹
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Òåîðåìà 4.5.3. ×îòèðüîõâèìiðíi ïðîñòîðè Åéíøòåéíà íåñòaëî¨ êðèâèíè

íå äîçâîëÿþòü íåòðèâiàëüíèõ ãåîäåçè÷íèõ äåôîðìàöié.

Íàâïàêè, äëÿ ïðîñòîðiâ Vn(B) òàêi äåôîðìàöi¨ iñíóþòü.

Îñíîâíèì çàâäàííÿì òåîði¨ ãåîäåçè÷íèõ äåôîðìàöié ¹ óñåái÷íå âèâ÷åííÿ

âçà¹ìîçâ'ÿçêiâ i âçà¹ìîçàëåæíîñòåé ïñåâäîðiìàíoâà ïðîñòîðó Vn, éîãî

îõîïëþþ÷îãî ïðîñòîðó Vm i çãèíàëüíîãî ïîëÿ ξα(x). Iäåàëüíîþ ñèòóàöi¹þ,

î÷åâèäíî, ìîæíà ââàæàòè âèïàäîê, êîëè âäà¹òüñÿ çíàéòè ïîëå ξα(x). Ëåãêî

îòðèìàòè ðiâíÿííÿ äëÿ íüîãî.

Äiéñíî, ïiäñòàâëÿþ÷è (4.5.8) â (4.5.11), îòðèìà¹ìî

∂2aαβ
∂yγ∂yν

yα,iy
β
,jξ

γyν,k +
∂aαβ
∂yγ

(yα,iy
β
,jξ

γ
,k + yα,iy

β
,jkξ

γ + yα,iky
β
,jξ

γ) +

+
∂aαβ
∂yγ

(yα,iy
β
,j + yα,iξ

β
,j)y

γ
,k + aαβ(ξα,iky

β
,j + ξα,iy

β
,jk + yα,iξ

β
,jk + yα,ikξ

β
,jk) =

= 2ψkgij + ψigjk + ψjgik (4.5.15)

Ìè ñêîðèñòàëèñÿ òèì, ùî aαβ iíâàðiàíòíi â Vn.

Ðiâíÿííÿ (4.5.15) óñêëàäíåíi òi¹þ îáñòàâèíîþ, ùî ñòàðøà ïîõiäíà ïîëÿ

çìiùåíü ξα,ik âõîäèòü äâi÷i.

Âiä öüîãî ìîæíà ïîçáàâèòèñÿ, âèêîíàâøè îïåðàöiþ ç òàêîþ

ïiäñòàíîâêîþ iíäåêñiâ i, j, k: (i, j, k) + (i, k, j)− (j, k, i). Îòðèìà¹ìî
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aαβy
α
,iξ

β
,jk + aαβξ

α
,iy

β
,jk + Γγβα(yα,iy

β
,jξ

γ
,k + yα,iψ

β
,jy

γ
,k + ξα,iy

β
,jy

γ
,k) +

+ξγ
(
∂aαβ
∂yγ

yα,iy
β
,jk +

∂Γνβα
∂yγ

yα,iy
β
,jy

ν
,k

)
= (4.5.16)

= ψigjk + ψjgik,

äå Γαβγ � ñèìâîëè Êðèñòîôôåëÿ, ñêëàäåíi äëÿ aαβ. Ðiâíÿííÿ (4.5.15)

i (4.5.16) åêâiâàëåíòíi. Âîíè ïðåäñòàâëÿþòü íåîáõiäíi i äîñòàòíi óìîâè

íåñêií÷åííî ìàëèõ ãåîäåçè÷íèõ äåôîðìàöié Vn ⊂ Vm ç ïîëåì çìiùåíü ξα(x).

Íåõàé m = n + 1, òîáòî Vn � ãiïåðïîâåðõíÿ Vm. Óìîâà (3.1.5) äîçâîëÿ¹

âåêòîðè yα,i âèáðàòè â ÿêîñòi áàçèñó Vn. Ìè ââàæà¹ìî, ùî det ‖gij‖ 6= 0, îòæå,

íîðìàëü äî ãiïåðïîâåðõíi ηα(x) íåiçîòðîïíà [27, 130], òîáòî

aαβy
α
,iη

β = 0, aαβη
αηβ = e, e = ±1. (4.5.17)

Ñèñòåìà âåêòîðiâ {yα,i , ηα} óòâîðþ¹ áàçèñ Vm. Íåõàé òîìó

ξα(x) = λiyα,i + µηα, (4.5.18)

äå

λj = gijλ
i = aαβξ

αyβ,j, µ = eaαβξ
αηβ, (4.5.19)

òîáòî íåâiäîìi λi i µ ¹ âåêòîð i iíâàðiàíò Vn. Óìîâè (4.5.19) äàþòü ¨õ

ãåîìåòðè÷íèé ñåíñ.
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Îñêiëüêè Vn - ãiïåðïîâåðõíÿ Vn+1, òî ñïðàâåäëèâi äåðèâàöiéíi ôîðìóëè

• Ãàóñà: yα,ij = −Γαµνy
µ
,iy

ν
,j + eΩijη

α;

• Âåéíãàðòïåíà: ηα,ij = Γαµνy
µ
,iη

ν − Ωk
i y

α
,k,

äå Ωij � äðóãèé îñíîâíèé òåíçîð Vn, Ωk
i

def
= Ωijg

jk.

Öi ôîðìóëè äîçâîëÿþòü, âèêîðèñòîâóþ÷è (4.5.18), âèðàçèòè ξα,i i ξ
α
,ij â

òîìó æ áàçèñi {yα,i , ηα}.

Òàê, íàïðèêëàä,

ξα,i = (λs,i − µΩs
i )y

α
,s − λsΓαµνyµ,syν,i + (eλsΩsi − µ,i)ηα − µΓαµνy

µ
,iη

ν. (4.5.20)

ßêùî óñi öi âèðàçè ïiäñòàâèòè â ðiâíÿííÿ (4.5.14), âðàõóâàòè, ùî

∂aαβ
∂yγ

= Γαγβ + Γβγα,

òî ïiñëÿ íåñêëàäíèõ, àëå äîñèòü ãðîìiçäêèõ ïiäðàõóíêiâ îòðèìà¹ìî

λi,jk = −λsRs
kij + ψjgik + ψkgij + (µΩij),k + (µΩik),j − (µΩjk),i. (4.5.21)

Òåîðåìà 4.5.4. Äëÿ òîãî, ùîá ïñåâäîðiìàíiâ ïðîñòið Vn ⊂ Vn+1 äîçâîëÿâ

íåñêií÷åííî ìàëi äåôîðìàöi¨, íåîáõiäíî i äîñòàòíüî, ùîá â íüîìó iñíóâàâ

âåêòîð λi i iíâàðiàíò µ, ùî çàäîâîëüíÿþòü ðiâíÿííÿì (4.5.21).
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Ñèñòåìà (4.5.21) ¹ êîîðäèíàòíèì çàïèñoì (4.5.16) ó áàçèñi {yα,i , ηα},
à òîìó âîíà äà¹ íåîáõiäíi i äîñòàòíi óìîâè ãåîäåçè÷íié äåôîðìàöi¨

ãiïåðïîâåðõíi Vn. Ìè ñèñòåìó (4.5.21) íàçèâàòèìåìî îñíîâíîþ [130].

Ñèìåòðóâàííÿì (4.5.21) çà iíäåêñàìè i i j îòðèìà¹ìî âèðàç

(λi,j + λj,i − 2µΩij),k = 2ψkgij + ψigjk + ψjgik. (4.5.22)

Àíàëîãi÷íèìè ïiäðàõóíêaìè ÿê äëÿ ðiâíÿííÿ (4.5.15) ìîæíà äîâåñòè, ùî

ñèñòåìè (4.5.21) i (4.5.22) åêâiâàëåíòíi. À (4.5.22) ïîêàçó¹, ùî äëÿ òåíçîðà

aij
def
= λi,j + λj,i − 2µΩij − 2ψgij (4.5.23)

âîíà ïåðåòâîðþ¹òüñÿ íà (3.1.5), ùî ùå ðàç ïiäòâåðäæó¹ òåîðåìó 4.5.2.

Äëÿ òåíçîðà

hij
def
= λi,j + λj,i − 2µΩij

ðiâíÿííÿ (4.5.22) çàïèøóòüñÿ ó ôîðìi (4.5.12).

Çàóâàæèìî, ùî ÿêùî Vn ñïiâïàäà¹ ç Vm, òî (4.5.4) âèçíà÷àþòü

íåñêií÷åííî ìàëi ïåðåòâîðåííÿ Vn, ùî âèâ÷àëèñÿ ðàíiøå [130]. Â öüîìó

âèïàäêó yα = xα, â (4.5.18) µ = 0, ξα = λα, à ç (4.5.21) âèõîäèòü äîáðå âiäîìà

ñèñòåìà äëÿ íåñêií÷åííî ìàëèõ ïåðåòâîðåíü, ÿêi çáåðiãàþòü ãåîäåçè÷íi

ξi,jk = −ξsRs
kij + ψigjk + ψjgik. (4.5.24)

Ïèòàííÿ ïðî íåñêií÷åííî ìàëi ãåîäåçè÷íi äåôîðìàöi¨ ãiïåðïîâåðõîíü
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ïñåâäîðiìàíîâîãî ïðîñòîðó çâîäèòüñÿ äî ðîçâ'ÿçàííÿ íåëiíiéíî¨ ñèñòåìè

(4.5.21), ïðàâà ÷àñòèíà ÿêèõ ìiñòèòü, îêðiì λi, ïîõiäíi âiä íåâiäîìèõ µ i

ψi. Öÿ ñèñòåìà äîçâîëÿ¹ çâåäåííÿ äî çìiøàíî¨ òåíçîðíî¨ ñèñòåìè òèïó Êîøi.

Äiéñíî, óìîâè iíòåãðîâàíîñòi (4.5.21) ìàþòü âèãëÿä

λs,jR
s
ikl + λs,iR

s
jkl = λs,[kR

s
l]ij + λsR

s
[l|ij|,k] + ψj,[lgk]i +

(4.5.25)

+µΩs(iR
s
j)kl + (µΩik),jl + (µΩjl),ik − (µΩil),jk − (µΩjk),il,

äóæêè ( ), [] îçíà÷àþòü âiäïîâiäíî ñèìåòðóâàííÿ i àëüòåðíóâàííÿ áåç äiëåííÿ,

ðèñêè | | óêëàäàþòü iíäåêñè, ùî íå áåðóòü ó÷àñòü â îïåðàöi¨.

ßêùî (4.5.25) ïîìíîæèòè íà gil, à ïîòiì (4.5.25) ïîìíîæèòè íà gjk,

çãîðíóòè ïî óñiõ iíäåêñàõ i ç ïåðøîãî âèðàçó âiäíÿòè äðóãèé, òî îòðèìà¹ìî

nψj,k = hjsR
s
k − hspR

s p
.jk. + ωgjk, (4.5.26)

äå Rij � òåíçîð Ði÷÷i, ω � äåÿêèé iíâàðiàíò, iíäåêñè ïiäíÿòi òåíçîðîì gij,

hij âèçíà÷à¹òüñÿ (4.5.25). ßêùî ïîêëàñòè

bij
def
= λi,j, (4.5.27)

òo

hij = b(ij) − 2µΩij,

i (4.5.26) äà¹ ëiíiéíèé âèðàç ψj,k ÷åðåç bij, µ i ω. Âèìîãa ψj,k = ψk,j íàêëàäà¹

àëãåáðà¨÷íó óìîâó íà bij i µ:
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hs[kR
s
j] = 0 (4.5.28)

Çíàéäåìî óìîâè íà íåâiäîìèé iíâàðiàíò ω. Óìîâè iíòåãðîâàíîñòi (4.5.26)

ïðèâîäÿòüñÿ äî âèäó

(n+ 3)ψsR
s
jkl = ψsR

s
[kgl]j + hjsR

s
[k,l] − hspR

s p
. j[k. , l] + gj[kω,l] (4.5.29)

Çãîðòàþ÷è (4.5.29) ç gjk, îòðèìà¹ìî

(n− 1)ω,l = 2(n+ 1)ψsR
s
l + hjsR

s j
. l, . − hspR

sk p
. . l. , k + gj[kω,l] (4.5.30)

ßêùî ψj,k ç (4.5.26) ïiäñòàâèòè â (4.5.25), òî ¨õ ìîæíà ïåðåïèñàòè òàê:

bspA
sp
ijkl + λsB

s
ijkl + νsC

s
ijkl + µDijkl + ωEijkl =

(4.5.31)

= νj,lΩik − νj,kΩil − νi,lΩjk + νi,kΩjl,

äå

Asp
ijkl

def
= δpjR

s
ikl + δsiR

p
jkl + δplR

s
kij + δskR

p
lji −

(4.5.32)

−1

n
gik(δ

(s
j R

p)
l −R

(s p)
. jl . ) +

1

n
gil(δ

(s
j R

p)
k −R

(s p)
. jk . )
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Bs
ijkl

def
= Rs

kij,l −Rs
lij,k, (4.5.33)

Cs
ijkl

def
= δs[iΩj][k,l] + δs[kΩl][i,j], (4.5.34)

Dijkl
def
= − Ωs(iR

s
j)kl − Ωk[i,j]l + Ωl[i,j]k +

(4.5.35)

+
2

n
Ωjsgi[kR

s
l] +

2

n
ΩspR

s p
.j[k. gl]i,

Eijkl
def
= − 1

n
(gikgjl − gilgjk), (4.5.36)

νi
def
= µ,i =

∂µ

∂xi
. (4.5.37)

Iñòîòíî âiäìiòèòè, ùî ï'ÿòü îñòàííiõ òåíçîðiâ (4.5.32)�(4.5.36) êiíåöü

êiíöåì âèçíà÷àþòüñÿ àáî òiëüêè ìåòðèêîþ Vn, àáî òåíçîðîì Ωij .

