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Êîâàëüîâ I.Ì. "Iíäåôiíiòíà ïðîáëåìà ìîìåíòiâ Ñòiëò'¹ñà òà óçàãàëüíåíi ìàòðèöi

ßêîái". � Êâàëiôiêàöiéíà íàóêîâà ïðàöÿ íà ïðàâàõ ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ êàíäèäàòà ôiçèêî-ìàòåìàòè÷íèõ

íàóê (äîêòîðà ôiëîñîôi¨) çà ñïåöiàëüíiñòþ 01.01.01 ¾Ìàòåìàòè÷íèé àíàëiç¿. - Íà-

öiîíàëüíèé ïåäàãîãi÷íèé óíiâåðñèòåò iì.Ì.Ï. Äðàãîìàíîâà, Êè¨â, 2017.

Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ iíäåôiíiòíî¨ ïðîáëåìè ìîìåíòiâ

â óçàãàëüíåíîìó êëàñi Ñòiëò'¹ñà òà ïåðåòâîðåííþ Äàðáó óçàãàëüíåíèõ ìàòðèöü

ßêîái.

Êëàñè÷íó ïðîáëåìó ìîìåíòiâ Ñòiëüò'¹ñà áóëî âïåðøå ðîçãëÿíóòî i ðîçâ'ÿçàíî

Ò. Ñòiëò'¹ñîì ìåòîäîì íåïåðåðâíèõ äðîáiâ â ðîáîòi [82]. Iíøi ïiäõîäè äî ïðîáëåìè

ìîìåíòiâ áóëî ðîçâèíåíî â ðîáîòàõ Ï.Ë. ×åáèøîâà, À.À. Ìàðêîâà, Õ. Ãàìáóðãåðà,

Ð. Íåâàíëiííè, Ì.Ã. Êðåéíà, Í.I.Àõi¹çåðà, Þ.Ì. Áåðåçàíñüêîãî òà ií.

Îïåðàòîðíèé ïiäõiä äî ïðîáëåìè ìîìåíòiâ âïåðøå áóâ çàñòîñîâàíèé Ì.Ã. Êðåé-

íîì ó 1949 ðîöi. Öåé ìåòîä äîçâîëèâ ïî¹äíàòè òåîðiþ ïðåäñòàâëåíü ñèìåòðè÷íèõ

îïåðàòîðiâ òà ïðîáëåìó ìîìåíòiâ. Iíäåôiíiòíà ïðîáëåìà ìîìåíòiâ ñòà¹ àêòóàëü-

íîþ çàäà÷åþ ç 70-õ ðîêiâ ìèíóëîãî ñòîði÷÷ÿ. Â ðîáîòàõ Ì.Ã. Êðåéíà òà Õ.Ëàíãåðà

[69,71] áóëî ââåäåíî óçàãàëüíåíèé êëàñ Ñòiëò'¹ñà N+
κ (κ ∈ N) òà ðîçãëÿíóòî iíäå-

ôiíiòíó ïðîáëåìó ìîìåíòiâ Ñòiëò'¹ñà â êëàñi N+
κ , ÿê iíòåðïîëÿöiéíó ïðîáëåìó ìî-

ìåíòiâ. Â.Î. Äåðêà÷ â ðîáîòi [22] ðîçøèðèâ ïîíÿòòÿ óçàãàëüíåíîãî êëàñó Ñòiëò'¹ñà

òà ââiâ äî ðîçãëÿäó óçàãàëüíåíèé êëàñ ôóíêöié Ñòiëò'¹ñà Nk
κ (κ, k ∈ N). Â [22]

áóëî ðîçãëÿíóòî iíäåôiíiòíó ïðîáëåìó ìîìåíòiâ Ñòiëò'¹ñà â êëàñi Nk
κ. Äî öi¹¨

ïðîáëåìè áóëî çàñòîñîâàíî îïåðàòîðíèé ïiäõiä, îòðèìàíî ïîâíèé îïèñ ðîçâ'ÿçêiâ

öi¹¨ ïðîáëåìè, ÿê çà äîïîìîãîþ îïåðàòîðíîãî ïiäõîäó òà òàêîæ ÷åðåç ïîáóäîâó

óçàãàëüíåíîãî S � äðîáó, áåç âèêîðèñòàííÿ ïîêðîêîâîãî àëãîðèòìó Øóðà.

Iíøå ïèòàííÿ, ÿêå âèâ÷à¹òüñÿ â äèñåðòàöiéíîìó äîñëiäæåííi � öå ïåðåòâîðåííÿ

Äàðáó óçàãàëüíåíèõ ìàòðèöü ßêîái. Â.Á. Ìàòâ¹¹â òà Ì.À. Ñàëå [76] âïåðøå äîñëi-

äæóâàëè ïåðåòâîðåííÿ Äàðáó äî ñèñòåì ðiçíèöåâèõ ðiâíÿíü, ÿêi áóëè ïîâ'ÿçàíi ç

ëàíöþãàìè Òîäè. Â ðîáîòi Ì. Áóåíî òà Ô. Ìàðñåëàíî ó 2004 ðîöi [9], áóëî âïåðøå

äîñëiäæåíî ïåðåòâîðåííÿ Äàðáó äåÿêîãî êëàñó ìîíi÷íèõ ìàòðèöü ßêîái, ÿêi àñî-

öiéîâàíi äî êâàçi-äåôiíiòíîãî ôóíêöiîíàëó, òà îòðèìàíî óìîâè éîãî iñíóâàííÿ. Â

ðîáîòi [17] Ì.Äåðåâ'ÿãiíà òà Â.Î. Äåðêà÷à áóëî ââåäåíî ïîíÿòòÿ óçàãàëüíåíî¨ ìà-

òðèöi ßêîái òà îòðèìàíèé çâ'ÿçîê óçàãàëüíåíî¨ ìàòðèöi ç ïðîáëåìîþ ìîìåíòiâ. Ó

2011 ðîöi Ì. Äåðåâ'ÿãií òà Â.Î. Äåðêà÷ [19] áóëî ðîçãëÿíóòî ïåðåòâîðåííÿ Äàðáó
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äîâiëüíî¨ ìîíi÷íî¨ ìàòðèöi ßêîái òà îòðèìàíî óìîâè, ïðè ÿêèõ ìîíi÷íà ìàòðèöÿ

ßêîái ïåðåõîäèòü äî äåÿêî¨ óçàãàëüíåíî¨ ìàòðèöi ßêîái.

Äèñåðòàöiéíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ êîëà ïèòàíü, ïîâ'ÿçàíèõ ç ií-

äåôiíiòíîþ ïðîáëåìîþ ìîìåíòiâ Ñòiëò'¹ñà â óçàãàëüíåíèõ êëàñàõ Nk
κ, ðîçðîáêîþ

ïîêðîêîâîãî àëãîðèòìóØóðàNk
κ òà éîãî âèêîðèñòàííÿ äëÿ îïèñó ðîçâ'ÿçêiâ iíäå-

ôiíiòíî¨ ïðîáëåìè ìîìåíòiâ Ñòiëò'¹ñà ó âèãëÿäi óçàãàëüíåíîãî S � äðîáó, à òàêîæ

äîñëiäæåííþ âiäïîâiäíèõ óçàãàëüíåíèõ ìàòðèöü ßêîái i ¨õ ïåðåòâîðåíü Äàðáó.

Ó âñòóïi îáãðóíòîâàíî àêòóàëüíiñòü òåìè, ïîäàíî êîðîòêèé àíàëiç ñó÷àñíîãî

ñòàíó ïðîáëåìè, ñôîðìóëüîâàíî ìåòó òà çàâäàííÿ äîñëiäæåííÿ, íàóêîâó íîâèçíó,

ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ òà ïîäàíî âiäîìîñòi ïðî àïðîáàöiþ

ðåçóëüòàòiâ äèñåðòàöiéíîãî äîñëiäæåííÿ.

Ðîçäië 1 ïðèñâÿ÷åíî iñòîðè÷íîìó îãëÿäó ðîáiò, ÿêi ìàþòü âiäíîøåííÿ äî òåìè

äèñåðòàöiéíîãî äîñëiæäåííÿ. Çîêðåìà, íàãàäóþòüñÿ ïîíÿòòÿ S�äðîáîì Ñòiëò¹ñà

i P�äðîáó Êðîíåêåðà, ïîâ'ÿçàíèõ ç íèìè ñèñòåì ðiçíèöåâèõ ðiâíÿíü, ïîëiíîìiâ

Ëàíöîøà ïåðøîãî òà äðóãîãî ðîäó.

Ðîçäië 2 ïðèñâÿ÷åíî äîñëiäæåííþ çâ'ÿçêiâ ìiæ ïîñëiäîâíiñòþ äiéñíèõ ÷èñåë,

óçàãàëüíåíèì S�äðîáîì òà P�äðîáîì. Ââåäåíî íîâèé êëàñ óçàãàëüíåíèõ äðîáiâ

Ñòiëò'¹ñà. Êëàñ ïîñëiäîâíîñòåé äiéñíèõ ÷èñåë ïîçíà÷à¹òüñÿ H. Ðîçãëÿíóòî ïåðå-

òâîðåííÿ ðîçãîðòàííÿ äëÿ ÷èñëîâèõ ïîñëiäîâíîñòåé êëàñó H òà àñîöiéîâàíèõ ç

íèìè ôóíêöié. Çà äîïîìîãîþ ïåðåòâîðåííÿ ðîçãîðòàííÿ âñòàíîâëåíî, ùî êîæíà

ïîñëiäîâíiñòü äiéñíèõ ÷èñåë s âiäïîâiäà¹ äåÿêîìó óçàãàëüíåíîìó äðîáó Ñòiëò'¹ñà.

Ââåäåíî ïiäêëàñ ðåãóëÿðíèõ ïîñëiäîâíîñòåé Hreg êëàñó H, ÿêi õàðàêòåðèçóþòüñÿ

óìîâîþ, ùî ïîëiíîìè ïåðøîãî ðîäó Pi íå âèðîäæóþòüñÿ â òî÷öi 0. Äëÿ êëàñóHreg

ðåãóëÿðíèõ ïîñëiäîâíîñòåé s îòðèìàíî çâ'ÿçîê ìiæ âiäïîâiäíèìè Ð � äðîáîì òà

óçàãàëüíåíèì S � äðîáîì. Îòðèìàíî ñèñòåìó ðiçíèöåâèõ ðiâíÿíü, ÿêà âiäïîâiäà¹

óçàãàëüíåíîìó S � äðîáó.

Â ðîçäiëi 3 ðîçãëÿíóòî íåâèðîäæåíó çðiçàíó iíäåôiíiòíó ïðîáëåìó ìîìåíòiâ

Ñòiëò'¹ñà, ÿêà ïîâ'ÿçàíà ç äiéñíîþ ïîñëiäîâíiñòþ s ∈ H. Çíàéäåíî êðèòåðié

ðîçâ'ÿçíîñòi çðiçàíî¨ ïðîáëåìè ìîìåíòiâ Ñòiëò'¹ñà, ðîçðîáëåíî ïîêðîêîâèé àëãî-

ðèòì ðîçâ'ÿçêó öi¹¨ ïðîáëåìè, îòðèìàíî ïîâíèé îïèñ ¨¨ ðîçâ'ÿçêiâ. Ââåäåíî íîâèé

êëàñ óçàãàëüíåíèõ ïîëiíîìiâ Ñòiëò'¹ñà ïåðøîãî òà äðóãîãî ðîäó i â ¨õ òåðìiíàõ

çíàéäåíî ÿâíi ôîðìóëè äëÿ ðåçîëüâåíòíèõ ìàòðèöü çðiçàíî¨ iíäåôiíiòíî¨ ïðîáëå-

ìè Ñòiëò'¹ñà. Îòðèìàíî ôàêòîðèçàöiþ ðåçîëüâåíòíèõ ìàòðèöü çðiçàíî¨ iíäåôiíi-

òíî¨ ïðîáëåìè Ñòiëò'¹ñà.

Â ðîçäiëi 4 ðîçãëÿíóòî îïåðàòîðíèé ïiäõiä äî çðiçàíî¨ iíäåôiíiòíî¨ ïðîáëåìè
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Ñòiëò'¹ñà. Ïîêàçàíî, ùî êîæíà iíäåôiíiòíà ïðîáëåìà ìîìåíòiâ Ñòiëò'¹ñà âiäïî-

âiäà¹ äåÿêié óçàãàëüíåíié ìàòðèöi ßêîái, ùî ïîðîäæó¹ ñèìåòðè÷íèé îïåðàòîð

A[0,N ] ó ïðîñòîði Ïîíòðÿãiíà. Çíàéäåíî ãðàíè÷íi òðiéêè äëÿ ñïðÿæåíîãî ëiíiéíî-

ãî âiäíîøåííÿ A
[∗]
[0,N ], âiäïîâiäíi ôóíêöiþ Âåéëÿ i u-ðåçîëüâåíòíó ìàòðèöþ Ì.Ã.

Êðåéíà. Ïîêàçàíî, ùî u-ðåçîëüâåíòíi ìàòðèöi äëÿ îïåðàòîðà A[0,N ] ñïiâïàäàþòü

ç ðåçîëüâåíòíèìè ìàòðèöÿìè çðiçàíî¨ iíäåôiíiòíî¨ ïðîáëåìè Ñòiëò'¹ñà. Çíàéäåíî

êðèòåðié íåâèçíà÷åíîñòi ïîâíî¨ ïðîáëåìè ìîìåíòiâ Ñòiëò'¹ñà i îòðèìàíî îïèñ ¨¨

ðîçâ'ÿçêiâ.

Â ðîçäiëi 5 äèñåðòàöi¨ ðîçãëÿíóòî ïåðåòâîðåííÿ Äàðáó óçàãàëüíåíèõ ìàòðèöü

ßêîái. Îòðèìàíî êðèòåðié iñíóâàííÿ ïåðåòâîðåííÿ Äàðáó, çíàéäåíî ÿâíi ôîðìóëè

ôàêòîðèçàöi¨ óçàãàëüíåíî¨ ìàòðèöi ßêîái òà âèãëÿä ìàòðèöü ßêîái, ÿêi îòðèìà-

íî ïðè ïåðåòâîðåííi Äàðáó. Äîñëiäæåíî ïåðåòâîðåííÿ ëiíiéíîãî ôóíêöiîíàëà S,

ôóíêöi¨ Âåéëÿ òà ïîëiíîìiâ ïåðøîãî òà äðóãîãî ðîäó, ùî âiäïîâiäàþòü óçàãàëü-

íåíié ìàòðèöi ßêîái ïðè ïåðåòâîðåííi Äàðáó. Àíàëîãi÷íi ðåçóëüòàòè îòðèìàíî

òàêîæ äëÿ ïåðåòâîðåííÿ Äàðáó ç ïàðàìåòðîì óçàãàëüíåíèõ ìàòðèöü ßêîái.

Êëþ÷îâi ñëîâà: iíäåôiíiòíà ïðîáëåìà ìîìåíòiâ Ñòiëò'¹ñà, m � ôóíêöiÿ , S�

äðiá, óçàãàëüíåíà ìàòðèöÿ ßêîái, ïåðåòâîðåííÿ Äàðáó, ïîëiíîìè ïåðøîãî òà äðó-

ãîãî ðîäó.
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ANNOTATION

Kovalyov I.M. "Inde�nite Stieltjes moment problem and generalized Jacobi matri-

ces". � Manuscript.

Thesis of the dissertation for obtaining of the degree of candidate of sciences

in physics and mathematics, speciality 01.01.01 � mathematical analysis. National

Pedagogical Dragomanov University, Kyiv, 2017.

The dissertation is devoted to the study of the inde�nite problem of moments in

the generalized Stieltjes class and the Darboux transformation of generalized Jacobi

matrices.

The classic Stieltjes moment problem was �rst considered by T. Stieltjes in [82].

Other approaches to the problem of the moment problen were developed in the papers

of P.L. Chebishova, A.A. Markov, H. Hamburger, R. Nevanlinna, M.G. Kerina, N.I.
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Akhiesera, Yu.M. Berezansky and others.

The operator approach to the moment problem was �rst applied by M.G. Krein

in 1949. This method allowed combining the theory of representations of symmetric

operators and the problem of moments. The inde�nite moment problem becomes

an actual task since the 70s of the last century. In the papers of M.G. Kerin and

X.Langer [69, 71], a generalized Stieltjes class N+
κ κ ∈ N was introduced and the

inde�nite Stieltjes moment problem in the N+
κ class is considered, as an interpolati-

on problem of moments. V. Derkach in his paper [22] extended the concept of the

generalized Stieltjes class and introduced a generalized class of Stieltjes functions Nk
κ

(κ, k ∈ N). In [22] was considered the inde�nite Stieltjes moment problem in the class

Nk
κ. The operator approach was applied to this problem, a complete description of the

solutions of this problem was obtained, both by means of the operator approach and

also by constructing a generalized S - fraction, without the use of a step-by-step Schur

algorithm.

Another issue that is studied in the dissertation is the Darboux transformation

of generalized Jacobi matrices. V.B. Matveev and M.A. Sale [76] �rst investigated

the Darboux transformation to the systems of di�erence equations that were associ-

ated with the Toda chains. M. Bueno and F. Marcelano in 2004 [9] the Darboux

transformation of some class monec Jacobi matrices was study, which are associated

with a quasi-de�nite functional and the conditions for its existence were obtained.

In [17] M. Derevyagina and V. Derkach introduced the notion of a generalized Jacobi

matrix and obtained the connection of a generalized matrix with the moment problem.

In 2011 M. Derevyagin and V. Derkach [19] examined the Darboux transformation

to arbitrary Jacobi matrix and obtained the conditions,such that the monic Jacobi

matrix transforms to generalized Jacobi matrix.

Dissertation work is devoted to research of some questions, related to description

of solution of truncated and full inde�nite Stieltjes moment problem in generalized

class Nk
κ , developed step-by-step Schur algorithm and its use to describe the set of

solutions of the inde�nite Stieltjes moment problem in terms of the generalized S?

fraction, application of the operator approach to inde�nite Stieltjes and �nding the

description the set of solutions of this problem moment problem, study the Darboux

transformation of generalized Jacobi matrices and obtaining the criterion for its exi-

stence, �nding the connection between polynomials of the �rst and second kind by the

Darboux transformation of the generalized Jacobi matrix.

The introduction substantiates the relevance of the topic, provides a brief analysis
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of the current state of the problem, formulates the purpose and tasks of the research,

scienti�c novelty, practical signi�cance of the results obtained and provides informati-

on about the approbation of the results of the dissertation research.

Section 1 is devoted to the historical review of papers related to the topic of di-

ssertation research. In particular, we recall the notion of the Stieltjes S� fraction and

the Kronecker P -fraction, the systems of di�erence equations connected with them,

and the �rst and second-order Lancos polynomials.

Section 2 is devoted to the study of the connections between a sequence of real

numbers, generalized by the S -fraction and P -fraction. A new class of generalized

Stieltjes fractions was introduced. The class of sequences of real numbers is denoted

by H. The transformation of deployment for numerical sequences of the class H and

associated functions with them is considered. With the deployment transformation, it

is established that each sequence of real numbers s corresponds to a certain generalized

Stieltjes fraction. A subclass of regular sequences Hreg of the class H is introduced,

which are characterized by the condition that polynomials of the �rst kind Pi does not

degenerate at the point 0. The relation between the corresponding P-fractions and the

generalized S-fraction is obtained for the class Hreg of regular sequences s. A system

of di�erence equations is obtained that corresponds to a generalized S - fraction.

In Section 3, we consider the nondegenerate truncated inde�nite Stieltjes moment

problem, which is related to the real sequence s ∈ H. The solvability criterion of the

truncated inde�nite Stieltjes moment problem was found; a step-by-step algorithm

for solving this problem was developed, a complete description of its solutions was

obtained. A new class of generalized Stieltjes polynomials of the �rst and the second

kind ware introduced, and explicit formulas for resolvent matrices of cut o� inde�nite

Stilteys problem were found in their terms. The factorization of resolvent matrices of

truncated inde�nite Stieltjes moment problem is obtained.

In Section 4 we consider the operator approach to the truncated inde�nite Sti-

eltjes moment problem. It is shown that each inde�nite Stieltjes moment problem

corresponds to some generalized Jacobi matrix, such that generates a symmetric

operator A[0,N ] in Pontryagin space. Boundary triples are found for the adjoint li-

near relation A
[∗]
[0,N ], the corresponding Weyl function and the u - resolvent matrix.

It is shown that the u -resolvent matrix of the operator A[0,N ] coincide with the

resolvent matrices of the truncated inde�nite Stieltjes moment problem. The criterion

of uncertainty of the full inde�nite Stieltjes moment problem is found and a description

of its solutions is obtained.
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Section 5 of the dissertation deals with the Darboux transformation of generalized

Jacobi matrices. The criterion for the existence of the Darboux transformation is

obtained, explicit formulas for the factorization of the generalized Jacobi matrix and

the Darboux transformation are found. The transformation of the linear function S,

the Weyl function, and the polynomials of the �rst and second kind corresponding to

the generalized Jacobi matrix with its Darboux transformation is investigated. Similar

results are also obtained for the Darboux transform with the generalized Jacobi matrix

parameter.

Keywords: inde�nite Stieltjes moment problem,m � function, S � fraction, generali-

zed Jacobi matrices, Darboux transformation, polynomials of the �rst and the second

kind.
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Óìîâíi ïîçíà÷åííÿ

R � ïîëå äiéñíèõ ÷èñåë.

C � ïîëå êîìïëåêñíèõ ÷èñåë.

C+ (C−) � âåðõíÿ (íèæíÿ) íàïiâïëîùèíà â C.
N � ìíîæèíà íàòóðàëüíèõ ÷èñåë.

Z � ìíîæèíà öiëèõ ÷èñåë.

Z+ � íåâiä'¹ìíi öiëi ÷èñëà.

J � íåñêií÷åííà ìàòðèöÿ ßêîái.

J[0,j] � çðiçàíà ìàòðèöÿ ßêîái.

detA � âèçíà÷íèê ìàòðèöi.

domA � îáëàñòü âèçíà÷åííÿ îïåðàòîðà A.

ranA � îáëàñòü çíà÷åíü îïåðàòîðà A.

m[0,j](z) � m− ôóíêöiÿ ìàòðèöi J[0,j].

N � êëàñ ôóíêöié Íåâàíëiííè.

Nκ � óçàãàëüíåíèé êëàñ ôóíêöié Íåâàíëiííè.

S � êëàñ ôóíêöié Ñòiëò'¹ñà.

Nk
κ � óçàãàëüíåíèé êëàñ Ñòiëò'¹ñà.

Rez � äiéñíà ÷àñòèíà ÷èñëà z ∈ C.
Imz � óÿâíà ÷àñòèíà ÷èñëà z ∈ C.
spanP � ëiíiéíà îáîëîíêà ìíîæèíè P .
(·, ·), (·, ·)H � ñêàëÿðíèé äîáóòîê (ó ïðîñòîði H).

[·, ·] � iíäåôiíiòíèé ñêàëÿðíèé äîáóòîê.
A[∗] � ëiíiéíå âiäíîøåííÿ îïåðàòîðà A.

hf � ìíîæèíà òî÷îê ãîëîìîðôíîñòi ôóíêöi¨ f .
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Âñòóï

Àêòóàëüíiñòü òåìè. Äèñåðòàöiÿ ïðèñâÿ÷åíà äîñëiäæåííþ iíäåôiíiòíî¨ ïðîáëå-

ìè ìîìåíòiâ â óçàãàëüíåíîìó êëàñi Ñòiëò'¹ñà. Êëàñè÷íà ïðîáëåìà ìîìåíòiâ Ñòiëü-

ò'¹ñà áóëà âïåðøå ðîçãëÿíóòà Ò. Ñòiëò'¹ñîì â ðîáîòi [82] òà ñôîðìóëüîâàíà íàñòó-

ïíèì ÷èíîì:

Çà ïîñëiäîâíiñòþ äiéñíèõ ÷èñåë {si}∞i=0 âiäíîâèòè íåâiä'¹ìíó áîðåë¹âñüêó ìiðó

dσ: ∫ ∞

0

tidσ(t) = si, i ∈ Z+ = N ∪ {0}.

Êëàñè÷íà ïðîáëåìà Ñòiëò'¹ñà òàêîæ ðîçãëÿäàëàñü â òåðìiíàõ íåïåðåðâíèõ äðî-

áiâ (äèâ. [52�54,82]).

Iíäåôiíiòíà ïðîáëåìà ìîìåíòiâ â óçàãàëüíåíèõ êëàñàõ Ñòiëò'¹ñà ¹ àêòóàëüíîþ

çàäà÷åþ ç 70-õ ðîêiâ ìèíóëîãî ñòîði÷÷ÿ. Â ðîáîòi Ì.Ã. Êðåéíà òà Õ.Ëàíãåðà [69,71]

áóëî ðîçãëÿíóòî iíäåôiíiòíó ïðîáëåìó ìîìåíòiâ Ñòiëò'¹ñà â êëàñi N+
κ , ÿê iíòåð-

ïîëÿöiéíó ïðîáëåìó. Îòðèìàíî ïîâíèé îïèñ ðîçâ'ÿçêiâ öi¹¨ ïðîáëåìè â òåðìiíàõ

íåïåðåðâíîãî S � äðîáó.

Çàñòîñóâàííÿ îïåðàòîðíîãî ïiäõîäó äî ïðîáëåìè ìîìåíòiâ áóëî çðîáëåíî Ì.Ã.

Êðåéíîì [64], ùî äàëî çìîãó îòðèìàòè íîâi ðåçóëüòàòè òà ïîâ'ÿçàòè òåîðiþ ïðåä-

ñòàâëåíü ñèìåòðè÷íèõ îïåðàòîðiâ ç ïðîáëåìîþ ìîìåíòiâ. Îïåðàòîðíèé ïiäõiä äî

iíäåôiíiòíî¨ ïðîáëåìè Ñòiëò'¹ñà ó êëàñi Nk
κ áóâ ðîçãëÿíóòèé â ðîáîòi Â.Î. Äåð-

êà÷à [22]. Áóâ îòðèìàíèé ïîâíèé îïèñ ðîçâ'ÿçêiâ ïðîáëåìè çà äîïîìîãîþ öüîãî

ïiäõîäó äî öi¹¨ ïðîáëåìè i çíàéäåíî âèãëÿä âiäïîâiäíîãî óçàãàëüíåíîãî S � äðîáó,

íå âèêîðèñòîâóþ÷è ïîêðîêîâèé àëãîðèòì Øóðà.

Â ðîáîòàõ [13, 14, 17] áóëî ðîçðîáëåíî ïîêðîêîâèé àëãîðèòì ðîçâ'ÿçêó iíäåôi-

íiòíî¨ ïðîáëåìè Ãàìáóðãåðà, ùî ïðèðîäíî ïðèâåëî äî ââåäåííÿ íîâîãî ïîíÿòòÿ

óçàãàëüíåíî¨ ìàòðèöi ßêîái [17]. Àëå äëÿ iíäåôiíiòíî¨ ïðîáëåìè ìîìåíòiâ Ñòië-

ò'¹ñà ïîêðîêîâèé ïðîöåñ ¨¨ ðîçâ'ÿçêó íå áóëî ðîçãëÿíóòî.

Iíøà ïðîáëåìà, ÿêà âèâ÷àëàñÿ � öå ïåðåòâîðåííÿ Äàðáó óçàãàëüíåíèõ ìàòðèöü

ßêîái. Ïåðåòâîðåííÿ Äàðáó ñèñòåìè ðiçíèöåâèõ ðiâíÿíü áóëî ââåäåíî Â.Á.Ìàòâ¹¹âèì

òà Ì.À. Ñàëëå [76], ó çâ'ÿçêó ç äîñëiäæåííÿì ëàíöþãiâ Òîäè. Âïåðøå, ïåðåòâîðå-

ííÿ Äàðáó äî ìîíi÷íèõ ìàòðèöü ßêîái áóëî âèçíà÷åíî â ðîáîòi Ì. Áóåíî òà Ô.

Ìàðñåëàíî ó 2004 ðîöi [9], ïðè äîäàòêîâèõ óìîâàõ

Pn(0) ̸= 0, n ∈ N, (0.1)

äå Pn ¹ îðòîãîíàëüíi ïîëiíîìè ïåðøîãî ðîäó, ÿêi âiäïîâiäàþòü ìîíi÷íié ìàòðèöi
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ßêîái.

Ó 2011 ðîöi â ðîáîòi Ì. Äåðåâ'ÿãiíà òà Â.Î. Äåðêà÷à [17], áóëî ââåäåíî ïå-

ðåòâîðåííÿ Äàðáó äîâiëüíî¨ ìîíi÷íî¨ ìàòðèöi ßêîái òà ïîêàçàíî, ùî ó âèïàäêó,

ÿêùî íå âèêîíó¹òüñÿ óìîâà (0.1), âiäïîâiäíå ïåðåòâîðåííÿ Äàðáó ¹ óçàãàëüíåíîþ

ìàòðèöåþ ßêîái.

Ó çâ'ÿçêó ç öèì, ïðèðîäíî âèïëèâà¹ çàäà÷à äîñëiäæåííÿ ïåðåòâîðåííÿ Äàðáó

óçàãàëüíåíèõ ìàòðèöü ßêîái.

Çâ'ÿçîê ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè. Îñíîâíi íàóêîâi

ðåçóëüòàòè, âèêëàäåíi ó äèñåðòàöi¨, îòðèìàíî ïðè âèêîíàííi íàóêîâî- äîñëiäíè-

öüêèõ ðîáiò "Ãàðìîíi÷íèé òà ñïåêòðàëüíèé àíàëiç ôóíêöié i îïåðàòîðiâ, ðiâíÿííÿ

çãîðòêè òà íàáëèæåííÿ ôóíêöié"(íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0112U002701), "Ìå-

òðè÷íi ïðîñòîðè, ãàðìîíi÷íèé àíàëiç ôóíêöié i îïåðàòîðiâ, ñèíãóëÿðíi òà íåêëàñè-

÷íi çàäà÷i äëÿ äèôåðåíöiàëüíèõ ðiâíÿíü"(íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0115U000136),

ùî âèêîíóâàëèñü âiäïîâiäíî äî ïëàíó ðîáîòè Äîíåöüêîãî íàöiîíàëüíîãî óíiâåð-

ñèòåòó; "Ñïåêòðàëüíi ïðîáëåìè òåîði¨ äèôåðåíöiàëüíèõ i ðiçíèöåâèõ îïåðàòî-

ðiâ"(íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0115U000556), ùî âèêîíóâàëàñü âiäïîâiäíî äî

ïëàíó ðîáîòè Íàöiîíàëüíîãî ïåäàãîãi÷íîãî óíiâåðñèòåòó iìåíi Ì.Ï. Äðàãîìàíî-

âà.

Ìåòà i çàäà÷i äîñëiäæåííÿ.

(1) Âñòàíîâèòè, ùî êîæíà ïîñëiäîâíiñòü äiéñíèõ ÷èñåë s âiäïîâiäà¹ äåÿêîìó óçà-

ãàëüíåíîìó äðîáó Ñòiëò'¹ñà. Îòðèìàòè ñèñòåìó ðiçíèöåâèõ ðiâíÿíü, ÿêà âiä-

ïîâiäà¹ óçàãàëüíåíîìó äðîáó Ñòiëò'¹ñà;

(2) Ðîçãëÿíóòè íåâèðîäæåíó iíäåôiíiòíó ïðîáëåìó ìîìåíòiâ Ñòiëò'¹ñà. Çíàéòè

êðèòåðié ¨¨ ðîçâ'ÿçíîñòi, ðîçðîáèòè ïîêðîêîâèé àëãîðèòì ðîçâ'ÿçêó öi¹¨ ïðî-

áëåìè. Îòðèìàòè ïîâíèé îïèñ ðîçâ'ÿçêiâ çðiçàíî¨ iíäåôiíiòíî¨ ïðîáëåìè Ñòië-

ò'¹ñà, çíàéòè ÿâíi ôîðìóëè ìàòðèöü ðîçâ'ÿçêiâ òà ¨õ ôàêòîðèçàöiþ;

(3) Ðîçãëÿíóòè îïåðàòîðíèé ïiäõiä äî çðiçàíî¨ iíäåôiíiòíî¨ ïðîáëåìè Ñòiëò'¹-

ñà. Îòðèìàòè êðèòåðié íåâèçíà÷åíîñòi ïîâíî¨ ïðîáëåìè Ñòiëò'¹ñà òà çíàéòè

ïîâíèé îïèñ ðîçâ'ÿçêiâ öi¹¨ ïðîáëåìè;

(4) Äëÿ óçàãàëüíåíèõ ìàòðèöü ßêîái ââåñòè ïîíÿòòÿ ïåðåòâîðåííÿ Äàðáó ç ïàðà-

ìåòðîì òà áåç ïàðàìåòðà. Îòðèìàòè êðèòåði¨ iñíóâàííÿ ïåðåòâîðåííÿ Äàðáó,

ÿâíi ôîðìóëè ôàêòîðèçàöi¨ óçàãàëüíåíî¨ ìàòðèöi ßêîái òà âèãëÿä ìàòðèöü

ßêîái, ÿêi îòðèìàíî ïðè ïåðåòâîðåííi Äàðáó. Äîñëiäèòè ïåðåòâîðåííÿ m �
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ôóíêöi¨,ïåðåòâîðåííÿ ïîëiíîìiâ ïåðøîãî òà äðóãîãî ðîäó, ùî âiäïîâiäàþòü

óçàãàëüíåíié ìàòðèöi ßêîái ïðè ïåðåòâîðåííi Äàðáó.

Îá'¹êò äîñëiäæåííÿ. Îá'¹êòîì äîñëiäæåííÿ ¹ iíäåôiíiòíà ïðîáëåìà ìîìåíòiâ

Ñòiëò'¹ñà òà óçàãàëüíåíi ìàòðèöi ßêîái.

Ïðåäìåò äîñëiäæåííÿ. Ïðåäìåòîì äîñëiäæåííÿ ¹ ïîêðîêîâèé àëãîðèòì Øóðà

â óçàãàëüíåíîìó êëàñi Ñòiëò'¹ñà, iíäåôiíiòíà ïðîáëåìà ìîìåíòiâ Ñòiëò'¹ñà, ïåðå-

òâîðåííÿ Äàðáó óçàãàëüíåíèõ ìàòðèöü ßêîái.

Ìåòîäè äîñëiäæåííÿ. Ó äèñåðòàöi¨ âèêîðèñòîâó¹òüñÿ i ðîçâèâà¹òüñÿ ïîêðîêî-

âèé àëãîðèòì Øóðà, ìåòîä ãðàíè÷íèõ òðiéîê â òåîði¨ ðîçøèðåíü ñèìåòðè÷íèõ

îïåðàòîðiâ ó ïðîñòîði Ïîíòðÿãiíà, ìåòîäè òåîði¨ ìàòðèöü.

Íàóêîâà íîâèçíà îòðèìàíèõ ðåçóëüòàòiâ. Ó äèñåðòàöi¨ îòðèìàíi òàêi íîâi

ðåçóëüòàòè:

(1) Ââåäåíî íîâèé êëàñ ðåãóëÿðíèõ ïîñëiäîâíîñòåé òà íîâèé êëàñ óçàãàëüíåíèõ

äðîáiâ Ñòiëò'¹ñà. Ïîêàçàíî, ùî êîæíà ïîñëiäîâíiñòü äiéñíèõ ÷èñåë s âiäïî-

âiäà¹ äåÿêîìó óçàãàëüíåíîìó äðîáó Ñòiëò'¹ñà. Äëÿ ðåãóëÿðíîãî ïiäêëàñó ïî-

ñëiäîâíîñòåé s îòðèìàíî çâ'ÿçîê ìiæ Ð � äðîáîì òà óçàãàëüíåíèì S � äðî-

áîì. Îòðèìàíî ñèñòåìó ðiçíèöåâèõ ðiâíÿíü, ÿêà âiäïîâiäà¹ óçàãàëüíåíîìó S

� äðîáó;

(2) Ðîçãëÿíóòî íå âèðîäæåíó çðiçàíó iíäåôiíiòíó ïðîáëåìó ìîìåíòiâ Ñòiëò'¹ñà.

Çíàéäåíî êðèòåðié ¨¨ ðîçâ'ÿçàíîñòi, ðîçðîáëåíî ïîêðîêîâèé àëãîðèòì Øóðà

äî öi¹¨ ïðîáëåìè. Ââåäåíî íîâèé êëàñ óçàãàëüíåíèõ ïîëiíîìiâ Ñòiëò'¹ñà ïåð-

øîãî òà äðóãîãî ðîäó. Îòðèìàíî ïîâíèé îïèñ ðîçâ'ÿçêiâ çðiçàíî¨ iíäåôiíiòíî¨

ïðîáëåìè Ñòiëò'¹ñà, ÿâíi ôîðìóëè ìàòðèöü ðîçâ'ÿçêiâ òà ¨õ ôàêòîðèçàöiþ;

(3) Çàñòîñîâàíî îïåðàòîðíèé ïiäõiä äî çðiçàíî¨ iíäåôiíiòíî¨ ïðîáëåìè Ñòiëò'¹-

ñà. Ïîáóäîâàíî ñèìåòðè÷íèé îïåðàòîð ó ïðîñòîði Ïîíòðÿãiíà, ÿêié âiäïîâiäà¹

iíäåôiíiòíié ïðîáëåìi Ñòiëò'¹ñà. Äî öüîãî îïåðàòîðà çàñòîñîâàíî ìåòîä ãðà-

íè÷íèõ îïåðàòîðiâ òà îòðèìàíî ÿâíi ôîðìóëè ðåçîëüâåíòíèõ ìàòðèöü, ÿêi

âiäïîâiäàþòü òåîði¨ ïðåäñòàâëåííÿ Ì.Ã. Êðåéíà. Çíàéäåíî êðèòåðié íåâèçíà-

÷åíîñòi ïîâíî¨ ïðîáëåìè Ñòiëò'¹ñà òà çíàéäåíî ïîâíèé îïèñ ðîçâ'ÿçêiâ öi¹¨

ïðîáëåìè;

(4) Äî óçàãàëüíåíèõ ìàòðèöü ßêîái ðîçãëÿíóòî ïåðåòâîðåííÿ Äàðáó ç ïàðàìå-

òðîì òà áåç. Îòðèìàíî êðèòåði¨ iñíóâàííÿ ïåðåòâîðåííÿ Äàðáó, ÿâíi ôîðìó-

ëè ôàêòîðèçàöi¨ óçàãàëüíåíî¨ ìàòðèöi ßêîái òà âèãëÿä ìàòðèöü ßêîái, ÿêi
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îòðèìàíî ïðè ïåðåòâîðåííi Äàðáó. Äîñëiäæåíî ïåðåòâîðåííÿ m− ôóíêöi¨,

ùî âiäïîâiäàþòü ìàòðèöi ßêîái ïðè ïåðåòâîðåííi Äàðáó. Ðîçãëÿíóòî ïåðå-

òâîðåííÿ ïîëiíîìiâ ïåðøîãî òà äðóãîãî ðîäó, ÿêi âiäïîâiäàþòü óçàãàëüíåíèì

ìàòðèöÿì ßêîái.

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè äèñåðòàöi¨ ìà-

þòü òåîðåòè÷íèé õàðàêòåð. Âîíè ìîæóòü áóòè çàñòîñîâàíi ïðè äîñëiäæåííi iíøèõ

òèïiâ iíäåôiíiòíèõ ïðîáëåì òà óçàãàëüíåíèõ ìàòðèöü ßêîái. Ìàòåðiàëè äèñåðòà-

öi¨ ìîæóòü áóòè âèêîðèñòàíi ó íàâ÷àëüíîìó ïðîöåñi - ïðè âèêëàäàííi ñïåöiàëüíèõ

êóðñiâ ïî ìàòåìàòè÷íîìó àíàëiçó.

Îñîáèñòèé âíåñîê çäîáóâà÷à Âèçíà÷åííÿ íàïðÿìêó òà ïëàíó äîñëiäæåíü,

ïîñòàíîâêà çàäà÷ òà ôîðìóëþâàííÿ îñíîâíèõ ãiïîòåç íàëåæèòü íàóêîâîìó êåðiâ-

íèêó Â.Î. Äåðêà÷ó. Âñi ïðåäñòàâëåíi â äèñåðòàöi¨ ðåçóëüòàòè îòðèìàíî àâòîðîì

îñîáèñòî.

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Ðåçóëüòàòè äèñåðòàöi¨ äîïîâiäàëèñü íà

êîíôåðåíöiÿõ:

(1) Ñó÷àñíi ïðîáëåìè òåîði¨ éìîâiðíîñòåé òà ìàòåìàòè÷íîãî àíàëiçó, 25 ëþòîãî

� 1 áåðåçíÿ 2015, Âîðîõòà, Óêðà¨íà;

(2) Ìiæíàðîäíà êîíôåðåíöiÿ � International conference of young mathematicians,

3-6 ÷åðâíÿ 2015, Êè¨â, Óêðà¨íà;

(3) Ìiæíàðîäíà êîíôåðåíöiÿ � Ñiìíàäöÿòà ìiæíàðîäíà íàóêîâà êîíôåðåíöiÿ

iìåíi àêàäåìiêà Ìèõàéëà Êðàâ÷óêà, 19-20 òðàâíÿ 2016, Êè¨â, Óêðà¨íà;

(4) Ñó÷àñíi ïðîáëåìè òåîði¨ éìîâiðíîñòåé òà ìàòåìàòè÷íîãî àíàëiçó, 22-25 ëþ-

òîãî 2017, Âîðîõòà, Óêðà¨íà;

(5) Ìiæíàðîäíà êîíôåðåíöiÿ � International Conference of Young Mathematicians

dedicated to the 100th Anniversary of Academician of National Academy of Sci-

ences of Ukraine, Professor Yu. O. Mitropolskiy (1917�2008), 7-10 ÷åðâíÿ 2017,

Êè¨â, Óêðà¨íà.

(6) Ìiæíàðîäíà êîíôåðåíöiÿ�the International Conference in Functional Analysis

dedicated to the 125th anniversary of Stefan Banach, 18�23 âåðåñíÿ 2017, Ëüâiâ,

Óêðà¨íà.

(7) Ìiæíàðîäíà êîíôåðåíöiÿ�Asymptotic analysis and spectral theory (Aspect17),

25�29 âåðåñíÿ 2017, Òðið, Íiìå÷÷èíà.
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Ðåçóëüòàòè äèñåðòàöi¨ äîïîâiäàëèñü íà ñåìiíàðàõ:

(1) Äîíåöüêèé íàöiîíàëüíèé óíiâåðñèòåò, ñåìiíàð êàôåäðè ìàòåìàòè÷íîãî àíà-

ëiçó òà äèôåðåíöiàëüíèõ ðiâíÿíü, êåðiâíèê ä.ô.-ì.í. ïðîôåñîð Â.Î. Äåðêà÷,

2014;

(2) Íàöiîíàëüíèé ïåäàãîãi÷íèé óíiâåðñèòåò iìåíi Ì.Ï. Äðàãîìàíîâà, ñåìiíàð êà-

ôåäðè ìàòåìàòè÷íîãî àíàëiçó òà äèôåðåíöiàëüíèõ ðiâíÿíü, êåðiâíèê ä.ô.-

ì.í. ïðîôåñîð Ã.Ì. Òîðáií, 2017;

(3) Iíñòèòóò ìàòåìàòèêè ÍÀÍ Óêðà¨íè, Êè¨âñüêèé ñåìiíàð ç ôóíêöiîíàëüíîãî

àíàëiçó, êåðiâíèêè: àêàäåìiê ÍÀÍ Óêðà¨íè ïðîôåñîð Þ.Ì. Áåðåçàíñüêèé,

÷ëåí - êîðåñïîíäåíò ÍÀÍÓêðà¨íè ïðîôåñîð À.Í. Êî÷óáåé, ÷ëåí-êîðåñïîíäåíò

ÍÀÍ Óêðà¨íè ïðîôåñîð Þ.Ñ. Ñàìîéëåíêî, 2017;

(4) Òåõíi÷íèé óíiâåðñèòåò Iëüìåíàó, Iëüìåíàó (Íiìå÷÷èíà), êåðiâíèê ïðîôåñîð

Êàðñòåí Òðóíê, 2017;

(5) Iíñòèòóò ïðèêëàäíèõ ïðîáëåì ìåõàíiêè i ìàòåìàòèêè iì. ß.Ñ. Ïiäñòðèãà÷à

Íàöiîíàëüíî¨ àêàäåìi¨ íàóê Óêðà¨íè, êåðiâíèêè: ïðîô. Ä.I. Áîäíàð, ä. ô.-ì.

í. Õ.É. Êó÷ìiíñüêà, 2017.

Ïóáëiêàöi¨ Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ îïóáëiêîâàíi ó 6 ñòàòòÿõ [27], [28],

[29], [59], [60], [61] òà ó 7 òåçàõ äîïîâiäåé íà êîíôåðåíöiÿõ.

Ñòðóêòóðà i îá'¹ì ðîáîòè. Äèñåðòàöiÿ ñêëàäà¹òüñÿ çi âñòóïó, 5 ðîçäiëiâ, ùî

ïîäðiáíåíi íà ïiäðîçäiëè, âèñíîâêiâ òà ñïèñêó ëiòåðàòóðè, ùî ìiñòèòü 89 íàéìå-

íóâàíü. Îáñÿã ðîáîòè ñêëàäà¹ 147 ñòîðiíîê.

Îñíîâíèé çìiñò äèñåðòàöi¨. Äèñåðòàöiÿ ïðèñâÿ÷åíà äîñëiäæåííþ ïðîáëåìè

ìîìåíòiâ â óçàãàëüíåíèõ êëàñàõ Ñòiëò'¹ñà òà ïåðåòâîðåííþ Äàðáó óçàãàëüíåíèõ

ìàòðèöü ßêîái.

Äî ðîçâ'ÿçàííÿ çðiçàíî¨ iíäåôiíiòíî¨ ïðîáëåìè ìîìåíòiâ Ñòiëò'¹ñà áóëî ðîç-

ðîáëåíî ïîêðîêîâèé àëãîðèòì Øóðà, çàâäÿêè ÿêîìó óñi ðîçâ'ÿçêè äàíî¨ çàäà÷i

ìàþòü ïðåäñòàâëåííÿ ÷åðåç óçàãàëüíåíèé S−äðiá. Áóëî ââåäåíî òà çíàéäåíî ÿâíi
ôîðìóëè çíàõîäæåííÿ çà äàíèìè çàäà÷i óçàãàëüíåíèõ ïîëiíîìiâ Ñòiëò'¹ñà ïåðøî-

ãî òà äðóãîãî ðîäó. Îòðèìàíî ïîâíèé îïèñ ìíîæèíè ðîçâ'ÿçêiâ çðiçàíî¨ iíäåôiíi-

òíî¨ ïðîáëåìè Ñòiëò'¹ñà ÷åðåç óçàãàëüíåíi ïîëiíîìè Ñòiëò'¹ñà ïåðøîãî òà äðóãîãî

ðîäó. Äëÿ öi¹¨ çàäà÷i áóëî òàêîæ îòðèìàíî ÿâíó ôîðìóëó ðåçîëüâåíòíî¨ ìàòðèöi

òà ¨¨ ôàêòîðèçàöi¨.
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Äî çðiçàíî¨ iíäåôiíiòíî¨ ïðîáëåìè ìîìåíòiâ Ñòiëò'¹ñà áóëî çàñòîñîâàíî îïå-

ðàòîðíèé ïiäõiä, çà äîïîìîãîþ ãðàíè÷íèõ îïåðàòîðiâ îòðèìàíî ïîâíèé îïèñ öi¹¨

ïðîáëåìè, îòðèìàíî ôîðìóëè äëÿ ðåçîëüâåíòíî¨ ìàòðèöi òà ¨¨ ôàêòîðèçàöiÿ. Òà-

êîæ çà äîïîìîãîþ îïåðàòîðíîãî ïiäõîäó áóëî ðîçãëÿíóòî òà ðîçâ'ÿçàíî ïîâíó

iíäåôiíiòíó ïðîáëåìó Ñòiëò'¹ñà.

Ðîçãëÿíóòî òà äîñëiäæåíî ïåðåòâîðåííÿ Äàðáó ç ïàðàìåòðîì òà áåç ïàðàìåòðà

äî óçàãàëüíåíèõ ìàòðèöü ßêîái J. Áóëî îòðèìàíî óìîâè, çà ÿêèìè ìàòðèöÿ J ìà¹

ôàêòîðèçàöiþ íà íèæíüîòðèêóòíó òà âåðõíüîòðèêóòíó áëîêîâi äâîäiàãîíàëüíi

ìàòðèöi. Îòðèìàíî ÿâíi ôîðìóëè ïåðåòâîðåííÿ ïîëiíîìiâ ïåðøîãî òà äðóãîãî

ðîäó, m− ôóíêöi¨ ïðè ïåðåòâîðåííi Äàðáó óçàãàëüíåíî¨ ìàòðèöi ßêîái.
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1 Îãëÿä ëiòåðàòóðè

1.1 Êëàñè÷íà ïðîáëåìà ìîìåíòiâ

1.1.1 Ïðîáëåìà ìîìåíòiâ Ãàìáóðãåðà

Íåõàé s = {si}∞i=0 � íåñêií÷åííà ïîñëiäîâíiñòü äiéñíèõ ÷èñåë. Ïðîáëåìîþ ìîìåí-

òiâ Ãàìáóðãåðà M(s) (äèâ. [1]) íàçèâà¹òüñÿ íàñòóïíà çàäà÷à: çà ïîñëiäîâíiñòþ

s = {si}∞i=0 âiäíîâèòè ìiðó ñêií÷åííó dσ, ÿêà çàäîâîëüíÿ¹ íàñòóïíié ñèñòåìi

si =

∫
R
tidσ(t), i ∈ Z+ = N ∪ {0}. (1.1)

Äàíà çàäà÷à áóëà ðîçâ'ÿçàíà Õ.Ãàìáóðãåðîì ó 1920 ð. (äèâ. [52�54]). Ïðîáëåìà

ìîìåíòiâ Ãàìáóðãåðà ìà¹ ðîçâ'ÿçêè òîäi i òiëüêè òîäi, êîëè Ãàíêåëåâi ìàòðèöi

Sn = (si+j)
n
i,j=0 ≥ 0

¹ íåâiä'¹ìíèìè.

Ðîçãëÿíåìî ôóíêöiþ f , ÿêà ¹ àñîöiéîâàíîþ ç ìiðîþ dσ òà âèçíà÷åíà çà íàñòó-

ïíîþ ôîðìóëîþ

f(z) =

∫
R

dσ(t)

t− z
. (1.2)

Ôóíêöiÿ f íàëåæèòü äî êëàñó Íåâàíëiííè N, òîáòî f ¹ ãîëîìîðôíîþ â C+

òà Imf(z) > 0 äëÿ êîæíîãî z ∈ C+. Ïðîäîâæèìî ôóíêöiþ f(z) íà íèæíþ

íàïiâïëîùèíó C− çà ôîðìóëîþ

f(z) := f(z), z ∈ C−.

Çà Òåîðåìîþ Ãàìáóðãåðà�Íåâàíëiííè (äèâ. [1]), êëàñè÷íà ïðîáëåìà ìîìåíòiâ

M(s) ìîæå áóòè ïåðåôîðìóëüîâàíà, ÿê íàñòóïíà iíòåðïîëÿöiéíà ïðîáëåìà ìî-

ìåíòiâ:

Äî çàäàíî¨ ïîñëiäîâíîñòi s = {si}∞i=0 çíàéòè f ∈ N òàêó, ùî íàñòóïíå àñèìïòî-

òè÷íå ðîçâèíåííÿ

f(z) = −s0
z
− s1

z2
− · · · − s2n

z2n+1
+ o

(
1

z2n+1

)
, z→̂∞, (1.3)

ìà¹ ìiñöå äëÿ áóäü-ÿêîãî n ∈ Z+. Ïîçíà÷åííÿ z→̂∞ îçíà÷à¹, ùî z → ∞ íåäîòè-

÷íî, òîáòî âñåðåäèíi ñåêòîðà ε < arg z < π − ε äëÿ äåÿêîãî ε > 0.

Çðiçàíà ïðîáëåìà ìîìåíòiâ MP (s, n) ïîëÿãà¹ â îïèñó óñiõ òàêèõ ôóíêöié f ∈
N, äëÿ ÿêèõ ìà¹ ìiñöå àñèìïòîòè÷íå ðîçâèíåííÿ (1.3). Ìíîæèíà ðîçâ'ÿçêiâ ïðî-

áëåìè M(s, n) ìîæå áóòè îòðèìàíà çà äîïîìîãîþ àëãîðèòìó Øóðà, ÿê ðîçâèíå-

ííÿ ôóíêöi¨ f ç êëàñó Íåâàíëiííè ó íåïåðåðâíèé äðiá. Ïðîiëþñòðó¹ìî öåé ìåòîä:
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Íåõàé f0 ∈ N òà f0 ìà¹ àñèìïòîòè÷íå ðîçâèíåííÿ (1.3), òîäi −
1

f0
∈ N òà

− 1

f0(z)
= z − a0 + b1f1(z),

äå a0 = a0, b1 > 0, f1 ∈ N:

f1(z) = −s
(1)
0

z
− s

(1)
1

z2
− · · · − −

s
(1)
2(n−1)

z2n−1
+ o

(
1

z2n−1

)
, z→̂∞,

äå {si}2(n−1)
i=0 äåÿêà ïîñëiäîâíiñòü äiéñíèõ ÷èñåë. Ïðîäîâæóþ÷è öåé ïðîöåñ äàëi,

îòðèìó¹ìî ïîñëiäîâíiñòü ôóíêöié fj ∈ N i äiéñíèõ ÷èñåë aj, bj > 0 òàêèõ, ùî:

T [fj+1] = fj(z) = − 1

z − aj + bj+1fj+1(z)
, (1.4)

äëÿ êîæíîãî j ∈ Z+.

Îòæå, ç ïðîáëåìîþ ìîìåíòiâ ïîâ'ÿçàí íàñòóïíèé J−äðiá

− b0

z − a0 −
b1

z − a1 −
b2

. . . − bn
z − an · · ·

, (b0 = s0). (1.5)

ßê âiäîìî (äèâ. [51]), ç íåïåðåðâíèì äðîáîì (1.5) àñîöiéîâàíà ìîíi÷íà ìàòðèöÿ

ßêîái

J =


a0 1

b1 a1 1

b2 a2
. . .

. . . . . .


òà ñèñòåìà ðiçíèöåâèõ ðiâíÿíü

biyi−1(z)− ai(z)yi(z) + yi+1(z) = 0 i ∈ N, (1.6)

äå ïîëiíîìè ai(z) ìàþòü âèãëÿä ai(z) = z − ai äëÿ êîæíîãî i ∈ Z+.

Ðîçâ'ÿçêàìè öi¹¨ ñèñòåìè ¹ ïîëiíîìè Pi(z) i Qi(z) ïåðøîãî òà äðóãîãî ðîäó,

âiäïîâiäíî, ÿêi çàäîâiëüíÿþòü íàñòóïíèì ïî÷àòêîâèì óìîâàì

P−1(z) = 0, P0(z) = 1, Q−1(z) = 1, Q0(z) = 0. (1.7)

Ìîíi÷íà ìàòðèöÿ ßêîái J ïîâ'ÿçàíà ç ïîëiíîìàìè ïåðøîãî òà äðóãîãî ðîäó çà

íàñòóïíèìè ôîðìóëàìè

Pi(z) = det(zIi − J[0,i−1]) òà Qi(z) = b0det(zIi − J[1,i−1]),
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äå Ii ¹ îäèíè÷íà ìàòðèöÿ ðîçìiðó i× i òà

J[i,j] =


ai 1

bi+1 ai+1
. . .

. . . . . . 1

bj aj

 .

ßê áóëî ïîêàçàíî â ðîáîòàõ [7], [51], ïiäõiäíèé äðiá J− äðîáó (1.5) ìà¹ âèãëÿä

−Qn(z)

Pn(z)
= − b0

z − a0 −
b1

z − a1 −
b2

. . . − bn
z − an

(1.8)

i äîïóñêà¹ àñèìïòîòè÷íå ðîçâèíåííÿ

−Qn(z)

Pn(z)
= −s0

z
− s1

z2
− · · · − s2n−1

z2n
+ o

(
1

z2n

)
, z→̂∞. (1.9)

Âèêîðèñòîâóþ÷è iíäóêîâàíó ïîñëiäîâíiñòü ôóíêöié fj ∈ N, îòðèìó¹ìî ïîâíèé

îïèñ çðiçàíî¨ ïðîáëåìè ìîìåíòiâ M(s, n)

f(z) = T0 ◦ T1 ◦ · · · ◦ Tn[fn+1(z)]. (1.10)

Äðîáîâî-ëiíiéíå ïåðåòâîðåííÿ (1.10) ìîæå áóòè çàïèñàíî çà äîïîìîãîþ ïîëi-

íîìiâ ïåðøîãî òà äðóãîãî ðîäó Pi(z) òà Qi(z), òà ðåçîëüâåíòíî¨ ìàòðèöi

W[0,n](z) =

(
−bnQn(z) −Qn+1(z)

bnPn(z) Pn+1(z)

)
(1.11)

Òåîðåìà 1.1 ( [1]) Ìíîæèíà ðîçâ'ÿçêiâ çðiçàíî¨ ïðîáëåìè ìîìåíòiâ M(s, n)

äîïóñêà¹ ïðåäñòàâëåííÿ

f(z) = −bnQn(z)τ(z) +Qn+1(z)

bnPn(z)τ(z) + Pn+1(z)
, (1.12)

äå ïàðàìåòð τ íàëåæèòü äî êëàñó N òà çàäîâîëüíÿ¹ íàñòóïíié óìîâi

lim
λ=iy↑∞

τ(λ)

λ
= 0. (1.13)

1.1.2 Ïðîáëåìà ìîìåíòiâ Ñòiëò'¹ñà

Êëàñè÷íà ïðîáëåìà Ñòiëò'¹ñà áóëà ðîçâ'ÿçàíà â ðîáîòi [82]. Âîíà ïîëÿãà¹ ó íà-

ñòóïíîìó:
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Íåõàé çàäàíà ïîñëiäîâíiñòü äiéñíèõ ÷èñåë s = {si}∞i=0. Çà ïîñëiäîâíiñòþ s çíà-

éòè ìiðó dσ, òàêó, ùî

si =

∫ ∞

0

tidσ, i ∈ Z+. (1.14)

ßê i ó âèïàäêó ïðîáëåìè Ãàìáóðãåðà ç ïîñëiäîâíiñòþ s = {si}∞i=0 ¹ àñîöiéîâà-

íèé äåÿêèé J− äðiá (1.5). Äëÿ ïðîáëåìè Ñòiëò'¹ñà öåé J−äðiá, ìîæíà ïåðåïèñàòè
ó âèãëÿäi íàñòóïíîãî S−äðîáó

1

−zm1 +
1

l1 +
1

−zm2 + · · ·

, (1.15)

ó òîìó ñåíñi, ùî ïàðíèé ïiäõiäíèé äðiá S−äðîáó (1.15) ñïiâïàäà¹ ç äåÿêèì ïiäõi-

äíèì äðîáîì J− äðîáó (1.5).

