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Ãîðáà÷óê Â.Ì. Âëàñòèâîñòi ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü ó áà-

íàõîâîìó ïðîñòîði íà íåñêií÷åííîìó iíòåðâàëi. � Êâàëiôiêàöiéíà íàóêîâà

ïðàöÿ íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ äîêòîðà ôiçèêî-ìàòåìàòè÷-

íèõ íàóê çà ñïåöiàëüíiñòþ 01.01.01 � "Ìàòåìàòè÷íèé àíàëiç"(111 � Ìàòå-

ìàòèêà). � Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êèiâ, 2017.

Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ ðîçâ'ÿçêiâ äèôåðåíöi-

àëüíèõ ðiâíÿíü íà íåñêií÷åííîìó iíòåðâàëi (âñié ÷èñëîâié îñi àáî ïiâîñi),

êîåôiöi¹íòàìè ÿêèõ ¹ íåîáìåæåíi îïåðàòîðè ó áàíàõîâîìó ïðîñòîði, à ñà-

ìå: îïèñàííþ ðîçâ'ÿçêiâ âñåðåäèíi çàäàíîãî iíòåðâàëó òà âèâ÷åííþ ¨õ ïî-

âåäiíêè ïðè íàáëèæåííi äî éîãî êiíöiâ; ç'ÿñóâàííþ ìîæëèâîñòi ïðîäîâæå-

ííÿ ðîçâ'ÿçêó äî öiëî¨ âåêòîð-ôóíêöi¨ ñêií÷åííîãî ïîðÿäêó i ñêií÷åííîãî

òèïó; ïèòàííÿì êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷ Êîøi, Äiðiõëå òà Íåéìàíà;

ïðÿìèì i îáåðíåíèì òåîðåìàì íàáëèæåííÿ ðîçâ'ÿçêiâ òàêèõ ðiâíÿíü öi-

ëèìè ðîçâ'ÿçêàìè åêñïîíåíöiàëüíîãî òèïó; óñòàíîâëåííþ êðèòåði¨â ðiâ-

íîìiðíî¨ òà ðiâíîìiðíî¨ åêñïîíåíöiàëüíî¨ ñòiéêîñòi ðiâíÿííÿ åëiïòè÷íîãî

òèïó; âiäøóêàííþ ìàêñèìàëüíèõ ùiëüíèõ ó âèõiäíîìó ïðîñòîði ìíîæèí,

íà ÿêèõ ðîçâ'ÿçîê àáñòðàêòíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ ìîæíà ïîäàòè ó

âèãëÿäi ñòåïåíåâîãî ðÿäó (ïðîáëåìà Êîëìîãîðîâà) àáî åêñïîíåíöiàëüíî¨

ãðàíèöi (ïðîáëåìà Õiëëå) âiä ãåíåðàòîðà âiäïîâiäíî¨ ïiâãðóïè; ïèòàííÿì

ðîçâ'ÿçíîñòi â äåÿêèõ êëàñàõ àíàëiòè÷íèõ âåêòîð-ôóíêöié äèôåðåíöiàëü-

íèõ ðiâíÿíü ó íåàðõiìåäîâîìó áàíàõîâîìó ïðîñòîði.

Áiëüøiñòü iç çàçíà÷åíèõ çàäà÷ íàëåæèòü äî òåîði¨ àáñòðàêòíèõ ëiíié-

íèõ äèôåðåíöiàëüíèõ ðiâíÿíü � îäíîãî ç îñíîâíèõ ïiäðîçäiëiâ ñó÷àñíîãî

ôóíêöiîíàëüíîãî àíàëiçó, ÿêèé, ÿê âiäîìî, îõîïëþ¹ ÷èìàëî âèäiâ ðiâíÿíü

ç ÷àñòèííèìè ïîõiäíèìè. Ïî÷àòîê öi¹¨ òåîði¨ áóâ ïîêëàäåíèé ðîáîòàìè

Å. Õiëëå òà Ê. Iîñiäè (1948), â ÿêèõ îäåðæàíî ïåðøi òåîðåìè iñíóâàííÿ

ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ ðiâíÿííÿ âèãëÿäó y′ = Ay ç íåîáìåæåíèì

îïåðàòîðîì A ó áàíàõîâîìó ïðîñòîði, ñôîðìóëüîâàíi â òåðìiíàõ òåîði¨

ïiâãðóï îïåðàòîðiâ. Ê. Iîñiäà, à íåâäîâçi é Â. Ôåëëåð ïîâ'ÿçàëè öi äîñëi-

äæåííÿ ïiâãðóï ç ðiçíèìè çàäà÷àìè äëÿ ðiâíÿííÿ äèôóçi¨. Ïàðàëåëüíî ç

öèì Å. Õiëëå, à ïîòiì Ð. Ôiëëiïñ ðîçïî÷àëè ïîáóäîâó òåîði¨ àáñòðàêòíî¨

çàäà÷i Êîøi äëÿ ðiâíÿíü ó áàíàõîâîìó ïðîñòîði. Íà ïî÷àòêó 50-õ ðîêiâ

ìèíóëîãî ñò. Ï. Ëàêñ, À. Ìiëüãðåì i Â. Ëÿíöå çàñòîñóâàëè ïiâãðóïîâi ìå-

òîäè äî äîñëiäæåííÿ ðiçíèõ êëàñiâ ïàðàáîëi÷íèõ ðiâíÿíü. Iñòîòíèé êðîê

âïåðåä ó çàãàëüíié òåîði¨ áóâ çðîáëåíèé Ò. Êàòî, ÿêèé ðîçãëÿíóâ ðiâíÿííÿ
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y′(t) = A(t)y(t) çi çìiííèì îïåðàòîðíèì êîåôiöi¹íòîì. Ó ñâî¨õ ïîäàëüøèõ

ðîáîòàõ íàçâàíi â÷åíi ñòâîðèëè ìiöíèé ôóíäàìåíò äëÿ ðîçâèòêó òåîði¨ äè-

ôåðåíöiàëüíèõ ðiâíÿíü ç íåîáìåæåíèìè îïåðàòîðàìè, ÿêà ç òèõ ïið ñòàëà

ñàìîñòiéíîþ ãàëóççþ äîñëiäæåíü, ïðèâåðíóâøè óâàãó áàãàòüîõ ìàòåìà-

òèêiâ, â òîìó ÷èñëi Ñ. Àãìîíà, Â. Àðåíäòà, À. Áàëàêðiøíàíà, Ñ. Áåòòi,

Ì. Âiøiêà, Äæ. Ãîëüäñòåéíà, Þ. Äàëåöüêîãî, Ñ. Åéäåëüìàíà, Ã. Êîìà-

öó, Ì. Êðàñíîñ¹ëüñüêîãî, Ñ. Êðåéíà, Î. Ëàäèæåíñüêî¨, Äæ. Ëiîíñà, Þ.

Ëþáè÷à, Ë. Íiðåíáåðãà, À. Ïàçi, Ï. Ñîáîë¹âñüêîãî, Ì. Ñîëîìÿêà, Õ. Òà-

íàáå òà áàãàòüîõ ií. Ïðè öüîìó îñíîâíèì ¨¨ ìàòåìàòè÷íèì àïàðàòîì áóëà

i çàëèøà¹òüñÿ òåîðiÿ ïiâãðóï. Îöiíþþ÷è ¨¨ ìiñöå â ìàòåìàòèöi, Å. Õiëëå

ó ñâî¨é ìîíîãðàôi¨ (1948) ïèñàâ: "ß âiòàþ ïiâãðóïó, äå á ¨¨ íå çóñòðiâ, à

çóñòði÷à¹òüñÿ âîíà ñêðiçü".

Îñòàííiì ÷àñîì ÿê ïðåäìåò, òàê i ñôåðà çàñòîñóâàíü òåîði¨ àáñòðà-

êòíèõ äèôåðåíöiàëüíèõ ðiâíÿíü i òiñíî ïîâ'ÿçàíî¨ ç íåþ òåîði¨ ïiâãðóï

çíà÷íî ðîçøèðèëèñü i ñòàëè îá'¹êòàìè äîñëiäæåíü òàêèõ ïðîâiäíèõ ôà-

õiâöiâ, ÿê, íàïðèêëàä, Ñ. Àíãåíåíò, Â. Âàñiëü¹â, Ñ. Ãåôòåð, Ì. Ãîðáà÷óê,

Â. Ãîðîäåöüêèé, Ì. Ãîðîäíié, Â. Äåðêà÷, Ô. Ãói Çîíã, Ñ. Iâàñèøåí, Äæ.

Êiñiíñüêèé, Ô. Êëåìåíò, Þ. Êîíäðàòü¹â, À. Êî÷óáåé, Î. Êóòîâèé, Þ. Ëà-

òóøêií, Â. Ìèõàéëåöü, Æ. Íååðâåí, Á. äå Ïàõòåð, Ñ. Ïiñêàðüîâ, Õ. Ôàò-

òîðiíi, Õ. Õåéìàíñ òà ií. Ìîæëèâà îáëàñòü çàñòîñóâàíü öèõ òåîðié äîñèòü

îáøèðíà i âêëþ÷à¹, êðiì òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè

ïîõiäíèìè, ìàòåìàòè÷íó ôiçèêó, òåîðiþ àïðîêñèìàöi¨, ìàðêîâñüêi åâîëþ-

öi¨ ÷àñòèíîê, äèíàìiêó ðóõó ðiäèíè òîùî.

Ó ðîçäiëi 1 íàâåäåíî (ïiäðîçäiëè 1.1, 1.2) äåÿêi òâåðäæåííÿ ç òåîði¨

ïiâãðóï, íåîáõiäíi ó ïîäàëüøîìó i äåòàëüíî âèêëàäåíi â [1 - 8]. Îñíîâíèé

éîãî ðåçóëüòàò ïîëÿãà¹ ó çíàõîäæåííi äëÿ äîâiëüíî¨ C0-ãðóïè {U(t)}t∈R
ëiíiéíèõ îïåðàòîðiâ ç ãåíåðàòîðîì A ó áàíàõîâîìó ïðîñòîði B ìàêñè-

ìàëüíèõ ùiëüíèõ ó íüîìó ïiäïðîñòîðiâ B1 òà B2, íà åëåìåíòàõ x ÿêèõ

öÿ ãðóïà çîáðàæó¹òüñÿ ó âèãëÿäi ñòåïåíåâîãî ðÿäó àáî åêñïîíåíöiàëüíî¨

ãðàíèöi âiä îïåðàòîðà A, òîáòî ðîçâ'ÿçàííi ïðîáëåì Êîëìîãîðîâà i Õiëëå.

Ó ïiäðîçäiëi 1.3 ïîêàçàíî, ùî ïðîáëåìà Êîëìîãîðîâà çàâæäè ìà¹ ðîçâ'ÿçîê,

à ìíîæèíà B1 ¹ íå ùî iíøå, ÿê ïðîñòið G(1)(A) öiëèõ âåêòîðiâ îïåðà-

òîðà A. Äîâåäåíî, ùî îðáiòè U(t)x ðîçãëÿäóâàíî¨ ãðóïè íà öiëèõ âå-

êòîðàõ ¨¨ ãåíåðàòîðà äîïóñêàþòü ïðîäîâæåííÿ äî öiëî¨ âåêòîð-ôóíêöi¨

exp(zA)x :=
∞∑
n=0

zn

n!A
nx . Çíàéäåíî óìîâè íà âåêòîð x ∈ B1, çà ÿêèõ öå

ïðîäîâæåííÿ ìà¹ ñêií÷åííèé ïîðÿäîê ðîñòó i ñêií÷åííèé òèï, i çâ'ÿçîê
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ìiæ íèìè i òèïîì òà ïîðÿäêîì x âiäíîñíî îïåðàòîðà A.

Ó ïiäðîçäiëi 1.4, âèâ÷àþòüñÿ äåÿêi êëàñè àíàëiòè÷íèõ âåêòîð-ôóíêöié,

ñåðåä ÿêèõ îñîáëèâó ðîëü âiäâåäåíî ïðîñòîðàì Aloc(B) i Ac(B) ëîêàëüíî

àíàëiòè÷íèõ òà, âiäïîâiäíî, öiëèõ B-çíà÷íèõ ôóíêöié, i íàâåäåíî óìîâè

íà âåêòîð x, çà ÿêèõ äëÿ ùiëüíî çàäàíîãî çàìêíåíîãî îïåðàòîðà A â B

âåêòîð-ôóíêöiÿ exp(zA)x ¹ ëîêàëüíî àíàëiòè÷íîþ ó ïðîñòîði àíàëiòè÷íèõ

âåêòîðiâ îïåðàòîðà A àáî öiëîþ ó êëàñi Æåâðå G{γ}(A) ç γ < 1 (ïðîñòîði

G(γ)(A) ç γ ≤ 1). Ïîêàçó¹òüñÿ òàêîæ, ùî ÿêùî A ãåíåðó¹ îáìåæåíó àíà-

ëiòè÷íó ïiâãðóïó
{
etA

}
t≥0

â B, òî ñiì'ÿ {exp(zA)}z∈C óòâîðþ¹ C0-ãðóïó

ó öèõ ïðîñòîðàõ, ÿêà çáiãà¹òüñÿ ç etA ïðè t ≥ 0 i ç
(
e−tA

)−1
ïðè t < 0.

Ïiäðîçäië 1.5 äà¹ âiäïîâiäü íà ïèòàííÿ, ïîâ'ÿçàíå ç ïðîáëåìîþ Õië-

ëå. Ïîêàçàíî, ùî äëÿ ãåíåðàòîðà A C0-ãðóïè åêñïîíåíöiàëüíà ãðàíèöÿ

lim
n→∞

(
1 + tA

n

)n
x iñíó¹ òîäi i òiëüêè òîäi, êîëè x � öiëèé âåêòîð îïåðàòî-

ðà A, i âîíà çáiãà¹òüñÿ ç ñóìîþ ñòåïåíåâîãî ðÿäó äëÿ exp(zA)x, à îòæå,

B2 = B1. Ó öüîìó æ ïiäðîçäiëi ðåçóëüòàò ùîäî çîáðàæåííÿ C0-ãðóïè

åêñïîíåíöiàëüíîþ ãðàíèöåþ âiä ¨¨ ãåíåðàòîðà óçàãàëüíþ¹òüñÿ íà âèïàäîê

äîâiëüíîãî çàìêíåíîãî, ùiëüíî çàäàíîãî â B îïåðàòîðà A. Íàâåäåíî óìî-

âè íà îïåðàòîð A, çà ÿêèõ ìíîæèíà G(1)(A) ¹ ùiëüíîþ â B.

Ç îãëÿäó íà çàñòîñóâàííÿ äî òåîði¨ ãðóï, ðîçâ'ÿçêè ïðîáëåì Êîëìî-

ãîðîâà i Õiëëå, ïiäêàçóþòü øëÿõ äî ïîáóäîâè C0-ãðóïè áåçïîñåðåäíüî çà

¨¨ ãåíåðàòîðîì. Ó âñiõ iíøèõ ïiäõîäàõ ãðóïà âiäíîâëþ¹òüñÿ çà ïåâíèìè

ôóíêöiÿìè âiä íüîãî, ùî óñêëàäíþ¹ ñèòóàöiþ.

Ðîçäië 2 ïðèñâÿ÷åíî âèâ÷åííþ ñòðóêòóðè ðîçâ'ÿçêiâ äèôåðåíöiàëüíî-

ãî ðiâíÿííÿ âèãëÿäó
(
d
dt − A

)m (
d
dt + A

)n
y(t) = f(t), m, n ∈ N, n+m ≥ 1,

íà âñié ÷èñëîâié îñi, äå A � ãåíåðàòîð C0-ïiâãðóïè â B, f(t) � íåïåðåðâ-

íà íà (−∞,∞) B-çíà÷íà âåêòîð-ôóíêöiÿ. Êîíêðåòíi ðåàëiçàöi¨ ïðîñòîðó

B, îïåðàòîðà A òà m,n îõîïëþþòü ÷èìàëî êëàñiâ ðiâíÿíü ç ÷àñòèííèìè

ïîõiäíèìè ó ðiçíèõ ôóíêöiîíàëüíèõ ïðîñòîðàõ.

Ó ïiäðîçäiëi 2.1 ðîçãëÿäàþòüñÿ îäíîðiäíi ïàðàáîëi÷íå é îáåðíåíî ïà-

ðàáîëi÷íå ðiâíÿííÿ y′(t) ∓ Ay(t) = 0 â B òà îäíîðiäíå ðiâíÿííÿ äðóãîãî

ïîðÿäêó y′′(t)−By(t) = 0, äå B � ñëàáî ïîçèòèâíèé îïåðàòîð â B. Îïèñó-

þòüñÿ ðîçâ'ÿçêè òàêèõ ðiâíÿíü íà (−∞,∞) i ïîêàçó¹òüñÿ, ùî áóäü-ÿêèé

ðîçâ'ÿçîê êîæíîãî ç öèõ ðiâíÿíü äîïóñêà¹ ïðîäîâæåííÿ äî öiëî¨ âåêòîð-

ôóíêöi¨ ó ïðîñòîði G(1)(A). Íàâîäÿòüñÿ óìîâè, íåîáõiäíi é äîñòàòíi äëÿ

òîãî, ùîá ðîçâ'ÿçîê íàëåæàâ äî ïiäïðîñòîðó Aρ
c (B) öiëèõ âåêòîð-ôóíêöié

ïîðÿäêó íå âèùå ρ i ñêií÷åííîãî ñòåïåíÿ âiäíîñíî öüîãî ρ, à òàêîæ óìîâè

ùiëüíîñòi ìíîæèíè òàêèõ ðîçâ'ÿçêiâ ó ïðîñòîði óñiõ ðîçâ'ÿçêiâ.
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Ó ïiäðîçäiëi 2.2 äîñëiäæó¹òüñÿ àáñòðàêòíå îäíîðiäíå m-ãàðìîíi÷íå

ðiâíÿííÿ
(

d2

dt2 −B
)m

y(t) = 0, äå B � ïîçèòèâíèé îïåðàòîð â B. Çíà-

éäåíî ôîðìóëó äëÿ éîãî ðîçâ'ÿçêiâ âñåðåäèíi (−∞,∞) i ïîêàçàíî, ùî

áóäü-ÿêèé ðîçâ'ÿçîê ìîæå áóòè ïðîäîâæåíèé äî öiëî¨ âåêòîð-ôóíêöi¨ ó

ïðîñòîði G(1)(−B1/2). Áiëüø òîãî, äëÿ ðîçâ'ÿçêiâ çíàéäåíî àíàëîãè ïðèí-

öèïó Ôðàãìåíà-Ëiíäåëüîôà i òåîðåìè Ëióâiëëÿ.

Ó ïiäðîçäiëi 2.3 ðîçãëÿäà¹òüñÿ íåîäíîðiäíå m-ãàðìîíi÷íå ðiâíÿííÿ.

Âñòàíîâëþþòüñÿ óìîâè íà ïðàâó ÷àñòèíó, çà ÿêèõ iñíó¹ ¹äèíèé îáìåæåíèé

óçàãàëüíåíèé ðîçâ'ÿçîê i öåé ðîçâ'ÿçîê ¹ êëàñè÷íèì. Äà¹òüñÿ ôîðìóëà äëÿ

éîãî çîáðàæåííÿ.

Ïiäðîçäië 2.4 ïðèñâÿ÷åíî áiëüø äåòàëüíîìó âèâ÷åííþ ãàðìîíi÷íîãî

ðiâíÿííÿ (m = 2) â B.

Ó ïiäðîçäiëi 2.5 ðîçãëÿäà¹òüñÿ íàâåäåíå âèùå çàãàëüíå ðiâíÿííÿ ç

f(t) ≡ 0 i m ̸= n. Îïèñóþòüñÿ óñi éîãî ðîçâ'ÿçêè íà (−∞,∞) i ïîêà-

çó¹òüñÿ, ùî áóäü-ÿêèé ðîçâ'ÿçîê äîïóñêà¹ ïðîäîâæåííÿ äî öiëî¨ âåêòîð-

ôóíêöi¨ ó ïðîñòîðiG(1)(A) i äëÿ ðîçâ'ÿçêiâ äiþòü àíàëîãè òåîðåì Ôðàãìåíà-

Ëiíäåëüîôà òà Ëióâiëëÿ.

Ó ðîçäiëi 3 ðîçãëÿäà¹òüñÿ ðiâíÿííÿ y′(t) +Ay(t) = 0, t ∈ [0,∞), äå A

� íåâiä'¹ìíèé ñàìîñïðÿæåíèé îïåðàòîð ó ãiëüáåðòîâîìó ïðîñòîði H. Äî-

âîäÿòüñÿ ïðÿìi é îáåðíåíi òåîðåìè íàáëèæåííÿ éîãî ñëàáêèõ ðîçâ'ÿçêiâ

ðîçâ'ÿçêàìè ç ìíîæèíè S0 öiëèõ ðîçâ'ÿçêiâ åêñïîíåíöiàëüíîãî òèïó, ÿêi

âñòàíîâëþþòü âçà¹ìíî îäíîçíà÷íó âiäïîâiäíiñòü ìiæ ñòåïåíåì ãëàäêîñòi

ðîçâ'ÿçêó y(t) i øâèäêiñòþ ïðÿìóâàííÿ äî íóëÿ éîãî íàéêðàùîãî íàáëè-

æåííÿ Er(y) ðîçâ'ÿçêàìè ç S0, òèï ÿêèõ íå ïåðåâèùó¹ r. Òàêå ñàìå ïèòàííÿ

ðîçãëÿäà¹òüñÿ i äëÿ ãiïåðáîëi÷íîãî ðiâíÿííÿ.

Ó ïiäðîçäiëi 3.1 îïèñóþòüñÿ óñi ñëàáêi ðîçâ'ÿçêè íàâåäåíîãî ïàðàáîëi-

÷íîãî ðiâíÿííÿ â H. Äàþòüñÿ óìîâè, íåîáõiäíi é äîñòàòíi äëÿ òîãî, ùîá

ñëàáêèé ðîçâ'ÿçîê äîïóñêàâ ïðîäîâæåííÿ äî öiëî¨ âåêòîð-ôóíêöi¨ åêñïî-

íåíöiàëüíîãî òèïó. Äîâîäÿòüñÿ ïðÿìi é îáåðíåíi òåîðåìè íàáëèæåííÿ äî-

âiëüíîãî ñëàáêîãî ðîçâ'ÿçêó ðîçâ'ÿçêàìè ç S0. Iñòîòíó ðîëü ïðè öüîìó

âiäiãðà¹ ðîçâèíóòèé â [9] îïåðàòîðíèé ïiäõiä äî çàäà÷ àïðîêñèìàöi¨.

Ó ïiäðîçäiëi 3.2 çíàéäåíî çâ'ÿçîê ìiæ íàéêðàùèì íàáëèæåííÿì Er(y)
ðîçâ'ÿçêó y(t) ðîçãëÿäóâàíîãî ïàðàáîëi÷íîãî ðiâíÿííÿ i éîãî k-èì ìîäó-

ëåì íåïåðåðâíîñòi ωk(t, y) (àíàëîã âiäîìî¨ òåîðåìè Äæåêñîíà).

Ïiäðîçäië 3.3 óñòàíîâëþ¹ ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi ìiæ ïîâåäií-

êîþ ïðè r → ∞ íàéêðàùîãî íàáëèæåííÿ Er(y) ñëàáêîãî ðîçâ'ÿçêó ðiâíÿ-
ííÿ òà éîãî âêëþ÷åííÿì äî ïåâíîãî êëàñó Æåâðå òèïó Ðóì'¹ àáî Áüîðëií-
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ãà. Êðiì òîãî, çíàéäåíî óìîâè â òåðìiíàõ Er(y), íåîáõiäíi é äîñòàòíi äëÿ

ìîæëèâîñòi ïðîäîâæåííÿ ñëàáêîãî ðîçâ'ÿçêó y(t) äî öiëî¨ âåêòîð-ôóíêöi¨

ïåâíîãî ñêií÷åííîãî ïîðÿäêó i ñêií÷åííîãî òèïó.

Ó ïiäðîçäiëi 3.4 ðåçóëüòàòè ùîäî ïðÿìèõ i îáåðíåíèõ òåîðåì ïîøè-

ðþþòüñÿ íà áàíàõîâi ïðîñòîðè B, îñíàùåíi ãiëüáåðòîâèìè ïðîñòîðàìè ç

ïîçèòèâíîþ i íåãàòèâíîþ â ñåíñi [10-12] íîðìàìè. Òàêi òåîðåìè çàçâè÷àé

ôîðìóëþþòüñÿ ó áàíàõîâîìó ïðîñòîði, àëå ¨õ äîâåäåííÿ ó ãiëüáåðòîâîìó

¹ ïðîñòiøèìè.

Ïiäðîçäië 3.5 ìà¹ ñïðàâó ç âèïàäêîì, êîëè ñïåêòð îïåðàòîðà A äèñ-

êðåòíèé. Òóò ïðÿìi é îáåðíåíi òåîðåìè íàáëèæåííÿ ñëàáêèõ ðîçâ'ÿçêiâ

ôîðìóëþþòüñÿ â òåðìiíàõ ïîâåäiíêè ïîñëiäîâíîñòi âëàñíèõ çíà÷åíü îïå-

ðàòîðà A.

Ó ïiäðîçäiëi 3.6 ðåçóëüòàòè äåìîíñòðóþòüñÿ íà ðiâíÿííÿõ ç ÷àñòèííè-

ìè ïîõiäíèìè.

Ðîçäië 4 ïðèñâÿ÷åíî äîñëiäæåííþ ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü

ó áàíàõîâîìó ïðîñòîði âñåðåäèíi iíòåðâàëó (0,∞) òà ¨õ ãðàíè÷íèõ çíà-

÷åíü. Ç öi¹þ ìåòîþ äëÿ ãåíåðàòîðà îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè{
etA

}
t≥0

âB ââîäÿòüñÿ ëîêàëüíî-îïóêëi ïðîñòîðèB(+)(A) (B{+}(A)) îñíîâ-

íèõ (ïiäðîçäië 4.1) i B{−}(A) (B(−)(A)) óçàãàëüíåíèõ (ïiäðîçäië 4.2) âå-

êòîðiâ îïåðàòîðà A i âèâ÷àþòüñÿ çâóæåííÿ i, âiäïîâiäíî, ðîçøèðåííÿ çà-

äàíî¨ ïiâãðóïè íà öi ïðîñòîðè. Ó ïiäðîçäiëi 4.3 ðîçãëÿäà¹òüñÿ âèïàäîê

ãiëüáåðòîâîãî ïðîñòîðó H. Äîâîäèòüñÿ, ùî âåêòîð-ôóíêöÿ exp(zA)x ¹ öi-

ëîþ â H(+)(A) i exp(tA)x = etAx, ÿêùî x ∈ H(+)(A), òîáòî exp(tA)x �

ðîçâ'ÿçîê çàäà÷i Êîøi y′(t) = Ay(t), t ∈ (0,∞); y(0) = x ∈ H(+)(A).

Ïiäðîçäië 4.4 ïðèñâÿ÷åíî äîñëiäæåííþ ðîçâ'ÿçêiâ ðiâíÿíü y′(t)∓Ay(t)

= 0 íà ïiâîñi (0,∞), äå A � ãåíåðàòîð C0-ïiâãðóïè â B. Ïiäêðåñëèìî,

ùî æîäíèõ óìîâ íà ïîâåäiíêó y(t) â íóëi íå íàêëàäà¹òüñÿ (âçàãàëi êà-

æó÷è, y(t) ìîæå áóòè íåâèçíà÷åíèì â òî÷öi 0). Çà äîïîìîãîþ ââåäåíèõ

âèùå ïðîñòîðiâ îñíîâíèõ i óçàãàëüíåíèõ âåêòîðiâ îïåðàòîðà A îïèñàíî

óñi ðîçâ'ÿçêè âñåðåäèíi (0,∞) çàçíà÷åíèõ ðiâíÿíü. Ïîêàçàíî òàêîæ, ùî

çà íàáëèæåíi ðîçâ'ÿçêè çàäà÷i Êîøi ó ïàðàáîëi÷íîìó âèïàäêó ç ïî÷àòêî-

âîþ óìîâîþ y(0) = x ∈ B ìîæíà âçÿòè ÷àñòèííi ñóìè åêñïîíåíöiàëüíîãî

ðÿäó íà âåêòîðàõ ïîñëiäîâíîñòi xm ∈ B(+)(A) : xm → x â B.

Ó ïiäðîçäiëi 4.5 äëÿ ðiâíÿííÿ äðóãîãî ïîðÿäêó y′′(t) − By(t) = 0 íà

ïiâîñi çi ñëàáî ïîçèòèâíèì îïåðàòîðîì B â B îäåðæàíî çîáðàæåííÿ éîãî

ðîçâ'ÿçêiâ íà (0,∞). Äîâåäåíî òàêîæ, ùî áóäü-ÿêèé ðîçâ'ÿçîê öüîãî ðiâ-

íÿííÿ ìà¹ ãðàíè÷íå çíà÷åííÿ ïðè t → 0 ó ïðîñòîðiB(−)(B
1/2) i ¹ àíàëiòè-
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÷íîþ íà (0,∞) âåêòîð-ôóíêöi¹þ â B. Íàâåäåíî óìîâè, çà ÿêèõ ðîçâ'ÿçîê

äîïóñêà¹ ïðîäîâæåííÿ äî öiëî¨ âåêòîð-ôóíêöi¨ ó öüîìó ïðîñòîði.

Ó ïiäðîçäiëi 4.6 äîñëiäæóþòüñÿ ðîçâ'ÿçêè îäíîðiäíîãî ðiâíÿííÿ âèùèõ

ïîðÿäêiâ ç ðîçäiëó 2 (àëå âæå íå íà âñié îñi, à íà ïiâîñi) ó ïðèïóùåííi,

ùî A � ãåíåðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè â B i 0 ∈ ρ(A).

Âèïàäîê, êîëè m = n, ðîçãëÿíóòî â [13]. Ìè îïèñó¹ìî âñi ðîçâ'ÿçêè ó

âèïàäêó m ̸= n i äîâîäèìî ¹äèíiñòü îäåðæàíîãî äëÿ íèõ çîáðàæåííÿ.

Ðîçäië 5 ïðèñâÿ÷åíî âèâ÷åííþ çàäà÷ Äiðiõëå òà Íåéìàíà äëÿ ðiâíÿííÿ

y′′(t)−By(t) = 0 íà ïiâîñi (0,∞), äå B � ñëàáî ïîçèòèâíèé îïåðàòîð âB, i

(n+1)-ðàçiâ iíòåãðîâíî¨ çàäà÷i Êîøi äëÿ ðiâíÿííÿ y′(t) = Ay(t), t ∈ [0, τ ],

iç çàìêíåíèì â B îïåðàòîðîì A.

Ó ïiäðîçäiëi 5.1 äëÿ çàçíà÷åíîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó äîñëiäæó-

¹òüñÿ çàäà÷à Äiðiõëå âiäøóêàííÿ äëÿ çàäàíîãî f ∈ B(−)(−B1/2) ðîçâ'ÿçêó

y(t), ùî çàäîâîëüíÿ¹ óìîâó y(t) → f â B(−)(−B1/2) ïðè t → 0. Ïîêàçàíî,

ùî íåîäíîðiäíà çàäà÷à (f ̸= 0) ðîçâ'ÿçó¹òüñÿ îäíîçíà÷íî ç òî÷íiñòþ äî

ðîçâ'ÿçêiâ îäíîðiäíî¨ (f = 0).

Ïiäðîçäië 5.2 ìà¹ ñïðàâó ç îäíîðiäíîþ çàäà÷åþ Äiðiõëå ó âèïàäêó

ãiëüáåðòîâîãî ïðîñòîðó i ñàìîñïðÿæåíîãî îïåðàòîðà B â íüîìó. Íàâåäåíî

óìîâó, çà ÿêî¨ y(t) = tg, g ∈ kerB, i âèâ÷à¹òüñÿ çàëåæíiñòü âåêòîðà g âiä

ïîâåäiíêè y(t) ïðè t → ∞.

Ó ïiäðîçäiëi 5.3 ðîçãëÿäà¹òüñÿ ïèòàííÿ ¹äèíîñòi ðîçâ'ÿçêó îäíîðiäíî¨

çàäà÷i Äiðiõëå ç ïîçèòèâíèì îïåðàòîðîì B â B. Äà¹òüñÿ óìîâà íà ïîâå-

äiíêó y(t) ïðè t → ∞, ÿêà ãàðàíòó¹ éîãî òðèâiàëüíiñòü. Öÿ óìîâà óòî÷íþ-

¹òüñÿ ó âèïàäêó íîðìàëüíîãî ïîçèòèâíîãî B ó ãiëüáåðòîâîìó ïðîñòîði.

Ïiäðîçäië 5.4 ïðèñâÿ÷åíî çîáðàæåííþ ðîçâ'ÿçêiâ íåîäíîðiäíî¨ çàäà÷i

Äiðiõëå i âiäøóêàííþ óìîâ ¨¨ îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi. Ó âèïàäêó ñëà-

áî ïîçèòèâíîãî B óçàãàëüíþ¹òüñÿ ðåçóëüòàò À. Êíÿçþêà [14, 15] i Äæ.

Íååðâåíà [16] ùîäî ¹äèíîñòi ¨¨ ðîçâ'ÿçêó ó êëàñi äâi÷i íåïåðåðâíî äèôå-

ðåíöiéîâíèõ íà [0,∞) âåêòîð-ôóíêöié, ùî çàäîâîëüíÿþòü óìîâó ∥y(t)∥ =

o (t) (t → ∞), y(0) = 0, íà âèïàäîê, êîëè y(0) = 0 i ∥y(t)∥ = o (tn) ç

äåÿêèì n ∈ N.
Ó ïiäðîçäiëi 5.5 çíàéäåíî óìîâó íà ïîâåäiíêó ∥y(t)∥ ïðè âåëèêèõ t > 0,

çà ÿêî¨ ðîçâ'ÿçîê y(t) ¹ îáìåæåíèì â îêîëi íåñêií÷åííî âiääàëåíî¨ òî÷êè.

Áiëüø òîãî, äîñëiäæóþòüñÿ óìîâè, ÿêi çàáåçïå÷óþòü éîãî ïðÿìóâàííÿ äî

íóëÿ íà ∞, i çà ÿêèõ ñïàäàííÿ ¹ åêñïîíåíöiàëüíèì.

Ó ïiäðîçäiëi 5.6 äîâîäèòüñÿ ìîæëèâiñòü çàñòîñóâàííÿ ìåòîäó ñòåïåíå-

âèõ ðÿäiâ äëÿ íàáëèæåííÿ ðîçâ'ÿçêó îäíîçíà÷íî ðîçâ'ÿçíî¨ íåîäíîðiäíî¨

6



çàäà÷i Äiðiõëå.

Ó ïiäðîçäiëi 5.7 ðîçãëÿäà¹òüñÿ îäíîðiäíà çàäà÷à Íåéìàíà lim
t→+0

y′(t) =

0 ó âèïàäêó ñëàáî ïîçèòèâíîãî B â B (ãðàíèöÿ ðîçóìi¹òüñÿ ó ïðîñòîði

B{−}(−B1/2). Çíàéäåíî óìîâè, íåîáõiäíi é äîñòàòíi äëÿ iñíóâàííÿ ðîçâ'ÿçêó

öi¹¨ çàäà÷i, i ïðåäñòàâëåíî éîãî çîáðàæåííÿ. Ðîçãëÿíóòî òàêîæ ïèòàííÿ

¹äèíîñòi ðîçâ'ÿçêó.

Ðîçäië 6 ïðèñâÿ÷åíî äîñëiäæåííþ ñòiéêèõ ðîçâ'ÿçêiâ ðiâíÿííÿ y′′(t)−
By(t) = 0, t ∈ (0,∞), çi ñëàáî ïîçèòèâíèì B â B. Îäåðæàíî êðèòåði¨

ðiâíîìiðíî¨ òà ðiâíîìiðíî¨ åêñïîíåíöiàëüíî¨ ñòiéêîñòi òàêèõ ðîçâ'ÿçêiâ.

Äåÿêi ç íèõ óçàãàëüíþþòü âiäïîâiäíi ðåçóëüòàòè Ð. Äàòêà, À. Ïàçi, Ì.

Êðåéíà [17-19]. Ó âèïàäêó ðiâíîìiðíî¨, àëå íå ðiâíîìiðíî¨ åêñïîíåíöiàëü-

íî¨ ñòiéêîñòi ç'ÿñîâó¹òüñÿ çâ'ÿçîê ìiæ ïîðÿäêîì ñïàäàííÿ ðîçâ'ÿçêó y(t)

ïðè íàáëèæåííi äî ∞ òà âëàñòèâîñòÿìè éîãî ïî÷àòêîâèõ äàíèõ.

Ó ðîçäiëi 7 ðîçãëÿäà¹òüñÿ ðiâíÿííÿ y(m)(t) − Ay(λ) = f(λ), äå A �

çàìêíåíèé ëiíiéíèé îïåðàòîð ó áàíàõîâîìó ïðîñòîði B íàä ïîëåì Ω êîì-

ïëåêñíèõ p-àäè÷íèõ ÷èñåë (òåîðiþ òàêèõ ïðîñòîðiâ äåòàëüíî âèêëàäåíî â

[20-24]) , ùî ìà¹ îáåðíåíèé A−1, âèçíà÷åíèé íà âñüîìó B, à f(λ) � ëî-

êàëüíî àíàëiòè÷íà â íóëi âåêòîð-ôóíêöiÿ.

Îñíîâíà óâàãà ó ïiäðîçäiëi 7.1 ïðèäiëÿ¹òüñÿ ïèòàííÿì iñíóâàííÿ i ¹äè-

íîñòi ðîçâ'ÿçêó ó êëàñi A0 ëîêàëüíî àíàëiòè÷íèõ â îêîëi íóëÿ âåêòîð-

ôóíêöié, éîãî çîáðàæåííÿ i íåïåðåðâíî¨ çàëåæíîñòi âiä ïðàâî¨ ÷àñòèíè.

Ãîëîâíèé ðåçóëüòàò ðîçäiëó ìiñòèòüñÿ â ïiäðîçäiëi 7.2. Òóò äîâîäè-

òüñÿ, ùî ÿêùî f(λ) =
∞∑
n=1

bnλ
n ∈ Aρ− ç ρ > s1/m, s = n

√
∥A−n∥, äå

bn ∈ B, λ ∈ Ω, Aρ− � ïðîñòið àíàëiòè÷íèõ ó êðóçi {λ ∈ Ω : |λ|p < ρ}
âåêòîð-ôóíêöié, òî ðîçãëÿäóâàíå ðiâíÿííÿ ìà¹ ¹äèíèé ðîçâ'ÿçîê ó êëàñi

Aρ−, äà¹òüñÿ ôîðìóëà äëÿ ðîçâ'ÿçêó i âñòàíîâëþ¹òüñÿ éîãî íåïåðåðâíà ó

ïðîñòîði Aρ− çàëåæíiñòü âiä f(λ). Áiëüø òîãî, ïîêàçó¹òüñÿ, ùî: 1) ÿêùî

f(λ) � ìíîãî÷ëåí, òî iñíó¹ ¹äèíèé ðîçâ'ÿçîê ó êëàñi ìíîãî÷ëåíiâ, ïðè öüî-

ìó ñòåïåíi f(λ) i ðîçâ'ÿçêó îäíàêîâi; 2) ÿêùî f(λ) � öiëà âåêòîð-ôóíêöiÿ,

òî ðiâíÿííÿ ìà¹ ¹äèíèé öiëèé ðîçâ'ÿçîê; 3) ÿêùî s = s(A−1) = 0 i f ∈ A0,

òî iñíó¹ ¹äèíèé ëîêàëüíî àíàëiòè÷íèé â íóëi ðîçâ'ÿçîê öüîãî ðiâíÿííÿ.

Ó ïiäðîçäiëi 7.3 íàâåäåíî äâà ñïîñîáè àïðîêñèìàöi¨ ðîçâ'ÿçêó. Â îáîõ

âèïàäêàõ îöiíþþòüñÿ ïîõèáêà íàáëèæåííÿ i íåâ'ÿçêà (âiäõèë).

Ó ïiäðîçäiëi 7.4 ðîçãëÿäà¹òüñÿ çàäà÷à Êîøi äëÿ çàçíà÷åíîãî ðiâíÿííÿ

ç ïî÷àòêîâèìè äàíèìè y(k)(0) = yk, k = 0, 1, . . . ,m − 1, ÿêà ïîëÿãà¹ ó
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âiäøóêàííi ëîêàëüíî àíàëiòè÷íî¨ â 0 âåêòîð-ôóíêöi¨ y(λ) =
∞∑
n=0

cnλ
n çi

çíà÷åííÿìè â D(A), ùî çàäîâîëüíÿ¹ ðiâíÿííÿ ç ïðàâîþ ÷àñòèíîþ f(λ) =
∞∑
n=0

bnλ
n ∈ A0. Öÿ çàäà÷à íå çàâæäè ðîçâ'ÿçíà, à òîìó øóêàþòüñÿ óìîâè

íà f(λ), çà ÿêèõ âîíà ìà¹ ðîçâ'ÿçîê, i ÿêùî öå òàê, òî êîëè öåé ðîçâ'ÿçîê

¹ ¹äèíèì. Âèïàäêè m = 1 òà f = 0 ðîçãëÿíóòî â [25, 26].

Êëþ÷îâi ñëîâà: áàíàõiâ òà ëîêàëüíî îïóêëèé ïðîñòîðè; iíäóêòèâíà òà

ïðîåêòèâíà ãðàíèöi áàíàõîâèõ ïðîñòîðiâ; äèôåðåíöiàëüíî-îïåðàòîðíå ðiâ-

íÿííÿ; öiëèé âåêòîð çàìêíåíîãî îïåðàòîðà; êëàñè Æåâðå; C0-ãðóïà òà

C0-ïiâãðóïà ëiíiéíèõ îïåðàòîðiâ; êëàñè÷íèé òà ñëàáêèé ðîçâ'ÿçîê; ñëàáî

ïîçèòèâíèé òà ïîçèòèâíèé îïåðàòîðè; çàäà÷i Êîøi, Äiðiõëå i Íåéìàíà;

êëàñè Æåâðå; íàéêðàùå íàáëèæåííÿ,ïðîáëåìè Êîëìîãîðîâà i Õiëëå; áà-

íàõiâ ïðîñòið íàä ïîëåì p-àäè÷íèõ ÷èñåë.

Gorbachuk V.M. Characteristics of Solutions of Di�erential

Equations in a Banach Space on an In�nite Interval. � The Manu-

script.

Thesis for a Doctor Degree in Physical and Mathematical Sciences on

Speciality 01.01.01 . � Mathematical Analysis (111 � Mathematics). � Institute

of Mathematics of National Academy of Sciences of Ukraine, Kyiv, 2017.

The thesis is devoted to the ivestigation of solutions of di�erential equati-

ons on an in�nite interval (the whole axis (−∞,∞) or the semiaxis (0,∞)),

whose coe�cients are unbounded operators in a Banach space, namely, to:

description of all solutions inside an interval under consideration and studying

their behavior when approaching the ends of an the interval; the clari�cati-

on of possibility of extending a solution to an entire vector-valued function

of a �nite order and a �nite type; the well-posedness of the Dirichlet and

Neumann problems; the direct and inverse theorems in the approximation of

solutions of such an equation by its entire solutions of exponential type; �-

nding the necessary and su�cient conditions for an elliptic equation to be

uniformly or uniformly exponentially stable; a search for a strongly conti-

nuous semigroup of the maximal, dense in the initial space sets on which the

solution of an abstract parabolic equation can be represented in the form of

the exponential power series (Kolmogorov's problem) or the exponential li-

mit (Hille's problem) from the generator of the corresponding semigroup; the

solvability in some classes of analytic vector-valued functions of di�erential

equations in a non-Archimedean Banach spaces.

Most of these problems are related to the theory of abstract di�erential

8



equations, one of the main directions of modern functional analysis, which, as

is well-known, covers a number of partial di�erential equations. The origin of

this theory dates from the works of E. Hille and K. Yosida (1948), where the

�rst existence theorems were obtained for the Cauchy problem for the equati-

on y′ = Ay with an unbounded operator A, formulated in terms of semigroups

of operators. K. Yosida and some later W. Feller connected the investigati-

ons of semigroups with various problems for di�usion equation. Parallel with

this, E. Hille and then R. Phillips, began the construction of an abstract

Cauchy problem theory for equations in a Banach space. In the beginnig

of 50th, P. Lax , A. Milgram and V. Ljance applied the semigroup method

to investigation of various classes of parabolic equations. An essential step

forward in the general theory was made by T. Kato (1953), who considered

the equation y′(t) = A(t)y(t) with a variable unbounded operator coe�cient.

In their further works, E. Hille, K. Yosida, R. Phillips and T. Kato laid a stable

foundation for the theory of di�erential equations with unbounded operator

coe�cients, which thereafter became a �eld of independent interest, attracting

attention of many mathematicians. S. Agmon, W. Arendt, A. Balakrishnan,

S. Batty, M. Vishik, J. Goldstein, Yu. Daletskii, S. Eidelman, G. Komatsu,

M. Krasnosel'sky, S. Krein, O. Ladyzhenskaja, J.-L. Lions, Yu. Lyubich, L.

Nirenberg, A. Pazy, P. Sobolevsky, M. Solomyak, H. Tanabe and others are

among them. The semigroup theory was and remains its main mathemati-

cal instrument. Appraising the role of this theory in mathematics, E. Hille

wrote in his monograph (1948): "I greet a semigroup wherever I met it, but

we come across it everywhere". Last time, both this topic and its application

sphere were considerably widened, and they became an investigation subject

for a lot of leading scientists such as, for instance, S. Angenent, V. Vasiliev,

S. Gefter, M. Gorbachuk, V. Gorodetsky, V. Gorodnii, V. Derkach, F. Gui

Zong, S. Ivasishen, J. Kisinski, F. Klement, Yu. Kondratiev, A. Kochubei, O.

Kutovyi, Yu. Latushkin, V. Mikhailets, J. van Neerven, B. de Pagter, S. Pi-

skaryov, V. Fomin, H. Heijmans, H. Fattorini, H. Heijmans etc. The possible

scope of its applications is extensive enough including the theory of partial

di�erential equations and boundary value problems for them, mathematical

physics, the approximation theory, Markov evolution of particles, the motion

dynamics of �uid and others.

In Section 1, some assertions of the semigroups theory from the monographs

[1 - 8], needed in what follows, are presented (subsections 1.1, 1.2). The main

result of this section consists in �nding in both the Kolmogorov and Hille
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problems for an arbitrary C0-group {U(t)}t∈R of linear operators in a Banach

spaceB with generatorA dense inB subspacesB1 andB2, on whose elements

x the orbits U(t)x can be represented in the form of exponential power series

or exponential limit from the operator A.

In subsection 1.3, it is proved that the Kolmogorov problem is always

solvable, and the set B1 coincides with the space G(1)(A) of entire vectors

of the operator A.It is shown also that the orbits U(t)x of the group under

consideration on entire vectors of its generator admit an extension to the entire

vector-valued function exp(zA)x :=
∞∑
n=0

zn

n!
Anx. The conditions on a vector

x ∈ B1, under which the extension is of a �nite growth order and a �nite type

are given, and the relation between them and the A-order and A-type of the

vector x are established.

In subsection 1.4, some classes of analytic B-valued vector functions are

introduced. The spaces Aloc(B) and Ac(B) of locally analytic and entire ones,

respectively, perform an important part among them. The conditions on a

vector x, under which for a densely de�ned closed operator A the vector-

valued function exp(zA) is locally analytic in the space of analytic vectors of

A or entire in the Gevrey class G{γ}(A) with γ < 1 (G(γ)(A) with γ ≤ 1),

are given. It is shown also that if A generates a bounded analytic semigroup{
etA

}
t≥0

in B, then the collection {exp(zA)}z∈C forms a C0-group in these

spaces which coincides with etA as t ≥ 0, and with
(
e−tA

)−1
, when t < 0.

Subsection 1.5 gives an answer to the Hille problem. It is shown there that

the exponential limit lim
n→∞

(
1 + tA

n

)n
x from the generator A of a C0-group

exists if and only if x is an entire vector of the operator A and it coincides

with the sum of exponential series for exp(zA)x (thus, B2 = B1) . In this

subsection, the result, concerning a representation of a C0-group in the form

of exponential limit from its generator is extended to the case of an arbitrary

densely de�ned closed operator A in B. The conditions on the operator A are

presented under which the set G(1)(A) is dense in B.

From the point of view on applications to the theory of groups, the soluti-

ons of Kolmogorov and Hille problems indicate the ways for restoration of a

C0-group directly by its generator. In all the other approaches, it is restored

not by the gererator itself, but some functions from it, such, for instance, as its

resolvent or a certain approximation, which complicates the renewal process.

Section 2 is devoted to studying the sructure of solutions to operator-
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di�erential equations of the form
(
d
dt − A

)n ( d
dt + A

)m
y(t) = f(t), n,m ∈

N, n + m ≥ 1, on the whole real axis, where A is the generator of a C0-

semigroup in B, f(t) is a continuous on (−∞,∞) B-valued vector function.

The concrete realizations of the spaceB, operator A andm,n cover a number

of classes of partial di�erential equations in various function spaces.

In subsection 2.1, we consider a homogeneous parabolic and inversely

parabolic equations y′(t)∓Ay(t) = 0, t ∈ (−∞,∞) inB, and a homogeneous

second-order equation y′′(t)−By(t) = 0, t ∈ (−∞,∞), where B is a weakly

positive operator in B. All the solutions of such equations inside (−∞,∞)

are described, and it is shown that any solution of each of these equations

admits an extension to an entire vector function in the space G(1)(A). The

necessary and su�cient conditions for a solution to fall into the space Aρ
c (B)

of entire vector functions of order not exceeding ρ and a �nite degree with

respect to this ρ, as well as the conditions for the set of such solutions to be

dense in the space of all solutions are given.

In subsection 2.2, an abstract homogeneous m-harmonic equation(
d2

dt2
−B

)m

y(t) = 0, t ∈ (−∞,∞), with positive operatorB inB is investi-

gated. The formula for its solutions inside (−∞,∞) is given. We show also

that every solution can be extended to an entire vector-valued function in the

space of entire vectors of the operator −B1/2. Moreover, the certain analogues

of Phragmén - Lindelöf principle and Liouville theorem are presented.

Subsection 2.3 deals with a nonhomogeneous m-harmonic equation in B.

The conditions on the right hand side, under which there exists a unique

bounded generalized solution and this solution is classical, are established,

and the formula for its representation is given.

Subsection 2.4 is devoted to detailed study of the harmonic equation (m =

2) in B.

In subsection 2.5, we consider the above more general equation with f(t) ≡
0 andm ̸= n. We describe all its solutions inside (−∞,∞) and show that each

of them can be extended to an entire vector function in the space G(1)(A);

moreover, the analogoues of Phragmén - Lindelöf's and Liouville's theorems

are presented.

In Section 3, the equation y′(t) + Ay(t) = 0, t ∈ [0,∞), where A is

a nonnegative self-adjoint operator in a Hilbert space H, is considered. The

direct and inverse theorems of approximation of its weak solutions with the

solutions from the set S0 of entire solutions of exponential type, which estab-
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lish a one-to-one correspondence between the smoothness order of a solution

y(t) and the degree of convergence to 0 of its best approximation Er(y) by
solutions from S0, whose type does not exceed r, are proved. The similar

question is discussed for a hyperbolic equation, too.

Subsection 3.1 is devoted to description of all weak solutions to the parabolic

equation, mentioned above, in a Hilbert space. The necessary and su�cient

conditions for a weak solution to admit an extension to an entire vector-

valued function of exponential type are given. The direct and inverse theorems

on approximation of an arbitrary weak solution with solutions from S0 are

established. In doing so, the operator approach to approximation problems,

developed in [9], plays an important role.

In subsection 3.2, a relation between the best approximation Er(y) of a
solution y(t) to the above parabolic equation and its kth generalized continuity

module ωk(t, y) (analog of the well-known Jackson theorem) is determined.

In section 3.3, the equivalence relation between behavior of the best approxi-

mation Er(y) of a weak solution y(t) to the equation under consideration as

r → ∞ and the inclusion of y(t) into a a certain Gevrey class of Roumieu

or Beurling type is established. Moreover, the necessary and su�cient condi-

tions in terms of Er(y) for a weak solution to admit extension to an entire

vector-valued function of a certain �nite order and �nite type are given.

In subsection 3.4, we show that the above results concerning the direct

and inverse theorems can be extended to a Banach space B in its rigging by

Hilbert spaces with positive and negative in the sense of [10-12] norms. Such

theorems are usually formulated in a Banach space, but their proof is more

complicated than in a Hilbert one.

Subsection 3.5 deals with the case where the spectrum of A is discrete. In

this case, the direct and inverse theorems on approximation of weak solutions

are given in terms of behavior of its eigenvalues.

In subsection 3.6, we demonstrate the results on partial di�erential equati-

ons.

Section 4 is devoted to investigation of solutions inside (0,∞) of di�erential

equations in a Banach space and their boundary values. For this purpose we

introduce for the generator A of a bounded analytic C0-semigroup
{
etA

}
t≥0

in B the locally convex spaces B(+)(A) (B{+}(A)) of smooth (subsection 4.1)

andB{−}(A) (B(−)(A)) of generalized (subsection 4.2) vectors of the operator

A and study the restrictions and extensions, respectively, of this semigroup

to the introduced spaces. In the subsection 4.3, the case of a Hilbert space is
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considered. We prove that the vector function exp(zA)x is entire in the space

B(+)(A) and exp(tA)x = etAx if x ∈ B(+)(A), that is, exp(tA)x is a solution

of the Cauchy problem y′(t) = Ay(t), t ∈ (0,∞); y(0) = x ∈ B(+)(A).

Subsection 4.4 is devoted to analysis of solutions of the equations y′(t)∓
Ay(t) = 0 on the semiaxis (0,∞), where A is the generator of a C0-semigroup

in B. It should be noted that any conditions on the behavior of y(t) at 0 are

not imposed (in general, y(t) needs not to be de�ned at 0). With the help of

the spaces of smooth and generalized vectors of the operator A, introduced

above, we describe all the solutions inside (0,∞) of the equations under consi-

deration. We show also that, it is possible to take the partial sums of the

exponential series on a sequence xm ∈ B(+)(A) : xm → x in B as an approxi-

mate solution of the Cauchy problem for the parabolic equation with initial

data y(0) = x ∈ B.

In subsection 4.5, for the second-order equation y′′(t)−By(t) = 0 on the

semiaxis (0,∞) with weakly positive operator B in B, the representation for

its solutions inside (0,∞) was obtained. It was also proved that any solution

of this equation has a boundary value as t → 0 in the space B(−)(A), and it is

an analytic on (0,∞) vector-valued function in the space B. The conditions

were found, under which the solution can be extended to an entire vector

function in B.

In subsection 4.6, the solutions of a high-order homogeneous equation from

section 2 are analyzed on the semiaxis (as distinct from the previous case,

where it was considered on the whole real axis), in assumption that A is the

generator of a bounded analytic C0-semigroup in B and 0 ∈ ρ(A). The case

where m = n was considered in [13]. We describe all the solutions in the

general situation and prove a uniqueness of the representation obtained for

them.

Section 5 is devoted to studying the Dirichlet and Neumann problems for

the equation y′′(t)− By(t) = 0 on the semiaxis (0,∞), where B is a weakly

positive operator in B, and (n+ 1)-times integrable Cauchy problem for the

equation y′(t) = Ay(t), t ∈ [0, τ ] with closed in B operator A.

In subsection 5.1, the Dirichlet problem for this equation of �nding for a

given f ∈ B(−)(−B1/2) a solution y(t) such that y(t) → f (t → 0) in the

space B(−)(−B1/2), is solved. It is shown that a nonhomogeneous problem

(f ̸= 0) is uniquely solvable up to solutions of the homogeneous one (f = 0).

Subsection 5.2 deals with the homogeneous Dirichlet problem in the case

of a Hilbert space and a self-adjoint operator B in it. We give the condition,
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under which y(t) = tg, g ∈ kerB , and investigate how a vector g depends

on the behavior of y(t) when t → ∞.

In subsection 5.3, the uniqueness question for a solution of the homogeneous

Dirichlet problem with a positive operator B in a Banach space is studied.

The condition on the behavior of a solution y(t), when approaching to ∞, for

y(t) to be trivial is given. This condition is made more precise in the case of

a normal positive B in a Hilbert space.

Subsection 5.4 is devoted to representation of solutions of the nonhomoge-

neous Dirichlet problem and �nding the conditions for its unique solvability.

In the case of weakly positive B, the corresponding result of A. Knyazyuk [14,

15] and J. Neerven [16] concerning the uniqueness of a solution in the class

of twice continuously di�erentiable on [0,∞) vector functions satisfying the

condition ∥y(t)∥ = o (t) (t → ∞), y(0) = 0, is extended to the case where

y(0) = 0, ∥y(t)∥ = o (tn) with some n ∈ N.
In subsection 5.5, the condition on behavior of ∥y(t)∥ for large t > 0, under

which a solution y(t) is bounded in a neighborhood of a point at in�nity,

is given. Moreover, the conditions which ensure the convergence of such a

solution to 0 as t → ∞, and those, under which this decrease is exponential,

are presented.

In subsection 5.6, the possibility to apply the power series method to

approximation of the solution of a uniquely solvable nonhomogeneous Dirichlet

problem is discussed.

In subsection 5.7, we consider the homogeneous Neumann problem lim
t→+0

y′(t)

= 0 for the same equation on semiaxis with a weakly positive operator B in

B (the limit is taken in the space B{−}(−B1/2)). The necessary and su�ci-

ent conditions for existence of a solution to this problem, and the form of its

representation were found. It was considered the uniqueness problem for it,

too.

Section 6 is devoted to investigation of stable solutions of the equation

y′′(t) − By(t) = 0, t ∈ (0,∞), with weakly positive B in B. The uniform

and uniform exponential stability criteria for such solutions were obtained.

Some of them generalize the corresponding results of R. Datko, A. Pazy, M.

Krein [17-19]. In the case of uniform, but not uniform exponential stability,

the relation between a decrease order of a solution y(t) when approaching to

in�nity and the properties of its initial data is established.

In Section 7, we consider the equation y(m)(t)−Ay(λ) = f(λ), where A is

a closed linear operator in a Banach spaceB over the �eld Ω of complex p-adic
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numbers (for details concerning p-adic numbers we refer to [20-24]) , which

has an inverse A−1, de�ned on the wholeB, and f(λ) is a locally holomorphic

at 0 vector-valued function.

The main attention in subsection 7.1 is given to the existence and uni-

queness problems for a solution of this equation in the class A0 of locally

holomorphic in a neighborhood of 0 vector-valued functions, its representati-

on and continuous dependence on the right hand side of the equation.

The main result of this section is contained in subsection 7.2. It is proved

there that if f(λ) =
∞∑
n=1

bnλ
n ∈ Aρ− with ρ > s1/m, s = n

√
∥A−n∥, where

bn ∈ B, λ ∈ Ω, Aρ− is the space of holomorphic in the circle {λ ∈ Ω : |λ|p <
ρ} vector-valued functions, then the considered equation is uniquely solvable

in the class Aρ−, the formula for the solution is presented and its continuous

dependence on f(λ) in the space Aρ− is ascertained. Moreover, we show that:

1) if f(λ) is a polynomial, then there exists a unique solution in the class of

polynomials and the degrees of the solution and f(λ) are the same; 2) if f(λ)

is an entire vector function, then the equation has a unique entire solution; 3)

if s = s(A−1) = 0 and f ∈ A0, then there exists a unique locally analytic at

0 solution of this equation.

In subsection 7.3, two methods for approximation of a solution are given.

In both cases, the approximation error and residual are estimated.

Subsection 7.4 is devoted to investigation of the Cauchy problem for the

above equation with initial data y(k)(0) = yk, k = 0, 1, . . . ,m − 1, which

consists in �nding a locally analytic at 0 vector function y(λ) =
∞∑
n=0

cnλ
n with

values inD(A), satisfying the equation with right hand side f(λ) =
∞∑
n=0

bnλ
n ∈

A0. This problem need not be solvable. So, we seek the conditions on f(λ),

under which it has a solution, and if this is the case, we solve the uniqueness

problem. The cases of m = 1 and f = 0 were considered in [25, 26].

Key words: Banach and locally convex spaces; inductive and projective

limits of Banach spaces; operator di�erential equation; entire vector of a closed

operator; Gevrey classes; C0-group and C0-semigroup of linear operators;

classical and weak solutions; positive and weakly positive operators; Cauchy,

Dirichlet and Neumann problems; best approximation; Kolmogorov and Hille

problems; Banach space over the �eld of p-adic numbers.
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Âñòóï

Àêòóàëüíiñòü òåìè. Ïî÷èíàþ÷è ç 60-õ ðîêiâ ìèíóëîãî ñòîëiòòÿ, çíà÷íî

àêòèâiçóâàâñÿ iíòåðåñ äî äîñëiäæåííÿ ïî÷àòêîâî-êðàéîâèõ çàäà÷ (çîêðå-

ìà Êîøi, Äiðiõëå, Íåéìàíà) äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè

ïîõiäíèìè (äèâ., íàïðèêëàä [27 - 83]). Íåîáõiäíiñòü öèõ äîñëiäæåíü âè-

íèêà¹ ïðè ðîçâ'ÿçóâàííi çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè, êâàíòîâî¨ ìåõàíiêè,

ãàçîâî¨ äèíàìiêè, òåîði¨ òåïëîïðîâiäíîñòi, êðèñòàëîãðàôi¨, äèíàìiêè ðóõó

ðiäèíè, ñó÷àñíèõ ïðîáëåì åêîëîãi¨, áiîëîãi¨ òîùî. Âàãîìèé âíåñîê ó ðîç-

ãëÿä òàêèõ çàäà÷ äëÿ ïàðàáîëi÷íèõ ðiâíÿíü çðîáèëè I.Ã. Ïåòðîâñüêèé, À.

Ôðiäìàí, Ñ.Ä. Åéäåëüìàí, Ë.Í. Ñëîáîäåöüêèé, Ñ. Òåêëiíä, Â.Î. Ñîëîí-

íiêîâ, Ñ.Ä. Iâàñèøåí, Ì.Â. Æèòàðàøó, Â.Â. Ãîðîäåöüêèé, I.Ì. Ïåòðóøêî

òà ií., à äëÿ åëiïòè÷íèõ � Þ.Ì. Áåðåçàíñüêèé, ß.À. Ðîéòáåðã, Ç.Ô. Øå-

ôòåëü, Â.Ï. Ìèõàéëîâ, À.Ê. Ãóùèí, ¨õíi ó÷íi òà ïîñëiäîâíèêè (óñiõ íå

ïåðåëi÷èòè). Îñêiëüêè ÷èìàëî ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, â òîìó

÷èñëi ìîäåëüíi, ìîæíà çàïèñàòè ó âèãëÿäi çâè÷àéíèõ äèôåðåíöiàëüíèõ

ðiâíÿíü ç íåîáìåæåíèìè îïåðàòîðíèìè êîåôiöi¹íòàìè, ïðèðîäíî âèíè-

êëà ïîòðåáà äîñëiäæåííÿ ¨õ ðîçâ'ÿçêiâ â îêîëi ãðàíèöi, ÿêå ¹ äîöiëüíèì

ùå é òîìó, ùî íàäà¹òüñÿ ìîæëèâiñòü ïîãëÿíóòè ç ¹äèíî¨ òî÷êè çîðó ÿê

íà çâè÷àéíi äèôåðåíöiàëüíi îïåðàòîðè, òàê i íà îïåðàòîðè ç ÷àñòèííèìè

ïîõiäíèìè.

Êîëè ìè ãîâîðèìî ïðî ãðàíè÷íi çíà÷åííÿ ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ

ðiâíÿíü, òî çàçâè÷àé ìà¹ìî íà óâàçi ðîçâ'ÿçêè, âèçíà÷åíi ëèøå âñåðåäèíi

iíòåðâàëó àáî îáëàñòi. Îñíîâíà çàäà÷à, ÿêà òóò âèíèêà¹, ïîëÿãà¹ ó âiäøó-

êàííi ¨õ, âçàãàëi êàæó÷è, óçàãàëüíåíèõ ãðàíèöü ïðè íàáëèæåííi äî ìåæi

(ãðàíè÷íèõ çíà÷åíü) i ôîðìóëè äëÿ çîáðàæåííÿ ðîçâ'ÿçêiâ çà äîïîìîãîþ

öèõ ãðàíè÷íèõ çíà÷åíü. Ðîçâ'ÿçàííÿ öi¹¨ çàäà÷i ïîòðåáó¹, ç îäíîãî áîêó,
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÷iòêîãî óñâiäîìëåííÿ, à ùî ñàìå ðîçóìi¹òüñÿ ïiä ãðàíè÷íèì çíà÷åííÿì

(òîáòî ââåäåííÿ íîâèõ ïîíÿòü), à ç iíøîãî, � çàñîáiâ äëÿ îòðèìàííÿ çî-

áðàæåííÿ.

Ðîçãëÿíåìî, íàïðèêëàä, ðiâíÿííÿ

y′′(t) + Ay(t) = 0, t ∈ (0,∞),

äå A � çàìêíåíèé, ùiëüíî çàäàíèé ëiíiéíèé îïåðàòîð ó áàíàõîâîìó ïðî-

ñòîðiB, i ñïðîáó¹ìî çíàéòè çàãàëüíèé âèãëÿä éîãî ðîçâ'ÿçêiâ òà äîñëiäèòè

¨õ ïîâåäiíêó ïîáëèçó íóëÿ.

Ôîðìàëüíî áóäü-ÿêèé ðîçâ'ÿçîê ðîçãëÿäóâàíîãî ðiâíÿííÿ ìîæíà ïî-

äàòè ó âèãëÿäi

y(t) = cos
√
Atf1 +

sin
√
At√
A

f2.

Ùîá íàäàòè çìiñò öüîìó âèðàçîâi, ïîòðiáíî âêàçàòè, ùî ðîçóìi¹òüñÿ ïiä

cos
√
At òà

sin
√
At√
A

, i ÿêó ìíîæèíó F ìàþòü ïåðåáiãàòè âåêòîðè f1, f2,

ùîá îòðèìàòè óñi ðîçâ'ÿçêè. ßêùî îïåðàòîð A îáìåæåíèé, òî çàçíà÷å-

íi ôóíêöi¨ ìîæíà òðàêòóâàòè ÿê ðÿäè
∞∑
k=0

t2kAk

(2k)!
i

∞∑
k=0

t2k+1Ak

(2k + 1)!
, çáiæíi

ïðè êîæíîìó t â ðiâíîìiðíié îïåðàòîðíié òîïîëîãi¨, à ìíîæèíà F ¹ íå

ùî iíøå, ÿê ïðîñòið B. ßêùî æ A íå ¹ îáìåæåíèì, òî ïðîáëåìà ïîáóäî-

âè òàêèõ ôóíêöié ó çàãàëüíîìó âèïàäêó íå ðîçâ'ÿçàíà ùå é ïîíèíi. Öå

ïî-ïåðøå. À ïî-äðóãå, ÿêùî ¨õ íàâiòü i ìîæíà ïîáóäóâàòè, òî íå âñÿêi âå-

êòîðè f1, f2 ¹ ïðèãîäíèìè äëÿ òîãî, ùîá íàâåäåíà âèùå ôîðìóëà äàâàëà

óñi ðîçâ'ÿçêè � iíêîëè ìíîæèíà F ¹ âóæ÷îþ çàB, à iíêîëè ïîòðiáíî âèéòè

çà ìåæi âèõiäíîãî ïðîñòîðó, i òîäi âæå âèíèêàþòü íîâi ïîíÿòòÿ óçàãàëü-

íåíèõ ãðàíè÷íèõ çíà÷åíü òà ðîçâ'ÿçêiâ. Ïîäiáíi ïðîáëåìè äèñêóòóâàëèñü

áàãàòüìà ìàòåìàòèêàìè i ïðèâåëè äî òàêèõ âàæëèâèõ ïîíÿòü, ÿê ôóí-

êöiÿ, çáiæíiñòü, iíòåãðàëè Ðiìàíà é Ëåáåãà òîùî, òà ïîÿâè íîâèõ ðîçäiëiâ

ìàòåìàòèêè, çîêðåìà, ñïåêòðàëüíî¨ òåîði¨ îïåðàòîðiâ i òåîði¨ ïiâãðóï.

30



Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ ðîçâ'ÿçêiâ äèôåðåíöi-

àëüíèõ ðiâíÿíü ïåðøîãî, äðóãîãî òà âèùèõ ïîðÿäêiâ ç íåîáìåæåíèìè îïå-

ðàòîðíèìè êîåôiöi¹íòàìè ó áàíàõîâîìó ïðîñòîði. Àêòóàëüíiñòü ðîçâèòêó

òàêî¨ òåîði¨ ìîæíà ïîÿñíèòè íåîáõiäíiñòþ ðîçãëÿäó ïðîáëåì, ùî âèíèêà-

þòü ïðè ìîäåëþâàííi åâîëþöiéíèõ ïðîöåñiâ. Âèÿâëÿ¹òüñÿ, ùî äëÿ çîáðà-

æåííÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ òàêèõ ðiâíÿíü i âèâ÷åííÿ ¨õ àñèìïòîòè-

êè òðåáà âìiòè âiäíîâëþâàòè ïiâãðóïó ëiíiéíèõ îïåðàòîðiâ çà ¨¨ ãåíåðàòî-

ðîì. Ðàíiøå öå âiäíîâëåííÿ çäiéñíþâàëîñü ðiçíèìè ñïîñîáàìè íå çà ñàìèì

ãåíåðàòîðîì, à çà äåÿêèìè ôóíêöiÿìè âiä íüîãî, ùî çíà÷íî óñêëàäíþâà-

ëî ïðîöåñ. Òàê, çàäà÷à Êîøi ç ïî÷àòêîâèìè äàíèìè ó âèõiäíîìó ïðîñòîði

ðîçãëÿäàëàñü áàãàòüìà ìàòåìàòèêàìè (äèâ., íàïðèêëàä, [84 - 97]. Òåîðiÿ

çâóæåíü i ðîçøèðåíü àíàëiòè÷íèõ ïiâãðóï, ïðåäñòàâëåíà â [98], äàëà çìî-

ãó äîñëiäæóâàòè ãðàíè÷íi çàäà÷i äëÿ àáñòðàêòíèõ äèôåðåíöiàëüíèõ ðiâ-

íÿíü íà êîðåêòíiñòü ïîñòàíîâêè ó ðiçíèõ êëàñàõ ãëàäêèõ òà óçàãàëüíåíèõ

âåêòîð-ôóíêöié, à îïåðàòîðíèé ïiäõiä äî òåîði¨ àïðîêñèìàöi¨, ðîçâèíóòèé

â [9], óìîæëèâèâ íàáëèæåííÿ ðîçâ'ÿçêiâ (íå ëèøå êëàñè÷íèõ, àëå é ñëàá-

êèõ i óçàãàëüíåíèõ) öiëèìè ðîçâ'ÿçêàìè åêñïîíåíöiàëüíîãî òèïó i òî÷íå

îöiíþâàííÿ ïîõèáêè íàáëèæåííÿ. Áiëüø òîãî, ç'ÿâèëàñÿ ìîæëèâiñòü äî-

ñëiäèòè çàäà÷ó Êîøi äëÿ ðiâíÿíü íå ëèøå â àðõiìåäîâîìó, àëå é íåàðõiìå-

äîâîìó (íàä ïîëåì p-àäè÷íèõ ÷èñåë) áàíàõîâîìó ïðîñòîði. Îñòàííiì ÷à-

ñîì p-àäè÷íié òåõíiöi âàæëèâå ìiñöå âiäâîäèòüñÿ â áàãàòüîõ ãàëóçÿõ ìàòå-

ìàòè÷íèõ äîñëiäæåíü, çîêðåìà â òåîðiÿõ ÷èñåë, ïðåäñòàâëåíü, p-àäè÷íèõ

ñîëåíî¨äiâ òîùî. ßê ñêàçàíî â [20], ”öåé ïðåêðàñíèé íîâèé ñâiò íåàðõi-

ìåäîâîãî àíàëiçó âiäêðèâà¹ âàæëèâi ïåðñïåêòèâè äëÿ ðîçâèòêó àëãåáðè,

òåîði¨ ÷èñåë i êîðèñíèõ çàñòîñóâàíü”.

Ç îãëÿäó íà iñòîðiþ ðîçâèòêó ôóíêöiîíàëüíîãî àíàëiçó, òåîði¨ äèôå-

ðåíöiàëüíèõ ðiâíÿíü òà òåîði¨ íàáëèæåíü, ðåçóëüòàòè äèñåðòàöi¨ ðîáëÿòü
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ñâié ïîìiòíèé âíåñîê â òåîðiþ åâîëþöiéíèõ ðiâíÿíü òà ¨¨ çàñòîñóâàíü äî

ðîçâ'ÿçóâàííÿ íîâèõ çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè � ó öüîìó é ïîëÿãà¹ àêòó-

àëüíiñòü ïðîâåäåíèõ â íié äîñëiäæåíü. �¨ òåìàòèêà, ÿê áà÷èìî, íàëåæèòü

äî îäíîãî ç íàéâàæëèâiøèõ íàïðÿìiâ ñó÷àñíîãî ôóíêöiîíàëüíîãî àíàëiçó

� òåîði¨ àáñòðàêòíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ïî÷àòîê ÿêî¨ áóâ çàêëàäå-

íèé Å. Õiëëå òà Ê. Iîñiäîþ (1948), ÿêi îäåðæàëè ïåðøi òåîðåìè iñíóâàííÿ

ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ ðiâíÿííÿ y′ = Ay ç íåîáìåæåíèì îïåðàòî-

ðîì A , ñôîðìóëüîâàíi â òåðìiíàõ òåîði¨ ïiâãðóï. Çãîäîì Å. Õiëëå i Ð.

Ôiëëiïñ ðîçïî÷àëè ïîáóäîâó òåîði¨ àáñòðàêòíî¨ çàäà÷i Êîøi äëÿ ðiâíÿíü ó

áàíàõîâîìó ïðîñòîði, à ó 1953-54 ðð. Ï. Ëàêñ, À. Ìiëüãðàì òà Â. Ëÿíöå çà-

ñòîñóâàëè ïiâãðóïîâi ìåòîäè äî äîñëiäæåííÿ ðiçíèõ êëàñiâ ïàðàáîëi÷íèõ

ðiâíÿíü. Ç òèõ ïið, ÿê Ò. Êàòî ðîçãëÿíóâ âèïàäîê, êîëè A = A(t) çàëå-

æèòü âiä t, òåîðiÿ äèôåðåíöiàëüíèõ ðiâíÿíü ó áàíàõîâîìó ïðîñòîði i òiñíî

ïîâ'ÿçàíà ç íåþ òåîðiÿ ïiâãðóï ñôîðìóâàëè ñàìîñòiéíó ãàëóçü äîñëiäæåíü,

ÿêà ç ðîêàìè âñå áiëüøå é áiëüøå ïðèâåðòà¹ ïðèâåðòà¹ óâàãó ìàòåìàòèêiâ.

Çàïî÷àòêîâàíå Å. Õiëëå é Ê. Iîñiäîþ, Ì. Êðåéíîì i Þ. Äàëåöüêèì óñòà-

íîâëåííÿ çâ'ÿçêó ìiæ öèìè äâîìà òåîðiÿìè çíàéøëî ñâî¹ ïðîäîâæåííÿ

â ðîáîòàõ Ñ. Êðåéíà, Ï. Ñîáîë¹âñüêîãî, Ð. Ôiëëiïñà, Å. Äåâiñà, À. Ïàçi,

Ð. Äàòêà, Â. Àðåíäòà, Â. Ôîìiíà, Ì. Ãîðáà÷óêà, Þ. Ëàòóøêiíà, Æ. Íå-

åðâåíà, À. Êî÷óáåÿ, Â. Ãîðîäåöüêîãî, Â. Ìèõàéëåöÿ, Äæ. Êiñiíñüêîãî, Ì.

Ãîðîäíüîãî, Â. Âàñiëü¹âà, Ñ. Ïiñêàðüîâà òà áàãàòüîõ ií. Ôóíäàìåíòàëüíi

ðåçóëüòàòè ó öüîìó íàïðÿìêó âèêëàäåíî â ìîíîãðàôiÿõ [1, 2, 6 - 8, 16, 86]

òà ií., à òàêîæ îãëÿäîâèõ ñòàòòÿõ [89, 90].

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.

Äîñëiäæåííÿ, ùî ñêëàäàþòü îñíîâó äèñåðòàöi¨, ïðîâîäèëèñü íà êàôå-

äði ìàòåìàòè÷íî¨ ôiçèêè ôiçèêî-ìàòåìàòè÷íîãî ôàêóëüòåòó Íàöiîíàëü-

íîãî òåõíi÷íîãî óíiâåðñèòåòó Óêðà¨íè "Êè¨âñüêèé ïîëiòåõíi÷íèé iíñòèòóò
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iìåíi Iãîðÿ Ñiêîðñüêîãî"â ðàìêàõ íàóêîâî-äîñëiäíèõ òåì ”Äîñëiäæåííÿ

àêòóàëüíèõ ïðîáëåì òåîði¨ äåòåðìiíîâàíîãî õàîñó, ðîçâ'ÿçóâàííÿ óñêëà-

äíåíèõ çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè òà ðîçðîáêà ìàòåìàòè÷íî-êîìï'þòåðíèõ

ìåòîäiâ ïîáóäîâè íàáëèæåíèõ ðîçâ'ÿçêiâ” (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨

0112U001235) i "Ðîçâèòîê ìåòîäiâ äîñëiäæåííÿ ðîçâ'ÿçêiâ äèôåðåíöiàëüíî-

îïåðàòîðíèõ ðiâíÿíü i ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ïàðàáîëi÷íîãî

òèïó” (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0117U003173).

Ìåòà i çàâäàííÿ äîñëiäæåííÿ.

Îñíîâíîþ ìåòîþ äèñåðòàöiéíîãî äîñëiäæåííÿ ¹ îïèñ óñiõ ðîçâ'ÿçêiâ

äèôåðåíöiàëüíèõ ðiâíÿíü íà íåñêií÷åííîìó iíòåðâàëi ó áàíàõîâîìó ïðî-

ñòîði íàä ïîëåì êîìïëåêñíèõ àáî p-àäè÷íèõ ÷èñåë, âèâ÷åííÿ ¨õ ïîâåäiíêè

ïðè íàáëèæåííi äî êiíöiâ iíòåðâàëó, ðîçâ'ÿçàííÿ ó çâ'ÿçêó ç öèì ïðîáëåì

Êîëìîãîðîâà òà Õiëëå ïðî çîáðàæåííÿ ãðóïè ëiíiéíèõ îïåðàòîðiâ ñòåïå-

íåâèì ðÿäîì àáî åêñïîíåíöiàëüíîþ ãðàíèöåþ âiä ¨¨ ãåíåðàòîðà, ðîçâèòîê

îïåðàòîðíîãî ïiäõîäó äî íàáëèæåííÿ äîâiëüíîãî êëàñè÷íîãî, ñëàáêîãî àáî

óçàãàëüíåíîãî ðîçâ'ÿçêó öiëèìè ðîçâ'ÿçêàìè åêñïîíåíöiàëüíîãî òèïó, âiä-

øóêàííÿ êðèòåði¨â ðiâíîìiðíî¨ òà ðiâíîìiðíî¨ åêñïîíåíöiàëüíî¨ ñòiéêîñòi

ðiâíÿííÿ.

Îá'¹êòîì äîñëiäæåííÿ ¹ äèôåðåíöiàëüíî-îïåðàòîðíi ðiâíÿííÿ ó áà-

íàõîâîìó ïðîñòîði íàä àðõiìåäîâèì àáî íåàðõiìåäîâèì ïîëåì; ãðàíè÷íi

çàäà÷i äëÿ òàêèõ ðiâíÿíü, çîêðåìà, çàäà÷i Êîøi, Äiðiõëå, Íåéìàíà, (n+1)-

ðàçiâ iíòåãðîâàíà çàäà÷à Êîøi; C0-ïiâãðóïè òà C0-ãðóïè, ïîâ'ÿçàíi ç íè-

ìè; äåÿêi ïiäïðîñòîðè öiëèõ âåêòîð-ôóíêöié; àíàëiòè÷íi òà öiëi âåêòîðè

çàìêíåíîãî îïåðàòîðà; êëàñè Æåâðå âåêòîðiâ òà âåêòîð-ôóíêöié; ñïîñîáè

àïðîêñèìàöi¨ ðîçâ'ÿçêiâ; ñòiéêi ðîçâ'ÿçêè ðiâíÿííÿ; ñòiéêi ïiâãðóïè.

Ïðåäìåòîì äîñëiäæåííÿ ¹ ñòðóêòóðà êëàñè÷íèõ, ñëàáêèõ i óçàãàëü-

íåíèõ ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü ó áàíàõîâîìó ïðîñòîði òà ¨õ
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ãðàíè÷íi çíà÷åííÿ; çîáðàæåííÿ ïiâãðóïè (ãðóïè) ñòåïåíåâèì ðÿäîì àáî

åêñïîíåíöiàëüíîþ ãðàíèöåþ âiä ¨¨ ãåíåðàòîðà; ùiëüíiñòü ìíîæèíè öiëèõ

âåêòîðiâ çàìêíåíîãî îïåðàòîðà; ïîâåäiíêà ðîçâ'ÿçêiâ ïðè íàáëèæåííi äî

êiíöiâ iíòåðâàëó; îïåðàòîðíèé ïiäõiä äî íàáëèæåííÿ ðîçâ'ÿçêiâ öiëèìè

ðîçâ'ÿçêàìè åêñïîíåíöiàëüíîãî òèïó; êðèòåði¨ äëÿ ðiçíèõ âèäiâ ñòiéêî-

ñòi ïiâãðóï, ïîâ'ÿçàíèõ ç ðîçãëÿäóâàíèìè ðiâíÿííÿìè; çâ'ÿçîê ìiæ ïîâå-

äiíêîþ ðîçâ'ÿçêiâ òà ¨õ ãðàíè÷íèìè çíà÷åííÿìè, ìiæ ñòåïåíåì ãëàäêîñòi

ðîçâ'ÿçêó i øâèäêiñòþ ïðÿìóâàííÿ äî íóëÿ éîãî íàéêðàùîãî íàáëèæåííÿ;

çàäà÷à Êîøi äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü âèùèõ ïîðÿäêiâ ó íåàðõiìåäî-

âîìó áàíàõîâîìó ïðîñòîði.

Çàâäàííÿ äîñëiäæåííÿ:

1. Äëÿ äîâiëüíî¨ C0-ãðóïè (ïiâãðóïè) ëiíiéíèõ îïåðàòîðiâ ç ãåíåðà-

òîðîì A ó áàíàõîâîìó ïðîñòîði B çíàéòè ìàêñèìàëüíi ùiëüíi ó íüîìó

ìíîæèíè, íà åëåìåíòàõ ÿêèõ öÿ ãðóïà (ïiâãðóïà) çîáðàæó¹òüñÿ ó âèãëÿ-

äi ñòåïåíåâîãî ðÿäó (ïðîáëåìà Êîëìîãîðîâà) àáî åêñïîíåíöiàëüíîþ ãðà-

íèöåþ (ïðîáëåìà Õiëëå) âiä îïåðàòîðà A, òà ñïîñîáè âiäíîâëåííÿ ãðóïè

(ïiâãðóïè) áåçïîñåðåäíüî çà ¨¨ ãåíåðàòîðîì, à íå ôóíêöiÿìè âiä íüîãî.

Óçàãàëüíèòè ðåçóëüòàò, ùî ñòîñó¹òüñÿ ïðîáëåìè Õiëëå, íà âèïàäîê äîâiëü-

íîãî çàìêíåíîãî îïåðàòîðà A. Âèâ÷èòè íåîáõiäíi äëÿ äîñëiäæåíü êëàñè

ëîêàëüíî-àíàëiòè÷íèõ B-çíà÷íèõ âåêòîð-ôóíêöié.

2. Äîñëiäèòè ñòðóêòóðó ðîçâ'ÿçêiâ àáñòðàêòíèõ äèôåðåíöiàëüíèõ ðiâ-

íÿíü ó áàíàõîâîìó ïðîñòîði íà âñié ÷èñëîâié îñi, çîêðåìà, ãàðìîíi÷íîãî

òàm-ãàðìîíi÷íîãî. Ïîêàçàòè, ùî äëÿ íèõ äi¹ àíàëîã ïðèíöèïó Ôðàãìåíà-

Ëiíäåëüîôà

3. Äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ ïàðàáîëi÷íãî òèïó ó ãiëüáåðòî-

âîìó ïðîñòîði äîâåñòè ïðÿìi é îáåðíåíi òåîðåìè íàáëèæåííÿ ñëàáêèõ

ðîçâ'ÿçêiâ öiëèìè ðîçâ'ÿçêàìè åêñïîíåíöiàëüíîãî òèïó, ç'ÿñóâàòè çâ'ÿçîê
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ìiæ ñòåïåíåì ãëàäêîñòi ðîçâ'ÿçêó y(t) i øâèäêiñòþ ïðÿìóâàííÿ äî íóëÿ

éîãî íàéêðàùîãî íàáëèæåííÿ Er(y) ðîçâ'ÿçêàìè, òèï ÿêèõ íå ïåðåâèùó¹ r,

i ïîøèðèòè öåé ðåçóëüòàò íà áàíàõîâi ïðîñòîðè, îñíàùåíi ãiëüáåðòîâèìè.