Â ñèëó (4.5.27) i (4.5.37) ôîðìóëè (4.5.21) ïåðåïèøóòüñÿ òàê

bij,k = −λsRs
kij + gijψk + gikψj +

(4.5.38)

+µ(Ωij,k + Ωik,j − Ωjk,i) + νkΩij + νjΩik − νiΩjk.

à) Ñïî÷àòêó ââàæàòèìåìî, ïî÷èíàþ÷è ç öüîãî ìiñöÿ, ùî òåíçîð Ωij

íåâèðîäæåíèé i êîìïîíåíòè çâîðîòíîãî äî íüîãî ïîçíà÷èìî ÷åðåç M ij.

Çãîðòàþ÷è (4.5.31) ç M ij, îòðèìà¹ìî
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−(n− 2)νj,k = bspA
sp
jk + λsB

s
jk +

(4.5.39)

+νsC
s
jk + µDjk + ωEjk + τΩjk,

äå Asp
jk, B

s
jk, C

s
jk, Djk, Ejk îòðèìàíi ç (4.5.32) � (4.5.36) çãîðòêîþ ç M ij, τ -

äåÿêèé iíâàðiàíò.

ßêùî (4.5.39) êîâàðiàíòíî ïðîäèôåðåíöiþâàòè ïî xl, ïîõiäíi âiä

bij, λi, νi, µ, ω çàìiíèòè ¨õ âèðàçàìè ç (4.5.38), (4.5.27), (4.5.39), (4.5.37),

(4.5.30), àëüòåðíóâàòè ïî k i l, òî ìè îòðèìà¹ìî óìîâè iíòåãðîâàíîñòi

(4.5.39), ÿêi áóäóòü ëiíiéíèìè âiäíîñíî óñiõ âêàçàíèõ âåëè÷èí. ßêùî öi óìîâè

çãîðíóòè ç M ij, îòðèìà¹ìî

(n− 1)τ,i = bijP
ij
l + λiQ

i
l +

(4.5.40)

+ψiS
i
l + νiT

i
l + µpl + ωql + τrl.

Òåíçîðè P ij
i , Q

i
l, S

i
l , T

i
l , pl, ql, rl íåâàæêî âèïèñàòè ôàêòè÷íî, óñi âîíè ¹

ôóíêöiÿìè òiëüêè gij i Ωij.

Ñóêóïíiñòü ðiâíÿíü (4.5.26), (4.5.27), (4.5.30), (4.5.37), (4.5.38), (4.5.39),

ÿêó ìè êîðîòêî ïîçíà÷èìî ÷åðåç (A), äà¹ ëiíiéíèé âèðàç ïåðøèõ

êîâàðiàíòíèõ ïîõiäíèõ âiä bij, λi, ψi, νi, µ, ω, τ ÷åðåç öi æ òåíçîðè ç

êîåôiöi¹íòàìè, îäíîçíà÷íî âèçíà÷åíèìè Vn i Vn+1, òîáòî ìè ìà¹ìî ñèñòåìó

òèïó Êîøi.
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Ïîìiòèìî, ùî ñèñòåìà (A) íîñèòü iíâàðiàíòíèé õàðàêòåð âiäíîñíî âèáîðó

ñèñòåìè êîîðäèíàò â Vn. Îòæå, îòðèìàíà

Òåîðåìà 4.5.5. Äëÿ òîãî, ùîá ïñåâäîðiìàíiâ ïðîñòið Vn ⊂ Vn+1, |Ωij| 6= 0,

äîçâîëÿâ íåòðèâiàëüíi íåñêií÷åííî ìàëi ãåîäåçè÷íi äåôîðìàöi¨, íåîáõiäíî i

äîñòàòíüî, ùîá ñèñòåìà ðiâíÿíü (A) ìàëà íåòðèâiàëüíèé ðîçâ'ÿçîê.

Ìåòîäè äîñëiäæåíü òàêî¨ ñèñòåìè äîñòàòíüî äîáðå ðîçðîáëåíi [130].

Âèêîðèñòîâóþ÷è öi äîñÿãíåííÿ, âiäìiòèìî, ïðèìiðîì, ùî çàãàëüíèé

ðîçâ'ÿçîê ñèñòåìè (A) ìiñòèòü íå áiëüøå íiæ n2 + 3n + 3 äîâiëüíèõ ñòàëèõ,

÷èñëî ëiíiéíî íåçàëåæíèõ ðîçâ'ÿçêiâ ñèñòåìè (A) òåæ íå ïåðåâåðøó¹ öüîãî

÷èñëà i ðîçâ'ÿçîê íå ìîæå ìàòè ôóíêöiîíàëüíî¨ äîâiëüíîñòi.

á) Òåîðåìà 4.5.5 äîçâîëÿ¹ øèðøå óçàãàëüíåííÿ äëÿ ãiïåðïîâåðõîíü

Vn ⊂ Vn+1 çà óìîâè, ùî Rang ‖Ωij‖ > 2.

Ñêîðèñòà¹ìîñÿ âèêëàäåííÿìè äîâåäåííÿ ïîïåðåäíüî¨ òåîðåìè äî

ôîðìóëè (4.5.38) i ïðèïóñòèìî, ùî Rang ‖Ωij‖ > 2.

Òîäi â Vn, î÷åâèäíî, iñíóþòü òðè íåêîìïëàíàðíi âåêòîðè ai, bi, ci òàêi, ùî

Ωija
iaj = ±ea; Ωijb

ibj = ±eb; Ωijc
icj = ±ec;

(4.5.41)

Ωija
ibj = 0; Ωija

icj = 0; Ωijb
icj = 0.

Çàóâàæèìî, ùî öi âåêòîðè âèçíà÷àþòüñÿ Ωij. Íå äèâëÿ÷èñü íà òå, ùî

âîíè âèçíà÷åíi íåîäíîçíà÷íî, ìè ìà¹ìî ïðàâî ¨õ ââàæàòè îá'¹êòàìè ïðîñòîðó

Vn, òîáòî âèçíà÷åíèìè ÷åðåç ìåòðèêó i äðóãó ôîðìó Vn.
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Ïî ÷åðçi ïîìíîæèìî (4.5.31) ç aiak, bibk, cick, à ïîòiì ïiäñóìó¹ìî ïî i i k.

Îòðèìà¹ìî

eaνj,l =
a
ν
j

a

Ω
l
+

a
ν
l

a

Ω
j
+

a
ν Ωjl+

1
T
jl

(bsp, λs, νs, µ, ω), (4.5.42)

ebνj,l =
b
ν
j

b

Ω
l
+

b
ν
l

b

Ω
j
+

b
ν Ωjl+

2
T
jl

(bsp, λs, νs, µ, ω), (4.5.43)

ecνj,l =
c
ν
j

c

Ω
l
+

c
ν
l

c

Ω
j
+

c
ν Ωjl+

3
T
jl

(bsp, λs, νs, µ, ω), (4.5.44)

äå

a
ν
j

def
= νj,ka

k;
b
ν
j

def
= νj,kb

k;
c
ν
j

def
= νj,kc

k;

(4.5.45)
a

Ω
l

def
= Ωlka

k;
b

Ω
l

def
= Ωlkb

k;
c

Ω
l

def
= Ωlkc

k,

a
ν,

b
ν,

c
ν - äåÿêi iíâàðiàíòè,

σ

T, (σ = 1, 2, . . .) � òåíçîðè, ùî ëiíiéíî âèðàæàþòüñÿ

÷åðåç òi îá'¹êòè, ÿêi âêàçàíi â ÿêîñòi àðãóìåíòó, ç êîåôiöi¹íòàìè âèçíà÷åíèìè

ìåòðèêîþ gij ïðîñòîðó Vn i éîãî äðóãîþ êâàäðàòè÷íîþ ôîðìîþ Ωij, à òàêîæ

âåêòîðiâ ai, bi, ci, ÿêi âèçíà÷åíi ïî ñóòi Ωij.

Çà äîïîìîãîþ (4.5.43) âèêëþ÷èìî ç (4.5.42) òåíçîð νj,l.
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ea(
a
ν
j

a

Ω
l
+

a
ν
l

a

Ω
j
)− eb(

a
ν
j

b

Ω
l
+

b
ν
l

b

Ω
j
) +

(4.5.46)

+(ea
a
ν− eb

b
ν)Ωjl + ea

1
T
jl
− eb

2
T
jl

= 0.

Çãîðíåìî (4.5.46) ç al, íà îñíîâi (4.5.41) îòðèìà¹ìî:

a
ν
j

= α
a

Ω
j

+ β
b

Ω
j
+

4
T
j
(bsp, λs, νs, µ, ω), (4.5.47)

äå α, β � äåÿêi iíâàðiàíòè. Àíàëîãi÷íèì øëÿõîì ç (4.5.42) i (4.5.44)

îòðèìà¹ìî

a
ν
j

= γ
a

Ω
j

+ δ
c

Ω
j
+

5
T
j
(bsp, λs, νs, µ, ω). (4.5.48)

Âiäíiìà¹ìî (4.5.48) ç (4.5.47), ìà¹ìî

(α− γ)
a

Ω
j

+ β
b

Ω
j
− δ

c

Ω
j
+

4
T
j
−

5
T
j

= 0. (4.5.49)

Çãîðòàþ÷è (4.5.49) ç bj, ïåðåêîíà¹ìîñÿ, ùî

β =
6
T
j
(bsp, λs, νs, µ, ω). (4.5.50)

Òîäi ôîðìóëà (4.5.42) ç óðàõóâàííÿì (4.5.47) i (4.5.50) íàáèðà¹ âèãëÿäó:

eaνj,l = 2α
a

Ω
j

a

Ω
l
+

a
ν Ωjl+

7
T
jl

(bsp, λs, νs, µ, ω). (4.5.51)
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Î÷åâèäíî, ìà¹ ìiñöå àíàëîãi÷íà ôîðìóëà:

ebνj,l = 2β
b

Ω
j

b

Ω
l
+

b
ν Ωjl +

8
T
jl

(bsp, λs, νs, µ, ω). (4.5.52)

Ïiñëÿ âiäíiìàííÿ öèõ ôîðìóë îòðèìà¹ìî

2α
a

Ω
j

a

Ω
l
− 2β

b

Ω
j

b

Ω
l
+ (

a
ν− b

ν)Ωjl+
7
T
jl
−

8
T
jl

= 0. (4.5.53)

Çãîðòàþ÷è (4.5.53) iç cjcl ïåðåêîíà¹ìîñÿ, ùî (
a
ν− b

ν) =
9
T
jl

(bsp, λs, νs, µ, ω).

Àëå òîäi, çãîðòàþ÷è (4.5.53) ç ajal i α =
10
T
jl

(bsp, λs, νs, µ, ω).

Ôîðìóëà (4.5.51) òîäi íàáèðà¹ íàñòóïíîãî âèãëÿäó:

νj,l = τΩjl +
11
T
jl

(bsp, λs, νs, µ, ω), (4.5.54)

äå τ
def
=ea

a
ν.

Îòðèìà¹ìî óìîâè iíòåãðîâàíîñòi ðiâíÿíü (4.5.54):

τ,kΩjl − τ,lΩjk +
12
T
jkl

(bsp, λs, νs, µ, ω) = 0. (4.5.55)

Ç íèõ íåâàæêî îòðèìàòè, ùî

τ,k =
13
T
k
(bsp, λs, νs, µ, ω). (4.5.56)

254



×åðåç (A) ïîçíà÷èìî ðiâíÿííÿ (4.5.26), (4.5.27), (4.5.37), (4.5.38), (4.5.54),

(4.5.56). Ó ðåçóëüòàòi áà÷èìî, ùî ñïðàâåäëèâà

Òåîðåìà 4.5.6. Äëÿ òîãî, ùîá ðiìàíiâ ïðîñòið Vn ⊂ Vn+1, Rang ‖Ωij‖ > 2,

äîçâîëÿâ íåòðèâiàëüíi íåñêií÷åííî ìàëi ãåîäåçè÷íi äåôîðìàöi¨, íåîáõiäíî i

äîñòàòíüî, ùîá ñèñòåìà ðiâíÿíü (A) ìàëà íåòðèâiàëüíèé ðîçâ'ÿçîê.

Óìîâè iíòåãðîâàíîñòi óñiõ ðiâíÿíü ñèñòåìè (A) (òåîðåìè 4.5.5 i 4.5.6)

ñóòü ëiíiéíi îäíîðiäíi àëãåáðà¨÷íi ðiâíÿííÿ âiäíîñíî bij, λi, ψi, νi, µ, ω, τ .

Ïîçíà÷èìî ¨õ Á. Òàêèìè æ áóäóòü ¨õ äèôåðåíöiàëüíi ïîäîâæåííÿ áóäü-ÿêîãî

ïîðÿäêó, îñêiëüêè (A) ëiíiéíà. Ïîäîâæåííÿ ïîçíà÷èìî Á1,Á2 i òàê äàëi.

Çà àíàëîãi¹þ ç âiäïîâiäíèì ðåçóëüòàòîì ç òåîði¨ ãåîäåçè÷íèõ

âiäîáðàæåíü [130] âèõîäèòü òàêà

Òåîðåìà 4.5.7. Äëÿ òîãî, ùîá ðiìàíiâ ïðîñòið Vn ⊂ Vn+1 Rang ‖Ωij‖ > 2

äîçâîëÿâ íåòðèâiàëüíi íåñêií÷åííî ìàëi ãåîäåçè÷íi äåôîðìàöi¨, íåîáõiäíî i

äîñòàòíüî, ùîá ñèñòåìà ëiíiéíèõ îäíîðiäíèõ àëãåáðà¨÷íèõ ðiâíÿíü

(Á), (Á1), (Á2), . . . , (Ás) (s < n2 + 3n+ 3)

ìàëà ðîçâ'ÿçîê âiäíîñíî

bij, λi, ψi( /≡ 0), . . . , νi, µ, ω, τ.