Ó âèïàäêó ïðîáëåìè Ñòiëò'¹ñà (ìà¹ìî ñòðóíó Ñòiëò'¹ñà ç äåÿêèì ðîçïîäiëîì

ìàñ), êîåôiöi¹íòè S-äðîáó (1.15) iíòåðïðåòóþòü, ÿê mj - ìàñè òà lj - âiäñòàíi ìiæ

ñóìiæíèìè ìàñàìè mj òà mj+1.

Îçíà÷åííÿ 1.2 Ïðîáëåìà ìîìåíòiâ íàçèâà¹òüñÿ íåâèçíà÷åíîþ, ÿêùî âîíà ìà¹

íåñêií÷åííó êiëüêiñòü ðîçâ'ÿçêiâ, â iíøîìó âèïàäêó ïðîáëåìà íàçèâà¹òüñÿ âè-

çíà÷åíîþ.

Çàïèøåìî êðèòåðié íåâèçíà÷åíîñòi ïðîáëåìè ìîìåíòiâ Ñòiëò'¹ñà â òåðìiíàõ

"ìàñ"òà "äîâæèí"

Òåîðåìà 1.3 (Êðèòåðié Ñòiëò'¹ñà [82]) Íåõàé s = {si}∞i=0 ¹ ïîñëiäîâíiñòþ ìî-

ìåíòiâ Ñòiëò'¹ñà. Òîäi ïðîáëåìà ìîìåíòiâ Ñòiëò'¹ñà (1.14) ¹ íåâèçíà÷åíîþ,

ÿêùî

M =
∞∑
j=1

mj < ∞ òà L =
∞∑
j=1

lj < ∞,

äåM ¹ çàãàëüíà âàãà, ùî çîñåðåäæåíà íà ñòðóíi Ñòiëò'¹ñà òà L ¹ áåçïîñåðåäíüî

äîâæèíà âñi¹¨ ñòðóíè.

Îçíà÷åííÿ 1.4 Ôóíêöiÿ f íàëåæèòü äî êëàñó Ñòiëò'¹ñà (f ∈ S), ÿêùî f ∈ N,

f � ãîëîìîðôíà íà C \ [0;∞) òà f(x) ≥ 0 äëÿ âñiõ x < 0.

Êðèòåðié Ì.Ã. Êðåéíà ( [63])

f ∈ S ⇐⇒ f ∈ N òà zf ∈ N. (1.16)
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Ïðîáëåìà (1.14) ó âèïàäêó ñêií÷åííî¨ ïîñëiäîâíîñòi s = {si}2ni=0 íàçèâà¹òüñÿ

çðiçàíîþ ïðîáëåìîþ ìîìåíòiâ Ñòiëò'¹ñà òà áóëà ðîçãëÿíóòà â ðîáîòi [65]. Çà Òå-

îðåìîþ Ãàìáóðãåðà�Íåâàíëiííè (äèâ. [1]), çðiçàíà ïðîáëåìà ìîìåíòiâ Ñòiëò'¹ñà

ìîæå áóòè ïåðåôîðìóëüîâàíà ó òåðìiíàõ ïåðåòâîðåííÿ Ñòiëò'¹ñà

f(z) =

∫ ∞

0

dσ(t)

t− z
,

ÿê iíòåðïîëÿöiéíà çàäà÷à (1.3) ó êëàñi S.

Íåîáõiäíèìè óìîâàìè ðîçâ'ÿçíîñòi çðiçàíî¨ ïðîáëåìè Ñòiëò'¹ñà ¹ âèêîíàííÿ

íàñòóïíèõ íåðiâíîñòåé

Sn+1 := (si+j)
n
i,j=0 ≥ 0, S+

n := (si+j+1)
n−1
i,j=0 ≥ 0 (1.17)

ßêùî ìàòðèöi Sn+1 òà S+
n ¹ íåâèðîäæåíèìè, òî íåðiâíîñòi Sn+1 > 0, S+

n > 0 ¹

äîñòàòíiìè óìîâàìè ðîçâ'ÿçíîñòi çðiçàíî¨ ïðîáëåìè Ñòiëò'¹ñà (äèâ. [65]). Âèðî-

äæåíèé âèïàäîê ¹ áiëüø òîíêèì i áóâ ðîçãëÿíóòèé â [12].

Âèçíà÷èìî ïîëiíîìè Ñòiëò'¹ñà P+
i (z) òà Q+

i (z) ïåðøîãî òà äðóãîãî ðîäó, âiä-

ïîâiäíî, äëÿ îïèñó ðîçâ'ÿçêiâ çðiçàíî¨ ïðîáëåìè ìîìåíòiâ Ñòiëò'¹ñà. ßê áóëî ïî-

êàçàíî â ðîáîòi [84], ïîëiíîìè P+
i (z) òà Q+

i (z) áóäóþòüñÿ ÿê ïåðåòâîðåííÿ Äàðáó

ïîëiíîìiâ Pi(z) òà Qi(z), ïðè óìîâi, ùî Pi(0) ̸= 0

P+
2i (z) =

Pi(z)

Pi(0)
òà P+

2i (z) = bi

∣∣∣∣∣Pi+1(z) Pi(z)

Pi+1(0) Pi(0)

∣∣∣∣∣ ,
Q+

2i(z) =
Qi(z)

Pi(0)
òà Q+

2i(z) = bi

∣∣∣∣∣Qi+1(z) Qi(z)

Pi+1(0) Pi(0)

∣∣∣∣∣ .
Òåîðåìà 1.5 ( [65]) Íåõàé s = {si}2ni=0. Ìíîæèíà ðîçâ'ÿçêiâ çðiçàíî¨ ïðîáëåìè

ìîìåíòiâ Ñòiëò'¹ñà îïèñó¹òüñÿ íàñòóïíîþ ôîðìóëîþ∫ ∞

0

dσ(t)

t− z
= −

Q+
2n(z)− τ(z)Q+

2n+1(z)

P+
2n(z)− τ(z)P+

2n+1(z)
,

äå ïàðàìåòð τ ∈ S.

1.2 Ìîíi÷íi ìàòðèöi ßêîái òà ¨õ ïåðåòâîðåííÿ Äàðáó

Íåõàé S � ëiíiéíèé ôóíêöiîíàë âèçíà÷åíèé íà ëiíiéíîìó ïðîñòîði P , äå P � öå

ïðîñòið ïîëiíîìiâ ç äiéñíèìè êîåôiöi¹íòàìè. Äiéñíi ÷èñëà si = S(zi) � íàçèâàþ-

òüñÿ i-ìè ìîìåíòàìè (i = 0, 1 . . .), ÿêi àñîöiéîâàíi ç ôóíêöiîíàëîì S. Ìàòðèöÿ

S = (si+j)
∞
i,j=0 � íàçèâà¹òüñÿ ìàòðèöåþ ìîìåíòiâ, ÿêà âiäïîâiäà¹ ôóíêöiîíàëó
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S. Ëiíiéíèé ôóíêöiîíàë S íàçèâà¹òüñÿ êâàçi-äåôiíiòíèì, ÿêùî ãîëîâíi ìiíîðè

ìàòðèöi S ¹ íåâèðîäæåíèìè.

Ðîçãëÿíåìî ïîñëiäîâíiñòü ìîíi÷íèõ ïîëiíîìiâ {Pi(z)}∞i=0, òàêó ùî

1) degPi = i;

2) S(Pi(z)Pj(z)) = Kiδi,j, äå Ki ̸= 0 òà δi,j � ¹ ñèìâîë Êðîíåêåðà.

Ç óìîâè 2) âèïëèâà¹, ùî ïîñëiäîâíiñòü ìîíi÷íèõ ïîëiíîìiâ {Pi(z)}∞i=0 ¹ îðòîãî-

íàëüíîþ âiäíîñíî ôóíêöiîíàëà S. Òîäi, äëÿ çàäàíî¨ ïîñëiäîâíîñòi îðòîãîíàëüíèõ

ìîíi÷íèõ ïîëiíîìiâ ìà¹ ìiñöå íàñòóïíå ñïiââiäíîøåííÿ ( àíàëîã (1.6))

zPi(z) = Pz+1(z) + aiPi(i) + biPi−1(z), i = 1, 2, . . . , (1.18)

i âèêîíóþòüñÿ ïî÷àòêîâi óìîâè

P−1(z) = 0, P0(z) = 1 òà bi ̸= 0 i = 1, 2, . . .

Òîìó, ïîñëiäîâíiñòü ïîëiíîìiâ {Pi(z)}∞i=0 ïîçâ'ÿçàíà ç íàñòóïíîþ ìàòðèöåþ

J =


a0 1

b1 a1 1

b2 a2
. . .

. . . . . .

 , (1.19)

ÿêà íàçèâà¹òüñÿ ìîíi÷íîþ ìàòðèöåþ ßêîái J .

Âèçíà÷èìî âåêòîð P (z) ðiâíiñòþ

P (z) =
[
P0(z), P1(z), P2(z), . . .

]T
.

Òîäi ðåêóðåíòíå ñïiââiäíîøåííÿ (1.18) ìîæå áóòè ïåðåïèñàíî íàñòóïíèì ÷èíîì

JP (z) = zP (z).

1.2.1 Ïåðåòâîðåííÿ Äàðáó.

Ðîçãëÿíåìî íèæíüîòðèêóòíó L òà âåðõíüîòðèêóòíó U ìàòðèöi, òàêi ùî

L =


1 0

l1 1 0

l2 1 . . .
. . . . . .

 òà U =


u1 1

0 u2 1

0 u3
. . .

. . . . . .

 . (1.20)

Áóäåìî ãîâîðèòè, ùî ìîíi÷íà ìàòðèöÿ ßêîái J äîïóñêà¹ LU (UL) ôàêòîðèçà-

öiþ, ÿêùî âîíà äîïóñêà¹ ïðåäñòàâëåííÿ
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J = LU (J = UL), (1.21)

äå ìàòðèöi L òà U ìàþòü âèãëÿä (1.20).

ßê âiäîìî ç [9], ìàòðèöÿ J äîïóñêà¹ LU � ôàêòîðèçàöiþ, ÿêùî äëÿ ïîëiíîìiâ

ïåðøîãî ðîäó Pi âèêîíàíà íàñòóïíà óìîâà

Pi(0) ̸= 0, i ≥ 1. (1.22)

Îçíà÷åííÿ 1.6 ( [9, 76] ) Ïåðåòâîðåííÿì Äàðáó áåç ïàðàìåòðà ìîíi÷íî¨ ìà-

òðèöi ßêîái J íàçèâà¹òüñÿ íàñòóïíå ïåðåòâîðåííÿ

J = LU → UL = J (p), (1.23)

äå ìàòðèöÿ J (p)�íîâà ìîíi÷íà ìàòðèöÿ ßêîái.

Òåîðåìà 1.7 ( [9]) Íåõàé {Pi(z)}∞i=0 � ïîñëiäîâíiñòü ìîíi÷íèõ ïîëiíîìiâ, ÿêà

âiäïîâiäà¹ ìîíi÷íié ìàòðèöi ßêîái J. Ìàòðèöÿ J äîïóñêà¹ LU � ôàêòîðèçàöiþ

òîäi i òiëüêè òîäi, êîëè ìà¹ ìiñöå (1.22).

Áiëüø òîãî åëåìåíòè ìàòðèöü L òà U îá÷èñëþþòüñÿ çà íàñòóïíèìè ôîð-

ìóëàìè

ui = − Pi(0)

Pi−1(0)
, l1 =

b1
a0
, u1 = a0, li =

bi
ai−1 − li−1

, i ≥ 2. (1.24)

Òåîðåìà 1.8 ( [9]) Íåõàé ìîíi÷íà ìàòðèöÿ ßêîái J äîïóñêà¹ LU � ôàêòîðè-

çàöiþ (1.21), J (p) = UL � ¨¨ ïåðåòâîðåííÿ Äàðáó áåç ïàðàìåòðà, {Pi(z)}∞n=0 òà{
P

(p)
i (z)

}∞

n=0
� ïîñëiäîâíîñòi ïîëiíîìiâ ïåðøîãî ðîäó ìîíi÷íèõ ìàòðèöü ßêîái J

òà J (p), âiäïîâiäíî. Òîäi ïîëiíîìè ïåðøîãî ðîäó ïîâ'ÿçàíi ôîðìóëîþ Êðiñòîôåëÿ

(äèâ. [87, ñ. 56])

P
(p)
i (z) =

1

z

(
Pi+1(z)−

Pi+1(0)

Pi(0)
Pi(z)

)
, i ∈ Z+. (1.25)

Áiëüø òîãî, ìàòðèöÿ J (p) àñîöiéîâàíà äî ëiíiéíîãî ôóíêöiîíàëà σ(p)(a(z)) :=

σ(za(z)), äå a ∈ C[z].

Îòæå, ÿêùî ìîíi÷íà ìàòðèöÿ ßêîái J äîïóñêà¹ ïåðåòâîðåííÿ Äàðáó áåç ïàðà-

ìåòðà, òîäi ìàòðèöi J òà J (p) ìàþòü âèãëÿä

J=LU=


a0 1

b1 a1 1

b2 a2
. . .

. . . . . .

 i J (p)= UL=


u1+l1 1

u2l1 u2+l2 1

u3l2 u3+l3
. . .

. . . . . .

 , (1.26)
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äå ìàòðèöi L òà U âèçíà÷åíi çà (1.20), (1.24).

Äàëi ðîçãëÿíåìî óìîâè ïðè ÿêèõ ìîíi÷íà ìàòðèöÿ ßêîái J äîïóñêà¹ ôàêòîðè-

çàöiþ UL òà ¨¨ ïåðåòâîðåííÿ Äàðáó ç ïàðàìåòðîì.

Îçíà÷åííÿ 1.9 ( [9]) Íåõàé {Pi(z)}∞i=0 � ïîñëiäîâíiñòü ìîíi÷íèõ ïîëiíîìiâ ïåð-

øîãî ðîäó ìàòðèöi J òà íåõàé S0 ∈ R. Òîäi ïîñëiäîâíiñòü
{
P̂i(z)

}∞

i=0
íàçèâà¹-

òüñÿ ïîñëiäîâíiñòþ êî�ðåêóðñèâíèõ ïîëiíîìiâ ç ïàðàìåòðîì S0, ÿêùî ìà¹ ìiñöå

íàñòóïíå ðåêóðåíòíå ñïiââiäíîøåííÿ:

P̂i+1(z) = (z − ãi)P̂i(z)− b̃iP̂i−1(x), (1.27)

äå â0 = a0 − S0, âi = ai i ≥ 1 òà b̂i = bi, i ∈ N.

Òåîðåìà 1.10 ( [9]) Íåõàé S0 ∈ R òà
{
P̂i(z)

}∞

i=0
¹ ïîñëiäîâíiñòþ êî�ðåêóðñèâíèõ

ïîëiíîìiâ ç ïàðàìåòðîì S0 i ìà¹ ìiñöå íàñòóïíà óìîâà

P̂i(0) ̸= 0, i ∈ Z+. (1.28)

Òîäi ìàòðèöÿ J äîïóñêà¹ UL � ôàêòîðèçàöiþ i åëåìåíòè ìàòðèöü L òà U

âèçíà÷àþòüñÿ çà íàñòóïíèìè ôîðìóëàìè

u1 := S0, ui+1 := Si =
bi

ai−1 − Si−1
, ℓi := ai−1 − Si−1, i ∈ N. (1.29)

Îçíà÷åííÿ 1.11 Ïåðåòâîðåííÿì Äàðáó ç ïàðàìåòðîì íàçèâà¹òüñÿ íàñòóïíå

ïåðåòâîðåííÿ

J = UL → LU = J (d), (1.30)

äå ìàòðèöÿ J(d) � ¹ òàêîæ ìîíi÷íîþ ìàòðèöåþ ßêîái.

Òåîðåìà 1.12 ( [9]) Íåõàé ìîíi÷íà ìàòðèöÿ ßêîái J äîïóñêà¹ UL � ôàêòîðèçà-

öiþ, J (d) = LU � ¨¨ ïåðåòâîðåííÿ Äàðáó ç ïàðàìåòðîì, {Pi(z)}∞n=0 òà
{
P

(d)
i (z)

}∞

n=0

� ïîñëiäîâíîñòi ïîëiíîìiâ ïåðøîãî ðîäó ìîíi÷íèõ ìàòðèöü ßêîái J òà J (d), âiä-

ïîâiäíî. Òîäi ïîëiíîìè ïåðøîãî ðîäó ïîâ'ÿçàíi ôîðìóëîþ Ãåðîíiìóñà (äèâ. [88,

(3.9)])

P
(d)
0 (z) ≡ 1, P

(d)
i (z) = Pi(z) + (Si−1 − ai−1)Pi−1(z), i ∈ N. (1.31)

Ïåðåòâîðåííÿ Äàðáó áåç ïàðàìåòðà òà ç ïàðàìåòðîì ìîíi÷íî¨ ìàòðèöi ßêîái J ,

ÿêi íå âiäïîâiäàþòü óìîâàì (1.22) òà (1.28), âiäïîâiäíî, áóëè ðîçãëÿíóòi â ðîáîòi

[19]. Ó öüîìó âèïàäêó ìîæå ñòàòèñÿ, ùî ôóíêöiîíàë σ(p) íå ¹ êâàçi�äåôiíiòíèì
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òà, ÿê ïîêàçàíî â ðîáîòi [19], ïåðåòâîðåííÿ Äàðáó áåç ïàðàìåòðà J (p) = UL ìîæå

áóòè äåÿêà óçàãàëüíåíà ìàòðèöÿ ßêîái.

Ó çâ'ÿçêó ç öèì, ïðèðîäíî âèíèêà¹ ïèòàííÿ ïðî iñíóâàííÿ ïåðåòâîðåííÿ Äàðáó

â êëàñi óçàãàëüíåíèõ ìàòðèöü ßêîái. Â äàíié ðîáîòi áóäå ââåäåíî ïîíÿòòÿ ïåðå-

òâîðåííÿ Äàðáó áåç ïàðàìåòðà óçàãàëüíåíèõ ìàòðèöü ßêîái, çíàéäåíî êðèòåðié

éîãî iñíóâàííÿ òà ôîðìóëè çà ÿêèìè îá÷èñëþþòüñÿ ïîëiíîìè ïåðøîãî òà äðóãîãî

ðîäó äëÿ ïåðåòâîðåííÿ Äàðáó áåç ïàðàìåòðà. Áóäå ðîçãëÿíóòî òàêîæ àíàëîãi÷íå

ïèòàííÿ äëÿ ïåðåòâîðåííÿ Äàðáó ç ïàðàìåòðîì.

1.3 Ïðîáëåìà ìîìåíòiâ ó êëàñi Nκ

Îçíà÷åííÿ 1.13 [66] Ìåðîìîðôíà ôóíêöiÿ f ó C\R ç ìíîæèíîþ ãîëîìîðôíî-

ñòi hf íàëåæèòü äî óçàãàëüíåíîãî êëàñó Íåâàíëiííè Nκ (κ ∈ N), ÿêùî ÿäðî

Nω(z) :=
f(z)− f(ω)

z − ω
(1.32)

ìà¹ κ âiä'¹ìíèõ êâàäðàòiâ â hf ∩ C+, òîáòî, äëÿ êîæíîãî íàáîðó zj ∈ C+ ∩ hf

(zi ̸= zj, i, j = 1, . . . , n) êâàäðàòè÷íà ôîðìà

n∑
i,j=1

f(zi)− f(zj)

zi − zj
ξiξj, ξj ∈ C

ìà¹ íå áiëüøå κ òà ïðè äåÿêîìó íàáîði zj (j = 1, . . . , n) òî÷íî κ âiä'¹ìíèõ

êâàäðàòiâ.

Äëÿ ôóíêöi¨ f ∈ Nκ ïîçíà÷èìî κ−(f) = κ. Çîêðåìà, ÿêùî κ = 0, òî N0

ñïiâïàäà¹ ç êëàñîì Íåâàíëiííè N (äèâ. [72]).

Êîæíèé äiéñíèé ïîëiíîì P (t) = pνt
ν + pν−1t

ν−1 + . . . + p1t + p0 ñòåïåíÿ ν

íàëåæèòü äî êëàñó Nκ, äå iíäåêñ κ = κ−(P ) ìîæå áóòè îá÷èñëåíèé çà íàñòóïíîþ

ôîðìóëîþ (äèâ. [67, Ëåìà 3.5])

κ−(P ) =

{ [
ν+1
2

]
, ÿêùî pν < 0; òà ν íåïàðíèé ;[

ν
2

]
, â iíøîìó âèïàäêó .

(1.33)

Ïîçíà÷èìî ν−(S) (ν+(S)) ÷èñëî âiä'¹ìíèõ (ïîçèòèâíèõ) âëàñíèõ çíà÷åíü ìà-

òðèöi S. ÍåõàéH ¹ ìíîæèíîþ ñêií÷åíèõ ïîñëiäîâíîñòåé s = {sj}ℓj=0 òà íåõàéHκ,ℓ

¹ ìíîæèíîþ ïîñëiäîâíîñòåé s = {sj}ℓj=0 ∈ H, òàêèõ ùî

ν−(Sn) = κ (n = [ℓ/2] + 1), (1.34)
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äå Sn âèçíà÷åíà çà (1.17). Iíäåêñ ν−(Sn) Ãàíêåëåâî¨ ìàòðèöi Sn ìîæå áóòè îá-

÷èñëåíèé çà ïðàâèëîì Ôðîíåáióñà (äèâ. [40, Òåîðåìà X.24]). Çîêðåìà, ÿêùî âñi

âèçíà÷íèêè Dj := detSj (j ∈ Z+) íå íóëüîâi, òîäi ν−(Sn) çáiãà¹òüñÿ ç ÷èñëîì çìií

çíàêiâ â ïîñëiäîâíîñòi

D0 := 1, D1, D2, . . . , Dn.

Îçíà÷åííÿ 1.14 ( [19]) Âèçíà÷èìî ìíîæèíó N (s) íîðìàëüíèõ iíäåêñiâ ïîñëi-

äîâíîñòi s = {si}∞i=0, ÿê

N (s) = {nj : Dnj
̸= 0, j = 1, 2, . . .}, Dnj

= det(si+k)
nj−1
i,k=0. (1.35)

Ç (1.35) âèïëèâà¹, ùî nj ¹ íîðìàëüíèì iíäåêñîì ïîñëiäîâíîñòi s òîäi i òiëüêè

òîäi, êîëè

det

 s0 · · · snj−1

· · · · · · · · ·
snj−1 · · · s2nj−2

 ̸= 0. (1.36)

Ïîçíà÷èìî ïåðøèé íåòðèâiàëüíèé ìîìåíò b0 := sn1−1, òîáòî sk = 0 äëÿ óñiõ

k < n1 − 1. Íàïðèêëàä, ÿêùî n1 = 1, òî s0 ̸= 0.

Ïîñëiäîâíiñòü s = {si}∞i=0 àñîöiéîâàíà ç ïîëiíîìàìè ïåðøîãî òà äðóãîãî ðîäó

(äèâ. [1], [17], [19]), ùî âèçíà÷àþòüñÿ çà íàñòóïíèìè ôîðìóëàìè äëÿ êîæíîãî

i ∈ N

Pi(z) =
1

Dni

det


s0 s1 · · · sni

· · · · · · · · · · · ·
sni−1 sni

· · · s2ni−1

1 z · · · zni

 , Qi(z) = St

(
Pi(z)− Pi(t)

z − t

)
. (1.37)

Îçíà÷åííÿ 1.15 Ïîñëiäîâíiñòü s = {sj}ℓj=0 íàëåæèòü äî êëàñó Hκ,ℓ, ÿêùî ìà-

òðèöÿ Ãàíêåëÿ Sℓ = (si+j)
ℓ
i,j=0 ìà¹ κ âiä'¹ìíèõ êâàäðàòiâ.

Íàãàäà¹ìî äåÿêi òâåðäæåííÿ ùîäî êëàñiâ Nκ òà Hκ,ℓ (äèâ. [67,69]).

Ïðîïîçèöiÿ 1.16 ( [67]) Íåõàé f ∈ Nκ, f1 ∈ Nκ1
, f2 ∈ Nκ2

. Òîäi

(1) −f−1 ∈ Nκ;

(2) f1 + f2 ∈ Nκ′, äå κ′ ≤ κ1 + κ2;

(3) ßêùî, íà äîäàòîê äî, f1(iy) = o(y) ïðè y → ∞ òà f2 ¹ ïîëiíîì, òî

f1 + f2 ∈ Nκ1+κ2
. (1.38)
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(4) ßêùî ôóíêöiÿ f ∈ Nκ ìà¹ íàñòóïíå àñèìïòîòè÷íå ðîçâèíåííÿ

f(z) = −s0
z
− · · · − sℓ

zℓ+1
+ o

(
1

zℓ+1

)
, z→̂∞, (1.39)

äå ïîñëiäîâíiñòü {si}ℓi=0 íàëåæèòü äî êëàñó Hκ′,ℓ ç äåÿêèì κ′ ≤ κ.

Îçíà÷åííÿ 1.17 Ãîâîðÿòü, ùî ôóíêöiÿ f ∈ Nκ,−2n, ÿêùî f ∈ Nκ òà f äîïóñêà¹

àñèìïòîòè÷íå ðîçâèíåííÿ (1.3) é f ∈ Nκ,−∞, ÿêùî f ∈ Nκ òà f äîïóñêà¹

àñèìïòîòè÷íå ðîçâèíåííÿ (1.3) äëÿ áóäü-ÿêîãî n ∈ N, òîáòî

Nκ,−∞ :=
∩
n≥0

Nκ,−2n.

Iíäåôiíiòíà ïðîáëåìà ìîìåíòiâ ó êëàñi óçàãàëüíåíèõ ôóíêöié Íåâàíëiííè Nκ

áóëà ðîçãëÿíóòà Ì.Ã.Êðåéíîì òà Õ.Ëàíãåðîì ó 1979 (äèâ. [69]).

Ïîâíà iíäåôiíiòíà ïðîáëåìà ìîìåíòiâ MPκ(s): Çàäàíà ïîñëiäîâíiñòü äiéñíèõ

÷èñåë s = {si}∞i=0 òà iíäåêñ κ ∈ Z+. Çíàéòè òàêó ôóíêöiþ f ∈ Nκ,−∞, ÿêà ìà¹

ðîçâèíåííÿ (1.3) äëÿ êîæíîãî n ∈ Z+.

Êðèòåðié ðîçâ'ÿçíîñòi íåâèðîäæåíî¨ ïðîáëåìè MPκ(s) (îòðèìàíî â [69]): ïðî-

áëåìà ìîìåíòiâ MPκ(s) ¹ ðîçâ'ÿçàíîþ òîäi i òiëüêè òîäi, êîëè ìàòðèöi Ãàíêåëÿ

Sn = (si+j)
n
i,j=0 ìàþòü íå áiëüøå κ âiä'¹ìíèõ âëàñíèõ çíà÷åíü äëÿ áóäü-ÿêîãî

n ∈ Z+, òîáòî

ν−(Sn) ≤ κ, äëÿ âñiõ n ∈ Z+. (1.40)

Îïèñ ðîçâ'ÿçêiâ ïðîáëåìè ìîìåíòiâMPκ(s) çàçíà÷åíèé ó íàñòóïíîìó òâåðäæåííi

Îçíà÷åííÿ 1.18 Ïðîáëåìà MPκ(s) íàçèâà¹òüñÿ âèðîäæåíîþ, ÿêùî iñíó¹ n0 ∈
N òàêå, ùî

detSn = 0, äëÿ âñiõ n0 ≥ 0.

Â ïðîòèâíîìó âèïàäêó, MPκ(s) ¹ íåâèðîäæåíîþ

Îçíà÷åííÿ 1.19 Ïðîáëåìà MPκ(s) íàçèâà¹òüñÿ íåâèçíà÷åíîþ, ÿêùî âîíà ìà¹

íåñêií÷åíó êiëüêiñòü ðîçâ'ÿçêiâ i âèçíà÷åíîþ, â ïðîòèëåæíîìó âèïàäêó. Çðî-

çóìiëî, ùî íåâèçíà÷åíà ïðîáëåìà ìîìåíòiâ MPκ(s) ¹ òàêîæ íåâèðîäæåíîþ.

ßê ïîêàçàíî [69], ïðîáëåìàMPκ(s) ¹ íåâèçíà÷åíîþ òîäi i òiëüêè òîäi, êîëè äëÿ

êîæíîãî z ∈ C ìà¹ ìiñöå íàñòóïíà íåðiâíiñòü
∞∑
i=0

|Pi(z)|2 < ∞

òà âèêîíó¹òüñÿ óìîâà (1.40).
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Òåîðåìà 1.20 ( [69]) ßêùî ïðîáëåìà ìîìåíòiâ MPκ(s) ¹ íåâèçíà÷åíîþ, òî

iñíóþòü öiëi ôóíêöi¨ wij(z) (i, j = 1, 2) ìiíiìàëüíîãî åêñïîíåíöiàëüíîãî òèïó

òàêi, ùî ìíîæèíà ðîçâ'ÿçêiâ ïðîáëåìè MPκ(s) îïèñó¹òüñÿ íàñòóïíîþ ôîðìó-

ëîþ

f(z) =
w11(z)τ(z) + w12(z)

w21(z)τ(z) + w22(z)
, (1.41)

äå ïàðàìåòð τ ∈ N ∪ {∞}.

Àíàëîã ôîðìóëi (1.41) äëÿ ìàòðè÷íî¨ ïðîáëåìè ìîìåíòiâ áóëî îòðèìàíî â [34]

òà [24].

1.4 Ïðîáëåìà ìîìåíòiâ ó êëàñi N+
κ

Ïðîáëåìà ìîìåíòiâ â êëàñi N+
κ áóëà ðîçãëÿíóòà Ì.Ã. Êðåéíîì òà Õ. Ëàíãåðîì â

ðîáîòi [71].

Îçíà÷åííÿ 1.21 ( [71]) Ôóíêöiÿ f íàëåæèòü äî êëàñó Nk
κ, ÿêùî f ∈ Nκ òà

zf ∈ Nk. Ó âèïàäêó, êîëè k = 0, îòðèìó¹ìî êëàñ N+
κ := N0

κ.

ÏðîáëåìàMP+
κ (s): Çàäàíà ïîñëiäîâíiñòü s = {si}∞i=0 òà iíäåêñ κ ∈ Z+. Çíàéòè

âñi ôóíêöi¨ f ∈ N+
κ òàêi, ùî ìàþòü àñèìïòîòè÷íå ðîçâèíåííÿ äëÿ êîæíîãî n ∈ N

f(z) = −s0
z
− s1

z2
− · · · − s2N−1

z2N
+ o

(
1

z2N

)
, z→̂∞. (1.42)

Îçíà÷åííÿ 1.22 ( [71]) Áóäåìî ãîâîðèòè, ùî ïîñëiäîâíiñòü s = {si}∞i=0 íàëå-

æèòü êëàñó H+
κ , ÿêùî s ∈ Hκ òà ìàòðèöÿ Ãàíêåëÿ S+ := (si+j+1)

n
i,j=0 > 0

ïîçèòèâíîþ äëÿ âñiõ n ∈ N.

Òåîðåìà 1.23 ( [71]) Íåõàé s = {si}∞i=0 ∈ H+
κ . Òîäi ïîñëiäîâíiñòü s àñîöiéîâàíà

ç íàñòóïíèì S− äðîáîì

1

−zm1(z) +
1

l1 +
1

−zm2(z) + · · · 1

lN + · · ·

,

äå ÷èñëà li > 0 òà ñòåïiíü ïîëiíîìiâ deg(mi) ≤ 1.

Îçíà÷åííÿ 1.24 Ïðîáëåìà MP+
κ (s) íàçèâà¹òüñÿ âèðîäæåíîþ, ÿêùî iñíó¹ n0 ∈

N òàêå, ùî

detSn ̸= 0, äëÿ âñiõ n0 = 0.

Â ïðîòèâíîìó âèïàäêó, MP+
κ (s) ¹ íåâèðîäæåíîþ.
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Òåîðåìà 1.25 ( [71]) ßêùî ïðîáëåìà ìîìåíòiâ MP+
κ (s) ¹ íåâèðîäæåíîþ òà

ìà¹ ìiñöå (1.40) , òî iñíóþòü ÷îòèðè öiëi ôóíêöi¨ wij(z) (i, j = 1, 2) ñòåïåíÿ

≤ 1
2, òàêi ùî ìíîæèíà ðîçâ'ÿçêiâ ïðîáëåìè MP+

κ (s) îïèñó¹òüñÿ íàñòóïíîþ

ôîðìóëîþ

f(z) =
w11(z)τ(z) + w12(z)

w21(z)τ(z) + w22(z)
, (1.43)

äå ïàðàìåòð τ ∈ N+
0 ∪ {∞}.

Ïðîáëåìà ìîìåíòiâ ó êëàñi Nk
κ áóëà ðîçãëÿíóòà â ðîáîòi [22].

1.5 Íåïåðåðâíi P− äðîáè òà ïîëiíîìè Ëàíöîøà

Íåõàé s = {si}ℓi=0 ∈ Hκ òà íåõàé N (s) = {ni}Ni=1 � öå ìíîæèíà íîðìàëüíèõ

iíäåêñiâ äëÿ ïîñëiäîâíîñòi s, ÿêó ïðîäîâæèìî åëåìåíòàìè n−1 := −1 òà n0 := 0.

Íåõàé Pi òà Qi � öå ïîëiíîìè ïåðøîãî òà äðóãîãî ðîäó, âiäïîâiäíî, ÿêi âèçíà÷åíi

çà ôîðìóëîþ (1.37).

ßê áóëî ïîêàçàíî Ë. Êðîíåêåðîì [73], äðiá −Qi(z)

Pi(z)
ìà¹ íàñòóïíå àñèìïòîòè÷íå

ðîçâèíåííÿ

−Qi(z)

Pi(z)
= −s0

z
− s1

z2
− · · · − s2ni−1

z2ni
+ o

(
1

z2ni

)
, z→̂∞. (1.44)

Çàñòîñóâàííÿ àëãîðèòìó �âêëiäà äî ïàðè ïîëiíîìiâ Qi òà Pi ïðèâîäèòü äî

ðîçëàäó ôóíêöi¨ −Qi(z)

Pi(z)
â íàñòóïíèé íåïåðåðâíèé äðiá

−Qi(z)

Pi(z)
= − b0

a0(z)−
b1

a1(z)− · · · − bi−1

ai−1(z)

, (1.45)

â ÿêîìó b0 = sn1−1, bj�¹ äiéñíi ÷èñëà, aj(z)�¹ ìîíi÷íi ïîëiíîìè ñòåïåíÿ nj+1 − nj

(0 ≤ j ≤ N − 1). Ïàðè (ai, bi) íàçèâàþòüñÿ àòîìàìè ôóíêöi¨ −
Qi(z)

Pi(z)
(äèâ. [39]).

Ç íåïåðåðâíèì P−äðîáîì (1.45) ïîâ'ÿçàíà íàñòóïíà ñèñòåìà ðiçíèöåâèõ ðiâ-

íÿíü

biyi−1(z)− ai(z)yi(z) + yi+1(z) = 0. (1.46)

ßê áóëî ïîêàçàíî [17], ïîëiíîìè Pi òà Qi ¹ ðîçâ'ÿçêàìè öi¹¨ ñèñòåìè ðiçíèöåâèõ

ðiâíÿíü ç ïî÷àòêîâèìè óìîâàìè

P−1(λ) ≡ 0, P0(λ) ≡ 1 i Q−1(λ) ≡ −1, Q0(λ) ≡ 0, (1.47)
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â ÿêié bi ∈ R \ {0}, ai(z) = zℓi + a
(i)
ℓi−1z

ℓi−1 + . . . + a
(i)
1 z + a

(i)
0 � öå äåÿêi ìîíi÷íi

ïîëiíîìè ñòåïåíÿ ℓi = ni+1 − ni, ùî íàçèâàþòüñÿ ïîðîäæóþ÷èìè ïîëiíîìàìè

óçàãàëüíåíî¨ ìàòðèöi ßêîái J, êîòðà áóäå ðîçãëÿíóòà íèæ÷å, i ∈ Z+. Ðiçíèöåâi

ðiâíÿííÿ (1.46) âèâ÷àëèñÿ â ðîáîòàõ [77] i [80].

Pi òà Qi íàçèâàþòüñÿ ïîëiíîìàìè Ëàíöîøà ïåðøîãî òà äðóãîãî ðîäó, âiäïîâiä-

íî. Âiäçíà÷èìî, ùî öåé ôàêò áóëî îòðèìàíî ùå Ã. Ôðîáåíióñîì â éîãî ðîáîòi ïðî

âèçíà÷íèêè Ãàíêåëÿ [38].

Íåïåðåðâíèé äðiá (1.45) íàçèâà¹òüñÿ P− äðîáîì. Âií âèíèêàâ â äîñëiäæåííÿõ

À. Ìàãíóñà [77] ïðî àïðîêñèìàíòè Ïàäå òà â ðîáîòàõ Ì.Ã.Êðåéíà é Õ.Ëàíãåðà â

ðîáîòàõ [69]� [71] ïî iíäåôiíiòíié ïðîáëåìi ìîìåíòiâ.

Òåîðåìà 1.20 äîâåäåíà â [69] ìåòîäàìè ñèìåòðè÷íèõ îïåðàòîðiâ ó ïðîñòîði Ïîí-

òðÿãiíà. Iíøèé ïiäõiä áàçó¹òüñÿ íà ïîêðîêîâîìó ïðîöåñi, ðîçâ'ÿçêó çðiçàíèõ ïðî-

áëåì ìîìåíòiâ.

Çðiçàíà ïðîáëåìà ìîìåíòiâMPκ(s, 2n−2). Çàäàíà ïîñëiäîâíiñòü s = {si}2n−2
i=0 .

Çíàéòè ôóíêöiþ f ∈ Nκ,−(2n−2), ÿêà ìà¹ àñèìïòîòè÷íå ðîçâèíåííÿ (1.39).

Ïðîáëåìà MPκ(s, 2n− 2) íàçèâà¹òüñÿ íåâèðîäæåíîþ, ÿêùî

detSn ̸= 0,

òîáòî ÷èñëî n ¹ íîðìàëüíèì iíäåêñîì (n = nj) ïîñëiäîâíîñòi s = {si}2n−2
i=0 .

Ó âèïàäêó íåâèðîäæåíî¨ ïîñëiäîâíîñòi s = {si}2n−2
i=0 â [14] ïîêàçàíî, ùî ïðî-

áëåìà MPκ(s, 2n− 2) ¹ ðîçâ'ÿçíîþ òîäi i òiëüêè òîäi, êîëè âèêîíàíà óìîâà (1.40)

òà ìíîæèíà ðîçâ'ÿçêiâ ïðîáëåìè MPκ(s, 2n−2) çíàõîäèòüñÿ çà ôîðìóëîþ (1.12),

â ÿêié τ ¹ äîâiëüíà ôóíêöiÿ ç êëàñó Nκ−ν−(Sn), ùî çàäîâiëüíÿ¹ óìîâi (1.13). Áiëüø

òîãî, ïðîöåäóðà ïîêðîêîâîãî ïðîöåñó ðîçâ'ÿçêó ïðîáëåìè ìîìåíòiâMPκ(s, 2n−2)

äîçâîëÿ¹ îòðèìàòè ôàêòîðèçàöiþ ðåçîëüâåíòíî¨ ìàòðèöi W[0,j](z) ó âèãëÿäi

W[0,j](z)=

(
−Qj(z) −b̃−1

j Qj+1(z)

Pj(z) b̃−1
j Pj+1(z)!

)
=W0(z)W1(z) . . .Wj(z), b̃j = b0b1 . . . bj, (1.48)

òà ìàòðèöi Wi(z) ìàþòü íàñòóïíèé âèãëÿä

Wi(z)=

(
0 −b̃−1

i−1

b̃i−1
ai(z)
bi

)
. (1.49)

ßê âiäîìî, ïîñëiäîâíîñòi Qj(z) òà Pj(z) íå ¹ çáiæíèìè ïðè n → ∞, òîìó ïðè

ïåðåõîäi äî ðîçãëÿäó ïîâíî¨ ïðîáëåìè ìîìåíòiâ ïåðåéòè äî ìàòðèöi W̃[0,j](z), ÿêà

ìà¹ íàñòóïíó ôàêòîðèçàöiþ

W̃[0,j](z) =

(
−Qj(z) −b̃−1

j Qj+1(z)

Pj(z) b̃−1
j Pj+1(z)

)(
−Pj+1(0) −Qj+1(0)

b̃Pj j(0) b̃Qj j(0)

)
.
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Òîäi ïðè κ = 0 ïîñëiäîâíiñòü ìàòðèöü W̃[0,j](z) çáiãà¹òüñÿ äî ìàòðèöi Íåâàí-

ëiííè W̃[0,∞](z) (äèâ. [1]), ÿêà ¹ öiëîþ ôóíêöi¹þ ìiíiìàëüíîãî òèïó. Ïðè κ ̸= 0

öåé ðåçóëüòàò âèïëèâà¹ ç ôàêòîðèçàöi¨

W̃[0,∞](z) = W̃[0,N ](z)W̃[N+1,∞](z)

òà éîãî ñïðàâåäëèâîñòi äëÿ ìàòðèöi W̃[N+1,∞](z).

Ïîâíå äîñëiäæåííÿ iíäåôiíiòíî¨ ïðîáëåìè ìîìåíòiâ MPκ(s) çà äîïîìîãîþ ïî-

êðîêîâîãî àëãîðèòìó ïðèâåäåíî â ðîáîòàõ [2, 14,17,18].

Äëÿ iíäåôiíiòíî¨ ïðîáëåìè Ñòiëò'¹ñà äî ñèõ ïið íå áóëî ïîáóäîâàíî ïîêðîêî-

âîãî àëãîðèòìó. Öÿ ïðîáëåìà ðîçãëÿäà¹òüñÿ ó äàíié äèñåðòàöi¨.

1.6 Óçàãàëüíåíi ìàòðèöi ßêîái

ßê áóëî çàçíà÷åíî âèùå, îïåðàòîðíèé ïiäõiä äî ðîçâ'ÿçàííÿ ïðîáëåìè ìîìåíòiâ

MPκ(s) áóäó¹òüñÿ íà òåîði¨ ðîçøèðåíü äëÿ äåÿêîãî ñèìåòðè÷íîãî îïåðàòîðà â

ïðîñòîði Ïîíòðÿãiíà. Ïðèâåäåìî êîíñòðóêöiþ öüîãî îïåðàòîðà.

Íåõàé s = {si}∞i=0 � ïîñëiäîâíiñòü äiéñíèõ ÷èñåë òà íåõàé Pi(z) ¹ ïîëiíîìè

ïåðøîãî ðîäó, N (s) ¹ ìíîæèíà íîðìàëüíèõ iíäåêñiâ ïîñëiäîâíîñòi s òà ïîçíà÷èìî

lj = nj+1 − nj. Ðîçãëÿíåìî ñèñòåìó ïîëiíîìiâ {Pi,j(z)}∞i=0, äå Pi,j(z) = zj−1Pi(z)

òà j = 0, lj − 1, ÿê áàçèñ â ïðîñòîði ïîëiíîìiâ

P = span
{
zi : i ∈ Z+ := N ∪ {0}

}
.

Âèçíà÷èìî ëiíiéíèé ôóíêöiîíàë S íà ëiíiéíié îáîëîíöi ðiâíiñòþ

S(zi) = si, i ∈ Z+. (1.50)

Ç ïîñëiäîâíiñòþ s ïîâ'ÿçàíà ñèñòåìà ïîëiíîìè ïåðøîãî òà äðóãîãî ðîäó, ùî

âèçíà÷åíi çà ôîðìóëîþ (1.37) òà ñèñòåìà ðiçíèöåâèõ ðiâíÿíü (1.46). Òàêîæ ç ñè-

ñòåìîþ (1.46) àñîöiéîâàíà óçàãàëüíåíà ìàòðèöÿ ßêîái J (äèâ. [17], [19]), ÿêà âè-

çíà÷åíà çà ôîðìóëîþ

J =

 Ca0 D0

B1 Ca1 D1

. . . . . . . . .

 , (1.51)

äå äiàãîíàëüíi áëîêè Cai ¹ ñóïðîâîäæóþ÷i ìàòðèöi äî ïîëiíîìiâ ai(z) (äèâ. [74])

Cai =


0 1 · · · 0
... . . . . . . ...

0 · · · 0 1

−a
(i)
0 −a

(i)
1 · · · −a

(i)
ℓi−1

 ∈ Cℓi×ℓi, (1.52)
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áëîêè Di, Bi+1 ¹ ℓi × ℓi+1 òà ℓi+1 × ℓi ìàòðèöÿìè, âiäïîâiäíî, âèãëÿäó

Di =


0 0 · · · 0
... ... · · · ...

0 0 · · · 0

1 0 · · · 0

 , Bi+1 =


0 0 · · · 0
... ... · · · ...

0 0 · · · 0

bi+1 0 · · · 0

 , i ∈ Z+. (1.53)

Ìàòðèöi Bi+1 � ¹ íåíóëüîâi, áî bi+1 ∈R\{0} , i ∈ Z+.

Çàóâàæåííÿ 1.26 Ìàòðèöþ J, ùî âèçíà÷åíà ôîðìóëàìè (1.54)� (1.53), íà-

çèâàþòü óçàãàëüíåíîþ ìàòðèöåþ ßêîái (ÓÌß), àñîöiéîâàíîþ ç ëiíiéíèì ôóí-

êöiîíàëîì S. Iíîäi, J íàçèâàþòü ÓÌß, àñîöiéîâàíîþ ç ïîñëiäîâíiñòþ {si}∞i=0

àáî ç ñèñòåìîþ (1.46), ùî ïiäêðåñëþ¹ çâ'ÿçîê ç ïîëiíîìàìè ai(z) òà ÷èñëàìè bi,

i ∈ Z+.

Âèçíà÷èìî äëÿ äîâiëüíèõ i, j ∈ Z+ çðiçàíó óçàãàëüíåíó ìàòðèöþ ßêîái

J[0,j] =


Ca0 D0

B1 Ca1
. . .

. . . . . . Dj−1

Bj Caj

 , (1.54)

Çâ'ÿçîê ìiæ ïîëiíîìàìè ïåðøîãî i äðóãîãî ðîäó çi çðiçàíîþ ÓÌß áóâ îòðèìà-

íèé ó [17] (â êëàñè÷íîìó âèïàäêó äèâ. [8, 7.1.2])

Pi(z) = det(z − J[0,i−1]) òà Qi(z) = b0det(z − J[1,i−1]). (1.55)

Ïîëiíîìè Pi(z) òàQi(z) çàäîâîëüíÿþòü íàñòóïíié óçàãàëüíåíié ôîðìóëi Ëióâiëëÿ-

Îñòðîãðàäñüêîãî [17,18]

Qi+1(z)Pi(z)−Qi(z)Pi+1(z) = b̃i, b̃0 = b0 òà b̃i = b0b1 . . . bi, i ∈ N. (1.56)

Ðîçãëÿíåìî ïðîñòið Ïîíòðÿãiíà H[0,N ], êîòðèé ¹ iíäåôiíiòíèì ñêàëÿðíèì ïðî-

ñòîðîì ïîñëiäîâíîñòåé ç CnN+1 îñíàùåíèé iíäåôiíiòíèì ñêàëÿðíèì äîáóòêîì

[x, y][0,N ] = (G[0,N ]x, y), G[0,N ] = diag(̃b0E
−1
0 , b̃1E

−1
1 , . . . , b̃NE

−1
N ), (1.57)

äå

Eai =


a
(i)
1 · · · a

(i)
ℓ−1 1

... ··· ···

a
(i)
ℓ−1 ···

1 0

 . (1.58)
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Ìàòðèöÿ Eai íàçèâà¹òüñÿ ñèìåòðèçàòîðîì ìàòðèöi Cai òà ìà¹ ìiñöå íàñòóïíà

ôîðìóëà (äèâ [44, Ãëàâà 12])

EaiCai = C∗
ai
Eai, (1.59)

ìàòðèöÿ EaiCai ¹ ñèìåòðè÷íîþ ó ñòàíäàðòíîìó ñêàëÿðíîìó äîáóòêó ó ïðîñòîði

Cℓi.

Ç ðiâíîñòi (1.59) ìà¹ìî, ùî ìàòðèöÿ G[0,N ]J
T
[0,N ] ¹ ñàìîñïðÿæåíîþ â ïðîñòîði

CnN+1 çi ñòàíäàðòíèì ñêàëÿðíèì äîáóòêîì

G[0,N ]J
T
[0,N ] = J[0,N ]G[0,N ] (1.60)

i òîìó ìàòðèöÿ JT[0,N ] ïîðîäæó¹ ñàìîñïðÿæåíèé îïåðàòîð ó ïðîñòîði H[0,N ].

Ïîäiáíèì ÷èíîì â íåñêií÷åííî âèìiðíîìó âèïàäêó ìîæíà ðîçãëÿíóòè iíäå-

ôiíiòíèé ñêàëÿðíèé ïðîñòið H[0,∞) íåñêií÷åííèõ ïîñëiäîâíîñòåé ç íäåôiíiòíèì

ñêàëÿðíèì äîáóòêîì

[x, y][0,∞) = (G[0,∞)x, y), G[0,∞) = diag(̃b0E
−1
0 , b̃1E

−1
1 , . . .). (1.61)

ßêùî s ∈ Hκ, òîäi ïðîñið H[0,∞) ¹ ïðîñòîðîì Ïîíòðÿãiíà (äèâ [6]), ç

max{ind−H[0,∞), ind+H[0,∞)} = κ.

Ïîâ'ÿçàíèé ç ìàòðèöåþ JT[0,∞) ìiíiìàëüíèé îïåðàòîð Amin, âèçíà÷à¹òüñÿ ÿê çâó-

æåííÿ îïåðàòîðà JT[0,∞) íà ìíîæåíi ñêií÷åííèõ ïîñëiäîâíîñòåé. Îïåðàòîð Amin ¹

ñèìåòðè÷íèì â ïðîñòîði H[0,∞).

Íåõàé H ¹ ïðîñòîðîì Ãiëüáåðòà òà G � öå ñàìîñïðÿæåíèé îïåðàòîð â ïðîñòði H

òàêèé, ùî 0 ∈ ρ(G) òà ñóìàðíà êðàòíiñòü âiä'¹ìíèõ âëàñíèõ çíà÷åíü G äîðiâíþ¹

κ. Ïðîñòið H ç iíäåôiíiòíèì ñêàëÿðíèì äîáóòêîì

[f, g] := (Gf, g) f, g ∈ H

íàçèâà¹òüñÿ ïðîñòîðîì Ïîíòðÿãiíà ç íåãàòèâíèì iíäåêñîì κ i ïîçíà÷à¹òüñÿ (H, [·, ·]).
Çàìêíóòèé ëiíiéíèé îïåðàòîð A â (H, [·, ·]) íàçèâà¹òüñÿ ñèìåòðè÷íèì â (H, [·, ·]),
ÿêùî

[Af, g] = [f, Ag] äëÿ êîæíîãî f, g ∈ dom (A).

Àíàëîãi÷íî, ÿê ó âèïàäêó ç ìiíiìàëüíèì îïåðàòîðîì, ðîçãëÿíåìî òàêîæ ìà-

êñèìàëüíèé îïåðàòîð Amax, âèçíà÷åíèé ÿê çâóæåííÿ îïåðàòîðà JT[0,∞) íà îáëàñòi

âèçíà÷åííÿ

dom(Amax) := {x ∈ H[0,∞) : J
T
[0,∞)x ∈ H[0,∞)}.
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ßê âiäîìî [18, 69], îïåðàòîð Amin ¹ ñàìîñïðÿæåíèì ó ïðîñòîði H[0,∞), òîäi i

òiëüêè òîäi, êîëè Amin = Amax.

Ïîçíà÷èìî

π[0,N ](z)=G−1
[0,N ]

[
π0(z), . . . , πN(z)

]T
òà πi(z)=

[
Pi(z), zPi(z), . . . , zli−1Pi(z)

]T
. (1.62)

Àíàëîãi÷íî äî π[0,N ](z) âèçíà÷èìî âåêòîð ôóíêöiþ

ξ[0,N ](z)=G−1
[0,N ]

[
ξ0(z), . . . , ξN(z)

]T
òà ξi(z)=

[
Qi(z), zQi(z), . . . , zli−1Qi(z)

]T
. (1.63)

Ëåìà 1.27 Äëÿ êîæíîãî N ∈ N âèêîíóþòüñÿ ðiâíîñòi

(J⊤[0,N ] − zInN+1
)π[0,N ](z) = −(̃bN)

−1PN+1(z)enN
, (1.64)

(J⊤[0,N ] − zInN+1
)ξ[0,N ](z) = e0 − (̃bN)

−1QN+1(z)enN
. (1.65)

Âiäìiòèìî, ùî â ðîáîòi [69] ïîáóäîâàíèé îïåðàòîð ìíîæåííÿ íà z ðîçãëÿäàâñÿ

â iíøîìó áàçèñi (òàê çâàíîìó ìàéæå îðòîãîíàëüíèõ ïîëiíîìiâ ) i òîìó âiäïîâiäíà

áëî÷íà ìàòðèöÿ ìàëà iíøèé âèãëÿä. Òåîðåìè 1.20 òà 1.25 áóëî îòðèìàíî øëÿõîì

çàñòîñóâàííÿ òåîði¨ ðîçøèðåíü äî öüîãî îïåðàòîðà.

Óçàãàëüíåíà ìàòðèöÿ ßêîái J ïðèðîäíî âèíèêà¹ ïðè ïîêðîêîâîìó ïðîöåñi.

Â [18] áóëî ïîêàçàíî, ùî ìàòðèöÿ (wij)
2
i,j=1 ç Òåîðåìè 1.20 ¹ ðåçîëüâåíòíîþ ìà-

òðèöåþ îïåðàòîðà Amax, âiäïîâiäíî äî äåÿêî¨ ãðàíè÷íî¨ òðiéêè (äèâ. Îçíà÷åííÿ

4.1 ).

ßê ïðîìiæíèé êðîê, â [18] áóëî ïîêàçàíî, ùî ìàòðèöi W[0,N ](z) òà W̃[0,N ](z) ¹

ðåçîëüâåíòíèìè ìàòðèöÿìè äëÿ îïåðàòîðà A[0,N ].

Ñàìîñïðÿæåíi îïåðàòîðè, ïîðîäæåíi óçàãàëüíåíèìè ìàòðèöÿìè ßêîái J i J[0,N ],

áóëî âèêîðèñòàíî â [18] äëÿ äîâåäåííÿ çáiæíîñòi äiàãîíàëüíèõ àïðîêñèìàíòiâ Ïà-

äå äëÿ ôóíêöié êëàñó Nκ,−∞.

Â öié ðîáîòi áóäóòü ðîçãëÿíóòi ïèòàííÿ ïîâ'ÿçàíi ç îïåðàòîðíèì ïðåäñòàâëåí-

íÿì ìàòðèöi W+(z) = (w+
ij)

2
i,j=1 ç Òåîðåìè 1.25 òà âiäïîâiäíèõ ìàòðèöü W+

[0,N ](z)

äëÿ çðiçàíèõ iíäåôiíiòíèõ ïðîáëåì ìîìåíòiâ Ñòiëò'¹ñà. Áóäå çíàéäåíî òàêîæ ÿâ-

íèé âèãëÿä äëÿ ñóáäiàãîíàëüíèõ àïðîêñèìàíòiâ Ïàäå äëÿ ôóíêöié êëàñó Nk
κ,−∞.
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2 Äðiá Ñòiëò'¹ñà

2.1 Êëàñ H òà P -äðiá

Ó öüîìó ðîçäiëi ðîçãëÿíåìî çàãàëüíèé êëàñ H ïîñëiäîâíîñòåé s = {si}∞i=0 äiéñíèõ

÷èñåë si. Ïîçíà÷èìî Hκ (κ ∈ Z+) ïiäêëàñ ïîñëiäîâíîñòåé s ∈ H, òàêèõ, ùî ÷èñëî

ν−(Sn) âiä'¹ìíèõ êâàäðàòiâ ìàòðèöi Sn ç óðàõóâàííÿì êðàòíîñòi íå ïåðåâèùó¹ κ

òà çáiãà¹òüñÿ ç κ äëÿ äîñèòü âåëèêîãî n.

Êîæíà ïîñëiäîâíiñòü s ∈ H ïîâ'ÿçàíà ç íàñòóïíèì P -äðîáîì
∞
K
0

(
−bi
ai(z)

)
:= − b0

a0(z)−
b1

a1(z)−
b2

a2(z)− . . .