Ïðîiëþñòðóâàòè ðåçóëüòàòè íà ðiâíÿííÿõ ç ÷àñòèííèìè ïîõiäíèìè.

4. Äîñëiäèòè ðîçâ'ÿçêè äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü ó áàíà-

õîâîìó ïðîñòîði âñåðåäèíi iíòåðâàëó (0,∞) , íå íàêëàäàþ÷è æîäíèõ óìîâ

íà ïîâåäiíêó ðîçâ'ÿçêó â íóëi, òà ¨õ ãðàíè÷íi çíà÷åííÿ â äåÿêèõ ëîêàëüíî-

îïóêëèõ ïðîñòîðàõ.

5. Ðîçãëÿíóòè çàäà÷i Äiðiõëå òà Íåéìàíà äëÿ ðiâíÿííÿ äðóãîãî ïî-

ðÿäêó åëiïòè÷íîãî òèïó, äîñëiäèòè óìîâè iñíóâàííÿ i ¹äèíîñòi ðîçâ'ÿçêó

i íàâåñòè äëÿ íüîãî ôîðìóëó.

6. Äëÿ ðiâíÿííÿ äðóãîãî ïîðÿäêó åëiïòè÷íîãî òèïó íà ïiâîñi ó áàíà-

õîâîìó ïðîñòîði çíàéòè óìîâè îáìåæåíîñòi ðîçâ'ÿçêó â îêîëi íåñêií÷åííî

âiääàëåíî¨ òî÷êè, éîãî çáiæíîñòi äî íóëÿ, à òàêîæ óìîâè, ÿêi çàáåçïå÷ó-

þòü éîãî åêñïîíåíöiàëüíå ñïàäàííÿ íà íåñêií÷åííîñòi.

7. Äîñëiäèòè ñòiéêi ðîç'ÿçêè åëiïòè÷íîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó

òà çíàéòè óìîâè, íåîáõiäíi é äîñòàòíi äëÿ éîãî ðiíîìiðíî¨, ðiâíîìiðíî¨

åêñïîíåíöiàëüíî¨ òà ðiíîìiðíî¨, àëå íå ðiâíîìiðíî¨ åêñïîíåíöiàëüíî¨ ñòié-

êîñòi. Â îñòàííüîìó âèïàäêó óñòàíîâèòè çâ'ÿçîê ìiæ ïîðÿäêîì ñïàäàííÿ

ðîçâ'ÿçêó íà íåñêií÷åííîñòi òà âëàñòèâîñòÿìè éîãî ïî÷àòêîâèõ äàíèõ.

8. Ðîçãëÿíóòè íåîäíîðiäíi ðiâíÿííÿ âèùèõ ïîðÿäêiâ ó áàíàõîâîìó

ïðîñòîði íàä ïîëåì p-àäè÷íèõ ÷èñåë , ïðàâèìè ÷àñòèíàìè ÿêèõ ¹ ëîêàëü-

íî àíàëiòè÷íi â íóëi âåêòîð-ôóíêöi¨, äîñëiäèòè ïèòàííÿ iñíóâàííÿ òà ¹äè-

íîñòi ëîêàëüíî àíàëiòè÷íîãî â îêîëi íóëÿ ðîçâ'ÿçêó òàêîãî ðiâíÿííÿ i éî-

ãî íåïåðåðâíî¨ çàëåæíîñòi âiä ïðàâî¨ ÷àñòèíè , îòðèìàòè ôîðìóëó äëÿ

ðîçâ'ÿçêó.

9. Äîâåñòè, ùî ÿêùî ó ïîïåðåäíüîìó âèïàäêó ïðàâà ÷àñòèíà � ìíîãî-
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÷ëåí, òî ðîçâ'ÿçîê òàêîæ ¹ ìíîãî÷ëåíîì òîãî ñàìîãî ñòåïåíÿ, ùî é ïðà-

âà ÷àñòèíà; ÿêùî ïðàâà ÷àñòèíà � öiëà âåêòîð-ôóíêöiÿ, òî iñíó¹ ¹äèíèé

ðîçâ'ÿçîê ó êëàñi öiëèõ âåêòîð-ôóíêöié.

Ìåòîäè äîñëiäæåííÿ. Äëÿ ðîçâ'ÿçàííÿ ïîñòàâëåíèõ çàäà÷ â äèñåðòà-

öi¨ âèêîðèñòîâóþòüñÿ ìåòîäè ôóíêöiîíàëüíîãî àíàëiçó, òîïîëîãi¨ òà òåîði¨

ôóíêöié, çîêðåìà: ìåòîäè òåîði¨ ëîêàëüíî îïóêëèõ ïðîñòîðiâ, òåîði¨ óçà-

ãàëüíåíèõ ôóíêöié, òåîði¨ àáñòðàêòíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, îïåðà-

òîðíîãî ÷èñëåííÿ, ãðóïîâi òà ïiâãðóïîâi ìåòîäè.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè ðîáîòè,

ùî âèíîñÿòüñÿ íà çàõèñò, ¹ íîâèìè i ïîëÿãàþòü ó íàñòóïíîìó.

1. Äîñëiäæåíî ïðîáëåìó Êîëìîãîðîâà ïðî ìîæëèâiñòü çîáðàæåííÿ C0-

ãðóïè ëiíiéíèõ îïåðàòîðiâ ó áàíàõîâîìó ïðîñòîði ñòåïåíåâèì ðÿäîì

âiä ¨¨ ãåíåðàòîðà.

2. Ðîçâ'ÿçàíî ïðîáëåìó Õiëëå ïðî ïðåäñòàâëåííÿ C0-ãðóïè ëiíiéíèõ îïå-

ðàòîðiâ ó áàíàõîâîìó ïðîñòîði åêñïîíåíöiàëüíîþ ãðàíèöåþ âiä ¨¨ ãå-

íåðàòîðà.

3. Çíàéäåíî óìîâè íà âåêòîð áàíàõîâîãî ïðîñòîðó, çà ÿêèõ åêñïîíåíöi-

àëüíà ôóíêöiÿ âiä çàìêíåíîãî ó öüîìó ïðîñòîði îïåðàòîðà íà çàäà-

íîìó âåêòîði ¹ öiëîþ ñêií÷åííîãî ïîðÿäêó i ñêií÷åííîãî òèïó.

4. Îïèñàíî óñi ðîçâ'ÿçêè âñåðåäèíi íåñêií÷åííîãî iíòåðâàëó (îñi àáî ïiâ-

îñi) ïàðàáîëi÷íèõ òà åëiïòè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü ó áàíàõî-

âîìó ïðîñòîði. Çîêðåìà, äåòàëüíî âèâ÷åíî ðîçâ'ÿçêè ÿê îäíîðiäíîãî,

òàê i íåîäíîðiäíîãî ïîëiãàðìîíi÷íîãî äèôåðåíöiàëüíî-îïåðàòîðíîãî

ðiâíÿííÿ, êîåôiöi¹íòîì ÿêîãî ¹ ïîçèòèâíèé îïåðàòîð.

5. Äîñëiäæåíî ðîçâ'ÿçêè äèôåðåíöiàëüíèõ ðiâíÿíü âèùèõ ïîðÿäêiâ ïåâ-
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íîãî âèãëÿäó íà âñié ÷èñëîâié îñi é ïiâîñi, êîåôiöi¹íòàìè ÿêîãî ¹ ïî-

çèòèâíi îïåðàòîðè ó áàíàõîâîìó ïðîñòîði.

6. Äîâåäåíî ïðÿìi é îáåðíåíi òåîðåìè òåîði¨ íàáëèæåíü ñëàáêèõ ðîçâ'ÿçêiâ

äèôåðåíöiàëüíîãî ðiâíÿííÿ ó ãiëüáåðòîâîìó ïðîñòîði öiëèìè éîãî

ðîçâ'ÿçêàìè åêñïîíåíöiàëüíîãî òèïó, ÿêi âñòàíîâëþþòü âçà¹ìíî îäíî-

çíà÷íó âiäïîâiäíiñòü ìiæ øâèäêiñòþ ïðÿìóâàííÿ äî íóëÿ íàéêðàùî-

ãî íàáëèæåííÿ i ñòåïåíåì ãëàäêîñòi ðîçâ'ÿçêó.

7. Óñòàíîâëåíî äëÿ òàêèõ ðîçâ'ÿçêiâ àíàëîã òåîðåìè Äæåêñîíà ïðî àïðî-

êñèìàöiþ íåïåðåðâíî¨ ïåðiîäè÷íî¨ ôóíêöi¨ òðèãîíîìåòðè÷íèìè ïîëi-

íîìàìè.

8. Îïèñàíî ñòðóêòóðó ðîçâ'ÿçêiâ ÿê îäíîðiäíî¨, òàê i íåîäíîðiäíî¨ çàäà-

÷i Äiðiõëå äëÿ àáñòðàêòíîãî åëiïòè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ

äðóãîãî ïîðÿäêó íà ïiâîñi; çíàéäåíî óìîâè, çà ÿêèõ öÿ çàäà÷à ¹ êî-

ðåêòíî ïîñòàâëåíîþ.

9. Äîñëiäæåíî îäíîðiäíó çàäà÷ó Íåéìàíà äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü

äðóãîãî ïîðÿäêó ó áàíàõîâîìó ïðîñòîði, à òàêîæ (n + 1)-ðàçiâ iíòå-

ãðîâàíó çàäà÷ó Êîøi äëÿ ðiâíÿíü ïåðøîãî ïîðÿäêó.

10. Äîâåäåíî, ùî äëÿ ðîçâ'ÿçêiâ àáñòðàêòíèõ åëiïòè÷íèõ äèôåðåíöiàëü-

íèõ ðiâíÿíü íà ïiâîñi äi¹ àíàëîã ïðèíöèïó Ôðàãìåíà-Ëiíäåëüîôà.

11. Äëÿ åëiïòè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ íà ïiâîñi ó áàíàõîâîìó

ïðîñòîði íàä ïîëåì êîìïëåêñíèõ ÷èñåë óñòàíîâëåíî êðèòåðié éîãî

ðiâíîìiðíî¨ òà ðiâíîìiðíî¨ åêñïîíåíöiàëüíî¨ ñòiéêîñòi. Çíàéäåíî òà-

êîæ óìîâè, çà ÿêèõ ðiâíÿííÿ ¹ ðiâíîìiðíî, àëå íå ðiâíîìiðíî åêñïî-

íåíöiàëüíî ñòiéêèì.
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12. Îïèñàíî óñi àíàëiòè÷íi ðîçâ'ÿçêè íåîäíîðiäíîãî äèôåðåíöiàëüíîãî

ðiâíÿííÿ m-ãî ïîðÿäêó ó áàíàõîâîìó ïðîñòîði íàä ïîëåì p-àäè÷íèõ

÷èñåë.

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Â îñíîâíîìó ðå-

çóëüòàòè äèñåðòàöi¨ ¹ òåîðåòè÷íîãî õàðàêòåðó. Ïðîòå òi ç íèõ, ùî ñòîñó-

þòüñÿ òåîði¨ ñòiéêîñòi äèôåðåíöiàëüíèõ ðiâíÿíü ó áàíàõîâîìó ïðîñòîði,

ìîæóòü áóòè çàñòîñîâàíi äî âèâ÷åííÿ äèíàìiêè îáåðòàííÿ òâåðäèõ òië

ç ïîðîæíèíàìè, íàïîâíåíèìè ðiäèíîþ. Äîñëiäæåííÿ ç ïîäiáíèõ ïèòàíü

ïðîâîäèëèñü ïiä êåðiâíèöòâîì À.Þ. Iøëiíñüêîãî â Iíñòèòóòi ìàòåìàòè-

êè ÍÀÍ Óêðà¨íè, à òàêîæ íà êàôåäði ïðèêëàäíî¨ ìåõàíiêè Ìîñêîâñüêîãî

óíiâåðñèòåòó iì. Ëîìîíîñîâà.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Âèçíà÷åííÿ ãîëîâíèõ íàïðÿìiâ äî-

ñëiäæåíü íàëåæèòü Ì.Ë. Ãîðáà÷óêó. Âñi ðåçóëüòàòè, ùî âèíîñÿòüñÿ íà

çàõèñò, îòðèìàíî çäîáóâà÷åì ñàìîñòiéíî, à â ðîáîòàõ, îïóáëiêîâàíèõ ó

ñïiâàâòîðñòâi, âíåñîê àâòîðiâ ¹ ðiâíîöiííèì.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Ðåçóëüòàòè ðîáîòè äîïîâiäà-

ëèñü òà îáãîâîðþâàëèñü íà:

� Âñåñîþçíîé øêîëå ìîëîäûõ ó÷åíûõ ”Ôóíêöèîíàëüíûå ìåòîäû â ïðè-

êëàäíîé ìàòåìàòèêå è ìàòåìàòè÷åñêîé ôèçèêå”, Òàøêåíò, 11 - 17 òðàâíÿ

1988 ðîêó;

� Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨, ïðèñâÿ÷åíié ïàì'ÿòi àêàäåìiêà

Ì.Ï. Êðàâ÷óêà, Êè¨â-Ëóöüê, 22-28 âåðåñíÿ 1992 ðîêó;

� Âñåóêðà¨íñüêié íàóêîâié êîíôåðåíöi¨ ”Íîâi ïiäõîäè äî ðîçâ'ÿçàííÿ

äèôåðåíöiàëüíèõ ðiâíÿíü”, Äðîãîáè÷, 25 - 27 ñi÷íÿ 1994 ðîêó;

� Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨, ïðèñâÿ÷åíié ïàì'ÿòi àêàäåìiêà

Ì.Ï.Êðàâ÷óêà, Êè¨â, 11 - 14 êâiòíÿ 1995 ðîêó;
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� The Third International Congress on Industrial and Applied Mathemati-

cs, Hamburg, 3 - 7 ëèïíÿ 1995 ðîêó;

� Workshop ”Modern Mathematical Methods in Di�raction Theory and

its Applications in Engineering”, ed. E. Meister, Darmstad, 30 âåðåñíÿ - 3

æîâòíÿ 1996 ðîêó;

� International Conference ”Nonlinear Partial Di�erential Equations” dedi-

cated to J.P. Schauder, Lviv, 23 - 29 ñåðïíÿ 1999 ðîêó;

� 18-th International Conference on Operator Theory, Timisoara, 27 ÷åðâ-

íÿ - 1 ëèïíÿ 2000 ðîêó;

� Ìiæíàðîäíié êîíôåðåíöi¨ ç ôóíêöiîíàëüíîãî àíàëiçó, Êè¨â, 22-26

ñåðïíÿ 2001 ðîêó;

� Ìiæíàðîäíié ìàòåìàòè÷íié êîíôåðåíöiÿ iì. Â. ß. Ñêîðîáîãàòüêà,

Äðîãîáè÷, 27 âåðåñíÿ - 1 æîâòíÿ 2004 ðîêó, Äðîãîáè÷, 2004.

� Internatioal Conference ”Analysis and Related Topics”, Lviv, 17 - 20

ëèñòîïàäà 2005 ðîêó;

� International Conference on Di�erential Equations, dedicated to the

100th anniversary of Ya.B. Lopatynsky , Lviv, 12 - 17 âåðåñíÿ 2006 ðîêó;

� International V.Ya. Skorobohatko Mathematical Conference, Drohobych,

24 - 28 âåðåñíÿ 2007 ðîêó;

� International Conference ”Analysis and Topology”, Lviv, 26 òðàâíÿ - 7

÷åðâíÿ 2008 ðîêó;

� Äâàíàäöÿòié ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iìåíi àêàäåìiêà Ì.

Êðàâ÷óêà, Êè¨â, 15-17 òðàâíÿ 2008 ðîêó;

� Ìåæäóíàðîäíîé êîíôåíåíöèè ”Ñîâðåìåííûå ïðîáëåìû ìàòåìàòèêè,

ìåõàíèêè è èõ ïðèëîæåíèé”, Ìîñêâà, 30 áåðåçíÿ - 2 êâiòíÿ 2009 ðîêó.

� Ìiæíàðîäíié êîíôåðåíöi¨ äî 100-ði÷÷ÿ Ì.Ì.Áîãîëþáîâà òà 70-ði÷÷ÿ

Ì.I.Íàãíèáiäè, ×åðíiâöi, 8-13 ÷åðâíÿ 2009 ðîêó;
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� Óêðà¨íñüêîìó ìàòåìàòè÷íîìó êîíãðåñi, Êè¨â, 27-30 ñåðïíÿ 2009 ðîêó;

� Âñåóêðà¨íñüêîìó íàóêîâîìó ñåìiíàði ”Ñó÷àñíi ïðîáëåìè òåîði¨ éìî-

âiðíîñòåé òà ìàòåìàòè÷íîãî àíàëiçó”, Iâàíî-Ôðàíêiâñüê, 25 - 28 áåðåçíÿ

2010ðîêó;

� Òðèíàäöÿòié ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iìåíi àêàäåìiêà Ì.

Êðàâ÷óêà, Êè¨â, 13 - 15 òðàâíÿ 2010 ðîêó;

Ìiæíàðîäíié êîíôåðåíöi¨ ”Ñó÷àñíi ïðîáëåìè àíàëiçó”, ïðèñâÿ÷åíié

70-ði÷÷þ êàôåäðè ìàòåìàòè÷íîãî àíàëiçó ×åðíiâåöüêîãî óíiâåðñèòåòó, ×åð-

íiâöi, 30 âåðåñíÿ - 3 æîâòíÿ 2010 ðîêó;

� Ìåæäóíàðîäíîé êîíôåðåíöèè ”Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ñìå-

æíûå âîïðîñû”, ïîñâÿùåííîé 110-ëåòèþ È.Ã. Ïåòðîâñêîãî, Ìîñêâà, 30

òðàâíÿ - 4 ÷åðâíÿ 2011 ðîêó;

� ×îòèðíàäöÿòié ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iìåíi àêàäåìiêà

Ì. Êðàâ÷óêà, Êè¨â, 19 - 21 êâiòíÿ 2012 ðîêó;

� Ìiæíàðîäíié êîíôåðåíöi¨ ”Òåîðiÿ íàáëèæåííÿ ôóíêöié òà ¨¨ çàñòîñó-

âàííÿ”, ïðèñâÿ÷åíié 70-ði÷÷þ ç äíÿ íàðîäæåííÿ ÷ëåíà-êîðåñïîíäåíòà ÍÀÍ

Óêðà¨íè, ïðîôåñîðà Î.I. Ñòåïàíöÿ (1942-2007), Êàì'ÿíåöü-Ïîäiëüñüêèé,

28 òðàâíÿ - 3 ÷åðâíÿ 2012 ðîêó;

� International Ñonference dedicated to the 120th anniversary of Stefan

Banach, Ukraine, Lviv, 17 - 21 âåðåñíÿ 2012 ðîêó;

� Crimea International Mathematical Conference, Sudak, 22 âåðåñíÿ - 4

æîâòíÿ 2013 ðîêó;

� Ï'ÿòíàäöÿòié ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iìåíi àêàäåìiêà Ìè-

õàéëà Êðàâ÷óêà, Êè¨â 15 - 17 òðàâíÿ 2014 ðîêó;

� IY International Hahn Conference dedicated to the 135-th anniversary

of Hans Hahn, Chernivtsi, 30.÷åðâíÿ - 5 ëèïíÿ 2014 ðîêó;

�Øiñòíàäöÿòié ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iìåíi àêàäåìiêà Êðàâ-
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÷óêà, Êè¨â, 14 - 15 òðàâíÿ 2015 ðîêó;

� Íàóêîâié êîíôåðåíöi¨, ïðèñâÿ÷åíié 100-ði÷÷þ âiä äíÿ íàðîäæåííÿ

Ê.Ì. Ôiøìàíà òà Ì.Ê. Ôàãå, ×åðíiâöi, 1-4 ëèïíÿ, 2015 ðîêó;

� International V. Skorobohatko Mathematical Conference, Drohobych, 25

- 28 ñåðïíÿ 2015 ðîêó;

� Ñiìíàäöÿòié ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iìåíi àêàäåìiêà Êðàâ-

÷óêà, Êè¨â, 19-20 òðàâíÿ 2016 ðîêó;

� Âiñiìíàäöÿòié ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iìåíi àêàäåìiêà

Êðàâ÷óêà, Êè¨â-Ëóöüê, 7-10 æîâòíÿ 2017 ðîêó;

� Seminarium Katedry Analizy Matematycznej. Matematyki Obliczeni-

owej i Metod Probabilistycznych. Wydzial Matematyki Stosowanej AGH, Êðà-

êiâ (Ïîëüùà), 13 êâiòíÿ 2016 ðîêó;

� Íàóêîâîìó ñåìiíàði êàôåäðè ìàòåìàòè÷íî¨ ôiçèêè Íàöiîíàëüíîãî

òåõíi÷íîãî óíiâåðñèòåòó Óêðà¨íè ”Êè¨âñüêèé ïîëiòåõíi÷íèé iíñòèòóò iìåíi

Iãîðÿ Ñiêîðñüêîãî”, 25 æîâòíÿ 2017 ðîêó (êåðiâíèê ñåìiíàðó � ïðîôåñîð

Ñ.Ä. Iâàñèøåí;

� Êè¨âñüêîìó ñåìiíàði ç ôóíêöiîíàëüíîãî àíàëiçó â Iíñòèòóòi ìàòåìà-

òèêè ÍÀÍ Óêðà¨íè, 8 ëèñòîïàäà 2017 ðîêó (êåðiâíèêè ñåìiíàðó: àêàäåìiê

ÍÀÍ Óêðà¨íè Þ.Ì. Áåðåçàíñüêèé, àêàäåìiê ÍÀÍ Óêðà¨íè Þ.Ñ. Ñàìîé-

ëåíêî, ÷ë.-êîð. ÍÀÍ Óêðà¨íè À.Í. Êî÷óáåé).

� Íàóêîâîìó ñåìiíàði âiääiëó òåîði¨ ôóíêöié Iíñòèòóòó ìàòåìàòèêè

ÍÀÍ Óêðà¨íè, 8 ãðóäíÿ 2017 ðîêó (êåðiâíèê ñåìiíàðó ïðîôåñîð À.Ñ. Ðî-

ìàíþê).

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ îïóáëiêîâàíî ó 23 ñòàòòÿõ

[269 - 280, 215, 153, 257, 256, 144, 108, 145, 146, 109, 159,226], ñåðåä ÿêèõ 22 ó

íàóêîâèõ ôàõîâèõ âèäàííÿõ [269,270, 272 - 280, 215, 153, 257, 256, 144, 108,

145, 146, 109, 159, 226], ç íèõ 8 ó ñïiâàâòîðñòâi i 14 � ñàìîñòiéíèõ, 2 ñòàòòi
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ó çàêîðäîííèõ íàóêîâèõ ïåðiîäè÷íèõ âèäàííÿõ [257, 109], 7 ðîáiò [269, 273,

215, 108, 257, 109, 280], ÿêi âêëþ÷åíi äî ìiæíàðîäíèõ íàóêîìåòðè÷íèõ áàç

(Scopus), à òàêîæ 27 òåç äîïîâiäåé íà íàóêîâèõ êîíôåðåíöiÿõ [281 - 293]

òà [295 - 309].

Ñòðóêòóðà òà îáñÿã äèñåðòàöi¨. Äèñåðòàöiÿ ñêëàäà¹òüñÿ ç àíîòà-

öi¨ (óêðà¨íñüêîþ òà àíãëiéñüêîþ ìîâàìè), âñòóïó, îãëÿäó ëiòåðàòóðè òà

îñíîâíèõ íàïðÿìêiâ äîñëiäæåíü, ñåìè ðîçäiëiâ, âèñíîâêiâ òà ñïèñêó âè-

êîðèñòàíèõ äæåðåë, ùî ìiñòèòü 309 íàéìåíóâàíü. Ïîâíèé îáñÿã ðîáîòè

ñòàíîâèòü 287 ñòîðiíîê äðóêîâàíîãî òåêñòó.
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ÎÃËßÄ ËIÒÅÐÀÒÓÐÈ ÒÀ

ÎÑÍÎÂÍI ÍÀÏÐßÌÊÈ ÄÎÑËIÄÆÅÍÜ

Ó öüîìó, â äåÿêîìó ðîçóìiííi îçíàéîìëþþ÷îìó ðîçäiëi, ðîáèòüñÿ îãëÿä

ïðàöü, ÿêi ìàþòü âiäíîøåííÿ äî ðåçóëüòàòiâ, íàâåäåíèõ â äèñåðòàöi¨, ¹

áëèçüêèìè çà çìiñòîì i ñïîñîáàìè ¨õ îòðèìàííÿ.

Ï. 01 ìiñòèòü îãëÿä âiäîìèõ ðåçóëüòàòiâ, ùî ñòîñóþòüñÿ çàäà÷i Êî-

øi äëÿ åâîëþöiéíèõ ðiâíÿíü i ïîâ'ÿçàíî¨ ç íåþ òåîði¹þ ïiâãðóï ëiíiéíèõ

îïåðàòîðiâ.

Ó ï. 02 ðîçãëÿäàþòüñÿ îñíîâíi ïðàöi, ïðèñâÿ÷åíi ïîáóäîâi åêñïîíåí-

öiàëüíî¨ ôóíêöi¨ âiä ãåíåðàòîðà C0-ïiâãðóïè.

Ï. 03 ìà¹ ñïðàâó ç òåîði¹þ íàáëèæåíü äîâiëüíîãî ðîçâ'ÿçêó äèôåðåí-

öiàëüíî-îïåðàòîðíîãî ðiâíÿííÿ öiëèìè ðîçâ'ÿçêàìè åêñïîíåíöiàëüíîãî òè-

ïó.

Ó ï. 04 íàâîäÿòüñÿ ðåçóëüòàòè ùîäî çàäà÷ Äiðiõëå, Íåéìàíà òà (n+1)-

ðàç iíòåãðîâàíî¨ çàäà÷i Êîøi.

Ï. 05 ñòîñó¹òüñÿ àñèìïòîòè÷íî¨ ïîâåäiíêè ðîçâ'ÿçêiâ äèôåðåíöiàëüíî-

îïåðàòîðíèõ ðiâíÿíü ó áàíàõîâîìó ïðîñòîði íà íåñêií÷åííîìó iíòåðâàëi.

Ó ï. 06 äà¹òüñÿ êîðîòêèé îãëÿä ðåçóëüòàòiâ ç òåîði¨ äèôåðåíöiàëüíèõ

ðiâíÿíü ó áàíàõîâîìó ïðîñòîði, àëå íå íàä ïîëåì êîìïëåêñíèõ ÷èñåë, ÿê

öå íàé÷àñòiøå ðîáèòüñÿ, à íàä ïîëåì p-àäè÷íèõ ÷èñåë.

0.1 Íåõàé B � áàíàõiâ ïðîñòið íàä ïîëåì C êîìïëåêñíèõ ÷èñåë. Ïiä

åâîëþöiéíèì ðiâíÿííÿì çàçâè÷àé ðîçóìi¹òüñÿ äèôåðåíöiàëüíå ðiâíÿííÿ

âiäíîñíî ôóíêöi¨ y(t) çi çíà÷åííÿìè â B , ïðè÷îìó îáëàñòi âèçíà÷åííÿ i

çíà÷åíü îïåðàòîðiâ, ïðèñóòíiõ ó ðiâíÿííi, íàëåæàòü äî B, à äiéñíà çìiííà

t âiäiãðà¹ ðîëü ÷àñó.

Îäèí iç îñíîâíèõ ïiäõîäiâ äî åâîëþöiéíèõ ðiâíÿíü òiñíî ïîâ'ÿçàíèé
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ç òåîði¹þ ïiâãðóï ëiíiéíèõ îïåðàòîðiâ. Ùî ñòîñó¹òüñÿ ïiâãðóïîâîãî ïiä-

õîäó, òî iñíó¹ öiëà íèçêà êíèã, â ÿêèõ ñèñòåìàòè÷íî i äîñòàòíüî ïîâíî

âèêëàäåíî öþ òåîðiþ, âêëþ÷àþ÷è çàñòîñóâàííÿ äî ðiâíÿíü ç ÷àñòèííèìè

ïîõiäíèìè. Ñåðåä íèõ � ìîíîãðàôi¨ Ð. Ðiõòìàé¹ðà [81], K. Iîñiäè [5], Ñ.Ã.

Êðåéíà [1], À. Ïàçi [2], Äæ. Ãîëäñòåéíà [7], Â. Àðåíäòà, Ñ. Áåòòi, Ì. Ãåð-

áåðà, Ô. Íüþáðàíäåðà [3], Í. Äàíôîðäà i Äæ. Øâàðöà [85], Å. Äåâiñà [86],

Ô. Êëåìåíòà, Õ. Õàéìàíñà, Ñ. Àíãåíåíòå, Ê. âàí Äóéíà òà Ä. äå Ïàõòåðà

[8], Ê. ×iêîíå i Þ. Ëàòóøêiíà [87] òà áàãàòüîõ ií.

Äîáðå âiäîìèìè ¹ òðè ïiäõîäè äî òåîði¨ C0-ïiâãðóï ó áàíàõîâîìó ïðî-

ñòîði. Ïåðøèé � àëãåáðà¨÷íèé, â ÿêîìó C0-ïiâãðóïà âèçíà÷à¹òüñÿ ÿê âiä-

îáðàæåííÿ T : R+ 7→ L(B), äå L(B) � ìíîæèíà âñiõ îáìåæåíèõ â B

îïåðàòîðiâ òàêèõ, ùî

a) T (t)x � íåïåðåðâíà íà [0,∞) âåêòîð-ôóíêöiÿ äëÿ áóäü-ÿêîãî x ∈ B;

b) T (0) = I (I � îäèíè÷íèé îïåðàòîð);

ñ) T (s+ t) = T (s)T (t), s, t ∈ [0,∞).

�¨ ãåíåðàòîð âèçíà÷à¹òüñÿ ÿê

Ax = lim
t→0

T (t)x− x

t
, D(A) :=

{
x ∈ B : lim

t→0

T (t)x− x

t
iñíó¹

}
(D(·) � îáëàñòü âèçíà÷åííÿ îïåðàòîðà). Ëiíiéíèé îïåðàòîð A çàìêíåíèé

i D(A) = B. Iíøèìè ñëîâàìè A � ïîõiäíà âiä T (t) â òî÷öi 0 ó ñèëüíîìó

ðîçóìiííi.

Äðóãèé ïiäõiä âòÿãó¹ çàäà÷ó Êîøi íà âiäðiçêó I:

y′(t) = Ay(t), t ∈ I; y(0) = x ∈ B. (0.1)

Âåêòîð-ôóíêöiÿ y(t), çà âèçíà÷åííÿì, ¹ êëàñè÷íèì ðîçâ'ÿçêîì öüîãî

ðiâíÿííÿ, ÿêùî âîíà ¹ íåïåðåðâíî äèôåðåíöiéîâíîþ íà I, y(t) ∈ D(A) i

çàäîâîëüíÿ¹ (0.1) äëÿ âñiõ t ∈ I. Ïiä ñëàáêèì ðîçâ'ÿçêîì ðiâíÿííÿ (0.1)

44



ðîçóìi¹òüñÿ íåïåðåðâíà ôóíêöiÿ y(t) iç çíà÷åííÿìè â B òàêà, ùî

t∫
s

y(τ) dτ ∈ D(A), s, t ∈ I,

i

A

t∫
s

y(τ) dτ = y(t)− y(s).

Îñêiëüêè A çàìêíåíèé, òî ñëàáêèé ðîçâ'ÿçîê ¹ êëàñè÷íèì òîäi i òiëüêè

òîäi, êîëè âií ¹ äèôåðåíöiéîâíèì íà I.

Òåîðåìà 0.1 (äèâ. [3]). Íàñòóïíi òâåðäæåííÿ ¹ åêâiâàëåíòíèìè:

(i) A ãåíåðó¹ C0-ïiâãðóïó T = {T (t)}t≥0 ó ïðîñòîði B;

(ii) äëÿ äîâiëüíîãî x ∈ B iñíó¹ ¹äèíèé ñëàáêèé ðîçâ'ÿçîê ðiâíÿííÿ

(0. 1), ùî çàäîâîëüíÿ¹ óìîâó y(0) = x. Ó öüîìó âèïàäêó y(t) = T (t)x.

Çâiäñè òàêîæ âèïëèâà¹, ùî îïåðàòîð A îäíîçíà÷íî âèçíà÷à¹ ïiâãðóïó.

Òðåòié ïiäõiä ïîâ'ÿçó¹ ïiâãðóïó ç ïåðåòâîðåííÿì Ëàïëàñà. ßêùî A �

ãåíåðàòîð C0-ïiâãðóïè T â B, òî ìåæà ðîñòó (òèï) öi¹¨ ïiâãðóïè

ω(T ) := inf
{
ω ∈ R : ∃M : ∥T (t)∥ ≤Meωt, ∀t ≥ 0,

}
çàäîâîëüíÿ¹ íåðiâíiñòü −∞ ≤ ω(T ), i ÿêùî Reλ > ω(T ), òî λ ∈ ρ(A)

(ρ(A) - ðåçîëüâåíòíà ìíîæèíà îïåðàòîðà A) i

R(λ;A)x =

∞∫
0

e−λtT (t)x dt := lim
τ→∞

τ∫
0

e−λtT (t)x dt

äëÿ âñiõ x ∈ B (R(λ;A) - ðåçîëüâåíòà îïåðàòîðà A).

Òåîðåìà 0.2 (äèâ. [3]). Íåõàé T (t) : R+ 7→ L(B) - ñèëüíî íåïåðåðâíà

îïåðàòîðíà ôóíêöiÿ, A - îïåðàòîð â B, λ0 ∈ R : (λ0,∞) ∈ ρ(A) i

∀x ∈ B : R(λ;A)x =

∞∫
0

e−λtT (t)x dt, λ > λ0.
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Òîäi T - C0-ïiâãðóïà â B, à A � ¨¨ ãåíåðàòîð.

Îòæå, ãåíåðàòîðîì C0-ïiâãðóïè ìîæå áóòè ëèøå òîé îïåðàòîð, ðåçîëü-

âåíòà ÿêîãî ¹ ïåðåòâîðåííÿì Ëàïëàñà.

Íàâåäåíi âèùå òâåðäæåííÿ âèêîðèñòîâóþòüñÿ â òåîði¨ C0-ïiâãðóï ÿê

áàçèñíi.

Çàäà÷à Êîøi äëÿ äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü äîñëiäæóâà-

ëàñü òàêîæ Ì.Ë. Ãîðáà÷óêîì òà Â.I. Ãîðáà÷óê, À.Â. Êíÿçþêîì, Î.I. Êà-

øïiðîâñüêèì, Ï.É. Äóäíiêîâèì, Ð. äå Ëàóáåíôåëñîì, Â.Â. Ãîðîäåöüêèì,

Â.I. Ôîìiíèì, Ãói Çàíãîì òà áàãàòüìà iíøèìè ìàòåìàòèêàìè. Îñîáëèâà

óâàãà ïðè öüîìó ïðèäiëÿëàñü ïèòàííÿì iñíóâàííÿ i ¹äèíîñòi ðîçâ'ÿçêiâ òà-

êèõ ðiâíÿíü ó ðiçíèõ ôóíêöiîíàëüíèõ ïðîñòîðàõ, ¨õ çîáðàæåííþ òà äîñëi-

äæåííþ ¨õ ãðàíè÷íèõ çíà÷åíü. Îãëÿä âiäïîâiäíèõ ðåçóëüòàòiâ ìiñòèòüñÿ

â ìîíîãðàôi¨ [88], îãëÿäîâèõ ñòàòòÿõ [89, 90] òà ïðàöÿõ [91 - 97]. Áóëî çíà-

éäåíî óìîâè íà ïî÷àòêîâi äàíi, çà ÿêèõ çàäà÷à Êîøi äëÿ äèôåðåíöiàëüíî-

îïåðàòîðíèõ ðiâíÿíü ïåðøîãî ïîðÿäêó ¹ ðîçâ'ÿçíîþ â ðiçíèõ êëàñàõ ëîêà-

ëüíî-àíàëiòè÷íèõ âåêòîð-ôóíêöié.

0.2. ßêùî îïåðàòîð A îáìåæåíèé, òî ðîçâ'ÿçîê çàäà÷i Êîøi (0.1)

çîáðàæó¹òüñÿ ÿê

y(t) = T (t)x (0.2)

àáî

y(t) =
∞∑
k=0

tkAkx

k!
:= etAx, (0.3)

i ôóíêöiÿ etAx äîïóñêà¹ ïðîäîâæåííÿ äî öiëî¨ âåêòîð-ôóíêöi¨ ezAx, z ∈

C. Öþ ôóíêöiþ ìîæíà âèçíà÷èòè äâîìà ñïîñîáàìè, à ñàìå: ñòåïåíåâèì

ðÿäîì

ezAx =
∞∑
n=0

zn

n!
An (0.2)
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àáî åêñïîíåíöiàëüíîþ ãðàíèöåþ

ezAx = lim
n→∞

(
1 +

zA

n

)n
(0.3)

âiä îïåðàòîðà A.

Ó âèïàäêó, êîëè B = C, ôîðìóëè (0.2) i (0.3) íàâiâ Ë. Åéëåð [99]. Ç

÷àñîì âîíè áóëè ïîøèðåíi áàãàòüìà ìàòåìàòèêàìè (äèâ. [100 - 104]) íà íå-

ïåðåðâíi îïåðàòîðè ó äîâiëüíîìó áàíàõîâîìó ïðîñòîði, ïðè÷îìó çáiæíiñòü

ó ïðàâèõ ÷àñòèíàõ ðîçóìi¹òüñÿ â ðiâíîìiðíié îïåðàòîðíié òîïîëîãi¨. ßêùî

æ A /∈ L(B), òî çîáðàæåííÿ (0.2), (0.3) ìàþòü ìiñöå íå äëÿ âñiõ x ∈ B.

Òîìó ïîñòàëî ïèòàííÿ, çà ÿêèõ óìîâ íà C0-ïiâãðóïó iñíóþòü ëîêàëüíî-

îïóêëi ïðîñòîðè X0 òà X ′
0 òàêi, ùî âêëàäåííÿ

X0 ⊂ B ⊂ X ′
0

¹ ùiëüíèìè i íåïåðåðâíèìè, i íà åëåìåíòàõ ÿêèõ ïðàâà ÷àñòèíà â (0.2)

çáiãà¹òüñÿ ó òîïîëîãiÿõ öèõ ïðîñòîðiâ. Ïîäiáíà ïîñòàíîâêà ÷àñòî çóñòði-

÷¹òüñÿ â ðiçíèõ ìàòåìàòè÷íèõ çàäà÷àõ. Íàïðèêëàä, ÿêùî B = C̃([0, 2π])

- ïðîñòið íåïåðåðâíèõ 2π-ïåðiîäè÷íèõ ôóíêöié , òî çîáðàæåííÿ

x(t) =
∞∑

n=−∞
cke

ikt, ck =
1√
2π

∫ 2π

0

x(t)e−ikt dt,

âèêîíó¹òüñÿ íå äëÿ âñiõ x ∈ C̃([0, 2π). Àëå ïîêëàäàþ÷è X0 = D̃, äå D̃ -

ëîêàëüíî-îïóêëèé ïðîñòið íåñêií÷åííî äèôåðåíöiéîâíèõ 2π-ïåðiîäè÷íèõ

ôóíêöié i X ′
0 = D̃′ (D̃′ � ïðîñòið 2π-ïåðiîäè÷íèõ ðîçïîäiëiâ), îäåðæèìî

ëàíöþæîê

D̃ ⊂ C̃([0, 2π]) ⊂ D̃′

ùiëüíî i íåïåðåðâíî âêëàäåíèõ ïðîñòîðiâ, äî òîãî æ òðèãîíîìåòðè÷íi ðÿ-

äè ôóíêöié ç D̃ i D̃′ çáiãàþòüñÿ â òîïîëîãiÿõ öèõ ïðîñòîðiâ âiäïîâiäíî.
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Âàðòî òàêîæ íàãàäàòè, ùî ó 1772 ð. Æ. Ëàãðàíæ [105] ïðåäñòàâèâ

ôîðìóëó

x(t+ s) = exp

(
t · d
ds

)
x(s) =

∞∑
k=0

tk

k!
· d

kx(s)

dsk
,

ç ÿêî¨ âèäíî, ùî ãðóïà çñóâiâ T (t)x(s) = x(s + t) çîáðàæó¹òüñÿ âèðàçîì

(0.2) ÿê åêñïîíåíòà âiä ¨¨ ãåíåðàòîðà � îïåðàòîðà äèôåðåíöiþâàííÿ. Ùî

æ äî íàäàííÿ ¨é ñåíñó äëÿ äîâiëüíî¨ C0-ãðóïè, òîáòî óñâiäîìëåííÿ, à ùî

ñàìå ñëiä ðîçóìiòè ïiä etA, äå A - ãåíåðàòîð öi¹¨ ãðóïè, òî öå ïèòàííÿ áóëî

ïîñòàâëåíå Å. Õiëëå (1946). ßê áóëî çàçíà÷åíî íèì (äèâ.[6]), ”ïîøèðèòè

ôîðìóëó (0.3) íà ñèëüíèé âèïàäîê (òîáòî êîëè ãåíåðàòîð A íå ¹ îáìåæå-

íèì), ìàáóòü, äóæå âàæêî i, éìîâiðíî, íàâiòü äëÿ x ∈
∞∩
n=1

D(An) ãðàíèöÿ

(0.3) íå çàâæäè iñíó¹”. Çàóâàæèìî, ùî â [108] ïîêàçàíî, ùî äëÿ C0-ãðóïè

â B òàêà ãðàíèöÿ iñíó¹ òîäi i òiëüêè òîäi, êîëè x - öiëèé âåêòîð îïåðàòîðà

A. Ïîäiáíå ïèòàííÿ ðîçãëÿäàëîñü ó [109] i äëÿ C0-ïiâãðóï â B, àëå âîíî

ñòîñóâàëîñü ëèøå ïiâãðóï ëiíiéíèõ îïåðàòîðiâ, äiÿ ÿêèõ íå âèõîäèòü çà

ìåæi B, i çáiæíîñòi ðÿäó (0.2) â òîïîëîãi¨ ïiäïðîñòîðiâ öiëèõ âåêòîðiâ ¨õ

ãåíåðàòîðiâ. Íàãàäà¹ìî, ùî ïðîñòîðè àíàëiòè÷íèõ, öiëèõ òà öiëèõ åêñïî-

íåíöiàëüíîãî òèïó âåêòîðiâ äîâiëüíîãî çàìêíåíîãî îïåðàòîðà áóëè ââåäåíi

i âèâ÷àëèñü Å. Íåëüñîíîì [112], Ð. Ãóäìàíîì [113] òà ß. Ðàäèíî [114], Ì.Ë.

Ãîðáà÷óêîì [259] âiäïîâiäíî. Öi ïðîñòîðè ¹ ÷àñòèííèìè âèïàäêàìè êëàñiâ

Æåâðå òèïó Ðóì'¹ òà Áüîðëiíãà, ÿêi ñòàëè îñíîâíèìè ïðè ðîçâ'ÿçóâàííi

áàãàòüîõ âàæëèâèõ çàäà÷ àíàëiçó (äåòàëi ïðî íèõ äèâ. â [115 - 121]). Ïèòà-

ííÿ ¨õ ùiëüíîñòi â ïðîñòîði B ó ðiçíèõ ÷àñòèííèõ âèïàäêàõ ðîçãëÿäàëîñü

â [84, 112, 118, 119].

Äëÿ âèâ÷åííÿ ñòðóêòóðè ðîçâ'ÿçêiâ âñåðåäèíi íåñêií÷åííîãî iíòåðâà-

ëó ïîòðiáíî áóëî ðîçãëÿíóòè äåÿêi ëîêàëüíî-îïóêëi ïðîñòîðè îñíîâíèõ i

óçàãàëüíåíèõ âåêòîðiâ ãåíåðàòîðà C0-ïiâãðóïè òà çâóæåííÿ i ðîçøèðåííÿ
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çàäàíî¨ ïiâãðóïè íà öi ïðîñòîðè. Òàêi ïðîñòîðè ïîáóäîâàíî ÿê iíäóêòèâ-

íi àáî, âiäïîâiäíî, ïðîåêòèâíi ãðàíèöi áàíàõîâèõ ïðîñòîðiâ, i ðîçøèðåí-

íÿ òà çâóæåííÿ íà íèõ C0-ïiâãðóïè ðîçãëÿíóòî â [98]. Çàãàëüíó òåîðiþ

ëîêàëüíî-îïóêëèõ ïðîñòîðiâ òà ïiâãðóï â íèõ äåòàëüíî âèêëàäåíî â [4], à

òàêîæ â [5, 115, 123, 125].

Îäíi¹þ ç îñíîâíèõ ó òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü ïðîáëåì ¹ îïèñ

ðîçâ'ÿçêiâ âñåðåäèíi îáëàñòi òà ¨õ äîñëiäæåííÿ ïðè íàáëèæåííi äî ãðà-

íèöi. Äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü çi ñòàëèìè êîåôiöi¹íòàìè

öÿ ïðîáëåìà ðîçâ'ÿçàíà ùå ó 18 ñò., i ¨¨ ðîçâ'ÿçîê ÷àñòî-ãóñòî âèêîðèñòî-

âó¹òüñÿ ïðè ïîñòàíîâöi ðiçíèõ çàäà÷ äëÿ òàêèõ ðiâíÿíü. Ùî ñòîñó¹òüñÿ

ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè, òî ¨¨ ðîçâ'ÿçàííÿ ùå äàëåêî íå çàâåð-

øåíå íàâiòü äëÿ ðiâíÿíü êëàñè÷íî¨ ìàòåìàòè÷íî¨ ôiçèêè. Â äèñåðòàöi¨

ðîçãëÿíóòî ðiâíÿííÿ(
d

dt
− A

)n(
d

dt
+ A

)m
y(t) = 0, t ∈ I, (0.4)

äå I = (0,∞) àáî (−∞,∞), A - ãåíåðàòîð àíàëiòè÷íî¨ ïiâãðóïè
{
etA
}
t≥0

ó áàíàõîâîìó ïðîñòîði B, ÿêå îõîïëþ¹ öiëó íèçêó ðiâíÿíü ç ÷àñòèííè-

ìè ïîõiäíèìè ó ðiçíèõ ôóíêöiîíàëüíèõ ïðîñòîðàõ. Çàçíà÷èìî, ùî âèïàä-

êè n = 1,m = 0;m = 1, n = 0;n = m ≤ 1; I = (−∞,∞), çà óìîâè,

ùî A � íàïiâîáìåæåíèé çâåðõó ñàìîñïðÿæåíèé îïåðàòîð ó ãiëüáåðòîâîìó

ïðîñòîði H, ðîçãëÿíóòî â [147], ó [148, 149] � êîëè A ãåíåðó¹ îáìåæåíó

àíàëiòè÷íó ïiâãðóïó ó áàíàõîâîìó ïðîñòîði, â [150 - 152] � çà óìîâè, ùî

A � íåâiä'¹ìíèé ñàìîñïðÿæåíèé îïåðàòîð â H. Ïðè m = n,m + n > 1

i A = −B1/2, äå B - ïîçèòèâíèé îïåðàòîð â B, ðiâíÿííÿ (0.4) íà ïiâîñi

äîñëiäæåíî â [13].

Çàóâàæèìî ùå, ùî ïðè m = n ≥ 1 ó âèïàäêó ãiëüáåðòîâîãî ïðîñòîðó

i ñàìîñïðÿæåíîãî îïåðàòîðà A â íüîìó, ïîäiáíî äî òîãî, ÿê öå çðîáëåíî ó
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[88] äëÿ ðiâíÿííÿ ïåðøîãî ïîðÿäêó, â ðîáîòàõ Î.I. Êàøïiðîâñüêîãî [161],

Á.I. Êíþõà [162, 163], I.Ï. Ôiøìàíà [164 - 166], Ë.Á. Ôåäîðîâî¨ [167], Ôå-

äàêà [168, 169], Î.ß. Øêëÿðà [171] âèâ÷àëèñü äèôåðåíöiàëüíî-îïåðàòîðíi

ðiâíÿííÿ äðóãîãî òà âèùèõ ïîðÿäêiâ.

0.3 Äîñëiäæåííÿ ïðÿìèõ òà îáåðíåíèõ òåîðåì òåîði¨ íàáëèæåíü ôóí-

êöié ïî÷àëîñü ç ðîáiò 1910-1912 ðð. Âàëëå-Ïóññåíà [172], Ä. Äæåêñîíà

[173], Ñ. Áåðíøòåéíà [174] òà ií.Âîíè áóëè ïðîäîâæåíi áàãàòüìà â÷åíèìè,

â òîìó ÷èñëi, Í.I. Àõi¹çåðîì [175], Ì.Ã.Êðåéíîì [176-177], Æ. Ôàâàðîì

[178], Á.Â. Ñò¹÷êiíèì [179-180], Ñ.Ì. Íiêîëüñüêèì [181-182], À.Ô. Òiìàíîì

[183-184], À. Çiãìóíäîì [185], Â.Ê. Äçÿäèêîì [186] òà ¨õ ïîñëiäîâíèêàìè

Î.I. Ñòåïàíöåì i À.Ñ. Ñåðäþêîì [187, 188, 192, 193], Ñ.Á. Âàêàð÷óêîì

[189, 190], À.Ñ. Ðîìàíþêîì [191] òà ií. Ùå é äîòåïåð â òåîði¨ íàáëèæåíü

çàëèøà¹òüñÿ ÷èìàëî âàæëèâèõ íåðîçâ'ÿçàíèõ çàäà÷, çîêðåìà òàêèõ, ÿê

ïîøèðåííÿ ïðÿìèõ i îáåðíåíèõ òåîðåì íà íîâi êëàñè ôóíêöié òà âñòàíîâ-

ëåííÿ íàéêðàùèõ çíà÷åíü ñòàëèõ ó âiäïîâiäíèõ íåðiâíîñòÿõ.

Ó 1968 ð. Ì.Ï. Êóïöîâ [194] çàïðîïîíóâàâ óçàãàëüíåííÿ êëàñè÷íèõ

ìîäóëiâ íåïåðåðâíîñòi òà ãëàäêîñòi, âèêîðèñòîâóþ÷è ïîíÿòòÿ C0-ãðóïè

îïåðàòîðiâ, à â 1975 Î.Ï. Òåðüîõií [195] äîâiâ ïðÿìi é îáåðíåíi òåîðåìè

òåîði¨ íàáëèæåíü, áåðó÷è çàìiñòü îïåðàòîðà äèôåðåíöiþâàííÿ ãåíåðàòîð

içîìåòðè÷íî¨ ãðóïè ó áàíàõîâîìó ïðîñòîði.

Â ðîáîòi [9] Ì.Ë. Ãîðáà÷óêîì òà Â.I. Ãîðáà÷óê áóâ ðîçâèíóòèé îïåðà-

òîðíèé ïiäõiä äî çàäà÷ àïðîêñèìàöi¨ ôóíêöié, ÿêèé äàâ çìîãó ç ¹äèíî¨

òî÷êè çîðó íå òiëüêè îòðèìàòè íèçêó êëàñè÷íèõ ïðÿìèõ i îáåðíåíèõ òåî-

ðåì, àëå é ðîçøèðèòè ¨õ êëàñ.

Âiäêðèòèì çàëèøàëîñü ïèòàííÿ ïî¹äíàííÿ çàïðîïîíîâàíîãî Ì.Ï. Êó-

ïöîâèì ìîäóëÿ íåïåðåðâíîñòi ç ïiäõîäîì, ðîçâèíóòèì â [9] òà óçàãàëüíå-

ííÿ ðåçóëüòàòiâ íà ìàêñèìàëüíî øèðîêèé êëàñ C0-ãðóï (íå îáîâ'ÿçêîâî
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içîìåòðè÷íèõ) ó áàíàõîâîìó ïðîñòîði. ß.I. Ãðóøêîþ òà Ñ.Ì. Òîðáîþ [196,

197] áóâ îáðàíèé äîñèòü îáøèðíèé êëàñ íåêâàçiàíàëiòè÷íèõ ãðóï i, çà

äîïîìîãîþ ïîáóäîâàíîãî Þ.I. Ëþái÷åì i Â.I. Ìàöà¹âèì [135] àïàðàòó ñïå-

êòðàëüíèõ ïiäïðîñòîðiâ, ¨ì âäàëîñÿ îòðèìàòè àíàëîãè êëàñè÷íèõ ïðÿìèõ

òà îáåðíåíèõ òåîðåì äëÿ ãåíåðàòîðà íåêâàçiàíàëiòè÷íî¨ ãðóïè ó áàíàõî-

âîìó ïðîñòîði. Äîñëiäæåííþ ïðÿìèõ i îáåðíåíèõ òåîðåì äëÿ C0-ïiâãðóï

ó ãiëüáåðòîâîìó ïðîñòîði ïðèñâÿ÷åíî òàêîæ ñòàòòi Ì.Ë. Ãîðáà÷óêà, ß.I.

Ãðóøêè, Ñ.Ì. Òîðáè [198], ß.I. Ãðóøêè i Ñ.Ì. Òîðáè [197] òà ß.I. Ãðóøêè

[199].

Áàãàòî çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè çâîäÿòüñÿ äî ðîçâ'ÿçóâàííÿ äèôåðåí-

öiàëüíî-îïåðàòîðíîãî ðiâíÿííÿ âèãëÿäó y′ + Ay = 0. Òî÷íèé ðîçâ'ÿçîê

öüîãî ðiâíÿííÿ çàïèñó¹òüñÿ çà äîïîìîãîþ åâîëþöiéíî¨ ïiâãðóïè, àëå ¨¨

òî÷íå âèçíà÷åííÿ ó áàãàòüîõ âèïàäêàõ âàæêå àáî âçàãàëi íå ìîæëèâå.

Ðîçâ'ÿçàííþ öi¹¨ çàäà÷i ïðèñâÿ÷åíî ÷èìàëî ïðàöü. Òàê, Ì.Ë. Ãîðáà÷óê òà

Â.Â. Ãîðîäåöüêèé [200, 201] ïîáóäóâàëè ïîëiíîìiàëüíî-îïåðàòîðíi íàáëè-

æåííÿ ïiâãðóïè
{
e−tA

}
t≥0

íà îñíîâi ðîçêëàäó åêñïîíåíòè çà ïîëiíîìàìè

Ëàãåððà. Åêñïîíåíöiàëüíî çáiæíi íàáëèæåííÿ ðîçâ'ÿçêiâ íàâåäåíîãî âèùå

ðiâíÿííÿ çíàéäåíî Î.I. Êàøïiðîâñüêèì i Þ.Â. Ìèòíèêîì [202-204].

0.4. Ó ðîçäiëi 5 äèñåðòàöi¨ ðîçãëÿäà¹òüñÿ ðiâíÿííÿ

d2y(t)

dt2
−By(t) = 0, t ∈ (0,∞), (0.5)

äå B � ñëàáî ïîçèòèâíèé îïåðàòîð ó áàíàõîâîìó ïðîñòîði B, òîáòî B �

çàìêíåíèé îïåðàòîð, ρ(B) ⊃ (−∞, 0) i

∃M > 0 ∀λ > 0 : ∥R(−λ;B)∥ ≤ M

λ
.

Íåîäíîðiäíà (îäíîðiäíà) çàäà÷à Äiðiõëå äëÿ ðiâíÿííÿ (0.5) ïîëÿãà¹ ó

âiäøóêàííi äëÿ çàäàíîãî f ∈ B(−)(A) (f = 0) ðîçâ'ÿçêó ðiâíÿííÿ (0.5),
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ÿêèé çàäîâîëüíÿ¹ óìîâó

y(t) → f ó ïðîñòîði B(−)(A) ïðè t→ 0, A = −B1/2.

Ðîçâ'ÿçêè öi¹¨ çàäà÷i îïèñóþòüñÿ â [215], ïðè öüîìó ðîçâ'ÿçîê íåîäíîði-

äíî¨ çàäà÷i îäíîçíà÷íî âèçíà÷à¹òüñÿ ç òî÷íiñòþ äî ðîçâ'ÿçêiâ îäíîðiäíî¨

çàäà÷i, ÿêi ìàþòü âèãëÿä

y(t) =
sinh(tA)

A
g, g ∈ B(+)(A).

Âèïàäîê, êîëè A � äîäàòíî âèçíà÷åíèé ñàìîñïðÿæåíèé îïåðàòîð ó

ãiëüáåðòîâîìó ïðîñòîði H, ðîçãëÿíóòî â [88]. Òàì îïèñàíî óñi ðîçâ'ÿçêè

ðiâíÿííÿ (0.5) âñåðåäèíi ñêií÷åííîãî iíòåðâàëó (a, b), −∞ < a < b <∞ i

ðîçâ'ÿçàíî çàäà÷ó Äiðiõëå

lim
t→a

= f1, lim
t→b

= f2,

äå f1, f2 ∈ A′(A) (A(A) = G{1}(A) � ïðîñòið àíàëiòè÷íèõ âåêòîðiâ îïå-

ðàòîðà A (ãðàíèöi ðîçóìiþòüñÿ â A′(A)). Ïîêàçàíî, ùî ÿêùî îïåðàòîð A

íåâiä'¹ìíèé, àëå é íå äîäàòíî âèçíà÷åíèé, òî îòðèìàíå òàì çîáðàæåííÿ

ìîæå íå ìàòè ìiñöÿ.

Çàäà÷à Äiðiõëå äëÿ ðiâíÿííÿ (0.5) íà ñêií÷åííîìó iíòåðâàëi [0, a] äå-

òàëüíî âèâ÷åíà Ñ.Ã. Êðåéíîì i Ã.I. Ëàïò¹âèì [1, 216-218], Ï.�. Ñîáîë¹â-

ñüêèì [219] i Ì.Ç. Ñîëîìÿêîì [220] � ó âèïàäêó ïîçèòèâíîãî B, à òàêîæ

À.Â. Êíÿçþêîì [148, 149] � çà óìîâè, ùî îïåðàòîð B ¹ a-ïîçèòèâíèì àáî

ãðàíè÷íî-ïîçèòèâíèì; a-ïîçèòèâíiñòü îïåðàòîðà B îçíà÷à¹, ùî âií ¹ çà-

ìêíåíèé i

∀n ∈ N : −π
2

a2
n2 ∈ ρ(B) òà sup

n∈N

π2

a2
n2

∥∥∥∥∥
(
B +

π2

a2
n2
)−1

∥∥∥∥∥ <∞.

Îïåðàòîð, a-ïîçèòèâíèé äëÿ âñiõ a > 0, íàçèâà¹òüñÿ ãðàíè÷íî-ïîçèòèâíèì.
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Áiëüø òîãî, À.Â. Êíÿçþêîì [149] ðîçãëÿíóòî ïèòàííÿ ¹äèíîñòi ðîçâ'ÿçêó

ðiâíÿííÿ (0.5) íà [0,∞) ó âèïàäêó ãðàíè÷íî-ïîçèòèâíîãî B. Çà äîäàòêîâî¨

óìîâè

∃ε > 0 : λ3/2
∥∥∥(B + λI)−1

∥∥∥ = O (λε) (λ→ 0+),

äîâåäåíî, ùî ÿêùî y ∈ C2([0,∞);B çàäîâîëüíÿ¹ (0.5) íà [0,∞), y(0) = 0

i y(t) = o(t)(t→ ∞), òî y(t) ≡ 0. Öå òâåðäæåííÿ óçàãàëüíþ¹ ðåçóëüòàò À.

Áàëàêðèøíàíà [221] (äèâ. òàêîæ [1]), ÿêèé ñòâåðäæó¹, ùî ÿêùî îïåðàòîð

B ãðàíè÷íî-ïîçèòèâíèé,

(−∞, 0) ∈ ρ(B) i sup
λ>0

λ
∥∥∥(B + λI)−1

∥∥∥ <∞,

(òîáòî B ñëàáî ïîçèòèâíèé), òî âåêòîð-ôóíêöiÿ y(·) ∈ C2 ([0,∞), B), ùî

çàäîâîëüíÿ¹ óìîâè

y′′(t)−By(t) = 0, ∥y(t)∥ = o(t) (t→ ∞), y(0) = 0,

òîòîæíî äîðiâíþ¹ íóëåâi. Öå óòî÷íåííÿ çãîäîì áóëî óçàãàëüíåíå â [222]

ó òîìó ðîçóìiííi, ùî îöiíêó ∥y(t)∥ = o(t) (t→ ∞) ìîæíà çàìiíèòè íà

∥y(t)∥ = o(tn) (t→ ∞) ç äåÿêèì n ∈ N.

Äîñëiäæåííÿ ïîâåäiíêè â îêîëi íåñêií÷åííî âiääàëåíî¨ òî÷êè îáìåæå-

íèõ ðîçâ'ÿçêiâ çàäà÷i Äiðiõëå ïðîâîäèòüñÿ íà îñíîâi âëàñòèâîñòåé ðîç-

øèðåííÿ C0-ïiâãðóïè, ïîðîäæåíî¨ îïåðàòîðîì A = −B1/2, íà ïðîñòið

B(−)(A) (äèâ [98]).

Îäíîðiäíà çàäà÷à Íåéìàíà äëÿ ðiâíÿííÿ (0.5) çi ñëàáî ïîçèòèâíèì B

ïîëÿãà¹ ó çíàõîäæåííi éîãî ðîçâ'ÿçêó y(t) íà (0,∞), ÿêèé çàäîâîëüíÿ¹

óìîâó

lim
t→0

y′(t) = 0
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(ãðàíèöÿ ðîçóìi¹òüñÿ â òîïîëîãi¨ ïðîñòîðó B{−}(A). Âðàõîâóþ÷è çâ'ÿçîê

ìiæ îäíîðiäíèìè çàäà÷àìè Íåéìàíà i Äiðiõëå (äèâ. [40]), à ñàìå: ÿêùî z(t)

� ðîçâ'ÿçîê îäíîðiäíî¨ çàäà÷i Äiðiõëå äëÿ ðiâíÿííÿ (0.5), òî y(t) = z′(t)

¹ ðîçâ'ÿçêîì îäíîðiäíî¨ çàäà÷i Íåéìàíà, i íàâïàêè, ÿêùî y(t) � ðîçâ'ÿçîê

îäíîðiäíî¨ çàäà÷i Íåéìàíà, òî z(t) =

t∫
0

y(ξ) dξ ¹ ðîçâ'ÿçêîì îäíîðiäíî¨

çàäà÷i Äiðiõëå, äëÿ çàäà÷i Íåéìàíà îäåðæóþòüñÿ àíàëîãè âiäïîâiäíèõ òå-

îðåì äëÿ çàäà÷i Äiðiõëå.

Ùî ñòîñó¹òüñÿ (n+1)-ðàç iíòåãðîâàíî¨ çàäà÷i Êîøi Cn+1[τ ] âiäøóêàííÿ

íåïåðåðâíî äèôåðåíöiéîâíî¨ íà [0, τ ] âåêòîð-ôóíêöi¨ v(t) iç çíà÷åííÿìè â

D(A) òàêî¨, ùî  v′(t) = Av(t) + tn

n!x, t ∈ [0, τ ],

v(0) = 0,
(Cn+1[τ ])

äåA - çàìêíåíèé îïåðàòîð âB, òî ¨¨ ïîñòàíîâêà ìiñòèòüñÿ â [275]. Ïèòàííÿ

iñíóâàííÿ àíàëiòè÷íîãî â îêîëi íóëÿ ðîçâ'ÿçêó çàäà÷i (C1[τ ]) y′(t) = Ay(t), t ∈ [0, τ ],

y(0) = x, x ∈ B,
(C1[τ ])

i ìîæëèâîñòi éîãî ïðîäîâæåííÿ äî öiëî¨ âåêòîð-ôóíêöi¨ ðîçãëÿíóòî â [122,

258].

Ç äîñëiäæåííÿì ïîâåäiíêè ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü íà íå-

ñêií÷åííîñòi ïîâ'ÿçàíî áàãàòî çàäà÷, àñîöiéîâàíèõ ç òàêèìè ïîíÿòòÿìè,

ÿê ñòiéêiñòü, ñòàáiëüíiñòü, ïðè÷èííiñòü òîùî (äèâ., íàïðèêëàä, [168, 169,

243]). Ó 1947 ð. Ì.Ã. Êðåéí íàìàãàâñÿ ïîêàçàòè, ùî ðÿä ìåòîäiâ i ïî-

ëîæåíü òåîði¨ ñòiéêîñòi çà Ëÿïóíîâèì [242] ìîæíà ïåðåíåñòè íà äèôå-

ðåíöiàëüíi ðiâíÿííÿ ó áàíàõîâîìó ïðîñòîði, óòî÷íèòè ¨õ i óçàãàëüíèòè.

Ïîáóäîâà òåîði¨ ñòiéêîñòi ñèñòåì ç íåñêií÷åííîþ êiëüêiñòþ ñòåïåíiâ ñâî-
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áîäè òà ¨¨ çàñòîñóâàííÿ äî êîíêðåòíèõ çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè ñïî-

íóêàëè ðîçãëÿä ðiâíÿíü, â ÿêèõ ôiãóðóþòü íåîáìåæåíi îïåðàòîðè. Ó âè-

ïàäêó îáìåæåíèõ îïåðàòîðíèõ êîåôiöi¹íòiâ îòðèìàíî áàãàòî ðåçóëüòàòiâ

(íàïðèêëàä, ó êíèãàõ Ì.Ã. Êðåéíà [227], Þ.Ë. Äàëåöüêãî i Ì.Ã. Êðåéíà

[228], Õ.Ë. Ìàññåðè òà Õ.Õ. Øåôôåðà [244]). Äëÿ ðiâíÿíü ç íåîáìåæåíèìè

îïåðàòîðíèìè êîåôiöi¹íòàìè òàêà òåîðiÿ äàëåêà âiä ïîâíîòè, íåçâàæàþ-

÷è íà ÷èñëåííi ïóáëiêàöi¨ (íàïðèêëàä, [229-237]). Âàæëèâå çíà÷åííÿ òóò

C0-ïiâãðóï ïîëÿãà¹, íàñàìïåðåä, ó òîìó, ùî âîíè îäíîçíà÷íî âiäïîâiäà-

þòü ðiâíîìiðíî êîðåêòíèì çàäà÷àì Êîøi òà îïèñó¹ ¨õ êëàñè÷íi ðîçâ'ÿçêè.

Îäíàê äîñëiäæåííÿ àñèìïòîòè÷íî¨ ïîâåäiíêè òàêèõ ïiâãðóï, çîêðåìà çà-

ëåæíîñòi öi¹¨ ïîâåäiíêè âiä âëàñòèâîñòåé ¨õ ãåíåðàòîðiâ, ðîçïî÷àëîñü ëèøå

ó ñåðåäèíi 80-õ ðîêiâ ìèíóëîãî ñòîëiòòÿ iíòåíñèâíèì âèâ÷åííÿì àñèìïòî-

òè÷íî¨, ðiâíîìiðíî¨, ðiâíîìiðíî¨ åêñïîíåíöiàëüíî¨ òà iíøèõ âèäiâ ñòiéêîñòi

C0-ïiâãðóï. Íàéáiëüø iñòîòíèé âíåñîê ó ðîçâèòîê öi¹¨ òåìàòèêè çðîáèëè

Â. Àðåíäò [229], Ø. Áåòòi [230], Äæ. Íååðâåí [16], Þ. Ëàòóøêií [232], Ô.

Õóàíã [231], À. Ïàçè [18], Ð. Äàòêî [17], Ì. Êðåéí [228], Ì. Ãîðáà÷óê [245]

òà ií.

Ó ðîçäiëi 5 äèñåðòàöi¨ íàâåäåíî êðèòåði¨ ðiâíîìiðíî¨ òà ðiâíîìiðíî¨

åêñïîíåíöiàëüíî¨ ñòiéêîñòi ðiâíÿííÿ äðóãîãî ïîðÿäêó åëiïòè÷íîãî òèïó

y′′(t)−By(t) = 0, t ∈ (0,∞), (0.5)

äå B - ñëàáî ïîçèòèâíèé îïåðàòîð â B, ÿê ó òåðìiíàõ ñïåêòðó ãåíåðà-

òîðà A = −B1/2 ïîâ'ÿçàíî¨ ç öèì ðiâíÿííÿì ïiâãðóïè, òàê i â òåðìiíàõ

øâèäêîñòi ñïàäàííÿ éîãî ðîçâ'ÿçêiâ íà íåñêií÷åííîñòi. Îäèí iç êðèòåði-

¨â ðiâíîìiðíî¨ åêñïîíåíöiàëüíî¨ ñòiéêîñòi (UES) ðîçãëÿäóâàíîãî ðiâíÿííÿ
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ôîðìóëþ¹òüñÿ òàêèì ÷èíîì:

(UES) ðiâíÿííÿ (0.5) ⇐⇒ ∀x ∈ B ∃px > 0 :

∞∫
0

∥∥etAx∥∥px dt <∞.

Öåé êðèòåðié óçàãàëüíþ¹ ðåçóëüòàòè

• À.Ì. Ëÿïóíîâà [242]: dimB <∞, p ≡ 2;

• Â.À. ßêóáîâè÷à [246]:B = H - ãiëüáåðòiâ ïðîñòið, A ∈ L(B), px ≡ 2;

• Ì.Ã. Êðåéíà [19]: A ∈ L(B), px ≡ p, p ≥ 1;

• Ð. Äàòêà [17]: B = H, A - ãåíåðàòîð C0-ïiâãðóïè, px ≡ 2, ðiâíîìið-

íà åêñïîíåíöiàëüíà ñòiéêiñòü ëèøå äëÿ íåïåðåðâíèõ â íóëi ñëàáêèõ

ðîçâ'ÿçêiâ;

• À. Ïàçi [18]: A - ãåíåðàòîð C0-ïiâãðóïè â B, px ≡ p, p ≥ 1, ðiâíîìið-

íà åêñïîíåíöiàëüíà ñòiéêiñòü ëèøå äëÿ íåïåðåðâíèõ â íóëi ñëàáêèõ

ðîçâ'ÿçêiâ;

äëÿ ðiâíÿííÿ ïåðøîãî ïîðÿäêó âèãëÿäó y′(t) = Ay(t), t ∈ (0,∞).

Çàóâàæèìî ùå, ùî àñèìïòîòè÷íó ïîâåäiíêó äèôåðåíöiàëüíèõ, ïñåâäî-

äèôåðåíöiàëüíèõ òà äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü äîñëiäæóâàëè

òàêîæ Î.À. Áóòèðií [247], Þ.Â. Òîìiëîâ [248], Ì.Ô. Ãîðîäíié [249], Ñ.Ä

Åéäåëüìàí i ß.Ì. Äðiíü [250], Â.Â. Ãîðîäåöüêèé [251, 252], Ì.Â. Ìàðêií

[253], À.Í. Êî÷óáåé [254, 255].

Îñòàííiì ÷àñîì ïðàãíåííÿ îïèñàòè òi ÷è iíøi ôiçè÷íi ÿâèùà, êîòði íå

âêëàäàþòüñÿ â ðàìêè ñòàíäàðòíî¨ êâàíòîâî¨ ìåõàíiêè, ñïðè÷èíèëî ðîçâè-

òîê íåñòàíäàðòíèõ êâàíòîâèõ ìåõàíiê, ÿêi áóäóþòüñÿ çà äîïîìîãîþ çàìiíè

äåÿêèõ ôóíäàìåíòàëüíèõ ñòàíäàðòíèõ ñêëàäîâèõ íà iíøi îá'¹êòè ç íîâè-

ìè íåñòàíäàðòíèìè âëàñòèâîñòÿìè. Òàê, íàïðèêëàä, çàìiíà ïîëÿ äiéñíèõ
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÷èñåë íà ïîëå p-àäè÷íèõ ÷èñåë çàáåçïå÷ó¹ äîáði ìîæëèâîñòi äîñëiäæå-

ííÿ ôiçè÷íèõ îá'¹êòiâ, ÿêi õàðàêòåðèçóþòüñÿ ïåâíèìè åêñòðåìàëüíèìè

âëàñòèâîñòÿìè (íàïðèêëàä, íàäìàëèìè ïðîñòîðîâèìè âiäñòàíÿìè àáî íà-

äìàëèìè iíòåðâàëàìè ÷àñó). Âñå öå ïðèâîäèòü äî íåîáõiäíîñòi âèâ÷åííÿ

p-àäè÷íèõ àíàëîãiâ îñíîâíèõ ñòðóêòóð ñòàíäàðòíî¨ êâàíòîâî¨ ìåõàíiêè.

Ïî÷èíàþ÷è ç ðîáiò Â.Ñ. Âëàäiìiðîâà, I.Â. Âîëîâè÷à, �.I. Ç¹ë¹íîâà [260-

263] ç íåàðõiìåäîâîãî ñóïåðàíàëiçó, ïîëÿ p-àäè÷íèõ ÷èñåë Qp ñòàëè áàçî-

âèìè ïðèêëàäàìè íåàðõiìåäîâèõ ÷èñëîâèõ ïîëiâ, ÿêi øèðîêî âèêîðèñòî-

âóþòüñÿ â òåîðåòè÷íié ôiçèöi. Äîñëiäæåííþ ôóíäàìåíòàëüíèõ ðîçâ'ÿçêiâ

åëiïòè÷íèõ òà ãiïåðáîëi÷íèõ ðiâíÿíü íàä íåàðõiìåäîâèìè ïîëÿìè i çàäà÷i

Êîøi äëÿ ñòîõàñòè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü ïðèñâÿ÷åíî íèçêó ðîáiò

À.Í. Êî÷óáåÿ (äèâ., íàïðèêëàä, [264-268]). Ó ñòàòòi Ì.Ë. Ãîðáà÷óêà òà Â.I.

Ãîðáà÷óê [25] ðîçãëÿíóòî çàäà÷ó Êîøi äëÿ îäíîðiäíîãî äèôåðåíöiàëüíîãî

ðiâíÿííÿ

y(m)(λ)− Ay(λ) = 0,

äå A - çàìêíåíèé îïåðàòîð ó áàíàõîâîìó ïðîñòîði íàä ïîëåì êîìïëåêñíèõ

p-àäè÷íèõ ÷èñåë,

Îñíîâíi íàïðÿìêè äèñåðòàöiéíèõ äîñëiäæåíü: çîáðàæåííÿ C0-

ïiâãðóïè ëiíiéíèõ îïåðàòîðiâ ó áàíàõîâîìó ïðîñòîði B íà ìíîæèíi öiëèõ

âåêòîðiâ ¨¨ ãåíåðàòîðà (ïðîáëåìè Êîëìîãîðîâà i Õiëëå) ([108, 109, 277, 280,

300, 302, 308]); âèâ÷åííÿ ñòðóêòóðè ðîçâ'ÿçêiâ âñåðåäèíi íåñêií÷åííîãî

iíòåðâàëó äèôåðåíöiàëüíèõ ðiâíÿíü ó áàíàõîâîìó ïðîñòîði òà ¨õ ïîâåäií-

êè ïðè íàáëèæåííi äî êiíöiâ iíòåðâàëó ([144-146, 153, 159, 269, 270, 276,

281, 282, 291-294, 298, 304, 307]); íàáëèæåííÿ ðîçâ'ÿçêiâ äèôåðåíöiàëüíî-

îïåðàòîðíîãî ðiâíÿííÿ öiëèìè ðîçâ'ÿçêàìè åêñïîíåíöiàëüíîãî òèïó ([278,

279, 309]); ïî÷àòêîâî-êðàéîâi çàäà÷i äëÿ àáñòðàêòíèõ äèôåðåíöiàëüíèõ

ðiâíÿíü ó áàíàõîâîìó ïðîñòîði ([215, 222, 275, 283, 285, 287-290, 303]); äî-
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ñëiäæåííÿ ñòiéêîñòi òàêèõ ðiâíÿíü i ïîâ'ÿçàíèõ ç íèìè ïiâãðóï ([271, 272,

274, 284]); äîñëiäæåííÿ ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü ó íåàðõiìå-

äîâîìó áàíàõîâîìó ïðîëñòîði ([256, 257, 295-297, 299]).
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1 Åêñïîíåíöiàëüíà ôóíêöiÿ âiä çàìêíåíîãî

îïåðàòîðà ó áàíàõîâîìó ïðîñòîði

1.1 Äåÿêi òâåðäæåííÿ ç òåîði¨ ïiâãðóï

Ó öüîìó ïiäðîçäiëi íàâåäåíî äåÿêi ðåçóëüòàòè ç òåîði¨ ïiâãðóï ëiíiéíèõ

îïåðàòîðiâ, íåîáõiäíi äëÿ äîñëiäæåííÿ ðîçâ'ÿçêiâ äèôåðåíöiàëüíî-îïåðà-

òîðíèõ ðiâíÿíü, ÿêå ïðîâîäèòüñÿ ó ïîäàëüøîìó.

Íåõàé F - ëiíiéíèé ëîêàëüíî-îïóêëèé ïðîñòið. Òåîðiÿ òàêèõ ïðîñòîðiâ

äåòàëüíî âèêëàäåíà ó íèçöi äîáðå âiäîìèõ ìîíîãðàôié, òàêèõ, ÿê, íàïðè-

êëàä, [4, 5, 84, 115].

Îäíîïàðàìåòðè÷íà ñiì'ÿ {U(t)}t≥0 íåïåðåðâíèõ ëiíiéíèõ îïåðàòîðiâ

U(t) : F 7→ F óòâîðþ¹ ïiâãðóïó â F, ÿêùî:

(i) U(0) = I (I - òîòîæíèé îïåðàòîð â F);

(ii) ∀t, s ∈ [0,∞) : U(t+ s) = U(t)U(s) (ïiâãðóïîâà âëàñòèâiñòü).

Ïiâãðóïà {U(t)}t≥0 íàçèâà¹òüñÿ ñèëüíî íåïåðåðâíîþ â òî÷öi t0 ≥ 0,

ÿêùî

∀x ∈ F : lim
t→t0

(U(t)x− U(t0)x) = 0.

Ñèëüíà íåïåðåðâíiñòü ó òî÷öi t0 îáóìîâëþ¹ ¨¨ ñèëüíó íåïåðåðâíiñòü ó áóäü-

ÿêié òî÷öi t ≥ t0. Ó ïîäàëüøîìó ðîçãëÿäàòèìåìî ëèøå ïiâãðóïè, ñèëüíî

íåïåðåðâíi â íóëi, òîáòî ïiâãðóïè êëàñó C0, àáî ïðîñòî C0-ïiâãðóïè.

C0-ïiâãðóïà {U(t)}t≥0 íàçèâà¹òüñÿ îäíîñòàéíî íåïåðåðâíîþ, ÿêùî äëÿ

äîâiëüíî¨ íåïåðåðâíî¨ ïiâíîðìè p(x) â F iñíó¹ íåïåðåðâíà ïiâíîðìà q(x)

òàêà, ùî

∀t ≥ 0 ∀x ∈ F : p (U(t)x) ≤ q(x).
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Iíôiíiòåçiìàëüíèé îïåðàòîð A0 ïiâãðóïè {U(t)}t≥0 âèçíà÷à¹òüñÿ ÿê

A0x = lim
t→0

U(t)x− x

t
, D(A0) =

{
x ∈ F : lim

t→0

U(t)x− x

t
iñíó¹

}
, (1.1)

(D(·) � îáëàñòü âèçíà÷åííÿ îïåðàòîðà).

ßêùî A0 äîïóñêà¹ çàìèêàííÿ, òî îïåðàòîð A = A0 íàçèâà¹òüñÿ ãå-

íåðàòîðîì {U(t)}t≥0. Ïiâãðóïà ç ãåíåðàòîðîì A çàçâè÷àé çàïèñó¹òüñÿ ÿê{
etA
}
t≥0

. Íàé÷àñòiøå ìè ìàòèìåìî ñïðàâó ç ïiâãðóïàìè ó áàíàõîâîìó ïðî-

ñòîði.

Íåõàé B � áàíàõiâ ïðîñòið íàä ïîëåì C êîìïëåêñíèõ ÷èñåë ç íîð-

ìîþ ∥ · ∥. ×èìàëî çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè ìîæíà ïîäàòè â ó âèãëÿäi

àáñòðàêòíî¨ çàäà÷i Êîøi
dy(t)

dt
= Ay(t), t > 0,

y(0) = x,
(1.2)

äå A � ëiíiéíèé, âçàãàëi êàæó÷è, íåîáìåæåíèé îïåðàòîð â B, ïðè öüîìó,

ÿê ïðàâèëî, ðîëü B âiäiãðàþòü áàíàõîâi ïðîñòîðè ôóíêöié, ïiäiáðàíi ó

âiäïîâiäíîñòi äî ðîçãëÿäóâàíèõ ïðîáëåì, à A � äèôåðåíöiàëüíi îïåðàòîðè

ç ÷àñòèííèìè ïîõiäíèìè. Ïðèðîäíèìè ðàìêàìè ïðîâåäåííÿ äîñëiäæåíü

ïî÷àòêîâî¨ çàäà÷i òèïó (1.2) ¹ ñàìå òåîðiÿ C0-ïiâãðóï. Äîñòóïíå i äåòàëüíå

âèêëàäåííÿ öi¹¨ òåîði¨ òà ¨¨ ÷èñëåííèõ çàñòîñóâàíü ìîæíà çíàéòè â ìîíî-

ãðàôiÿõ A. Pazy [2], J. Goldstein [7], Ñ.Ã. Êðåéíà [1], W. Arendt and C. Batty

[3], V.I Gorbachuk and M.L. Gorbachuk [88], J. Kisynski [125], L. Hörmander

[126], J.van Neerven [16], E. Hille and R. Phillips [6], Yu. Latushkin [87], R.

Nagel [127], îãëÿäîâié ñòàòòi Â.Â. Âàñiëü¹âà, Ñ.Ã. Êðåéíà, Ñ.I. Ïiñêàðüîâà

[128] òà áàãàòüîõ iíøèõ ïðàöÿõ. Çóïèíèìîñü íà äåÿêèõ òâåðäæåííÿõ öi¹¨

òåîði¨, íåîáõiäíèõ ó ïîäàëüøîìó.

Îçíà÷åííÿ C0-ïiâãðóïè â ëîêàëüíî-îïóêëîìó ïðîñòîði çàëèøà¹òüñÿ â
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ñèëi ó áàíàõîâîìó ïðîñòîði, òîáòî ñiì'ÿ {U(t)}t≥0 ¹ C0-ïiâãðóïîþ â B,

ÿêùî âèêîíóþòüñÿ óìîâè (i), (ii) òà

(iii) ∀x ∈ B : lim
t→0

∥U(t)x− x∥ = 0.

ßêùî ñiì'ÿ {U(t)} çàäàíà íà âñié äiéñíié îñi R i çàäîâîëüíÿ¹ òïì óìîâè

(i) � (iii), òî âîíà âèçíà÷à¹ C0-ãðóïó {U(t)}t∈R â B.

Ïîçíà÷èìî ÷åðåç A iíôiíiòåçiìàëüíèé îïåðàòîð ïiâãðóïè {U(t)}t≥0

(ãðóïè {U(t)}t∈R), òîáòî, çãiäíî ç (1.1),

Ax = lim
t→0

U(t)x− x

t
, D(A) =

{
x ∈ B : ∃ lim

t→0

U(t)x− x

t

}
. (1.3)

ßê âiäîìî (äèâ., íàïðèêëàä, [5, 6]), îïåðàòîð A çàâæäè çàìêíåíèé, à îòæå,

¹ ãåíåðàòîðîì ðîçãëÿäóâàíî¨ ïiâãðóïè (ãðóïè). Áiëüø òîãî, D(A) = B i

ìíîæèíà D(A) ¹ U(t)-iíâàðiàíòíîþ. Îñòàíí¹ îçíà÷à¹, ùî

∀x ∈ D(A) ∀t ≥ 0 : U(t)x ∈ D(A) i AU(t)x = U(t)Ax.

À öå ¹ ñâiä÷åííÿì òîãî (äèâ. [1]), ùî ïðè x ∈ D(A) çàäà÷à (1.2) ìà¹

êëàñè÷íèé ðîçâ'ÿçîê i öåé ðîçâ'ÿçîê ìà¹ âèãëÿä

y(t) = U(t)x, t ≥ 0.

C0-ïiâãðóïà îäíîçíà÷íî âèçíà÷à¹òüñÿ ñâî¨ì ãåíåðàòîðîì.

Ãåíåðàòîð A ¹ íåïåðåðâíèì òîäi i òiëüêè òîäi, êîëè U(t) → I (t → 0)

â ðiâíîìiðíié îïåðàòîðíié òîïîëîãi¨, òîáòî

lim
t→0

∥U(t)− I∥ = 0.

