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ÀÍÎÒÀÖIß

Ïîäîëÿí I. Â. Ìàòðè÷íi çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâîãî òèïó àáå-

ëåâèõ òà äiåäðàëüíèõ ãðóï . � Êâàëiôiêàöiéíà íàóêîâà ïðàöÿ íà ïðàâàõ

ðóêîïèñó.

Äèñåðòàöiÿ íà çäîáóòòÿ íàóêîâîãî ñòóïåíÿ êàíäèäàòà ôiçèêî-

ìàòåìàòè÷íèõ íàóê çà ñïåöiàëüíiñòþ 01.01.06 � àëãåáðà òà òåîðiÿ ÷èñåë.

� Êè¨âñüêèé íàöiîíàëüíèé óíiâåðñèòåò iìåíi Òàðàñà Øåâ÷åíêà, Ìiíiñòåð-

ñòâî îñâiòè i íàóêè Óêðà¨íè. � Iíñòèòóò ìàòåìàòèêè Íàöiîíàëüíî¨ àêàäå-

ìi¨ íàóê Óêðà¨íè, Êè¨â, 2019.

Äèñåðòàöiéíà ðîáîòà ïîâ'ÿçàíà iç ñó÷àñíèìè àñïåêòàìè òåîði¨ ìàòðè-

÷íèõ çîáðàæåíü ñêií÷åííèõ ãðóï.

Ìàòðè÷íi çîáðàæåííÿ (÷è âiäïîâiäíi ìîäóëi) ñêií÷åííèõ ãðóï íàä ïî-

ëÿìè òà êëàñè÷íèìè êiëüöÿìè äîñëiäæóâàëèñü ïðîòÿãîì áàãàòüîõ äåñÿòè-

ëiòü. ßêùî ãîâîðèòè ïðî çîáðàæåííÿ ñêií÷åííèõ ãðóï íàä ïîëåì, òî òåî-

ðiÿ çîáðàæåíü ìà¹ 2 îñíîâíi íàïðÿìêè: êëàñè÷íèé, êîëè õàðàêòåðèñòèêà

ïîëÿ íå äiëèòü ïîðÿäîê ãðóïè (çîêðåìà, äîðiâíþ¹ íóëþ) i ìîäóëÿðíèé,

êîëè õàðàêòåðèñòèêà ïîëÿ äiëèòü ïîðÿäîê ãðóïè.

Ó ïåðøîìó âèïàäêó êîæíå ìàòðè÷íå çîáðàæåííÿ ðîçêëàäà¹òüñÿ â ïðÿ-

ìó ñóìó íåçâiäíèõ çîáðàæåíü, ÷èñëî ÿêèõ ñêií÷åííå (â iíøèõ òåðìiíàõ öå

îçíà÷à¹, ùî ãðóïîâà àëãåáðà ¹ íàïiâïðîñòîþ).

Ó äðóãîìó âèïàäêó, íåðîçêëàäíèõ çîáðàæåíü, ÿê ïðàâèëî, íåñêií÷åí-

íå ÷èñëî (ç òî÷íiñòþ äî åêâiâàëåíòíîñòi); â öüîìó âèïàäêó êàæóòü, ùî

ãðóïà ìà¹ íåñêií÷åííèé çîáðàæóâàëüíèé òèï. Ãðóïà íåñêií÷åííîãî òèïó

ìîæå áóòè ðó÷íîãî àáî äèêîãî çîáðàæóâàëüíîãî òèïó (ôîðìàëüíî ãðóïè

ñêií÷åííîãî òèïó íàëåæàòü äî ðó÷íèõ ãðóï). Ãðóïè ðó÷íîãî òà äèêîãî
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çîáðàæóâàëüíîãî òèïiâ ÷àñòî íàçèâàþòü ïðîñòî ðó÷íèìè òà äèêèìè.

Iç êëàñèôiêàöiéíèõ ðåçóëüòàòiâ Â. Ì. Áîíäàðåíêà òà äîáðå âiäîìèõ

òåîðåì Þ. À. Äðîçäà ïðî ðó÷íi òà äèêi àëãåáðè ìà¹ìî íàñòóïíi òåîðåìè,

îòðèìàíi íèìè â 1977 ð.

Òåîðåìà 1. Íåöèêëi÷íà ñêií÷åííà p-ãðóïà G ¹ ðó÷íîþ íàä ïîëåì k

õàðàêòåðèñòèêè p òîäi i ëèøå òîäi, êîëè (G : G′) ≤ 4 (àáî, ìåíø ôîð-

ìàëüíî, p = 2 i G/G′ ∼= (2, 2)).

Òóò G′ ïîçíà÷à¹, ÿê çâè÷àéíî, êîìóòàíò ãðóïè G.

Òåîðåìà 2. Ñêií÷åííà ãðóïà G ¹ ðó÷íîþ íàä ïîëåì k õàðàêòåðèñòèêè

p òîäi i ëèøå òîäi, êîëè äîâiëüíà ¨¨ àáåëåâà p-ïiäãðóïà ïîðÿäêó áiëüøîãî

4-õ � öèêëi÷íà.

Ó 2008 ðîöi Ä. Ô. Êàðëñîí, Å. Ì. Ôðiäëåíäåð i Þ. Ï¹âöîâà, âèâ÷àþ÷è

ãðóïîâi ñõåìè, ââåëè (ó ìîäóëÿðíîìó âèïàäêó) ïîíÿòòÿ ìîäóëiâ ïîñòié-

íîãî æîðäàíîâîãî òèïó, à òàêîæ óñòàíîâèëè íèçêó âàæëèâèõ âëàñòèâî-

ñòåé òàêèõ ìîäóëiâ. Öi¹þ òåìàòèêîþ çàéìàþòüñÿ, çîêðåìà, äîáðå âiäîìi

àëãåáðà¨ñòè À. À. Ñóñëií i Ä. Áåíñîí. ßê çàçíà÷èâ Ä. Áåíñîí, îäíèì iç

íàéâàæëèâiøèõ âèïàäêiâ i, çîêðåìà, ç òî÷êè çîðó çàñòîñóâàíü, ¹ âèïàäîê

åëåìåíòàðíèõ àáåëåâèõ ãðóï (íàïðèêëàä, iñíó¹ ãëèáîêèé çâ'ÿçîê ç âåêòîð-

íèìè â'ÿçêàìè).

Ó äèñåðòàöi¨ ðîçãëÿäà¹òüñÿ çàäà÷à ïðî îïèñ çîáðàæåíü ïîñòiéíîãî æîð-

äàíîâîãî òèïó äëÿ åëåìåíòàðíèõ àáåëåâèõ ãðóï, à òàêîæ, ïðè äåÿêîìó

ïîñëàáëåííi îçíà÷åííÿ, äëÿ äiåäðàëüíèõ ãðóï.

Ó ïåðøîìó ðîçäiëi äèñåðòàöiéíî¨ ðîáîòè âèêëàäåíî îñíîâíi ïî÷àòêîâi

âiäîìîñòi iç òåîði¨ êàòåãîðié, âiäîìîñòi ç ëiíiéíî¨ àëãåáðè òà ñó÷àñíî¨ òåîði¨

ìàòðè÷íèõ çîáðàæåíü.

Ó äðóãîìó ðîçäiëi âèâ÷àþòüñÿ ìàòðè÷íi çîáðàæåííÿ ÷åòâåðíî¨ ãðóïè

Êëåéíà íàä àëãåáðà¨÷íî çàìêíóòèì ïîëåì õàðàêòåðèñòèêè 2.

Íåõàé ìà¹ìî ìàòðè÷íå çîáðàæåííÿ λ : G2,2 → GLn(k) (ðîçìiðíîñòi
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n ≥ 1) ÷åòâåðíî¨ ãðóïè Êëåéíà G2,2 íàä àëãåáðà¨÷íî çàìêíóòèì ïîëåì k

õàðàêòåðèñòèêè 2. Ìàòðè÷íå çîáðàæåííÿ λ îòîòîæíþ¹òüñÿ ç ïàðîþ ìà-

òðèöü (A,B), äå A = λ(a), B = λ(b) i, îòæå, äîâiëüíå ìàòðè÷íå çîáðà-

æåííÿ ãðóïè G2,2 çàäà¹òüñÿ ïàðîþ ìàòðèöü (A,B) çi ñïiââiäíîøåííÿìè

A2 = E, B2 = E, AB = BA, äå E � îäèíè÷íà ìàòðèöÿ.

Îñêiëüêè (A + E)2 = 0 i (B + E)2 = 0 (áî ïîëå ìà¹ õàðàêòåðèñòè-

êó 2), òî äëÿ äîâiëüíèõ x, y ∈ k ïîâ'ÿçàíà iç çîáðàæåííÿì λ ìàòðèöÿ

λxy = (A,B)xy := x(A + E) + y(B + E) ó êâàäðàòi òàêîæ äîðiâíþ¹

íóëþ. Ìàòðè÷íå çîáðàæåííÿ λ = (A,B) íàçèâà¹òüñÿ çîáðàæåííÿì ïî-

ñòiéíîãî æîðäàíîâîãî òèïó, ÿêùî æîðäàíîâèé òèï ìàòðèöi (A,B)xy (òîá-

òî ¨¨ íîðìàëüíà ôîðìà Æîðäàíà) íå çàëåæèòü âiä êîåôiöi¹íòiâ x, y, ÿêi

îäíî÷àñíî íå äîðiâíþþòü íóëþ. Ó öüîìó âèïàäêó âêàçàíèé æîðäàíîâèé

òèï íàçèâà¹òüñÿ æîðäàíîâèì òèïîì çîáðàæåííÿ λ i ïîçíà÷à¹òüñÿ ÷åðåç

JT (λ) = JT (A,B).

Â äðóãîìó ðîçäiëi îïèñàíî çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâîãî òèïó

äëÿ ÷åòâåðíî¨ ãðóïè Êëåéíà. Ìà¹ ìiñöå íàñòóïíå òâåðäæåííÿ:

Ìàòðè÷íi çîáðàæåííÿ ãðóïè G2,2 (íàä àëãåáðà¨÷íî çàìêíóòèì ïîëåì k

õàðàêòåðèñòèêè 2) âèãëÿäó

a) a→ (1), b→ (1),

b) a→


1 0 1 0

0 1 0 1

0 0 1 0

0 0 0 1

 , b→


1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1

 ,

c) a→


Es Es 0

0 Es+1

 , b→


Es 0 Es

0 Es+1

 ,
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d) a→



Es+1

Es

0̃

0 Es


, b→



Es+1

0̃

Es

0 Es


,

äå s � íàòóðàëüíå ÷èñëî, óòâîðþþòü ïîâíó ñèñòåìó íåðîçêëàäíèõ ïîïàð-

íî íååêâiâàëåíòíèõ ìàòðè÷íèõ çîáðàæåíü ïîñòiéíîãî æîðäàíîâîãî òèïó.

Òóò ÷åðåçEs ïîçíà÷à¹òüñÿ îäèíè÷íà ìàòðèöÿ ïîðÿäêó s. ÊëiòèíàÆîð-

äàíà ïîðÿäêó m ç âëàñíèì ÷èñëîì c ïîçíà÷à¹òüñÿ ÷åðåç Jm(c). ×åðåç 0 i

0̃ ïîçíà÷à¹òüñÿ âiäïîâiäíî íóëüîâèé ñòîâïåöü i íóëüîâèé ðÿäîê äîâiëüíî¨

ìàòðèöi.

ßê íàñëiäîê ïîêàçàíî, ùî â êîæíié ðîçìiðíîñòi ¹ ëèøå ñêií÷åííà êiëü-

êiñòü íåðîçêëàäíèõ, ïîïàðíî íååêâiâàëåíòíèõ çîáðàæåíü ïîñòiéíîãî æîð-

äàíîâîãî òèïó. Îòðèìàíî óçàãàëüíåííÿ íà ìàòðè÷íi çîáðàæåííÿ ëîêàëü-

íèõ àëãåáð íàä ïîëåì äîâiëüíî¨ õàðàêòåðèñòèêè.

Ó òðåòüîìó ðîçäiëi îïèñàíà êàòåãîðiÿ ìàòðè÷íèõ çîáðàæåíü ïîñòiéíî-

ãî æîðäàíîâîãî òèïó äëÿ ÷åòâåðíî¨ ãðóïè Êëåéíà. Äëÿ äîâiëüíî¨ ôiêñîâà-

íî¨ ðîçìiðíîñòi îá÷èñëåíî çàãàëüíå ÷èñëî íåðîçêëàäíèõ ìàòðè÷íèõ çîáðà-

æåíü ÷åòâåðíî¨ ãðóïè Êëåéíà íàä ñêií÷åííèì ïîëåì, ÿêi ìàþòü ïîñòiéíèé

æîðäàíîâèé òèï.

Ó ÷åòâåðòîìó ðîçäiëi îòðèìàíî êðèòåðié ðó÷íîñòi äëÿ åëåìåíòàðíèõ

àáåëåâèõ ãðóï âiäíîñíî ìàòðè÷íèõ çîáðàæåíü ïîñòiéíîãî æîðäàíîâîãî òè-

ïó. Îïèñàíî ìàòðè÷íi çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâîãî òèïó ìàëèõ

ðîçìiðíîñòåé äëÿ äîâiëüíî¨ äèêî¨ åëåìåíòàðíî¨ àáåëåâî¨ 2-ãðóïè.

Ó ï'ÿòîìó ðîçäiëi âèâ÷àþòüñÿ ìàòðè÷íi çîáðàæåííÿ ñêií÷åííèõ äiå-

äðàëüíèõ 2-ãðóï G2m = 〈a, b | a2 = 1, b2 = 1, (ab)2m−1 = 1〉 (m ≥ 2) òà

íåñêií÷åííî¨ äiåäðàëüíî¨ ãðóïè G∞ = 〈a, b | a2 = 1, b2 = 1〉 íàä íåñêií-

÷åííèì ïîëåì k õàðàêòåðèñòèêè 2, ÿêi ìàþòü ïîñòiéíèé ðàíã (âiäíîñíî
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òâiðíèõ a i b).

Äîâåäåíî iñíóâàííÿ íåñêií÷åííîãî ÷èñëà ðîçìiðíîñòåé, â êîæíié iç

ÿêèõ äëÿ âñiõ äiåäðàëüíèõ 2-ãðóï iñíó¹ íåñêií÷åííå ÷èñëî íåðîçêëàäíèõ

ïîïàðíî íååêâiâàëåíòíèõ çîáðàæåíü ïîñòiéíîãî ðàíãó ÷è íåïîñòiéíîãî

ðàíãó. ßêùî ãîâîðèòè ïðî ïîñòiéíèé ðàíã, òî çà ìàòðèöi, ÿêi çàáåçïå-

÷óþòü âêàçàíå òâåðäæåííÿ, ìîæíà âçÿòè íàñòóïíi ìàòðèöi:

a→ Ta =


Em Em 0 0

0 Em 0 0

0 0 Em 0

0 0 Em Em

 ,

b→ Tb =


Em 0 0 Jm(λ)

0 Em Em 0

0 0 Em 0

0 0 0 Em

 ,

äå Jm(λ) � êëiòèíà Æîðäàíà ðîçìiðíîñòi m ç âëàñíèì ÷èñëîì λ 6= 0.

Çîáðàæåííÿ, ÿêi çàäàþòüñÿ òàêèìè ïàðàìè ìàòðèöü, íåðîçêëàäíi òà

ïîïàðíî íååêâiâàëåíòíi.

Äëÿ íåñêií÷åííî¨ äiåäðàëüíî¨ ãðóïè îïèñàíà ñòðîãî ïîâíà ìíîæèíà ñå-

ðié ìîäóëÿðíèõ çîáðàæåíü âiäíîñíî âñiõ çîáðàæåíü ðîçìiðíîñòi n < 8,

ÿêi ìàþòü ïîñòiéíèé ðàíã, òà îòðèìàíî íàñëiäêè äëÿ çàãàëüíèõ ñåðié, ÿêi

âêàçóþòü ÿâíèé âèãëÿä ðîçìiðíîñòåé, â ÿêèõ iñíó¹ íåñêií÷åííå ÷èñëî íå-

ðîçêëàäíèõ (íååêâiâàëåíòíèõ) çîáðàæåíü ïîñòiéíîãî ðàíãó.

Êëþ÷îâi ñëîâà: ãðóïà, ïîëå, ìàòðè÷íå çîáðàæåííÿ, åêâiâàëåíòíiñòü,

íåðîçêëàäíiñòü, õàðàêòåðèñòèêà ïîëÿ, ÷åòâåðíà ãðóïà Êëåéíà, äiåäðàëüíà

ãðóïà, ïîñòiéíèé æîðäàíîâèé òèï, ïîñòiéíèé ðàíã, ñêií÷åííèé òèï, ðó÷íà

i äèêà ãðóïà.
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ABSTRACT

Podolian I. V. Matrix representations of constant Jordan type of abelian and

dihedral groups. � Qualifying scienti�c work on the rights of the manuscript.

The thesis for obtaining the Candidate of Physical and Mathematical Sci-

ences degree on the speciality 01.01.06 � �algebra and number theory�. � Taras

Shevchenko National University of Kyiv, Ministry of Education and Science

of Ukraine. � Institute of Mathematics of National Academy of Sciences of

Ukraine, Kyiv, 2019.

The dissertation is connected with modern aspects of the theory of matrix

representations of �nite groups.

Matrix representations (or the corresponding modules) of �nite groups

over �elds and classical rings have been investigated for many decades. If

we talk about the representations of �nite groups over a �eld, then the theory

of representations has 2 main directions: the classical one, when the �eld

characteristic does not divide the order of the group (in particular, it is equal

to zero) and modular, when the �eld characteristic divides the order of the

group.

In the �rst case, each matrix representation is decomposed into a direct

sum of irreducible representations whose numbers are �nite (in other terms,

this means that the group algebra is semisimple).

In the second case, the number of indecomposable representations (up to

equivalence) is, as a rule, in�nite; in this case one says that the group has an

in�nite representations type. A group of in�nite type can be of tame or wild

representation type (formally, groups of �nite type belong to tame groups).

Groups of tame or wild type are often referred to as tame and wild.
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From the classi�cation results of V. M. Bondarenko and the well-known

theorems of Yu. A. Drozd, on tame and wild algebras, we have the following

theorems obtained them in 1977.

Theorem 1. A non-cyclic �nite p-group G is tame over a �eld k of

characteristic p if and only if (G : G′) ≤ 4 ( or, less formally, p = 2 and

G/G′ ∼= (2, 2)).

Here G′ denotes, as usual, the commutant of the group G.

Theorem 2. The �nite group G is tame over a �eld k of characteristic p if

and only if its arbitrary abelian p-subgroup of order greater than 4 is cyclic.

In 2008 D. F. Carlson, E. M. Friedlander and Yu. Pevsova, studying

group schemes, introduced (in the modular case) the concept of modules of the

constant Jordan type, and also established a number of important properties

of such modules. This topic is concerned, in particular, with the well-known

algebraists A. A. Suslin and D. Benson. As D. Benson has pointed out, one

of the most important cases and, in particular, from the point of view of

applications, is the case of elementary abelian groups (for example, there is a

deep connection with vector bundles).

The dissertation deals with the classi�cations of the representations of a

constant Jordan type for elementary abelian groups, as well as, with a certain

easing of the de�nition, for dihedral groups.

In the �rst section of the dissertation, the basic initial information on the

theory of categories, information from linear algebra and modern theory of

matrix representations is presented.

In the second section we study the matrix representations of the fourth

Klein group over an algebraically closed �eld of characteristic 2.

Let we have a matrix representation λ : G2,2 → GLn(k) (of dimensi-

on n ≥ 1) of the fourth Klein group G2,2 over an algebraically closed �-

eld of characteristic 2. The matrix representation λ is identi�ed with the
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pair of matrices (A,B), where A = λ(a), B = λ(b) and, thus, any matrix

representation of the group G2,2 is de�ned by the pair of the matrices (A,B)

with the relation A2 = E, B2 = E, AB = BA, where E denotes the identity

matrix.

Since (A + E)2 = 0 i (B + E)2 = 0 (hence the �eld has characteristic 2),

the matrix λxy = (A,B)xy := x(A + E) + y(B + E) in power 2 is equal to

zero for any x, y ∈ k. The representation λ = (A,B) is called a representation

of the constant Jordan type if the Jordan type of the matrix (A,B)xy (i. e.

its normal Jordan form) does not depend on the coe�cients x, y which at the

same time do not equal to zero. In this case, the speci�ed Jordan type is called

the Jordan type of the representation λ and is denoted by JT (λ) = JT (A,B).