(2.1)

äå (ai, bi) ¹ àòîìè, à ñàìå bi ̸= 0 � äiéñíi ÷èñëà òà ai(z) � ïîëiíîìè ñòåïåíÿ deg(ai) =

ni+1 − ni (i ∈ Z+, n0 = 0). Äðîáè âèäó (2.1) áóëè ââåäåíi A. Ìàãíóñîì ó [77] òà

íàçèâàþòüñÿ P− äðîáàìè, äèâ. òàêîæ [80]. Ó âèïàäêó, êîëè s ∈ Hκ äëÿ äåÿêîãî

κ ∈ N òàêà êîíñòðóêöiÿ áóëà ïðåäñòàâëåíà â [17].

Ðîçãëÿíåìî ôîðìàëüíèé àñèìïòîòè÷íèé ðÿä

−s0
z
− s1

z2
− · · · − sn

zn+1
− · · · , (2.2)

ÿêèé âiäïîâiäà¹ ïîñëiäîâíîñòi s = {sj}∞j=0 ∈ H. Ó íàñòóïíié òåîðåìi ëàíöþãîâèé

äðiá áóäó¹òüñÿ òàêèì ÷èíîì, ùî éîãî àñèìïòîòè÷íèé ðîçêëàä â ∞ ñïiâïàäà¹ â

ïåâíîìó ñåíñi ç àñèìïòîòè÷íèì ðÿäîì (2.2).

Òåîðåìà 2.1 Íåõàé s ∈ H òà n1 < n2 < . . . ¹ ìíîæèíà íîðìàëüíèõ iíäåêñiâ

ïîñëiäîâíîñòi s. Òîäi iñíó¹ ¹äèíèé ëàíöþãîâèé äðiá
∞
K
0

(
−bi
ai(z)

)
(äèâ (2.1)), òàêèé

ùî:

(1) ai(z) ¹ ìîíi÷íi ïîëiíîìè ñòåïåíÿ ni+1 − ni (n0 = 0);

(2) bi ¹ äiéñíi ÷èñëà, òàêi ùî: bi ̸= 0 äëÿ êîæíîãî i ∈ Z+;

(3) ïiäõiäíèé äðiá fj íåïåðåðâíîãî äðîáó (2.1) ìà¹ íàñòóïíå àñèìïòîòè÷íå ðîç-

âèíåííÿ

fj(z) ∼ −s0
z
− s1

z2
− · · · −

s2nj−1

z2nj
+O

(
1

z2nj+1

)
, z→̂∞. (2.3)

Äîâåäåííÿ Òåîðåìè 2.1 áàçó¹òüñÿ íà àëãîðèòìi Øóðà, ðîçðîáëåíîãî â [15].

Â [17] öåé àëãîðèòì áóâ çàñòîñîâàíèé äî ïîñëiäîâíîñòåé ç êëàñó Hκ. Äëÿ äî-

âiëüíîãî s ∈ H P−äðiá ó (2.1) áóâ ââåäåíèé A. Ìàãíóñîì ó [77]. Äëÿ çðó÷íîñòi

êîðîòêî îïèøåìî êîíñòðóêöiþ P− äðîáó â (2.1).
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Äîâåäåííÿ. Íåõàé n1 ¹ ïåðøèé íîðìàëüíèé iíäåêñ ïîñëiäîâíîñòi s ∈ H. Òîäi

s0 = s1 = . . . = sn1−2 = 0 òà b0 := sn1−1 ̸= 0. (2.4)

Âèáåðåìî N ∈ N òà ðîçãëÿíåìî ðàöiîíàëüíó ôóíêöiþ

g0(z) = −s0
z
− s1

z2
− · · · − s2nN−1

z2nN
. (2.5)

Òîäi ôóíêöiÿ − b0
g0(z)

ìîæå áóòè ïðåäñòàâëåíà ó âèãëÿäi ñóìè

− b0
g0(z)

= a0(z) + g1(z) (2.6)

äiéñíîãî ìîíi÷íîãî ïîëiíîìà a0(z) ñòåïåíÿ n1 òà äiéñíî¨ ðàöiîíàëüíî¨ ôóíêöi¨

g1(z), òàêî¨ ùî

g1(z) = O

(
1

z

)
, êîëè z→̂∞. (2.7)

Êðiì òîãî, ôóíêöiÿ g1(z) äîïóñêà¹ íàñòóïíå àñèìïòîòè÷íå ðîçâèíåííÿ

g1(z) = −s
(1)
0

z
− s

(1)
1

z2
− · · · −

s
(1)
2(nN−n1)−1

z2(nN−n1)
+O

(
1

z2(nN−n1)+1

)
, (2.8)

äå s
(1)
i ¹ äiéñíi ÷èñëà, òàêi ùî, ïåðøi N − 1 íîðìàëüíèõ iíäåêñiâ ïîñëiäîâíîñòi

s(1) =
{
s
(1)
i

}2(nN−n1)−1

i=0
ñïiâïàäàþòü ç

n
(1)
i = ni+1 − n1 (i = 1, 2, . . . N − 1). (2.9)

ßâíi ôîðìóëè äëÿ s
(1)
i íàâåäåíi â [15]. Çîêðåìà, n(1)

1 = n2 − n1 òà

s
(1)
0 = s

(1)
1 = . . . = s

(1)

n
(1)
1 −2

= 0 é b1 := s
(1)

n
(1)
1 −1

̸= 0. (2.10)

Ç (2.6), îòðèìó¹ìî

g0(z) = − b0
a0(z) + g1(z)

. (2.11)

Çàñòîñîâóþ÷è â ïîäàëüøîìó öåé àëãîðèòì, îòðèìó¹ìî íà äðóãîìó êðîöi

− b1
g1(z)

= a1(z) + g2(z), (2.12)

äå a1(z) ¹ äiéñíèé ìîíi÷íèé ïîëiíîì ñòåïåíÿ n2 − n1. Òîìó,

g1(z) = − b1
a1(z) + g2(z)

. (2.13)
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N -èé êðîê ìà¹ âèãëÿä

− bN−1

gN−1(z)
= aN−1(z) + gN(z), (2.14)

äå bN−1 ̸= 0, aN−1(z) ¹ äiéñíèé ìîíi÷íèé ïîëiíîì ñòåïåíÿ nN − nN−1 òà gN(z) ¹

ðàöiîíàëüíà ôóíêöiÿ, òàêà ùî

gN(z) = O

(
1

z

)
, êîëè z→̂∞. (2.15)

Îòæå,

gN−1(z) = − bN−1

aN−1(z) + gN(z)
. (2.16)

Îá'¹äíóþ÷è (2.11)�(2.16), îòðèìó¹ìî

g0(z) = − b0

a0(z)−
b1

a1(z)− · · · − bN−1

aN−1(z) + gN(z)

. (2.17)

Ïîêëàäåìî gN(z) ≡ 0 â (2.17), îòðèìó¹ìî, ùî N−èé ïiäõiäíèé äðiá fN(z)

íåïåðåðâíîãî äðîáó g0(z), ÿêèé äîïóñêà¹ àñèìïòîòè÷íå ðîçâèíåííÿ (2.3).

�äèíiñòü ðîçâèíåííÿ (2.1) âèïëèâà¹ ç [55, Òåîðåìà 1.20].

N−èé ïiäõiäíèé äðiá fN(z) ¹ ðàöiîíàëüíîþ ôóíêöi¹þ ñòåïåíÿ nN . Ïîçíà÷èìî

éîãî çíàìåííèê i ÷èñåëüíèê PN and QN , âiäïîâiäíî, òàê ùî fN ìà¹ âèãëÿä

fN(z) = −QN(z)

PN(z)
, (N ∈ N). (2.18)

Ïîëiíîìè PN(z) òà QN(z) ïiäõiäíîãî äðîáó fN(z) P− äðîáó (2.17) ¹ ðîçâ'ÿçêà-

ìè òðè÷ëåííîãî ðåêóðåíòíîãî ñïiââiäíîøåííÿ (1.46) ç ïî÷àòêîâèìè óìîâàìè (1.47)

(äèâ. [89, Ðîçäië 1]).

Àñèìïòîòè÷íå ðîçâèíåííÿ (2.3) äëÿ ôóíêöi¨ fN(z) â (2.18) áóëî äîâåäåíî â [17,

Ïðîïîçèöiÿ 6.1]. 2

2.2 Óçàãàëüíåíèé S � äðiá

2.2.1 Ïåðåòâîðåííÿ ðîçãîðòàííÿ

Íåõàé ôóíêöiÿ f(z) ¹ ìåðîìîðôíîþ â C \ R−. Òîäi ôóíêöiÿ

f̃(z) := zf(z2) (2.19)

íàçèâà¹òüñÿ ðîçãîðòàííÿì ôóíêöi¨ f(z). Ïîðÿä ç öèì ïîíÿòòÿì áóäåìî âèêîðè-

ñòîâóâàòè òàêi ïîíÿòòÿ â êëàñi ïîñëiäîâíîñòåé H.
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Îçíà÷åííÿ 2.2 Íåõàé s ∈ H. Òîäi íîâà ïîñëiäîâíiñòü

s̃ = {s̃i}∞i=0 , ç s̃2i = si òà s̃2i+1 = 0, i ∈ Z+ (2.20)

íàçèâà¹òüñÿ ðîçãîðòàííÿì ïîñëiäîâíîñòi s.

Ïåðåòâîðåííÿ ðîçãîðòàííÿ âñòàíîâëþ¹ âçà¹ìíî îäíîçíà÷íó âiäïîâiäíiñòü ìiæ êëà-

ñàìè H òà

Hsym := {s̃ ∈ H : s̃2i+1 = 0 äëÿ êîæíîãî i ∈ Z+} . (2.21)

Íàñòóïíi äâà ïðèêëàäè âèïðàâäîâóþòü íàâåäåíå âèùå Îçíà÷åííÿ 2.2

Ïðèêëàä 2.3 Íàãàäà¹ìî Îçíà÷åííÿ 1.4, ùî ôóíêöiÿ f ∈ N íàëåæèòü äî êëàñó

S, ÿêùî

zf(z) ∈ N. (2.22)

ßêùî ôóíêöiÿ f(z) íàëåæèòü äî êëàñó S, òîäi çà Òåîðåìîþ Ì.Ã. Êðåéíà âîíà

äîïóñêà¹ ãîëîìîðôíî¨ ïðîäîâæåííÿ â C \ R− òà ¨¨ ðîçãîðòàííÿ ¹ òàêîæ N−
ôóíêöi¹þ (äèâ. [72]). Ïðèïóñòèìî, ùî f ∈ S äîïóñêà¹ íàñòóïíå àñèìïòîòè÷íå

ðîçâèíåííÿ

f(z) ∼ −s0
z
− s1

z2
− · · · , z→̂∞, (2.23)

ç si ∈ R äëÿ êîæíîãî i ∈ Z+. Òîäi ðîçãîðòàííÿ f̃(z) ôóíêöi¨ f(z) ìà¹ íàñòóïíå

àñèìïòîòè÷íå ðîçâèíåííÿ

f̃(z) ∼ −s0
z
− s1

z3
− s2

z5
− · · · , z→̂∞, (2.24)

òàê ùî êîåôiöi¹íòè (2.24) ñïiâïàäàþòü ç êîåôiöi¹íòàìè s̃i âèçíà÷åíèìè çà

(2.20). Òîìó

f̃(z) ∼ − s̃0
z
− s̃1

z2
− s̃2

z3
− · · · , z→̂∞, (2.25)

òà ïîñëiäîâíiñòü s̃ íàëåæèòü äî êëàñó

Hsym
0 := {s̃ ∈ H0 : s̃2i+1 = 0 äëÿ êîæíîãî i ∈ Z+} . (2.26)

Ïðèêëàä 2.4 Íåõàé ôóíêöiÿ f íàëåæèòü äî êëàñó Nk
κ (äèâ. Îçíà÷åííÿ 1.21).

ßê áóëî ïîêàçàíî â [58] ðîçãîðòàííÿ f̃ ôóíêöi¨ f ∈ Nk
κ, âèçíà÷åíå çà (2.19),

íàëåæèòü äî êëàñó Nsym
κ+k. Ç iíøîãî áîêó, ÿêùî f̃ ∈ Nsym

κ̃ , òî iñíóþòü κ, k ∈ Z+

i ôóíêöiÿ f ∈ Nk
κ, òàêà,ùî (2.19) ìà¹ ìiñöå òà κ̃ = κ+ k.

ßêùî f ∈ Nk
κ i, êðiì òîãî, f äîïóñêà¹ àñèìïòîòè÷íå ðîçâèíåííÿ (2.23) ó

êóòi

ε < arg z < 2π − ε (0 < ε < π),
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òî s ∈ Hκ′, äå κ′ ≤ κ. Ðîçãîðòàííÿ f̃ ôóíêöi¨ f ìà¹ àñèìïòîòè÷íå ðîçâèíåííÿ

(2.25) â êóòi ε/2 < arg z < π−ε/2, äå ïîñëiäîâíiñòü s̃ = {s̃i}∞i=0 ¹ ðîçãîðòàííÿì

ïîñëiäîâíîñòi s = {si}∞i=0.

Òàê ÿê f̃ ∈ Nsym
κ+k, òî çà [69] ïîñëiäîâíiñòü s̃ êîåôiöi¹íòiâ s̃i â (2.25) íàëå-

æèòü äî êëàñó

Hsym
κ′′ := {s̃ ∈ Hκ′′ : s̃2i+1 = 0 äëÿ êîæíîãî i ∈ Z+} ç κ′′ ≤ κ+ k. (2.27)

Ïðîïîçèöiÿ 2.5 Íåõàé s̃ ∈ Hsym òà N (s̃) = {ñj}∞j=1 ¹ ìíîæèíà íîðìàëüíèõ

iíäåêñiâ ïîñëiäîâíîñòi s̃. Òîäi âiäïîâiäíèé íåïåðåðâíèé äðiá

− b̃0

ã0(z)−
b̃1

ã1(z)−
b̃2

ã2(z)− . . .

(2.28)

ìà¹ íàñòóïíi âëàñòèâîñòi:

(1) ïîëiíîìè ãj(z) ¹ íåïàðíèìè äëÿ âñiõ j ∈ Z+;

(2) iíäåêñè ñ2j ¹ ïàðíèìè òà iíäåêñè ñ2j+1 ¹ íåïàðíèìè äëÿ êîæíîãî j ∈ Z+.

Äîâåäåííÿ. Çàôiêñó¹ìî äåÿêå íàòóðàëüíå ÷èñëî N . Òàê ÿê s̃ ∈ Hsym, òî ôóí-

êöiÿ g0(z) âèçíà÷åíà çà (2.17) ¹ íåïàðíîþ. Òîìó, âñi ïîëiíîìè ã0(z), . . . , ãN−1(z)

âèçíà÷åíi çà ôîðìóëàìè (2.6), (2.12), (2.14) àëãîðèòìó Øóðà ¹ òàêîæ íåïàðíèìè.

Â ñèëó deg ãj = ñj+1 − ñj, òîäi iíäåêñè

ñ1 = deg ã0, . . . , ñ2j+1 =

2j∑
i=0

deg ãi

¹ íåïàðíèìè òà iíäåêñè

ñ2 = deg ã0 + deg ã1, . . . , ñ2j =

2j−1∑
i=0

deg ãj

¹ ïàðíèìè. Äîâåäåíî. 2

2.2.2 Ïîáóäîâà óçàãàëüíåíîãî S-äðîáó

Íåïåðåðâíèé äðiá (2.28) ìîæíà ïåðåïèñàòè ó âèãëÿäi

− 1

a0(z)−
1

a1(z)−
1

a2(z)− . . .

, (2.29)
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äå a0(z) = ã0(z)/b̃0 òà

a2i−1(z) =
b̃0...̃b2i−2

b̃1...̃b2i−1

ã2i−1(z), a2i(z) =
b̃1...̃b2i−1

b̃0...̃b2i
ã2i(z) (i ∈ N). (2.30)

Ïîçíà÷èìî

D(±m)
n = det(si+j±m)

n−1
i,j=0, (s−1 = · · · = s−m = 0, m ∈ N). (2.31)

Òåîðåìà 2.6 Íåõàé s ∈ H, s̃ ¹ ðîçãîðòàííÿì ïîñëiäîâíîñòi s, N (s̃) = {ñj}∞j=1 ¹

ìíîæèíîþ íîðìàëüíèõ iíäåêñiâ ïîñëiäîâíîñòi s̃ òà íåõàé νj i µj âèçíà÷àþòüñÿ

çà íàñòóïíèìè ôîðìóëàìè

ñ2j−1 = 2νj − 1 òà ñ2j = 2µj, j ∈ N. (2.32)

Òîäi:

(1) ìíîæèíà íîðìàëüíèõ iíäåêñiâ {νj}∞j=1 õàðàêòåðèçó¹òüñÿ óìîâàìè: Dνj ̸= 0

òà D+
νj−1 ̸= 0 äëÿ êîæíîãî j ∈ N;

(2) ìíîæèíà íîðìàëüíèõ iíäåêñiâ {µj}∞j=1 õàðàêòåðèçó¹òüñÿ óìîâàìè:Dµj
̸= 0

òà D+
µj

̸= 0 äëÿ êîæíîãî j ∈ N;

(3) N (s) ¹ îá'¹äíàííÿì äâîõ ìíîæèí {νj}∞j=1 òà {µj}∞j=1, òàêèõ, ùî

0 < ν1 ≤ µ1 < ν2 ≤ µ2 < . . . ; (2.33)

(4) ßêùî ïîëiíîìè mj(z) òà lj(z) âèçíà÷åíi çà ôîðìóëîþ

za2(j−1)(z) = z2mj(z
2) òà

a2j−1(z)

z
= lj(z

2), j ∈ N, (2.34)

òî mj(z) òà lj(z) ¹ ïîëiíîìàìè ñòåïåíÿ

deg mj = νj − µj−1 − 1, deg lj = µj − νj, j ∈ N, (2.35)

òà P− äðiá (2.29) ìîæíà ïåðåïèñàòè ó âèãëÿäi

− 1

zm1(z)−
1

l1(z)−
1

zm2(z)− . . .

. (2.36)

(5) Ïiäõiäíèé äðiá φ2N (N ∈ N) íåïåðåðâíîãî äðîáó (2.28) ìà¹ íàñòóïíå àñèì-

ïòîòè÷íå ðîçâèíåííÿ

φ2N(z) ∼ −s0
z
− s1

z2
− · · · − s2µN−1

z2µN
+O

(
1

z2µN+1

)
, z→̂∞. (2.37)
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Äîâåäåííÿ. (1) òà (2). Ïîêëàäåìî

D̃n = det (s̃i+j)
n−1
i,j=0. (2.38)

ßê áóëî ïîêàçàíî â [55, Ëåìà 1.33]

D̃2νj−1 = DνjD
+
νj−1, D̃2µj

= Dµj
D+

µj
. (2.39)

Öå äîâîäèòü òâåðäæåííÿ (1) òà (2).

(3) Âî÷åâèäü, νj, µj ∈ N (s) äëÿ êîæíîãî j ∈ N. Ç iíøîãî áîêó, ÿêùî n ¹ íîð-

ìàëüíèì iíäåêñîì ïîñëiäîâíîñòi s, òî, ïðèíàéìíi îäèí ç âèçíà÷íèêiâD+
n àáîD+

n−1

íå äîðiâíþ¹ íóëþ. Äiéñíî, ÿêùî D+
n = D+

n−1 = 0, òî öå âèïëèâà¹ ç òîòîæíîñòi

Ñèëüâåñòðà

D2
n = D+

nD
−
n −D−

n+1D
+
n−1 (2.40)

ùî Dn ïîâèíåí äîðiâíþâàòè 0, ùî ñóïåðå÷èòü òîìó, ùî n ¹ íîðìàëüíèì iíäåêñîì

ïîñëiäîâíîñòi s. Òîìó, àáî D+
n−1 ̸= 0 àáî D+

n ̸= 0 i, îòæå, àáî D2n−1 ̸= 0 àáî

D2n ̸= 0, âiäïîâiäíî. Ó ïåðøîìó âèïàäêó n = νj äëÿ äåÿêîãî j ∈ N, òà ó äðóãîìó
âèïàäêó n = µj äëÿ äåÿêîãî j ∈ N. Öå äîâîäèòü ïåðøó ÷àñòèíó òâåðäæåííÿ (3).

Íåõàé n ¹ ïåðøèì íîðìàëüíèì iíäåêñîì ïîñëiäîâíîñòi s. ßêùî n = 1, òî s0 ̸= 0

i, îòæå, îáèäâà D1 = s0 òà D+
0 = 1 íå äîðiâíþþòü 0. Òîìó n ñïiâïàäà¹ ç ν1 = 1.

ßêùî n > 1, òî

s0 = · · · = sn−2 = 0, sn−1 ̸= 0.

Ç öüîãî âèïëèâà¹, ùî D+
n−1 ̸= 0 i îòæå n ñïiâïàäà¹ ç ν1 çà òâåðäæåííÿì (1).

Ç íåðiâíîñòi

ñ2j−1 < ñ2j

òà ç ðiâíîñòi (2.32) âèïëèâà¹, ùî νj < µj +1/2 i îòæå νj ≤ µj äëÿ êîæíîãî j ∈ N.
Àíàëîãi÷íèì ÷èíîì, íåðiâíiñòü

ñ2j < ñ2j+1

òà ðiâíiñòü (2.32) îçíà÷àþòü, ùî µj < νj+1 − 1/2 òà îòæå µj < νj+1 äëÿ êîæíîãî

j ∈ N. Öå çàâåðøó¹ äîâåäåííÿ (3).
(4) Òàê ÿê ïîëiíîìè a2(j−1)(z) òà a2j−1(z) ¹ íåïàðíèìè, òî ïîëiíîìè za2(j−1)(z)

òà
a2j−1(z)

z
¹ ïàðíèìè òà äîïóñêàþòü ïðåäñòàâëåííÿ (2.34). Ôîðìóëà (2.36) áåç-

ïîñåðåäíüî âèïëèâà¹ ç (2.19), (2.29) òà (2.34).

Îñêiëüêè deg aj = ñj+1 − ñj, òî ç (2.34) ñëiäó¹, ùî

deg mj =
1
2 (deg a2j−2 − 1) = 1

2 (ñ2j−1 − ñ2j−2 − 1) =

= 1
2 (2νj − 1− 2µj−1 − 1) = νj − µj−1 − 1,
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deg lj =
1
2 (deg a2j−1 − 1) = 1

2 (ñ2j − ñ2j−1 − 1) =

= 1
2 (2µj − 2νj−1) = µj − νj.

(5) Çà Òåîðåìîþ 2.1 2j-òèé ïiäõiäíèé äðiá f̃2j(z) P -äðîáó (2.11) ìà¹ íàñòóïíå

àñèìïòîòè÷íå ðîçâèíåííÿ

f̃2j(z) ∼ − s̃0
z
− s̃1

z2
− · · · −

s̃2ñ2j−1

z2ñ2j
+O

(
1

z2ñ2j+1

)
(z→̂∞). (2.41)

Îñêiëüêè ñ2i = 2µi, s̃0 = s0, s̃1 = 0, s̃2 = s1, . . . , s̃2ñ2j−2 = s2µj−1 òà s̃2ñ2j−1 = 0, òî

àñèìïòîòè÷íå ðîçâèíåííÿ (2.41) ìà¹ âèãëÿä

f̃2j(z) ∼ −s0
z
− s1

z3
− · · · −

s2µj−1

z4µj−1
+O

(
1

z4µj+1

)
(z→̂∞). (2.42)

2j-òèé ïiäõiäíèé äðiá φ2j(z) S-äðîáó (2.36) ïîâ'ÿçàíèé ç 2j-òèì ïiäõiäíèì äðîáîì

f̃2j(z) P -äðîáó (2.11) íàñòóïíèì ÷èíîì

f̃2j(z) = zφ2j(z
2).

Îòæå, ç îãëÿäó íà (2.20) ðîçâèíåííÿ (2.42) ìîæíà ïåðåïèñàòè ó âèãëÿäi

φ2j(z
2) ∼ −s0

z2
− s1

z4
− · · · −

s2µj−1

z4µj
+O

(
1

z4µj+2

)
, z→̂∞, (2.43)

ùî åêâiâàëåíòíî (2.37). 2

Çàóâàæåííÿ 2.7 Òâåðäæåííÿ (3) Òåîðåìè 2.6 äîâåäåíî â [22, Ðîçäië 5.2] âèêî-

ðèñòîâóþ÷è íàñòóïíå ñïîñòåðåæåííÿ ç [22, Ëåìà 5.1]

ßêùî Dn ̸= 0, Dn+1 = · · · = Dm−1 = 0, Dm ̸= 0, òî ìà¹ ìiñöå íàñòóïíà

àëüòåðíàòèâà:

1. àáî D+
n = 0 i òîäi D+

n−1 ̸= 0, D+
n = D+

n+1 · · · = D+
m−1 = 0, D+

m ̸= 0.

2. àáî D+
n ̸= 0 i òîäi D+

n ̸= 0, D+
n+1 = · · · = D+

m−2 = 0, D+
m−1 ̸= 0.

Íàâåäåíå äîâåäåííÿ ¹ çàñíîâàíèì íà òîòîæíîñòÿõ (2.39), ÿêi ðîáëÿòü éîãî

çíà÷íî ïðîñòiøå.

2.3 Ðåãóëÿðíèé êëàñ Hreg

Îçíà÷åííÿ 2.8 Íåõàé s = {si}ℓi=0 (ℓ ∈ Z+ ∪ {∞}). Hk
κ ¹ ìíîæèíà ïîñëiäîâíî-

ñòåé s òàêèõ, ùî

(1) ìàòðèöÿ Ãàíêåëÿ Sℓ = (si+j)
ℓ−1
i,j=0 ìà¹ κ âiä'¹ìíèõ êâàäðàòiâ;
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(2) ìàòðèöÿ Ãàíêåëÿ S+
ℓ = (si+j+1)

ℓ−1
i,j=0 ìà¹ k âiä'¹ìíèõ êâàäðàòiâ.

Ëåìà 2.9 Íåõàé s = {si}∞i=0 ∈ H, {nj}∞j=1 ¹ ìíîæèíà íîðìàëüíèõ iíäåêñiâ ïî-

ñëiäîâíîñòi s òà {Pi(z)}∞i=1 ïîñëiäîâíiñòü ïîëiíîìiâ ïåðøîãî ðîäó àñîöiéîâàíèõ

äî s. Òîäi íàñòóïíi òâåðäæåííÿ ¹ åêâiâàëåíòíèìè:

(1) Pi(0) ̸= 0 äëÿ êîæíîãî i ∈ N;
(2) D+

nj−1 ̸= 0 äëÿ êîæíîãî j ∈ N;
(3) D+

nj
̸= 0 äëÿ êîæíîãî j ∈ N;

(4) nj ¹ íîðìàëüíèì iíäåêñîì {sj+1}∞j=0 äëÿ êîæíîãî j ∈ N;
(5) nj − 1 ¹ íîðìàëüíèì iíäåêñîì {si+1}∞i=0 äëÿ êîæíîãî j ∈ N;
(6) ìíîæèíà íîðìàëüíèõ iíäåêñiâ {si+1}∞i=0 ñïiâïàäà¹ ç

∞∪
j=1

{nj − 1, nj}. (2.44)

Äîâåäåííÿ. (1) ⇔ (2). Åêâiâàëåíòíiñòü (1) ⇔ (2) âèïëèâà¹ ç (1.37) òàê, ÿê

P
j
(0) = (−1)nj+1

D+
nj

Dnj

=
(−1)nj+1

Dnj

∣∣∣∣∣∣∣
s1 · · · snj

· · · · · · · · ·
snj

· · · s2nj−1

∣∣∣∣∣∣∣ (j = 1, 2, . . . ). (2.45)

Íîðìàëüíi iíäåêñè nj ïîñëiäîâíîñòi s ñïiâïàäàþòü ç ÷èñëàìè µj, ÿêi âèçíà-

÷åíi çà ôîðìóëîþ (2.32), (j = 1, 2, . . . ). Òàêèì ÷èíîì, iíäåêñè νj, âèçíà÷åíi çà

ôîðìóëîþ (2.32) çàäîâîëüíÿþòü íàñòóïíié ðiâíîñòi

νj = µj = nj (j = 1, 2, . . . ). (2.46)

Îòæå,

D+
nj

̸= 0 (j = 1, 2, . . . ). (2.47)

I íàâïàêè, ÿêùî óìîâà (3) ìà¹ ìiñöå, òî {nj}∞j=0 = {νj}∞j=0, òîìó µj = νj = nj

(j = 1, 2, . . . ). Öå ïðèçâîäèòü äî óìîâè (2).

Åêâiâàëåíòíîñòi (3) ⇔ (4), (2) ⇔ (5) âèïëèâàþòü ç îçíà÷åííÿ íîðìàëüíèõ

iíäåêñiâ.

Iìïëiêàöiÿ (6) ⇒ (4) î÷åâèäíà. Äîâåäåìî iìïëiêàöiþ (4) ⇒ (6). ßêùî óìîâà

(4) ìà¹ ìiñöå, òî

Dnj−1
̸= 0, Dnj−1+1 = 0, . . . , Dnj−1 = 0, Dnj

̸= 0, (j = 2, 1, . . . ). (2.48)

Â ñèëó (2), (3) D+
nj−1

̸= 0, D+
nj−1 ̸= 0 òà çà Çàóâàæåííÿì 2.7 îòðèìó¹ìî

D+
nj−1

̸= 0, D+
nj−1+1 = 0, . . . , D+

nj−2 = 0, D+
nj−1 ̸= 0, D+

nj
̸= 0. (2.49)
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Òàêèì ÷èíîì, ¹ òiëüêè äâà íîðìàëüíèõ iíäåêñiâ nj−1 òà nj â iíòåðâàëi (nj−1, nj],

òîáòî N (s̃) =
∞∪
j=1

{nj − 1, nj}. 2

Îçíà÷åííÿ 2.10 Ãîâîðÿòü, ùî s ∈ Hreg, ÿêùî s ∈ H i îäíà ç åêâiâàëåíòíèõ

óìîâ Ëåìè 2.9 ìà¹ ìiñöå.

Ïðîïîçèöiÿ 2.11 Íåõàé s ∈ Hreg òà mj, lj âèçíà÷åíi çà S−äðîáîì (2.36). Òîäi

deg m1 = n1 − 1, deg mj = nj − nj−1 − 1 òà deg lj = 0 (j ∈ N). (2.50)

2.4 Çâ'ÿçîê ìiæ óçàãàëüíåíèìè S−äðîáîì òà P−äðîáîì.

Áóäü-ÿêà ïîñëiäîâíiñòü s ∈ H âiäïîâiäà¹ P�äðîáó (2.28) ïîáóäîâàíîìó â Òåîðå-

ìi 2.1 òà óçàãàëüíåíîìóS�äðîáó (2.36), ÿêèé áóâ ïîáóäîâàíèé â Òåîðåìi 2.6. Ó

âèïàäêó, êîëè s ∈ Hreg áóäå çíàéäåíî ÿâíi ôîðìóëè, ùî çâ'ÿçóþòü öi äâà òèïè

íåïåðåðâíèõ äðîáiâ.

Íåõàé s ∈ H. Ìîæíà ïåðåïèñàòè íåïåðåðâíèé äðiá (2.36), ÿê

1

−zm1(z) +
1

l1(z) +
1

−zm2(z) + . . .

. (2.51)

ßêùî j�òèé ïiäõiäíèé äðiá íåïåðåðâíîãî äðîáó ïîçíà÷èòè uj

vj
, òî uj, vj ìîæíà

çíàéòè ÿê ðîçâ'ÿçêè ñèñòåìè (äèâ. [89, Ðîçäië 1]){
y2j − y2j−2 = lj(z)y2j−1,

y2j+1 − y2j−1 = −zmj+1(z)y2j
(2.52)

ç íàñòóïíèìè ïî÷àòêîâèìè óìîâàìè

u−1 ≡ 1, u0 ≡ 0; v−1 ≡ 0, v0 ≡ 1. (2.53)

Ïåðøi äâà ïiäõiäíèõ äðîáè íåïåðåðâíîãî äðîáó (2.51) ìàþòü íàñòóïíèé âèãëÿä

u1
v1

=
1

−zm1(z)
,

u2
v2

=
l1(z)

−zl1(z)m1(z) + 1
, (2.54)

Íåõàé tj ¹ äðîáîâî-ëiíiéíå ïåðåòâîðåííÿ, ÿêå âèçíà÷à¹òüñÿ çà ôîðìóëàìè

t2j−1(w) =
1

−zmj(z) + w
, t2j =

1

lj(z) + w
(j ∈ N). (2.55)

Òîäi 2j−òèé ïiäõiäíèé äðiá S−äðîáó (2.51) ìîæå áóòè ïðåäñòàâëåíèé ó âèãëÿäi
u2j
v2j

= t1 ◦ t2 ◦ · · · ◦ t2j(0). (2.56)

Íàñòóïíà òåîðåìà âñòàíîâëþ¹ çâ'ÿçîê ìiæ íåïåðåðâíèìè äðîáàìè (2.28) òà

(2.51) ó âèïàäêó, êîëè s ∈ Hreg.
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Òåîðåìà 2.12 Íåõàé s ∈ Hreg. Òîäi 2j−òèé ïiäõiäíèé äðiá
u2j

v2j
óçàãàëüíåíîãî

S−äðîáó (2.51) ñïiâïàäà¹ ç j−òèì ïiäõiäíèì äðîáîì P−äðîáó (2.28)

u2j
v2j

= − b0

a0(z)−
b1

a1(z)− · · · − bj−1

aj−1(z)

, (2.57)

àñîöiéîâàíîãî ç s. Ïàðàìåòðè lj òà mj(z) (j ∈Z+) óçàãàëüíåíîãî S-äðîáó (2.51)

ïîâ'ÿçàíi ç ïàðàìåòðàìè bj òà aj(z) (j∈N) P-äðîáó (2.28) çà ôîðìóëàìè

b0 =
1

d1
, a0(z) =

1

d1

(
zm1(z)−

1

l1

)
, (2.58)

bj−1 =
1

l2j−1dj−1dj
, aj−1 =

1

dj

(
zmj(z)−

(
1

lj−1
+

1

lj

))
(j = 2, 3, . . . ), (2.59)

äå dj ¹ ñòàðøèé êîåôiöi¹íò ïîëiíîìà mj(z) (j ∈ N).

Äîâåäåííÿ. Ïîêëàäåìî

s1(w) = t1(w), s2(w) = t2 ◦ t3(w), . . . , sj(w) = t2j−2 ◦ t2j−1(w). (2.60)

Âèçíà÷èìî m̃i(z) :=
1

di
mi(z). Òîäi çà (2.56) òà (2.60)

si(w) =
1

li−1 +
1

−zmi(z) + w

=
1

li−1
− 1

li−1(1− zli−1mi(z) + li−1w)
= (2.61)

=
1

li−1
−

1
l2i−1di

−zm̃i(z) +
1

li−1di
+

1

di
w

=
1

li−1
+

1
l2i−1di

1

di

(
zm̃i(z)−

1

li−1
− w

) ,
Ùî âèïëèâà¹ ç (2.55), (2.56) òà (2.60)

u2j
v2j

= s1 ◦ s2 ◦ · · · ◦ sj
(
1

lj

)
. (2.62)

Çîêðåìà,
u2
v2

= s1

(
1

l1

)
=

−1/d1

zm̃1(z)−
1

l1d1

(2.63)

u4
v4

= s1 ◦ s2
(
1

lj

)
=

−1/d1

zm̃1(z)−
1

l1d1
−

1

l21d1d2

zm̃2(z)−
1

d2

(
1

l1
+

1

l2

)
(2.64)
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Ïiäñòàâëÿþ÷è (2.61) äî (2.62), îòðèìó¹ìî

u2j
v2j

= − β0

α0(z)−
β1

α1(z)− · · · − βj−1

αj−1(z)

, (2.65)

äå

β0 =
1

d1
, α0(z) =

1

d1

(
zm1(z)−

1

l1

)
, (2.66)

βj−1=
1

l2j−1dj−1dj
, αj−1(z) =

1

dj

(
zmj(z)−

(
1

lj−1
+

1

lj

))
, (j = 2, 3, . . . ). (2.67)

Íåõàé fj(z) ¹ j-òèé ïiäõiäíèé äðiá P-äðîáó (2.11) òà íåõàé φ2j(z) ¹ 2j-òèé ïiäõi-

äíèé äðiá S-äðîáó (2.36). Ôóíêöi¨ fj(z) = −
Qnj

(z)

Pnj
(z)

òà φ2j(z) =
u2j
v2j

¹ ðàöiîíàëü-

íèìè ôóíêöiÿìè ñòåïåíÿ nj, ÿêi ìàþòü àñèìïòîòè÷íi ðîçâèíåííÿ (2.3) òà (2.37).

Îñêiëüêè çà Ëåìîþ 2.9 nj = µj, òî öi àñèìïòîòè÷íi ðîçâèíåííÿ çáiãàþòüñÿ i, îò-

æå, ôóíêöi¨ fj(z) òà φ2j(z) ñïiâïàäàþòü, îñêiëüêè âîíè îäíîçíà÷íî âèçíà÷àþòüñÿ

ðîçâèíåííÿìè (2.3) òà (2.37). Îñêiëüêè ðîçâèíåííÿ P�äðîáó ¹ ¹äèíèì, òî

bj = βj òà aj(z) = αj(z) (j ∈ Z+).

Öå äîâîäèòü (2.57). 2

Íàñëiäîê 2.13 Íåõàé âèêîíàíi óìîâè Òåîðåìè 2.12. Òîäi ïîëiíîìè mj(z) ìî-

æóòü áóòè çàïèñàíi â òåðìiíàõ aj−1(z) çà ôîðìóëàìè

mj(z)

dj
=

aj−1(z)− aj−1(0)

z
, (j ∈ N). (2.68)

Áiëüø òîãî, ìàþòü ìiñöå íàñòóïíi ôîðìóëè

j∏
i=1

(lidi)
−1 = (−1)jPnj

(0) (j ∈ N), (2.69)

lj =
(−1)j

Pnj−1
(0)Pnj

(0)

j−1∏
i=0

bi, dj = (Pnj−1
(0))2

j−1∏
i=0

b−1
i (j ∈ N). (2.70)

b0 . . . bj =
1

dj+1

j∏
i=1

(
1

dili

)2

(j = 1, . . . , N − 1), (2.71)

Äîâåäåííÿ. Ôîðìóëà (2.68) âèïëèâà¹ áåçïîñåðåäíüî ç (2.59).
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Ç òðè÷ëåííîãî ðåêóðåíòíîãî ñïiââiäíîøåííÿ (1.46), (2.58) òà (2.59), îòðèìó¹ìî

P1(0) = a0(0) = − 1

l1d1
;

Îñêiëüêè a1(0) = − 1

d2

(
1

l1
+

1

l2

)
òà b1 =

1

l21d1d2
, òîäi

P2(0) = − 1

d2

(
1

l1
+

1

l2

)(
− 1

l1d1

)
− 1

l21d1d2
=

1

l1d1

1

l2d2
.

Ðiâíiñòü (2.69) îòðèìó¹ìî çà iíäóêöi¹þ.

Ðiâíîñòi â (2.70) âèïëèâàþòü ç (2.59) òà (2.69). 2

Íàñëiäîê 2.14 Íåõàé âèêîíàíi óìîâè Òåîðåìè 2.12 Òîäi ðîçâ'ÿçêè {uj}∞j=0 òà

{vj}∞j=0 ñèñòåìè (2.52)�(2.53) ìàþòü âèãëÿä

u2j = −
Qnj

(z)

Pnj
(0)

u2j−1 = −γj

∣∣∣∣∣Qnj
(z) Qnj−1

(z)

Pnj
(0) Pnj−1

(0)

∣∣∣∣∣ (j ∈ N), (2.72)

v2j =
Pnj

(z)

Pnj
(0)

v2j−1 = γj

∣∣∣∣∣Pnj
(z) Pnj−1

(z)

Pnj
(0) Pnj−1

(0)

∣∣∣∣∣ (j ∈ N). (2.73)

äå γj = (−1)nj+nj−1
Dnj−1

Dnj

(j ∈ N);

Äîâåäåííÿ. j-òèé ïiäõiäíèé äðiá P -äðîáó (2.28) äîðiâíþ¹ −
Qnj

(z)

Pnj
(z)

(çà Òåîðå-

ìîþ 2.1) òà äîðiâíþ¹
u2j
v2j

(çà Òåîðåìîþ 2.12). Òàê ÿê

deg v2j(z) = degPnj
(z) = nj,

òî v2j(z) ïðîïîðöiéíî äî Pnj
(z) òà u2j(z) ïðîïîðöiéíî äî −Qnj

(z). Òîìó ïåðøà

ôîðìóëà â (2.72) òà (2.73) âèïëèâà¹ ç óìîâè íîðìàëiçàöi¨ v2j(0) = 1 (j ∈ N).
Äðóãà ôîðìóëà (2.73) âèïëèâà¹ ç ïåðøî¨ ðiâíîñòi (2.52), ÿêà ïðèéìà¹ âèãëÿä

Pnj
(z)

Pnj
(0)

−
Pnj−1

(z)

Pnj−1
(0)

= ljv2j−1(z) (j ∈ N).

Òîìó

v2j−1(z) =
1

ljPnj
(0)Pnj−1

(0)

∣∣∣∣∣Pnj
(z) Pnj−1

(z)

Pnj
(0) Pnj−1

(0)

∣∣∣∣∣ (j ∈ N).

Äðóãà ôîðìóëà â (2.73) âèïëèâà¹ ç (2.45) òà (2.75) (äèâ. Çàóâàæåííÿ 2.15 íèæ÷å).

Àíàëîãi÷íèì ÷èíîì äîâîäèòüñÿ äðóãà ôîðìóëà â (2.72). 2
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Çàóâàæåííÿ 2.15 ßâíi ôîðìóëè äëÿ îá÷èñëåííÿ êîåôiöi¹íòiâ ïîëiíîìiâ lj(z)

òà mj(z) â (2.52) (j ∈ N) â òåðìiíàõ ïîñëiäîâíîñòi s = (si)
∞
i=0 íàâåäåíî â [22].

Çàïèøåìî ôîðìóëè äëÿ lj òà dj (j ∈ N) ó âèïàäêó, êîëè s = (si)
∞
i=0 ∈ Hreg, i

òîìó νj = µj = nj (j ∈ N). Òîäi d1 = 1/sn1−1 òà

lj =
D−

nj

D+
nj−1

−
D−

nj+1

D+
nj

, dj+1 =
D

(kj+1)
nj

D
(kj−1)
nj+1

−
D

(kj+1)
nj−1

D
(kj−1)
nj

(j ∈ N), (2.74)

äå kj = degmj+1 − 1 = µj+1 − µj (j ∈ N) òà D
(±1)
n âèçíà÷åíi çà ôîðìóëîþ (2.31).

Çà òîòîæíiñòþ Ñèëüâåñòðà (2.40) íàâåäåíi âèùå ôîðìóëè ïðèéìàþòü âèãëÿä

lj =
D2

nj

D+
nj
D+

nj−1

, dj+1 =

(
D

(kj)
nj

)2
D

(kj−1)
nj D

(kj−1)
nj+1

(j ∈ N). (2.75)

Â êëàñè÷íîìó âèïàäêó s = (si)
∞
i=0 ∈ H0

0 ⊂ Hreg ìà¹ ìiñöå

νj = µj = nj, kj = 1 (j ∈ N)

òà ôîðìóëè (2.75) ñïiâïàäàþòü ç âiäîìèìè ôîðìóëàìè äëÿ äîâæèí lj òà ìàñ

mj äëÿ ñòðóíè Ñòiëò'¹ñà, äèâ. [69, (3.15)]:

lj =
D2

j

D+
j D

+
j−1

, dj = mj =

(
D+

j−1

)2
Dj−1Dj

(j ∈ N). (2.76)

Ó âèïàäêó êîëè kj = 2, îñòàííÿ ôîðìóëà â (2.75) ñïiâïàäà¹ ç ôîðìóëîþ dj ç [71,

Ðîçäië 5.3]:

dj+1 =

(
D

(2)
nj

)2
D+

nj
D+

nj+1

= −
D+

nj
D+

nj+1

Dnj
Dnj+2

(j ∈ N). (2.77)

Ïiäñóìó¹ìî öi ðåçóëüòàòè ó âèïàäêó, êîëè s ∈ Hreg òà kj = 2 äëÿ êîæíîãî

j ∈ N, òîáòî âiäïîâiäíà ñòðóíà Ñòiëò'¹ñà ñêëàäà¹òüñÿ ç äèïîëiâ (äèâ. [71, Ðîç-

äië 5.4]).

Ïðîïîçèöiÿ 2.16 ßêùî s = (si)
∞
i=0 ∈ Hreg òà kj = 2 äëÿ êîæíîãî j ∈ N, òî:

(1) íîðìàëüíi iíäåêñè ïîñëiäîâíîñòi s ¹ νj = µj = nj = 2j òà mj(z) ¹ ïîëiíî-

ìàìè ñòåïåíÿ 1 òà

mj(z) = djz +mj äëÿ äåÿêèõ dj, mj ∈ R (j ∈ N); (2.78)
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(2) âiäïîâiäíèé óçàãàëüíåíèé äðiá Ñòiëò'¹ñà ïðèéìà¹ ôîðìó

− 1

d1z
2 +m1z −

1

l1 −
1

d2z
2 +m2z −

1

l2 . . .

; (2.79)

äå êîåôiöi¹íòè dj, mj, and lj ìîæíà çíàéòè çà íàñòóïíèìè ôîðìóëàìè

d1 = 1/s1 òà

dj =

(
D

(2)
2j−2

)2
D+

2j−2D
+
2j−1

, mj =
D

(2)
2j−1

D2j
−

D
(2)
2j−3

D2j−2
, lj =

D2
2j

D+
2jD

+
2j−1

(j ∈ N). (2.80)

(3) Ðîçâ'ÿçêè {vj}∞j=0 ñèñòåìè (3.120), (3.121) ìàþòü íàñòóïíèé âèãëÿä

v2j(z) =
P2j(z)

P2j(0)
v2j−1(z) = −D2j−1

D2j

∣∣∣∣∣P2j(z) P2j−2(z)

P2j(0) P2j−2(0)

∣∣∣∣∣ (j ∈ N). (2.81)

Äîâåäåííÿ. Îñêiëüêè s ∈ Hreg, òî νj = µj = nj. Ðiâíiñòü nj = 2j âèïëèâà¹ ç

ôîðìóëè kj = nj − nj−1 òà ïðèïóùåííÿ kj = 2.

Ç öüîãî ïðèïóùåííÿ âèïëèâà¹ òàêîæ, ùî degmj+1 = kj − 1 = 1 äëÿ êîæíîãî

j ∈ N. Ïiäñòàâëÿþ÷è (2.78) äî (2.51) îòðèìó¹ìî (2.79).
Ôîðìóëè (2.80) âèïëèâàþòü ç (2.75) òà [22, (5.19)]. 2

2.5 Âèñíîâêè

Ðåçóëüòàòè ãëàâè áóëè ïðåäñòàâëåíi â [27].

Ââåäåíî íîâèé êëàñ óçàãàëüíåíèõ äðîáiâ Ñòiëò'¹ñà (S � äðîáiâ). Âñòàíîâëåíî,

ùî êîæíà ïîñëiäîâíiñòü äiéñíèõ ÷èñåë s (êëàñó H) âiäïîâiäà¹ äåÿêîìó óçàãàëü-

íåíîìó äðîáó Ñòiëò'¹ñà. Ââåäåíî êëàñ Hreg ðåãóëÿðíèõ ïîñëiäîâíîñòåé s i äëÿ

ïîñëiäîâíîñòåé s ç êëàñó Hreg çíàéäåíî çâ'ÿçîê ìiæ âiäïîâiäíèì � äðîáîì òà

óçàãàëüíåíèì S � äðîáîì. Îòðèìàíî ñèñòåìó ðiçíèöåâèõ ðiâíÿíü, ÿêà âiäïîâiäà¹

S � äðîáó.
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3 Ïðîáëåìà ìîìåíòiâ â óçàãàëüíåíèõ êëàñàõ Ñòiëò'¹ñà

Ó íàñòóïíèõ äâîõ ðîçäiëàõ ïîçíà÷åííÿ H òà Hreg áóäå ïîøèðåíå íà ìíîæèíó, ÿê

ñêií÷åíèõ s = {si}ℓi=0 òàê i íåñêií÷åííèõ ïîñëiäîâíîñòåé.

3.1 Ïîñòàíîâêà ïðîáëåìè ìîìåíòiâ

Ïðîáëåìà MP k
κ (s, ℓ). Íåõàé çàäàíi ℓ, κ, k ∈ Z+, òà ïîñëiäîâíiñòü äiéñíèõ ÷è-

ñåë s = {si}ℓi=0. Îïèñàòè ìíîæèíó Mk
κ(s) ôóíêöié f ∈ Nk

κ, ÿêi ìàþòü íàñòóïíå

àñèìïòîòè÷íå ðîçâèíåííÿ

f(z) = −s0
z
− · · · − sℓ

zℓ+1
+ o

(
1

zℓ+1

)
, z→̂∞. (3.1)

Òàêà ïðîáëåìà ìîìåíòiâ íàçèâà¹òüñÿ ïàðíîþ àáî íåïàðíîþ â çàëåæíîñòi âiä

äî íåïàðíîñòi ÷èñëà ℓ+ 1 îáðàíèõ ìîìåíòiâ. Äëÿ äîñëiäæåííÿ öi¹¨ ïðîáëåìè âè-

êîðèñòîâó¹ìî àëãîðèòì Øóðà, ÿêèé áóâ ðîçðîáëåíèé â [2], [14] òà [17] äëÿ êëàñó

Nκ. Çàñòîñóâàííÿ àëãîðèòìó Øóðà äî âèðîäæåíî¨ ïðîáëåìè ìîìåíòiâ ó êëàñi Nκ

áóëî íàâåäåíî â ðîáîòi [26].

3.2 Íîðìàëüíi iíäåêñè

Íåõàé N (s) = {nj}Nj=1 ¹ ìíîæèíà íîðìàëüíèõ iíäåêñiâ ïîñëiäîâíîñòi s = {sj}ℓj=0,

ÿêà âèçíà÷à¹òüñÿ óìîâàìè

detSnj
̸= 0 (j ∈ {1, 2, . . . , N}). (3.2)

Ìíîæèíà N (s) ¹ îá'¹äíàííÿì äâîõ ìîæëèâî ïåðåòèíàþ÷èõñÿ ïiäìíîæèí

N (s) = {νj}N1

j=1 ∪ {µj}N2

j=1, (3.3)

ÿêi îáèðàþòüñÿ íàñòóïíèì ÷èíîì

detSνj ̸= 0 òà detS+
νj−1 ̸= 0, äëÿ êîæíîãî j = 1, N1 (3.4)

òà

detSµj
̸= 0 é detS+

µj
̸= 0, äëÿ êîæíîãî j = 1, N2. (3.5)

Äîâåäåííÿ öèõ ôàêòiâ (äèâ. [27, Ïðîïîçèöi¨ 3.1]) âèïëèâà¹ ç òîòîæíîñòi Ñèëüâå-

ñòðà

D2
n = detS+

n detS−
n − detS+

n−1 detS
−
n+1, (3.6)
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äå S−
n := (si+j−1)

n−1
i,j=0 òà s−1 := 0. Äiéñíî, ÿêùî n ¹ íîðìàëüíèì iíäåêñîì ïîñëi-

äîâíîñòi s, òî Dn ̸= 0 òà â ñèëó (3.6) ïðèíàéìíi îäèí ç âèçíà÷íèêiâ detS+
n àáî

detS+
n−1 íå äîðiâíþ¹ íóëþ.

Áiëüø òîãî (äèâ. [27, Ïðîïîçèöiþ 3.1]), íîðìàëüíi iíäåêñè νj òà µj çàäîâîëü-

íÿþòü íàñòóïíèì íåðiâíîñòÿì

0 < ν1 ≤ µ1 < ν2 ≤ µ2 < . . . (3.7)

Çàóâàæåííÿ 3.1 ßêùî ôóíêöiÿ f ∈ Nk
κ ìà¹ àñèìïòîòè÷íå ðîçâèíåííÿ (3.1),

ç ℓ = 2µj − 1 òà µj çàäîâîëüíÿþòü (3.5), òî

ν−(Sµj
) ≤ κ, ν−(S

+
µj
) ≤ k. (3.8)

ßêùî ôóíêöiÿ f ∈ Nk
κ ìà¹ àñèìïòîòè÷íå ðîçâèíåííÿ (3.1), ç ℓ = 2νj − 2 òà νj

çàäîâîëüíÿþòü (3.4), òî

ν−(Sνj) ≤ κ, ν−(S
+
νj−1) ≤ k. (3.9)

Çâåðíåìî óâàãó, ùî ν1 ìîæíà çíàéòè ç óìîâ

s0 = . . . = sν1−2 = 0, sν1−1 ̸= 0, (3.10)

áî äëÿ òàêîãî ν1 ìà¹ìî detSi = 0 äëÿ i ≤ ν1 òà

detSν1 ̸= 0 1 detS+
ν1−1 ̸= 0. (3.11)

Òîìó ïåðøèé íîðìàëüíèé iíäåêñ ïîñëiäîâíîñòi s ñïiâïàäà¹ ç ν1, òîáòî n1 = ν1.

3.3 Ìàòðèöi Òüîïëiöà òà àñèìïòîòè÷íå ðîçâèíåííÿ

Ïîñëiäîâíiñòü äiéñíèõ ÷èñåë (c0, . . . , cn) âèçíà÷à¹ âåðõíþ òðèêóòíó ìàòðèöþ Òüî-

ïëiöà T (c0, . . . , cn) ðîçìiðó (n+ 1)× (n+ 1) ç åëåìåíòàìè ti,j = cj−i äëÿ i ≤ j òà

ti,j = 0 äëÿ i > j:

T (c0, . . . , cn) =

 c0 . . . cn
. . . ...

c0

 . (3.12)

Äåÿêi îá÷èñëåííÿ öi¹¨ ðîáîòè  ðóíòóþòüñÿ íà íàñòóïíié ëåìi.

Ëåìà 3.2 Íåõàé ôóíêöi¨ c òà d (ìåðîìîðôíi â C \ R) ìàþòü íàñòóïíi àñèì-

ïòîòè÷íi ðîçâèíåííÿ

c(z) = c0 +
c1
z + · · ·+ cn

zn + o
(

1
zn

)
, z→̂∞;

d(z) = d0 +
d1
z + · · ·+ dn

zn + o
(

1
zn

)
, z→̂∞.

(3.13)
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òà íåõàé c(z)d(z) = 1. Òîäi ìàòðèöi Òüîïëiöà T (c0, . . . , cn) òà T (d0, . . . , dn)

ïîâ'ÿçàíi íàñòóïíèì ÷èíîì

T (c0, . . . , cn)T (d0, . . . , dn) = In+1. (3.14)

Ïðèïóñòèìî, ùî ïîñëiäîâíiñòü s = {si}ℓi=0 çàäîâiëüíÿ¹ óìîâàì (3.10), ïîêëàäå-

ìî ν := ν1, òîáòî

s0 = . . . = sν−2 = 0, sν−1 ̸= 0. (3.15)

ßêùî ℓ ≥ 2ν − 1, òî ìîæíà âèçíà÷èòè ïîëiíîì a òà êîíñòàíòó b, ÿê

a(z) =
1

Dν

∣∣∣∣∣∣∣∣∣∣
s0 . . . sν−1 sν

· · · · · · · · · · · ·
sν−1 . . . s2ν−2 s2ν−1

1 z . . . zν

∣∣∣∣∣∣∣∣∣∣
, b = sν−1. (3.16)

Ó âèïàäêó, êîëè ℓ = 2ν − 2, ïîçíà÷èìî s2ν−1 äîâiëüíå äiéñíå ÷èñëî. Òiëüêè

îñòàííié êîåôiöi¹íò a0 ïîëiíîìà

a(z) = aνz
ν + · · ·+ a1z + a0 (3.17)

çàëåæèòü âiä öüîãî ÷èñëà.

Íàñòóïíà Ëåìà ¹ ïðÿìèì íàñëiäêîì Ëåìè 3.2 Öÿ Ëåìà ìiñòèòü äåÿêi òâåðäæå-

ííÿ, ùî ñòîñóþòüñÿ àñèìïòîòè÷íîãî ðîçâèíåííÿ îáåðíåíî¨ ôóíêöi¨, äèâ. [14, Ëå-

ìà 2.1] òà [26, Ëåìà 2.13, Ëåìà A3].