Òàêà ïiâãðóïà íàçèâà¹òüñÿ ðiâíîìiðíî íåïåðåðâíîþ. Ó öüîìó âèïàäêó

∀x ∈ B : U(t)x =
∞∑
k=0

tkAkx

k!
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i U(t) äîïóñêà¹ ïðîäîâæåííÿ äî öiëî¨ B-çíà÷íî¨ ôóíêöi¨ åêñïîíåíöiàëü-

íîãî òèïó. Öå, î÷åâèäíî, é ñòàëî ïðèâîäîì äëÿ ïîçíà÷åííÿ C0-ïiâãðóïè

{U(t)}t≥0 ç ãåíåðàòîðîì A ÿê
{
etA
}
t≥0

.

Íàñòóïíi òâåðäæåííÿ ¹ åêâiâàëåíòíèìè (äèâ., íàïðèêëàä, [127]):

1) A � ãåíåðàòîð C0-ïiâãðóïè {U(t)}t≥0 â B;

2) äëÿ êîæíîãî x ∈ D(A) iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (1.2), i ρ(A) ̸=

∅ (ρ(·) � ðåçîëüâåíòíà ìíîæèíà îïåðàòîðà);

3) D(A) = B, i çàäà÷à Êîøi (1.2) ïîñòàâëåíà êîðåêòíî â òîìó ðî-

çóìiííi, ùî äëÿ äîâiëüíîãî x ∈ D(A) iñíó¹ ¨¨ ¹äèíèé ðîçâ'ÿçîê i öåé

ðîçâ'ÿçîê íåïåðåðâíî çàëåæèòü âiä ïî÷àòêîâèõ äàíèõ, òîáòî çáiæíiñòü

xn → 0 (xn ∈ D(A)) ïîñëiäîâíîñòi xn, n ∈ N, ïî÷àòêîâèõ äàíèõ ðîçâ'ÿçêiâ

yn(t) : yn(0) = xn çàäà÷i (1.2) çóìîâëþ¹ çáiæíiñòü yn(t) → 0, ðiâíîìiðíó

íà êîæíîìó êîìïàêòi [0, T ], T > 0;

Iç âèçíà÷åííÿ ãåíåðàòîðà âèïëèâà¹ (äèâ. [16]), ùî

∀t ≥ 0 ∀x ∈ B :

t∫
0

U(s)x ds ∈ D(A)

i

A

t∫
0

U(s)x ds = U(t)x− x.

ßêùî æ x ∈ D(A), òî

A

 t∫
0

U(s)x ds

 =

t∫
0

U(s)Axds.

Òâåðäæåííÿ 1) - 3) ìàþòü î÷åâèäíó iíòåðïðåòàöiþ â òåðìiíàõ àáñòðà-

êòíî¨ çàäà÷i Êîøi. Ïî-ïåðøå, U(t) ¹ "ðîçâ'ÿçóþ÷èìè"îïåðàòîðàìè, U(t)x

� ðîçâ'ÿçîê, ùî âiäïîâiäà¹ ïî÷àòêîâîìó çíà÷åííþ x, ó ìîìåíò ÷àñó t. Îò-

æå, 1) ñòâåðäæó¹, ùî íi÷îãî íå ñòàëîñÿ â íóëüîâèé ìîìåíò ÷àñó, 2) ïîêàçó¹,
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ùî ðîçâ'ÿçîê ç ïî÷àòêîâîþ óìîâîþ x ó ìîìåíò ÷àñó t + s ¹ òèì ñàìèì,

ùî é ðîçâ'ÿçîê â ìîìåíò ÷àñó t, àëå ç ïî÷àòêîâîþ óìîâîþ U(s)x, à 3)

âiäîáðàæà¹ íåïåðåðâíiñòü ðîçâ'ÿçêó ÿê ôóíêöi¨ âiä ÷àñó t.

Äëÿ äîâiëüíî¨ C0-ïiâãðóïè
{
U(t) = etA

}
t≥0

â B iñíóþòü ñòàëi ω ∈ R i

M =Mω ≥ 1 òàêi, ùî

∀t ≥ 0 :
∥∥etA∥∥ ≤Meωt. (1.4)

Çàóâàæèìî, ùî ÿêùî äëÿ
{
etA
}
t≥0

âèêîíó¹òüñÿ (1.4), òî ïiâãðóïà
{
eαtetA

}
t≥0

çàäîâîëüíÿ¹ òàêó ñàìó îöiíêó ç ω1 = ω − α çàìiñòü ω.

×èñëî

ω(A) = inf
{
ω ∈ R

∣∣∃Mω ≥ 1 :
∥∥etA∥∥ ≤Mωe

ωt, ∀t ≥ 0
}

íàçèâà¹òüñÿ ìåæåþ ðîñòó àáî òèïîì ïiâãðóïè
{
etA
}
t≥0

. Òèï ω(A) ìîæå

áóòè ÿê ñêií÷åííèì, òàê i äîðiâíþâàòè −∞. Ñïåêòð σ(A) îïåðàòîðà A

ëåæèòü ó ïiâïëîùèíi Reλ ≤ ω(A). ßê ïîêàçàíî â [129], äëÿ C0-ïiâãðóïè{
etA
}
t≥0

iñíó¹ ãðàíèöÿ lim
t→∞

(
t−1 ln

∥∥etA∥∥) i âîíà ¹ òèïîì öi¹¨ ïiâãðóïè:

ω(A) = lim
t→∞

ln
∥∥etA∥∥
t

.

Ïiâãðóïà
{
etA
}
t≥0

¹ (ðiâíîìiðíî) îáìåæåíîþ, ÿêùî â íåðiâíîñòi (1.4)

ìîæíà âçÿòè ω = 0, òîáòî iñíó¹ òàêà ñòàëà M ≥ 1, ùî

∀t ≥ 0 :
∥∥etA∥∥ ≤M. (1.5)

ßêùî æ, êðiì òîãî, â (1.4) M = 1, òî ðîçãëÿäóâàíà ïiâãðóïà íàçèâà¹òüñÿ

ñòèñêàëüíîþ.

Ôóíäàìåíòàëüíèì ðåçóëüòàòîì â òåîði¨ ñèëüíî íåïåðåðâíèõ ïiâãðóï ¹

òåîðåìà Õiëëå-Iîñiäè (äèâ., íàïðèêëàä, [2, 7]). Âîíà õàðàêòåðèçó¹ ãåíåðà-

òîð C0-ïiâãðóïè çà äîïîìîãîþ éîãî ðåçîëüâåíòè.
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Òåîðåìà 1.1 (Õiëëå-Iîñiäà) Ëiíiéíèé îïåðàòîð A ¹ ãåíåðàòîðîì C0-

ïiâãðóïè {U(t)}t≥0 â B, ùî çàäîâîëüíÿ¹ îöiíêó (1.4) òîäi i òiëüêè òîäi,

êîëè:

(i) A � çàìêíåíèé i D(A) = B;

(ii) ðåçîëüâåíòíà ìíîæèíà ρ(A) îïåðàòîðà A ìiñòèòü ïðîìiíü

(ω,∞) i äëÿ éîãî ðåçîëüâåíòè R(λ;A) := (A−λI)−1 âèêîíó¹òüñÿ îöiíêà

∥R(λ;A)n∥ ≤ M

(λ− ω)n

äëÿ êîæíîãî λ > ω i áóäü-ÿêîãî n ∈ N.

Äëÿ òîãî, ùîá îïåðàòîð A ïîðîäæóâàâ ñòèñêàëüíó C0-ïiâãðóïó, íå-

îáõiäíî i äîñòàòíüî, ùîá A áóâ çàìêíåíèì, D(A) = B, ρ(A) ⊃ (0,∞) i

çàäîâîëüíÿëàñü óìîâà

∀λ > 0 : ∥R(λ;A)∥ ≤ 1

λ
.

Çàóâàæèìî, ùî â êîíòåêñòi ç òåîðåìîþ Õiëëå-Iîñiäè {λ : Reλ > ω} ⊂

ρ(A), à ñàìà ðåçîëüâåíòà R(λ;A) ïîâ'ÿçàíà ç ïiâãðóïîþ
{
U(t) = etA

}
t≥0

ðiâíiñòþ

R(λ;A)x = −
∞∫
0

e−λtU(t)x dt (Reλ > ω, x ∈ B)

(ïåðåòâîðåííÿ Ëàïëàñà).

Äî öüîãî ÷àñó ìè òîðêàëèñÿ ïiâãðóï, ïàðàìåòð t ÿêèõ ïåðåáiãàâ íå-

âiä'¹ìíó äiéñíó ïiââiñü. Àëå ìè òàêîæ ðîçãëÿäàòèìåìî ìîæëèâiñòü ïðî-

äîâæåííÿ îáëàñòi âèçíà÷åííÿ ïàðàìåòðà íà ìíîæèíè êîìïëåêñíî¨ ïëîùè-

íè C, ÿêi ìiñòÿòü öþ ïiââiñü, ïðè÷îìó îáìåæóâàòèìåìîñü ëèøå ñïåöèôi-

÷íèìè êîìïëåêñíèìè îáëàñòÿìè, à ñàìå, êóòàìè íàâêîëî äîäàòíî¨ ïiâîñi.

Íåõàé ∆ = {z : φ1 < arg z < φ2}, i U(z)(z ∈ ∆) � îáìåæåíèé ëiíiéíèé

îïåðàòîð â B. Ñiì'ÿ {U(z)}z∈∆ ¹ ïiâãðóïîþ, àíàëiòè÷íîþ â ∆, ÿêùî:
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(i) ôóíêöiÿ z 7→ U(z) ¹ àíàëiòè÷íîþ â ∆;

(ii) U(0) = I i lim
z→0,z∈∆

U(z)x = x äëÿ êîæíîãî x ∈ B;

(iii) U(z1 + z2) = U(z1)U(z2) ïðè z1, z2 ∈ ∆.

C0-ïiâãðóïà {U(t)}t≥0 â B íàçèâà¹òüñÿ àíàëiòè÷íîþ, ÿêùî ôóíêöiÿ

t 7→ U(t) äîïóñêà¹ àíàëiòè÷íå ïðîäîâæåííÿ ó äåÿêèé ñåêòîð ∆, ùî ìi-

ñòèòü íåâiä'¹ìíó ïiââiñü. Âîíà ¹ àíàëiòè÷íîþ ç êóòîì θ ∈
(
0, π2
]
çà óìîâè,

ùî U(t) ìîæå áóòè ïðîäîâæåíà äî ôóíêöi¨ U(z), àíàëiòè÷íî¨ â ñåêòîði

Σθ = {z ∈ C : | arg z| < θ} .

i ñèëüíî íåïåðåðâíî¨ â íóëi óçäîâæ áóäü-ÿêîãî ïðîìåíÿ âñåðåäèíi Σθ.

ßêùî äëÿ äîâiëüíîãî äîäàòíîãî ψ < θ iñíó¹ ñòàëà Mψ > 0 òàêà, ùî

∥U(z)∥ ≤Mψ ïðè z ∈ Σψ = {z ∈ C : | arg z| ≤ ψ} ,

òî {U(t)}t≥0 ¹ îáìåæåíîþ àíàëiòè÷íîþ ç êóòîì θ

Îñêiëüêè ìíîæåííÿ C0-ïiâãðóïè
{
U(t) = etA

}
t≥0

íà eωt íå âïëèâà¹

íà ìîæëèâiñòü ¨¨ àíàëiòè÷íîãî ïðîäîâæåííÿ íà äåÿêèé ñåêòîð, ó áàãà-

òüîõ âèïàäêàõ ìîæíà îáìåæèòèñü ðiâíîìiðíî îáìåæåíèìè, çîêðåìà ñòè-

ñêàëüíèìè C0-ïiâãðóïàìè. Äëÿ çðó÷íîñòi òàêîæ iíêîëè ïðèïóñêà¹òüñÿ, ùî

0 ∈ ρ(A) � öüîãî çàâæäè ìîæíà äîñÿãíóòè ìíîæåííÿì ðiâíîìiðíî îáìå-

æåíî¨ ïiâãðóïè {U(t)}t≥0 íà e
−εt (ε > 0).

Íåõàé
{
U(t) = etA

}
t≥0

� ðiâíîìiðíî îáìåæåíà C0-ïiâãðóïà â B i 0 ∈

ρ(A). Ìàþòü ìiñöå òàêi ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi (äèâ. [2]):

a) {U(t)}t≥0 ìîæå áóòè ðîçøèðåíà äî îáìåæåíî¨ àíàëiòè÷íî¨ â ñåêòîði

Σθ ïiâãðóïè;

b) iñíó¹ òàêà ñòàëà c > 0, ùî äëÿ äîâiëüíèõ σ > 0, τ ̸= 0

∥R(σ + iτ ;A)∥ ≤ c

|τ |
;
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c) iñíóþòü θ ∈
(
0, π2
)
òà ñòàëà M > 0 òàêi, ùî

ρ(A) ⊃ Σ =
{
λ : | arg λ| < π

2
+ θ
}∪

{0}

i

∀λ ∈ Σ, λ ̸= 0 : ∥R(λ;A)∥ ≤ M

|λ|
;

d) îïåðàòîð-ôóíêöiÿ U(t) ¹ äèôåðåíöiéîâíîþ ïðè t > 0 i

∃c > 0 ∀t > 0 : ∥AU(t)∥ ≤ c

t
.

Íàñòóïíå òâåðäæåííÿ (äèâ. [3, 88]) äà¹ óìîâè, íåîáõiäíi é äîñòàòíi äëÿ

òîãî, ùîá ïiâãðóïà
{
U(t) = etA

}
t≥0

áóëà îáìåæåíîþ àíàëiòè÷íîþ.

Òåîðåìà 1.2 C0-ïiâãðóïà
{
etA
}
t≥0

â B ¹ îáìåæåíîþ àíàëiòè÷íîþ òîäi

i òiëüêè òîäi, êîëè âîíà äèôåðåíöiéîâíà íà (0,∞) i iñíó¹ ñòàëà c > 0

òàêà, ùî

∀t > 0 :
∥∥AnetA

∥∥ ≤ cnnnt−n (n ∈ N).

Áiëüø òîãî, äîñòàòíüî, ùîá öÿ íåðiâíiñòü âèêîíóâàëàñü ëèøå äëÿ t ∈

(0, 1].

Â ðîáîòi [130] (äèâ. òàêîæ [2, 1] òà [89, 131, 132]), äëÿ ãåíåðàòîðà A ñòè-

ñêàëüíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè â B âèçíà÷åíî éîãî ñòåïåíi Aα, 0 < α <

1 ç α ≤ 1
2 i ïîêàçàíî, ùî îïåðàòîðè −Aα òàêîæ ïîðîäæóþòü àíàëiòè÷íi

C0-ïiâãðóïè ñòèñêiâ â B.

Íàâåäåìî ùå äåÿêi òâåðäæåííÿ, ïîâ'ÿçàíi ç Aα i àíàëiòè÷íîþ ïiâãðó-

ïîþ {U(t)}t≥0, ùî ãåíåðó¹òüñÿ îïåðàòîðîì −A.

Òåîðåìà 1.3 Íåõàé −A � ãåíåðàòîð àíàëiòè÷íî¨ C0-ïiâãðóïè {U(t)}t≥0

â B i 0 ∈ ρ(A). Òîäi

a) U(t) : B 7→ D(Aα) äëÿ äîâiëüíèõ t > 0 i α ≥ 0;

66



b) ∀x ∈ D(Aα) : U(t)Aαx = AαU(t)x;

c) äëÿ áóäü-ÿêîãî t > 0 îïåðàòîð AαU(t) îáìåæåíèé i iñíóþòü ñòàëi

Mα i δ > 0 òàêi, ùî

∥AαU(t)∥ ≤Mαt
−αe−δt;

d) ÿêùî α ∈ (0, 1] i x ∈ D(Aα), òî

∃Cα > 0 : ∥U(t)x− x∥ ≤ Cαt
α ∥Aαx∥ .

Ðîçãëÿíåìî òåïåð äâi êîíñòðóêöi¨, ÿêi äîçâîëÿþòü áóäóâàòè ëîêàëüíî-

îïóêëi òîïîëîãi÷íi âåêòîðíi ïðîñòîðè, âèõîäÿ÷è iç çàäàíî¨ ñiì'¨ ëîêàëüíî-

îïóêëèõ ïðîñòîðiâ.

Íåõàé {Fτ}τ∈T (τ ïåðåáiãà¹ âïîðÿäêîâàíó ìíîæèíó iíäåêñiâ T ) � ñiì'ÿ

ëîêàëüíî-îïóêëèõ ïðîñòîðiâ. Ïðèïóñòèìî, ùî

Fτ2 ⊆ Fτ1 ïðè τ1 < τ2

i öi âêëàäåííÿ ¹ íåïåðåðâíèìè.

Ïîêëàäåìî

Fpr =
∩
τ∈T

Fτ

i íàäiëèìî öþ âåêòîðíó ìíîæèíó òàêîþ òîïîëîãi¹þ: çà ïîðîäæóþ÷ó ñèñòå-

ìó îêîëiâ íóëÿ âiçüìåìî ñóêóïíiñòü óñiõ ìíîæèí âèãëÿäó Vτ(0)
∩

Fpr, äå

{Vτ(0)} � áàçà îêîëiâ íóëÿ â Fτ . Ç öi¹þ òîïîëîãi¹þ ïðîñòið Fpr ¹ ëîêàëüíî-

îïóêëèì. Âií íàçèâà¹òüñÿ ïðîåêòèâíîþ ãðàíèöåþ ñiì'¨ {Fτ}τ∈T :

Fpr = proj lim
τ∈T

Fτ .

Iç âèçíà÷åííÿ âèïëèâà¹, ùî çáiæíiñòü ïîñëiäîâíîñòi fn ∈ Fpr äî åëåìåíòà

f ∈ Fpr åêâiâàëåíòíà çáiæíîñòi fn äî f ó êîæíîìó ïðîñòîði Fτ . Òàê ñàìî

îáìåæåíiñòü ìíîæèíè â Fpr îçíà÷à¹ ¨¨ îáìåæåíiñòü ó êîæíîìó Fτ .
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Íåõàé òåïåð ìíîæèíà ëîêàëüíî-îïóêëèõ ïðîñòîðiâ {Fτ}τ∈T ¹ "çðîñòà-

þ÷îþ"ó òîìó ðîçóìiííi, ùî

Fτ1 ⊆ Fτ2 ïðè τ1 < τ2.

Ïðèïóñòèìî òàêîæ, ùî öi âêëàäåííÿ ¹ íåïåðåâíèìè, i ïîêëàäåìî

Find =
∪
τ∈T

Fτ .

Òîïîëîãiÿ â Find ââåäåìî òàêèì ÷èíîì: çà áàçó îêîëiâ íóëÿ âiçüìåìî ñóêó-

ïíiñòü ìíîæèí
∪
Vτ(0), äå Vτ1(0) ⊆ Vτ2(0), ÿêùî τ1 < τ2. Ç òàêîþ òîïîëîãi-

¹þ Find ¹ ëîêàëüíî-îïóêëèì ïðîñòîðîì � iíäóêòèâíîþ ãðàíèöåþ ïðîñòîðiâ

Fτ :

Find = ind lim
τ∈T

Fτ .

Ìíîæèíà M ⊂ Find ¹ ðåãóëÿðíî îáìåæåíîþ, ÿêùî M ⊂ Fτ ç äåÿêèì

τ ∈ T i ¹ îáìåæåíîþ â öüîìó Fτ . Ðåãóëÿðíî îáìåæåíà â Find ìíîæèíà

çàâæäè îáìåæåíà. Îáåðíåíå òâåðäæåííÿ, âçàãàëi êàæó÷è, íå ¹ âiðíèì íà-

âiòü ó âèïàäêó íîðìîâàíèõ Fτ . Ó âèïàäêó, êîëè áóäü-ÿêà îáìåæåíà â Find

ìíîæèíà ¹ ðåãóëÿðíî îáìåæåíîþ, Find íàçèâà¹òüñÿ ðåãóëÿðíîþ iíäóêòèâ-

íîþ ãðàíèöåþ. Ïðèêëàäàìè ðåãóëÿðíèõ iíäóêòèâíèõ ãðàíèöü ¹ : à) Find,

êîëè Fτ � ðåôëåêñèâíi áàíàõîâi ïðîñòîðè; â) ïðîñòîðè Fτ ¹ áàíàõîâèìè

i âêëàäåííÿ Fτ1 ⊆ Fτ2 (∀τ1, τ2 ∈ T : τ1 < τ2) ¹ êîìïàêòíèìè; ñ) Fτ �

ëîêàëüíî-îïóêëi ïðîñòîðè òàêi, ùî Fτ1 ¹ ïiäïðîñòîðîì ïðîñòîðó Fτ1 ïðè

τ1 < τ2, òîáòî Fτ1 � çàìêíåíà ïiäìíîæèíà Fτ2, à òîïîëîãiÿ â Fτ1 çáiãà¹òüñÿ

ç òîïîëîãi¹þ, iíäóêîâàíîþ â íüîìó òîïîëîãi¹þ ïðîñòîðó Fτ2.

Âèÿâëÿ¹òüñÿ, ùî

Find = ind lim
τ∈T

Fτ =⇒ F′
ind =

∩
τ∈T

F′
τ ;
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Fpr = proj lim
τ∈T

Fτ =⇒ F′
pr =

∪
τ∈T

F′
τ ,

äå F′ � ïðîñòið, ñïðÿæåíèé äî F.

Ó ïîäàëüøîìó ÷àñòî âèêîðèñòîâóâàòèìóòüñÿ iíäóêòèâíi i ïðîåêòèâíi

ãðàíèöi ñiìåé ðåôëåêñèâíèõ áàíàõîâèõ ïðîñòîðiâBτ (τ ∈ T ), ùiëüíî i íå-

ïåðåðâíî (êîìïàêòíî) âêëàäåíèõ îäèí â îäíîãî. Íåïåðåðâíiñòü âêëàäåíü

ó òàêié ñèòóàöi¨ îçíà÷à¹, ùî ÿêùî ñiì'ÿ Bτ ¹ "çðîñòàþ÷îþ òî

∥ · ∥Bτ1
≤ ∥ · ∥Bτ2

ïðè τ1 > τ2.

Äëÿ "ñïàäíî¨"ñiì'¨ âèêîíó¹òüñÿ ïðîòèëåæíà íåðiâíiñòü. Ó "çðîñòàþ÷î-

ìó"âèïàäêó iíäóêòèâíà ãðàíèöÿ Bind = ind lim
τ∈T

Bτ ¹ ðåãóëÿðíîþ i, ÿêùî

ïðîñòîðè B′
τ , B

′
ind òà B′

pr =

(
proj lim

τ∈T
Bτ

)′
íàäiëåíi ñèëüíèìè òîïîëî-

ãiÿìè, òî ðiâíîñòi

B′
ind = proj lim

τ∈T
B′

τ òà B′
pr = ind lim

τ∈T
B′

τ

ðîçóìiþòüñÿ íå ëèøå ó ìíîæèííî-òåîðåòè÷íîìó, à é ó òîïîëîãi÷íîìó ñåí-

ñi.

ßê ïîêàçàíî â [4], ìà¹ ìiñöå òàêà òåîðåìà.

Òåîðåìà 1.4 Íåõàé F1 ⊂ F2 ⊂ . . .Fn ⊂ . . . � "çðîñòàþ÷à"ïîñëiäîâíiñòü

ëîêàëüíî-îïóêëèõ ïðîñòîðiâ, ïðè÷îìó êîæåí ïðîñòið Fn ¹ ïiäïðîñòîðîì

Fn+1, òîáòî Fn çàìêíåíèé â Fn+1 i òîïîëîãiÿ â Fn çáiãà¹òüñÿ íà öüîìó

ïðîñòîði ç òîïîëîãi¹þ ïðîñòîðó Fn+1. Òîäi F = ind lim
n∈N

Fn ¹ ðåãóëÿðíîþ

iíäóêòèâíîþ ãðàíèöåþ. I ÿêùî ïîñëiäîâíiñòü {fn ∈ F}n∈N ïðÿìó¹ äî 0 â

F, òî iñíó¹ òàêå m, ùî, ïî÷èíàþ÷è ç äåÿêîãî íîìåðà n, fn ∈ Fm i fn → 0

â Fm.
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1.2 Ïðîñòîðè ãëàäêèõ âåêòîðiâ

çàìêíåíîãî îïåðàòîðà

Ñêðiçü ó ïîäàëüøîìó ÷åðåç E(B) (L(B)) ïîçíà÷àòèìåìî ìíîæèíó óñiõ

ùiëüíî âèçíà÷åíèõ çàìêíåíèõ (îáìåæåíèõ) îïåðàòîðiâ â B.

Ïðèïóñòèìî, ùî A ∈ E(B). Äëÿ ÷èñëà β ≥ 0 ïîêëàäåìî

G{β}(A) = {x ∈ C∞(A)
∣∣∃α > 0 ∃c = c(x) > 0 ∀k ∈ N0 : ∥Akx∥ ≤ cαkkkβ},

G(β)(A) = {x ∈ C∞(A)
∣∣∀α > 0, ∃c = c(x, α) > 0 ∀k ∈ N0 : ∥Akx∥ ≤ cαkkkβ},

äå

C∞(A) =
∩
n∈N0

D(An) (N0 = 0, 1, 2, . . . )

- ïðîñòið íåñêií÷åííî äèôåðåíöiéîâíèõ âåêòîðiâ îïåðàòîðà A.

Î÷åâèäíî, ùî G{β}(A) i G(β)(A) - ëiíiéíi ïðîñòîðè, äëÿ äîâiëüíèõ λ ̸=

0, µ ∈ C

G{β}(A) = G{β}(λA+ µI), G(β)(A) = G(β)(λA+ µI)

i, ÿêùî β1 < β2, òî

G(β1)(A) ⊆ G{β1}(A) ⊆ G(β2)(A) ⊆ G{β2}(A).

Ó ïðîñòîðàõ G{β}(A) i G(β)(A) ââåäåìî àíàëîãi÷íî òîìó, ÿê öå çðîáëåíî

ó ïîïåðåäíüîìó ïóíêòi (äèâ. òàêîæ [4, 5, 84, 115]), òîïîëîãiþ iíäóêòèâíî¨

i, âiäïîâiäíî, ïðîåêòèâíî¨ ãðàíèöi áàíàõîâèõ ïðîñòîðiâ

Gα
β(A) = {x ∈ C∞(A)

∣∣∃c = c(x) > 0 : ∀k ∈ N0 ∥Akx∥ ≤ cαkkkβ} (α > 0)

ç íîðìîþ

∥x∥Gα
β(A)

= sup
k∈N0

∥Akx∥
αkkkβ

.
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ßñíî, ùî

Gα1

β (A) ⊂ Gα2

β (A) ïðè α1 < α2 (1.6)

i

∀x ∈ Gα1

β (A) : ∥x∥Gα1
β (A) ≥ ∥x∥Gα2

β (A). (1.7)

Îòæå, âêëàäåííÿ (1.6) ¹ íåïåðåðâíèì i

G{β}(A) = ind lim
α→∞

Gα
β(A) =

∪
α>0

Gα
β(A),

G(β)(A) = proj lim
α→0

Gα
β(A) =

∩
α>0

Gα
β(A).

Îñêiëüêè íîðìè ó ïðîñòîðàõ Gα
β(A) ¹ ïîðiâíÿííèìè i óçãîäæåíèìè, òî

G{β}(A) � ðåãóëÿðíà iíäóêòèâíà ãðàíèöÿ áàíàõîâèõ ïðîñòîðiâ Gα
β(A), à

òîìó çáiæíiñòü â G{β}(A) îçíà÷à¹ çáiæíiñòü â Gα
β(A) ïðè äåÿêîìó α > 0,

à çáiæíiñòü â G(β)(A) ðiâíîñèëüíà çáiæíîñòi â Gα
β(A) ïðè âñiõ α ∈ (0, δ) ç

äîñòàòíüî ìàëèì δ.

ßêùî A ∈ L(B), òîáòî îïåðàòîð A îáìåæåíèé, òî äëÿ äîâiëüíîãî

β > 0

G{0}(A) = G{β}(A) = G(β)(A) = B.

Âiäìiòèìî òàêîæ, ùî, çàâäÿêè äîáðå âiäîìié ôîðìóëi Ñòiðëiíãà

k! ≈
√
2πkkke−k, k → ∞,

ó íåðiâíîñòi, ïðèñóòíié â îçíà÷åííi ïðîñòîðiâ G{β}(A) òà G(β)(A), ìîæíà

kkβ çàìiíèòè íà (k!)β.

Ïðîñòîðè G{1}(A), G(1)(A) i G{0}(A) íàçèâàþòüñÿ ïðîñòîðàìè àíàëi-

òè÷íèõ [112], öiëèõ [113] i öiëèõ åêñïîíåíöiàëüíîãî òèïó [114] âåêòîðiâ

îïåðàòîðà A.

Ó êîíêðåòíîìó âèïàäêó, êîëè

B = C([a, b]), −∞ < a < b <∞,
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(Ax)(t) =
dx(t)

dt
, D(A) = C1([a, b]),

C∞(A) ¹ íå ùî iíøå, ÿê ìíîæèíà íåñêií÷åííî äèôåðåíöiéîâíèõ íà [a, b]

ôóíêöié, G{1}(A), G(1)(A) i G{0}(A) - ìíîæèíè âñiõ àíàëiòè÷íèõ íà [a, b],

öiëèõ i öiëèõ åêñïîíåíöiàëüíîãî òèïó ôóíêöié âiäïîâiäíî. Ïðîñòîðè

G{β}(A) (G(β)(A)) ç β > 1 âiäîìi ÿê êëàñè Æåâðå òèïó Ðóì'¹ (Áüîðëiíãà).

ßêùî B = L2(R) i A � çàìèêàííÿ îïåðàòîðà

(A0x)(t) = −d
2x(t)

dt2
+ x2(t), D(A0) = C∞

0 (R),

(C∞
0 (R) � ìíîæèíà ôiíiòíèõ íåñêií÷åííî äèôåðåíöiéîâíèõ íàRôóíêöié),

òî, ÿê ïîêàçàíî â [133], C∞(A) = S iG{β}(A) = S
β/2
β/2 (β ≥ 1), äå S � ïðîñòið

Øâàðöà, à Sβ/2β/2 � âiäïîâiäíèé ïðîñòið Ãåëüôàíäà-Øèëîâà (äèâ. [115]).

Óñi ïðîñòîðè ó íàâåäåíèõ âèùå ïðèêëàäàõ ¹ ùiëüíèìè â B. Îäíàê

öå, âçàãàëi êàæó÷è, íå òàê ó çàãàëüíîìó âèïàäêó. Òîìó ïîñòàëî ïèòàííÿ,

çà ÿêèõ óìîâ íà îïåðàòîð A i ÷èñëî β, G(β)(A) = B àáî, ïðèíàéìíi,

G{β}(A) = B. Öÿ çàäà÷à ó ðiçíèõ êîíêðåòíèõ ñèòóàöiÿõ öiêàâèëà áàãàòüîõ

ìàòåìàòèêiâ (ó çâ'ÿçêó ç öèì äèâ.[84, 89]).

Â [117] ïîñòàâëåíà çàäà÷à áóëà ðîçâ'ÿçàíà äëÿ β > 1 â òåðìiíàõ ðîç-

ìiùåííÿ ñïåêòðó îïåðàòîðà A i îöiíêè øâèäêîñòi ðîñòó éîãî ðåçîëüâåí-

òè ïðè íàáëèæåííi äî ñïåêòðà. Íàñ áóäå öiêàâèòè, ãîëîâíèì ÷èíîì, âè-

ïàäîê 0 ≤ β ≤ 1, ÿêèé âiäiãðà¹ âàæëèâó ðîëü â ïèòàííÿõ òåîði¨ íà-

áëèæåííÿ ôóíêöié (äèâ. [134]) i êîðåêòíî¨ ðîçâ'ÿçíîñòi çàäà÷i Êîøi [170]

äëÿ äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü ó ðiçíèõ ïðîñòîðàõ àíàëiòè÷íèõ

âåêòîð-ôóíêöié.

Íàâåäåìî äåÿêi ðåçóëüòàòè ó öüîìó íàïðÿìi (äèâ. [118, 119, 122]) äëÿ

ãåíåðàòîðiâ C0-ãðóï òà C0-ïiâãðóï .
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Òâåðäæåííÿ 1.1 Íåõàé A � ãåíåðàòîð C0-ãðóïè {U(t)}t∈R â B. Òîäi

∀β ∈ (0, 1) : G{β}(A) = G(β)(A) = B.

Çà óìîâè, ùî ñïåêòð σ(A) îïåðàòîðà A ¹ äiéñíèì i ìàæîðàíòà éîãî

ðåçîëüâåíòè

M(δ) = sup
|Imλ|≥δ>0

∥R(λ;A)∥

çàäîâîëüíÿ¹ óìîâó Ëåâiíñîíà

1∫
0

ln lnM(δ) dδ <∞, (1.8)

ìà¹ìî G{0}(A) = B.

Áóäåìî íàçèâàòè ãåíåðàòîðA C0-ãðóïè {U(t)}t∈R íåêâàçiàíàëiòè÷íèì,

ÿêùî
∞∫

−∞

ln ∥U(t)∥
1 + t2

dt <∞. (1.9)

ßê ïîêàçàíî â [135], ñïåêòð íåêâàçiàíàëiòè÷íîãî A ëåæèòü íà äiéñíié îñi,

à äëÿ éîãî ðåçîëüâåíòè âèêîíó¹òüñÿ íåðiâíiñòü (1.8). Âàðòî òàêîæ çàçíà-

÷èòè, ùî óìîâà (1.8) ¹ áëèçüêîþ äî íåîáõiäíî¨. Öå ïiäòâåðäæó¹ íàñòóïíèé

ïðèêëàä.

Ïðèêëàä 1.1 ÍåõàéB = L2(R, τ 2(t)dt), äå âèìiðíà ëîêàëüíî îáìåæåíà

ôóíêöiÿ τ(t) ≥ 1, t ∈ R, çàäîâîëüíÿ¹ óìîâè:

1) ∀t, s ∈ R : τ(t+ s) ≤ τ(t) · τ(s);

2)
∞∫

−∞

ln τ(t)

1 + t2
dt = ∞.

Òîäi îïåðàòîð

Ax(t) = −x′(t),

D(A) = {x(t) ∈ C(R)
∣∣x(t) àáñîëþòíî íåïåðåðâíà i
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x(t), x′(t) ∈ L2(R, τ 2(t)dt)}

ïîðîäæó¹ C0-ãðóïó (U(t)x)(s) = x(s − t), äëÿ ÿêî¨ ∥U(t)∥ ≤ τ(t). Ïîêà-

æåìî, ùî äëÿ áóäü-ÿêîãî α > 0 Gα
0 (A) = {0}.

Ïðèïóñòèìî, ùî öå íå òàê. Òîäi iñíóþòü α > 0 òà x(t) ̸≡ 0 ç ïðîñòîðó

L2(R, τ 2(t)dt) òàêi, ùî x ∈ Gα
0 (A), òîáòî

∞∫
−∞

|x(n)(t)|2 dt ≤
∞∫

−∞

|x(n)(t)|2τ 2(t) dt < (cαn)2 , n ∈ N0,

à îòæå, x(t) ∈ L2(R) äîïóñêà¹ ïðîäîâæåííÿ äî öiëî¨ ôóíêöi¨ åêñïîíåíöi-

àëüíîãî òèïó. Ç íåðiâíîñòi 2 ln+ |x(t)| < |x(t)|2 âèïëèâà¹, ùî
∞∫

−∞

ln+ |x(t)|
1 + t2

dt <∞,

çâiäêè (äèâ. [136])
∞∫

−∞

| ln |x(t)||
1 + t2

dt <∞.

Ïîêëàäåìî òåïåð y(t) = τ(t)x(t). Îñêiëüêè

|y(t)|2 = exp

(
2(1 + t2)

1 + t2
ln |y(t)|

)
>

2(1 + t2)

1 + t2
ln |y(t)|

≥ ln |y(t)|
1 + t2

=
ln |x(t)|
1 + t2

+
ln |τ(t)|
1 + t2

,

òî
∞∫

−∞
|y(t)|2 dt = ∞, ùî ñóïåðå÷èòü âêëþ÷åííþ x(t) ∈ L2(R, τ 2(t)dt).

Ùî æ äî ùiëüíîñòi G{1}(A) âB, òî âîíà, âçàãàëi êàæó÷è, íå ìà¹ ìiñöÿ

äëÿ äîâiëüíî¨ C0-ïiâãðóïè. Àëå äëÿ îáìåæåíèõ àíàëiòè÷íèõ C0-ïiâãðóï

ìà¹ ìiñöå òàêå òâåðäæåííÿ [118].

Òâåðäæåííÿ 1.2 Íåõàé
{
etA
}
t≥0

- îáìåæåíà àíàëiòè÷íà C0-ïiâãðóïà

ç êóòîì θ. Òîäi

G(β)(A) = B ïðè β > 1− 2θ

π
.
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ßêùî æ β = 1− 2θ
π , òî ìîæëèâi âèïàäêè, êîëè G{0}(A) = {0}. Iñíóþòü

àíàëiòè÷íi ïiâãðóïè
{
etA
}
t≥0

ç êóòîì θ = π
2 , äëÿ ÿêèõ G{0}(A) = {0}.

Ïðîòå, ÿêùî òàêà ïiâãðóïà çàäîâîëüíÿ¹ óìîâó (1.8), òî G{0}(A) = B.

1.3 Ïîáóäîâà åêñïîíåíòè âiä çàìêíåíîãî îïåðàòîðà

Ïîáóäîâà åêñïîíåíöiàëüíî¨ ôóíêöi¨ exp(zA) âiä ëiíiéíîãî çàìêíåíîãî îïå-

ðàòîðà A ó áàíàõîâîìó ïðîñòîði � îäíà ç íàéâàæëèâiøèõ çàäà÷ ìàòåìà-

òè÷íîãî àíàëiçó. Òåîðiÿ ïiâãðóï ëiíiéíèõ îïåðàòîðiâ äà¹ ¨¨ ðîçâ'ÿçîê ó âè-

ïàäêó, êîëè A � ãåíåðàòîð C0-ïiâãðóïè, à öå åêâiâàëåíòíå òîìó, ùî çàäà÷à

Êîøi äëÿ ðiâíÿííÿ
dy(t)

dt
= Ay(t)

ïîñòàâëåíà êîðåêòíî. Íàìè öÿ çàäà÷à ðîçâ'ÿçàíà äëÿ äîâiëüíîãî çàìêíå-

íîãî îïåðàòîðà ó áàíàõîâîìó ïðîñòîði, ìíîæèíà öiëèõ âåêòîðiâ ÿêîãî ¹

ùiëüíîþ ó öüîìó ïðîñòîði. Çóïèíèìîñü êîðîòêî íà ¨¨ iñòîðè÷íèõ àñïåêòàõ.

Ó âèïàäêó, êîëè B = C, à U(t) - íåïåðåðâíà ñêàëÿðíà ôóíêöiÿ, ùî

çàäîâîëüíÿ¹ (i) - (iii) ç ïiäðîçäiëó 1.1 , Î. Êîøi [137] (1821 ð.) ïîêàçàâ, ùî

U(t) = etA i äàâ îçíà÷åííÿ U(t) ÿê ðîçâ'ÿçêó ôóíêöiîíàëüíîãî ðiâíÿííÿ

U(t+ s) = U(t)U(s),

à òî÷íiøå, âñòàíîâèâ, ùî ÿêùî U(t) � íåïåðåðâíèé ðîçâ'ÿçîê öüîãî ðiâíÿ-

ííÿ, òî iñíó¹ ¹äèíå A ∈ C òàêå, ùî U(t) = etA.

Çàóâàæèìî, ùî ôóíêöiÿ etA, A ∈ C, áóëà âèçíà÷åíà ùå Ë. Åéëåðîì

[99] ó 1728 ð. äâîìà ñïîñîáàìè:

etA =
∞∑
n=0

tnAn

n!
(1.10)

i

etA = lim
n→∞

(
1 +

tA

n

)n
. (1.11)
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Öåé ðåçóëüòàò áóâ ïîøèðåíèé ó 1920 ð. Ñ. Áàíàõîì [138] i Â. Ñåðïiíñüêèì

[139] íà âèìiðíi U(t), à â 1887 ð. Æ. Ïåàíî [100] äîâiâ, ùî ó âèïàäêó

ñêií÷åííîâèìiðíîãî B ðÿä â (1.10) çáiãà¹òüñÿ â îïåðàòîðíié íîðìi i äëÿ

éîãî ñóìè U(t) âèêîíóþòüñÿ ñïiââiäíîøåííÿ (i)-(iii); áiëüø òîãî, äëÿ áóäü-

ÿêîãî x ∈ B âåêòîð-ôóíêöiÿ U(t)x ¹ ¹äèíèì ðîçâ'ÿçêîì çàäà÷i Êîøi
dy(t)

dt
= Ay(t), t ∈ (−∞,∞),

y(0) = x, x ∈ B.
(1.12)

Ó ïîäàëüøîìó öå òâåðäæåííÿ áóëî óçàãàëüíåíå (äèâ.[101, 102, 140]) íà

âèïàäîê äîâiëüíîãî íåïåðåðâíîãî îïåðàòîðà A ó íåñêií÷åííîâèìiðíîìó

B, à ñàìå, áóëî ïîêàçàíî, ùî äëÿ òàêîãî îïåðàòîðà ðÿä â (1.10) çáiãà-

¹òüñÿ â ðiâíîìiðíié îïåðàòîðíié òîïîëîãi¨ i éîãî ñóìà U(t) ¹ íåïåðåðâ-

íîþ â öié òîïîëîãi¨ îïåðàòîð-ôóíêöi¹þ, ùî çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ

(i)-(iii). Íàâïàêè, ÿêùî íåïåðåðâíà â ðiâíîìiðíié îïåðàòîðíié òîïîëîãi¨

îïåðàòîð-ôóíêöiÿ U(t) çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ (i)-(iii), òî iñíó¹ ¹äè-

íèé íåïåðåðâíèé ëiíiéíèé îïåðàòîð A, çà äîïîìîãîþ ÿêîãî U(t) ìîæíà

ïîäàòè ÿê ó âèãëÿäi (1.10), òàê i ó âèãëÿäi (1.11). Ùî ñòîñó¹òüñÿ C0-ãðóï ç

íåîáìåæåíèì ãåíåðàòîðîì (à ñàìå âîíè íàé÷àñòiøå âèíèêàþòü â çàäà÷àõ

ìàòåìàòè÷íî¨ ôiçèêè), òî ðÿä
∞∑
k=0

tkAkx

k!
çáiãà¹òüñÿ íå äëÿ âñiõ x ∈ B, à

îòæå, çîáðàæåííÿ (1.10), âçàãàëi êàæó÷è, íå ìà¹ ìiñöÿ. Ïðîòå, ùå ó 1772

ð. Æ.Ë. Ëàíãðàíæ (äèâ. [105]) íàâiâ ôîðìóëó

∀x ∈ L2(R) ∀t ∈ (−∞,∞) : x(t+ s) = exp

(
t
d

ds

)
x(s) =

∞∑
n=0

tnx(n)(s)

n!
,

(1.13)

â ÿêié, ÿê áà÷èìî, ãðóïà çñóâiâ U(t)x(s) = x(t + s) ó ïðîñòîði L2(R)

çîáðàæó¹òüñÿ ó âèãëÿäi åêñïîíåíòè âiä ¨¨ ãåíåðàòîðà � îïåðàòîðà äèôå-

ðåíöiþâàííÿ. I õî÷à ôîðìóëà (1.10) íå áóëà íèì îáãðóíòîâàíà, âií âèêî-
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ðèñòîâóâàâ ¨¨ ç âåëèêîþ ìàéñòåðíiñòþ, i öÿ ôîðìóëà ïðèâåëà äî íèçêè

íîâèõ íà òîé ÷àñ òåîðåì, äîâåäåííÿ ÿêèõ âàæêî ñîái óÿâèòè áåç íå¨. Ùî

æ äî íàäàííÿ ¨é ñåíñó äëÿ äîâiëüíî¨ C0-ãðóïè, òîáòî óñâiäîìëåííÿ òîãî, à

ùî æ ñàìå òðåáà ðîçóìiòè ïiä etA, äå A � ãåíåðàòîð öi¹¨ ãðóïè, òî äëÿ öüî-

ãî çíàäîáèëîñü ìàéæå äâà ñòîëiòòÿ, i öå ñòàëî îäíèì iç íàéâàæëèâiøèõ

äîñÿãíåíü ìàòåìàòè÷íîãî àíàëiçó ñåðåäèíè 20-ãî ñò.

ßêùî ðîçãëÿäàòè ðiâíiñòü(1.13) ó ðiçíèõ ôóíêöiîíàëüíèõ áàíàõîâèõ

ïðîñòîðàõ, íàïðèêëàä, ó Lp(R), Cb(R) òîùî, òî ìîæíà ïîáà÷èòè, ùî ¨¨

ëiâà ÷àñòèíà x(t+ s) âèçíà÷åíà íà âñüîìó ïðîñòîði, à ðÿä ñïðàâà � ëèøå

íà ïåâíèõ êëàñàõ öiëèõ ôóíêöié, ùiëüíèõ ó öèõ ïðîñòîðàõ. Òîìó ïîñòà¹

ïèòàííÿ: ÷è iñíóþòü äëÿ äîâiëüíî¨ C0-ãðóïè {U(t)}t∈R ó áàíàõîâîìó ïðî-

ñòîði B ùiëüíi â íüîìó ïiäïðîñòîðè B1 i B2 òàêi, ùî

∀x ∈ B1 : U(t)x =
∞∑
n=0

tn

n!
Anx, (1.14)

∀x ∈ B2 : U(t)x = lim
n→∞

(
I +

tA

n

)n
x? (1.15)

ßêùî {U(t)}t∈R � óíiòàðíà ãðóïà ó ãiëüáåðòîâîìó ïðîñòîði, òî âiäïîâiäü

íà (1.14) äà¹ òåîðåìà Ñòîóíà [106] ïðî ¨¨ ñïåêòðàëüíå çîáðàæåííÿ. Íà

îñíîâi îïåðàöiéíîãî ÷èñëåííÿ äëÿ ñàìîñïðÿæåíèõ îïåðàòîðiâ íèì áóëî

óñòàíîâëåíî, ùî ñiì'ÿ {U(t)}t∈R óíiòàðíèõ îïåðàòîðiâ ó ãiëüáåðòîâîìó

ïðîñòîði H óòâîðþ¹ C0-ãðóïó òîäi i òiëüêè òîäi, êîëè iñíó¹ ñàìîñïðÿæåíèé

îïåðàòîð A â H òàêèé, ùî

∀t ∈ R : U(t) = eitA =

∞∫
−∞

eitλ dEλ (1.16)

(Eλ - ðîçêëàä îäèíèöi îïåðàòîðà A). Ó öüîìó âèïàäêó B1 â (1.14) çáiãà¹-
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òüñÿ ç G(1)(A), îñêiëüêè äëÿ ñàìîñïðÿæåíîãî îïåðàòîðà A ïðîñòið

G(1)(A) =

x ∈ H
∣∣∀α > 0 :

∞∫
−∞

eαλ d(Eλx, x) <∞


¹ ùiëüíèì â H i íà åëåìåíòàõ x ∈ G(1)(A) ìà¹ ìiñöå çîáðàæåííÿ (1.10).

Äëÿ äîâiëüíî¨ C0-ãðóïè ó áàíàõîâîìó ïðîñòîði ïðîáëåìà (1.14) áóëà

ïîñòàâëåíà À.Ì. Êîëìîãîðîâèì i ðîçâ'ÿçàíà I.Ì. Ãåëüôàíäîì [107] â 1939

ð. çà óìîâè îáìåæåíîñòi ðîçãëÿäóâàíî¨ ãðóïè. Â ðîáîòi [108] öÿ ïðîáëåìà

ðîçâ'ÿçàíà íàìè ó çàãàëüíîìó âèïàäêó. Î÷åâèäíî, ùî òîäi iç çáiæíîñòi ðÿ-

äó (1.14) âèïëèâà¹ ìîæëèâiñòü ïðîäîâæåííÿ U(t)x äî öiëî¨ âåêòîð-ôóíêöi¨

U(z)x, z ∈ C, i, ÿêùî îïåðàòîð A íåïåðåðâíèé â B, òî U(z)x ¹ åêñïîíåí-

öiàëüíîãî òèïó äëÿ áóäü-ÿêîãî x ∈ B1 = B. Öå, âçàãàëi êàæó÷è, íå òàê

ó âèïàäêó íåîáìåæåíîãî A. Â [108] íàâåäåíî óìîâè íà âåêòîð x ∈ B1, çà

ÿêèõ U(z)x ìà¹ ñêií÷åííèé òèï i ñêií÷åííèé ïîðÿäîê ðîñòó.

Ùî ñòîñó¹òüñÿ ïðîáëåìè iñíóâàííÿ ùiëüíî¨ â B ìíîæèíè B2, íà åëå-

ìåíòàõ ÿêî¨ iñíó¹ ãðàíèöÿ (1.15), òî âîíà áóëà ïîñòàâëåíà ó 1946 ð. Å. Õië-

ëå äëÿ ñèëüíî íåïåðåðâíèõ ïiâãðóï. ßê áóëî çàçíà÷åíî íèì (äèâ. [141]),

"ïîøèðèòè ôîðìóëó (1.15) íà ñèëüíèé âèïàäîê ìàáóòü íàäçâè÷àéíî âàæ-

êî; iìîâiðíî, ùî íàâiòü ïðè x ∈
∩

n∈N0={0}∪N
D(An) ãðàíèöÿ (1.15) íå çàâæäè

iñíó¹". Ìè äîâîäèìî, ùî äëÿ C0-ãðóïè {U(t)}t∈R öÿ ãðàíèöÿ iñíó¹ òîäi i

òiëüêè òîäi, êîëè x ∈ B1 (à îòæå, B2 = B1), i âîíà ¹ ñóìîþ ðÿäó (1.14).

1.4 Äåÿêi ïiäïðîñòîðè àíàëiòè÷íèõ âåêòîð-ôóíêöié

Ïîçíà÷èìî ÷åðåç Aloc(B) ïðîñòið âåêòîð-ôóíêöié y(z) iç çíà÷åííÿìè â

B, àíàëiòè÷íèõ â îêîëi íóëÿ â C (îêië çàëåæèòü âiä ôóíêöi¨). Áóäåìî

ãîâîðèòè, ùî ïîñëiäîâíiñòü yn(·) ∈ Aloc(B), n ∈ N, çáiãà¹òüñÿ â Aloc(B)

äî y(·) ïðè n→ ∞, ÿêùî iñíó¹ îêië íóëÿ O ⊆ C, â ÿêîìó âñi ôóíêöi¨ yn(z)
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¹ àíàëiòè÷íèìè i ∥yn(z) − y(z)∥ → 0 (n → ∞) ðiâíîìiðíî íà êîæíîìó

êîìïàêòi K ⊂ O.

Íåõàé òàêîæ Br(B) � ìíîæèíà B-çíà÷íèõ âåêòîð-ôóíêöié y(z), àíà-

ëiòè÷íèõ â Or = {z ∈ C : |z| < r} i íåïåðåðâíèõ íà Or. Ìíîæèíà Br(B)

óòâîðþ¹ áàíàõîâèé ïðîñòið âiäíîñíî íîðìè

∥y∥Br(B) = max
z∈Or

∥y(z)∥.

Î÷åâèäíî, ùî

Aloc(B) = ind lim
r→0

Br(B).

Ïðîñòið

Ac(B) = proj lim
r→0

Br(B)

çáiãà¹òüñÿ ç ìíîæèíîþ óñiõ öiëèõ B-çíà÷íèõ âåêòîð-ôóíêöié. Çáiæíiñòü

yn(·) → y(·), n→ ∞, â Ac(B) îçíà÷à¹, ùî

∥yn(z)− y(z)∥ → 0, n→ ∞, ðiâíîìiðíî íà êîæíîìó êîìïàêòi K ⊂ C.

Íàãàäà¹ìî, ùî âåêòîð-ôóíêöiÿ ¹ ëîêàëüíî àíàëiòè÷íîþ â iíäóêòèâíié

(ïðîåêòèâíié) ãðàíèöi áàíàõîâèõ ïðîñòîðiâ, ÿêùî âîíà ¹ ëîêàëüíî àíà-

ëiòè÷íîþ â äåÿêîìó (êîæíîìó) iç öèõ áàíàõîâèõ ïðîñòîðiâ. Àíàëîãi÷íî

âèçíà÷à¹òüñÿ òàì öiëà âåêòîð-ôóíêöiÿ.

Ìà¹ ìiñöå òàêà òåîðåìà (äèâ. [98, 109]).

Òåîðåìà 1.5 Íåõàé A ∈ E(B). Òîäi äëÿ äîâiëüíîãî x ∈ G{γ}(A) ç γ <

1 (x ∈ G(γ)(A) ç γ ≤ 1), âåêòîð-ôóíêöiÿ

exp(zA)x :=
∞∑
k=0

zkAkx

k!

¹ öiëîþ ó ïðîñòîði G{γ}(A) (ó ïðîñòîði G(γ)(A)). ßêùî x ∈ G{1}(A), òî

exp(zA)x ∈ Aloc(G{1}(A)). Áiëüø òîãî, ÿêùî A � ãåíåðàòîð îáìåæåíî¨
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àíàëiòè÷íî¨ C0-ïiâãðóïè
{
etA
}
t≥0

â B, òî ñiì'ÿ {exp(zA)}z∈C óòâîðþ¹

îäíîïàðàìåòðè÷íó C0-ãðóïó ó öèõ ïðîñòîðàõ i

∀x ∈ G(1)(A) : exp(tA)x =

 etAx ïðè t ≥ 0

(e−tA)−1x ïðè t < 0.
(1.17)

Äîâåäåííÿ. Ïðèïóñòèìî, ùî x ∈ G{γ}(A) ç γ ≤ 1, òîáòî

∃α > 0, ∃c = c(x, α) > 0, ∀n ∈ N0 : ∥Anx∥ ≤ cαnnnγ.

Òîäi äëÿ äîâiëüíîãî m ∈ N0,∥∥∥∥∥An

(
exp(zA)x−

m∑
k=0

zkAkx

k!

)∥∥∥∥∥ =

∥∥∥∥∥An
∞∑

k=m+1

zkAkx

k!

∥∥∥∥∥ ≤
∞∑

k=m+1

|z|k∥An+kx∥
k!

≤ c

∞∑
k=m+1

|z|k

k!
αn+k(n+k)(n+k)γ = cαnnnγ

∞∑
k=m+1

|z|k

k!
kkγ
(
1 +

k

n

)nγ (
1 +

n

k

)kγ
.

Íåðiâíîñòi (
1 +

k

n

)nγ
≤
(
1 +

k

n

)n
≤ ek

òà (
1 +

n

k

)nγ
≤
(
1 +

n

k

)k
≤ en

çóìîâëþþòü îöiíêó∥∥∥∥∥An

(
exp(zA)x−

m∑
k=0

zkAkx

k!

)∥∥∥∥∥ ≤ cm(αe)
nnnγ, (1.18)

äå

cm = cm(z, α) = c
∞∑

k=m+1

|αez|k

k!
kkγ.

Çàóâàæèìî, ùî äëÿ x ∈ G(γ)(A), γ ≤ 1, íåðiâíiñòü (1.18) âèêîíó¹òüñÿ äëÿ

áóäü-ÿêîãî α > 0.

Ïðèïóñòèìî, ùî γ < 1. Òîäi äëÿ äîâiëüíîãî ôiêñîâàíîãî R > 0 ðÿä
∞∑
k=0

|αez|k

k!
kkγ çáiãà¹òüñÿ ðiâíîìiðíî â OR ïðè áóäü-ÿêîìó α > 0. Òîìó
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äëÿ êîæíîãî α > 0, cm(z, α) → 0,m → ∞, ðiâíîìiðíî â OR. Òàêèì

÷èíîì, ÿêùî x ∈ G{γ}(A) (x ∈ G(γ)(A)) ç γ < 1, òî íåðiâíiñòü (1.18)

ñïðàâäæó¹òüñÿ â OR äëÿ äåÿêîãî (äîâiëüíîãî) α > 0. Ç öi¹¨ ïðè÷èíè

ðÿä
∞∑
k=0

zkAkx

k!
çáiãà¹òüñÿ ðiâíîìiðíî ó êðóçi OR â G{γ}(A)-òîïîëîãi¨ (â

G(γ)(A)-òîïîëîãi¨) i âèçíà÷à¹ G{γ}(A)-çíà÷íó (G(γ)(A)-çíà÷íó) àíàëiòè÷íó

ôóíêöiþ â OR. Îñêiëüêè R � äîâiëüíå, öåé ðÿä çàäà¹ öiëó G{γ}(A)-çíà÷íó

(G(γ)(A)-çíà÷íó) ôóíêöiþ.

Íåõàé òåïåð x ∈ G(1)(A). Òîäi äëÿ äîâiëüíîãî ôiêñîâàíîãî R > 0

ðÿä
∞∑
k=0

|zαe|k

k!
kk çáiãà¹òüñÿ â OR, ÿêùî Rαe ≤ 1

3 , i îòæå, îöiíêà (1.18)

âèêîíó¹òüñÿ â OR ïðè α ∈
(
0, 1

3eR

]
. Î÷åâèäíî öÿ îöiíêà ìà¹ ìiñöå i äëÿ

α > 1
3eR . Îñêiëüêè R ìîæå áóòè ÿêèì çàâãîäíî, ðÿä

∞∑
k=0

zkAkx

k!
çáiãà¹òüñÿ â

G(1)(A)-òîïîëîãi¨ íà áóäü-ÿêié êîìïàêòíié ìíîæèíi K ∈ C. Òàêèì ÷èíîì,

öåé ðÿä âèçíà÷à¹ öiëó G(1)(A)-çíà÷íó ôóíêöiþ.

ßêùî æ x ∈ G{1}(A), òî iñíó¹ α > 0 òàêå, ùî (3.1) ìà¹ ìiñöå äëÿ

áóäü-ÿêîãî z ∈ O 1
3eα
, à îòæå, ðÿä

∞∑
k=0

zkAkx

k!
çáiãà¹òüñÿ â G{1}(A)-òîïîëîãi¨

â êðóçi O 1
3eα

i âèçíà÷à¹ ëîêàëüíî àíàëiòè÷íó â G{1}(A) âåêòîð-ôóíêöiþ.

Ïåðåéäåìî äî äîâåäåííÿ (1.17). Îñêiëüêè ïiâãðóïà {exp(tA)}t≥0 ¹ îáìå-

æåíîþ àíàëiòè÷íîþ, òî

∀t ≥ 0 : ker etA = {0},

à òîìó iñíó¹ îáåðíåíèé äî etA îïåðàòîð, âèçíà÷åíèé íà ùiëüíié â B ìíî-

æèíi R
(
etA
)
. Âðàõîâóþ÷è, ùî

{
etA
}
t≥0

� ñèëüíî íåïåðåðâíà ïiâãðóïà,

ðîáèìî âèñíîâîê, ùî çàäà÷à Êîøi y′(t)− Ay(t) = 0, t > 0

y(0) = x, x ∈ G(1)(A)
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¹ îäíîçíà÷íî ðîçâ'ÿçíîþ, à ¨¨ ðîçâ'ÿçîê ìà¹ âèãëÿä y(t) = etAx. Àëå

âåêòîð-ôóíêöiÿ exp(tA)x òàêîæ ¹ ðîçâ'ÿçêîì öi¹¨ çàäà÷i. Çâiäñè âèïëè-

âà¹, ùî

∀x ∈ G(1)(A) : exp(tA)x = etAx ïðè t ≥ 0.

Áåðó÷è äî óâàãè iíâàðiàíòíiñòü ïðîñòîðó G(1)(A) âiäíîñíî etA, äiéäåìî

âèñíîâêó, ùî âåêòîð-ôóíêöiÿ h(t) = exp(−tA)etAx ¹ íåïåðåðâíî äèôå-

ðåíöiéîâíîþ ó öüîìó ïðîñòîði. Î÷åâèäíî, ùî h′(t) = 0 ïðè t ≥ 0. Îòæå,

∀t ≥ 0 : exp(−tA)etAx = x, x ∈ G(1)(A).

Àíàëîãi÷íî, áåðó÷è çà h(t) âåêòîð-ôóíêöiþ etA exp(−tA)x, îäåðæó¹ìî

∀x ∈ G(1)(A) : e
tA exp(−tA)x = x(t ≥ 0),

çâiäêè (
etA
)−1

= exp(−tA).

Òåîðåìó äîâåäåíî.

Ó ïîäàëüøîìó îïåðàòîð
(
etA
)−1

ïîçíà÷àòèìåìî e−tA

Çà âèçíà÷åííÿì, öiëà B-çíà÷íà âåêòîð-ôóíêöiÿ y(z) ìà¹ ñêií÷åííèé

ïîðÿäîê ðîñòó, ÿêùî iñíó¹ äiéñíå ÷èñëî γ òàêå, ùî

∥y(z)∥ ≤ e|z|
γ

äëÿ äîñòàòíüî âåëèêèõ |z|. Iíôiìóì ρ(y) òàêèõ γ íàçèâà¹òüñÿ ïîðÿäêîì

y(z).

Äàëi, íåõàé γ > 0 � äîâiëüíå ôiêñîâàíå. Ïiä ñòåïåíåì öiëî¨ B-çíà÷íî¨

ôóíêöi¨ y(z) âiäíîñíî ÷èñëà γ ðîçóìiòèìåìî

σ(y, γ) = lim
r→∞

lnmax
|z|=r

∥y(z)∥

rγ
.
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ßêùî y(z) ìà¹ ñêií÷åííèé ïîðÿäîê ρ : ρ = ρ(y) < ∞, i γ < ρ, òî

σ(y, γ) = ∞, àëå ÿêùî γ > ρ, òîäi σ(y, γ) = 0. Çíà÷åííÿ σ = σ(y, ρ)

� òèï âåêòîð-ôóíêöi¨ y(z) ïîðÿäêó ρ. Öiëà B-çíà÷íà ôóíêöiÿ y(z) ñêií-

÷åííîãî ñòåïåíÿ âiäíîñíî ÷èñëà 1 (σ(y, 1) = σ(y) <∞) íàçèâà¹òüñÿ öiëîþ

âåêòîð-ôóíêöi¹þ åêñïîíåíöiàëüíîãî òèïó σ(y).

Äëÿ äîâiëüíîãî ôiêñîâàíîãî ÷èñëà ρ > 0 ïîçíà÷èìî ÷åðåç Aρ
c(B) ïðî-

ñòið óñiõ öiëèõ B-çíà÷íèõ ôóíêöié ïîðÿäêó íå âèùå çà ρ i ñêií÷åííîãî

ñòåïåíÿ âiäíîñíî öüîãî ρ. Çáiæíiñòü â Aρ
c(B) ðîçóìi¹òüñÿ òàêèì ÷èíîì:

Aρ
c(B) ∋ yn(·) → y(·) â Aρ

c(B) ïðè n → ∞, ÿêùî ïîñëiäîâíiñòü σ(yn, ρ)

îáìåæåíà i ∥yn(z) − y(z)∥ → 0 (n → ∞) ðiâíîìiðíî íà êîæíîìó êîì-

ïàêòi K ⊂ C. ßñíî, ùî A1
c(B) ¹ íå ùî iíøå, ÿê ïðîñòið Aexp(B) öiëèõ

B-çíà÷íèõ ôóíêöié åêñïîíåíöiàëüíîãî òèïó.

Íåõàé Aρ,α
c (B) (÷èñëî α > 0 äîâiëüíå) � ìíîæèíà öiëèõ B-çíà÷íèõ

ôóíêöié y(z) ïîðÿäêó ρ(y) ≤ ρ i òàêèõ, ùî

∃c = c(y), ∀z ∈ C : ∥y(z)∥ ≤ ceα|z|
ρ

.

Ëiíiéíà ìíîæèíà Aρ,α
c (B) ¹ áàíàõîâèì ïðîñòîðîì âiäíîñíî íîðìè

∥y∥Aρ,α
c (B) = sup

r≥0
max
|z|=r

∥y(z)∥e−αrρ.

Ïðîñòîþ ïåðåâiðêîþ ïåðåêîíó¹ìîñü, ùî

Aρ
c(B) = ind lim

α→∞
Aρ,α
c (B).

ßê i â ñêàëÿðíîìó âèïàäêó (äèâ.[136]), ïîðÿäîê i òèï öiëî¨ âåêòîð-

ôóíêöi¨

y(z) :=
∞∑
k=0

ckz
k, ck ∈ B,

ìîæíà çíàéòè çà ôîðìóëàìè

ρ = lim
n→∞

n lnn

ln ∥cn∥−1
, (eσρ)

1
ρ = lim

n→∞

(
n1/ρ n

√
∥cn∥

)
. (1.19)
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Áóäåìî ãîâîðèòè, ùî öiëèé âåêòîð x îïåðàòîðà A ∈ E(B) ìà¹ ñêií-

÷åííèé ïîðÿäîê âiäíîñíî öüîãî îïåðàòîðà (A-ïîðÿäîê), ÿêùî iñíó¹ ÷èñëî

γ ∈ (−∞, 1) òàêå, ùî, ïî÷èíàþ÷è ç äåÿêîãî íîìåðà n0 = n0(x),

∀n ≥ n0 : ∥Anx∥ ≤ nnγ

(n0 = n0(γ) ∈ N äîñòàòíüî âåëèêå). Òî÷íó íèæíþ ìåæó p(x) òàêèõ γ íà-

çâåìî ïîðÿäêîì âåêòîðà x âiäíîñíî îïåðàòîðà A (àáî ïðîñòî A-ïîðÿäêîì).

A-òèï s(x) âåêòîðà x A-ïîðÿäêó p(x) âèçíà÷à¹òüñÿ ÿê

s(x) = inf
{
α > 0 : ∥Anx∥ ≤ αnnp(x) (n ≥ n0)

}
.

Ââàæàòèìåìî, ùî öiëèé âåêòîð x îïåðàòîðà A ïîðÿäêó p(x) ìà¹ ìiíiìàëü-

íèé A-òèï, ÿêùî s(x) = 0, íîðìàëüíèé � çà óìîâè, ùî 0 < s(x) < ∞, i

ìàêñèìàëüíèé � ÿêùî s(x) = ∞.

Òåîðåìà 1.6 Íåõàé x ∈ B. Äëÿ òîãî ùîá B-çíà÷íà ôóíêöiÿ y(z) =

exp (zA)x áóëà öiëîþ, íåîáõiäíî i äîñòàòíüî, ùîá x ∈ G(1)(A). ßêùî

öå òàê, òî y(z) ìà¹ ñêií÷åííèé ïîðÿäîê ρ = ρ(y) i ñêií÷åííèé òèï

σ = σ(y, ρ) òîäi i òiëüêè òîäi, êîëè p = p (x,A) < 1 i s = s (x, p, A)

¹ ñêií÷åííèì, äå p i s � A-ïîðÿäîê i A-òèï âåêòîðà x âiäïîâiäíî. Âåëè-

÷èíè ρ i σ ïîâ'ÿçàíi ç p i s ôîðìóëàìè

ρ =
1

1− p
, σ =

(se)ρ

ρe
. (1.20).

Äîâåäåííÿ. Íåõàé x ∈ G(1)(A). Òîäi çà òåîðåìîþ 1.5 y(z) ¹ öiëîþ

G(1)(A)-çíà÷íîþ i, îòæå, B-çíà÷íîþ âåêòîð-ôóíêöi¹þ. Ïîçíà÷èìî ÷åðåç

ρ i σ ¨¨ ïîðÿäîê i òèï âiäïîâiäíî. Îñêiëüêè

y(n)(z) = Any(z)

i

∀ε > 0 : ∥y(z)∥ ≤ cεe
(σ+ε)|z|ρ, cε = const,
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òî

∀r > 0 : ∥Any(0)∥ = ∥Anx∥ =
n!

2π

∥∥∥∥∥∥∥
∫

|z|=r

y(z)

zn+1
dz

∥∥∥∥∥∥∥ ≤ cε
n!e(σ+ε)r

ρ

rn
.

Áåðó÷è äî óâàãè, ùî min
r>0

e(σ+ε)r
ρ

rn
äîñÿãà¹òüñÿ â òî÷öi r =

(
n

(σ + ε)ρ

)1/ρ

,

à òàêîæ ôîðìóëó Ñòiðëiíãà

n! = nne−n
√
2πn

(
1 +O

(
1

n

))
,

ïðèõîäèìî, â ñèëó äîâiëüíîñòi r, äî ñïiââiäíîøåííÿ

∥Anx∥ ≤ c
((
e1−ρσρ

)1/ρ
+ ε1

)n
n

ρ−1
ρ n,

äå 0 < c = const, ε1 = ε1(ε) → 0 ïðè ε → 0. Ïåðåõîäÿ÷è â íüîìó äî

ãðàíèöi ïðè ε→ 0, îäåðæó¹ìî îöiíêó

∥Anx∥ ≤ c
(
e1−ρσρ

)n/ρ
n

ρ−1
ρ n, (1.21)

ÿêà ïîêàçó¹, ùî A-ïîðÿäîê p âåêòîðà x çàäîâîëüíÿ¹ íåðiâíiñòü

p ≤ ρ− 1

ρ
. (1.22)

Íàâïàêè, ïðèïóñòèìî, ùî âåêòîð x ìà¹ ñêií÷åííèé A-ïîðÿäîê p < 1 i

ñêií÷åííèé A-òèï s. Ôîðìóëè (1.19), îçíà÷åííÿ A-òèïó, íåðiâíiñòü (1.21)

òà ôîðìóëà Ñòiðëiíãà îáóìîâëþþòü íàñòóïíå ñïiââiäíîøåííÿ äëÿ ïîðÿä-

êó ρ i òèïó σ âåêòîð-ôóíêöi¨ y(z):

ρ = lim
n→∞

n lnn

ln
n!

∥Anx∥

≤ lim
n→∞

n lnn

ln
n!

c(s+ ε)nnnβ

=
1

1− p
⇐⇒ p ≥ ρ− 1

ρ
. (1.23)

Ç (1.22) i (1.23) âèïëèâà¹, ùî

ρ =
1

1− p
⇐⇒ p =

ρ− 1

ρ
..
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Ñïèðàþ÷èñü íà (1.21) i îçíà÷åííÿ òèïó âåêòîðà x, äiñòàíåìî íåðiâíiñòü

s ≤
(
e1−ρσρ

)1/ρ
.

Ç iíøîãî áîêó, îñêiëüêè ρ ¹ ñêií÷åííèì, òèï σ âiäíîñíî ïîðÿäêó ρ

âèçíà÷à¹òüñÿ âèðàçîì(1.19). Îòæå,

(eσρ)1/ρ = lim
n→∞

(
n1/ρ

n

√
∥Anx∥
n!

)
≤ lim

n→∞
n1/ρ

n

√
(s+ ε)n

n!
n1−

1
ρ ≤ e(s+ ε).

Îñêiëüêè ε > 0 ìîæíà âèáðàòè ÿê çàâãîäíî ìàëèì, ðîáèìî âèñíîâîê, ùî

(eσρ)1/ρ ≤ es.

Òîìó

σ =
(se)ρ

ρe
.

Òåîðåìó äîâåäåíî.

ßê i â ñêàëÿðíîìó âèïàäêó, îïåðàòîð-ôóíêöiÿ ezA âG(1)(A) äëÿ ∀z1, z2 ∈

C çàäîâîëüíÿ¹ ôóíêöiîíàëüíå ðiâíÿííÿ

exp((z1 + z2)A) = exp(z1A) exp(z2A)

òà äèôåðåíöiàëüíå ðiâíÿííÿ

d exp(zA)

dz
= A exp(zA).

Ïðèïóñòèìî òåïåð, ùî A - ãåíåðàòîð C0-ïiâãðóïè
{
etA
}
t≥0

ó ïðîñòîði B.

Òîäi çàäà÷à Êîøi  y′(t) = Ay(t), t ∈ (0,∞),

y(0) = x, x ∈ D(A),

îäíîçíà÷íî ðîçâ'ÿçíà i ¨¨ ðîçâ'ÿçîê ìà¹ âèãëÿä etAx. Îñêiëüêè ïðè x ∈

G(1)(A) âåêòîð-ôóíêöiÿ exp(tA)x ¹ òàêîæ ðîçâ'ÿçêîì öi¹¨ çàäà÷i, òî

exp(tA)x = etAx ïðè t > 0.
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Ó ïðîñòîði G(1)(A) ðîçãëÿíåìî òàêîæ öiëi îïåðàòîðíi ôóíêöi¨

cosh(zA) =
1

2
(exp(zA) + exp(−zA)) =

∞∑
k=0

z2k

(2k)!
A2k,

òà
sinh(zA)

A
=

z∫
0

cosh(zA) dz =
∞∑
k=0

z2k+1

(2k + 1)!
A2k.

ßêùî 0 ∈ ρ(A), òî

sinh(zA)

A
=

1

2
A−1 (exp(zA)− exp(−zA)) . (1.24)

ßê ñòâåðäæó¹òüñÿ â [142], çàäà÷à Êîøi y′′(t) = A2y(t), t ∈ (0,∞),

y(0) = x1 ∈ G(1)(A), y′(0) = x2 ∈ G(1)(A),

¹ îäíîçíà÷íî ðîçâ'ÿçíîþ â êëàñi öiëèõ âåêòîð-ôóíêöié âG(1)(A) i ¨¨ ðîçâ'ÿçîê

ìà¹ âèãëÿä

y(t) = cosh(tA)x1 +
sinh(tA)

A
x2.

Íåâàæêî òàêîæ ïåðåâiðèòè, ùî

z∫
0

exp((z − 2s)A) ds =
sinh(zA)

A
. (1.25)

1.5 Çîáðàæåííÿ ãðóïè ëiíiéíèõ îïåðàòîðiâ

ó áàíàõîâîìó ïðîñòîði

åêñïîíåíöiàëüíîþ îïåðàòîð-ôóíêöi¹þ

Ç òåîðåìè 1.6 i òâåðäæåííÿ 1.2 âèïëèâà¹, ùî äëÿ äîâiëüíî¨ C0-ãðóïè{
U(t) = etA

}
t∈R ó ïðîñòîði B ïðîáëåìà, àñîöiéîâàíà ç (1.14), çàâæäè ìà¹

ðîçâ'ÿçîê, à ïðîñòið B1 = G(1)(A) ¹ ìàêñèìàëüíèì ùiëüíèì â B ïiä-

ïðîñòîðîì, íà ÿêîìó öÿ ïðîáëåìà ðîçâ'ÿçíà. Öå îçíà÷à¹, ùî ÿêùî ðÿä ó
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ïðàâié ÷àñòèíi (1.14) çáiãà¹òüñÿ äëÿ äîâiëüíîãî t ∈ R, òî x ∈ G(1)(A), à

ñóìà öüîãî ðÿäó äîðiâíþ¹ U(t)x, òîáòî ãðóïà {U(t)}t∈R çîáðàæó¹òüñÿ ó

âèãëÿäi ñòåïåíåâîãî ðÿäó:

∀x ∈ B1 = G(1)(A) : U(t)x =
∞∑
n=0

tn

n!
Anx.

Ùî æ äî ìíîæèíè âåêòîðiâ x, äëÿ ÿêèõ U(t)x äîïóñêà¹ ïðîäîâæåííÿ

äî öiëî¨ âåêòîð-ôóíêöi¨ U(z)x =
∞∑
n=0

zn

n!
Anx ñêií÷åííîãî ïîðÿäêó ðîñòó

ρ : 1 < ρ < ∞ i ñêií÷åííîãî òèïó σ, òî âîíà çáiãà¹òüñÿ çi ùiëüíèì â

B ïiäïðîñòîðîì G{p}(A), äå p =
ρ− 1

ρ
; ìíîæèíà æ öiëèõ âåêòîðiâ x îïå-

ðàòîðà A, ïîðîäæóþ÷èõ îðáiòè U(z)x ïîðÿäêó ρ i ìiíiìàëüíîãî òèïó, ¹

íå ùî iíøå, ÿê G(p)(A), i G(p)(A) = B. Ìíîæèíîþ âåêòîðiâ x, äëÿ ÿêèõ

U(z)x � öiëà âåêòîð-ôóíêöiÿ åêñïîíåíöiàëüíîãî òèïó, ¹ ïðîñòið G{0}(A),

íå çàâæäè ùiëüíèé âB, i ¹ ùiëüíèì ëèøå òîäi, êîëè A çàäîâîëüíÿ¹ óìîâó

íåêâàçiàíàëiòè÷íîñòi (1.9).

À òåïåð ïåðåéäåìî äî àñîöiéîâàíîãî ç (1.15) ïèòàííÿ ïðî ìîæëèâiñòü

çîáðàæåííÿ ãðóïè
{
U(t) = etA

}
t∈R ãðàíèöåþ ïîñëiäîâíîñòi{(

I +
tA

n

)n
x

}
n∈N

. Âiäïîâiäü äà¹ íàñòóïíà òåîðåìà.

Òåîðåìà 1.7 Íåõàé x ∈ G(1)(A). Òîäi ïîñëiäîâíiñòü
(
I +

zA

n

)n
x, n ∈

N, çáiãà¹òüñÿ ðiâíîìiðíî äî U(z)x íà êîæíîìó êîìïàêòi K ⊂ C. Íàâ-

ïàêè, ÿêùî ïîñëiäîâíiñòü
(
I +

tA

n

)n
x, x ∈ C∞(A), çáiãà¹òüñÿ äëÿ äî-

âiëüíîãî t ∈ R, òî x ∈ G(1)(A) i

lim
n→∞

(
I +

tA

n

)n
x = U(t)x.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî x ∈ G(1)(A). Äëÿ k ∈ N ïîêëàäåìî

cj(k) =


k(k − 1) . . . (k − j + 1)

kj
ïðè 1 ≤ j ≤ k, c0(k) = 1,

0 ïðè k < j.
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Òîäi äëÿ áóäü-ÿêîãî cj(k) ≤ 1 (j ∈ N), cj(k) → 1 ïðè k → ∞ i
∞∑
j=0

cj(k)z
j

j!
Ajx =

(
I +

zA

k

)k
x. (1.26)

Ïîçíà÷èìî ÷åðåç Sn(k, z)x ÷àñòèííó ñóìó ðÿäó â (1.26), òîáòî

Sn(k, z)x =
n∑
j=0

cj(k)z
j

j!
Ajx.

Î÷åâèäíî, ùî

∥Sn+m(k, z)x− Sn(k, z)x∥ =

∥∥∥∥∥
n+m∑
j=n+1

cj(k)z
j

j!
Ajx

∥∥∥∥∥
≤

n+m∑
j=n+1

cj(k)|z|j

j!
∥Ajx∥ ≤

n+m∑
j=n+1

|z|j

j!
∥Ajx∥.

Îñêiëüêè x � öiëèé âåêòîð îïåðàòîðà A, òî
n+m∑
j=n+1

|z|j

j!
∥Ajx∥ → 0 ïðè n→ ∞,

à òîìó

∥Sn+m(k, z)x− Sn(k, z)x∥ → 0 ïðè n→ ∞.

Òîìó ðÿä
∞∑
j=0

cj(k)z
j

j!
Ajx çáiãà¹òüñÿ ðiâíîìiðíî ïî k ∈ N i z ∈ K. Îòæå,

â ðiâíîñòi (1.26) ìîæíà ïåðåéòè äî ãðàíèöi ïiä çíàêîì ñóìè ïðè k → ∞,

âíàñëiäîê ÷îãî îäåðæó¹ìî

lim
k→∞

(
I +

zA

k

)k
x =

∞∑
n=0

zn

n!
Anx = U(z)x.

Áiëüø òîãî, çáiæíiñòü ïîñëiäîâíîñòi

(
I +

zA

k

)k
x ¹ ðiâíîìiðíîþ íà K.

Íàâïàêè, ïðèïóñòèìî, ùî ïîñëiäîâíiñòü

(
I +

tA

n

)n
x (x ∈ C∞(A), n ∈

N) çáiãà¹òüñÿ äëÿ êîæíîãî t ∈ R. Òîäi(
tA

n

)n
x =

(
I +

tA

n
− I

)n
x =

n∑
k=0

Ck
n

(
I +

tA

n

)k
(−1)n−kx.
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Áåðó÷è äî óâàãè, ùî âíàñëiäîê çáiæíîñòi ïîñëiäîâíiñòü

(
I +

tA

n

)n
x, n ∈

N0, ¹ îáìåæåíîþ, òîáòî ∥∥∥∥∥
(
I +

tA

k

)k
x

∥∥∥∥∥ ≤Mt

(t � äîâiëüíå ôiêñîâàíå), îäåðæó¹ìî∥∥∥∥(tAn
)n

x

∥∥∥∥ ≤
n∑
k=0

Ck
nMt =Mt · 2n,

çâiäêè

∥Anx∥ ≤Mt

(
2

|t|

)n
nn.

Çâiäñè ðîáèìî âèñíîâîê, ùî

∀α > 0 ∃c = c(α) : ∥Anx∥ ≤ cαnnn (∀n ∈ N),

à öå é îçíà÷à¹, ùî x � öiëèé âåêòîð îïåðàòîðà A.

À çàðàç ïiäòâåðäèìî òîé ôàêò, ùî "íàâiòü äëÿ x ∈
∞∩
n=1

D(An) ãðàíèöÿ

lim
n→∞

(
I +

tA

n

)n
x ìîæå íå iñíóâàòè"(Õiëëå), i, áiëüø òîãî, íàâåäåìî ïðè-

êëàäè C0-ãðóïè i C0-ïiâãðóïè, äëÿ ÿêèõ öÿ ãðàíèöÿ íå iñíó¹ íà ïðîñòîði

àíàëiòè÷íèõ âåêòîðiâ ãåíåðàòîðà A öi¹¨ ãðóïè àáî ïiâãðóïè.

Ðîçãëÿíåìî ñïî÷àòêó ãðóïó
{
etA
}
t∈R, äå A = iB, B � äîäàòíèé ñàìî-

ñïðÿæåíèé îïåðàòîð ó ãiëüáåðòîâîìó ïðîñòîði H, i ïîêàæåìî, ùî âåêòîðè

âèãëÿäó x = eBg, g ∈ H, ¹ àíàëiòè÷íèìè äëÿ îïåðàòîðà A, àáî, ùî òå

ñàìå, äëÿ îïåðàòîðà B.

Ñïðàâäi, äëÿ äîâiëüíîãî n ∈ N

∥Anx∥2 = ∥(iB)n x∥2 =
∞∫
0

λ2n d (Eλx, x) =

∞∫
0

λ2ne−2λ d (Eλg, g) ,
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äå Eλ � ñïåêòðàëüíà ôóíêöiÿ îïåðàòîðà B. Âðàõîâóþ÷è, ùî

max
λ∈[0,∞)

(
λ2ne−2λ

)
=
(
e−1
)2n

(nn)2 ,

äiñòà¹ìî îöiíêó

∀n ∈ N : ∥Anx∥ ≤ ce−nnn, c = ∥g∥,

òîáòî x � àíàëiòè÷íèé âåêòîð îïåðàòîðà A.

Äîâåäåìî, ùî iñíóþòü âåêòîðè g ∈ H òàêi, ùî äëÿ x = eAg∥∥∥∥(I + tA

n

)n
x

∥∥∥∥→ ∞ ïðè n→ ∞.

Äiéñíî, ∥∥∥∥(I + tA

n

)n
x

∥∥∥∥2 = ∥∥∥∥(I + itB

n

)n∥∥∥∥2

=

∞∫
0

∣∣∣∣1 + iλt

n

∣∣∣∣2n d (Eλx, x) =

∞∫
0

(
1 +

(
λt

n

)2
)n

d (Eλx, x)

≥
∞∫
0

(
λt

n

)2n

e−2λ d (Eλg, g) ≥
2n∫
n

(
λt

n

)2n

e−2λ d (Eλg, g) .

Îñêiëüêè ôóíêöiÿ

φn(λ) =

(
λt

n

)2n

e−2λ

ìîíîòîííî ñïàäà¹ íà [n, 2n] i

φn(2n) =

(
2t

e2

)2n

e−2λ,

òî, ïiäáèðàþ÷è g ∈ H òàê, ùîá

2n∫
n

d (Eλg, g) >
1

n2
,
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îäåðæèìî

∀t > 10 :

∥∥∥∥(I + tA

n

)n
x

∥∥∥∥2 ≥ 1

n2

(
18

e2

)2n

→ ∞ ïðè n→ ∞.

Äðóãèé ïðèêëàä ñòîñó¹òüñÿ ïiâãðóïè
{
etA
}
t≥0

, äå A = A∗, A = −B, B

- äîäàòíèé îïåðàòîð ó ãiëüáåðòîâîìó ïðîñòîði H. Íåâàæêî ïåðåêîíàòèñü,

ùî âåêòîðè âèãëÿäó x = e−Bg, g ∈ H, ¹ àíàëiòè÷íèìè äëÿ îïåðàòîðà A.

Äîâåäåìî, ùî iñíóþòü òàêi âåêòîðè g ∈ H, ùî äëÿ x = e−Bg∥∥∥∥(I + tA

n

)n
x

∥∥∥∥ =

∥∥∥∥(I − tB

n

)n
x

∥∥∥∥→ ∞ ïðè n→ ∞.

Íåõàé Eλ � ñïåêòðàëüíà ôóíêöiÿ îïåðàòîðà B. Òîäi∥∥∥∥(I − tB

n

)n
x

∥∥∥∥2 =
∞∫
0

(
1− tλ

n

)2n

d(Eλx, x) ≥
2n∫
n

(
1− tλ

n

)2n

d(Eλx, x).