In the second section we classify the representations of the constant Jordan

type for the fourth Klein group. The following statement takes place:

The matrix representations of the group G2,2 (over an algebraically closed

�eld k of characteristic 2) of the form

a) a→ (1), b→ (1),

b) a→


1 0 1 0

0 1 0 1

0 0 1 0

0 0 0 1

 , b→


1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1

 ,

c) a→


Es Es 0

0 Es+1

 , b→


Es 0 Es

0 Es+1

 ,
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d) a→



Es+1

Es

0̃

0 Es


, b→



Es+1

0̃

Es

0 Es


,

where s is a natural number, form a complete system of indecomposable pai-

rwise non-equivalent matrix representations of constant Jordan type.

Here by Es is denoted the identity matrix of order s. The Jordan block

of order m with its own number c is denoted by Jm(c). By 0 i 0̃ is denoted

respectively, a zero column and a zero string of an arbitrary matrix.

As a consequence, it is shown that in each dimension there is only a �-

nite number of indecomposable, pairwise non-equivalent representations of a

constant Jordan type. A generalization on the matrix representations of local

algebras over a �eld of arbitrary characteristic is obtained.

In the third section we describes the category of permanent Jordan type

matrix representations for the fourth Klein group. For an arbitrary �xed di-

mension, we calculate the total number of indecomposable matrix representati-

ons of the fourth Klein group over a �nite �eld, which have constant Jordan

type

In the fourth section a tameness criterion for elementary abelian groups

is obtained for matrix representations of a constant Jordan type. The matrix

representations of a constant Jordan type of small dimensions for an arbitrary

wild elementary abelian 2-group are described.

In the �fth section we study matrix representations of �nite dihedral 2-

groups G2m = 〈a, b | a2 = 1, b2 = 1, (ab)2m−1 = 1〉 (m ≥ 2) and an in�nite di-

hedral group G∞ = 〈a, b | a2 = 1, b2 = 1〉 over an in�nite �eld k of characteri-
stic 2, that have constant rank (with respect to the generating element a and

b).
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We prove the existence of an in�nite number of dimensions, in each of which

there exists an in�nite number of indecomposable pairwise non-equivalent

representations of constant rank or non-constant rank for all dihedral 2-group.

If we talk about the constant rank, then as the matrices that provides the

indicated statement we can take the following matrices:

a→ Ta =


Em Em 0 0

0 Em 0 0

0 0 Em 0

0 0 Em Em

 ,

b→ Tb =


Em 0 0 Jm(λ)

0 Em Em 0

0 0 Em 0

0 0 0 Em

 ,

where Jm(λ) denotes the Jordan block of dimension m with its own number

λ 6= 0.

The representations that are given by such pairs of matrices are

indecomposable and non-equivalent.

For an in�nite dihedral group a strictly complete set of series of modular

representations is described for all representations of the dimension n < 8,

which have a constant rank, and the consequences for the general series are

received, which indicate explicit forms of dimensions in which there exists an

in�nite number of indecomposable pairwise non-equivalent representations of

constant rank.

Keywords: group, �eld, matrix representation, equivalence,

indecomposability, �eld characteristic, fourth Klein group, dihedral group,

constant Jordan type, constant rank, �nite type, tame and wild group.
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ÂÑÒÓÏ

Àêòóàëüíiñòü òåìè. Äèñåðòàöiéíà ðîáîòà ïîâ'ÿçàíà iç ñó÷àñíèìè àñïå-

êòàìè òåîði¨ ìàòðè÷íèõ çîáðàæåíü ñêií÷åííèõ ãðóï.

Ìàòðè÷íi çîáðàæåííÿ (÷è âiäïîâiäíi ìîäóëi) ñêií÷åííèõ ãðóï íàä ïî-

ëÿìè òà êëàñè÷íèìè êiëüöÿìè äîñëiäæóâàëèñü ïðîòÿãîì áàãàòüîõ äåñÿòè-

ëiòü. Âàæëèâi ðåçóëüòàòè çà öåé ÷àñ îòðèìàëè Ñ. Ä. Áåðìàí, Â. Ì. Áîí-

äàðåíêî, Ï. Ì. Ãóäèâîê, Þ. À. Äðîçä, Ë. Î. Íàçàðîâà, À. Â. Ðîéòåð,

Ø. Áðåííåð, À. Äæîíñ, Æ. Ì. Ìàðàíäà, I. Ðàéíåð, À. Õåëëåð, Ä. Ã. Õi-

ãìàí òà iíøi ìàòåìàòèêè (äèâ., çîêðåìà, [1] � [46]).

ßêùî ãîâîðèòè ïðî çîáðàæåííÿ ñêií÷åííèõ ãðóï íàä ïîëåì, òî òåîðiÿ

çîáðàæåíü ìà¹ 2 îñíîâíi íàïðÿìêè: êëàñè÷íèé, êîëè õàðàêòåðèñòèêà ïîëÿ

íå äiëèòü ïîðÿäîê ãðóïè (çîêðåìà, äîðiâíþ¹ íóëþ) i ìîäóëÿðíèé, êîëè

õàðàêòåðèñòèêà ïîëÿ äiëèòü ïîðÿäîê ãðóïè.

Ó ïåðøîìó âèïàäêó êîæíå ìàòðè÷íå çîáðàæåííÿ ðîçêëàäà¹òüñÿ â ïðÿ-

ìó ñóìó íåçâiäíèõ çîáðàæåíü, ÷èñëî ÿêèõ ñêií÷åííå (â iíøèõ òåðìiíàõ öå

îçíà÷à¹, ùî ãðóïîâà àëãåáðà ¹ íàïiâïðîñòîþ).

Ó äðóãîìó âèïàäêó çàâæäè iñíóþòü íåðîçêëàäíi çîáðàæåííÿ, ÿêi íå

¹ íåçâiäíèìè i äî òîãî æ íåðîçêëàäíèõ çîáðàæåíü, ÿê ïðàâèëî, íåñêií-

÷åííå ÷èñëî (ç òî÷íiñòþ äî åêâiâàëåíòíîñòi); â öüîìó âèïàäêó êàæóòü,

ùî ãðóïà ìà¹ íåñêií÷åííèé çîáðàæóâàëüíèé òèï. Äî ãðóï ñêií÷åííîãî

çîáðàæóâàëüíîãî òèïó íàëåæàòü ëèøå ãðóïè ç öèêëi÷íîþ ñèëîâñüêîþ p-

ïiäãðóïîþ (p � õàðàêòåðèñòèêà ïîëÿ). Â ñâîþ ÷åðãó ãðóïà íåñêií÷åííîãî

òèïó ìîæå áóòè ðó÷íîãî àáî äèêîãî çîáðàæóâàëüíîãî òèïó. Ãðóïà ðó÷íî-

ãî òèïó � öå òàêà ãðóïà, ùî (íàä àëãåáðà¨÷íèì çàìèêàííÿì îñíîâíîãî

ïîëÿ) â êîæíié ðîçìiðíîñòi âñi ¨¨, ç òî÷íiñòþ äî åêâiâàëåíòíîñòi, íåðîç-

êëàäíi çîáðàæåííÿ ñêëàäàþòüñÿ iç ñêií÷åííîãî ÷èñëà îäíîïàðàìåòðè÷íèõ
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ñiìåéñòâ çîáðàæåíü i ñêií÷åííîãî ÷èñëà äèñêðåòíèõ çîáðàæåíü (òîáòî, áåç

ïàðàìåòðó). Ãðóïà äèêîãî òèïó � öå òàêà ãðóïà, ó ÿêî¨ ¹ äâîïàðàìåòðè÷íå

ñiìåéñòâî íåðîçêëàäíèõ çîáðàæåíü. Â îáîõ âèïàäêàõ ìà¹òüñÿ íà óâàçi, ùî

ïðè ðiçíèõ çíà÷åííÿõ ïàðàìåòðiâ âiäïîâiäíi çîáðàæåííÿ íååêâiâàëåíòíi

(âiäíîñíî ñòðîãèõ îçíà÷åíü, äëÿ ìàòðè÷íèõ çàäà÷ â çàãàëüíîìó âèïàäêó,

äèâ. [47]). Çàóâàæèìî, ùî ôîðìàëüíî ãðóïè ñêií÷åííîãî òèïó íàëåæàòü

äî ðó÷íèõ ãðóï. Ãðóïè ðó÷íîãî òà äèêîãî çîáðàæóâàëüíîãî òèïiâ ÷àñòî

íàçèâàþòü ïðîñòî ðó÷íèìè òà äèêèìè.

Iç êëàñèôiêàöiéíèõ ðåçóëüòàòiâ Â. Ì. Áîíäàðåíêà (îïèñó ìîäóëÿðíèõ

çîáðàæåíü äiåäðàëüíèõ òà êâàçiäiåäðàëüíèõ ãðóï [8, 9]) òà äîáðå âiäîìèõ

òåîðåì Þ. À. Äðîçäà ïðî ðó÷íi òà äèêi àëãåáðè [47, 48] ìà¹ìî íàñòóïíi

òåîðåìè, îòðèìàíi â 1977 ð. [13].

Òåîðåìà 1. Íåöèêëi÷íà ñêií÷åííà p-ãðóïà G ¹ ðó÷íîþ íàä ïîëåì k

õàðàêòåðèñòèêè p òîäi i ëèøå òîäi, êîëè (G : G′) ≤ 4 (àáî, ìåíø ôîð-

ìàëüíî, p = 2 i G/G′ ∼= (2, 2)).

Òóò G′ ïîçíà÷à¹, ÿê çâè÷àéíî, êîìóòàíò ãðóïè G.

Òåîðåìà 2. Ñêií÷åííà ãðóïà G ¹ ðó÷íîþ íàä ïîëåì k õàðàêòåðèñòèêè

p òîäi i ëèøå òîäi, êîëè äîâiëüíà ¨¨ àáåëåâà p-ïiäãðóïà ïîðÿäêó áiëüøîãî

4-õ � öèêëi÷íà.

Öi òåîðåìè äàëè äîäàòêîâèé ïîøòîâõ äëÿ âèâ÷åííÿ çîáðàæåíü ó ìîäó-

ëÿðíîìó âèïàäêó, îñîáëèâî äëÿ íå p-ãðóï (äèâ., íàïðèêëàä, [49] � [57].)

Ó 2008 ðîöi Ä. Ô. Êàðëñîí, Å. Ì. Ôðiäëåíäåð i Þ. Ï¹âöîâà [58], âè-

â÷àþ÷è ãðóïîâi ñõåìè, ââåëè (ó ìîäóëÿðíîìó âèïàäêó) ïîíÿòòÿ ìîäóëiâ

ïîñòiéíîãî æîðäàíîâîãî òèïó, à òàêîæ óñòàíîâèëè íèçêó âàæëèâèõ âëà-

ñòèâîñòåé òàêèõ ìîäóëiâ. Öi¹þ òåìàòèêîþ çàéìàëèñÿ äîáðå âiäîìi àëãå-

áðà¨ñòè À. À. Ñóñëií i Ä. Áåíñîí, à òàêîæ iíøi ìàòåìàòèêè ([59] � [69]). ßê

çàçíà÷èâ Ä. Áåíñîí, îäíèì iç íàéâàæëèâiøèõ âèïàäêiâ i, çîêðåìà, ç òî÷êè

çîðó çàñòîñóâàíü, ¹ âèïàäîê åëåìåíòàðíèõ àáåëåâèõ ãðóï [64] (íàïðèêëàä,
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iñíó¹ ãëèáîêèé çâ'ÿçîê ç âåêòîðíèìè â'ÿçêàìè).

Íåõàé G = Gr = (g1, . . . , gr) ∼= (Z/p)r åëåìåíòàðíà � àáåëåâà p-

ãðóïà i λ � ìàòðè÷íå çîáðàæåííÿ ãðóïè G íàä àëãåáðà¨÷íî çàìêíóòèì

ïîëåì k õàðàêòåðèñòèêè p (g1, . . . , gr � êàíîíi÷íi òâiðíi). Òîäi ìàòðèöi

λ(g1−1), . . . , λ(gr−1) ¹ íiëüïîòåíòíèìè, à çíà÷èòü íiëüïîòåíòíîþ ¹ áóäü-

ÿêà ¨õ ëiíiéíà êîìáiíàöiÿ a1λ(g1− 1) + · · ·+ arλ(gr − 1). Ìàòðè÷íå çîáðà-

æåííÿ λ íàçèâà¹òüñÿ çîáðàæåííÿì ïîñòiéíîãî æîðäàíîâîãî òèïó, ÿêùî

æîðäàíîâà êàíîíi÷íà ôîðìà âêàçàíî¨ ëiíiéíî¨ êîìáiíàöi¨ íå çàëåæèòü âiä

âèáîðó êîåôiöi¹íòiâ a1, . . . , ar iç ïîëÿ k, ñåðåä ÿêèõ ïðèíàéìíi îäèí íå-

íóëüîâèé. ßêùî öÿ æîðäàíîâà êàíîíi÷íà ôîðìà ìà¹ æîðäàíîâi áëîêè

ðîçìiðó t1, . . . , ts, òîäi êàæóòü, ùî çîáðàæåííÿ λ ìà¹ æîðäàíîâèé òèï

JT (λ) = [t1] . . . [ts].

Ó çàãàëüíîìó âèïàäêó (ÿêùî ãîâîðèòè íà ìîâi ìîäóëiâ) öå ïîíÿòòÿ

ââîäèòüñÿ â [58] íàñòóïíèì ÷èíîì.

Íåõàé G � äîâiëüíà ñêií÷åííà ãðóïà i k � ïîëå õàðàêòåðèñòèêè p > 0.

Ðîçãëÿäàþòüñÿ ìîäóëi íàä êiëüöåì k[t]/(tp), äå k[t] � êiëüöå ïîëiíîìiâ

âiä çìiííî¨ t i (tp) � iäåàë, ïîðîäæåíèé åëåìåíòîì tp. Êîæíèé ìîäóëü

íàä öèì êiëüöåì çàäà¹òüñÿ îïåðàòîðîì ñòóïåíÿ íiëüïîòåíòíîñòi p â ñêií-

÷åííîâèìiðíîìó âåêòîðíîìó ïðîñòîði (àáî, ùî åêâiâàëåíòíî, êâàäðàòíîþ

ìàòðèöåþ ñòóïåíÿ íiëüïîòåíòíîñòi p), à çíà÷èòü äëÿ íüîãî âèçíà÷åíèé

æîðäàíîâèé òèï (äèâ. âèùå). Äëÿ ìîäóëÿ M íàä ãðóïîâîþ àëãåáðîþ kG

i ãîìîìîðôiçìó (àëãåáð) α : k[t]/(tp) → kG ïîçíà÷èìî ÷åðåç Mα âiäïî-

âiäíèé ìîäóëü íàä k[t]/(tp) (òîáòî, Mα = M ÿê âåêòîðíi ïðîñòîðè i äëÿ

äîâiëüíèõ λ ∈ k[t]/(tp), m ∈ Mα, ìà¹ìî λm = α(λ)m). Â öié ñèòóàöi¨

êàæóòü, ùî æîðäàíîâèé òèï ìîäóëÿ Mα ¹ æîðäàíîâèì òèïîì α íà M .

Äëÿ ãðóïè G ¨¨ π-òî÷êîþ íàçèâà¹òüñÿ ëiâèé ïëîñêèé ãîìîìîðôiçì (àë-

ãåáð) α : k[t]/(tp) → kG, ÿêèé ôàêòîðèçó¹òüñÿ ÷åðåç ãðóïîâó àëãåáðó

kC ⊂ kG äåÿêî¨ àáåëåâî¨ p-ïiäãðóïè C ⊂ G. Ìîäóëü M íàä kG íàçèâà¹-

òüñÿ ìîäóëåì ïîñòiéíîãî æîðäàíîâîãî òèïó, ÿêùî æîðäàíîâèé òèï ìîäóëÿ
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Mα íå çàëåæèòü âiä âèáîðó π-òî÷êè.

Ó ðîáîòàõ ïî öié òåìàòèöi, îêðiì âèâ÷åííÿ çàãàëüíèõ âëàñòèâîñòåé,

ðîçãëÿäà¹òüñÿ ïèòàííÿ ïðî iñíóâàííÿ ìîäóëiâ (÷è çîáðàæåíü) ïîñòiéíîãî

æîðäàíîâîãî òèïó ç ÷èñëàìè t1 . . . ts, ùî çàäîâîëüíÿþòü äåÿêi ïðèðîäíi,

íàïåðåä çàäàíi, óìîâè òà ïèòàííÿ ïðî ðîçïîäië æîðäàíîâèõ òèïiâ.

Ó äèñåðòàöi¨ ðîçãëÿäà¹òüñÿ çàäà÷à ïðî îïèñ çîáðàæåíü ïîñòiéíîãî æîð-

äàíîâîãî òèïó äëÿ åëåìåíòàðíèõ àáåëåâèõ ãðóï, à òàêîæ, ïðè äåÿêîìó

ïîñëàáëåííi îçíà÷åííÿ, äëÿ äiåäðàëüíèõ ãðóï.

Çâ'ÿçîê ðîáîòè ç íàóêîâèìè ïðîãðàìàìè, ïëàíàìè, òåìàìè.

Òåìàòèêà äèñåðòàöiéíî¨ ðîáîòè ïîâ'ÿçàíà ç íàóêîâèìè äîñëiäæåííÿìè êà-

ôåäðè àëãåáðè òà ìàòåìàòè÷íî¨ ëîãiêè ìåõàíiêî-ìàòåìàòè÷íîãî ôàêóëü-

òåòó Êè¨âñüêîãî íàöiîíàëüíîãî óíiâåðñèòåòó iìåíi Òàðàñà Øåâ÷åíêà �

òåìà 11ÁÔ038-03 �Çàñòîñóâàííÿ àëãåáðî-ãåîìåòðè÷íèõ ìåòîäiâ â òåîðiÿõ

ãðóï, íàïiâãðóï, êiëåöü, çîáðàæåíü äî çàäà÷ ïðèêëàäíî¨ àëãåáðè òà çàõè-

ñòó iíôîðìàöi¨� (íîìåð äåðæàâíî¨ ðå¹ñòðàöi¨ 0111U005264).

Ìåòà i çàäà÷i äîñëiäæåííÿ. Ìåòîþ äîñëiäæåííÿ ¹ îïèñ åëåìåíòàð-

íèõ àáåëåâèõ ãðóï, ÿêi ìàþòü ñêií÷åííèé, ðó÷íèé òà äèêèé òèïè âiäíîñíî

çîáðàæåíü ïîñòiéíîãî æîðäàíîâîãî òèïó, îïèñ êàòåãîði¨ òàêèõ çîáðàæåíü

ó âèïàäêó ñêií÷åííîãî òèïó òà ïîáóäîâó îäíîïàðàìåòðè÷íèõ ñiìåéñòâ ìà-

òðè÷íèõ çîáðàæåíü ïîñòiéíîãî æîðäàíîâîãî òèïó äëÿ äiåäðàëüíèõ ãðóï.

Îá'¹êòîì äîñëiäæåííÿ ¹ ìàòðè÷íi çîáðàæåííÿ i êàòåãîði¨.

Ïðåäìåò äîñëiäæåííÿ � çîáðàæóâàëüíèé òèï ñêií÷åííèõ ãðóï âiäíî-

ñíî çîáðàæåíü ïîñòiéíîãî æîðäàíîâîãî òèïó i íåðîçêëàäíi îá'¹êòè òà ìîð-

ôiçìè êàòåãîðié òàêèõ çîáðàæåíü.

Ìåòîäè äîñëiäæåííÿ. Îñíîâíèìè ìåòîäàìè, ùî âèêîðèñòîâóþòüñÿ

ïðè äîñëiäæåííÿõ, ¹ ìåòîäè òåîði¨ çîáðàæåíü òà ìåòîä ìàòðè÷íèõ çàäà÷.

Íàóêîâà íîâèçíà îäåðæàíèõ ðåçóëüòàòiâ. Ó äèñåðòàöi¨ îòðèìàíî

íîâi òåîðåòè÷íi ðåçóëüòàòè, îñíîâíèìè iç ÿêèõ ¹ òàêi:
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• Îïèñàíà êàòåãîðiÿ çîáðàæåíü ïîñòiéíîãî æîðäàíîâîãî òèïó äëÿ ÷å-

òâåðíî¨ ãðóïè Êëåéíà òà âêàçàíî âëàñòèâîñòi ìíîæèí ìîðôiçìiâ.

• Äëÿ äîâiëüíî¨ ôiêñîâàíî¨ ðîçìiðíîñòi îá÷èñëåíî çàãàëüíå ÷èñëî íå-

ðîçêëàäíèõ ìàòðè÷íèõ çîáðàæåíü ÷åòâåðíî¨ ãðóïè Êëåéíà íàä ñêií÷åí-

íèì ïîëåì, ÿêi ìàþòü ïîñòiéíèé æîðäàíîâèé òèï.

• Îòðèìàíî êðèòåðié ðó÷íîñòi äëÿ åëåìåíòàðíèõ àáåëåâèõ ãðóï âiä-

íîñíî ìàòðè÷íèõ çîáðàæåíü ïîñòiéíîãî æîðäàíîâîãî òèïó.