Ëåìà 3.3 Ïðèïóñòèìî, ùî ïîñëiäîâíiñòü s = {si}ℓi=0 çàäîâîëüíÿ¹ óìîâàì (3.15)

ç ℓ ≥ 2ν − 1, íåõàé N (s) = {nj}Nj=1, n = [ℓ/2] òà b i ïîëiíîì a(z) =
ν∑

j=0

ajz
j

âèçíà÷åíi çà ôîðìóëîþ (3.16). Òîäi ôóíêöiÿ f (ìåðîìîðôíà â C \ R) äîïóñêà¹

àñèìïòîòè÷íå ðîçâèíåííÿ

f(z) = −sν−1

zν
− · · · − sℓ

zℓ+1
+ o

(
1

zℓ+1

)
, z→̂∞, (3.18)

òîäi i òiëüêè òîäi, êîëè ôóíêöiÿ −1/f(z) äîïóñêà¹ àñèìïòîòè÷íå ðîçâèíåííÿ

− 1

f(z)
=

a(z)

b
+ g̃(z), z→̂∞, (3.19)

äå g̃(z) çàäîâîëüíÿ¹ îäíié ç íàñòóïíèõ óìîâ:

(i) ÿêùî ℓ = 2ν−2 òà s2ν−1 â (3.16) ¹ äîâiëüíèì äiéñíèì ÷èñëîì, òî g̃(z) = o(z),

z→̂∞;
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(ii) ÿêùî ℓ = 2ν − 1, òî g̃(z) = o(1) z→̂∞;

(iii) ÿêùî ℓ > 2ν − 1, òî g̃(z) ìà¹ àñèìïòîòè÷íå ðîçâèíåííÿ

g̃(z) = −s0
z
− · · · − sℓ−2ν

zℓ−2ν+1
+ o

(
1

zℓ−2ν+1

)
, z→̂∞, (3.20)

äå ïîñëiäîâíiñòü (si)
ℓ−2ν
i=0 âèçíà÷à¹òüñÿ ìàòðè÷íèì ðiâíÿííÿì

T (
aν
b
, . . . ,

a0
b
,−s0, . . . ,−sℓ−2ν)T (sν−1, . . . , sℓ) = Iℓ−ν+2. (3.21)

Êðiì òîãî, ìàòðèöi Sp = (si+j)
p−1
i,j=0 ïîâ'ÿçàíèìè ç ìàòðèöÿìè Sp+ν íàñòó-

ïíèìè ðiâíîñòÿìè

Sp = (TSp+νT
∗)−1 (p = 1, . . . , n− ν + 1); (3.22)

äå T ¹ ìàòðèöÿ ðîçìiðó p× (p+ ν), ùî ìà¹ âèãëÿä

T =

 sν−1 . . . sp+ν−2

. . . ...

0 sν−1

 (p = 1, . . . , n− ν + 1); (3.23)

Iíäåêñè ν±(Sp), ν0(Sp) òà íîðìàëüíi iíäåêñè nj ïîñëiäîâíîñòi (si)
ℓ−2ν
i=0 îòðè-

ìó¹ìî ç

ν±(Sp) = ν±(Sp+ν)− ν±(Sν) (p = 1, . . . , n− ν + 1); (3.24)

ν0(Sp) = ν0(Sp+ν) (p = 1, . . . , n− ν + 1), (3.25)

nj = nj+1 − ν (j = 1, . . . , N − 1). (3.26)

Âèçíà÷èìî íàñòóïíèé ïîëiíîì m, ÿê

m(z) =
a(z)− a(0)

bz
, (deg(m) = ν − 1). (3.27)

Â ñèëó (3.16), m(z) ìà¹ íàñòóïíèé âèãëÿä

m(z) =
(−1)ν+1

Dν

∣∣∣∣∣∣∣∣∣∣
0 . . . 0 sν−1 sν
... . . . . . .

...

sν−1 . . . . . . . . . s2ν−2

1 z . . . zν−2 zν−1

∣∣∣∣∣∣∣∣∣∣
, (Dν := detSν), (3.28)

òà ñòàðøèé êîåôiöi¹íò ïîëiíîìà m(z) îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

(−1)ν+1D
+
ν−1

Dν
=

1

sν−1
. (3.29)

Ïåðåôîðìóëþ¹ìî Ëåìó 3.3 â òåðìiíàõ ïîëiíîìà m.
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Ëåìà 3.4 Íåõàé ïîñëiäîâíiñòü äiéñíèõ ÷èñåë s = {sj}ℓj=0 çàäîâîëüíÿ¹ óìîâàì

(3.10) (ℓ ≥ 2ν−1), íåõàé N (s) = {nj}Nj=1 òà ïîëiíîì m(z) =
∑ν−1

j=0 mjz
j ¹ âèçíà-

÷åíèì çà (3.28). Òîäi ôóíêöiÿ f (ìåðîìîðôíà â C \ R) äîïóñêà¹ àñèìïòîòè÷íå
ðîçâèíåííÿ (3.18) òîäi i òiëüêè òîäi, êîëè ôóíêöiÿ −1/f(z) äîïóñêà¹ àñèìïòî-

òè÷íå ðîçâèíåííÿ

−1/f(z) = zm(z) + g(z), z→̂∞, (3.30)

äå g(z) çàäîâîëüíÿ¹ îäíié ç íàñòóïíèõ óìîâ:

(i) ÿêùî ℓ = 2ν − 2, òî g(z) = o(z), z→̂∞;

(ii) ÿêùî ℓ ≥ 2ν − 1, òî g(z) ìà¹ àñèìïòîòè÷íå ðîçâèíåííÿ

g(z) = −s−1 −
s0
z
− · · · − sℓ

zℓ+1
+ o

(
1

zℓ+1

)
, z→̂∞, (3.31)

äå ïîñëiäîâíiñòü (si)
ℓ−2ν
i=0 âèçíà÷à¹òüñÿ çà ìàòðè÷íèì ðiâíÿííÿì

T (mν−1, . . . ,m0,−s−1, . . . ,−sℓ−2ν)T (sν−1, . . . , sℓ) = Iℓ−ν+2. (3.32)

Iíäåêñè ν±(Sp), ν0(Sp) òà íîðìàëüíi iíäåêñè nj ïîñëiäîâíîñòi (si)
ℓ−2ν
i=0 âèçíà-

÷àþòüñÿ çà (3.24) � (3.26).

Çàóâàæåííÿ 3.5 Ç ðiâíîñòi (3.21) òà [14, Ïðîïîçèöi¨ 2.1] âèïëèâà¹, ùî ïîñëi-

äîâíiñòü {si}ℓ−2ν1
i=−1 ìîæíà çíàéòè çà íàñòóïíèìè ôîðìóëàìè

s−1 =
(−1)

sν1−1

ν1+1D+
ν1

Dν1

, (3.33)

si =
(−1)i+ν1

si+ν1+2
ν1−1

∣∣∣∣∣∣∣∣∣∣∣∣

sν1 sν1−1 0 . . . 0
... . . . . . . . . . ...
... . . . . . . 0
... . . . sν1−1

s2ν1+i . . . . . . . . . sν1

∣∣∣∣∣∣∣∣∣∣∣∣
i = 0, ℓ− 2ν1. (3.34)

Íàñòóïíå òâåðäæåííÿ ¹ àíàëîãîì Ëåìè 3.4, ÿêèé çàñòîñîâó¹òüñÿ äî àñèìïòî-

òè÷íèõ ðîçâèíåíü, ùî ìiñòÿòü êîíñòàíòè.

Ëåìà 3.6 Íåõàé s = {si}ℓi=−1 ¹ ïîñëiäîâíiñòü äiéñíèõ ÷èñåë òàêà, ùî s−1 ̸= 0.

Íåõàé N (s) = {nj}Nj=1, n = [ℓ/2] òà l = 1/s−1. Òîäi ôóíêöiÿ g (ìåðîìîðôíà C\R)
äîïóñêà¹ àñèìïòîòè÷íå ðîçâèíåííÿ (3.31) òîäi i òiëüêè òîäi, êîëè ôóíêöiÿ

−1/g(z) äîïóñêà¹ ïðåäñòàâëåííÿ

−1/g(z) = l + f(z), z→̂∞, (3.35)

äå f(z) çàäîâîëüíÿ¹ îäíié ç íàñòóïíèõ óìîâ:
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(i) ÿêùî ℓ = −1, òî f(z) = o(1), z→̂∞;

(ii) ßêùî ℓ ≥ 0, òî f(z) ìà¹ àñèìïòîòè÷íå ðîçâèíåííÿ

f(z) = −s0
z
− · · · − sℓ

zℓ+1
+ o

(
1

zℓ+1

)
, z→̂∞, (3.36)

äå ïîñëiäîâíiñòü (si)
ℓ−2ν
i=0 ¹ âèçíà÷åíîþ çà ìàòðè÷íèì ðiâíÿííÿì

T (s−1, . . . , sℓ)T (l,−s0, . . . ,−sℓ) = Iℓ+2. (3.37)

Iíäåêñè ν±(Sp), ν0(Sp) âèçíà÷àþòüñÿ, ÿê

ν0(Sp) = ν0(Sp), ν±(Sp) = ν±(Sp) (p = 0, . . . , n+ 1). (3.38)

Äîâåäåííÿ. ßêùî ℓ = −1, òî (3.18) ìà¹ âèãëÿä

g(z) = −s−1 + o(1), z→̂∞,

îòæå, (i) ìà¹ ìiñöå.

Ïðèïóñòèìî, ùî ℓ ≥ 0. Òîäi çà Ëåìîþ 3.3 îòðèìó¹ìî ïðåäñòàâëåííÿ (3.19),

(3.20) äëÿ −1/g ç êîåôiöi¹íòàìè si (i = 0, . . . , ℓ), ÿêi çàäîâîëüíÿþòü (3.37). Ïî-

ìíîæèâøè (3.37) ç ℓ çàìiíåíèì íà 2n (n = [ℓ/2]) i çëiâà, i ñïðàâà íà ìàòðèöþ

J2n+2, îòðèìó¹ìî ðiâíiñòü AB = In+2, àáî ó áëîêîâié ôîðìi(
0(n+1)×(n+1) A12

A∗
12 A22

)(
B11 B12

B∗
12 0(n+1)×(n+1)

)
= I2n+2, (3.39)

äå

A12 =

 0 . . . s−1
... . . . ...

s−1 . . . sn−1

 ∈ C(n+1)×(n+1),

A22 = Sn+1 ∈ C(n+1)×(n+1), B11 = −Jn+1Sn+1Jn+1 ∈ C(n+1)×(n+1) (3.40)

i B12, B∗
12 äåÿêi ìàòðèöi ç C(n+1)×(n+1). Çâåðíåìî óâàãó íà òå, ùî ìàòðèöÿ A ¹

îáîðîòíîþ. ßêùî, êðiì òîãî, ìàòðèöÿ A22 ¹ îáîðîòíîþ, òî ¨¨ äîïîâíåííÿ Øóðà

B−1
11 = −A12A

−1
22 A

∗
12

i, îòæå, ìàòðèöÿ B11 = (A11)
−1 òàêîæ ìà¹ îáåðíåíó ìàòðèöþ. Ç îãëÿäó íà (3.40),

îòðèìó¹ìî, ùî Sn+1 ¹ îáîðîòíîþ. Çâîðîòíå òâåðäæåííÿ äîâîäèòüñÿ àíàëîãi÷íî.

Òàêèì ÷èíîì, ôîðìóëó (3.38) äîâåäåíî. 2
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Äëÿ ïîñëiäîâíîñòi s = {si}2n−1
i=−1 âèçíà÷èìî

S−
n =

 s−1 · · · sn−2

· · · · · · · · ·
sn−2 · · · s2n−3

 , (n ∈ N). (3.41)

Íàñëiäîê 3.7 Çà ïðèïóùåííÿìè Ëåìè 3.4, iíäåêñè ν0(S−
p ) òà ν±(S−

p ) äëÿ ìà-

òðèöü S−
p = (si+j−1)

p−1
i,j=0 îá÷èñëþþòüñÿ çà íàñòóïíèìè ôîðìóëàìè

ν0(S−
p ) = ν0(S

+
p+ν−1), (p = 1, . . . , n− ν + 1, n = [ℓ/2]); (3.42)

ν±(S−
p ) = ν±(S

+
p+ν−1)− ν±(S

+
ν−1), ÿêùî s0 = 0 (p = 1, . . . , n− ν + 1); (3.43)

ν±(S−
p ) = ν±(S

+
p ), ÿêùî s0 ̸= 0 (p = 1, . . . , n). (3.44)

Äîâåäåííÿ. Ïðèïóñòèìî, ùî s0 = 0. Òîäi ç (3.19), (3.20), îòðèìó¹ìî ùî

zf(z) = −sν−1

zν−1
− · · · − s2i−1

z2i−1
+ o

(
1

z2i−1

)
, z→̂∞, (3.45)

− 1

zf(z)
= m(z)− s−1

z
− · · · − s2i−1−2ν

z2i−2ν
+ o

(
1

z2i−2ν

)
, z→̂∞, (3.46)

Çàñòîñîâó¹ìî Ëåìó 3.4 äî zf(z) òà âèêîðèñòîâó¹ìî ðîçâèíåííÿ (3.45) òà (3.46),

ìà¹ìî

ν0(S−
p−ν+1) = ν0(S

+
p ), (p = ν, . . . , [ℓ/2]).

ν±(S−
p−ν+1) = ν±(S

+
p )− ν±(S

+
ν−1), (p = ν, . . . , [ℓ/2]).

ßêùî s0 ̸= 0, òî ν = 1 òà ðîçâèíåííÿ (3.45) i (3.46) ìàþòü íàñòóïíèé âèãëÿä

zf(z) = −s0 −
s1
z
− · · · − s2i−1

z2i−1
+ o

(
1

z2i−1

)
, z→̂∞,

− 1

zf(z)
= m− s−1

z
− · · · − s2i−3

z2i−2
+ o

(
1

z2i−2

)
, z→̂∞,

äå m = 1/s0 òà çà Ëåìîþ 3.6

ν0(S−
p ) = ν0(S

+
p ), ν±(S−

p ) = ν±(S
+
p ) (p = 1, . . . , [ℓ/2]).

Öå äîâîäèòü (3.43)-(3.44). 2

Íàñëiäîê 3.8 Çà ïðèïóùåííÿìè Ëåìè 3.6, iíäåêñè ν0(S
+
p ) òà ν−(S

+
p ) äëÿ ìà-

òðèöü S+
p = (si+j+1)

p−1
i,j=0 îá÷èñëþþòüñÿ çà íàñòóïíèìè ôîðìóëàìè

ν0(Sp
+) = ν0(S−

p+1), (p = 1, . . . , n+ 1);

ν−(S
+
p ) = ν−(S−

p+1), ÿêùî s−1 > 0 (p = 1, . . . , n+ 1);

ν−(S
+
p ) = ν−(S−

p+1)− 1, ÿêùî s−1 < 0 (p = 1, . . . , n+ 1).

(3.47)
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Äîâåäåííÿ. Çà Ëåìîþ 3.4

g(z)

z
= −s−1

z
− s0

z2
− · · · − sℓ

zℓ+2
+ o

(
1

zℓ+1

)
, z→̂∞, (3.48)

− z

g(z)
= lz − s0 −

s1
z
− · · · − sℓ

zℓ
+ o

(
1

zℓ

)
, z→̂∞, (3.49)

äå l = 1/s−1, îòðèìó¹ìî

ν0(S
+
p ) = ν0(S−

p+1), (p = 1, . . . , n);

ν−(S
+
p ) = ν−(S−

p+1)− ν−(S−
1 ), (p = 1, . . . , n);

(3.50)

Ðiâíîñòi (3.47) âèïëèâàþòü ç (3.50), òàê ÿê S−
1 = (s−1). 2

3.4 Êëàñ Uκ(J2) òà äðîáîâî-ëiíiéíi ïåðåòâîðåííÿ

Íåõàé κ ∈ N òà J2 � ïîðÿäêó 2× 2 ñèãíàòóðíà ìàòðèöÿ

J2 =

(
0 −i

i 0

)
.

Îçíà÷åííÿ 3.9 Ìàòðèöÿ ôóíêöiÿ W(z) = (wi,j(z))
2
i,j=1 ìåðîìîðôíà â C+ íàëå-

æèòü äî êëàñó Uκ(J2) óçàãàëüíåíèõ J2-âíóòðiøíiõ ìàòðèöü ôóíêöié, ÿêùî:

(i) ÿäðî

KW
ω (z) =

J2 −W(z)J2W(ω)∗

−i(z − ω̄)

ìà¹ κ âiä'¹ìíèõ êâàäðàòiâ íà H+
W × H+

W òà

(ii) J2 −W(µ)J2W(µ)∗ = 0 äëÿ ì.â. µ ∈ R,

äå H+
W ïîçíà÷à¹ îáëàñòü ãîëîìîðôíîñòi W â C+.

Ìíîæèíà ìàòðèöü ôóíêöié, ÿêi çàäîâîëüíÿþòü òiëüêè ïåðøîìó ïðèïóùåííþ (i)

ïîçíà÷à¹òüñÿ Pκ(J2). Êëàñ P(J2) := P0(J2) áóâ ââåäåíèé i äîñëiäæåíèé Ì.Ñ. Ëiâ-

øèöåì [75], ó çâ'ÿçêó ç òåîði¹þ õàðàêòåðèñòè÷íèõ ôóíêöié êâàçi-åðìiòîâèõ îïå-

ðàòîðiâ, äèâiòüñÿ òàêîæ [83], ó âèïàäêó íåîáìåæåíèõ îïåðàòîðiâ. Ôàêòîðèçàöié-

íà òåîðiÿ ìàòðèöü ôóíêöié ç êëàñó P(J2) áóëà äîñëiäæåíà Â.Ï. Ïîòàïîâèì [81].

Ïiäêëàñ J2-âíóòðiøíiõ ìàòðèöü ôóíêöié U(J2) âiäiãðà¹ âàæëèâó ðîëü â öié òåîði¨.
Çâåðíåìî óâàãó íà òå, ùî ìàòðèöi ìîíîäðîìi¨ êàíîíi÷íèõ ñèñòåì i ðåçîëüâåíòíi

ìàòðèöü áàãàòüîõ iíòåðïîëÿöiéíèõ ïðîáëåì íàëåæèòü äî êëàñó U(J2), [5]. Âèçíà-
÷åííÿ i äåÿêi âëàñòèâîñòi êëàñó Uκ(J2) ìiñòÿòüñÿ â [3].
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Ðîçãëÿíåìî äðîáîâî-ëiíiéíå ïåðåòâîðåííÿ (ÄËÏ)

TW [τ ] = (w11τ(z) + w12)(w21τ(z) + w22)
−1,

ÿêå âiäïîâiäà¹ ìàòðèöi ôóíêöi¨ W(z). ÄËÏ àñîöiéîâàíå ç äîáóòêîì W1W2 äâîõ

ìàòðèöü ôóíêöié W1(z) òà W2(z), ñïiâïàäà¹ ç êîìïîçèöi¹þ TW1
◦ TW2

.

ßê âiäîìî, ÿêùî W1 ∈ Uκ1
(J2) òà W2 ∈ Uκ2

(J2), òî W1W2 ∈ Uκ′(J2), äå κ′ ≤
κ1 + κ2.

Ëåìà 3.10 Íåõàé m(z) � öå äiéñíèé ïîëiíîì òàêèé, ùî κ−(zm) = κ1, κ−(m) =

k1 òà M(z) � öå ìàòðèöÿ ôóíêöiÿ ðîçìiðó 2× 2

M(z) =

(
1 0

−zm(z) 1

)
(3.51)

òà íåõàé τ ¹ ìåðîìîðôíîþ ôóíêöi¹þ òàêîþ, ùî τ(z)−1 = o(z), êîëè z→̂∞. Òîäi

ìàþòü ìiñöå íàñòóïíi åêâiâàëåíòíîñòi:

τ ∈ Nκ2
⇐⇒ TM [τ ] ∈ Nκ1+κ2

, (3.52)

τ ∈ Nk2
κ2

⇐⇒ TM [τ ] ∈ Nk1+k2
κ1+κ2

. (3.53)

Äîâåäåííÿ. Ïîêëàäåìî f = TM [τ ]. Òîäi

− 1

f(z)
= zm(z)− 1

τ(z)
. (3.54)

Ç (3.54) òà Ïðîïîçèöi¨ 1.16 (3) âèïëèâà¹, ùî −1

f
∈ Nκ1+κ2

. Çà Ïðîïîçèöi¹þ 1.16

(1), ç öüîãî âèïëèâà¹ (3.52).

Ïîäiëèâøè (3.54) íà z, îòðèìó¹ìî

− 1

zf(z)
= m(z)− 1

zτ(z)
. (3.55)

Îòæå (zτ(z))−1 = o(1), êîëè z→̂∞, òîìó çà Ïðîïîçèöi¹þ 1.16 (3) − 1

zf
∈ Nk1+k2

i çâiäñè âèïëèâà¹ zf ∈ Nk1+k2. Öå äîâîäèòü (3.53). 2

Ëåìà 3.11 Íåõàé l(z) ¹ äiéñíèì ïîëiíîìîì òàêèì, ùî κ−(l) = κ1, κ−(zl(z)) = k1,

L(z) ¹ ìàòðèöåþ ôóíêöi¹þ ðîçìiðó 2× 2

L(z) =

(
1 l(z)

0 1

)
(3.56)
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òà íåõàé τ ¹ ìåðîìîðôíîþ ôóíêöi¹þ òàêîþ, ùî τ(z)−1 = o(1), êîëè z→̂∞. Òîäi

ìàþòü ìiñöå íàñòóïíi åêâiâàëåíòíîñòi:

τ ∈ Nκ2
⇐⇒ TL[τ ] ∈ Nκ1+κ2

, (3.57)

τ ∈ Nk2
κ2

⇐⇒ TL[τ ] ∈ Nk1+k2
κ1+κ2

. (3.58)

Äîâåäåííÿ. Ïîêëàäåìî f = TL[τ ]. Òîäi (3.57) âèïëèâà¹ ç ðiâíîñòi

f(z) = l(z) + τ(z). (3.59)

òà Ïðîïîçèöi¨ 1.16 (3). Ìíîæèìî (3.59) íà z, îòðèìó¹ìî

zf(z) = zl(z) + zτ(z). (3.60)

Îòæå zτ(z) = o(z), êîëè z→̂∞, òîäi çà Ïðîïîçèöi¹þ 1.16 (3) zf ∈ Nk1+k2. Öå

äîâîäèòü (3.58). 2

3.5 Åëåìåíòàðíà ïðîáëåìà ìîìåíòiâ ó êëàñi Ñòiëò'¹ñà

Ó öüîìó ðîçäiëi ðîçãëÿíåìî åëåìåíòàðíó ïðîáëåìó Ñòiëò'¹ñà â êëàñiNk
κ òà îïèøå-

ìî ìíîæèíó ¨¨ ðîçâ'ÿçêiâ. Ïàðíà òà íåïàðíà ïðîáëåìè áóäóòü ðîçãëÿíóòi îêðåìî.

Â îáîõ âèïàäêàõ áóäå ðîçãëÿíóòî îäèí êðîê àëãîðèòìó Øóðà.

3.5.1 Åëåìåíòàðíà íåïàðíà ïðîáëåìà ìîìåíòiâ MP k
κ (s, 2ν1 − 2)

Íåïàðíà ïðîáëåìà ìîìåíòiâ MP k
κ (s, 2n− 2) íàçèâà¹òüñÿ íåâèðîäæåíîþ, ÿêùî

Dn ̸= 0 òà D+
n−1 ̸= 0. (3.61)

Çà îçíà÷åííÿì (3.4), öå îçíà÷à¹ ùî n ∈ N (s). Íåâèðîäæåíà íåïàðíà ïðîáëåìà

ìîìåíòiâMP k
κ (s, 2n−2) íàçèâà¹òüñÿ åëåìåíòàðíîþ, ÿêùî n ¹ ¹äèíèì íîðìàëüíèì

iíäåêñîì ïîñëiäîâíîñòi s, òîáòî n = ν1 òà N (s) = {ν1}. Öåé âèïàäîê ìîæíà

îõàðàêòåðèçóâàòè óìîâàìè (3.10).

Åëåìåíòàðíà ïðîáëåìà ìîìåíòiâMP k
κ (s, 2ν1−2) ìîæå áóòè ïåðåôîðìóëüîâàíà

òàêèì ÷èíîì:

Çàäàíà ïîñëiäîâíiñòü äiéñíèõ ÷èñåë s = {si}2ν1−2
i=0 ç N (s) = {ν1}. Çíàéòè âñi ôóí-

êöi¨ f ∈ Nk
κ òàêi, ùî

f(z) = −sν1−1

zν1
− · · · − s2ν1−2

z2ν1−1
+ o

(
1

z2ν1−1

)
, z→̂∞. (3.62)
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Íåõàé s = {si}2ν1−2
i=0 ¹ ïîñëiäîâíiñòþ äiéñíèõ ÷èñåë, ÿêà íàëåæèòü êëàñó H òà

íåõàé (3.10) ìà¹ ìiñöå. Òîäi s ∈ Hk1
κ1,2ν1−2, äå κ1 òà k1 ¹ âèçíà÷åíèìè çà ôîðìóëàìè

κ1 = ν−(Sν1) =

{ [
ν1+1
2

]
, ÿêùî ν1 ¹ íåïàðíèì òà sν1−1 < 0;[

ν1
2

]
, â iíøîìó âèïàäêó.

(3.63)

k1 = ν−(S
+
ν1−1) =

{
[ν12 ], ÿêùî ν1 ¹ ïàðíèì òà sν1−1 < 0;

[ν1−1
2 ], â iíøîìó âèïàäêó.

(3.64)

Ç (3.63) òà (3.64) âèïëèâà¹, ùî

k1 = ν−(S
+
ν1−1) =


κ1 − 1, ÿêùî ν1 ¹ íåïàðíèì òà sν1−1 < 0;

κ1 − 1, ÿêùîν1 ¹ ïàðíèì òà sν1−1 > 0;

κ1, â iíøîìó âèïàäêó.

(3.65)

Íåõàé ïîëiíîì m1(z) ¹ âèçíà÷åíèì çà ôîðìóëîþ (3.28) ç ν = ν1. Òîäi ç (1.33)

òà (3.63), (3.64) âèïëèâà¹, ùî

κ1 = κ−(zm1), k1 = κ−(m1). (3.66)

Ëåìà 3.12 Íåõàé ν1 ¹ ïåðøèé íîðìàëüíèé iíäåêñ ïîñëiäîâíîñòi s = {sj}2ν1−2
j=0 ,

íåõàé ïîëiíîì m1 âèçíà÷åíèé çà (3.28) òà f ∈ Nκ ìà¹ àñèìïòîòè÷íå ðîçâèíå-

ííÿ (3.62). Òîäi f äîïóñêà¹ íàñòóïíå ïðåäñòàâëåííÿ

f(z) = − 1

zm1(z) + g(z)
, (3.67)

äå

g ∈ Nκ−κ1
òà g(z) = o(z), z→̂∞. (3.68)

Ç iíøîãî áîêó, ÿêùî g çàäîâîëüíÿ¹ (3.68) òà f ¹ âèçíà÷åíîþ çà (3.67), òî f ∈ Nκ.

Äîâåäåííÿ. Çà Ëåìîþ 3.4, f äîïóñêà¹ ïðåäñòàâëåííÿ (3.67), äå g(z) = o(z),

êîëè z→̂∞. Òàê ÿê f ∈ Nκ, òî −1/f ∈ Nκ òà

−1/f(z) = zm1(z) + g(z). (3.69)

Çà Ïðîïîçèöi¹þ 1.16 (3) ìà¹ìî g ∈ Nκ−κ−(zm1). Â ñèëó (3.66) κ−(zm1) = κ1, îòæå,

îòðèìó¹ìî g ∈ Nκ−κ1
.

Ç iíøîãî áîêó, ÿêùî g çàäîâîëüíÿ¹ (3.68), òî çà Ëåìîþ 3.4 f ìà¹ àñèìïòîòè÷íå

ðîçâèíåííÿ (3.62) òà çà (3.69) i çà Ïðîïîçèöi¹þ 1.16 (3) f ∈ Nκ1+(κ−κ1) = Nκ. 2
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Çàóâàæåííÿ 3.13 Çàìiíÿþ÷è g íà −1/g1 â (3.67), îòðèìó¹ìî

f(z) = TM1(z)[g1(z)] =
g1(z)

−zm1(z)g1(z) + 1
, (3.70)

äå ïîëiíîì m1(z) âèçíà÷åíèé çà (3.28) òà ìàòðèöÿ ôóíêöiÿ

M1(z) =

(
1 0

−zm1(z) 1

)
(3.71)

íàëåæèòü äî êëàñó Uκ1
(J). Òâåðäæåííÿ Ëåìè 3.12 ìîæíà ïåðåôîðìóëþâàòè

íàñòóïíèì ÷èíîì

TM1
[g1] ∈ Nκ ⇐⇒ g1 ∈ Nκ−κ1

òà
1

g1(z)
= o(z), z→̂∞. (3.72)

Áiëüø òîãî, ç Ëåìè 3.10 îòðèìó¹ìî, ùî

TM1
[g1] ∈ Nk

κ ⇐⇒ g1 ∈ Nk−k1
κ−κ1

òà
1

g1(z)
= o(z), z→̂∞. (3.73)

Ïî¹äíóþ÷è Ëåìó 3.12 òà Çàóâàæåííÿ 3.13 ç ôîðìóëàìè (3.66), îòðèìó¹ìî

Òåîðåìà 3.14 Íåõàé ν1 ¹ ïåðøèé íîðìàëüíèé iíäåêñ ïîñëiäîâíîñòi s = {si}2ν1−2
i=0 ,

íåõàé m1, κ1 òà k1 âèçíà÷åíi çà (3.28), (3.63) òà çà (3.64), âiäïîâiäíî, òà íåõàé

ℓ ≥ 2ν1 − 2. Òîäi:

(1) Ïðîáëåìà MP k
κ(s, ℓ) ìà¹ ðîçâ'ÿçêè òîäi i òiëüêè òîäi, êîëè

κ1 ≤ κ òà k1 ≤ k. (3.74)

(2) f ∈ Mk
κ(s, 2ν1 − 2) òîäi i òiëüêè òîäi, êîëè f äîïóñêà¹ ïðåäñòàâëåííÿ

f = TM1
[τ ], (3.75)

äå τ çàäîâîëüíÿ¹ íàñòóïíèì óìîâàì

τ ∈ Nk−k1
κ−κ1

òà
1

τ(z)
= o(z), z→̂∞. (3.76)

(3) ßêùî ℓ > 2ν1−2, òî f ∈ Mk
κ(s, ℓ) òîäi i òiëüêè òîäi, êîëè f ìà¹ ïðåäñòàâ-

ëåííÿ f = TM1
[g1], äå g1 ∈ Nk−k1

κ−κ1
òà − 1

g1(z)
ìà¹ íàñòóïíå àñèìïòîòè÷íå

ðîçâèíåííÿ

− 1

g1(z)
= −s−1 −

s0
z
− · · · − sn−2ν1

zn−2ν1+1
+ o

(
1

zn−2ν1+1

)
, z→̂∞, (3.77)

òà ïîñëiäîâíiñòü {si}n−2ν1
i=−1 âèçíà÷à¹òüñÿ çà ìàòðè÷íèì ðiâíÿííÿì

T (m
(1)
ν1−1, . . . ,m

(1)
0 ,−s

(1)
−1, . . . ,−s

(1)
ℓ−2ν1

)T (sν1−1, . . . , sℓ) = Iℓ−ν1+2. (3.78)
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Äîâåäåííÿ. (1) Ïðèïóñòèìî, ùî f ∈ Mk
κ(s, ℓ). Íåðiâíiñòü κ1 ≤ κ âèïëèâà¹ ç

Ïðîïîçèöi¨ 1.16 (4). Òàê ÿê zf ∈ Nk òà

zf(z) + s0 = −s1
z
− s2

z2
− · · · − sℓ

zℓ
+ o

(
1

zℓ

)
, z→̂∞, (3.79)

òî çà Íàñëiäêîì 3.1 (4) k1 = ν−(S
+
ν−1) ≤ k.

(2) Ïðèïóñòèìî, ùî f íàëåæèòü äî êëàñó Nk
κ òà ìà¹ àñèìïòîòè÷íå ðîçâèíåí-

íÿ (3.62). Òîäi çà Ëåìîþ 3.12 òà Çàóâàæåííÿì 3.13, ôóíêöiÿ f ∈ Mk
κ(s, 2ν1 − 2)

ìà¹ ïðåäñòàâëåííÿ (3.70) òîäi i òiëüêè òîäi, êîëè ìà¹ ìiñöå (3.76).

(3) Íåõàé f íàëåæèòü äî êëàñó Mk
κ(s, ℓ). Çà Ëåìîþ 3.4 òà Çàóâàæåííÿì 3.13,

ôóíêöiÿ f äîïóñêà¹ ïðåäñòàâëåííÿ f = TM1
[g1], äå g1 çàäîâîëüíÿ¹ (3.77) òà ïîñëi-

äîâíiñòü
{
s
(1)
i

}n−2ν1

i=−1
¹ âèçíà÷åíîþ çà (3.78). Áiëüø òîãî, g1 ∈ Nk−k1

κ−κ1
çà Ëåìîþ 3.10.

Îáåðíåíå òâåðäæåííÿ òàêîæ âèïëèâà¹ ç Ëåìè 3.4 òà Ëåìè 3.10. 2

Çàóâàæåííÿ 3.15 Ç (3.21) òà [14, Ïðîïîçèöi¨ 2.1] îòðèìó¹ìî, ùî ïîñëiäîâ-

íiñòü
{
s
(1)
i

}ℓ−2ν1

i=−1
ìîæíà çíàéòè çà ôîðìóëàìè

s
(1)
−1 =

(−1)ν1+1

sν1−1

D+
ν1

Dν1

, (3.80)

s
(1)
i =

(−1)i+ν1

si+ν1+2
ν1−1

∣∣∣∣∣∣∣∣∣∣∣∣

sν1 sν1−1 0 . . . 0
... . . . . . . . . . ...
... . . . . . . 0
... . . . sν1−1

s2ν1+i . . . . . . . . . sν1

∣∣∣∣∣∣∣∣∣∣∣∣
, i = 0, ℓ− 2ν1. (3.81)

3.5.2 Åëåìåíòàðíà ïàðíà ïðîáëåìà ìîìåíòiâ MP k
κ (s, 2µ1 − 1)

Ïàðíà ïðîáëåìà ìîìåíòiâ MP k
κ (s, 2n− 1) íàçèâà¹òüñÿ íåâèðîäæåíîþ, ÿêùî

Dn ̸= 0 òà D+
n ̸= 0. (3.82)

Çà êëàñèôiêàöi¹þ (3.4), (3.5) öå îçíà÷à¹, ùî n ∈ N (s) òà n = µj äëÿ äåÿêîãî j.

Íåâèðîäæåíó ïàðíó ïðîáëåìó ìîìåíòiâ MP k
κ (s, 2n− 2) áóäåìî íàçèâàòè åëåìåí-

òàðíîþ, ÿêùî n ¹ íàéìåíøèì íîðìàëüíèì iíäåêñîì, òàêèì, ùî ìà¹ ìiñöå (3.82).

Òîìó, åëåìåíòàðíà ïàðíà ïðîáëåìà ìîìåíòiâ ñïiâïàäà¹ ç ïðîáëåìîþ ìîìåíòiâ

MP k
κ (s, 2µ1 − 1). Â çàëåæíîñòi âiä âèêîíàííÿ óìîâ ν1 = µ1 àáî ν1 < µ1 ìíîæèíà

íîðìàëüíèõ iíäåêñiâ ñêëàäà¹òüñÿ àáî ç îäíîãî åëåìåíòà ν1 àáî ç äâîõ ν1 òà µ1.
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Åëåìåíòàðíà ïàðíà ïðîáëåìà ìîìåíòiâ MP k
κ (s, 2µ1−1) ìîæå áóòè ñôîðìóëüî-

âàíà, ÿê:

Çàäàíà ïîñëiäîâíiñòü s = {si}2µ1−1
i=0 ∈ H, äå µ1 ¹ íàéìåíøèé íîðìàëüíèé iíäåêñ

n, òàêèé, ùî (3.82) ìà¹ ìiñöå. Òðåáà çíàéòè f ∈ Nk
κ , òàêó ùî

f(z) = −sν1−1

zν1
− · · · − s2µ1−1

z2µ1
+ o

(
1

z2µ1

)
, z→̂∞. (3.83)

Ðîçâ'ÿçàííÿ åëåìåíòàðíî¨ ïàðíî¨ ïðîáëåìè ìîìåíòiâ áóäå ðîçáèòî íà äâà êðî-

êè. Íà ïåðøîìó êðîöi çàñòîñîâó¹ìî Ëåìó 3.4 äëÿ ïîáóäîâè ïîñëiäîâíîñòi {s(1)i }2(µi−νi)−1
i=1 .

ßêùî f ∈ Mk
κ(s, 2µ1−1), òî çà Òåîðåìîþ 3.14 f(z) äîïóñêà¹ ïðåäñòàâëåííÿ (3.70),

ÿêå ìîæíà ïåðåïèñàòè ó âèãëÿäi

− 1

f(z)
= zm1(z)−

1

g1(z)
, (3.84)

i äå −g−1
1 ìà¹ íàñòóïíå àñèìïòîòè÷íå ðîçâèíåííÿ

− 1

g1(z)
= −s

(1)
−1 −

s
(1)
0

z
− · · · −

s
(1)
2(µ1−ν1)−1

z2(µ1−ν1)
+ o

(
1

z2(µ1−ν1)

)
, z→̂∞ (3.85)

ç s
(1)
i âèçíà÷åíèìè çà (3.78). Áiëüø òîãî, f ∈ Nk

κ òîäi i òiëüêè òîäi, êîëè g1 ∈
N

k−κ−(m1)
κ−κ−(zm1)

. Îòðèìó¹ìî äâà âèïàäêè:

(1) ßêùî ν1 = µ1, òî s
(1)
−1 ̸= 0 òà çà Ëåìîþ 3.6 g1 ìà¹ ïðåäñòàâëåííÿ

g1 = TL1
[f1] := l1 + f1 (3.86)

äå l1 ¹ êîíñòàíòà, ÿêà îá÷èñëþ¹òüñÿ çà íàñòóïíîþ ôîðìóëîþ

l1 =
1

s
(1)
−1

= (−1)ν1+1sν1−1
Dν1

D+
ν1

, (3.87)

L1(z) ≡ L1 âèçíà÷à¹òüñÿ çà ôîðìóëîþ (3.56) òà f1(z) = o(1), êîëè z→̂∞.

Áiëüø òîãî, çà Ëåìîþ 3.11 g1 ∈ Nk′

κ′ òîäi i òiëüêè òîäi, êîëè f1 ∈ N
k′−κ−(zl1)
κ′ .

(2) ßêùî ν1 < µ1, òî s(1) = 0 òà çà Ëåìîþ 3.3 g1 äîïóñêà¹ ïðåäñòàâëåííÿ (3.86),

äå l1 = l1(z) ¹ ïîëiíîì, òàêi ùî

l1(z) =
1

s
(1)
µ1−ν1−1 det(S

(1)
µ1−ν1)

∣∣∣∣∣∣∣∣∣∣
s
(1)
0 . . . s

(1)
µ1−ν1−1 s

(1)
µ1−ν1

· · · · · · · · · · · ·
s
(1)
µ1−ν1−1 . . . s

(1)
2µ1−2ν1−2 s

(1)
2µ1−2ν1−1

1 . . . zµ1−ν1−1 zµ1−ν1

∣∣∣∣∣∣∣∣∣∣
, (3.88)

L1(z) âèçíà÷à¹òüñÿ çà (3.56) òà f1(z) = o(1), êîëè z→̂∞. Áiëüø òîãî, çà

Ëåìîþ 3.11 g1 ∈ Nk′

κ′ òîäi i òiëüêè òîäi, êîëè f1 ∈ N
k′−κ−(zl1)
κ′−κ−(l1)

.
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Ïî¹äíóþ÷è ôîðìóëè (3.84) òà (3.86) é óçàãàëüíþþ÷è âèùåâêàçàíi ìiðêóâàííÿ,

îòðèìó¹ìî ïåðøi äâà òâåðäæåííÿ íàñòóïíî¨ òåîðåìè

Òåîðåìà 3.16 Íåõàé ïîñëiäîâíiñòü s = {si}2µ1−1
i=0 íàëåæèòü äî H i ¹ òàêîþ, ùî

N (s) = {ν1, µ1} (ν1 ≤ µ1). Íåõàé {s(1)i }2(µi−νi)−1
i=1 òà m1, l1 âèçíà÷åíi çà ôîðìóëà-

ìè (3.28) i (3.88), âiäïîâiäíî. Òîäi:

(1) ïðîáëåìà MP k
κ (s, 2µ1 − 1) ¹ ðîçâ'ÿçíîþ òîäi i òiëüêè òîäi, êîëè

κ1 := ν−(Sµ1
) ≤ κ òà k+1 := ν−(S

+
µ1
) ≤ k. (3.89)

(2) f ∈ Mk
κ(s, 2µ1 − 1) òîäi i òiëüêè òîäi, êîëè f äîïóñêà¹ ïðåäñòàâëåííÿ

f = TM1L1
[f1], (3.90)

äå

f1 ∈ N
k−k+1
κ−κ+

1
òà f1(z) = o(1), êîëè z→̂∞. (3.91)

Iíäåêñè κ+
1 òà k+1 ìîæóòü áóòè îá÷èñëåíi â òåðìiíàõ m1 òà l1 çà ôîðìó-

ëàìè

κ+
1 = κ−(zm1) + κ−(l), k+1 = κ−(m1) + κ−(zl1). (3.92)

(3) ßêùî ℓ > 2µ1 − 1, òî f ∈ Mk
κ(s, ℓ) òîäi i òiëüêè òîäi, êîëè f äîïóñêà¹

ïðåäñòàâëåííÿ (3.90), äå

f1 ∈ Mk−k+1
κ−κ+

1
(s(1), ℓ− 2µ1), (3.93)

κ+
1 òà k+1 âèçíà÷åíi çà (3.89) òà ïîñëiäîâíiñòü

{
s
(1)
i

}ℓ−2µ1

i=−1
âèçíà÷à¹òüñÿ çà

ìàòðè÷íèì ðiâíÿííÿì

T (l1,−s
(1)
0 , . . . ,−s

(1)
ℓ−2µ1

)T (s
(1)
−1, . . . , s

(1)
ℓ−2µ1

) = Iℓ−2µ1+2, (3.94)

ÿêùî µ1 = ν1 àáî çà ìàòðè÷íèì ðiâíÿííÿì

T (l
(1)
µ1−ν1, . . . , l

(1)
0 ,−s

(1)
0 , . . . ,−s(1)ℓ−2µ1

)T (s
(1)
µ1−ν1−1, . . . , s

(1)
ℓ−2ν1

)=Iℓ−µ1−ν1+2, (3.95)

ÿêùî ν1 < µ1.

Äîâåäåííÿ. Òâåðäæåííÿ (1) i (2) äîâåäåíi âèùå.

Äîâåäåìî (3). Ïðèïóñòèìî, ùî ℓ > 2µ1 − 1 òà f ∈ Mk
κ(s, ℓ). Òîäi çà Òåîðå-

ìîþ 3.14 f(z) äîïóñêà¹ ïðåäñòàâëåííÿ (3.84), äå −g−1
1 ìà¹ àñèìïòîòè÷íå ðîçâè-

íåííÿ

−g−1
1 = −s

(1)
−1 −

s
(1)
0

z
− · · · −

s
(1)
ℓ−2ν1

zℓ−2ν1
+ o

(
1

zℓ−2ν1+1

)
, z→̂∞, (3.96)
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òà s
(1)
i âèçíà÷åíi çà (3.78). Áiëüø òîãî, f ∈ Nk

κ òîäi i òiëüêè òîäi, êîëè g1 ∈
N

k−κ−(m1)
κ−κ−(zm1)

. Ðîçãëÿíåìî äâà âèïàäêè:

(1) ßêùî ν1 = µ1, òî s
(1)
−1 ̸= 0 òà çà Ëåìîþ 3.6 g1 äîïóñêà¹ ïðåäñòàâëåííÿ (3.86),

(3.87), äå L1 âèçíà÷à¹òüñÿ çà (3.56) òà f1(z) ìà¹ íàñòóïíå àñèìïòîòè÷íå ðîç-

âèíåííÿ

f1(z) = −s
(1)
0

z
− · · · −

s
(1)
ℓ−2µ1

zℓ−2µ1+1
+ o

(
1

zℓ−2µ1+1

)
, z→̂∞ (3.97)

â ÿêîìó s
(1)
i âèçíà÷àþòüñÿ çà ìàòðè÷íèì ðiâíÿííÿì (3.94). Çà Ëåìîþ 3.11

g1 ∈ N
k−κ−(m1)
κ−κ−(zm1)

⇐⇒ f1 ∈ N
k−κ−(m1)−κ−(zl1)
κ−κ−(zm1)

.

Öå äîâîäèòü, ùî f1 ∈ Mk−k+1
κ−κ+

1
(s(1), ℓ−2µ1), òàê ÿê, ó öüîìó âèïàäêó κ−(l1) = 0

òà κ+
1 = κ−(zm1).

(2) ßêùî ν1 < µ1, òî s
(1)
−1 = 0 òà çà Ëåìîþ 3.3 g1 äîïóñêà¹ ïðåäñòàâëåííÿ (3.86),

äå l1 = l1(z) ¹ ïîëiíîì, ÿêèé âèçíà÷åíèé çà ôîðìóëîþ (3.88), L1 âèçíà÷å-

íà çà (3.56) òà f1(z) ìà¹ àñèìïòîòè÷íå ðîçâèíåííÿ (3.97), êîëè z→̂∞. Çà

Ëåìîþ 3.11

g1 ∈ N
k−κ−(m1)
κ−κ−(zm1)

⇐⇒ f1 ∈ N
k−κ−(m1)−κ−(zl1)
κ−κ−(zm1)−κ−(l1)

.

Öå äîâîäèòü, ùî f1 ∈ Mk−k+1
κ−κ+

1
(s(1), ℓ− 2µ1), òàêîæ ó âèïàäêó ν1 < µ1.

Äîêàç îáåðíåíîãî òâåðäæåííÿ ¹ àíàëîãi÷íèì i çàñíîâàíèé íà Ëåìàõ 3.4�3.11 2

Çàóâàæåííÿ 3.17 Ç ðiâíîñòi (3.21) òà [14, Ïðîïîçèöi¨ 2.1] îòðèìó¹ìî, ùî ïî-

ñëiäîâíiñòü
{
s
(1)
i

}ℓ−2µ1

i=0
ìîæå áóòè îá÷èñëåíà íàñòóïíèì ÷èíîì

s
(1)
i =

(−1)i+µ1−ν1

(s
(1)
µ1−ν1−1)

i+µ1−ν1+2

∣∣∣∣∣∣∣∣∣∣∣∣

s
(1)
µ1−ν1 s

(1)
µ1−ν1−1 0 . . . 0

... . . . . . . . . . ...

... . . . . . . 0

... . . . s
(1)
µ1−ν1−1

s
(1)
µ1−ν1+i . . . . . . . . . s

(1)
µ1−ν1

∣∣∣∣∣∣∣∣∣∣∣∣
, (3.98)

äå i = 0, ℓ− 2µ1.

Çàóâàæåííÿ 3.18 Ìàòðèöÿ ðîçâ'ÿçêiâ åëåìåíòàðíî¨ ïàðíî¨ ïðîáëåìè ìîìåí-

òiâ Mk
κ(s, 2µ1 − 1)

W2(z) =

(
1 l1(z)

−zm1(z) −zm1(z)l1(z) + 1

)
(3.99)
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äîïóñêà¹ ôàêòîðèçàöiþ

W2(z) = M1(z)L1(z), (3.100)

äå ìàòðèöi M1(z) òà L1(z) ¹ âèçíà÷åíèìè çà ôîðìóëàìè (3.51), (3.56), à âiäïî-

âiäíå äðîáîâî-ëiíiéíîìó ïåðåòâîðåííÿ ìà¹ âèãëÿä

TW2
[f1] =

f1(z) + l1(z)

−zm1(z)f1(z)− zm1(z)l1(z) + 1
. (3.101)

3.6 Àëãîðèòì Øóðà äëÿ ðåãóëÿðíîãî âèïàäêó

Ó öüîìó ðîçäiëi áóäå ðîçðîáëåíî ïîêðîêîâèé àëãîðèòì Øóðà äëÿ êëàñó óçàãàëü-

íåíèõ ôóíêöié Ñòiëò'¹ñà Nk
κ. Âèêîðèñòîâóþ÷è öåé àëãîðèòì, îòðèìà¹ìî ïîâíèé

îïèñ ìíîæèíè ðîçâ'ÿçêiâ çðiçàíî¨ iíäåôiíiòíî¨ ïðîáëåìè Ñòiëò'¹ñà.

3.6.1 Íåïàðíà ïðîáëåìà ìîìåíòiâ

Íåõàé MP k
κ (s, 2nN − 2) ¹ íåâèðîäæåíîþ íåïàðíîþ ïðîáëåìîþ ìîìåíòiâ, òîáòî

DnN
̸= 0 òà D+

nN−1 ̸= 0. (3.102)

Ïðèïóñòèìî, ùî f ∈ Mk
κ(s, 2nN − 2) (N > 1), òîáòî f ∈ Nk

κ òà

f(z) = −s0
z
− s1

z2
− · · · − s2nN−2

z2nN−1
+ o

(
1

z2nN−1

)
, z→̂∞.

Òîäi çà Òåîðåìîþ 3.16, ôóíêöiÿ f ìîæå áóòè ïðåäñòàâëåíà ó âèãëÿäi

f(z) =
1

−zm1(z) +
1

l1 + f1(z)

,

äå ïîëiíîì m1 òà ÷èñëî l1 âèçíà÷íi çà (3.28) òà (3.87), âiäïîâiäíî. Ïðè öüîìó

ôóíêöiÿ f1 ìà¹ àñèìïòîòè÷íå ðîçâèíåííÿ (3.97) âiäïîâiäíî äî ïîñëiäîâíîñòi s(1) =

{s(1)i }2(nN−n1)−2
i=1 , ÿêà âèçíà÷åíà çà ôîðìóëàìè (3.78) òà (3.95).

Ìíîæèíà íîðìàëüíèõ iíäåêñiâ ïîñëiäîâíîñòi s(1) ¹ N (s(1)) = {nj − n1}Nj=2.

Ïðîäîâæóþ÷è öåé ïðîöåñ, i çàñòîñîâóþ÷è Òåîðåìó 3.16 N − 1 ðàç, îòðèìó¹ìî

íà êîæíîìó êðîöi äåÿêó ôóíêöiþ fj ∈ N
k−kj
κ−κj

(j = 1, . . . , N − 1), ç iíäóêîâàíèì

àñèìïòîòè÷íèì ðîçâèíåííÿì

fj(z) = −s
(j)
0

z
− s

(j)
1

z2
− · · · −

s
(j)
2(nN−nj)−2

z2(nN−nj)−1
+ o

(
1

z2(nN−nj)−1

)
, z→̂∞,
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ïðè ÷îìó ôóíêöiÿ fj−1 ìà¹ íàñòóïíå ïðåäñòàâëåííÿ â òåðìiíàõ fj:

fj−1(z) =
1

−zmj(z) +
1

lj + fj(z)

(i = 1, . . . , j), (3.103)

Ïðè öüîìó ïîñëiäîâíiñòü s(j) = {s(j)i }2(nN−nj)−2
i=1 âèçíà÷à¹òüñÿ ðåêóðñèâíî çà ôîð-

ìóëàìè (3.78) òà (3.95), ïîëiíîìè mj òà ÷èñëà lj � çà íàñòóïíèìè ôîðìóëàìè

mj(z) =
(−1)ν+1

D
(j−1)
ν

∣∣∣∣∣∣∣∣∣∣
0 . . . 0 s

(j−1)
ν−1 s

(j−1)
ν

... . . . . . .
...

s
(j−1)
ν−1 . . . . . . . . . s

(j−1)
2ν−2

1 z . . . zν−2 zν−1

∣∣∣∣∣∣∣∣∣∣
, (3.104)

äå D(j)
ν := detS

(j)
ν , ν = nj − nj−1 òà

lj = (−1)ν+1 D
(j−1)
ν(

D
(j−1)
ν

)+ (j = 1, . . . , N − 1). (3.105)

Íåõàé ìàòðèöÿ-ôóíêöiÿ Mj(z) òà ìàòðèöÿ Lj âèçíà÷åíi, ÿê

Mj(z) =

(
1 0

−zmj(z) 1

)
òà Lj =

(
1 lj

0 1

)
(j = 1, . . . , N − 1). (3.106)

Òîäi ç (3.103) âèïëèâà¹, ùî

fj−1(z) = TMj(z)Lj
[fj(z)] (j = 1, . . . , N − 1). (3.107)

Íà íàñòóïíîìó êðîöi îòðèìó¹ìî ôóíêöiþ fN−1(z), ÿêà ¹ ðîçâ'ÿçêîì åëåìåíòàð-

íî¨ ïðîáëåìè ìîìåíòiâMP k
κ (s

(N−1), 2(nN−nN−1)−2). Çà Òåîðåìîþ 3.14, ôóíêöiÿ

fN−1(z) ìà¹ ïðåäñòàâëåííÿ

fN−1(z) =
1

−zmN(z) +
1

fN(z)

= TMN (z)[fN(z)], (3.108)

äå ïîëiíîì mN(z) âèçíà÷à¹òüñÿ çà ôîðìóëîþ (3.104) òà fN(z) ¹ ôóíêöi¹þ ç êëàñó

Nk−kN
κ−κN

, òàêîþ ùî fN(z)
(−1) = o(z), êîëè z→̂∞.

Ïî¹äíóþ÷è òâåðäæåííÿ (3.103) òà (3.108) i çàìiíÿþ÷è fN(z) íà τ(z), îòðèìó¹ìî

íàñòóïíó òåîðåìó

Òåîðåìà 3.19 Íåõàé s = {si}2nN−2
i=0 ∈ Hreg, N (s) = {nj}Nj=1 òà mj(z) é lj âèçíà-

÷åíi çà (3.104) òà (3.105), âiäïîâiäíî. Òîäi:
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(1) Íåâèðîäæåíà íåïàðíà ïðîáëåìà ìîìåíòiâ MP k
κ (s, 2nN − 2) ¹ ðîçâ'ÿçíîþ,

òîäi i òiëüêè òîäi, êîëè

κN := ν−(SnN
) ≤ κ òà kN := ν−(S

+
nN−1) ≤ k. (3.109)

(2) f ∈ Mk
κ(s, 2nN − 2) òîäi i òiëüêè òîäi, êîëè f äîïóñêà¹ ïðåäñòàâëåííÿ

f = TW2N−1
[τ ], (3.110)

äå

W2N−1(z) := M1(z)L1 . . . LN−1MN(z) (3.111)

òà τ(z) çàäîâîëüíÿ¹ óìîâàì

τ ∈ Nk−kN
κ−κN

òà
1

τ(z)
= o(z), z→̂∞. (3.112)

(3) Ïðåäñòàâëåííÿ (3.110) ìîæå áóòè çàïèñàíî ó âèãëÿäi íåïåðåðâíîãî äðîáó

f(z) =
1

−zm1(z) +
1

l1 +
1

−zm2(z) + · · ·+ 1

−zmN(z) +
1

τ(z)

.

(4) Iíäåêñè κN òà kN ¹ ïîâ'ÿçàíèìè ç mj òà lj çà íàñòóïíèìè ôîðìóëàìè

κN =
N∑
j=1

κ−(zmj), kN =
N∑
j=1

κ−(mj) +
N−1∑
j=1

κ−(zlj).

3.6.2 Ïàðíà ïðîáëåìà ìîìåíòiâ

Íåõàé s = {si}2nN−1
i=0 ∈ Hreg, N (s) = {nN}Nj=1 òà MP k

κ (s, 2nN − 1) ¹ íåâèðîäæåíîþ

ïàðíîþ åëåìåíòàðíîþ ïðîáëåìîþ ìîìåíòiâ, òîáòî

DnN
̸= 0 òà D+

nN
̸= 0. (3.113)

Çàñòîñîâóþ÷è Òåîðåìó 3.16 N − 1 ðàç, ÿê i â íåïàðíîìó âèïàäêó, îòðèìó¹ìî ðiâ-

íîñòi (3.108) òà ïîñëiäîâíiñòü fj ∈ Mk−kj
κ−κj

(s(j), 2(nN − nj) − 1). Íà îñòàííüîìó

êðîöi îòðèìà¹ìî ôóíêöiþ fN−1(z), ÿêà ¹ ðîçâ'ÿçêîì ïàðíî¨ åëåìåíòàðíî¨ ïðîáëå-

ìè ìîìåíòiâMP
k−kN−1

κ−κN−1
(s(N−1), 2(nN−nN−1)−1). Çà Òåîðåìîþ 3.16, ôóíêöiþ fN−1

ìîæíà çàïèñàòè ó âèãëÿäi

fN−1(z) =
1

−zmN(z) +
1

lN + fN(z)

, (3.114)



71

äå mN(z) òà lN âèçíà÷åíi çà (3.104) òà (3.105), ôóíêöiÿ fN(z) íàëåæèòü êëàñó

N
kN−1−κ−(mN )−κ−(zlN )
κN−1−κ−(zmN ) , òàêà, ùî fN(z) = o(1), êîëè z→̂∞.

Îá'¹äíóþ÷è (3.103) òà (3.114), îòðèìó¹ìî íàñòóïíó òåîðåìó.

Òåîðåìà 3.20 Íåõàé s = {si}2nN−1
i=0 ∈ Hreg òà N (s) = {nj}Nj=1.

(1) Íåâèðîäæåíà ïàðíà ïðîáëåìà ìîìåíòiâMP k
κ (s, 2nN−1) ¹ ðîçâ'ÿçàíîþ òîäi

i òiëüêè òîäi, êîëè

κN := n−(SnN
) ≤ κ òà k+N := n−(S

+
nN
) ≤ k. (3.115)

(2) f ∈ Mk
κ(s, 2nN − 1) òîäi i òiëüêè òîäi, êîëè f äîïóñêà¹ ïðåäñòàâëåííÿ

f = TW+
2N
[τ ], (3.116)

äå

W2N(z) := W2N−1(z)LN = M1(z)L1 . . .MN(z)LN (3.117)

òà τ(z) çàäîâîëüíÿ¹ óìîâàì

τ ∈ N
k−k+N
κ−κN

òà
1

τ(z)
= o(1), z→̂∞. (3.118)

(3) Ïðåäñòàâëåííÿ (3.110) ìîæíà ïåðåïèñàòè ó âèãëÿäi íåïåðåðâíîãî äðîáó

f(z) =
1

−zm1(z) +
1

l1 + · · ·+ 1

−zmN(z) +
1

lN + τ(z)

,

äå mj(z) òà lj âèçíà÷åíi çà ôîðìóëàìè (3.28) òà (3.87), âiäïîâiäíî.