Îòðèìàíi ðåçóëüòàòè äîçâîëÿþòü çàñòîñóâàòè äî âèâ÷åííÿ äåôîðìàöié

ìåòîäè ðîçðîáëåíi äëÿ âèâ÷åííÿ âiäîáðàæåíü ñïåöiàëüíèõ ïñåâäîðiìàíîâèõ

ïðîñòîðiâ.
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4.6 Ïðî ñîëiòîíè Ði÷÷i â ñïåöiàëüíèõ ðiìàíîâèõ

ïðîñòîðàõ

Ïîòîêîì Ði÷÷i íàçèâàþòü ñiìåéñòâî ìåòðèê íà ìíîãîâèäi M òàêå, ùî

d

dt
gt = −2Ric(gt), (4.6.1)

äå Ric(g) � òåíçîð Ði÷÷i ìåòðèêè g.

Â ðîáîòàõ, ïîâ'ÿçàíèõ ç äîâåäåííÿì ãiïîòåçè Ïóàíêàðå, ïîòîêè Ði÷÷i

ðiìàíîâèõ ïðîñòîðiâ âèêîðèñòîâóâàëèñü ÿê âàæëèâèé òåõíi÷íèé çàñiá

äîñëiäæåííÿ, i áóëî îòðèìàíî áàãàòî ðåçóëüòàòiâ ïðî iñíóâàííÿ òà

âëàñòèâîñòi òàêèõ ïîòîêiâ [31].

Ç iíøîãî áîêó, iíòåðåñ äî ãåîìåòðè÷íèõ âëàñòèâîñòåé òàêèõ ìåòðèê

ïðèâiâ äî ñîëiòîíiâ Ði÷÷i [31], à òàêîæ äî ϕ(Ric) � âåêòîðíèõ ïîëiâ [38, 43].

Ç ñàìîïîäiáíèì ðîçâ'ÿçêîì ðiâíÿííÿ (4.6.1), ÿêå ìà¹ íàçâó ðiâíÿííÿ

Ãàìiëüòîíà, ïîâ'ÿçàíå ïîíÿòòÿ ñîëiòîíà Ði÷÷i ÿê ìåòðèêè, ùî çàäîâîëüíÿ¹

ðiâíÿííÿì

−2Rico = LXo
go + 2λgo, (4.6.2)

äëÿ äåÿêîãî âåêòîðíîãî ïîëÿ Xo íà M , ïîõiäíî¨ Ëi LXo
ïî âiäíîøåííþ äî

Xo i ñòàëî¨ λ. ßêùî λ = 0 ñîëiòîí Ði÷÷i íàçèâàþòü ñòiéêèì, ïðè λ < 0 �

ñòèñêàþ÷èì, à ïðè λ > 0 � ðîçòÿãóþ÷èì. Ìè áóäåìî êîðèñòóâàòèñü öèìè

âèçíà÷åííÿìè, õî÷à çàñòîñîâóþòüñÿ é iíøi.
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λ Ñîëiòîí Ði÷÷i

1 2 3

λ = 0 ñòiéêèé ñòàëèé ïàðàáîëi÷íèé

λ < 0 ñòèñêàþ÷èé ñïàäíèé åëiïòè÷íèé

λ > 0 ðîçòÿãóþ÷èé çðîñòàþ÷èé ãiïåðáîëi÷íèé

Òàêèì ÷èíîì, ïiä ñîëiòîíîì ðîçóìiþòü òðiéêó: ìåòðèêó g, âåêòîðíå ïîëå

Xo òà ñòàëó λ. Âåêòîðíå ïîëå Xo íàçèâàþòü çàäàþ÷èì ñîëiòîí-âåêòîðîì.

ßêùî çàäàþ÷èé âåêòîð ãðàäi¹íòíèé, òî ãðàäi¹íòíèì íàçèâàþòü i ñîëiòîí.

Öåé ïàðàãðàô ïðèñâÿ÷åíèé âèâ÷åííþ ãðàäi¹íòíèõ ñîëèòîíiâ â

ïñåâäîðiìàíîâèõ ïðîñòîðàõ. Äîñëiäæåííÿ âåäóòüñÿ ëîêàëüíî â êëàñi

àíàëiòè÷íèõ ôóíêöié.

Íåõàé Vn ïñåâäîðiìàíiâ ïðîñòið ç ìåòðè÷íèì òåíçîðîì gij, òîäi ðiâíÿííÿ

(4.6.2) äëÿ ãðàäi¹íòíèõ ñîëiòîíiâ â iíäåêñíié ôîðìi çàïèøåòüñÿ [31]

ϕi,j = λgij −Rij, (4.6.3)

λ,i = 0, (4.6.4)

äå êîìà �,� � çíàê êîâàðiàíòíî¨ ïîõiäíî¨ â Vn, à Rij � òåíçîð Ði÷÷i, a

ϕi = ϕ,i � äåÿêèé íåíóëüîâèé ãðàäi¹íòíèé âåêòîð.

Óìîâè iíòåãðîâàíîñòi, ç óðàõóâàííÿì òîòîæíîñòi Ði÷÷i ïðèéìóòü âèä

ϕαR
α
ijk = −(Rij,k −Rik,j), (4.6.5)

òóò Rh
ijk � òåíçîð Ðiìàíà Vn.
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Âðàõîâóþ÷è òîòîæíiñòü Áiàíêi (4.6.5), çàïèøåìî òàê

ϕαR
α
ijk = Rα

ikj,α. (4.6.6)

Çãîðòàþ÷è îñòàíí¹ ç gij, äå gij � åëåìåíòè îáåðíåíî¨ äî ‖gij‖ ìàòðèöi,
áóäåìî ìàòè

ϕαR
α
k = −R,k

2
, (4.6.7)

òóò R = Rαβg
αβ � ñêàëÿðíà êðèâèíà Vn.

ßêùî âåêòîð ϕi ìà¹ ñòàëó äîâæèíó, òîáòî

ϕαϕ
α = const, (4.6.8)

äå ϕh = ϕαg
αh , òî êîâàðiàíòíî äèôåðåíöiþþ÷è òà âðàõîâóþ÷è (4.6.3) òà

(4.6.6), îòðèìà¹ìî

λϕi +
R,i

2
= 0. (4.6.9)

Îñòàíí¹ äà¹ ìîæëèâiñòü ñôîðìóëþâàòè òåîðåìó

Òåîðåìà 4.6.1. Â ïñåâäîðiìàíîâîìó ïðîñòîði Vn ç çàäàþ÷èì ñîëiòîí-

âåêòîðîì ñòàëî¨ äîâæèíè ñêàëÿðíà êðèâèíà ñòàëà òîäi i òiëüêè òîäi,

êîëè ñîëiòîí ñòiéêèé.
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Âåêòîðíå ïîëå íàçèâàþòü êîíöèðêóëÿðíèì, ÿêùî âîíî çàäîâîëüíÿ¹

óìîâi

ζi,j = ρgij, (4.6.10)

òóò ζi = ζ,i 6= 0, ρ � äåÿêèé iíâàðiàíò.

ßêùî ρ = const, òî âåêòîðíå ïîëå íàçèâàþòü � çáiæíèì, à â âèïàäêó

ρ = 0 � êîâàðiàíòíî ñòàëèì. Ïðîñòîðè, â ÿêèõ iñíó¹ êîíöèðêóëÿðíå âåêòîðíå

ïîëå, íàçèâàþòü åêâiäèñòàíòíèìè.

Ðîçãëÿíåìî ïñåâäîðiìàíiâ ïðîñòið Vn, â ÿêîìó âèêîíóþòüñÿ ðiâíÿííÿ

(4.6.3), (4.6.4) òà (4.6.10). Ìà¹ ìiñöå òåîðåìà [131, 132]

Òåîðåìà 4.6.2. ßêùî â åêâiäèñòàíòíîìó ïñåâäîðiìàíîâîìó ïðîñòîði

Vn iñíó¹ ãðàäi¹íòíèé çàäàþ÷èé ñîëiòîí âåêòîð, òî àáî âií êîëiíåàðíèé

êîíöèðêóëÿðíîìó, àáî êîíöèðêóëÿðíå âåêòîðíå ïîëå ¹ êîâàðiàíòíî ñòàëèì.

Äîâåäåííÿ.

Óìîâè iíòåãðóâàííÿ (4.6.10) ìàþòü âèãëÿä

ζαR
α
ijk = c(ζ)(ζkgij − ζjgik), (4.6.11)

äå c(ζ) � äåÿêèé iíâàðiàíò, ùî çàëåæèòü âiä ζ, òàêèé ùî ρ,i = c(ζ)ζα.

Iç îñòàííüîãî, âðàõîâóþ÷è (4.6.10) îòðèìà¹ìî

ρRhijk + ζαR
α
ijk,h = c8(ζ)(gijζkζh − gikζjζh) + c(ζ)ρ(gijgkh − gikgjh), (4.6.12)

òóò Rhijk = gαnR
α
ijk.
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Çãîðòàþ÷è ç ghk òà ïðèéìàþ÷è äî óâàãè (4.6.6), (4.6.10) áóäåìî ìàòè

ρRij + c(ζ)(ζjϕi − ϕαζαgij) =

(4.6.13)

= c8(ζαζ
αgij − ζiζj) + c(ζ)ρ(n− 1)gij.

Iç îñòàííüîãî, âðàõîâóþ÷è ñèìåòðè÷íiñòü òåíçîðiâ gij òà Rij, âèòiêà¹

c(ζ)(ζjϕi − ζiϕj) = 0. (4.6.14)

ßêùî c(ζ) = 0, òî ρ,i = 0, i êîíöèðêóëÿðíå ïîëå êîâàðiàíòíî ñòàëå,

â ïðîòèëåæíîìó âèïàäêó ζi = kϕi, äå k - äåÿêèé iíâàðiàíò. Òàêèì ÷èíîì,

òåîðåìó äîâåäåíî.

Íàâåäåìî ïðèêëàä ïñåâäîðiìàíîâîãî ïðîñòîðó Vn, ÿêèé äîçâîëÿ¹

ãðàäi¹íòíi âåêòîðíi ïîëÿ, ùî çàäàþòü ñîëiòîíè Ði÷÷i.

Ðîçãëÿíåìî ïñåâäîðiìàíiâ ïðîñòið V3 ç ìåòðèêîþ

ds2 = −(dx1)2 + (x1)2cos(Θ)(dx2)2 + (x1)2sin(Θ)(dx3)2. (4.6.15)

Ïîáóäó¹ìî âåêòîðíå ïîëå ϕi, ùî çàäà¹ ïàðàáîëi÷íèé ñîëiòîí Ði÷÷i

ϕi = (ϕ1(x1), 0, 0).

Îá÷èñëèìî òåíçîð Ði÷÷i ïñåâäîðiìàíîâîãî ïðîñòîðó V3:

R11 =
1− cos(Θ)− sin(Θ)

(x1)2 , (4.6.16)



Ðèñ. 4.2. Ïðèêëàä ñîëiòîíà Ði÷÷i

R22 =
cos(Θ)(1− cos(Θ)− sin(Θ))

(x1)2(1−cos(Θ)) , (4.6.17)

R33 =
(1− cos(Θ))(sin(Θ)− 1− cos(Θ))

(x1)2(1−sin(Θ)) . (4.6.18)

Ñêàëÿðíà êðèâèíà

R = −2(1− cos(Θ))(1− sin(Θ))

(x1)2 . (4.6.19)

Â öüîìó ïðîñòîði iñíó¹ ïàðàáîëi÷íèé ñîëiòîí Ði÷÷i (ðèñ.4.2), ùî

çàäà¹òüñÿ âåêòîðíèì ïîëåì:
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Ðèñ. 4.3. Ïðèêëàä ñîëiòîíà Ði÷÷i

ϕh =
(1− cos(Θ)− sin(Θ))

x1 δh1 . (4.6.20)

ßêùî Θ = π, òî êîìïîíåíòè ìåòðè÷íîãî òåíçîðà g33 = 1, i â

ïðîñòîði iñíó¹ êîâàðiàíòíà ñòàëå âåêòîðíå ïîëå v = (0, 0, 1) , îðòîãîíàëüíå

ãiïåðïîâåðõíi

ds2 = −(dx1)2 +
1

(x1)2 (dx2)2. (4.6.21)

Â öüîìó âèïàäêó, ïðîñòið áóäå åêâiäèñòàíòíèì, âiäìiííèì âiä ïðîñòîðó

ñòàëî¨ êðèâèíè. (Äèâ. ðèñ.4.3).

Âñi ïñåâäîðiìàíîâi ïðîñòîðè V3 çàäîâîëüíÿþòü óìîâi

Ch
ijk = 0. (4.6.22)
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Ðîçãëÿíåìî ïðîñòîðè n > 3, â ÿêèõ âèêîíóþòüñÿ öi óìîâè. Ç (4.6.6)

ïåðåêîíà¹ìîñü, ùî

ϕβRα
βjk,α = 0 (4.6.23)

äëÿ âñiõ ïðîñòîðiâ, ÿêi äîçâîëÿþòü âåêòîðè ϕh, ùî çàäàþòü ñîëiòîíè Ði÷÷i.