• Îïèñàíi ìàòðè÷íi çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâîãî òèïó ìàëèõ

ðîçìiðíîñòåé äëÿ äîâiëüíî¨ äèêî¨ åëåìåíòàðíî¨ àáåëåâî¨ 2-ãðóïè.

• Äîâåäåíî iñíóâàííÿ íåñêií÷åííîãî ÷èñëà ðîçìiðíîñòåé, â êîæíié iç

ÿêèõ äëÿ ñêií÷åííèõ äiåäðàëüíèõ 2-ãðóï iñíó¹ íåñêií÷åííå ÷èñëî íåðîç-

êëàäíèõ ïîïàðíî íååêâiâàëåíòíèõ çîáðàæåíü ïîñòiéíîãî (âiäïîâiäíî íå-

ïîñòiéíîãî) ðàíãó.

• Äëÿ íåñêií÷åííî¨ äiåäðàëüíî¨ ãðóïè îïèñàíà ñòðîãî ïîâíà ìíîæèíà

ñåðié ìîäóëÿðíèõ çîáðàæåíü âiäíîñíî âñiõ çîáðàæåíü ðîçìiðíîñòi n < 8,

ÿêi ìàþòü ïîñòiéíèé ðàíã. Âêàçàíî íàñëiäêè äëÿ çàãàëüíèõ ñåðié íåðîç-

êëàäíèõ çîáðàæåíü ñêií÷åííèõ äiåäðàëüíèõ 2-ãðóï.

• Óçàãàëüíåíî íèçêó îòðèìàíèõ ðåçóëüòàòiâ äëÿ ìàòðè÷íèõ çàäà÷ íàä

ïîëåì äîâiëüíî¨ õàðàêòåðèñòèêè.

Ïðàêòè÷íå çíà÷åííÿ îäåðæàíèõ ðåçóëüòàòiâ. Ðåçóëüòàòè äèñåð-

òàöiéíî¨ ðîáîòè ìàþòü òåîðåòè÷íèé õàðàêòåð. Îòðèìàíi â íié ðåçóëüòàòè,

à òàêîæ ìåòîäè, çà äîïîìîãîþ ÿêèõ âîíè îòðèìàíi, ìîæóòü áóòè âèêîðè-

ñòàíi â òåîði¨ çîáðàæåíü i òåîði¨ ìàòðè÷íèõ çàäà÷.

Îñîáèñòèé âíåñîê çäîáóâà÷à. Óñi ðåçóëüòàòè äèñåðòàöiéíî¨ ðîáîòè

îòðèìàíî çäîáóâà÷åì ñàìîñòiéíî. Ó ñïiëüíèõ ç íàóêîâèì êåðiâíèêîì ðî-

áîòàõ îñòàííüîìó íàëåæàòü, ÿê ïðàâèëî, ïîñòàíîâêè çàäà÷ òà çàãàëüíi iäå¨

ùîäî ìåòîäiâ ¨õ ðîçâ'ÿçàííÿ, à ïðàêòè÷íà ðåàëiçàöiÿ òà ðÿä êîíêðåòíèõ

iäåé íàëåæàòü çäîáóâà÷åâi.



23

Àïðîáàöiÿ ðåçóëüòàòiâ äèñåðòàöi¨. Ðåçóëüòàòè äèñåðòàöiéíî¨ ðîáî-

òè îïðèëþäíåíî íà:

� ×îòèðíàäöÿòié Ìiæíàðîäíié íàóêîâié êîíôåðåíöi¨ iìåíi àêàäåìiêà

Ìèõàéëà Êðàâ÷óêà (ì. Êè¨â, 19-21 êâiòíÿ 2012 ð.);

� Ìiæíàðîäíié àëãåáðà¨÷íié êîíôåðåíöi¨, ïðèñâÿ÷åíié 100-ði÷÷þ âiä

äíÿ íàðîäæåííÿ Ñ. Ì.×åðíiêîâà (ì. Êè¨â, 20-26 ñåðïíÿ 2012 ð.);

� IX Ìiæíàðîäíié àëãåáðà¨÷íié êîíôåðåíöi¨ â Óêðà¨íi (ì. Ëüâiâ, 8-13

ëèïíÿ 2013 ð.);

� Ìiæíàðîäíié àëãåáðà¨÷íié êîíôåðåíöi¨, ïðèñâÿ÷åíié 100-ði÷÷þ âiä

äíÿ íàðîäæåííÿ Ë. À. Êàëóæíiíà (ì. Êè¨â, 7-12 ëèïíÿ 2014 ð.);

� IX Ìiæíàðîäíié àëãåáðà¨÷íié êîíôåðåíöi¨ â Óêðà¨íi, ïðèñâÿ÷åíié

70-ði÷÷þ Þ. À. Äðîçäà (ì. Îäåñà, 20-27 ñåðïíÿ 2015 ð.).

� XI Ìiæíàðîäíié àëãåáðà¨÷íié êîíôåðåíöi¨ â Óêðà¨íi, ïðèñâÿ÷åíié

75-ði÷÷þ Â. Â. Êèðè÷åíêà (ì. Êè¨â, 3-7 ëèïíÿ 2017 ð.).

Ïóáëiêàöi¨. Îñíîâíi ðåçóëüòàòè äèñåðòàöi¨ îïóáëiêîâàíî â 6 íàóêîâèõ

ðîáîòàõ ([70] � [75]), âñi iç ÿêèõ îïóáëiêîâàíi ó ôàõîâèõ âèäàííÿõ, îäíà iç

ÿêèõ [71] � ó âèäàííi, ùî âiäîáðàæà¹òüñÿ â íàóêîìåòðè÷íié áàçi Scopus,

òà øiñòü � ó òåçàõ êîíôåðåíöié ([76] � [81]).

Ñòðóêòóðà òà îáñÿã äèñåðòàöi¨. Äèñåðòàöiéíà ðîáîòà ñêëàäà¹òüñÿ iç

àíîòàöi¨, âñòóïó, ï'ÿòüîõ ðîçäiëiâ, âèñíîâêiâ, ñïèñêó âèêîðèñòàíèõ äæåðåë

òà äîäàòêó. Çàãàëüíèé îáñÿã äèñåðòàöi¨ � 184 ñòîðiíêè. Îáñÿã îñíîâíîãî

òåêñòó äèñåðòàöi¨ � 153 ñòîðiíêè. Ñïèñîê âèêîðèñòàíèõ äæåðåë çàéìà¹ 11

ñòîðiíîê (93 íàéìåíóâàííÿ).

Àâòîð ùèðî âäÿ÷íèé ñâî¹ìó íàóêîâîìó êåðiâíèêó ïðîôåñîðó

Â. Ì. Áîíäàðåíêó çà ïîñòàíîâêó çàäà÷, öiííi ïîðàäè òà ïîñòiéíó óâàãó

äî ðîáîòè.
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Ðîçäië 1

Ïîïåðåäíi âiäîìîñòi

1.1. Êàòåãîði¨ íàä ïîëåì

Òåîðiÿ êàòåãîðié � îäíà iç âiòîê àëãåáðè, ÿêà çàñòîñîâó¹òüñÿ â ðiçíèõ

îáëàñòÿõ íàóêè. Ïî÷àòêîâi ¨¨ àñïåêòè âèêëàäåíi, íàïðèêëàä, â [82].

Ó öüîìó ïàðàãðàôi ïðèâåäåíî îñíîâíi îçíà÷åííÿ òà äåÿêi òâåðäæåííÿ,

ÿêi ñòîñóþòüñÿ êàòåãîðié íàä ïîëåì.

Ìíîæèíà îá'¹êòiâ êàòåãîði¨ Φ ïîçíà÷à¹òüñÿ ÷åðåç Ob Φ, à ìíîæèíà ¨¨

ìîðôiçìiâ � ÷åðåç Mor Φ; ìíîæèíà ìîðôiçìiâ ç îá'¹êòà X â îá'¹êò Y

ïîçíà÷à¹òüñÿ ÷åðåç HomΦ(X, Y ) àáî Φ(X, Y ). Çàìiñòü X ∈ Ob Φ ÷àñòî

ïèøóòüX ∈ Φ; çàïèñX ∼= Y îçíà÷à¹, ùîX i Y içîìîðôíi. Içîìîðôiçì íà-

çèâàþòü ùå îáîðîòíèì ìîðôiçìîì; iíàêøå êàæó÷è, ìîðôiçì α ∈ Φ(X, Y )

îáîðîòíèé, ÿêùî iñíó¹ ìîðôiçì β ∈ Φ(Y,X), òàêèé, ùî αβ = 1X i βα = 1Y

(1Z ïîçíà÷à¹ îäèíè÷íèé ìîðôiçì îá'¹êòà Z).

Ñêåëåòîì êàòåãîði¨ íàçèâà¹òüñÿ ¨¨ ïîâíà ïiäêàòåãîðiÿ, ùî ñêëàäà¹òüñÿ

ç ïðåäñòàâíèêiâ âñiõ êëàñiâ içîìîðôíèõ îá'¹êòiâ.

Êàòåãîði¹þ íàä ïîëåì k àáî ïðîñòî k-êàòåãîði¹þ íàçèâà¹òüñÿ äîâiëü-

íà êàòåãîðiÿ Φ, âñi ìíîæèíè ìîðôiçìiâ ÿêî¨ ¹ (íå îáîâ'ÿçêîâî ñêií÷åí-

íèìè) âåêòîðíèìè ïðîñòîðàìè íàä k, òàêèìè, ùî êîìïîçèöiÿ ìîðôiçìiâ

k-áiëiíiéíà; òîäi ìíîæèíè Φ(X,X) ¹ k-àëãåáðàìè. ßêùî âñi ïðîñòîðè

Φ(X, Y ) ¹ ñêií÷åííîâèìiðíèìè, òî êàòåãîðiÿ Φ íàçèâà¹òüñÿ ñêií÷åííîâè-

ìiðíîþ. Åëåìåíò X ∈ Φ íàçèâà¹òüñÿ íóëüîâèì, ÿêùî Φ(X,X) = 0 àáî,

ùî òå æ ñàìå, 1X = 0 (çàóâàæèìî, ùî â k-êàòåãîði¨ íå çàâæäè iñíóþòü
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íóëüîâi îá'¹êòè).

Êîæíié êàòåãîði¨ Φ ìîæíà ïðèðîäíî çiñòàâèòè k-êàòåãîðiþ kΦ, ùî íà-

çèâà¹òüñÿ k-ëiíiéíîþ îáîëîíêîþ àáî k-ëiíåàðèçàöi¹þ Φ; âîíà ìà¹ òi æ

îá'¹êòè, ùî i êàòåãîðiÿ Φ, à kΦ(X, Y ) � öå âåêòîðíèé k-ïðîñòið ç áàçèñîì

Φ(X, Y ).

Äâîñòîðîííiì iäåàëîì (àáî ïðîñòî iäåàëîì) I k-êàòåãîði¨ Φ íàçèâà¹òüñÿ

íàáið ïiäïðîñòîðiâ I(X, Y ) ⊆ Φ(X, Y ), äå X, Y ∈ Φ, òàêèõ, ùî λαγ ∈
Φ(W,Z) ùîðàç, êîëè α ∈ I(X, Y ), λ ∈ Φ(W,X), γ ∈ Φ(Y, Z). Ç êîæíèì

iäåàëîì I çâ'ÿçàíèé ôàêòîð-k-êàòåãîðiÿ Φ/I ç òèìè æ îá'¹êòàìè, ùî i

êàòåãîðiÿ Φ, i ìíîæèíàìè ìîðôiçìiâ (Φ/I)(X, Y ) = Φ(X, Y )/I(X, Y ) äëÿ

âñiõ X, Y ∈ Φ. Çàóâàæèìî, ùî ÿêùî 1X ∈ I, òî îá'¹êò X êàòåãîði¨ Φ/I ¹
íóëüîâèì.

Ñêií÷åííà k-êàòåãîðiÿ Ψ íàçèâà¹òüñÿ ñïåêòðî¨äîì, ÿêùî ¨¨ îá'¹êòè ïî-

ïàðíî íåiçîìîðôíi i âñi àëãåáðè åíäîìîðôiçìiâ Ψ(X,X) ëîêàëüíi (ëîêàëü-

íà àëãåáðà � öå àëãåáðà ç 1 6= 0, âñi íåîáîðîòíi åëåìåíòè ÿêî¨ óòâîðþþòü

iäåàë). Çàóâàæèìî, ùî óìîâà ïðî ëîêàëüíiñòü âñiõ àëãåáð åíäîìîðôiçìiâ

åêâiâàëåíòíà òîìó, ùî âñi íåîáîðîòíi ìîðôiçìè Ψ óòâîðþþòü iäåàë. Öåé

iäåàë íàçèâà¹òüñÿ ðàäèêàëîì ñïåêòðî¨äà Ψ; ïîçíà÷à¹òüñÿ âií ÷åðåç RΨ.

Òàêèì ÷èíîì, ìà¹ìî RΨ(X, Y ) = Ψ(X, Y ) äëÿ X 6= Y , à RΨ(X,X) � öå

ìàêñèìàëüíèé iäåàë (ðàäèêàë) ëîêàëüíî¨ àëãåáðè Ψ(X,X).

Àäèòèâíîþ k-êàòåãîði¹þ (àáî k-àäèòèâíîþ êàòåãîði¹þ) íàçèâà¹òüñÿ äî-

âiëüíà k-êàòåãîðiÿ, ùî ¹ àäèòèâíîþ (òîáòî ìà¹ ñêií÷åííi ïðÿìi ñóìè i

íóëüîâèé îá'¹êò). Âiäçíà÷èìî, ùî êîæíié k-êàòåãîði¨ Φ ìîæíà ïðèðîäíî

çiñòàâèòè àäèòèâíó k-êàòåãîðiþ ⊕Φ, ùî íàçèâà¹òüñÿ àäèòèâíîþ îáîëîí-

êîþ Φ. �¨ îá'¹êòàìè ¹ ñêií÷åííi ïîñëiäîâíîñòi (X1, . . . , Xs) îá'¹êòiâ ç Φ,

à ìîðôiçìè (X1, . . . , Xs) → (Y1, . . . , Yt) îòîòîæíþþòüñÿ ç �ìàòðèöÿìè�

µ = (µij) ∈
⊕

i,j Φ(Xi, Yj); êîìïîçèöiÿ ìîðôiçìiâ âèçíà÷à¹òüñÿ ïðàâèëîì

ìíîæåííÿ ìàòðèöü.

Ñêií÷åííà àäèòèâíà k-êàòåãîðiÿ íàçèâà¹òüñÿ êàòåãîði¹þ Êðóëëÿ-
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Øìiäòà, ÿêùî êîæíèé ¨¨ îá'¹êò ðîçêëàäà¹òüñÿ â ïðÿìó ñóìó íåðîçêëàäíèõ

îá'¹êòiâ ç ëîêàëüíèìè àëãåáðàìè åíäîìîðôiçìiâ. Ïîâíó ïiäêàòåãîðiþ êà-

òåãîði¨ Êðóëëÿ-Øìiäòà Φ, ùî ñêëàäà¹òüñÿ ç ïðåäñòàâíèêiâ âñiõ êëàñiâ

içîìîðôiçìiâ íåðîçêëàäíèõ îá'¹êòiâ, áóäåìî ïîçíà÷àþòü ÷åðåç Φ0; î÷åâè-

äíî, ùî êàòåãîðiÿ Φ0 âèçíà÷åíà îäíîçíà÷íî ç òî÷íiñòþ äî içîìîðôiçìó

êàòåãîðié i ¹ ñïåêòðî¨äîì. Éîãî ïðèðîäíî íàçèâàòü ãîëîâíèì ñïåêòðî¨äîì

êàòåãîði¨ Φ.

1.2. Çîáðàæåííÿ ñàãàéäàêiâ

Íåõàé Q � ñàãàéäàê, òîáòî îði¹íòîâàíèé ãðàô. Ìíîæèíó âåðøèí ñàãàé-

äàêà Q áóäåìî ïîçíà÷àòè ÷åðåç Q0, à ìíîæèíó éîãî ñòðiëîê � ÷åðåç Q1;

ñàãàéäàê Q íàçèâàþòü ñêií÷åííèì, ÿêùî Q0 i Q1 ñêií÷åííi. Íàäàëi ðîç-

ãëÿäàþòüñÿ òiëüêè ñêií÷åííi ñàãàéäàêè. Ïî÷àòêîâó âåðøèíó ñòðiëêè λ

(òîáòî âåðøèíó ç ÿêî¨ âèõîäèòü λ) ïîçíà÷à¹ìî ÷åðåç s(λ) i êiíöåâó âåð-

øèíó ñòðiëêè λ (òîáòî âåðøèíó â ÿêó âõîäèòü λ) ïîçíà÷à¹ìî ÷åðåç t(λ).

Çàïèñ λ : x→ y îçíà÷à¹, ùî λ ¹ ñòðiëêîþ, òàêîþ, ùî s(λ) = x i t(λ) = y.

Íåõàé x, y ∈ Q0. Øëÿõîì äîâæèíè n > 1 ç ïî÷àòêîâîþ âåðøèíîþ x

i êiíöåâîþ âåðøèíîþ y íàçèâà¹òüñÿ ïîñëiäîâíiñòü α = α1α2 . . . αn ñòði-

ëîê αi, òàêà, ùî s(α1) = x, t(αi) = s(αi+1) äëÿ áóäü-ÿêîãî 1 6 i < n i

t(αn) = y. Êðiì òîãî, ¹ øëÿõ α = 1x äîâæèíè 0 (äëÿ ÿêîãî ïî÷àòêîâà i

êiíöåâà âåðøèíè çáiãàþòüñÿ ç x). Ïî÷àòêîâà i êiíöåâà âåðøèíè øëÿõó α

ïîçíà÷àþòüñÿ âiäïîâiäíî ÷åðåç s(α) i t(α). Äâà øëÿõè α i β íàçèâàþòüñÿ

ïàðàëåëüíèìè, ÿêùî s(α) = s(β) i t(α) = t(β).

Êîæíîìó ñàãàéäàêó Q ìîæíà ïðèðîäíî çiñòàâèòè êàòåãîðiþ éîãî øëÿ-

õiâ PQ, îá'¹êòàìè ÿêî¨ ¹ âåðøèíè ñàãàéäàêà, à ìíîæèíà ìîðôiçìiâ

PQ(x, y) ñêëàäà¹òüñÿ ç âñiõ øëÿõiâ ç ïî÷àòêîâîþ òî÷êîþ x i êiíöåâîþ

òî÷êîþ y; êîìïîçèöiÿ øëÿõiâ âèçíà÷à¹òüñÿ ïðèðîäíî.

Ëiíiéíà îáîëîíêà kPQ êàòåãîði¨ PQ íàçèâà¹òüñÿ k-êàòåãîði¹þ øëÿ-
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õiâ ñàãàéäàêà Q; âîíà ïîçíà÷à¹òüñÿ ïðîñòî ÷åðåç k. Ó âèïàäêó, êîëè Q

ñêií÷åííèé, ìîæíà ðîçãëÿíóòè àëãåáðó A(Q) éîãî øëÿõiâ; öå ñêií÷åííà

àëãåáðà, áàçèñ ÿêî¨ ñêëàäà¹òüñÿ iç âñiõ øëÿõiâ.

Çîáðàæåííÿ U ñàãàéäàêà Q = (Q0, Q1) íàä ïîëåì k ñêëàäà¹òüñÿ çi ñêií-

÷åííîâèìiðíèõ âåêòîðíèõ k-ïðîñòîðiâ Ui, i ∈ Q0, i ëiíiéíèõ âiäîáðàæåíü

γα : Ux → Uy, äå α : x → y ïðîáiãà¹ Q1. Âåêòîð d = (dx), x ∈ Q0,

äå dx = dimUx (i = 1, . . . , n), íàçèâà¹òüñÿ âåêòîðîì-ðîçìiðíiñòþ çî-

áðàæåííÿ U . Ìîðôiçì ϕ ç U â U ′ ñêëàäà¹òüñÿ ç ëiíiéíèõ âiäîáðàæåíü

ϕx : Ux → U ′x, x ∈ Q0, òàêèõ, ùî äëÿ êîæíî¨ ñòðiëêè α : x→ y äiàãðàìà

Ux
γα−−→ Uy

ϕx

y yϕy
U ′x

γ′α−−→ U ′y
êîìóòàòèâíà.

Äëÿ çîáðàæåííÿ U ñàãàéäàêà Q ïîêëàäåìî U = {Ux |x ∈ Q0} i γ =

{γα |α ∈ Q1}. Âèêîðèñòîâóþ÷è öi íàáîðè, U ìîæíà çàïèñàòè â êîðîòêié

ôîðìi: U = (U, γ).