Îñêiëüêè

∀t > 1,∀λ ∈ [n, 2n] :

(
1− 1

t

)2n(
tλ

n

)2n

≤
(
1− tλ

n

)2n

,

òî äëÿ äîâiëüíîãî x = e−Bg, g ∈ H, ìà¹ìî∥∥∥∥(I − tB

n

)n
x

∥∥∥∥2 ≥
2n∫
n

(
I − tλ

n

)2n

d(Eλx, x) ≥

≥
(
1− 1

t

)2n
2n∫
n

(
tλ

n

)2n

e−2λ d(Eλg, g).

Âðàõîâóþ÷è, ùî ôóíêöiÿ φn(λ) =

(
tλ

n

)2n

e−2λ ìîíîòîííî ñïàäà¹ íà (n,∞)

i φn(2n) =

(
2t

e2

)2n

, òà ïiäáèðàþ÷è g ∈ H òàê, ùîá

2n∫
n

d(Eλg, g) >
1

n2
, îäåð-

æèìî

∀t > 10 :

∥∥∥∥(I + tA

n

)n
x

∥∥∥∥2 = ∥∥∥∥(I − tB

n

)n
x

∥∥∥∥2
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≥ 1

n2

(
18

e2

)2n

→ ∞ ïðè n→ ∞,

ùî é òðåáà áóëî äîâåñòè.

Ç îãëÿäó íà çàñòîñóâàííÿ äî òåîði¨ ãðóï íàâåäåíèé âèùå ðåçóëüòàò íà-

ñïðàâäi âêàçó¹ øëÿõ äî ïîáóäîâè C0-ãðóïè {U(t)}t∈R ó áàíàõîâîìó ïðî-

ñòîði çà ¨¨ ãåíåðàòîðîì A, òîìó ùî ðîçâ'ÿçîê çàäà÷i Êîøi
dy(t)

dt
= Ay(t), t ∈ (−∞,∞),

y(0) = x,
(1.27)

çàïèñó¹òüñÿ ó âèãëÿäi y(t) = U(t)x, ÿêùî öÿ çàäà÷à, çà âèñëîâîì Æ.

Àäàìàðà (äèâ. [143]), ïîñòàâëåíà êîðåêòíî.� äåêiëüêà ïiäõîäiâ äî òàêî¨

ïîáóäîâè, ñåðåä ÿêèõ, íàïðèêëàä,

à) U(t)x = lim
n→∞

(
1− tA

n

)−n
x, x ∈ B (Åéëåðà-Õiëëå);

á) U(t)x = lim
λ→∞

etAλx, etAλx =
∞∑
k=0

tk

k!
Ak
λx, x ∈ B,

äå Aλ = λ2R(λ;A)− λI � îáìåæåíèé îïåðàòîð, i Aλ → A ïðè λ → ∞

(Iîñiäè).

Â óñiõ òèõ ïiäõîäàõ C0-ãðóïà {U(t)}t∈R âiäíîâëþ¹òüñÿ íå áåçïîñåðå-

äíüî çà ¨¨ ãåíåðàòîðîì A, à çà äîïîìîãîþ äåÿêèõ ôóíêöié âiä íüîãî (ðå-

çîëüâåíòè R(λ;A) â à) i íàáëèæåíü Aλ â á)), çíàõîäæåííÿ ÿêèõ ÷àñòî-

ãóñòî íå ¹ òðèâiàëüíèì. Çàïðîïîíîâàíi ó öié ïiäñåêöi¨ ñïîñîáè âiäíîâëåííÿ

{U(t)}t∈R ìàþòü òó ïåðåâàãó, ùî ðîçâ'ÿçîê çàäà÷i Êîøi (1.27) ç ïî÷àòêî-

âèìè äàíèìè, ÿêi ¹ öiëèìè âåêòîðàìè îïåðàòîðà A, ìîæíà çàïèñàòè çà

äîïîìîãîþ ñòåïåíiâ öüîãî îïåðàòîðà. Îñêiëüêè çà òâåðäæåííÿì 1.1 ìíî-

æèíà G(1)(A) öiëèõ âåêòîðiâ îïåðàòîðà A ¹ ùiëüíîþ â B, òî

∀x ∈ B ∃{xn ∈ G(1)(A)}n∈N, lim
n→∞

xn = x :

U(t)xn → U(t)x ïðè n→ ∞ (∀t ∈ R). (1.28)
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Áiëüø òîãî, çáiæíiñòü â (1.28) ¹ ðiâíîìiðíîþ íà áóäü-ÿêîìó êîìïàêòi ç R

i

U(t)x = lim
n→∞

∞∑
k=0

tk

k!
Akxn.

Òåîðåìà 1.7 ìîæå áóòè óçàãàëüíåíà íà âèïàäîê äîâiëüíîãî çàìêíåíîãî

îïåðàòîðà â B òàêèì ÷èíîì (äèâ. [109]).

Òåîðåìà 1.8 Íåõàé A ∈ E(B), x ∈ G(1)(A). Òîäi ïîñëiäîâíiñòü(
I +

zA

n

)n
x, n ∈ N, çáiãà¹òüñÿ äî exp(zA)x ðiâíîìiðíî íà êîæíî-

ìó êîìïàêòi K ⊂ C. Íàâïàêè, ÿêùî ïîñëiäîâíiñòü
(
I +

tA

n

)n
x, x ∈

C∞(A), çáiãà¹òüñÿ äëÿ äîâiëüíîãî t ≤ 0 i îïåðàòîð A ãåíåðó¹ ñòèñêàëü-

íó C0-ïiâãðóïó, òî x ∈ G(1)(A).

Äîâåäåííÿ. Ðiâíîìiðíà íà áóäü-ÿêîìó êîìïàêòi K ⊂ C çáiæíiñòü ïî-

ñëiäîâíîñòi

(
I +

zA

n

)n
x, n ∈ N, äî exp(zA)x äîâîäèòüñÿ òàê ñàìî, ÿê i

â òåîðåìi 1.7.

Íåõàé òåïåð ïîñëiäîâíiñòü

(
I +

zA

n

)n
x, (x ∈ C∞(A), n ∈ N), çáiãà¹-

òüñÿ â B äëÿ äîâiëüíîãî ôiêñîâàíîãî z = t < 0. Òîäi, ÿê i ó ïîïåðåäíüîìó

âèïàäêó,

∃Mt > 0 :

∥∥∥∥(I + tA

n

)n
x

∥∥∥∥ ≤Mt.

Îñêiëüêè
{
etA
}
t≥0

- ïiâãðóïà ñòèñêó, òî

∀k, n ∈ N :

∥∥∥∥∥
(
I +

tA

n

)−k
∥∥∥∥∥ ≤ 1 ïðèt < 0,

à òîìó äëÿ k ≤ n ìà¹ìî∥∥∥∥∥
(
I +

tA

n

)k
x

∥∥∥∥∥ =

∥∥∥∥∥
(
I +

tA

n

)k−n(
I +

tA

n

)n
x

∥∥∥∥∥ ≤

≤
∥∥∥∥(I + tA

n

)n
x

∥∥∥∥ ≤Mt.
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Çâiäñè ∥∥∥∥(tAn
)n

x

∥∥∥∥ =

∥∥∥∥((I + tA

n

)
− I

)n
x

∥∥∥∥ =

=

∥∥∥∥∥
n∑
k=0

(−1)n−kCk
n

(
I +

tA

n

)k
x

∥∥∥∥∥ ≤
n∑
k=0

Ck
nMt = 2nMt,

à îòæå,

∀n ∈ N : ∥Anx∥ ≤Mt

(
2

|t|

)n
nn.

Ç ôîðìóëè Ñòiðëiíãà i òîãî, ùî t < 0 ìîæå áóòè ÿêèì çàâãîäíî, îäåðæó¹ìî

∀α > 0∃c = c(α) : ∥Anx∥ ≤ cαnn!,

òîáòî x ∈ G(1)(A), ùî é òðåáà áóëî äîâåñòè.

Âàðòî çàçíà÷èòè, ùî òåîðåìè 1.7 i 1.8 ðîçâ'ÿçóþòü ïîñòàâëåíó âèùå

ïðîáëåìó Õiëëå âiäøóêàííÿ ìàêñèìàëüíî¨ ìíîæèíè âåêòîðiâ ç B, äëÿ

ÿêèõ ðiâíiñòü (1.15) âèêîíó¹òüñÿ äëÿ âñiõ z ∈ C. Âèÿâëÿ¹òüñÿ, ùî ñàìå

ïðîñòið öiëèõ âåêòîðiâ îïåðàòîðà A ¹ òàêîþ ìíîæèíîþ. �¨ ùiëüíiñòü â B

ìà¹ ìiñöå, ÿêùî A ¹ ãåíåðàòîðîì:

• îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè (äèâ. òâåðäæííÿ 1.2);

• C0-ïiâãðóïè íîðìàëüíèõ îïåðàòîðiâ ó ãiëüáåðòîâîìó ïðîñòîði H (ó

öüîìó âèïàäêó G{0}(A) = {y ∈ H : y = E(∆)x, ∀x ∈ H, ∀ êîìïàêò

∆ ∈ R2});

• C0-ãðóïè ëiíiéíèõ îïåðàòîðiâ ó áàíàõîâîìó ïðîñòîði (äèâ. [109]).

Âèñíîâêè äî ðîçäiëó 1

Îñíîâíèé ðåçóëüòàò öüîãî ðîçäiëó ïîëÿãà¹ ó çíàõîäæåííi äëÿ äîâiëü-

íî¨ C0-ãðóïè {U(t)}t∈R ëiíiéíèõ îïåðàòîðiâ ç ãåíåðàòîðîì A ó áàíàõî-

âîìó ïðîñòîði B ìàêñèìàëüíèõ ùiëüíèõ ó íüîìó ïiäïðîñòîðiâ B1 òà B2,
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íà åëåìåíòàõ x ÿêèõ öÿ ãðóïà çîáðàæó¹òüñÿ ó âèãëÿäi ñòåïåíåâîãî ðÿäó

àáî åêñïîíåíöiàëüíî¨ ãðàíèöi âiä îïåðàòîðà A, òîáòî ðîçâ'ÿçàííi ïðîáëåì

Êîëìîãîðîâà i Õiëëå. Ïîêàçàíî, ùî ïðîáëåìà Êîëìîãîðîâà çàâæäè ìà¹

ðîçâ'ÿçîê, à ìíîæèíà B1 ¹ íå ùî iíøå, ÿê ïðîñòið G(1)(A) öiëèõ âåêòîðiâ

îïåðàòîðà A. Äîâåäåíî, ùî îðáiòà U(t)x ðîçãëÿäóâàíî¨ ãðóïè íà öiëîìó

âåêòîði x ¨¨ ãåíåðàòîðà äîïóñêà¹ ïðîäîâæåííÿ äî öiëî¨ âåêòîð-ôóíêöi¨

exp(zA)x :=
∞∑
n=0

zn

n!A
nx . Çíàéäåíî óìîâè íà âåêòîð x, çà ÿêèõ öå ïðîäîâ-

æåííÿ ìà¹ ñêií÷åííèé ïîðÿäîê ðîñòó i ñêií÷åííèé òèï, i ç'ÿñîâàíî çâ'ÿçîê

ìiæ íèìè i òèïîì òà ïîðÿäêîì x âiäíîñíî îïåðàòîðà A.

Ïîêàçàíî òàêîæ, ùî äëÿ ãåíåðàòîðà A C0-ãðóïè åêñïîíåíöiàëüíà ãðà-

íèöÿ lim
n→∞

(
1 + tA

n

)n
x iñíó¹ òîäi i òiëüêè òîäi, êîëè x ∈ G(1)(A), i âîíà

çáiãà¹òüñÿ ç ñóìîþ ñòåïåíåâîãî ðÿäó äëÿ exp(zA)x. Ðåçóëüòàò ùîäî çîáðà-

æåííÿ C0-ãðóïè åêñïîíåíöiàëüíîþ ãðàíèöåþ âiä ¨¨ ãåíåðàòîðà óçàãàëüíþ-

¹òüñÿ íà âèïàäîê äîâiëüíîãî çàìêíåíîãî, ùiëüíî çàäàíîãî â B îïåðàòîðà

A. Íàâåäåíî óìîâè íà îïåðàòîð A, çà ÿêèõ ïðîñòið G(1)(A) ¹ ùiëüíèì â

B.

Òàêèì ÷èíîì, çíàéäåíî ñïîñîáè ïîáóäîâè C0-ãðóïè áåçïîñåðåäíüî çà

¨¨ ãåíåðàòîðîì. Ó âñiõ iíøèõ ïiäõîäàõ ãðóïà âiäíîâëþ¹òüñÿ çà ïåâíèìè

ôóíêöiÿìè âiä íüîãî, ùî, ç îãëÿäó íà çàñòîñóâàííÿ, óñêëàäíþ¹ ïðîöåñ

âiäíîâëåííÿ.

Êðiì òîãî, ó ðîçäiëi äîñëiäæåíî ïðîñòîðè ëîêàëüíî àíàëiòè÷íèõ òà

öiëèõ B-çíà÷íèõ âåêòîð-ôóíêöié, i íàâåäåíî óìîâè íà âåêòîð x, çà ÿêèõ

äëÿ ùiëüíî çàäàíîãî çàìêíåíîãî îïåðàòîðà A â B ôóíêöiÿ exp(zA)x ¹

ëîêàëüíî àíàëiòè÷íîþ ó ïðîñòîði àíàëiòè÷íèõ âåêòîðiâ îïåðàòîðà A àáî

öiëîþ ó êëàñi Æåâðå G{γ}(A) ç γ < 1 (ïðîñòîði G(γ)(A) ç γ ≤ 1).
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2 Ñòðóêòóðà ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ

ðiâíÿíü ó áàíàõîâîìó ïðîñòîði

íà íåñêií÷åííîìó iíòåðâàëi

Îäíi¹þ ç îñíîâíèõ â òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü ¹ ïðîáëåìà îïèñàííÿ

óñiõ ðîçâ'ÿçêiâ ðiâíÿííÿ âñåðåäèíi îáëàñòi òà ¨õ äîñëiäæåííÿ ïðè íàáëè-

æåííi äî ãðàíèöi. Äëÿ çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü çi ñòàëèìè

êîåôiöi¹íòàìè öÿ ïðîáëåìà áóëà ðîçâ'ÿçàíà ó 18-ìó ñò., i ¨¨ ðîçâ'ÿçîê

÷àñòî-ãóñòî âèêîðèñòîâó¹òüñÿ ïðè ïîñòàíîâöi ðiçíîìàíiòíèõ çàäà÷ äëÿ

òàêèõ ðiâíÿíü. Ùî ñòîñó¹òüñÿ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè, òî ¨¨

ðîçâ'ÿçàííÿ ùå äàëåêî íå çàâåðøåíå íàâiòü äëÿ ðiâíÿíü êëàñè÷íî¨ ìà-

òåìàòè÷íî¨ ôiçèêè.

Â ðîáîòàõ [144-146] çàçíà÷åíà ïðîáëåìà äîñëiäæó¹òüñÿ íàìè äëÿ ðiâ-

íÿíü âèãëÿäó(
d

dt
− A

)n(
d

dt
+ A

)m
y(t) = 0, t ∈ I; n,m ∈ N0; n+m ≥ 1, (2.1)

äå I = (0,∞) àáî (−∞,∞),A � ãåíåðàòîð àíàëiòè÷íî¨ C0-ïiâãðóïè
{
etA
}
t≥0

ó áàíàõîâîìó ïðîñòîði B. Çàóâàæèìî, ùî êîíêðåòíi ðåàëiçàöi¨ ïðîñòîðó

B, îïåðàòîðà A òà m,n â ðiâíÿííi (2.1) ìiñòÿòü ó ñîái ÷èìàëî êëàñiâ ðiâ-

íÿíü iç ÷àñòèííèìè ïîõiäíèìè â ðiçíèõ ôóíêöiîíàëüíèõ ïðîñòîðàõ.

Âiäìiòèìî òàêîæ, ùî âèïàäêè n = 1,m = 0;n = 0,m = 1;n = m ≥

1; I = (−∞,∞) ðîçãëÿíóòî â [144, 153]. Ðiâíÿííÿ æ âèãëÿäó (2.1) íà

ïiâîñi (0,∞) äîñëiäæóâàëîñü áàãàòüìà ìàòåìàòèêàìè çà ðiçíèõ óìîâ íà

ïîâåäiíêó ðîçâ'ÿçêiâ â îêîëi òî÷êè 0 (äèâ., íàïðèêëàä, [1, 88, 98, 154, 155]).

Ïåðø íiæ ïåðåéòè äî âèêëàäó îñíîâíèõ ðåçóëüòàòiâ, ùî ñòîñóþòüñÿ
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ðiâíÿííÿ (2.1), çóïèíèìîñü íà ðiâíÿííi(
d2

dt2
− A2

)
y(t) = 0, (2.2)

äå A ∈ E(B), i ïîêàæåìî, ÿêi òðóäíîùi âèíèêàþòü ïðè âiäøóêàííi çîáðà-

æåííÿ éîãî çàãàëüíîãî ðîçâ'ÿçêó íà (0,∞).

Ôîðìàëüíî áóäü-ÿêèé ðîçâ'ÿçîê ðiâíÿííÿ (2.2) ìîæíà çàïèñàòè ó âè-

ãëÿäi

y(t) = exp(tA)f1 +
sinh(tA)

A
f2, (2.3)

äå f1, f2 - âåêòîðè çB. Ùîá íàäàòè ñåíñ öüîìó âèðàçó, ïîòðiáíî ç'ÿñóâàòè,

ùî ñàìå ðîçóìi¹òüñÿ ïiä exp(tA) òà
sinh(tA)

A
i ÿêó ìíîæèíó F ìàþòü

ïåðåáiãàòè âåêòîðè f1, f2, ùîá îäåðæàòè óñi éîãî ðîçâ'ÿçêè íà (0,∞).

ßêùî A ∈ L (B), òî exp(tA) i
sinh(tA)

A
ìîæíà âèçíà÷èòè, íàïðèêëàä,

çà äîïîìîãîþ ðÿäiâ

∞∑
k=0

tkAk

k!
òà

∞∑
k=0

t2k+1A2k

(2k + 1)!
,

ÿêi çáiãàþòüñÿ ðiâíîìiðíî íà äîâiëüíîìó êîìïàêòi K ∈ C. Òîäi çàãàëüíèé

ðîçâ'ÿçîê ðiâíÿííÿ (2.2) çàäà¹òüñÿ ôîðìóëîþ (2.3), äå f1, f2 ∈ B.

ßêùî æ A íå îáìåæåíèé, òî ïîáóäîâà öèõ ôóíêöié âiä îïåðàòîðà A

ó çàãàëüíié ñèòóàöi¨ íå ðîçâ'ÿçàíà ùå é ïîíèíi. Öå ïî-ïåðøå. À ïî-äðóãå,

ÿêùî íàâiòü ó äåÿêèõ âèïàäêàõ ìîæíà âèçíà÷èòè çàçíà÷åíi ôóíêöi¨ âiä

îïåðàòîðà A, òî äå ãàðàíòiÿ, ùî âèðàç (2.3) ç f1, f2 ∈ B äàñòü óñi ðîçâ'ÿçêè

ðiâíÿííÿ (2.2)? Iíîäi ìíîæèíà F ¹ âóæ÷îþ çà B, à iíêîëè ïîòðiáíî âèéòè

çà ìåæi ïðîñòîðó B.

Âèïàäîê, êîëè â ðiâíÿííi (2.2) A2 � ñàìîñïðÿæåíå ðîçøèðåííÿ ìiíi-

ìàëüíîãî îïåðàòîðà, ïîðîäæåíîãî ó ïðîñòîði L2(a, b) âèðàçîì
d2

dx2
, óïåð-

øå áóâ ðîçãëÿíóòèé Äàëàìáåðîì, Åéëåðîì òà Ä. Áåðíóëëi ùå â ñåðåäèíi
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18 ñò. ïðè âèâ÷åííi ðîçâ'ÿçêiâ ðiâíÿííÿ êîëèâàííÿ ñòðóíè. Âæå òîäi ïîñòà-

ëî ïèòàííÿ, ÿê âèçíà÷èòè âiäïîâiäíi ôóíêöi¨ âiä îïåðàòîðà A (ôîðìóëîþ

Äàëàìáåðà ÷è òðèãîíîìåòðè÷íèì ðÿäîì Ä. Áåðíóëëi) i ùî ïîòðiáíî âçÿòè

çà ìíîæèíó F . Öå ïèòàííÿ óïðîäîâæ òðèâàëîãî ÷àñó äèñêóòóâàëîñü áàãà-

òüìà ìàòåìàòèêàìè, ùî ïðèâåëî äî âèíèêíåííÿ âàæëèâèõ ïîíÿòü àíàëiçó,

òàêèõ ÿê, íàïðèêëàä, ôóíêöiÿ, çáiæíiñòü, iíòåãðàë òîùî, i ðîçâèòêó íî-

âèõ ðîçäiëiâ ìàòåìàòèêè, çîêðåìà ñïåêòðàëüíî¨ òåîði¨ îïåðàòîðiâ òà òåîði¨

ïiâãðóï.

Iíøèì âiäîìèì ïðèêëàäîì, ùî ïðèâåðíóâ äî ñåáå âåëèêó óâàãó, öå

áóëî ðiâíÿííÿ Ëàïëàñà (÷àñòèííèé âèïàäîê (2.2), êîëè çà A2 áåðåòüñÿ ñà-

ìîñïðÿæåíå ðîçøèðåííÿ ìiíiìàëüíîãî îïåðàòîðà, ïîðîäæåíîãî ó ïðîñòîði

L2(a, b) äèôåðåíöiàëüíèì âèðàçîì − d2

dx2
) , äëÿ ÿêîãî ïèòàííÿ çîáðàæåí-

íÿ çàãàëüíîãî ðîçâ'ÿçêó ïî ñóòi åêâiâàëåíòíå ìîæëèâîñòi çîáðàæåííÿ äî-

âiëüíî¨ ãàðìîíi÷íî¨ (àíàëiòè÷íî¨) ó âiäêðèòié îáëàñòi ôóíêöi¨ iíòåãðàëîì

Ïóàññîíà (Êîøi). Îñêiëüêè íå âñÿêà òàêà ôóíêöiÿ ìà¹ ãðàíè÷íå çíà÷åííÿ

ó çâè÷àéíîìó ðîçóìiííi àáî â Lp, òî ñòàëî ÿñíî, ùî ìíîæèíà F ìà¹ áóòè

øèðøîþ çà ïðîñòið íåïåðåðâíèõ ôóíêöié àáî Lp. Ïîøóêè öi¹¨ ìíîæèíè

ïðèâåëè äî ïîÿâè òàêèõ ïîíÿòü, ÿê êëàñè Ãàðäi, ãiïåðôóíêöiÿ òîùî.

Ñïî÷àòêó ïåðåéäåìî äî ôîðìóëþâàííÿ îñíîâíèõ ðåçóëüòàòiâ äëÿ ðiâ-

íÿííÿ (2.1) íà (−∞,∞).
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2.1 Ïðî ðîçâ'ÿçêè ïàðàáîëi÷íèõ òà åëiïòè÷íèõ

äèôåðåíöiàëüíèõ ðiâíÿíü ó áàíàõîâîìó

ïðîñòîði íà (−∞,∞)

Ðîçãëÿíåìî ðiâíÿííÿ

y′(t)− Ay(t) = 0, t ∈ (−∞,∞), (2.4)

òà

y′(t) + Ay(t) = 0, t ∈ (−∞,∞), (2.5)

äå A � ãåíåðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè
{
etA
}
t≥0

â B. Ðiâíÿ-

ííÿ (2.4) ((2.5)) ¹ àáñòðàêòíèì ïàðàáîëi÷íèì (îáåðíåíèì ïàðàáîëi÷íèì).

Ïðèêëàäè. Íåõàé B � îäèí iç ïðîñòîðiâ Lp(Rn)(1 ≤ p <∞), C0(Rn)

àáî BUC(Rn), äå C0(Rn) (BUC(Rn)) � ïðîñòið íåïåðåðâíèõ ôiíiòíèõ

(îáìåæåíèõ ðiâíîìiðíî íåïåðåðâíèõ) ôóíêöié íà Rn iç ñóïðåìóì-íîðìîþ.

Ó êîæíîìó ç öèõ ïðîñòîðiâ çàäàìî îïåðàòîð A òàêèì ÷èíîì:

Au(x) = ∆u(x), x ∈ Rn, D(A) = {u ∈ B : ∆u ∈ B},

(∆ áåðåòüñÿ â ñåíñi ðîçïîäiëiâ).

Çãiäíî ç [3], îïåðàòîð A ãåíåðó¹ îáìåæåíó àíàëiòè÷íó C0-ïiâãðóïó ç

êóòîì
π

2
ó ïðîñòîði B, à ñàìå:

(etAf)(x) = (4πt)−n/2
∫
Rn

f(x− s)e−|s|2/4t ds t > 0, f ∈ B, x ∈ Rn.

Ó öüîìó âèïàäêó (2.4) � êëàñè÷íå ðiâíÿííÿ òåïëîïðîâiäíîñòi.

ßêùî A ≤ 0 � ñàìîñïðÿæåíèé îïåðàòîð ó ãiëüáåðòîâîìó ïðîñòîði, òî

âií òàêîæ ãåíåðó¹ îáìåæåíó àíàëiòè÷íó C0-ïiâãðóïó ç êóòîì àíàëiòè÷íî-

ñòi
π

2
.
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Ïiä ðîçâ'ÿçêîì (êëàñè÷íèì) ðiâíÿííÿ (2.4) àáî (2.5) íà (−∞,∞) ðî-

çóìiòèìåìî ñèëüíî íåïåðåðâíî äèôåðåíöiéîâíó âåêòîð-ôóíêöiþ y(t) :

(−∞,∞) 7→ D(A), ùî çàäîâîëüíÿ¹ (2.4) àáî, âiäïîâiäíî, (2.5).

Òåîðåìà 2.1 Íåõàé A � ãåíåðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè{
etA
}
t≥0

â B. Âåêòîð-ôóíêöiÿ y(t) : (−∞,∞) 7→ D(A) ¹ ðîçâ'ÿçêîì ðiâ-

íÿííÿ (2.4) íà (−∞,∞) òîäi i òiëüêè òîäi, êîëè âîíà ìîæå áóòè ïîäàíà

ó âèãëÿäi

∀t ∈ (−∞,∞) : y(t) = exp(tA)g, g ∈ G(1)(A). (2.6)

Îòæå, áóäü-ÿêèé ðîçâ'ÿçîê y(t) ðiâíÿííÿ (2.4) íà (−∞,∞) äîïóñêà¹ ïðî-

äîâæåííÿ äî öiëî¨ âåêòîð-ôóíêöi¨ ó ïðîñòîði G(1)(A).

Äîâåäåííÿ. Ïðèïóñòèìî, ùî y(t) � ðîç'ÿçîê ðiâíÿííÿ (2.4) íà (−∞,∞).

Îñêiëüêè y(t) ¹ òàêîæ ðîçâ'ÿçêîì öüîãî ðiâíÿííÿ íà [0,∞), òî, çãiäíî ç

[1],

∀t ∈ [0,∞) : y(t) = etAf = exp(tA)f, f ∈ D(A).

Ïîêëàäåìî z(t) = y(−t), t ≥ 0. Âåêòîð-ôóíêöiÿ z(t) ¹ ðîçâ'ÿçîêîì

ðiâíÿííÿ (2.5) íà [0,∞). ßê ïîêàçàíî â [88],

y(−t) = z(t) = exp(−tA)g, g ∈ G(1)(A), t ∈ [0,∞).

Áåðó÷è äî óâàãè íåïåðåðâíiñòü y(t) â òî÷öi 0, îäåðæó¹ìî f = g. Òàêèì

÷èíîì, y(t) çîáðàæó¹òüñÿ ó âèãëÿäi (2.6) íà âñié äiéñíié îñi. Çà òåîðåìîþ

1.5, , òàêà âåêòîð-ôóíêöiÿ ¹ öiëîþ ó ïðîñòîði G(1)(A).

Òåîðåìó äîâåäåíî.

Çàóâàæèìî, ùî òîé ôàêò, ùî çíà÷åííÿ ðîçâ'ÿçêó y(t) ðiâíÿííÿ (2.4)

íàëåæàòü äî ïðîñòîðó G(1)(A), äëÿ ðiâíÿííÿ òåïëîïðîâiäíîñòi îçíà÷à¹,

ùî éîãî ðîçâ'ÿçêè ¹ öiëèìè ÿê ïî t, òàê i ïî x.
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Àíàëîãi÷íî òîìó, ÿê öå çðîáëåíî äëÿ ðiâíÿííÿ (2.4), äîâîäèòüñÿ, ùî

âåêòîð-ôóíêöiÿ y(t) : (−∞,∞) 7→ D(A) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (2.5) íà

(−∞,∞) òîäi i òiëüêè òîäi, êîëè

∀t ∈ (−∞,∞) : y(t) = exp(−tA)g, g ∈ G(1)(A). (2.7)

Ç òåîðåìè 1.5 òîäi âèïëèâà¹, ùî âåêòîð-ôóíêöiÿ (2.7) òàêîæ ¹ öiëîþ ó

ïðîñòîði G(1)(A).

À çàðàç ïåðåéäåìî äî ðiâíÿííÿ äðóãîãî ïîðÿäêó

y′′(t)−By(t) = 0, t ∈ (−∞,∞), (2.8)

äå B � ñëàáî ïîçèòèâíèé îïåðàòîð â B, òîáòî B ∈ E(B), ρ(B) ⊃ (−∞, 0)

i iñíó¹ ñòàëà M > 0 òàêà, ùî

∀λ > 0 : ∥R(−λ;B)∥ ≤ M

λ
.

Äëÿ ñëàáî ïîçèòèâíîãî îïåðàòîðà B âèçíà÷åíèìè ¹ (äèâ. [1]) éîãî äðî-

áîâi ñòåïåíi Bα, 0 < α < 1, i îïåðàòîð A = −B1/2 ãåíåðó¹ îáìåæåíó

àíàëiòè÷íó C0-ïiâãðóïó â B.

Ïiä ðîçâ'ÿçêîì (êëàñè÷íèì) ðiâíÿííÿ (2.8) on (−∞,∞) ðîçóìiòèìå-

ìî äâi÷i íåïåðåðâíî äèôåðåíöiéîâíó âåêòîð-ôóíêöiþ y(t) : (−∞,∞) 7→

D(B), ùî çàäîâîëüíÿ¹ (2.8) íà (−∞,∞).

Òåîðåìà 2.2 Íåõàé B � ñëàáî ïîçèòèâíèé îïåðàòîð â B. Äëÿ òîãî,

ùîá âåêòîð-ôóíêöiÿ y(t) : (−∞,∞) 7→ D(B) áóëà ðîçâ'ÿçêîì ðiâíÿííÿ

(2.8) íà (−∞,∞), íåîáõiäíî i äîñòàòíüî, ùîá âîíà äîïóñêàëà çîáðàæå-

ííÿ âèãëÿäó

y(t) = exp(tA)f +
sinh(tA)

A
g, f, g ∈ G(1)(A), (2.9)
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äå A = −B1/2,

sinh(zA)

A
=

z∫
0

cosh(zA) dz =
∞∑
k=0

z2k+1

(2k + 1)!
A2k,

cosh(zA) =
1

2
(exp(zA) + exp(−zA)) =

∞∑
k=0

z2k

(2k)!
A2k.

Îòæå, áóäü-ÿêèé ðîçâ'ÿçîê ðiâíÿííÿ (2.8) íà (−∞,∞) ¹ öiëîþ âåêòîð-

ôóíêöi¹þ ó ïðîñòîði G(1)(A).

Äîâåäåííÿ. Ïðèïóñòèìî, ùî y(t) � ðîçâ'ÿçîê ðiâíÿííÿ (2.8) íà (−∞,∞).

Öå ðiâíÿííÿ ìîæíà çàïèñàòè ÿê(
d

dt
+ A

)(
d

dt
− A

)
y(t) = 0.

Ïîêëàäåìî

z(t) =

(
d

dt
− A

)
y(t).

Î÷åâèäíî, ùî z(t) � ðîçâ'ÿçîê ðiâíÿííÿ (2.5) íà (−∞,∞) ç îïåðàòîðîì

A = −B1/2, ÿêèé ïîðîäæó¹ îáìåæåíó àíàëiòè÷íó C0-ïiâãðóïó ó ïðîñòîði

B. ßê ïîêàçàíî âèùå,

∀t ∈ (−∞,∞) : z(t) = exp(−tA)g, g ∈ G(1)(A).

Îòæå, y(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ(
d

dt
− A

)
y(t) = exp(−tA)g.

íà (−∞,∞). Íåõàé òåïåð

z0(t) = y(t)− sinh(tA)

A
g.

Òîäi (
d

dt
− A

)
z0(t) = exp(−tA)g −

(
d

dt
− A

)
sinh(tA)

A
g = 0,
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òîáòî z0(t) � ðîçâ'ÿçîê ðiâíÿííÿ (2.4) íà (−∞,∞). Òîìó

∀t ∈ (−∞,∞) : z0(t) = exp(tA)f, f ∈ G(1)(A),

çâiäêè

y(t) = exp(tA)f +
sinh(tA)

A
g, f, g ∈ G(1)(A),

ùî, â ñèëó òåîðåìè 1.5 i òîãî, ùî âåêòîð-ôóíêöiÿ
sinh(tA)

A
g ¹ öiëîþ â

G(1)(A), äà¹ çìîãó çðîáèòè âèñíîâîê, ùî y(t) ïðîäîâæó¹òüñÿ äî öiëî¨

âåêòîð-ôóíêöi¨ y(z) ó ïðîñòîði G(1)(A).

Áåçïîñåðåäíüîþ ïåðåâiðêîþ ïåðåêîíó¹ìîñÿ, ùî âåêòîð-ôóíêöiÿ âèãëÿ-

äó (2.9) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (2.8).

Òåîðåìó äîâåäåíî.

ßê i â ï. 1.4, ïîçíà÷èìî ÷åðåç Ac(B) ïðîñòið öiëèõ âåêòîð-ôóíêöié iç

çíà÷åííÿìè â B, à ÷åðåç Aρ
c(B) � éîãî ïiäïðîñòið, ùî îõîïëþ¹ óñi âåêòîð-

ôóíêöi¨ ïîðÿäêó íå âèùå ρ i ñêií÷åííîãî ñòåïåíÿ ùîäî öüîãî ρ. Ìà¹ ðàöiþ

çàïèòàííÿ: ÷è iñíóþòü ðîçâ'ÿçêè ðiâíÿíü (2.4), (2.5) àáî (2.8) íà (−∞,∞),

ÿêi äîïóñêàþòü ïðîäîâæåííÿ äî âåêòîð-ôóíêöié ç êëàñó Aρ
c(B), i ÿêùî öå

òàê, òî çà ÿêèõ óìîâ ìíîæèíà òàêèõ ðîçâ'ÿçêiâ äëÿ âiäïîâiäíîãî ðiâíÿí-

íÿ ¹ ùiëüíîþ ó ïðîñòîði óñiõ éîãî ðîçâ'ÿçêiâ; iíøèìè ñëîâàìè, ÷è iñíó¹

äëÿ äîâiëüíîãî ðîçâ'ÿçêó y(·) ðiâíÿííÿ (2.4), (2.5) àáî (2.8) ïîñëiäîâíiñòü

yn(·) ∈ Aρ
c(B), ùî çáiãà¹òüñÿ äî y(·) ðiâíîìiðíî íà êîæíîìó êîìïàêòi

K ⊂ C.

Òåîðåìà 2.3 Äëÿ òîãî, ùîá ðîçâ'ÿçîê y(z) ðiâíÿííÿ (2.4), (2.5) (àáî (2.8))

íà (−∞,∞) íàëåæàâ äî Aρ
c(B), íåîáõiäíî i äîñòàòíüî, ùîá

y(0) ∈ G{β}(A) (y(0), y
′(0) ∈ G{β}(A)),

äå β =
ρ− 1

ρ
. ßêùî öi óìîâè âèêîíóþòüñÿ, òî ∀z ∈ C : y(z) ∈ G{β}(A).
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Ïðè ρ >
π

2θ
(θ � êóò àíàëiòè÷íîñòi ïiâãðóïè

{
etA
}
t≥0

), ñóêóïíiñòü ðîçâ'ÿçêiâ

y ∈ Aρ
c(B) âiäïîâiäíîãî ðiâíÿííÿ ¹ ùiëüíîþ ó ìíîæèíi âñiõ éîãî ðîçâ'ÿçêiâ.

Äîâåäåííÿ. Íåõàé y ∈ Aρ
c(B) � ðîçâ'ÿçîê ðiâíÿííÿ (2.4) íà (−∞,∞).

Òîäi y(z) çîáðàæó¹òüñÿ ó âèãëÿäi (2.6):

y(z) = exp(zA)g, g ∈ G(1)(A).

ßê ïîêàçàíî â [156], y(0) = g ∈ G{β}(A), äå β =
ρ− 1

ρ
. Çà òåîðåìîþ 1.5,

y(z) ∈ G{β}(A) äëÿ äîâiëüíîãî z ∈ C. Îáåðíåíå òâåðäæåííÿ âèïëèâà¹ ç

òi¹¨ æ ñàìî¨ òåîðåìè. Àíàëîãi÷íi àðãóìåíòè äiþòü i ó âèïàäêó ðiâíÿííÿ

(2.5).

Ïðèïóñòèìî òåïåð, ùî y ∈ Aρ
c(B) � ðîçâ'ÿçîê ðiâíÿííÿ (2.8) íà (−∞,∞).

Òîäi (äèâ. [156]) y(0), y′(0) ∈ G{γ}(B) ç γ = 2
ρ− 1

ρ
. Îñêiëüêè G{γ}(B) =

G{γ
2 }(A), òî y(0), y

′(0) ∈ G{β}(A). Çâiäñè i çîáðàæåííÿ (2.9) îäåðæó¹ìî

âêëþ÷åííÿ

y(0) = f ∈ G{β}(A), y′(0) = Af + g ∈ G{β}(A)

Áåðó÷è äî óâàãè âêëàäåííÿ AG{β}(A) ⊆ G{β}(A), ðîáèìî âèñíîâîê, ùî

g ∈ G{β}(A). Òåîðåìà 1.5 i ôîðìóëà (2.9) ãàðàíòóþòü âêëþ÷åííÿ y(z), y′(z) ∈

G{β}(A) äëÿ áóäü-ÿêîãî z ∈ C.

Ç òâåðäæåííÿ 1.2 âèïëèâà¹, ùî ïðè

β > 1− 2θ

π
⇐⇒ ρ =

1

1− β
>

1

1−
(
1− 2θ

π

) = π

2θ
,

ìíîæèíàG(β)(A) ¹ ùiëüíîþ âB. Îñêiëüêè ðîçâ'ÿçêè ðiâíÿííÿ (2.4) ìàþòü

âèãëÿä

y(z) = exp(zA)g, g ∈ G(1)(A),

à G{β}(A) = G(1)(A), òî âåêòîð g ìîæíà íàáëèçèòè â G(1)(A)-òîïîëîãi¨

âåêòîðàìè gn ∈ G{β}(A) (n ∈ N), à òîäi, çà òåîðåìîþ 1.5, ïîñëiäîâíiñòü
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yn(z) = exp(zA)gn çáiãà¹òüñÿ äî y(z) ðiâíîìiðíî íà êîæíîìó êîìïàêòi

K ⊂ C. Ïîäiáíi ìiðêóâàííÿ ìîæóòü áóòè çàñòîñîâàíi é äëÿ ðiâíÿíü (2.5)

òà (2.8).

Òåîðåìó äîâåäåíî.

Ùî ñòîñó¹òüñÿ ρ =
π

2θ
, òî ðîçãëÿäóâàíi ðiâíÿííÿ, âçàãàëi êàæó÷è,

ìîæóòü íå ìàòè âiäìiííèõ âiä òðèâiàëüíîãî ðîçâ'ÿçêiâ íà (−∞,∞) ó êëàñi

Aρ
c(B). Àëå (äèâ.[134]) çà óìîâ θ =

π

2
òà

1∫
0

ln lnM(s) ds <∞, äå M(s) = sup
|Imλ|≥s

∥R(λ;A)∥,

ìíîæèíà öiëèõ ðîçâ'ÿçêiâ åêñïîíåíöiàëüíîãî òèïó ¹ ùiëüíîþ ó ìíîæè-

íi âñiõ éîãî ðîçâ'ÿçêiâ. Öå, íàïðèêëàä, ìà¹ ìiñöå ó âèïàäêó, êîëè A �

íîðìàëüíèé îïåðàòîð ó ãiëüáåðòîâîìó ïðîñòîði H, ùî ãåíåðó¹ îáìåæå-

íó àíàëiòè÷íó C0-ïiâãðóïó, àáî êîëè B ¹ ñëàáî ïîçèòèâíèì íîðìàëüíèì

îïåðàòîðîì â H.

2.2 Îäíîðiäíå m-ãàðìîíi÷íå

äèôåðåíöiàëüíî-îïåðàòîðíå ðiâíÿííÿ

Ðîçãëÿíåìî ðiâíÿííÿ âèãëÿäó(
d2

dt2
−B

)m
y(t) = f(t), t ∈ (−∞,∞), (2.10)

äå B � ïîçèòèâíèé îïåðàòîð â B, m ∈ N, f(t) : R 7→ B � îáìåæåíà íå-

ïåðåðâíà B-çíà÷íà âåêòîð-ôóíêöiÿ. Íàãàäà¹ìî, ùî îïåðàòîð B ∈ E(B)

íàçèâà¹òüñÿ ïîçèòèâíèì, ÿêùî (−∞, 0] ∈ ρ(B) (ρ(·) � ðåçîëüâåíòíà ìíî-

æèíà îïåðàòîðà) i iñíó¹ ñòàëà M > 0 òàêà, ùî

∀λ > 0 :
∥∥(B + λI)−1

∥∥ ≤ M

1 + λ
.
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Ó öüîìó âèïàäêó, çãiäíî ç [1, 157], âèçíà÷åíi äðîáîâi ñòåïåíi Bα, 0 < α <

1, îïåðàòîðà B i îïåðàòîð A = −B 1
2 ãåíåðó¹ îáìåæåíó àíàëiòè÷íó C0-

ïiâãðóïó
{
etA
}
t≥0

â B âiä'¹ìíîãî òèïó

ω = ω(A) = lim
t→∞

ln
∥∥etA∥∥
t

= −
√
s(B),

äå

0 < s(B) = sup
λ∈σ(B)

Reλ,

σ(B) � ñïåêòð îïåðàòîðà B.

Ïiä ðîçâ'ÿçêîì (êëàñè÷íèì) ðiâíÿííÿ (2.10) íà (−∞,∞) ðîçóìiòèìåìî

2m ðàçiâ íåïåðåðâíî äèôåðåíöiéîâíó âåêòîð-ôóíêöiþ y(t) : R 7→ B òàêó,

ùî y(2k)(t) ∈ D
(
Bm−k) (k = 0, 1, . . . ,m), âåêòîð-ôóíêöiÿ Bm−ky(2k)(t) ¹

íåïåðåðâíîþ íà (−∞,∞) i y(t) çàäîâîëüíÿ¹ (2.10).

Ñïî÷àòêó ðîçãëÿíåìî îäíîðiäíå ðiâíÿííÿ(
d2

dt2
−B

)m
y(t) = 0, t ∈ (−∞,∞), (2.11)

Òåîðåìà 2.4 B-Çíà÷íà âåêòîð-ôóíêöiÿ y(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (2.11)

íà (−∞,∞) òîäi i òiëüêè òîäi, êîëè ¨¨ ìîæíà çîáðàçèòè ó âèãëÿäi

y(t) =
m−1∑
k=0

tk (exp(tA)fk + exp(−tA)gk) , fk, gk ∈ G(1)(A), (2.12)

äå A = −B 1
2 . Âåêòîðè fk òà gk (k = 0, 1, . . . ,m − 1) ó ôîðìóëi (2.12)

îäíîçíà÷íî âèçíà÷àþòüñÿ çà y(t).

Äîâåäåííÿ. Íåâàæêî ïåðåêîíàòèñÿ, ùî âåêòîð-ôóíêöiÿ y(t) âèãëÿäó

(2.12) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (2.11). Ùîá äîâåñòè ïðîòèëåæíå, ñêîðèñòà¹-

ìîñü ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨.

Ïðèïóñòèìî, ùî y(t) � ðîçâ'ÿçîê ðiâíÿííÿ(
d2

dt2
−B

)
y(t) =

(
d2

dt2
− A2

)
y(t) =
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=

(
d

dt
+ A

)(
d

dt
− A

)
y(t) = 0, t ∈ R,

i ïîêëàäåìî

z(t) =

(
d

dt
− A

)
y(t).

Âåêòîð-ôóíêöiÿ z(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (2.5) íà ïiâîñi (0,∞). ßê ïî-

êàçàíî â [98], íà ïiâîñi (0,∞) z(t) ìà¹ âèãëÿä

z(t) = exp(−tA)h1, h1 ∈ G(1)(A),

òîáòî (
d

dt
− A

)
y(t) = exp(−tA)h1, t > 0.

Ïîçíà÷èìî

z0(t) = y(t)− sinh(tA)

A
h1. (2.13)

Çâàæàþ÷è íà òå, ùî îïåðàòîð-ôóíêöiÿ

sinh(tA)

A
=

∞∑
k=0

t2k+1A2k+1

(2k + 1)!

¹ öiëîþ ó ïðîñòîði G(1)(A), áåçïîñåðåäíüîþ ïåðåâiðêîþ ïåðåêîíó¹ìîñü, ùî(
d

dt
− A

)
z0(t) = 0, t ∈ R.

Îñêiëüêè A � ãåíåðàòîð C0-ïiâãðóïè â B, òî (äèâ., íàïðèêëàä, [1])

∀t ≥ 0 : z0(t) = etAh2, h2 ∈ D(A). (2.14)

Áåðó÷è äî óâàãè, ùî âåêòîð-ôóíêöiÿ z1(t) = z0(−t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

(2.5), äiéäåìî âèñíîâêó, ùî

z1(t) = exp(−tA)h3, h3 ∈ G(1)(A),
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çâiäêè h2 = z0(0) = z1(0) = h3 ∈ G(1)(A). Ç (2.13) i (2.14) òîäi âèïëèâà¹

çîáðàæåííÿ

y(t) = z0(t) +
sinh(tA)

A
h1 = exp(tA)h2 +

sinh(tA)

A
h1, h1, h2 ∈ G(1)(A),

ùî åêâiâàëåíòíå ðiâíîñòi

y(t) = exp(tA)f0 + exp(−tA)g0,

äå

f0 = h2 +
A−1h1

2
, g0 =

−A−1h1
2

.

Ïðèïóñòèìî òåïåð, ùî ðîçâ'ÿçîê y(t) ðiâíÿííÿ (2.11) ç m = k − 1

çîáðàæó¹òüñÿ ó âèãëÿäi (2.12), i ïîêàæåìî, ùî òàêå çîáðàæåííÿ ìà¹ ìiñöå

i ó âèïàäêó m = k.

Íåõàé y(t) � ðîçâ'ÿçîê ðiâíÿííÿ(
d2

dt2
−B

)k
y(t) = 0, t ∈ (−∞,∞),

ç äåÿêèì k > 1. Òîäi âåêòîð-ôóíêöiÿ

z(t) =

(
d2

dt2
−B

)k−1

y(t)

çàäîâîëüíÿ¹ ðiâíÿííÿ(
d2

dt2
−B

)
z(t) = 0, t ∈ (−∞,∞).

Îòæå, iñíóþòü f̃0, g̃0 ∈ G(1)(A) òàêi, ùî

z(t) = exp(tA)f̃0 + exp(−tA)g̃0,

Òîäi âåêòîð-ôóíêöiÿ

ỹ(t) = y(t)− tk−1 exp(tA)fk−1 − tk−1 exp(−tA)gk−1, (2.15)
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äå

fk−1 =
A1−k

2k−1(k − 1)!
f̃0, gk−1 =

(−1)k−1A1−k

2k−1(k − 1)!
g̃0 ∈ G(1)(A),

¹ ðîçâ'ÿçêîì ðiâíÿííÿ(
d2

dt2
−B

)k−1

ỹ(t) = 0, t ∈ (−∞,∞).

Òîìó ỹ(t) ìîæíà ïîäàòè ó âèãëÿäi (2.12) ç m = k − 1, çâiäêè, çàâäÿêè

(2.15), ïðèõîäèìî äî çîáðàæåííÿ (2.12) ç m = k.

Äîâåäåìî òåïåð éîãî ¹äèíiñòü, òîáòî ùî òîòîæíiñòü y(t) ≡ 0 çóìîâëþ¹

ðiâíîñòi fk = gk = 0, k = 0, 1, . . . ,m−1. Âèõîäÿ÷è ç (2.12), áåçïîñåðåäíiì

ïiäðàõóíêîì îäåðæó¹ìî(
d

dt
+ A

)m(
d

dt
− A

)m−1

y(t) =

(
d

dt
+ A

)m
(m− 1)! exp(tA)fm−1 =

= 2m(m− 1)!Am exp(tA)fm−1 (2.16)

i (
d

dt
− A

)m(
d

dt
+ A

)m−1

y(t) =

(
d

dt
− A

)m
(m− 1)! exp(−tA)gm−1 =

= (−1)m2m(m− 1)!Am exp(−tA)gm−1 (2.17)

Ïîêëàäàþ÷è â (2.16) òà (2.17) t = 0 i âðàõîâóþ÷è òîé ôàêò, ùî y(t) ≡ 0,

ïðèéäåìî äî ðiâíîñòåé fm−1 = gm−1 = 0. Òàêèì ÷èíîì,

y(t) =
m−2∑
k=0

tk(exp(tA)fk + exp(−tA)gk).

Ïîâòîðþþ÷è öþ ïðîöåäóðó m ðàçiâ, äiéäåìî âèñíîâêó, ùî fk = gk = 0

äëÿ âñiõ k = 0, 1, . . . ,m− 1, ùî é òðåáà áóëî äîâåñòè.

Íàñëiäîê 2.1 Áóäü-ÿêèé ðîçâ'ÿçîê ðiâíÿííÿ (2.11) íà (−∞,∞) äîïó-

ñêà¹ ïðîäîâæåííÿ äî öiëî¨ âåêòîð-ôóíêöi¨ çi çíà÷åííÿìè â G(1)(A).
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Îñêiëüêè îïåðàòîð A ïîðîäæó¹ îáìåæåíó àíàëiòè÷íó ïiâãðóïó, òî, ÿê

âèïëèâà¹ ç òåîðåì 1.5 òà 2.4, ïðîñòið óñiõ ðîçâ'ÿçêiâ ðiâíÿííÿ (2.11) ¹ íå-

ñêií÷åííîâèìiðíèì. Áiëüø òîãî, äëÿ íèõ ìà¹ ìiñöå òàêèé àíàëîã ïðèíöèïó

Ôðàãìåíà-Ëiíäåëüîôà [158].

Òåîðåìà 2.5 Íåõàé y(t) � ðîçâ'ÿçîê ðiâíÿííÿ (2.11). ßêùî

∃γ ∈ (0,−ω), ∃cγ > 0 : ∥y(t)∥ ≤ cγe
γt, t ∈ R, (2.18)

äå ω = ω(A) � òèï ïiâãðóïè
{
etA
}
t≥0

, òî y(t) ≡ 0.

Äîâåäåííÿ. Çàïèøåìî (2.12) ÿê

y(t) = y1(t) + y2(t),

äå

y1(t) =
m−1∑
i=0

ti exp(tA)fi, y2(t) =
m−1∑
i=0

ti exp(−tA)gi. (2.19)

Îñêiëüêè ïiâãðóïà
{
etA
}
t≥0

¹ îáìåæåíîþ àíàëiòè÷íîþ, òî, çà ôîðìóëîþ

(1.17), ïðè t > 0 ìà¹ìî

exp(tA)fi = etAfi, i = 0, 1, . . . ,m− 1.

Ç îçíà÷åííÿ òèïó ïiâãðóïè âèïëèâà¹, ùî

∀δ ∈
(
0,−ω

2

)
, ∀t ≥ 0, ∃cδ > 0 :

∥∥etA∥∥ ≤ cδe
(ω+δ)t,

âíàñëiäîê ÷îãî

∀t ≥ 0 : ∥y1(t)∥ ≤
m−1∑
i=0

ti∥ exp(tA)fi∥ ≤
m−1∑
i=0

ciδe
(ω+2δ)t ≤ c̃δe

(ω+2δ)t, (2.20)

äå 2δ ∈ (0,−ω) i ñòàëà c̃δ =
m−1∑
i=0

ciδ çàëåæèòü ëèøå âiä fi.
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Íåõàé òåïåð g ∈ G(1)(A). Òîäi

∀δ ∈
(
0,−ω

2

)
, ∀t ≥ 0 : ∥g∥ =

∥∥etA exp(−tA)g∥∥ ≤
∥∥etA∥∥ ∥ exp(−tA)g∥ ≤

≤ cδe
(ω+δ)t∥ exp(−tA)g∥.

Öå ñïðè÷èíÿ¹ íåðiâíiñòü

∥ exp(−tA)g∥ ≥ c′δe
−(ω+δ)t∥g∥ ïðè t ≥ 0,

à òîìó

∀t ≥ 0 : ∥y2(t)∥ = ∥ exp(−tA)h(t)∥ ≥ c′δe
−(ω+δ)t∥h(t)∥,

äå h(t) =
m−1∑
i=0

tigi i c′δ = c−1
δ íå çàëåæèòü âiä t.

Ïðèïóñòèìî, ùî y2(t) ̸≡ 0. Òîäi ó çîáðàæåííi (2.19) äëÿ y2(t) äåÿêi

gi ̸= 0. Íå îáìåæóþ÷è çàãàëüíîñòi, ìîæíà ïðèïóñòèòè, ùî gm−1 ̸= 0, à

îòæå,

∀t > 0 : ∥y2(t)∥ ≥ c′δe
−(ω+δ)t

(
tm−1∥gm−1∥ −

∥∥∥∥∥
m−2∑
i=0

tigi

∥∥∥∥∥
)

=

= c′δe
−(ω+δ)ttm−1

(
∥gm−1∥ −

∥∥∥∥∥
m−2∑
i=0

ti−m+1gi

∥∥∥∥∥
)
.

Îñêiëüêè ∥∥∥∥∥
m−2∑
i=0

ti−m+1gi

∥∥∥∥∥→ 0 ïðè t→ ∞

i tm−1 > e−δt äëÿ äîñòàòíüî âåëèêèõ t > 0, òî

∀t > 0, ∀δ ∈
(
0,−ω

2

)
: ∥y2(t)∥ ≥ c′′δe

−(ω+2δ)t, (2.21)

äå c′′δ íå çàëåæèòü âiä t. Âðàõîâóþ÷è (2.18) òà (2.20), îäåðæó¹ìî

∀t > 0 : ∥y2(t)∥ = ∥y(t)− y1(t)∥ ≤
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≤ ∥y(t)∥+ ∥y1(t)∥ ≤ cγe
γt + c̃δe

(ω+2δ)t ≤ ceγt, (2.22)

äå c = cγ + c̃δ. Ç íåðiâíîñòåé (2.21) i (2.22) âèïëèâà¹ ñïiââiäíîøåííÿ

∀t > 0 : cδe
−(ω+2δ)t ≤ ∥y2(t)∥ ≤ cγe

γt.

Ïîêëàäåìî

φ(t) =
∥y2(t)∥

cδe−(ω+2δ)t
.

Òîäi äëÿ äîñòàòíüî âåëèêèõ t > 0

1 ≤ φ(t) ≤ c̃e(γ+ω+2δ)t, c̃ =
cγ
cδ
.

Ïðè δ = −γ + ω

4
îòðèìó¹ìî äëÿ âåëèêèõ t > 0 äâîñòîðîííþ íåðiâíiñòü

1 ≤ φ(t) ≤ c̃e
γ+ω
2 t.

Ïåðåõîäÿ÷è äî ãðàíèöi ïðè t→ ∞ i âðàõîâóþ÷è, ùî
γ + ω

2
< 0, ïðèéäåìî

äî âèñíîâêó, ùî 1 ≤ φ(t) ≤ 0 çà óìîâè, ùî y2(t) ̸= 0 äëÿ t ≥ 0, ùî

íåìîæëèâî. Îòæå, y2(t) ≡ 0 íà ïiâîñi [0,∞). Òîìó gi = 0, i = 0, 1, . . .m−1.

ßêùî ïðèïóñòèòè, ùî y1(t) ̸≡ 0, òî îòðèìà¹ìî y1(t) ̸= 0 ïðè t ≤ 0.

Ïiäñòàâëÿþ÷è â (2.12) −t çàìiñòü t, îäåðæèìî y1(t) ≡ 0 íà ïiâîñi (−∞, 0],

çâiäêè, çà òåîðåìîþ 2.4, fi = 0, i = 0, 1, . . . ,m− 1, à îòæå, y(t) ≡ 0.

Òåîðåìó äîâåäåíî

Íàñëiäîê 2.2 (àíàëîã òåîðåìè Ëióâiëëÿ) Íåõàé y(t) � ðîçâ'ÿçîê îäíî-

ðiäíîãî ðiâíÿííÿ (2.11) íà (−∞,∞). Òîäi

sup
t∈R

∥y(t)∥ <∞ =⇒ y(t) ≡ 0, t ∈ (−∞,∞).
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2.3 Íåîäíîðiäíå m-ãàðìîíi÷íå

äèôåðåíöiàëüíî-îïåðàòîðíå ðiâíÿííÿ

Ðîçãëÿíåìî òåïåð íåîäíîðiäíå ðiâíÿííÿ (2.10). Ïîçíà÷èìî ÷åðåç Cb(R,B)

ìíîæèíó âñiõ îáìåæåíèõ íåïåðåðâíèõ íà R âåêòîð-ôóíêöié iç çíà÷åííÿìè

â B. Ó ïîäàëüøîìó ïðèïóñêàòèìåìî, ùî f(t) ∈ Cb(R,B). Ïiä óçàãàëüíå-

íèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.10) íà R ðîçóìiòèìåìî íåïåðåðâíó âåêòîð-

ôóíêöiþ y(t) : R 7→ B, äëÿ ÿêî¨ âèêîíó¹òüñÿ iíòåãðàëüíà òîòîæíiñòü∫
R

⟨(
d2

dt2
−B∗

)m
φ(t), y(t)

⟩
dt =

∫
R

⟨φ(t), f(t)⟩ dt,

äå φ(t) � äîâiëüíà íåñêií÷åííî äèôåðåíöiéîâíà âåêòîð-ôóíêöiÿ ç êîìïà-

êòíèì íîñi¹ì iç çíà÷åííÿìè â D(B∗m) òàêà, ùî B∗mφ(t) ¹ íåïåðåðâíîþ íà

R, ⟨·, f⟩ ïîçíà÷à¹ äiþ ôóíêöiîíàëó f íà âiäïîâiäíèé åëåìåíò. Î÷åâèäíî,

ùî êëàñè÷íèé ðîçâ'ÿçîê ðiâíÿííÿ (2.10) ¹ éîãî óçàãàëüíåíèì ðîçâ'ÿçêîì.

Òåîðåìà 2.6 Íåõàé Amf(t) ∈ Cb(R,B) i

ym(t) =
A−m

2m

∫
Rm

eA(|t−s1|+|s2−s1|+···+|sm−sm−1|)f(sm) ds1 . . . dsm. (2.23)

Òîäi y(i)m (·) ∈ Cb(R,D(A2m−i)), i = 0, 1, . . . , 2m, òîáòî y(i)m (t) � îáìåæåíà

íåïåðåðâíà âåêòîð-ôóíêöiÿ iç çíà÷åííÿìè â D(A2m−i), i = 0, 1, . . . , 2m,

i ym(t) � ðîçâ'ÿçîê ðiâíÿííÿ (2.10).

Äîâåäåííÿ. Ùîá äîâåñòè öå òâåðäæåííÿ, çâåðíåìîñü çíîâó äî ìåòîäó

ìàòåìàòè÷íî¨ iíäóêöi¨.

Ïîêëàäåìî m = 1. Îñêiëüêè

∀t > 0 :
∥∥eAt∥∥ < ce−γt, 0 < γ < −ω(A),
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i Af(·) ∈ Cb(R,B), òî áåçïîñåðåäíüîþ ïåðåâiðêîþ ïåðåêîíó¹ìîñü, ùî

y1(t) = A−1

2

∫
R
eA|t−s1|f(s1) ds1 =

A−2

2

∫
R
eA|t−s1|Af(s1) ds1 ∈ Cb(R,D(A2));

y′1(t) = A−1

2

(
t∫

−∞
eA(t−s1)Af(s1) ds1 +

∞∫
t

eA(s1−t)Af(s1) ds1

)
∈ Cb(R,D(A));

y′′1(t) = f(t) + 1
2

∫
R
eA|t−s1|Af(s1) ds1 ∈ Cb(R,B).

(2.24)

Çâiäñè âèïëèâà¹, ùî y1(t) � êëàñè÷íèé ðîçâ'ÿçîê ðiâíÿííÿ (2.10) íà (−∞,∞).

Ïðèïóñòèìî òåïåð, ùî äëÿ m = k òâåðäæåííÿ òåîðåìè 2.6 ¹ âiðíèì çà

óìîâè Akf(·) ∈ Cb(R,B). Òîäi äëÿ m = k + 1 ìà¹ìî

yk+1(t) =
A−(k+1)

2k+1

∫
Rk+1

eA(|t−s1|+|s2−s1|+···+|sk+1−sk|)f(sk+1) ds1 . . . dsk+1 =

A−2

2

∫
R

eA|t−s|z(s) ds =
A−2

2

∫
R

eA|s|z(t− s) ds, (2.25)

äå

z(s) =
A−k

2k

∫
Rk

eA(|s−s2|+···+|sk+1−sk|)Af(sk+1) ds2 . . . dsk+1.

Îñêiëüêè Af(sk+1) ∈ Cb(R,D(Ak)), òî, çà çàçíà÷åíèì âèùå ïðèïóùåííÿì,

z(i)(·) ∈ Cb(R,D(A2k−i)), i = 0, 1, . . . , 2k, i çàäîâîëüíÿ¹ (2.10) ç m = k òà

Af(t) çàìiñòü f(t). Ç (2.25) âèïëèâà¹, ùî

y
(2k)
k+1(t) =

A−2

2

∫
R

eA|t−s|z(2k)(s) ds.

Òîìó, â ñèëó (2.24),

y
(2(k+1))
k+1 (t) = z(2k)(t) +

1

2

∫
R

eA|t−s|z(2k)(s) ds ∈ Cb(R,B)

i(
d2

dt2
− A2

)k+1

yk+1(t) =

(
d2

dt2
− A2

)
A−2

2

∫
R

(
d2

dt2
− A2

)k
eA|t−s|z(s) ds =
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(
d2

dt2
− A2

)
A−2

2

∫
R

eA|t−s|
(
d2

dt2
− A2

)k
z(s) ds =

=

(
d2

dt2
− A2

)
A−2

2

∫
R

eA|t−s|Af(s) ds =

=

(
d2

dt2
− A2

)
A−1

2

∫
R

eA|t−s|f(s) ds = f(t).

Òàêèì ÷èíîì, òâåðäæåííÿ òåîðåìè ñïðàâäæó¹òüñÿ äëÿ yk+1(t).

Òåîðåìó äîâåäåíî.

Íàñëiäîê 2.3 ßêùî f(t) ∈ Cb(R,B), òî y(k)m (t) ∈ Cb(R,D(A2m−k)), k =

0, 1, . . . ,m, i ym(t) � óçàãàëüíåíèé ðîçâ'ÿçîê ðiâíÿííÿ (2.10).

Äîâåäåííÿ. Òîé ôàêò, ùî y(k)m (t) ∈ Cb(R,D(A2m−k) ïðè k = 1, 2, . . . ,m,

äîâîäèòüñÿ íà îñíîâi (2.23) ìåòîäîì ìàòåìàòè÷íî¨ iíäóêöi¨ ïîäiáíî äî

òîãî, ÿê öå áóëî çðîáëåíî â òåîðåìi 2.6. Ùîá ïåðåêîíàòèñÿ â òîìó, ùî

ym(t) � óçàãàëüíåíèé ðîçâ'ÿçîê ðiâíÿííÿ (2.10), ðîçãëÿíåìî ïîñëiäîâíiñòü

fn(t) = e
1
nAf(t), n ∈ N. Â ñèëó àíàëiòè÷íîñòi ïiâãðóïè

{
eAt
}
t≥0

, fn(t) ∈

Cb(R,D(An)) äëÿ äîâiëüíîãî n ∈ N i fn(t) çáiãà¹òüñÿ ðiâíîìiðíî äî f(t).

Îòæå,

ym,n(t) =
A−m

2m

∫
R

e−A(|t−s1|+···+|sm−sm−1|)fn(sm) ds1 . . . dsm

¹ êëàñè÷íèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.10) ç f(t) = fn(t), à ïîñëiäîâíiñòü

ym,n(t) ðiâíîìiðíî çáiãà¹òüñÿ ïðè n→ ∞ äî ym(t). Ïåðåõîäÿ÷è äî ãðàíèöi

â òîòîæíîñòi∫
R

⟨(
d2

dt2
−B

)m
φ(t), ym,n(t)

⟩
dt =

∫
R

⟨φ(t)fn(t)⟩ dt,

îäåðæèìî ∫
R

⟨(
d2

dt2
−B

)m
φ(t), ym(t)

⟩
dt =

∫
R

⟨φ(t)f(t)⟩ dt,
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à îòæå, ym(t) � óçàãàëüíåíèé ðîçâ'ÿçîê ðiâíÿííÿ (2.10).

Íàñëiäîê äîâåäåíî

Íàãàäà¹ìî, ùî íåïåðåðâíà âåêòîð-ôóíêöiÿ f(t) : R 7→ B íàçèâà¹òüñÿ

ìàéæå ïåðiîäè÷íîþ (çà Áîðîì), ÿêùî äëÿ äîâiëüíîãî ε > 0 iñíó¹ ñòàëà

Lε > 0 òàêà, ùî áóäü-ÿêèé iíòåðâàë (t, t+Lε) ç R ìiñòèòü ïðèíàéìíi îäíó

òî÷êó τ = τ(ε) iç âëàñòèâiñòþ

∀t ∈ R : ∥f(t)− f(t+ τ)∥ < ε.

Ç íàñëiäêiâ 2.2, 2.3 i òîãî ôàêòó, ùî óçàãàëüíåíèé ðîçâ'ÿçîê ðiâíÿííÿ

(2.11) ¹ êëàñè÷íèì, âèïëèâà¹ íàñòóïíå òâåðäæåííÿ.

Òåîðåìà 2.7 Íåõàé f(t) ∈ Cb(R,D(Am)) (f(t) ∈ Cb(R,B)). Òîäi iñíó¹

¹äèíèé îáìåæåíèé êëàñè÷íèé (óçàãàëüíåíèé) ðîçâ'ÿçîê y(t) ðiâíÿííÿ

(2.10) íà (−∞,∞) i öåé ðîçâ'ÿçîê ìîæå áóòè çîáðàæåíèé ó âèãëÿäi

(2.23). ßêùî f(t) ¹ ïåðiîäè÷íîþ àáî ìàéæå ïåðiîäè÷íîþ, òî ðîçâ'ÿçîê ¹

òàêèì ñàìèì.

2.4 Ãàðìîíi÷íå îïåðàòîðíî-äèôåðåíöiàëüíå ðiâíÿííÿ

×àñòèííèì âèïàäêîì (2.10) (m = 1) ¹ ãàðìîíi÷íå ðiâíÿííÿ, òîáòî(
d2

dt2
−B

)
y(t) = f(t), t ∈ R, (2.26)

äå B - ïîçèòèâíèé îïåðàòîð ó ïðîñòîði B, f(t) : R 7→ B � íåïåðåðâíà

âåêòîð-ôóíêöiÿ. Ó öüîìó ï. ðîçãëÿäà¹òüñÿ ïèòàííÿ, ÿêi óìîâè íà f(t) ãà-

ðàíòóþòü iñíóâàííÿ ¹äèíîãî îáìåæåíîãî, çîêðåìà ïåðiîäè÷íîãî àáî ìàé-

æå ïåðiîäè÷íîãî ðîçâ'ÿçêó öüîãî ðiâíÿííÿ.

Áóäåìî ãîâîðèòè, ùî âåêòîð-ôóíêöiÿ y(t) : R 7→ B çàäîâîëüíÿ¹ óìîâó

íåïåðåðâíîñòi Ãåëüäåðà ç ïîêàçíèêîì α ∈ (0, 1), ÿêùî iñíó¹ ñòàëà c > 0
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òàêà, ùî

∥y(t)− y(s)∥ ≤ c|t− s|α. (2.27)

Êëàñ óñiõ âåêòîð-ôóíêöié y(t) ∈ Cb(R,B), êîòði çàäîâîëüíÿþòü óìîâó

(2.27), ïîçíà÷àòèìåìî Cα
b (R,B).

Íåõàé òàêîæ C̃α
b (R,B) � ìíîæèíà âåêòîð-ôóíêöié y(t) ∈ Cb(R,B),

äëÿ ÿêèõ

∥y(t+ s)− 2y(t) + y(t− s)∥ ≤ c|t− s|α, 0 < c = const.

Î÷åâèäíî, ùî Cα
b (R,B) ⊂ C̃α

b (R,B).

Ç íàñëiäêó 2.3 âèïëèâà¹, ùî ÿêùî f(·) ∈ Cb(R,B), òî âåêòîð-ôóíêöiÿ

z(t) =
A−1

2

∞∫
−∞

e|t−s|Af(s) ds (2.28)

¹ óçàãàëüíåíèì ðîçâ'ÿçêîì ðiâíÿííÿ (2.26). ßê ñâiä÷èòü òåîðåìà 2.6, çà

óìîâè, ùî f(s) ∈ D(A), ∀s ∈ R, i Af(·) ∈ Cb(R,B), âåêòîð-ôóíêöiÿ

(2.28) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (2.26). Íàøà ìåòà çàðàç ïîëÿãà¹ ó âiäøóêàííi

áiëüø øèðîêîãî êëàñó âåêòîð-ôóíêöié f(·) ∈ Cb(R,B), äëÿ ÿêèõ z(t) �

ðîçâ'ÿçîê öüîãî ðiâíÿííÿ.

Çà äîïîìîãîþ çàìiíè çìiííèõ t − s = ξ â iíòåãðàëi

t∫
−∞

e(t−s)Af(s) ds i

s− t = ξ � â iíòåãðàëi

∞∫
t

e(s−t)Af(s) ds ïðèõîäèìî äî òàêèõ çîáðàæåíü äëÿ

z(t) i z′′(t):

z(t) =
A−2

2

∞∫
0

esAAωf(t, s) ds+ A−2f(t), (2.29)

äå

ωf(t, s) = f(t+ s) + f(t− s)− 2f(t),

118



òà

z′′(t) =
1

2

∞∫
0

esAAωf(t, s) ds. (2.30)

Ïîêëàäåìî

ω2(s, f) = sup
|τ |≤s

sup
t∈R

∥ωf(t, τ)∥.

Ôóíêöiÿ ω2(s, f) ¹ íåïåðåðâíîþ íà [0,∞) ïðè ôiêñîâàíîìó f , i ω2(0, f) =

0. Ìà¹ ìiñöå òàêà òåîðåìà (äèâ. [159]).

Òåîðåìà 2.8 Íåõàé f(·) ∈ Cb(R,B) çàäîâîëüíÿ¹ óìîâó

1∫
0

ω2(s, f)

s
ds <∞. (2.31)

Òîäi z(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (2.26).

Äîâåäåííÿ. Iç çîáðàæåíü (2.29), (2.30) âèïëèâà¹, ùî ÿêùî

v(t) =

∞∫
0

esAAωf(t, s) ds ∈ Cb(R,B),

òî z(t) ∈ D(A) (t ∈ R), A2z(·) ∈ Cb(R,B) i z′′(·) ∈ Cb(R,B).

Ïîêëàäåìî

v(t) = v1(t) + v2(t) =

1∫
0

esAAωf(t, s) ds+

∞∫
1

esAAωf(t, s) ds. (2.32)

Îñêiëüêè, çà òåîðåìîþ 1.3, âåêòîð-ôóíêöiÿ esAAn+1ωf(t, s) ¹ íåïåðåðâíîþ

ïðè (t, s) ∈ R× [1,∞) i

∃δ > 0,∀n ∈ N :
∥∥esAAn+1ωf(t, s)

∥∥ ≤ s−(n+1)e−δs sup
t,s

∥ωf(t, s)∥,

òî

v2(t) = A−n
∞∫
1

esAAn+1ωf(t, s) ds ∈ D(An),
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çâiäêè

Anv2(t) =

∞∫
1

esAAn+1ωf(t, s) ds ∈ Cb(R,B). (2.33)

Âðàõîâóþ÷è, ùî ïðè ôiêñîâàíîìó s ∈ (0, 1] âåêòîð-ôóíêöiÿ esAAωf(t, s)

íàëåæèòü äî Cb(R,B), à òàêîæ íåðiâíîñòi∥∥esAAωf(t, s)∥∥ ≤ ω2(s, f)

s

òà (2.31), îäåðæó¹ìî

1∫
0

esAAωf(t, s) ds ∈ Cb(R,B). (2.34)

Ñïiââiäíîøåííÿ (2.33), (2.34) çóìîâëþþòü âêëþ÷åííÿ v(·) ∈ Cb(R,B),

çâiäêè, áåðó÷è äî óâàãè (2.29) i (2.30), ðîáèìî âèñíîâîê, ùî z(t) � ðîçâ'ÿçîê

ðiâíÿííÿ (2.26), ùî é çàâåðøó¹ äîâåäåííÿ òåîðåìè.

Íàñëiäîê 2.4 ßêùî f(·) ∈ C̃α
b (R,B), òî âåêòîð-ôóíêöiÿ z(t) � ðîçâ'ÿçîê

ðiâíÿííÿ (2.26).

Òåîðåìà 2.9 Íåõàé äëÿ êîæíîãî t ∈ (−∞,∞), f(t) ∈ D((−A)α), 0 <

α ≤ 1, i ôóíêöiÿ ∥(−A)αf(t)∥ ¹ îáìåæåíîþ. Òîäi äëÿ áóäü-ÿêîãî α′ ∈

(0, α) ìàþòü ìiñöå âêëþ÷åííÿ

z(t) ∈ D((−A)2+α′
), z′′(t) ∈ D((−A)α′

),

âåêòîð-ôóíêöi¨ (−A)2+αz(t) òà (−A)αz′′(t) ¹ íåïåðåðâíèìè íà R i z(t) �

ðîçâ'ÿçîê ðiâíÿííÿ (2.26).

Äîâåäåííÿ. Iç çîáðàæåíü (2.29), i (2.30) äëÿ z(t) i z′′(t) âèïëèâà¹, ùî

äëÿ äîâåäåííÿ òåîðåìè äîñèòü ïîêàçàòè, ùî

v(t) =

∞∫
0

esAAωf(t, s) ds ∈ Cb

(
R,D((−A)α′

)
i (−A)α′

v(t) ∈ Cb(R,B).
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Ïîäàþ÷è v(t) ó âèãëÿäi (2.32) i ìiðêóþ÷è òàê ñàìî, ÿê ïðè äîâåäåííi

òåîðåìè 2.8, äiéäåìî âèñíîâêó, ùî

∀n ∈ N : v2(t) ∈ D(An) i Anv2(t) ∈ Cb(R,B). (2.35)

Âiçüìåìî α′′ = 1− (α− α′) < 1. Òîäi

esAAωf(t, s) = (−A)1−αesAAαωf(t, s) = (−A)−α′
esA(−A)α′′

(−A)αωf(t, s).

Îñêiëüêè ∥∥∥esA(−A)α′′
(−A)αωf(t, s)

∥∥∥ ≤ Mα′′

sα′′ sup
t,s∈R

∥(−A)αωf(t, s)∥

i âåêòîð-ôóíêöiÿ esA(−A)α′′
(−A)αωf(t, s) ¹ íåïåðåðâíîþ ïî s i ïî t ïðè

(s, t) ∈ (0, 1]× R, òî

(−A)α′
v1(t) ∈ Cb(R,B). (2.36)

Òîäi iç çîáðàæåíü (4.29), (2.30) i âêëþ÷åíü (2.35), (2.36) âèïëèâà¹, ùî z(t)

� ðîçâ'ÿçîê ðiâíÿííÿ (2.26), ùî é òðåáà áóëî äîâåñòè.

Âèõîäÿ÷è ç òåîðåì 2.4, 2.8, 2.9 òà íàñëiäêó 2.4, ïðèéäåìî äî îñíîâíî¨

òåîðåìè öüîãî ïiäðîçäiëó.

Òåîðåìà 2.10 Íåõàé f(·) ∈ Cb(R,B). Òîäi iñíó¹ ëèøå îäèí îáìåæåíèé

óçàãàëüíåíèé ðîçâ'ÿçîê y(t) ðiâíÿííÿ (2.26) íà (−∞,∞) i öåé ðîçâ'ÿçîê

çîáðàæó¹òüñÿ ó âèãëÿäi (2.28). ßêùî æ f(·) ∈ C̃α
b (R,B), α ∈ (0, 1),

àáî f(·) ∈ Cb(R,D(Aα)), òî öåé ðîçâ'ÿçîê ¹ êëàñè÷íèì. Ó âèïàäêó, êîëè

âåêòîð-ôóíêöiÿ f(t) ¹ ìàéæå ïåðiîäè÷íîþ (ïåðiîäè÷íîþ), âií òàêîæ ¹

ìàéæå ïåðiîäè÷íèì (ïåðiîäè÷íèì).
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2.5 Áiëüø çàãàëüíå äèôåðåíöiàëüíî-

îïåðàòîðíå ðiâíÿííÿ

Ðîçãëÿíåìî òåïåð ðiâíÿííÿ(
d

dt
− A

)n(
d

dt
+ A

)m
y(t) = 0, t ∈ (−∞,∞), n,m ∈ N0, n+m ≥ 1,

(2.37)

äå A � ãåíåðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè ó ïðîñòîðiB. Îñíîâ-

íà íàøà ìåòà çàðàç � äîñëiäèòè ìíîæèíó óñiõ ðîçâ'ÿçêiâ öüîãî ðiâíÿííÿ

âñåðåäèíi iíòåðâàëó (−∞,∞). Çàóâàæèìî, ùî âèïàäêè n = 1,m = 0;n =

0,m = 1, à òàêîæ n = m ≥ 1 ðîçãëÿíóòî âèùå. Ðiâíÿííÿ æ âèãëÿäó

(2.37) íà iíòåðâàëi (0,∞) äîñëiäæóâàëîñü áàãàòüìà ìàòåìàòèêàìè çà ði-

çíèõ óìîâ íà ïîâåäiíêó ðîçâ'ÿçêiâ â îêîëi òî÷êè 0 (äèâ., íàïðèêëàä, [1,

88, 98, 154]).

ßê çàçíà÷åíî ó òâåðäæåííi 1.2 òà òåîðåìi 1.5, ó âèïàäêó, êîëè A ãåíå-

ðó¹ îáìåæåíó àíàëiòè÷íó C0-ïiâãðóïó, äëÿ áóäü-ÿêîãî éîãî öiëîãî âåêòîðà

x : x ∈ G(1)(A) i äîâiëüíîãî z ∈ C ðÿä
∞∑
k=0

zkAkx

k!
çáiãà¹òüñÿ ó ïðîñòîði

G(1)(A), i îïåðàòîð-ôóíêöiÿ

exp(zA) =
∞∑
k=0

zkAk

k!

¹ öiëîþ â G(1)(A), ñiì'ÿ {exp(zA)}z∈C óòâîðþ¹ îäíîïàðàìåòðè÷íó ãðóïó

â G(1)(A),

G(1)(A) = B, G(1)(A) =
∩
t≥0

R(etA)

(R(·) � îáëàñòü çíà÷åíü îïåðàòîðà) i

∀x ∈ G(1)(A) : exp(tA)x =

 etAx ïðè t ≥ 0,(
e−tA

)−1
x ïðè t < 0.
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Çâiäñè âèïëèâà¹, ùî äëÿ äîâiëüíîãî z ∈ C ìà¹ ìiñöå âêëþ÷åííÿ

exp(zA)G(1)(A) ⊂ G(1)(A)

i, ÿêùî 0 ∈ ρ(A), òî

AG(1)(A) = G(1)(A).

Âåêòîð-ôóíêöiÿ y(t) : R 7→ D(An+m) íàçèâà¹òüñÿ ðîçâ'ÿçêîì (êëàñè-

÷íèì) ðiâíÿííÿ (2.37) íà (−∞,∞), ÿêùî âîíà n + m ðàçiâ íåïåðåðâíî

äèôåðåíöiéîâíà íà (−∞,∞) i çàäîâîëüíÿ¹ òàì öå ðiâíÿííÿ.

Òåîðåìà 2.11 Íåõàé A � ãåíåðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè{
etA
}
t≥0

â B i 0 ∈ ρ(A). Âåêòîð-ôóíêöiÿ y(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

(2.37) íà (−∞,∞) òîäi i òiëüêè òîäi, êîëè ¨¨ ìîæíà çîáðàçèòè ó âè-

ãëÿäi

y(t) =
n−1∑
k=0

tk exp(tA)fk +
m−1∑
k=0

tk exp(−tA)gk, (2.38)

äå fk, gk ∈ G(1)(A). Âåêòîðè fk, k = 0, 1, . . . , n−1, i gk, k = 0, 1, . . . ,m−1,

âèçíà÷àþòüñÿ îäíîçíà÷íî çà y(t).

Äîâåäåííÿ. Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê n = 0, òîáòî êîëè ðiâíÿííÿ

(2.37) ìà¹ ôîðìó (
d

dt
+ A

)m
y(t) = 0, t ∈ (−∞,∞). (2.39)

Ïðè m = 1 òåîðåìà âèïëèâà¹ ç òåîðåìè 2.1. À ñàìå, çà öi¹þ òåîðåìîþ,

äëÿ òîãî, ùîá B-çíà÷íà âåêòîð-ôóíêöiÿ y(t) áóëà ðîçâ'ÿçêîì ðiâíÿííÿ

dy(t)

dt
± Ay(t) = 0, t ∈ (−∞,∞),

íåîáõiäíî i äîñòàòíüî, ùîá

y(t) = exp(∓tA)y0, y0 ∈ G(1)(A).
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ßêùî âåêòîð-ôóíêöiÿ f(z) ¹ öiëîþ ó ïðîñòîði G(1)(A), òî çàãàëüíi

ðîçâ'ÿçêè ðiâíÿíü

dy(t)

dt
± Ay(t) = f(t), t ∈ (−∞,∞),

ìàþòü, âiäïîâiäíî, âèãëÿä

y(t) = exp(∓tA)y0 +
t∫

0

exp(∓(t− s)A)f(s) ds, (2.40)

äå y0 � äîâiëüíèé åëåìåíò ç G(1)(A).

Ïðèïóñòèìî òåïåð, ùî ðîçâ'ÿçîê y(t) ðiâíÿííÿ (2.39) ç m = i − 1 çî-

áðàæó¹òüñÿ ó âèãëÿäi

y(t) =
i−2∑
k=0

tk exp(−tA)g̃k, g̃k ∈ G(1)(A), k = 0, 1, . . . , i− 2,

i äîâåäåìî, ùî òàêå çîáðàæåííÿ ¹ âiðíèì i ïðè m = i.

Îòæå, íåõàé y(t) � ðîçâ'ÿçîê ðiâíÿííÿ (2.39) ç m = i. Îñêiëüêè(
d

dt
+ A

)i
y(t) =

(
d

dt
+ A

)i−1(
d

dt
+ A

)
y(t) = 0, t ∈ (−∞,∞),

òî

(
d

dt
+ A

)
y(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (2.39) ç m = i− 1, à òîìó

(
d

dt
+ A

)
y(t) =

i−2∑
k=0

tk exp(−tA)g̃k, g̃k ∈ G(1)(A).

Áåðó÷è äî óâàãè, ùî âåêòîð-ôóíêöiÿ ó ïðàâié ÷àñòèíi ¹ öiëîþ ó ïðîñòîði

G(1)(A), ðîáèìî âèñíîâîê íà îñíîâi (2.40), ùî

y(t) = exp(−tA)g0 +
t∫

0

exp(−(t− s)A)
i−2∑
k=0

sk exp(−sA)g̃k ds =

= exp(−tA)g0 +
i−1∑
k=1

exp(−tA)gk,
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äå g0, gk = g̃k
k (k = 1, . . . , i − 1) � öiëi âåêòîðè îïåðàòîðà A. Òàêèì

÷èíîì, çîáðàæåííÿ (2.38) äëÿ ðîçâ'ÿçêiâ ðiâíÿííÿ (2.39) äîâåäåíå. Òàê

ñàìî äîâîäèòüñÿ çîáðàæåííÿ ó âèãëÿäi ïåðøî¨ ñóìè ç (2.38) äëÿ ðîçâ'ÿçêiâ

ðiâíÿííÿ (
d

dt
− A

)n
y(t) = 0, t ∈ (−∞,∞),

òîáòî ïðè m = 0.