Ç (4.6.23) äëÿ ïðîñòîðiâ n > 3, â ÿêèõ âèêîíóþòüñÿ (4.6.22), îòðèìà¹ìî

R, kϕj −R, jϕk = 0. (4.6.24)

Òàêèì ÷èíîì, äîâåäåíî òåîðåìó

Òåîðåìà 4.6.3. Äëÿ êîíôîðìíî-ïëàñêèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ

Vn (n > 3) ãðàäi¹íòíe âåêòîðíå ïîëå, ùî çàäà¹ ñîëiòîí Ði÷÷i çàäîâîëüíÿ¹

óìîâi

ϕ,i = f(R)R, i (4.6.25)

äëÿ f(R) � äåÿêà ôóíêöiÿ, ùî çàëåæèòü âiä ñêàëÿðíî¨ êðèâèíè ïðîñòîðó

Vn.

Ðiâíÿííÿ (4.4.3), (4.4.4) ïðåäñòàâëÿþòü ñèñòåìó äèôåðåíöiàëüíèõ

ðiâíÿíü â êîâàðiàíòíèõ ïîõiäíèõ òèïó Êîøi âiäíîñíî íåâiäîìèõ âåêòîðiâ

ϕi òà ñòàëî¨ λ. Äîñëiäæåííÿ ¨¨ òà óìîâ iíòåãðóâàííÿ (4.4.5) ìåòîäàìè,

àíàëîãi÷íèìè ðîçðîáëåíèì â ïàðàãðàôi 4.2, äàþòü ìîæëèâiñòü äîâåñòè,

ùî ìàêñèìàëüíó êiëüêiñòü ðîçâ'ÿçêiâ ñèñòåìè (n + 1) äîçâîëÿþòü ïëàñêi

ïðîñòîðè. Íå iñíó¹ ïñåâäîðiìàíîâèõ ïðîñòîðiâ, ÿêi äîçâîëÿþòü n òà n − 1
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ðîçâ'ÿçîê âêàçàíî¨ ñèñòåìè. ßêùî êiëüêiñòü ðîçâ'ÿçêiâ áiëüøå îäíîãî, òîáòî

êðiì ðiâíÿííÿ (4.4.3), âèêîíó¹òüñÿ

Φi , j = Λgij −Rij (4.6.26)

ïðèíàéìíi ùå äëÿ îäíîãî äåÿêîãî âåêòîðà Φi òà ñòàëî¨ Λ, òî

(ϕi − Φi), j) = (λ− Λ)gij. (4.6.27)

Òàêèì ÷èíîì, ñïðàâäæó¹òüñÿ

Òåîðåìà 4.6.4. ßêùî â ïñåâäîðiìàíîâîìó ïðîñòîði Vn iñíó¹ áiëüøå íiæ

îäíå ñóòò¹âå ãðàäi¹íòíe âåêòîðíå ïîëå, ùî çàäà¹ ñîëiòîí Ði÷÷i, òî öåé

ïðîñòið åêâiäèñòàíòíèé.

Ðiâíÿííÿ (4.6.27) çàäàþòü çáiæíå êîíöèðêóëÿðíå âåêòîðíå ïîëå, ÿêå

àáî êîëiíåàðíå âåêòîðíîìó ïîëþ, ùî çàäà¹ ãðàäi¹íòíèé ñîëiòîí Ði÷÷i, àáî

êîâàðiàíòíî ñòàëå.

Ïåðøèé âèïàäîê ïðîâîäèòü äî ãàðìîíiéíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ,

à äðóãèé � äîçâîëÿ¹ ñôîðìóëþâàòè íàñëiäîê.

Íàñëiäîê 4.6.1. Ñòàëà λ îäíîçíà÷íî âèçíà÷à¹òüñÿ äëÿ ïñåâäîðiìàíîâèõ

ïðîñòîðiâ Vn, âiäìiííèõ âiä ãàðìîíiéíèõ, ùî äîçâîëÿþòü ñîëiòîíè Ði÷÷i.
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Âèñíîâêè ç ðîçäiëó 4

Â öüîìó ðîçäiëi ðîçãëÿíóòi ñïåöiàëüíi ôóíäàìåíòàëüíi âiäîáðàæåííÿ

ïñåâäîðiìàíîâèõ ïðîñòîðiâ. Ïðè α
1

= 1; α
2

= 0; α
3

= 1, aij = −gij,
ôóíäàìåíòàëüíi âiäîáðàæåííÿ ñòàþòü êîíôîðìíèìè.

Âèâ÷åííÿ êîíôîðìíèõ âiäîáðàæåíü ïñåâäîðiìàíîâèõ ïðîñòîðiâ öå îäíà

ç àêòóàëüíèõ çàäà÷ ñó÷àñíî¨ äèôåðåíöiàëüíî¨ ãåîìåòði¨.

Ðîçãëÿíóòi êîíôîðìíi âiäîáðàæåííÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ íà

ïðîñòîðè Åéíøòåéíà. Îöiíåíà ëàêóíà â ðîçïîäiëi ñòåïåíiâ ìîáiëüíîñòi

ïñåâäîðiìàíîâèõ ïðîñòîðiâ âiäíîñíî êîíôîðìíèõ âiäîáðàæåíü íà ïðîñòîðè

Åéíøòåéíà.

Äîâåäåíî, ÿêùî ñòåïiíü ìîáiëüíîñòi ïñåâäîðiìàíîâîãî ïðîñòîðó Vn

âiäíîñíî êîíôîðìíèõ âiäîáðàæåíü íà ïðîñòîðè Åéíøòåéíà áiëüøå

îäèíèöi, òî ïðîñòið Åéíøòåéíà äîçâîëÿ¹ êîíöèðêóëÿðíå âåêòîðíå ïîëå;

ñòåïiíü ìîáiëüíîñòi ïñåâäîðiìàíîâîãî ïðîñòîðó Vn âiäíîñíî êîíôîðìíèõ

âiäîáðàæåíü íà ïðîñòîðè Åéíøòåéíà íà îäèíèöþ áiëüøà âiä êiëüêîñòi

ëiíiéíî íåçàëåæíèõ êîíöèðêóëÿðíèõ âåêòîðíèõ ïîëiâ, ùî ¨õ äîçâîëÿ¹ ïðîñòið

Åéíøòåéíà; ñåðåä ïðîñòîðiâ äðóãî¨ ëàêóíàðíîñòi âiäíîñíî êîíôîðìíèõ

âiäîáðàæåíü íà ïðîñòîðè Åéíøòåéíà íå ìîæå áóòè ïðîñòîðiâ Åéíøòåéíà.

Âèâ÷åíi êîíôîðìíi âiäîáðàæåííÿ iç çáåðåæåííÿì äåÿêèõ ñïåöiàëüíèõ

òåíçîðiâ. Îäåðæàíi îñíîâíi ðiâíÿííÿ, ùî äàþòü ìîæëèâiñòü âèçíà÷èòè:

äîçâîëÿ¹ àáî íå äîçâîëÿ¹ öåé ïñåâäîðiìàíiâ ïðîñòið êîíôîðìíi

âiäîáðàæåííÿ.

Ïðè α
1

=α
2

= 0; α
3

= 1, ôóíäàìåíòàëüíi âiäîáðàæåííÿ çâîäÿòüñÿ äî
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iíâàðiàíòíèõ ïåðåòâîðåíü ç çáåðåæåííÿì ãåîäåçè÷íèõ.

Iíâàðiàíòíi ïåðåòâîðåííÿ iç çáåðåæåííÿì ãåîäåçè÷íèõ äîçâîëÿþòü

äîâåñòè, ùî iñíó¹ áåçëi÷ ïñåâäîðiìàíîâèõ ïðîñòîðiâ ðiçíèõ ñòåïåíiâ

ìîáiëüíîñòi âiäíîñíî ãåîäåçè÷íèõ âiäîáðàæåíü.

Ðîçðîáëåíi ìåòîäè çàñòîñîâàíi â òåîði¨ ãåîäåçè÷íèõ äåôîðìàöié

ãiïåðïîâåðõîíü äîâiëüíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ. Ðîçâ'ÿçîê çâåäåíî

äî âèâ÷åííÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü òèïó Êîøi â êîâàðiàíòíèõ

ïîõiäíèõ. Çàïðîïîíîâàíi ôîðìóëè ïåðåõîäó äîçâîëÿþòü ïåðåíîñèòè

ðåçóëüòàòè îòðèìàíi â òåîði¨ ãåîäåçè÷íèõ âiäîáðàæåíü íà äîñëiäæåííÿ

ãåîäåçè÷íèõ äåôîðìàöié.

Ñîëiòîíè Ði÷÷i, ùî, ïðèðîäíî, âèíèêàþòü iç òåîði¨ ïîòîêiâ Ði÷÷i, äàþòü

îäèí òèï ñïåöiàëüíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ. Çîêðåìà äîâåäåíî, ùî

â ïñåâäîðiìàíîâîìó ïðîñòîði Vn ç ãðàäi¹íòíèì çàäàþ÷èì âåêòîðîì ñòàëî¨

äîâæèíè, ñêàëÿðíà êðèâèíà ñòàëà òîäi i òiëüêè òîäi, êîëè ñîëiòîí Ði÷÷i

ñòiéêèé.

Òåîðåìà 4.6.2 ñòâåðäæó¹, ùî, ÿêùî â åêâiäèñòàíòíîìó ïñåâäîðiìàíîâîìó

ïðîñòîði Vn iñíó¹ ãðàäi¹íòíèé çàäàþ÷èé ñîëiòîí âåêòîð, òî àáî

âií êîëiíåàðíèé êîíöèðêóëÿðíîìó, àáî êîíöèðêóëÿðíå âåêòîðíå ïîëå ¹

êîâàðiàíòíî ñòàëèì.

Îá ðóíòîâàíî, ùî, ÿêùî â ïñåâäîðiìàíîâîìó ïðîñòîði Vn iñíó¹ áiëüøå

íiæ îäíå ñóòò¹âå ãðàäi¹íòíe âåêòîðíå ïîëå, ùî çàäà¹ ñîëiòîí Ði÷÷i, òî öåé

ïðîñòið åêâiäèñòàíòíèé, à òàêîæ, ùî còàëà λ îäíîçíà÷íî âèçíà÷à¹òüñÿ äëÿ

ïñåâäîðiìàíîâèõ ïðîñòîðiâ Vn, âiäìiííèõ âiä ãàðìîíiéíèõ, ùî äîçâîëÿþòü

ñîëiòîíè Ði÷÷i.
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Ðîçäië 5

Ãîëîìîðôíî-ïðîåêòèâíi âiäîáðàæåííÿ

Ðîçãëÿíåìî Cn êîìïëåêñíî-àíàëiòè÷íèé ìíîãîâèä ðîçìiðíîñòi n. Íåõàé

zα = xα + ixᾱ ëîêàëüíi êîìïëåêñíi êîîðäèíàòè, ïðè÷îìó α = 1, 2, . . . , n, à

ᾱ = n + 1, n + 2, . . . , 2n. ×èñëà xα òà xᾱ áóäåìî ðîçãëÿäàòè ÿê ëîêàëüíi

êîîðäèíàòè äiéñíîãî ïàðíîâèìiðíîãî àíàëiòè÷íîãî ìíîãîâèäó M2n.

ßêùî Rz � äîòè÷íèé äî ìíîãîâèäó Cn ïðîñòið â òî÷öi z, Tx � äîòè÷íèé

ïðîñòið äî M2n â òî÷öi x. Äîáóòîê âåêòîðà iç Rz íà ÷èñëî i ïîðîäæó¹ â Tx

ëiíiéíå ïåðåòâîðåííÿ F . Ëiíiéíå ïåðåòâîðåííÿ F çàäà¹òüñÿ íàM2n òåíçîðíèì

ïîëåì ç ëîêàëüíèìè êîìïîíåíòàìè F i
j . Öå ïîëå çàäîâîëüíÿ¹ óìîâi

F i
αF

α
j = −δij,

(i, j, α = 1, 2, . . . , 2n).

Òåíçîðíå ïîëå F i
j � íàçèâàþòü ìàéæå êîìïëåêñíîþ ñòðóêòóðîþ íàM2n,

ùî ïîðîäæåíà êîìïëåêñíîþ àíàëiòè÷íîþ ñòðóêòóðóþ íà Cn.

Ìàéæå åðìiòîâà ñòðóêòóðà âèçíà÷à¹òüñÿ íà ìíîãîâèäi ç ìàéæå
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êîìïëåêñíîþ ñòðóêòóðóþ çàâäàííÿì ìåòðè÷íîãî òåíçîðó, ùî çàäîâîëüíÿ¹

óìîâi

gαβF
α
i F

β
j = gij.

Íàêëàäàþ÷è óìîâè íà åðìiòîâó ñòðóêòóðó îòðèìóþòü òðè îñíîâíèõ òèïè

ìàéæå åðìiòîâèõ ïðîñòîðiâ [30, 32, 33, 117, 181, 196]:

1. Kåëåðîâi

Fij,k = 0.

2. K�ïðîñòîðè

Fij,k + Fik,j = 0.

3. H�ïðîñòîðè

Fij,k + Fjk,i + Fki,j = 0.

Ìè ðîçãëÿíåìî ïåðøèé òèï ïðîñòîðiâ � êåëåðîâi ïðîñòîðè.

5.1 Ñïåöiàëüíi êåëåðîâi ïðîñòîðè

Êåëåðîâèì ïðîñòîðîì Kn (n = 2N) íàçèâà¹òüñÿ ïñåâäîðiìàíiâ ïðîñòið ç

ìåòðè÷íèì òåíçîðîì gij(x), ó ÿêîìó iñíó¹ ñòðóêòóðà F h
i (x), ùî çàäîâîëüíÿ¹

ñïiââiäíîøåííÿì [117], [178]:

F h
αF

α
i = −δhi ; F(ij) = 0; F h

i,j = 0, (5.1.1)

äå Fij ≡ giαF
α
j , êîìà � çíàê êîâàðiàíòíî¨ ïîõiäíî¨ ïî çâ'ÿçíîñòi Kn.
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Çàóâàæèìî, ùî êåëåðîâi ïðîñòîðè âïåðøå âèâ÷àëèñÿ Ï. À. Øèðîêîâèì,

ÿêi âií íàçâàâ À-ïðîñòîðàìè. Ïîòiì öi ïðîñòîðè âèâ÷àâ �. Êåëåð. Â

ëiòåðàòóði, ÿê ïðàâèëî, öi ïðîñòîðè íàçèâàþòü êåëåðîâèìè.