Êàòåãîðiÿ çîáðàæåíü ñàãàéäàêà Q (ÿêà ¹ êàòåãîði¹þ Êðóëëÿ-Øìiäòà)

ïîçíà÷à¹òüñÿ ÷åðåç RepkQ àáî ïðîñòî RepQ (ÿêùî ïîëå k ôiêñîâàíå).

Î÷åâèäíî, ùî ìiæ çîáðàæåííÿìè ñàãàéäàêà Q i k-êàòåãîði¨ k ¹ ïðèðî-

äíà âçà¹ìíî îäíîçíà÷íà âiäïîâiäíiñòü; áiëüø òîãî, ¨õ êàòåãîði¨ çîáðàæåíü

içîìîðôíi. Çâiäñè i çi ñêàçàíîãî â ïîïåðåäíüîìó ïóíêòi âèïëèâà¹, ùî âçà-

¹ìíî îäíîçíà÷íà âiäïîâiäíiñòü ¹ ìiæ çîáðàæåííÿìè ñêií÷åííîãî ñàãàéäàêà

Q i çîáðàæåííÿìè ñêií÷åííî¨ àëãåáðè A(Q).

Êàæóòü, ùî ñàãàéäàê Q ìà¹ ñêií÷åííèé òèï íàä ïîëåì k, ÿêùî êàòåãî-

ðiÿ RepkQ ìà¹, ç òî÷íiñòþ äî içîìîðôiçìó, ñêií÷åííå ÷èñëî íåðîçêëàäíèõ

îá'¹êòiâ, i ðó÷íîãî òèïó, ÿêùî çàäà÷à ïðî îïèñ îá'¹êòiâ êàòåãîði¨ RepkQ

¹ ðó÷íîþ (äèâ. çàãàëüíi îçíà÷åííÿ â [47, 48]).

Ñàãàéäàêè ñêií÷åííîãî òèïó îïèñàâ Ï. Ãàáðiåëü ó ðîáîòi [83]. Ñôîðìó-

ëþ¹ìî âiäïîâiäíèé ðåçóëüòàò.
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Òåîðåìà 1.1. Ñàãàéäàê Q ìà¹ ñêií÷åííèé òèï íàä ïîëåì k òîäi i

ëèøå òîäi, êîëè âií ¹ íåïåðåòèííèì îá'¹äíàííÿì äiàãðàì Äèíêiíà (ç

äîâiëüíèì íàïðÿìêîì ñòðiëîê):

An
r r r r rp p p (n ≥ 1)

Dn
r r r r r

r
p p p (n ≥ 4)

E6
r r r

r
r r

E7
r r r

r
r r r

E8
r r r

r
r r r r

(ãðàôè An òà Dn ìàþòü n âåðøèí).

Îòæå, çâ'ÿçíèé ñàãàéäàê ìà¹ ñêií÷åííèé òèï ëèøå òîäi, êîëè âií ¹ äi-

àãðàìîþ Äèíêiíà (ç äîâiëüíèì íàïðÿìêîì ñòðiëîê).

Êðèòåðié ðó÷íîãî òèïó äëÿ ñàãàéäàêiâ îòðèìàíî â ðîáîòàõ [84], [85].

(çâ'ÿçíèé ñàãàéäàê íåñêií÷åííîãî òèïó ìà¹ ðó÷íèé òèï òîäi i ëèøå òî-

äi, êîëè âií ¹ ðîçøèðåíîþ äiàãðàìîþ Äèíêiíà). Áiëüø òî÷íî, ìà¹ ìiñöå

íàñòóïíà òåîðåìà.

Òåîðåìà 1.2. Çâ'ÿçíèé ñàãàéäàê íåñêií÷åííîãî çîáðàæóâàëüíîãî òè-

ïó ¹ ðó÷íèì íàä ïîëåì k òîäi i ëèøå òîäi, êîëè âiäïîâiäíèé éîìó íåî-

ði¹íòîâàíèé ãðàô ¹ ðîçøèðåíîþ äiàãðàìîþ Äèíêiíà, òîáòî ìà¹ îäèí iç

íàñòóïíèõ âèãëÿäiâ:

Ân
r r r r rrp p p (n ≥ 1)
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D̂n
r r r r rr

r r
p p p (n ≥ 4)

Ê6
r r r

r
r

r r

Ê7
r r r

r
r r r r

Ê8
r r r

r
r r r r r

(ãðàôè Ân òà D̂n ìàþòü n+ 1 âåðøèíó).

Ìîæíà ðîçãëÿäàòè i çîáðàæåííÿ ñàãàéäàêiâ iç ñïiââiäíîøåííÿìè (äèâ.

çàãàëüíèé âèïàäîê [87, �14] i âàæëèâèé ïðèðîäíèé âèïàäîê êîìóòàòèâíèõ

ñàãàéäàêiâ â [86]).

Çàóâàæèìî, ùî çîáðàæåííÿ ñêií÷åííî¨ ãðóïè íàä ïîëåì ¹ ÷àñòèííèì

âèïàäêîì çîáðàæåíü ñàãàéäàêiâ. À ñàìå, ïîòðiáíî ðîçãëÿíóòè ñàãàéäàê iç

îäíi¹¨ âåðøèíè i n ïåòåëü, äå n� ïîðÿäîê ãðóïè; ÿêùî ïåòëi çàíóìåðóâàòè

åëåìåíòàìè ãðóïè, òî ñïiââiäíîøåííÿ ó ãðóïi àâòîìàòè÷íî ïåðåíîñÿòüñÿ

íà ñïiââiäíîøåííÿ ñàãàéäàêà (çàìiñòü âñiõ åëåìåíòiâ ãðóïè ìîæíà âçÿòè

äîâiëüíó ñèñòåìó òâiðíèõ i ïîâíó ñèñòåìó ñïiââiäíîøåíü äëÿ íèõ).

1.3. Åëåìåíòàðíi ïåðåòâîðåííÿ ìàòðèöü

Ïðè âèêëàäåííi öüîãî ïiäðîçäiëó ïðèòðèìó¹ìîñÿ ìîíîãðàôi¨ [88].

Îäèíè÷íó ìàòðèöþ (äîâiëüíîãî ðîçìiðó) ïîçíà÷à¹ìî ÷åðåç E; E(d) ïî-

çíà÷à¹ îäèíè÷íó ìàòðèöþ ðîçìiðó d × d. Ðàíã ìàòðèöi M ïîçíà÷à¹ìî

rank (M), à òðàíñïîíîâàíó äî M ìàòðèöþ � MT .
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Íåõàé M � ìàòðèöÿ ðîçìiðó m × n íàä ïîëåì k. Åëåìåíòàðíèìè

ïåðåòâîðåííÿìè ðÿäêiâ íàçèâàþòü íàñòóïíi ïåðåòâîðåííÿ:

i) ìíîæåííÿ i-ãî ðÿäêà íà íåíóëüîâèé åëåìåíò x ∈ k;

ii) äîäàâàííÿ i-ãî ðÿäêà, ïîìíîæåíîãî íà åëåìåíò x ∈ k, äî j-ãî ðÿäêà
(i 6= j);

iii) ïåðåñòàíîâêà i-ãî òà j-ãî ðÿäêiâ (i 6= j).

Ïåðåòâîðåííÿ òèïó i), ii) i iii) ïîçíà÷à¹ìî âiäïîâiäíî Px(i), Px(i, j) i

P (i, j).

Àíàëîãi÷íèì ÷èíîì äàþòü îçíà÷åííÿ åëåìåíòàðíèõ ïåðåòâîðåíü ñòîâ-

ïöiâ òèïó i), ii) i iii) (ñëîâî �ðÿäîê� ïîòðiáíî çàìiíèòè ñëîâîì �ñòîâïåöü�).

Òàêi ïåðåòâîðåííÿ ïîçíà÷à¹ìî âiäïîâiäíî Qx(i), Qx(i, j) i Q(i, j).

Çàóâàæèìî, ùî ïåðåòâîðåííÿ òèïó iii) ìîæíà íå ðîçãëÿäàòè, áî âîíè ¹

êîìïîçèöi¹þ ïåðåòâîðåíü òèïó i) i ii).

Ìàòðèöþ, îòðèìàíó ïiñëÿ çàñòîñóâàííÿ äî M åëåìåíòàðíîãî ïåðåòâî-

ðåííÿ R, áóäåìî ïîçíà÷àòè ÷åðåç MR.

Ëåìà 1.3. Äëÿ êîæíîãî åëåìåíòàðíîãî ïåðåòâîðåííÿ ðÿäêiâ

(âiäïîâiäíî ñòîâïöiâ) R iñíó¹ åëåìåíòàðíå ïåðåòâîðåííÿ ðÿäêiâ

(âiäïîâiäíî ñòîâïöiâ) R′, òàêå, ùî

(MR)R
′
= (MR′)R = M ;

ïåðåòâîðåííÿ R′ íàçèâàþòü îáåðíåíèì äî R i ïîçíà÷àþòü R−1.

Äiéñíî,

[Px(i)]
−1 = P1/x(i), [Qx(i)]

−1 = Q1/x(i),

[Px(i, j)]
−1 = P−x(i, j), [Qx(i, j)]

−1 = Q−x(i, j),

[P (i, j)]−1 = P (i, j), [Q(i, j)]−1 = Q(i, j).
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Äâi ìàòðèöi îäíàêîâîãî ðîçìiðó íàçèâàþòü åêâiâàëåíòíèìè, ÿêùî âiä

îäíi¹¨ ç íèõ ìîæíà ïåðåéòè äî äðóãî¨ çà äîïîìîãîþ åëåìåíòàðíèõ ïåðå-

òâîðåíü ðÿäêiâ i ñòîâïöiâ.

Äîáðå âiäîìå íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 1.4. Äîâiëüíà ìàòðèöÿ M íàä ïîëåì k åêâiâàëåíòíà

ìàòðèöi  E 0

0 0

 ,

äå E � îäèíè÷íà ìàòðèöÿ ðîçìiðó r × r, r = rank (M). ßêùî ðÿä-

êè (âiäïîâiäíî ñòîâïöi) ìàòðèöi M ëiíiéíî íåçàëåæíi, òî äîñòàòíüî

çàñòîñîâóâàòè åëåìåíòàðíi ïåðåòâîðåííÿ ëèøå ñòîâïöiâ (âiäïîâiäíî

ðÿäêiâ).

Ç åëåìåíòàðíèìè ïåðåòâîðåííÿìè ðÿäêiâ i ñòîâïöiâ ïîâ'ÿçàíi ìàòðèöi

ñïåöiàëüíîãî âèãëÿäó, ÿêi íàçèâàþòü åëåìåíòàðíèìè.

Åëåìåíòàðíèìè ìàòðèöÿìè ðîçìiðó s×s íàçèâàþòü íàñòóïíi ìàòðè-
öi:

1) äëÿ äîâiëüíîãî i = 1, . . . , s òà x ∈ k ìàòðèöÿ

Ex(i) =



1 . . . 0 0 0 . . . 0
... . . . ... ... ... ...

0 . . . 1 0 0 . . . 0

0 . . . 0 x 0 . . . 0

0 . . . 0 0 1 . . . 0
... ... ... ... . . . ...

0 . . . 0 0 0 . . . 1


,

äå x ñòî¨òü íà ìiñöi (i, i);

2) äëÿ äîâiëüíèõ i, j = 1, . . . , s, òàêèõ, ùî i < j, òà x ∈ k ìàòðèöÿ
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Ex(i, j) =



1 . . . 0 . . . 0 . . . 0
... . . . ... ... ...

0 . . . 1 . . . x . . . 0
... ... . . . ... ...

0 . . . 0 . . . 1 . . . 0
... ... ... . . . ...

0 . . . 0 . . . 0 . . . 1


,

äå x ñòî¨òü íà ìiñöi (i, j);

2′) äëÿ äîâiëüíèõ i, j = 1, . . . , s, òàêèõ, ùî i > j, òà x ∈ k ìàòðèöÿ

Ex(i, j) = [Ex(j, i)]T (äèâ. 2));

3) äëÿ äîâiëüíèõ i, j = 1, . . . , s, òàêèõ, ùî i 6= j, ìàòðèöÿ

E(i, j) =



1 . . . 0 . . . 0 . . . 0
... . . . ... ... ...

0 . . . 0 . . . 1 . . . 0
... ... . . . ... ...

0 . . . 1 . . . 0 . . . 0
... ... ... . . . ...

0 . . . 0 . . . 0 . . . 1


,

äå îäèíè÷íi åëåìåíòè, ùî ïåðåáóâàþòü ïîçà ìåæàìè ãîëîâíî¨ äiàãîíàëi,

ñòîÿòü íà ìiñöÿõ (i, j) i (j, i) (íà ãîëîâíié äiàãîíàëi ñòî¨òü ëèøå äâà íó-

ëüîâèõ åëåìåíòà).

Ìè ãîâîðèìî, ùî åëåìåíòàðíà ìàòðèöÿ E âiäïîâiäà¹ åëåìåíòàðíîìó

ïåðåòâîðåííþ ðÿäêiâ P (âiäïîâiäíî åëåìåíòàðíîìó ïåðåòâîðåííþ ñòîâ-

ïöiâ Q) i íàâïàêè, ÿêùî âiäïîâiäíi ¨ì äîäàòêîâi ñèìâîëè â ïîçíà÷åííÿõ
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çáiãàþòüñÿ, òîáòî êîëè ìà¹ ìiñöå îäèí iç íàñòóïíèõ âèïàäêiâ:

E = Ex(i), P = Px(i) (âiäïîâiäíî Q = Qx(i));

E = Ex(i, j), P = Px(i, j) (âiäïîâiäíî Q = Qx(i, j));

E = E(i, j), P = P (i, j) (âiäïîâiäíî Q = Q(i, j)).

Áåçïîñåðåäíüî ç îçíà÷åíü âèïëèâà¹ íàñòóïíà ëåìà.

Ëåìà 1.5. Íåõàé R � åëåìåíòàðíå ïåðåòâîðåííÿ ìàòðèöi M i E �

âiäïîâiäíà éîìó åëåìåíòàðíà ìàòðèöÿ. Òîäi

à) ÿêùî R � åëåìåíòàðíå ïåðåòâîðåííÿ ñòîâïöiâ, òî MR = ME ;
á) ÿêùî R � åëåìåíòàðíå ïåðåòâîðåííÿ ðÿäêiâ, òî MR = ETM .

Iç ëåì 1.3, 1.5 i òâåðäæåííÿ 1.4 âèïëèâà¹ íàñòóïíà ëåìà.

Ëåìà 1.6. Äîâiëüíà îáîðîòíà ìàòðèöÿ ¹ äîáóòêîì åëåìåíòàðíèõ

ìàòðèöü.

Iç äâîõ îñòàííiõ ëåì i òâåðäæåííÿ 1.4 ìà¹ìî íàñòóïíå äîáðå âiäîìå

òâåðäæåííÿ.

Òâåðäæåííÿ 1.7. Ìàòðèöÿ N åêâiâàëåíòíà ìàòðèöiM òîäi i ëèøå

òîäi, êîëè iñíóþòü îáîðîòíi ìàòðèöi X i Y , òàêi, ùî N = XMY. Ïðè

öüîìó ó âèïàäêó, êîëè ðÿäêè (âiäïîâiäíî ñòîâïöi) ìàòðèöi M ëiíiéíî

íåçàëåæíi, ìàòðèöþ X (âiäïîâiäíî Y ) ìîæíà ââàæàòè îäèíè÷íîþ.

Iç ëåìè 1.5 âèïëèâà¹, ùî âçà¹ìíî îáåðíåíèì åëåìåíòàðíèì ïåðåòâîðå-

ííÿì ðÿäêiâ (âiäïîâiäíî ñòîâïöiâ) âiäïîâiäàþòü âçà¹ìíî îáåðíåíi åëåìåí-

òàðíi ìàòðèöi. Ó âèïàäêó, êîëè M � êâàäðàòíà ìàòðèöÿ i P (âiäïîâiäíî

Q) � åëåìåíòàðíå ïåðåòâîðåííÿ ¨¨ ðÿäêiâ (âiäïîâiäíî ñòîâïöiâ), ìè íàçè-

âà¹ìî ïåðåòâîðåííÿ P i Q âçà¹ìíî îáåðíåíèìè, ÿêùî âçà¹ìíî îáåðíåíèìè

¹ âiäïîâiäíi ¨ì åëåìåíòàðíi ìàòðèöi. Ëåãêî ïîáà÷èòè, ùî ïðè öüîìó ìî-
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æëèâi òàêi âàðiàíòè:

P = Px(i), Q = Q1/x(i),

P = Px(i, j), Q = Q−x(j, i),

P = P (i, j), Q = Q(i, j).

1.4. Çàäà÷à ïðî ïàðó ñàìîàíóëüîâíèõ îïåðàòîðiâ

Íàâåäåìî ðîçâ'ÿçîê çàäà÷i ïðî êëàñèôiêàöiþ ç òî÷íiñòþ äî ïîäiáíîñòi ïàð

ñàìîàíóëüîâíèõ îïåðàòîðiâ A1 i A2 (A2
1 = A2

2 = 0), ùî äiþòü ó ñêií÷åí-

íîâèìiðíîìó âåêòîðíîìó ïðîñòîði íàä ïîëåì k (äèâ. [91]).

Ïðè âèêëàäåíi öüîãî ðåçóëüòàòó ìè ïðèòðèìó¹ìîñÿ ìîíîãðàôi¨ [88].

Ñïî÷àòêó ïîëå k ââàæà¹ìî àëãåáðà¨÷íî çàìêíåíèì.

Ââåäåìî ïàðè îïåðàòîðiâ äâîõ òèïiâ.

Ïîçíà÷èìî ÷åðåç Nm (m ≥ 0) ìíîæèíó ïîñëiäîâíîñòåé äîâæèíè m

α = (α1, α2, . . . , αm),

äå αi ∈ {−1, 1,−2, 2} i äî òîãî æ ïàðíi i íåïàðíi ÷èñëà ÷åðåäóþòüñÿ.

Ïîêëàäåìî

N =
⋃

m∈N∪0

Nm.

Êîæíié ïîñëiäîâíîñòi

α = (α1, α2, . . . , αn−1) ∈ Nn−1 (n > 0)

ïîñòàâèìî ó âiäïîâiäíiñòü ïàðó âçà¹ìíî àíóëüîâíèõ îïåðàòîðiâ

P (α) = (A1,A2)

íàñòóïíèì ÷èíîì:

à) îïåðàòîðè A1 i A2 äiþòü ó âåêòîðíîìó ïðîñòîði U = u1k⊕u2k⊕ . . .⊕
unk;
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á)

uiA1 =


ui+1, ÿêùî αi = 1,

ui−1, ÿêùî αi−1 = −1,

0 â iíøîìó ðàçi,

uiA2 =


ui+1, ÿêùî αi = 2,

ui−1, ÿêùî αi−1 = −2,

0 â iíøîìó ðàçi.

Çàóâàæèìî, ùî N0 ìiñòèòü ëèøå ïîðîæíþ ïîñëiäîâíiñòü α0 i P (α0)

ñêëàäà¹òüñÿ ç íóëüîâèõ îïåðàòîðiâ, ùî äiþòü â îäíîâèìiðíîìó âåêòîðíîìó

ïðîñòîði.

Ðîçãëÿíåìî äåÿêi ïðèêëàäè, â ÿêèõ îïåðàòîðè çàïèñó¹ìî â ìàòðè÷íié

ôîðìi.

Ïðèêëàä 1. ßêùî α = (1, 2, 1), òî P (α) ñêëàäà¹òüñÿ ç îïåðàòîðiâ

A1 =


0 1 0 0

0 0 0 0

0 0 0 1

0 0 0 0

 ,

A2 =


0 0 0 0

0 0 1 0

0 0 0 0

0 0 0 0

 .

Ïðèêëàä 2. ßêùî α = (2,−1, 2), òî P (α) ñêëàäà¹òüñÿ ç îïåðàòîðiâ
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A1 =


0 0 0 0

0 0 0 0

0 1 0 0

0 0 0 0

 ,

A2 =


0 1 0 0

0 0 0 0

0 0 0 1

0 0 0 0

 .

Ïðèêëàä 3. ßêùî α = (1, 2, 1, 2,−1), òî P (α) ñêëàäà¹òüñÿ ç îïåðàòîðiâ

A1 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0


, A2 =



0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 0

0 0 0 0 0 0


.

Ïðèêëàä 4. ßêùî α = (1, 2, 1,−2,−1), òî P (α) ñêëàäà¹òüñÿ ç îïåðàòîðiâ

A1 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0


, A2 =



0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0


.

Ïðèêëàä 5. ßêùî α = (1, 2,−1,−2, 1), òî P (α) ñêëàäà¹òüñÿ ç îïåðàòîðiâ
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A1 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 1

0 0 0 0 0 0


, A2 =



0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0


.