(4) Iíäåêñè κN òà k+N ìîæóòü áóòè îá÷èñëåíi çà íàñòóïíèìè ôîðìóëàìè

κN =
N∑
j=1

κ−(zmj), k+N =
N∑
j=1

k−(mj) +
N∑
j=1

κ−(zlj). (3.119)

3.7 Ñèñòåìà ðiçíèöåâèõ ðiâíÿíü òà ïîëiíîìè Ñòiëò'¹ñà

Ðîçãëÿíåìî ñèñòåìó ðiçíèöåâèõ ðiâíÿíü, ÿêà ¹ àñîöiéîâàíîþ ç íåïåðåðâíèì äðî-

áîì (2.51) {
y2j − y2j−2 = ljy2j−1,

y2j+1 − y2j−1 = −zmj+1(z)y2j
(3.120)
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ßêùî j�òèé ïiäõiäíèé äðiá öüîãî íåïåðåðâíîãî äðîáó ïîçíà÷èìî uj

vj
, òî uj, vj ¹

ðîçâ'ÿçêàìè öi¹¨ ñèñòåìè (äèâ. [89, Ðîçäië 1]) ç ïî÷àòêîâèìè óìîâàìè

u−1 ≡ 1, u0 ≡ 0; v−1 ≡ 0, v0 ≡ 1. (3.121)

Îçíà÷åííÿ 3.21 Íåõàé s ∈ Hreg. Âèçíà÷èìî ïîëiíîìè P+
j (z), Q

+
j (z) çà ôîðìó-

ëàìè

P+
−1(z) ≡ 0, P+

0 (z) ≡ 1, Q+
−1(z) ≡ 1, Q+

0 (z) ≡ 0,

P+
2i−1(z) =

−1
b0...bi−1

∣∣∣∣∣Pi(z) Pi−1(z)

Pi(0) Pi−1(0)

∣∣∣∣∣ , P+
2i (z) =

Pi(z)
Pi(0)

,

Q+
2i−1(z) =

1
b0...bi−1

∣∣∣∣∣Qi(z) Qi−1(z)

Pi(0) Pi−1(0)

∣∣∣∣∣ , Q+
2i(z) = −Qi(z)

Pi(0)
.

(3.122)

Ïîëiíîìè P+
j (z), Q

+
j (z) íàçèâàþòüñÿ ïîëiíîìàìè Ñòiëò'¹ñà,ùî âiäïîâiäàþòü ïî-

ñëiäîâíîñòi s.

Ëåìà 3.22 ( [27], [59]) Íåõàé Pj(z) ¹ ïîëiíîìàìè ïåðøîãî ðîäó. Òîäi

Pj(0) = (−1)j
j∏

i=1

1

dili
(j = 1, . . . , N − 1), (3.123)

Pj(0)
2 = dj+1

j∏
i=0

bi (j = 1, . . . , N − 1) (3.124)

Pj−1(0)Pj(0) = − 1

lj

j−1∏
i=0

bi (j = 1, . . . , N − 1). (3.125)

Äîâåäåííÿ. Ïåðøå òâåðäæåííÿ áóëî äîâåäåíî â [59] (äèâ. òàêîæ [27, Íàñëi-

äîê 4.1]). Äðóãå òâåðäæåííÿ âèïëèâà¹ ç (2.71) òà (3.123)

Pj(0)
2 =

j∏
i=1

1

(dili)2
= dj+1

j∏
i=0

bi (j = 1, . . . , N − 1).

Ç (2.71), (3.123) é íàñòóïíèõ îá÷èñëåíü, ìà¹ìî (3.125)

Pj−1(0)Pj(0) = −
j∏

i=1

1

dili

j−1∏
i=1

1

dili
= − 1

djlj

j−1∏
i=1

(
1

dili

)2

= − 1

lj

j−1∏
i=0

bi.

Öå çàâåðøó¹ äîêàç. 2
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Ïðîïîçèöiÿ 3.23 Íåõàé s ∈ Hreg, P+
j (z) òà Q

+
j (z) ¹ ïîëiíîìàìè Ñòiëò'¹ñà, âè-

çíà÷åíèìè çà (3.122). Òîäi ðîçâ'ÿçêè ñèñòåìè (3.120)�(3.121) {uj}Nj=0 òà {vj}Nj=0

ñïiâïàäàþòü ç ïîëiíîìàìè Ñòiëò'¹ñà

uj = Q+
j (z), vj = P+

j (z) (j = −1, 0, . . . , N). (3.126)

Äîâåäåííÿ. Çà Îçíà÷åííÿì 3.21

P+
−1(z) ≡ 0, P+

0 (z) ≡ 1, Q+
−1(z) ≡ 1, Q+

0 (z) ≡ 0,

Íåîáõiäíî äîâåñòè íàñòóïíi ôîðìóëè

P+
2i−1(z) = −zmi(z)P

+
2i−2(z) + P+

2i−3(z),

P+
2i (z) = liP

+
2i−1(z) + P+

2i−2(z) (j = 1, . . . , N),
(3.127)

Q+
2i−1(z) = −zmi(z)Q

+
2i−2(z) +Q+

2i−3(z),

Q+
2i(z) = liQ

+
2i−1(z) +Q+

2i−2(z) (j = 1, . . . , N).
(3.128)

Äîâåäåìî (3.127). Îá÷èñëþþ÷è P+
1 (z) òà P

+
2 (z) i âèêîðèñòîâóþ÷è (1.46), (1.47)

òà (2.58), îòðèìó¹ìî

P+
1 (z) = −b−1

0

∣∣∣∣∣P1(z) P0(z)

P1(0) P0(0)

∣∣∣∣∣ = −d1

∣∣∣∣∣∣
zm1(z)

d1
− 1

d1l1
1

− 1
d1l1

1

∣∣∣∣∣∣
= −zm1(z) = −zm1(z)P

+
0 (z) + P+

−1(z),

P+
2 (z) =

P1(z)

P1(0)
=

zm1(z)
d1

− 1
d1l1

− 1
d1l1

= −l1zm1(z) + 1 = l1P
+
1 (z) + P+

0 (z).

Çà (1.46), (1.47) òà (2.58) , ìà¹ìî äëÿ i = 1, N

P+
2i−1(z) = − 1

b0...bi−1

∣∣∣∣∣Pi(z) Pi−1(z)

Pi(0) Pi−1(0)

∣∣∣∣∣
= − 1

b0...bi−1

∣∣∣∣∣∣
(
zmi(z)

di
+ ai−1(0)

)
Pi−1(z)− bi−1Pi−2(z) Pi−1(z)

Pi(0) Pi−1(0)

∣∣∣∣∣∣
= −zmi(z)Pi−1(z)

Pi−1(0)
dib0...bi−1

= −Pi−1(z)(ai−1(0)Pi−2(0)−Pi(0))−bi−1Pi−2(z)Pi−1(0)
b0...bi−1

Ç (3.124) òà (1.46) âèïëèâà¹, ùî

Pi−1(0)

dib0 . . . bi−1
=

1

Pi−1(0)
, ai−1(0)Pi−2(0)− Pi(0) = bi−1Pi−2(0)
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i, îòæå, ç (3.122), ìà¹ìî

P+
2i−1(z) = −zmi(z)P

+
2i−2(z) + P+

2i−3(z).

Öå äîâîäèòü ïåðøó ðiâíiñòü â (3.127). Äðóãà ðiâíiñòü â (3.127) áåçïîñåðåäíüî âè-

ïëèâà¹ ç Îçíà÷åííÿ 3.21 òà (3.125). Äiéñíî,

P+
2i (z)− P+

2i−2(z) =
Pi(z)

Pi(0)
− Pi−1(z)

Pi−1(0)
=

1

Pi(0)Pi−1(0)

∣∣∣∣∣Pi(z) Pi−1(z)

Pi(0) Pi−1(0)

∣∣∣∣∣
=

−li
b0 . . . bi−1

∣∣∣∣∣Pi(z) Pi−1(z)

Pi(0) Pi−1(0)

∣∣∣∣∣ = liP
+
2i−1(z).

Àíàëîãi÷íî äîâîäèòüñÿ ðåêóðåíòíà ôîðìóëà (3.128).2

Ëåìà 3.24 Íåõàé s ∈ Hreg, Pi(z) òà Qi(z) ¹ ïîëiíîìè ïåðøîãî òà äðóãîãî ðîäó,

ùî àñîöiéîâàíi ç óçàãàëüíåíîþ ìàòðèö¹þ ßêîái J. Òîäi:

(1) ×èñëà li îá÷èñëþþòüñÿ çà ôîðìóëîþ

li = −Qi(0)

Pi(0)
+

Qi−1(0)

Pi−1(0)
. (3.129)

(2) Äëÿ êîæíîãî N ∈ N ìà¹ ìiñöå íàñòóïíà ôîðìóëà

−QN(0)

PN(0)
=

N∑
i=1

li òà L =
∞∑
i=1

li. (3.130)

Äîâåäåííÿ. (1) Ç îãëÿäó íà (3.120) ó z = 0, îòðèìó¹ìî Q+
2i(0) = liQ

+
2i−1(0) +

Q+
2i−2(0) i îòæå

liQ
+
2i−1(0) = Q+

2i(0)−Q+
2i−2(0).

Çà Îçíà÷åííÿì 3.21 i çà óçàãàëüíåíîþ ôîðìóëîþ Ëióâiëëÿ-Îñòðîãðàäñüêîãî (1.56)

Q+
2i−1(0) =

1

b̃i−1

(Qi(0)Pi−1(0)−Qi−1(0)Pi(0) = 1.

Çâiäñè âèïëèâà¹ (3.129).

(2) Ïiäñóìîâóþ÷è ðiâíîñòi (3.129) äëÿ i = 1, . . . , N , îòðèìó¹ìî (3.130). 2

Ëåìà 3.25 Íåõàé s ∈ Hreg, xi = l1 + · · ·+ li, i ∈ N. Òîäi
∞∑
i=0

di+1 =
∞∑
i=0

|P 2
i (0)|̃b−1

i òà
∞∑
i=2

di+1x
2
i =

∞∑
i=2

|Q2
i (0)|̃b−1

i .
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Äîâåäåííÿ. Äèôåðåíöiþþ÷è ïåðøó ðiâíiñòü â (3.7), îòðèìó¹ìî

P+
′

2i−1(z) = −mi(z)P
+
2i−2(z)− z(mi(z)P

+
2i−2(z))

′ + P+
′

2i−3(z).

Ïiäñòàâëÿþ÷è z = 0, ìà¹ìî

mi(0) =
P+

′

2i−3(0)− P+
′

2i−1(0)

P+
2i−2(0)

= P+
′

2i−3(0)− P+
′

2i−1(0).

Òîìó

N∑
i=1

mi(0) = P+
′

−1(0)− P+
′

1 (0) + P+
′

1 (0) + . . .+ P+
′

2N−3(0)− P+
′

2N−1(0) = −P+
′

2N−1(0).

Ç ôîðìóëi (3.25) âèïëèâà¹, ùî

di+1 = |P 2
i (0)|̃b−1

i . (3.131)

Â ñèëó ôîðìóë (1.46) òà (1.47), îòðèìó¹ìî, ùî

Qi+1(z) = ai(z)Qi(z)− biQi−1(z).

Îòæå,

Q1(0) = a0(z)Q0(0)− b0Q−1(0) = −b0Q−1(0) = b0 =
1

d1
,

Q2(0) = a1(0)Q1(z)− b1Q0(0) = − 1

d2

(
1

l1
+

1

l2

)
1

d1
= −P2(0)(l1 + l2).

Çà iíäóêöi¹þ, ïðèïóñòèìî (áàçà iíäóêöi¨) Qi−1(0) = −Pi−1(0)
i−1∑
j=1

lj, òîäi

Qi(0) = ai−1(0)Qi−1(0)− bi−1Qi−2(0) = −(−1)i−1

di

(
1

li−1
+

1

li

)
l1 + · · ·+ li−1

d1 . . . di−1l1 . . . li−1
−

− (−1)i−2

l2i−1di−1di

l1 + · · ·+ li−2

d1 . . . di−2l1 . . . li−2
= −(−1)i

l1 + · · ·+ li
d1 . . . dil1 . . . li

= −Pi(0)
i∑

j=1

lj = −Pi(0)xi.

Ïiäíîñèìî äî êâàäðàòó Qi(0), îòðèìó¹ìî

Q2
i (0) = P 2

i (0)x
2
i = dib̃i−1x

2
i ⇒

∞∑
i=2

di+1x
2
i =

∞∑
i=2

|Q2
i (0)|̃b−1

i .

Öå çàâåðøó¹ äîâåäåííÿ. 2
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3.8 Ðåçîëüâåíòíi ìàòðèöi ïàðíî¨ òà íåïàðíî¨ ïðîáëåì ìîìåíòiâ ó êëà-

ñàõ Hreg

3.8.1 Íåïàðíà ïðîáëåìà ìîìåíòiâ

Ëåìà 3.26 Íåõàé s = {si}2nN−2
i=0 ∈ Hreg, N (s) = {nj}Nj=1 ¹ ìíîæèíà íîðìàëüíèõ

iíäåêñiâ ïîñëiäîâíîñòi s; κ, k ∈ Z+, N ∈ N, ïîëiíîìè mj(z) (1 ≤ j ≤ N) òà

÷èñëà lj (1 ≤ j ≤ N − 1) âèçíà÷åíi çà (3.159), òà íåõàé ìàòðèöi Mj(z), Lj é

W+
[0,j−1](z) âèçíà÷åíi çà íàñòóïíèìè ôîðìóëàìè

Mj(z) =

(
1 0

−zmj(z) 1

)
, Lj =

(
1 lj

0 1

)
j = 1, N. (3.132)

W2j−1(z) = M1(z)L1 . . . Lj−1Mj(z), (3.133)

Òîäi :

(1) ìàòðèöÿ W+
[0,j−1](z) äîïóñêà¹ ïðåäñòàâëåííÿ

W+
[0,j−1](z) =

(
Q+

2j−1(z) Q+
2j−2(z)

P+
2j−1(z) P+

2j−2(z)

)
(j = 1, . . . , N). (3.134)

äå ïîëiíîìè P+
j (z) òà Q+

j (z) (0 ≤ j ≤ 2N − 1) ¹ ïîëiíîìè Ñòiëò'¹ñà, âèçíà÷åíi

çà ôîðìóëàìè (3.127) òà (3.128), àáî çà (3.122);

(2) W+
[0,j−1] ∈ Uκj

(J2), äå iíäåêñ κj =
j∑

i=1

κ−(zmi).

Äîâåäåííÿ. Äîâåäåìî (3.134) çà iíäóêöi¹þ. ßêùî j = 1, òî W1(z) = M1(z) i

îòæå

W+
[0,0](z) =

(
1 0

−zmj(z) 1

)
=

(
Q+

1 (z) Q+
0 (z)

P+
1 (z) P+

0 (z)

)
.

Ïðèïóñòèìî, ùî (3.134) ìà¹ ìiñöå äëÿ äåÿêîãî j < N òà äîâåäåìî (3.134) äëÿ

j := j + 1. Â ñèëó (3.127) òà (3.128)

W+
[0,j−1](z) = M1(z)L1 . . . LjMj+1(z) = W2j−1(z)LjMj+1(z) =

=

(
Q+

2j−1(z) Q+
2j−2(z)

P+
2j−1(z) P+

2j−2(z)

)(
1 lj

0 1

)(
1 0

−zmj+1(z) 1

)
=

=

(
Q+

2j−1(z) Q+
2j(z)

P+
2j−1(z) P+

2j(z)

)(
1 0

−zmj+1(z) 1

)
=

(
Q+

2j+1(z) Q+
2j(z)

P+
2j+1(z) P+

2j(z)

)
.
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Äîâåäåìî äðóãå òâåðäæåííÿ. Çà Ëåìàìè 3.10 òà 3.11 ìàòðèöi ôóíêöi¨ Mi(z) ∈
Uκ−(zmi)(J2) òà ìàòðèöi Li ∈ U0(J2). Çà âëàñòèâiñòþ äîáóòêó ìàòðèöü ç êëàñiâ

Uκ1
(J2) òà Uκ2

(J2), îòðèìó¹ìî ùî Uκ′(J2), äå κ′ ≤ κ1 + κ2. Òîäi

W+
[0,j−1](z) = M1(z)L1 . . . Lj−1Mj(z) ∈ Uκ′(J),

â ñèëó κ−(li) = 0, îòðèìó¹ìî

κ′ ≤
j∑

i=1

κ−(zmj) = κj. (3.135)

Â ñèëó [25, Ëåìè 3.4], ôóíêöiÿ f = TW+
[0,j−1]

[1], âiäïîâiäà¹ ïàðàìåòðó τ(z) ≡ 1,

íàëåæèòü äî êëàñó Nκ′′, ç

κ′′ ≤ κ′. (3.136)

Ç iíøîãî áîêó f = TW+
[0,N−1]

[1] ∈ Nκj
, òîáòî

κ′′ = κj. (3.137)

Ïîðiâíþþ÷è (3.135), (3.136) òà (3.137), îòðèìó¹ìî

κ′ = κ′′ = κj

i, òàêèì ÷èíîì W+
[0,j−1] ∈ Uκj

(J2). Öå çàâåðøó¹ äîâåäåííÿ. 2

Ïî¹äíóþ÷è Òåîðåìó 3.19 òà Ëåìó 3.26, îòðèìó¹ìî íàñòóïíå òâåðäæåííÿ

Òåîðåìà 3.27 Íåõàé s = {si}2nN−2
i=0 ∈ Hreg ¹ ìíîæèíà íîðìàëüíèõ iíäåêñiâ ïî-

ñëiäîâíîñòi s; κ, k ∈ Z+, N ∈ N, N (s) = {nj}Nj=1 (κ, k ∈ Z+, N ∈ N) òà íåõàé

P+
j (z) i Q

+
j (z) (0 ≤ j ≤ 2N − 1) âèçíà÷åíi çà (3.127) é (3.128). Òîäi:

(1) Íåâèðîäæåíà íåïàðíà ïðîáëåìà ìîìåíòiâ MP k
κ (s, 2nN − 2) ¹ ðîçâ'ÿçíîþ,

òîäi i òiëüêè òîäi, êîëè

κN := ν−(SnN
) ≤ κ òà kN := ν−(S

+
nN−1) ≤ k. (3.138)

(2) f ∈ Mk
κ(s, 2nN − 2) òîäi i òiëüêè òîäi, êîëè f äîïóñêà¹ ïðåäñòàâëåííÿ

f(z) =
Q+

2N−1(z)τ(z) +Q+
2N−2(z)

P+
2N−1(z)τ(z) + P+

2N−2(z)
, (3.139)

äå

τ ∈ Nk−kN
κ−κN

òà
1

τ(z)
= o(z), z→̂∞. (3.140)
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3.8.2 Ïàðíà ïðîáëåìà ìîìåíòiâ

Ëåìà 3.28 Íåõàé s = {si}2nN−1
i=0 ∈ Hreg N (s) = {nj}Nj=1 ¹ ìíîæèíà íîðìàëüíèõ

iíäåêñiâ ïîñëiäîâíîñòi s; κ, k ∈ Z+, N ∈ N, òà mj(z), lj, Mj(z) é Lj (1 ≤ j ≤ N−
1) âèçíà÷åíi çà ôîðìóëàìè (3.104), (3.105), (3.132) òà íåõàé ìàòðèöÿ W++

[0,j−1](z)

W++
[0,0](z) = I, W++

[0,j−1](z) = M1(z)L1 . . .Mj(z)Lj (j = 0, N). (3.141)

Òîäi:

(1) W++
[0,j−1](z) äîïóñêà¹ íàñòóïíó ôàêòîðèçàöiþ

W++
[0,j−1](z) =

(
Q+

2j−1(z) Q+
2j(z)

P+
2j−1(z) P+

2j(z)

)
(j = 0, . . . , N), (3.142)

äå ïîëiíîìè P+
j (z) òà Q+

j (z) (−1 ≤ j ≤ 2N) âèçíà÷åíi çà (3.122);

(2) W+
[0,j−1]+ ∈ Uκ+

j
(J2), äå iíäåêñ κ+

j =
j∑

i=1

κ−(zmi).

Äîâåäåííÿ. Äîâåäåìî (3.141) çà iíäóêöi¹þ. ßêùî j = 0, òî W++
[0,0] = I i, îòæå,

çà (3.122)

W++
[0,0] =

(
1 0

0 1

)
=

(
Q+

−1(z) Q+
0 (z)

P+
−1(z) P+

0 (z)

)
.

Ïðèïóñòèìî, ùî (3.141) ìà¹ ìiñöå äëÿ j − 1 < N . Òîäi ç (3.127) òà (3.128),

îòðèìó¹ìî

W++
[0,j−1](z) = M1(z)L1 . . .Mj(z)Lj = W2j−2(z)Mj(z)Lj =

=

(
Q+

2j−3(z) Q+
2j−2(z)

P+
2j−3(z) P+

2j−2(z)

)(
1 0

−zmj(z) 1

)(
1 lj

0 1

)
=

=

(
Q+

2j−1(z) Q+
2j−2(z)

P+
2j−1(z) P+

2j−2(z)

)(
1 lj

0 1

)
= =

(
Q+

2j−1(z) Q+
2j(z)

P+
2j−1(z) P+

2j(z)

)
.

Öå äîâîäèòü (3.141).

Äîâåäåìî äðóãå òâåðäæåííÿ. Çà Ëåìàìè 3.10 òà 3.11 ìàòðèöi ôóíêöi¨ Mi(z) ∈
Uκ−(zmi)(J2) òà ìàòðèöi Li ∈ U0(J2). Çà âëàñòèâiñòþ äîáóòêó ìàòðèöü ç êëàñiâ

Uκ1
(J2) òà Uκ2

(J2), îòðèìó¹ìî ùî Uκ′(J2), äå κ′ ≤ κ1 + κ2. Òîäi

W+
[0,j−1](z) = M1(z)L1 . . . Lj−1Mj(z)Lj ∈ Uκ′(J),

â ñèëó κ−(li) = 0, îòðèìó¹ìî

κ′ ≤
j∑

i=1

κ−(zmj) = κ+
j . (3.143)
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Â ñèëó [25, Ëåìè 3.4], ôóíêöiÿ f = TW++
[0,j−1]

[z], âiäïîâiäà¹ ïàðàìåòðó τ(z) = z,

íàëåæèòü äî êëàñó Nκ′′, ç

κ′′ ≤ κ′. (3.144)

Ç iíøîãî áîêó f = TW++
[0,N−1]

[z] ∈ Nκ+
j
, òîáòî

κ′′ = κ+
j . (3.145)

Ïîðiâíþþ÷è (3.143), (3.144) òà (3.145), îòðèìó¹ìî

κ′ = κ′′ = κ+
j

i, òàêèì ÷èíîì W++
[0,j−1] ∈ Uκ+

j
(J2). Öå çàâåðøó¹ äîâåäåííÿ. 2

Ïî¹äíóþ÷è Òåîðåìó 3.20 òà Ëåìó 3.28, îòðèìó¹ìî òâåðäæåííÿ

Òåîðåìà 3.29 Íåõàé s = {si}2nN−1
i=0 ∈ Hreg, N (s) = {nj}Nj=1 ¹ ìíîæèíà íîð-

ìàëüíèõ iíäåêñiâ ïîñëiäîâíîñòi s; κ, k ∈ Z+, N ∈ N, òà íåõàé P+
j (z) é Q+

j (z)

(0 ≤ j ≤ 2N) âèçíà÷åíi çà (3.127) é (3.128), âiäïîâiäíî. Òîäi:

(1) Ïàðíà ïðîáëåìà ìîìåíòiâ MP k
κ (s, 2nN−1) ¹ ðîçâ'ÿçíîþ òîäi i òiëüêè òîäi,

êîëè

κN := n−(SnN
) ≤ κ òà k+N := n−(S

+
nN
) ≤ k. (3.146)

(2) f ∈ Mk
κ(s, 2nN − 1) òîäi i òiëüêè òîäi, êîëè f äîïóñêà¹ ïðåäñòàâëåííÿ

f(z) =
Q+

2N(z) +Q+
2N−1(z)τ(z)

P+
2N(z) + P+

2N−1(z)τ(z)
, (3.147)

τ ∈ N
k−k+N
κ−κN

òà τ(z) = o(1), z→̂∞. (3.148)

3.9 Çàãàëüíèé âèïàäîê. Àëãîðèòì Øóðà

Ó öüîìó ðîçäiëi äîñëiäæó¹òüñÿ ïàðíà òà íåïàðíà ïðîáëåìè ìîìåíòiâ Ñòiëò'¹ñà

äëÿ ïîñëiäîâíîñòåé s = {si}ℓi=0 ó êëàñi H.

3.9.1 Íåïàðíà ïðîáëåìà ìîìåíòiâ

Íåõàé MP k
κ (s, 2νN − 2) ¹ íåâèðîäæåíîþ íåïàðíîþ ïðîáëåìîþ ìîìåíòiâ, òîáòî

DνN ̸= 0 òà D+
νN−1 ̸= 0. (3.149)

Òåîðåìà 3.30 Íåõàé s = {si}2νN−2
i=0 ∈ H, N (s) = {νj}Nj=1 ∪ {µj}N−1

j=1 òà mj(z) é

lj(z) âèçíà÷åíi çà (3.159) é (3.160), âiäïîâiäíî. Òîäi:
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(1) Íåâèðîäæåíà íåïàðíà ïðîáëåìà ìîìåíòiâ MP k
κ (s, 2νN − 2) ¹ ðîçâ'ÿçíîþ

òîäi i òiëüêè òîäi, êîëè

κN := ν−(SνN ) ≤ κ òà kN := ν−(S
+
νN−1) ≤ k. (3.150)

(2) f ∈ Mk
κ(s, 2νN − 2) òîäi i òiëüêè òîäi, êîëè f äîïóñêà¹ ïðåäñòàâëåííÿ

f = TW+
[0,j−1]

[τ ], (3.151)

äå

W+
[0,j−1](z) := M1(z)L1(z) . . . LN−1(z)MN(z) (3.152)

òà ïàðàìåòð τ(z) çàäîâîëüíÿ¹ óìîâàì

τ ∈ Nk−kN
κ−κN

òà
1

τ(z)
= o(z), z→̂∞. (3.153)

(3) Ïðåäñòàâëåííÿ (3.151) ìîæíà ïåðåïèñàòè ó âèãëÿäi íåïåðåðâíîãî äðîáó

f(z) =
1

−zm1(z) +
1

l1(z) +
1

−zm2(z) + · · ·+ 1

−zmN(z) +
1

τ(z)

. (3.154)

(4) Iíäåêñè κN òà kN ïîâ'ÿçàíi ç ïîëiíîìàìè mj(z) òà lj(z) çà íàñòóïíèìè

ôîðìóëàìè

κN =
N∑
j=1

κ−(zmj) +
N−1∑
j=1

κ−(lj), kN =
N∑
j=1

κ−(mj) +
N−1∑
j=1

κ−(zlj). (3.155)

Äîâåäåííÿ. Íåõàé f ∈ Nk
κ òà f ìà¹ àñèìïòîòè÷íå ðîçâèíåííÿ

f(z) = −s0
z
− s1

z2
− · · · − s2νN−2

z2νN−1
+ o

(
1

z2νN−1

)
, z→̂∞.

Òîäi çà Òåîðåìîþ 3.16, ôóíêöiÿ f ìà¹ ïðåäñòàâëåííÿ

f(z) =
1

−zm1(z) +
1

l1(z) + f1(z)

,

äå ïîëiíîìè m1(z) òà l1(z) âèçíà÷åíi çà ôîðìóëàìè (3.28) òà (3.88), âiäïîâiäíî, òà

κ+
1 = κ−(zm1) + κ−(l1) ≤ κ òà k+1 = κ−(m1) + κ−(zl1) ≤ k. (3.156)
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Ó öüîìó âèïàäêó f1 ∈ N
k−k+1
κ−κ+

1
òà f1 ìà¹ àñèìïòîòè÷íå ðîçâèíåííÿ

f1(z) = −s
(1)
0

z
− s

(1)
1

z2
− · · · −

s
(1)
2(νN−ν1)−2

z2(νN−ν1)−1
+ o

(
1

z2(νN−ν1)−1

)
, z→̂∞,

äå iíäóêîâàíà ïîñëiäîâíiñòü s(1) = {s(1)i }2(νN−ν1)−2
i=1 çíàõîäèòüñÿ ðåêóðñèâíî çà ôîð-

ìóëàìè (3.78), (3.94) òà (3.95). Îêðiì òîãî, â ñèëó [28, Ëåìà 2.5], ìíîæèíà íîð-

ìàëüíèõ iíäåêñiâ s(1) ¹

N (s(1)) = {nj − ν1}Nj=2.

Ïðîäîâæóþ÷è öåé ïðîöåñ i çàñòîñîâóþ÷è Òåîðåìó 3.16 N − 1 ðàçiâ, îòðèìó¹ìî

ïîñëiäîâíîñòi ïîëiíîìiâ mj(z), lj(z) òà ôóíêöié fj(z), gj(z) òàêi, ùî

− 1

fj−1(z)
= zmj(z)−

1

gj(z)
, 1 ≤ j ≤ N,

gj(z) = lj(z) + fj(z), 1 ≤ j ≤ N − 1.

Iíäåêñè κ+
j òà k+j âèçíà÷àþòüñÿ çà

κ+
j =

j∑
i=1

κ−(zmi) +
j∑

i=1

κ−(li) ≤ κ,

k+j =
j∑

i=1

κ−(mi) +
j∑

i=1

κ−(zli) ≤ k.

(3.157)

Òîìó

gj ∈ N
k−kj
κ−κj

òà fj ∈ N
k−k+j
κ−κ+

j
, 1 ≤ j ≤ N − 1.

Áiëüø òîãî, gj(z) òà fj(z) ìàþòü íàñòóïíi iíäóêîâàíi àñèìïòîòè÷íi ðîçâèíåííÿ

gj(z) = −s
(j)
−1 −

s
(j)
0

z
− s

(j)
1

z2
− · · · −

s
(j)
2(νN−νj)−2

z2(νN−νj)−1
+ o

(
1

z2(νN−νj)−1

)
, z→̂∞,

fj(z) = −s
(j)
0

z
− s

(j)
1

z2
− · · · −

s
(j)
2(νN−µj)−2

z2(νN−µj)−1
+ o

(
1

z2(νN−µj)−1

)
, z→̂∞,

äå {s(j)i }2(νN−νi)−2
i=−1 òà {s(j)i }2(νN−µi)−2

i=0 âèçíà÷àþòüñÿ ç íàñòóïíèõ ðiâíÿíü

T (m
(j)
νj−1, . . .,m

(j)
0 ,−s

(j)
−1, . . . ,−s

(j)
ℓj−2νj)T (s

(j)
νj−1, . . . , s

(j)
ℓj
)=Iℓj−ν1+2, ℓj=ℓ−2µj−1,

T (l
(j)
µj−νj , . . . , l

(j)
0 ,−s

(j)
0 , . . . ,−s

(j)
ℓ−2µj

)T (s
(j)
µj−νj−1, . . . , s

(j)
ℓj−2νj

)=Iℓ−µj−νj+2.

Òîìó, fj−1(z) ìà¹ ïðåäñòàâëåííÿ â òåðìiíàõ fj(z):

fj−1(z) =
1

−zmj(z) +
1

lj(z) + fj(z)

(j = 1, . . . , N − 1). (3.158)
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Ïðè öüîìó ïîñëiäîâíiñòü s(j) = {s(j)i }2(νN−µj)−2
i=0 âèçíà÷åíà çà (3.78) òà (3.95) é

ïîëiíîìè mj(z) òà lj(z) âèçíà÷åíi çà íàñòóïíèìè ôîðìóëàìè

mj(z) =
(−1)ν+1

detS
(j)
ν

∣∣∣∣∣∣∣∣∣∣
0 . . . 0 s

(j−1)
ν−1 s

(j−1)
ν

... . . . . . .
...

s
(j−1)
ν−1 . . . . . . . . . s

(j−1)
2ν−2

1 z . . . zν−2 zν−1

∣∣∣∣∣∣∣∣∣∣
, (3.159)

lj(z) =



1

s
(j)
−1

= (−1)ν+1s
(j)
ν−1

D
(j)
ν

D
(j)+
ν

, ÿêùî νj = µj;

1

s
(j)
µ−1 det(S

(j)
µ )

∣∣∣∣∣∣∣∣∣∣
s
(j)
0 . . . s

(j)
µ−1 s

(j)
µ

· · · · · · · · · · · ·
s
(j)
µ−1 . . . s

(j)
2µ−2 s

(j)
2µ−1

1 . . . zµ−1 zµ

∣∣∣∣∣∣∣∣∣∣
, ÿêùî νj < µj.

, (3.160)

äå ν = νj − µj−1 òà µ = µj − νj äëÿ êîæíîãî j = 1, . . . , N − 1.

Íåõàé ìàòðèöi-ôóíêöi¨ Mj(z) òà Lj(z) âèçíà÷åíi çà

Mj(z) =

(
1 0

−zmj(z) 1

)
òà Lj(z) =

(
1 lj(z)

0 1

)
, (j = 1, . . . , N − 1). (3.161)

Òîäi ç (3.158), îòðèìó¹ìî

fj−1(z) = TMj(z)Lj(z)[fj(z)], (j = 1, . . . , N − 1). (3.162)

Íà îñòàííüîìó êðîöi îòðèìó¹ìî ôóíêöiþ fN−1(z), ÿêà ïðåäñòàâëÿ¹ ¹ ðîçâ'ÿç-

êîì åëåìåíòàðíî¨ ïðîáëåìè ìîìåíòiâ MP k
κ (s

(N−1), 2(νN − µN−1) − 2). Çà Òåîðå-

ìîþ 3.14, ôóíêöiÿ fN−1(z) ìà¹ ïðåäñòàâëåííÿ

fN−1(z) =
1

−zmN(z) +
1

fN(z)

= TMN (z)[fN(z)], (3.163)

äå ïîëiíîì mN(z) âèçíà÷åíèé çà (3.159) òà fN(z) íàëåæèòü Nk−kN
κ−κN

, òàêà, ùî

fN(z)
(−1) = o(z), êîëè z→̂∞ òà

κN = κ+
N−1 + κ−(zmN) ≤ κ òà kN = k+N−1 + κ−(mN) ≤ k. (3.164)

(3.150) âèïëèâà¹ ç (3.157) òà (3.164).

Çâîðîòíi òâåðäæåííÿ Òåîðåìè 3.30 òàêîæ âèïëèâàþòü ç Òåîðåìè 3.14 òà Òå-

îðåìè 3.16. Çàìiíþþ÷è fN(z) íà τ(z), îòðèìó¹ìî (2) òà (3). Ïî¹äíóþ÷è (3.158),

(3.162) òà çà Ëåìàìè 3.10�3.11, îòðèìó¹ìî (4) òâåðäæåííÿ. 2
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3.9.2 Ïàðíà ïðîáëåìà ìîìåíòiâ

Íåõàé s = {si}2µN−1
i=0 ∈ H, N (s) = {νj}Nj=1 ∪ {µj}Nj=1 ¹ ìíîæèíà íîðìàëüíèõ

iíäåêñiâ ïîñëiäîâíîñòi s òà MP k
κ (s, 2µN − 1) ¹ íåâèðîäæåíîþ ïàðíîþ ïðîáëåìîþ

ìîìåíòiâ, òîáòî

DµN
̸= 0 òà D+

µN
̸= 0. (3.165)

Òåîðåìà 3.31 Íåõàé s = {si}2µN−1
i=0 ∈ H òà N (s) = {νj}Nj=1 ∪ {µj}Nj=1.

(1) Íåâèðîäæåíà ïàðíà ïðîáëåìà ìîìåíòiâ MP k
κ (s, 2µN −1) ¹ ðîçâ'ÿçíîþ òîäi

i òiëüêè òîäi, êîëè

κ+
N := ν−(SµN

) ≤ κ òà k+N := ν−(S
+
µN
) ≤ k; (3.166)

(2) f ∈ Mk
κ(s, 2µN − 1) òîäi i òiëüêè òîäi, êîëè f äîïóñêà¹ ïðåäñòàâëåííÿ

f = TW++
[0,N−1]

[τ ], (3.167)

äå

W++
[0,N−1](z) := W2N−1(z)LN(z) = M1(z)L1(z) . . .MN(z)LN(z) (3.168)

òà ïàðàìåòð τ(z) çàäîâîëüíÿ¹ íàñòóïíèì óìîâàì

τ ∈ N
k−k+N
κ−κ+

N

òà
1

τ(z)
= o(1), z→̂∞; (3.169)

(3) Ïðåäñòàâëåííÿ (3.167) ìîæå áóòè ïðåäñòàâëåíå â âèãëÿäi íåïåðåðâíîãî

äðîáó

f(z) =
1

−zm1(z) +
1

l1(z) + · · ·+ 1

−zmN(z) +
1

lN(z) + τ(z)

, (3.170)

äå ïîëiíîìè mj(z) òà lj(z) âèçíà÷åíi çà (3.28) òà (3.160), âiäïîâiäíî;

(4) Iíäåêñè κ+
N òà k+N îá÷èñëþþòüñÿ çà ôîðìóëàìè

κ+
N =

N∑
j=1

κ−(zmj) +
N∑
j=1

κ−(lj), k+N =
N∑
j=1

k−(mj) +
N∑
j=1

κ−(zlj). (3.171)
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Äîâåäåííÿ. Çàñòîñîâóþ÷è Òåîðåìó 3.16 N − 1 ðàçiâ òàêèì æå ÷èíîì, ÿê i â

íåïàðíîìó âèïàäêó, îòðèìó¹ìî ïîñëiäîâíiñòü ôóíêöié fj ∈ N
k−k+j
κ−κ+

j
òà ïîëiíîìiâ

mj é lj, âèçíà÷åíèõ çà ôîðìóëàìè (3.159) òà (3.160), âiäïîâiäíî, òàêi, ùî (3.157)

òà (3.158) ìàþòü ìiñöå. Íà îñòàííüîìó êðîöi, îòðèìó¹ìî fN−1(z), ÿêà ¹ ðîçâ'ÿçêîì

åëåìåíòàðíî¨ ïàðíî¨ ïðîáëåìè ìîìåíòiâ MP
k−k+N−1

κ−κ+
N−1

(s(N−1), 2(µN − µN−1) − 1).

Çà Òåîðåìîþ 3.16, ôóíêöiÿ fN−1 ìà¹ ïðåäñòàâëåííÿ:

fN−1(z) =
1

−zmN(z) +
1

lN(z) + fN(z)

, (3.172)

iíäåêñè
κ+
N = κ+

N−1 + κ−(zmN) + κ−1(lN) ≤ κ,

k+N = k+N−1 + κ−(mN) + κ−(zlN) ≤ k
(3.173)

òà fN(z) íàëåæèòüN
k−k+N
κ−κ+

N

, òàê ùî fN(z) = o(1) z→̂∞.

Çàìiíþþ÷è fN íà τ òà ïî¹äíóþ÷è òâåðäæåííÿ (3.158) òà (3.172), îòðèìó¹ìî

(2)�(4).

Â ñèëó (3.158) òà (3.172), íåðiâíiñòü (3.166) âèïëèâà¹ ç (3.157), (3.173). Ç iíøîãî

áîêó, ÿêùî (3.166) ìà¹ ìiñöå, òî çà Òåîðåìîþ 3.14 N − 1 ðàçiâ òà Òåîðåìó 3.16. Çà

öèìè òåîðåìàìè ôóíêöiÿ f , âèçíà÷åíà çà (3.167), íàëåæèòü MP k
κ (s, 2µN − 1). 2

3.10 Ðåçîëüâåíòíi ìàòðèöi

3.10.1 Íåïàðíà ïðîáëåìà ìîìåíòiâ

Íàãàäà¹ìî äåÿêi ôàêòè, ùî ñòîñóþòüñÿ íåïåðåðâíîãî äðîáó

Ïðîïîçèöiÿ 3.32 ( [89, Ãëàâà I]) Íåõàé a1, a2, . . . , an, ω ∈ C òà

fn =
1

a1 +
1

a2 + · · · 1

an + ω

. (3.174)

Òîäi fn ìîæå áóòè ïðåäñòàâëåíèé íàñòóïíèì ÷èíîì

An−1ω + An

Bn−1ω +Bn
, (3.175)

äå âåëè÷èíè Ai, Bi (i ∈ N) ¹ ðîçâ'ÿçêàìè íàñòóïíî¨ ðåêóðåíòíî¨ ñèñòåìè

yi+1 − yi = ai+1yi−1, i = 0, n− 1, (3.176)

ç ïî÷àòêîâèìè óìîâàìè

A−1 = 1, A0 = 0, B−1 = 0, B0 = 1. (3.177)
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Íåïåðåðâíi äðîáè (3.154) òà (3.170) ìàþòü çíàìåííèêè äâîõ òèïiâ

a2i−1 = −zmi(z) òà a2i = li(z), i = 1, N. (3.178)

Òîìó äîöiëüíî ïèñàòè (3.176) îêðåìî äëÿ ïàðíèõ i íåïàðíèõ iíäåêñiâ. ×èñåëü-

íèê i çíàìåííèê n−ãî ïiäõiäíîãî äðîáó (3.174), áóäåìî ïîçíà÷àòè

Q+
i (z) = Ai òà P+

i (z) = Bi. (3.179)

Òîäi ðiâíiñòü (3.176) ïðèéìå âèãëÿä

y2i+1 − y2i−1 = −zmi+1(z)y2i,

y2i+2 − y2i = li+1(z)y2i+1.
(3.180)

Çà Ïðîïîçèöi¹þ 3.32, P+
i (z) òàQ

+
i (z) ¹ ðîçâ'ÿçêàìè ñèñòåìè (3.180) ç ïî÷àòêîâèìè

óìîâàìè

P+
−1(z) ≡ 0, P+

0 (z) ≡ 1, Q+
−1(z) ≡ 1, Q+

0 (z) ≡ 0. (3.181)

Ïîëiíîìè P+
i (z) òà Q

+
i (z) áóäåìî íàçèâàòè óçàãàëüíåíèìè ïîëiíîìàìè Ñòiëò'¹-

ñà ïåðøîãî òà äðóãîãî ðîäó, âiäïîâiäíî. Â ðåãóëÿðíîìó âèïàäêó {si}ℓi=0 ∈ Hk,reg
κ

ÿâíi ôîðìóëè äëÿ P+
i (z) òà Q+

i (z) áóëè îòðèìàíi â [28]. Âèïàäîê , êîëè s ∈ H0
0

äèâ. [72, v.4.2] òà [30], [32, (10.29)].

Ðåçóëüòàòè Òåîðåì 3.30 i 3.31 ìîæóòü áóòè ïåðåôîðìóëþâàòè â òåðìiíàõ óçà-

ãàëüíåíèõ ïîëiíîìiâ Ñòiëò'¹ñó.

Òåîðåìà 3.33 Íåõàé s ∈ H, ìà¹ ìiñöå (3.150) òà ïîëiíîìè mj(z) (1 ≤ j ≤
N) é lj(z) (1 ≤ j ≤ N − 1) âèçíà÷åíi çà (3.159) òà (3.160), âiäïîâiäíî. Íåõàé

P+
i (z) òà Q+

i (z) ¹ óçàãàëüíåíèìè ïîëiíîìàìè Ñòiëò'¹ñà ïåðøîãî òà äðóãîãî

ðîäó, âiäïîâiäíî. Òîäi áóäü-ÿêèé ðîçâ'ÿçîê ïðîáëåìè ìîìåíòiâ MP k
κ (s, 2νN − 2)

äîïóñêà¹ ïðåäñòàâëåííÿ

f(z) =
Q+

2N−1(z)τ(z) +Q+
2N−2(z)

P+
2N−1(z)τ(z) + P+

2N−2(z)
, (3.182)

äå ïàðàìåòð τ çàäîâîëüíÿ¹ óìîâàì

τ(z) ∈ Nk−kN
κ−κN

òà
1

τ(z)
= o(z), (z→̂∞). (3.183)

Áiëüø òîãî, ðåçîëüâåíòíà ìàòðèöÿ íåïàðíî¨ ïðîáëåìè ìîìåíòiâ MP k
κ (s,2νN− 2)

W+
[0,N−1](z) =

(
Q+

2N−1 Q+
2N−2

P+
2N−1 P+

2N−2

)
(3.184)
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íàëåæèòü êëàñó UκN
(J2) òà äîïóñêà¹ ôàêòîðèçàöiþ

W+
[0,N−1](z) = M1(z)L1(z) . . . LN−1(z)MN(z), (3.185)

äå κN =
N∑
j=1

κ−(zmj)+
N−1∑
j=1

κ−(lj), ìàòðèöi Mj(z) òà Lj(z) âèçíà÷åíi çà (3.161).

Äîâåäåííÿ. Ïðèïóñòèìî, ùî ôóíêöiÿ f íàëåæèòü äî êëàñó Nk
κ òà f ìà¹ àñèì-

ïòîòè÷íå ðîçâèíåííÿ

f(z) = −s0
z
− · · · − s2νN−2

z2νN−1
+ o

(
1

z2νN−1

)
, z→̂∞.

Òîäi, â ñèëó Òåîðåìà 3.30, ôóíêöiÿ f ìà¹ âèãëÿä

f(z) =
1

−zm1(z) +
1

l1(z) + · · ·+ 1

lN−1(z) +
1

−zmN(z) +
1

τ(z)

, (3.186)

äå (3.183) ìà¹ ìiñöå òà çà Ïðîïîçèöi¹þ 3.32, ìîæåìî ïåðåïèñàòè f , íàñòóïíèì

÷èíîì

f(z) =
Q+

2N−1(z)τ(z) +Q+
2N−2(z)

P+
2N−1(z)τ(z) + P+

2N−2(z)
, (3.187)

äå ïîëiíîìè Q+
2N−2, Q

+
2N−1 òà P+

2N−2, P
+
2N−1 âèçíà÷åíi çà ðåêóðåíòíèìè ñïiââiäíî-

øåííÿìè (3.180)�(3.181).

Òîìó, ðåçîëüâåíòíà ìàòðèöÿW+
[0,j−1](z) êîðåêòíî âèçíà÷åíà çà ôîðìóëîþ (3.184).

Çàñòîñîâóþ÷è iíäóêöiþ, ïîêàæåìî, ùîW+
[0,j−1](z) äîïóñêà¹ ôàêòîðèçàöiþ (3.185).

(i) ÿêùî i = 1, òî W1(z) = M1(z) é

W+
[0,0](z) =

(
Q+

1 (z) Q+
0 (z)

P+
1 (z) P+

0 (z)

)
; (3.188)

(ii) ÿêùî i = N − 1, òî (3.161) é (3.185) ìà¹ ìiñöå (ïðèïóùåííÿ iíäóêöi¨);

(iii) ÿêùî i = N , òî

W+
[0,N−1](z) =M1(z)L1(z) . . . LN−1(z)MN(z)=W2N−3(z)LN−1MN(z)=

=

(
Q+

2N−3(z) Q+
2N−4(z)

P+
2N−3(z) P+

2N−4(z)

)(
1 lN−1(z)

0 1

)(
1 0

−zmN(z) 1

)
=

=

(
Q+

2N−3(z) lN−1(z)Q
+
2N−3(z) +Q+

2N−4(z)

P+
2N−3(z) lN−1(z)P

+
2N−3(z) + P+

2N−4(z)

)(
1 0

−zmN(z) 1

)
=
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=

(
Q+

2N−3(z) Q+
2N−2(z)

P+
2N−3(z) P+

2N−2(z)

)(
1 0

−zmN(z) 1

)
=

=

(
Q+

2N−3(z)−zmN(z)Q
+
2N−2(z) Q+

2N−2(z)

P+
2N−3(z)−zmN(z)P

+
2N−2(z) P+

2N−2(z)

)
=

(
Q+

2N−1(z) Q+
2N−2(z)

P+
2N−1(z) P+

2N−2(z)

)
. (3.189)

Òàêèì ÷èíîì, (3.185) äîâåäåíî.

Çà Ëåìàìè 3.10 òà 3.11 ìàòðèöi ôóíêöi¨ Mi(z) òà Li(z) íàëåæàòü äî êëàñiâ

Mi(z) ∈ Uκ−(zmi)(J2) òà Li(z) ∈ Uκ−(li)(J2), i = 1, N.

ßê âiäîìî äîáóòîê ìàòðèöü ôóíêöié ç êëàñiâ Uκ1
(J2) òà Uκ2

(J2) íàëåæèòü äî

êëàñó Uκ′(J2), äå κ′ ≤ κ1 + κ2.

Âíàñëiäîê öüîãî

W+
[0,N−1](z) = M1(z)L1(z) . . . LN−1(z)MN(z) ∈ Uκ′(J),

äå

κ′ ≤
N∑
j=1

κ−(zmj) +
N−1∑
j=1

κ−(lj) = κN . (3.190)

Â ñèëó [25, Ëåìè 3.4], ôóíêöiÿ f = TW+
[0,N−1]

[1], âiäïîâiäà¹ ïàðàìåòðó τ(z) ≡ 1,

íàëåæèòü äî êëàñó Nκ′′, ç

κ′′ ≤ κ′. (3.191)

Ç iíøîãî áîêó, çà Òåîðåìîþ 3.30 f = TW+
[0,N−1]

[1] ∈ NκN
, òîáòî

κ′′ = κN . (3.192)

Ïîðiâíþþ÷è (3.190), (3.191) òà (3.192), îòðèìó¹ìî

κ′ = κ′′ = κN

i, òàêèì ÷èíîì W+
[0,N−1] ∈ UκN

(J2). 2

Çàóâàæåííÿ 3.34 Ó âèïàäêó, êîëè f ∈ N+
κ , deg(mi) ≤ 1 òà li = const > 0 â

(3.154), ïðîáëåìà ìîìåíòiâ MP+
κ (s, 2νN − 2) áóëà ðîçãëÿíóòà â [71] öi ðåçóëü-

òàòè ¹ îêðåìèì âèïàäêîì Òåîðåìè 3.33.

Çàóâàæåííÿ 3.35 Ó âèïàäêó, êîëè s ∈ Hreg, íåïàðíà ïðîáëåìà ìîìåíòiâ

MP k
κ (s, 2nN − 2) áóëà ðîçãëÿíóòà â [28]. Öi ðåçóëüòàòè ìiñòÿòüñÿ â ïîïåðå-

äíié òåîðåìi. Îêðiì òîãî, ïîëiíîìè lj(z) ¹ íåíóëüîâèìè êîíñòàíòàìè ó (3.186),

òàêi ùî

lj(z) =
1

s
(j)
−1

. (3.193)
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3.10.2 Ïàðíà ïðîáëåìà ìîìåíòiâ

Òåîðåìà 3.36 Íåõàé s ∈ H, ìà¹ ìiñöå (3.166) òà ïîëiíîìè mj òà lj (1 ≤ j ≤
N) âèçíà÷åíi çà ôîðìóëàìè (3.159) òà (3.160), âiäïîâiäíî. Íåõàé P+

i òà Q+
i ¹

óçàãàëüíåíèìè ïîëiíîìàìè Ñòiëò'¹ñà ïåðøîãî òà äðóãîãî ðîäó, âiäïîâiäíî. Òîäi

áóäü-ÿêèé ðîçâ'ÿçîê ïðîáëåìè ìîìåíòiâ MP k
κ (s, 2µN−1) äîïóñêà¹ ïðåäñòàâëåííÿ

f(z) =
Q+

2N−1(z)τ(z) +Q+
2N(z)

P+
2N−1(z)τ(z) +Q+

2N(z)
, (3.194)

äå ïàðàìåòð τ çàäîâîëüíÿ¹ óìîâàì

τ(z) ∈ N
k−k+N
κ−κ+

N

òà τ(z) = o(1), z→̂∞. (3.195)

Îêðiì òîãî, ðåçîëüâåíòíà ìàòðèöÿ ïàðíî¨ ïðîáëåìè ìîìåíòiâMP k
κ (s, 2µN− 1)

W++
[0,N−1](z) =

(
Q+

2N−1(z) Q+
2N(z)

P+
2N−1(z) P+

2N(z)

)
(3.196)

íàëåæèòü êëàñó Uκ+
N
(J2) òà äîïóñêà¹ ôàêòîðèçàöiþ

W++
[0,N−1](z) = M1(z)L1(z) . . .MN(z)LN(z), (3.197)

äå iíäåêñ κ+
N =

N∑
j=1

κ−(zmj)+
N∑
j=1

κ−(lj), ìàòðèöiMj(z) òà Lj(z) âèçíà÷åíi çà (3.161).

Äîâåäåííÿ. Ïðèïóñòèìî, ùî ôóíêöiÿ f íàëåæèòü óçàãàëüíåíîìó êëàñó Nk
κ òà

f ìà¹ àñèìïòîòè÷íå ðîçâèíåííÿ

f(z) = −s0
z
− · · · − s2µN−1

z2µN
+ o

(
1

z2µN

)
, z→̂∞.

Â ñèëó Ïðîïîçèöi¨ 3.31, f ìà¹ âèãëÿä (3.170), äå (3.195) ìà¹ ìiñöå. Â ñèëó [89, Ãëàâà

I], ôóíêöiþ f ìîæíà çàïèñàòè ó âèãëÿäi (3.194), äå ïîëiíîìè P+
i òà Q+

i ìîæóòü

áóòè çíàéäåíi ÿê ðîçâ'ÿçêè ðåêóðåíòíèõ ñïiââiäíîøåíü (3.180)�(3.181).

Òîìó, ðåçîëüâåíòíà ìàòðèöÿ ïàðíî¨ ïðîáëåìè ìîìåíòiâ MP k
κ (s, 2µN − 1) ìà¹

âèãëÿä (3.196). Çà Òåîðåìîþ 3.33 (äèâ. (3.184) òà (3.185)), îòðèìó¹ìî

M1(z)L1(z) . . . LN−1(z)MN(z)LN(z) =

(
Q+

2N−1 Q+
2N−2

P+
2N−1 P+

2N−2

)(
1 lN(z)

0 1

)
=

=

(
Q+

2N−1(z) lNQ
+
2N−1(z)+Q+

2N−2(z)

P+
2N−1(z) lNP

+
2N−1(z)+P+

2N−2(z)

)
=

(
Q+

2N−1(z) Q
+
2N(z)

P+
2N−1(z) P+

2N(z)

)
=W++

[0,N−1](z).
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Çà Ëåìàìè 3.10 òà 3.11, ìàòðèöi ôóíêöi¨ Mi(z) òà Li(z) íàëåæàòü äî êëàñó

Mi(z) ∈ Uκ−(zmi)(J2) and Li(z) ∈ Uκ−(li)(J2), i = 1, N.

ßê âiäîìî,äîáóòîê ìàòðèöü ôóíêöié ç êëàñiâ Uκ1
(J) òà Uκ2

(J2) íàëåæèòü äî

êëàñó Uκ′(J2), äå κ′ ≤ κ1 + κ2. Îòæå

W++
[0,N−1](z) = M1(z)L1(z) . . . LN−1(z)MN(z)LN(z) ∈ Uκ′(J2),

äå

κ′ ≤
N∑
j=1

κ−(zmj) +
N∑
j=1

κ−(lj) = κ+
N . (3.198)

Â ñèëó [25, Ëåìè 3.4], ôóíêöiÿ f = TW++
[0,N−1]

[z], âiäïîâiäà¹ ïàðàìåòðó τ(z) = z,

íàëåæèòü äî êëàñó Nκ′′, ç

κ′′ ≤ κ′. (3.199)

Ç iíøîãî áîêó, çà Òåîðåìîþ 3.31 f = TW++
[0,N−1]

[z] ∈ Nκ+
N
, òîáòî

κ′′ = κ+
N . (3.200)

Ïîðiâíþþ÷è (3.198), (3.199) òà (3.200), ìà¹ìî

κ′ = κ′′ = κ+
N

i, òàêèì ÷èíîì W++
[0,N−1] ∈ Uκ+

N
(J2). 2

3.11 Âèñíîâêè

Ðåçóëüòàòè ãëàâè áóëè ïðåäñòàâëåíi â [28] i [60].

Ðîçãëÿíóòî íåâèðîäæåíó çðiçàíó iíäåôiíiòíó ïðîáëåìó ìîìåíòiâ Ñòiëò'¹ñà, ÿêà

ïîâ'ÿçàíà ç äiéñíîþ ïîñëiäîâíiñòþ s ∈ H. Çíàéäåíî êðèòåðié ðîçâ'ÿçíîñòi çðiçà-

íî¨ ïðîáëåìè ìîìåíòiâ Ñòiëò'¹ñà, ðîçðîáëåíî ïîêðîêîâèé àëãîðèòì ðîçâ'ÿçêó öi¹¨

ïðîáëåìè, îòðèìàíî ïîâíèé îïèñ ¨¨ ðîçâ'ÿçêiâ. Ââåäåíî íîâèé êëàñ óçàãàëüíå-

íèõ ïîëiíîìiâ Ñòiëò'¹ñà ïåðøîãî òà äðóãîãî ðîäó i â ¨õ òåðìiíàõ çíàéäåíî ÿâíi

ôîðìóëè äëÿ ðåçîëüâåíòíèõ ìàòðèöü çðiçàíî¨ iíäåôiíiòíî¨ ïðîáëåìè Ñòiëò'¹ñà.

Îòðèìàíî ôàêòîðèçàöiþ ðåçîëüâåíòíèõ ìàòðèöü çðiçàíî¨ iíäåôiíiòíî¨ ïðîáëåìè

Ñòiëò'¹ñà.
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4 Îïåðàòîðíèé ïiäõiä äî ïðîáëåìè ìîìåíòiâ

4.1 Ïðîñòið Ïîíòðÿãiíà, ñèìåòðè÷íi îïåðàòîðè, ãðàíè÷íi òðiéêè

Ëiíiéíèé ïiäïðîñòið T ⊂ H2 íàçèâà¹òüñÿ ëiíiéíèì âiäíîøåííÿì T â H, äèâ. [4].