Çàäëÿ çðó÷íîñòi, ââåäåìî â Kn îïåðàöiþ ñïðÿæåííÿ :

A ...
ī... ≡ A ...

α...F
α
i ; B ī...

... ≡ Bα...
...F

i
α. (5.1.2)

Òóò A i B äîâiëüíi òåíçîðè áóäü-ÿêî¨ âàëåíòíîñòi. Â ñèëó (5.1.1) òà (5.1.2)

ìàþòü ìiñöå íàñòóïíi âëàñòèâîñòi:

A¯̄i = −Ai; B
¯̄i = −Bi;

AᾱB
α = AαB

ᾱ; AᾱB
ᾱ = −AαB

α; (5.1.3)

(Aī) , j = Aī , j; (B ī) , j = B ī
, j.

Ìåòðè÷íèé òåíçîð òà ñèìâîëè Êðîíåêåðà çàäîâîëüíÿþòü

ñïiââiäíîøåííÿì:

gī j̄ = gij; gīj = −gij̄; δhī = δh̄i = F h
i ; δh̄ī = −δhi . (5.1.4)

Òåíçîðè Ðiìàíà è Ði÷÷i äîäàòêîâî äî âiäîìèõ òîòîæíîñòåé

çàäîâîëüíÿþòü íàñòóïíèì âëàñòèâîñòÿì:

Rh̄ījk = Rhijk; Rα
ᾱjk = 2Rjk̄; Rī j̄ = Rij. (5.1.5)

Äî âíóòðiøíiõ îá'¹êòiâ Kn âiäíîñÿòü îá'¹êòè, ùî âèçíà÷àþòüñÿ ç

ìåòðè÷íîãî òåíçîðà gij òà ñòðóêòóðè F h
i .
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Ó êåëåðîâèõ ïðîñòîðàõ Kn âèçíà÷åíi íàñòóïíi òåíçîðè:

- òåíçîð ãîëîìîðôíî-ïðîåêòèâíî¨ êðèâèíè

P h
ijk ≡ Rh

ijk −
1

n+ 2
(δh[kRj]i + δh[k̄Rj̄]i + 2δhī Rj̄k); (5.1.6)

- òåíçîð ãîëîìîðôíî-ñåêöiéíî¨ êðèâèíè Kn

Hh
ijk ≡ Rh

ijk −
R

n(n+ 2)
(δh[kgj]i + δh[k̄g j̄]i + 2δhī gj̄k); (5.1.7)

- òåíçîð Áîõíåðà Kn

Bh
jik ≡ Rh

ijk + (δh[jBk]i + δh[ j̄Bk̄]i + 2δh
ī
Bj̄k +

(5.1.8)

+Bh
[jgk]i +Bh

[ j̄gk̄]i + 2Bh
ī
g
j̄k

),

äå

Bh
i ≡ ghαBαi,

(5.1.9)

Bij ≡ 1
n+ 4

(
Rij − R

2(n+ 2)
gij

)
.

Äëÿ òåíçîðà ãîëîìîðôíî-ïðîåêòèâíî¨ êðèâèíè ìà¹ìî:

Phijk = Phij̄k̄ = Ph̄ījk = −Phikj; Ph(ijk) = 0;

(5.1.10)

P α
αjk = P α

ᾱjk = P α
jkα = P α

jkᾱ = 0,

äå (i, j, k) - îçíà÷à¹ öèêëþâàííÿ ïî i, j, k.
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Òåíçîðè ãîëîìîðôíî-ñåêöiéíî¨ êðèâèíè òà Áîõíåðà çàäîâîëüíÿþòü

óìîâàì:

Hhijk = −Hihjk = Hjkhi = Hh̄ījk;

Hhijk +Hhjki +Hhkij = 0;

(5.1.11)

Bhijk = −Bihjk = Bjkhi = Bh̄ījk;

Bhijk +Bhjki +Bhkij = 0.

Ðîçãëÿíåìî ñïåöiàëüíi êåëåðîâi ïðîñòîðè ç ïðèéíÿòîþ äëÿ

ïñåâäîðiìàíîâèõ ïðîñòîðiâ ñïåöiàëiçàöi¹þ ïî äâîõâàëåíòíèõ òåíçîðàõ.

Çàçäàëåãiäü äîâåäåìî íàñòóïíó ëåìó:

Ëåìà 5.1.1. Íåõàé â êåëåðîâîìy ïðîñòîði Kn âèçíà÷åíèé òåíçîð Aij, ùî

çàäîâîëüíÿ¹ óìîâàì :

Aij = Aji = Aīj; ; (5.1.12)

Aij,k − Aik,j = ρkAij − ρjAik + τkgij − τjgik, (5.1.13)

äå ρk, τk � äåÿêi âåêòîðè.

Òîäi âèêîíóþòüñÿ íàñòóïíi ñïiââiäíîøåííÿ:

Aij,k = ρkAij + τkgij. (5.1.14)
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Äîâåäåííÿ.

Âðàõîâóþ÷è (5.1.1) i (5.1.12), íåâàæêî ïåðåêîíàòèñÿ, ùî äëÿ òåíçîðà Aij

âèêîíóþòüñÿ óìîâè

Aīj + Aij = 0. (5.1.15)

Ïîäi¹ìî îïåðàöi¹þ ñïðÿæåííÿ ïî iíäåêñàõ i òà j íà ñïiââiäíîøåííÿ

(5.1.13), âðàõîâóþ÷è (5.1.12), îòðèìà¹ìî

Aij,k − Aīk,j̄ = ρkAij − ρj̄Akj + τkgij − τj̄gīk. (5.1.16)

Ïðîñèìåòðó¹ìî îñòàíí¹ çà iíäåêñàìè i òà k, âèêîðèñòîâóþ÷è (5.1.15),

ìàòèìåìî:

Aij,k + Akj,i = ρkAij + ρiAkj + τkgij + τjgkj. (5.1.17)

Ïîìiíÿâøè ìiñöÿìè iíäåêñè j òà i â (5.1.17), ñêëàäåìî îòðèìàíå ç

(5.1.13), ó ðåçóëüòàòi ïåðåêîíà¹ìîñÿ, ùî ìà¹ ìiñöå (5.1.14). Òàêèì ÷èíîì,

ëåìó 5.1.1 äîâåäåíî.

Ìà¹ ìiñöå

Òåîðåìà 5.1.1. Êåëåðîâi ïðîñòîðè ¹ ãàðìîíiéíèìè RMn, òîäi i òiëüêè

òîäi, êîëè âîíè Ði÷÷i-ñèìåòðè÷íi.

Äîâåäåííÿ.

Î÷åâèäíî, ùî Ði÷÷i-ñèìåòðè÷íi ïðîñòîðè ¹ ãàðìîíiéíèìè.
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Äîâåäåìî çâîðîòíå. Äiéñíî, âðàõîâóþ÷è (5.1.5) i âëàñòèâîñòi òåíçîðà

Ði÷÷i, íåâàæêî áà÷èòè, ùî òåíçîð Ði÷÷i êåëåðîâîãî ïðîñòîðó RMn,

çàäîâîëüíÿ¹ óìîâàì (5.1.12), (5.1.13) ïðè Aij = Rij òà τk = ρk = 0. Òîäi

çà ëåìîþ 5.1.1 ìà¹ ìiñöå (5.1.14).

Òåîðåìy äîâåäåío.

Äîâåäåíà òåîðåìà ïîñèëþ¹ ðåçóëüòàòè áàãàòüîõ àâòîðiâ, ÿêi ðîçãëÿäàëè

êåëåðîâi ïðîñòîðè RMn ç ïðèïóùåííÿì, ùî Rij,k 6= 0 [79].

Òåîðåìà 5.1.2. Êîíôîðìíî-ãàðìîíiéíi êåëåðîâi ïðîñòîðè CMn (n > 3) ¹

Ði÷÷i-ñèìåòðè÷íèìè.

Äîâåäåííÿ.

Âèêîðèñòîâóþ÷è ëåìó 5.1.1 ïðè

Aij = Rij; τi =
1

2(n− 1)
R,i; ρi = 0,

îòðèìà¹ìî, ùî

Rij,k =
1

2(n− 1)
R,kgij. (5.1.18)

Çãîðòàþ÷è îñòàíí¹ ç gij, ïåðåêîíà¹ìîñÿ â òîìó, ùî ïðè n > 3

R,k = 0 (5.1.19)

i, îòæå, (5.1.18) íàáèðà¹ âèãëÿäó (2.3.70), ùî i âèìàãàëîñÿ äîâåñòè.
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Ç (5.1.18) i òåîðåìè 5.1.2 ïåðåêîíà¹ìîñÿ, ùî êåëåðîâi ïðîñòîðèMn i CMn

áóäóòü ïðîñòîðàìè ñòaëî¨ ñêàëÿðíî¨ êðèâèíè, îòæå, ìà¹ ìiñöå:

Íàñëiäîê 5.1.1. Ó êåëåðîâèõ ïðîñòîðàõ Kn(n > 3) âèêîíàíi óìîâè

RMn ≡ CMn ⊂ LMn ≡ EMn ≡ RicMn. (5.1.20)

Äàëi ðîçãëÿíåìî ñïåöiàëüíi êåëåðîâi ïðîñòîðè, â ÿêèõ âèêîíóþòüñÿ

áiëüø çàãàëüíi óìîâè. Çàçäàëåãiäü äîâåäåìî íàñòóïíó ëåìó [47, 136]:

Ëåìà 5.1.2. Íåõàé â êåëåðîâîìó ïðîñòîði Kn âèçíà÷åíèé òåíçîð Tij, ùî

çàäîâîëüíÿ¹ óìîâàì :

Tij = Tji = Tīj; (5.1.21)

Tij,k − Tik,j = τkTij − τjTik + ψkgij − ψjgik +

(5.1.22)

+τk̄Tij̄ − τj̄Tik̄ + ψk̄gij̄ − ψj̄gik̄ + 2τīTj̄k + 2ψīgj̄k,

äå τi i ψi � äåÿêi âåêòîðè.

Òîäi äëÿ òåíçîðà Tij âèêîíóþòüñÿ ñïiââiäíîøåííÿ:

Tij,k = 2τkTij + τ(iTj)k + τ(̄iTj̄)k +

(5.1.23)

+2ψkgij + ψ(igj)k + ψ(̄igj̄)k.
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Äîâåäåííÿ.

Íåõàé òåíçîð Tij çàäîâîëüíÿ¹ óìîâàì (5.1.21) òà (5.1.22). Ïîäi¹ìî

îïåðàöi¹þ ñïðÿæåííÿ çà iíäåêñàìè i òà j íà ôîðìóëó (5.1.22). Âðàõîâóþ÷è

(5.1.21), îòðèìà¹ìî

Tij,k − Tīk,j̄ = 2τiTjk + 2ψigjk + τkTij − τj̄Tīk +

(5.1.24)

+ψkgij − ψj̄gīk + τk̄Tij̄ + τjTik + ψk̄gij̄ + ψjgik.

Îñòàííþ ôîðìóëó ïðîñèìåòðó¹ìî çà iíäåêñàìè i òà k:

Tij,k + Tkj,i = 2τjTik + 3τiTjk + 3τkTji + 2ψjgik +

(5.1.25)

+3ψigjk + 3ψkgji + τk̄Tij̄ + τīTkj̄ + ψk̄gij̄ + ψīgkj̄.

Ïiñëÿ ïåðåïîçíà÷åííÿ iíäåêñiâ i òà j îäèí ç îäíèì, ñêëàäàþ÷è îòðèìàíå

ç (5.1.22), ìàòèìåìî (5.1.23), ùî i âèìàãàëîñÿ äîâåñòè.

Äîâåäåíà âèùå òåîðåìà 5.1.2 çíàõîäèòü ñåðéîçíi çàñòîñóâàííÿ, çîêðåìà,

â ïèòàííi ïðî iñíóâàííÿ êåëåðîâèõ ïðîñòîðiâ Ln.

Äiéñíî, íàãàäà¹ìî íàñòóïíå oçíà÷åííÿ [178]

Îçíà÷åííÿ 5.1.1. Ïñåâäîpiìàíîâi ïðîñòîðè, â ÿêèõ ñêàëÿðíà êðèâèíà

íåñòàëà i òåíçîð Ði÷÷i çàäîâîëüíÿ¹ óìîâàì :
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Rij,k = akgij + b(igj)k, (5.1.26)

äå ai, bi � äåÿêi âåêòîðè, íàçèâàþòü ïðîñòîðàìè Ln.

Àëüòåðíóþ÷è îñòàííi ôîðìóëè ïî j òà k ïåðåêîíà¹ìîñÿ, ùî ïðîñòîðè Ln

¹ êîíôîðìíî-ãàðìîíiéíèìè CMn.

Òîäi íà ïiäñòàâi òåîðåìè 5.1.2 ìà¹ ìiñöå:

Íàñëiäîê 5.1.2. Íå iñíó¹ êåëåðîâèõ ïðîñòîðiâ Ln.