Ïðèêëàä 6. ßêùî α = (1,−2, 1,−2, 1), òî P (α) ñêëàäà¹òüñÿ ç îïåðàòîðiâ

A1 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 1

0 0 0 0 0 0


, A2 =



0 0 0 0 0 0

0 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0


.

Ïðèêëàä 7. ßêùî α = (1,−2,−1,−2, 1), òî P (α) ñêëàäà¹òüñÿ ç îïåðà-

òîðiâ

A1 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 1

0 0 0 0 0 0


, A2 =



0 0 0 0 0 0

0 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0


.

Ïåðåõîäèìî äî îçíà÷åííÿ ïàð îïåðàòîðiâ äðóãîãî òèïó.

Íåõàé α = (α1, α2, . . . , αn) � ïîñëiäîâíiñòü äîâæèíè n = 2m iç Nn

(m > 0), a ∈ k i s ∈ N. Òðiéöi (α, a, s) ïîñòàâèìî ó âiäïîâiäíiñòü ïàðó

ñàìîàíóëüîâíèõ îïåðàòîðiâ

P (α, a, s) = (A1,A2)
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íàñòóïíèì ÷èíîì:

à) îïåðàòîðèA1 iA2 äiþòü ó âåêòîðíîìó ïðîñòîði U = U1⊕U2⊕. . .⊕Un,
äå Ui = u1

ik ⊕ u2
ik ⊕ . . .⊕ usik (1 ≤ i ≤ n);

á)

ujiA1 =



uji+1, ÿêùî i 6= n, αi = 1,

auj1 + uj+1
1 , ÿêùî i = n, αn = 1, j 6= s,

auj1, ÿêùî i = n, αn = 1, j = s,

uji−1, ÿêùî i 6= 1, αi−1 = −1,

aujn + uj+1
n , ÿêùî i = 1, αn = −1, j 6= s,

aujn, ÿêùî i = 1, αn = −1, j = s,

0 â iíøîìó ðàçi,

ujiA2 =



uji+1, ÿêùî i 6= n, αi = 2,

auj1 + uj+1
1 , ÿêùî i = n, αn = 2, j 6= s,

auj1, ÿêùî i = n, αn = 2, j = s,

uji−1, ÿêùî i 6= 1, αi−1 = −2,

aujn + uj+1
n , ÿêùî i = 1, αn = −2, j 6= s,

aujn, ÿêùî i = 1, αn = −2, j = s,

0 â iíøîìó ðàçi.

Çàóâàæèìî, ùî ÿêùî ïîêëàñòè α0 = αn, òî u
j
iAp = 0 (p = 1, 2) òîäi i

ëèøå òîäi, êîëè αi 6= p i αi−1 6= −p.
Ðîçãëÿíåìî äåÿêi ïðèêëàäè (âiäíîñíî äîäàòêîâîãî ïîäiëó ìàòðèöü äèâ.

âiäïîâiäíèé âèïàäîê ó ïóíêòi 1).

Ïðèêëàä 8. ßêùî α = (1, 2), òî P (α,−1, 1) ñêëàäà¹òüñÿ ç îïåðàòîðiâ
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A1 =

 0 1

0 0

 , A2 =

 0 0

−1 0

 .

Ïðèêëàä 9. ßêùî α = (1,−2), òî P (α, 2, 2) ñêëàäà¹òüñÿ ç îïåðàòîðiâ

A1 =


0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0

 , A2 =


0 0 2 1

0 0 0 2

0 0 0 0

0 0 0 0

 .

Ïðèêëàä 10. ßêùî α = (2, 1), òî P (α,−1, 3) ñêëàäà¹òüñÿ ç îïåðàòîðiâ

A1 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

−1 1 0 0 0 0

0 −1 1 0 0 0

0 0 −1 0 0 0


, A2 =



0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


.

Ïðèêëàä 11. ßêùî α = (−1,−2), òî P (α, 2, 3) ñêëàäà¹òüñÿ ç îïåðàòîðiâ

A1 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0


, A2 =



0 0 0 2 1 0

0 0 0 0 2 1

0 0 0 0 0 2

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


.

Ïðèêëàä 12. ßêùî α = (1, 2, 1, 2, 1,−2), òî P (α,−1, 1) ñêëàäà¹òüñÿ ç
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îïåðàòîðiâ

A1 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 1

0 0 0 0 0 0


, A2 =



0 0 0 0 0 −1

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 0

0 0 0 0 0 0


.

Ïðèêëàä 13. ßêùî α = (1, 2,−1,−2,−1, 2), òî P (α, 3, 1) ñêëàäà¹òüñÿ ç

îïåðàòîðiâ

A1 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0


, A2 =



0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

3 0 0 0 0 0


.

Ïðèêëàä 14. ßêùî α = (1,−2, 1, 2,−1,−2), òî P (α,−2, 1) ñêëàäà¹òüñÿ ç

îïåðàòîðiâ

A1 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0


, A2 =



0 0 0 0 0 −2

0 0 0 0 0 0

0 1 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 0

0 0 0 0 0 0


.

Ââåäåìî ùå äåÿêi îçíà÷åííÿ i ïîçíà÷åííÿ.

Íåõàé α = (α1, α2, . . . , αn) ∈ Nn.

×åðåç −α ïîçíà÷à¹ìî ïîñëiäîâíiñòü iç Nn

−αn,−αn−1, . . . ,−α1.
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ßêùî n = 2m, òî îçíà÷èìî αi äëÿ äîâiëüíîãî öiëîãî ÷èñëà, ââàæàþ÷è,

ùî αi = αj êîæíîãî ðàçó, êîëè i ≡ j(mod n).

Ó öüîìó âèïàäêó äëÿ äîâiëüíîãî p ∈ {1, 2, . . . , 2m} áóäåìî ïîçíà÷àòè
÷åðåç α(p) ïîñëiäîâíiñòü iç Nn

(αp, αp+1, . . . , αp+n−1) = (αp, αp+1, . . . , αn, α1, α2, . . . , αp−1),

à ÷åðåç τ(α, p) � ÷èñëî 1 < i ≤ p, òàêèõ, ùî αiαi−1 < 0. Ïîñëiäîâíiñòü α

íàçâåìî ïåðiîäè÷íîþ, ÿêùî α(q) = α äëÿ äåÿêîãî q 6= 1, i íåïåðiîäè÷íîþ

ó ñóïðîòèâíîìó âèïàäêó.

Ìíîæèíó âñiõ íåïåðiîäè÷íèõ ïîñëiäîâíîñòåé içN2m (m > 0) ïîçíà÷èìî

÷åðåç N 0
2m i ïîêëàäåìî

N 0 =
⋃
m∈N

N 0
2m,

N ◦2m(k) = N 0
2m × (k \ 0)× N,

N ◦(k) = N 0 × (k \ 0)× N.

Ëåãêî ïîáà÷èòè, ùî

rank(A1) + rank(A2) = n− 1

äëÿ äîâiëüíî¨ ïàðè îïåðàòîðiâ (A1,A2) = P (α), äå

α ∈ Nn−1, i

rank(A1) + rank(A2) = n

äëÿ äîâiëüíî¨ ïàðè îïåðàòîðiâ (A1,A2) = P (α, a, s), äå (α, a, s) ∈ N 0
n ,

n = 2m.

Ìàþòü ìiñöå íàñòóïíi òåîðåìè (äëÿ çàìêíåíîãî k).

Òåîðåìà 1.8. 1) Íåõàé P = (A1,A2) � íåðîçêëàäíà ïàðà ñàìîàíó-

ëüîâíèõ îïåðàòîðiâ, ùî äiþòü â n-âèìiðíîìó âåêòîðíîìó ïðîñòîði, i
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ïðè öüîìó

rank(A1) + rank(A2) < n.

Òîäi P ïîäiáíà ïàði îïåðàòîðiâ P (α) äëÿ äåÿêî¨ ïîñëiäîâíîñòi α ∈ Nn−1.

2) Ïàðà îïåðàòîðiâ P (α) íåðîçêëàäíà äëÿ áóäü-ÿêî¨ ïîñëiäîâíîñòi α ∈
N .

3) Ïàðè îïåðàòîðiâ P (α) i P (β), äå α, β ∈ N , ïîäiáíi òîäi i ëèøå òîäi,

êîëè α = ±β.

Òåîðåìà 1.9. 1) Íåõàé P = (A1,A2) � íåðîçêëàäíà ïàðà ñàìîàíó-

ëüîâíèõ îïåðàòîðiâ, ùî äiþòü â n-âèìiðíîìó âåêòîðíîìó ïðîñòîði, i

ïðè öüîìó

rank(A1) + rank(A2) = n.

Òîäi P ïîäiáíà ïàði îïåðàòîðiâ P (γ) äëÿ äåÿêî¨ òðiéêè γ = (α, a, s) ∈
N ◦2m(k), òàêî¨, ùî 2ms = n.

2) Ïàðà îïåðàòîðiâ P (α, a, s) íåðîçêëàäíà äëÿ áóäü-ÿêî¨ òðiéêè

(α, a, s) ∈ N ◦(k).

3) Ïàðè îïåðàòîðiâ P (γ) i P (λ), äå γ = (α, a, s) ∈ N ◦(k) i λ =

(β, b, t) ∈ N ◦(k), ïîäiáíi òîäi i ëèøå òîäi, êîëè s = t, α = β(p) àáî

α(n) = −β(p) (n � äîâæèíà α) i ïðè öüîìó a = b, ÿêùî τ(β, p) ïàðíå, i

a = b−1, ÿêùî τ(β, p) íåïàðíå.

Íåõàé òåïåð k � äîâiëüíå ïîëå.

Ó öüîìó âèïàäêó ââåäåìî ïàðè âçà¹ìíî àíóëüîâíèõ îïåðàòîðiâ

P (α, f) = (A1,A2),

äå α = (α1, α2, . . . , αn) � ïîñëiäîâíiñòü iç Tn äîâæèíè n = 2m > 0 i

f = f(x) = xs − as−1x
s−1 − . . . − a0 � ïîëiíîì ñòåïåíÿ s > 0 çi ñòàðøèì

êîåôiöi¹íòîì 1 (ùîá öå îçíà÷åííÿ áóëî áiëüø çðîçóìiëèì, äèâ. âiäïîâiäíå

ìiñöå â îçíà÷åííi ïàðè P (α, f) ó ïóíêòi 1):
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à′) îïåðàòîðèA1 iA2 äiþòü ó âåêòîðíîìó ïðîñòîði U = U1⊕U2⊕. . .⊕Un,
äå Ui = u1

ik ⊕ u2
ik ⊕ . . .⊕ usik (1 ≤ i ≤ n);

á′)

ujiA1 =



uji+1, ÿêùî i 6= n, αi = 1,

uj+1
1 , ÿêùî i = n, αn = 1, j 6= s,

s−1∑
r=0

aru
r+1
1 , ÿêùî i = n, αn = 1, j = s,

uji−1, ÿêùî i 6= 1, αi−1 = −1,

uj+1
n , ÿêùî i = 1, αn = −1, j 6= s,

s−1∑
r=0

aru
r+1
n , ÿêùî i = 1, αn = −1, j = s,

0 â iíøîìó ðàçi,

ujiA2 =



uji+1, ÿêùî i 6= n, αi = 2,

uj+1
1 , ÿêùî i = n, αn = 2, j 6= s,

s−1∑
r=0

aru
r+1
1 , ÿêùî i = n, αn = 2, j = s,

uji−1, ÿêùî i 6= 1, αi−1 = −2,

uj+1
n , ÿêùî i = 1, αn = −2, j 6= s,

s−1∑
r=0

aru
r+1
n , ÿêùî i = 1, αn = −2, j = s,

0 â iíøîìó ðàçi.

Ðîçãëÿíåìî äåÿêi ïðèêëàäè.

Ïðèêëàä 15. ßêùî α = (1, 2), òî P (α, x+ 2) ñêëàäà¹òüñÿ ç îïåðàòîðiâ

A1 =

 0 1

0 0

 , A2 =

 0 0

−2 0

 .
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Ïðèêëàä 16. ßêùî α = (1,−2), òî P (α, x2−3) ñêëàäà¹òüñÿ ç îïåðàòîðiâ

A1 =


0 0 1 0

0 0 0 1

0 0 0 0

0 0 0 0

 , A2 =


0 0 0 1

0 0 3 0

0 0 0 0

0 0 0 0

 .

Ïðèêëàä 17. ßêùî α = (2, 1), òî P (α, x3 + x2 + x + 1) ñêëàäà¹òüñÿ ç

îïåðàòîðiâ

A1 =



0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

−1 −1 −1 0 0 0


, A2 =



0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


.

Ïðèêëàä 18. ßêùî α = (1, 2,−1,−2), òî P (α, x2 − 5) ñêëàäà¹òüñÿ ç

îïåðàòîðiâ

A1 =



0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0



, A2 =



0 0 0 0 0 0 0 1

0 0 0 0 0 0 5 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0



.

Ëåãêî ïîáà÷èòè, ùî

rank(A1) + rank(A2) = n

äëÿ äîâiëüíî¨ ïàðè îïåðàòîðiâ (A1,A2) = P (α, f), äå α ∈ Nn (n = 2m > 0)

i f(0) 6= 0.
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ßê i â ïóíêòi 1, k0[x] ïîçíà÷à¹ ìíîæèíó ïîëiíîìiâ âèäó ψq, äå ψ = ψ(x)

� íåçâiäíèé íàä ïîëåì k ïîëiíîì (çi ñòàðøèì êîåôiöi¹íòîì 1), âiäìiííèé

âiä x, i q ∈ N; äëÿ ïîëiíîìó f(x) ∈ k0[x] ñòåïåíÿ d ÷åðåç f ∗(x) ïîçíà÷à¹ìî

ïîëiíîì

[f(0)]−1xdf(x−1).

Ïîêëàäåìî

N 2m(k) = T 0
2m × k0[x] (m > 0),

N(k) = N 0 × k0[x].

Ó âèïàäêó äîâiëüíîãî ïîëÿ k òåîðåìà 1.8 çàëèøà¹òüñÿ ñïðàâåäëèâîþ,

à çàìiñòü òåîðåìè 1.9 ìà¹ ìiñöå íàñòóïíà òåîðåìà.

Òåîðåìà 1.10. 1) Íåõàé P = (A1,A2) � íåðîçêëàäíà ïàðà ñàìîàíó-

ëüîâíèõ îïåðàòîðiâ, ùî äiþòü â n-âèìiðíîìó âåêòîðíîìó ïðîñòîði, i

ïðè öüîìó

rank(A1) + rank(A2) = n.

Òîäi P ïîäiáíà ïàði îïåðàòîðiâ P (γ) äëÿ äåÿêî¨ äâiéêè γ = (α, f) ∈
N 2m(k), òàêî¨, ùî 2m degf = n.

2) Ïàðà îïåðàòîðiâ P (α, f) íåðîçêëàäíà äëÿ áóäü-ÿêî¨ äâiéêè (α, f) ∈
N(k).

3) Ïàðè îïåðàòîðiâ P (γ) i P (λ), äå γ = (α, f) ∈ N(k) i λ = (β, g) ∈
N(k), ïîäiáíi òîäi i ëèøå òîäi, êîëè α = β(p) àáî α(n) = −β(p) (n �

äîâæèíà α) i ïðè öüîìó f = g, ÿêùî τ(β, p) ïàðíå, i f = g∗, ÿêùî τ(β, p)

íåïàðíå.

Çàóâàæèìî, ùî êîëè f(x) = (x− a)s, äå a 6= 0, òî ïàðà P (α, f) ïîäiáíà

ïàði P (α, a, s).
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1.5. Âèñíîâêè äî ðîçäiëó

Ó öüîìó ðîçäiëi âèêëàäåíî îñíîâíi ïî÷àòêîâi âiäîìîñòi iç òåîði¨ êàòåãîðié,

âiäîìîñòi ç ëiíiéíî¨ àëãåáðè òà ñó÷àñíî¨ òåîði¨ ìàòðè÷íèõ çîáðàæåíü.
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Ðîçäië 2

Ìàòðè÷íi çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâîãî òèïó

÷åòâåðíî¨ ãðóïè Êëåéíà òà ¨õ çâ'ÿçîê ç iíøèìè

ìàòðè÷íèìè çàäà÷àìè

Ó öüîìó ðîçäiëi âèâ÷àþòüñÿ ìàòðè÷íi çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâî-

ãî òèïó ÷åòâåðíî¨ ãðóïè Êëåéíà. Âèÿâëåíî çâ'ÿçîê öi¹¨ çàäà÷i ç iíøèìè

ìàòðè÷íèìè çàäà÷àìè (ÿê êëàñè÷íèìè, òàê i ñó÷àñíèìè).

2.1. Îñíîâíà òåîðåìà

2.1.1. Æîðäàíîâèé òèï. ßêùî íiëüïîòåíòíà ìàòðèöÿM íàä ïîëåì

k ñêëàäà¹òüñÿ iç æîðäàíîâèõ áëîêiâ ïîðÿäêó t1, t2 . . . , tm > 0, òî áóäåìî

ãîâîðèòè, ùî âîíà ìà¹ æîðäàíîâèé òèï JT (M) = [t1][t2] . . . [tm].

Íàïðèêëàä, ìàòðèöÿ

M1 =



0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 0
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ìà¹ æîðäàíîâèé òèï [3][2][1], à ìàòðèöÿ

M2 =



0 1 0 0 0 0 0

0 0 1 0 0 0 0

0 0 0 0 0 0 0

0 0 0 0 1 0 0

0 0 0 0 0 1 0

0 0 0 0 0 0 0

0 0 0 0 0 0 0


ìà¹ æîðäàíîâèé òèï [3]2[1].

ßêùî íiëüïîòåíòíà ìàòðèöÿ M íå ïðèâåäåíà äî íîðìàëüíî¨ ôîðìè

Æîðäàíà, òî ïiä æîðäàíîâèì òèïîì M áóäåìî ðîçóìiòè æîðäàíîâèé òèï

¨¨ íîðìàëüíî¨ ôîðìè Æîðäàíà. Çðîçóìiëî, ùî â çàïèñó [t1][t2] . . . [tm] ñïiâ-

ìíîæíèêè ìîæíà ïåðåñòàâëÿòè (ÿê i êëiòèíè Æîðäàíà ó âiäïîâiäíié íîð-

ìàëüíié ôîðìi). Çîêðåìà, ìîæíà çàïèñàòè (äèâ. âèùå ìàòðèöþ M1)

JT (M1) = [3][2][1] = [3][1][2] = [2][3][1] = [2][1][3] = [1][3][2] = [1][2][3],

ìàþ÷è íà óâàçi, ùî íîðìàëüíà ôîðìà âèçíà÷à¹òüñÿ ç òî÷íiñòþ äî ïåðåñ-

òàíîâêè æîðäàíîâèõ áëîêiâ.

2.1.2. Ôîðìóëþâàííÿ òåîðåìè òà íàñëiäêiâ iç íå¨. Íåõàé

G2,2 := Z/2Z × Z/2Z

� ÷åòâåðíà ãðóïà Êëåéíà, òîáòî åëåìåíòàðíà àáåëåâà 2-ãðóïà ç äâîìà

òâiðíèìè. Ïîçíà÷èìî öi òâiðíi ÷åðåç a i b; òîäi a2 = b2 = 1, ab = ba.

Ðîçãëÿíåìî ìàòðè÷íå çîáðàæåííÿ

λ : G2,2 → GLn(k)

(ðîçìiðíîñòi n ≥ 1) ãðóïè G2,2 íàä àëãåáðà¨÷íî çàìêíóòèì ïîëåì k õà-

ðàêòåðèñòèêè 2. Ìàòðè÷íå çîáðàæåííÿ λ áóäåìî îòîòîæíþâàòè ç ïàðîþ
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ìàòðèöü (A,B), äå A = λ(a), B = λ(b) i, îòæå, äîâiëüíå ìàòðè÷íå çîáðà-

æåííÿ ãðóïè G2,2 çàäà¹òüñÿ ïàðîþ ìàòðèöü (A,B) çi ñïiââiäíîøåííÿìè

A2 = E, B2 = E, AB = BA,

äå E � îäèíè÷íà ìàòðèöÿ.

Îñêiëüêè (A+E)2 = 0 i (B +E)2 = 0 (áî ïîëå ìà¹ õàðàêòåðèñòèêó 2),

òî äëÿ äîâiëüíèõ x, y ∈ k ïîâ'ÿçàíà iç çîáðàæåííÿì λ ìàòðèöÿ

λxy = (A,B)xy := x(A+ E) + y(B + E)

ó êâàäðàòi òàêîæ äîðiâíþ¹ íóëþ. Ìàòðè÷íå çîáðàæåííÿ λ = (A,B) íà-

çèâà¹òüñÿ çîáðàæåííÿì ïîñòiéíîãî æîðäàíîâîãî òèïó, ÿêùî æîðäàíîâèé

òèï ìàòðèöi (A,B)xy íå çàëåæèòü âiä êîåôiöi¹íòiâ x, y, ÿêi îäíî÷àñíî íå

äîðiâíþþòü íóëþ (öå íàñëiäîê îçíà÷åííÿ çîáðàæåíü ïîñòiéíîãî æîðäàíî-

âîãî òèïó äëÿ äîâiëüíî¨ ñêií÷åííî¨ ãðóïè [58]). Ó öüîìó âèïàäêó âêàçàíèé

æîðäàíîâèé òèï áóäåìî íàçèâàòè æîðäàíîâèì òèïîì çîáðàæåííÿ λ i ïî-

çíà÷àòèìåìî éîãî ÷åðåç JT (λ) = JT (A,B).