Çîêðåìà, ãðàôiê îïåðàòîðà A â (H, [·, ·]) ¹ ëiíiéíèì âiäíîøåííÿì â H. Îòîòîæíþ-

¹ìî îïåðàòîð A ç éîãî ãðàôiêîì, áóäåìî ðîçãëÿäàòè ìíîæèíó ëiíiéíèõ îïåðàòî-

ðiâ, ÿê ïiäìíîæèíó ìíîæèíè ëiíiéíèõ âiäíîøåíü â H. ßêùî îïåðàòîð A íåùiëüíî

âèçíà÷åíèé â H, òîäi éîãî ñïðÿæåííÿ A[∗] ìîæå áóòè âèçíà÷åíî ÿê ëiíiéíå âiäíî-

øåííÿ â H çà ðiâíiñòþ

A[∗] = {{g, g′} ∈ H2 : [Af, g] = [f, g′] äëÿ êîæíîãî f ∈ domA}.

Ïiäõiä äî òåîði¨ ðîçøèðåíü ñèìåòðè÷íèõ îïåðàòîðiâ çàñíîâàíèé íà ïîíÿòòi

"àáñòðàêòíèõ ãðàíè÷íèõ óìîâ áóâ çàïðîïîíîâàíèé Êàëêiíèì [10], à ïîòiì áóëî

ðîçðîáëåíî íåçàëåæíî â [47, 62]. Íàãàäà¹ìî âèçíà÷åííÿ ãðàíè÷íî¨ òðiéêè ç [62]

(äèâ. òàêîæ [31,32,78] äëÿ ïîäàëüøèõ ïîçíà÷åíü).

Îçíà÷åííÿ 4.1 Ñóêóïíiñòü Π = {H,Γ0,Γ1} ñêëàäà¹òüñÿ ç ïðîñòîðó Ãiëüáåðòà
H òà äâîõ ëiíiéíèõ âiäîáðàæåíü Γ0 i Γ1 ç A[∗] íà H, íàçèâà¹òüñÿ ãðàíè÷íîþ

òðiéêîþ A[∗], ÿêùî:

(i) àáñòðàêòíà òîòîæíiñòü Ãðiíà

[f ′, g]− [f, g′] = Γ1f̂Γ0ĝ − Γ0f̂Γ1ĝ

ìà¹ ìiñöå äëÿ êîæíîãî f̂ =

(
f

f ′

)
, ĝ =

(
g

g′

)
∈ A[∗];

(ii) âiäîáðàæåííÿ Γ :=

(
Γ0

Γ1

)
: A[∗] → C2 ¹ ñþð'åêòèâíèì.

Ç ãðàíè÷íîþ òðiéêîþ Π àñîöiéîâàíi äâà ñàìîñïðÿæåíi ðîçøèðåííÿ îïåðàòîðà

A òàêi, ùî

A0 = ker Γ0 òà A1 = ker Γ1.

Íåõàé Nz := ker(A[∗] − zI) òà âèçíà÷èìî

N̂z :=

{(
fz

zfz

)
, fz ∈ Nz

}
⊂ A[∗]. (4.1)

Ñèìåòðè÷íèé îïåðàòîð A â (H, [·, ·]) íàçèâà¹òüñÿ ïðîñòèì, ÿêùî

span {Nz : z ̸= z̄} = H. (4.2)
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Îçíà÷åííÿ 4.2 Àáñòðàêòíà ôóíêöiÿ Âåéëÿ îïåðàòîðà A, ùî âiäïîâiäà¹ ãðàíè-

÷íié òðiéöi Π = {H,Γ0,Γ1}, âèçíà÷à¹òüñÿ ôîðìóëîþ

M(z)Γ0f̂z = Γ1f̂z, f̂z ∈ N̂z, z ∈ ρ(A0),

äå N̂z âèçíà÷åíî çà (4.1).

Ïîíÿòòÿ ôóíêöi¨ Âåéëÿ äëÿ îïåðàòîðà âèçíà÷åíîãî ñèìåòðè÷íîãî ùiëüíî ó

ïðîñòîði Ãiëüáåðòà áóëî ââåäåíî â [30�32,78]. Âèçíà÷åííÿ ôóíêöi¨ Âåéëÿ äëÿ íå-

ùiëüíî çàäàíîãî ñèìåòðè÷íîãî îïåðàòîðà ó ïðîñòîðó Ïîíòðÿãiíà áóëî äàíî â [24].

ßê áóëî ïîêàçàíî â [24,78] ôóíêöiÿ ÂåéëÿM(z) ñèìåòðè÷íîãî îïåðàòîðà A ó ïðî-

ñòîðàõ Ãiëüáåðòà òà Ïîíòðÿãiíà H ç âiä'¹ìíèì iíäåêñîì κ, âèçíà÷åíà êîðåêòíî i

íàëåæèòü äî êëàñó Nκ′ ç κ′ ≤ κ.

Ãðàíè÷íà òðiéêà Π = {H,Γ0,Γ1} äîçâîëÿ¹ äàòè îïèñ óñiõ ñàìîñïðÿæåííèõ

ðîçøèðåíü îïåðàòîðà A, ÿêi ¹ äèç'þíêòíèìè ç A0 , òàê ùî

Ab = ker(Γ1 − bΓ0), b ∈ R.

Ðåçîëüâåíòíà ìíîæèíà ρ(Ab) ëiíiéíîãî âiäíîøåííÿ Ab âèçíà÷à¹òüñÿ ÿê ìíîæèíà

òî÷îê z ∈ C, òàêèõ, ùî

ran (Ab − zI) = H òà ker(Ab − zI) = {0}.

Äëÿ ïðîñòîãî ñèìåòðè÷íîãî îïåðàòîðà A ðåçîëüâåíòíà ìíîæèíà ðîçøèðåííÿ Ab

õàðàêòåðèçó¹òüñÿ íàñòóïíèì òâåðäæåííÿì

Ïðîïîçèöiÿ 4.3 ( [24])ÍåõàéA¹ ïðîñòèì ñèìåòðè÷íèì îïåðàòîðîì ó ïðîñòî-

ði (H, [·, ·]), Π={H,Γ0,Γ1} ¹ ãðàíè÷íîþ òðiéêîþ äëÿ A[∗] i z∈ρ(A0), b∈R . Òîäi

z ∈ ρ(Ab) ⇐⇒ M(z)− b ̸= 0.

4.2 Ãðàíè÷íi òðiéêè äëÿ îïåðàòîðà A[0,j]

4.2.1 Çàãàëüíèé âèïàäîê

Çàôiêñó¹ìî j ∈ N òà âèçíà÷èìî îïåðàòîð A[0,j] ó ïðîñòîði Ïîíòðÿãiíà H[0,j], ÿê

çâóæåííÿ îïåðàòîðà JT[0,j] íà îáëàñòi âèçíà÷åííÿ.

domA[0,j] =
{
f ∈ H[0,j] : [f, enj

] = 0
}

(4.3)

ßê áóëî ïîêàçàíî â [18], ñïðÿæåíå ëiíiéíå âiäíîøåííÿ A
[∗]
[0,j] îïåðàòîðà A[0,j] ìà¹

ïðåäñòàâëåííÿ

A
[∗]
[0,j] =

{
f̂ =

[
f

JT[0,j]f + cfenj

]
:
f ∈ H[0,j]

cf ∈ C

}
. (4.4)
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Âiäçíà÷èìî äåÿêi âëàñòèâîñòi îïåðàòîðà A[0,j].

Ïðîïîçèöiÿ 4.4 Íåõàé îïåðàòîð A[0,j] âèçíà÷åíèé çà (4.3). Òîäi:

1. e0 ïîðîäæóþ÷èé âåêòîð äëÿ îïåðàòîðà A[0,j];

2. σp(A[0,j]) = ∅;

3. H = ran (A[0,j] − z)u span{e0} äëÿ êîæíîãî z ∈ C;

4. îïåðàòîð A[0,j] ïðîñòèé, äèâ. (4.2).

Äîâåäåííÿ. (1) Ç (1.55), (1.58) òà (4.3) âèïëèâà¹, ùî e0 ∈ dom (Ai
[0,j]) äëÿ êî-

æíîãî i = 0, nj+1 − 1 òà

H[0,j] = span {eni
: 0 ≤ i ≤ nj+1 − 1}, eni

= Ai
[0,j]e0. (4.5)

(2) Ïðèïóñòèìî, ùî z ∈ σp(A[0,j]) òà A[0,j]f = zf . Ðîçêëàäàþ÷è âåêòîð f íà

âåêòîðè ei ç (4.5), ìà¹ìî

f =

nj+1−1∑
i=0

ξiei.

ßêùî m ¹ íàéáiëüøèì ç i, äëÿ ÿêèõ ξi ̸= 0, òîäi ðiâíiñòü A[0,j]f = zf âèïëèâà¹ ç

m∑
i=0

ξiei+1 =
m∑
i=0

zξiei

i îòæå, ξm = 0. Òîìó, ξi = 0 äëÿ êîæíîãî i ≤ nj+1 − 1.

(3) âèïëèâà¹ ç (4.5) òà (1.54), îñêiëüêè

(A[0,j] − z)ei = ei+1 − zei, i = 0, . . . , nj+1 − 2.

Öå çàâåðøó¹ äîâåäåííÿ .2

Äëÿ âåêòîðiâ

f̂ =

[
f

JT[0,j]f + cfenj

]
òà ĝ =

[
g

JT[0,j]g + cgenj

]
∈ A

[∗]
[0,j].

âèçíà÷èìî Âðîíñêiàí Wj[f̂ , ĝ]

Wj[f̂ , ĝ] :=

∣∣∣∣∣cf cg

fj gj

∣∣∣∣∣ , fj := [f, enj
], gj := [g, enj

]. (4.6)
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Ïðîïîçèöiÿ 4.5 Âåêòîðè

π̂[0,j](z) :=

[
π[0,j](z)

zπ[0,j](z)

]
, ξ̂[0,j](z) :=

[
ξ[0,j](z)

zξ[0,j](z) + e0

]
, (z ∈ C)

íàëåæàòü äî A
[∗]
[0,j] òà äîïóñêàþòü ïðåäñòàâëåííÿ

π̂[0,j](z) =

[
π[0,j](z)

JT[0,j]π[0,j](z) + b̃−1
j Pj+1(z)enj

]
, (4.7)

ξ̂[0,j](z) =

[
ξ[0,j](z)

JT[0,j]ξ[0,j](z) + b̃−1
j Qj+1(z)enj

]
. (4.8)

Âðîíñêiàíè Wj[f̂ , π̂[0,j](z)] òà Wj[f̂ , ξ̂[0,j](z)] îá÷èñëþþòüñÿ çà ôîðìóëàìè

Wj[f̂ , π̂[0,j](z)] :=

∣∣∣∣∣cf b̃−1
j Pj+1(z)

fj Pj(z)

∣∣∣∣∣ , Wj[f̂ , ξ̂[0,j](z)] :=

∣∣∣∣∣cf b̃−1
j Qj+1(z)

fj Qj(z)

∣∣∣∣∣ , (4.9)

òà óçàãàëüíåíà ðiâíiñòü Ëióâiëëÿ-Îñòðîãðàäñüêîãî (1.56) ïðèéìà¹ âèãëÿä

Wj[ξ̂[0,j](z), π̂[0,j](z)] = 1, z ∈ C. (4.10)

Äîâåäåííÿ. Ôîðìóëà (4.7) âèïëèâà¹ ç (1.62) òà ðiâíîñòåé

JT[0,j]π[0,j](z) + b̃−1
j Pj+1(z)enj

= G−1
[0,j]

J[0,j]

π0(z)...

πj(z)

+

 0
...

Pj+1(z)


 =

= zπ[0,j](z).

Ç (4.7) âèïëèâà¹, ùî cg = b̃−1
j Pj+1(z) äëÿ ĝ = π̂[0,j](z). Ïiäñòàâëÿþ÷è â (4.6) îòðè-

ìó¹ìî ïåðøó ôîðìóëó â (4.9). Äîêàç (4.8) òà äðóãî¨ ôîðìóëè â (4.9) àíàëîãi÷íèé.

Ôîðìóëà (4.10) âèïëèâà¹ ç (1.56), (4.9), (4.7) òà (4.8). 2

Ïðîïîçèöiÿ 4.6 Íåõàé f̂ =

[
f

f ′

]
, ĝ =

[
g

g′

]
∈ A

[∗]
[0,j]. Òîäi

[f ′, g]− [f, g′] = Wj[f̂ , ĝ]. (4.11)

Äîâåäåííÿ. Íåõàé âåêòîðè f̂ , ĝ ∈ A
[∗]
[0,j] ìàþòü âèãëÿä

f̂ =

[
f

f ′

]
=

[
f

JT[0,j]f + cfenj

]
òà ĝ =

[
g

g′

]
=

[
g

JT[0,j]g + cgenj

]
.
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Îñêiëüêè ìàòðèöÿ JT[0,j] ïîðîäæó¹ ñàìîñïðÿæåíèé îïåðàòîð â H[0,j], äèâ. (1.60),

îòðèìó¹ìî ç (4.6)

[f ′, g]− [f.g′] =
[
JT[0,j]f+ cfenj

, g
]
−
[
f, JT[0,j]f+ cgenj

]
=

= (fj+1gj − fjgj+1) = Wj[f̂ , ĝ].
(4.12)

Öå çàâåðøó¹ äîêàç. 2

Íàñòóïíi ôîðìóëè Êðiñòîôåëÿ-Äàðáó âèïëèâàþòü ç (4.11).

Íàñëiäîê 4.7 Äëÿ êîæíîãî j ∈ Z+, z ∈ C òà z0 ∈ R ìà¹ ìiñöå íàñòóïíà

ôîðìóëà

Wj[ξ̂[0,j](z), ξ̂[0,j](z0)] = (z − z0)[ξ[0,j](z), ξ[0,j](z0)]H[0,j]
, (4.13)

Wj[ξ̂[0,j](z), π̂[0,j](z0)] = 1 + (z − z0)[ξ[0,j](z), π[0,j](z0)]H[0,j]
,

Wj[π̂[0,j](z), ξ̂[0,j](z0)] = −1 + (z − z0)[π[0,j](z), ξ[0,j](z0)]H[0,j]
,

Wj[π̂[0,j](z), π̂[0,j](z0)] = (z − z0)[π[0,j](z), π[0,j](z0)]H[0,j]
, (4.14)

Òåîðåìà 4.8 Íåõàé Pi(z) ¹ ïîëiíîìè ïåðøîãî ðîäó àñîöiéîâàíi ç óçàãàëüíåíîþ

ìàòðèöåþ ßêîái J. Òîäi:

(1) ãðàíè÷íà òðiéêà {C,Γ0,Γ1} ëiíiéíîãî âiäíîøåííÿ A
[∗]
[0,j] ìîæå áóòè îá÷èñëå-

íà çà ôîðìóëîþ

Γ0f̂ = fj =
[
f, enj

]
òà Γ1f̂ = cf ; (4.15)

(2) äåôåêòíèé ïiäïðîñòið îïåðàòîðà A[0,j] ìà¹ âèãëÿä

Nz(A[0,j]) = span π[0,j](z),

äå π[0,N ](z) ¹ âèçíà÷åíèì çà ôîðìóëîþ (1.62).

(3) ôóíêöiÿ Âåéëÿ òà γ-ïîëå îïåðàòîðà A[0,j], ùî âiäïîâiäàþòü ãðàíè÷íié òðié-

öi {C,Γ0,Γ1}, ìàþòü âèãëÿä

M(z) =
Pj+1(z)

b̃jPj(z)
, γ(z) =

π[0,j](z)

Pj+1(z)
. (4.16)

Äîâåäåííÿ. (1) Ôîðìóëà Ãðiíà äëÿ {C,Γ0,Γ1} âèïëèâà¹ ç ðiâíîñòi (4.12):

[f ′, g]− [f, g′] = cf
[
g, enj

]
− cg[f, enj

] = Γ1f̂Γ0ĝ − Γ0f̂Γ1ĝ. (4.17)
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(2) Ç (4.4) òà (1.62) âèïëèâà¹, ùî π̂[0,j](z) ∈ A
[∗]
[0,j] i, îòæå, ìà¹ ìiñöå âêëþ÷åííÿ

π[0,j](z) ∈ Nz(A[0,j]).

(3) Çàñòîñîâóþ÷è Γ0 òà Γ1 äî äåôåêòíîãî âåêòîðà f̂z := π̂[0,j](z), îòðèìó¹ìî

Γ0f̂z = [π[0,j](z), enj
] = Pj(z) òà Γ1f̂z = b̃−1

j Pj+1(z). (4.18)

Öå äîâîäèòü ôîðìóëó (4.16). 2

Çàóâàæåííÿ 4.9 Àíàëîãi÷íà êîíñòðóêöiÿ ãðàíè÷íî¨ òðiéêè äëÿ ñèìåòðè÷íî¨

óçàãàëüíåíî¨ ìàòðèöi ßêîái áóëà ïðåäñòàâëåíà â [18].

Òåîðåìà 4.10 Íåõàé îïåðàòîð S[0,j] ó ïðîñòîði H[0,j] âèçíà÷åíèé ÿê çâóæåííÿ

îïåðàòîðà JT[0,j] íà îáëàñòü âèçíà÷åííÿ

domS[0,j] =
{
f ∈ H[0,j] : [f, e0] = 0

}
. (4.19)

Òîäi:

(1) ñïðÿæåíå ëiíiéíå âiäíîøåííÿ S
[∗]
[0,j] îïåðàòîðà S[0,j] ìà¹ íàñòóïíå ïðåäñòàâ-

ëåííÿ

S
[∗]
[0,j] =

{
f̂ =

[
f

JT[0,j]f + dfe0

]
:
f ∈ H[0,j],

df ∈ C

}
. (4.20)

(2) ãðàíè÷íà òðiéêà {C,Γ0,Γ1} äëÿ ëiíiéíîãî âiäíîøåííÿ S
[∗]
[0,j] ìîæå áóòè çíà-

éäåíà çà ôîðìóëàìè

Γ1f̂ = [f, e0] òà Γ0f̂ = −df ;

(3) äåôåêòíèé ïiäïðîñòið Nλ(S[0,j]) îïåðàòîðà S[0,j] ¹ íàòÿãíóòèé íà

(JT[0,j] − z)−1e0 =

(
ξ[0,j] −

Qj+1(z)

Pj+1(z)
π[0,j]

)
;

(4) ôóíêöiÿ Âåéëÿ m[0,j](z) äëÿ îïåðàòîðà S[0,j], ùî âiäïîâiäà¹ ãðàíè÷íié òðiéöi

{C,Γ0,Γ1}, îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

m[0,j](z) = [(JT[0,j] − z)−1e0, e0] = −Qj+1(z)

Pj+1(z)
. (4.21)

Áiëüø òîãî, m[0,j](z)ìà¹ íàñòóïíå àñèìïòîòè÷íå ðîçâèíåííÿ

m[0,j](z) = −s0
z
− · · · −

s2nj+1−2

z2nj+1−1
+ o

(
1

z2nj+1−1

)
, z→̂∞,

si =

[(
JT[0,j]

)i
e0, e0

]
.

(4.22)
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Äîâåäåííÿ. (1) Ïðèïóñòèìî, ùî ëiíiéíèé îïåðàòîð S[0,j] ó ïðîñòîði H[0,j] ¹ âè-

çíà÷åíèé ÿê çâóæåííÿ JT[0,j] íà îáëàñòi âèçíà÷åííÿ (4.19). Îòæå, ñïðÿæåíå ëiíiéíå

âiäíîøåííÿ S
[∗]
[0,j] çàäà¹òüñÿ ôîðìóëîþ (4.20).

(2) Íåõàé f̂ = {f, JT[0,j]f + dfe0} òà ĝ = {f, JT[0,j]g + dge0}. Òîäi

[f ′, g]− [f, g′] = [JT[0,j]f + dfe0, g]− [f, JT[0,j]g + dge0] =

= df [g, e0]− dg[f, e0] = Γ1f̂Γ0ĝ − Γ0f̂Γ1ĝ.

(3) Âèçíà÷èìî

fz := ξ[0,j](z)−
Qj+1(z)

Pj+1(z)
π[0,j](z).

Òîäi ç (1.64) òà (1.65) âèïëèâà¹, ùî (JT[0,j] − z)fz = e0. Îòæå

fz = (JT[0,j] − z)−1e0 (4.23)

òà

f̂z =

[
fz

zfz

]
=

[
fz

JT[0,j]fz − e0

]
. (4.24)

Âíàñëiäîê öüîãî, fz ∈ Nz(S[0,j]).

(4) Ç (4.15) òà (4.24), îòðèìó¹ìî

Γ0f̂z = 1 òà Γ1f̂z = −Qj+1(z)

Pj+1(z)
. (4.25)

Öå äîâîäèòü äðóãó ôîðìóëó â (4.21). Ïåðøà ôîðìóëà âèïëèâà¹ ç (4.23) òà (4.25).

Â ñèëó (4.21), îòðèìó¹ìî

m[0,j](z) = − [e0, e0]

z
− · · · −

[(
JT[0,j]

)2nj+1−2

e0, e0

]
z2nj+1−1

+ o

(
1

z2nj+1−1

)
, z→̂∞.

Ïîçíà÷à¹ìî si =

[(
JT[0,j]

)i
e0, e0

]
, îòðèìó¹ìî (4.22). 2

4.3 Âèïàäîê s ∈ Hk,reg
κ

Îçíà÷åííÿ 4.11 Ãîâîðÿòü, ùî ñèìåòðè÷íèé îïåðàòîð A ó ïðîñòîði Ïîíòðÿ-

ãiíà (H, [·, ·]) ìà¹ k âiä'¹ìíèõ êâàäðàòiâ, ÿêùî äëÿ áóäü-ÿêîãî íàáîðó fj ∈ domA

(j = 0, 1, ..., n) ôîðìà
n∑

i,j=0

[Afi, fj]Hξiξ̄j

ìà¹ íå áiëüøå k, òà äëÿ äåÿêîãî íàáîðó fj ∈ domA òî÷íî k âiä'¹ìíèõ êâàäðàòiâ.
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Íåõàé ñèìåòðè÷íèé îïåðàòîð A ó ïðîñòîði Ïîíòðÿãiíà (H, [·, ·]) ìà¹ k âiä'¹ìíèõ

êâàäðàòiâ. Íàãàäà¹ìî [23], ùî ãðàíè÷íà òðiéêà Π = {C,Γ+
0 ,Γ

+
1 } äëÿ ëiíiéíîãî

âiäíîøåííÿ A[∗] íàçèâà¹òüñÿ îñíîâíîþ, ÿêùî ôóíêöiÿ Âåéëÿ M(z) îïåðàòîðà A

âiäïîâiäà¹ ãðàíè÷íié òðiéöi Π òà çàäîâîëüíÿ¹ óìîâàì

lim
iy→0

M(iy) = ∞, lim
iy→∞

M+(iy) = 0. (4.26)

Ïðîïîçèöiÿ 4.12 Íåõàé s = {si}ℓi=0 ∈ Hk,reg
κ,ℓ òà N (s) = {ni}N+1

i=1 . Òîäi:

1. îïåðàòîð A[0,N ] ìà¹ k âiä'¹ìíèõ êâàäðàòiâ;

2. ãðàíè÷íà òðiéêà {C,Γ+
0 ,Γ

+
1 } ëiíiéíîãî âiäíîøåííÿ A

[∗]
[0,N ] ìîæå áóòè îáðàíà

òàêèì ÷èíîì

Γ+
1 f̂ =

1

PN(0)
[f, enN

] , Γ+
0 f̂ = −PN(0)cf + b̃−1

N PN+1(0)[f, enN
], (4.27)

äå cf âèçíà÷à¹òüñÿ ðîçêëàäîì (4.4);

3. ôóíêöiÿ Âåéëÿ òà γ-ïîëå îá÷èñëþþòüñÿ çà ôîðìóëàìè

M+
[0,N ](z) =

P+
2N(z)

P+
2N+1(z)

, γ+(z) =
π[0,N ](z)

P+
2N+1(z)

. (4.28)

4. ãðàíè÷íà òðiéêà {C,Γ+
0 ,Γ

+
1 } ëiíiéíîãî âiäíîøåííÿ A

[∗]
[0,N ] ¹ îñíîâíîþ.

Äîâåäåííÿ. (1) Äîâiëüíèé âåêòîð f ∈ dom (A[0,N ]) ìîæíà ðîçêëàñòè íà âåêòîðè

ei (0 ≤ i ≤ nN+1 − 2) ç (4.5)

f =

nN+1−2∑
i=0

ξiei, ξi ∈ C.

Â ñèëó (4.22)

[A[0,N ]ei, ej]H[0,k]
= si+j+1, i, j = 0, . . . , nN+1 − 2. (4.29)

Îñêiëüêè s ∈ Hk,reg
κ,ℓ , îòðèìó¹ìî ç (4.29)

nN+1−2∑
i,j=0

[A[0,N ]ei, ej]H[0,N ]
ξiξ̄j =

nN+1−2∑
i,j=0

si+j+1ξiξ̄j

i, îòæå, îïåðàòîð A[0,N ] ìà¹ k âiä'¹ìíèõ êâàäðàòiâ.

(2) Âî÷åâèäü, îïåðàòîðè Γ+
0 , Γ

+
1 ¹ ïîâ'ÿçàíèìè ç Γ0, Γ1 çà íàñòóïíèìè ôîðìó-

ëàìè

Γ+
1 f̂ =

1

β
Γ0 òà Γ+

0 f̂ = β (αΓ0 − Γ1) ,
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äå β = PN(0) òà α =
b̃−1
N PN+1(0)
PN (0) . Òîäi, â ñèëó [32, Ïðîïîçèöiÿ 1.7]

{
C,Γ+

0 ,Γ
+
1

}
�

ãðàíè÷íà òðiéêà ëiíiéíîãî âiäíîøåííÿ A
[∗]
[0,N ]. Îòæå, ôóíêöiÿ Âåéëÿ ìîæå áóòè

îá÷èñëåíà íàñòóïíèì ÷èíîì

M+(z) = 1
β2(α−M(z)) =

1

P 2
N(0)

(
PN+1(0)

b̃NPN(0)
− PN+1(z)

b̃NPN(z)

) =

= −

PN(z)

PN(0)

b̃−1
N (PN+1(z)PN(0)− PN(z)PN+1(0))

=
P+
2N(z)

P+
2N+1(z)

.

(3) Ç (4.18) âèïëèâà¹, ùî äëÿ f̂z = π̂[0,N ](z)

Γ+
0 f̂z =

1

b̃N
(PN+1(0)PN(z)− PN(0)PN+1(z)) = P+

2N+1(z),

Γ+
1 f̂z =

1

PN(0)
[π[0,N ](z), enN

] =
PN(z)

P
N
(0)

= P+
2N(z).

(4.30)

Öå äîâîäèòü ôîðìóëè (4.28).

(4) Ç (4.28) âèïëèâà¹, ùî ôóíêöiÿ Âåéëÿ M+(z) çàäîâîëüíÿ¹ óìîâàì

lim
iy→0

M+(iy) = ∞, lim
iy→∞

M+(iy) = 0.

Òîìó, çà Îçíà÷åííÿì 4.26 ãðàíè÷íà òðiéêa {C,Γ+
0 ,Γ

+
1 } ¹ îñíîâíîþ. 2

Çàóâàæåííÿ 4.13 Íàãàäà¹ìî ç [23] ãðàíè÷íà òðiéêà {C,Γ0,Γ1} ëiíiéíîãî âiä-

íîøåííÿ A[∗] íàçèâà¹òüñÿ îñíîâíîþ, ÿêùî ðîçøèðåííÿ A0 = AK òà A1 = AF

¹ ðîçøèðåííÿìè Êðåéíà òà Ôðiäðiõñà îïåðàòîðà A[0,N ], âiäïîâiäíî. Âèêîðèñòî-

âó¹ìî â (4.26) åêâiâàëåíòíå âèçíà÷åííÿ äëÿ çàïîáiãàííÿ ââåäåííþ äîäàòêîâèõ

ïîçíà÷åíü AF òà AK (äèâ. [23, Ïðîïîçèöiÿ 3.1]).

4.4 Ðåçîëüâåíòíà ìàòðèöÿ

4.4.1 Îãëÿä òåîði¨ ðåçîëüâåíòíèõ ìàòðèöü Ì.Ã. Êðåéíà

Íåõàé A ¹ ñèìåòðè÷íèé îïåðàòîð ó ïðîñòîði Ïîíòðÿãiíà (H, [·, ·]) ç âiä'¹ìíèì

iíäåêñîì κ0, òà íåõàé iíäåêñè äåôåêòà îïåðàòîðà A ¹ (1, 1), ñêàëÿðíèé âåêòîð u ∈
H òà Ã ¹ ñàìîñïðÿæåíèì ðîçøèðåííÿì îïåðàòîðàA äiþ÷èì ó ïðîñòîði Ïîíòðÿãiíà

H̃(⊃ H) ç âiä'¹ìíèì iíäåêñîì κ i çàäîâîëüíÿ¹ óìîâó ìiíiìàëüíîñòi

H̃ = span{u, (Ã− z)−1u : z ∈ ρ(Ã)}.

Ôóíêöiÿ [(Ã−z)−1u, u]H íàçèâà¹òüñÿ u-ðåçîëüâåíòîþ îïåðàòîðà A ç iíäåêñîì κ.
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Îïèñ u-ðåçîëüâåíò ñèìåòðè÷íîãî îïåðàòîðà áóâ îòðèìàíèé â [64,68] â ðàìêàõ

òåîði¨ u-ðåçîëüâåíòíèõ ìàòðèöü, ÿêà áóäå êîðîòêî ïðåäñòàâëåíà íèæ÷å. Òî÷êà

z ∈ C íàçèâà¹òüñÿ (äèâ. [64, 68]) u-ðåãóëÿðíîþ òî÷êîþ îïåðàòîðà A, ÿêùî ìíî-

æèíà ran (A− z) ¹ çàìêíåíîþ òà

H = ran (A− z)u span u.

Ïîçíà÷èìî ρ(A, u) ìíîæèíó u-ðåãóëÿðíèõ òî÷îê îïåðàòîðà A. Âèçíà÷èìî äâà

ôóíêöiîíàëè P(z), Q(z) : H → C ãîëîìîðôíèõ â ρ(A, u), çà ôîðìóëàìè

f − (P(z)f)u ∈ ran (A− z), Q(z)f = [(A− z)−1(f − (P(z)f)u), u].

Âèçíà÷èìî òàêîæ äâi âåêòîð-ôóíêöi¨ P(z)[∗], Q(z)[∗] çi çíà÷åííÿìè â H

[P(z)[∗], f ] := P(z)f, [Q(z)[∗], f ] := Q(z)f.

Áåçïîñåðåäíÿ ïåðåâiðêà ïîêàçó¹, ùî äëÿ âñiõ z ∈ ρ(A, u), îòðèìó¹ìî

P̂(z)[∗] := {P(z)[∗], z̄P(z)[∗]} ∈ A[∗],

Q̂(z)[∗] := {Q(z)[∗], z̄Q(z)[∗] + u} ∈ A[∗].
(4.31)

Îïèñ u-ðåçîëüâåíò ó ïðîñòîði Ãiëüáåðòà ñèìåòðè÷íîãî îïåðàòîðà ç ðiâíèìè

ñêií÷åííèìè iíäåêñàìè äåôåêòó áóâ îòðèìàíèé Ì.Ã. Êðåéíîì â [64], äëÿ ùiëüíî

çàäàíîãî îïåðàòîðà ó ïðîñòîði Ïîíòðÿãiíà, Ì.Ã. Êðåéíîì òà Õ. Ëàíãåðîì â [68].

ßâíà ôîðìóëà äëÿ ðåçîëüâåíòíèõ ìàòðèöü ó ïðîñòîði Ãiëüáåðòà ñèìåòðè÷íîãî

îïåðàòîðà â òåðìiíàõ ãðàíè÷íî¨ òðiéêè áóëî îòðèìàíî â [31, 32]. Äëÿ íåùiëüíî

âèçíà÷åíîãî ñèìåòðè÷íîãî îïåðàòîðà ó ïðîñòîði Ïîíòðÿãiíà ç iíäåêñàìè äåôåêòó

(1, 1), ôîðìóëà òà îïèñ u-ðåçîëüâåíò ìàþòü âèãëÿä (äèâ. [24, Òåîðåìà 5.2]).

Òåîðåìà 4.14 Íåõàé A ¹ ñèìåòðè÷íèé îïåðàòîð ç iíäåêñàìè äåôåêòó (1, 1) ó

ïðîñòîði Ïîíòðÿãiíà H ç κ0 âiä'¹ìíèìè êâàäðàòàìè, Π = {C,Γ0,Γ1} ¹ ãðàíè÷íà
òðiéêà äëÿ ëiíiéíîãî âiäíîøåííÿ A[∗], u ∈ H, ρ(A, u) ̸= ∅ òà

W(z) =

(
−Γ0Q̂(z[∗] Γ0P̂(z)[∗]

−Γ1Q̂(z)[∗] Γ1P̂(z)[∗]

)∗

, z ∈ ρ(A, u). (4.32)

Òîäi:

(1) W(z) = (wi,j(z))
2
i,j=1 ¹ ãîëîìîðôíîþ ìàòðèöåþ-ôóíêöi¹þ íà ρ(A, u) òà ôîð-

ìóëà

[(Ã− z)−1u, u] =
w11(z)τ(z) + w12(z)

w21(z)τ(z) + w22(z)
, z ∈ ρ(A, u) ∩ ρ(Ã)
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âñòàíîâëþ¹ îäíî÷àñíó âiäïîâiäíiñòü ìiæ âñi¹þ ìíîæèíîþ u-ðåçîëüâåíò

îïåðàòîðà A ç iíäåêñîì κ òà ìíîæèíîþ âñiõ τ ∈ Nκ−κ0
òàêèõ, ùî

w21(z)τ(z) + w22(z) ̸≡ 0. (4.33)

(2) ßêùî, íà äîäà÷ó, ïiäïðîñòið H0 := H[−]domA ¹ íåòðèâiàëüíèì òà A0 =

Au{0} × H0, òî Ã ¹ îïåðàòîðîì òîäi i òiëüêè òîäi, êîëè τ(z) çàäîâîëüíÿ¹

óìîâi Íåâàíëiííè

τ(iy) = o(y) y → ∞. (4.34)

(3) ßêùî, íà äîäà÷ó, îïåðàòîð A ìà¹ k0 âiä'¹ìíèõ êâàäðàòiâ òà Π öå îñíîâíà

ãðàíè÷íà òðiéêà, òî ôîðìóëà (4.32) âñòàíîâëþ¹ îäíîçíà÷íó âiäïîâiäíiñòü

ìiæ ìíîæèíîþ u-ðåçîëüâåíò îïåðàòîðà A ç iíäåêñîì κ, òàêèõ, ùî Ã ìà¹

k âiä'¹ìíèõ êâàäðàòiâ òà ìíîæèíîþ τ ∈ Nk−k0
κ−κ0

, òàêà, ùî ìà¹ ìiñöå (4.33).

4.4.2 Ðåçîëüâåíòíà ìàòðèöÿ îïåðàòîðà A[0,j]

Òåîðåìà 4.15 [18, Òåîðåìà 3.14] Íåõàé ãðàíè÷íà òðiéêà Π = {C,Γ0,Γ1} äëÿ

îïåðàòîðà A
[∗]
[0,j] âèçíà÷åíà çà (4.15) òà íåõàé u = e0. Òîäi âiäïîâiäíà u−ðåçîëüâåíòíà

ìàòðèöÿ îïåðàòîðà A[0,j] ìà¹ íàñòóïíèé âèãëÿä

W[0,j](z) =

(
−Qj(z) −b̃−1

j Qj+1(z)

Pj(z) b̃−1
j Pj+1(z)

)
. (4.35)

Äîâåäåííÿ. ßê ïîêàçàíî â [18, Proposition 3.15], ôóíêöiîíàëè P(z) i Q(z) ìà-

þòü âèãëÿä

P(z)f = [f, π[0,j](z)] i Q(z)f = [f, ξ[0,j](z)],

ùî âiäïîâiäàþòü ìàñøòàáó u = ℓ0 i òîìó

Γ1Q̂[0,j](z)
[∗] = b̃−1

j Qj+1(z) òà Γ0Q̂[0,j](z)
[∗] = Qj(z),

Γ1P̂[0,j](z)
[∗] = b̃−1

j Pj+1(z) òà Γ0P̂[0,j](z)
[∗] = Pj(z).

(4.36)

Ïiäñòàâëÿþ÷è (4.36) ó (4.32), îòðèìó¹ìî (4.35). 2

Ïðîïîçèöiÿ 4.16 Íåõàé ãðàíè÷íà òðiéêà {C,Γ0,Γ1} îïåðàòîðà A
[∗]
[0,j] âèçíà÷å-

íà çà (4.15) òà íåõàé u = e0. Òîäi u-ðåçîëüâåíòíà ìàòðèöÿ W[0,j](z) äîïóñêà¹

íàñòóïíó ôàêòîðèçàöiþ

W[0,j](z) = W0(z)W1(z) . . .Wj(z), (4.37)
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äå åëåìåíòàðíi ìàòðèöi Wi(z) âèçíà÷àþòüñÿ çà íàñòóïíèìè ôîðìóëàìè

W0(z) =

0 −1

1
a0(z)

b0

 òà Wi(z) =

 0 −b̃−1
i−1

b̃i−1
ai(z)

bi

 , i = 1, j.

Äîâåäåííÿ. Äîâåäåìî (4.37) çà iíäóêöi¹þ

(1) W[0,0](z) = W0(z), òîáòî (4.37) ìà¹ ìiñöå ïðè j = 0;

(2) Ïðèïóñòèìî, ùî (4.37) ìà¹ ìiñöå äëÿ äåÿêîãî i− 1, òîáòî

W[0,i−1](z) = W0(z)W1(z) . . .Wi−1(z) =

(
−Qi−1(z) −b̃−1

i−1Qi(z)

Pi−1(z) b̃−1
i−1Pi(z)

)
.

Òîäi

W[0,i−1](z)Wi(z) =

(
−Qi−1(z) −b̃−1

i−1Qi(z)

Pi−1(z) b̃−1
i−1Pi(z)

) 0 −b̃−1
i−1

b̃i−1
ai(z)

bi

 =

=

(
−Qi(z) −b̃−1

i (−biQi−1(z) + ai(z)Qi(z))

Pi(z) b̃−1
i (−biPi−1(z) + ai(z)Pi(z))

)
=

= {çà (1.46)}=

(
−Qi(z) −b̃−1

i Qi+1(z)

Pi(z) b̃−1
i Pi+1(z)

)
=W[0,i](z).

Öå äîâîäèòü (4.37). 2

Òåîðåìà 4.17 ( [18, Òåîðåìà 3.14]) Íåõàé j ∈ N òà Âðîíñêiàíè Wj[f̂ , π̂[0,j](0)] é

Wj[f̂ , ξ̂[0,j](0)] âèçíà÷åíi çà (4.9). Òîäi:

(1) Ôîðìóëè

Γ̃0f̂ = Wj[f̂ , π̂[0,j](0)], Γ̃1f̂ = Wj[f̂ , ξ̂[0,j](0)],

âèçíà÷àþòü ãðàíè÷íó òðiéêó Π̃ = {C, Γ̃0, Γ̃1} ëiíiéíîãî âiäíîøåííÿ A
[∗]
[0,j].

(2) u-ðåçîëüâåíòíà ìàòðèöÿ îïåðàòîðà A[0,j], ùî âiäïîâiäà¹ ãðàíè÷íié òðiéöi

Π̃ òà u = e0, ìà¹ íàñòóïíèé âèãëÿä

W̃[0,j](z) =

[
−Wj[ξ̂[0,j](z), π̂[0,j](0)] −Wj[ξ̂[0,j](z), ξ̂[0,j](0)]

Wj[π̂[0,j](z), π̂[0,j](0)] Wj[π̂[0,j](z), ξ̂[0,j](0)]

]
. (4.38)

(3) Ôóíêöiÿ Âåéëÿ, êîòðà âiäïîâiäà¹ ãðàíè÷íié òðiéöi Π̃, ìà¹ âèãëÿä

M̃[0,j](z) =
Wj[π̂[0,j](z), ξ̂[0,j](0)]

Wj[π̂[0,j](z), π̂[0,j](0)]
.
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Äîâåäåííÿ. Äîâåäåííÿ (1) áàçó¹òüñÿ íà òîòîæíîñòi (4.17) òà

Wj[f̂ , ξ̂[0,j](0)]Wj[ĝ, π̂[0,j](0)]
∗ −Wj[f̂ , π̂[0,j](0)]Wj[ĝ, ξ̂[0,j](0)]

∗

Çàñòîñîâóþ÷è îïåðàòîðè Γ̃0 òà Γ̃1 äî

f̂ = Q̂[0,j](z)
[∗] = ξ̂[0,j](z) òà ĝ = P̂[0,j](z)

[∗] = π̂[0,j](z),

îòðèìó¹ìî íàñòóïíi ðiâíîñòi

Γ̃0f̂ = Wj[ξ̂[0,j](z), π̂[0,j](0)], Γ̃1f̂ = Wj[ξ̂[0,j](z), ξ̂[0,j](0)].

Γ̃0ĝ = Wj[π̂[0,j](z), π̂[0,j](0)], Γ̃1ĝ = Wj[π̂[0,j](z), ξ̂[0,j](0)], (4.39)

Ç îãëÿäó íà (4.32), ìà¹ ìiñöå (4.38). Äðóãà ÷àñòèíà ôîðìóëè (4.38) âèïëèâà¹

ç (4.13)�(4.14).

Òâåðäæåííÿ (3) âèïëèâà¹ ç (4.39). 2

Íàñëiäîê 4.18 Ôîðìóëà (4.38) äëÿ u-ðåçîëüâåíòíî¨ ìàòðèöi îïåðàòîðà A[0,j],

ùî âiäïîâiäà¹ ãðàíè÷íié òðiéöi Π̃, ìîæå áóòè ïðåäñòàâëåíà, ÿê

W̃[0,j](z) =−I + z

[
−[ξ[0,j](z), π[0,j](0)][0,j] −[ξ[0,j](z), ξ[0,j](0)][0,j]

[π[0,j](z), π[0,j](0)][0,j] [π[0,j](z), ξ[0,j](0)][0,j]

]
. (4.40)

Ôóíêöiÿ Âåéëÿ M̃[0,j](z), ÿêà âiäïîâiäà¹ ãðàíè÷íié òðiéöi Π̃, äîðiâíþ¹

M̃[0,j](z) =
Pj+1(z)Qj(0)− Pj(z)Qj+1(0)

Pj+1(z)Pj(0)− Pj(z)Pj+1(0)

òà ìà¹ íàñòóïíi âëàñòèâîñòi

lim
x↑0

M̃[0,j](x) = ∞, lim
x↓−∞

M̃[0,j](x) =
Qj(0)

Pj(0)
.

4.4.3 Êëàñ s ∈ Hkj ,reg
κj ,2nj−2

Òåîðåìà 4.19 ( [18, Òåîðåìà 3.14]) Íåõàé s = {si}
2nj−2
i=0 ∈ Hkj ,reg

κj ,2nj−2, {C,Γ+
0 ,Γ

+
1 }

¹ ãðàíè÷íîþ òðiéêîþ äëÿ ëiíiéíîãî âiäíîøåííÿ A
[∗]
[0,j]. Òîäi:

(1) Âiäïîâiäíà u−ðåçîëüâåíòíà ìàòðèöÿ îïåðàòîðà A[0,j] ìà¹ âèãëÿä

W+
[0,j](z) =

(
Q+

2j+1(z) Q+
2j(z)

P+
2j+1(z) P+

2j(z)

)
. (4.41)

(2) W+
[0,j] ∈ Uκj

(J2), äå κj i kj îá÷èñëþþòüñÿ çà (3.150).
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Äîâåäåííÿ. Ç (4.31) âèïëèâà¹, ùî P̂[0,j](z)
[∗] = π̂[0,j](z) òà Q̂[0,j](z)

[∗] = ξ̂[0,j](z).

Îá÷èñëþ¹ìî åëåìåíòè W+
[0,j](z), îòðèìó¹ìî

Γ+
0 Q̂[0,j](z)

[∗] = 1

b̃j
(Pj+1(0)Qj(z)− Pj(0)Qj+1(z)) = −Q+

2j+1(z),

Γ+
1 Q̂[0,j](z)

[∗] = 1
Pj(0)

[ξ[0,j](z), enj
] =

Qj(z)
Pj(0)

= −Q+
2j(z).

(4.42)

Ïiäñòàâëÿþ÷è (4.42) òà (4.30) â (4.32), ìà¹ìî (4.41). 2

Ó íàñòóïíîìó òâåðäæåííi âñòàíîâëþ¹òüñÿ çâ'ÿçîê ìiæ ðåçîëüâåíòíèìè ìàòðè-

öÿìè W̃[0,j](z) òà W+
[0,j](z).

Òåîðåìà 4.20 Íåõàé s = {si}
2nj−2
i=0 ∈ Hkj ,reg

κj ,2nj−2. Ðåçîëüâåíòíi ìàòðèöi W̃[0,j](z)

òà W+
[0,j](z) îïåðàòîðà A[0,j] ïîâ'ÿçàíi çà íàñòóïíîþ ôîðìóëîþ

W+
[0,j](z) = W̃[0,j](z)V[0,j], äå V[0,j] =

(
−1

Qj(0)
Pj(0)

0 −1

)
(4.43)

Äîâåäåííÿ. Ç (4.40) òà (4.9) âèïëèâà¹, ùî

W̃[0,j](z) =

−Qj+1(z)Pj(0)−Qj(z)Pj+1(0)

b̃j
−Qj+1(z)Qj(0)−Qj(z)Qj+1(0)

b̃j
Pj+1(z)Pj(0)−Pj(z)Pj+1(0)

b̃j

Pj+1(z)Qj(0)−Pj(z)Qj+1(0)

b̃j


i îòæå

W̃[0,j](z)V[0,j]=

 Qj+1(z)Pj(0)−Qj(z)Pj+1(0)

b̃j
−Qj(z)(Qj+1(0)Pj(0)−Pj+1(0)Qj(0))

b̃jPj(0)

−Pj+1(z)Pj(0)−Pj(z)Pj+1(0)

b̃j

Pj(z)(Qj+1(0)Pj(0)−Pj+1(0)Qj(0))

b̃jPj(0)


(4.43) âèïëèâà¹ ç ôîðìóëè Ëióâiëëÿ-Îñòðîãðàäñüêîãî (1.56). 2

Çàçíà÷èìî, ùî ìàòðèöÿ ôóíêöiÿ W+
[0,j](z) ñïiâïàäà¹ ç W

+
2j+1(z), ÿêà áóëà ââå-

äåíà â [28]. Íàãàäà¹ìî, ùî W+
2j+1(z) äîïóñêà¹ íàñòóïíó ôàêòîðèçàöiþ

W+
2j−1(z) = M1(z)L1 . . . Lj−1Mj(z) (4.44)

äå ìàòðèöi Mi(z), Li âèçíà÷åíi çà ôîðìóëàìè (3.132), ïîëiíîìè mi(z) òà ÷èñëà li

âèçíà÷åíi çà (3.159)�(3.160).

Ó íàñòóïíîìó òâåðäæåííi, ââåäåìî ùå îäíó ðåçîëüâåíòíó ìàòðèöþ, ÿêà áóäå

âèêîðèñòàíà äëÿ îïèñó ïàðíî¨ ïðîáëåìè ìîìåíòiâ.

Ïðîïîçèöiÿ 4.21 Íåõàé s = {si}
2nj−2
i=0 ∈ Hkj ,reg

κj ,2nj−1, N (s) = {ni}ji=1 òà ãðàíè÷íà

òðiéêà Π++ = {C,Γ++
0 ,Γ++

1 } ëiíiéíîãî âiäíîøåííÿ A
[∗]
[0,j] âèçíà÷åíà ôîðìóëîþ

Γ++
1 f̂ = Γ+

1 f̂ + ℓjΓ
+
0 f̂ , Γ++

0 f̂ = Γ+
0 f̂ ,

äå ãðàíè÷íà òðiéêà Π+ = {C,Γ+
0 ,Γ

+
1 } çàäàíà (4.4). Òîäi:
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(1) âiäïîâiäíà u-ðåçîëüâåíòíà ìàòðèöÿ W++
[0,j](z) ìà¹ âèãëÿä

W++
[0,j](z) =

(
Q+

2j−1(z) Q+
2j(z)

P+
2j−1(z) P+

2j(z)

)
. (4.45)

(2) W++
[0,j] ∈ Uκj

(J2), äå κj îá÷èñëþþòüñÿ çà (3.166).

Öi äâà òâåðäæåííÿ äîçâîëÿþòü ñôîðìóëþâàòè íàñòóïíèé ðåçóëüòàò ôàêòîðè-

çàöi¨ äëÿ ðåçîëüâåíòíî¨ ìàòðèöi W+
[0,j](z).

Òåîðåìà 4.22 Íåõàé s = {si}∞i=0 ∈ Hk0,reg
κ0,

òà N ∈ N ¹ äîñèòü âåëèêèì, ùîá

ðiâíîñòi

κ0 = ν−(Snj
) òà k0 = ν−(S

+
nj
)

ìàëè ìiñöå äëÿ j ≥ N , j ∈ N. Íåõàé J̃[N,j] ¹ ìàòðèöÿ ßêîái

J̃[N,j] = J[N,j] + diag

(
1

mN lN−1
, 0, . . . , 0

)
.

Òîäi ðåçîëüâåíòíà ìàòðèöÿ W+
[0,j](z) îïåðàòîðà A[0,j] äîïóñêà¹ ôàêòîðèçàöiþ

W+
[0,j](z) = W++

[0,N−1](z)W
+
[N,j](z), (4.46)

äå W++
[0,N−1](z) ¹ ðåçîëüâåíòíîþ ìàòðèöåþ äëÿ îïåðàòîðà A[0,N−1], âèãëÿäó (4.45),

ùî âiäïîâiäà¹ ãðàíè÷íié òðiéöi Π++
[0,N−1], òàW

+
[N,j](z) ¹ ðåçîëüâåíòíîþ ìàòðèöåþ

îïåðàòîðà

Ã[N,j] = J̃[N,j]|dom (Ã[N,j])
, dom (Ã[N,j]) = {f ∈ H[N,j] : [f, enj

] = 0},

ÿêà âiäïîâiäà¹ ãðàíè÷íié òðiéöi Π+
[N,j], âèãëÿäó (4.27).

Äîâåäåííÿ. Çà Ïðîïîçèöi¹þ 4.21, ðåçîëüâåíòíà ìàòðèöÿ îïåðàòîðà Ã[N,j], ÿêà

âiäïîâiäà¹ ãðàíè÷íié òðiéöi Π+
[N,j], äîïóñêà¹ ôàêòîðèçàöiþ

W+
[N,j](z) = M̃N+1L̃N+1 . . . M̃j+1.

äå M̃i òà L̃i ¹ ìàòðèöi ïîðîäæåíi ÷èñëàìè m̃i, l̃i, ÿêi âèçíà÷åíi çà (äèâ. [27, Òåîðåìà

4.1])

m̃i = mi, (i = N + 1, . . . , j + 1), l̃i = li, (i = N + 2, . . . , j),

òà ðiâíîñòÿìè

1

m̃N+1l̃N+1

= −ãN(0) = −aN(0)−
1

mN+1lN
=

1

mN+1lN+1
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âèïëèâà¹, ùî l̃N+1 = lN+1. Òîìó,

W+
[N,j](z) = MN+1LN+1 . . .Mj+1. (4.47)

Ç (4.44) âèïëèâà¹, ùî W+
[0,j](z) äîïóñêà¹ ôàêòîðèçàöiþ (4.46), äå

W++
[0,j−1](z) = M1L1 . . .MjLj, W++

[0,N−1](z) = M1L1 . . .MNLN , (4.48)

Öå çàâåðøó¹ äîâåäåííÿ. 2

4.5 Çðiçàíà iíäåôiíiòíà ïðîáëåìà ìîìåíòiâ

Ðîçãëÿíåìî çðiçàíi iíäåôiíiòíi ïðîáëåìè ìîìåíòiâ MPκ(s, ℓ) òà MP k
κ (s, ℓ). Íà-

ãàäà¹ìî, ùî ïðîáëåìà ìîìåíòiâ MPκ(s, ℓ) íàçèâà¹òüñÿ ïàðíîþ àáî íåïàðíîþ âiä-

ïîâiäíî äî ïàðíîñòi ÷èñëà ℓ + 1 çàäàíèõ ìîìåíòiâ. Íåïàðíà ïðîáëåìà ìîìåíòiâ

MP k
κ (s, 2n − 2) íàçèâà¹òüñÿ íåâèðîäæåíîþ, ÿêùî Dn = detSn ̸= 0. Ïðîáëåìà

ìîìåíòiâ MPκ(s, ℓ) áóëà äîñëiäæåíà â ðîáîòàõ [22], [34], [69], [71].

Íàãàäà¹ìî îïèñ ìíîæèíè Mκ(s, 2nN − 2) ç [18, Ïðîïîçèöiÿ 3.31].

Ïðîïîçèöiÿ 4.23 Íåõàé s = {si}2nN−2
i=0 ∈ H òà N (s) = {ni}Ni=1 ¹ ìíîæèíîþ

íîðìàëüíèõ iíäåêñiâ ïîñëiäîâíîñòi s òà íåõàéW[0,N−1] = (wij)
2
i,j=1. Ïðîáëåìà ìî-

ìåíòiâMPκ(s, 2nN−2) ¹ ðîçâ'ÿçíîþ òîäi i òiëüêè òîäi, êîëè κN := ν−(SnN
) ≤ κ

òà ôîðìóëà

f(z) =
w11(z)τ(z) + w12(z)

w21(z)τ(z) + w22(z)
, (4.49)

âñòàíîâëþ¹ âiäïîâiäíiñòü ìiæ êëàñîì Mκ(s, 2nN − 2) òà ìíîæèíîþ ôóíêöié

τ ∈ Nκ−κN
, ÿêi çàäîâîëüíÿþòü óìîâi Íåâàíëiííè (4.34).

Îïåðàòîðíèé ïiäõiä äî MPκ(s, 2nN − 2) â [69] áàçó¹òüñÿ íà ôîðìóëi

f(z) = [(Ã− zI)−1e0, e0][0,N−1], (4.50)

ÿêà äà¹ îïèñ ìíîæèíè Mκ(s, 2nN − 2), êîëè Ã ïðîáiãà¹ ìíîæèíó âñiõ ñàìîñïðÿ-

æåíèõ ðîçøèðåíü îïåðàòîðà A[0,N−1]. Â [69] áóëà ðîçãëÿíóòà ïîâíà ïðîáëåìà ìî-

ìåíòiâ. Îïèñ (4.49) áàçóâàâñÿ íà öié ôîðìóëi òà íà Òåîðåìi 4.14. Iíøi äîêàçè öi¹¨

ôîðìóëè áóëî ïðåäñòàâëåíî â [14], [17] òà [18] ïðè âèêîðèñòàííi àëãîðèòìó Øóðà.

ÏðîáëåìàMP k
κ (s, 2nN) áóëà ïîñòàâëåíà i âèðiøåíà ìåòîäàìè òåîði¨ ðîçøèðåíü

â [22, Òåîðåìà 4.14].
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Òåîðåìà 4.24 Íåõàé s = {si}2nN−2
i=0 ∈ Hreg, n = nN òà ìàòðèöÿ Sn = (si+j)

n−1
i,j=0

íåâèðîäæåíà é κN := ν−(Sn) ≤ κ. Òîäi ïðîáëåìà ìîìåíòiâ MPκ(s, 2n − 2) ¹

ðîçâ'ÿçíîþ òà ôîðìóëà

F (z) = [(Ã− z)−1u, u][0,N−1]

âñòàíîâëþ¹ çâ'ÿçîê ìiæ ìíîæèíîþ óñiõ ðîçâ'ÿçêiâ çðiçàíî¨ ïðîáëåìè ìîìåíòiâ

MPκ(s,2nN−2) òà ìíîæèíîþ óñiõ u-ðåçîëüâåíò ñèìåòðè÷íîãî îïåðàòîðà A[0,N−1]

ç iíäåêñîì κ, ïîðîäæåíèõ îäíîçíà÷íèìè ðîçøèðåííÿìè ñàìîñïðÿæåíèõ Ã.

ßêùî, íà äîäàòîê, ìàòðèöÿ S+
nN−1 = (si+j+1)

nN−2
i,j=0 íåâèðîäæåíà òà kN :=

ν−(S
+
nN−1) ≤ k, òî ïðîáëåìà ìîìåíòiâ MP k

κ (s, 2nN − 2) ¹ ðîçâ'ÿçíîþ òà ôîðìó-

ëà (4.50) âñòàíîâëþ¹ çâ'ÿçîê ìiæ ìíîæèíîþ óñiõ ðîçâ'ÿçêiâ çðiçàíî¨ ïðîáëåìè

ìîìåíòiâ MP k
κ (s, 2nN −2) òà ìíîæèíîþ óñiõ u-ðåçîëüâåíò ñèìåòðè÷íîãî îïå-

ðàòîðà A[0,N−1] ç iíäåêñîì κ, òàêèõ ùî ðîçøèðåííÿ Ã ìà¹ k íåâiä'¹ìíèõ êâàäðà-

òiâ.

Äîâåäåííÿ Òåîðåìè 3.27

Îñêiëüêè s = {si}2nN−2
i=0 ∈ Hreg, ìàòðèöÿ S+

n−1 = (si+j+1)
n−2
i,j=0 íåâèðîäæåíà òà

kN := ν−(S
+
n−1) ≤ k, çà Òåîðåìîþ 4.24 ïðîáëåìà ìîìåíòiâ MP k

κ (s,2nN − 2) ìà¹

ðîçâ'ÿçêè òà ôîðìóëà (4.50) âñòàíîâëþ¹ çâ'ÿçîê ìiæ ìíîæèíîþ óñiõ ðîçâ'ÿçêiâ

óñi÷åíî¨ ïðîáëåìè ìîìåíòiâ MP k
κ (s,2nN−2) òà ìíîæèíîþ óñiõ u-ðåçîëüâåíò ñè-

ìåòðè÷íîãî îïåðàòîðà A[0,N−1] ç iíäåêñîì κ− κN , òàêîãî ùî ðîçøèðåííÿ Ã ìà¹ k

íåâiä'¹ìíèõ êâàäðàòiâ.