Íåõàé òåïåð n = 1,m ∈ N, òîáòî ðiâíÿííÿ (2.37) ìà¹ âèãëÿä(
d

dt
− A

)(
d

dt
+ A

)m
y(t) = 0, t ∈ (−∞,∞).

Ïîêëàäåìî

z(t) =

(
d

dt
− A

)
y(t).

Òîäi z(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ(
d

dt
+ A

)m
z(t) = 0, t ∈ (−∞,∞),

i, ÿê áóëî âæå ïîêàçàíî âèùå,

z(t) =
m−1∑
k=0

tk exp(−tA)g̃k, g̃k ∈ G(1)(A),

òîáòî (
d

dt
− A

)
y(t) =

m−1∑
k=0

tk exp(−tA)g̃k.

Çãiäíî ç (2.40),

∃˜̃f 0 ∈ G(1)(A) : y(t) = exp(tA)
˜̃
f 0 +

t∫
0

exp((t− s)A)
m−1∑
k=0

sk exp(−sA)g̃k ds.

(2.41)

Âðàõîâóþ÷è ðiâíiñòü

t∫
0

sk exp(−2sA)g̃k ds =
˜̃
f 0 +

k∑
i=0

si exp(−2sA) ˜̃gi,
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ïiäñòàâëÿþ÷è ¨¨ â (2.41), ïiñëÿ ïåðåãðóïóâàííÿ âiäïîâiäíèì ÷èíîì ÷ëåíiâ

äiéäåìî âèñíîâêó, ùî

∃f0, gk ∈ G(1)(A) : y(t) = exp(tA)f0 +
m−1∑
k=0

tk exp(−tA)gk.

Ïðèïóñòèìî òåïåð, ùî ðîçâ'ÿçîê y(t) ðiâíÿííÿ(
d

dt
− A

)n−1(
d

dt
+ A

)m
y(t) = 0, t ∈ (−∞,∞), (2.42)

äîïóñêà¹ çîáðàæåííÿ

y(t) =
n−2∑
k=0

tk exp(tA)fk +
m−1∑
k=0

tk exp(−tA)gk, fk, gk ∈ G(1)(A),

i ïîçíà÷èìî

z(t) =

(
d

dt
− A

)
y(t).

Òîäi z(t) � ðîçâ'ÿçîê ðiâíÿííÿ (2.42), à îòæå,(
d

dt
− A

)
y(t) =

n−2∑
k=0

tk exp(tA)fk +
m−1∑
k=0

tk exp(−tA)gk, fk, gk ∈ G(1)(A),

i äëÿ y(t) îäåðæó¹ìî çîáðàæåííÿ âèãëÿäó (2.40) ç

f(t) =
n−2∑
k=0

tk exp(tA)fk +
m−1∑
k=0

tk exp(−tA)gk.

Ìiðêóþ÷è òàê ñàìî, ÿê ó ïîïåðåäíüîìó âèïàäêó, çàâäÿêè ôîðìóëi (2.40),

ïðèéäåìî äî çîáðàæåííÿ (2.38).

Äîâåäåìî òåïåð ¹äèíiñòü çîáðàæåííÿ (2.38), òîáòî, ùî

y(t) ≡ 0 =⇒ fk = 0 (k = 0, 1, . . . , n− 1), gk = 0 (k = 0, 1, . . . ,m− 1).

Ïîêëàäåìî

y1(t) =
n−1∑
k=0

tk exp(tA)fk; y2(t) =
m−1∑
k=0

tk exp(−tA)gk. (2.43)
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Áåðó÷è äî óâàãè, ùî (
d

dt
+ A

)m(
d

dt
− A

)k
y(t) =

=

(
d

dt
+ A

)m(
d

dt
− A

)k
y1(t), k = 0, 1, . . . , n− 1,

i (
d

dt
− A

)n(
d

dt
+ A

)k
y(t) =

=

(
d

dt
− A

)n(
d

dt
+ A

)k
y2(t), k = 0, 1, . . . ,m− 1,

à òàêîæ ñïiââiäíîøåííÿ(
d

dt
− A

)k
(ti exp(tA))f =

=

 i(i− 1) . . . (i− k + 1)ti−k exp(tA)f ïðè k ≤ i

0 ïðè k > i

òà (
d

dt
+ A

)k
(ti exp(−tA))g =

=

 i(i− 1) . . . (i− k + 1)ti−k exp(−tA)g ïðè k ≤ i

0 ïðè k > i,

îäåðæèìî(
d

dt
+ A

)m(
d

dt
− A

)n−1

y(t) =

(
d

dt
+ A

)m
(n− 1)! exp(tA)fn−1 =

2m(n− 1)!Am exp(tA)fn−1 (2.44)

i (
d

dt
− A

)n(
d

dt
+ A

)m−1

y(t) =

(
d

dt
− A

)n
(m− 1)! exp(−tA)gm−1 =

= (−1)n2n(m− 1)!An exp(−tA)gm−1. (2.45)
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Ïðèïóñòèìî, ùî y(t) ≡ 0. Òîäi ç òåîðåìè 2.10 i ðiâíîñòåé (2.44), (2.45)

ïðè t = 0 âèïëèâà¹, ùî

fn−1 = gm−1 = 0,

òîáòî y(t) ìà¹ âèãëÿä

y(t) =
n−2∑
k=0

tk exp(tA)fk +
m−2∑
k=0

tk exp(−tA)gk.

Ïîâòîðþþ÷è öþ ïðîöåäóðó max{n,m} ðàçiâ, äiéäåìî âèñíîâêó, ùî óñi

fk, k = 0, 1, . . . , n − 1, òà gk, k = 0, 1, . . . ,m − 1, ó çîáðàæåííi (2.38)

äîðiâíþþòü íóëåâi, ùî é çàâåðøó¹ äîâåäåííÿ òåîðåìè.

Íàñëiäîê 2.5 Áóäü-ÿêèé ðîçâ'ÿçîê ðiâíÿííÿ (2.37) íà (−∞,∞) äîïó-

ñêà¹ ïðîäîâæåííÿ äî öiëî¨ âåêòîð-ôóíêöi¨ çi çíà÷åííÿìè â G(1)(A).

Ïîçíà÷èìî ÷åðåç s âåëè÷èíó

s = s(A) = sup
λ∈σ(A)

Reλ,

äå σ(A) � ñïåêòð îïåðàòîðàA. Îñêiëüêè çà ïðèïóùåííÿì ïiâãðóïà
{
etA
}
t≥0

¹ îáìåæåíîþ àíàëiòè÷íîþ i 0 ∈ ρ(A), òî s(A) ¹ íå ùî iíøå, ÿê òèï ω(A)

öi¹¨ ïiâãðóïè i s < 0.

Iç òâåðäæåííÿ 1.2 i òåîðåì 1.5, 2.10 âèïëèâà¹ íåñêií÷åííîâèìiðíiñòü

ïðîñòîðó óñiõ ðîçâ'ÿçêiâ ðiâíÿííÿ (2.37). Áiëüø òîãî, äëÿ íèõ ìà¹ ìiñöå

íàñòóïíèé àíàëîã ïðèíöèïó Ôðàãìåíà-Ëiíäåëüîôà [158, 160].

Òåîðåìà 2.12 Íåõàé y(t) � ðîçâ'ÿçîê ðiâíÿííÿ (2.37) íà (−∞,∞). ßêùî

∃γ ∈ (0,−s), ∃cγ > 0 : ∥y(t)∥ ≤ cγe
γ|t|, t ∈ (−∞,∞), (2.46)

òî y(t) ≡ 0.
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Äîâåäåííÿ. Çàïèøåìî çîáðàæåííÿ (2.38) ó âèãëÿäi y(t) = y1(t) +

y2(t), äå y1(t), y2(t) âèçíà÷àþòüñÿ ôîðìóëàìè (2.43). Îñêiëüêè ïiâãðóïà{
etA
}
t≥0

¹ îáìåæåíîþ àíàëiòè÷íîþ, òî çà òåîðåìîþ 1.5

exp(tA)fk = etAfk, k = 0, 1, . . . , n− 1, ïðè t > 0.

Ç îçíà÷åííÿ òèïó ïiâãðóïè âèïëèâà¹, ùî

∀δ ∈
(
0,−s

2

)
, ∀t ≥ 0, ∃cδ > 0 :

∥∥etA∥∥ ≤ cδe
(s+δ)t,

çâiäêè

∀t ≥ 0 : ∥y1(t)∥ ≤
n−1∑
k=0

tk∥ exp(tA)fk∥ ≤
n−1∑
k=0

ckδe
(s+2δ)t ≤ c̃δe

(s+2δ)t, (2.47)

äå 2δ ∈ (0,−s) i ñòàëà c̃δ =
n−1∑
k=0

ckδ çàëåæèòü òiëüêè âiä fk.

Íåõàé òåïåð g ∈ G(1)(A). Òîäi

∀δ ∈
(
0,−s

2

)
, ∃cδ > 0 : ∥g∥ =

∥∥etA exp(−tA)g∥∥ ≤

≤
∥∥etA∥∥ ∥ exp(−tA)g∥ ≤ cδe

(s+δ)t∥ exp(−tA)g∥, ∀t ≥ 0.

Öå îáóìîâëþ¹ íåðiâíiñòü

∥ exp(−tA)g∥ ≥ c′δe
−(s+δ)t∥g∥ ïðè t ≥ 0,

à òîìó

∀t ≥ 0 : ∥y2(t)∥ = ∥ exp(−tA)h(t)∥ ≥ c′δe
−(s+δ)t∥h(t)∥,

äå h(t) =
m−1∑
k=0

tkgk i c′δ = c−1
δ íå çàëåæèòü âiä t.

Ïðèïóñòèìî, ùî y2(t) ̸≡ 0. Îòæå ó çîáðàæåííi (2.43) äëÿ y2(t) iñíó¹

k, ïðè ÿêîìó gk ̸= 0. Áåç îáìåæåííÿ çàãàëüíîñòi ìîæíà ïðèïóñòèòè, ùî

gm−1 ̸= 0. Òîäi

∀t > 0 : ∥y2(t)∥ ≥ c′δe
−(s+δ)t

(
tm−1∥gm−1∥ −

∥∥∥∥∥
m−2∑
k=0

tigk

∥∥∥∥∥
)

=
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= c′δe
−(s+δ)ttm−1

(
∥gm−1∥ −

∥∥∥∥∥
m−2∑
k=0

tk−m+1gk

∥∥∥∥∥
)
.

Îñêiëüêè ∥∥∥∥∥
m−2∑
k=0

tk−m+1gk

∥∥∥∥∥→ 0 ïðè t→ ∞

i tm−1 > e−δt äëÿ äîñèòü âåëèêèõ t > 0, òî

∀δ ∈
(
0,−s

2

)
∃c′′δ > 0 : ∥y2(t)∥ ≥ c′′δe

−(s+2δ)t, ∀t > 0, (2.48)

äå c′′δ íå çàëåæèòü âiä t. Áåðó÷è äî óâàãè (2.47) i (2.48), îäåðæó¹ìî

∀t > 0 : ∥y2(t)∥ = ∥y(t)−y1(t)∥ ≤ ∥y(t)∥+∥y1(t)∥ ≤ cγe
γt+c̃δe

(s+2δ)t ≤ ceγt,

(2.49)

äå c = cγ + c̃δ. Ç íåðiâíîñòåé (2.48), (2.49) âèïëèâà¹, ùî iñíóþòü ñòàëi

cδ > 0 òà cγ > 0 òàêi, ùî

∀t > 0 : cδe
−(s+2δ)t ≤ ∥y2(t)∥ ≤ cγe

γt.

Ïîçíà÷èìî

φ(t) =
∥y2(t)∥
cδe−(s+2δ)t

.

Òîäi äëÿ äîñèòü âåëèêèõ t > 0

1 ≤ φ(t) ≤ c̃e(γ+s+2δ)t, c̃ =
cγ
cδ
.

Ïîêëàäàþ÷è δ = −γ + s

4
, äëÿ äîñòàòíüî âåëèêèõ t > 0 îäåðæèìî

1 ≤ φ(t) ≤ c̃e
γ+s
2 t.

Ïåðåõîäÿ÷è äî ãðàíèöi, êîëè t→ ∞, i âðàõîâóþ÷è, ùî
γ + s

2
< 0, ðîáèìî

âèñíîâîê, ùî 1 ≤ φ(t) ≤ 0 çà óìîâè, ùî y2(t) ̸= 0 ïðè t ≥ 0, à öå

íåìîæëèâî. Îòæå, y2(t) ≡ 0 íà ïiâîñi [0,∞). Òîìó gi = 0, i = 0, 1, . . .m−1.
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ßêùî ïðèïóñòèòè, ùî y1(t) ̸≡ 0, òî äiéäåìî âèñíîâêó, ùî y1(t) ̸= 0

ïðè t ≤ 0. Ïiäñòàâëÿþ÷è â (2.38) −t çàìiñòü t, îòðèìà¹ì y1(t) ≡ 0 íà

ïiâîñi (−∞, 0], çâiäêè, çà òåîðåìîþ 2.10, fk = 0, k = 0, 1, . . . , n − 1 i, ÿê

íàñëiäîê, y(t) ≡ 0.

Òåîðåìó äîâåäåíî.

Íàñëiäîê 2.6 (àíàëîã òåîðåìè Ëióâiëëÿ.) Íåõàé y(t) � ðîçâ'ÿçîê ðiâ-

íÿííÿ (2.37) íà (−∞,∞). Òîäi

sup
t∈(−∞,∞)

∥y(t)∥ <∞ =⇒ y(t) ≡ 0, t ∈ (−∞,∞).

Âèñíîâêè äî ðîçäiëó 2

Ó ðîçäiëi 2 äîñëiäæåíî ñòðóêòóðó ðîçâ'ÿçêiâ äèôåðåíöiàëüíîãî ðiâíÿííÿ

âèãëÿäó
(
d
dt − A

)n ( d
dt + A

)m
y(t) = f(t), n,m ∈ N, n+m ≥ 1, íà âñié ÷è-

ñëîâié îñi, äå A � ãåíåðàòîð C0-ïiâãðóïè ëiíiéíèõ îïåðàòîðiâ ó áàíàõîâîìó

ïðîñòîði â B, f(t) � íåïåðåðâíà íà (−∞,∞) B-çíà÷íà âåêòîð-ôóíêöiÿ.

Âàðòî çàçíà÷èòè, ùî êîíêðåòíi ðåàëiçàöi¨ ïðîñòîðó B, îïåðàòîðà A òà

n,m îõîïëþþòü ÷èìàëî êëàñiâ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè ó ðiçíèõ

ôóíêöiîíàëüíèõ ïðîñòîðàõ.

Çîêðåìà, äåòàëüíî ðîçãëÿíóòî âèïàäêè ïàðàáîëi÷íîãî òà îáåðíåíî ïà-

ðàáîëi÷íîãî ðiâíÿíü ïåðøîãî ïîðÿäêó i ÿê îäíîðiäíîãî, òàê i íåîäíîði-

äíîãî àáñòðàêòíîãî ïîëiãàðìîíi÷íîãî ðiâíÿííÿ
(
d2

dt2 −B
)m

y(t) = f(t), äå

B � ïîçèòèâíèé îïåðàòîð â B. Çíàéäåíî ôîðìóëó äëÿ éîãî ðîçâ'ÿçêiâ

âñåðåäèíi (−∞,∞) i ïîêàçàíî, ùî êîæåí ç íèõ ìîæå áóòè ïðîäîâæåíèé
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äî öiëî¨ âåêòîð-ôóíêöi¨ ó ïðîñòîði öiëèõ âåêòîðiâ îïåðàòîðà A = −B1/2.

Áiëüø òîãî, äëÿ ðîçâ'ÿçêiâ óñòàíîâëåíî àíàëîãè ïðèíöèïó Ôðàãìåíà-Ëiíäå-

ëüîôà i òåîðåìè Ëióâiëëÿ. Äëÿ íåîäíîðiäíîãî ðiâíÿííÿ çíàéäåíî óìîâè íà

ïðàâó ÷àñòèíó, çà ÿêèõ iñíó¹ ¹äèíèé îáìåæåíèé óçàãàëüíåíèé ðîçâ'ÿçîê i

öåé ðîçâ'ÿçîê ¹ êëàñè÷íèì. Íàâåäåíî ôîðìóëó äëÿ éîãî çîáðàæåííÿ.
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3 Íàáëèæåííÿ ðîçâ'ÿçêiâ äèôåðåíöiàëüíî-

îïåðàòîðíèõ ðiâíÿíü öiëèìè ðîçâ'ÿçêàìè

åêñïîíåíöiàëüíîãî òèïó

Ó öüîìó ðîçäiëi ðîçãëÿäà¹òüñÿ ðiâíÿííÿ âèãëÿäó

y′(t) + Ay(t) = 0, t ∈ R+ = [0,∞), (3.1)

äå A � íåâiä'¹ìíèé ñàìîñïðÿæåíèé îïåðàòîð ó ãiëüáåðòîâîìó ïðîñòîði H çi

ñêàëÿðíèì äîáóòêîì (·, ·). Äîâîäÿòüñÿ ïðÿìi é îáåðíåíi òåîðåìè òåîði¨ íà-

áëèæåíü ñëàáêèõ ðîçâ'ÿçêiâ öüîãî ðiâíÿííÿ öiëèìè éîãî ðîçâ'ÿçêàìè åêñ-

ïîíåíöiàëüíîãî òèïó, ÿêi âñòàíîâëþþòü âçà¹ìíî îäíîçíà÷íó âiäïîâiäíiñòü

ìiæ øâèäêiñòþ ïðÿìóâàííÿ äî íóëÿ íàéêðàùîãî íàáëèæåííÿ ðîç'ÿçêó i

ñòåïåíåì éîãî ãëàäêîñòi. Ðåçóëüòàòè iëþñòðóþòüñÿ íà êîíêðåòíîìó ïðè-

êëàäi, êîëè îïåðàòîð A ïîðîäæó¹òüñÿ åëiïòè÷íèì äèôåðåíöiàëüíèì âè-

ðàçîì äðóãîãî ïîðÿäêó ó ïðîñòîði L2(Ω) (îáëàñòü Ω ⊂ Rn ¹ îáìåæåíîþ

ç ãëàäêîþ ìåæåþ) i ïåâíîþ ãðàíè÷íîþ óìîâîþ.

3.1 Îïèñ ñëàáêèõ ðîçâ'ÿçêiâ

Íåõàé A � íåâiä'¹ìíèé ñàìîñïðÿæåíèé îïåðàòîð ó ãiëüáåðòîâîìó ïðîñòî-

ði H çi ñêàëÿðíèì äîáóòêîì (·, ·), à G{0}(A) � ìíîæèíà óñiõ éîãî öiëèõ

âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó:

G{0}(A) =
{
f ∈ C∞(A)

∣∣∃α > 0, ∃c = c(f) > 0 :

∥Anf∥ ≤ cαn, ∀n ∈ N0

}
(ñêðiçü ó ïîäàëüøîìó ïiä c ðîçóìiòèìåìî ñòàëó ÷èñëîâó âåëè÷èíó, âiäïî-

âiäíó äî ðîçãëÿäóâàíî¨ ñèòóàöi¨). ×èñëî

σ(f, A) = inf
{
α > 0

∣∣∃c > 0, ∀n ∈ N0 : ∥Anf∥ ≤ cαn
}
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íàçèâàòèìåìî òèïîì âåêòîðà f âiäíîñíî îïåðàòîðàA (àáî ïðîñòîA-òèïîì).

ßê ïîêàçàíî â [122, 205],

G{0}(A) =
{
f ∈ H

∣∣f = Eλg, ∀λ > 0, ∀g ∈ H
}
,

äå Eλ = E([0, λ]) � ñïåêòðàëüíà ìiðà îïåðàòîðà A.

Ïiä ñëàáêèì ðîçâ'ÿçêîì ðiâíÿííÿ (3.1) ðîçóìi¹òüñÿ íåïåðåðâíà âåêòîð-

ôóíêöiÿ y(t) : R+ 7→ H òàêà, ùî äëÿ äîâiëüíîãî t ∈ R+

t∫
0

y(s) ds ∈ D(A) i y(t) = −A
t∫

0

y(s) ds+ y(0).

Ïîçíà÷èìî ÷åðåç S ìíîæèíó óñiõ ñëàáêèõ ðîçâ'ÿçêiâ öüîãî ðiâíÿííÿ.

Â [206] óñòàíîâëåíî, ùî

S =
{
y(t) : R+ 7→ H

∣∣ y(t) = e−tAf, f ∈ H
}
, (3.2)

äå

e−tAf =

∞∫
0

e−λt dEλf.

Çàóâàæèìî, ùî ìíîæèíà óñiõ ñèëüíèõ (àáî ïðîñòî) ðîçâ'ÿçêiâ (3.1) äà¹-

òüñÿ ôîðìóëîþ (3.2), äå f ïåðåáiãà¹ âñþ îáëàñòü âèçíà÷åííÿ D(A) îïåðà-

òîðà A.

Íåâàæêî ïåðåêîíàòèñÿ, ùî ìíîæèíà S óòâîðþ¹ áàíàõiâ ïðîñòið âiä-

íîñíî íîðìè

∥y∥S = sup
t∈R+

∥∥e−tAf∥∥ = ∥f∥. (3.3)

ßêùî îïåðàòîð A îáìåæåíèé, òî áóäü-ÿêèé ñëàáêèé ðîçâ'ÿçîê y(t)

ðiâíÿííÿ (3.1) ìîæå áóòè ïðîäîâæåíèé äî öiëî¨ H-çíà÷íî¨ âåêòîð-ôóíêöi¨

y(z) åêñïîíåíöiàëüíîãî òèïó

σ(y) = inf
{
α > 0 : ∥y(z)∥ ≤ ceα|z|

}
.
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Ïðîòå öå íå òàê ó âèïàäêó íåîáìåæåíîãî A. Ìíîæèíà S0 óñiõ ñëàáêèõ

ðîçâ'ÿçêiâ ðiâíÿííÿ (3.1), ÿêi äîïóñêàþòü öiëi åêñïîíåíöiàëüíîãî òèïó

ïðîäîâæåííÿ, îïèñó¹òüñÿ òàêèì ÷èíîì.

Òåîðåìà 3.1 Ñëàáêèé ðîçâ'ÿçîê y(t) ðiâíÿííÿ (3.1) íàëåæèòü äî S0 òî-

äi i òiëüêè òîäi, êîëè éîãî ìîæíà ïîäàòè ó âèãëÿäi (3.2) ç f ∈ G{0}(A).

Ìíîæèíà S0 ¹ ùiëüíîþ â S, i σ(y) = σ(f, A).

Äîâåäåííÿ. Íåõàé f ∈ G{0}(A). Òîäi f = Eαf , äå α = σ(f, A). Çà

ôîðìóëîþ (3.2),

y(t) =

α∫
0

e−λt dEλf.

Çâiäñè âèïëèâà¹, ùî y(t) äîïóñêà¹ ïðîäîâæåííÿ äî öiëî¨ âåêòîð-ôóíêöi¨

y(z) i

∥y(z)∥2 =
α∫

0

e−2Rezλ d(Eλf, f) ≤ e2σ(f,A)|z|∥f∥2,

òîáòî y(z) ¹ öiëîþ H-çíà÷íîþ ôóíêöi¹þ åêñïîíåíöiàëüíîãî òèïó σ(y) ≤

σ(f, A).

Íàâïàêè, ÿêùî y(t) = e−tAf ìîæíà ïðîäîâæèòè äî öiëî¨ âåêòîð-ôóíêöi¨

åêñïîíåíöiàëüíîãî òèïó σ(y), òî, áåðó÷è äî óâàãè ñïiââiäíîøåííÿ

∥y(−t)∥2 =
∞∫
0

e2λt d(Eλf, f) ≤ ce2σ(y)t, t ≥ 0,

îäåðæèìî
∞∫

σ(y)

e2t(λ−σ(y)) d(Eλf, f) ≤ c.

Ïåðåõîäÿ÷è äî ãðàíèöi ïiä çíàêîì iíòåãðàëà ïðè t→ ∞, äiéäåìî âèñíîâ-

êó, íà îñíîâi òåîðåìè Ôàòó, ùî ìiðà, ïîðîäæåíà ìîíîòîííîþ ôóíêöi¹þ

(Eλf, f), êîíöåíòðó¹òüñÿ íà iíòåðâàëi [0, σ(y)]. Îòæå, σ(f, A) ≤ σ(y).
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Ùiëüíiñòü S0 â S çóìîâëþ¹òüñÿ ùiëüíiñòþ â H ìíîæèíè

{Eαf = E([0, α])f, ∀α > 0,∀f ∈ H} .

Òåîðåìó äîâåäåíî.

Ç îãëÿäó íà òåîðåìó 3.1 ïîñòà¹ ïèòàííÿ, ÷è ìîæëèâî íàáëèçèòè äîâiëü-

íèé ñëàáêèé ðîçâ'ÿçîê ðiâíÿííÿ (3.1) éîãî öiëèìè ðîçâ'ÿçêàìè åêñïîíåí-

öiàëüíîãî òèïó. Íèæ÷å äà¹òüñÿ âiäïîâiäü íà öå ïèòàííÿ, à ñàìå, äîâîäÿ-

òüñÿ ïðÿìi é îáåðíåíi òåîðåìè, â ÿêèõ ç'ÿñîâó¹òüñÿ çâ'ÿçîê ìiæ ñòåïåíåì

ãëàäêîñòi ðîçâ'ÿçêó i øâèäêiñòþ ïðÿìóâàííÿ äî íóëÿ éîãî íàéêðàùîãî

íàáëèæåííÿ. I òóò âàæëèâó ðîëü âiäiãðà¹ îïåðàòîðíèé ïiäõiä äî çàäà÷

àïðîêñèìàöi¨, ðîçâèíóòèé â [9, 194, 207].

3.2 Àíàëîãè òåîðåìè Äæåêñîíà

i íåðiâíîñòi Áåðíøòåéíà

Íàãàäà¹ìî äåêiëüêà îçíà÷åíü i ïîíÿòü òåîði¨ àïðîêñèìàöi¨, íåîáõiäíèõ äëÿ

ôîðìóëþâàííÿ ïîäàëüøèõ ðåçóëüòàòiâ.

Äëÿ y ∈ S i ÷èñëà r > 0 ïîêëàäåìî

Er(y) = inf
y0∈S0:σ(y0)≤r

∥y − y0∥S.

Îòæå, Er(y) � öå íàéêðàùå íàáëèæåííÿ ñëàáêîãî ðîçâ'ÿçêó y(t) ðiâíÿííÿ

(3.1) éîãî öiëèìè ðîçâ'ÿçêàìè åêñïîíåíöiàëüíîãî òèïó, ùî íå ïåðåâèùó¹

r. Ïðè ôiêñîâàíîìó y ôóíêöiÿ Er(y) íå çðîñòà¹ i, îñêiëüêè S0 = S, òî

Er(y) → 0 ïðè r → ∞.

Äëÿ f ∈ H ïîêëàäåìî òàêîæ

Er(f, A) = inf
f0∈G{0}(A):σ(f0,A)≤r

∥f − f0∥ = ∥(I − Er)f∥.
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ßêùî y(t) = e−tAf , òî, çàâäÿêè (3.3),

Er(y) = Er(f, A). (3.4)

Äëÿ äîâiëüíîãî k ∈ N0 ââåäåìî òàêîæ ôóíêöiþ

ωk(t, y) = sup
0≤h≤t

sup
s∈R+

∥∥∥ k∑
j=0

(−1)k−jCj
ky(s+ jh)

∥∥∥, k ∈ N;

ω0(t, y) ≡ ∥y∥S, t > 0.

Ç ôîðìóëè (3.2) i ðiâíîñòi e−sAy(t) = y(t+ s) îäåðæó¹ìî

∀k ∈ N0 : ωk(t, y) = sup
0≤h≤t

∥∥∥(e−hA − I
)k
y
∥∥∥
S
.

Íàñòóïíà òåîðåìà âñòàíîâëþ¹ ñïiââiäíîøåííÿ ìiæ Er(y) òà ωk(t, y), i

âîíà ¹ àíàëîãîì äîáðå âiäîìî¨ òåîðåìè Äæåêñîíà [173] ïðî àïðîêñèìàöiþ

íåïåðåðâíî¨ ïåðiîäè÷íî¨ ôóíêöi¨ òðèãîíîìåòðè÷íèìè ïîëiíîìàìè.

Òåîðåìà 3.2 Íåõàé y ∈ S. Òîäi

∀k ∈ N, ∃ck > 0 : Er(y) ≤ ckωk

(
1

r
, y

)
, r > 0. (3.5)

Äîâåäåííÿ. Çà ôîðìóëîþ (3.2) y(t) = e−tAf, f ∈ H. Ç (3.3), (3.4)

âèïëèâà¹, ùî

ω2
k(t, y) = sup

0≤s≤t

∥∥∥(e−sA − I
)k
y
∥∥∥2
S
≥
∥∥∥(e−tA − I

)k
y
∥∥∥2
S

= sup
s∈R+

∥∥∥(e−tA − I
)k
e−sAf

∥∥∥2
=
∥∥∥(e−tA − I

)k
f
∥∥∥2 = ∞∫

0

(
e−λt − 1

)2k
d(Eλf, f)

≥
∞∫
1

t

(
e−λt − 1

)2k
d(Eλf, f) ≥

(
1− e−1

)2k E2
1
t
(y).
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Òàêèì ÷èíîì,

∀t > 0 : E 1
t
(y) ≤

(
1− e−1

)−k
ωk(t, y).

Ïîêëàäàþ÷è r =
1

t
and ck =

(
1− e−1

)−k
, îäåðæó¹ìî (3.5).

Òåîðåìó äîâåäåíî.

Ïîçíà÷èìî ÷åðåç Cn(R+,H) ìíîæèíó óñiõ n ðàçiâ íåïåðåðâíî äèôå-

ðåíöiéîâíèõ íà R+ H-çíà÷íèõ âåêòîð-ôóíêöié. Â ñèëó çàìêíåíîñòi îïåðà-

òîðà A âêëþ÷åííÿ y ∈ S ∩ Cn(R+,H) çóìîâëþ¹ íàëåæíiñòü y(k) ∈ S, k =

1, 2, . . . , n.

Òåîðåìà 3.3 Ïðèïóñòèìî, ùî y ∈ S ∩ Cn(R+,H), n ∈ N0. Òîäi

∀r > 0, ∀k ∈ N0 : Er(y) ≤
ck+n
rn

ωk

(
1

r
, y(n)

)
,

äå ñòàëi ck ¹ òèìè ñàìèìè, ùî é ó òåîðåìi 3.2.

Äîâåäåííÿ. Íåõàé y ∈ S ∩ Cn(R+,H), r > 0 i 0 ≤ t < 1
r . Çàâäÿêè

âëàñòèâîñòÿì C0-ïiâãðóïè ñòèñêó, îäåðæó¹ìî∥∥∥(e−tA − I
)k+n

y(s)
∥∥∥ =

∥∥∥(e−tA − I
)n (

e−tA − I
)k
y(s)

∥∥∥ ≤

≤
t∫

0

· · ·
t∫

0

∥∥∥e−(s1+...sn)A
∥∥∥∥∥∥(e−tA − I

)k
Any(s)

∥∥∥ ds1 . . . dsn ≤
≤ tn

∥∥∥(e−tA − I
)k
y(n)(s)

∥∥∥ ,
çâiäêè

ωk+n

(
1

r
, y

)
≤ 1

rn
ωk

(
1

r
, y(n)

)
i, íà îñíîâi íåðiâíîñòi (3.5),

Er(y) ≤ ck+nωk+n

(
1

r
, y

)
≤ ck+n

rn
ωk

(
1

r
, y(n)

)
,

ùî é òðåáà áóëî äîâåñòè.
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Ïîêëàäàþ÷è â òåîðåìi 3.3 k = 0 é áåðó÷è äî óâàãè, ùî ω0(t, y
(n)) =

∥y(n)∥S, ïðèõîäèìî äî òàêîãî òâåðäæåííÿ.

Íàñëiäîê 3.1 Íåõàé y ∈ S ∩ Cn(R+,H), n ∈ N. Then

∀r > 0 : Er(y) ≤
cn
rn

∥y(n)∥S.

Äëÿ ÷èñåë h > 0 òà k ∈ N0 ïîêëàäåìî

∆k
h =

(
e−hA − I

)k
=

k∑
j=0

(−1)k−jCj
ke

−jhA.

Ëåìà 3.1 ßêùî y ∈ S0 i σ(y) = α, òî

∀h > 0, ∀k, n ∈ N0 :
∥∥∥∆k

hy
(n)
∥∥∥
S
≤ (αh)kαn∥y∥S. (3.6)

Äîâåäåííÿ. Ç íåðiâíîñòi

1− λh− e−λh ≤ 0 (λ ≥ 0, h > 0)

i ïðåäñòàâëåííÿ y(t) = e−tAf âèïëèâà¹, ùî

∥∥∥∆k
hy

(n)
∥∥∥2 = α∫

0

(
1− e−λh

)2k
e−2λtλ2n d(Eλf, f) ≤

≤
α∫

0

(λh)2kλ2n d(Eλf, f) ≤ (αh)2kα2n∥f∥2.

Öå i (3.3) çóìîâëþþòü ñïiââiäíîøåííÿ∥∥∥∆k
hy

(n)
∥∥∥
S
≤ (αh)kαn∥f∥ = (αh)kαn∥y∥S.

Ëåìó äîâåäåíî

Áåðó÷è â (3.6) k = 0, îòðèìó¹ìî àíàëîã íåðiâíîñòi Áåðíøòåéíà (äèâ.[174,

175, 208]), à ñàìå:

∀n ∈ N :
∥∥∥y(n)∥∥∥ ≤ αn∥y∥S. (3.7)

139



Ïîêëàäàþ÷è òóò n = 0, ïðèéäåìî äî ñïiââiäíîøåííÿ

∀n ∈ N :
∥∥∆k

hy
∥∥
S
≤ (αh)k∥y∥S = (αh)kαn∥y∥S.

Âàðòî çàóâàæèòè, ùî ç íåðiâíîñòi

Er(y) ≤
c

rn
, r > 0, n ∈ N, (3.8)

ùå íå âèïëèâà¹ âêëþ÷åííÿ y ∈ Cn(R+,H). Òèì íå ìåíøå, íàñòóïíå òâåð-

äæåííÿ, îáåðíåíå äî òåîðåìè 3.3, âèêîíó¹òüñÿ.

Òåîðåìà 3.4 Ïðèïóñòèìî, ùî y ∈ S i ω(t) � ôóíêöiÿ òèïó ìîäóëÿ

íåïåðåðâíîñòi, òîáòî:

1) ω(t) ¹ íåñïàäíîþ íåïåðåðâíîþ íà R+;

2) ω(0) = 0;

3) ∃c > 0, ∀t > 0 : ω(2t) ≤ cω(t).

Äëÿ òîãî, ùîá y ∈ Cn(R+,H), äîñòàòíüî, ùîá iñíóâàëî ÷èñëî m > 0

òàêå, ùî

∀r > 0, ∀n ∈ N : Er(y) ≤
m

rn
ω

(
1

r

)
. (3.9)

Äîâåäåííÿ. Ïðèïóñòèìî, ùî äëÿ y ∈ S âèêîíó¹òüñÿ óìîâà (3.9). Òîäi

iñíó¹ ïîñëiäîâíiñòü yi ∈ S : σ(yi) < 2i (i ∈ N) òàêà, ùî

∥y − yi∥S → 0 ïðè i→ ∞.

Áåðó÷è äî óâàãè (3.7) òà íåðiâíiñòü σ(yi − yi−1) < 2i (i ∈ N), îäåðæó¹ìî∥∥∥y(n)i − y
(n)
i−1

∥∥∥
S
≤2in∥yi − yi−1∥S ≤ 2in(∥y − yi∥S + ∥y − yi−1∥S) ≤

≤2in
(
m

2in
ω

(
1

2i

)
+

m

2(i−1)n
ω

(
1

2i−1

))
.

Çâiäñè âèïëèâà¹, ùî∥∥∥y(n)i − y
(n)
i−1

∥∥∥
S
≤ m2n

(
1

2n
+ c

)
ω

(
1

2i

)
,
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à òîìó ∥∥∥y(n)i − y
(n)
i−1

∥∥∥
S
→ 0 ïðè i→ ∞.

Â ñèëó ïîâíîòè ïðîñòîðó S iñíó¹ ỹ ∈ S òàêå, ùî∥∥∥y(n)i − ỹ
∥∥∥
S
→ 0, êîëè i→ ∞.

Òàêèì ÷èíîì, yi → y, y
(n)
i → ỹ (i→ ∞) ó ïðîñòîði S. Îñêiëüêè îïåðàòîð

dn

dtn
¹ çàìêíåíèì â S, ðîáèìî âèñíîâîê, ùî y ∈ Cn(R+,H) i y(n)(t) ≡ ỹ(t).

Äîâåäåííÿ çàâåðøåíî.

Ïiäñòàâëÿþ÷è â íåðiâíiñòü (3.8) n+ ε çàìiñòü n i òèì ñàìèì ïiäñèëþ-

þ÷è ¨¨, ïðèéäåìî äî òàêîãî íàñëiäêó.

Íàñëiäîê 3.2 Íåõàé äëÿ y ∈ S

∃c > 0, ∃ε > 0 : Er(y) ≤
c

rn+ε
.

Òîäi y ∈ Cn(R+,H).

3.3 Ïðÿìi é îáåðíåíi òåîðåìè òåîði¨ íàáëèæåíü

Íåõàé {mn}n∈N0
� íåñïàäíà ïîñëiäîâíiñòü ÷èñåë (íå çìåíøóþ÷è çàãàëüíî-

ñòi, ìîæíà ââàæàòè m0 = 1). Ïîêëàäåìî

C{mn} = C{mn}(R+,H) =
∪
α>0

Cα
mn
, C(mn) = C(mn)(R+,H) =

∩
α>0

Cα
mn
,

äå

Cα
mn

= Cα
mn

(R+,H) =

=
{
y ∈ C∞(R+,H)

∣∣∃c = c(y) > 0, ∀k ∈ N0 : sup
t∈R+

∥∥∥y(k)(t)∥∥∥ ≤ cmkα
k
}

� áàíàõiâ ïðîñòið âiäíîñíî íîðìè

∥y∥Cα
mn

= sup
k∈N

sup
t∈R+

∥∥y(k)(t)∥∥
αkmk

.
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Ó ïðîñòîðàõ C{mn} òà C(mn) ââîäÿòüñÿ òîïîëîãi¨ iíäóêòèâíî¨ òà, âiäïîâiä-

íî, ïðîåêòèâíî¨ ãðàíèöi ïðîñòîðiâ Cα
mn
. Çàóâàæèìî, ùî ïðîñòîðè C{n!} =

C{nn}, C(n!) = C(nn) (mn = n! àáî nn) i C{1} (mn ≡ 1) ¹ íå ùî iíøå, ÿê

ïðîñòîðè îáìåæåíèõ íà R+ ðàçîì ç óñiìà ¨õíiìè ïîõiäíèìè àíàëiòè÷íèõ,

öiëèõ òà öiëèõ åêñïîíåíöiàëüíîãî òèïó H-çíà÷íèõ âåêòîð-ôóíêöié âiäïî-

âiäíî.

Ó ïîäàëüøîìó äîäàòêîâî ïðèïóñêàòèìåìî, ùî äëÿ ïîñëiäîâíîñòi

{mn}n∈N0
âèêîíó¹òüñÿ óìîâà

∀α > 0, ∃c = c(α) : mn ≥ cαn. (3.10)

Ïîçíà÷èìî

τ(λ) =
∞∑
n=0

λn

mn
. (3.11)

ßñíî, ùî ôóíêöiÿ τ(λ) ¹ öiëîþ, τ(λ) ≥ 1 for λ ≥ 0 i τ(λ) ↑ ∞ ïðè λ→ ∞.

Òåîðåìà 3.5 Íåõàé ïîñëiäîâíiñòü {mn}n∈N0
çàäîâîëüíÿ¹ óìîâó

∃c > 0 ∃h > 1 ∀n ∈ N0 : mn+1 ≤ chnmn (3.12)

Òîäi ìàþòü ìiñöå òàêi ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi:

y ∈ C∞(R+,H) ⇐⇒ ∀α > 0 : Er(y) = O
(

1
rα

)
(r → ∞),

y ∈ C{mn} ⇐⇒ ∃α > 0 : Er(y) = O
(
τ−1(αr)

)
(r → ∞),

y ∈ C(mn) ⇐⇒ ∀α > 0 : Er(y) = O
(
τ−1(αr)

)
(r → ∞)

(τ(λ) âèçíà÷à¹òüñÿ â (3.11)).

Äîâåäåííÿ. Íåõàé, ÿê i ðàíiøå, A � íåâiä'¹ìíèé ñàìîñïðÿæåíèé îïå-

ðàòîð â H i C∞(A) � ìíîæèíà óñiõ íåñêií÷åííî äèôåðåíöiéîâíèõ âåêòîðiâ

îïåðàòîðà A:

C∞(A) =
∩
n∈N0

D(An).
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Äëÿ ÷èñëà α > 0 ïîêëàäåìî

Cα
mn

(A) =
{
f ∈ C∞(A)

∣∣∃c = c(f) > 0, ∀n ∈ N0 : ∥Anf∥ ≤ cαnmn

}
.

Ìíîæèíà Cα
mn

(A) � áàíàõiâ ïðîñòið ç íîðìîþ

∥f∥Cα
mn(A)

= sup
n∈N0

∥Anf∥
αnmn

.

Òîäi

C{mn}(A) =
∪
α>0

Cα
mn

(A) òà C(mn)(A) =
∩
α>0

Cα
mn

(A)

� ëiíiéíi ëîêàëüíî-îïóêëi ïðîñòîðè ç òîïîëîãiÿìè iíäóêòèâíî¨ òà, âiäïî-

âiäíî, ïðîåêòèâíî¨ ãðàíèöi áàíàõîâèõ ïðîñòîðiâ Cα
mn

(A).

Âàðòî çàçíà÷èòè, ùî ÷àñòèííèìè âèïàäêàìè öèõ ïðîñòîðiâ ¹ ðîçãëÿ-

íóòi âèùå êëàñè Æåâðå

G{β}(A) = C{nnβ}(A), G(β)(A) = C(nnβ)(A)
(
mn = nnβ, β > 0

)
òà ïðîñòið öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó îïåðàòîðà A

G{0}(A) = C{1}(A) (mn ≡ 1).

Ïîêëàäåìî

Er(f, A) = inf
f0∈C{1}(A)

∥f − f0∥.

ßê ïîêàçàíî â [9], ìàþòü ìiñöå òàêi ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi:

f ∈ C∞(A) ⇐⇒ ∀α > 0 : Er(f, A) = O
(

1
rα

)
(r → ∞),

f ∈ C{mn}(A) ⇐⇒ ∃α > 0 : Er(f, A) = O
(
τ−1(αr)

)
(r → ∞),

f ∈ C(mn)(A) ⇐⇒ ∀α > 0 : Er(f, A) = O
(
τ−1(αr)

)
(r → ∞).

(3.13)

Ðîçãëÿíåìî âiäîáðàæåííÿ F : H 7→ S,

Ff = e−tAf.
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Îñêiëüêè äëÿ y ∈ S iñíó¹ ¹äèíèé âåêòîð f ∈ H òàêèé, ùî y = e−tAf , öå

âiäîáðàæåííÿ ¹ âçà¹ìíî îäíîçíà÷íèì. Ç (3.3) âèïëèâà¹, ùî F içîìåòðè÷íî

âiäîáðàæà¹ H íà S i

F (C∞(A)) = C∞(R+,H),

F
(
C{mn}(A)

)
= C{mn}(R+,H), F

(
C(mn)(A)

)
= C(mn)(R+,H). (3.14)

Äîâåäåííÿ òåîðåìè âèïëèâà¹ ç (3.13) i (3.14), òîìó ùî Er(f, A) = Er
(
e−tAf

)
.

ßêùî mn = nnβ (β > 0), òî τ(r) = e−r
1/β

i íàñëiäêîì òåîðåìè 3.5 ¹

íàñòóïíå òâåðäæåííÿ.

Íàñëiäîê 3.3 Ìàþòü ìiñöå òàêi ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi:

y ∈ C{nnβ}(R+,H) ⇐⇒ ∃α > 0 : Er(y) = O
(
e−αr

1/β
)

(r → ∞),

y ∈ C(nnβ)(R+,H) ⇐⇒ ∀α > 0 : Er(y) = O
(
e−αr

1/β
)

(r → ∞).

Íàãàäà¹ìî, ùî öiëà H-çíà÷íà âåêòîð-ôóíêöiÿ x(λ) ìà¹ ñêií÷åííèé ïî-

ðÿäîê ðîñòó, ÿêùî

∃γ > 0, ∀λ ∈ C : ∥x(λ)∥ ≤ exp(|λ|γ).

Òî÷íà íèæíÿ ìåæà ρ(x) òàêèõ γ íàçèâà¹òüñÿ ïîðÿäêîì x(λ). Òèï öiëî¨

âåêòîð-ôóíêöi¨ x(λ) ïîðÿäêó ρ âèçíà÷à¹òüñÿ ÿê

σ(x) = inf {a > 0 : ∥x(λ)∥ ≤ exp(a|λ|ρ)} .

Îñêiëüêè ïiâãðóïà
{
e−tA

}
t≥0

¹ àíàëiòè÷íîþ, êîæåí ñëàáêèé ðîçâ'ÿçîê y(t)

ðiâíÿííÿ (3.1) ¹ àíàëiòè÷íèì íà (0,∞). Âií ¹ àíàëiòè÷íèì i íà [0,∞) òîäi

i òiëüêè òîäi, êîëè y ∈ C{nn}.

Çà íàñëiäêîì 3.3

∃α > 0 : Er(y) = O
(
e−αr

)
(r → ∞).
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Ùî ñòîñó¹òüñÿ ìîæëèâîñòi ïðîäîâæåííÿ y(t) äî öiëî¨ âåêòîð-ôóíêöi¨ ïî-

ðÿäêó ρ i ñêií÷åííîãî òèïó σ(y), âiäïîâiäü íà öå ïèòàííÿ äà¹ íàñòóïíà

òåîðåìà.

Òåîðåìà 3.6 Äëÿ òîãî, ùîá ñëàáêèé ðîçâ'ÿçîê ðiâíÿííÿ (3.1) äîïóñêàâ

ïðîäîâæåííÿ äî öiëî¨ H-çíà÷íî¨ âåêòîð-ôóíêöi¨ y(z), íåîáõiäíî i äîñòà-

òíüî, ùîá

∀α > 0 : Er(y) = O
(
e−αr

)
(r → ∞). (3.15)

Ðîçøèðåííÿ y(z) ¹ ñêií÷åííîãî ïîðÿäêó ρ i ñêií÷åííîãî òèïó òîäi i òiëü-

êè òîäi, êîëè

∃α > 0 : Er(y) = O
(
e−αr

1/β
)

(r → ∞),

äå β i ρ ïîâ'ÿçàíi îäíå ç îäíèì ôîðìóëîþ

β =
ρ− 1

ρ
< 1.

Çàóâàæèìî, ùî ìîæíà çàâæäè ïðèïóñòèòè ρ > 1. Ñïðàâäi, ÿêùî ρ ≤ 1

i òèï ¹ ñêií÷åííèì, òî y ∈ S0 i íåìà¹ æîäíîãî ñåíñó íàáëèæàòè ðîçâ'ÿçîê

ç S0 ðîçâ'ÿçêàìè ç òîãî ñàìîãî ïðîñòîðó.

Äîâåäåííÿ òåîðåìè 3.6. Íåõàé y(t) � ñëàáêèé ðîçâ'ÿçîê ðiâíÿííÿ (3.1).

Çà íàñëiäêîì 3.3, y ∈ C(nn), à îòæå, y(t) äîïóñêà¹ ïðîäîâæåííÿ äî öiëî¨

âåêòîð-ôóíêöi¨ òîäi i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ ñïiââiäíîøåííÿ (3.15).

Ïðèïóñòèìî, ùî y(t) äîïóñêà¹ ïðîäîâæåííÿ äî öiëî¨ H-çíà÷íî¨ âåêòîð-

ôóíêöi¨ y(z) ïîðÿäêó ρ i ñêií÷åííîãî òèïó σ. Òîäi

∀σ1 > σ, ∃c = c(σ1) : ∥y(z)∥ ≤ ceσ1|z|
ρ

.

Îòæå,

∀r > 0, ∀n ∈ N0 :
∥∥∥y(n)(z)∥∥∥ ≤ n!

2π

∫
|z−ζ|=r

∥y(ζ)∥
|z − ζ|n+1

dζ ≤ cσ1n!

rn
exp (2σ1r

ρ) .
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Áåðó÷è äî óâàãè, ùî ôóíêöiÿ
exp (arρ)

rn
äîñÿãà¹ ñâîãî ìiíiìóìó ó òî÷öi(

n

aρ

)1/ρ

, i çàñòîñîâóþ÷è ôîðìóëó Ñòiðëiíãà

n! = nne−n
√
2πn

(
1 +O

(
1

n

))
(n→ ∞),

îäåðæó¹ìî íåðiâíiñòü∥∥∥y(n)(z)∥∥∥ ≤ c
(
2e1−ρσ1ρ

) 1
ρ n

ρ−1
ρ n,

ÿêà ïîêàçó¹, ùî y ∈ C{nnβ}, äå

β ≤ ρ− 1

ρ
⇐⇒ ρ ≥ 1

1− β
, β < 1. (3.16)

Ç íàñëiäêó 3.3 âèïëèâà¹, ùî

∃α > 0 : Er(y) = O
(
e−αr

1/β
)

(r → ∞). (3.17)

Íàâïàêè, íåõàé (3.17) âèêîíó¹òüñÿ. Òîäi, â ñèëó íàñëiäêó 3.3, âåêòîð-

ôóíêöiÿ y ∈ C{nnβ} (0 < β < 1) ¹ öiëîþ i ìîæå áóòè çîáðàæåíà ðÿäîì
∞∑
k=0

y(k)(0)

k!
zk. Äëÿ ¨¨ ïîðÿäêó ðîñòó ρ ìà¹ìî

ρ = lim
n→∞

n lnn

ln
n!∥∥y(n)(0)∥∥

≤ lim
n→∞

n lnn

ln (n!n−nβ)
=

1

1− β
,

òîáòî,

ρ ≤ 1

1− β
. (3.18)

Â ñèëó (3.16) i (3.18),

ρ =
1

1− β
, 0 < β < 1.
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3.4 Âèïàäîê áàíàõîâîãî ïðîñòîðó

Ïðÿìi é îáåðíåíi òåîðåìè òåîði¨ àïðîêñèìàöi¨ çàçâè÷àé ôîðìóëþþòüñÿ ó

áàíàõîâîìó ïðîñòîði à ¨õ äîâåäåííÿ äåùî ñêëàäíiøi, íiæ ó ãiëüáåðòîâîìó.

Íèæ÷å ìè ïîêàæåìî, ÿê, íàïðèêëàä, òåîðåìà 3.5 ìîæå áóòè ïåðåôîðìó-

ëüîâàíà ó âèïàäêó áàíàõîâîãî ïðîñòîðó. Ùîá öå çðîáèòè, ââåäåìî ïðîñòið

Hn ÿê

Hn = D(An), ∥f∥Hn =
(
∥f∥2 + ∥Anf∥2

)1/2
.

Ïðîñòið Hn ùiëüíî é íåïåðåðâíî âêëàäà¹òüñÿ â H. Ïîçíà÷èìî ÷åðåç H−n

ïîïîâíåííÿ H çà íîðìîþ

∥f∥H−n =
∥∥(A+ I)−n f

∥∥ ,
� òàê çâàíèé ïðîñòið ç íåãàòèâíîþ íîðìîþ, àñîöiéîâàíèé ç ïðîñòîðîì Hn

ç ïîçèòèâíîþ íîðìîþ â ëàíöþæêó

Hn ⊆ H ⊆ H−n

(äèâ. [10-12]). Âiäïîâiäíèì ïiäáîðîì íîðì â Hn òà H−n ìîæíà çðîáèòè

òàê, ùîá

∥f∥H−n ≤ ∥f∥ ≤ ∥f∥Hn.

Òåîðåìà 3.7 Íåõàé B � áàíàõiâ ïðîñòið ó ëàíöþæêó

Hk1 ⊆ B ⊆ H−k2 (3.19)

ùiëüíî i íåïåðåðâíî âêëàäåíèõ îäèí â îäíîãî ïðîñòîðiâ ç äåÿêèìè k1, k2 ∈

N, à ïîñëiäîâíiñòü {mn}n∈N0
ìà¹ âëàñòèâîñòi (3.10) òà (3.12). Òîäi äëÿ

ñëàáêîãî ðîçâ'ÿçêó y(t) ðiâíÿííÿ (3.1) âèêîíóþòüñÿ ñïiââiäíîøåííÿ åêâi-
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âàëåíòíîñòi

y ∈ C∞(R+,H) ⇐⇒ ∀α > 0 : Er(y,B) = O (r−α) (r → ∞),

y ∈ C{mn} ⇐⇒ ∃α > 0, : Er(y,B) = O
(
τ−1(αr)

)
(r → ∞),

y ∈ C(mn) ⇐⇒ ∀α > 0 : Er(y,B) = O
(
τ−1(αr)

)
(r → ∞),

äå

Er(y,B) = inf
y0∈S0:σ(y0)≤r

sup
s∈R+

∥y(s)− y0(s)∥B,

τ(λ) âèçíà÷à¹òüñÿ â (3.11), ∥ · ∥B � íîðìà â B.

Äîâåäåííÿ. Ïåðø çà âñå ïîêàæåìî, ùî ïðîñòîðè C{mn}(A) òà C(mn)(A),

ðîçãëÿäóâàíi ÿê ïiäïðîñòîðè H, çáiãàþòüñÿ ç âiäïîâiäíèìè ïiäïðîñòîðàìè

Ck
{mn}(A) òà C

k
(mn)

(A), ïîáóäîâàíèìè ó ãiëüáåðòîâîìó ïðîñòîði Hk çâóæå-

ííÿì A � Hk, ÿêå ¹ íåâiä'¹ìíèì ñàìîñïðÿæåíèì îïåðàòîðîì â Hk.

Îòæå, íåõàé f ∈ C{mn}(A). Òîäi

∃α > 0, ∃c > 0 :
∥∥Aif

∥∥
Hk =

(∥∥Aif
∥∥2 + ∥∥Ai+kf

∥∥2)1/2
≤ c

(
α2im2

i + α2(i+k)m2
k+i

)1/2
≤ c̃

(
αhk

)i
mi, (3.20)

òîáòî C{mn}(A) ⊆ Ck
{mn}(A). ßêùî æ f ∈ C(mn)(A), òî íåðiâíiñòü (3.20)

âèêîíó¹òüñÿ äëÿ äîâiëüíîãî α > 0, à òîìó C(mn)(A) ⊆ Ck
(mn)

(A). Ïðîòè-

ëåæíi âêëàäåííÿ ¹ íàñëiäêîì îöiíêè
∥∥Aif

∥∥
B

≤
∥∥Aif

∥∥
Hk . Òàêèì ÷èíîì,

ìà¹ìî

C{mn}(A) = Ck
{mn}(A), C(mn)(A) = Ck

(mn)
(A). (3.21)

Î÷åâèäíî òàêîæ, ùî C∞
k (A) = C∞(A).

Îñêiëüêè äëÿ âåêòîðà g ∈ G{0}(A) = C{1}(A) (mn ≡ 1) òèïó σ(g, A) ≤

k âèêîíó¹òüñÿ íåðiâíiñòü∥∥Aig
∥∥
Hk =

(∥∥Aig
∥∥2 + ∥∥Ai+kg

∥∥2)1/2 ≤
≤c
(
α2i + α2(i+k)

)1/2
≤ c̃αi, c̃ =

(
1 + α2k

)1/2
,
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òî ïðîñòið C{1}(A) çáiãà¹òüñÿ ç Ck
{1}(A). Áiëüø òîãî, òèï âåêòîðà g âiäíî-

ñíî îïåðàòîðà A ó ïðîñòîði C{1}(A) ¹ òàêèé ñàìèé, ÿê éîãî òèï âiäíîñíî

îïåðàòîðà A � Hk ó ïðîñòîði Ck
{1}(A).

Ïîçíà÷èìî ÷åðåç Ã çàìèêàííÿ A ó ïðîñòîði H−k. Îïåðàòîð Ã ¹ íå-

âiä'¹ìíèì ñàìîñïðÿæåíèì îïåðàòîðîì â H−k i, ÿêùî H ðîçãëÿäà¹òüñÿ ÿê

ïiäïðîñòið ïðîñòîðó H−k, òî ìè îïèíÿ¹ìîñü ó ïîïåðåäíié ñèòóàöi¨. Ç öi¹¨

ïðè÷èíè

C{mn}(A) = C−k
{mn}(Ã), C(mn)(A) = C−k

(mn)
(Ã), (3.22)

i

∀g ∈ C{1}(A) = Ck
{1}(A) : σ(g, A) = σ(g, Ã).

Âðàõîâóþ÷è, ùî çâóæåííÿ (ðîçøèðåííÿ) ïiâãðóïè
{
e−tA

}
t∈R+

íà ïðîñòið

Hk1, k1 > 0, (íà H−k2, k2 > 0) ¹ àíàëiòè÷íîþ C0-ïiâãðóïîþ ñòèñêó â Hk1

(â H−k2), âêëàäåííÿ Ck
{mn}(A) ⊆ B, C(mn)(A) ⊆ B i ëàíöþæîê (3.19),

îäåðæó¹ìî äëÿ y(t) = e−tAf, f ∈ C{mn}(A) òà y0(t) = e−tAg, g ∈ C{1}(A)

íåðiâíîñòi∥∥e−tAf − e−tAg
∥∥
B
≤
∥∥e−tAf − e−tAg

∥∥
Hk1

≤ ∥f − g∥Hk1 ,

çâiäêè

Er(y,B) = inf
y0∈S0:σ(y0)≤r

sup
t∈R+

∥∥e−tAf − e−tAg
∥∥
B
≤ ∥f − g∥Hk1 ,

òîáòî,

Er(y,B) ≤ Er(f, A � Hk1). (3.23)

Ç (3.19) âèïëèâà¹, ùî

∀t ∈ R+ :
∥∥e−Atf − e−Atg

∥∥
H−k2

≤
∥∥e−Atf − e−Atg

∥∥
B
.

Çâiäñè îäåðæó¹ìî

∥f − g∥H−k2 = sup
t∈R+

∥∥e−Atf − e−Atg
∥∥
H−k2

≤ sup
t∈R+

∥∥e−Atf − e−Atg
∥∥
B
,
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à òîìó

inf
g∈C{1}(A):σ(g)≤r

∥f − g∥H−k2 ≤ inf
y0∈S0:σ(y0)≤r

sup
t∈R+

∥y(t)− y0(t)∥B.

Îòæå,

Er(f, Ã) ≤ Er(y,B). (3.24)

Íåðiâíîñòi (3.23), (3.24), ç óðàõóâàííÿì (3.19), (3.21), (3.22) i òåîðåìè 3.5,

çàâåðøóþòü äîâåäåííÿ òåîðåìè 3.7.

3.5 Âèïàäîê äèñêðåòíîãî ñïåêòðó

ñàìîñïðÿæåíîãî îïåðàòîðà A

Ïðèïóñòèìî, ùî A � ñàìîñïðÿæåíèé îïåðàòîð â H ç äèñêðåòíèì ñïå-

êòðîì, éîãî âëàñíi çíà÷åííÿ λk = λk(A), k ∈ N, çàäîâîëüíÿþòü óìîâó
∞∑
k=1

λ−pk < ∞ ç äåÿêèì p > 0 i λk ïðîíóìåðîâàíi â ïîðÿäêó çðîñòàííÿ ç

óðàõóâàííÿì ¨õ êðàòíîñòi. Ïîçíà÷èìî ÷åðåç {en}n∈N îðòîíîðìîâàíèé áà-

çèñ â H iç âëàñíèõ âåêòîðiâ îïåðàòîðà A. Òîäi ñïåêòðàëüíà ôóíêöiÿ Eλ

öüîãî îïåðàòîðà ìà¹ âèãëÿä

Eλf =
∑
λk≤λ

fkek,

äå fk = (f, ek) � êîåôiöi¹íòè Ôóð'¹ f , i

Er(f, A) =

∥∥∥∥∥ ∑
k:λk>r

f 2k

∥∥∥∥∥
1/2

.

ßê ïîêàçàíî â [209], ñïðàâäæó¹òüñÿ òàêå òâåðäæåííÿ.
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Òâåðäæåííÿ 3.1 Ìàþòü ìiñöå òàêi ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi:

f ∈ C∞(A) ⇐⇒ ∀α > 0, ∃c = c(α) > 0 : |fk| ≤ cλ−αk ,

f ∈ C{1}(A) ⇐⇒ ∃n0 ∈ N : fk = 0 ïðè k ≥ n0,

f ∈ C{mn}(A) ⇐⇒ ∃α > 0, ∃c > 0 : |fk| ≤ cτ−1(αλk),

f ∈ C(mn)(A) ⇐⇒ ∀α > 0, ∃c = c(α) > 0 : |fk| ≤ cτ−1(αλk),

äå ôóíêöiÿ τ(λ) çàäà¹òüñÿ ôîðìóëîþ (3.11).

Íåõàé òåïåð y(t) � ñëàáêèé ðîçâ'ÿçîê ðiâíÿííÿ (3.1). Òîäi

y(t) =
∞∑
k=1

e−λktfkek,
∞∑
k=1

|fk|2 <∞. (3.25)

Âåêòîð-ôóíêöiÿ y(t) ¹ öiëîþ åêñïîíåíöiàëüíîãî òèïó (y ∈ S0) òîäi i òiëüêè

òîäi, êîëè

∃n0 ∈ N : fk = 0 ïðè k ≥ n0.

Iç òâåðäæåííÿ 3.1, òåîðåì 3.3, 3.5 òà åêâiâàëåíòíîñòåé (3.13) âèïëèâà¹

Òåîðåìà 3.8 Ìàþòü ìiñöå òàêi ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi:

y ∈ Cn(R+,H) ⇐⇒ Eλk(y) = O
(
λ−nk+1

)
(n→ ∞),

y ∈ C∞(R+,H) ⇐⇒ ∀α > 0 : Eλk(y) = O
(
λ−αk+1

)
(n→ ∞),

y ∈ C{mn}(R+,H) ⇐⇒ ∃α > 0 : Eλk(y) = O
(
τ−1(αλk+1)

)
(n→ ∞),

y ∈ C(mn)(R+,H) ⇐⇒ ∀α > 0 : Eλk(y) = O
(
τ−1(αλk+1)

)
(n→ ∞).

3.6 Çàñòîñóâàííÿ äî ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè

Íåõàé H = L2(Ω), äå Ω � îáìåæåíà îáëàñòü â Rq ç êóñêîâî-ãëàäêîþ ãðà-

íèöåþ ∂Ω, i ïîçíà÷èìî ÷åðåç A′ îïåðàòîð, ïîðîäæåíèé ó ïðîñòîði L2(Ω)

äèôåðåíöiàëüíèì âèðàçîì

(Lu)(x) = −
q∑
i=1

q∑
k=1

∂

∂xi

(
aik(x)

∂u(x)

∂xk

)
+ c(x)u(x), (3.26)
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íà ìíîæèíi

D(A′) =
{
u ∈ C2(Ω)

∣∣u �∂Ω= 0
}
. (3.27)

Ïðèïóñòèìî, ùî aik(x), c(x) ∈ C∞(Ω), c(x) ≥ 0, à òàêîæ, ùî âèðàç (3.26)

¹ åëiïòè÷íîãî òèïó â Ω. Ó öüîìó âèïàäêó âñi âëàñíi çíà÷åííÿ µi(x), i =

1, . . . q, ìàòðèöi ∥aik(x)∥qi,k=1, x ∈ Ω, ìàþòü îäíàêîâèé çíàê; íå îáìåæóþ-

÷è çàãàëüíîñòi, ìîæíà ùå ïðèïóñòèòè, ùî µi(x) > 0, x ∈ Ω.

Îïåðàòîð A′ ¹ äîäàòíî âèçíà÷åíèì åðìiòîâèì çi ùiëüíîþ â L2(Ω).

îáëàñòþ âèçíà÷åííÿ. Îòæå, A′ äîïóñêà¹ çàìèêàííÿ äî äîäàòíî âèçíà÷å-

íîãî ñàìîñïðÿæåíîãî îïåðàòîðà A â L2(Ω). Çàçâè÷àé A íàçèâàþòü îïåðà-

òîðîì, ïîðîäæåíèì (3.26) i (3.27). Ñïåêòð îïåðàòîðà A äèñêðåòíèé, i äëÿ

éîãî âëàñíèõ çíà÷åíü λ1(A) < λ2(A) < · · · < λn(A) < . . . âèêîíó¹òüñÿ

îöiíêà

c1n
2/q ≤ λn(A) ≤ c2n

2/q, 0 < ci = const, i = 1, 2. (3.28)

(äèâ.[210]). Ïîçíà÷èìî ÷åðåç en(x), n ∈ N, îðòîíîðìîâàíèé áàçèñ â L2(Ω),

ñêëàäåíèé iç âëàñíèõ ôóíêöié îïåðàòîðà A.

Ó âèïàäêó, êîëè Ω � q-âèìiðíèé êóá 0 < xk < a, k = 1, . . . , q, a > 0, i

L = −
q∑
i=1

∂2

∂x2i
, (3.29)

ôîðìóëè äëÿ âëàñíèõ çíà÷åíü λn1...nq , nk ∈ N, òà âëàñíèõ ôóíêöié en1...nq(x)

îïåðàòîðà A ìàþòü âèãëÿä

λn1...nq =
π2

a2

q∑
k=1

n2k; en1...nq(x) =

(
2

a

)q/2 q∏
k=1

sin
π

a
xk.

Íåõàé y(t) = u(t, x) ∈ C(R+, L2(Ω)) � ñëàáêèé ðîçâ'ÿçîê çàäà÷i(
∂

∂t
−

q∑
k=1

q∑
i=1

∂

∂xk

(
aki(x)

∂

∂xi

)
+ c(x)

)
u(t, x) = 0, (3.30)

152



∀t > 0, ∀x ∈ ∂Ω : u(t, x) = 0, (3.31)

äå óìîâè íà aki(x) i c(x) òàêi ñàìi, ÿê i ïîïåðåäíi. Òîäi u(t, x) çîáðàæó¹òüñÿ

ó âèãëÿäi (3.25). Ïîêëàäåìî

Ln2 = D(An), ∥f∥Ln
2
=
(
∥f∥2 + ∥Anf∥2

)1/2
,

äå A � îïåðàòîð, ïîðîäæåíèé ó ïðîñòîði L2(Ω) âèðàçîì (3.26) i ãðàíè-

÷íîþ óìîâîþ (3.27). Ïðîñòið Ln2 íåïåðåðâíî i ùiëüíî âêëàäåíèé â L2(Ω).

Ïîçíà÷èìî ÷åðåç L−n
2 ïðîñòið ç íåãàòèâíîþ íîðìîþ, ùî âiäïîâiäà¹ ïðî-

ñòîðó Ln2 ⊂ L2(Ω) ç ïîçèòèâíîþ íîðìîþ. Ó âèïàäêó, êîëè L çàäà¹òüñÿ

âèðàçîì (3.29), Ln2 ¹ íå ùî iíøå, ÿê ïðîñòið Ñîáîë¹âà
◦
W

2n

2 (Ω).

Çà äîïîìîãîþ îöiíêè (3.28) äëÿ λn(A) i òåîðåìè 3.8, àíàëîãi÷íî òîìó,

ÿê öå çðîáëåíî â äîâåäåííi òåîðåìè 3.7, ïðèõîäèìî äî òàêîãî òâåðäæåííÿ.

Òåîðåìà 3.9 Íåõàé B � áàíàõiâ ïðîñòið i

Ln12 ⊆ B ⊆ L−n2
2 , n1, n2 ∈ N,

� ëàíöþæîê íåïåðåðâíî i ùiëüíî âêëàäåíèõ îäèí â îäíîãî ïðîñòîðiâ.

Ïðèïóñòèìî òàêîæ, ùî ïîñëiäîâíiñòü {mn}∞n=1 çàäîâîëüíÿ¹ (3.10) i (3.12).

Òîäi äëÿ ñëàáêîãî ðîçâ'ÿçêó y(t) = u(t, x) çàäà÷i (3.30)− (3.31) âiðíèìè ¹

íàñòóïíi ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi:

y(t) ∈ C∞(R+, L2(Ω)) ⇐⇒ α > 0 : EB
λk
(y) = O

(
1

(k+1)α

)
,

y(t) ∈ C{mn}(R+, L2(Ω)) ⇐⇒ ∃α > 0 : EB
λk
(y) = O

(
τ−1

(
α(k + 1)2/q

))
,

y(t) ∈ C(mn
(R+, L2(Ω)) ⇐⇒ ∀α > 0 : EB

λk
(y) = O

(
τ−1

(
α(k + 1)2/q

))
,

äå

EB
λk
(y) = inf

y0∈S0:σ(y0)≤λk
sup
t∈R+

∥y(t)− y0(t)∥B.

Òóò äîðå÷íî çàçíà÷èòè, ùî ó âèïàäêó, êîëè aki(x) = δki i c(x) ≡ 0,

êîðèñòóþ÷èñü òåîðåìàìè âêëàäåííÿ äëÿ ñîáîë¹âñüêèõ ïðîñòîðiâ (äèâ.,íà-
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ïðèêëàä, [211-239]), ìîæíà âçÿòè çà B ïðîñòið C(Ω) íåïåðåðâíèõ â Ω

ôóíêöié àáî Lp(Ω), 1 ≤ p < ∞, i ðîçãÿíóòè íå ëèøå çàäà÷ó Äiðiõëå, àëå

é iíøi êðàéîâi çàäà÷i, çîêðåìà, çàäà÷ó Íåéìàíà.

3.7 Ãiïåðáîëi÷íèé âèïàäîê

Ðîçãëÿíåìî ðiâíÿííÿ âèãëÿäó

dy(t)

dt
= Ay(t), t ∈ R, (3.32)

äå A � ãåíåðàòîð îáìåæåíî¨ C0-ãðóïè ëiíiéíèõ îïåðàòîðiâ {U(t)}t∈R â

B. Íå îáìåæóþ÷è çàãàëüíîñòi, ìîæíà ââàæàòè ãðóïó {U(t)}t∈R içîìåòðè-

÷íîþ, òîáòî ∥U(t)∥ = 1, t ∈ (−∞,∞).

Ñèëüíî íåïåðåðâíà âåêòîð-ôóíêöiÿ y(t) : (−∞,∞) 7→ B íàçèâà¹òüñÿ

ñëàáêèì ðîçâ'ÿçêîì ðiâíÿííÿ (3.32), ÿêùî äëÿ äîâiëüíîãî g∗ ∈ D(A∗)

d

dt
⟨y(t), g∗⟩ = ⟨y(t), A∗g∗⟩, t ∈ R,

äå A∗ � ñïðÿæåíèé äî A îïåðàòîð, à ⟨·, ·⟩ � çíàê ïàðóâàííÿ ìiæ B i äâî-

¨ñòèì äî íüîãî ïðîñòîðîì B∗. Îñêiëüêè â äàíié ñèòóàöi¨ îïåðàòîð A çà-

ìêíåíèé i ùiëüíî çàäàíèé, òî (äèâ. [206, 212]) öå îçíà÷åííÿ ïðè t ∈ R

åêâiâàëåíòíå íàâåäåíîìó â ï. 3.1.

Çãiäíî ç [3], çàìêíåíèé îïåðàòîð A ãåíåðó¹ C0-ãðóïó ó ïðîñòîðiB òîäi

i ëèøå òîäi, êîëè äëÿ êîæíîãî x ∈ B iñíó¹ ¹äèíèé ñëàáêèé ðîçâ'ÿçîê y(t)

çàäà÷i  y′(t) = Ay(t), t ∈ R,

y(0) = x.

Ó öüîìó âèïàäêó

y(t) = U(t)x, t ∈ R,

äå {U(t)}t∈R � C0-ãðóïà, ùî ãåíåðó¹òüñÿ îïåðàòîðîì A.
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ßêùî x ∈ D(A), òî

U(·)x ∈ C1(R,B), ∀t ∈ R : U(t)x ∈ D(A)

i
d

dt
U(t)x = AU(t)x, t ∈ R.

Î÷åâèäíî òîäi, ùî äëÿ äîâiëüíîãî x ∈ B iñíó¹ ¹äèíèé ñëàáêèé ðîçâ'ÿçîê

çàäà÷i Êîøi

(CP )±

 y′(t) = ±Ay(t), t > 0,

y(0) = x.

Ïðè öüîìó (äèâ. [7]) îáèäâà îïåðàòîðè A òà−A ¹ ãåíåðàòîðàìè C0-ïiâãðóï

U±(t) i

U(t) =

 U+(t) ïðè t ≥ 0;

U−(−t) ïðè t < 0.

Ïîçíà÷èìî ÷åðåç S ìíîæèíó âñiõ ñëàáêèõ ðîçâ'ÿçêiâ ðiâíÿííÿ (3.32),

òîáòî

S =
{
y(t) : R 7→ B

∣∣y(t) = U(t)f, ∀f ∈ B
}
. (3.33)

Ïðîñòið S ¹ áàíàõîâèì âiäíîñíî íîðìè

∥y∥S = sup
t∈R

∥U(t)f∥ .

Ìíîæèíó ñëàáêèõ ðîçâ'ÿçêiâ ðiâíÿííÿ (3.32), ÿêi äîïóñêàþòü ïðîäîâæå-

ííÿ äî öiëî¨ B-çíà÷íî¨ âåêòîð-ôóíêöi¨ åêñïîíåíöiàëüíîãî òèïó, ïîçíà÷à-

òèìåìî, ÿê i ðàíiøå, ÷åðåç S0.

Òåîðåìà 3.10 Íåõàé y(t) � ñëàáêèé ðîçâ'ÿçîê ðiâíÿííÿ (3.32). Òîäi ìà¹

ìiñöå ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi

y(·) ∈ S0 ⇐⇒ y(t) = U(t)f, äå f ∈ C{1}(A) = G{0}(A). (3.34)
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Ìíîæèíà S0 ¹ ùiëüíîþ â S, i

σ(y) = σ(f, A)

Áiëüø òîãî, äëÿ y ∈ S0 ñïðàâäæó¹òüñÿ àíàëîã íåðiâíîñòi Áåðíøòåéíà:∥∥∥y(n)∥∥∥
S
≤ σn(y)∥y∥S. (3.35)

Äîâåäåííÿ. Çîáðàæåííÿ (3.34) âèïëèâà¹ ç òåîðåìè 3.1. Äàëi, îñêiëü-

êè A � ãåíåðàòîð îáìåæåíî¨ C0-ãðóïè, òî âií ¹ íåêâàçiàíàëiòè÷íèì i, çà

òâåðäæåííÿì 1.1, C{1}(A) = B (äèâ. [88]). Íåðiâíiñòü

∥U(t)f − U(t)g∥S ≤ ∥f − g∥

çóìîâëþ¹ ùiëüíiñòü S0 â S.

Íåõàé òåïåð g∗ � äîâiëüíèé íåïåðåðâíèé ôóíêöiîíàë íàä B : g∗ ∈ B∗.

ßêùî f ∈ C{1}(A), òî ⟨U(t)f, g∗⟩ ¹ îáìåæåíîþ íà R öiëîþ ñêàëÿðíîþ

ôóíêöi¹þ åêñïîíåíöiàëüíîãî òèïó σ(y), à òîìó, çà òåîðåìîþ Áåðíøòåéíà

[174], ∣∣∣⟨U(t)f, g∗⟩(n)∣∣∣ ≤ σn ∥U(t)f∥ ∥g∗∥ .

Çâiäñè âèïëèâà¹

∀g∗ ∈ B∗ :
∣∣∣⟨y(n)(t)f, g∗⟩(n)∣∣∣ ≤ σn(y) ∥U(t)f∥ ∥g∗∥ ≤ σn(y)∥y∥S ∥g∗∥ .

Áåðó÷è äî óâàãè, ùî g∗ ∈ B∗ ìîæå áóòè ÿêèì çàâãîäíî, ïðèéäåìî äî

íåðiâíîñòi (3.35).

Òåîðåìó äîâåäåíî.

Ïîäiáíî äî ïàðàáîëi÷íîãî âèïàäêó, òóò òàêîæ âèíèêà¹ ïðîáëåìà ìî-

æëèâîñòi íàáëèæåííÿ áóäü-ÿêîãî ñëàáêîãî ðîçâ'ÿçêó ðiâíÿííÿ (3.32) éîãî

öiëèìè ðîçâ'ÿçêàìè åêñïîíåíöiàëüíîãî òèïó. ßê i â ï. 3.2, çà íàéêðàùå
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íàáëèæåííÿ âåêòîð-ôóíêöi¨ y ∈ S ðîçâ'ÿçêàìè ç S0 âiçüìåìî âåëè÷èíó

Er(y) = inf
z∈S0:σ(z)≤r

∥y − z∥S, r > 0.

Ìè âæå çíà¹ìî, ùî ïðè ôiêñîâàíîìó y ôóíêöiÿ Er(y) íå çðîñòà¹ i ïðÿìó¹

äî íóëÿ ïðè r → ∞.

Äëÿ äîâiëüíèõ y ∈ S, t > 0 òà k ∈ N ïîçíà÷èìî òàêîæ ÷åðåç ωk(t, y)

ìîäóëü íåïåðåðâíîñòi ïîðÿäêó k âåêòîð-ôóíêöi¨ y:

ωk(t, y) = sup
|h|≤t

sup
s∈R

∥∥∥∥∥
k∑
j=0

(−1)k−jCj
ky(s+ jh)

∥∥∥∥∥ (k ∈ N), ω0(t, y) ≡ ∥y∥S.

Iç çîáðàæåííÿ (3.33) âèïëèâà¹, ùî

∀k ∈ N0 : ωk(t, y) = sup
|τ |<t

∥∥∥(U(τ)− I)k y
∥∥∥
S
,

çâiäêè, àíàëîãi÷íî òîìó, ÿê öå áóëî çðîáëåíî ïðè äîâåäåííi òåîðåìè 3.2,

îòðèìà¹ìî òàêå òâåðäæåííÿ.

Òåîðåìà 3.11 Íåõàé y ∈ S. Òîäi

∀k ∈ N, ∃ck > 0 : Er(y) ≤ ckωk

(
1

r
, y

)
, ∀r > 0.

Ç öi¹¨ òåîðåìè âèïëèâà¹ òàêèé íàñëiäîê.

Íàñëiäîê 3.4 Ïðèïóñòèìî, ùî y ∈ S
∩
Cm(R,B), m ∈ N0. Òîäi

∀k ∈ N0, ∀r > 0 : Er(y) ≤
ck+m
rm

ωk

(
1

r
, y(m)

)
(ñòàëi ck òàêi ñàìi, ÿê â òåîðåìi 3.11).

Ïîêëàäàþ÷è â íàñëiäêó 3.4 k = 0 i âðàõîâóþ÷è, ùî ω0(t, y) = ∥y∥S,

îäåðæó¹ìî
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Íàñëiäîê 3.5 Íåõàé y ∈ S
∩
Cm(R,B),m ∈ N0. Òîäi

∀r > 0 : Er(y) ≤
cm
rm

∥∥∥y(m)
∥∥∥
S
.

Çàçíà÷èìî, ùî ç íåðiâíîñòi Er(y) ≤ c

rm
, r > 0, ùå íå âèïëèâà¹, ùî

y ∈ Cm(R,B). Ïðîòå, ïåðåáiãàþ÷è äîâåäåííÿ òåîðåìè 3.4 i òåîðåìè 2 ç

[207], ïðèéäåìî äî òàêîãî âèñíîâêó.

Òåîðåìà 3.12 Íåõàé ω(t) � ôóíêöiÿ òèïó ìîäóëÿ íåïåðåðâíîñòi, òîá-

òî:

1) ω(t) ¹ íåñïàäíîþ íåïåðåðâíîþ ôóíêöi¹þ íà R+ = [0,∞);

2) ω(0) = 0;

3) ∃γ > 0, ∀t ∈ [0, 1] : ω(2t) < γω(t);

4)

1∫
0

ω(t)

t
dt <∞.

ßêùî äëÿ y ∈ S iñíóþòü ñòàëi c > 0 i m ∈ N òàêi, ùî

Er(y) ≤
c

rm
ω

(
1

r

)
(∀r > 0),

òî y ∈ Cm(R,B) i

∀k ∈ N, ∀t ∈
(
0,

1

2

]
, ∃ck > 0, : ωk(t, y) ≤ ck

tk t∫
0

ω(s)

s
ds+

1∫
t

ω(s)

sk+1
ds

 .

Íàñëiäîê 3.6 Íåõàé y ∈ S i

∃ε > 0, ∃c > 0 : Er(y) ≤
c

rm+ε
.

Òîäi y ∈ Cm(R,B).

Ïîçíà÷èìî ÷åðåç C∞(R,B) ìíîæèíó âñiõ íåñêií÷åííî äèôåðåíöiéîâ-

íèõ B-çíà÷íèõ âåêòîð ôóíêöié íà R.

Íàñëiäîê 3.7 Ìà¹ ìiñöå òàêå ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi:

y ∈ C∞(R,B) ⇐⇒ ∀k ∈ N : Er(y) = o

(
1

rk

)
.

158



3.8 Ãiïåðáîëi÷íèé âèïàäîê ó ãiëüáåðòîâîìó ïðîñòîði

ÍåõàéB = H � ãiëüáåðòiâ ïðîñòið. Ãðóïó {U(t)}t∈R â äàíié ñèòóàöi¨ ìîæíà

ââàæàòè óíiòàðíîþ, îñêiëüêè (äèâ.[213]) äëÿ áóäü-ÿêî¨ îáìåæåíî¨ ãðóïè â

H ìîæíà ïiäiáðàòè ó öüîìó ïðîñòîði ñêàëÿðíèé äîáóòîê, åêâiâàëåíòíèé

âèõiäíîìó, òàê, ùîá âiäíîñíî íüîãî ðîçãëÿäóâàíà ãðóïà áóëà ñàìå òàêîþ.

Çà òåîðåìîþ Ñòîóíà ¨¨ ãåíåðàòîð ìà¹ âèãëÿä A = iB, äå B � ñàìîñïðÿæå-

íèé îïåðàòîð. Ïîçíà÷èìî ÷åðåç E(∆) éîãî ñïåêòðàëüíó ìiðó. ßê ïîêàçàíî

â [122, 205],

C{1}(A) =
{
f ∈ H

∣∣f = E([−α, α])g, ∀α > 0,∀g ∈ H
}
.

Ó öüîìó âèïàäêó ìîæíà ÿâíî âèïèñàòè ñòàëi ck, ùî ôiãóðóþòü â òå-

îðåìi 3.11, à ñàìå: ck =

√
k + 1

2k
. Áiëüø òîãî, ñôîðìóëüîâàíi âèùå ïðÿìi

é îáåðíåíi òåîðåìè äëÿ ðîçâ'ÿçêiâ ñêií÷åííî¨ ãëàäêîñòi ìîæíà ïîøèðèòè

íà ðîçâ'ÿçêè, ùî íàëåæàòü äåÿêèì êëàñàì íåñêií÷åííî äèôåðåíöiéîâíèõ

H-çíà÷íèõ âåêòîð-ôóíêöié. Ïåðåéäåìî äî ðåçóëüòàòiâ, îòðèìàíèõ ó öüîìó

íàïðÿìêó.

Íåõàé {mn}n∈N0
� íåñïàäíà ïîñëiäîâíiñòü äîäàòíèõ ÷èñåë (íå îáìåæó-

þ÷è çàãàëüíîñòi, ìîæíà çàâæäè ïðèïóñòèòè, ùî m0 = 1). Ïîêëàäåìî

C{mn} = C{mn}(R,H) =
∪
α>0

Cα
mn
, C(mn) = C(mn)(R,H) =

∩
α>0

Cα
mn
,

äå

Cα
mn

= Cα
mn

(R,H) =
{
y ∈ C∞(R,H)

∣∣∃c = c(y), ∀k ∈ N :
∥∥∥y(k)∥∥∥

S
≤ cαkmk

}
−

áàíàõiâ ïðîñòið âiäíîñíî íîðìè

∥y∥Cα
mn

= sup
k∈N0

∥∥y(k)∥∥
S

αkmk
.
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Ó ïðîñòîði C{mn} (C(mn)) ââåäåìî òîïîëîãiþ iíäóêòèâíî¨ (ïðîåêòèâíî¨)

ãðàíèöi áàíàõîâèõ ïðîñòîðiâ Cα
mn
. Çàóâàæèìî, ùî ïðîñòîðè C{n!}, C(n!) (mn =

n!) òà C{1} (mn ≡ 1) ¹ íå ùî iíøå, ÿê ïðîñòîðè îáìåæåíèõ íà R àíàëiòè-

÷íèõ, öiëèõ òà öiëèõ åêñïîíåíöiàëüíîãî òèïó H-çíà÷íèõ âåêòîð-ôóíêöié.