Îäèíè÷íó ìàòðèöþ ïîðÿäêó s ïîçíà÷à¹ìî ÷åðåç Es. ×åðåç 0 i 0̃ ïîçíà-

÷à¹ìî âiäïîâiäíî íóëüîâèé ñòîâïåöü i íóëüîâèé ðÿäîê äîâiëüíî¨ ìàòðèöi.

Òåîðåìà 2.1. Ìàòðè÷íi çîáðàæåííÿ ãðóïè G2,2 (íàä àëãåáðà¨÷íî çà-

ìêíóòèì ïîëåì k õàðàêòåðèñòèêè 2) âèãëÿäó

a) a→ (1), b→ (1),

b) a→


1 0 1 0

0 1 0 1

0 0 1 0

0 0 0 1

 , b→


1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1

 ,
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c) a→


Es Es 0

0 Es+1

 , b→


Es 0 Es

0 Es+1

 ,

d) a→



Es+1

Es

0̃

0 Es


, b→



Es+1

0̃

Es

0 Es


,

äå s � íàòóðàëüíå ÷èñëî, óòâîðþþòü ïîâíó ñèñòåìó íåðîçêëàäíèõ ïî-

ïàðíî íååêâiâàëåíòíèõ ìàòðè÷íèõ çîáðàæåíü ïîñòiéíîãî æîðäàíîâîãî

òèïó.

Íàñëiäîê 2.2. Â êîæíié ðîçìiðíîñòi n ãðóïà G2,2 ìà¹, ç òî÷íiñòþ

äî åêâiâàëåíòíîñòi, ëèøå ñêií÷åííå ÷èñëî jt(n) íåðîçêëàäíèõ çîáðàæåíü

ïîñòiéíîãî æîðäàíîâîãî òèïó. Ïðè öüîìó

jt(n) = 1 äëÿ n = 1,

jt(n) = 2 äëÿ äîâiëüíîãî íåïàðíîãî n 6= 1,

jt(n) = 1 äëÿ n = 4,

jt(n) = 0 äëÿ äîâiëüíîãî ïàðíîãî n 6= 4.

Íàñëiäîê 2.3.Æîðäàíîâèé òèï JT (A,B) = [t1] . . . [tm] íåðîçêëàäíîãî

çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâîãî òèïó ãðóïè G2,2 ìîæå ïðèéìàòè

ëèøå çíà÷åííÿ [1], [2]2 i [1][2]s, äå s � íàòóðàëüíå ÷èñëî

2.2. Ïàðè ïîâíiñòþ àíóëüîâíèõ ìàòðèöü ïîñòiéíîãî

æîðäàíîâîãî òèïó

Ââàæà¹ìî ïîëå k àëãåáðà¨÷íî çàìêíóòèì äîâiëüíî¨ õàðàêòåðèñòèêè.
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2.2.1. Êëàñè÷íà çàäà÷à ïðî ïó÷îê ìàòðèöü. Çàäà÷à ïðî ïó÷îê

ìàòðèöü � öå çàäà÷à ïðî ïðèâåäåííÿ äâîõ ìàòðèöü A i B íàä k îäíîãî i

òîãî æ ðîçìiðó n ×m (n,m ∈ N ∪ 0) îäíî÷àñíèìè åëåìåíòàðíèìè ïåðå-

òâîðåííÿìè ðÿäêiâ òà ñòîâïöiâ; iíøèìè ñëîâàìè, îáèäâi ìàòðèöi äîçâîëÿ-

¹òüñÿ ìíîæèòè çëiâà íà îáîðîòíó ìàòðèöþ X (ðîçìiðó n × n), à ñïðàâà
� íà îáîðîòíó ìàòðèöþ Y (ðîçìiðó m × m). Íåîáõiäíî âêàçàòè êàíîíi-

÷íó ôîðìó âiäíîñíî âêàçàíîãî âiäíîøåííÿ åêâiâàëåíòíîñòi. Àíàëîãi÷íî,

ÿê i ó âèïàäêó ïðî ïðèâåäåííÿ îäíi¹¨ ìàòðèöi ïåðåòâîðåííÿìè ïîäiáíîñòi,

öå äîñòàòíüî çðîáèòè äëÿ íåðîçêëàäíî¨ ïàðè ìàòðèöü, âêàçàâøè, ïðè öüî-

ìó, íàáið íåðîçêëàäíèõ êàíîíi÷íèõ ïàð (òîáòî íåðîçêëàäíèõ ïàð ìàòðèöü

íàéáiëüø ïðîñòîãî âèãëÿäó, òàêèõ ùî ìiæ ñîáîþ âîíè íååêâiâàëåíòíi, à

áóäü-ÿêà iíøà íåðîçêëàäíà ïàðà ìàòðèöü åêâiâàëåíòíà îäíié ç âèäiëåíèõ).

Âàðòî çàçíà÷èòè, ùî íåðîçêëàäíiñòü â öüîìó âèïàäêó âèçíà÷à¹òüñÿ

ñòàíäàðòíèì ÷èíîì. Ïàðà ìàòðèöü (A,B) íàçèâà¹òüñÿ íåðîçêëàäíîþ,

ÿêùî âîíà íå ¹ åêâiâàëåíòíîþ ïðÿìié ñóìi äåÿêèõ ïàð ìàòðèöü (A1, B1)

i (A2, B2) âiäïîâiäíî ðîçìiðiâ n1 × m1 i n2 × m2 , òîáòî ïàði âèãëÿäó

(A1 ⊕ A2, B1 ⊕B2), äå

A1 ⊕ A2 =

 A1 0

0 A2

 , B1 ⊕B2 =

 B1 0

0 B2

 ;

ïðè öüîìó, ââàæà¹òüñÿ, ùî (n1,m1), (n2,m2) 6= (0, 0).

Íåðîçêëàäíi êàíîíi÷íi ïàðè ìàòðèöü ó öüîìó âèïàäêó äîáðå âiäîìi

(äèâ., íàïðèêëàä, [92]).

1) A1 = (Es 0), B1 = (0 Es), äå s ≥ 0;

2) A2 =

 Es

0̃

 , B2 =

 0̃

Es

 , äå s ≥ 0;

3) A3 = Es, B3 = Js(a), äå s > 0;

4) A4 = Js(0), B4 = Es, äå s > 0;
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òóò Es îçíà÷à¹ îäèíè÷íó ìàòðèöþ ðîçìiðó s×s, Js(b), äå b ∈ k, � êëiòèíà

Æîðäàíà ðîçìiðó s× s ç âëàñíèì ÷èñëîì b, à 0 i 0̃ � íóëüîâèé ñòîâïåöü

i íóëüîâèé ðÿäîê ìàòðèöi, âiäïîâiäíî.

2.2.2. Îïèñ ïàð ïîâíiñòþ àíóëüîâíèõ ìàòðèöü ïîñòiéíîãî

æîðäàíîâîãî òèïó. Ðîçãëÿíåìî çàäà÷ó ïðî îïèñàííÿ ç òî÷íiñòþ äî ïî-

äiáíîñòi ïàð ìàòðèöü (A,B) íàä ïîëåì k òàêèõ, ùî

A2 = B2 = AB = BA = 0. (2.1)

Âèäiëèâøè (çà äîïîìîãîþ äîïóñòèìèõ ïåðåòâîðåíü ðÿäêiâ i ñòîâïöiâ ìà-

òðèöü A i B) ìàêñèìàëüíå ÷èñëî íóëüîâèõ ðÿäêiâ â îáîõ ìàòðèöÿõ (òîáòî

â ìàòðèöi (A |B)) i âèêîðèñòàâøè ðiâíîñòi 2.1 (âðàõîâóþ÷è ïðè öüîìó,

ùî ç ìàòðè÷íî¨ ðiâíîñòi CD = 0 ç íåâèðîäæåíîþ ïî ðÿäêàì ìàòðèöåþ

D âèïëèâà¹ ðiâíiñòü C = 0), îòðèìà¹ìî, ùî ïàðà ìàòðèöü (A,B) ïîäiáíà

ïàði áëî÷íèõ ìàòðèöü âèãëÿäó

A =

 0 A0

0 0

 , B =

 0 B0

0 0


ç ëiíiéíî íåçàëåæíèìè ðÿäêàìè ìàòðèöi (A0 |B0).

Ëåãêî áà÷èòè, ùî ïàðà ìàòðèöü (A,B) ïîäiáíà ïàði (A′, B′) òîäi i òiëüêè

òîäi, êîëè ïàðè ìàòðèöü (A0, B0) i (A′0, B
′
0) åêâiâàëåíòíi (äèâ. 2.1.1). Òàêèì

÷èíîì, íàøà çàäà÷à çâîäèòüñÿ äî çàäà÷i ïðî ïó÷îê ìàòðèöü.

Òåîðåìà 2.4. Ïàðè ìàòðèöü âèãëÿäó

0) A0 = (0), B0 = (0),

1) A1 =

 0 Es

0 0

 , B1 =

 0 Js(a)

0 0

 ,

2) A2 =

 0 Js(0)

0 0

 , B2 =

 0 Es

0 0

 ,
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3) A3 =


0 Es 0

0 0

 , B3 =


0 0 Es

0 0

 ,

4) A4 =



0
Es

0̃

0 0


, B4 =



0
0̃

Es

0 0


,

äå s ≥ 1, óòâîðþþòü ïîâíó ñèñòåìó íåðîçêëàäíèõ ïîïàðíî íåïîäiáíèõ

ïàð ìàòðèöü, ùî çàäîâîëüíÿþòü ðiâíîñòÿì 2.1.

Âèÿñíèìî, ÿêi ïàðè ìàòðèöü, âêàçàíi â òåîðåìi, ìàþòü ïîñòiéíèé Æîð-

äàíîâèé òèï. Ïðè äîâåäåííi ïîäiáíîñòi ìàòðèöü áóäåìî âèêîðèñòîâóâàòè

ìåòîä åëåìåíòàðíèõ ïåðåòâîðåíü i íàì çíàäîáëÿòüñÿ äåÿêi ïîçíà÷åííÿ.

Íàãàäà¹ìî, ùî åëåìåíòàðíèìè ïåðåòâîðåííÿìè ðÿäêiâ ìàòðèöi M

ðîçìiðó m× n íàä ïîëåì k. íàçèâàþòü íàñòóïíi ïåðåòâîðåííÿ:

i) ìíîæåííÿ i-ãî ðÿäêà íà íåíóëüîâèé åëåìåíò x ∈ k;

ii) äîäàâàííÿ i-ãî ðÿäêà, ïîìíîæåíîãî íà åëåìåíò x ∈ k, äî j-ãî ðÿäêà
(i 6= j);

iii) ïåðåñòàíîâêà i-ãî òà j-ãî ðÿäêiâ (i 6= j).

Ïåðåòâîðåííÿ òèïó i), ii) i iii) ïîçíà÷à¹ìî âiäïîâiäíî Px(i), Px(i, j) i

P (i, j).

Àíàëîãi÷íèì ÷èíîì äàþòü îçíà÷åííÿ åëåìåíòàðíèõ ïåðåòâîðåíü ñòîâ-

ïöiâ òèïó i), ii) i iii) (ñëîâî �ðÿäîê� ïîòðiáíî çàìiíèòè ñëîâîì �ñòîâïåöü�).

Òàêi ïåðåòâîðåííÿ ïîçíà÷à¹ìî âiäïîâiäíî Qx(i), Qx(i, j) i Q(i, j).

Ïàðà ìàòðèöü 0 ìà¹, î÷åâèäíî, ïîñòiéíèé æîðäàíîâèé òèï, ðiâíèé [1].
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Ïàðà ìàòðèöü 1 íå ¹ ïàðîþ ïîñòiéíîãî æîðäàíîâîãî òèïó, áî ìàòðèöÿ

A1 ìà¹ æîðäàíîâèé òèï [2]s, à ìàòðèöÿ B1 − aA1 ìà¹ æîðäàíîâèé òèï

[2]s−1[1]2.

Ïàðà ìàòðèöü 2 íå ¹ ïàðîþ ïîñòiéíîãî æîðäàíîâîãî òèïó, áî ìàòðèöÿ

A2 ìà¹ æîðäàíîâèé òèï [2]s−1[1]2, à ìàòðèöÿ B2 ìà¹ æîðäàíîâèé òèï [2]s.

Äîâåäåìî òåïåð, ùî ïàðà ìàòðèöü 2 ¹ ïàðîþ ïîñòiéíîãî æîðäàíîâîãî

òèïó. Îáèäâi ìàòðèöi ìàþòü æîðäàíîâèé òèï [2]s[1]. Ïîêàæåìî, ùî òàêèé

æå æîðäàíîâèé òèï ìà¹ ìàòðèöÿ A3 + aB3 ïðè a 6= 0.

Ðîçãëÿíåìî ñïî÷àòêó, äëÿ ïðèêëàäó, âèïàäêè s = 1, 2.

Ó âèïàäêó s = 1

A3 =


0 1 0

0 0 0

0 0 0

 , B3 =


0 0 1

0 0 0

0 0 0

 ,

A3 + aB3 =


0 1 a

0 0 0

0 0 0

 .

Çðîáèâøè çi ñòîâïöÿìè îñòàííüî¨ ìàòðèöi åëåìåíòàðíå ïåðåòâîðåííÿ

Q−a(2, 3) i îáåðíåíå äî íüîãî åëåìåíòàðíå ïåðåòâîðåííÿ Pa(3, 2) ç ¨¨ ðÿä-

êàìè, îòðèìó¹ìî ìàòðèöþ A3. Öå çàâåðøó¹ äîâåäåííÿ ó âèïàäêó s = 1.

Ó âèïàäêó s = 2

A3 =



0 0 1 0 0

0 0 0 1 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


, B3 =



0 0 0 1 0

0 0 0 0 1

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


,
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A3 + aB3 =



0 0 1 a 0

0 0 0 1 a

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


.

Çðîáèâøè ñïî÷àòêó çi ñòîâïöÿìè îñòàííüî¨ ìàòðèöi åëåìåíòàðíå ïåðåòâî-

ðåííÿ Q−a(3, 4) i îáåðíåíå äî íüîãî åëåìåíòàðíå ïåðåòâîðåííÿ Pa(4, 3) ç ¨¨

ðÿäêàìè, à ïîòiì (âçà¹ìíî îáåðíåíi) åëåìåíòàðíi ïåðåòâîðåííÿ Q−a(4, 5) i

Pa(5, 4), îòðèìó¹ìî ìàòðèöþ A3. Öå çàâåðøó¹ äîâåäåííÿ ó âèïàäêó s = 2.

Ïåðåõîäèìî äî çàãàëüíîãî âèïàäêó.

Ïîêëàäåìî C
(0)
3 = A3 + aB3. Ìà¹ìî

C
(0)
3 =



0 . . . 0 1 a 0 0 . . . 0 0

0 . . . 0 0 1 a 0 . . . 0 0
... ... ... ... ... ... ... ...

0 . . . 0 0 0 0 0 . . . 1 a

0 . . . 0 0 0 0 0 . . . 0 0
... ... ... ... ... ... ... ...

0 . . . 0 0 0 0 0 . . . 0 0


.

Çðîáèâøè çi ñòîâïöÿìè ìàòðèöi C
(0)
3 åëåìåíòàðíå ïåðåòâîðåííÿ Q−a(s +

1, s+ 2) i îáåðíåíå äî íüîãî åëåìåíòàðíå ïåðåòâîðåííÿ Pa(s+ 2, s+ 1) ç ¨¨

ðÿäêàìè, îòðèìó¹ìî ìàòðèöþ

C
(1)
3 =



0 . . . 0 1 0 0 0 . . . 0 0

0 . . . 0 0 1 a 0 . . . 0 0
... ... ... ... ... ... ... ...

0 . . . 0 0 0 0 0 . . . 1 a

0 . . . 0 0 0 0 0 . . . 0 0
... ... ... ... ... ... ... ...

0 . . . 0 0 0 0 0 . . . 0 0


,
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ÿêà âiäðiçíÿ¹òüñÿ âiä ìàòðèöi C
(0)
3 ëèøå âiäñóòíiñòþ íåíóëüîâîãî åëå-

ìåíòà íà ïåðåòèíi 1-ãî ðÿäêà ç (s + 2)-èì ñòîâïöåì. Â ìàòðèöi C
(1)
3

(s + 2)-èé ðÿäîê ìiñòèòü âæå ëèøå îäèí íåíóëüîâèé åëåìåíò (ùî ¹ îäè-

íè÷íèì), à òîìó çðîáèâøè çi ñòîâïöÿìè öi¹¨ ìàòðèöi åëåìåíòàðíå ïåðå-

òâîðåííÿ Q−a(s+ 2, s+ 3) i îáåðíåíå äî íüîãî åëåìåíòàðíå ïåðåòâîðåííÿ

Pa(s+ 3, s+ 2) ç ¨¨ ðÿäêàìè, îòðèìó¹ìî ìàòðèöþ, â ÿêié óæå íóëüîâèì ¹ i

åëåìåíò, ùî ñòî¨òü íà ïåðåòèíi 2-ãî ðÿäêà ç (s+ 3)-èì ñòîâïöåì. Ïðîäîâ-

æóþ÷è öåé ïðîöåñ, ïiñëÿ s-ãî êðîêó îòðèìà¹ìî ìàòðèöþ A3. Öå çàâåðøó¹

äîâåäåííÿ â çàãàëüíîìó âèïàäêó.

Àíàëîãi÷íî äîâîäèòüñÿ, ùî ïàðîþ ïîñòiéíîãî æîðäàíîâîãî òèïó ¹ ïàðà

ìàòðèöü 4). Ïðè öüîìó îñíîâíèìè åëåìåíòàðíèìè ïåðåòâîðåííÿìè, ÿêi

ïåðåòâîðþþòü íåíóëüîâi åëåìåíòè ìàòðèöi A4 + aB4 â íóëüîâi, ¹ âæå (íà

âiäìiíó âèä âèïàäêó 3)), åëåìåíòàðíi ïåðåòâîðåííÿ ðÿäêiâ, à îáåðíåíi äî

íèõ åëåìåíòàðíi ïåðåòâîðåííÿ ñòîâïöiâ äiþòü íà íóëüîâèõ ñòîâïöÿõ.

Îòæå, äîâåäåíà íàñòóïíà òåîðåìà.

Òåîðåìà 2.5. Ïàðàìè ìàòðèöü 0), 3) i 4) âè÷åðïóþòüñÿ (ç òî÷íiñòþ

äî ïîäiáíîñòi) âñi íåðîçêëàäíi ïàðè ïîâíiñòþ àíóëüîâíèõ ìàòðèöü íàä

àëãåáðà¨÷íî çàìêíóòèì ïîëåì k.

2.3. Äîâåäåííÿ òåîðåìè 2.1

Ïîêëàäåìî A0 − E, B0 = B − E. Òîäi A2
0 = 0, B2

0 = 0 i A0B0 = B0A0.

Îñêiëüêè ãðóïîâà àëãåáðà kG ÷åòâåðíî¨ ãðóïè Êëåéíà G = G2,2 íàä

ïîëåì k õàðàêòåðèñòèêè 2 ¹ ôðîáåíióñîâà i ¨¨ ¹äèíèé ìiíiìàëüíèé iäåàë

I, ïîðîäæåíèé åëåìåíòîì ab + a + b + 1, ¹ ií'¹êòèâíèì ìîäóëåì, òî äëÿ

áóäü-ÿêîãî íåðîçêëàäíîãî çîáðàæåííÿ a → A, b → B ãðóïè G, ùî íå ¹

ðåãóëÿðíèì, âèêîíó¹òüñÿ ðiâíiñòü A0B0 = 0 (à çíà÷èòü i B0A0 = 0). Çî-

áðàæåííÿ ãðóïè G2,2 íàä ïîëåì k (õàðàêòåðèñòèêè 2) âïåðøå îïèñàíî â
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ðîáîòi [1] (íàä àëãåáðà¨÷íî çàìêíóòèì ïîëåì) . À ñàìå íåðîçêëàäíi çîáðà-

æåííÿ, îêðiì ðåãóëÿðíîãî, îïèñàíi øëÿõîì çâåäåííÿ äî çàäà÷i ïðî ïó÷îê

ìàòðèöü (òàêèì ÷èíîì, ÿê öå âèêëàäåíî â ïîïåðåäíüîìó ïiäðîçäiëi äëÿ

ïàðè ïîâíiñòþ àíóëüîâíèõ ìàòðèöü íàä ïîëåì äîâiëüíî¨ õàðàêòåðèñòèêè).