Ââåäåìî àíàëîã ïðîñòîðiâ Ln òàêèì ÷èíîì:

Îçíà÷åííÿ 5.1.2. Ïðîñòîðîì L∗n íàçèâàòèìåìî êåëåðîâèé ïðîñòið,

òåíçîð Ði÷÷i ÿêîãî çàäîâîëüíÿ¹ óìîâi:

Rij,k = akgij + b(igj)k + b(̄igj̄)k, (5.1.27)

äå ai òà bi � äåÿêi íåíóëüîâi êîâåêòîðè.

Çãîðòàííÿì ñïiââiäíîøåíü (5.1.27) ç òåíçîðîì gij i gik ïåðåêîíà¹ìîñÿ, ùî

öi êîâåêòîðè çàäîâîëüíÿþòü óìîâàì:

ai ≡
1

n+ 2
R,i; bi ≡

1

2(n+ 2)
R,i. (5.1.28)

Òàêèì ÷èíîì, â ñïiââiäíîøåííÿõ (5.1.27) ìiñòÿòüñÿ îá'¹êòè, îá÷èñëåíi

çà äîïîìîãîþ ìåòðè÷íîãî i ñòðóêòóðíîãî òåíçîðiâ, îòæå, öi ñïiââiäíîøåííÿ

ìàþòü âíóòðiøíié õàðàêòåð.
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Ñïðàâåäëèâà

Òåîðåìà 5.1.3. Áîõíåð-ãàðìîíiéíi ïðîñòîðè BMn íåñòàëî¨ ñêàëÿðíî¨

êðèâèíè i òiëüêè âîíè ¹ ïðîñòîðàìè L∗n.

Äîâåäåííÿ.

Ïiäñòàâèâøè (5.1.27) â (5.1.23) ëåãêî ïåðåêîíà¹ìîñÿ, ùî ïðîñòîðè L∗n ¹

Áîõíåð-ãàðìîíiéíèìè ïðîñòîðàìè BMn.

Ç iíøîãî áîêó, ç (5.1.23),âðàõîâóþ÷è ëåìó 5.1.2 ïðè

Tij = Rij; ψi = − 1

2(n+ 2)
R,i; τi = 0, (5.1.29)

âèòiêàþòü óìîâè (5.1.27).

Òåîðåìy äîâåäåío.

5.2 Ãåîäåçè÷íi âiäîáðàæåííÿ ñïåöiàëüíèõ êåëåðîâèõ

ïðîñòîðiâ

Ðîçãëÿíåìî ãåîäåçè÷íi âiäîáðàæåííÿ êåëåðîâèõ ïðîñòîðiâ [11, 12, 83,

106].

Òåîðåìà 5.2.1. Áîõíåð-ãàðìîíiéíi ïðîñòîðè L∗n äîçâîëÿþòü íåòðèâiàëüíi

ãåîäåçè÷íi âiäîáðàæåííÿ íà ïñåâäîðiìàíîâi ïðîñòîðè.

Äîâåäåííÿ.
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Íåõàé ïðîñòið L∗n äîçâîëÿ¹ íåòðèâiàëüíå ãåîäåçè÷íå âiäîáðàæåííÿ. Òîäi

â L∗n ìàþòü ðîçâ'ÿçîê ðiâíÿííÿ Ì.Ñ. Ñiíþêîâà ãåîäåçè÷íèõ âiäîáðàæåíü:

aij,k = λigjk + λjgik (5.2.1)

âiäíîñíî ñèìåòðè÷íîãî íåâèðîäæåíîãî òåíçîðà aij i íåíóëüîâîãî âåêòîðó λi.

Ç äîñëiäæåíü É. Ìiêåøa [79] ãåîäåçè÷íèõ âiäîáðàæåíü êåëåðîâèõ

ïðîñòîðiâ âèòiêà¹, ùî âåêòîð λi ïîðîäæó¹ çáiæíå âåêòîðíå ïîëå, òîáòî ìàþòü

ìiñöå óìîâè

λi,j = µgij, (5.2.2)

äå µ− const.

Êîâàðiàíòíî ïðîäèôåðåíöiþ¹ìî (5.2.2) ïî xk, à ïîòiì ïðîàëüòåðíó¹ìî ïî

j òà k. Âðàõîâóþ÷è òîòîæíiñòü Ði÷÷i, îòðèìà¹ìî:

λαR
α
ijk = 0. (5.2.3)

Çâiäñè çãîðòàííÿì çi gij çíàõîäèìî:

λαR
α
i = 0. (5.2.4)

Êîâàðiàíòíî ïðîäèôåðåíöiþ¹ìî (5.2.4) ïî xj. Âðàõîâóþ÷è (5.1.27) i

(5.2.2), ìàòèìåìî
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µRji + ajλi + λαbαgij + biλj + λαbᾱgīj − bīλj̄ = 0, (5.2.5)

äå, ÿê i ðàíiøå,

ai ≡
1

n+ 2
R,i; bi ≡

1

2(n+ 2)
R,i.

Âiäíiìàþ÷è çi (5.2.5) âèðàç, îòðèìàíèé ç (5.2.5) ñïðÿæåííÿì çà

iíäåêñàìè i òà j, çíàõîäèìî ïiñëÿ ïåðåòâîðåíü

ajλi + aiλj = 0. (5.2.6)

Îñêiëüêè ai 6= 0, òî iñíó¹ âåêòîð εi òàêèé, ùî εαaα = 1. Çãîðíåìî (5.2.6)

çi εj i ïåðåêîíà¹ìîñÿ, ùî âåêòîðè λi òà ai êîëiíåàðíi, òîáòî λi = αai. Àëå öå

ìîæëèâî òiëüêè, êîëè λi = 0.

×åðåç îòðèìàíó ñóïåðå÷íiñòü, òåîðåìy 5.2.1 äîâåäåío.

5.3 Îñíîâíi ðiâíÿííÿ òåîði¨ ãîëîìîðôíî-ïðîåêòèâíèõ

âiäîáðàæåíü êåëåðîâèõ ïðîñòîðiâ

Àíàëiòè÷íî ïëàíàðíîþ êðèâîþ L êåëåðîâîãî ïðîñòîðó íàçèâàþòü êðèâó,

çàäàíó ðiâíÿííÿìè xh = xh(t), òàêó, ùî âèêîíóþòüñÿ íàñòóïíi óìîâè:

dξh

dt
+ Γhαβξ

αξβ = ρ1(t)ξ
h + ρ2(t)F

h
αξ

α, (5.3.1)
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äå ξh ≡ dxh

dt
, ρ1, ρ2 - ôóíêöi¨ àðãóìåíòó t.

Äèôåîìîðôiçì γ ìiæ òî÷êàìè êåëåðîâèõ ïðîñòîðiâKn i K̄n íàçèâà¹òüñÿ

ãîëîìîðôíî-ïðîåêòèâíèì âiäîáðàæåííÿì, ÿêùî êîæíà àíàëiòè÷íî ïëàíàðíà

êðèâà Kn ïåðåõîäèòü â àíàëiòè÷íî ïëàíàðíó êðèâó K̄n [70, 73, 74].

Íåîáõiäíèìè i äîñòàòíiìè óìîâàìè ãîëîìîðôíî-ïðîåêòèâíèõ

âiäîáðàæåíü Kn íà K̄n ¹ âèêîíàííÿ â çàãàëüíié çà âiäîáðàæåííÿì ñèñòåìi

êîîðäèíàò óìîâ [178]:

Γ̄hij = Γhij + δh(iψj) − δh(̄iψj̄),

(5.3.2)

F̄ h
i = F h

i ,

äå ψi ≡ ψ,i.

Ïîìiòèìî, ùî â ðîáîòi [83] ïåðåäáà÷àëîñÿ àïðiîðíå çáåðåæåííÿ

ñòðóêòóðè ïðè ãîëîìîðôíî-ïðîåêòèâíèõ âiäîáðàæåííÿõ. Ó ðîáîòàõ

É. Ìiêåøà ïîêàçàíà íåîáõiäíiñòü ¨¨ çáåðåæåííÿ [163]. Ãîëîìîðôíî-

ïðîåêòèâíi âiäîáðàæåííÿ Kn íà K̄n íàçèâàþòü íåòðèâiàëüíèìè, ÿêùî

ψi 6= 0. Âèïàäîê, êîëè ψi ≡ 0, òîáòî, êîëè âiäîáðàæåííÿ ¹ àôiííèì, íå

ðîçãëÿäàòèìåìî. Ñïiââiäíîøåííÿ (5.3.2) åêâiâàëåíòíi ðiâíÿííÿì [178]:

ḡij,k = 2ψkḡij + ψ(iḡj)k + ψ(̄iḡj̄)k, (5.3.3)

äå ḡij - ìåòðè÷íèé òåíçîð ïðîñòîðó K̄n. ßê âiäîìî, çi (5.3.2), çà íåîáõiäíiñòþ

âèïëèâà¹:

R̄h
ijk = Rh

ijk + δhkψji − δhjψki + δhkψj̄i − δhj̄ψk̄i + 2δhī ψj̄k; (5.3.4)
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R̄ij = Rij + (n+ 2)ψij; (5.3.5)

P̄ h
ijk = P h

ijk, (5.3.6)

äå Rh
ijk(R̄

h
ijk) Rij(R̄ij) P h

ijk(P̄
h
ijk) - òåíçîðè Ðiìàíà, Ði÷÷i i ãîëîìîðôíî-

ïðîåêòèâíî¨ êðèâèíè Kn(K̄n)

ψij ≡ ψi, j − ψiψj + ψīψj̄. (5.3.7)

Òàêîæ âèêîíóþòüñÿ ñïiââiäíîøåííÿ

ψij = ψji = ψīj̄. (5.3.8)

Ç iíøîãî áîêó, ÿêùî Kn äîçâîëÿ¹ íåòðèâiàëüíå ãîëîìîðôíî-ïðîåêòèâíå

âiäîáðàæåííÿ íà K̄n, òî â Kn iñíó¹ ðîçâ'ÿçîê íàñòóïíèõ ðiâíÿíü :

aij,k = λigik + λjgik + λīgj̄k + λj̄gīk (5.3.9)

âiäíîñíî òåíçîðà aij, ùî çàäîâîëüíÿ¹ óìîâàì

aij = aji; aīj̄ = aij, detaij 6= 0 (5.3.10)

i íåíóëüîâîãî âåêòîðó λi. Äëÿ öüîãî âåêòîðó çà íåîáõiäíiñòþ âèêîíóþòüñÿ

óìîâè:

λi, j = λj,i = λī, j̄. (5.3.11)

Ðîçâ'ÿçêè ðiâíÿíü (5.3.3) i (5.3.9) ïîâ'ÿçàíi ñïiââiäíîøåííÿìè:

aij = e2ψḡαβgαigβi; (5.3.12)

λi = −e2ψḡαβgαiψβ, (5.3.13)
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äå
∥∥ḡij∥∥ = ‖ḡij‖−1.

Ç óìîâ iíòåãðîâàíîñòi (5.3.9) îòðèìà¹ìî

nλi , j = µgij − aαβRα β
.ij. + aαiR

α
.j (5.3.14)

Ñïiââiäíîøåííÿ (5.3.14) ïðåäñòàâëÿ¹ ñîáîþ äèôåðåíöiàëüíå ðiâíÿííÿ

âiäíîñíî âåêòîðà λi, â ÿêå âõîäèòü íåâiäîìà ôóíêöiÿ µ. Iç óìîâ iíòåãðîâàíîñòi

(5.3.14) çíàéäåìî

µi = 2λαR
α
i . (5.3.15)

Â.Â. Äîìàøåâ òà É. Ìiêåø äîâåëè [120], ùî, äëÿ òîãî, ùîá êåëåðîâèé

ïðîñòið Kn äîïóñòèâ íåòðèâiàëüíi ãîëîìîðôíî-ïðîåêòèâíi âiäîáðàæåííÿ

íåîáõiäíî i äîñòàòíüî, ùîá ñèñòåìà äèôåðåíöiàëüíèõ ðiâíÿíü (5.3.9), (5.3.14),

(5.3.15) ìàëà íåòðèâiàëüíèé ðîçâ'ÿçîê âiäíîñíî

aij = aji = aj̄ ī, λi 6= 0 òà µ.

Ðîçãëÿíåìî êåëåðîâi ïðîñòîðè Kn, ÿêi äîçâîëÿþòü êîíöèðêóëÿðíi

âiäîáðàæåííÿ. Òîäi â Kn ìà¹ ìiñöå ðiâíÿííÿ

υi , j = ρgji. (5.3.16)

ßêùî êåëåðîâèé ïðîñòið äîçâîëÿ¹ ãåîäåçè÷íå âiäîáðàæåííÿ çi

çáåðåæåííÿì òåíçîðà Åéíøòåéíà, òî â íüîìó

λi , j = µgji. (5.3.17)

Êîíñòðóþþ÷è òåíçîð aij íàñòóïíèì ÷èíîì

aij = αgji + υiυj + υīυj̄, (5.3.18)
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äå α � äåÿêà ñòàëà;

ïåðåêîíà¹ìîñÿ, ùî äëÿ aij âèêîíóþòüñÿ óìîâè (5.3.9).

Òåîðåìà 5.3.1. ßêùî êåëåðîâèé ïðîñòið Kn äîçâîëÿ¹ êîíöèðêóëÿðíi

âiäîáðàæåííÿ i âåêòîð υi, âiäìiííèé âiä êîâàðiàíòíî ñòàëîãî, òî âîíî

äîçâîëÿ¹ i íåòðèâiàëüíi ãîëîìîðôíî-ïðîåêòèâíi âiäîáðàæåííÿ.