ßê i â ï. 3.3, ïðèïóñòèìî, ùî ïîñëiäîâíiñòü {mn}n∈N0
çàäîâîëüíÿ¹ óìî-

âó (3.10), òîáòî

∀α > 0, ∃c = c(α) > 0 : mn ≥ cαn,

i ðîçãëÿíåìî ôóíêöiþ

p(λ) =
∞∑
n=0

λn

mn
.

Iäó÷è ïî ñëiäàõ äîâåäåííÿ òåîðåìè 3.5, ïðèéäåìî äî íàñòóïíîãî òâåðäæå-

ííÿ.

Òåîðåìà 3.13 Íåõàé äîäàòêîâî ïîñëiäîâíiñòü {mn}n∈N0
ìà¹ âëàñòè-

âiñòü

∃c > 0, ∃h > 1 : mn+1 ≤ chnmn.

Òîäi âèêîíóþòüñÿ òàêi ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi:

y ∈ C{mn} ⇐⇒ ∃α > 0 : Er(y) = O
(
p−1(αr)

)
;

y ∈ C(mn) ⇐⇒ ∀α > 0 : Er(y) = O
(
p−1(αr)

)
.

Ó âèïàäêó, êîëè mn = nnβ, 0 < β <∞, ç òåîðåìè 3.13 âèïëèâà¹

Íàñëiäîê 3.8 Ìàþòü ìiñöå ñïiââiäíîøåííÿ

y ∈ C{nnβ} ⇐⇒ ∃α > 0 : Er(y) = O
(
e−αr

1/β
)
;

òà

y ∈ C(nnβ) ⇐⇒ ∀α > 0 : Er(y) = O
(
e−αr

1/β
)
.
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Íàñëiäîê 3.9 Ðîçâ'ÿçîê y ∈ S ðiâíÿííÿ (3.32) äîïóñêà¹ ïðîäîâæåííÿ

äî öiëî¨ H-çíà÷íî¨ âåêòîð-ôóíêöi¨ ïîðÿäêó ρ i ñêií÷åííîãî òèïó òîäi i

òiëüêè òîäi, êîëè

∃α > 0 : Er(y) = O
(
e−αr

1/β
)
,

äå ρ i β ïîâ'ÿçàíi ìiæ ñîáîþ ðiâíiñòþ β =
ρ− 1

ρ
< 1.

Âàðòî ùå çàçíà÷èòè, ùî ðåçóëüòàòè ï. 3.7 ìîæíà ïîøèðèòè íà âèïà-

äîê, êîëè ãåíåðàòîð A ãðóïè {U(t)}tR ¹ íåêâàçiàíàëèòè÷íèì, òîáòî

∞∫
−∞

ln ∥U(t)∥
1 + t2

dt <∞.

Çà öi¹¨ óìîâè, ÿê ïîêàçàíî â [122], ìíîæèíà óñiõ öiëèõ âåêòîðiâ åêñïîíåíöi-

àëüíîãî òèïó îïåðàòîðà A ¹ ùiëüíîþ â B. Îñêiëüêè ó öüîìó âèïàäêó ãðó-

ïà {U(t)}t∈R ìîæå áóòè íåîáìåæåíîþ, òî íàáëèæåííÿ y ∈ S ðîçâ'ÿçêàìè

ç S0 ïðîâîäèòüñÿ íå íà R, à íà äîâiëüíîìó ñêií÷åííîìó ïðîìiæêó [−b, b],

ïðè öüîìó íîðìà â S âèçíà÷à¹òüñÿ ÿê

∥y∥S,b = sup
|t|≤b

∥y(t)∥,

à â îçíà÷åííÿõ âåëè÷èí Er(y) òà ωk(t, y) íîðìà ∥·∥S çàìiíþ¹òüñÿ íà ∥·∥S,b.

Òåîðåìè 3.11, 3.12 òà íàñëiäêè 3.4, 3.5 çàëèøàþòüñÿ âiðíèìè, ëèøå ñòàëi

ck â íèõ òåïåð çàëåæàòü âiä b : ck = ck(b).

Âèñíîâêè äî ðîçäiëó 3

Ó öüîìó ðîçäiëi äîâåäåíî ïðÿìi é îáåðíåíi òåîðåìè íàáëèæåííÿ ñëàáêèõ

ðîçâ'ÿçêiâ ðiâíÿííÿ y′(t)+Ay(t) = 0, t ∈ [0,∞), äå A � íåâiä'¹ìíèé ñàìî-

ñïðÿæåíèé îïåðàòîð ó ãiëüáåðòîâîìó ïðîñòîði H öiëèìè ðîçâ'ÿçêàìè åêñ-

ïîíåíöiàëüíîãî òèïó (ìíîæèíà òàêèõ ðîçâ'ÿçêiâ ïîçíà÷à¹òüñÿ ÷åðåç S0).
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Öi òåîðåìè âñòàíîâëþþòü âçà¹ìíî îäíîçíà÷íó âiäïîâiäíiñòü ìiæ ñòåïåíåì

ãëàäêîñòi ðîçâ'ÿçêó y(t) i øâèäêiñòþ ïðÿìóâàííÿ äî íóëÿ éîãî íàéêðàùî-

ãî íàáëèæåííÿ Er(y) ðîçâ'ÿçêàìè ç S0, òèï ÿêèõ íå ïåðåâèùó¹ r. Îïèñàíî

óñi ñëàáêi ðîçâ'ÿçêè çàçíà÷åíîãî ðiâíÿííÿ i çíàéäåíî óìîâè, íåîáõiäíi é

äîñòàòíi äëÿ òîãî, ùîá ñëàáêèé ðîçâ'ÿçîê äîïóñêàâ ïðîäîâæåííÿ äî öiëî¨

âåêòîð-ôóíêöi¨ åêñïîíåíöiàëüíîãî òèïó.

Ç'ÿñîâàíî çâ'ÿçîê ìiæ íàéêðàùèì íàáëèæåííÿì Er(y) ðîçâ'ÿçêó y(t) i

éîãî k-èì ìîäóëåì íåïåðåðâíîñòi ωk(t, y) (àíàëîã âiäîìî¨ òåîðåìè Äæåêñî-

íà). Óñòàíîâëåíî òàêîæ ñïiââiäíîøåííÿ ìiæ ïîâåäiíêîþ Er(y) ïðè r → ∞

i âêëþ÷åííÿì ðîçâ'ÿçêó y(t) äî ïåâíîãî êëàñóÆåâðå òèïó Ðóì'¹ àáî Áüîð-

ëiíãà. Êðiì òîãî, çíàéäåíî óìîâè â òåðìiíàõ Er(y), íåîáõiäíi é äîñòàòíi

äëÿ ìîæëèâîñòi ïðîäîâæåííÿ y(t) äî öiëî¨ âåêòîð-ôóíêöi¨ çàäàíîãî ñêií-

÷åííîãî ïîðÿäêó i ñêií÷åííîãî òèïó.

Ðåçóëüòàòè ùîäî ïðÿìèõ i îáåðíåíèõ òåîðåì ïîøèðåíî íà áàíàõîâi

ïðîñòîðè, îñíàùåíi ãiëüáåðòîâèìè ç ïîçèòèâíîþ i íåãàòèâíîþ íîðìàìè.

Òàêi òåîðåìè çàçâè÷àé ôîðìóëþþòüñÿ ó áàíàõîâîìó ïðîñòîði, àëå ¨õ äî-

âåäåííÿ ó ãiëüáåðòîâîìó ¹ íàáàãàòî ïðîñòiøèìè.

Ðåçóëüòàòè ïðîäåìîíñòðîâàíî íà ðiâíÿííÿõ ç ÷àñòèííèìè ïîõiäíèìè.
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4 Ïðîñòîðè îñíîâíèõ òà óçàãàëüíåíèõ âåêòî-

ðiâ ãåíåðàòîðà àíàëiòè÷íî¨ ïiâãðóïè òà ¨õ

çàñòîñóâàííÿ äî äîñëiäæåííÿ äèôåðåíöi-

àëüíî-îïåðàòîðíèõ ðiâíÿíü íà ïiâîñi

Ó öüîìó ðîçäiëi äëÿ àíàëiòè÷íî¨ C0-ïiâãðóïè
{
etA
}
t≥ ó áàíàõîâîìó ïðî-

ñòîðiB íàä ïîëåì C êîìïëåêñíèõ ÷èñåë ââîäÿòüñÿ äåÿêi ëîêàëüíî-îïóêëi

ïðîñòîðè ãëàäêèõ i óçàãàëüíåíèõ âåêòîðiâ ¨¨ ãåíåðàòîðà A, äîñëiäæóþòüñÿ

ðîçøèðåííÿ òà çâóæåííÿ çàäàíî¨ ïiâãðóïè íà öi ïðîñòîðè, íàâîäÿòüñÿ çà-

ñòîñóâàííÿ äî êîíêðåòíèõ çàäà÷, ðîçâ'ÿçóâàííÿ ÿêèõ ïîòðåáó¹ ¨õ ââåäåí-

íÿ. Âàðòî çàçíà÷èòè, ùî ïîïåðåäíi ðîçäiëè ñòîñóâàëèñü ëèøå C0-ïiâãðóï,

äiÿ ÿêèõ íå âèõîäèòü çà ìåæi ïðîñòîðó B.

4.1 Ïðîñòîðè B{+} òà B(+)

Íàäàëi äëÿ C0-ïiâãðóïè
{
etA
}
t≥0

ïðèïóñêàòèìåìî, ùî ker etA = {0} äëÿ

áóäü-ÿêîãî t > 0. Áåç îáìåæåííÿ çàãàëüíîñòi ââàæàòèìåìî òàêîæ
{
etA
}
t≥0

ïiâãðóïîþ ñòèñêiâ.

Ó ïîäàëüøîìó ïðèïóñêàòèìåìî, ùî îïåðàòîð A çàäîâîëüíÿ¹ óìîâè:

a) A - ãåíåðàòîð àíàëiòè÷íî¨ C0-ïiâãðóïè ñòèñêó
{
etA
}
t≥ â B;

b) A /∈ L(B).

Íåõàé σp(·), σc(·) i σr(·) - òî÷êîâèé, íåïåðåðâíèé i îñòàòî÷íèé ñïåêòðè

îïåðàòîðà âiäïîâiäíî. Ìà¹ ìiñöå òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 4.1 Çà óìîâ a) i b) íà îïåðàòîð A

∀t > 0 : 0 ∈ σc
(
etA
)
.
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Äîâåäåííÿ. Iç àíàëiòè÷íîñòi ïiâãðóïè
{
etA
}
t≥0

i âêëþ÷åííÿ R(et
′A) ⊂

R(etA) ïðè t′ > t âèïëèâà¹, ùî 0 /∈ σp
(
etA
)∪

σr
(
etA
)
.

Ïðèïóñòèìî òåïåð, ùî iñíó¹ t0 > 0 òàêå, ùî 0 ∈ ρ
(
et0A
)
. Òîäi

∀x ∈ B ∃γ > 0 :
∥∥et0Ax∥∥ ≥ γ∥x∥.

Çâiäñè i ç òåîðåìè 1.2 îäåðæó¹ìî îöiíêó

∀x ∈ D(A) : ∥Ax∥ ≤ 1

γ

∥∥et0AAx∥∥ ≤ c

γt0
∥x∥,

ÿêà çóìîâëþ¹ âêëþ÷åííÿ A ∈ L(B), ùî ñóïåðå÷èòü íàêëàäåíié íà A óìîâi

b).

Òâåðäæåííÿ äîâåäåíî.

Iç òâåðäæåííÿ 4.1 âèïëèâà¹, ùî

∀t > 0 : etAx = 0 =⇒ x = 0 i R (etA) = B,

à îòæå, îïåðàòîð etA ìà¹ îáåðíåíèé e−tA :=
(
etA
)−1

.

Íà ìíîæèíi Bt = R
(
etA
)
ââåäåìî íîðìó ∥x∥t =

∥∥e−tAx∥∥. Îñêiëü-
êè e−tA ∈ E(B) i R (etA) = B, ïðîñòið Bt ¹ áàíàõîâèì âiäíîñíî ∥ · ∥t.

Áiëüø òîãî, ïðîñòið Bt, t > 0, ùiëüíî i íåïåðåðâíî âêëàäåíèé â B0 = B.

Ïîçíà÷èìî ÷åðåç Vs(t) çâóæåííÿ îïåðàòîðà etA íà Bs : Vs(t) := etA �Bs
.

Òåîðåìà 4.1 Ìíîæèíà {Vs(t)}t≥0 óòâîðþ¹ îáìåæåíó àíàëiòè÷íó C0-

ïiâãðóïó ó ïðîñòîði Bs ç ãåíåðàòîðîì As = A �Bs
.

Äîâåäåííÿ. Iç âêëþ÷åííÿ R
(
e(s+t)A

)
⊂ R

(
esA
)
äëÿ äîâiëüíèõ t, s > 0

i íåðiâíîñòi∥∥etAx∥∥
s
=
∥∥e−sAetAx∥∥ =

∥∥etAe−sAx∥∥ ≤
∥∥e−sAx∥∥ = ∥x∥s

âèïëèâà¹, ùî {Vs(t)}t≥0 � ïiâãðóïà ñòèñêó â Bs. Îñêiëüêè y = e−sAx ∈ B

äëÿ x ∈ Bs, òî ñïiââiäíîøåííÿ∥∥etAx− x
∥∥
s
=
∥∥e−sA (etAx− x

)∥∥ =
∥∥etAy − y

∥∥
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ñâiä÷àòü ïðî òå, ùî {Vs(t)}t≥0 � C0-ïiâãðóïà ó ïðîñòîði Bs, à ¨¨ ãåíåðàòî-

ðîì As ¹ çâóæåííÿ A íà Bs. Íà ïiäñòàâi òåîðåìè 1.2 ìà¹ìî

∀x ∈ Bs, ∃c > 0 : ∥An
sVs(t)x∥s =

∥∥AnetAx
∥∥
s
=
∥∥e−sAAnetAx

∥∥ ≤

≤c
n

tn
n!
∥∥e−sAx∥∥ =

cn

tn
n!∥x∥s,

à îòæå, ïiâãðóïà {Vs(t)}t≥0 ¹ îáìåæåíîþ àíàëiòè÷íîþ â Bs.

Òåîðåìó äîâåäåíî.

Âðàõîâóþ÷è, ùî
{
etA
}
t≥0

� ïiâãðóïà ñòèñêó, îäåðæó¹ìî

∀t ≥ 0,∀s ≥ 0,∀x ∈ Bs : ∥x∥s =
∥∥e−sAx∥∥ =

∥∥∥etAe−(t+s)Ax
∥∥∥ ≤

≤
∥∥∥e−(t+s)Ax

∥∥∥ = ∥x∥t+s.

Öÿ íåðiâíiñòü i âêëþ÷åííÿ R
(
e(t+s)A

)
⊆ R

(
esA
)
çóìîâëþþòü íåïåðåðâíå

âêëàäåííÿ

∀t ≥ 0,∀s ≥ 0 : Bs+t ⊆ Bs.

Ïîçíà÷èìî ÷åðåç B′
s ïðîñòið, ñïðÿæåíèé äî Bs. Iç ïiâãðóïîâî¨ âëàñòè-

âîñòi esA i àíàëiòè÷íîñòi ïiâãðóïè
{
etA
}
t≥0

âèïëèâà¹, ùî äëÿ äîâiëüíîãî

ëiíiéíîãî íåïåðåðâíîãî ôóíêöiîíàëà F ∈ B′
s

F
(
esAx

)
= 0 =⇒ F

(
etAx

)
= 0 ïðè t ≥ s.

Çâiäñè ðîáèìî âèñíîâîê, ùî Bt ùiëüíî âêëàäà¹òüñÿ â Bs i

Vs′(t) = Vs(t) �Bs′ ïðè s′ > s > 0. (4.1)

Ïîêëàäåìî

B(+) =
∩
s≥0

Bs, B{+} =
∪
s≥0

Bs

i ââåäåìî ó öèõ ïðîñòîðàõ òîïîëîãiþ ïðîåêòèâíî¨ òà, âiäïîâiäíî, iíäóêòèâ-

íî¨ ãðàíèöi áàíàõîâèõ ïðîñòîðiâ Bs:

B(+) = proj lim
s→∞

Bs, B{+} = ind lim
s→0

Bs.
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Îñêiëüêè iíäóêòèâíà ãðàíèöÿ B{+} ¹ ðåãóëÿðíîþ (äèâ. [4]), òî çáiæíiñòü

xn → x, n → ∞, ó öüîìó ïðîñòîði îçíà÷à¹ çáiæíiñòü xn → x ó äåÿêîìó

Bs. Ùî æ äî ïðîñòîðóB(+), òî çáiæíiñòü ó íüîìó ðiâíîñèëüíà çáiæíîñòi ó

êîæíîìó Bs. Àíàëîãi÷íî îáìåæåíiñòü, íåïåðåðâíiñòü, äèôåðåíöiéîâíiñòü,

àíàëiòè÷íiñòü âåêòîð-ôóíêöi¨ y(t) çi çíà÷åííÿìè â B{+} (B(+)) îçíà÷à¹

íàÿâíiñòü âiäïîâiäíî¨ âëàñòèâîñòi ó äåÿêîìó (êîæíîìó) ïðîñòîðiBs. Î÷å-

âèäíî òàêîæ, ùî

B(+) = proj lim
n→∞

Bn, B{+} = ind lim
n→∞

B1/n (n ∈ N).

Òàêèì ÷èíîì, B(+) � ç÷èñëåííî-íîðìîâàíèé ïðîñòið [4].

Òåîðåìà 4.2 Ïðîñòið B(+) ¹ ùiëüíèì â B, à âêëàäåííÿ Bn+1 ó Bn �

ñòðîãèì äëÿ äîâiëüíîãî n ∈ N0.

Äîâåäåííÿ. Âðàõóâàâøè ùiëüíiñòü âêëàäåííÿ Bn+1 â Bn äëÿ áóäü-

ÿêîãî n ∈ N0, âèáåðåìî ïî iíäóêöi¨ äëÿ äîâiëüíîãî ôiêñîâàíîãî x0 ∈ B òà

ε > 0 âåêòîðè xn ∈ Bn, n ∈ N, òàêi, ùî ∥xn+1 − xn∥n ≤
ε

2n+1
. Òîäi

∥xn+1−x0∥ ≤ ∥xn+1−xn∥n+∥xn−xn−1∥n−1+...+∥x1−x0∥ ≤ ε

2n+1
+...+

ε

2
< ε.

(4.2)

Äî òîãî æ,

∀k ≥ 1, ∀m > n ≥ k : ∥xn+1 − xn∥k + ...+ ∥xm − xm−1∥k ≤

≤ ∥xn+1 − xn∥n + ...+ ∥xm − xm−1∥m−1 ≤
ε

2n+1
+ ...+

ε

2m
≤ ε

2n
.

Òàêèì ÷èíîì,

∀k ∈ N ∃yk ∈ Bk : ∥xn − yk∥k → 0 ïðè n→ ∞.

ßê áà÷èìî, yk íå çàëåæèòü âiä k, òîáòî yk = y (k ∈ N), à òîìó y ∈
∞∩
k=1

Bk.

Ïåðåõîäÿ÷è â (4.2) äî ãðàíèöi ïðè n→ ∞, îäåðæèìî ∥y−x0∥ < ε, à îòæå,

B(+) = B.
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Ïðèïóñòèìî òåïåð, ùî âêëàäåííÿBn+1 âBn íå ¹ ñòðîãèì. Öå îçíà÷à¹,

ùî

∃γ > 0 : ∥x∥n+1 ≤ γ∥x∥n ⇐⇒
∥∥∥e−(n+1)Ax

∥∥∥ ≤ γ
∥∥e−nAx∥∥ .

Îñêiëüêè R (enA) = B, òî

∀y ∈ B :
∥∥e−Ay∥∥ ≤ γ∥y∥,

òîáòî 0 ∈ ρ
(
eA
)
, ùî ñóïåðå÷èòü (äèâ. äîâåäåííÿ òâåðäæåííÿ 4.1) óìîâi

b) íà îïåðàòîð A.

Òåîðåìó äîâåäåíî.

Òâåðäæåííÿ 4.2 Äëÿ äîâiëüíîãî x ∈ B(+) iñíóþòü xs, ys ∈ B(+) (s ≥

0) òàêi, ùî

x = esAxs, x = e−sAys.

Äîâåäåííÿ. Îñêiëüêè äëÿ áóäü-ÿêîãî ôiêñîâàíîãî t > 0

∀s ≥ 0 : Bt+s = R
(
e(t+s)A

)
⊂ Bs,

òî

B(+) =
∩
s≥0

Bs =
∩
s≥0

Bt+s =
∩
s≥t

Bs−t. (4.3)

Áåðó÷è äî óâàãè âçà¹ìíó îäíîçíà÷íiñòü âiäîáðàæåííÿ etA : B 7→ Bt (òâåð-

äæåííÿ 4.1) i ðiâíiñòü (4.3), îäåðæó¹ìî

B(+) = etAB(+).

Òâåðäæåííÿ äîâåäåíî.

Ïîçíà÷èìî ÷åðåç {V (t)}t≥0 çâóæåííÿ ïiâãðóïè
{
etA
}
t≥0

íà ïðîñòið

B(+) : V (t) = etA �B(+)
. Íåâàæêî ïåðåêîíàòèñü, ùî éîãî ãåíåðàòîð A+ =

A �B(+)
.
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Òåîðåìà 4.3 Íåõàé
{
etA
}
t≥0

� îáìåæåíà àíàëiòè÷íà C0-ïiâãðóïà ñòè-

ñêó â B. Òîäi ïiâãðóïà {V (t)}t≥0 ¹ îäíîñòàéíî íåïåðåðâíîþ â B(+), à ¨¨

ãåíåðàòîð A+ � íåïåðåðâíèé îïåðàòîð, âèçíà÷åíèé íà âñüîìó ïðîñòîði

B(+).

Äîâåäåííÿ. Iç òâåðäæåííÿ 4.2 âèïëèâà¹, ùî V (t) âçà¹ìíî îäíîçíà÷íî

âiäîáðàæà¹ ïðîñòið B(+) ñàì íà ñåáå i V −1(t)x = e−tAx äëÿ äîâiëüíîãî

x ∈ B(+). Çà òåîðåìîþ 4.1 ó ëîêàëüíî-îïóêëîìó ïðîñòîði B(+) äëÿ V (t)

âèêîíóþòüñÿ ïiâãðóïîâi âëàñòèâîñòi (ii) i (iii) ï. 1.1. Iç òâåðäæåííÿ 4.2

òàêîæ îòðèìó¹ìî

∀x ∈ B(+) ∀s > 0 : ∥V (t)x− x∥s =
∥∥(etA − I

)
e−sAe2sAx2s

∥∥ ≤

≤
∥∥∥(e(t+s)A − esA

)
x2s

∥∥∥→ 0 ïðè t→ 0,

à îòæå, {V (t)}t≥0 � C0-ïiâãðóïà ó ïðîñòîði B(+). Ñïiââiäíîøåííÿ

∀s, t ≥ 0 :
∥∥etAx∥∥

s
=
∥∥e−sAetAx∥∥ ≤

∥∥e−sAx∥∥ = ∥x∥s

ïiäòâåðäæó¹ îäíîñòàéíó íåïåðåðâíiñòü ïiâãðóïè {V (t)}t≥0 â B(+).

Îñêiëüêè çà óìîâîþ ïiâãðóïà
{
etA
}
t≥0

¹ îáìåæåíîþ àíàëiòè÷íîþ, òî

íà ïiäñòàâi òåîðåìè 1.2 ìà¹ìî

∀ε > 0, ∀x ∈ B(+) : ∥Ax∥s =
∥∥e−sAAx∥∥ =

∥∥∥AeεAe−(s+ε)Ax
∥∥∥ ≤ c

ε
∥x∥s+ε.

Çâiäñè ðîáèìî âèñíîâîê, ùî îïåðàòîð A+ = A �B(+)
¹ íåïåðåðâíèì ó ïðî-

ñòîði B(+). Ðiâíiñòü∥∥∥∥(V (t)− I

t
− A+

)
x

∥∥∥∥
s

=

∥∥∥∥(V (t)− I

t
− A

)
e−sAx

∥∥∥∥ , t > 0,

ïîêàçó¹, ùî A+ � ãåíåðàòîð ïiâãðóïè {V (t)}t≥0 â B(+), ùî é çàâåðøó¹

äîâåäåííÿ òåîðåìè.
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Äëÿ t ∈ R ïîêëàäåìî

Ṽ (t) =

 V (t) ïðè t ≥ 0,

V −1(−t) ïðè t < 0.

Ç äîâåäåííÿ òåîðåìè 4.3 âèïëèâà¹ òàêèé íàñëiäîê.

Íàñëiäîê 4.1 ßêùî
{
etA
}
t≥0

� îáìåæåíà àíàëiòè÷íà C0-ïiâãðóïà ó

ïðîñòîði B, òî ¨¨ çâóæåííÿ {V (t)}t≥0 íà B(+) äîïóñêà¹ ïðîäîâæåííÿ

äî C0-ãðóïè
{
Ṽ (t)

}
t∈R

ó öüîìó ïðîñòîði.

Òâåðäæåííÿ 4.2 i òîé ôàêò, ùî
{
etA
}
t≥0

� ïiâãðóïà ñòèñêó, îáóìîâëþ-

þòü ñïiââiäíîøåííÿ

∀x ∈ B(+), ∀s′ > s > 0, ∀k ∈ N :

∥∥Akx
∥∥
s
=
∥∥∥e−sAAkes

′Axs′
∥∥∥ =

∥∥∥e(s′−s)AAkxs′
∥∥∥ ≤ ckk!

(s′ − s)k
∥x∥s′,

çâiäêè äëÿ äîâiëüíèõ n,m ∈ N : m > n òà z ∈ C : |z| < s′−s
2c ìà¹ìî∥∥∥∥∥

m∑
k=n

zk

k!
Akx

∥∥∥∥∥
s

≤
m∑
k=n

|z|k

k!

∥∥Akx
∥∥
s
≤

≤
m∑
k=n

|z|k

k!
· ckk!

(s′ − s)k
∥x∥s′ ≤

1

2n−1
∥x∥s′, x ∈ B(+).

Îòæå ïîñëiäîâíiñòü

Vn(z)x =
n∑
k=0

zk

k!
Akx, ïðè |z| < s′ − s

2c

¹ ôóíäàìåíòàëüíîþ â B(+) i, âíàñëiäîê ñåêâåíöiàëüíî¨ ïîâíîòè ïðîñòî-

ðó B(+) ðÿä
∞∑
k=0

zk

k!
Akx çáiãà¹òüñÿ ó öüîìó ïðîñòîði. Âðàõîâóþ÷è, ùî s′

i s ìîæíà âèáðàòè òàê, ùîá âåëè÷èíà s′ − s áóëà ÿê çàâãîäíî âåëèêîþ,
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ïðèõîäèìî äî âèñíîâêó, ùî ïîñëiäîâíiñòü îïåðàòîðiâ
n∑
k=0

zk

k!
Ak ñèëüíî çái-

ãà¹òüñÿ äî îïåðàòîðà exp(zA) ðiâíîìiðíî íà êîæíîìó êîìïàêòi ç C, à

îïåðàòîð-ôóíêöiÿ exp(zA) ¹ öiëîþ ó ïðîñòîði B(+).

Íåâàæêî ïåðåêîíàòèñü, ùî âåêòîð-ôóíêöiÿ y(t) = exp(tA)x ¹ ðîçâ'ÿçêîì

çàäà÷i Êîøi 
dy(t)

dt
= Ay(t), t ∈ (0,∞),

y(0) = x,

à îñêiëüêè A ãåíåðó¹ C0-ïiâãðóïó â B, òî

y(t) = exp(tA)x = etAx.

Áåðó÷è äî óâàãè íàñëiäîê 4.1, ïðèõîäèìî äî òàêîãî òâåðäæåííÿ.

Íàñëiäîê 4.2 Çà óìîâ íàñëiäêó 4.1 V (t) äîïóñêà¹ ïðîäîâæåííÿ äî öiëî¨

îïåðàòîð-ôóíêöi¨ exp(zA) ó ïðîñòîði B(+).

4.2 Ïðîñòîðè B(−) òà B{−}

Ó öüîìó ïóíêòi, ÿê i â ïîïåðåäíüîìó, íà îïåðàòîð A íàêëàäàþòüñÿ óìîâè

a) i b).

Ïîçíà÷èìî ÷åðåç B−t (t > 0) ïîïîâíåííÿ B çà íîðìîþ

∥x∥−t =
∥∥etAx∥∥

i ïîêëàäåìîB0 = B. Ïðè t′ > t ≥ 0 ìà¹ìî ùiëüíå é íåïåðåðâíå âêëàäåííÿ

B−t ⊆ B−t′. Ùîá ïåðåêîíàòèñÿ â öüîìó, äîñòàòíüî äîâåñòè ïîðiâíÿííiñòü

i óçãîäæåíiñòü íîðì ∥ · ∥−t òà ∥ · ∥−t′ â B. Îñêiëüêè
{
etA
}
t≥0

� ïiâãðóïà

ñòèñêó, òî ïåðøà âëàñòèâiñòü âèïëèâà¹ iç ñïiââiäíîøåííÿ

∥x∥−t′ =
∥∥∥et′Ax∥∥∥ =

∥∥∥e(t′−t)AetAx∥∥∥ ≤
∥∥etAx∥∥ = ∥x∥−t.
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Ïðèïóñòèìî òåïåð, ùî B ∋ xm → 0 (m → ∞) ó ïðîñòîði B−t′ i ïîñëi-

äîâíiñòü {xm}m∈N ¹ ôóíäàìåíòàëüíîþ â B−t. Îñòàíí¹ îçíà÷à¹ ôóíäàìåí-

òàëüíiñòü ïîñëiäîâíîñòi
{
etAxm

}
m∈N â B, à îòæå, etAxm çáiãà¹òüñÿ â B äî

äåÿêîãî åëåìåíòà y ∈ B, çâiäêè

0 = lim
m→∞

et
′Axm = lim

m→∞
e(t

′−t)AetAxm = e(t
′−t)Ay.

Íà ïiäñòàâi òâåðäæåííÿ 4.1 ðîáèìî âèñíîâîê, ùî y = 0.

Òàêèì ÷èíîì, äëÿ äîâiëüíèõ t′ > t > 0 ìà¹ìî ùiëüíå i íåïåðåðâíå

âêëàäåííÿ

B−t ⊂ B−t′.

Çàóâàæèìî, ùî öå âêëàäåííÿ ¹ ñòðîãèì, îñêiëüêè â ïðîòèëåæíîìó âèïàä-

êó

∀x ∈ B−t′ : ∥x∥−t′ ≥ c∥x∥−t =⇒ ∀y ∈ B :
∥∥∥e(t′−t)Ay∥∥∥ ≥ c∥y∥,

à öå, ÿê ïîêàçàíî ïðè äîâåäåííi òâåðäæåííÿì 4.1 îçíà÷àëî á íåïåðåðâíiñòü

îïåðàòîðà A.

Iç íåðiâíîñòi
∥∥etA∥∥ ≤ 1, ùiëüíîñòi B â B−s i ñïiââiäíîøåííÿ

∀t ≥ 0, ∀s > 0, ∀x ∈ B :
∥∥etAx∥∥−s ≤ ∥x∥−s

âèïëèâà¹, ùî
{
etA
}
t≥0

äîïóñêà¹ íåïåðåðâíå ïðîäîâæåííÿ äî ïiâãðóïè

{Us(t)}t≥0 ó ïðîñòîði B−s, ïðè÷îìó

∥Us(t)∥B−s
≤ 1. (4.4)

Òåîðåìà 4.4 Îïåðàòîð Ut(t) içîìåòðè÷íî âiäîáðàæà¹ B−t íà B, i äëÿ

áóäü-ÿêîãî ôiêñîâàíîãî s > 0, {Us(t)}t≥0 ¹ îáìåæåíîþ àíàëiòè÷íîþ C0-

ïiâãðóïîþ ñòèñêó ó ïðîñòîði B−s. Áiëüø òîãî,

∀s′ > s > 0 : Us′(t) �B−s
= Us(t). (4.5)
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Äîâåäåííÿ. Ïðèïóñòèìî, ùî x ∈ B−t. Òîäi iñíó¹ ïîñëiäîâíiñòü

{xn ∈ B}n∈N : xn → x â B−t òàêà, ùî

∥Ut(t)xn − Ut(t)xm∥ =
∥∥etAxn − etAxm

∥∥ = ∥xn−xm∥−t → 0 ïðè n,m→ ∞.

Îñêiëüêè íîðìè ∥ · ∥ òà ∥ · ∥−t óçãîäæåíi i etAB = R
(
etA
)
, òî U(t)xn →

U(t)x â B, òîáòî

Ut(t)B−t ⊆ R (etA)

(çàìèêàííÿ ðîçóìi¹òüñÿ ó ïðîñòîði B).

Ïîêàæåìî, ùî ìà¹ ìiñöå é ïðîòèëåæíå âêëþ÷åííÿ. Ñïðàâäi, íåõàé

x ∈ R (etA). Òîäi

∃yn ∈ B (n ∈ N) : etAyn → x ïðè n→ ∞.

Iç ñïiââiäíîøåííÿ

∥yn − ym∥−t =
∥∥etAyn − etAym

∥∥ = ∥Ut(t)yn − Ut(t)ym∥ → 0 ïðè n,m→ ∞,

âíàñëiäîê óçãîäæåíîñòi íîðì ∥ · ∥ òà ∥ · ∥−t, ìà¹ìî

∃y ∈ B−t : Ut(t)y = x,

òîáòî

R (etA) ⊆ Ut(t)B−t,

à îòæå, Ut(t)B−t = R (etA). Âðàõîâóþ÷è, ùî R (etA) = B âíàñëiäîê àíà-

ëiòè÷íîñòi ïiâãðóïè
{
etA
}
t≥0

, îäåðæó¹ìî

Ut(t)B−t = B.

Ç òîãî, ùî ∥Ut(t)x∥ =
∥∥etAx∥∥ = ∥x∥−t äëÿ äîâiëüííîãî x ∈ B, i ùiëü-

íîñòi B â B−t âèïëèâà¹, ùî

∀x ∈ B−t : ∥Ut(t)x∥ = ∥x∥−t.
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Àíàëîãi÷íî, âíàñëiäîê ùiëüíîñòi B â B−s i íåïåðåðâíîñòi Us(t) â B−s,

∀x ∈ B−s, ∀t1, t2 ≥ 0 : et1Aet2Ax = e(t1+t2)Ax,

i

Us(t)x− x→ 0 ïðè t→ 0.

Òàêèì ÷èíîì, {Us(t)}t≥0 � ïiâãðóïà ñòèñêó â B−s. Ïîçíà÷èìî ÷åðåç A−s

¨¨ ãåíåðàòîð. Îñêiëüêè ïiâãðóïà
{
etA
}
t≥0

¹ îáìåæåíîþ àíàëiòè÷íîþ â B,

òî
∀x ∈ B : ∥An

−sUs(t)x∥−s =
∥∥AnetAx

∥∥
−s =

∥∥esAAnetAx
∥∥ ≤

≤c
nn!

tn
∥∥esAx∥∥ =

cnn!

tn
∥x∥−s,

çâiäêè, çàâäÿêè ùiëüíîñòi B â B−s, âèïëèâà¹ îáìåæåíà àíàëiòè÷íiñòü

ïiâãðóïè Us(t) ó ïðîñòîði B−s. Áåðó÷è òàêîæ äî óâàãè, ùî

∀s′ > s > 0 : Us′(t) �B= Us(t) �B,

i íåïåðåðâíiñòü Us′(t) â B−s′, ïðèéäåìî äî (4.5).

Òåîðåìó äîâåäåíî.

À çàðàç ïîêëàäåìî

B{−} = ind lim
t→∞

B−t, B(−) = proj lim
t→0

B−t.

Î÷åâèäíî, ùî

B{−} = ind lim
n→∞

B−n, B(−) = proj lim
n→∞

B− 1
n
,

à òîìó ïðîñòiðB(−) ¹ çëi÷åííî-íîðìîâàíèì. Îñêiëüêè îïåðàòîð A íå îáìå-

æåíèé, òî âêëàäåííÿ

B−t ⊂ B−t′ ïðè t < t′

¹ ñòðîãèì.
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Ó ïðîñòîði B{−} âèçíà÷èìî ïiâãðóïó{
Ǔ(t)x = Us(t)x

}
t≥0

, ÿêùî x ∈ B−s.

Ñïiââiäíîøåííÿ (4.5) ãàðàíòó¹ êîðåêòíiñòü òàêîãî îçíà÷åííÿ. Çà òåîðåìîþ

4.4
{
Ǔ(t)

}
t≥0

¹ àíàëiòè÷íîþ C0-ïiâãðóïîþ i Ǔ(t) �B= etA. Ãåíåðàòîð Ǎ

öi¹¨ ïiâãðóïè ¹ ðîçøèðåííÿì A â B{−}.

Ó ïðîñòîði B(−) ðîçãëÿíåìî ïiâãðóïó{
Û(t)x = Us(t)x

}
t≥0

, ∀s ≥ 0.

Çàâäÿêè (4.5), öå îçíà÷åííÿ íå çàëåæèòü âiä âèáîðó s, à îòæå, òàêîæ ¹

êîðåêòíèì. Çãiäíî ç òåîðåìîþ 4.4
{
Û(t)

}
t≥0

� àíàëiòè÷íà C0-ïiâãðóïà

â B(−) i Û(t)B(−) ⊂ B ïðè t > 0. Ïîçíà÷èìî ÷åðåç Â ãåíåðàòîð öi¹¨

ïiâãðóïè.

Òåîðåìà 4.5 Ïiâãðóïà
{
Û(t)

}
t≥0

¹ îäíîñòàéíî íåïåðåðâíîþ â B(−) i

ìà¹ òàêi âëàñòèâîñòi:

(i) ∀t > 0 : Û(t)B(−) ⊂ B;

(ii) ∀t ≥ 0, ∀x ∈ B : Û(t)x = etAx;

(iii) ∀t, s > 0, ∀x ∈ B(−) : Û(t+ s)x = etAÛ(s)x = esAÛ(t)x.

�¨ ãåíåðàòîð Â âèçíà÷åíèé i íåïåðåðâíèé íà âñüîìó ïðîñòîði B(−), i

Â �D(A)= A.

Äîâåäåííÿ. Îäíîñòàéíà íåïåðåðâíiñòü
{
Û(t)

}
t≥0

â B(−) i âëàñòèâîñòi

(i) - (iii) âèïëèâàþòü áåçïîñåðåäíüî ç òåîðåìè 4.4. Êðiì òîãî, äëÿ áóäü-

ÿêîãî t > 0 iñíó¹ t′ > 0 òàêå, ùî îïåðàòîð Â äi¹ íåïåðåðâíî ç B−t′ â B−t;

çà t′ ìîæíà âçÿòè áóäü-ÿêå ÷èñëî ç iíòåðâàëó (0, t), îñêiëüêè

∀x ∈ D(A) : ∥Ax∥−t =
∥∥etAAx∥∥ =

∥∥∥Ae(t−t′)AeAt′x∥∥∥ ≤

≤ c

t− t′

∥∥∥et′AAx∥∥∥ =
c

t− t′
∥x∥−t′.
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Òîìó îïåðàòîð A äîïóñêà¹ ïðîäîâæåííÿ çà íåïåðåðâíiñòþ Â íà óâåñü ïðî-

ñòið B(−).

Äîâåäåìî òåïåð, ùî Â �D(A)= A. Ñïðàâäi,

∀x ∈ D(A) : lim
∆t→0

e(t+∆t)Ax− etAx

∆t
iñíó¹ ó ïðîñòîði B.

Òèì ïà÷å ó ïðîñòîði B(−) iñíó¹ ãðàíèöÿ

lim
∆t→0

U(t+∆t)x− U(t)x

∆t
= Âx = Ax.

Òåîðåìó äîâåäåíî

4.3 Ïiäðîñòîðè íåñêií÷åííî äèôåðåíöiéîâíèõ

âåêòîðiâ ãåíåðàòîðà àíàëiòè÷íî¨ ïiâãðóïè

Íåõàé A ∈ E(B). Ïðèïóñòèìî, ùî 0 ∈ ρ(A). Íå îáìåæóþ÷è çàãàëüíîñòi,

ìîæíà ââàæàòè, ùî

∀x ∈ D(A) : ∥Ax∥ ≥ ∥x∥ (4.6)

i

A /∈ L(B). (4.7)

Ïîçíà÷èìî ÷åðåç Cn = Cn(A) ìíîæèíó D(An). Öÿ ìíîæèíà óòâîðþ¹

áàíàõiâ ïðîñòið Bn âiäíîñíî íîðìè ∥x∥Cn = ∥Anx∥, âiäîìèé (äèâ. [211])

ÿê àáñòðàêòíèé ñîáîë¹âñüêèé ïðîñòið. Çàìêíåíiñòü îïåðàòîðà A i ñïiââiä-

íîøåííÿ (4.6) îáóìîâëþþòü íåðiâíiñòü

∥Anx∥ ≤
∥∥An+1x

∥∥ , ∀x ∈ D(An+1),

à îòæå, ùiëüíå é íåïåðåðâíå âêëàäåííÿ

Cn+1 ⊂ Cn, n ∈ N0.
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Éîãî ñòðîãiñòü äîâîäèòüñÿ âiä ñóïðîòèâíîãî.

Äiéñíî, ïðèïóñòèìî, ùî äëÿ äåÿêîãî n ∈ N0, C
n+1 = Cn òîïîëîãi÷íî.

Òîäi

∃cn > 0 ∀x ∈ Cn+1 : ∥x∥Cn+1 ≤ cn∥x∥Bn.

Îñêiëüêè R(An) = B, òî

∀y ∈ B : ∥Ay∥ ≤ cn∥y∥,

òîáòî A ∈ L(B), ùî ñóïåðå÷èòü (4.7).

Ïîçíà÷èìî ÷åðåç C−n = C−n(A) ïîïîâíåííÿ B çà íîðìîþ

∥x∥C−n =
∥∥A−nx

∥∥ .
Iç ñïiââiäíîøåíü (4.6), (4.7) âèïëèâà¹ ùiëüíå i íåïåðåðâíå ñòðîãå âêëàäå-

ííÿ

C−n ⊂ C−(n+1).

Òåîðåìà 4.6 Íåõàé A � ãåíåðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè{
etA
}
t≥0

â B. Òîäi

∀t > 0 ∀n ∈ N : C−n ⊂ B−t

ùiëüíî i íåïåðåðâíî.

Äîâåäåííÿ. Äëÿ ïiäòâåðäæåííÿ ùiëüíîñòi é íåïåðåðâíîñòi çàçíà÷åíîãî

âêëàäåííÿ äîñòàòíüî äîâåñòè ïîðiâíÿííiñòü i óçãîäæåíiñòü íîðì ∥ · ∥C−n

òà ∥ · ∥−t. Ïåðøà ç öèõ âëàñòèâîñòåé çóìîâëþ¹òüñÿ ñïiââiäíîøåííÿì

∥x∥−t =
∥∥etAx∥∥ =

∥∥etAAnA−nx
∥∥ ≤ cnn!

tn
∥∥A−nx

∥∥ = cn∥x∥C−n,

êîòðå ¹ íàñëiäêîì òåîðåìè 1.2.

Ïðèïóñòèìî òåïåð, ùî ïîñëiäîâíiñòü {xk}k∈N çáiãà¹òüñÿ ó ïðîñòîði

B−t äî 0 ïðè k → ∞ i ¹ ôóíäàìåíòàëüíîþ â C−n. Òîäi ïîñëiäîâíiñòü
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{A−nxk}k∈N ¹ ôóíäàìåíòàëüíîþ â B, à òîìó çáiãà¹òüñÿ äî äåÿêîãî âåêòî-

ðà y ∈ B. Ç iíøîãî áîêó, çàâäÿêè íåïåðåðâíîñòi îïåðàòîðà etAAn â B ïðè

t > 0,

AnetAA−nxk → AnetAy ïðè k → ∞.

Âðàõîâóþ÷è, ùî

AnetAA−nxk = etAxk → 0 â B,

îäåðæó¹ìî AnetAy = 0. Îñêiëüêè 0 ∈ ρ(A), òî etAy = 0. Çà òâåðäæåííÿì

4.1 y = 0, à òîìó íîðìè ∥·∥C−n i ∥·∥−t óçãîäæåíi. Òàêèì ÷èíîì, C−n ⊆ B−t

ùiëüíî i íåïåðåðâíî. ßêáè C−n = B−t, òî iñíóâàëà á ñòàëà dn > 0 òàêà,

ùî

∀x ∈ B : ∥x∥C−n ≤ dn∥x∥−t.

Òîäi, âçÿâøè äî óâàãè, ùî R(An) = B, i ìîæëèâiñòü çîáðàæåííÿ äîâiëü-

íîãî åëåìåíòà y ∈ B ó âèãëÿäi y = Anx, îäåðæàëè á îöiíêó

∥y∥ ≤ dn
∥∥etAA−ny

∥∥ , ∀y ∈ B,

ç ÿêî¨ âèïëèâàëî á, ùî
(
etAA−n)−1 ∈ L(B), à öå ñóïåðå÷èòü òâåðäæåííþ

4.1 i óìîâi (4.7).

Òåîðåìó äîâåäåíî

Ïîêëàäåìî

C∞ = C∞(A) = proj lim
n→∞

Cn, C−∞ = C−∞(A) = ind lim
n→∞

C−n.

Âèõîäÿ÷è iç âèêëàäåíîãî âèùå, îòðèìó¹ìî ëàíöþæîê ïîïàðíî íåïåðåðâ-

íèõ i ùiëüíèõ âêëàäåíü

B(+) ⊂ B{+} ⊂ C∞ ⊂ B ⊂ C−∞ ⊂ B{−} ⊂ B(−).
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Îñêiëüêè óci áàíàõîâi ïðîñòîðè Cn âiäìiííi îäèí âiä îäíîãî ó çëi÷åííî-

íîðìîâàíîìó ïðîñòîði C∞, òî (äèâ. [115]) äëÿ äîâiëüíî¨ ìîíîòîííî íåñïà-

äíî¨ ïîñëiäîâíîñòi {mn}n∈N ìîæíà ïiäiáðàòè x ∈ C∞ òàê, ùîá

∥x∥Cn = ∥Anx∥ ≥ mn.

Ç îãëÿäó íà öå, ó ï. 3.3 ðîçãëÿíóòî ïiäïðîñòîðè C{mn}(A) òà C(mn)(A) ïðî-

ñòîðó C∞(A), äëÿ åëåìåíòiâ x ÿêèõ ïîñëiäîâíiñòü {Anx}n∈N ìà¹ ïåâíèé

ïîðÿäîê çðîñòàííÿ ïðè n → ∞. Iñíó¹ çâ'ÿçîê ìiæ ïðîñòîðàìè G{1}(A) =

C{nn}(A) òà G(1)(A) = C(nn)(A) àíàëiòè÷íèõ òà, âiäïîâiäíî, öiëèõ âåêòîðiâ

îïåðàòîðà A i ïðîñòîðàìè B{+}(A) òà B(−)(A). Öåé çâ'ÿçîê óñòàíîâëþ¹-

òüñÿ òàêîþ òåîðåìîþ.

Òåîðåìà 4.7 Íåõàé A � ãåíåðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè{
etA
}
t≥0

â B. Òîäi

G(1)(A) = B(+)(A), G{1}(A) = B{+}(A),

ïðè÷îìó òîïîëîãi¨ âiäïîâiäíèõ ïàð ïðîñòîðiâ ¹ åêâiâàëåíòíèìè.

Äîâåäåííÿ. Íåõàé x ∈ G(1)(A). Çà òåîðåìîþ 1.5

x = etAxt (∀t > 0) äå xt = exp(−tA)x ∈ G(1)(A), ∀t > 0,

òîáòî

x ∈
∩
t>0

R
(
etA
)
= B(+)(A)

i

∥x∥t =
∥∥e−tAx∥∥ =

∥∥∥∥∥
∞∑
k=0

tk

k!
(−A)kx

∥∥∥∥∥ ≤
∞∑
k=0

tk

k!

∥∥Akx
∥∥ ≤

≤ sup
n∈N0

∥Anx∥
αnn!

·
∞∑
k=0

(αt)k ≤ 2∥x∥Gα
1
, ∀α < 1

2t
.

(4.8)
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Ïðèïóñòèìî òåïåð, ùî x ∈ B(+) =
∩
t>0

R
(
etA
)
. Òîäi äëÿ äîâiëüíîãî

t > 0 iñíó¹ òàêå gt ∈ B, ùî x = etAgt. Çà òåîðåìîþ 1.2

∥Anx∥ =
∥∥AnetAgt

∥∥ ≤ cnn!

tn
∥∥e−tAx∥∥ =

cnn!

tn
∥x∥t,

òîáòî x ∈ G
c/t
1 i

∥x∥
G

c/t
1

≤ ∥x∥t. (4.9)

Òàêèì ÷èíîì, B(+) = G(1). Çãiäíî iç ñïiââiäíîøåííÿìè (4.8) i (4.9), ÿêi

âèêîíóþòüñÿ äëÿ äîâiëüíîãî t > 0, òîïîëîãi¨ öèõ ïðîñòîðiâ åêâiâàëåíòíi.

ßêùî x ∈ G{1}, òî çà òåîðåìîþ 1.5 exp(zA)x ¹ ëîêàëüíî àíàëiòè÷íîþ

âåêòîð-ôóíêöi¹þ, òîáòî iñíó¹ r > 0 òàêå, ùî öÿ ôóíêöiÿ ¹ àíàëiòè÷íîþ

â êðóçi Or = {z ∈ C : |z| < r}. Ó öüîìó âèïàäêó ñïiââiäíîøåííÿ (4.8),

à îòæå, é (4.9) âèêîíóþòüñÿ ëèøå äëÿ t ∈ (0, r). Êîðèñòóþ÷èñü íèìè,

ïîìi÷à¹ìî åêâiâàëåíòíiñòü òîïîëîãié ïðîñòîðiâ G{1} òà B{+}.

Òåîðåìó äîâåäåíî.

Ðîçãëÿíåìî òåïåð âèïàäîê, êîëè ïðîñòið B = H ¹ ãiëüáåðòîâèì çi ñêà-

ëÿðíèì äîáóòêîì (·, ·)H i íîðìîþ ∥ · ∥H. Ïðè ðîçâ'ÿçóâàííi áàãàòüîõ çàäà÷

ìàòåìàòè÷íîãî àíàëiçó çàìiñòü ïàðè ïðîñòîðiâ � îñíîâíîãî i ñïðÿæåíîãî

äî íüîãî � ÷àñòî-ãóñòî çâåðòàþòüñÿ äî òðiéêè ùiëüíî é íåïåðåðâíî âêëàäå-

íèõ îäèí â îäíîãî ãiëüáåðòîâèõ ïðîñòîðiâ. Êîðîòêà ñõåìà ïîáóäîâè òàêî¨

òðiéêè ïîëÿãà¹ ó íàñòóïíîìó (äèâ. [12]).

Íåõàé H0 - ãiëüáåðòiâ ïðîñòið íàä ïîëåì C êîìïëåêñíèõ ÷èñåë, à H+ �

ùiëüíà â íüîìó ìíîæèíà, êîòðà ñàìà óòâîðþ¹ ãiëüáåðòîâèé ïðîñòið âiä-

íîñíî iíøîãî ñêàëÿðíîãî äîáóòêó, ïðè÷îìó

∀f ∈ H+ : ∥f∥H0
≤ ∥f∥H+

.

H+ íàçèâà¹òüñÿ ïðîñòîðîì ç ïîçèòèâíîþ íîðìîþ (àáî êîðîòêî � ïîçèòèâ-

íèì), à éîãî åëåìåíòè � îñíîâíèìè âåêòîðàìè. Êîæíèé åëåìåíò f ∈ H0
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ïîðîäæó¹ àíòèëiíiéíèé íåïåðåðâíèé ôóíêöiîíàë lf íàä H+ çà ôîðìóëîþ

∀g ∈ H+ : lf(g) = (f, g)H0
.

×åðåç H− ïîçíà÷à¹òüñÿ ïîïîâíåííÿ H0 çà íîâîþ íîðìîþ

∥f∥H− = ∥lf∥ = sup
g∈H+

|(f, g)H0
|

∥g∥H+

≤ ∥f∥H0
.

Åëåìåíòè öüîãî ïðîñòîðó íàçèâàþòüñÿ óçàãàëüíåíèìè âåêòîðàìè, à ñàì

ïðîñòið H− � íåãàòèâíèì. Ïðîñòið H− ¹ ãiëüáåðòîâèì i çáiãà¹òüñÿ çi ñïðÿ-

æåíèì äî H+ : H− = H
′

+. Òàêèì ÷èíîì, ìà¹ìî òðiéêó íåïåðåðâíî i ùiëüíî

âêëàäåíèõ îäèí â îäíîãî ãiëüáåðòîâèõ ïðîñòîðiâ

H+ ⊆ H0 ⊆ H−,

íîðìè ÿêèõ çàäîâîëüíÿþòü óìîâó

∀f ∈ H+ : ∥f∥H+
≥ ∥f∥H0

≥ ∥f∥H−. (4.10)

Äëÿ f ∈ H− i g ∈ H+ âèçíà÷åíèé "ñêàëÿðíèé äîáóòîê"(f, g)H0
� áiëiíiéíà

ôîðìà, ÿêà ïðè f ∈ H0 çáiãà¹òüñÿ çi ñêàëÿðíèì äîáóòêîì â H0. Äëÿ íüîãî

òàêîæ âèêîíó¹òüñÿ íåðiâíiñòü Êîøi-Áóíÿêîâñüêîãî

|(f, g)H0
| ≤ ∥f∥H−∥g∥H+

.

Áiëüø òîãî, äëÿ äîâiëüíîãî àíòèëiíiéíîãî íåïåðåðâíîãî ôóíêöiîíàëó l

íàä H+ iñíó¹ ¹äèíèé âåêòîð f ∈ H−, çà äîïîìîãîþ ÿêîãî öåé ôóíêöiîíàë

íàáèðà¹ âèãëÿäó

∀g ∈ H+ : l(g) = lf(g) = (f, g)H0
.

Íåõàé òåïåð C ∈ E(H0) : R(C) = H0 i

∀f ∈ D(C) : ∥Cf∥H0
≥ ∥f∥H0

. (4.11)
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Òîäi H+ = D(C) ¹ ãiëüáåðòîâèì ïðîñòîðîì âiäíîñíî ñêàëÿðíîãî äîáóòêó

(f, g)H+
= (Cf,Cg)H0

(f, g ∈ D(C)),

ïðè÷îìó íåðiâíiñòü (4.11) îçíà÷à¹, ùî

∀f ∈ D(C) : ∥f∥H0
≤ ∥f∥H+

, (4.12)

òîáòî H+ = D(C) - ïîçèòèâíèé ïðîñòið ó âêëàäåííi H+ ⊆ H0. Ó öüîìó

âèïàäêó íåãàòèâíèé ïðîñòið H− ¹ íå ùî iíøå, ÿê ïîïîâíåííÿ H0 çà íîðìîþ

∥f∥H− =
∥∥C−1f

∥∥
H0
, ïîðîäæåíîþ ñêàëÿðíèì äîáóòêîì

(f, g)H− =
(
C−1f, C−1g

)
H0

(f, g ∈ H0).

ßêùî çà îïåðàòîð C âçÿòè e−tA (t > 0 ôiêñîâàíå), äå A � ãåíåðàòîð

îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè â B = H0, òî C = e−tA çàäîâîëüíÿ¹

óìîâó (4.11) i ïðîñòið Bt ¹ ïîçèòèâíèì âiäíîñíî H0, à B−t � âiäïîâiäíèì

íåãàòèâíèì.

Ðîçãëÿíåìî ñiì'þ ãiëüáåðòîâèõ ïðîñòîðiâ Hτ , äå τ ïåðåáiãà¹ âïîðÿäêî-

âàíó ìíîæèíó T , ùiëüíî é íåïåðåðâíî âêëàäåíèõ â H0 i òàêèõ, ùî

∀f ∈ Hτ : ∥f∥Hτ
≥ ∥f∥H0

.

Ïðèïóñòèìî òàêîæ, ùî ïðè τ1 < τ2, Hτ1 ⊇ Hτ2 (Hτ1 ⊂ Hτ2), öi âêëàäåííÿ

¹ ùiëüíèìè é íåïåðåðâíèìè i ∥ · ∥Hτ1
≤ ∥ · ∥Hτ2

(
∥ · ∥Hτ1

≥ ∥ · ∥Hτ2

)
.

Ïîêëàäåìî

Hpr = proj lim
τ∈T

Hτ , Hind = ind lim
τ∈T

Hτ .

Çàóâàæèìî, ùî iíäóêòèâíà ãðàíèöÿ Hind ¹ ðåãóëÿðíîþ. ßê ïîêàçàíî â

[12], ìà¹ ìiñöå òàêå òâåðäæåííÿ.
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Òâåðäæåííÿ 4.3 Íåõàé Hpr (Hind) � ïðîåêòèâíà (iíäóêòèâíà) ãðàíèöÿ

ãiëüáåðòîâèõ ïðîñòîðiâ Hτ , τ ∈ T, ïîâ'ÿçàíèõ ç H0 i H−τ ëàíöþæêîì

Hτ ⊆ H0 ⊆ H−τ , ∥f∥Hτ
≥ ∥f∥H0

≥ ∥f∥H−τ
.

Òîäi äëÿ ñïðÿæåíîãî äî Hpr (Hind) ïðîñòîðó H′
pr (H′

ind) âèêîíó¹òüñÿ òî-

ïîëîãi÷íà ðiâíiñòü

H′
pr = ind lim

τ∈T
H−τ

(
H′
ind = proj lim

τ∈T
H−τ

)
(ïðîñòîðè H′

pr òà H
′
ind íàäiëåíi ñèëüíîþ òîïîëîãi¹þ ñïðÿæåíîãî ïðîñòî-

ðó).

ßê i ó âèïàäêó ãiëüáåðòîâèõ ïðîñòîðiâ, ìîæíà íàäàòè ñåíñ âèðàçó (f, g)H0

äëÿ f ∈ Hpr, g ∈ H′
pr (f ∈ Hind, g ∈ H′

ind), à ñàìå: ÿêùî f ∈ Hpr, g ∈

H′
pr (f ∈ Hind, g ∈ H′

ind), òîáòî f ∈ Hτ ïðè äîâiëüíîìó (äåÿêîìó) τ ∈ T ,

òî (f, g)H0
ñëiä ðîçóìiòè ÿê ðîçøèðåííÿ çà íåïåðåðâíiñòþ ñêàëÿðíîãî äî-

áóòêó ç H0 × H0 íà Hτ × H−τ . ßñíî, ùî (f, g)H0
� íåïåðåðâíà áiëiíiéíà

ôîðìà íà Hpr×H′
pr (Hind × H′

ind). Âèõîäÿ÷è iç âèêëàäåíîãî âèùå i âðàõî-

âóþ÷è òâåðäæåííÿ 4.3, îòðèìó¹ìî òàêó òåîðåìó.

Òåîðåìà 4.8 Íåõàé A � ãåíåðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè

ó ãiëüáåðòîâîìó ïðîñòîði H. Òîäi

H′
(+) = H{−}, H′

{+} = H(−).

Ç òåîðåì 4.7 i 4.8 âèïëèâà¹ íàñëiäîê.

Íàñëiäîê 4.3 ßêùî A ãåíåðó¹ îáìåæåíó àíàëiòè÷íó C0-ïiâãðóïó ó

ãiëüáåðòîâîìó ïðîñòîði H,òî

G′
(1) = H{−}, G′

{1} = H(−).
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À çàðàç ïðîäåìîíñòðó¹ìî, ÿê çîáðàæåííÿ Ëàãðàíæà äëÿ ãðóïè çñóâiâ

ïîøèðþ¹òüñÿ íà àíàëiòè÷íi C0-ïiâãðóïè.

Òåîðåìà 4.9 Íåõàé A � ãåíåðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè{
etA
}
t≤0

ó áàíàõîâîìó ïðîñòîði B. Òîäi äëÿ äîâiëüíîãî x ∈ B(+) =

B(+)(A) ðÿä
∞∑
k=0

zk

k!
Akx

çáiãà¹òüñÿ ó ïðîñòîði B(+) (à îòæå, é ó ïðîñòîði B) äî exp(zA) ðiâ-

íîìiðíî íà êîæíîìó êîìïàêòi K ⊂ C. Íàâïàêè, ÿêùî çàçíà÷åíèé ðÿä

çáiãà¹òüñÿ ó ïðîñòîði B ðiâíîìiðíî íà áóäü-ÿêîìó êîìïàêòi K ⊂ C, òî

x ∈ B(+). Äëÿ äîâiëüíîãî x ∈ B öåé ðÿä çáiãà¹òüñÿ äî exp(zA) ðiâíîìið-

íî íà êîæíîìó K ⊂ C ó ïðîñòîði B{−}.

Äîâåäåííÿ. Ðiâíîìiðíà çáiæíiñòü çàçíà÷åíîãî ðÿäó äî exp(zA) ó ïðî-

ñòîði B(+) íà áóäü-ÿêîìó êîìïàêòi K ⊂ C âèïëèâà¹ ç òåîðåì 1.5 òà 4.7.

Éîãî çáiæíiñòü ó ïðîñòîði B â òî÷öi z = t ∈ (0,∞) îáóìîâëþ¹ îöiíêó

∀k ∈ N :

∥∥∥∥tkk!Akx

∥∥∥∥ ≤ ct.

Îñêiëüêè t ∈ (0,∞) � äîâiëüíå, òî x ∈ G(1)(A) = B(+)(A). Çà òåîðåìîþ

1.2 äëÿ äîâiëüíîãî x ∈ B

esAx ∈
∩
k∈N

D(Ak)

i

∃c > 0 :
∥∥AkesA

∥∥ ≤ ckk!

sk
.

Òîäi

∀m > n ∀z : |z| < s

2c
:

∥∥∥∥∥
m∑
k=n

zk

k!
Akx

∥∥∥∥∥
−s

=
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=

∥∥∥∥∥
m∑
k=n

zk

k!
AkesAx

∥∥∥∥∥ ≤
m∑
k=n

(
|z|kc
s

)k
≤ 1

2n−1
→ 0, n→ ∞,

à îòæå, íàâåäåíèé âèùå ðÿä çáiãà¹òüñÿ ó ïðîñòîði B−s ïðè |z| < s
2c i äëÿ

êîæíîãî êîìïàêòó K ⊂ C ìîæíà ïiäiáðàòè s òàê, ùîá öåé ðÿä ðiâíîìiðíî

çáiãàâñÿ íà íüîìó â B−s, à òîìó é ó ïðîñòîði B{−} = ind lim
s→∞

B−s.

Äàëi, îñêiëüêè B(+) ùiëüíèé â B, òî

∃
{
xn ∈ B(+)

}
n∈N0

: xn → x â B.

Òîäi äëÿ äîâiëüíîãî z : |z| < s
2c ìà¹ìî∥∥∥∥∥

∞∑
k=0

zk

k!
Ak(x− xn)

∥∥∥∥∥
−s

=

∥∥∥∥∥
∞∑
k=0

zk

k!
AkesA(x− xn)

∥∥∥∥∥ ≤

≤
∞∑
k=0

∣∣∣zs
s

∣∣∣ ∥x− xn∥ ≤ 2∥x− xn∥.

Áåðó÷è äî óâàãè, ùî
∞∑
k=0

zk

k!
Akxn = ezAxn,

i íåïåðåðâíiñòü ezA â B, ïðèéäåìî äî ðiâíîñòi

∞∑
k=0

zk

k!
Akx = ezAx,

Òåîðåìó äîâåäåíî.

4.4 Çàñòîñóâàííÿ äî äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâ-

íÿíü ïåðøîãî ïîðÿäêó

Íåõàé A � ãåíåðàòîð C0-ïiâãðóïè
{
etA
}
t≥0

â B iç âëàñòèâiñòþ ker etA =

{0} (∀t > 0). Âåêòîð-ôóíêöiÿ y(t) : (0,∞) 7→ D(A) íàçèâà¹òüñÿ ðîçâ'ÿçêîì

ðiâíÿííÿ

y′(t) = Ay(t), t ∈ (0,∞), (4.14)
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íà (0,∞), ÿêùî âîíà ñèëüíî íåïåðåðâíî äèôåðåíöiéîâíà íà (0,∞) i çà-

äîâîëüíÿ¹ òàì öå ðiâíÿííÿ. Çàóâàæèìî, ùî æîäíèõ óìîâ íà ïîâåäiíêó

y(t) â íóëi íå íàêëàäà¹òüñÿ. Âçàãàëi êàæó÷è, â òî÷öi íóëü y(t) ìîæå áóòè

íåâèçíà÷åíèì. ßê ïîêàçàíî â [214], ìà¹ ìiñöå òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 4.4 . Íåõàé îïåðàòîð A ãåíåðó¹ C0-ïiâãðóïó
{
etA
}
t≥0

â B

òàêó, ùî ker etA = {0} äëÿ áóäü-ÿêîãî t > 0. Äëÿ òîãî, ùîá âåêòîð-

ôóíêöiÿ y(t) áóëà ðîçâ'ÿçêîì ðiâíÿííÿ (4.14), íåîáõiäíî i äîñòàòíüî, ùîá

âîíà äîïóñêàëà çîáðàæåííÿ âèãëÿäó

y(t) = etÂy0, y0 ∈ B(−)(A).

Âåêòîð-ôóíêöiÿ y(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

y′(t) + Ay(t) = 0, t ∈ (0,∞), (4.15)

òîäi i òiëüêè òîäi, êîëè

y(t) = exp(tA)y0, y0 ∈ B(+)(A).

Ó òåîðåìàõ 1.5, 1.8 òà 4.9 âêàçàíî ðåàëüíèé øëÿõ ïîáóäîâè C0-ïiâãðóïè

{U(t)}t≥0 çà ¨¨ ãåíåðàòîðîì A, òîìó ùî ðîçâ'ÿçîê çàäà÷i Êîøi
dy(t)

dt
= Ay(t), t ∈ (0,∞),

y(0) = x ∈ B
(4.16)

çàïèñó¹òüñÿ ó âèãëÿäi y(t) = U(t)x, ÿêùî öÿ ïðîáëåìà ïîñòàâëåíà êîðå-

êòíî, i ¹ äåêiëüêà ïiäõîäiâ äî òàêî¨ ïîáóäîâè, ñåðåä ÿêèõ (äèâ. ï. 1.5) � ïiä-

õîäè Åéëåðà-Õiëëå òà Iîñiäè. Ñóòò¹âîþ âiäìiííiñòþ ïiäõîäó, íàâåäåíîãî ó

öèõ òåîðåìàõ, ¹ òå, ùî ðîçâ'ÿçêè çàäà÷i Êîøi (4.16) ç ïî÷àòêîâèìè äàíèìè

x, ÿêi ¹ öiëèìè âåêòîðàìè îïåðàòîðà A, ìîæíà ïîäàòè çà äîïîìîãîþ âè-

êëþ÷íî éîãî ñòåïåíiâ, à íå äîñèòü ñêëàäíèõ ôóíêöié âiä íüîãî. Îñêiëüêè
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ïðîñòið B(+)(A) ùiëüíèé â B, êîëè ïiâãðóïà
{
U(t) = etA

}
t≥0

¹ àíàëiòè-

÷íîþ, òîáòî ðiâíÿííÿ (4.14) � àáñòðàêòíå ïàðàáîëi÷íå, òî äëÿ äîâiëüíîãî

x ∈ B iñíó¹ ïîñëiäîâíiñòü {xn ∈ B(+)(A) = G(1)(A)}n∈N, lim
n→∞

xn = x,

òàêà, ùî

∀t ∈ [0,∞) : U(t)xn → U(t)x ïðè n→ ∞.

Áiëüø òîãî, öÿ çáiæíiñòü ¹ ðiâíîìiðíîþ íà [0,∞), i òî÷íèé ðîçâ'ÿçîê çà-

äà÷i Êîøi ìîæå áóòè çîáðàæåíèé ó âèãëÿäi

y(t) = U(t)x = lim
n→∞

U(t)xn = lim
n→∞

n∑
k=0

tk

k!
Akxn.

Ó âèïàäêó, êîëè x ∈ B(+)(A), âåêòîð-ôóíêöiþ

yn(t) =
n∑
k=0

tk

k!
Akx

ìîæíà ðîçãëÿäàòè ÿê íàáëèæåíèé ðîçâ'ÿçîê öi¹¨ çàäà÷i. Âðàõîâóþ÷è íå-

ðiâíiñòü

∀α > 0, ∃cα > 0 : ∥Anx∥ ≤ cαα
nn!,

îäåðæó¹ìî

∥y(t)− yn(t)∥ ≤
∞∑

k=n+1

tk

k!
∥Akx∥ ≤ cα

∞∑
k=n+1

tkαk = cα(tα)
n+1

∞∑
k=0

(tα)k.

Âèáåðåìî α òàê, ùîá tα ≤ 1
2 . Òîäi

∥y(t)− yn(t)∥ ≤ cα2
−n.

Êðiì òîãî, yn(0) = x.

Òàêèì ÷èíîì, yn(t) � íàáëèæåíèé ðîçâ'ÿçîê çàäà÷i Êîøi (4.16) íà[
0, 1

2α

]
. Îñêiëüêè α ìîæå íàáóâàòè äîâiëüíîãî çíà÷åííÿ ç (0,∞), òî âåêòîð-

ôóíêöiÿ yn(t) ¹ íàáëèæåíèì ðîçâ'ÿçêîì öi¹¨ çàäà÷i íà êîæíîìó iíòåðâàëi
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[0, b], 0 ≤ b < ∞. Äëÿ âiäõèëó y′n(t) − Ayn(t) íà öüîìó iíòåðâàëi ìà¹ìî

îöiíêó

∥y′n(t)− Ayn(t)∥ ≤
∥∥∥∥ tnn!An+1x

∥∥∥∥ ≤ cα(n+ 1)tnαn+1 = αcα(n+ 1)2−n.

Ïðèïóñòèìî çíîâó, ùî x � äîâiëüíèé âåêòîð ç B. Ìà¹ ìiñöå òàêå òâåð-

äæåííÿ.

Íàñëiäîê 4.4 Íåõàé A � ãåíåðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè{
U(t) = etA

}
t≥0

, à y(t) � ðîçâ'ÿçîê çàäà÷i Êîøi (4.16) ç x ∈ B. Òîäi iñíó¹

ïîñëiäîâíiñòü {xm ∈ B(+)(A)}m∈N : xm → x â B òàêà, ùî

∀ε > 0, ∀b > 0, ∃n,m ∈ N :

∥∥∥∥∥y(t)−
n∑
k=0

tk

k!
Akxm

∥∥∥∥∥ < ε, t ∈ [0, b].

Äîâåäåííÿ. Îñêiëüêè B(+)(A) = B, òî äëÿ âåêòîðà x iñíó¹ xm ∈

B(+)(A) (m ∈ N), äëÿ ÿêîãî

∥x− xm∥ <
ε

2
.

Òîäi

∀t ∈ [0,∞) :
∥∥y(t)− etAxm

∥∥ ≤ ∥x− xm∥ <
ε

2
.

Ç ðiâíîìiðíî¨ çáiæíîñòi ðÿäó
∞∑
k=0

tk

k!
Akxm âèïëèâà¹ iñíóâàííÿ òàêîãî n ∈

N, ùî

sup
t∈[0,b]

∥∥∥∥∥etAxm −
n∑
k=0

tk

k!
Akxm

∥∥∥∥∥ < ε

2
,

çâiäêè

sup
t∈[0,b]

∥∥∥∥∥y(t)−
n∑
k=0

tk

k!
Akxm

∥∥∥∥∥
≤ sup

t∈[0,b]

∥∥y(t)− etAxm
∥∥+ sup

t∈[0,b]

∥∥∥∥∥etAxm −
n∑
k=0

tk

k!
Akxm

∥∥∥∥∥ < ε.

Íàñëiäîê äîâåäåíî.
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4.5 Îïèñ ðîçâ'ÿçêiâ äèôåðåíöiàëüíîãî ðiâíÿííÿ äðó-

ãîãî ïîðÿäêó íà (0,∞) ó áàíàõîâîìó ïðîñòîði

Ðîçãëÿíåìî ðiâíÿííÿ âèãëÿäó

y′′(t) = By(t), t ∈ (0,∞), (4.17)

äå B - ñëàáî ïîçèòèâíèé îïåðàòîð â B, òîáòî B ∈ E(B), ρ(B) ⊃ (−∞, 0)

i iñíó¹ ñòàëà M > 0 òàêà, ùî

∀λ > 0 : ∥R(−λ;B)∥ ≤ M

λ
. (4.18)

ßêùî, êðiì òîãî, 0 ∈ ρ(B), òî îïåðàòîð B íàçèâà¹òüñÿ ïîçèòèâíèì.

Çãiäíî ç [157](äèâ. òàêîæ [1]), îïåðàòîð B ìà¹ òèï (ω,M(θ)), ÿêùî

ρ(−B) ìiñòèòü ñåêòîð Σπ−ω = {z ∈ C : | arg z| ≤ π − ω} i îöiíêà (4.18)

âèêîíó¹òüñÿ íà êîæíîìó ïðîìåíi z = reiθ, 0 < r < ∞, θ < π − ω ç

êîíñòàíòîþM =M(θ). ßêùî îïåðàòîð B ìà¹ òèï (ω,M(θ)) ç ω < π
2 , òîäi

−B ãåíåðó¹ àíàëiòè÷íó ïiâãðóïó â B ç êóòîì π
2 −ω, ðiâíîìiðíî îáìåæåíó

â ñåêòîði Σπ
2−ω−ε, 0 < ε < π

2 − ω.

Äëÿ ñëàáî ïîçèòèâíîãî îïåðàòîðà B ¹ âèçíà÷åíèìè ñòåïåíi Bα, 0 ≤

α < 1, i çà óìîâè, ùî (ω,M(θ)) - òèï îïåðàòîðà B, òèï îïåðàòîðà Bα

äîðiâíþ¹ (αω,Mα(θ)). Çâiäñè âèïëèâà¹ òàêå òâåðäæåííÿ.

Òâåðäæåííÿ 4.5 (äèâ. [1, 157]). ßêùî B - ñëàáî ïîçèòèâíèé îïåðà-

òîð â B ç òèïîì (ω,M(θ)), òî îïåðàòîð A = −B1/2 ãåíåðó¹ îáìåæåíó

àíàëiòè÷íó C0-ïiâãðóïó ç êóòîì àíàëiòè÷íîñòi π−ω
2 .

Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (4.17) íà (0,∞) ðîçóìiòèìåìî âåêòîð-ôóíêöiþ

y(t) : (0,∞) 7→ D(B), äâi÷i íåïåðåðâíî äèôåðåíöiéîâíó â B, ÿêà çà-

äîâîëüíÿ¹ (4.17). Æîäíèõ óìîâ íà ïîâåäiíêó ðîçâ'ÿçêó â îêîëi íóëÿ íå

íàêëàäà¹òüñÿ.
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Òåîðåìà 4.10 . Âåêòîð-ôóíêöiÿ y(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (4.17) íà

(0,∞) òîäi i òiëüêè òîäi, êîëè ¨¨ ìîæíà ïîäàòè ó âèãëÿäi

y(t) = etÂf +
sinh(tA)

A
g, f ∈ B(−)(A), g ∈ B(+)(A), (4.19)

äå A = −B1/2.

Äîâåäåííÿ. Íåõàé y(t) - ðîçâ'ÿçîê ðiâíÿííÿ (4.17) íà (0,∞). Ç îãëÿäó

íà òå, ùî A2 = B, öå ðiâíÿííÿ ìîæíà çàïèñàòè ÿê(
d

dt
+ A

)(
d

dt
− A

)
y(t) = 0.

Ïîêëàäåìî z(t) =

(
d

dt
− A

)
y(t). Òîäi z(t) - ðîçâ'ÿçîê ðiâíÿííÿ

dz(t)

dt
= −Az(t), t ∈ (0,∞),

ç îïåðàòîðîìA = −(−A), êîòðèé ãåíåðó¹ îáìåæåíó àíàëiòè÷íó C0-ïiâãðóïó.

Çà òâåðäæåííÿì 4.4

z(t) = exp(−tA)g, g ∈ B(+)(A),

à òîìó âåêòîð-ôóíêöiÿ y(t) íà (0,∞) çàäîâîëüíÿ¹ ðiâíÿííÿ(
d

dt
− A

)
y(t) = exp(−tA)g, t ≥ 0, g ∈ B(+)(A).

Íà îñíîâi òâåðäæåííÿ 4.4 i ðiâíîñòi

z∫
0

exp((z − 2s)A) ds =
sinh(zA)

A

îäåðæó¹ìî

y(t) = etÂf +

t∫
0

e(t−s)A exp(−sA)g ds =
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= etÂf +

t∫
0

exp((t− 2s)A)g ds = etÂf +
sinh(tA)

A
g,

äå f ∈ B(−)(A), g ∈ B(+)(A).

Áåçïîñåðåäíüîþ ïåðåâiðêîþ ïåðåêîíó¹ìîñÿ, ùî âåêòîð-ôóíêöiÿ âèãëÿ-

äó (4.19) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (4.17) íà (0,∞).

Òåîðåìó äîâåäåíî.

Çàóâàæèìî, ùî ó âèïàäêó, êîëè 0 ∈ ρ(A), ôîðìóëó (4.19) ìîæíà çà-

ïèñàòè ÿê

y(t) = etÂf0 + exp(−sA)g0, f0 ∈ B(−)(A), g0 ∈ B(+)(A). (4.20)

Òóò

f0 = f +
1

2
A−1g ∈ B(−)(A), g0 = −1

2
A−1g.

Ç òâåðäæåííÿ 4.5 âèïëèâà¹

Íàñëiäîê 4.5 . Áóäü-ÿêèé ðîçâ'ÿçîê ðiâíÿííÿ (4.17) íà (0,∞) ìà¹ ãðà-

íè÷íå çíà÷åííÿ ïðè t→ 0 ó ïðîñòîði B(−)(A) i ¹ àíàëiòè÷íîþ íà (0,∞)

âåêòîð-ôóíêöi¹þ ó ïðîñòîði B. Äëÿ òîãî ùîá ðîçâ'ÿçîê äîïóñêàâ ïðî-

äîâæåííÿ äî öiëî¨ âåêòîð-ôóíêöi¨ â B, íåîáõiäíî é äîñòàòíüî, ùîá

y(0) ∈ B(+)(A).

4.6 Ïðî ðîçâ'ÿçêè äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâ-

íÿíü âèùèõ ïîðÿäêiâ íà ïiâîñi

Ãîëîâíà íàøà ìåòà çàðàç � äîñëiäèòè ðîçâ'ÿçêè ðiâíÿííÿ âèãëÿäó(
d

dt
− A

)n(
d

dt
+ A

)m
y(t) = 0, t ∈ (0,∞), n,m ∈ N0; n+m ≥ 1,

(4.21)
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äå A � ãåíåðàòîð àíàëiòè÷íî¨ C0-ïiâãðóïè â B. Âàðòî çàçíà÷èòè, ùî êîí-

êðåòíi ðåàëiçàöi¨ ïðîñòîðó B, îïåðàòîðà A òà m,n â ðiâíÿííi (4.21) ìi-

ñòÿòü ó ñîái ÷èìàëî êëàñiâ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè â ðiçíèõ

ôóíêöiîíàëüíèõ ïðîñòîðàõ.

Âåêòîð-ôóíêöiÿ y(t) : [0,∞) 7→ D (An+m) íàçèâà¹òüñÿ ðîçâ'ÿçêîì ðiâ-

íÿííÿ (4.21) íà (0,∞), ÿêùî âîíà n+m ðàçiâ íåïåðåðâíî äèôåðåíöiéîâ-

íà íà (0,∞) i çàäîâîëüíÿ¹ òàì öå ðiâíÿííÿ (æîäíèõ óìîâ íà ïîâåäiíêó

ðîçâ'ÿçêó â îêîëi òî÷êè 0 íå íàêëàäà¹òüñÿ).

Çàóâàæèìî, ùî âèïàäîê m = n ðîçãëÿíóòî â [13]. Çãiäíî ç [13], äëÿ

òîãî, ùîá âåêòîð-ôóíêöiÿ y(t) áóëà ðîçâ'ÿçêîì ðiâíÿííÿ(
d2

dt2
− A2

)m
y(t) = 0, t ∈ (0,∞), m ∈ N, (4.22)

íåîáõiäíî i äîñòàòíüî, ùîá âîíà äîïóñêàëà çîáðàæåííÿ

y(t) =
m−1∑
k=0

tketÂfk +
m−1∑
k=0

tk exp(−tA)gk, (4.23)

äå fk ∈ B(−)(A), gk ∈ B(+)(A), ïðè÷îìó âåêòîðè fk, gk (k = 0, 1, . . . ,m−1)

îäíîçíà÷íî âèçíà÷àþòüñÿ çà y(t).

Ïðèïóñòèìî òåïåð, ùî n ̸= m. Ìà¹ ìiñöå òàêå òâåðäæåííÿ.

Òåîðåìà 4.11 . Íåõàé A � ãåíåðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè

ó ïðîñòîði B i 0 ∈ ρ(A). Âåêòîð-ôóíêöiÿ y(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

(4.21) íà (0,∞) òîäi i òiëüêè òîäi, êîëè ¨¨ ìîæíà ïîäàòè ó âèãëÿäi

y(t) =
n−1∑
k=0

tketÂfk +
m−1∑
k=0

tk exp(−tA)gk, fk ∈ B(−)(A), gk ∈ B(+)(A).

(4.24)

Âåêòîðè fk (k = 0, 1, . . . , n − 1) òà gk (k = 0, 1, . . . ,m − 1) îäíîçíà÷íî

âèçíà÷àþòüñÿ çà y(t)
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Äîâåäåííÿ. Ðîçãëÿíåìî ñïî÷àòêó ðiâíÿííÿ(
d

dt
− A

)p
y(t) = 0, t ∈ (0,∞), p ∈ N, (4.25)

i äîâåäåìî, ùî éîãî ðîçâ'ÿçîê ìà¹ âèãëÿä

y(t) =

p−1∑
i=0

tietÂf̃i, f̃i ∈ B(−)(A). (4.26)

Ïðè p = 1 öå âèïëèâà¹ ç òâåðäæåííÿ 4.4.

Ïðèïóñòèìî òåïåð, ùî ðîçâ'ÿçîê ðiâíÿííÿ (4.25) ç p = k− 1 çîáðàæó-

¹òüñÿ ÿê

y(t) =
k−2∑
i=0

tietÂf̃i, f̃i ∈ B(−)(A),

i ïîêàæåìî, ùî òàêå çîáðàæåííÿ ìà¹ ìiñöå é ïðè p = k.

Îòæå, íåõàé y(t) � ðîçâ'ÿçîê ðiâíÿííÿ (4.25) ç p = k − 1. Îñêiëüêè(
d

dt
− A

)k
y(t) =

(
d

dt
− A

)k−1(
d

dt
− A

)
y(t) = 0,

òî

(
d

dt
− A

)
y(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (4.25) ç p = k − 1, à òîìó

(
d

dt
− A

)
y(t) =

k−2∑
i=0

tietÂf̃i, f̃i ∈ B(−)(A), i = 0, 1, . . . , k − 2,

äå âåêòîð-ôóíêöiÿ

f(t) =
k−2∑
i=0

tietÂf̃i

¹ íåïåðåðâíîþ (íàâiòü àíàëiòè÷íîþ) ó ïðîñòîði B(−)(A). Òîäi

y(t) =etÂf0 +

t∫
0

e(t−s)Â
k−2∑
i=0

siesÂf̃i ds =

=
k−1∑
i=0

etÂtifi, fi =
f̃i
i
, i = 1, . . . k − 1.
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Òàêèì ÷èíîì, çîáðàæåííÿ (4.26) äëÿ ðîçâ'ÿçêiâ ðiâíÿííÿ (4.25) äîâåäå-

íî. Òàê ñàìî äîâîäèòüñÿ çîáðàæåííÿ äðóãîþ ñóìîþ ç (4.24) ðîçâ'ÿçêiâ

ðiâíÿííÿ (
d

dt
+ A

)m
y(t) = 0, t ∈ (0,∞),m ∈ N,

(âèïàäîê n = 0).

À çàðàç ó ïðèïóùåííi, ùî n > m, çàïèøåìî ðiâíÿííÿ (4.21) ó âèãëÿäi(
d

dt
− A

)p(
d2

dt2
− A2

)m
y(t) = 0, t ∈ (0,∞), p = n−m,

i ïîêëàäåìî

z(t) =

(
d2

dt2
− A2

)m
y(t).

Âåêòîð-ôóíêöiÿ z(t) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (4.25), à îòæå,

z(t) =

p−1∑
i=0

tietÂf̃i, f̃i ∈ B(−)(A), i = 1, . . . , p− 1.

ßê áà÷èìî, y(t) � ðîçâ'ÿçîê íåîäíîðiäíîãî m-ãàðìîíi÷íîãî ðiâíÿííÿ(
d2

dt2
− A2

)m
y(t) =

p−1∑
i=0

etÂP (t), t ∈ (0,∞), (4.27)

äå P (t) � ìíîãî÷ëåí ñòåïåíÿ p− 1:

P (t) =

p−1∑
i=0

tif̃i.