Îòæå, íåðîçêëàäíi çîáðàæåííÿ ÷åòâåðíî¨ ãðóïè Êëåéíà íàä ïîëåì k

õàðàêòåðèñòèêè 2 âè÷åðïóþòüñÿ, ç òî÷íiñòþ äî içîìîðôiçìó, òàêèìè çî-

áðàæåííÿìè:

1̂) a→ (1), b→ (1),

2̂) a→


1 0 1 0

0 1 0 1

0 0 1 0

0 0 0 1

 , b→


1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1

 ,

3̂) a→

 Es Es

0 Es

 , b→

 Es Ψs(f)

0 Es

 ,

4̂) a→

 Es Js(0)

0 Es+1

 , b→

 Es Es

0 Es

 ,

5̂) a→


Es Es 0

0 Es+1

 , b→


Es 0 Es

0 Es+1

 ,

6̂) a→



Es+1

Es

0̃

0 Es


, b→



Es+1

0̃

Es

0 Es


,
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äå s � íàòóðàëüíå ÷èñëî, Ψs(f) � êëiòèíà Ôðîáåíióñà ðîçìiðó s × s ç

õàðàêòåðèñòè÷íèì ïîëiíîìîì f = f(x), ÿêèé äîðiâíþ¹ ñòåïåíi íåçâiäíîãî

(íàä k) ïîëiíîìà f0 6= x.

Çàóâàæèìî, ùî çîáðàæåííÿ 2̂ � öå ðåãóëÿðíå çîáðàæåííÿ, à â çîáðà-

æåííi 3̂ çàìiñòü êëiòèíè Ôðîáåíióñà Ψs(f) ìîæíà âçÿòè äîâiëüíó ïîäiáíó

¨é ìàòðèöþ. Ó âèïàäêó àëãåáðà¨÷íî çàìêíóòîãî ïîëÿ k çàìiñòü ìàòðèöü

Ψs(f) ïðèðîäíî âçÿòè êëiòèíè Æîðäàíà Js(a), äå a 6= 0.

Ñàìå öþ êëàñèôiêàöiþ ó âèïàäêó àëãåáðà¨÷íî çàìêíóòîãî ïîëÿ îòðè-

ìàâ Â. À. Áàøåâ ó ðîáîòi [1].

Îòæå, äëÿ äîâåäåííÿ äîñòàòíüî¨ ÷àñòèíè òåîðåìè 2.1 çàëèøèëîñÿ âïåâ-

íèòèñÿ, ùî ðåãóëÿðíå çîáðàæåííÿ

a→ A =


1 0 1 0

0 1 0 1

0 0 1 0

0 0 0 1

 , b→ B =


1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1


ìà¹ ïîñòiéíèé æîðäàíîâèé òèï.

Ìàòðèöi A0 = A−E i B0 = B−E ìàþòü æîðäàíîâèé òèï [2]2. Ìàòðèöÿ

A0 + aB0 =


0 a 1 0

0 0 0 1

0 0 0 a

0 0 0 0

 ,

äå a 6= 0, òàêîæ ìà¹ æîðäàíîâèé òèï [2]2, áî çðîáèâøè ç ¨¨ ñòîâïöÿìè åëå-

ìåíòàðíå ïåðåòâîðåííÿQ−a(3, 2) i îáåðíåíå äî íüîãî åëåìåíòàðíå ïåðåòâî-

ðåííÿ Pa(3frm−e, 3) ç ¨¨ ðÿäêàìè, îòðèìó¹ìî ìàòðèöþ A0. Öå çàâåðøó¹

äîâåäåííÿ.
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2.4. Ïðî îïèñ çîáðàæåíü íåïîñòiéíîãî æîðäàíîâîãî

òèïó

Iç ñêàçàíîãî â ïîïåðåäíiõ ïiäðîçäiëàõ âèïëèâà¹ òàêå òâåðäæåííÿ (äëÿ àë-

ãåáðà¨÷íî çàìêíóòîãî ïîëÿ õàðàêòåðèñòèêè 2):

Òâåðäæåííÿ 2.6. Äëÿ ÷åòâåðíî¨ ãðóïè Êëåéíà íåðîçêëàäíi çîáðà-

æåííÿ íåïîñòiéíîãî æîðäàíîâîãî òèïó âè÷åðïóþòüñÿ, ç òî÷íiñòþ äî

åêâiâàëåíòíîñòi, òàêèìè çîáðàæåííÿìè:

1) a→

 Es Es

0 Es

 , b→

 Es Js(α)

0 Es

 ,

2) a→

 Es Js(0)

0 Es+1

 , b→

 Es Es

0 Es

 ,

Js(α) � êëiòèíà Æîðäàíà ðîçìiðíîñòi s ç âëàñíèì ÷èñëîì α).

Àíàëîãi÷íå òâåðäæåííÿ ìà¹ ìiñöå i äëÿ ïàð ïîâíiñòþ àíóëüîâíèõ ìà-

òðèöü.

2.5. Âèñíîâêè äî ðîçäiëó

Ó öüîìó ðîçäiëi âèâ÷àþòüñÿ ìàòðè÷íi çîáðàæåííÿ ÷åòâåðíî¨ ãðóïè Êëåé-

íà íàä àëãåáðà¨÷íî çàìêíóòèì ïîëåì õàðàêòåðèñòèêè 2. Îïèñàíî çîáðà-

æåííÿ ïîñòiéíîãî æîðäàíîâîãî òèïó äëÿ öi¹¨ ãðóïè òà îòðèìàíî óçàãàëü-

íåííÿ íà ìàòðè÷íi çîáðàæåííÿ ëîêàëüíèõ àëãåáð íàä ïîëåì äîâiëüíî¨ õà-

ðàêòåðèñòèêè. Ïðè îòðèìàííi öèõ ðåçóëüòàòiâ âèêîðèñòîâó¹òüñÿ êëàñèôi-

êàöiéíèé ðåçóëüòàò ïðî ìîäóëÿðíi çîáðàæåííÿ ÷åòâåðíî¨ ãðóïè Êëåéíà,

îòðèìàíèé Â. À. Áàøåâèì â ðîáîòi [1].

Ðåçóëüòàòè öüîãî ðîçäiëó îïóáëiêîâàíi â ðîáîòàõ [70], [77], [78].
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Ðîçäië 3

cJ-çîáðàæóâàëüíèé òèï åëåìåíòàðíèõ àáåëåâèõ

p-ãðóï

Ïðîòÿãîì âñüîãî ðîçäiëó ïîëå k ââàæà¹òüñÿ àëãåáðà¨÷íî çàìêíóòèì.

3.1. Çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâîãî òèïó

Ó ðîçäiëi 2 ãîâîðèëîñÿ ïðî çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâîãî òèïó ÷å-

òâåðíî¨ ãðóïè Êëåéíà. Ó öüîìó ïiäðîçäiëi ïðèâîäèòüñÿ çàãàëüíå îçíà÷åí-

íÿ.

Ó 2008 ðîöi Ä. Ô. Êàðëñîí, Å. Ì. Ôðiäëåíäåð i Þ. Ï¹âöîâà [58], âèâ÷à-

þ÷è ãðóïîâi ñõåìè, ââåëè ïîíÿòòÿ ìîäóëiâ ïîñòiéíîãî æîðäàíîâîãî òèïó,

à òàêîæ óñòàíîâèëè íèçêó âàæëèâèõ âëàñòèâîñòåé òàêèõ ìîäóëiâ. Öi¹þ

òåìàòèêîþ çàéìàëèñÿ äîáðå âiäîìi àëãåáðà¨ñòè À. À. Ñóñëií i Ä. Áåíñîí,

à òàêîæ iíøi ìàòåìàòèêè ([59] � [69]). ßê çàçíà÷èâ Ä. Áåíñîí, îäíèì iç

íàéâàæëèâiøèõ âèïàäêiâ i, çîêðåìà, ç òî÷êè çîðó çàñòîñóâàíü, ¹ âèïà-

äîê åëåìåíòàðíèõ àáåëåâèõ ãðóï [64] (íàïðèêëàä, iñíó¹ ãëèáîêèé çâ'ÿçîê

ç âåêòîðíèìè â'ÿçêàìè).

Íåõàé G = Gr = (g1, . . . , gr) ∼= (Z/p)r åëåìåíòàðíà àáåëåâà p−ãðóïà i
λ � ìàòðè÷íå çîáðàæåííÿ ãðóïè G íàä àëãåáðà¨÷íî çàìêíóòèì ïîëåì k

õàðàêòåðèñòèêè p. Òîäi ìàòðèöi λ(g1−1), . . . , λ(gr−1) ¹ íiëüïîòåíòíèìè, à

çíà÷èòü íiëüïîòåíòíîþ ¹ áóäü-ÿêà ¨õ ëiíiéíà êîìáiíàöiÿ a1λ(g1−1)+ · · ·+
arλ(gr−1). Ìàòðè÷íå çîáðàæåííÿ λ íàçèâà¹òüñÿ çîáðàæåííÿì ïîñòiéíîãî

æîðäàíîâîãî òèïó, ÿêùî æîðäàíîâà êàíîíi÷íà ôîðìà âêàçàíî¨ ëiíiéíî¨
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êîìáiíàöi¨ íå çàëåæèòü âiä âèáîðó êîåôiöi¹íòiâ a1, . . . , ar iç ïîëÿ k, ñåðåä

ÿêèõ ïðèíàéìíi îäèí íåíóëüîâèé. ßêùî öÿ æîðäàíîâà êàíîíi÷íà ôîðìà

ìà¹ æîðäàíîâi áëîêè ðîçìiðó t1, . . . , ts, òîäi êàæóòü, ùî çîáðàæåííÿ λ ìà¹

æîðäàíîâèé òèï JT (λ) = [t1] . . . [ts].

Ó çàãàëüíîìó âèïàäêó (ÿêùî ãîâîðèòè íà ìîâi ìîäóëiâ) öå ïîíÿòòÿ

ââîäèòüñÿ â [58] íàñòóïíèì ÷èíîì.

Íåõàé G � äîâiëüíà ñêií÷åííà ãðóïà i k � ïîëå õàðàêòåðèñòèêè p > 0.

Ðîçãëÿäàþòüñÿ ìîäóëi íàä êiëüöåì k[t]/(tp), äå k[t] � êiëüöå ïîëiíîìiâ

âiä çìiííî¨ t i (tp) � iäåàë, ïîðîäæåíèé åëåìåíòîì tp. Êîæíèé ìîäóëü

íàä öèì êiëüöåì çàäà¹òüñÿ îïåðàòîðîì ñòóïåíÿ íiëüïîòåíòíîñòi p â ñêií-

÷åííîâèìiðíîìó âåêòîðíîìó ïðîñòîði (àáî, ùî åêâiâàëåíòíî, êâàäðàòíîþ

ìàòðèöåþ ñòóïåíÿ íiëüïîòåíòíîñòi p), à çíà÷èòü äëÿ íüîãî âèçíà÷åíèé

æîðäàíîâèé òèï (äèâ. âèùå). Äëÿ ìîäóëÿ M íàä ãðóïîâîþ àëãåáðîþ kG

i ãîìîìîðôiçìó (àëãåáð) α : k[t]/(tp) → kG ïîçíà÷èìî ÷åðåç Mα âiäïî-

âiäíèé ìîäóëü íàä k[t]/(tp) (òîáòî, Mα = M ÿê âåêòîðíi ïðîñòîðè i äëÿ

äîâiëüíèõ λ ∈ k[t]/(tp), m ∈ Mα ìà¹ìî λm = α(λ)m). Â öié ñèòóàöi¨

êàæóòü, ùî æîðäàíîâèé òèï ìîäóëÿ Mα ¹ æîðäàíîâèì òèïîì α íà M .

Äëÿ ãðóïè G ¨¨ π-òî÷êîþ íàçèâà¹òüñÿ ëiâèé ïëîñêèé ãîìîìîðôiçì (àë-

ãåáð) α : k[t]/(tp) → kG, ÿêèé ôàêòîðèçó¹òüñÿ ÷åðåç ãðóïîâó àëãåáðó

kC ⊂ kG äåÿêî¨ àáåëåâî¨ p-ïiäãðóïè C ⊂ G. Ìîäóëü M íàä kG íàçèâà¹-

òüñÿ ìîäóëåì ïîñòiéíîãî æîðäàíîâîãî òèïó, ÿêùî æîðäàíîâèé òèï ìîäóëÿ

Mα íå çàëåæèòü âiä âèáîðó π-òî÷êè.

Íà çàâåðøåííÿ öüîãî ïiäðîçäiëó íàãàäà¹ìî äåÿêi ïîíÿòòÿ, ÿêi âèêîðè-

ñòîâóâàëèñÿ â îñíîâíîìó îçíà÷åííi.

Ìîäóëü M íàä àëãåáðîþ A íàçèâà¹òüñÿ ïëîñêèì, ÿêùî iç òî÷íîñòi ïî-

ñëiäîâíîñòi E → F → G âèïëèâà¹ òî÷íiñòü ïîñëiäîâíîñòi

E⊗A → F⊗A → G⊗A .

ßêùî B � A-àëãåáðà, òî êàæóòü, ùî B ¹ ïëîñêîþ àëãåáðîþ, ÿêùî âîíà
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ïëîñêà ÿê A-ìîäóëü. Ãîìîìîðôiçì àëãåáð f : C → D íàçèâà¹òüñÿ ïëî-

ñêèì, ÿêùî D ÿê àëãåáðà íàä C ¹ ïëîñêîþ.

3.2. Ðó÷íi òà äèêi ãðóïè

Êàæóòü, ùî ãðóïà G ìà¹ ñêií÷åííèé çîáðàæóâàëüíèé òèï íàä ïîëåì k,

ÿêùî ÷èñëî ¨¨ íåðîçêëàäíèõ çîáðàæåíü (ç òî÷íiñòþ äî åêâiâàëåíòíîñòi)

ñêií÷åííå. Çãiäíî êëàñè÷íî¨ òåîði¨ çîáðàæåíü òàêîþ ¹ áóäü-ÿêà ñêií÷åííà

ãðóïà ó âèïàäêó, êîëè õàðàêòåðèñòèêà ïîëÿ íå äiëèòü ïîðÿäîê ãðóïè.

ÍåõàéG � ñêií÷åííà ãðóïà i k � àëãåáðà¨÷íî çàìêíóòå ïîëå, õàðàêòåðèñ-

òèêà p ÿêîãî äiëèòü ïîðÿäîê |G| ãðóïè G (òîäi |G| > 1 i p > 0). Ó öüîìó

âèïàäêó çîáðàæåííÿ ãðóïè G íàä ïîëåì k íàçèâàþòüñÿ ìîäóëÿðíèìè.

Íàçèâà¹òüñÿ ìîäóëÿðíèì i ñàì öåé âèïàäîê.

Ó ìîäóëÿðíîìó âèïàäêó âiäîìà òåîðåìà Õiãìàíà çâîäèòü âèâ÷åííÿ

çîáðàæåíü ñêií÷åííî¨ ãðóïè äî âèâ÷åííÿ çîáðàæåíü ¨¨ ñèëîâñüêî¨ p-

ïiäãðóïè. Öèêëi÷íèìè p-ãðóïàìè âè÷åðïóþòüñÿ âñi p-ãðóïè ñêií÷åííîãî

çîáðàæóâàëüíîãî òèïó (òîáòî, ÿêi ìàþòü, ç òî÷íiñòþ äî åêâiâàëåíòíîñòi,

ñêií÷åííå ÷èñëî íåðîçêëàäíèõ çîáðàæåíü). Â çàãàëüíîìó âèïàäêó ãðó-

ïà ìà¹ ñêií÷åííèé çîáðàæóâàëüíèé òèï ëèøå òîäi, êîëè ¨¨ ñèëîâñüêà p-

ïiäãðóïà öèêëi÷íà. Â ñâîþ ÷åðãó ãðóïà íåñêií÷åííîãî çîáðàæóâàëüíîãî

òèïó ìîæå áóòè ðó÷íîãî àáî äèêîãî çîáðàæóâàëüíîãî òèïó. Ãðóïà ðó-

÷íîãî òèïó � öå òàêà ãðóïà, ùî â êîæíié ðîçìiðíîñòi âñi ¨¨ (ç òî÷íiñòþ

äî åêâiâàëåíòíîñòi) íåðîçêëàäíi çîáðàæåííÿ ñêëàäàþòüñÿ iç ñêií÷åííîãî

÷èñëà îäíîïàðàìåòðè÷íèõ ñiìåéñòâ çîáðàæåíü i ñêií÷åííîãî ÷èñëà äèñ-

êðåòíèõ çîáðàæåíü (òîáòî, áåç ïàðàìåòðó). Ãðóïà äèêîãî òèïó � öå òà-

êà ãðóïà, ó ÿêî¨ ¹ äâîïàðàìåòðè÷íå ñiìåéñòâî íåðîçêëàäíèõ çîáðàæåíü.

Â îáîõ âèïàäêàõ ìà¹òüñÿ íà óâàçi, ùî ïðè ðiçíèõ çíà÷åííÿõ ïàðàìåòðiâ

âiäïîâiäíi çîáðàæåííÿ íååêâiâàëåíòíi. Çàóâàæèìî, ùî ôîðìàëüíî ãðóïè

ñêií÷åííîãî òèïó íàëåæàòü äî ðó÷íèõ ãðóï. Ãðóïè ðó÷íîãî òà äèêîãî çî-
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áðàæóâàëüíîãî òèïiâ ÷àñòî íàçèâàþòü ïðîñòî ðó÷íèìè òà äèêèìè. Çãiäíî

ðåçóëüòàòiâ, îòðèìàíèõ Þ. À. Äðîçäîì ðîáîòàõ [47], [48], áóäü-ÿêà ãðóïà

¹ àáî ðó÷íîþ, àáî äèêîþ (ïðè÷îìó îäíî÷àñíî áóòè ðó÷íîþ i äèêîþ íå

ìîæå).

Ïðèâåäåìî ñòðîãå îçíà÷åííÿ äèêî¨ ãðóïè, êîðèñòóþ÷èñü îçíà÷åííÿì iç

[47]. Îçíà÷åííÿ äà¹òüñÿ òàê, ÿê öå iíòåðïðåòîâàíî â [71]).

Íàãàäà¹ìî ñïî÷àòêó äåÿêi êëàñè÷íi îçíà÷åííÿ.

Òåíçîðíèì äîáóòêîì A ⊗ B äâîõ ìàòðèöü A i B (äîâiëüíèõ ðîçìiðiâ)

íàçèâà¹òüñÿ ìàòðèöÿ, ÿêà îòðèìó¹òüñÿ iç ìàòðèöi A ïiäñòàíîâêîþ çàìiñòü

êîæíîãî ¨¨ åëåìåíòà aij ìàòðèöi aijB. Òåíçîðíèì äîáóòêîì T ⊗B ìàòðè-

÷íîãî çîáðàæåííÿ T ãðóïè G i êâàäðàòíî¨ ìàòðèöi B íàçèâà¹òüñÿ òàêå

çîáðàæåííÿ S ãðóïè G, ùî S(g) = T (g)⊗B äëÿ äîâiëüíîãî g ∈ G.
Ïåðåõîäèìî äî áiëüø ñó÷àñíèõ îçíà÷åíü.

ßêùî A � ìàòðèöÿ íàä êiëüöåì ïîëiíîìiâ k[x], à B � ìàòðèöÿ íàä

k (ÿêà îäíîçíà÷íî çàäà¹ ìàòðè÷íå çîáðàæåííÿ êiëüöÿ k[x]), òî A ⊗ B

ïîçíà÷à¹ ìàòðèöþ íàä k, ÿêà îòðèìó¹òüñÿ iç ìàòðèöi A çàìiíîþ x íà

ìàòðèöþ B, à ñêàëÿðíèõ åëåìåíòiâ aij íà aijE, äå E � îäèíè÷íà ìàòðèöÿ

òàêîãî æ ðîçìiðó, ÿê i ìàòðèöÿ B. Òåíçîðíèì äîáóòêîì T⊗B ìàòðè÷íîãî

çîáðàæåííÿ T ãðóïè G íàä k[x] i êâàäðàòíî¨ ìàòðèöi B íàä k íàçèâà¹òüñÿ

òàêå çîáðàæåííÿ S ãðóïè G íàä k, ùî S(g) = T (g) ⊗ B äëÿ äîâiëüíîãî

g ∈ G. ßê âæå ãîâîðèëîñÿ, ìàòðèöÿ B çàäà¹ äåÿêå ìàòðè÷íå çîáðàæåííÿ

êiëüöÿ k[x]. ßêùî éîãî ïîçíà÷èòè ÷åðåç ϕB, òî ïðèðîäíî T⊗B çàïèñóâàòè

ÿê T ⊗ ϕB.
Àíàëîãi÷íi ïîçíà÷åííÿ ââîäÿòüñÿ äëÿ ìàòðèöü íàä âiëüíîþ àñîöiàòèâ-

íîþ k-àëãåáðîþ k〈x, y〉 (àáî, iíøèìè ñëîâàìè, êiëüöåì íåêîìóòàòèâíèõ

ïîëiíîìiâ âiä çìiííèõ x, y).