Áóäóþ÷è àíàëîãi÷íó êîíñòðóêöiþ äëÿ âåêòîðà λi òà âðàõîâóþ÷è (5.3.17),

îäåðæèìî

Òåîðåìà 5.3.2. ßêùî êåëåðîâèé ïðîñòið Kn äîçâîëÿ¹ ãåîäåçè÷íå

âiäîáðàæåííÿ çi çáåðåæåííÿì òåíçîðà Åéíøòåéíà i âåêòîð λi �

âiäìiííèé âiä êîâàðiàíòíî ñòàëîãî, òî Kn äîçâîëÿ¹ i íåòðèâiàëüíi

ãîëîìîðôíî-ïðîåêòèâíi âiäîáðàæåííÿ.

Iç (5.3.5) äëÿ òåíçîðiâ Åéíøòåéíà êåëåðîâèõ ïðîñòîðiâ Kn i K̄n

îòðèìà¹ìî

Ēij − Eij +
R̄

n
ḡij =

R

n
+ (n+ 2)ψij. (5.3.19)

ßêùî ïðè ãîëîìîðôíî-ïðîåêòèâíèõ âiäîáðàæåííÿõ çáåðiãà¹òüñÿ òåíçîð

Åéíøòåéíà, òîáòî

Ēij = Eij, (5.3.20)

òî ðiâíÿííÿ (5.3.19) ïðèéìàþòü âèãëÿä

Bḡij = Bgij + ψij, (5.3.21)

äå B =
R

n(n+ 2)
.
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Ïiäñòàâëÿþ÷è (5.3.21) â (5.3.4) i ãðóïóþ÷è ç óðàõóâàííÿì (5.1.7),

ïåðåêëîíà¹ìîñÿ, ùî

H̄h
ijk = Hh

ijk. (5.3.22)

Ç iíøîãî áîêó, ÿêùî âèêîíóþòüñÿ óìîâè (5.3.22), òî, çãîpòàþ÷è,

îäåðæèìî (5.3.20) i, òàêèì ÷èíîì, äîâåäåío òåîðåìy [48, 135]:

Òåîðåìà 5.3.3. Äëÿ òîãî, ùîá ïðè ãîëîìîðôíî-ïðîåêòèâíèõ

âiäîáðàæåííÿõ êåëåðîâèõ ïðîñòîðiâ çáåðiãàâñÿ òåíçîð Åéíøòåéíà

íåîáõiäíî è äîñòàòíüî, ùîá ïðè öüîìó âiäîáðàæåííi çáåðiãàâñÿ òåíçîð

ãîëîìîðôíî-ñåêöiéíîþ êðèâèíè.

Êîâàðiàíòíî äèôåðåíöiþþ÷è (5.3.13), âðàõîâóþ÷è (5.3.9) i (5.3.21),

îäåðæèìî

λi , j = µgij +Baij. (5.3.23)

Âèâ÷àþ÷è óìîâè iíòåãðîâàíîñòi (5.3.23), ïðè B = const, ïåðåêîíà¹ìîñÿ,

ùî

µ, i = 2Bλi. (5.3.24)

Òàêèì ÷èíîì, äîâåäåío:

Òåîðåìà 5.3.4. ßêùî êåëåðîâèé ïðîñòið Kn äîçâîëÿ¹ ãîëîìîðôíî-

ïðîåêòèâíi âiäîáðàæåííÿ çi çáåðåæåííÿì òåíçîðà Åéíøòåéíà, òî â

íüîìó, çà íåîáõiäíiñòþ, ìà¹ ðîçâ'ÿçîê ñèñòåìà ðiâíÿíü (5.3.9), (5.3.23),

(5.3.24) âiäíîñíî òåíçîðà aij, âåêòîðà λi òà iíâàðiàíòà µ.

Êåëåðîâi ïðîñòîðè, â ÿêèõ âåêòîð λi çàäîâîëüíÿ¹ óìîâàì (5.3.23),

ïîçíà÷àþòü Kn(B) [53, 181].
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Âðàõîâóþ÷è îçíà÷åííÿ ñòàëî¨ B, ïåðåêîíà¹ìîñÿ â ñïðàâåäëèâîñòi

íàñëiäêó:

Íàñëiäîê 5.3.1. ßêùî êåëåðîâèé ïðîñòið Kn äîçâîëÿ¹ íåòðèâiàëüíi

ãîëîìîðôíî-ïðîåêòèâíi âiäîáðàæåííÿ çi çáåðåæåííÿì òåíçîðà

Åéíøòåéíà, òî Kn � ïðîñòið ñòaëî¨ ñêàëÿðíî¨ êðèâèíè.

Òàêèì ÷èíîì, ìåòîäè, ÿêi ðîçðîáëåíi â òåîði¨ âiäîáðàæåíü

ïñåâäîðiìàíîâèõ ïðîñòîðiâ, ïåðåíåñåíi â òåîðiþ ãîëîìîðôíî-ïðîåêòèâíèõ

âiäîáðàæåíü êåëåðîâèõ ïðîñòîðiâ.

Âèñíîâêè ç ðîçäiëó 5

Îñêiëüêè äîäàòêîâi ñòðóêòóðè ïñåâäîðiìàíîâèõ ïðîñòîðiâ â îñíîâíîìó

ìàþòü âëàñòèâiñòü íå äîçâîëÿòè ãåîäåçè÷íèõ âiäîáðàæåíü, äîñëiäíèêè

çâåðòàëèñü äî ðiçíîãî ðîäó óçàãàëüíåíü [88, 89, 98].

Íàéáiëüø âiäîìîþ ç íèõ ¹ òåîðiÿ ãîëîìîðôíî-ïðîåêòèâíèõ âiäîáðàæåíü

êåëåðîâèõ ïðîñòîðiâ, òîáòî âiäîáðàæåíü, ïðè ÿêèõ çáåðiãàþòüñÿ àíàëiòè÷íî

ïëàíàðíi êðèâi i êîìïëåêñíi ñòðóêòóðè êåëåðîâîãî ïðîñòîðó.

Äîâåäåíî, ùî âèäiëåíi â òåîði¨ ïñåâäîðiìàíîâèõ ïðîñòîðiâ òèïè

ñïåöiàëüíèõ ïðîñòîðiâ çâîäÿòüñÿ äî îäíîãî òèïó, i òàêà ñïåöiàëiçàöiÿ ¹

íåeôåêòèâíîþ.

Çàïðîïîíîâàíèé íîâèé àíàëîãi÷íèé ñïîñiá ðîçáèòòÿ íà ñïåöiàëüíi êëàñè

êåëåðîâèõ ïðîñòîðiâ ç óðàõóâàííÿì êîìïëåêñíî¨ ñòðóêòóðè.

Äîñëiäæåíî ãîëîìîðôíî-ïðîåêòèâíi âiäîáðàæåííÿ ñïåöiàëüíèõ
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êåëåðîâèõ ïðîñòîðiâ ç îáìåæåííÿìè íà òåíçîð Áîõíåðà, Ði÷÷i, Ðiìàíà.

Çîêðåìà äîâåäåíî, ÿêùî êåëåðîâèé ïðîñòið Kn äîçâîëÿ¹ ãåîäåçè÷íå

âiäîáðàæåííÿ çi çáåðåæåííÿì òåíçîðà Åéíøòåéíà i âåêòîð λi � âiäìiííèé âiä

êîâàðiàíòíî ñòàëîãî, òî Kn äîçâîëÿ¹ i íåòðèâiàëüíi ãîëîìîðôíî-ïðîåêòèâíi

âiäîáðàæåííÿ.

À òàêîæ, ùî äëÿ òîãî, ùîá ïðè ãîëîìîðôíî-ïðîåêòèâíèõ âiäîáðàæåííÿõ

êåëåðîâèõ ïðîñòîðiâ çáåðiãàâñÿ òåíçîð Åéíøòåéíà íåîáõiäíî è äîñòàòíüî,

ùîá ïðè öüîìó âiäîáðàæåííi çáåðiãàâñÿ òåíçîð ãîëîìîðôíî-ñåêöiéíîþ

êðèâèíè.
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Âèñíîâêè

Ìàþ÷è äîâãó iñòîðiþ, òåîðiÿ âiäîáðàæåíü îòðèìàëà íîâå äèõàííÿ

çàâäÿêè òåíçîðíèì ìåòîäàì äîñëiäæåííÿ. Ââåäåíå ñòî ðîêiâ òîìó ïîíÿòòÿ

àôiííî¨ çâ'ÿçíîñòi, äîçâîëèëî ïî-íîâîìó ïîãëÿíóòü íà êëàñè÷íi ãåîìåòðè÷íi

çàäà÷i.

Ìîäèôiêóþ÷è ìåòîäèêó Íîðäåíà, çíàéäåíî ôîðìóëè, ùî ïîâ'ÿçóþòü

îñíîâíi òåíçîðè, òåíçîð äåôîðìàöi¨, òåíçîð Ðiìàíà, òåíçîð Ði÷÷i òà ¨õ

ïåðøi i äðóãi êîâàðiàíòíi ïîõiäíi äëÿ ïðîñòîðiâ An òà Ān, ÿêi ïîâ'ÿçàíi

çàäàíèì âiäîáðàæåííÿì. Â öèõ ôîðìóëàõ ïðèñóòíi ÿê îá'¹êòè An, òàê i

Ān ç êîâàðiàíòíèìè ïîõiäíèìè ïî âiäïîâiäíèõ çâ'ÿçíîñòÿõ. Äëÿ ñïðîùåííÿ,

ââåäåíå ïîíÿòòÿ óêîðî÷åíîãî âiäîáðàæåííÿ i éîãî ñïåöiàëüíîãî âèïàäêó �

ïîëîâèííîãî âiäîáðàæåííÿ. Çâ'ÿçíiñòü, ÿêà âèïëèâà¹ ïðè ïîëîâèííîìó

âiäîáðàæåííi, íàçâàíà ñåðåäíüîþ.

Ïîïåðåäíi ôîðìóëè ïðè ïåðåõîäi äî êîâàðiàíòíèõ ïîõiäíèõ â ñåðåäíié

çâ'ÿçíîñòi çíà÷íî ñïðîùóþòüñÿ.

Íà ïðèêëàäi âiäîáðàæåííÿ, ùî çáåðiãà¹ òåíçîð Âåéëÿ, ïîêàçàíî, ÿê

çàäà÷i òàêîãî òèïó çâîäÿòüñÿ äî ñèñòåì äèôåðåíöiàëüíèõ ðiâíÿíü.

×åðåç çíà÷íi òåõíi÷íi òðóäíîùi ëîêàëüíèõ ðîçâ'ÿçêiâ çàäà÷ òàêîãî òèïó

âèíèêà¹ íåîáõiäíiñòü ñïåöiàëiçàöi¨ ïðîñòîðiâ àáî âiäîáðàæåíü.

Äîâåäåíî, ÿê âïëèâà¹ íà õàðàêòåð âiäîáðàæåííÿ îáìåæåííÿ íà

âíóòðiøíi îá'¹êòè ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi An. À ñàìå, ÿêùî â äâîõ

ïðîñòîðàõ àôiííî¨ çâ'ÿçíîñòi An òà Ān ñïiâïàäàþòü çíà÷åííÿ òåíçîðiâ Ðiìàíà

R1
223 òà R̄1

223, òî âiäîáðàæåííÿ çà íåîáõiäíiñòþ íàáóâàþòü ñïåöiàëüíîãî
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õàðàêòåðó.

Äàëi ðîçãëÿíóòi ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó

òèïó Êîøi.

Âiäìi÷åíà ìîæëèâiñòü òà îñîáëèâîñòi âèêîðèñòàííÿ òîòîæíîñòi Ði÷÷i â

ÿêîñòi óìîâ iíòåãðóâàííÿ âêàçàíèõ ñèñòåì.

Ââåäåíî ïîíÿòòÿ ôóíäàìåíòàëüíèõ âiäîáðàæåíü. Êîëè α
1

= 1, à

α
2

= α
3

= 0, òî ôóíäàìåíòàëüíi âiäîáðàæåííÿ ñòàþòü ãåîäåçè÷íèìè, òîáòî

ïðè íèõ çáåðiãàþòüñÿ ãåîäåçè÷íi ëiíi¨.

Ðîçãëÿíóòi ãåîäåçè÷íi âiäîáðàæåííÿ ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi íà

ïñåäîðiìàíîâi ïðîñòîðè.

Äîâåäåíî, ùî âèâ÷åííÿ ãåîäåçè÷íèõ ïðîñòîðiâ àôiííî¨ çâ'ÿçíîñòi íà

ïñåâäîðiìàíîâi ïðîñòîðè ìîæíà âêîðîòèòè i çâåñòè äî ðîçãëÿäó ãåîäåçè÷íèõ

âiäîáðàæåíü åêâiàôiííèõ ïðîñòîðiâ íà ïñåâäîðiìàíîâi ïðîñòîðè.

An −→ Vn

↘ ↗
EAn

Ñïåöiàëiçàöiÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ, ÿê çàñiá ââåäåííÿ äîäàòêîâèõ

îáìåæåíü â ïåðåâèçíà÷åíi ñèñòåìè ðiâíÿíü, ìà¹ äâà îñíîâíèõ äæåðåëà.

Ïî-ïåðøå, öå ãåîìåòðè÷íi óìîâè îá'¹êòiâ, ùî äîñëiäæóþòüñÿ, ïî-äðóãå, öå

òåõíîëîãi÷íi ìîæëèâîñòi ìåòîäiâ äîñëiäæåííÿ. Âðàõîâóþ÷è öi çàñîáè òà

ìàþ÷è íà óâàçi äîñëiäæåííÿ âiäîáðàæåíü, çàïðîïîíîâàíî ìåòîä ñïåöiàëiçàöi¨

ïñåâäîðiìàíîâèõ ïðîñòîðiâ ïî òèïó âíóòðiøíiõ îá'¹êòiâ.