Ðîçãëÿíåìî ãðàíè÷íó òðiéêó Π+
[0,N−1] = {C,Γ+

0 ,Γ
+
1 } äëÿ îïåðàòîðà A[0,N−1]. Çà

Ïðîïîçèöi¹þ 4.12, ãðàíè÷íà òðiéêà Π+
[0,N−1] ¹ îñíîâíîþ. Òîìó, â ñèëó Òåîðåìè 4.24

ìíîæèíà óñiõ u-ðåçîëüâåíò â (4.50) îïèñóþòüñÿ ôîðìóëàìè

[(Ã− z)−1u, u][0,N−1] = TW+
[0,N−1]

[τ(z)],

äå τ ∈Nk−kN
κ−κN

. Áiëüø òîãî, çà Òåîðåìîþ 4.14 u-ðåçîëüâåíòà [(Ã−z)−1u, u][0,N−1] ïî-

ðîäæóþòüñÿ îäíîçíà÷íèìè ñàìîñïðÿæåíèìè ðîçøèðåííÿìè Ã òîäi i òiëüêè òîäi,

êîëè τ(z) = o(1), z→̂∞. Ùî çàâåðøó¹ äîâåäåííÿ Òåîðåìè 3.27 2

4.6 Ïîâíà iíäåôiíiòíà ïðîáëåìà ìîìåíòiâ MP k
κ (s).

4.6.1 Îïèñ ðîçâ'ÿçêiâ

Çâ'ÿæåìî ç íåñêií÷åííîþ ïîñëiäîâíiñòþ s = {si}∞i=0 ïðîñòið H[0,∞) ç iíäåôiíiòíèì

ñêàëÿðíèì äîáóòêîì

[x, y][0,∞) = (G[0,∞)x, y), G[0,∞) = diag(̃b0E
−1
0 , b̃1E

−1
1 , . . .). (4.51)
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ßêùî s ∈ Hκ, òîäi ïðîñòið H[0,∞) ¹ ïðîñòîðîì Ïîíòðÿãiíà (äèâ. Ðîçäië (1.6) ),

ç íåãàòèâíèì iíäåêñîì

κ = ind−H[0,∞).

Âiäïîâiäíî äî ìàòðèöi JT[0,∞) iñíó¹ ìiíiìàëüíèé îïåðàòîð Amin, âèçíà÷åíèé ÿê

çàìêíåííÿ îïåðàòîðà JT[0,∞). Îïåðàòîð Amin ¹ ñèìåòðè÷íèì ó ïðîñòîði H[0,∞).

Àíàëîãi÷íî äî ìiíiìàëüíîãî îïåðàòîðà, ðîçãëÿíåìî ìàêñèìàëüíèé îïåðàòîð

Amax, âèçíà÷åíèé ÿê çâóæåííÿ JT[0,∞) íà îáëàñòi âèçíà÷åííÿ

dom (Amax) := {x ∈ H[0,∞) : J
T
[0,∞)x ∈ H[0,∞)}.

ßê âiäîìî ç [18,69], îïåðàòîð Amin ¹ ñàìîñïðÿæåíèì â H[0,∞), òîäi i òiëüêè òîäi, êî-

ëè Amin = Amax. Ëåãêî áà÷èòè, ùî Amax = A
[∗]
min. Ç (1.64) îòðèìó¹ìî, ùî äåôåêòíèé

ïiäïðîñòið Nz(Amin) := ker(Amax − zI) ¹ àáî îäíîìiðíèì ïiäïðîñòîðîì, ÿêèé ïî-

ðîäæåíèé π(z) àáî ¹ òðèâiàëüíèì. Ïî¹äíóþ÷è öi çàóâàæåííÿ ç Ëåìîþ 3.25, ìà¹ìî

íàñòóïíå òâåðäæåííÿ.

Ïðîïîçèöiÿ 4.25 Íåõàé s = {si}∞i=0 ∈ Hκ. Òîäi íàñòóïíi òâåðäæåííÿ ¹ åêâi-

âàëåíòíèìè:

(1) Ïðîáëåìà ìîìåíòiâ MPκ(s) ¹ íåâèçíà÷åííîþ;

(2) Äåôåêòíi iíäåêñè îïåðàòîðà Amin äîðiâíþþòü 1;

(3) "Ìîìåíò iíåðöi¨" äëÿ ñòðóíè ¹ ñêií÷åííèì

∞∑
j=1

x2jmj(0) < ∞, äå xj = l1 + · · ·+ lj.

Ðåçóëüòàòè [69] äëÿ iíäåôiíiòíî¨ ïðîáëåìè ìîìåíòiâ ìîæíà ïåðåôîðìóëþâàòè

â òåðìiíàõ óçàãàëüíåíèõ ìàòðèöü ßêîái J , íàñòóïíèì ÷èíîì.

Òåîðåìà 4.26 Íåõàé ν−(Sn) ≤ κ äëÿ êîæíîãî n ∈ N, n ≥ nN òà ïðîáëåìà

ìîìåíòiâ MPκ(s) ¹ íåâèçíà÷åíîþ. Òîäi:

(1) Äëÿ êîæíîãî f ∈ H[0,∞) iñíóþòü ñêií÷åííi ãðàíèöi

W∞[f, π(λ0)] = lim
j→∞

Wj[f, π(λ0)], W∞[f, ξ(λ0)] = lim
j→∞

Wj[f, ξ(λ0)];

(2) Ãðàíè÷íà òðiéêà äëÿ îïåðàòîðà Amax îæå áóòè çàäàíà ðiâíîñòÿìè

Γ̃0f̂ = W∞[f̂ , π̂(0)], Γ̃1f̂ = W∞[f̂ , ξ̂(0)]; (4.52)
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(3) Âiäïîâiäíà ðåçîëüâåíòíà ìàòðèöiÿ ìà¹ âèãëÿä

W̃[0,∞)(λ) =

(
−W∞[ξ̂(λ), π̂(0)] −W∞[ξ̂(λ), ξ̂(0)]

W∞[π̂(λ), π̂(0)] W∞[π̂(λ), ξ̂(0)]

)
.

Ìàòðèöÿ ôóíêöiÿ W̃[0,∞)(z) = (w̃ij(z))
2
i,j=1 ¹ öiëîþ ôóíêöi¹þ ìiíiìàëüíîãî

åêñïîíåíöiàëüíîãî òèïó.

(4) Ôóíêöiÿ Âåéëÿ îïåðàòîðà A, ÿêà âiäïîâiäà¹ ãðàíè÷íié òðiéöi (4.52), ìà¹

âèãëÿä

M̃[0,∞](z) = −W∞[π̂(z), π̂(0)]

W∞[π̂(z), ξ̂(0)]
.

(5) Ôîðìóëà

f(z) =
w̃11(z)τ(z) + w̃12(z)

w̃21(z)τ(z) + w̃22(z)

âñòàíîâëþ¹ çâ'ÿçîê ìiæ êëàñîì Mκ(s) òà ìíîæèíîþ ôóíêöié τ ∈ Nκ−κ1
.

Ïðèïóñòèìî, ùî s = {sj}∞j=0 ∈ Hk1,reg
κ1

òà N ¹ äîñèòü âåëèêèì, òàê ùî

ν−(Sj) = ν−(SnN
), ν−(S

(1)
j ) = ν−(S

(1)
nN
) äëÿ êîæíîãî j ≥ nN .

Òîäi çà Òåîðåìîþ 4.22 iíäåôiíiòíà ïðîáëåìà ìîìåíòiâ Ñòiëò'¹ñà Mk
κ(s) ìîæå áó-

òè çâåäåíà äî êëàñè÷íî¨ ïðîáëåìè ìîìåíòiâ Ñòiëò'¹ñà M0
0(s

(N)), äå iíäóêîâàíà

ïîñëiäîâíiñòü s(N) ìîæå áóòè îá÷èñëåíà ðåêóðñèâíî, ÿê i â [28, Òåîðåìè 3.3, 3.5].

Àëüòåðíàòèâíî, ïîñëiäîâíiñòü s(N) ìîæíà çíàéòè ÿê ïîñëiäîâíiñòü êîåôiöi¹íòiâ

ðîçâèíåííÿ â ðÿä −
∞∑
i=0

s
(N)
i

zi+1 , ÿêèé âiäïîâiäà¹ íåïåðåðâíîìó äðîáó

1

−zmN+1 +
1

lN+1 +
1

−zmN+2 +
1
. . .

.

Âiäìiòèìî, ùî ïîñëiäîâíiñòü s(N) íàëåæèòü äî êëàñó H0
0.

Òåîðåìà 4.27 Íåõàé s = {si}∞i=0 ∈ Hk,reg
κ òà κ, k ∈ N. Òîäi: ïðîáëåìà ìîìåíòiâ

MP k
κ (s) ¹ ðîçâ'ÿçíîþ. Ïðîáëåìà ìîìåíòiâMP k

κ (s) ¹ íåâèçíà÷åíîþ òîäi i òiëüêè

òîäi, êîëè
∞∑
j=1

mj(0) < ∞ òà
∞∑
j=1

lj < ∞. (4.53)

ßêùî (4.53) ìà¹ ìiñöå, òî:
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(1) Ïîñëiäîâíiñòü ðåçîëüâåíòíèõ ìàòðèöüW+
[0,n](z) çáiãà¹òüñÿ äî öiëî¨ ìàòðèöi-

ôóíêöi¨ W+
[0,∞)(z) = (w+

ij(z))
2
i,j=1 ïîðÿäêó íå âèùå 1

2.

(2) Ìàòðèöÿ ôóíêöiÿW+
[0,∞)(z) ¹ ðåçîëüâåíòíîþ ìàòðèöåþ äëÿ îïåðàòîðà Amax,

ùî âiäïîâiäà¹ ãðàíè÷íié òðiéöi

Γ+
0 f̂ = −W∞[f̂ , π̂(0)], Γ+

1 f̂ = −W∞[f̂ , ξ̂(0)]− LW∞[f̂ , π̂(0)]; (4.54)

(3) Ôîðìóëà

f(z) =
w+

11(z)τ(z) + w+
12(z)

w+
21(z)τ(z) + w+

22(z)

âñòàíîâëþ¹ âçà¹ìíî�îäíîçíà÷íó âiäïîâiäíiñòü ìiæ êëàñîì Mk
κ(s) òà ìíî-

æèíîþ ôóíêöié τ ∈ N0
0 .

Äîâåäåííÿ. 1.Ïåðåâiðêà êðèòåðiþ (4.53): Ç Ïðîïîçèöi¨ 4.20 âèïëèâà¹, ùî iñíó¹

âçà¹ìíî-îäíîçíà÷íà âiäïîâiäíiñòü ìiæ ðîçâ'ÿçêàìè f ïðîáëåìè Mk
κ(s) òà ðîçâ'ÿç-

êàìè φ ïðîáëåìè M0
0(s

(N)), ùî çàäàíà äðîáîâî-ëiíiéíèì ïåðåòâîðåííÿì

f(z) = TW++
[0,N ](z)

[φ(z)]. (4.55)

Òîìó, iíäåôiíiòíà ïðîáëåìà ìîìåíòiâ Mk
κ(s) ¹ íåâèçíà÷åíîþ òîäi i òiëüêè òîäi,

êîëè êëàñè÷íà ïðîáëåìà Ñòiëò'¹ñà M0
0(s

(N)) ¹ íåâèçíà÷åíîþ. ßê âiäîìî, äèâ. [56,

Àïåíäèêñ II.13], ïðîáëåìà M0
0(s

(N)) ¹ íåâèçíà÷åíîþ òîäi i òiëüêè òîäi, êîëè

∞∑
j=N+1

mj < ∞ òà
∞∑

j=N+1

lj < ∞,

òîáòî, ÿêùî (4.53) ìà¹ ìiñöå. Çâåðíåìî óâàãó íà òå, ùî äëÿ êëàñè÷íî¨ ïðîáëåìè

ìîìåíòiâ Ñòiëò'¹ñàM0
0(s

(N)) âiäïîâiäíi ìàñèm
(N)
j òà äîâæèíè l

(N)
j ¹ êîíñòàíòàìè,

ÿêi ñïiâïàäàþòü ç mj+N òà lj+N , âiäïîâiäíî.

Òåïåð ëèøèëîñÿ âiäìiòèòè, ùî ìíîæèíà ðîçâ'ÿçêiâ f ïðîáëåìè Mk
κ(s) òà ìíî-

æèíà ðîçâ'ÿçêiâ φ ïðîáëåìè M0
0(s

(N)) òàêîæ ïîâ'ÿçàíi ç äðîáîâî-ëiíiéíèìè ïåðå-

òâîðåííÿìè (4.55) i, îòæå, s(N) ∈ H òà ïðîáëåìà M0
0(s

(N)) ¹ íåâèçíà÷åíîþ òîäi

i òiëüêè òîäi, êîëè ïðîáëåìà M0
0(s

(N)) ¹ íåâèçíà÷åíîþ (äèâ. [23]), ùî ïðèçâîäèòü

äî óìîâè (4.53).

2. Ïåðåâiðêà (1): Çáiæíiñòü ïîñëiäîâíîñòi ðåçîëüâåíòíèõ ìàòðèöü W+
[0,n](z) âè-

ïëèâà¹ ç Òåîðåìè 4.26 òà ôîðìóëè (4.43)

W+
[0,n](z) = W̃[0,n](z)

−1
Qn(0)

Pn(0)

0 −1

 ,
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äå
Qn(0)

Pn(0)
= −L := −

n∑
j=0

lj â ñèëó (3.130). Ïåðåõîäÿ÷è äî ãðàíèöi îòðèìó¹ìî, ùî

ìàòðèöÿ�ôóíêöiÿ W+
[0,∞](z) ïîâ'ÿçàíà ç W̃[0,∞](z) çà ôîðìóëîþ

W+
[0,∞](z) = W̃[0,∞](z)

(
−1 −L

0 −1

)
, (4.56)

3. Ïåðåâiðêà(2): Ôîðìóëè (4.54) äëÿ ãðàíè÷íîþ òðiéêîþ {C,Γ+
0 ,Γ

+
1 } ìîæíà

ïåðåïèñàòè ó âèãëÿäi

Γ+
0 f̂ = −Γ̃0f̂ , Γ+

1 f̂ = −Γ̃1f̂ − LΓ̃0f̂ . (4.57)

Çà Òåîðåìîþ 4.26, âèïëèâà¹ ùî {C,Γ+
0 ,Γ

+
1 } ¹ ãðàíè÷íà òðiéêà äëÿ Amax. Áiëüø

òîãî, ç (4.57) âèïëèâà¹, ùî ðåçîëüâåíòíà ìàòðèöÿ äëÿ îïåðàòîðà Amin, ÿêà âiäïî-

âiäà¹ ãðàíè÷íié òðiéöi {C,Γ+
0 ,Γ

+
1 }, ïîâ'ÿçàíà ç ðåçîëüâåíòíîþ ìàòðèöåþ W̃[0,∞](z)

çà ôîðìóëîþ (4.56) i, îòæå, âîíà ñïiâïàäà¹ ç W+
[0,∞](z).

4. Ïåðåâiðêà (3): Îñòàíí¹ òâåðäæåííÿ âèïëèâà¹ ç ôîðìóëè (4.55) òà îïèñó

ðîçâ'ÿçêiâ ïðîáëåìè M0
0(s

(N)), ùî íàâåäåíi â [23]. 2

4.7 Àïðîêñèìàíòà Ïàäå

Îçíà÷åííÿ 4.28 [n/k] Àïðîêñèìàíòîþ Ïàäå ôîðìàëüíîãî ðîçâèíåííÿ

−
∞∑
j=0

sj
zj+1

(4.58)

íàçèâà¹òüñÿ ðàöiîíàëüíà ôóíêöiÿ f [n/k](z) =
A[n/k](1/z)

B[n/k](1/z)
, ÿêà ¹ âiäíîøåííÿì ïî-

ëiíîìiâ A[n/k], B[n/k] ñòåïåíÿ n, k, âiäïîâiäíî, òàêèõ ùî B[n/k](0) ̸= 0 òà

f [n/k](z) +
∞∑
j=0

sj
zj+1

= O

(
1

zn+k+1

)
z→̂∞.

ßâíà ôîðìóëà äëÿ äiàãîíàëüíèõ àïðîêñèìàíò Ïàäå áóëà çíàéäåíà â [17]. Çàðàç

íàâåäåìî ùå îäèí äîêàç öi¹¨ ôîðìóëè.

Ïðîïîçèöiÿ 4.29 Íåõàé s = {si}∞i=0 ∈ Hk,reg
κ . Òîäi [nj/nj] àïðîêñèìàíòà Ïàäå

ôîðìàëüíîãî ðîçâèíåííÿ (4.58) iñíó¹, ÿêùî nj ∈ N (s) òà

f [nj/nj ](z) = −Qj(z)

Pj(z)
, j ∈ N.



111

Äîâåäåííÿ. Ç (3.122) òà Ïðîïîçèöi¨ 4.21 âèïëèâà¹, ùî ôóíêöiÿ

−Qj(z)

Pj(z)
=

Q+
2j(z)

P+
2j(z)

= TW++
[0,j](z)

[0] ∈ M(s, 2nj − 1)

íàëåæèòü äî M(s, 2nj − 1). Òîìó, ôóíêöiÿ −Qj(z)
Pj(z)

ìà¹ àñèìïòîòèêó

−Qj(z)

Pj(z)
= −s0

z
− · · · −

s2nj−1

z2nj
+O

(
1

z2nj+1

)
z→̂∞.

A(z) := znjQj(
1
z), B(z) := znjPj(

1
z) ¹ ïîëiíîìè ñòåïåíÿ nj òà B(0) = 1. Çà Îçíà-

÷åííÿì 4.28 ôóíêöiÿ −Qj(z)

Pj(z)
¹ [nj/nj] àïðîêñèìàíòîþ Ïàäå ôîðìàëüíîãî ðîçâè-

íåííÿ (4.58). 2

Ó íàñòóïíié òåîðåìi íàâåäåíî ôîðìóëó äëÿ ïiääiàãîíàëüíî¨ àïðîêñèìàíòè Ïà-

äå, â òåðìiíàõ óçàãàëüíåíèõ ïîëiíîìiâ Ñòiëò'¹ñà, äîâîäèòüñÿ àíàëîãi÷íî.

Òåîðåìà 4.30 Íåõàé s = {si}∞i=0 ∈ Hreg. Òîäi [nj/nj − 1] ¹ àïðîêñèìàíòîþ Ïàäå

äî (4.58) iñíóþòü òà ìàþòü íàñòóïíèé âèãëÿä

f [nj/nj−1](z) =
Q+

2j−1(z)

P+
2j−1(z)

, j ∈ N.

Äîâåäåííÿ. Ç ôîðìóëè (3.122) âèïëèâà¹, ùî

Q+
2j−1(z)

P+
2j−1(z)

= TW+
[0,j](z)

[∞].

Çà Òåîðåìîþ 3.27 ôóíêöiÿ
Q+

2j−1(z)

P+
2j−1(z)

∈ M(s, 2nj − 2) ìà¹ àñèìïòîòè÷íå ðîçâèíåííÿ

Q+
2j−1(z)

P+
2j−1(z)

= −s0
z
− · · · −

s2nj−2

z2nj−1
+O(

1

z2nj
) (z→̂∞).

A(z) := znjQ+
2j−1(

1
z) ¹ ïîëiíîì ñòåïåíÿ nj òà

B(z) := znj(Pj(1/z)Pj−1(0)− Pj−1(1/z)Pj(0))

ïîëiíîì ñòåïåíÿ nj òà B(0) = Pj−1(0) ̸= 0. Çà Îçíà÷åííÿì 4.28 ôóíêöiÿ
Q+

2j−1(z)

P+
2j−1(z)

¹

[nj/nj − 1] àïðîêñèìàíòîþ Ïàäå ôîðìàëüíîãî ðîçâèíåííÿ. (4.58). 2
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4.8 Ïðèêëàä

Ðîçãëÿíåìî íàñòóïíó ïîñëiäîâíiñòü s = {si}∞i=0, äå

s0 = 1 òà si =
Γ(α + i)

Γ(α+ 1)
, j ∈ Z+.

Öÿ ïîñëiäîâíiñòü s = {si}∞i=0 ïîðîäæó¹ ïîëiíîìè Ëàãåððà Pn(x, α) ïåðøîãî òà

Qn(x, α) äðóãîãî ðîäó (α ̸= 0), çà ôîðìóëàìè (äèâ. [87, ñ. 109-113])

Pn(x, α) =
n∑

k=0

(
n

k

)
Γ(α+ n+ 1)

Γ(α+ k + 1)
(−1)n+kxk,

Qn(x, α) =
n∑

k=1

xk−1
n−k∑
j=0

(−1)n+k+j

(
n

k + j

)
Γ(α + n+ 1)Γ(α + j + 1)

Γ(α + k + j + 1)Γ(α+ 1)
.

Ïîëiíîìè ïåðøîãî Ëàãåððà ðîäó çàäîâîëüíÿþòü íàñòóïíèì óìîâàì:

Pn(0, α) = (−1)n
Γ(α + n+ 1)

Γ(α+ 1)
, äëÿ êîæíîãî n ∈ Z+

Îòæå, îòðèìó¹ìî, ùî Pn(0, α) ̸= 0 òà çà Ëåìîþ 2.9, âèïëèâà¹, ùî ïîñëiäîâíiñòü

s = ¹ ðåãóëÿðíîþ. Ïîëiíîìè Ëàãåððà ¹ ðîçâ'ÿçêàìè íàñòóïíî¨ ñèñòåìè ðiçíèöåâèõ

ðiâíÿíü

xyn = yn+1 + (2n+ α+ 1)yn + (n+ α)nyn−1 (4.59)

ç ïî÷àòêîâèìè óìîâàìè

P−1(x, α) ≡ 0, P0(x, α) ≡ 1, Q−1(x, α) ≡ 1, Q0(x, α) ≡ 0.

Ç ïîñëiäîâíiñòþ s = {si}∞i=0 ïîâ'ÿçàíèé íàñòóïíèé J− äðiá

− 1

z − (1 + α)− 1 + α

z − (3 + α)− 2(2 + α)

z − (5 + α)− . . .

.

Çà Òåîðåìîþ 2.12, îòðèìó¹ìî S− äðiá, ÿêèé âiäïîâiäà¹ s = {si}∞i=0

1

−zm1 +
1

l1 +
1

−zm2 +
. . .

,

äå ÷èñëà mi òà li âèçíà÷àþòüñÿ çà íàñòóïíèìè ôîðìóëàìè

mi =
Γ(α + i)

(i− 1)!Γ(1 + α)
òà li =

(i− 1)Γ(1 + α)

Γ(1 + i+ α)
.
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Çà Îçíà÷åííÿì 3.21, ïîëiíîìè Ñòiëò'¹ñà ïåðøîãî òà äðóãîãî ðîäó, ÿêi âiäïî-

âiäàþòü ïîñëiäîâíîñòi s = {si}∞i=0, ìàþòü íàñòóïíèé âèãëÿä

P+
2n(z) = Γ(α+ 1)

n∑
k=0

(
n

k

)
(−1)kzk

Γ(α+ k + 1)
,

P+
2n−1(z) = −Γ(n+ α+ 1)

(n− 1)!

(
n−1∑
k=0

zk(−1)k−1(n− 1)!k

Γ(α + k + 1)k!(n− k)!
+

zn(−1)n−1

Γ(1 + n+ α)

)
,

Q+
2n−1(z) =

Γ(α + 1 + n)

Γ(α+ 1)

n∑
k=1

zk−1
n−k∑
j=0

(−1)k+j−1Γ(α + j + 1)(k + j)(n− 1)!

Γ(α + j + k + 1)(k + j)!(n− j − k)!
,

Q+
2n(z) =

n∑
k=1

zk−1
n−k∑
j=0

(
n

k + j

)
Γ(α + n+ 1)

Γ(α+ j + k + 1)
.

Çà Ïðîïîçèöi¹þ 4.30, [n/n−1] àïðîêñèìàíòà Ïàäå ôîðìàëüíîãî ðÿäó−
∞∑
i=0

Γ(α+1)
Γ(α+n)

1
zn

ìà¹ âèãëÿä

f [n/n−1](z) =
Q+

2n−1(z)

P+
2n−1(z)

.

4.9 Âèñíîâêè

Ðåçóëüòàòè ãëàâè áóëè ïðåäñòàâëåíi â [29].

Ðîçãëÿíóòî îïåðàòîðíèé ïiäõiä äî çðiçàíî¨ iíäåôiíiòíî¨ ïðîáëåìè Ñòiëò'¹ñà.

Ïîêàçàíî, ùî êîæíà iíäåôiíiòíà ïðîáëåìà ìîìåíòiâ Ñòiëò'¹ñà âiäïîâiäà¹ äåÿêié

óçàãàëüíåíié ìàòðèöi ßêîái, ùî ïîðîäæó¹ ñèìåòðè÷íèé îïåðàòîð A[0,N ] ó ïðîñòî-

ði Ïîíòðÿãiíà. Çíàéäåíî ãðàíè÷íi òðiéêè äëÿ ñïðÿæåíîãî ëiíiéíîãî âiäíîøåííÿ

A
[∗]
[0,N ], âiäïîâiäíi ôóíêöiþ Âåéëÿ i u-ðåçîëüâåíòíó ìàòðèöþ Ì.Ã. Êðåéíà. Ïîêà-

çàíî, ùî u-ðåçîëüâåíòíi ìàòðèöi äëÿ îïåðàòîðà A[0,N ] ñïiâïàäàþòü ç ðåçîëüâåí-

òíèìè ìàòðèöÿìè çðiçàíî¨ iíäåôiíiòíî¨ ïðîáëåìè Ñòiëò'¹ñà. Çíàéäåíî êðèòåðié

íåâèçíà÷åíîñòi ïîâíî¨ ïðîáëåìè ìîìåíòiâ Ñòiëò'¹ñà i îòðèìàíî îïèñ ¨¨ ðîçâ'ÿçêiâ.



114

5 Ïåðåòâîðåííÿ Äàðáó óçàãàëüíåíèõ ìàòðèöü ßêîái

5.1 Ïåðåòâîðåííÿ Äàðáó áåç ïàðàìåòðà óçàãàëüíåíèõ ìàòðèöü ßêîái

Ó öüîìó ðîçäiëi äîñëiäæó¹ìî ïåðåòâîðåííÿ Äàðáó áåç ïàðàìåòðà óçàãàëüíåíèõ

ìàòðèöü ßêîái J òà äîâåäåìî äåÿêi âëàñòèâîñòi äëÿ ïîëiíîìiâ ïåðøîãî òà äðó-

ãîãî ðîäó, àñîöiéîâàíèõ ç ìàòðèöåþ J. Áóäåìî âèêîðèñòîâóâàòè íàñòóïíi ôàêòî-

ðèçàöiéíi ìàòðèöi L i U, äå L i U ¹ íèæíüîòðèêóòíà òà âåðõíüîòðèêóòíà áëî÷íi

ìàòðèöi íàñòóïíîãî âèäó

L =


A0 0

L1 A1 0

L2 A2
. . .

. . . . . .

 òà U =


U0 D0

0 U1 D1

0 U2
. . .

. . . . . .

 , (5.1)

äiàãîíàëüíi áëîêè Ai i Ui ¹ ìàòðèöi ℓi × ℓi ðîçìiðó.

Ai =


1 0 0 · · · 0

0 1 0 · · · 0
... . . . . . . . . . ...

0 · · · 0 1 0

−a
(i)
1 · · · −a

(i)
ℓi−2−a

(i)
ℓi−1 1

 òà Ui =


0 1 0 · · · 0
0 0 1 . . . ...
... . . . . . . . . . 0

0 · · · 0 0 1

−ui 0 · · · 0 0

 , ui ̸= 0, (5.2)

áëîêè Li+1 òà Di ¹ ìàòðèöi ðîçìiðó ℓi+1 × ℓi òà ℓi × ℓi+1, âiäïîâiäíî

Li+1 =


0 0 · · · 0
... ... · · · ...

0 0 · · · 0

0 0 · · · li+1

 li+1 ̸= 0 , Di =


0 0 · · · 0
... ... · · · ...

0 0 · · · 0

1 0 · · · 0

 . (5.3)

Ïðîòå, ÿêùî ℓi = ℓi+1 = 1, òîäi áëîêè ìàòðèöü ìàþòü âèãëÿä

Ui = (−ui), Li+1 = (li+1), Di = (1) òà Ai = (1). (5.4)

Ãîâîðÿòü, ùî óçàãàëüíåíà ìàòðèöÿ ßêîái J äîïóñêà¹ LU− ôàêòîðèçàöiþ, ÿêùî

J ìîæå áóòè ïðåäñòàâëåíà â íàñòóïíîìó âèãëÿäi J = LU, äå L i U âèçíà÷åíi çà

ôîðìóëàìè (5.1)�(5.3).

Îçíà÷åííÿ 5.1 Íåõàé óçàãàëüíåíà ìàòðèöÿ ßêîái J äîïóñêà¹ LU � ôàêòîðè-

çàöiþ âèäó (5.1)�(5.3). Ïåðåòâîðåííÿ

J = LU → UL = J(p), (5.5)

íàçèâà¹òüñÿ ïåðåòâîðåííÿ Äàðáó áåç ïàðàìåòðà ìàòðèöi J, òîäi i òiëüêè òîäi,

êîëè J(p) ¹ óçàãàëüíåíà ìàòðèöÿ ßêîái.
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5.1.1 LU � ôàêòîðèçàöiÿ óçàãàëüíåíèõ ìàòðèöü ßêîái

Ëåìà 5.2 Íåõàé J ¹ óçàãàëüíåíà ìàòðèöÿ ßêîái, àñîöiéîâàíà ç ëiíiéíèì ôóí-

êöiîíàëîì S òà íåõàé ℓj := nj+1 − nj ≥ 1, j ∈ Z+, äå n0 = 0 i N (s) = {nj}∞j=1 ¹

ìíîæèíà íîðìàëüíèõ iíäåêñiâ ïîñëiäîâíîñòi s = {si}∞i=0. Íåõàé L i U âèçíà÷åíi

çà ôîðìóëàìè (5.1)�(5.3). Òîäi J äîïóñêà¹ LU− ôàêòîðèçàöiþ (5.1) �(5.3) òîäi

i òiëüêè òîäi, êîëè ñèñòåìà ðiâíÿíü

u0 = a
(0)
0 , −ui + li = −a

(i)
0 , i ∈ N; −uili+1 = bi+1, i ∈ Z+, (5.6)

ìà¹ ðîçâ'ÿçîê.

Äîâåäåííÿ. Ðîçãëÿíåìî äîáóòîê LU ìàòðèöü L i U

LU =


A0U0 A0D0

L1U0 L1D0 + A1U1 A1D1

L2U1 L2D1 + A2U2
. . .

. . . . . .

 , (5.7)

äå áëîêè AiUi òà Li+1Di ¹ ìàòðèöi ïîðÿäêó ℓi × ℓi òà ℓi+1 × ℓi+1, âiäïîâiäíî

AiUi =


0 1 0 · · · 0

0 0 1 . . . ...
... . . . . . . . . . 0

0 · · · 0 0 1

−ui −a
(i)
1 · · · −a

(i)
ℓi−2 −a

(i)
ℓi−1

 , LiDi =


0 0 · · · 0
... ... · · · ...

0 0 · · · 0

li+1 0 · · · 0

 , (5.8)

áëîêè Li+1Ui òà AiDi ¹ ìàòðèöi ðîçìiðó ℓi+1 × ℓi òà ℓi × ℓi+1, âiäïîâiäíî

Li+1Ui =


0 0 · · · 0
... ... · · · ...

0 0 · · · 0

−li+1ui 0 · · · 0

 , AiDi =


0 0 · · · 0
... ... · · · ...

0 0 · · · 0

1 0 · · · 0

 = Di. (5.9)

Òîäi Li+1Di + Ai+1Ui+1 ìàþòü íàñòóïíèé âèãëÿä

Li+1Di + Ai+1Ui+1 =


0 1 0 · · · 0

0 0 1 . . . ...
... . . . . . . . . . 0

0 · · · 0 0 1

−ui + li −a
(i)
1 · · · −a

(i)
ℓi−2 −a

(i)
ℓi−1

 , i ∈ Z+. (5.10)
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Ïîðiâíþþ÷è äîáóòîê LU ç ìàòðèöåþ J â (1.54), ìà¹ìî ñèñòåìó (5.6).

ßêùî ñèñòåìà (5.6) ìà¹ ðîçâ'ÿçîê, òîäi J äîïóñêà¹ ôàêòîðèçàöiþ J = LU âè-

äó (5.1)�(5.3), äå L i U çíàéäåíi îäíîçíà÷íî. Ç iíøîãî áîêó, ÿêùî J äîïóñêà¹

LU−ôàêòîðèçàöiþ, òîäi ñèñòåìà ðiâíÿíü (5.6) ìà¹ ðîçâ'ÿçîê. 2

Ëåìà 5.3 Íåõàé J ¹ óçàãàëüíåíà ìàòðèöÿ ßêîái, àñîöiéîâàíà ç ëiíiéíèì ôóí-

êöiîíàëîì S òà íåõàé J = LU äîïóñêà¹ LU�ôàêòîðèçàöiþ (5.1) � (5.3) i íåõàé

Pi(z) ïîëiíîìi ïåðøîãî ðîäó, àñîöiéîâàíi ç ìàòðèöåþ J. Òîäi

Pi+1(0) =
i∏

j=0

uj , äëÿ êîæíîãî i ∈ Z+ . (5.11)

Äîâåäåííÿ. Çà Ëåìîþ 5.9 òà Ëåìîþ 5.2, ìà¹ìî

Pi+1(0)=det
(
−J[0,i]

)
=

∣∣∣∣∣∣∣∣∣∣
−Ca0 −D0

−B1 −Ca1
. . .

. . . . . . −Di−1

−Bi −Caj

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
a
(0)
0 −1

−b1 a
(1)
0

. . .
. . . . . . −1

−bi a
(i)
0

∣∣∣∣∣∣∣∣∣∣
=

=

∣∣∣∣∣∣∣∣∣∣
u0 −1

u0l1 u1 − l1
. . .

. . . . . . −1

ui−1li ui − li

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
u0 −1

0 u1
. . .

. . . . . . −1

0 ui

∣∣∣∣∣∣∣∣∣∣
=

i∏
j=0

uj. (5.12)

2

Íàñëiäîê 5.4 Íåõàé J ¹ óçàãàëüíåíà ìàòðèöÿ ßêîái, àñîöiéîâàíà ç ëiíiéíèì

ôóíêöiîíàëîì S i íåõàé J = LU äîïóñêà¹ LU � ôàêòîðèçàöiþ âèäó (5.1)�(5.3)

òà íåõàé Pi(z) ¹ ïîëiíîìè ïåðøîãî ðîäó, àñîöiéîâàíi ç ìàòðèöåþ J. Òîäi

Pi+1(0) = uiui−1 . . . ui−jPi−j(0), j ≤ i òà i, j ∈ Z+. (5.13)

Òåîðåìà 5.5 Íåõàé J ¹ ÓÌß, àñîöiéîâàíà ç ëiíiéíèì ôóíêöiîíàëîì S òà íåõàé

ℓj := nj+1 − nj ≥ 1, j ∈ Z+, äå n0 = 0 i N (s) = {nj}∞j=1 ¹ ìíîæèíà íîðìàëü-

íèõ iíäåêñiâ äëÿ ïîñëiäîâíîñòi s = {si}∞i=0 i íåõàé Pi(z) ¹ ïîëiíîìè ïåðøîãî ðîäó

àñîöiéîâàíi ç ïîñëiäîâíiñòþ s = {si}∞i=0. Òîäi ìàòðèöÿ J äîïóñêà¹ LU � ôàêòî-

ðèçàöiþ âèäó (5.1) � (5.3) òîäi i òiëüêè òîäi, êîëè

Pi(0) ̸= 0, äëÿ êîæíîãî i ∈ Z+. (5.14)

Áiëüø òîãî

li+1 = −bi+1

ui
, ui =

Pi+1(0)

Pi(0)
, u0 = a

(0)
0 , äëÿ êîæíîãî i ∈ Z+ . (5.15)
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Äîâåäåííÿ. Íåõàé Pi(0) ̸= 0 äëÿ êîæíîãî i ∈ Z+, òîäi çà Ëåìîþ 5.3 ðiâíî-

ñòi (5.15) åêâiâàëåíòíi ñèñòåìi (5.6). Îòæå, ïî Ëåìi 5.2 ìàòðèöÿ J äîïóñêà¹ LU−
ôàêòîðèçàöiþ (5.1) �(5.3). Ç iíøîãî áîêó, íåõàé J äîïóñêà¹ LU−ôàêòîðèçàöiþ (5.1)�

(5.3). Òîäi, çà Ëåìîþ 5.3 Pi(0) ̸= 0 äëÿ êîæíîãî i ∈ Z+. 2

Çàóâàæåííÿ 5.6 ßêùî ℓj = 1 äëÿ êîæíîãî j ∈ Z+, òîäi ôàêòîðèçàöiÿ (5.1)�

(5.3) äëÿ ìàòðèöi J ñïiâïàäà¹ ç ôàêòîðèçàöi¹þ â [9, Ðîçäië 2].

Çàóâàæåííÿ 5.7 ßêùî ℓj = 1 àáî ℓj = 2 äëÿ êîæíîãî j ∈ Z+, òîäi ôàêòî-

ðèçàöiÿ (5.1)�(5.3) äëÿ ìàòðèöi J ñïiâïàäà¹ ç LU−ôàêòîðèçàöi¹þ â [19, Ðîçäië

4].

Çàóâàæåííÿ 5.8 ßêùî n1 = 1 (òîáòî ℓ0 = 1), òîäi

P1(z) = det(z − J[0,0]) = a(0)(z) = z + a
(0)
0

i çà (1.37), îòðèìó¹ìî

P1(z) =
1

s0

∣∣∣∣∣s0 s1

1 z

∣∣∣∣∣ = z − s1
s0
. (5.16)

Â ñèëó òîãî, ùî P1(0) ̸= 0 (äèâ. ôîðìóëó (5.14)), ìà¹ìî a
(0)
0 = −s1

s0
̸= 0 òà çà

Ëåìîþ 5.3 u0 = −s1
s0
.

Ëåìà 5.9 Íåõàé J ¹ ÓÌß i íåõàé Pi(z), Qi(z) ¹ ïîëiíîìè ïåðøîãî òà äðóãîãî

ðîäó, àñîöiéîâàíi äî ìàòðèöi J. Òîäi iñíó¹ ìîíi÷íà ìàòðèöÿ ßêîái J , òàêà ùî

Pi(0) = P̂i(0) i Qi(0) = Q̂i(0), (5.17)

äå P̂i(z) i Q̂i(z) ¹ ïîëiíîìè ïåðøîãî òà äðóãîãî ðîäó, âiäïîâiäíî, àñîöiéîâàíi äî

ìàòðèöi J , i ∈ N.

Äîâåäåííÿ. Îá÷èñëþ¹ìî Pi(0) = det(−J[0,i−1]) òà ðîçêëàäåìî âèçíà÷íèê çà ðÿä-

êàìè, ÿêi ìàþòü òiëüêè îäèí åëåìåíò ðiâíèé −1, à iíøi âñi íóëi 0. Ìà¹ìî

Pi(0) =

∣∣∣∣∣∣∣∣∣∣
−Ca0 −D0

−B1 −Ca1
. . .

. . . . . . −Di−2

−Bi−1 −Cai−1

∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣
a
(0)
0 −1

−b1 a
(1)
0

. . .
. . . . . . −1

−bi−1 a
(i−1)
0

∣∣∣∣∣∣∣∣∣∣
. (5.18)
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Âèêîðèñòîâó¹ìî öþ ðiâíiñòü äëÿ ïîäàëüøî¨ ïîáóäîâè ìîíi÷íî¨ ìàòðèöi ßêîái,

îòðèìó¹ìî

J =


−a

(0)
0 1

b1 −a
(1)
0 1

b2 −a
(2)
0

. . .
. . . . . .

 . (5.19)

Â ñèëó (1.55) òà (5.18), Pi(0) = P̂i(0) (i ∈ N). Äîêàç äðóãîãî ðiâíîñòi â (5.17) ¹
àíàëîãi÷íèì. 2

5.1.2 Äåÿêi âëàñòèâîñòi ïåðåòâîðåííÿ Äàðáó

Òåîðåìà 5.10 Íåõàé J ¹ óçàãàëüíåíà ìàòðèöÿ ßêîái, àñîöiéîâàíà ç ëiíiéíèì

ôóíêöiîíàëîì S òà íåõàé J = LU äîïóñêà¹ LU � ôàêòîðèçàöiþ (5.1)�(5.3). Òîäi

ìàòðèöÿ J(p) := UL ¹ óçàãàëüíåíîþ ìàòðèöåþ ßêîái.

Äîâåäåííÿ. Îá÷èñëèìî äîáóòîê UL

UL =


U0A0 +D0L1 D0A1

U1L1 U1A1 +D1L2 D1A2

U2L2 U2A2 +D2L3
. . .

. . . . . .

 (5.20)

(i) Ó öié ÷àñòèíi ðîçãëÿíåìî âèïàäîê, êîëè ℓj ≥ 2 äëÿ êîæíîãî j ∈ Z+. Òîäi

Uj+1Lj+1 =


0 · · · 0 0
... . . . ... ...

0 · · · 0 0

0 · · · 0 lj+1

0 · · · 0 0

 òà DjAj+1 =


0 0 · · · 0
... ... · · · ...

0 0 · · · 0

1 0 · · · 0

 , (5.21)

äå Uj+1Lj+1 i DjAj+1 ¹ ìàòðèöi ïîðÿäêó ℓj+1 × ℓj òà ℓj × ℓj+1, âiäïîâiäíî. Áëîêè

UjAj i DjLj+1 ¹ ìàòðèöi ïîðÿäêó ℓj × ℓj, òàêi, ùî

UjAj =



0 1 0 · · · 0

0 0 1 . . . ...
... . . . . . . . . . ...

0 · · · 0 1 0

−a
(j)
1 · · · −a

(j)
ℓj−2 −a

(j)
ℓj−1 1

−uj 0 · · · 0 0


and DjLj+1 =

0 · · · 0
... . . . ...

0 · · · 0

 . (5.22)
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Òàêèì ÷èíîì, ìàòðèöÿ J(p) = UL ìà¹ íàñòóïíèé âèãëÿä

J(p) = UL =


C0
a0

D0,0

B1,0 C1
a0

D0,1

B1,1 C0
a1

D1,0

B2,0 C1
a1

. . .
. . . . . .

 , (5.23)

äå áëîêè C0
aj
¹ ñóïðîâîäæóþ÷i ìàòðèöi ðîçìiðó (ℓj − 1)× (ℓj − 1) òàêi, ùî

C0
aj
=



0 1 0 · · · 0

0 0 1 . . . ...
... . . . . . . . . . 0

0 · · · 0 0 1

−a
(j)
1 −a

(j)
2 · · · −a

(j)
ℓj−2 −a

(j)
ℓj−1


, (5.24)

áëîêè Dj,0,Bj+1,0 iBj+1,1 ¹ ìàòðèöi ðîçìiðó (ℓj−1)×1, 1×(ℓj−1) i (ℓj+1−1)×1,

âiäïîâiäíî

Dj,0 =


0
...

0

1

 , Bj+1,0 =
(
−uj 0 · · · 0

)
, Bj+1,1 =


0
...

0

lj+1

 , (5.25)

C1
aj
=
(
0
)
, Dj,1 =

(
1 0 · · · 0

)
� ¹ áëîêè ðîçìiðó 1×(ℓj+1−1), j ∈ Z+. (5.26)

(ii) Òåïåð ðîçãëÿíåìî âèïàäîê ℓj−1 ≥ 2, ℓj = 1 é ℓj+1 ≥ 2, j ∈ N. Òîäi ìàòðèöÿ
J(p) ìà¹ íàñòóïíèé âèãëÿä

J(p) = UL =



C0
a0

D0,0

B1,0 C1
a0

D0,1

. . . . . . . . .

Bj,0 C1
aj−1

Dj−1,1

Bj+1,1 C0
aj

Dj,0

Bj+2,1 C0
aj+1

Dj+1,0

. . . . . . . . .


, (5.27)

äå (
C1
aj−1

Dj−1,1

Bj+1,1 C0
aj

)
=

(
lj 1

−ujlj −uj

)
. (5.28)
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(iii) Íåõàé ℓj−1 ≥ 2, ℓj = . . . = ℓj+i = 1 é ℓj+i+1 ≥ 2, i, j ∈ N. Òîäi


C1
aj−1

Dj−1,1

Bj+1,1 C0
aj

. . .

. . . Dj+i−1,1

Bj+i+1,1 C0
aj+i

=


lj 1

−ujlj lj+1 − uj 1
. . . . . . . . .

−uj+i−1lj+i−1lj+i − uj+i−1 1

−uj+ilj+i −uj+i

.
(5.29)

(iv) Íåõàé ℓ0 = . . . = ℓj = 1 é ℓj+1 ≥ 2, j ∈ Z+. Òîäi


C0
a0

D0,0

B1,0 C0
a1

. . .

. . . Dj−1,0

Bj,0 C0
aj

=

l1 − u0 1

−u1l1 l2 − u1
. . .

. . . . . . 1

−uj−1lj−1lj − uj−1 1

−ujlj −uj

.

Êîìáiíóþ÷è âèïàäêè (i)�(iv), ìà¹ìî, ùî ìàòðèöÿ J(p) = UL ¹ óçàãàëüíåíîþ

ìàòðèöåþ ßêîái. 2

5.1.3 Ïåðåòâîðåííÿ ëiíiéíîãî ôóíêöiîíàëà S

Îçíà÷åííÿ 5.11 Âèçíà÷èìî ôóíêöiîíàë zS, ÿê

(zS)(p) := S(zp(z)), p ∈ C[z]. (5.30)

Òåîðåìà 5.12 Íåõàé J ¹ óçàãàëüíåíà ìàòðèöÿ ßêîái, àñîöiéîâàíà ç ëiíiéíèì

ôóíêöiîíàëîì S, òàêà, ùî (5.14) ìà¹ ìiñöå òà íåõàé J = LU äîïóñêà¹ LU �

ôàêòîðèçàöiþ (5.1) � (5.3). Òîäi ìàòðèöÿ J(p) = UL àñîöiéîâàíà ç íàñòóïíèì

ôóíêöiîíàëîì

S(p) =

 zS, n1 > 1;
s0
s1
zS, n1 = 1.

(5.31)

Äîâåäåííÿ. Ó äîêàçi áóäåìî ñïèðàòèñÿ íà ñïiââiäíîøåííÿ ç [19, Òåîðåìà 4.2].

Çàçíà÷èìî, ùî s1 ̸= 0, ÿêùî n1 = 1 (äèâ. Çàóâàæåííÿ 5.8). Ðîçäiëèìî äîêàç íà

äâi ÷àñòèíè

(i) Ïåðøèì ðîçãëÿíåìî âèïàäîê, êîëè n1 > 1. Çàóâàæèìî, ùî

LT
[0,j−1]e0 = e0, U[0,j−1]G[0,j−1]e0 = b0eℓ0−2, j ∈ N, (5.32)
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äå óêîðî÷åíi ìàòðèöi G[0,j−1], L[0,j−1] i U[0,j−1] àíàëîãi÷íî âèçíà÷àþòüñÿ äî (4.51)

òà (5.1). Îá÷èñëþ¹ìî si, äëÿ äîñòàòíüî âåëèêîãî j, îòðèìó¹ìî

S(λi) = si =

[(
Ji[0,j−1]

)T
e0, e0

]
ℓ2[0,nj−1]

=

(
G[0,j−1]

(
Ji[0,j−1]

)T
e0, e0

)
=

= (e0,L[0,j−1]U[0,j−1] . . .L[0,j−1]U[0,j−1]︸ ︷︷ ︸
i ðàçiâ

G[0,j−1]e0) =

= (LT
[0,j−1]e0,U[0,j−1]L[0,j−1] . . .U[0,j−1]L[0,j−1]︸ ︷︷ ︸

i−1 ðàçiâ

U[0,j−1]G[0,j−1]e0).

(5.33)

Íåõàé ìàòðèöÿ G̃[0,j+n−1] àñîöiéîâàíà ç ìàòðèöåþ J
(p)
[0,j+n−1], äå n ¹ ÷èñëî ℓh òàêèõ,

ùî ℓh ≥ 2, 0 ≤ h ≤ j−1, òà çàäà¹òüñÿ ôîðìóëîþ (4.51). Òîäi G̃[0,j+n−1]e0 = b0eℓ0−2.

Ïiäñòàâëÿþ÷è (5.32) â (5.33), ìà¹ìî

si =
(
e0,
(
U[0,j−1]L[0,j−1]

)i−1
b0eℓ0−2

)
=

(((
J
(p)
[0,j+n−1]

)i−1
)T

e0, G̃[0,j+n−1]e0

)
=

=

[((
J
(p)
[0,j+n−1]

)i−1
)T

e0, e0

]
ℓ2
[0,ñj−1]

= s
(p)
i−1 = (zS) (zi−1) = S(p)(zi−1),

÷èñëîâà ïîñëiäîâíiñòü
{
s
(p)
i

}∞

i=0
àñîöiéîâàíà äî ìàòðèöi J(p). Çà Îçíà÷åííÿì (5.30),

îòðèìó¹ìî, ùî zS ¹ ëiíiéíèì ôóíêöiîíàëîì, ÿêèé àñîöiéîâàíèé äî ìàòðèöi J(p) =

UL.

(ii) Ó äðóãîìó âèïàäêó, ðîçãëÿíåìî ñèòóàöiþ, êîëè ïåðøèé íîðìàëüíèé iíäåêñ

äîðiâíþ¹ îäèíèöi, òîáòî n1 = 1. Çàçíà÷èìî, ùî

LT
[0,j−1]e0 = e0, U[0,j−1]G[0,j−1]e0 = −b0u0e0, j ∈ N. (5.34)

Íåõàé G̃[0,j+n−1] ïîâ'ÿçàíà ç ìàòðèöåþ J
(p)
[0,j+n−1], äå n ¹ ÷èñëî ℓh òàêèõ, ùî ℓh ≥ 2,

0 < h ≤ j − 1. Ìàòðèöÿ G̃[0,j+n−1] âèçíà÷à¹òüñÿ àíàëîãi÷íî äî ôîðìóëè (4.51).

Òîäi G̃[0,j+n−1]e0 = b0e0. Îá÷èñëþ¹ìî si, â ñèëó (5.16), (5.32) òà (5.33), ìà¹ìî

S(zi) = s1
s0

(((
J
(p)
[0,j+n−1]

)i−1
)T

e0, G̃[0,j+n−1]e0

)
=

= s1
s0

[((
J
(p)
[0,j+n−1]

)i−1
)T

e0, e0

]
ℓ2[0,ñj−1]

= s1
s0
s
(p)
i−1 =

s1
s0
S(p)(zi−1),

(5.35)

ïîñëiäîâíiñòü
{
s
(p)
i

}∞

i=0
àñîöiéîâàíà äî ìàòðèöi J(p).

Òàêèì ÷èíîì, s(p)i−1 = S(p)(zi−1) = s0
s1
zS(zi−1), îòæå, ôóíêöiîíàë s0

s1
zS âiäïîâiä-

à¹ ìàòðèöi J(p) = UL. 2
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Çàóâàæåííÿ 5.13 Ïåðåòâîðåííÿ S → S(p) = zS íàçèâà¹òüñÿ ïåðåòâîðåííÿ

Êðiñòîôåëÿ ëiíiéíîãî ôóíêöiîíàëà S.

5.1.4 Ìíîæèíà íîðìàëüíèõ iíäåêñiâ äëÿ ïîñëiäîâíîñòi s(p)

Çà Òåîðåìîþ 5.12, ìà¹ìî, ùî óçàãàëüíåíà ìàòðèöÿ ßêîái J(p) = UL âiäïîâiäà¹

ïîñëiäîâíîñòi s(p) = {si+1}∞i=0. Âèçíà÷èìî ìíîæèíó N (s(p)) íîðìàëüíèõ iíäåêñiâ

ïîñëiäîâíîñòi s(p), ÿê

N (s(p)) =

{
n
(p)
j : D

(p)

n
(p)
j

̸= 0

}
, äå D(p)

n
(p)
j

= det


s1 · · · s

n
(p)
j

· · · · · · · · ·
s
n
(p)
j

· · · s
2n

(p)
j −1

 . (5.36)

Ïðîïîçèöiÿ 5.14 Íåõàé N (s) ¹ ìíîæèíà íîðìàëüíèõ iíäåêñiâ, ùî âiäïîâiäà¹

óçàãàëüíåíié ìàòðèöi ßêîái J òà J = LU äîïóñêà¹ LU � ôàêòîðèçàöiþ (5.1) �

(5.3). Íåõàé

Pj(0) =
(−1)nj+2

Dnj

∣∣∣∣∣∣∣
s1 · · · snj

· · · · · · · · ·
snj

· · · s2nj−1

∣∣∣∣∣∣∣ ̸= 0, äëÿ êîæíîãîj ∈ Z+. (5.37)

Òîäi

N (s(p)) = N (s) ∪ {nj − 1 : j ∈ N ℓj−1 ≥ 2} . (5.38)

Äîâåäåííÿ. (i) ßêùî n = nj äëÿ äåÿêîãî j ∈ N, òîáòî n ∈ N (s), òî â ñèëó (5.36)

òà (5.37) D(p)
n ̸= 0. Òîìó

N (s) ⊆ N (s(p)). (5.39)

(ii) Ïðèïóñòèìî, ùî n ∈ N (s(p))\N (s). Òîäi D(p)
n ̸= 0 i Dn = 0, òà â ñèëó [22,

Ëåìà 5.1] Dn+1 ̸= 0. Îòæå n+1 = nj äëÿ äåÿêîãî j ∈ N i òàêèì ÷èíîì n = nj−1.

Áiëüø òîãî, ℓj−1 = nj − nj−1 ≥ 2. Öå äîâîäèòü, ùî

n ∈ N (s(p))\N (s) = {nj − 1 : j ∈ N, ℓj−1 ≥ 2} . (5.40)

Ç iíøîãî áîêó, ÿêùî n = nj − 1 òà ℓj−1 ≥ 2, òî

Dnj−1
̸= 0, Dnj−1+1 = 0, · · · Dnj−1 = 0, Dnj

̸= 0

i îòæå nj − 1 ̸∈ N (s). Ïðèïóñòèìî, ùî D
(p)
nj−1 = 0, òîäi çà [22, Ëåìà 5.1], ìà¹ìî,

ùî D
(p)
nj−1 = 0, ùî ñóïåðå÷èòü âêëþ÷åííþ (5.39). Öå çàâåðøó¹ äîêàç.2
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Çàóâàæåííÿ 5.15 Íåõàé ïîñëiäîâíiñòü äiéñíèõ ÷èñåë s(p) =
{
s
(p)
i

}∞

i=0
àñîöiéî-

âàíà ç ìàòðèöåþ J(p). ßêùî n1 > 1 i n
(p)
1 ¹ ïåðøèé íåòðèâiàëüíèé íîðìàëüíèé

iíäåêñ äëÿ ïîñëiäîâíîñòåé s òà s(p), âiäïîâiäíî, òî

n
(p)
1 = n1 − 1. (5.41)

Çàóâàæåííÿ 5.16 Íåõàé N (s) i N (s(p)) ¹ ìíîæèíè íîðìàëüíèõ iíäåêñiâ äî ìà-

òðèöü J = LU i J(p) = UL, âiäïîâiäíî. ßêùî ℓj−1 = nj −nj−1 ≥ 2, n0 = 0 i j ∈ N,
òî

N (s(p)) = {n1 − 1, n1, n2 − 1, n2, . . .} . (5.42)

Çàóâàæåííÿ 5.17 Íåõàé N (s) i N (s(p)) ¹ ìíîæèíè íîðìàëüíèõ iíäåêñiâ äî ìà-

òðèöü J = LU i J(p) = UL, âiäïîâiäíî. ßêùî ℓj−1 = nj − nj−1 = 1, n0 = 0 òà

j ∈ N, òî
N (s) = N (s(p)). (5.43)

5.1.5 Ïåðåòâîðåííÿ m− ôóíêöi¨

Ïðîïîçèöiÿ 5.18 Íåõàé J ¹ óçàãàëüíåíà ìàòðèöÿ ßêîái, ùî çàäîâîëüíÿ¹ (5.14)

òà íåõàé J = LU äîïóñêà¹ LU�ôàêòîðèçàöiþ (5.1) �(5.3). Íåõàé m(z) òà m(p)(z)

¹ m−ôóíêöi¨ ìàòðèöü J i J(p), âiäïîâiäíî. Òîäi

m
(p)
[0,j+n−1](z) =

 zm[0,j−1](z), n1 > 1;
s0
s1

(
zm[0,j−1](z) + s0

)
, n1 = 1.

(5.44)

äå n ¹ ÷èñëî ℓi ìàòðèöi J, òàêèõ, ùî ℓi ≥ 2 òà i = 0, j − 1.

Äîâåäåííÿ. Íåõàé n ¹ ÷èñëî ℓi ≥ 2, äå i = 0, j − 1 òà íåõàé G̃[0,j+n−1] àñîöiéî-

âàíà äî ìàòðèöi J(p)[0,j+n−1], ÿêà âèçíà÷åíà çà ôîðìóëîþ (4.51).