Çà ÷àñòèííèé ðîçâ'ÿçîê öüîãî ðiâíÿííÿ ìîæíà âçÿòè âåêòîð-ôóíêöiþ

tmetÂQ(t), äå Q(t) =
p−1∑
i=0

tifi � ìíîãî÷ëåí òîãî ñàìîãî ñòåïåíÿ, ùî é P (t),

à fi ïîâ'ÿçàíi ç f̃i ëiíiéíèìè ñïiââiäíîøåííÿìè, ùî íå âèâîäÿòü çà ìåæi

B(−)(A). Òîìó

y(t) =
m−1∑
i=0

tietÂf̃i +
m−1∑
i=0

ti exp(−tA)gi + tmetÂQ(t) =

=
n−1∑
i=0

tietÂfi +
m−1∑
i=0

ti exp(−tA)gi,
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äå

fi ∈ B(−)(A) (i = 1, . . . n− 1), gi ∈ B(+)(A) (i = 1, . . .m− 1), t ∈ (0,∞).

Àíàëîãi÷íî äîâîäèòüñÿ âèïàäîê n < m.

Äîñòàòíiñòü óìîâ òåîðåìè ïiäòâåðäæó¹òüñÿ áåçïîñåðåäíüîþ ïåðåâið-

êîþ, ùî âåêòîð-ôóíêöiÿ (4.24) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (4.21) íà (0,∞).

Äîâåäåìî ¹äèíiñòü çîáðàæåííÿ (4.24), òîáòî, ùî òîòîæíiñòü y(t) ≡ 0

çóìîâëþ¹ ðiâíîñòi fk = 0, k = 0, 1, . . . , n−1 òà gk = 0, k = 0, 1, . . . ,m−1.

Ïîêëàäåìî

y1(t) =
n−1∑
k=0

tketÂfk, y2(t) =
m−1∑
k=0

tk exp(−tA)gk. (4.28)

Áåðó÷è äî óâàãè, ùî äëÿ k = 0, 1, . . . , n− 1(
d

dt
+ A

)m(
d

dt
− A

)k
y(t) =

(
d

dt
+ A

)m(
d

dt
− A

)k
y1(t),

i (
d

dt
− A

)n(
d

dt
+ A

)k
y(t) =

(
d

dt
− A

)n(
d

dt
+ A

)k
y2(t),

äëÿ k = 0, 1, . . . ,m− 1, à òàêîæ ñïiââiäíîøåííÿ(
d

dt
− A

)k
(tietÂ)f =

=

 i(i− 1) . . . (i− k + 1)ti−ketÂf ïðè k ≤ i

0 ïðè k > i

òà(
d

dt
+ A

)k
(ti exp(−tA))g =

=

 i(i− 1) . . . (i− k + 1)ti−ketÂf ïðè k ≤ i

0 ïðè k > i
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(f ∈ B(−)(A), g ∈ B(+)(A)), îäåðæó¹ìî(
d

dt
+ A

)m(
d

dt
− A

)n−1

y(t) =

=

(
d

dt
+ A

)m
(n− 1)!etÂfn−1 =

=2m(n− 1)!ÂmetÂfn−1

(4.29)

i (
d

dt
− A

)n(
d

dt
+ A

)m−1

y(t) =

=

(
d

dt
− A

)n
(m− 1)! exp(−tA)gm−1 =

=(−1)n2n(m− 1)! exp(−tA)gm−1

(4.30)

Ïðèïóñòèìî òåïåð, ùî y(t) ≡ 0. Òîäi ç òåîðåìè 4.11 i ðiâíîñòåé (4.29),

(4.30) ïðè t = 0 âèïëèâà¹, ùî

fn−1 = gm−1 = 0,

òîáòî y(t) ìà¹ âèãëÿä

y(t) =
n−2∑
k=0

tketÂfk +
m−2∑
k=0

tk exp(−tA)gk.

Ïîâòîðþþ÷è öþ ïðîöåäóðó max{n,m} ðàçiâ, ïðèéäåìî äî âèñíîâêó, ùî

óñi fk, k = 0, 1, . . . , n − 1, òà gk, k = 0, 1, . . . ,m − 1, ó çîáðàæåííi (4.24)

äîðiâíþþòü íóëåâi, ùî é çàâåðøó¹ äîâåäåííÿ òåîðåìè.

Íàñëiäîê 4.6 Áóäü-ÿêèé ðîçâ'ÿçîê ðiâíÿííÿ (4.21) íà (0,∞) ¹ àíàëi-

òè÷íîþ â B âåêòîð-ôóíêöi¹þ íà (0,∞) iç çíà÷åííÿìè â G{1}(A).

Äîâåäåííÿ. Îñêiëüêè ðîçâ'ÿçîê y(t) ðiâíÿííÿ (4.21) íà (0,∞) çîáðàæó-

¹òüñÿ ó âèãëÿäi y(t) = y1(t)+y2(t), äå y1(t) i y2(t) âèçíà÷àþòüñÿ ôîðìóëîþ
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(4.28), i y2(t) - öiëà âåêòîð-ôóíêöi¹ÿ iç çíà÷åííÿìè â G(1)(A) ⊆ G{1}(A), òî

äîñèòü äîâåñòè, ùî y1(t) ¹ àíàëiòè÷íîþ íà (0,∞) G{1}(A)-çíà÷íîþ ôóí-

êöi¹þ.

ßêùî fk ∈ B, k = 0, 1, . . . ,m−1, òî ç àíàëiòè÷íîñòi ïiâãðóïè
{
etA
}
t≥0

âèïëèâà¹, ùî tketA, à òîìó é y1(t) ¹ àíàëiòè÷íèìè íà (0,∞) B-çíà÷íèìè

âåêòîð-ôóíêöiÿìè. Çíà÷åííÿ y1(t) íàëåæàòü äî G{1}(A) (äèâ. [9, 32, 55]).

Ïðèïóñòèìî òåïåð, ùî f ∈ B(−)(A). Çàôiêñó¹ìî äîâiëüíå t0 > 0. Òîäi,

âèõîäÿ÷è ç âëàñòèâîñòåé ïiâãðóïè
{
etA
}
t≥0

, îäåðæó¹ìî ïðè t > t0

etÂf = e(t−t0)Aet0Âf i et0Âf ∈ B.

Òîìó etÂf ¹ àíàëiòè÷íîþ âåêòîð-ôóíêöi¹þ iç çíà÷åííÿìè â G{1}(A) íà

(t0,∞). Âðàõîâóþ÷è, ùî t0 � äîâiëüíå, òî etÂf , à îòæå é y1(A) ¹ G{1}(A)-

çíà÷íîþ âåêòîð-ôóíêöi¹þ, àíàëiòè÷íîþ íà (0,∞) â B.

Íàñëiäîê äîâåäåíî.

Ç òåîðåìè 4.5 ïðî âëàñòèâîñòi ïiâãðóïè
{
etA
}
t≥0

i çîáðàæåííÿ (4.24)

âèïëèâà¹ òàêîæ íàñòóïíå òâåðäæåííÿ.

Íàñëiäîê 4.7 Êîæíèé ðîçâ'ÿçîê y(t) ðiâíÿííÿ (4.21) íà (0,∞) i éî-

ãî ïîõiäíi áóäü-ÿêîãî ïîðÿäêó ìàþòü ãðàíè÷íi çíà÷åííÿ â òî÷öi íóëü ó

ïðîñòîði B(−)(A).

Ïðèðîäíî ïîñòà¹ ïèòàííÿ: çà ÿêèõ óìîâ íà ðîçâ'ÿçîê y(t), óñi fk (k =

0, 1, . . . ,m− 1) â éîãî çîáðàæåííi (4.24) íàëåæàòü äî âèõiäíîãî ïðîñòîðó

B? Âiäïîâiäü äà¹ òàêà òåîðåìà.

Òåîðåìà 4.12 ßêùî ïðîñòið B ¹ ðåôëåêñèâíèì, òî ðîçâ'ÿçîê y(t) ðiâ-

íÿííÿ (4.21) íà (0,∞) ìîæíà ïîäàòè ó âèãëÿäi (4.24) ç fk ∈ B (k =

0, 1, . . . , n− 1) òîäi i òiëüêè òîäi, êîëè∥∥∥∥∥
(
d

dt
− A

)k
y(t)

∥∥∥∥∥ <∞, t ∈ (0, 1], k = 0, 1, . . . , n− 1. (4.31)
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Äîâåäåííÿ. Íåõàé y(t) - ðîçâ'ÿçîê ðiâíÿííÿ (4.21) íà (0,∞). Çà òåî-

ðåìîþ 4.10 y(t) = y1(t) + y2(t), äå yi(t) (i = 1, 2) âèçíà÷àþòüñÿ ôîðìóëîþ

(4.28). Àëå y2(t) - öiëà âåêòîð-ôóíêöiÿ iç çíà÷åííÿìè âB(+)(A) = G(1)(A).

Òîìó âèêîíàííÿ óìîâè (4.31) äëÿ y(t) ðiâíîñèëüíå ¨¨ âèêîíàííþ äëÿ y1(t).

Îòæå ïðè äîâåäåííi òåîðåìè ìîæíà îáìåæèòèñü âèïàäêîì

y(t) = y1(t) =
n−1∑
k=0

tketÂfk.

Îñêiëüêè(
d

dt
− A

)n−1

y(t) = (n− 1)!etÂfn−1, t ∈ (0,∞). (4.32)

òî, ÿê ïîêàçàíî â Â [9, 19], ó âèïàäêó ðåôëåêñèâíîãî B äëÿ f ∈ B(−)(A)

ñïðàâäæó¹òüñÿ ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi

sup
t∈(0,1]

∥etÂf∥ <∞ ⇐⇒ f ∈ B.

Çâiäñè, áåðó÷è äî óâàãè (4.32), âèïëèâà¹, ùî

sup
t∈(0,1]

∥∥∥∥∥
(
d

dt
− A

)n−1

y(t)

∥∥∥∥∥ <∞ ⇔ fn−1 ∈ B.

Iç ôîðìóëè (äèâ. [29])(
d

dt
− A

)k
y(t) =

n−1∑
i=k

i(i− 1) . . . (i− k + 1)ti−ketÂfi (4.33)

ïðè k = n− 2 òàêîæ îäåðæó¹ìî(
d

dt
− A

)n−2

y(t) = (n− 2)!etÂfn−2 + (n− 1)!tetÂfn−1. (4.34)

Âíàñëiäîê îáìåæåíîñòi íà (0, 1] äðóãîãî äîäàíêó â (4.33) ìà¹ìî

sup
t∈(0,1]

∥∥∥∥∥
(
d

dt
− A

)n−2

y(t)

∥∥∥∥∥ <∞ ⇐⇒ sup
t∈(0,1]

∥etÂfn−2∥ <∞ ⇐⇒ fn−2 ∈ B.
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Ïîâòîðþþ÷è öi ìiðêóâàííÿ n ðàçiâ, çíàéäåìî, ùî fn−3, . . . , f0 ∈ B.

Òåîðåìó äîâåäåíî.

Iç íàâåäåíîãî âèùå äîâåäåííÿ âèäíî, ùî óìîâà (4.31) åêâiâàëåíòíà

iñíóâàííþ ãðàíè÷íèõ çíà÷åíü ó íóëi âåêòîð-ôóíêöié
(
d
dt − A

)k
y(t) (k =

0, 1, . . . , n − 1) ó ïðîñòîði B. Ó âèïàäêó, êîëè n = 1 i B ðåôëåêñèâíèé,

îáìåæåíiñòü ðîçâ'ÿçêó â îêîëi íóëÿ ðiâíîñèëüíà iñíóâàííþ éîãî ãðàíè-

÷íîãî çíà÷åííÿ ó òî÷öi 0 â B. Àëå, ÿê ïîêàçàíî â [5], öå, âçàãàëi êàæó÷è,

íå òàê ïðè n > 1. Íàïðèêëàä, äëÿ áiãàðìîíi÷íîãî ðiâíÿííÿ

(
B = − d2

dx2

)
iç îáìåæåíîñòi â ñåðåäíüîìó êâàäðàòè÷íîìó ðîçâ'ÿçêó â îêîëi ãðàíèöi ùå

íå âèïëèâà¹ iñíóâàííÿ ñåðåäíüîêâàäðàòè÷íîãî ãðàíè÷íîãî çíà÷åííÿ.

Âèñíîâêè äî ðîçäiëó 4

Öåé ðîçäië ïðèñâÿ÷åíî âèâ÷åííþ ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü ó

áàíàõîâîìó ïðîñòîði âñåðåäèíi iíòåðâàëó (0,∞) òà ¨õ ãðàíè÷íèõ çíà÷åíü.

Ç öi¹þ ìåòîþ äëÿ ãåíåðàòîðà îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè
{
etA
}
t≥0

â B ââåäåíî ëîêàëüíî-îïóêëi ïðîñòîðè B(+)(A) (B{+}(A)) îñíîâíèõ (ïiä-

ðîçäië 4.1) iB{−}(A) (B(−)(A)) óçàãàëüíåíèõ (ïiäðîçäië 4.2) âåêòîðiâ îïå-

ðàòîðà A. Äîñëiäæåíî çâóæåííÿ i, âiäïîâiäíî, ðîçøèðåííÿ çàäàíî¨ ïiâ-

ãðóïè íà öi ïðîñòîðè. Ó âèïàäêó ãiëüáåðòîâîãî ïðîñòîðó äîâåäåíî, ùî

âåêòîð-ôóíêöÿ exp(zA)x ¹ öiëîþ â H(+)(A) i exp(tA)x = etAx, ÿêùî

x ∈ H(+)(A), òîáòî exp(tA)x � ðîçâ'ÿçîê çàäà÷i Êîøi y′(t) = Ay(t), t ∈

(0,∞); y(0) = x ∈ H(+)(A). Çà äîïîìîãîþ ââåäåíèõ ïðîñòîðiâ îñíîâíèõ i

óçàãàëüíåíèõ âåêòîðiâ îïåðàòîðà A îïèñàíî óñi ðîçâ'ÿçêè âñåðåäèíi (0,∞)

ðiâíÿíü y′(t)∓Ay(t) = 0 íà ïiâîñi (0,∞). Ïiäêðåñëèìî, ùî æîäíèõ óìîâ

íà ïîâåäiíêó y(t) â íóëi íå íàêëàäàëîñü (âçàãàëi êàæó÷è, y(t) ìîæå áóòè

íåâèçíà÷åíèì â òî÷öi 0). Ïîêàçàíî òàêîæ, ùî çà íàáëèæåíi ðîçâ'ÿçêè çà-
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äà÷i Êîøi ó ïàðàáîëi÷íîìó âèïàäêó ç ïî÷àòêîâîþ óìîâîþ y(0) = x ∈ B

ìîæíà âçÿòè ÷àñòèííi ñóìè åêñïîíåíöiàëüíîãî ðÿäó íà âåêòîðàõ ïîñëi-

äîâíîñòi xm ∈ B(+)(A) : xm → x â B.

Äëÿ ðiâíÿííÿ äðóãîãî ïîðÿäêó y′′(t)−By(t) = 0 íà ïiâîñi çi ñëàáî ïî-

çèòèâíèì îïåðàòîðîì B ó áàíàõîâîìó ïðîñòîði B îäåðæàíî çîáðàæåííÿ

éîãî ðîçâ'ÿçêiâ íà (0,∞), ç ÿêîãî âèäíî, ùî áóäü-ÿêèé ðîçâ'ÿçîê öüîãî

ðiâíÿííÿ ìà¹ ãðàíè÷íå çíà÷åííÿ ïðè t → 0 ó ïðîñòîði B(−)(B
1/2) i ¹

àíàëiòè÷íîþ íà (0,∞) âåêòîð-ôóíêöi¹þ â B. Íàâåäåíî óìîâè, çà ÿêèõ

ðîçâ'ÿçîê äîïóñêà¹ ïðîäîâæåííÿ äî öiëî¨ âåêòîð-ôóíêöi¨ ó öüîìó ïðîñòî-

ði. Äîñëiäæåíî òàêîæ ðîçâ'ÿçêè îäíîðiäíîãî ðiâíÿííÿ âèùèõ ïîðÿäêiâ ç

ðîçäiëó 2 (àëå âæå íå íà âñié îñi, à íà ïiâîñi) ó ïðèïóùåííi, ùî A � ãåíå-

ðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè â B i 0 ∈ ρ(A).
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5 Çàäà÷i Äiðiõëå, Íåéìàíà òà (n + 1)-ðàç ií-

òåãðîâàíà çàäà÷à Êîøi

Ó öüîìó ðîçäiëi ðîçãëÿäà¹òüñÿ ðiâíÿííÿ äðóãîãî ïîðÿäêó âèãëÿäó

d2y(t)

dt2
−By(t) = 0, t ∈ (0,∞), (5.1)

äå B � ñëàáî ïîçèòèâíèé îïåðàòîð â B, òîáòî B ∈ E(B), ρ(B) ⊃ (−∞, 0)

i

∃M = const ∀λ > 0 : ∥R(−λ);B)∥ ≤ M

λ
.

ßêùî 0 ∈ ρ(B), òî îïåðàòîð B � ïîçèòèâíèé.

Ó ïîïåðåäíüîìó ðîçäiëi ïîêàçàíî, ùî âåêòîð-ôóíêöiÿ y(t) ¹ ðîçâ'ÿçêîì

ðiâíÿííÿ (5.1) íà (0,∞) òîäi i òiëüêè òîäi, êîëè ¨¨ ìîæíà ïîäàòè ÿê

y(t) = etÂf +
sinh(tA)

A
g, f ∈ B(−)(A), g ∈ B(+)(A), (5.2)

äå ,

sinh(tA)

A
=

∫ t

0

cosh(sA) ds =
∞∑
k=0

t2k+1

(2k + 1)!
A2k

cosh(tA) =
exp(tA) + exp(−tA)

2
=

∞∑
k=0

t2k

(2k)!
A2k,

A = −B1/2,

(5.3)

à îòæå, êîæíèé ðîçâ'ÿçîê ðiâíÿííÿ (5.1) íà (0,∞) ¹ àíàëiòè÷íîþ íà öüî-

ìó iíòåðâàëi âåêòîð-ôóíêöi¹þ ó ïðîñòîði B. Iç çîáðàæåííÿ (5.2) òàêîæ

âèïëèâà¹, ùî áóäü-ÿêèé ðîçâ'ÿçîê öüîãî ðiâíÿííÿ ìà¹ ãðàíè÷íå çíà÷å-

ííÿ â òî÷öi 0 ó ïðîñòîði B(−)(A) i äëÿ òîãî, ùîá ðîçâ'ÿçîê äîïóñêàâ

ïðîäîâæåííÿ äî öiëî¨ âåêòîð-ôóíêöi¨ â B, íåîáõiäíî i äîñòàòíüî, ùîá

y(0) ∈ B(+)(A) = G(1)(A)
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5.1 Îäíîðiäíà çàäà÷à Äiðiõëå

Çàäà÷à Äiðiõëå äëÿ ðiâíÿííÿ (5.1) ïîëÿãà¹ ó âiäøóêàííi äëÿ çàäàíîãî

f ∈ B(−)(A) ðîçâ'ÿçêó y(t) öüîãî ðiâíÿííÿ, ùî çàäîâîëüíÿ¹ óìîâó

y(t) → f â ïðîñòîði B(−)(A) ïðè t→ 0. (5.4)

Òåîðåìà 4.11 ïîêàçó¹, ùî ó âèïàäêó ñëàáî ïîçèòèâíîãî B öÿ çàäà÷à ìà¹

áåçëi÷ ðîçâ'ÿçêiâ. Óñi âîíè îïèñóþòüñÿ ôîðìóëîþ (4.19). Òàêèì ÷èíîì,

ðîçãëÿäóâàíà çàäà÷à ðîçâ'ÿçó¹òüñÿ îäíîçíà÷íî ç òî÷íiñòþ äî ðîçâ'ÿçêiâ

îäíîðiäíî¨ çàäà÷i Äiðiõëå

y(t) → 0 ó ïðîñòîði B(−)(A) ïðè t→ 0, (5.5)

ðîçâ'ÿçêè ÿêî¨ ìàþòü âèãëÿä

y(t) =
sinh(tA)

A
g, g ∈ B(+)(A) = G(1)(A). (5.6)

Ïðèðîäíî ïîñòà¹ ïèòàííÿ, ÿêi óìîâè ïîòðiáíî íàêëàñòè íà ïîâåäiíêó íà

íåñêií÷åííîñòi ðîçâ'ÿçêó çàäà÷i (5.1), (5.5), ùîá ãàðàíòóâàòè éîãî ¹äè-

íiñòü.

Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê, êîëè B � ñàìîñïðÿæåíèé îïåðàòîð ó

ãiëüáåðòîâîìó ïðîñòîði.

5.2 Âèïàäîê ñàìîñïðÿæåíîãî B

Íåõàé B = H � ãiëüáåðòiâ ïðîñòið, B � ñàìîñïðÿæåíèé îïåðàòîð â íüîìó

i Eλ = Eλ(B) � éîãî ñïåêòðàëüíà ôóíêöiÿ.

Òåîðåìà 5.1 ßêùî äëÿ ðîçâ'ÿçêó îäíîðiäíî¨ çàäà÷i Äiðiõëå (5.5) äëÿ

ðiâíÿííÿ (5.1) âèêîíó¹òüñÿ îöiíêà

∀ε > 0 ∃cε > 0 : ∥y(t)∥ ≤ cεe
εt, (5.7)
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òî y(t) = tg, g ∈ kerB. Çîêðåìà, ÿêùî kerB = {0}, òî y(t) ≡ 0.

Äîâåäåííÿ. Ç îöiíêè (5.7) âèïëèâà¹, ùî

e−2εt∥y(t)∥2 =
∞∫
0

sinh2 λt

λ2
e−2εt d(Eλg, g) ≤ c2ε,

çâiäêè
∞∫
0

e2(λ−ε)t d(Eλg, g) ≤

(0 < c = const). Çà òåîðåìîþ Ôàòó (äèâ.[223, 224])

(Eλg, g) = const ïðè λ ≥ ε2.

Îñêiëüêè ε > 0 äîâiëüíå, òî (Eλg, g) = const íà (0,∞). Òàêèì ÷èíîì,

ôóíêöiÿ (Eλg, g) ìîæå ìàòè ñòðèáîê ëèøå â íóëi, òîáòî Ag = 0. Òîäi (5.6)

ñïðè÷èíÿ¹ ðiâíiñòü y(t) = tg.

Òåîðåìó äîâåäåíî

Íàñòóïíi òåîðåìè õàðàêòåðèçóþòü áiëüø äåòàëüíî åëåìåíò g ó çîáðà-

æåííi (5.6) ðîçâ'ÿçêó îäíîðiäíî¨ çàäà÷i Äiðiõëå â çàëåæíîñòi âiä ïîâåäiíêè

y(t) ïðè t→ ∞.

Òåîðåìà 5.2 Íåõàé îïåðàòîð B � ñàìîñïðÿæåíèé â H. Âåêòîð g ó çî-

áðàæåííi (5.6) íàëåæèòü äî ïðîñòîðó G(0)(A), òîáòî ¹ öiëèì åêñïî-

íåíöiàëüíîãî òèïó äëÿ îïåðàòîðà A, òîäi i òiëüêè òîäi, êîëè

∃c > 0,∃α > 0 : ∥y(t)∥ ≤ ceαt (5.8)

äëÿ äîñòàòíüî âåëèêèõ t > 0.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî ðîçâ'ÿçîê (5.5) çàäà÷i (5.5) çàäîâîëüíÿ¹
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(5.8). Òîäi

e−2αt∥y(t)∥2 =

=

∞∫
0

(
sinhλt

λ

)2

e−2αt d(Eλg, g) =

=

α∫
0

+

∞∫
α

(
sinhλt

λ

)2

e−2αt d(E(λg, g) =

=
1

4

α∫
0

+
1

4

∞∫
α

e2(λ−α)t + e−2(λ+α)t − 2

λ
d(Eλg, g) ≤ c2.

Ïåðåõîäÿ÷è äî ãðàíèöi ïðè t → ∞, íà îñíîâi òåîðåìè Ôàòó ðîáèìî

âèñíîâîê, ùî ìiðà dEλg, g) çîñåðåäæåíà ëèøå íà âiäðiçêó [0, α2], òîáòî

g = E(∆)h, h ∈ H, ∆ ⊆ [0, α2]. Îòæå, g � öiëèé âåêòîð åêñïîíåíöiàëüíî-

ãî òèïó îïåðàòîðà A.

Ç iíøîãî áîêó, ÿêùî g = E(∆)h, h ∈ H, ∆ ⊂ [0, α) � ñêií÷åííèé

ïðîìiæîê, òî ïðè äîñòàòíüî âåëèêèõ t > 0 ìà¹ìî

∥y(t)∥2 =
∞∫
0

(
sinhλt

λ

)2

d(Eλg, g) =

α∫
0

(
sinhλt

λ

)2

d(Eλh, h) ≤ ce2αt.

Òåîðåìó äîâåäåíî

Òåîðåìà 5.2 ïîêàçó¹, ùî ðîçâ'ÿçîê îäíîðiäíî¨ çàäà÷i Äiðiõëå íà íåñêií-

÷åííîñòi ìîæå ìàòè åêñïîíåíöiàëüíèé ðiñò òîäi i òiëüêè òîäi, êîëè â éîãî

ïðåäñòàâëåííi (5.6) âåêòîð g ¹ öiëèì åêñïîíåíöiàëüíîãî òèïó äëÿ îïåðà-

òîðà A. Ðîçâ'ÿçêè òèïó, âèùîãî çà åêñïîíåíöiàëüíèé, îïèñóþòüñÿ òàêèì

÷èíîì.

Íåõàé γ(t) > 0 � íåïåðåðâíà íà [0,∞) ôóíêöiÿ òàêà, ùî

∀λ > 0 : G2(λ) =

∞∫
0

(
sinhλt

λ

)2

γ(t) dt <∞. (5.9)
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Öå îçíà÷à¹, ùî γ(t) ñïàäà¹ íà íåñêií÷åííîñòi øâèäøå çà áóäü-ÿêó åêñïî-

íåíòó. Ïîçíà÷èìî ÷åðåç Yγ ñóêóïíiñòü óñiõ ðîçâ'ÿçêiâ y(t) çàäà÷i (5.5), äëÿ

ÿêèõ

∥y∥2Yγ =
∞∫
0

∥y(t)∥2γ(t) dt <∞.

Ïðîñòið Yγ ãiëüáåðòiâ âiäíîñíî ñêàëÿðíîãî äîáóòêó

(y, z)Yγ =

∞∫
0

(y(t), z(t))γ(t) dt.

ßñíî, ùî Yγ ìiñòèòü ó ñîái âñi ðîçâ'ÿçêè ðîçãëÿäóâàíî¨ çàäà÷i, çðîñòàþ÷i

åêñïîíåíöiàëüíî íà ∞.

Òåîðåìà 5.3 Çà óìîâè ñàìîñïðÿæåíîñòi îïåðàòîðà B âåêòîð g ó çî-

áðàæåííi (5.6) ðîçâ'ÿçêó îäíîðiäíî¨ çàäà÷i Äiðiõëå íàëåæèòü äî ãiëüáåð-

òîâîãî ïðîñòîðó

HG(A) = D (G(A)) , (f, x)HG(A) = (G(A)f,G(A)x) ,

ïîáóäîâàíîãî ïî ôóíêöi¨ G(λ), âèçíà÷åíié ó (5.9), òîäi i òiëüêè òîäi,

êîëè y(t) ∈ Yγ. Áiëüø òîãî, ôîðìóëà (5.6) óñòàíîâëþ¹ içîìåòðè÷íèé

içîìîðôiçì ïðîñòîðiâ Yγ òà HG(A)

Äîâåäåííÿ. Ñôîðìóëüîâàíå òâåðäæåííÿ âèïëèâà¹ ç ðiâíîñòåé

∥y∥2Yγ =
∞∫
0

∥y(t)∥2γ(t) dt =
∞∫
0

γ(t)

 ∞∫
0

(
sinhλt

λ

)2

d(Eλg, g)

 dt

=

∞∫
0

 ∞∫
0

(
sinhλt

λ

)2

γ(t) dt

 d(Eλg, g) =

∞∫
0

G2(λ) d(Eλg, g) = ∥g∥2HG(A)
.

Çîêðåìà, ïðè

γ(t) = γµ(t) = e−2µtp, p > 1, µ > 0,
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äëÿ

Gµ(λ) =

∞∫
0

(
sinhλt

λ

)2

γµ(t) dt

âèêîíóþòüñÿ îöiíêè

cε,1 exp
(
k1λ

p/2(p−1)
(
µ1/(1−p) − ε

))
≤

≤ Gµ(λ) ≤ cε,2 exp
(
k2λ

p/2(p−1)
(
µ1/(1−p) + ε

))
(cε,i > 0, ki > 0 � ñòàëi, ε > 0 ÿê çàâãîäíî ìàëå), çà äîïîìîãîþ ÿêèõ

çíàõîäÿòüñÿ óìîâè íà ðiñò y(t) ïðè t → ∞, çà ÿêèõ âåêòîð g íàëåæèòü

äî îäíîãî ç êëàñiâ G{β}(A) àáî G(β)(A) ç β < 1. À ñàìå, ìà¹ ìiñöó òàêå

òâåðäæåííÿ.

Íàñëiäîê 5.1 Äëÿ òîãî, ùîá ðîçâ'ÿçîê y(t) çàäà÷i (5.1), (5.5) äîïóñêàâ

çîáðàæåííÿ (5.6) ç g ∈ G{β}(A)
(
G(β)(A)

)
ç β < 1, íåîáõiäíî i äîñòà-

òíüî, ùîá iñíóâàëè c > 0 òà µ > 0 (äëÿ µ > 0 ∃c > 0) òàêi, ùî

∥y(t)∥ ≤ c exp
(
µt1/(1−β)

)
,

(β i p ïîâ'ÿçàíi ìiæ ñîáîþ ñïiââiäíîøåííÿì p =
1

1− β
).

5.3 Âèïàäîê ïîçèòèâíîãî B ó áàíàõîâîìó ïðîñòîði

Ó öüîìó ïiäðîçäiëi íàñ áóäå öiêàâèòè ïèòàííÿ ¹äèíîñòi ðîçâ'ÿçêó îäíî-

ðiäíî¨ çàäà÷i Äiðiõëå (5.5) äëÿ ðiâíÿííÿ (5.1) ç ïîçèòèâíèì îïåðàòîðîì

B, à ñàìå, ÿêi óìîâè íà ïîâåäiíêó íà íåñêií÷åííîñòi ðîçâ'ÿçêó öi¹¨ çàäà÷i

ãàðàíòóþòü éîãî ¹äèíiñòü. Âiäïîâiäü äà¹ òàêà òåîðåìà.

Òåîðåìà 5.4 . Íåõàé B - ïîçèòèâíèé îïåðàòîð ó ïðîñòîði B ç òè-

ïîì (ω,M(θ)). ßêùî ðîçâ'ÿçîê y(t) îäíîðiäíî¨ çàäà÷i Äiðiõëå (5.5) äëÿ
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ðiâíÿííÿ (5.1) çàäîâîëüíÿ¹ óìîâó

∃a > 0,∃ca > 0 : ∥y(t)∥ ≤ cae
atβ , t ∈ (0,∞), (5.10)

äå β <
π

π + ω
, òî y(t) ≡ 0.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî äëÿ ðîçâ'ÿçêó y(t) çàäà÷i Äiðiõëå (5.1),

(5.5) âèêîíó¹òüñÿ óìîâà (5.10). Îñêiëüêè

0 ∈ ρ(A), A = −B1/2, i A−1B(+)(A) ⊆ B(+)(A),

òî

y(t) =
sinh(tA)

A
x =

exp(tA)− exp(−tA)
2

A−1x =
exp(tA)x0 − exp(−tA)x0

2
,

äå x0 = A−1x ∈ B(+)(A). Îáìåæåíà àíàëiòè÷íiñòü ïiâãðóïè
{
etA
}
t≥0

çó-

ìîâëþ¹ îöiíêó (5.10) (ìîæëèâî, ç iíøîþ ñòàëîþ ca) i äëÿ âåêòîð-ôóíêöi¨

z(t) = exp(−tA)x0. Çàôiêñó¹ìî äîâiëüíå t0 > 0. Òîäi ç ãðóïîâî¨ âëàñòèâî-

ñòi exp(tA) âèïëèâà¹ ðiâíiñòü

z(t) = e(t0−t)Az(t0), t ∈ [0, t0],

çâiäêè

z(n)(t) = (−1)nAne(t0−t)Az(t0).

Çà òåîðåìîþ 1.2

∥z(n)(t)∥ = ∥Ane(t0−t)Az(t0)∥ ≤ cnnn(t0 − t)−n∥z(t0)∥. (5.11)

Ïîêëàäàþ÷è t = 0, t0 = n1/β, îäåðæó¹ìî

∥z(n)(0)∥ = ∥Anx0∥ ≤ cnnncae
ann−n/β ≤ cac

neann(1−
1
β )n.

Öÿ îöiíêà ïîêàçó¹, ùî âåêòîð-ôóíêöiÿ

h(z) = (I − zA)−1x0 =
∞∑
k=0

zkAkx0
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¹ öiëîþ. Ïîðÿäîê ¨¨ ðîñòó

ρ = lim
r→∞

ln lnM(r)

ln r
, M(r) = max

|z|=r
∥h(z)∥,

îá÷èñëþ¹òüñÿ çà ôîðìóëîþ (äèâ. [136] )

ρ = lim
n→∞

lnn

ln( n
√

∥Anx0∥)−1
≤ lim

n→∞

lnn

ln((ce)−1n
1
β−1)

=

=
β

1− β
<

π
π+ω

1− π
π+ω

=
π

ω
.

Îñêiëüêè A - ãåíåðàòîð îáìåæåíî¨ àíàëiòè÷íî¨ C0-ïiâãðóïè ç êóòîì
π − ω

2
,

òî éîãî ðåçîëüâåíòà R(z;A) ¹ àíàëiòè÷íîþ â ñåêòîði Σπ−ω
2
, i, ÿêùî

0 < ε < 2π − ω, òî

∥h(z)∥ = ∥z−1(A− zI)−1x0∥ ≤Mε, êîëè z ∈ Σπ−ω+ε
2
. (5.12)

Àëå ïîðÿäîê ðîñòó ρ âåêòîð-ôóíêöi¨ h(z) ìåíøèé çà π
ω . Òîìó ε â (5.12)

ìîæíà âèáðàòè òàê, ùîá ρ <
π

ω + ε
.

Ç íåðiâíîñòi (5.12) âèïëèâà¹, ùî öiëà âåêòîð-ôóíêöiÿ h(z) ç ρ <
π

ω + ε
¹ îáìåæåíîþ íà ñòîðîíàõ êóòà | arg(−z)| < ω+ε

2 . Çà òåîðåìîþ Ôðàãìåíà-

Ëiíäåëüîôà (äèâ. [136]) ∥h(z)∥ < Mε âñåðåäèíi öüîãî êóòà. Òîäi íåðiâíiñòü

(5.12) îáóìîâëþ¹ îáìåæåíiñòü h(z) ó âñié êîìïëåêñíié ïëîùèíi, i çà òåî-

ðåìîþ Ëióâiëëÿ

h(z) = (I − zA)−1x0 ≡ x1 ∈ D(A),

òîáòî x0 = x1− zAx1, ùî ìîæëèâî ëèøå ïðè Ax1 = 0. Âðàõîâóþ÷è âêëþ-

÷åííÿ 0 ∈ ρ(A), äiéäåìî âèñíîâêó, ùî x1 = 0, çâiäêè x0 = 0, à îòæå,

y(t) ≡ 0. Òåîðåìó äîâåäåíî.

Ó âèïàäêó, êîëè B - íîðìàëüíèé îïåðàòîð ó ãiëüáåðòîâîìó ïðîñòîði

H, òåîðåìà 3 äîïóñêà¹ óòî÷íåííÿ.
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Òåîðåìà 5.5 . Íåõàé B - ïîçèòèâíèé íîðìàëüíèé îïåðàòîð ó ãiëüáåð-

òîâîìó ïðîñòîði H ç òèïîì (ω,M(θ)). ßêùî äëÿ ðîçâ'ÿçêó y(t) îäíîði-

äíî¨ çàäà÷i Äiðiõëå 5.1, 5.5 âèêîíó¹òüñÿ óìîâà

∀ε > 0,∃c = c(ε) > 0 : ∥y(t)∥ ≤ ceεt, t ∈ (0,∞), (5.13)

òî y(t) ≡ 0.

Äîâåäåííÿ. ßê i â òåîðåìi 5.4,ñïiââiäíîøåííÿ (5.13) äëÿ ðîçâ'ÿçêó y(t)

åêâiâàëåíòíe óìîâi

∀ε > 0,∃c = c(ε) > 0 : ∥z(t)∥ ≤ ceεt, t ∈ (0,∞),

íà äîäàíîê z(t) = e−tAx0 ç âèðàçó

y(t) = etAx0 − e−tAx0, x0 ∈ B(+)(A).

Êîðèñòóþ÷èñü ñïåêòðàëüíèì ðîçêëàäîì ôóíêöié âiä íîðìàëüíîãî îïåðà-

òîðà, îäåðæó¹ìî

e−2εt∥z(t)∥2 ≤
∫

| arg λ|<π−ω
2

e2(Reλ−ε)t d(Eλx0, x0) ≤ c (5.14)

(Eλ - ðîçêëàä îäèíèöi îïåðàòîðà −A, (·, ·) - ñêàëÿðíèé äîáóòîê â H). Ïðè

âñiõ λ : Reλ > ε ïiäiíòåãðàëüíà ôóíêöiÿ ïðÿìó¹ äî íåñêií÷åííîñòi ïðè

t → ∞. Çà òåîðåìîþ Ôàòó ïðî ãðàíè÷íèé ïåðåõiä ïiä çíàêîì iíòåãðà-

ëà â íåðiâíîñòÿõ, (E(∆)x0, x0) = 0 äëÿ äîâiëüíî¨ áîðåëüîâî¨ ìíîæèíè

∆ ∈ {λ : Reλ > ε}. Áåðó÷è äî óâàãè, ùî ε ìîæíà âèáðàòè ÿê çàâãîäíî

ìàëèì, i ðiâíiñòü kerA = {0}, îòðèìà¹ìî (E(∆)x0, x0) ≡ 0 äëÿ áóäü-ÿêî¨

áîðåëüîâî¨ ìíîæèíè ∆ ∈ R2.

Òåîðåìó äîâåäåíî.
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Çàóâàæèìî, ùî òåîðåìè 5.4, 5.5 ìîæíà óçàãàëüíèòè íà âèïàäîê ñëàáî

ïîçèòèâíîãî B, àëå òåïåð ç âiäïîâiäíèõ îöiíîê âèïëèâàòèìå, ùî y(t) = tx,

äå x ∈ kerB.

Íàñòóïíà òåîðåìà ïiäòâåðäæó¹ òî÷íiñòü ó ïåâíîìó ñåíñi îöiíîê (5.10)

òà (5.13).

Òåîðåìà 5.6 Íåõàé B - ïîçèòèâíèé îïåðàòîð â B, à y(t) - ðîçâ'ÿçîê

îäíîðiäíî¨ çàäà÷i Äiðiõëå äëÿ ðiâíÿííÿ (5.1). Òîäi ïðè α ≥ 1 ñïðàâäæóþ-

òüñÿ ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi

y′(0) ∈ G{β}(A) ⇔ ∃a > 0,∃c = c(a) > 0 : ∥y(t)∥ ≤ ceat
α

, t ∈ [0,∞),

òà

y′(0) ∈ G(β)(A) ⇔ ∀a > 0,∃c = c(a) > 0 : ∥y(t)∥ ≤ ceat
α

, t ∈ [0,∞),

äå α i β ïîâ'ÿçàíi ìiæ ñîáîþ ðiâíiñòþ β =
α− 1

α
.

Äîâåäåííÿ. Ïðèïóñòèìî,ùî

∀a > 0,∃c = c(a) > 0 : ∥y(t)∥ ≤ ceat
α

, t ∈ [0,∞).

ßê i â äîâåäåííi òåîðåìè 5.4, ðîáèìî âèñíîâîê, ùî äëÿ äîâiëüíîãî a > 0

iñíó¹ ñòàëà c̃a > 0 òàêà, ùî âåêòîð-ôóíêöiÿ

z(t) = exp(−tA)x0, x0 = A−1y′(0) ∈ B(+)(A),

çàäîâîëüíÿ¹ íåðiâíiñòü

∥z(t)∥ ≤ c̃ae
atα, t > 0. (5.15)

Çâiäñè îòðèìó¹ìî îöiíêó

∥Anx0∥ ≤ cnnnt−n0 ∥z(t0)∥
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ç äåÿêîþ ñòàëîþ c > 0. Ïîêëàäàþ÷è â (5.11) t0 =
(n
a

)1/α
, ïðèõîäèìî äî

íåðiâíîñòi

∥Anx0∥ ≤ c̃ac
n(a1/αe)nnn

α−1
α .

Îñêiëüêè a äîâiëüíå, òî ca1/αe òàêîæ ìîæíà âèáðàòè ÿêèì çàâãîäíî, à

òîìó x0 ∈ G(β)(A) ç β =
α− 1

α
i, îòæå, y′(0) = Ax0 ∈ G(β)(A).

Íàâïàêè, íåõàé y′(0) ∈ G(β)(A) (0 ≤ β < 1). Òîäi

∀a > 0 ∃ca > 0 : ∥Any′(0)∥ ≤ caa
nnnβ,

çâiäêè

∀t > 0 : ∥exp(−tA)y′(0)∥ ≤
∞∑
k=0

tk

k!

∥∥Aky′(0)
∥∥ ≤ ca

∞∑
k=0

tk

k!
akβ. (5.16)

Ðîçãëÿíåìî öiëó ôóíêöiþ

φ(z) =
∞∑
n=0

zn

n!
annnβ

ïîðÿäêó

ρ = ρ(φ) = lim
n→∞

lnn

ln(n!1/n/anβ)
=

1

1− β
= α.

�¨ òèï

σ = σ(φ) = lim
n→∞

(n
1
α

n
√
annnβ) = a.

Ç íåðiâíîñòi (5.16) âèïëèâà¹, ùî

∀ε > 0,∃cε > 0 : ∥exp(−tA)y′(0)∥ ≤ cεe
(a+ε)tα.

Îñêiëüêè

y(t) =
exp(tA)− exp(−tA)

2
A−1y′(0)

i ïðè t > 0,
∥∥exp(tA)A−1y′(0)

∥∥ ≤ c, òî

∥y(t)∥ ≤ c̃εe
(a+ε)tα.
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Àíàëîãi÷íî äîâîäèòüñÿ ïåðøå òâåðäæåííÿ òåîðåìè.

Òåîðåìó äîâåäåíî.

Ç òåîðåìè 5.6 âèïëèâà¹, ùî â òåîðåìi 4.5 íå ìîæíà âiäìîâèòèñü âiä

òîãî, ùî ε ¹ äîâiëüíèì.

5.4 Íåîäíîðiäíà çàäà÷à Äiðiõëå

Íåîäíîðiäíà çàäà÷à Äiðiõëå äëÿ ðiâíÿííÿ (5.1) ïîëÿãà¹ ó âiäøóêàííi äâi÷i

íåïåðåðâíî äèôåðåíöiéîâíî¨ â (0,∞) ôóíêöi¨ y(t) : (0,∞) 7→ D(A), äëÿ

ÿêî¨  y′′(t) = By(t), t ∈ (0,∞),

lim
t→+0

y′(t) = f ∈ B(−)(A)
(5.17)

(ãðàíèöÿ ðîçóìi¹òüñÿ â òîïîëîãi¨ ïðîñòîðó B(−)(A) ). Ïðèïóñòèâøè, ùî

y(t) � ðîçâ'ÿçîê (5.17), ïîìi÷à¹ìî, ùî âåêòîð-ôóíêöiÿ y(t)−etÂf � ðîçâ'ÿçîê

îäíîðiäíî¨ çàäà÷i  y′′(t) = By(t), t ∈ (0,∞),

lim
t→+0

y′(t) = 0,

à òîìó

y(t)− etÂf =
sinh(tA)

A
g, g ∈ B(+)(A).

Âðàõîâóþ÷è îáìåæåíiñòü etÂf , íà îñíîâi çîáðàæåííÿ (5.2) òà òåîðåì 5.1-

5.3 ïðèõîäèìî äî òàêîãî âèñíîâêó.

Òåîðåìà 5.7 Âåêòîð-ôóíêöiÿ y(t) ¹ ðîçâ'ÿçêîì íåîäíîðiäíî¨ çàäà÷i Äi-

ðiõëå (8.11) òîäi i òiëüêè òîäi, êîëè âîíà äîïóñêà¹ çîáðàæåííÿ

y(t) = etÂf +
sinh(tA)

A
g, f ∈ B(−)(A), g ∈ B(+)(A).

ßêùî kerA = {0}, òî çà óìîâè (5.8) ðîçãëÿäóâàíà çàäà÷à îäíîçíà÷íî

ðîçâ'ÿçíà.
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Â ðîáîòi [221] ïîêàçàíî, ùî ÿêùî îïåðàòîð B ¹ ñëàáî ïîçèòèâíèì, òî

iñíó¹ ¹äèíèé äâi÷i ñèëüíî äèôåðåíöiéîâíèé íà [0,∞) ðîçâ'ÿçîê çàäà÷i
y′′(t) = By(t), t ∈ [0,∞),

y(0) = y0 ∈ D(A), sup
t≥0

∥y(t)∥ <∞.

Öåé ðåçóëüòàò óòî÷íåíèé â [14] òàêèì ÷èíîì: ôóíêöiÿ y(t) ∈ C2([0,∞),B)

òàêà, ùî y′′(t) = By(t) (îïåðàòîðB � ñëàáî ïîçèòèâíèé), ∥y(t)∥ = o(t) (t→

∞), y(0) = 0, òîòîæíî äîðiâíþ¹ íóëåâi. Öå óòî÷íåííÿ äîïóñêà¹ òàêå óçà-

ãàëüíåííÿ.

Òåîðåìà 5.8 Íåõàé B � ñëàáî ïîçèòèâíèé îïåðàòîð â B. Òîäi âåêòîð-

ôóíêöiÿ y(t) ∈ C2([0,∞),B), ùî çàäîâîëüíÿ¹ óìîâè

y′′(t) = By(t), y(0) = 0, ∥y(t)∥ = o (tn) (t→ ∞) ç äåÿêèìn ∈ N,

ìà¹ âèãëÿä y(t) = tf, f ∈ kerA. Çîêðåìà, ÿêùî kerA = {0}, òî y(t) ≡ 0.

Äîâåäåííÿ. Çàôiêñó¹ìî äîâiëüíå a > 0. Òîäi (äèâ. [222]) iñíóþòü êîìó-

òóþ÷i ìiæ ñîáîþ òà A îïåðàòîðè F (t, a), ùî âèêîíóþòü ðîëü
sinh(a− t)A

sinh(aA)
,

òàêi, ùî îïåðàòîð-ôóíêöiÿ F (t, a) ¹ àíàëiòè÷íîþ íà (0, a] i ñèëüíî íåïå-

ðåðâíîþ íà [0, a] ïî t, F (0, a) = I i F (a, a) = 0; ðîçâ'ÿçîê y(t) ðiâíÿííÿ

(5.1) íà âiäðiçêó [0, a], ùî çàäîâîëüíÿ¹ óìîâó y(0) = 0, çîáðàæó¹òüñÿ ó

âèãëÿäi

y(t) = F (a− t, a)y(a), t ∈ [0, a]. (5.18)

Áiëüø òîãî, ∥∥∥F (n)(t, a)
∥∥∥ ≤ bn+1nn(1 + c)n+2

tn
, n = 0, 1, . . . ,

äå b > 0 íå çàëåæèòü âiä a òà n. Âíàñëiäîê ñïiââiäíîøåííÿ ∥y(a)∥ = o(an),

ìà¹ìî ∥∥∥y(n)(t)∥∥∥ ≤ c∥y(a)∥an

(a− t)nan
→ 0 ïðè a→ ∞, t ∈ [0, a),
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çâiäêè ðîáèìî âèñíîâîê, ùî y(n)(t) ≡ 0.

Îòæå,

y(t) = f0 + tf1 + · · ·+ tn−1fn−1, fi ∈ D(B) (i = 0, . . . , n− 1).

Îñòàíí¹ âèïëèâà¹ ç òîãî, ùî: y(t) ìîæíà çàïèñàòè ÿê y(t) = g0 + (t −

t0)g1 + · · ·+ (t− t0)
n−1gn−1 (t0 > 0; çàìêíåíiñòü B i êîìóòàöiÿ B ç F (t, a)

îáóìîâëþþòü ñïiââiäíîøåííÿ gi =
y(i)(t0)

i!
∈ D(B); fk ∈ D(B) ÿê ëiíiéíà

êîìáiíàöiÿ âåêòîðiâ gi.

Îñêiëüêè y(0) = 0, òî f0 = 0, òîáòî

y(t) = tf1 + t2f2 + · · ·+ tn−1fn−1.

Ïiäñòàâëÿþ÷è öåé âèðàç äëÿ y(t) â ðiâíÿííÿ (5.1), îäåðæèìî òîòîæíiñòü

2f2 + 3 · 2tf3 + · · ·+ (n− 1)(n− 2)tn−3fn−1 = tBf1 + · · ·+ tn−1Bfn−1,

ç ÿêî¨ âèïëèâà¹, ùî f2i = 0 i, áiëüø òîãî, fn−2 = fn−1 = 0. Ïðèïóñòèìî

äëÿ âèçíà÷åíîñòi, ùî n ïàðíå. Òîäi

Bfn−3 = 0, Bfn−5 = (n− 3)(n− 4)fn−3, . . . Bf1 = 6f3.

Òàêèì ÷èíîì, âåêòîð fn−3 ¹ âëàñíèì äëÿ îïåðàòîðà B ç íóëüîâèì âëàñíèì

çíà÷åííÿì, à âåêòîðè fn−5, . . . , f3, f1 � êîðåíåâèìè, i

(B + λI)−1fn−(2k+1) =
fn−(2k+1)

λ
−

(n− 2k + 1)(n− 2k)fn−(2k−1)

λ2
,

k = 2, 3, . . .
n

2
.

Âíàñëiäîê ñëàáêî¨ ïîçèòèâíîñòiB öÿ ðiâíiñòü ìîæëèâà ëèøå ïðè fn−(2k−1) =

0, çâiäêè y(t) = tf .

Òåîðåìó äîâåäåíî.
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5.5 Ïîâåäiíêà íà íåñêií÷åííîñòi îáìåæåíèõ

ðîçâ'ÿçêiâ íåîäíîðiäíî¨ çàäà÷i Äiðiõëå

Ðîçãëÿíåìî òåïåð ðîçâ'ÿçêè y(t) ðiâíÿííÿ (5.1) íà (0,∞), äëÿ ÿêèõ y(t) →

f ó ïðîñòîði B−(A) i âèêîíó¹òüñÿ óìîâà (5.10). Íà îñíîâi ïðåäñòàâëåííÿ

(5.2) i òåîðåìè 5.4 âîíè çîáðàæóþòüñÿ ó âèãëÿäi

y(t) = etÂf, f ∈ B(−)(A),

äå
{
etÂ
}
t≥0

- ðîçøèðåííÿ ïiâãðóïè
{
etA
}
t≥0

íà B(−)(A). Ñòàâèòüñÿ ïèòà-

ííÿ ïðî áiëüø òî÷íó îöiíêó ïîâåäiíêè òàêèõ ðîçâ'ÿçêiâ ïðè t→ ∞.

Ëåìà 5.1 Íåõàé
{
etA
}
t≥0

- îáìåæåíà àíàëiòè÷íà C0-ïiâãðóïà â B,{
etÂ
}
t≥0

� ¨¨ ðîçøèðåííÿ íà B(−)(A). Òîäi:

1) ∀f ∈ B(−)(A) ∃cf > 0 :
∥∥∥etÂf∥∥∥ ≤ cf ïðè äîñòàòíüî âåëèêèõ t > 0;

2) äëÿ òîãî ùîá

∀f ∈ B(−)(A) :
∥∥∥etÂf∥∥∥→ 0 ïðè t→ ∞,

äîñòàòíüî, ùîá òàêå ïðÿìóâàííÿ âiäáóâàëîñü ëèøå äëÿ f ∈ B(+)(A).

3) äëÿ òîãî ùîá iñíóâàëî ÷èñëî δ > 0 òàêå, ùî

∀f ∈ B(−)(A) ∃cf > 0 :
∥∥∥etÂf∥∥∥ ≤ cfe

−δt,

äîñòàòíüî, ùîá öÿ íåðiâíiñòü âèêîíóâàëàñü ïðèíàéìíi äëÿ f ∈ B(+)(A).

Äîâåäåííÿ. Äîâåäåííÿ âèïëèâà¹ ç òîãî, ùî ïðè f ∈ B(−)(A), t0 > 0,

íà îñíîâi âëàñòèâîñòåé ïiâãðóïè
{
etÂ
}
t≥0

i òåîðåìè 4.7, et0Âf ∈ B{+}(A) i

etÂf = e(t−t0)Aet0Âf ïðè t ≥ t0.

Íàñòóïíà òåîðåìà äà¹ áiëüø äåòàëüíó õàðàêòåðèñòèêó ïîâåäiíêè y(t)

íà íåñêií÷åííîñòi.
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Òåîðåìà 5.9 Áóäü-ÿêèé ðîçâ'ÿçîê íåîäíîðiäíî¨ çàäà÷i Äiðiõëå (5.17),

ÿêèé ïðè âåëèêèõ t > 0 çàäîâîëüíÿ¹ (5.10), ¹ îáìåæåíèì íà íåñêií÷åí-

íîñòi. Êîæåí òàêèé ðîçâ'ÿçîê ïðÿìó¹ äî íóëÿ íà íåñêií÷åííîñòi òîäi

i òiëüêè òîäi, êîëè 0 ∈ σc(A) ∪ ρ(A). Äëÿ òîãî, ùîá öå ñïàäàííÿ áóëî

åêñïîíåíöiàëüíèì, íåîáõiäíî i äîñòàòíüî, ùîá 0 ∈ ρ(A).

Äîâåäåííÿ. Ïåðøå òâåðäæåííÿ âèïëèâà¹ áåçïîñåðåäíüî ç ëåìè 5.1.

Ïðèïóñòèìî, ùî ðîçâ'ÿçîê y(t) = etÂf, f ∈ B(−)(A) ïðÿìó¹ äî íóëÿ

ïðè t→ ∞. Î÷åâèäíî òîäi, ùî 0 /∈ σp(A). Òîòîæíiñòü

∀f ∈ D(A) etAf − f = A

t∫
0

eξAf dξ

âêàçó¹ íà òå, ùî R(A) = B, à îòæå, 0 ∈ σc(A) ∪ ρ(A).

Íåõàé, íàâïàêè, 0 ∈ σc(A) ∪ ρ(A). Òîäi ç òåîðåìè 1.2 âèïëèâà¹, ùî

∀f ∈ D(A) etAAf → 0 ïðè t→ ∞.

Áåðó÷è äî óâàãè îáìåæåíiñòü ∥etA∥ íà [0,∞) i ùiëüíiñòüR(A) âB, ðîáèìî

âèñíîâîê, ùî ∀f ∈ B, etAf → 0 ïðè t→ ∞. Çà ëåìîþ 5.1, etÂf → 0, t→

∞, i äëÿ áóäü-ÿêîãî f ∈ B−(A).

Çà óìîâè, ùî 0 ∈ ρ(A), âíàñëiäîê îáìåæåíî¨ àíàëiòè÷íîñòi (etA)t≥0,

ìíîæèíà {z : Rez > −δ ç äåÿêèì δ > 0 íàëåæèòü äî ρ(A) i, îòæå,

ω(A) ≤ −δ. Òîìó etAf → 0 ïðè t→ ∞ äëÿ äîâiëüíîãî f ∈ B, à çà ëåìîþ

1, i äëÿ áóäü-ÿêîãî f ∈ B(−)(A).

ßêùî ðîçâÿçîê y(t) ðîçãëÿäóâàíî¨ çàäà÷i ñïàäà¹ íà íåñêií÷åííîñòi åêñ-

ïîíåíöiàëüíî, òîáòî

∃ω > 0 ∀f ∈ B :
∥∥etAf∥∥ ≤ cfe

−ωt,

òî {z ∈ C : Rez > −ω} ⊂ ρ(A).

Òåîðåìó äîâåäåíî.
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5.6 Ìåòîä ñòåïåíåâèõ ðÿäiâ ó íàáëèæåíîìó

ðîçâ'ÿçàííi çàäà÷i Äiðiõëå

Ó öüîìó ïiäðîçäiëi ïîêàçó¹òüñÿ, ùî ó âèïàäêó, êîëè íåîäíîðiäíà çàäà-

÷à Äiðiõëå (5.17), äå B � ñëàáî ïîçèòèâíèé îïåðàòîð â B, îäíîçíà÷íî

ðîçâ'ÿçíà, äëÿ çíàõîäæåííÿ íàáëèæåíèõ ðîçâ'ÿçêiâ ìîæíà çàñòîñóâàòè

ìåòîä ñòåïåíåâèõ ðÿäiâ. Äiéñíî, çà òåîðåìîþ 4.10, ðîçâ'ÿçîê y(t) öi¹¨ çà-

äà÷i çîáðàæó¹òüñÿ ó âèãëÿäi

y(t) = etÂf, f = y(0) ∈ B(−)(A),

äå îïåðàòîð A = −B1/2 ãåíåðó¹ îáìåæåíó àíàëiòè÷íó ïiâãðóïó ç êóòîì

àíàëiòè÷íîñòi θ =
π − ω

2
, (ω - òèï îïåðàòîðà B).

Ïðèïóñòèìî, ùî f ∈ G(β)(A) ç
ω

π
< β < 1. Òîäi y(t) ìîæíà ïîäàòè ÿê

y(t) =
∞∑
k=0

tk

k!
Akf, t ∈ [0,∞).

Çà íàáëèæåíèé ðîçâ'ÿçîê çàäà÷i (5.17) âiçüìåìî

yn(t) =
n∑
k=0

tk

k!
Akf, t ∈ [0,∞).

Îñêiëüêè f ∈ G(β)(A), òî

∀α > 0 ∃c = c(α) : ∥Akf∥ ≤ cαkkkβ.

Òîìó äëÿ 0 ≤ t ≤ b <∞ ìà¹ìî

∥y(t)− yn(t)∥ ≤
∞∑

k=n+1

tk

k!
∥Akf∥ ≤ c1

∞∑
n+1

tkαkk!β−1 =

= c1t
n+1αn+1(n+ 1)!β−1

∞∑
k=n+1

tk−n−1αk−n−1

(
k!

(n+ 1)!

)β−1

=
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= c1t
n+1αn+1(n+ 1)!β−1

∞∑
i=0

tiαiiβ−1

(
(i+ n+ 1)!

i!(n+ 1)!

)β−1

≤

≤ c1t
n+1αn+1(n+ 1)!β−1

∞∑
i=0

tiαi

i!1−β
= c(b, α)(n+ 1)!β−1.

Âðàõîâóþ÷è, ùî α > 0 äîâiëüíå, âèáåðåìî éîãî íàñòiëüêè ìàëèì, ùîá

c(b, α) áóëî òàêîæ äîñòàòíüî ìàëèì. Òàêèì ÷èíîì, äëÿ äîâiëüíîãî ôiêñî-

âàíîãî b > 0

sup
t∈[0,b]

∥yn(t)− y(t)∥ ≤ c(b, α)(n+ 1)!β−1 (5.19)

ç ÿê çàâãîäíî ìàëîþ êîíñòàíòîþ c(b, α). Êðiì òîãî, yn(0) = f . Îòæå,

ÿêùî f ∈ G(β)(A), 0 ≤ β < 1, òî yn(t) - êîíñòðóêòèâíà àïðîêñèìàöiÿ

íàáëèæåííÿ ðîçâ'ÿçêó çàäà÷i (5.17) i ÷èì ìåíøå β, òèì ìåíøà ïîõèáêà

íàáëèæåííÿ.

Äëÿ âiäõèëó ∥y′′n(t)−Byn(t)∥ íà ïðîìiæêó [0, b] îäåðæó¹ìî îöiíêó

∥y′′n(t)−Byn(t)∥ =

∥∥∥∥∥
n∑
k=2

tk−2

(k − 2)!
Akf −

n∑
k=0

tk

k!
Ak+2f

∥∥∥∥∥ =

=

∥∥∥∥tn−1An+1f

(n− 1)!
+
tnAn+2f

n!

∥∥∥∥ ≤ c̃(b, α)(n− 1)!β−1,

ó ÿêié ñòàëó c̃(b, α) ïðè ôiêñîâàíîìó b ìîæíà çðîáèòè ÿê çàâãîäíî ìàëîþ.

Íåõàé òåïåð f - äîâiëüíèé åëåìåíò çB. Çà òâåðäæåííÿì 1.2 G{β}(A) =

B ïðè β >
ω

π
. Òîìó iñíó¹ ïîñëiäîâíiñòü fm ∈ G{β}(A) òàêà, ùî fm → f â

B ïðè m → ∞. Âíàñëiäîê îáìåæåíîñòi ïiâãðóïè
{
etA
}
t≥0

, ïîñëiäîâíiñòü

ym(t) = etAfm çáiãà¹òüñÿ ðiâíîìiðíî íà [0,∞) äî etAf . Ó ñâîþ ÷åðãó, ym(t)

ìîæíà íàáëèçèòè ïîëiíîìàìè âèãëÿäó

nm∑
k=0

tk

k!
Akfm. (5.20)

ßê ïîêàçó¹ îöiíêà (5.19), ïîðÿäîê öi¹¨ àïðîêñèìàöi¨ ¹ nβ−1
m . Òîäi ïîëiíîìè

(5.20) íàáëèæàþòü ðîç'ÿçîê y(t) â òîïîëîãi¨ ïðîñòîðó B íà [0, b]. ßêùî æ
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f ∈ B(−)(A), òî ïîëiíîìè (5.20) çäiéñíþþòü íàáëèæåííÿ y(t) â òîïîëîãi¨

ïðîñòîðó B(−)(A) íà äîâiëüíîìó êîìïàêòi ç [0,∞) i ïî íîðìi ïðîñòîðó B

íà äîâiëüíîìó êîìïàêòi ç (0,∞).

5.7 Çàäà÷à Íåéìàíà

Ðîçãëÿíåìî òåïåð îäíîðiäíó çàäà÷ó Íåéìàíà y′′(t) = By(t), t ∈ (0,∞),

lim
t→+0

y′(t) = 0
(5.21)

(B � ñëàáî ïîçèòèâíèé îïåðàòîð â B, ãðàíèöÿ áåðåòüñÿ ó ïðîñòîði

B{−}(A) ).

Ìiæ ðîçâ'ÿçêàìè çàäà÷i (5.21) i îäíîðiäíî¨ çàäà÷i Äiðiõëå äëÿ ðiâíÿííÿ

(5.1) iñíó¹ âçà¹ìíî îäíîçíà÷íà âiäïîâiäíiñòü (äèâ. [40]), à ñàìå: ÿêùî z(t)

� ðîçâ'ÿçîê îäíîðiäíî¨ çàäà÷i Äiðiõëå äëÿ (5.1), òî y(t) = z′(t) � ðîçâ'ÿçîê

îäíîðiäíî¨ çàäà÷i Íåéìàíà; íàâïàêè, ÿêùî y(t) � ðîçâ'ÿçîê îäíîðiäíî¨

çàäà÷i Íåéìàíà, òî z(t) =
t∫
0

y(ξ) dξ � ðîçâ'ÿçîê îäíîðiäíî¨ çàäà÷i Äiðiõëå.

Çâiäñè âèïëèâà¹, ùî âåêòîð-ôóíêöiÿ y(t) ¹ ðîçâ'ÿçêîì çàäà÷i (5.21) òîäi i

òiëüêè òîäi, êîëè âîíà ìîæå áóòè çîáðàæåíà ó âèãëÿäi

y(t) = cosh tAx, x ∈ B(+)(A).

Êîðèñòóþ÷èñü öèì çîáðàæåííÿì, äëÿ ðîçâ'ÿçêiâ îäíîðiäíî¨ çàäà÷i Íåéìà-

íà îäåðæó¹ìî àíàëîãè òåîðåì 5.1 - 5.3.

5.8 Ïðî ðîçâ'ÿçíiñòü (n + 1)-ðàç iíòåãðîâíî¨ çàäà÷i

Êîøi â êëàñi àíàëiòè÷íèõ âåêòîð-ôóíêöié

Íåõàé A � çàìêíåíèé îïåðàòîð â B i 0 < τ <∞. Ïiä C0[τ ]-çàäà÷åþ Êîøi

ðîçóìiòèìåìî çàäà÷ó âiäøóêàííÿ âåêòîð-ôóíêöi¨ u(t) ∈ C([0, τ ],D(A)) ∩
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C1([0, τ ],B), ùî çàäîâîëüíÿ¹ ñèñòåìó u′(t) = Au(t), t ∈ [0, τ ],

y(0) = x, x ∈ B.
C0[τ ]

Ïîäiáíî äî [225], äëÿ n ∈ N0 Cn+1[τ ]-çàäà÷à Êîøi ïîëÿãà¹ ó çíàõî-

äæåííi âåêòîð-ôóíêöi¨ v(t) ∈ C([0, τ ],D(A)) ∩ C1([0, τ ],B), äëÿ ÿêî¨ v′(t) = Av(t) +
tn

n!
x, t ∈ [0, τ ],

v(0) = 0
Cn+1[τ ]

Ïðè öüîìó çàäà÷à Cn[τ ] ââàæà¹òüñÿ êîðåêòíîþ, ÿêùî äëÿ áóäü-ÿêîãî x ∈

B âîíà ìà¹ ðîçâ'ÿçîê i öåé ðîçâ'ÿçîê ¹äèíèé.

Íåâàæêî ïåðåêîíàòèñÿ, ùî çàäà÷à C1[τ ] êîðåêòíà òîäi i òiëüêè òîäi,

êîëè A � ãåíåðàòîð C0-ïiâãðóïè [2].

Ðîçãëÿíåìî ôóíêöiþ

Φn(λ, t) =

eλt −
n∑
k=0

(tλ)k

k!

λn+1
, λ ∈ C.

Öÿ ôóíêöiÿ ìà¹ âëàñòèâîñòi:

1) ïðè ôiêñîâàíîìó λ Φn(λ, t) ¹ öiëîþ ïî t, à ïðè ôiêñîâàíîìó t �

öiëîþ ïî λ;

2)
dΦn(λ, t)

dt
= Φn−1(λ, t),

dkΦn(λ, t)

dtk
= λkΦn(λ, t) +

λk−1tn

n!
+ · · ·+ tn−k+1

(n− k + 1)!
, k = 0, 1, . . . n;

3)
dkΦn(λ, 0)

dtk
= 0, k = 0, 1, . . . n,

dn+1Φn(λ, 0)

dtn+1
= 1.

Ó âèïàäêó, êîëè A � íîðìàëüíèé îïåðàòîð ó ãiëüáåðòîâîìó ïðîñòîði

H, âèõîäÿ÷è ç ïåðåëi÷åíèõ âëàñòèâîñòåé i îïåðàöiéíîãî ÷èñëåííÿ äëÿ A,

îäåðæó¹ìî íàñòóïíå òâåðäæåííÿ.

219



Ëåìà 5.2 Íåõàé A � íîðìàëüíèé îïåðàòîð â H i x ∈ H. Äëÿ òîãî,

ùîá âåêòîð-ôóíêöiÿ v(t) áóëà ðîçâ'ÿçêîì Cn+1[τ ]-çàäà÷i Êîøi, íåîáõiäíî

é äîñòàòíüî, ùîá ∫
σ(A)

|Φn−1(λ, τ)|2 d(Eλx, x) <∞,

ïðè öüîìó ðîçâ'ÿçîê ìîæíà ïîäàòè ó âèãëÿäi

v(t) =

∫
σ(A)

Φn(λ, t) dEλx.

Òóò Eλ � ðîçêëàä îäèíèöi îïåðàòîðà A, à σ(A) � éîãî ñïåêòð.

Êîðåêòíiñòü çàäà÷i Cn+1[τ ] ó âèïàäêó íîðìàëüíîãî A ðiâíîñèëüíà âè-

çíà÷åíîñòi çàìêíåíîãî îïåðàòîðà Φn−1(A, t), t ∈ [0, τ ], íà âñüîìó ïðîñòîði

H, à îòæå, çà òåîðåìîþ Áàíàõà ïðî çàìêíåíèé ãðàôiê, éîãî îáìåæåíîñòi,

òîáòî ñïiââiäíîøåííþ

sup
λ∈σ(A)

|Φn−1(λ, t)| <∞, t ∈ [0, τ ].

Ç îñòàííüî¨ íåðiâíîñòi i ëåìè 5.2 âèïëèâà¹

Òåîðåìà 5.10 Íåõàé A � íîðìàëüíèé îïåðàòîð ó ãiëüáåðòîâîìó ïðî-

ñòîði H. Çàäà÷à Cn+1[τ ] ¹ êîðåêòíîþ òîäi i òiëüêè òîäi, êîëè iñíóþòü

÷èñëà R > 0, c > 0 òàêi, ùî

σ(A) ⊆ KR ∪ Ec(n, τ),

äå

KR = {λ ∈ C : |λ| ≤ R}, Ec(n, τ) = {λ = σ+iτ ∈ C : σ > 0, |τ | ≥ ce(στ)/n}.

ßê íàñëiäîê, ç òåîðåìè 5.10 îäåðæó¹ìî
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Íàñëiäîê 5.2 ßêùî A � ñàìîñïðÿæåíèé îïåðàòîð â H i çàäà÷à Cn+1[τ ]

êîðåêòíà äëÿ äåÿêèõ n i τ , òî îïåðàòîð A íàïiâîáìåæåíèé çâåðõó.

Îñòàíí¹ æ åêâiâàëåíòíå êîðåêòíîñòi çàäà÷i C1[τ ] äëÿ äîâiëüíîãî τ > 0.

Ç òåîðåìè 5.10 òàêîæ âèïëèâà¹, ùî ó âèïàäêó íîðìàëüíîãî A êîðå-

êòíiñòü çàäà÷i Cn+1[τ ] ñïðè÷èíÿ¹ êîðåêòíiñòü Cm+1[τ
′] çà óìîâè, ùîm ≥ n

i τ ′ = m
n τ .

Ðîçãëÿíåìî òåïåð çàãàëüíîó ñèòóàöiþ, êîëè A � äîâiëüíèé çàìêíåíèé

îïåðàòîð ó áàíàõîâîìó ïðîñòîði B. Íàãàäà¹ìî, ùî âåêòîð x ∈
∩
k∈N0

D(Ak)

ìà¹ ñêií÷åííèé ïîðÿäîê, ÿêùî iñíó¹ ÷èñëî γ ∈ R òàêå, ùî äëÿ äîñòàòíüî

âåëèêèõ k ∈ N

∥Akx∥ ≤ kkγ.

Òî÷íà íèæíÿ ìåæà β = β(x) òàêèõ γ � öå ïîðÿäîê âåêòîðà x. Ïiä òèïîì

âåêòîðà x ïîðÿäêó β ðîçóìi¹òüñÿ âåëè÷èíà

α = α(x) = inf{δ > 0 : ∥Akx∥ ≤ δkkkβ, k > k0(δ)}.

Íàñ öiêàâèòü, ÿêi óìîâè íà âåêòîð x ñëiä íàêëàñòè äëÿ òîãî, ùîá çàäà÷à

Cn+1[τ ] ìàëà àíàëiòè÷íèé â îêîëi íóëÿ ðîçâ'ÿçîê, i êîëè öåé ðîçâ'ÿçîê

ìîæíà ïðîäîâæèòè äî öiëî¨ âåêòîð-ôóíêöi¨ ñêií÷åííîãî ïîðÿäêó ρ i ñêií-

÷åííîãî òèïó σ. Íàãàäà¹ìî, ùî öiëà âåêòîð-ôóíêöiÿ y(z) ìà¹ ïîðÿäîê ρ,

ÿêùî äëÿ äîâiëüíîãî ε > 0 iñíó¹ ñòàëà cε òàêà, ùî

|y(z)| ≤ cεe
|z|ρ+ε

.

Òîé ôàêò, ùî öÿ ôóíêöiÿ ìà¹ òèï σ îçíà÷à¹, ùî

∀ε > 0 ∃cε : |y(z)| ≤ cεe
(σ+ε)|z|ρ.

Òåîðåìà 5.11 Çàäà÷à Cn+1[τ ] ìà¹ àíàëiòè÷íèé â îêîëi íóëÿ ðîçâ'ÿçîê

òîäi i òiëüêè òîäi, êîëè β(x) ≤ 1. Äëÿ òîãî, ùîá ðîçâ'ÿçîê äîïóñêàâ
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ïðîäîâæåííÿ äî öiëî¨ âåêòîð-ôóíêöi¨, íåîáõiäíî é äîñòàòíüî, ùîá âè-

êîíóâàëàñü îäíà ç íàñòóïíèõ óìîâ:

1) β(x) < 1,

2) β(x) = 1, α(x) = 0.

Öiëèé ðîçâ'ÿçîê ìà¹ ïîðÿäîê ρ i òèï σ òîäi i òiëüêè òîäi, êîëè âåêòîð

x ìà¹ ïîðÿäîê β i òèï α, ïîâ'ÿçàíi ç ρ i σ ñïiââiäíîøåííÿìè

ρ =
1

1− β
, σ =

(αe)ρ

ρe
.

Ó âèïàäêó, êîëè β(x) ≤ 1, ðîçâ'ÿçîê v(t) çîáðàæó¹òüñÿ ó âèãëÿäi

v(t) =
∞∑

k=n+1

tkAk−(n+1)x.

Ïðèïóñòèìî, ùî çàäà÷à Cn+1[τ ] êîðåêòíà, i ïîçíà÷èìî ÷åðåç Sn(A)

ìíîæèíó ¨¨ ðîçâ'ÿçêiâ, êîëè x ïåðåáiãà¹ âåñü ïðîñòið B, à ÷åðåç Snρ (A)

� ïiäìíîæèíó ç Sn(A) âñiõ ðîçâ'ÿçêiâ, ÿêi äîïóñêàþòü ïðîäîâæåííÿ äî

öiëèõ âåêòîð-ôóíêöié ïîðÿäêó ρ <∞. Áóäåìî ãîâîðèòè, ùî Snρ (A) ùiëüíà

â Sn(A), ÿêùî äëÿ êîæíîãî v ∈ Sn(A) iñíó¹ ïîñëiäëâíiñòü vn ∈ Snρ (A)

òàêà, ùî max
t∈[0,τ ]

∥v(t)− vn(t)∥ → 0, ïðè n→ ∞.

Òåîðåìà 5.12 Ïðèïóñòèìî, ùî A � íîðìàëüíèé îïåðàòîð â H. ßêùî

çàäà÷à Cn+1[τ ] êîðåêòíà, òî ìíîæèíà Snρ (A) ¹ ùiëüíîþ â Sn(A).

Çàóâàæèìî, ùî òåîðåìè 5.11 i 5.12 ó âèïàäêó C0[τ ]-çàäà÷i Êîøi ìiñòÿ-

òüñÿ â [122].

Ïîêëàäåìî

Sθ = {z ∈ : | arg z| ≤ θ}, Pθ,R = Sθ ∪KR.

Òåîðåìà 5.13 Íåõàé A � çàìêíåíèé îïåðàòîð â áàíàõîâîìó ïðîñòîði

B i D(A) = B. Ïðèïóñòèìî òàêîæ, ùî â îáëàñòi C \ Pθ,R ç R > 0, 0 ≤
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θ < π
2 iñíó¹ ðåçîëüâåíòà R(z;A) îïåðàòîðà A i

∥R(z;A))∥ ≤M(1 + |z|)N ,

äå 0 < M = const, −1 ≤ N = const. Òîäi çàäà÷à Cn+1[τ ] ¹ êîðåêòíîþ äëÿ

äîâiëüíèõ n ∈ N0 i τ > 0, i ïðè ρ > 1/(1− 2θ
π ) ìíîæèíà Cnρ (A) ¹ ùiëüíîþ

â Sn(A).

Íàñëiäîê 5.3 ßêùî A � ãåíåðàòîð àíàëiòè÷íî¨ C0-ïiâãðóïè ç êóòîì

àíàëiòè÷íîñòi θ, òî ìíîæèíà Cnρ (A) ç ρ > 1/(1− 2θ
π ) ¹ ùiëüíîþ â Sn(A)

Âèñíîâêè äî ðîçäiëó 5

Ó öüîìó ðîçäiëi äîñëiäæåíî çàäà÷i Äiðiõëå òà Íåéìàíà äëÿ ðiâíÿííÿ

y′′(t) − By(t) = 0 íà ïiâîñi (0,∞), äå B � ñëàáî ïîçèòèâíèé îïåðàòîð

â B, à òàêîæ (n + 1)-ðàç iíòåãðîâàíó çàäà÷ó Êîøi äëÿ ðiâíÿííÿ y′(t) =

Ay(t), t ∈ [0, τ ], iç çàìêíåíèì â B îïåðàòîðîì A. Ïîêàçàíî, ùî íåîäíî-

ðiäíà çàäà÷à Äiðiõëå ðîçâ'ÿçó¹òüñÿ îäíîçíà÷íî ç òî÷íiñòþ äî ðîçâ'ÿçêiâ

îäíîðiäíî¨. Ó âèïàäêó ãiëüáåðòîâîãî ïðîñòîðó i ñàìîñïðÿæåíîãî îïåðàòî-

ðà B â íüîìó çíàéäåíî óìîâó, çà ÿêî¨ y(t) = tg, g ∈ kerB, i ç'ÿñîâàíî

çàëåæíiñòü âåêòîðà g âiä ïîâåäiíêè y(t) ïðè t→ ∞.

×àñòèíà ðîçäiëó ïðèñâÿ÷åíà çîáðàæåííþ ðîçâ'ÿçêiâ íåîäíîðiäíî¨ çà-

äà÷i Äiðiõëå i âiäøóêàííþ óìîâ ¨¨ îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi. Ó âèïàäêó

ñëàáî ïîçèòèâíîãî B óçàãàëüíåíî ðåçóëüòàò À. Êíÿçþêà [14, 15] i Äæ.

Íååðâåíà [16] ùîäî ¹äèíîñòi ¨¨ ðîçâ'ÿçêó ó êëàñi äâi÷i íåïåðåðâíî äèôå-

ðåíöiéîâíèõ íà [0,∞) âåêòîð-ôóíêöié, ÿêi çàäîâîëüíÿþòü óìîâó ∥y(t)∥ =

o (t) (t → ∞), y(0) = 0, íà âèïàäîê, êîëè y(0) = 0 i ∥y(t)∥ = o (tn) ç

äåÿêèì n ∈ N.
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Êðiì òîãî, äîâåäåíî ìîæëèâiñòü çàñòîñóâàííÿ ìåòîäó ñòåïåíåâèõ ðÿ-

äiâ äëÿ íàáëèæåííÿ ðîçâ'ÿçêó îäíîçíà÷íî ðîçâ'ÿçíî¨ íåîäíîðiäíî¨ çàäà÷i

Äiðiõëå. Ùî ñòîñó¹òüñÿ çàäà÷i Íåéìàíà, òî çíàéäåíî óìîâè, íåîáõiäíi i

äîñòàòíi äëÿ iñíóâàííÿ òà ¹äèíîñòi ¨¨ ðîçâ'ÿçêó, âèâåäåíî ôîðìóëó äëÿ

éîãî çîáðàæåííÿ.
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6 Ïðî ïîâåäiíêó íà íåñêií÷åííîñòi ñòiéêèõ

ðîçâ'ÿçêiâ äèôåðåíöiàëüíèõ ðiâíÿíü

ó áàíàõîâîìó ïðîñòîði

Ïiä ñòiéêèì ðîçâ'ÿçêîì ðiâíÿííÿ

d2y(t)

dt2
−By(t) = 0, t ∈ (0,∞), (5.1)

äå B � ñëàáî ïîçèòèâíèé îïåðàòîð â B, ðîçóìiòèìåìî éîãî ðîçâ'ÿçîê,

îáìåæåíèé â îêîëi íåñêií÷åííî âiääàëåíî¨ òî÷êè.

Ðiâíÿííÿ (5.1) íàçèâà¹òüñÿ:

1) ðiâíîìiðíî ñòiéêèì, ÿêùî

lim
t→∞

y(t) = 0 (6.1)

äëÿ áóäü-ÿêîãî éîãî ñòiéêîãî ðîçâ'ÿçêó y(t) ;

2) ðiâíîìiðíî åêñïîíåíöiàëüíî ñòiéêèì, ÿêùî

∃ω > 0 : lim
t→∞

eωty(t) = 0 (6.2)

äëÿ âñiõ ñòiéêèõ ðîçâ'ÿçêiâ öüîãî ðiâíÿííÿ .

If dimB < ∞, îáèäâà îçíà÷åííÿ ¹ åêâiâàëåíòíèìè. Àëå öå, âçàãàëi

êàæó÷è, íå òàê, ÿêùî dimB = ∞.

Îñêiëüêè æîäíèõ óìîâ íà ïîâåäiíêó ñòiéêîãî ðîçâ'ÿçêó â îêîëi òî÷êè 0

íå íàêëàäà¹òüñÿ, òàêèé ðîçâ'ÿçîê ìîæå ìàòè îñîáëèâiñòü ïðè íàáëèæåííi

äî íóëÿ, òîáòî ìîæëèâèé âèïàäîê, êîëè lim
t→0

y(t) = ∞; áiëüø òîãî, ïîðÿäîê

ðîñòó y(t) ïðè t→ 0 ìîæå áóòè ÿêèì çàâãîäíî.

Ó âèïàäêó, êîëè íåîäíîðiäíà çàäà÷à Äiðiõëå äëÿ ðiâíÿííÿ (5.1) ïî-

ñòàâëåíà êîðåêòíî (âiäïîâiäíà îäíîðiäíà çàäà÷à îäíîçíà÷íî ðîçâ'ÿçíà),

çà òåîðåìîþ 5.5 äîñòàòíüî â îçíà÷åííÿõ 1), 2) ïîñòàâèòè âèìîãó, ùîá
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ðiâíîñòi (6.1),(6.2) âèêîíóâàëèñü ïðèíàéìíi äëÿ âñiõ àíàëiòè÷íèõ ñòiéêèõ

ðîçâ'ÿçêiâ. Òî÷íiøå, ìà¹ ìiñöå òàêå òâåðäæåííÿ.

Òåîðåìà 6.1 Íåõàé B � ñëàáî ïîçèòèâíèé îïåðàòîð â B i A = −B1/2.

Ðiâíÿííÿ (5.1) ¹ ðiâíîìiðíî (ðiâíîìiðíî åêñïîíåíöiàëüíî) ñòiéêèì òîäi

i òiëüêè òîäi, êîëè ðiâíiñòü (6.1) (ðiâíiñòü (6.2)) âèêîíó¹òüñÿ äëÿ óñiõ

éîãî àíàëiòè÷íèõ íà [0,∞) ñòiéêèõ ðîçâ'ÿçêiâ.

Äîâåäåííÿ. ßê âæå çàçíà÷àëîñü âèùå, çà óìîâ òåîðåìè íà îïåðàòîð

B, ìíîæèíà óñiõ íåïåðåðâíèõ â íóëi ñòiéêèõ ðîçâ'ÿçêiâ y(t) ðiâíÿííÿ (5.1)

îïèñó¹òüñÿ ôîðìóëîþ

y(t) = etÂf +
sinh(tA)

A
g, f = y0 = y(0) ∈ B, g ∈ B(+)(A), (6.3)

ßêùî ïiâãðóïà {etA}t≥0 ¹ àíàëiòè÷íîþ i y0 ïåðåáiãà¹ ìíîæèíó B{+}(A)

âñiõ aíàëiòè÷íèõ âåêòîðiâ îïåðàòîðà A, òî âèðàç (6.3) äà¹ óñi àíàëiòè÷íi

íà [0,∞) ñòiéêi ðîçâ'ÿçêè ðiâíÿííÿ (5.1).

Íåõàé y(t) � äîâiëüíèé ñòiéêèé ðîçâ'ÿçîê ðiâíÿííÿ (5.1) íà (0,∞). Òîäi,

áåðó÷è äî óâàãè âëàñòèâîñòi ïiâãðóïè {etA}t≥0 (òåîðåìà 4.5), òâåðäæåííÿ

4.4 i íàñëiäîê 4.6, ðîáèìî âèñíîâîê, ùî

∃y0 ∈ B{+}(A) : y(t) = et0Ây0 = e(t−t0)AetÂy0, t > t0. (6.4)

Îñêiëüêè etÂy0 ∈ B{+}(A) i äëÿ äîâiëüíîãî ôiêñîâàíîãî t0 > 0, t−t0 → ∞

ïðè t → ∞, òî ç ðiâíîñòåé (6.4) âèïëèâà¹, ùî ÿêùî ñïiââiäíîøåííÿ (6.1)

âèêîíó¹òüñÿ äëÿ âñiõ íåïåðåðâíèõ â íóëi ñòiéêèõ ðîçâ'ÿçêiâ ðiâíÿííÿ (5.1),

òî y(t) → 0 äëÿ áóäü-ÿêîãî ñòiéêîãî ðîçâ'ÿçêó íà (0,∞) öüîãî ðiâíÿííÿ.