Ñåðåä ïñåâäîðiìàíîâèõ ïðîñòîðiâ, ùî äîçâîëÿþòü ñïåöiàëüíèé âèä
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ìåòðèêè â äåÿêié ñèñòåìi êîîðäèíàò, âèäiëåíi çâiäíi òà íàïiâçâiäíi ïðîñòîðè.

Âèâ÷åíi ¨õ òåíçîðíi îçíàêè òà, ñïèðàþ÷èñü íà öå, äåÿêi ãåîìåòðè÷íi

âëàñòèâîñòi.

Ó òåîði¨ ñïåöiàëüíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ îñîáëèâå ìiñöå

çàéìàþòü ñèìåòðè÷íi i ðåêóðåíòíi ïðîñòîðè. Óçàãàëüíåííÿ öèõ ïðîñòîðiâ

éøëî â îñíîâíîìó â äâîõ íàïðÿìàõ: çáiëüøåííÿ ïîðÿäêó êîâàðiàíòíèõ

ïîõiäíèõ i ðîçãëÿä â ÿêîñòi ñèìåòðè÷íèõ (ðåêóðåíòíèõ) iíøèõ òåíçîðiâ.

Ïðèðîäíèì ÷èíîì âèíèê íîâèé òèï ðåêóðåíòíîñòi � ñëàáêà ñèìåòðè÷íiñòü.

ßêùî óçàãàëüíåííÿ ðåêóðåíòíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ âåñòè

øëÿõîì àëãåáðà¨÷íèõ óìîâ, òî ìè ïðèéäåìî äî ïñåâäîðiìàíîâèõ ïðîñòîðiâ iç

ñïåöiàëüíîþ âåêòîðíîþ îáîëîíêîþ. �õ âèâ÷åííÿ âåäåòüñÿ ç äîïîìîãîþ

óäîñêîíàëåííÿ ìåòîäà Â. Êàéãîðîäîâà. Óçàãàëüíåííÿ ñèìåòðè÷íèõ

ïñåâäîðiìàíîâèõ ïðîñòîðiâ ïðèâîäèòü äî ãàðìîíiéíèõ ïðîñòîðiâ. Äëÿ

äâîõâàëåíòíèõ òåíçîðiâ íàéáiëüø âäàëîþ ¹ çàïðîïîíîâàíà Ñ. Ñòåïàíîâèì

äëÿ òåíçîðà åíåðãi¨�iìïóëüñó ìåòîäèêà ðîçáèòòÿ íà êëàñè Ω. Ìîäèôiêóâàâøè

¨¨, çàñòîñîâó¹ìî äëÿ ñïåöiàëiçàöi¨ äâi÷i êîâàðiàíòíèõ âíóòðiøíiõ òåíçîðiâ.

Ðîçãëÿíóòi ãåîäåçè÷íi âiäîáðàæåííÿ ñïåöiàëüíèõ ïñåâäîðiìàíîâèõ

ïðîñòîðiâ. Îñîáëèâó óâàãó ïðèäiëåíî âèâ÷åííþ ñïåöiàëüíèõ ãåîäåçè÷íèõ

âiäîáðàæåíü, ïðè ÿêèõ òåíçîð ϕij
def
= ϕi,j − ϕiϕj , óòâîðåíèé âåêòîðîì,

ùî çàäà¹ äàíå âiäîáðàæåííÿ, ¹ ëiíiéíîþ êîìáiíàöi¹þ ìåòðè÷íèõ òåíçîðiâ

ãåîäåçè÷íî âiäïîâiäíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ, òîáòî

B̄ḡij −Bgij = ϕij.

Íà òàêi ïñåâäîðiìàíîâi ïðîñòîðè çâåðíóëè óâàãó Ã. Êðó÷êîâè÷ òà
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É. Ìiêåø, âèõîäÿ÷è ç ðiçíèõ ìiðêóâàíü.

Çíàéäåíî îñîáëèâiñòü òàêîãî òèïó âiäîáðàæåíü, à ñàìå, ÿêùî òàêå

âiäîáðàæåííÿ äîçâîëÿ¹ çàäàíèé ïðîñòið Vn, òî âií íå äîçâîëÿ¹ íiÿêèõ iíøèõ

âiäîáðàæåíü.

À ïðîñòîðè, ùî íàëåæàòü äî éîãî ãåîäåçè÷íîãî êëàñó, òàêîæ äîçâîëÿþòü

ëèøå ãåîäåçè÷íi âiäîáðàæåííÿ ç óìîâîþ, âêàçàíîþ âèùå.

Äîâåäåíî, ùî äî òàêèõ ïðîñòîðiâ íàëåæàòü âñi ïñåâäîðiìàíîâi ïðîñòîðè,

ñòeïiíü ìîáiëüíîñòi ÿêèõ, áiëüøå äâîõ. Âèâ÷åíî äåÿêi ¨õ ãåîìåòðè÷íi

âëàñòèâîñòi. Ñïèðàþ÷èñü íà öå, äîâåäåíî, ùî ÷îòèðüîõâèìiðíi ïðîñòîðè

Åéíøòåéíà, âiäìiííi âiä ïðîñòîðiâ ñòàëî¨ êðèâèíè, íå äîçâîëÿþòü

íåòðèâiàëüíèõ ãåîäåçè÷íèõ âiäîáðàæåíü. ßêùî ðîçìiðíiñòü ïðîñòîðó

Åéíøòåéíà áiëüøå ÷îòèðüîõ, òî iñíóþòü òàêi ïðîñòîðè, âiäìiííi âiä ïðîñòîðiâ

ñòàëî¨ êðèâèíè, ùî äîçâîëÿþòü íåòðèâiàëüíi ãåîäåçè÷íi âiäîáðàæåííÿ.

Íàâåäåíî ïðèêëàä òàêèõ ïðîñòîðiâ, íà ÿêîìó ïîêàçàíî, ùî ñèãíàòóðà

ïðîñòîðó íå âïëèâà¹ íà éîãî âëàñòèâiñòü � äîçâîëÿòè ÷è íå äîçâîëÿòè

ãåîäåçè÷íi âiäîáðàæåííÿ. Òàêîæ, äëÿ ïðèêëàäó, äîñëiäæåíî ãåîäåçè÷íi

âiäîáðàæåííÿ ïðîñòîðiâ Êàçíåðà.

Ïðè ñïåöiàëüíèõ çíà÷åííÿõ ïàðàìåòðiâ ôóíäàìåíòàëüíi âiäîáðàæåííÿ

ñòàþòü êîíôîðìíèìè.

Âèâ÷åíi ïðîñòîðè, â ÿêèõ ïðè ãåîäåçè÷íèõ âiäîáðàæåííÿõ çáåðiãàþòüñÿ

âiäïîâiäíi îá'¹êòè. Íàâåäåíî óìîâè, ÿêèì çàäîâîëüíÿþòü ïñåâäîðiìàíîâi

ïðîñòîðè, â ÿêèõ ïðè ãåîäåçè÷íèõ âiäîáðàæåííÿõ çáåðiãàþòüñÿ âíóòðiøíi

òåíçîðè, ¨õ êîâàðiàíòíi ïîõiäíi òà iíøi âëàñòèâîñòi.

Âèâ÷åííÿ êîíôîðìíèõ âiäîáðàæåíü ïñåâäîðiìàíîâèõ ïðîñòîðiâ � öå
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îäíà ç àêòóàëüíèõ çàäà÷ ñó÷àñíî¨ äèôåðåíöiàëüíî¨ ãåîìåòði¨.

Ðîçãëÿíóòi êîíôîðìíi âiäîáðàæåííÿ ïñåâäîðiìàíîâèõ ïðîñòîðiâ íà

ïðîñòîðè Åéíøòåéíà. Îöiíåíà ëàêóíà â ðîçïîäiëi ñòåïåíiâ ìîáiëüíîñòi

ïñåâäîðiìàíîâèõ ïðîñòîðiâ âiäíîñíî êîíôîðìíèõ âiäîáðàæåíü íà ïðîñòîðè

Åéíøòåéíà.

Äîâåäåíî, ÿêùî ñòåïiíü ìîáiëüíîñòi ïñåâäîðiìàíîâîãî ïðîñòîðó Vn

âiäíîñíî êîíôîðìíèõ âiäîáðàæåíü íà ïðîñòîðè Åéíøòåéíà áiëüøå

îäèíèöi, òî ïðîñòið Åéíøòåéíà äîçâîëÿ¹ êîíöèðêóëÿðíå âåêòîðíå ïîëå;

ñòåïiíü ìîáiëüíîñòi ïñåâäîðiìàíîâîãî ïðîñòîðó Vn âiäíîñíî êîíôîðìíèõ

âiäîáðàæåíü íà ïðîñòîðè Åéíøòåéíà íà îäèíèöþ áiëüøà âiä êiëüêîñòi

ëiíiéíî íåçàëåæíèõ êîíöèðêóëÿðíèõ âåêòîðíèõ ïîëiâ, ùî ¨õ äîçâîëÿ¹ ïðîñòið

Åéíøòåéíà; ñåðåä ïðîñòîðiâ äðóãî¨ ëàêóíàðíîñòi âiäíîñíî êîíôîðìíèõ

âiäîáðàæåíü íà ïðîñòîðè Åéíøòåéíà íå ìîæå áóòè ïðîñòîðiâ Åéíøòåéíà.

Âèâ÷åíi êîíôîðìíi âiäîáðàæåííÿ iç çáåðåæåííÿì äåÿêèõ ñïåöiàëüíèõ

òåíçîðiâ. Îäåðæàíi îñíîâíi ðiâíÿííÿ, ùî äàþòü ìîæëèâiñòü âèçíà÷èòè:

äîçâîëÿ¹ àáî íå äîçâîëÿ¹ öåé ïñåâäîðiìàíiâ ïðîñòið êîíôîðìíi

âiäîáðàæåííÿ.

Iíâàðiàíòíi ïåðåòâîðåííÿ iç çáåðåæåííÿì ãåîäåçè÷íèõ äîçâîëÿþòü

äîâåñòè, ùî iñíó¹ áåçëi÷ ïñåâäîðiìàíîâèõ ïðîñòîðiâ ðiçíèõ ñòåïåíiâ

ìîáiëüíîñòi âiäíîñíî ãåîäåçè÷íèõ âiäîáðàæåíü.

Ðîçðîáëåíi ìåòîäè çàñòîñîâàíi â òåîði¨ ãåîäåçè÷íèõ äåôîðìàöié

ãiïåðïîâåðõîíü äîâiëüíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ.

Ðîçâ'ÿçîê çâåäåíî äî âèâ÷åííÿ ñèñòåìè äèôåðåíöiàëüíèõ ðiâíÿíü òèïó

Êîøi â êîâàðiàíòíèõ ïîõiäíèõ. Çàïðîïîíîâàíi ôîðìóëè ïåðåõîäó äîçâîëÿþòü
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ïåðåíîñèòè ðåçóëüòàòè îòðèìàíi â òåîði¨ ãåîäåçè÷íèõ âiäîáðàæåíü íà

äîñëiäæåííÿ ãåîäåçè÷íèõ äåôîðìàöié.

Ñîëiòîíè Ði÷÷i, ùî ïðèðîäíî, âèíèêàþòü iç òåîði¨ ïîòîêiâ Ði÷÷i, äàþòü

îäèí òèï ñïåöiàëüíèõ ïñåâäîðiìàíîâèõ ïðîñòîðiâ. Çîêðåìà äîâåäåíî, ùî

â ïñåâäîðiìàíîâîìó ïðîñòîði Vn ç ãðàäi¹íòíèì çàäàþ÷èì âåêòîðîì ñòàëî¨

äîâæèíè ñêàëÿðíà êðèâèíà ñòàëà òîäi i òiëüêè òîäi, êîëè ñîëiòîí Ði÷÷i

ñòiéêèé.

Îá ðóíòîâàíî, ùî, ÿêùî â ïñåâäîðiìàíîâîìó ïðîñòîði Vn iñíó¹ áiëüøå

íiæ îäíå ñóòò¹âå âåêòîðíå ïîëå, ùî çàäà¹ ñîëiòîí Ði÷÷i, òî öåé ïðîñòið

åêâiäèñòàíòíèé, à òàêîæ, ùî còàëà λ îäíîçíà÷íî âèçíà÷à¹òüñÿ äëÿ

ïñåâäîðiìàíîâèõ ïðîñòîðiâ Vn, âiäìiííèõ âiä ãàðìîíiéíèõ, ùî äîçâîëÿþòü

ñîëiòîíè Ði÷÷i.

Ùå îäíèì âèäîì ôóíäàìåíòàëüíèõ âiäîáðàæåíü ¹ ãîëîìîðôíî-

ïðîåêòèâíi âiäîáðàæåííÿ, òîáòî âiäîáðàæåííÿ, ïðè ÿêèõ çáåðiãàþòüñÿ

àíàëiòè÷íî-ïëàíàðíi êðèâi.

Äîñëiäæåíî ãîëîìîðôíî-ïðîåêòèâíi âiäîáðàæåííÿ ñïåöiàëüíèõ

êåëåðîâèõ ïðîñòîðiâ ç îáìåæåííÿìè íà òåíçîð Áîõíåðà, Ði÷÷i, Ðiìàíà.

Âñi îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ íàâåäåíi ç ïîâíèìè òà ñòðîãèìè

ìàòåìàòè÷íèìè äîâåäåííÿìè. Âîíè íîñÿòü òåîðåòè÷íèé õàðàêòåð. Îäåðæàíi

êîíñòðóêöi¨, ìåòîäè òà ìåòîäîëîãi¨ ìîæóòü áóòè âèêîðèñòàíi â ðiçíèõ

ðîçäiëàõ äèôåðåíöiàëüíî¨ ãåîìåòði¨, çàãàëüíié òåîði¨ âiäíîñíîñòi òà ìåõàíiöi

ñóöiëüíîãî ñåðåäîâèùà.
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