(i) Ïðèïóñòèìî, ùî n1 > 1. Òîäi s0 = 0, G̃[0,j+n−1]e0 = b0eℓ0−2 òà åêâiâàëåíòíiñòü

(5.32) ìà¹ ìiñöå. Îá÷èñëþ¹ìî

zm[0,j−1](z) = z

[(
JT[0,j−1] − z

)−1

e0, e0

]
= −

[
(JT[0,j−1] − z)

(
JT[0,j−1] − z

)−1

e0, e0

]
+

+

[
JT[0,j−1]

(
JT[0,j−1]−z

)−1

e0, e0

]
=−s0+

[(
JT[0,j−1]−z

)−1

e0, J[0,j−1]e0

]
=

=

((
JT[0,j−1] − z

)−1

e0,L[0,j−1]U[0,j−1]G[0,j−1]e0

)
=(

e0,
(
L[0,j−1]U[0,j−1]−z

)−1
L[0,j−1]b0eℓ0−2

)
=
(
e0,L[0,j−1]

(
U[0,j−1]L[0,j−1] − z

)−1
b0eℓ0−2

)
=



124

=

(((
J
(p)
[0,j+n−1]

)T
− z

)−1

e0, G̃[0,j+n−1]e0

)
= m

(p)
[0,j+n−1](z).

(ii) Òåïåð ðîçãëÿíåìî âèïàäîê, êîëè n1 = 1. Òîäi G̃[0,j+n−1]e0 = b0e0 òà (5.34)

ìà¹ ìiñöå. Îá÷èñëþ¹ìî

zm[0,j−1](z) = z

[(
JT[0,j−1] − z

)−1

e0, e0

]
= −s0+

[(
JT[0,j−1]−z

)−1

e0, J[0,j−1]e0

]
=

= −s0 +

((
JT[0,j−1] − z

)−1

e0,L[0,j−1]U[0,j−1]G[0,j−1]e0

)
=

−s0 +
s1
s0

(
e0,
(
L[0,j−1]U[0,j−1] − z

)−1
L[0,j−1]b0e0

)
=

= −s0 +
s1
s0

(
e0,L[0,j−1]

(
U[0,j−1]L[0,j−1] − z

)−1
b0e0

)
=

= −s0 +
s1
s0

(((
J
(p)
[0,j+n−1]

)T
− z

)−1

e0, G̃[0,j+n−1]e0

)
= −s0 +

s1
s0
m

(p)
[0,j+n−1](z).

Çâiäñè, ìà¹ìî

m
(p)
[0,j+n−1](z) =

s0
s1

(
zm[0,j−1](z) + s0

)
.

Òàêèì ÷èíîì, ôîðìóëà (5.44) äîâåäåíà. 2

5.1.6 Ïåðåòâîðåííÿ ïîëiíîìiâ ïåðøîãî òà äðóãîãî ðîäó

Òåîðåìà 5.19 Íåõàé J ¹ óçàãàëüíåíà ìàòðèöÿ ßêîái, ùî çàäîâiëüíÿ¹ (5.14) òà

íåõàé J = LU äîïóñêà¹ LU � ôàêòîðèçàöiþ (5.1) � (5.3). Ïðèïóñòèìî, ùî J(p) =

UL ¹ ïåðåòâîðåííÿ Äàðáó áåç ïàðàìåòðà òà

J(p)π(p)(z) = zπ(p)(z), (5.45)

äå π(p)(z) =
(
π
(p)
0 (z), π

(p)
1 (z), . . .

)T
. Íåõàé ÷èñëà hj ¹ êiëüêiñòü ℓi > 1, äëÿ

i = 0, j − 2. Òîäi

P
(p)
j+hj

(z) = 1
z

(
Pj(z)− Pj(0)

Pj−1(0)
Pj−1(z)

)
, j ∈ Z+,

P
(p)
j+hj+1(z) = zPj(z), ÿêùî ℓj−1 > 1.

(5.46)
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Äîâåäåííÿ. Ïåðø çà âñå, ââåäåìî òàêi ïîëiíîìè

π(p)(z) =
1

z



zP0(z)
...

zℓ0−1P0(z)

P1(z)− u0P0(z)

zP1(z)
...

zℓ1−1P1(z)

P2(z)− u1P1(z)
...


=

1

z



zP0(z)
...

zℓ0−1P0(z)

P1(z)− P1(0)
P0(0)

P0(z)

zP1(z)
...

zℓ1−1P1(z)

P2(z)− P2(0)
P1(0)

P1(z)
...



.

Òîäi

J(p)π(p)(z) = zπ(p)(z),

òîìó, ùî

J(p)π(p)(z) = ULU
1

z
π(z) =

1

z
UJπ(z) = z

(
1

z
Uπ(z)

)
= zπ(p)(z).

Çâiäñè îòðèìó¹ìî, ùî ïîëiíîìè P
(p)
i (z) âèçíà÷àþòüñÿ çà ôîðìóëîþ (5.46), äëÿ

êîæíîãî i ∈ Z+. 2

Çàóâàæåííÿ 5.20 ßêùî ℓj = 1 äëÿ êîæíîãî j ∈ Z+, òî ìà¹ ìiñöå íàñòóïíà

ôîðìóëà Êðiñòîôåëÿ (äèâ. [87])

P
(p)
j (z) =

1

z

(
Pj+1(z)−

Pj+1(0)

Pj(0)
Pj(z)

)
. (5.47)

Çàóâàæåííÿ 5.21 ßêùî ïðèíàéìíi îäèí ℓj ≥ 2, òî ôîðìóëà (5.46) ¹ ñïåöiàëü-

íèé âèïàäîê ôîðìóëè Êðiñòîôåëÿ (äèâ. [87]).

Òåîðåìà 5.22 Íåõàé J ¹ óçàãàëüíåíà ìàòðèöÿ ßêîái, ùî çàäîâîëüíÿ¹ óìîâi (5.14)

òà íåõàé J = LU äîïóñêà¹ LU � ôàêòîðèçàöiþ (5.1) � (5.3). Íåõàé J(p) = UL ¹

ïåðåòâîðåííÿ Äàðáó áåç ïàðàìåòðà ìàòðèöi J òà

(J(p) − z)ξ(p)(z) = Θℓ0−1, (5.48)

äå ξ(p)(z) =
(
ξ
(p)
0 (z), ξ

(p)
1 (z), . . .

)T
, Θℓ0−1 = (0, . . . , 0, 1︸ ︷︷ ︸

ℓ0−1

, 0 . . .). Íåõàé ÷èñëà hj ¹

êiëüêiñòü ℓi > 1, äëÿ i = 0, j − 2. Òîäi

Q
(p)
j+hj

(z) = Qj(z)− Pj(0)
Pj−1(0)

Q
j−1

(z) j ∈ N,
Q

(p)
j+hj+1(z) = zQj(z), ÿêùî ℓj−1 > 1.

(5.49)
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Äîâåäåííÿ. Ïðèïóñòèìî, ùî

ξ(p)(z) = Uξ(z) =



zQ0(z)
...

zℓ0−1Q0(z)(z)

Q1(z)− P1(0)
P0(0)

Q0(z)

zQ1(z)
...

zℓ1−1Q1(z)

Q2(z)− P2(0)
P1(0)

Q1(z)
...



,

Âèêîðèñòîâóþ÷è (J− z)ξ(z) = Θℓ0, ìà¹ìî

U(LU−z)ξ(z) = (ULU−zU)ξ(z) = (UL−z)Uξ(z) = (J(p)−z)ξ(p)(z) = UΘℓ0 = Θℓ0−1.

Òàêèì, ÷èíîì îòðèìó¹ìî ôîðìóëó (5.49).2

Ïðîïîçèöiÿ 5.23 Íåõàé J ¹ óçàãàëüíåíà ìàòðèöÿ ßêîái òà íåõàé J(p) ¹ ïåðå-

òâîðåííÿ Äàðáó áåç ïàðàìåòðà ìàòðèöi J òà íåõàé h ¹ ÷èñëî ℓi ìàòðèöi J,

òàêèõ, ùî ℓi ≥ 2 òà i = 0, j − 1. Òîäi

CzQj(z)Pj+h+1(z)
(p) −Q

(p)
j+h+1(z)Pj(z) = s0P

(p)
j+h+1(z), (5.50)

äå êîíñòàíòà

C =

{
s0
s1
, ÿêùî n1 = 1;

1, ÿêùî n1 > 1.
(5.51)

Äîâåäåííÿ. Ç ïðåäñòàâëåííÿ (4.21), îòðèìó¹ìî

m[0,j−1](z) = −Qj(z)

Pj(z)
òà m

(p)
[0,j+n−1](z) = −

Q
(p)
j+h+1(z)

P
(p)
j+h+1(z)

(5.52)

òà ç Ïðîïîçèöi¹þ 5.18, âèïëèâà¹ ôîðìóëà (5.50). 2

5.2 Ïåðåòâîðåííÿ Äàðáó ç ïàðàìåòðîì óçàãàëüíåíèõ ìàòðèöü ßêîái

Ó öüîìó ðîçäiëi, áóäå ðîçãëÿíóòî ïåðåòâîðåííÿ Äàðáó ç ïàðàìåòðîì d äî óçà-

ãàëüíåíèõ ìàòðèöü ßêîái J. Äëÿ öüîãî âèêîðèñòà¹ìî íèæíüîòðèêóòíi òà âåðõ-

íüîòðèêóòíi áëî÷íi ìàòðèöi L i U , âiäïîâiäíî, òàêi, ùî
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L =

 Iℓ0 0

L1 Iℓ1
. . .

. . . . . .

 è U =

 U0 D0

0 U1
. . .

. . . . . .

 , (5.53)

äå Iℓi ¹ îäèíè÷íi ìàòðèöi ðîçìiðó ℓj × ℓj òà Ui � ìàòðèöi ℓi × ℓi

Ui =


0 1 0 · · · 0

0 0 1 . . . ...
... ... . . . . . . 0

0 0 · · · 0 1

−Si −a
(i)
1 · · · −a

(i)
ℓi−2 −a

(i)
ℓi−1

 , Si ̸= 0, (5.54)

áëîêè Li+1 òà Di � ðîçìiðó ℓi+1 × ℓi òà ℓi × ℓi+1, âiäïîâiäíî

Li+1 =


Si − a

(i)
0 0 · · · 0

0 0 . . . 0
... ... . . . ...

0 0 . . . 0

 òà Di =


0 0 · · · 0
... ... · · · ...

0 0 · · · 0

1 0 · · · 0

 , (5.55)

äå Si − a
(i)
0 ̸= 0 äëÿ êîæíîãî i ∈ Z+.

Çàóâàæåííÿ 5.24 ßêùî ℓi = 1 äëÿ äåÿêîãî i ∈ Z+, òî

Iℓi = (1) òà Ui = (−Si).

ßêùî ℓi = ℓi+1 = 1 äëÿ äåÿêîãî i ∈ Z+, òî

Li+1 = (Si − a
(i)
0 ) òà Di = (1).

Ãîâîðÿòü, ùî óçàãàëüíåíà ìàòðèöÿ ßêîái J äîïóñêà¹ UL � ôàêòîðèçàöiþ,

ßêùî J ìîæå áóòè ïðåäñòàâëåíà â âèãëÿäi J = UL, äå L i U âèçíà÷åíi çà ôîðìó-

ëàìè (5.53)� (5.55).

5.2.1 UL � ôàêòîðèçàöiÿ óçàãàëüíåíèõ ìàòðèöü ßêîái

Îçíà÷åííÿ 5.25 Íåõàé {Pi(z)}∞i=0 � ¹ ïîñëiäîâíiñòü ïîëiíîìiâ ïåðøîãî ðîäó,

ùî àñîöiéîâàíà äî ëiíiéíîãî ôóíêöiîíàëó S, íåõàé S0 ∈ R− ¹ äåÿêèé ïàðàìåòð.

Ðîçãëÿíåìî ïîñëiäîâíiñòü ïîëiíîìiâ {P̂i(z)}∞i=0, ÿêà çàäîâîëüíÿ¹ ðåêóðåíòíèì

ñïiââiäíîøåííÿì

P̂i+1(z) = âi(z)P̂i(z)− biP̂i−1(z), P̂−1(z) ≡ 0, P̂0(z) ≡ 1, (5.56)
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äå ïîëiíîìè âi(z) âèçíà÷åíi ðiâíiñòþ

â0(z) = a0(z)− S0 òà âi(z) = ai(z), äëÿ êîæíîãî i ∈ N.

Ïîñëiäîâíiñòü {P̂i(z)}∞i=0 íàçèâà¹òüñÿ ïîñëiäîâíiñòþ êî-ðåêóðñèâíèõ ïîëiíîìiâ

ç ïàðàìåòðîì S0, ÿêà àñîöiéîâàíà ç ëiíiéíèì ôóíêöiîíàëîì S.

Ó âèïàäêó êâàçi - äåôiíiòíîãî ôóíêöiîíàëó S, êî - ðåêóðñèâíi ïîëiíîìè P̂i(z)

âïåðøå áóëè ðîçãëÿíóòi â [9].

Ëåìà 5.26 Íåõàé óçàãàëüíåíà ìàòðèöÿ ßêîái J âiäïîâiäà¹ ëiíiéíîìó ôóíêöiî-

íàëó S òà íåõàé ℓi := ni+1 − ni ≥ 1, i ∈ Z+, äå n0 = 0 i N (s) = {ni}∞i=1 � ¹

ìíîæèíà íîðìàëüíèõ iíäåêñiâ ïîñëiäîâíîñòi s = {si}∞j=0. Íåõàé S0 ∈ R\{0} ¹

äåÿêèé ïàðàìåòð, ÿêèé çàäîâîëüíÿ¹ ñèñòåìi

−Si+1(Si − a
(i)
0 ) = bi+1 òà Si − a

(i)
0 ̸= 0, i ∈ Z+. (5.57)

Òîäi ìàòðèöÿ J äîïóñêà¹ UL ôàêòîðèçàöiþ

J = UL (5.58)

âèãëÿäó (5.53)� (5.55) ç ïàðàìåòðîì S0. Çâîðîòíî, ÿêùî J äîïóñêà¹ ôàêòîðèçà-

öiþ (5.58), òî ïîñëiäîâíiñòü {si}∞i=0 çàäîâîëüíÿ¹ (5.57).

Iñíó¹ íåñêií÷åííà ìíîæèíà ïàðàìåòðiâ S0 ∈ R\{0}, äëÿ ÿêèõ âèêîíàíi ñïiâ-

âiäíîøåííÿ (5.57).

Äîâåäåííÿ. Ðîçãëÿíåìî äîáóòîê UL

UL =


U0 +D0L1 D0

U1L1 U1 +D1L2 D1

U2L2 U2 +D2L3
. . .

. . . . . .

 ,

äå DiLi+1 òà Ui+1Li+1 ¹ ìàòðèöi ðîçìiðó ℓi × ℓi òàℓi+1 × ℓi, âiäïîâiäíî,

DiLi+1=


0 0 · · · 0
... ... · · · ...

0 0 · · · 0

Si−a
(i)
0 0 · · · 0

 , Ui+1Li+1=


0 0 · · · 0
... ... · · · ...

0 0 · · · 0
−Si+1(Si−a

(i)
0 ) 0 · · · 0

.
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Òîäi îòðèìó¹ìî, ùî Ui +DiLi+1 ¹ ìàòðèöi ðîçìiðó ℓi × ℓi, ùî ìàþòü âèãëÿä

Ui +DiLi+1 =


0 1 0 · · · 0

0 0 1 . . . ...
... ... . . . . . . 0

0 0 · · · 0 1

−a
(i)
0 −a

(i)
1 · · · −a

(i)
ℓi−2−a

(i)
ℓi−1

 , i ∈ Z+.

Ïîðiâíþþ÷è äîáóòîê UL ç ìàòðèöåþ J ó (1.54), ìà¹ìî

−Si+1(Si − a
(i)
0 ) = bi+1 äëÿ áóäü-ÿêîãî i ∈ Z+

Îòæå äîáóòîê UL äîðiâíþ¹ J òîäi i òiëüêè òîäi, êîëè óìîâè (5.57) ìàþòü ìiñöå,

òîáòî óçàãàëüíåíà ìàòðèöÿ ßêîái J äîïóñêà¹ UL�ôàêòîðèçàöiþ (5.53)� (5.55). 2

Ëåìà 5.27 Íåõàé óçàãàëüíåíà ìàòðèöÿ ßêîái J âiäïîâiäà¹ ëiíiéíîìó ôóíêöiî-

íàëó S. Íåõàé S0 ∈ R\{0}, J äîïóñêà¹ UL�ôàêòîðèçàöiþ (5.53)� (5.55) òà íå-

õàé P̂i(z) � ¹ êî�ðåêóðñèâíèìè ïîëiíîìàìè, ÿêi âiäïîâiäàþòü ôóíêöiîíàëó S òà

ïàðàìåòðó S0. Òîäi

P̂i(0) =
i−1∏
j=0

(a
(j)
0 − Sj), äëÿ êîæíîãî i ∈ N. (5.59)

Äîâåäåííÿ. Äîâåäåìî çà iíäóêöi¹þ

1) Ïðè j = 1, ìà¹ìî

P̂1(0) = â0(0)P̂0(0)− b0P̂−1(0) = â0(0) = a0(0)− S0 = a
(0)
0 − S0,

P̂2(0) = â1(0)P̂1(0)− b1P̂0(0) = a
(1)
0 (a

(0)
0 − S0)− S1(a

(0)
0 − S0) =

= (a
(0)
0 − S0)(a

(1)
0 − S1).

2) Íåõàé ïðèïóùåííÿ iíäóêöi¨ âiðíî äëÿ (i− 1):

P̂i−1(0) =
i−2∏
j=0

(a
(i)
0 − Sj). (5.60)

Òîäi ç (5.56), (5.57) òà (5.60) îòðèìó¹ìî

P̂i(0) = âi−1(0)P̂i−1(0)− bi−1P̂i−2(0) =

= a
(i−1)
0

i−2∏
j=0

(a
(i)
0 − Sj)− Si−1(a

(i−2)
0 − Si−2)

i−3∏
j=0

(a
(j)
0 − Sj) =

i−1∏
j=0

(a
(j)
0 − Sj).

Îòæå, ôîðìóëà (5.59) ìà¹ ìiñöå äëÿ êîæíîãî i ∈ N. 2
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Íàñëiäîê 5.28 Íåõàé óçàãàëüíåíà ìàòðèöÿ ßêîái J, àñîöiéîâàíà ç ëiíiéíîìó

ôóíêöiîíàëó S, äîïóñêà¹ UL�ôàêòîðèçàöiþ (5.53)� (5.55) òà íåõàé P̂i(z) ¹ êî-

ðåêóðñèâíèìè ïîëiíîìàìè, ÿêi âiäïîâiäàþòü ôóíêöiîíàëó S òà ïàðàìåòðó S0 ∈
R\{0}. Òîäi

P̂i+1(0) = (−1)i−kli . . . li−kP̂i−k(0), k ≤ i òà i, k ∈ Z+.

Òåîðåìà 5.29 Íåõàé J � óçàãàëüíåíà ìàòðèöÿ ßêîái, àñîöiéîâàíà ç ëiíiéíèì

ôóíêöiîíàëîì S, ℓi := ni+1 − ni ≥ 1, i ∈ Z+, äå n0 = 0 òà N (s) = {ni}∞i=1 ¹ ìíî-

æèíà íîðìàëüíèõ iíäåêñiâ ïîñëiäîâíîñòi {si}∞i=0. Íåõàé ìàòðèöi L òà U âèçíà-

÷åíi çà ôîðìóëàìè (5.53)� (5.55) òà {P̂i(z)}∞i=0 ¹ ïîñëiäîâíiñòü êî-ðåêóðñèâíèõ

ïîëiíîìiâ, ÿêà âiäïîâiäà¹ ôóíêöiîíàëó S òà ïàðàìåòðó S0 ∈ R\{0}. Òîäi J äî-

ïóñêà¹ UL�ôàêòîðèçàöiþ (5.53)� (5.55) òîäi i òiëüêè òîäi, êîëè

P̂i(0) ̸= 0, äëÿ êîæíîãî i ∈ Z+. (5.61)

5.2.2 Ïåðåòâîðåííÿ Äàðáó ç ïàðàìåòðîì J(d) = LU

Îçíà÷åííÿ 5.30 Íåõàé J � öå óçàãàëüíåíà ìàòðèöÿ ßêîái, àñîöiéîâàíà ç ëi-

íiéíèì ôóíêöiîíàëîì S òà ïàðàìåòðîì S0 ∈ R\{0}, òà íåõàé S0 = −sn1−1

d
i J

äîïóñêà¹ UL�ôàêòîðèçàöiþ (5.58), (5.53)� (5.55). Òîäi ìàòðèöÿ

J(d) = LU

íàçèâà¹òüñÿ ïåðåòâîðåííÿì Äàðáó ç ïàðàìåòðîì d óçàãàëüíåíî¨ ìàòðèöi ßêîái

J. Ïðè÷èíà ââåäåííÿ äàíîãî ïàðàìåòðà d áóäå ç'ÿñîâàíà ïiçíiøå, äèâ. Òåîðåìó

5.37

Òåîðåìà 5.31 Íåõàé J � óçàãàëüíåíà ìàòðèöÿ ßêîái, àñîöiéîâàíà ç ëiíiéíèì

ôóíêöiîíàëîì S, S0 ∈ R\{0} òà J = UL äîïóñêà¹ UL � ôàêòîðèçàöiþ (5.53)�

(5.55). Òîäi ìàòðèöÿ J(d) = LU � ¹ óçàãàëüíåíîþ ìàòðèöåþ ßêîái.

Äîâåäåííÿ. Ðîçãëÿíåìî äîáóòîê LU

LU =

 U0 D0

L1U0 L1D0 + U1
. . .

. . . . . .

 .
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Ç (5.53)� (5.55), îòðèìó¹ìî, ùî

Lj+1Uj =




0 Sj − a

(j)
0 0 · · · 0

0 0 0 · · · 0
... ... ... . . . ...

0 0 0 · · · 0

 , ÿêùî ℓj ≥ 2;

(
−Sj(Sj − a

(j)
0 )
)

, ÿêùî ℓj = 1,

Lj+1Dj =



 0 · · · 0
... . . . ...

0 · · · 0

 , ÿêùî ℓj ≥ 2;

(
Sj − a

(j)
0 0 . . . 0

)
, ÿêùî ℓj = 1,

Çàïðîâàäèìî äî ðîçãëÿäó ìàòðèöi Kj (j ∈ Z+):

K0=

(
U0 D0

L1U0 L1D0+U1

)
, Kj=

(
LjDj−1+Uj Dj

Lj+1Uj Lj+1Dj+Uj+1

)
.

Çàëåæíî âiä òîãî, ÿêi çíà÷åííÿ ïðèéìàþòü ℓj òà ℓj+1, îòðèìó¹ìî

(i) ℓj = ℓj+1 = 1. Òîäi:

a) ßêùî j = 0, òî K0 ìà¹ âèãëÿä

K0 =

(
−S0 1

−S0(S0 − a
(0)
0 ) S0 − a

(0)
0 − S1

)
.

b) ßêùî j ̸= 0 òà ℓj−1 = 1, òî Kj ìà¹ ïðåäñòàâëåííÿ

Kj =

(
Sj−1 − a

(j−1)
0 − Sj 1

−Sj(Sj − a
(j)
0 ) Sj − a

(j)
0 − Sj+1

)
.

Âèïàäîê, êîëè êîæíèé ℓj = 1, áóâ ðîçãëÿíóòèé â [9].

c) ßêùî ℓj−1 ≥ 2, òî Kj ìà¹ âèãëÿä

Kj =

(
−Sj 1

−Sj(Sj − a
(j)
0 ) Sj − a

(j)
0 − Sj+1

)
.

(ii) ℓj = 1, ℓj+1 ≥ 2. Òîäi:

a) ßêùî ℓj−1 = 1, òî Kj ìà¹ ïðåäñòàâëåííÿ

Kj =

Sj−1 − a
(j−1)
0 − Sj 1

−Sj(Sj − a
(j)
0 ) Sj − a

(j)
0 Dj

Aj Cq(j)

 ,
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äå áëîêè Aj ∈ C(ℓj−1)×1 òà Dj ∈ C1×(ℓj−1) ìàþòü íàñòóïíèé âèãëÿä

Aj =
(
0 . . . 0 −Sj+1

)T
òà Dj =

(
1 0 . . . 0

)
,

Cq(j) � ¹ ñóïðîâîäæóþ÷à ìàòðèöÿ äî ïîëiíîìà q(j)(z) :=
a(j)(z)− a

(j)
0

z
.

b) ßêùî ℓj−1 ≥ 2, òî

Kj =

 −Sj 1

−Sj(Sj − a
(j)
0 ) Sj − a

(j)
0 Dj

Aj Cq(j)

 ,

äå áëîêè Aj, Dj, Cq(j)− âèçíà÷åíi àíàëîãi÷íèì ÷èíîì, ÿê i â ïiäïóíêòi a).

(iii) ℓj ≥ 2, ℓj+1 = 1. Òîäi:

a) ßêùî ℓj−1 ≥ 2, òî

Kj =

 0 Dj

Aj Cq(j) DT
j

Bj −Sj+1

 ,

äå áëîêè Aj, Cq(j), Dj � âèçíà÷åíi òàê ñàìî, ÿê i â ïiäïóíêòi (ii) a), áëîê Bj ∈
C1×(ℓj−1) òà ìà¹ âèãëÿä

Bj =
(
Sj − a

(j)
0 0 . . . 0

)
.

b) ßêùî ℓj−1 = 1, òî

Kj =

Sj−1 − a
(j−1)
0 Dj

Aj Cq(j) DT
j

Bj −Sj+1

 ,

äå áëîêè Aj, Bj, Cq(j), Dj � âèçíà÷åíi àíàëîãi÷íî, ÿê i â ïiäïóíêòi a).

(iv) ℓj ≥ 2, ℓj+1 ≥ 2. Òîäi:

a) ßêùî ℓj−1 = 1, òî

Kj =


Sj−1 − a

(j−1)
0 Dj

Aj Cq(j) DT
j

Bj 0 Dj+1

Aj+1 Cq(j+1)

 ,

äå Aj, Aj+1, Bj, Cq(j), Cq(j+1), Dj, Dj+1 âèçíà÷åíi òàê ñàìî, ÿê i â ïiäïóíêòi (iii).
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b) ßêùî ℓj−1 ≥ 2, òî Kj ìà¹ ïðåäñòàâëåííÿ

Kj =


0 Dj

Aj Cq(j) DT
j

Bj 0 Dj+1

Aj+1 Cq(j+1)

 ,

äå Aj, Aj+1, Bj, Cq(j), Cq(j+1), Dj, Dj+1 � âèçíà÷åíi òàê ñàìî, ÿê i â ïiäïóíêòi (iii).

Îòæå, â ñèëó (i) � (iv) J(d) = LU � óçàãàëüíåíà ìàòðèöÿ ßêîái. 2

Çàóâàæåííÿ 5.32 ßêùî J � ìîíi÷íà ìàòðèöÿ ßêîái (òîáòî ℓj = 1 äëÿ êîæíî-

ãî j ∈ Z+), òî UL�ôàêòîðèçàöiÿ (5.53)� (5.55) ñïiâïàäà¹ ç UL�ôàêòîðèçàöi¹þ

â [9, Ðîçäië 2].

Çàóâàæåííÿ 5.33 ßêùî ïåðåòâîðåíà ìàòðèöÿ J(d) ¹ ìîíi÷íîþ ìàòðèöåþ ßêî-

ái, òî UL�ôàêòîðèçàöiÿ (5.53)� (5.55) ñïiâïàäà¹ ç ôàêòîðèçàöi¹þ â [19, Ðîçäië

3].

5.2.3 Ïåðåòâîðåííÿ ïîëiíîìiâ ïåðøîãî ðîäó

Äàëi ðîçãëÿíåìî ïåðåòâîðåííÿ ïîëiíîìiâ ïåðøîãî ðîäó ïðè ïåðåòâîðåííi Äàðáó ç

ïàðàìåòðîì d óçàãàëüíåíî¨ ìàòðèöi ßêîái J. Äëÿ öüîãî, ñêîðèñòà¹ìîñÿ íàñòóïíèì

ñïiââiäíîøåííÿì ìiæ óçàãàëüíåíîþ ìàòðèöåþ ßêîái J òà ïîëiíîìàìè ïåðøîãî

ðîäó Pi(z).

Òåîðåìà 5.34 Ïðèïóñòèìî, ùî d ∈ R\{0} ¹ äåÿêèé ïàðàìåòð, òàêèé, ùî

(5.61) ìà¹ ìiñöå S0 = −sn1−1

d
. Íåõàé J � óçàãàëüíåíà ìàòðèöÿ ßêîái òà J = UL

äîïóñêà¹ UL�ôàêòîðèçàöiþ (5.53)�(5.55) òà íåõàé {Pi(z)}∞i=0 ¹ ïîëiíîìè ïåð-

øîãî ðîäó ìàòðèöi J. Íåõàé J(d) = LU ¹ ïåðåòâîðåííÿ Äàðáó ç ïàðàìåòðîì d

ìàòðèöi J. Íåõàé ÷èñëà hi ¹ êiëüêiñòü ℓj > 1, äëÿ j = 0, i− 1. Òîäi ïîëiíîìè

ïåðøîãî ðîäó ìàòðèöi J(d), îá÷èñëþþòüñÿ çà ôîðìóëàìè

P
(d)
0 (z) ≡ 1, P

(d)
i+hi

(z) = zPi(z),

P
(d)
i+1+hi

(z) = Pi+1(z) +
(
Si−1 − a

(i−1)
0

)
Pi(z), i ∈ N.

. (5.62)

Äîâåäåííÿ. Âèçíà÷èìî P
(d)
i (z) ç

π(d)(z) = Lπ(z), j ∈ Z+. (5.63)

Òîäi, â ñèëó (5.63), îòðèìó¹ìî (5.62), à ñàìå



134

J(d)π(d)(z) = LUπ(d)(z) = LULπ(z) = LJπ(z) = zLπ(z) = zπ(d)(z).

Òàêèì ÷èíîì, ïîëiíîìè P
(d)
j (z), âèçíà÷åíi ôîðìóëîþ (5.62) äëÿ êîæíîãî j ∈

Z+, ¹ ïîëiíîìàìè ïåðøîãî ðîäó äëÿ ìàòðèöi J(d) = LU . 2

Çàóâàæåííÿ 5.35 ßêùî J ¹ ìîíi÷íà ìàòðèöÿ ßêîái (òîáòî ℓj = 1 äëÿ êîæíî-

ãî j ∈ Z+ ), òî ôîðìóëè

P
(d)
0 (z) ≡ 1, P

(d)
i (z) = Pi(z) +

(
Si−1 − a

(i−1)
0

)
Pi−1(z) i ∈ N

¹ ôîðìóëè Ãåðîíiìóñà äëÿ ïîëiíîìiâ Pi(z) (äèâ. [88, (3.9)], [42]).

Ïðîïîçèöiÿ 5.36 Íåõàé d ∈ R\{0} äåÿêèé ïàðàìåòð, òàêèé ùî óìîâà (5.61)

ìà¹ ìiñöå ïðè S0 = −sn1−1

d
. Íåõàé J = UL òà J(d) = LU ¹ óçàãàëüíåíi ìàòðèöi

ßêîái, äå L i U âèçíà÷åíi çà ôîðìóëàìè (5.53)� (5.55). Íåõàé {P (d)
i (z)}∞i=0 ¹

ïîëiíîìè ïåðøîãî ðîäó ìàòðèöi J(d) òà íåõàé ÷èñëà hi ¹ êiëüêiñòü ℓj > 1, äëÿ

j = 0, i− 1. Òîäi

P
(d)
i+1+hi

(0) =
i−1∏
k=0

Sk äëÿ êîæíîãî , i ∈ N. (5.64)

Áiëüø òîãî, ÿêùî ℓi ≥ 2, òî

P
(d)
i+hi

(0) = 0.

Äîâåäåííÿ. (i) Íåõàé ℓj = 1, j = 0, i− 1 òà i ∈ N.
Îá÷èñëèìî

P
(d)
i+1+hi

(0) = det
(
−J

(d)
[0,i−1]

)
=

=

∣∣∣∣∣∣∣∣∣∣
S0 −1

S0(S0 − a
(0)
0 ) −S0 + a

(0)
0 + S1

. . .
. . . . . . −1

Si−2(Si−2 − a
(i−2)
0 ) −Si−2 + a

(i−2)
0 + Si−1

∣∣∣∣∣∣∣∣∣∣
=

ìíîæèìî h+1�ó ñòðîêó íà (−Sh+a
(h)
0 ) òà äîäà¹ìî äî (h+2)�î¨ ñòðîêè, h = 0, i− 2,

îòðèìó¹ìî

P
(d)
i+1+hi

(0) =

∣∣∣∣∣∣∣∣∣∣
S0 −1

0 S1
. . .

... . . . . . . −1

0 · · · 0 Si−1

∣∣∣∣∣∣∣∣∣∣
=

i−1∏
k=0

Sk. (5.65)
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(ii) Íåõàé ℓj ≥ 2, j = 0, i− 1 òà i ∈ N. Â ñèëó [59, Ëåììû 2.3]

P
(d)
i+1+hi

(0) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 −1

S0 a
(0)
ℓ0−1 −1

a
(0)
0 − S0 0 −1

S1 a
(1)
ℓ1−1

. . .
. . . . . . −1

a
(i−2)
0 − Si−2 0 −1

0 Si−1 a
(i−1)
ℓi−1−1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

Ðîçêëàäàþ÷è äàíèé âèçíà÷íèê ïî ðÿäêó, ÿêèé ìà¹ òiëüêè îäèí åëåìåíò ðiâíèé

−1 òà iíøi ðiâíi 0, îòðèìó¹ìî (5.65).

(iii) Íåõàé ℓm = 1 òà ℓp ≥ 2, m = 0, h− 1, p = h, i− 1 òà h, i ∈ N. ×åðåç
hi ïîçíà÷èìî ÷èñëî ℓp. Òîäi P

(d)
i+1+hi

(0) = det
(
−J

(d)
[0,i+hi−1]

)
. Çà [59, Ëåìîþ 2.3] òà

âèêîðèñòîâóþ÷è (i)�(ii), îòðèìó¹ìî (5.64).

(iv) Íåõàé ℓm ≥ 2 òà ℓp = 1, m = 0, h− 1, p = h, i− 1 é h, i ∈ N. ×åðåç
hi ïîçíà÷èìî ÷èñëî ℓm. Òîäi P

(d)
i+1+hi

(0) = det
(
−J

(d)
[0,i+hi−1]

)
. Â ñèëó (i)�(ii) òà

çà [59, Ëåìîþ 2.3], ôîðìóëà (5.64) ìà¹ ìiñöå.

(v) Ðîçãëÿíåìî óçàãàëüíåíèé âèïàäîê, òîáòî ℓj� äîâiëüíi ïðè (j = 0, i− 1) òà

íåõàé hi ÷èñëî ℓj ≥ 2. Òîäi P (d)
i+1+hi

(0) = det
(
−J

(d)
[0,i+hi−1]

)
. Âèêîðèñòîâóþ÷è (i) �

(iv), îòðèìó¹ìî ôîðìóëó (5.64).

Áiëüø òîãî, ÿêùî ℓi ≥ 2, òî P
(d)
i+hi

(z) = zPi(z) (äèâ. Òåîðåìó 5.34), òîìó

P
(d)
i+hi

(0) = 0. Öå çàâåðøó¹ äîâåäåííÿ. 2

Ó íàñòóïíîìó òâåðäæåííi, íàâåäåíi çâîðîòíi ñïiââiäíîøåííÿ äëÿ ïîëiíîìiâ

P(z) òà P(d)(z).

5.2.4 Ïåðåòâîðåííÿ m � ôóíêöi¨

Òåîðåìà 5.37 Íåõàé d ∈ R\{0} äåÿêèé ïàðàìåòð, òàêèé ùî óìîâà (5.61) ìà¹

ìiñöå ïðè S0 = −sn1−1

d
. Íåõàé J ¹ óçàãàëüíåíà ìàòðèöÿ ßêîái òà íåõàé J =

UL ¨¨ UL � ôàêòîðèçàöiÿ (5.53)� (5.55), âiäïîâiäíà ïàðàìåòðó S0. Íåõàé m(z),

m(d)(z) ¹ m− ôóíêöiÿ Âåéëÿ ìàòðèöi J and J(d) = LU , âiäïîâiäíî. Òîäi

m
(d)
[0,j+n−1](z) = −d

z
+

m[0,j−1](z)

z
, z→̂∞, (5.66)

äå n � öå êiëüêiñòü iíäåêñiâ ℓh, òàêèõ ùî ℓh ≥ 2 (h = 0, j − 1). Áiëüø òîãî,

ìàòðèöÿ J(d) àñîöiéîâàíà ç ïîñëiäîâíiñòþ s
(d) = {s(d)i }∞i=0, äå s

(d)
i îá÷èñëþþòüñÿ
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çà ôîðìóëàìè

s
(d)
0 = d òà s

(d)
i = si−1 i ∈ N.

Äîâåäåííÿ. Íåõàé ìàòðèöi G[0,j−1] òà G̃[0,j+n−1] âèçíà÷åíi ôîðìóëîþ (4.51) äëÿ

ìàòðèöü J[0,j−1] òà J
(d)
[0,j+n−1], âiäïîâiäíî, äå n � öå êiëüêiñòü iíäåêñiâ ℓh, òàêèõ ùî

ℓh ≥ 2 (h = 0, j − 1). Çðiçàíi ìàòðèöi L[0,j−1] è U[0,j−1] âèçíà÷åíi àíàëîãi÷íèì

÷èíîì çà ôîðìóëîþ (5.53). Âiäçíà÷èìî, ùî äëÿ áóäü-ÿêîãî j ∈ N

LT
[0,j−1]e0 = e0, U[0,j−1]G̃[0,j+n−1]e0 = G[0,j−1]e0 = sn1−1eℓ0−1. (5.67)

Ïîêëàäåìî A := J
(d)
[0,j+n−1], ìà¹ìî

zm
(d)
[0,j+n−1](z) = z

[(
AT − z

)−1
e0, e0

]
= − [e0, e0] +

[
AT
(
AT−z

)−1
e0, e0

]
=

−s(d)0 +
(
e0, (A− z)−1AG̃[0,j+n−1]e0

)
=−s(d)0 +

(
e0,
(
L[0,j−1]U[0,j−1]−z

)−1
L[0,j−1]sn1−1eℓ0−1

)
Ç îãëÿäó íà ðiâíîñòi (5.67), îòðèìó¹ìî

zm
(d)
[0,j+n−1](z) = −s

(d)
0 +

(((
J[0,j−1]

)T − z
)−1

e0, G[0,j−1]e0

)
=

= −d+m[0,j−1](z).
(5.68)

Òàêèì ÷èíîì, ç (5.68) ìà¹ìî (5.66). Â ñèëó àñèìïòîòè÷íîãî ðîçâèíåííÿ (4.22) äëÿ

m[0,j−1](z), îòðèìó¹ìî

m
(d)
[0,j+n−1](z) = −d

z
− s0

z2
− s1

z3
− · · · −

s2nj−2

z2nj
+ o

(
1

z2nj

)
=

= −s
(d)
0

z
− s

(d)
1

z2
− · · · −

s
(d)
2nj−1

z2nj
+ o

(
1

z2nj

)
.

Îòæå, óçàãàëüíåíà ìàòðèöÿ ßêîái J(d) àñîöiéîâàíà ç ïîñëiäîâíiñòþ ÷èñåë {s(d)i }∞i=0,

äå s(d)0 = d òà s
(d)
i = si−1 äëÿ êîæíîãî i ∈ N. 2

Ïðîïîçèöiÿ 5.38 Íåõàé J ¹ óçàãàëüíåíà ìàòðèöÿ ßêîái òà íåõàé J(d) ¹ ¨¨ ïå-

ðåòâîðåííÿ Äàðáó ç ïàðàìåòðîì d. Íåõàé ÷èñëà hi ¹ êiëüêiñòü ℓj > 1, äëÿ

j = 0, i− 1. Òîäi

dP
(d)
i+hi−1

(z)Pi(z) = zQ
(d)
i+hi−1

(z)Piz)−Qi(z)P
(d)
i+hi−1

(z). (5.69)

Äîâåäåííÿ. Â ñèëó ïðåäñòàâëåííÿ (4.21)

m[0,j−1](z) = −Qi(z)

Pi(z)
òà m

(d)
[0,j+hi−1−1](z) = −

Q
(d)
i+hi−1

(z)

P
(d)
i+hi−1

(z)

òà çà Òåîðåìîþ 5.37, îòðèìó¹ìî (5.69). 2
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5.2.5 Ïåðåòâîðåííÿ ëiíiéíîãî ôóíêöiîíàëà S

Òåîðåìà 5.39 Íåõàé d ∈ R\{0} äåÿêèé ïàðàìåòð, òàêèé ùî óìîâà (5.61) ìà¹

ìiñöå ïðè S0 = −sn1−1

d
. Íåõàé J � óçàãàëüíåíà ìàòðèöÿ ßêîái àñîöiéîâàíà äî

ëiíiéíîãî ôóíêöiîíàëó S òà ìîìåíòîì s0, òà íåõàé J = UL ¨¨ UL� ôàêòîðèçà-

öiÿ (5.53)� (5.55), âiäïîâiäíà ïàðàìåòðó S0. Òîäi ìàòðèöÿ J(d) = LU àñîöiéîâàíà

ç ëiíiéíèì ôóíêöiîíàëîì

S(d)(p(z)) := S

(
p(z)− p(0)

z

)
+ dp(0), p(z) ∈ C[z]. (5.70)

Äîâåäåííÿ. Çà Òåîðåìîþ 5.37, ìàòðèöÿ J(d) = LU àñîöiéîâàíà ç ïîñëiäîâíiñòþ

s(d) = {s(d)i }∞i=0, äå s
(d)
0 = d òà s

(d)
i = si−1 äëÿ áóäü-ÿêîãî i ∈ N. Òîäi

S(d)(1) = s
(d)
0 òà S(d)(zi) = s

(d)
i = si−1 = S

(
zi

z

)
, i > 1. (5.71)

Â ñèëó (5.71) òà ëiíiéíîñòi ôóíêöiîíàëiâ S(d) i S, îòðèìó¹ìî (5.70). 2

5.2.6 Ìíîæèíà íîðìàëüíèõ iíäåêñiâ äëÿ ïîñëiäîâíîñòi s(d)

Çà Òåîðåìîþ5.37, ìàòðèöÿ J(d) = LU àñîöiéîâàíà ç ïîñëiäîâíiñòþ s(d) = {si−1}∞i=0,

äå s−1 = d. Âèçíà÷èìî N (s(d)) ìíîæèíó íîðìàëüíèõ iíäåêñiâ ïîñëiäîâíîñòi s(d),

íàñòóïíèì ÷èíîì

N (s(d))=

{
n
(d)
j : D

(d)

n
(d)
j

̸= 0

}
, D

(d)

n
(d)
j

= det


s−1 · · · s

n
(d)
j −2

· · · · · · · · ·
s
n
(d)
j −2

· · · s
2n

(d)
j −3

 .

Ïðîïîçèöiÿ 5.40 Íåõàé N (s) ¹ ìíîæèíà íîðìàëüíèõ iíäåêñiâ àñîöiéîâàíèõ ç

ìàòðèöåþ J òà íåõàé J = UL ¨¨ UL � ôàêòîðèçàöiÿ (5.53)� (5.55). Íåõàé ÷èñëà

hi ¹ êiëüêiñòü ℓj > 1, äëÿ j = 0, i− 1. Òîäi ìíîæèíà íîðìàëüíèõ iíäåêñiâ N (s(d))

ìàòðèöi J(d) = LU ìà¹ âèãëÿä

N (s(d)) = N (s) ∪ {nj + 1 : j ∈ N, ℓj ≥ 2} ∪ {1}.

Äîâåäåííÿ. Íåõàé ÷èñëî n � öå êiëüêiñòü iíäåêñiâ ℓh, òàêèõ ùî ℓh ≥ 2 (h =

0, j − 1). Òîäi

(i) 1 ∈ N (s(d)), òîìó s
(d)
0 = d (äèâ. Òåîðåìó 5.37).
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(ii) Çà Òåîðåìîþ 5.34, P
(d)
i+hi−1

(z) = Pi(z) +
(
Si−1 − a

(i−1)
0

)
Pi−1(z). Ç iíøîãî

áîêó

P
(d)
i+hi−1

(z) = det
(
z − J

(d)
[0,i+hi−1−1]

)
=

1

D
(d)
ni

det


s−1 s0 · · · sni−1

· · · · · · · · · · · ·
sni−2 sni−1 · · · s2ni−2

1 z · · · zni

 .

Â ñèëó Ïðîïîçèöi¨ 5.36, P (d)
i+hi−1

(0) = S0 · . . . · Si−1 = (−1)ni+2

D
(d)
ni

Dni
, âiäòàê D

(d)
ni ̸= 0,

òîáòî ni ∈ N (s(d)).

(iii) Íåõàé ℓi ≥ 2, òîäi P (d)
i+hi

(z) = zPi(z) (äèâ. Òåîðåìó 5.34) òà

P
(d)
i+hi

(z) = det
(
z − J

(d)
[0,i+n]

)
=

1

D
(d)
ni+1

det


s−1 s0 · · · sni

· · · · · · · · · · · ·
sni−1 sni

· · · s2ni−1

1 z · · · zni+1

 .

Çà Ïðîïîçèöi¹þ 5.36, P (d)
i+hi

(0) = (−1)ni+3

D
(d)
ni+1

Dni+1 = 0. Â ñèëó òîãî, ùî ℓj ≥ 2, îòðè-

ìó¹ìî (ni + 1) ̸∈ N (s) òà Dni+1 = 0, îòæå D
(d)
ni+1 ̸= 0, òîáòî (ni + 1) ∈ N (sd).

Öå çàâåðøó¹ äîêàç. 2

Íàñëiäîê 5.41 ßêùî â óìîâàõ Ïðîïîçèöi¨ 5.40 ℓj = nj+1 − nj ≥ 2, äå n0 = 0 i

äëÿ êîæíîãî j ∈ Z+, òî

N (s(d)) = {1, n1, n1 + 1, n2, . . .} .

Íàñëiäîê 5.42 ßêùî â óìîâàõ Ïðîïîçèöi¨ 5.40 N (s) = N, òî

N (s(d)) = N.

5.3 Âèñíîâêè

Ðåçóëüòàòè ãëàâè áóëè ïðåäñòàâëåíi â [59] i [61].

Ðîçãëÿíóòî ïåðåòâîðåííÿ Äàðáó óçàãàëüíåíèõ ìàòðèöü ßêîái. Îòðèìàíî êðè-

òåðié iñíóâàííÿ ïåðåòâîðåííÿ Äàðáó, çíàéäåíî ÿâíi ôîðìóëè ôàêòîðèçàöi¨ óçà-

ãàëüíåíî¨ ìàòðèöi ßêîái òà âèãëÿä ìàòðèöü ßêîái, ÿêi îòðèìàíî ïðè ïåðåòâîðåííi

Äàðáó. Äîñëiäæåíî ïåðåòâîðåííÿ ëiíiéíîãî ôóíêöiîíàëà S, ôóíêöi¨ Âåéëÿ òà ïî-

ëiíîìiâ ïåðøîãî òà äðóãîãî ðîäó, ùî âiäïîâiäàþòü óçàãàëüíåíié ìàòðèöi ßêîái

ïðè ïåðåòâîðåííi Äàðáó. Àíàëîãi÷íi ðåçóëüòàòè îòðèìàíî òàêîæ äëÿ ïåðåòâîðå-

ííÿ Äàðáó ç ïàðàìåòðîì óçàãàëüíåíèõ ìàòðèöü ßêîái.
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Âèñíîâêè

Â äèñåðòàöiéíi ðîáîòi ðîçãëÿíóòî i äîñëiäæåíî iíäåôiíiòíó ïðîáëåìó ìîìåíòiâ

Ñòiëò'¹ñà òà ïåðåòâîðåííÿ Äàðáó óçàãàëüíåíèõ ìàòðèöü ßêîái.

1) Ââåäåíî íîâèé êëàñ óçàãàëüíåíèõ äðîáiâ Ñòiëò'¹ñà (S � äðîáiâ). Âñòàíîâëåíî,

ùî êîæíà ïîñëiäîâíiñòü äiéñíèõ ÷èñåë s (êëàñó H) âiäïîâiäà¹ äåÿêîìó óçàãàëü-

íåíîìó äðîáó Ñòiëò'¹ñà. Ââåäåíî êëàñ Hreg ðåãóëÿðíèõ ïîñëiäîâíîñòåé s i äëÿ

ïîñëiäîâíîñòåé s ç êëàñó Hreg çíàéäåíî çâ'ÿçîê ìiæ âiäïîâiäíèì � äðîáîì òà

óçàãàëüíåíèì S � äðîáîì. Îòðèìàíî ñèñòåìó ðiçíèöåâèõ ðiâíÿíü, ÿêà âiäïîâiäà¹

S � äðîáó.

2) Ðîçãëÿíóòî íåâèðîäæåíó çðiçàíó iíäåôiíiòíó ïðîáëåìó ìîìåíòiâ Ñòiëò'¹ñà,

ÿêà ïîâ'ÿçàíà ç äiéñíîþ ïîñëiäîâíiñòþ s ∈ H. Çíàéäåíî êðèòåðié ðîçâ'ÿçíîñòi çði-

çàíî¨ ïðîáëåìè ìîìåíòiâ Ñòiëò'¹ñà, ðîçðîáëåíî ïîêðîêîâèé àëãîðèòì ðîçâ'ÿçêó

öi¹¨ ïðîáëåìè, îòðèìàíî ïîâíèé îïèñ ¨¨ ðîçâ'ÿçêiâ. Ââåäåíî íîâèé êëàñ óçàãàëü-

íåíèõ ïîëiíîìiâ Ñòiëò'¹ñà ïåðøîãî òà äðóãîãî ðîäó i â ¨õ òåðìiíàõ çíàéäåíî ÿâíi

ôîðìóëè äëÿ ðåçîëüâåíòíèõ ìàòðèöü çðiçàíî¨ iíäåôiíiòíî¨ ïðîáëåìè Ñòiëò'¹ñà.

Îòðèìàíî ôàêòîðèçàöiþ ðåçîëüâåíòíèõ ìàòðèöü çðiçàíî¨ iíäåôiíiòíî¨ ïðîáëåìè

Ñòiëò'¹ñà.

3) Ðîçãëÿíóòî îïåðàòîðíèé ïiäõiä äî çðiçàíî¨ iíäåôiíiòíî¨ ïðîáëåìè Ñòiëò'¹ñà.

Ïîêàçàíî, ùî êîæíà iíäåôiíiòíà ïðîáëåìà ìîìåíòiâ Ñòiëò'¹ñà âiäïîâiäà¹ äåÿêié

óçàãàëüíåíié ìàòðèöi ßêîái, ùî ïîðîäæó¹ ñèìåòðè÷íèé îïåðàòîð A[0,N ] ó ïðîñòî-

ði Ïîíòðÿãiíà. Çíàéäåíî ãðàíè÷íi òðiéêè äëÿ ñïðÿæåíîãî ëiíiéíîãî âiäíîøåííÿ

A
[∗]
[0,N ], âiäïîâiäíi ôóíêöiþ Âåéëÿ i u-ðåçîëüâåíòíó ìàòðèöþ Ì.Ã. Êðåéíà. Ïîêà-

çàíî, ùî u-ðåçîëüâåíòíi ìàòðèöi äëÿ îïåðàòîðà A[0,N ] ñïiâïàäàþòü ç ðåçîëüâåí-

òíèìè ìàòðèöÿìè çðiçàíî¨ iíäåôiíiòíî¨ ïðîáëåìè Ñòiëò'¹ñà. Çíàéäåíî êðèòåðié

íåâèçíà÷åíîñòi ïîâíî¨ ïðîáëåìè ìîìåíòiâ Ñòiëò'¹ñà i îòðèìàíî îïèñ ¨¨ ðîçâ'ÿçêiâ.

4) Ðîçãëÿíóòî ïåðåòâîðåííÿ Äàðáó óçàãàëüíåíèõ ìàòðèöü ßêîái. Îòðèìàíî

êðèòåðié iñíóâàííÿ ïåðåòâîðåííÿ Äàðáó, çíàéäåíî ÿâíi ôîðìóëè ôàêòîðèçàöi¨

óçàãàëüíåíî¨ ìàòðèöi ßêîái òà âèãëÿä ìàòðèöü ßêîái, ÿêi îòðèìàíî ïðè ïåðåòâî-

ðåííi Äàðáó. Äîñëiäæåíî ïåðåòâîðåííÿ ëiíiéíîãî ôóíêöiîíàëà S, ôóíêöi¨ Âåéëÿ

òà ïîëiíîìiâ ïåðøîãî òà äðóãîãî ðîäó, ùî âiäïîâiäàþòü óçàãàëüíåíié ìàòðèöi

ßêîái ïðè ïåðåòâîðåííi Äàðáó. Àíàëîãi÷íi ðåçóëüòàòè îòðèìàíî òàêîæ äëÿ ïåðå-

òâîðåííÿ Äàðáó ç ïàðàìåòðîì óçàãàëüíåíèõ ìàòðèöü ßêîái.
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[68] Kre�in M.G. Über einige Fortsetzungsprobleme, die eng mit der Theorie

Hermitscher Operatoren in Raume πκ zusammenhangen, II. Verallgemeinerte

Resolventen u-Resolventen und ganze Operatoren / M.G. Kre�in, H. Langer //

J.Funct.Anal. � 1978. � V. 30. � P. 390�447.

[69] Kre�in M.G. On some extension problems which are closely connected with the

theory of Hermitian operators in a space Πκ III. Inde�nite analogues of the

Hamburger and Stieltjes moment problems, Part I / M.G. Kre�in, H. Langer //

Beitr�age zur Anal. � 1979. � V. 14. � P. 25�40.



146

[70] Kre�in M.G. On some extension problems which are closely connected with the

theory of hermitian operators in a space Πκ III. Inde�nite analogues of the

Hamburger and Stieltjes moment problems Part II / M.G. Kre�in, H. Langer //

Beitr�age zur Anal. � 1981. � V. 15. � P. 27�45.

[71] Kre�in M.G. Some propositions of analytic matrix functions related to the theory

of operators in the space πκ / M.G. Kre�in, H. Langer // Acta Sci.Math.Szeged.

� 1981. � V. 43. � P. 181�205.

[72] Kre�in M.G. The Markov moment problem and extremal problems / M.G. Kre�in,

A.A. Nudelman // Transl.Math. Monographs Amer.Math. Soc. Providence. �

1977. � V. 50. � 417 p.

[73] Kronecker L. Zur Theorie der Elimination einer variabeln aus zwei algebraischen

Gleichungen / L. Kronecker // Monatsberichte. � 1881. �P. 535�600.

[74] Lancaster P. Theory of Matrices / P. Lancaster // Academic Press, NY. � 1969.

� 326 p.

[75] Livsi�c M.S. On a certain class of linear operators in Hilbert space / M.S. Livsi�c

// Mat. Sbornik. � 1946. � V. 19. � P. 239�262.

[76] Matveev V. B. Di�erential-di�erence evolution equations. II. Darboux

transformation for the Toda lattice / V. B. Matveev, M. A. Salle // Lett. Math.

Phys. �1979. � V. 3. � P. 425�429.

[77] Magnus A. Certain continued fractions associated with the Pad�e table / A.

Magnus // Math. Zeitschr. � 1962. � V. 78. � P. 361�374.

[78] Malamud M.M. On the formula of generalized resolvents of a nondensely de�ned

Hermitian operator / M.M. Malamud // Ukr. Mat. Zh. � 1992. � V. 44. � P.

1658�1688.

[79] Nevanlinna R. Asymptotische Entwicklungen beschr?ankter Funktionen und das

Stieltjessche Momentenproblem / R. Nevanlinna // Ann. Acad. Scient. Fennicae,

Ser. A. � 1922. � V. 18. � P. 1�53.

[80] Peherstorfer F. Finite perturbations of orthogonal polynomials / F. Peherstorfer

// J. Comput. Appl. Math. � 1992. � V. 44. � P. 275-302.



147

[81] Potapov V.P. Multiplicative structure of J-nonexpanding matrix functions /

V.P. Potapov // Trudy Mosk.Matem. Obsch. � 1955. � V. 4. � P. 125�236.

[82] Stieltjes T. Recherches sur les fractions continues / T. Stieltjes // Ann.de

Toulouse. � 1894. � V. 8. � P. 1�122.

[83] Tsekanovskii E. R. The theory of biextensions of operators in rigged Hilbert

spaces. Unbounded operator colligations and characteristic functions. (Russian)

/ E. R. Tsekanovskii, Ju.L. �Smul'jan // Uspehi Mat. Nauk. � 1977. � V. 32. � P.

69�124.

[84] Simon B. The classical moment problem as a self-adjoint �nite diference operator

/ B. Simon // Advances in Mathematics. � 1998. � V. 137. � P. 82�203.

[85] Spiridonov V. Discrete Darboux transformations, the discrete-time Toda lattice,

and the Askey-Wilson polynomials / V. Spiridonov, A. Zhedanov // Methods

Appl. Anal. � 1995. � V. 2. � P. 369-398.

[86] Spiridonov V. Self-similarity, spectral transformations and orthogonal and bi-

orthogonal polynomials in self-similar systems / V. Spiridonov, A. Zhedanov //

Proc. Internat. Workshop JINR, Dubna. � 1999. � P. 349�361.

[87] Szeg�o G. Orthogonal Polynomials / G. Szeg�o // fourth edition, AMS. � 1975. �

432 p.

[88] Zhedanov A. Rational spectral transformations and orthogonal polynomials / A.

Zhedanov // J. Comput. Appl. Math. � 1997. � V. 85. � P. 67�86.

[89] Wall H. S. Analytic theory of continued fractions / H. S. Wall // Chelsey, New

York. � 1967. � 433 p.