Òàê ñàìî ðiâíiñòü

eωt∥y(t)∥ = eωt0eω(t−t0)∥e(t−t0)Aet0Ây0∥ (6.5)
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ïîêàçó¹, ùî ÿêùî ñïiââiäíîøåííÿ (6.2) âèêîíó¹òüñÿ äëÿ äîâiëüíîãî íå-

ïåðåðâíîãî â íóëi ñòiéêîãî ðîçâ'ÿçêó, òî âîíî ¹ âiðíèì i äëÿ áóäü-ÿêîãî

ñòiéêîãî ðîçâ'ÿçêó íà (0,∞).

Ïðèïóñòèìî òåïåð, ùî ïiâãðóïà {etA}t≥0 ¹ àíàëiòè÷íîþ. Çà òâåðäæåí-

íÿì 2 ç [226],

∀t > 0,∀y0 ∈ B(−)(A) : e
tAy0 ∈ B{+}(A).

Ç (6.4) i (6.5) âèïëèâà¹, ùî âèêîíàííÿ óìîâ (6.1),(6.2) äëÿ âñiõ àíàëiòè÷íèõ

íà [0,∞) ñòiéêèõ ðîçâ'ÿçêiâ ðiâíÿííÿ (5.1) çóìîâëþ¹ ¨õ ïðàâèëüíiñòü äëÿ

áóäü-ÿêîãî ñòiéêîãî ðîçâ'ÿçêó íà (0,∞).

Òåîðåìó äîâåäåíî.

Çãiäíî ç [16], C0- ïiâãðóïà {U(t)}t≥0 â B íàçèâà¹òüñÿ:

(i) ðiâíîìiðíî ñòiéêîþ, ÿêùî

∀x ∈ B : lim
t→∞

∥U(t)x∥ = 0;

(ii) ðiâíîìiðíî åêñïîíåíöiàëüíî ñòiéêîþ, ÿêùî iñíóþòü ñòàëiM > 0 òà

ω > 0 òàêi, ùî

∀t ≥ 0 : ∥U(t)∥ ≤Me−ωt.

Îñêiëüêè óñi íåïåðåðâíi â íóëi ñòiéêi ðîçâ'ÿçêè y(t) ðiâíÿííÿ (5.1) îïè-

ñóþòüñÿ ôîðìóëîþ (6.3), äå y0 ïåðåáiãà¹ âåñü ïðîñòið B, òî òåîðåìó 6.1 ó

âèïàäêó ðiâíÿííÿ äðóãîãî ïîðÿäêó ìîæíà ïåðåôîðìóëþâàòè â òåðìiíàõ

ñòiéêîñòi C0-ïiâãðóï. À ñàìå, ìà¹ ìiñöå òàêå òâåðäæåííÿ.

Íàñëiäîê 6.1 Íåõàé B � ñëàáî ïîçèòèâíèé îïåðàòîð â B. Äëÿ òîãî

ùîá ðiâíÿííÿ (5.1) áóëî ðiâíîìiðíî (ðiâíîìiðíî åêñïîíåíöiàëüíî) ñòié-

êèì, äîñòàòíüî, ùîá ïiâãðóïà
{
etA
}
t≥0

áóëà ðiâíîìiðíî (ðiâíîìiðíî åêñ-

ïîíåíöiàëüíî) ñòiéêîþ. ßêùî ïiâãðóïà
{
etA
}
t≥0

¹ àíàëiòè÷íîþ, òî ó
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ñïiââiäíîøåííi

∀y0 = y(0) ∈ B : etAy0 → 0 ïðè t→ 0 (eωtetAy0 → 0 ïðè t→ 0) (6.6)

äîñòàòíüî îáìåæèòèñÿ ëèøå âåêòîðàìè y0 ∈ B{+}(A).

Âàðòî çàçíà÷èòè, ùî ÷èìàëî ïðàöü ðiçíèõ ìàòåìàòèêiâ áóëî ïðèñâÿ-

÷åíî óñòàíîâëåííþ êðèòåði¨â ðiâíîìiðíî¨ òà ðiâíîìiðíî åêñïîíåíöiàëüíî¨

ñòiéêîñòi äëÿ C0-ïiâãðóï (äèâ., íàïðèêëàä, [227-237]). Íàâåäåìî äåêiëüêà

íåùîäàâíî îòðèìàíèõ íàìè ðåçóëüòàòiâ ó öüîìó íàïðÿìi.

Òåîðåìà 6.2 Íåõàé B � ñëàáî ïîçèòèâíèé îïåðàòîð â B i A = −B1/2.

Äëÿ òîãî, ùîá C0-semigroup
{
etA
}
t≥0

áóëà ðiâíîìiðíî ñòiéêîþ, íåîáõi-

äíî, ùîá 0 ∈ σc(A)∪ρ(A). ßêùî ïiâãðóïà {etA}t≥0 ¹ ðiâíîìiðíî åêñïîíåí-

öiàëüíî ñòiéêîþ, òî 0 ∈ ρ(A). Äëÿ òîãî, ùîá
{
etA
}
t≥0

áóëà ðiâíîìiðíî,

àëå íå ðiâíîìiðíî åêñïîíåíöiàëüíî ñòiéêîþ, íåáõiäíî, ùîá 0 ∈ σc(A). Ó

âèïàäêó, êîëè
{
etA
}
t≥0

¹ îáìåæåíîþ àíàëiòè÷íîþ, íàâåäåíi âèùå óìîâè

¹ òàêîæ äîñòàòíiìè.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî ïiâãðóïà
{
etA
}
t≥0

¹ ðiâíîìiðíî ñòiéêîþ i

0 ∈ σp(A). Òîäi iñíó¹ âåêòîð x ∈ D(A), x ̸= 0, òàêèé, ùî

lim
t→∞

etAx = x ̸= 0,

à öå ñóïåðå÷èòü ðiâíîìiðíié ñòiéêîñòi
{
etA
}
t≥0

.

Íåõàé òåïåð 0 ∈ σr(A). Òîäi R(A) ̸= B, çâiäêè âèïëèâà¹, ùî

∃f ∈ B∗ (f ̸= 0), ∀x ∈ D(A) : f(Ax) = 0 (6.7)

(B∗ � ñïðÿæåíèé äî B ïðîñòið).

Ðîçãëÿíåìî ôóíêöiþ

φx(t) = f(etAx).
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Îñêiëüêè etAD(A) ⊂ D(A) ïðè t > 0, ôóíêöiÿ φx(t) ¹ íåïåðåðâíî äèôå-

ðåíöiéîâíîþ íà [0,∞) i

φ′
x(t) = −f(AetAx) ≡ 0.

Îòæå, φx(t) = cx = const íà [0,∞). Âðàõîâóþ÷è, ùî

φx(0) = f(x) = lim
t→0

f(etAx) = 0,

ìà¹ìî f(x) = 0 äëÿ äîâiëüíîãî x ∈ D(A). Áåðó÷è äî óâàãè ùiëüíiñòüD(A)

â B i íåïåðåðâíiñòü f , ïðèéäåìî äî âèñíîâêó, ùî f = 0, à öå ñóïåðå÷èòü

(6.7). Òàêèì ÷èíîì, ðiâíîìiðíà ñòiéêiñòü
{
etA
}
t≥0

îáóìîâëþ¹ âêëþ÷åííÿ

0 ∈ σc(A) ∪ ρ(A).

Äàëi, ïðèïóñòèìî, ùî ïiâãðóïà
{
eAt
}
t≥0

¹ ðiâíîìiðíî åêñïîíåíöiàëüíî

ñòiéêîþ. Òîäi

{λ ∈ C : Reλ > −ω} ⊂ ρ(A).

. Îñêiëüêè ω > 0, òî 0 ∈ ρ(A). Çâiäñè âèïëèâà¹, ùî ÿêùî
{
etA
}
t≥0

ðiâíî-

ìiðíî, àëå íå ðiâíîìiðíî åêñïîíåíöiàëüíî ñòiéêà, òî 0 ∈ σc(A).

Íåõàé òåïåð C0-ïiâãðóïà
{
etA
}
t≥0

¹ îáìåæåíîþ àíàëiòè÷íîþ i 0 ∈

σc(A) ∪ ρ(A), à îòæå, R(A) = B. Òîäi

∀g ∈ R(A) ∃x ∈ D(A) : g = Ax.

Îáìåæåíiñòü i àíàëiòè÷íiñòü
{
etA
}
t≥0

ñïðè÷èíÿþòü ñïiââiäíîøåííÿ

∥∥etAg∥∥ =
∥∥etAAx∥∥ ≤ cx∥x∥

t
→ 0 ïðè t→ ∞ (0 < cx = const).

Áåðó÷è äî óâàãè ùiëüíiñòü R(A) â B, íà îñíîâi ïðèíöèïó ðiâíîìiðíî¨

îáìåæåíîñòi (òåîðåìà Áàíàõà-Øòåéíãàóçà) ïåðåêîíó¹ìîñü, ùî etAg → 0

ïðè t → ∞ äëÿ äîâiëüíîãî g ∈ B, à öå îçíà÷à¹, ùî ïiâãðóïà
{
etA
}
t≥0

¹

ðiâíîìiðíî ñòiéêîþ.
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ßêùî
{
etA
}
t≥0

¹ îáìåæåíîþ àíàëiòè÷íîþ i 0 ∈ ρ(A), òî ñïåêòð σ(A)

îïåðàòîðà A ðîçìiùåíèé ó ñåêòîði

S(φ, δ) = {λ ∈ C : | arg(λ+ δ)| < π − φ}

ç äåÿêèìè δ > 0 i φ ∈ (0, π]. Òîìó S(A) = sup
λ∈σ(A)

Reλ < 0. Îñêiëüêè, â ñèëó

àíàëiòè÷íîñòi
{
etA
}
t≥0

, S(A) = −ω(A), ïðèõîäèìî äî âèñíîâêó, ùî öÿ

ïiâãðóïà ¹ ðiâíîìiðíî åêñïîíåíöiàëüíî ñòiéêîþ. Çâiäñè òàêîæ âèïëèâà¹,

ùî ÿêùî îáìåæåíà àíàëiòè÷íà C0-ïiâãðóïà
{
etA
}
t≥0

¹ ðiâíîìiðíî, àëå íå

ðiâíîìiðíî åêñïîíåíöiàëüíî ñòiéêîþ, òî 0 ∈ σc(A).

Òåîðåìó äîâåäåíî.

Òåîðåìà 6.3 Íåõàé
{
etA
}
t≥0

� C0-ïiâãðóïà â B i γ(t) > 0 � íåïåðåðâíà

íà [0,∞) ôóíêöiÿ òàêà, ùî γ(t) → 0 ïðè t→ ∞. ßêùî

∀x ∈ B,∃c = c(x) > 0 :
∥∥etAx∥∥ ≤ cγ(t), t ∈ [0,∞), (6.8)

òî
{
etA
}
t≥0

¹ ðiâíîìiðíî åêñïîíåíöiàëüíî ñòiéêîþ. Ó âèïàäêó, êîëè ïiâ-

ãðóïà
{
etA
}
t≥0

äèôåðåíöiéîâíà (àíàëiòè÷íà) íà (0,∞), äëÿ ðiâíîìiðíî¨

åêñïîíåíöiàëüíî¨ ñòiéêîñòi òàêî¨ ïiâãðóïè äîñòàòíüî, ùîá íåðiâíiñòü

(6.8) âèêîíóâàëàñü ïðèíàéìíi äëÿ x ∈ C∞(A) (x ∈ A(A)).

Äîâåäåííÿ. Ïîçíà÷èìî ÷åðåç Cγ([0,∞),B) áàíàõiâ ïðîñòið óñiõ íåïå-

ðåðâíèõ íà [0,∞) âåêòîð-ôóíêöié y(t) iç âëàñòèâiñòþ

∥y∥γ = sup
t≥0

∥y(t)∥
γ(t)

<∞.

Îïåðàòîð

C : B 7→ Cγ([0,∞),B), Cx = etAx,

äîïóñêà¹ çàìèêàííÿ. Ñïðàâäi, ïðèïóñòèìî, ùî xn → 0 â B i etAxn → y(t)

â Cγ([0,∞),B).Îñêiëüêè etAxn → 0 ðiâíîìiðíî íà êîæíîìó êîìïàêòi ç
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[0,∞), òî y(t) ≡ 0. Áåðó÷è äî óâàãè, ùî îïåðàòîð C âèçíà÷åíèé íà âñüîìó

B, ðîáèìî âèñíîâîê çà òåîðåìîþ ïðî çàìêíåíèé ãðàôiê (äèâ., íàïðèêëàä,

[238, 239]), ùî C ¹ íåïåðåðâíèì. Îòæå,

∃d > 0 :
∥∥etAx∥∥

γ
≤ d∥x∥,

çâiäêè ∥∥etAx∥∥ ≤ dγ(t).

Âðàõîâóþ÷è (äèâ.[16]), ùî òèï (ðiâíîìiðíà ãðàíèöÿ ðîñòó)

ω0 = inf
{
ω ∈ R : ∃M > 0 òàêå, ùî

∥∥etA∥∥ ≤Meωt, ∀t ≥ 0
}
=

= inf
t>0

ln
∥∥etA∥∥
t

> 0,

îäåðæó¹ìî∥∥etA∥∥ ≤ cω0−εe
−(ω0−ε)t, 0 < cω0−ε = const, 0 < ε < ω0,

à öå îçíà÷à¹, ùî ïiâãðóïà
{
etA
}
t≥0

, à îòæå é ðiâíÿííÿ (5.1), ðiâíîìiðíî

åêñïîíåíöiàëüíî ñòiéêi.

Ïðèïóñòèìî òåïåð, ùî ïiâãðóïà
{
etA
}
t≥0

¹ äèôåðåíöiéîâíîþ i íåðiâ-

íiñòü (6.8) âèêîíó¹òüñÿ äëÿ x ∈ C∞(A). Çàôiêñó¹ìî t0 > 0. Çãiäíî ç [226]

∀x ∈ B : g = et0Ax ∈ C∞(A).

Çâiäñè îäåðæó¹ìî

∀t ≥ t0 :
∥∥etAx∥∥ =

∥∥∥e(t−t0)Aet0Ax∥∥∥ ≤ cgγ(t− t0).

Ïîêëàäåìî

γ1(t) =

 γ(0) ïðè 0 ≤ t ≤ t0

γ(t− t0) ïðè t > t0
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òà

c̃x = max

{
1

γ(0)
max
t∈[0,t0]

∥∥e−Atx∥∥ , cg} .
Òîäi

∀x ∈ B,∀t ∈ [0,∞) :
∥∥etAx∥∥ ≤ c̃xγ1(t),

à îòæå, ïiâãðóïà {etA}t≥0 ¹ ðiâíîìiðíî åêñïîíåíöiàëüíî ñòiéêîþ.

Äëÿ âèïàäêó àíàëiòè÷íî¨ ïiâãðóïè, ñõåìà äîâåäåííÿ òàêà ñàìà. Òåîðå-

ìó äîâåäåíî

Òåîðåìà 6.3 ïîêàçó¹, ùî çà óìîâè ðiâíîìiðíî¨, àëå íå ðiâíîìiðíî¨ åêñïî-

íåíöiàëüíî¨ ñòiéêîñòi ïiâãðóïè
{
etA
}
t≥0

, ¨¨ îðáiòè etAx ìîæóòü ïðÿìóâàòè

äî íóëÿ ïðè íàáëèæåííi äî íåñêií÷åííîñòi ÿê çàâãîäíî ïîâiëüíî. Ïðîòå

äëÿ òàêî¨ ïiâãðóïè åêñïîíåíöiàëüíå ñïàäàííÿ äëÿ âñiõ ¨¨ îðáiò íå ìîæëèâå.

Äiéñíî, ïðèïóñòèìî, ùî

∀x ∈ B ∃c = c(x) > 0 ∃ωx > 0 :
∥∥etAx∥∥ ≤ ce−ωxt.

Òîäi

∀x ∈ B :
∥∥etAx∥∥ ≤ c1

1

1 + t
, 0 < c1 = c sup

t∈[0,∞)

{
(1 + t)e−ωxt

}
.

Ïîêëàäàþ÷è â òåîðåìi 6.3 γ(t) =
1

1 + t
, ïðèõîäèìî äî âèñíîâêó, ùî ïiâ-

ãðóïà
{
etA
}
t≥0

¹ ðiâíîìiðíî åêñïîíåíöiàëüíî ñòiéêîþ âñóïåðå÷ çðîáëåíîìó

âèùå ïðèïóùåííþ.

Íàñòóïíà òåîðåìà ïðåäñòàâëÿ¹ ùå îäèí êðèòåðié ðiâíîìiðíî¨ åêñïî-

íåíöiàëüíî¨ ñòiéêîñòi ïiâãðóïè.

Òåîðåìà 6.4 Íåõàé
{
etA
}
t≥0

� C0-ïiâãðóïà â B. ßêùî

∀x ∈ B, ∃px > 0 :

∞∫
0

∥∥etAx∥∥px dt <∞, (6.9)
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òî
{
etA
}
t≥0

¹ ðiâíîìiðíî åêñïîíåíöiàëüíî ñòiéêîþ. Ó âèïàäêó äèôåðåíöi-

éîâíîñòi (àíàëiòè÷íîñòi) öi¹¨ ïiâãðóïè äîñòàòíüî, ùîá óìîâà (6.9) âè-

êîíóâàëàñü ïðèíàéìíi äëÿ íåñêií÷åííî äèôåðåíöiéîâíèõ (àíàëiòè÷íèõ)

âåêòîðiâ îïåðàòîðà A.

Äîâåäåííÿ. Ðîçãëÿíåìî ñïî÷àòêó âèïàäîê, êîëè ïiâãðóïà
{
etA
}
t≥0

¹

îáìåæåíîþ:
∥∥etA∥∥ ≤ c = const, t ∈ (0,∞). ßê âæå çàçíà÷àëîñü âèùå,

ìîæíà ïðèïóñòèòè áåç îáìåæåííÿ çàãàëüíîñòi, ùî c = 1, ââiâøè â B

åêâiâàëåíòíó ∥ · ∥ íîðìó

∥x∥1 = sup
t∈[0,∞)

∥∥etAx∥∥ ,
âiäíîñíî ÿêî¨

{
etA
}
t≥0

¹ ïiâãðóïîþ ñòèñêiâ. Òîäi äëÿ æîäíîãî x ∈ B ôóí-

êöiÿ
∥∥etAx∥∥ íå çðîñòà¹ i, â ñèëó (6.9), ìà¹ìî

∀x ∈ B ∃cx > 0 :
∥∥etAx∥∥ ≤ cx(1 + t)−

1
px ,

çâiäêè

∀x ∈ B, ∃c̃x > 0 :
∥∥etAx∥∥ ≤ c̃x

1

ln(2 + t)
,

äå

c̃x = sup
t∈[0,∞)

ln(2 + t)

(1 + t)
1
px

cx.

Çà òåîðåìîþ 6.3 ïiâãðóïà
{
etA
}
t≥0

¹ ðiâíîìiðíî åêñïîíåíöiàëüíî ñòiéêîþ.

Íåõàé òåïåð
{
etA
}
t≥0

íå ¹ îáìåæåíîþ íà [0,∞). Îñêiëüêè ¨¨ ðiñò ïðè

íàáëèæåííi äî íåñêií÷åííîñòi íå âèùå çà åêñïîíåíöiàëüíèé, òî

∃ω > 0 ∃c > 0 :
∥∥etA∥∥ ≤ ceωt.

Ïðèïóñòèìî, ùî äëÿ äåÿêîãî x ∈ B ñïiââiäíîøåííÿ (6.9) âèêîíó¹òüñÿ,

àëå
∥∥etAx∥∥ íå ïðÿìó¹ äî 0 íà íåñêií÷åííîñòi. Îòæå, iñíó¹ ïîñëiäîâíiñòü

ti → ∞ òàêà, ùî ∥∥etiAx∥∥ > δ ç äåÿêèì δ > 0.
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Âèáåðåìî öþ ïîñëiäîâíiñòü òàê, ùîá ti+1 − ti > ω−1. Òîäi äëÿ s ∈ △i =

[ti − ω−1, ti], îäåðæó¹ìî

δ ≤
∥∥etiAx∥∥ ≤

∥∥∥e(ti−s)A∥∥∥∥∥esAx∥∥ ≤ ceωω
−1 ∥∥esAx∥∥ = ce

∥∥esAx∥∥ .
Çâiäñè âèïëèâà¹, ùî

∀s ∈ △i :
∥∥esAx∥∥ ≥ (ce)−1δ,

à òîìó,
∞∫
0

∥∥etAx∥∥px dt ≥∑
i∈N

∫
△i

∥∥etAx∥∥px dt = ∞,

ùî ñóïåðå÷èòü (6.9). Òàêèì ÷èíîì, äëÿ äîâiëüíîãî x ∈ B,
∥∥etAx∥∥ íå

çðîñòà¹ i ðîçãëÿäóâàíèé âèïàäîê çâîäèòüñÿ äî íàâåäåíîãî âèùå âèïàäêó

îáìåæåíî¨ ïiâãðóïè.

Îñòàíí¹ òâåðäæåííÿ òåîðåìè âèïëèâà¹ ç òîòîæíîñòi

∞∫
t0

∥∥etAx∥∥q dt = ∞∫
t0

∥∥∥e(t−t0A)et0Ax∥∥∥q dt = ∞∫
0

∥∥eξAet0Ax∥∥q dξ
(t0 > 0 òà q > 0 äîâiëüíi) i òîãî ôàêòó, ùî et0Ax ∈ C∞(A) (et0Ax ∈

G{1}(A)), ÿêùî
{
etA
}
t≥0

¹ äèôåðåíöiéîâíîþ (àíàëiòè÷íîþ). Òåîðåìó äî-

âåäåíî.

Âàðòî çàçíà÷èòè, ùî òåîðåìà 6.4 óçàãàëüíþ¹ âiäïîâiäíi ðåçóëüòàòè Äà-

òêà [17], Ïàçi [18], M. Êðåéíà [19], äå ñòàâèëàñü óìîâà iñíóâàííÿ îäíîãî

é òîãî ñàìîãî äëÿ âñiõ x ∈ B ÷èñëà p â (6.9). Â òåîðåìi 6.4 p ìîæå áóòè

ðiçíèì äëÿ ðiçíèõ x. Áiëüø òîãî, ÿêùî ïiâãðóïà
{
etA
}
t≥0

íåñêií÷åííî äè-

ôåðåíöiéîâíà (àíàëiòè÷íà), òî äîñòàòíüî, ùîá íåðiâíiñòü â (6.9) âèêîíóâà-

ëàñü ïðèíàéìíi äëÿ íåñêií÷åííî äèôåðåíöiéîâíèõ (àíàëiòè÷íèõ) âåêòîðiâ

îïåðàòîðà A.

Ç òåîðåìè 6.3 âèïëèâà¹ òàêå òâåðäæåííÿ.
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Íàñëiäîê 6.2 Íåõàé γ(t) � íåïåðåðâíà ìîíîòîííî íåñïàäíà ôóíêöiÿ íà

[0,∞) òàêà, ùî γ(t) → ∞ ïðè t → ∞. ßêùî äëÿ áóäü-ÿêîãî ðîçâ'ÿçêó

y(t) êîðåêòíî ïîñòàâëåíî¨ íåîäíîðiäíî¨ çàäà÷i Äiðiõëå (5.17)

∃c = c(y) : ∥y(t)∥ ≤ cγ(t) ïðè t ≥ 1,

òî ðiâíÿííÿ (5.1) ¹ ðiâíîìiðíî åêñïîíåíöiàëüíî ñòiéêèì.

Çàóâàæèìî òàêîæ, ùî ó âèïàäêó, êîëè A � ãåíåðàòîð ðiâíîìiðíî åêñ-

ïîíåíöiàëüíî ñòiéêî¨ C0-ïiâãðóïè, êîæíèé ðîçâ'ÿçîê y(t) ðiâíÿííÿ (5.1)

ïðÿìó¹ äî íóëÿ åêñïîíåíöiàëüíî ïðè íàáëèæåííi äî íåñêií÷åííîñòi, à ñà-

ìå,

∀a < −ω0 : lim
t→∞

y(t)eat = 0.

Ùî ñòîñó¹òüñÿ ðiâíîìiðíî, àëå íå ðiâíîìiðíî åêñïîíåíöiàëüíî ñòiéêèõ ïiâ-

ãðóï, òî, ÿê ïîêàçó¹ òåîðåìà 6.3, öå, âçàãàëi êàæó÷è, íå òàê. Ïîñòà¹ ïè-

òàííÿ ç'ÿñóâàííÿ çâ'ÿçêó ìiæ ïîðÿäêîì ñïàäàííÿ äî íóëÿ ðîçâ'ÿçêiâ y(t)

ïðè íàáëèæåííi t äî íåñêií÷åííîñòi é âëàñòèâîñòÿìè ¨õíiõ ïî÷àòêîâèõ äà-

íèõ. Áåðó÷è äî óâàãè [240] i òåîðåìè 5.5 òà 5.6, ïðèéäåìî äî íàñòóïíîãî

òâåðäæåííÿ.

Òåîðåìà 6.5 Íåõàé A = −B1/2, äå B � ñëàáî ïîçèòèâíèé îïåðàòîð â

B, i 0 ∈ σc(A). ßêùî y(t) � íåïåðåðâíèé â 0 ðîçâ'ÿçîê ðiâíÿííÿ (5.1), òî

ñïðàâäæóþòüñÿ òàêi ñïiââiäíîøåííÿ åêâiâàëåíòíîñòi:

∀n ∈ N : lim
t→∞

tny(t) = 0 ⇐⇒ y(0) ∈ C∞(A−1);

∃a > 0 : lim
t→∞

ea
√
ty(t) = 0 ⇐⇒ y(0) ∈ G{1}(A

−1);

∀a > 0 : lim
t→∞

ea
√
ty(t) = 0 ⇐⇒ y(0) ∈ G(1)(A

−1).

Çà óìîâè, ùî ðîçâ'ÿçîê y(t) åêñïîíåíöiàëüíî ñïàäà¹ íà ∞, ìà¹ìî

∃a > 0 : lim
t→∞

eaty(t) = 0 ⇐⇒ y(0) ∈ G(0)(A
−1),
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äå G{1}(A
−1), G(1)(A

−1) òà G(0)(A
−1) � ïðîñòîðè àíàëiòè÷íèõ, öiëèõ òà

öiëèõ åêñïîíåíöiàëüíîãî òèïó âåêòîðiâ îïåðàòîðà A−1 âiäïîâiäíî.

ßêùî ïiâãðóïà
{
etA
}
t≥0

¹ îáìåæåíîþ àíàëiòè÷íîþ, òî îïåðàòîð A−1

òàêîæ ãåíåðó¹ àíàëiòè÷íó ïiâãðóïó (äèâ., íàïðèêëàä, [241]) i, ÿê ïîêàçà-

íî òàì, G(1)(A−1) = B; áiëüø òîãî, ìíîæèíà ñòiéêèõ ðîçâ'ÿçêiâ ðiâíÿííÿ

(5.1), ïîâåäiíêà ÿêèõ ïðè t → ∞ ïîäiáíà äî ïîâåäiíêè e−a
√
t , ¹ ùiëü-

íîþ ó ìíîæèíi óñiõ éîãî ñòiéêèõ ðîçâ'ÿçêiâ. Ùî æ äî ìíîæèíè ñòiéêèõ

ðîçâ'ÿçêiâ, ñïàäàþ÷èõ íà ∞ åêñïîíåíöiàëüíî, òî âîíà ìîæå ñêëàäàòèñÿ

ëèøå ç òðèâiàëüíîãî ðîçâ'ÿçêó y(t) ≡ 0, íàâiòü êîëè êóò àíàëiòè÷íîñòi

ïiâãðóïè
{
etA
}
t≥0

äîðiâíþ¹
π

2
. Àëå ÿêùî â òàêîìó âèïàäêó

1∫
0

ln lnM(s) ds <∞, M(s) = sup
Imλ≥s

∥∥A(A− λI)−1
∥∥ ,

òî G(1)(A−1) = B i ñóêóïíiñòü óñiõ ñòiéêèõ ðîçâ'ÿçêiâ, ñïàäàþ÷èõ åêñïî-

íåíöiàëüíî äî 0 ïðè íàáëèæåííi äî ∞, ¹ äîñòàòíüî øèðîêîþ.

Âèñíîâêè äî ðîçäiëó 6

Öåé ðîçäië ïðèñâÿ÷åíî äîñëiäæåííþ ñòiéêèõ ðîçâ'ÿçêiâ ðiâíÿííÿ y′′(t)−

By(t) = 0, t ∈ (0,∞), çi ñëàáî ïîçèòèâíèì B â B. Îäåðæàíî êðèòå-

ði¨ ¨õ ðiâíîìiðíî¨ òà ðiâíîìiðíî¨ åêñïîíåíöiàëüíî¨ ñòiéêîñòi. Äåÿêi ç íèõ

óçàãàëüíþþòü âiäïîâiäíi ðåçóëüòàòè Ð. Äàòêà, À. Ïàçi, Ì. Êðåéíà [17-

19]. Ó âèïàäêó ðiâíîìiðíî¨, àëå íå ðiâíîìiðíî¨ åêñïîíåíöiàëüíî¨ ñòiéêîñòi

ç'ÿñîâó¹òüñÿ çâ'ÿçîê ìiæ ïîðÿäêîì ñïàäàííÿ ðîçâ'ÿçêó y(t) ïðè íàáëè-

æåííi äî ∞ òà âëàñòèâîñòÿìè éîãî ïî÷àòêîâèõ äàíèõ.
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7 Ïðî àíàëiòè÷íi ðîçâ'ÿçêè íåîäíîðiäíèõ ëi-

íiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ó áàíàõî-

âîìó ïðîñòîði íàä íåàðõiìåäîâèì ïîëåì

Ó öüîìó ðîçäiëi ðîçãëÿäà¹òüñÿ ðiâíÿííÿ âèãëÿäó y(m) − Ay = f , äå A

� çàìêíåíèé ëiíiéíèé îïåðàòîð ó áàíàõîâîìó ïðîñòîði B íàä ïîëåì Ω

êîìïëåêñíèõ p-àäè÷íèõ ÷èñåë, ùî ìà¹ îáåðíåíèé, âèçíà÷åíèé íà âñüîìó

B, i f � ëîêàëüíî àíàëiòè÷íà â íóëi B-çíà÷íà âåêòîð-ôóíêöiÿ. Îñíîâíà

óâàãà ïðèäiëÿ¹òüñÿ ïèòàííÿì iñíóâàííÿ i ¹äèíîñòi ëîêàëüíî àíàëiòè÷íîãî

â òî÷öi 0 ðîçâ'ÿçêó öüîãî ðiâíÿííÿ. Âñòàíîâëþþòüñÿ óìîâè, íåîáõiäíi é

äîñòàòíi äëÿ òîãî, ùîá çàäà÷à Êîøi äëÿ òàêîãî ðiâíÿííÿ áóëà êîðåêòíîþ

ó êëàñi ëîêàëüíî àíàëiòè÷íèõ ôóíêöié. Îñíîâíi ðåçóëüòàòè îïóáëiêîâàíî

â [267, 268].

7.1 Äåÿêi êëàñè àíàëiòè÷íèõ âåêòîð-ôóíêöié

Ïîçíà÷èìî ÷åðåç Ω = Ωp ïîïîâíåííÿ àëãåáðà¨÷íîãî çàìèêàííÿ ïîëÿ Qp

p-àäè÷íèõ ÷èñåë (p � ïðîñòå ÷èñëî) êîòðå, ó ñâîþ ÷åðãó, ¹ ïîïîâíåííÿì

ïîëÿ Q ðàöiîíàëüíèõ ÷èñåë âiäíîñíî p-àäè÷íî¨ íîðìè

|a|p = p−ν ÿêùî a = pν
n

m
∈ Q,

äå öiëi ÷èñëà n,m âçà¹ìíî ïðîñòi ç p (äåòàëi äèâ. â [20 - 24]). Íåõàé òàêîæ

B � áàíàõiâ ïðîñòið íàä ïîëåì Ω, òîáòî ëiíiéíèé ïðîñòið ç íîðìîþ ∥ · ∥ :

B 7→ R+ ÿêà ìà¹ òàêi âëàñòèâîñòi:

1) ∥x∥ = 0 ⇔ x = 0;

2) ∀λ ∈ Ω ∀x ∈ B : ∥λx∥ = |λ|p∥x∥;

3) ∀x, y ∈ B : ∥x+ y∥ ≤ max{∥x∥, ∥y∥};
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4) ïðîñòið B ¹ ïîâíèì âiäíîñíî ∥ · ∥.

Ó ïîäàëüøîìó ìè ìàòèìåìî ñïðàâó çi ñòåïåíåâèìè ðÿäàìè òèïó

y(λ) =
∞∑
n=0

cnλ
n, cn ∈ B, λ ∈ Ω. (7.1)

Ðÿä (7.1) çáiãà¹òüñÿ ó òî÷öi λ òîäi i òiëüêè òîäi, êîëè

lim
n→∞

∥cn∥|λ|np = 0.

Ïiä éîãî ðàäióñîì çáiæíîñòi çàçâè÷àé ðîçóìi¹òüñÿ ÷èñëî

r = r(y) =
(
lim
n→∞

n
√

∥cn∥
)−1

.

Ïðè r > 0 ðÿä (7.1) âèçíà÷à¹ B-çíà÷íó âåêòîð-ôóíêöiþ ó âiäêðèòîìó

êðóçi

D(0, r−) = {λ ∈ Ω : |λ|p < r}.

Äëÿ äîâiëüíîãî τ : 0 < τ < r çáiæíiñòü (7.1) ¹ àáñîëþòíîþ i ðiâíîìiðíîþ

ó äîâiëüíîìó çàìêíåíîìó êðóçi D(0, τ) = {λ ∈ Ω : |λ|p ≤ τ}.

Äëÿ ÷èñëà α > 0 ïîçíà÷èìî ÷åðåç Aα = Aα(B) ìíîæèíó âñiõ B-

çíà÷íèõ âåêòîð-ôóíêöié y(λ) âèãëÿäó (7.1) òàêèõ, ùî

r(y) ≥ α i lim
n→∞

∥cn∥αn = 0.

Ëiíiéíà ìíîæèíà Aα óòâîðþ¹ áàíàõiâ ïðîñòið íàä ïîëåì Ω ç íîðìîþ

∥y∥α = sup
n∈N0={0}

∪
N
∥cn∥αn.

Îñêiëüêè

∥y∥α2
≥ ∥y∥α1

ïðè α1 < α2, y ∈ Aα2
,

òî âêëàäåííÿ

Aα2
⊆ Aα1

,
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iíäóêîâàíå çâóæåííÿì íà îáëàñòü âèçíà÷åííÿ, ¹ íåïåðåðâíèì. Ïîêëàäåìî

Ar− = Ar−(B) = proj lim
α↑r

Aα.

Ïðîñòið Ar− ñêëàäà¹òüñÿ ç B-çíà÷íèõ âåêòîð-ôóíêöié, àíàëiòè÷íèõ â

D(0, r−). Ïîñëiäîâíiñòü {yn ∈ Ar−}n∈N çáiãà¹òüñÿ äî y â Ar−, ÿêùî

∀α ∈ (0, r) : lim
n→∞

∥yn − y∥α = 0.

Ìíîæèíà

A∞ = A∞(B) = proj lim
α→∞

Aα

¹ íå ùî iíøå, ÿê ïðîñòið öiëèõ B-çíà÷íèõ âåêòîð-ôóíêöié.

Âåêòîð-ôóíêöiÿ y(λ) íàçèâà¹òüñÿ ëîêàëüíî àíàëiòè÷íîþ â òî÷öi 0,

ÿêùî iñíó¹ α > 0 òàêå, ùî y ∈ Aα. Ó ïðîñòîði A0 âñiõ ëîêàëüíî àíàëi-

òè÷íèõ â 0 B-çíà÷íèõ âåêòîð-ôóíêöié ââîäèòüñÿ òîïîëîãiÿ iíäóêòèâíî¨

ãðàíèöi áàíàõîâèõ ïðîñòîðiâ Aα:

A0 = A0(B) = ind lim
α→0

Aα.

Ïîñëiäîâíiñòü {yn ∈ A0}n∈N çáiãà¹òüñÿ â A0, ÿêùî óñi âåêòîð-ôóíêöi¨ yn(λ)

íàëåæàòü äî Aα ç äåÿêèì α i {yn}n∈N çáiãà¹òüñÿ ó ïðîñòîði Aα.

Äëÿ ÷èñëà β > 0 ïîêëàäåìî òàêîæ

Eβ(A) = {x ∈
∩
n∈N0

D(An)
∣∣∃c = c(x) > 0,∀k ∈ N0 : ∥Akx∥ ≤ cβk}.

Ëiíiéíà ìíîæèíà Eβ(A) ¹ áàíàõîâèì ïðîñòîðîì âiäíîñíî íîðìè

∥x∥Eβ
= sup

n∈N0

∥Anx∥
βn

.

Ïîçíà÷èìî ÷åðåç E(A) ïðîñòið öiëèõ âåêòîðiâ åêñïîíåíöiàëüíîãî òèïó

îïåðàòîðà A:

E(A) = ind lim
β→∞

Eβ(A) =
∪
β>0

Eβ(A).
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Ïiä òèïîì σ(x) = σ(x,A) âåêòîðà x ∈ E(A) ðîçóìi¹òüñÿ âåëè÷èíà

σ(x) = lim
n→∞

∥Anx∥1/n.

Ó âèïàäêó, êîëè D(A) = B, ïðîñòið E(A) çáiãà¹òüñÿ ç B i

∀x ∈ B : σ(x) ≤ ∥A∥.

7.2 Ãîëîâíèé ðåçóëüòàò

Ðîçãëÿíåìî äèôåðåíöiàëüíå ðiâíÿííÿ

y(m)(λ)− Ay(λ) = f(λ), (7.2)

äå A � çàìêíåíèé ëiíiéíèé îïåðàòîð â B, f ∈ Aρ− ç äåÿêèì ρ > 0.

Ïiä ðîçâ'ÿçêîì öüîãî ðiâíÿííÿ ó âiäêðèòîìó êðóçi D(0, ρ−) ðîçóìiòèìåìî

âåêòîð-ôóíêöiþ y(λ) : D(0, ρ−) 7→ D(A) ç Aρ−, ùî çàäîâîëüíÿ¹ (7.2)

â D(0, ρ−). Ó ïîäàëüøîìó ïðèïóñêà¹òüñÿ, ùî îïåðàòîð A ìà¹ îáåðíåíèé

A−1, âèçíà÷åíèé íà âñüîìó B.

Ïîçíà÷èìî ÷åðåç s âåëè÷èíó

s = s(A−1) = lim
n→∞

n
√

∥A−n∥.

ßêùî B � áàíàõiâ ïðîñòið íàä ïîëåì C êîìïëåêñíèõ ÷èñåë, òîäi s � ñïå-

êòðàëüíèé ðàäióñ îïåðàòîðà A−1.

Òåîðåìà 7.1 Íåõàé A � çàìêíåíèé ëiíiéíèé îïåðàòîð â B, ÿêèé ìà¹

îáìåæåíèé îáåðíåíèé A−1, à

f(λ) =
∞∑
n=0

bnλ
n, bn ∈ B, (7.3)
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íàëåæèòü äî Aρ− ç ρ > s
1
m . Òîäi iñíó¹ ¹äèíèé ðîçâ'ÿçîê y(λ) ðiâíÿííÿ

(7.2) â êëàñi Aρ−. Öåé ðîçâ'ÿçîê ìà¹ âèãëÿä

y(λ) = −
∞∑
n=0

A−(n+1)f (nm)(λ) =
∞∑
n=0

cnλ
n, (7.4)

äå

cn = −
∞∑
k=0

(mk + n)!

n!
A−(k+1)bmk+n. (7.5)

Áiëüø òîãî, ðîçâ'ÿçîê y(λ) íåïåðåðâíî çàëåæèòü âiä ïðàâî¨ ÷àñòèíè

ðiâíÿííÿ (7.2), òîáòî ÿêùî ïîñëiäîâíiñòü {fn ∈ Aρ−}n∈N çáiãà¹òüñÿ äî

0 ó ïðîñòîði Aρ−, òî ïîñëiäîâíiñòü âiäïîâiäíèõ ðîçâ'ÿçêiâ {yn(λ)}n∈N
ðiâíÿííÿ (7.2) ç Aρ− çáiãà¹òüñÿ äî 0 ó ïðîñòîði Aρ−.

Ñïî÷àòêó äîâåäåìî òàêå òâåðäæåííÿ.

Ëåìà 7.1 Íåõàé f ∈ Aρ−. Òîäi äëÿ êîæíîãî r : 0 < r < ρ iñíó¹ ñòàëà

c = c(r) òàêà, ùî

∀λ ∈ D(0, ρ−) : ∥f (n)(λ)∥ ≤ c

rn
.

Äîâåäåííÿ. Îñêiëüêè áóäü-ÿêà òî÷êà λ0 ∈ D(0, ρ−) ¹ öåíòðîì êðóãà

D(0, ρ−), òî âåêòîð-ôóíêöiÿ f(λ) ìîæå áóòè ïðåäñòàâëåíà ðÿäîì

f(λ) =
∞∑
n=0

f (n)(λ0)

n!
(λ− λ0)

n,

ÿêèé çáiãà¹òüñÿ ó êðóçi {λ : |λ− λ0|p ≤ r} (r ∈ (0, ρ) äîâiëüíå) (äèâ. [24]).

Çâiäñè âèïëèâà¹, ùî iñíó¹ ñòàëà c = c(r) > 0 òàêà, ùî

∥f (n)(λ0)∥rn

|n!|p
≤ c,

à òîìó

∥f (n)(λ0)∥rn ≤ c|n!|p.
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Áåðó÷è äî óâàãè, ùî |n!|p ≤ 1, îäåðæó¹ìî

∥f (n)(λ0)∥rn ≤ c,

ùî é òðåáà áóëî äîâåñòè.

Äîâåäåííÿ òåîðåìè 7.1. Íåõàé f ∈ Aρ−. Òîäi ðÿäè

∞∑
n=0

A−(n+1)f (nm+k)(λ), k ∈ N0, (7.6)

çáiãàþòüñÿ ðiâíîìiðíî â êðóçi D(0, r) ç áóäü-ÿêèì r : 0 < r < ρ.

Ñïðàâäi, çà âèçíà÷åííÿì s = s(A−1) òà ëåìîþ 7.1, äëÿ äîâiëüíîãî ε > 0

i äîñòàòíüî âåëèêèõ n ∈ N0 ìà¹ìî

∥A−(n+1)f (nm+k)(λ)∥ ≤ c(s+ ε)n

rnm+k
=

(
s+ ε

rm

)n
· c
rk
, 0 < c = c(r, ε) = const.

Îñêiëüêè ρ > s
1
m , ÷èñëî ε > 0 ìîæíà ïiäiáðàòè òàê, ùîá m

√
s+ ε < ρ.

Áåðó÷è â ëåìi 7.1 r ∈ ( m
√
s+ ε, ρ), îòðèìà¹ìî íåðiâíiñòü

∥A−(n+1)f (nm+k)(λ)∥ ≤ c

rk
qn, (7.7)

äå 0 < q =
s+ ε

rm
< 1. Îòæå, óñi ðÿäè (7.6) çáiãàþòüñÿ ðiâíîìiðíî ó áóäü-

ÿêîìó çàìêíåíîìó êðóçi D(0, r) ç r < ρ. Çâiäñè âèïëèâà¹, ùî B-çíà÷íà

âåêòîð-ôóíêöiÿ

y(λ) =
∞∑
n=0

A−(n+1)f (nm)(λ)

¹ íåñêií÷åííî äèôåðåíöiéîâíîþ âD(0, ρ−) i ¨¨ çíà÷åííÿ íàëåæàòü äîD(A).

Áåçïîñåðåäíüîþ ïåðåâiðêîþ ïåðåêîíó¹ìîñÿ, ùî öÿ âåêòîð-ôóíêöiÿ çàäî-

âîëüíÿ¹ (7.2).

Îñêiëüêè

f (nm)(λ) =
∞∑

k=nm

k!bk
(k − nm)!

λk−nm =
∞∑
j=0

(nm+ j)!

j!
bnm+jλ

j,
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òî

y(λ) = −
∞∑
n=0

A−(n+1)
∞∑
j=0

(nm+ j)!

j!
bnm+jλ

j =

= −
∞∑
j=0

λj
∞∑
n=0

(nm+ j)!

j!
A−(n+1)bnm+j =

∞∑
j=0

cjλ
j, (7.8)

äå cj, j ∈ N0, âèçíà÷àþòüñÿ ôîðìóëîþ (7.5).

Âàðòî çàçíà÷èòè, ùî ïåðåñòàíîâêà ðÿäiâ ó (7.8) ìîæëèâà òîìó, ùî

çàâäÿêè îöiíöi

∥bnm+j∥ ≤ c

rnm+j
,

âèêîíó¹òüñÿ íåðiâíiñòü∥∥∥∥(nm+ j)!

j!
A−(n+1)bnm+jλ

j

∥∥∥∥ ≤ cqn
(
r′

r

)j
äëÿ |λ| < r′, äå ÷èñëà ε > 0 â q = s+ε

rm , r
′ òà r òàêi, ùî rm > s + ε, r′ <

r < ρ, ìîæíà âèáðàòè äîâiëüíèì ñïîñîáîì. Òàêèì ÷èíîì, y ∈ Aρ−.

Äîâåäåìî òåïåð ¹äèíiñòü ðîçâ'ÿçêó ðiâíÿííÿ (7.2) ó êëàñi Aρ− with

ρ > s
1
m . Äëÿ öüîãî äîñòàòíüî, ùîá îäíîðiäíå ðiâíÿííÿ

y(m)(λ)− Ay(λ) = 0. (7.9)

ìàëî â Aρ− ùîíàéáiëüøå òðèâiàëüíèé ðîçâ'ÿçîê.

Çà òåîðåìîþ 1 (äèâ. [26]), áóäü-ÿêèé ëîêàëüíî àíàëiòè÷íèé â 0 ðîçâ'ÿçîê

y(λ) ðiâíÿííÿ (7.9) çîáðàæó¹òüñÿ ó âèãëÿäi

y(λ) =
m−1∑
k=0

Fk(λ,A)xk, (7.10)

äå xk ∈ E(A), k = 0, 1, . . . ,m− 1, i

∀x ∈ E(A),∀λ ∈ Ω : Fk(λ,A)x =
∞∑
n=0

Anx

(mn+ k)!
λnm+k. (7.11)
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ßê ïîêàçàíî â [26], ðàäióñ çáiæíîñòi r(Fk(·, A)x) ðÿäó (7.11) íå çàëåæèòü

âiä k i îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

r(Fk(·, A)x) = σ−
1
m (x)p−

1
p−1 . (7.12)

(Òóò σ(x) � òèï âåêòîðà x ∈ E(A)). Êðiì òîãî,

F
(i)
k (0, A)x = δikx. (7.13)

Îòæå,

y(λ) =
m−1∑
k=0

∞∑
n=0

Anxk
(nm+ k)!

λnm+k =
∞∑
n=0

m−1∑
k=0

Anxk
(nm+ k)!

λnm+k.

Âíàñëiäîê (7.12) ðàäióñ çáiæíîñòi öüîãî ðÿäó

r(y) = min
k=0,1,...,m−1

σ−
1
m (xk)p

− 1
p−1 . (7.14)

Ïðèïóñòèìî, ùî xk ̸= 0 äëÿ ïðèíàéìíi îäíîãî k. Îñêiëüêè

n
√

∥xk∥ = n
√

∥A−nAnxk∥ ≤ n
√

∥A−n∥ n
√

∥Anxk∥,

òî

1 ≤ sσ(xk),

à îòæå,

σ−
1
m (xk) ≤ s

1
m .

Òîäi ðiâíiñòü (7.14) çóìîâëþ¹ íåðiâíiñòü

r(y) ≤ s
1
m .

Îñòàíí¹ îçíà÷à¹, ùî íåòðèâiàëüíèé ðîçâ'ÿçîê y(λ) ðiâíÿííÿ (7.9) ìîæå

áóòè àíàëiòè÷íèì ëèøå â êðóçi, ðàäióñ ÿêîãî íå ïåðåâèùó¹ s
1
m , ùî ñóïå-

ðå÷èòü ïðèïóùåííþ òåîðåìè.
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Ùîá çàâåðøèòè äîâåäåííÿ, ïîòðiáíî ùå âñòàíîâèòè íåïåðåðâíó çàëå-

æíiñòü ðîçâ'ÿçêó y(λ) ðiâíÿííÿ (7.2) âiä f(λ).

Ïðèïóñòèìî, ùî ïîñëiäîâíiñòü

fn(λ) =
∞∑
k=0

bn,kλ
k ∈ Aρ−, n ∈ N,

çáiãà¹òüñÿ ïðè n→ ∞ äî 0 ó ïðîñòîði Aρ− , òîáòî

∀r1 < ρ : ∥fn∥r1 = sup
k∈N0

∥bn,k∥rk1 → 0 ïðè n→ ∞, (7.15)

i äîâåäåíî, ùî äëÿ ðîçâ'ÿçêiâ

yn(λ) =
∞∑
k=0

cn,kλ
k

ç Aρ− ðiâíÿííÿ (7.2) ç fn(λ) çàìiñòü f(λ) âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

∥yn∥r2 = sup
k∈N0

∥cn,k∥rk2 → 0 (n→ ∞)

äëÿ äîâiëüíîãî r2 < ρ.

Ç (7.15) âèïëèâà¹, ùî äëÿ êîæíîãî ε > 0 i äîñòàòíüî âåëèêèõ n ∈ N

ìà¹ ìiñöå íåðiâíiñòü

∥bn,k∥ ≤ ε

rk1
, ∀k ∈ N0.

Òîäi

∥cn,k∥ =

∥∥∥∥∥
∞∑
j=0

(mj + k)!

k!
A−(j+1)bn,mj+k

∥∥∥∥∥ ≤

≤ c
∞∑
j=0

ε(s+ δ)j

rmj+k1

=
cε

rk1

∞∑
j=0

(
s+ δ

rm1

)j
, 0 < c = const,

äå δ > 0 ïiäiáðàíî òàê, ùîá rm1 > s+ δ. Òàêèì ÷èíîì,

∥cn,k∥ ≤ c1
ε

rk1
, 0 < c1 = const,
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i

∥yn(λ)∥ ≤ c1ε
∞∑
k=0

(
r2
r1

)k
< cε,

äå 0 < c = c(r1, r2, δ) = const, à öå, â ñèëó äîâiëüíîñòi âèáîðó òàêèõ r1, r2,

ñïðè÷èíÿ¹ çáiæíiñòü ïîñëiäîâíîñòi {yn(λ)}n∈N äî 0 â Aρ−-òîïîëîãi¨.

Òåîðåìó äîâåäåíî.

Çà óìîâ òåîðåìè 7.1, ìàþòü ìiñöå òàêi íàñëiäêè.

Íàñëiäîê 7.1 Ïðèïóñòèìî, ùî f(λ) � ìíîãî÷ëåí. Òîäi â êëàñi ìíîãî-

÷ëåíiâ iñíó¹ ¹äèíèé ðîçâ'ÿçîê ðiâíÿííÿ (7.2). Áiëüø òîãî, ÿêùî f(λ) �

ìíîãî÷ëåí ñòåïåíÿ n, òî ñòåïiíü ðîçâ'ÿçêó ¹ òàêîæ n.

Íàñëiäîê 7.2 Íåõàé f ∈ A∞, òîáòî âåêòîð-ôóíêöiÿ f(λ) ¹ öiëîþ. Òîäi

ðiâíÿííÿ (7.2) ìà¹ ¹äèíèé ðîçâ'ÿçîê y ∈ A∞.

Çàóâàæèìî, ùî ó âèïàäêó, êîëè B � áàíàõiâ ïðîñòið íàä ïîëåì C êîì-

ïëåêñíèõ ÷èñåë, îïåðàòîð A îáìåæåíèé i m = 1, öåé ðåçóëüòàò áóâ îòðè-

ìàíèé â [239] ó ïðèïóùåííi, ùî f(λ) � öiëà âåêòîð-ôóíêöiÿ ìiíiìàëüíîãî

åêñïîíåíöiàëüíîãî òèïó (∥f(λ)∥ ≤ c(ε)eε|λ| äëÿ äîâiëüíîãî ε > 0). Âèïà-

äîê äîâiëüíîãî çàìêíåíîãî A, ùî ìà¹ îáìåæåíèé îáåðíåíèé, ðîçãëÿíóòî

â [269].

Íàñëiäîê 7.3 ßêùî s = s(A−1) = 0 i f ∈ A0, òî iñíó¹ ¹äèíèé ëîêàëüíî

àíàëiòè÷íèé â 0 ðîçâ'ÿçîê ðiâíÿííÿ (7.2).

Íàñëiäîê 7.4 ßêùî s = s(A−1) = 0, òî E(A) = {0}.

Ó âèïàäêó, êîëè ïðîñòið B ¹ áàíàõîâèì íàä ïîëåì C, öå òâåðäæåííÿ

äîâåäåíå â [270].
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7.3 Ïðî íàáëèæåííÿ ðîçâ'ÿçêó

Ðîçãëÿíåìî ðiâíÿííÿ (7.2) ç ïðàâîþ ÷àñòèíîþ

fn(λ) =
n∑
k=0

bkλ
k

çàìiñòü f(λ), òîáòî fn(λ) � ÷àñòèííà ñóìà ðÿäó (7.3) äëÿ f ∈ Aρ−, i ïî-

çíà÷èìî ÷åðåç yn(λ) ðîçâ'ÿçîê öüîãî ðiâíÿííÿ ç Aρ−. ßê ñâiä÷èòü òåîðåìà

7.1, òàêèé ðîçâ'ÿçîê ¹äèíèé. Çà íàñëiäêîì 7.1 yn(λ) ¹ ìíîãî÷ëåíîì n-ãî

ñòåïåíÿ:

yn(λ) =
n∑
k=0

cn,kλ
k.

Êîðèñòóþ÷èñü (7.5), áåçïîñåðåäíüîþ ïåðåâiðèòè ïåðåêîíó¹ìîñü, ùî

cn,k = −
∑

i:mi+k≤n

(mi+ k)!

k!
A−(i+1)bmi+k.

Îñêiëüêè fn → f â Aρ−, ïðèõîäèìî íà îñíîâi òåîðåìè 7.1 äî âèñíîâêó,

ùî yn → y ó òié ñàìié òîïîëîãi¨. Î÷åâèäíî òàêîæ, ùî â öüîìó âèïàäêó

íåâ'ÿçêà A(y − yn) − (y(m) − y
(m)
n ) = f − fn íàáëèæà¹òüñÿ äî íóëÿ â Aρ−

ïðè n→ ∞.

Ðîçãëÿíåìî òåïåð iíøèé ñïîñiá àïðîêñèìàöi¨. Ïîêëàäåìî

yn(λ) = −
n∑
k=0

A−(k+1)f (km)(λ). (7.16)

Áåðó÷è äî óâàãè (7.4) òà (7.7), äëÿ ðîçâ'ÿçêó y ∈ Aρ− ðiâíÿííÿ (7.2) îäåð-

æó¹ìî

∥y(λ)− yn(λ)∥ =

∥∥∥∥∥
∞∑

i=n+1

A−(i+1)f (im)(λ)

∥∥∥∥∥ ≤

c
∞∑

i=n+1

(
s+ ε

rm

)i
= c

(
s+ ε

rm

)n+1(
1− s+ ε

rm

)−1

= c1

(
s+ ε

rm

)n
,
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äå c1 = c1(r, ε) = const, r : s + ε < r < ρ äîâiëüíå, ε > 0 ÿê çàâãîäíî

ìàëå. Òàêèì ÷èíîì, ïðèõîäèìî äî îöiíêè ïîòî÷êîâî¨ çáiæíîñòi yn(λ) äî

y(λ), ðiâíîìiðíî¨ â D(0, r), à ñàìå:

∥y(λ)− yn(λ)∥ ≤ c1

(
s+ ε

rm

)n
. (7.17)

Äëÿ âiäõèëó íàáëèæåíîãî ðîçâ'ÿçêó yn(λ) ó öüîìó âèïàäêó ìà¹ìî

∥A(y(λ)− yn(λ))− (y(m)(λ)− y(m)
n (λ))∥

≤ max{∥A(y(λ)− yn(λ))∥, ∥y(m)(λ)− y(m)
n (λ)∥}.

Âðàõîâóþ÷è, ùî

∥A(y(λ)− yn(λ))∥ =

∥∥∥∥∥
∞∑

i=n+1

A−if (im)(λ)

∥∥∥∥∥
òà

∥y(m)(λ)− y(m)
n (λ)∥ =

∥∥∥∥∥
∞∑

i=n+1

A−(i+1)f ((i+1)m)(λ)

∥∥∥∥∥ ,
àíàëîãi÷íî òîìó, ÿê öå áóëî çðîáëåíî âèùå, îäåðæó¹ìî

∀λ ∈ D(0, r) : ∥A(y(λ)− yn(λ))∥ ≤ c

(
s+ ε

rm

)n
i

∀λ ∈ D(0, r) : ∥y(m)(λ)− y(m)
n (λ)∥ ≤ c

(
s+ ε

rm

)n+1

ç 0 < c = c(r, ε) = const, çâiäêè

∥A(y(λ)− yn(λ))− (y(m)(λ)− y(m)
n (λ))∥ ≤ c

(
s+ ε

rm

)n
. (7.18)

Ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 7.2 Çà óìîâ òåîðåìè 7.1 íà îïåðàòîð A òà âåêòîð-ôóíêöiþ

f(λ), ïîõèáêà íàáëèæåííÿ ðîçâ'ÿçêó y(λ) ðiâíÿííÿ (7.2) âåêòîð-ôóíêöiÿìè

yn(λ) âèãëÿäó (7.16) âèðàõîâó¹òüñÿ çà ôîðìóëîþ (7.17). Ùî ñòîñó¹òüñÿ

íåâ'ÿçêè A(y − yn)− (y(m) − y
(m)
n ), òî âîíà ìîæå áóòè îöiíåíà çà äîïî-

ìîãîþ (7.18).
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7.4 Çàäà÷à Êîøi

Öåé ïiäðîçäië ïðèñâÿ÷åíèé âèâ÷åííþ çàäà÷i Êîøi y(m)(λ)− Ay(λ) = f(λ)

y(k)(0) = yk, k = 0, 1, . . . ,m− 1,
(7.19)

ÿêà ïîëÿãà¹ ó çíàõîäæåííi ëîêàëüíî àíàëiòè÷íî¨ âåêòîð-ôóíêöi¨

y(λ) =
∞∑
n=0

cnλ
n

iç çíà÷åííÿìè â D(A), ùî çàäîâîëüíÿ¹ (7.19), äå

f(λ) =
∞∑
n=0

bkλ
k ∈ A0.

ßê ïîêàçó¹ íàñëiäîê 7.3, çàäà÷à (7.19) íå îáîâ'ÿçêîâî ðîçâ'ÿçíà. Òîìó

ïîñòà¹ ïèòàííÿ, çà ÿêèõ óìîâ íà f(λ) òà ïî÷àòêîâi äàíi {yk}m−1
k=0 , öÿ çàäà÷à

ìà¹ ðîçâ'ÿçîê, i ÿêùî öå òàê, òî ÷è ¹ âií ¹äèíèì.

Ïðèïóñòèìî ñïî÷àòêó, ùî f ∈ A∞. Çà íàñëiäêîì 7.2, iñíó¹ ¹äèíèé

ðîçâ'ÿçîê

z(λ) =
∞∑
n=0

anλ
n

ðiâíÿííÿ (7.2) ó êëàñi A∞. Íåõàé y ∈ A0 � iíøèé ðîçâ'ÿçîê (7.2). Òîäi

y − z ∈ A0 ¹ ðîçâ'ÿçêîì îäíîðiäíîãî ðiâíÿííÿ (7.9). Ç îãëÿäó íà (7.10),

y(λ)− z(λ) =
m−1∑
k=0

Fk(λ,A)xk, xk ∈ E(A),

çâiäêè

yk = xk + k!ak, k = 0, 1, . . . ,m− 1,

îñêiëüêè ôóíêöiÿ Fk(λ, ν) ¹ ðîçâ'ÿçêîì ðiâíÿííÿ

dmFk(λ, ν)

dλm
= νFk(λ, ν)
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ùî çàäîâîëüíÿ¹ óìîâó

djFk(0, ν)

dλj
= δkj, j = 0, 1, . . . ,m− 1.

Îòæå, äëÿ òîãî ùîá çàäà÷à Êîøi (7.19) áóëà ðîçâ'ÿçíîþ, íåîáõiäíî, ùîá

yk − k!ak ∈ E(A), k = 0, 1, . . . ,m− 1.

Íåâàæêî ïåðåâiðèòè, ùî öÿ óìîâà ¹ òàêîæ äîñòàòíüîþ äëÿ ðîçâ'ÿçíîñòi

çàäà÷i (7.19). Çâiäñè âèïëèâà¹, ùî ÿêùî s = s(A−1) = 0 (çà íàñëiäêîì 7.4

öå îáóìîâëþ¹ ðiâíiñòü E(A) = {0}), òî çàäà÷à (7.19) ìà¹ ðîçâ'ÿçîê òîäi i

òiëüêè òîäi, êîëè

yk = k!ak, k = 0, 1, . . . ,m− 1.

Ó âèïàäêó, êîëè D(A) = B, ïðîñòið E(A) çáiãà¹òüñÿ çB i çàäà÷à Êîøi

(7.19) ¹ ðîçâ'ÿçíîþ äëÿ áóäü-ÿêèõ yk ∈ B, k = 0, 1, . . . ,m− 1.

�äèíiñòü ðîçâ'ÿçêó â îáîõ öèõ âèïàäêàõ âèïëèâà¹ ç [26].

Âàðòî çàçíà÷èòè, ùî âñå ñêàçàíå âèùå ¹ âiðíèì i òîäi, êîëè f ∈ Aρ− ç

ρ > s
1
m . Òàêèì ÷èíîì, ïðèõîäèìî äî íàñòóïíîãî òâåðäæåííÿ.

Òåîðåìà 7.3 Íåõàé îïåðàòîð A ¹ îáîðîòíèì, D(A−1) = B i f ∈ Aρ−

ç äåÿêèì ρ > s
1
m . Òîäi çàäà÷à Êîøi (7.19) ¹ îäíîçíà÷íî ðîçâ'ÿçíîþ â A0

òîäi i òiëüêè òîäi, êîëè yk − k!ak ∈ E(A), k = 0, 1, . . . ,m − 1, äå ak �

êîåôiöi¹íòè ¹äèíîãî ðîçâ'ÿçêó z(λ) ðiâíÿííÿ (7.2), àíàëiòè÷íîãî â êðóçi

D(0, ρ−), òîáòî

ak = − 1

k!

∞∑
n=0

A−(n+1)f (nm+k)(0), k = 0, 1, . . . ,m− 1. (7.20)

Íàñëiäîê 7.5 Íåõàé s = s(A−1) = 0. Äëÿ òîãî ùîá çàäà÷à Êîøi (7.19)

ìàëà ¹äèíèé ðîçâ'ÿçîê y(λ) â A0, íåîáõiäíî i äîñòàòíüî, ùîá yk = k!ak, k =

0, 1, . . . ,m− 1, äå ak âèçíà÷àþòüñÿ ôîðìóëîþ (7.20).
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Íàñëiäîê 7.6 ßêùî îïåðàòîð A îáìåæåíèé, òî çàäà÷à Êîøi (7.19) ¹

îäíîçíà÷íî ðîçâ'ÿçíîþ â A0 äëÿ áóäü-ÿêèõ yk ∈ B.

Çàëèøà¹òüñÿ âiäêðèòîþ ïðîáëåìà, ÷è iñíó¹ ðîçâ'ÿçîê çàäà÷i (7.19) ó

âèïàäêó, êîëè f(λ) ¹ äîâiëüíîþ ëîêàëüíî àíàëiòè÷íîþ â òî÷öi 0 âåêòîð-

ôóíêöi¹þ, òîáòî f ∈ Aρ−, àëå ρ ≤ s
1
m .

7.5 Çàñòîñóâàííÿ äî ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè

Ïîêàæåìî, ÿê íàâåäåíi âèùå ðåçóëüòàòè ìîæóòü áóòè çàñòîñîâàíi äî äè-

ôåðåíöiàëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè.

Íåõàé B � ïðîñòið ôóíêöié φ(x) iç çíà÷åííÿìè â Ω, àíàëiòè÷íèõ íà

n-âèìiðíié êóëi

Dn(0, ρ) =

x = (x1, x2, . . . , xn) ∈ Ωn : ∥x∥p =

(
n∑
i=1

|xi|2p

)1/2

≤ ρ

 ,

òîáòî ôóíêöié φ(x) âèãëÿäó

φ(x) =
∑
α

φαx
α, φα ∈ Ω,

äëÿ ÿêèõ

lim
|α|→∞

|φα|pρ|α| = 0,

äå α = (α1, α2, . . . , αn), αi ∈ N0, |α| = α1+α2+· · ·+αn, xα = xα1
1 x

α2
2 . . . xαn

n .

Ïðîñòið B ¹ áàíàõîâèì íàä ïîëåì Ω âiäíîñíî íîðìè

∥φ∥ = sup
α

|φ|pρ|α|.

Äèôåðåíöiàëüíi îïåðàòîðè

φ 7→ ∂φ

∂xi
=
∑
α

αiφαx
α1
1 . . . xαi−1

i . . . xαn
n , i = 1, 2, . . . , n,
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¹ îáìåæåíèìè â B, i ∥∥∥∥ ∂φ∂xi
∥∥∥∥ =

1

ρ
.

Îïåðàòîð ìíîæåííÿ

T : φ 7→ θφ, φ ∈ B,

íà åëåìåíò θ ∈ B � òàêîæ îáìåæåíèé, i

∥T∥ = ∥θ∥.

Ðîçãëÿíåìî ðiâíÿííÿ

∂m

∂tm

q∑
|β|=0

aβ(x)D
βu(t, x)− u(t, x) = f(t, x),

(t, x) ∈ D(0, r−)×Dn(0, ρ), f ∈ Ar−(B), (7.21)

äå β = (β1, β2, . . . , βn), βi ∈ N0, aβ ∈ B, Dβ =
∂|β|

∂xβ11 . . . xβnn
. Öå ðiâíÿííÿ

ìîæíà ïîäàòè ó âèãëÿäi (7.2), ÿêùî çà A âçÿòè îïåðàòîð

φ 7→ Aφ =

q∑
|β|=0

aβD
βφ, φ ∈ B.

Iç ñïiââiäíîøåííÿ∥∥∥∥∥∥
q∑

|β|=0

aβD
βφ

∥∥∥∥∥∥ ≤ max
β

∥∥aβDβφ
∥∥ ≤ max

β
∥aβ∥

∥∥Dβφ
∥∥ ≤ max

β

{
ρ−|β|∥aβ∥

}
∥φ∥

âèïëèâà¹, ùî îïåðàòîð A ¹ îáìåæåíèì â B i

∥A∥ ≤ max
β

{
ρ−|β|∥aβ∥

}
.

Çãiäíî ç òåîðåìîþ 7.1, ïðè r > γ1/m, äå γ = max
β

{ρ−|β|∥aβ∥}, iñíó¹ ¹äèíèé

ðîçâ'ÿçîê ðiâíÿííÿ (7.21), àíàëiòè÷íèé â D(0, r−)×Dn(0, ρ).
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Âèñíîâêè äî ðîçäiëó 7

Ó ðîçäiëi 7 ðîçãëÿäà¹òüñÿ ðiâíÿííÿ y(m)(t)−Ay(λ) = f(λ), äå A � çàìêíå-

íèé ëiíiéíèé îïåðàòîð ó áàíàõîâîìó ïðîñòîðiB íàä ïîëåì Ω êîìïëåêñíèõ

p-àäè÷íèõ ÷èñåë , ùî ìà¹ îáåðíåíèé A−1, âèçíà÷åíèé íà âñüîìó B, à f(λ)

� ëîêàëüíî àíàëiòè÷íà â íóëi âåêòîð-ôóíêöiÿ.

Îñíîâíó óâàãó ïðèäiëåíî ïèòàííÿì iñíóâàííÿ i ¹äèíîñòi ðîçâ'ÿçêó ó

êëàñi A0 ëîêàëüíî àíàëiòè÷íèõ â îêîëi íóëÿ âåêòîð-ôóíêöié, éîãî çîáðà-

æåííÿ i íåïåðåðâíî¨ çàëåæíîñòi âiä ïðàâî¨ ÷àñòèíè.

Ãîëîâíèé ðåçóëüòàò ðîçäiëó ìiñòèòüñÿ â ïiäðîçäiëi 7.2. Òóò äîâîäè-

òüñÿ, ùî ÿêùî f(λ) =
∞∑
n=1

bnλ
n ∈ Aρ− ç ρ > s1/m, s = n

√
∥A−n∥, äå

bn ∈ B, λ ∈ Ω, Aρ− � ïðîñòið àíàëiòè÷íèõ ó êðóçi {λ ∈ Ω : |λ|p < ρ}

âåêòîð-ôóíêöié, òî ðîçãëÿäóâàíå ðiâíÿííÿ ìà¹ ¹äèíèé ðîçâ'ÿçîê ó êëàñi

Aρ−, äà¹òüñÿ ôîðìóëà äëÿ ðîçâ'ÿçêó i âñòàíîâëþ¹òüñÿ éîãî íåïåðåðâíà ó

ïðîñòîði Aρ− çàëåæíiñòü âiä f(λ). Áiëüø òîãî, ïîêàçó¹òüñÿ, ùî: 1) ÿêùî

f(λ) � ìíîãî÷ëåí, òî iñíó¹ ¹äèíèé ðîçâ'ÿçîê ó êëàñi ìíîãî÷ëåíiâ, ïðè öüî-

ìó ñòåïåíi f(λ) i ðîçâ'ÿçêó îäíàêîâi; 2) ÿêùî f(λ) � öiëà âåêòîð-ôóíêöiÿ,

òî ðiâíÿííÿ ìà¹ ¹äèíèé öiëèé ðîçâ'ÿçîê.

Íàâåäåíî äâà ñïîñîáè àïðîêñèìàöi¨ ðîçâ'ÿçêó. Â îáîõ âèïàäêàõ îöiíþ-

þòüñÿ ïîõèáêà íàáëèæåííÿ i íåâ'ÿçêà (âiäõèë).

Ðîçãëÿíóòî çàäà÷ó Êîøi äëÿ çàçíà÷åíîãî ðiâíÿííÿ ç ïî÷àòêîâèìè äà-

íèìè y(k)(0) = yk, k = 0, 1, . . . ,m− 1, ÿêà ïîëÿãà¹ ó âiäøóêàííi ëîêàëüíî

àíàëiòè÷íî¨ â 0 âåêòîð-ôóíêöi¨ y(λ) =
∞∑
n=0

cnλ
n çi çíà÷åííÿìè â D(A), ùî

çàäîâîëüíÿ¹ ðiâíÿííÿ ç ïðàâîþ ÷àñòèíîþ f(λ) =
∞∑
n=0

bnλ
n ∈ A0. Öÿ çàäà÷à

íå çàâæäè ðîçâ'ÿçíà, à òîìó øóêàëèñü óìîâè íà f(λ), çà ÿêèõ âîíà ìà¹

ðîçâ'ÿçîê, i ÿêùî öå òàê, òî êîëè öåé ðîçâ'ÿçîê ¹ ¹äèíèì. Âèïàäêè m = 1

òà f = 0 ðîçãëÿíóòî â [25, 26].
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Âèñíîâêè

Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ ðîçâ'ÿçêiâ äèôåðåíöi-

àëüíèõ ðiâíÿíü ïåðøîãî, äðóãîãî òà âèùèõ ïîðÿäêiâ ç íåîáìåæåíèìè îïå-

ðàòîðíèìè êîåôiöi¹íòàìè ó áàíàõîâîìó ïðîñòîði. Iíòåíñèâíiñòü ðîçâèòêó

ðîçâèòêó òàêî¨ òåîði¨ îñòàííiì ÷àñîì ìîæíà ïîÿñíèòè íåîáõiäíiñòþ ðîç-

ãëÿäó ïðîáëåì, ùî âèíèêàþòü ïðè ìîäåëþâàííi åâîëþöiéíèõ ïðîöåñiâ.

Âèÿâëÿ¹òüñÿ, ùî äëÿ çîáðàæåííÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ òàêèõ ðiâ-

íÿíü i âèâ÷åííÿ ¨õ àñèìïòîòèêè òðåáà âìiòè âiäíîâëþâàòè ïiâãðóïó ëiíié-

íèõ îïåðàòîðiâ çà ¨¨ ãåíåðàòîðîì. Ðàíiøå öå âiäíîâëåííÿ çäiéñíþâàëîñü

ðiçíèìè ñïîñîáàìè íå çà ñàìèì ãåíåðàòîðîì, à çà äåÿêèìè ôóíêöiÿìè âiä

íüîãî, ùî çíà÷íî óñêëàäíþâàëî ïðîöåñ. Òàê, çàäà÷à Êîøi ç ïî÷àòêîâèìè

äàíèìè ó âèõiäíîìó ïðîñòîði ðîçãëÿäàëàñü áàãàòüìà ìàòåìàòèêàìè (äèâ.,

íàïðèêëàä, [84 - 97]. Òåîðiÿ çâóæåíü i ðîçøèðåíü àíàëiòè÷íèõ ïiâãðóï,

ïðåäñòàâëåíà â [98], äàëà çìîãó äîñëiäæóâàòè ãðàíè÷íi çàäà÷i äëÿ àá-

ñòðàêòíèõ äèôåðåíöiàëüíèõ ðiâíÿíü íà êîðåêòíiñòü ïîñòàíîâêè ó ðiçíèõ

êëàñàõ ãëàäêèõ òà óçàãàëüíåíèõ âåêòîð-ôóíêöié, à îïåðàòîðíèé ïiäõiä äî

òåîði¨ àïðîêñèìàöi¨, ðîçâèíóòèé â [9], óìîæëèâèâ íàáëèæåííÿ ðîçâ'ÿçêiâ

(íå ëèøå êëàñè÷íèõ, àëå é ñëàáêèõ i óçàãàëüíåíèõ) öiëèìè ðîçâ'ÿçêàìè

åêñïîíåíöiàëüíîãî òèïó i òî÷íå îöiíþâàííÿ ïîõèáêè íàáëèæåííÿ. Áiëüø

òîãî, ç'ÿâèëàñÿ ìîæëèâiñòü äîñëiäèòè çàäà÷ó Êîøi äëÿ ðiâíÿíü íå ëèøå

â àðõiìåäîâîìó, àëå é íåàðõiìåäîâîìó (íàä ïîëåì p-àäè÷íèõ ÷èñåë) áà-

íàõîâîìó ïðîñòîði. p-àäè÷íà òåõíiêà ïîñiëà âàæëèâå ìiñöå ó áàãàòüîõ ãà-

ëóçÿõ ìàòåìàòè÷íèõ äîñëiäæåíü, çîêðåìà â òåîðiÿõ ÷èñåë, ïðåäñòàâëåíü,

p-àäè÷íèõ ñîëåíî¨äiâ òîùî. ßê ñêàçàíî â [20], ”öåé ïðåêðàñíèé íîâèé ñâiò

íåàðõiìåäîâîãî àíàëiçó âiäêðèâà¹ âàæëèâi ïåðñïåêòèâè äëÿ ðîçâèòêó àë-

ãåáðè, òåîði¨ ÷èñåë i êîðèñíèõ çàñòîñóâàíü”.

254



Ç îãëÿäó íà iñòîðiþ ðîçâèòêó ôóíêöiîíàëüíîãî àíàëiçó, òåîði¨ äèôå-

ðåíöiàëüíèõ ðiâíÿíü òà òåîði¨ íàáëèæåíü, ðåçóëüòàòè äèñåðòàöi¨ ðîáëÿòü

ñâié ïîìiòíèé âíåñîê â òåîðiþ åâîëþöiéíèõ ðiâíÿíü òà ¨¨ çàñòîñóâàíü äî

ðîçâ'ÿçóâàííÿ íîâèõ çàäà÷ ìàòåìàòè÷íî¨ ôiçèêè � ó öüîìó é ïîëÿãà¹ àêòó-

àëüíiñòü ïðîâåäåíèõ â íié äîñëiäæåíü. �¨ òåìàòèêà, ÿê íåâàæêî ïîáà÷èòè,

íàëåæèòü äî îäíîãî ç íàéâàæëèâiøèõ íàïðÿìiâ ñó÷àñíîãî ôóíêöiîíàëü-

íîãî àíàëiçó � òåîði¨ àáñòðàêòíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, ïî÷àòîê ÿêî¨

áóâ çàêëàäåíèé Å. Õiëëå òà Ê. Iîñiäîþ (1948), ÿêi îäåðæàëè ïåðøi òåîðåìè

iñíóâàííÿ ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ ðiâíÿííÿ y′ = Ay ç íåîáìåæåíèì

îïåðàòîðîì A , ñôîðìóëüîâàíi â òåðìiíàõ òåîði¨ ïiâãðóï. Çãîäîì Å. Õië-

ëå i Ð. Ôiëëiïñ ðîçïî÷àëè ïîáóäîâó òåîði¨ àáñòðàêòíî¨ çàäà÷i Êîøi äëÿ

ðiâíÿíü ó áàíàõîâîìó ïðîñòîði, à ó 1953-54 ðð. Ï. Ëàêñ, À. Ìiëüãðàì

òà Â. Ëÿíöå çàñòîñóâàëè ïiâãðóïîâi ìåòîäè äî äîñëiäæåííÿ ðiçíèõ êëà-

ñiâ ïàðàáîëi÷íèõ ðiâíÿíü. Ç òèõ ïið, ÿê Ò. Êàòî ðîçãëÿíóâ âèïàäîê, êîëè

A = A(t) çàëåæèòü âiä t, òåîðiÿ äèôåðåíöiàëüíèõ ðiâíÿíü ó áàíàõîâîìó

ïðîñòîði i òiñíî ïîâ'ÿçàíà ç íåþ òåîðiÿ ïiâãðóï ñôîðìóâàëè ñàìîñòiéíó

ãàëóçü äîñëiäæåíü, ÿêà ç ðîêàìè âñå áiëüøå é áiëüøå ïðèâåðòà¹ ïðèâåð-

òà¹ óâàãó ìàòåìàòèêiâ. Çàïî÷àòêîâàíå Å. Õiëëå é Ê. Iîñiäîþ, Ì. Êðåéíîì

i Þ. Äàëåöüêèì óñòàíîâëåííÿ çâ'ÿçêó ìiæ öèìè äâîìà òåîðiÿìè çíàéøëî

ñâî¹ ïðîäîâæåííÿ â ðîáîòàõ Ñ. Êðåéíà, Ï. Ñîáîë¹âñüêîãî, Ð. Ôiëëiïñà,

Å. Äåâiñà, À. Ïàçi, Ð. Äàòêà, Â. Àðåíäòà, Â. Ôîìiíà, Ì. Ãîðáà÷óêà, Þ.

Ëàòóøêiíà, Æ. Íååðâåíà, À. Êî÷óáåÿ, Â. Ãîðîäåöüêîãî, Â. Ìèõàéëåöÿ,

Äæ. Êiñiíñüêîãî, Ì. Ãîðîäíüîãî, Â. Âàñiëü¹âà, Ñ. Ïiñêàðüîâà òà áàãàòüîõ

ií. Ôóíäàìåíòàëüíi ðåçóëüòàòè ó öüîìó íàïðÿìêó âèêëàäåíî ó öiëié íèç-

öi ìîíîãðàôié, ñåðåä ÿêèõ [1, 2, 6 - 8, 16, 86] òà ií., à òàêîæ îãëÿäîâèõ

ñòàòòÿõ [89, 90]. Â ðîáîòi îòðèìàíî òàêi íîâi ðåçóëüòàòè:

Ðîçâ'ÿçàíî ïðîáëåìè Êîëìîãîðîâà i Õiëëå ïðî iñíóâàííÿ äëÿ äîâiëü-
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íî¨ ñèëüíî íåïåðåðâíî¨ ãðóïè (ïiâãðóïè) ó áàíàõîâîìó ïðîñòîði ùiëüíèõ â

íüîìó ìíîæèí, íà ÿêèõ öÿ ãðóïà (ïiâãðóïà) ìîæå áóòè çîáðàæåíà ó âèãëÿ-

äi ñòåïåíåâîãî ðÿäó àáî åêïîíåíöiàëüíî¨ ãðàíèöi âiä ¨¨ ãåíåðàòîðà. Òèì ñà-

ìèì áóëî çíàéäåíî ñïîñiá âiäíîâëåííÿ ãðóïè (ïiâãðóïè) áåçïîñåðåäíüî çà

¨¨ ãåíåðàòîðîì, à íå ôóíêöiÿìè âiä íüîãî, ùî óñêëàäíþâàëî ïðîöåñ âiäíîâ-

ëåííÿ. Îïèñàíî óñi ðîçâ'ÿçêè âñåðåäèíi íåñêií÷åííîãî iíòåðâàëó (îñi àáî

ïiâîñi) ïàðàáîëi÷íèõ òà åëiïòè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü ó áàíàõîâî-

ìó ïðîñòîði. Çîêðåìà, äåòàëüíî âèâ÷åíî ðîçâ'ÿçêè ÿê îäíîðiäíîãî, òàê i

íåîäíîðiäíîãî ïîëiãàðìîíi÷íîãî äèôåðåíöiàëüíî-îïåðàòîðíîãî ðiâíÿííÿ,

êîåôiöi¹íòîì ÿêîãî ¹ ïîçèòèâíèé îïåðàòîð. Äîñëiäæåíî ðîçâ'ÿçêè äèôå-

ðåíöiàëüíèõ ðiâíÿíü âèùèõ ïîðÿäêiâ ïåâíîãî âèãëÿäó íà âñié ÷èñëîâié îñi

é ïiâîñi, êîåôiöi¹íòàìè ÿêèõ ¹ ïîçèòèâíi îïåðàòîðè ó áàíàõîâîìó ïðîñòî-

ði. Äîâåäåíî ïðÿìi é îáåðíåíi òåîðåìè òåîði¨ íàáëèæåíü ðîçâ'ÿçêiâ äèôå-

ðåíöiàëüíîãî ðiâíÿííÿ ó ãiëüáåðòîâîìó ïðîñòîði éîãî öiëèìè ðîçâ'ÿçêàìè

åêñïîíåíöiàëüíîãî òèïó, ÿêi âñòàíîâëþþòü âçà¹ìíî îäíîçíà÷íó âiäïîâiä-

íiñòü ìiæ øâèäêiñòþ ïðÿìóâàííÿ äî íóëÿ íàéêðàùîãî íàáëèæåííÿ òà

ñòåïåíåì ãëàäêîñòi ðîçâ'ÿçêó i ç ÿêèõ, çîêðåìà, âèïëèâà¹ àíàëîã òåîðåìè

Äæåêñîíà ïðî àïðîêñèìàöiþ íåïåðåðâíî¨ ïåðiîäè÷íî¨ ôóíêöi¨ òðèãîíîìå-

òðè÷íèìè ïîëiíîìàìè. Îïèñàíî ñòðóêòóðó ðîçâ'ÿçêiâ çàäà÷i Äiðiõëå äëÿ

àáñòðàêòíîãî åëiïòè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ äðóãîãî ïîðÿäêó

íà ïiâîñi i çíàéäåíî óìîâè, çà ÿêèõ öÿ çàäà÷à ¹ êîðåêòíî ïîñòàâëåíîþ.

Äîñëiäæåíî îäíîðiäíó çàäà÷ó Íåéìàíà. Äîâåäåíî, ùî äëÿ ðîçâ'ÿçêiâ àá-

ñòðàêòíèõ åëiïòè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü íà ïiâîñi äi¹ àíàëîã ïðèí-

öèïó Ôðàãìåíà-Ëiíäåëüîôà.Äëÿ åëiïòè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ

íà ïiâîñi ó áàíàõîâîìó ïðîñòîði âñòàíîâëåíî êðèòåði¨ éîãî ðiâíîìiðíî¨ òà

ðiâíîìiðíî¨ åêñïîíåíöiàëüíî¨ ñòiéêîñòi. Çíàéäåíî òàêîæ óìîâè, çà ÿêèõ

ðiâíÿííÿ ¹ ðiâíîìiðíî, àëå íå ðiâíîìiðíî åêñïîíåíöiàëüíî ñòiéêèì. Îïè-
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ñàíî óñi àíàëiòè÷íi ðîçâ'ÿçêè íåîäíîðiäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ

n-ãî ïîðÿäêó ó áàíàõîâîìó ïðîñòîði íàä ïîëåì p-àäè÷íèõ ÷èñåë.
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