ßêùî A � ìàòðèöÿ íàä êiëüöåì k〈x, y〉, à (B,C) � ïàðà êâàäðàòíèõ

ìàòðèöü îäíàêîâîãî ðîçìiðó íàä k (ÿêà îäíîçíà÷íî çàäà¹ ìàòðè÷íå çî-

áðàæåííÿ êiëüöÿ k〈x, y〉), òî A ⊗ (B,C) ïîçíà÷à¹ ìàòðèöþ íàä k, ÿêà
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îòðèìó¹òüñÿ iç ìàòðèöi A çàìiíîþ x íà ìàòðèöþ B, y íà ìàòðèöþ C à

ñêàëÿðíèõ åëåìåíòiâ aij íà aijE, äå E � îäèíè÷íà ìàòðèöÿ òàêîãî æ ðîç-

ìiðó, ÿê i ìàòðèöi B i C. Òåíçîðíèì äîáóòêîì T ⊗ (B,C) ìàòðè÷íîãî

çîáðàæåííÿ T ãðóïè G íàä k〈x, y〉 i ïàðè êâàäðàòíèõ ìàòðèöü (B,C) íàä

k íàçèâà¹òüñÿ òàêå çîáðàæåííÿ S ãðóïè G íàä k, ùî S(g) = T (g)⊗ (B,C)

äëÿ äîâiëüíîãî g ∈ G. ßê âæå ãîâîðèëîñÿ, ïàðà ìàòðèöü (B,C) çàäà¹

äåÿêå ìàòðè÷íå çîáðàæåííÿ êiëüöÿ k〈x, y〉. ßêùî éîãî ïîçíà÷èòè ÷åðåç

ϕ(B,C), òî ïðèðîäíî T ⊗ (B,C) çàïèñóâàòè ÿê T ⊗ ϕ(B,C).

Ïåðåõîäèìî áåçïîñåðåäíüî äî îçíà÷åííÿ äèêèõ ãðóï.

Áóäåìî ãîâîðèòè, ùî ìàòðè÷íå çîáðàæåííÿ γ ãðóïè G íàä àëãåáðîþ

Σ = k〈x, y〉 ¹ äîñêîíàëèì ÿêùî äëÿ áóäü-ÿêèõ ìàòðè÷íèõ çîáðàæåíü ϕ i ϕ′

àëãåáðè Σ íàä k, çîáðàæåííÿ γ⊗ϕ i γ⊗ϕ′ ãðóïè G íàä k çàäîâîëüíÿþòü

íàñòóïíi óìîâè:

1) ÿêùî γ ⊗ ϕ i γ ⊗ ϕ′ åêâiâàëåíòíi, òî ϕ i ϕ′ åêâiâàëåíòíi;

2) γ ⊗ ϕ íåðîçêëàäíå, ÿêùî íåðîçêëàäíèì ¹ ϕ

Çàóâàæèìî, ùî îáèäâi óìîâè â ïðîòèëåæíîìó íàïðÿìêó ¹ î÷åâèäíèìè.

Ãðóïà G íàçèâà¹òüñÿ äèêîþ íàä ïîëåì k, ÿêùî âîíà ìà¹ äîñêîíàëå

çîáðàæåííÿ íàä àëãåáðîþ Σ. Â öüîìó âèïàäêó òàêîæ êàæóòü, ùî ãðóïà

ìà¹ äèêèé çîáðàæóâàëüíèé òèï.

Àíàëîãi÷íèì ÷èíîì äà¹òüñÿ ñòðîãå îçíà÷åííÿ ðó÷íî¨ ãðóïè.

Iç êëàñèôiêàöiéíèõ ðåçóëüòàòiâ Â. Ì. Áîíäàðåíêà (îïèñó ìîäóëÿðíèõ

çîáðàæåíü äiåäðàëüíèõ òà êâàçiäiåäðàëüíèõ ãðóï [8, 9]) òà äîáðå âiäîìèõ

òåîðåì Þ. À. Äðîçäà ïðî ðó÷íi òà äèêi àëãåáðè [47, 48] ìà¹ìî íàñòóïíi

òåîðåìè [13] (G′ ïîçíà÷à¹ êîìóòàíò ãðóïè G).

Òåîðåìà 3.1. Íåöèêëi÷íà ñêií÷åííà p-ãðóïà G ¹ ðó÷íîþ íàä ïîëåì

k õàðàêòåðèñòèêè p òîäi i ëèøå òîäi, êîëè (G : G′) ≤ 4 (àáî, ìåíø

ôîðìàëüíî, p = 2 i G/G′ ∼= (2, 2)).

Òåîðåìà 3.2. Ñêií÷åííà ãðóïà G ¹ ðó÷íîþ íàä ïîëåì k õàðàêòåðè-
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ñòèêè p òîäi i ëèøå òîäi, êîëè äîâiëüíà ¨¨ àáåëåâà p-ïiäãðóïà ïîðÿäêó

áiëüøîãî 4-õ � öèêëi÷íà.

Íà çàâåðøåííÿ öüîãî ïiäðîçäiëó çàóâàæèìî, ùî iíêîëè äîñêîíàëå çî-

áðàæåííÿ çðó÷íî áðàòè (äëÿ ñïðîùåííÿ éîãî âèãëÿäó) íàä àëãåáðîþ

Σ̂ = k〈x, y, x−1, y−1〉, à íå Σ = k〈x, y〉. Ìàòðè÷íi çîáðàæåííÿ àëãåáðè

Σ̂ çàäàþòüñÿ íå âñiìà ïàðàìè êâàäðàòíèõ ìàòðèöü îäíàêîâîãî ðîçìiðó, à

ëèøå îáîðîòíèìè.

Òàêó çàìiíó àëãåáð ìîæíà ðîáèòè, áî àëãåáðà Σ̂ ¹ äèêîþ, à ñàìå çîáðà-

æåííÿ γ:

x→


1 1 0

0 1 1

0 0 1

 , y →


1 x 0

0 1 y

0 0 1


àëãåáðè Σ̂ íàä Σ ¹ äîñêîíàëèì (â òàêîìó æ ñåíñi, ÿê âèùå âèêëàäåíî äëÿ

ãðóï).

3.3. Îçíà÷åííÿ cJ-äèêèõ ãðóï

Ìè ðîçãëÿäà¹ìî ìîäóëÿðíi ìàòðè÷íi çîáðàæåííÿ ñêií÷åííèõ ãðóï, òîáòî,

ïîëå k, íàä ÿêèì ðîçãëÿäàþòüñÿ çîáðàæåííÿ, ìà¹ õàðàêòåðèñòèêó p > 0

i p äiëèòü ïîðÿäîê ãðóïè. Áóäåìî ãîâîðèëè, ùî ãðóïà G ¹ cJ-äèêîþ (âiä-

ïîâiäíî cJ-ðó÷íîþ), àáî ìà¹ cJ-äèêèé çîáðàæóâàëüíèé òèï (âiäïîâiäíî

cJ-ðó÷íèé çîáðàæóâàëüíèé òèï), ÿêùî çàäà÷à ïðî îïèñ ¨¨ ìàòðè÷íèõ çî-

áðàæåíü ïîñòiéíîãî çîáðàæóâàëüíîãî òèïó ¹ äèêîþ (âiäïîâiäíî ðó÷íîþ).

Ñòðîãî êàæó÷è, ãðóïà G ¹ cJ-äèêîþ, ÿêùî âîíà ìà¹ äîñêîíàëå çîáðà-

æåííÿ γ íàä àëãåáðîþ Σ = k〈x, y〉 òàêå, ùî âèêîíó¹òüñÿ íàñòóïíà óìîâà:
3) çîáðàæåííÿ γ ⊗ ϕ (ãðóïè G íàä k) ìà¹ ïîñòiéíèé æîðäàíîâèé òèï

äëÿ äîâiëüíîãî çîáðàæåííÿ ϕ àëãåáðè Σ íàä k.

Äîñêîíàëå çîáðàæåííÿ, ùî çàäîâîëüíÿ¹ öié óìîâi, íàçèâà¹òüñÿ cJ-

äîñêîíàëèì . ×àñòèííèì âèïàäêîì cJ-ðó÷íèõ ãðóï ¹ ãðóïè cJ-ñêií÷åííîãî
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(çîáðàæóâàëüíîãî) òèïó, êîëè ÷èñëî íåðîçêëàäíèõ çîáðàæåíü ïîñòiéíîãî

çîáðàæóâàëüíîãî òèïó âçàãàëi ñêií÷åííå.

3.4. Ìàòðè÷íi çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâîãî

òèïó åëåìåíòàðíî¨ àáåëåâî¨ ãðóïè ïîðÿäêó 2n,

n > 2

3.4.1. Ïî÷àòêîâèé àíàëiç Íåõàé ìà¹ìî åëåìåíòàðíó àáåëåâó ãðóïó

G = Gn = Z/2× · · · × Z/2 (n > 2 ðàçiâ). Ïðèðîäíi òâiðíi åëåìåíòè ãðóïè

G ïîçíà÷èìî ÷åðåç g1, g2, . . . , gn. Áóäåìî ðîçãëÿäàòè ìàòðè÷íi çîáðàæåí-

íÿ ãðóïè G íàä ïîëåì õàðàêòåðèñòèêè 2, ââàæàþ÷è, ùî n > 2 (âèïàäîê

n = 2 ðîçãëÿíóòî â ðîçäiëi 2). Çà òåîðåìîþ 1 iç âñòóïó (äèñåðòàöi¨) ãðó-

ïà G â öüîìó âèïàäêó ¹ äèêîþ. Ëåãêî ïîêàçàòè (êîðèñòóþ÷èñü ìåòîäîì

ïîïåðåäíüîãî ïiäðîçäiëó), ùî çîáðàæåííÿ

g1 →

 1 x

0 1

 , g2 →

 1 y

0 1

 , g3 →

 1 0

0 1

 , · · · , gn →

 1 0

0 1

 .

íàä àëãåáðîþ Σ = k〈x, y〉 ¹ äîñêîíàëèì. Àëå, î÷åâèäíî, öå çîáðàæåííÿ íå
¹ cJ-äîñêîíàëèì. Öåé ôàêò íå âèãëÿäà¹ äèâíèì, áî íå êîæíå çîáðàæåííÿ

ãðóïè G íàä ïîëåì k ìà¹ ïîñòiéíèé æîðäàíîâèé òèï.

Ðîçãëÿíåìî ùå ìàòðè÷íi çîáðàæåííÿ ìàëèõ ðîçìiðíîñòåé.

Ìàòðè÷íå çîáðàæåííÿ ãðóïè G íàçèâà¹òüñÿ îäèíè÷íèì, ÿêùî âñi éîãî

ìàòðèöi îäèíè÷íi. Î÷åâèäíî, ùî îäèíè÷íå çîáðàæåííÿ áóäü-ÿêî¨ ðîçìið-

íîñòi ìà¹ ïîñòiéíèé æîðäàíîâèé òèï.

Â ðîçìiðíîñòi 1 ãðóïà G ìà¹, î÷åâèäíî, ëèøå îäèíè÷íå çîáðàæåííÿ. Â

ðîçìiðíîñòi 2 ãðóïà G ìà¹ âæå íåñêií÷åííî áàãàòî çîáðàæåíü (íàâiòü ç

òî÷íiñòþ äî åêâiâàëåíòíîñòi). Öå âèïëèâà¹ iç âèêëàäåíîãî â ðîçäiëi 2 (áî

ãðóïà G ìà¹ ôàêòîð-ãðóïó, içîìîðôíó ÷åòâåðíié ãðóïi Êëåéíà). Áiëüø

òîãî, ãðóïà G ìà¹ â ðîçìiðíîñòi 2 n-ïàðàìåòðè÷íå ñiìåéñòâî (ïîïàðíî
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íååêâiâàëåíòíèõ) çîáðàæåíü:

g1 →

 1 a1

0 1

 , g2 →

 1 a2

0 1

 , g3 →

 1 a3

0 1

 , · · · , gn →

 1 an

0 1

 ,

äå a1, a2, . . . , an � äîâiëüíi åëåìåíòè ïîëÿ k.

Â ðîçìiðíîñòi 3 ãðóïà G ìà¹ ùå áiëüøå çîáðàæåíü.

Ïåðåõîäèìî äî îïèñó çîáðàæåíü ïîñòiéíîãî æîðäàíîâîãî òèïó ðîçìið-

íîñòi m < 4. Ç ôîðìàëüíèõ ìiðêóâàíü â ðîçãëÿä âêëþ÷à¹òüñÿ âèïàäîê

n = 2.

Òåîðåìà 3.3. Ìàòðè÷íi çîáðàæåííÿ A = (A1, A2, . . . , An) ðîçìið-

íîñòi m < 4 ãðóïè Gn, n > 1, íàä ïîëåì k õàðàêòåðèñòèêè 2, ùî

ìàþòü ïîñòiéíèé æîðäàíîâèé òèï, âè÷åðïóþòüñÿ (ç òî÷íiñòþ äî

åêâiâàëåíòíîñòi) íàñòóïíèìè çîáðàæåííÿìè:

1) n ≥ 2, m = 1, 2, 3 i A1 = Em, A2 = Em, . . . , An = Em, äå Em �

îäèíè÷íà ìàòðèöÿ ðîçìiðó m×m;

2) n = 2 m = 3 i

A1 =


1 1 0

0 1 0

0 0 1

 , A2 =


1 0 1

0 1 0

0 0 1

 ;

3) n = 2 m = 3 i

A1 =


1 0 1

0 1 0

0 0 1

 , A2 =


1 0 0

0 1 1

0 0 1

 .

Ïðè öüîìó íåðîçêëàäíèìè ¹ âñi çîáðàæåííÿ, îêðiì çîáðàæåíü âèãëÿäó

1) ïðè m > 1.

Çàóâàæèìî, ùî âèïàäîê n = 1 íå ðîçãëÿäà¹òüñÿ, îñêiëüêè âñi çîáðàæå-

ííÿ (öèêëi÷íî¨) ãðóïè G1 ìàþòü ïîñòiéíèé æîðäàíîâèé òèï.
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Ïåðåõîäèìî äî äîâåäåííÿ òåîðåìè.

Íàì çíàäîáèòüñÿ íàñòóïíèé íàñëiäîê iç òåîðåìè 2.1 (äèâ. ðîçäië 2).

Íàñëiäîê 3.4. Ìàòðè÷íi çîáðàæåííÿ ðîçìiðíîñòi m < 4 ãðóïè G2

íàä ïîëåì k (õàðàêòåðèñòèêè 2), ùî ìàþòü ïîñòiéíèé æîðäàíîâèé

òèï, âè÷åðïóþòüñÿ, ç òî÷íiñòþ äî åêâiâàëåíòíîñòi, íàñòóïíèìè çî-

áðàæåííÿìè A = (A1, A2):

a′) m = 1, 2, 3 i A1 = Em, A2 = Em;

b′) m = 3 i

A1 =


1 1 0

0 1 0

0 0 1

 , A2 =


1 0 1

0 1 0

0 0 1

 ;

c′) m = 3 i

A1 =


1 0 1

0 1 0

0 0 1

 , A2 =


1 0 0

0 1 1

0 0 1

 .

Íàì òàêîæ çíàäîáèòüñÿ íàñòóïíà ëåìà (äëÿ ìàòðèöü íàä äîâiëüíèì

ïîëåì).

Ëåìà 3.5. Íåõàé

B =


0 0 1

0 0 0

0 0 0

 i C =


c11 c12 c13

c21 c22 c23

c31 c32 c33


êîìóòóþ÷i ìiæ ñîáîþ ìàòðèöi, ïðè÷îìó C � íiëüïîòåíòíà ìàòðèöÿ

ðàíãó 1. Òîäi

C =


0 c12 c13

0 0 c23

0 0 0

 ,

äå c12c23 = 0.
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Äîâåäåííÿ. Ïîçíà÷èìî ÷åðåç (i.j) ñêàëÿðíó ðiâíiñòü, ÿêà îòðèìó¹òüñÿ iç

ìàòðè÷íî¨ ðiâíîñòi BC = CB ïðèðiâíþâàííÿì åëåìåíòiâ ìàòðèöü BC i

CB, ÿêi ñòîÿòü íà ïåðåòèíi i-ãî ðÿäêà i j-ãî ñòîâïöÿ.

Ëåãêî áà÷èòè, ùî öi ðiâíîñòi ìàþòü íàñòóïíèé âèãëÿä:

c31 = 0 (1.1); c32 = 0 (1.2); c33 = c11 (1.3);

0 = 0 (2.1); 0 = 0 (2.2); 0 = c21 (2.3);

0 = 0 (3.1); 0 = 0 (3.2); 0 = c31 (3.3).

Çâiäñè ìà¹ìî

C =


c11 c12 c13

0 c22 c23

0 0 c11

 .

Îñêiëüêè C � íiëüïîòåíòíà ìàòðèöÿ, òî c11 = c22 = 0, à îñêiëüêè ðàíã C

äîðiâíþ¹ 1, òî c12c23 = 0.

Ïåðåõîäèìî òåïåð áåçïîñåðåäíüî äî äîâåäåííÿ òåîðåìè 3.3.

×åðåçM , äåM � ìàòðèöÿ ðîçìiðó m×m, áóäåìî ïîçíà÷àòè ìàòðèöþ
M + Em.

Î÷åâèäíî, ùî ÿêùî ìàòðè÷íå çîáðàæåííÿ ãðóïè Gn ìà¹ ïîñòiéíèé

æîðäàíîâèé òèï, òî éîãî îáìåæåííÿ íà äîâiëüíó íåîäèíè÷íó ïiäãðóïó

H ⊂ Gn, ïîðîäæåíó äåÿêèìè gi, òàêîæ ìà¹ ïîñòiéíèé æîðäàíîâèé òèï.

Òîäi çà íàñëiäêîì 3.4 äëÿ çîáðàæåíü ãðóïè Gn ìà¹ìî:

1) ÿêùî A = (A1, A2, . . . , An) � çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâîãî

òèïó ðîçìiðíîñòi m < 4, òî m = 1 àáî m = 3;

2) ÿêùî A = (A1, A2, . . . , An) � çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâîãî

òèïó ðîçìiðíîñòi m < 4 i ïðè öüîìó Ai = Em äëÿ äåÿêîãî i, òî Ai = Em

äëÿ âñiõ i ∈ {1, . . . , n};
3) ÿêùî n > 2 i A = (A1, A2, . . . , An) � çîáðàæåííÿ ïîñòiéíîãî

æîðäàíîâîãî òèïó ðîçìiðíîñòi 3 òàêå, ùî éîãî îáìåæåííÿ íà ïiäãðóïó

G12 = {g1, g2} åêâiâàëåíòíå çîáðàæåííþ âèãëÿäó b′) (âiäïîâiäíî c′)), òî
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îáìåæåííÿ A íà äîâiëüíó ïiäãðóïó Gij = {gi, gj}, i 6= j, òàêîæ åêâiâàëåí-

òíå çîáðàæåííþ âèãëÿäó b′) (âiäïîâiäíî c′)).

Îòæå, äëÿ äîâåäåííÿ òåîðåìè äîñòàòíüî ïîêàçàòè, ùî ãðóïà G3 íå ìà¹

ìàòðè÷íîãî çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâîãî òèïó, îáìåæåííÿ ÿêîãî

íà ïiäãðóïó G12 = {g1, g2} ìà¹ âèãëÿä b′) àáî c′).
Ïðèïóñòèìî ïðîòèëåæíå i ðîçãëÿíåìî ñïî÷àòêó âèïàäîê, êîëè iñíó¹

çîáðàæåííÿ A = (A1, A2, A3) ãðóïè G3 òàêå, ùî éîãî îáìåæåííÿ (A1, A2)

íà ïiäãðóïó G12 ìà¹ âèãëÿä b′). Òîäi

A1 =


0 1 0

0 0 0

0 0 0

 , A2 =


0 0 1

0 0 0

0 0 0

 , A3 =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 .

Iç ëåìè 3.5 ïðè B = A2, C = A3 ìà¹ìî, ùî

A3 =


0 a12 a13

0 0 a23

0 0 0

 ,

äå a12a23 = 0.

Äàëi, iç ðiâíîñòi A1 A3 = A3 A1 ìà¹ìî (âðàõîâóþ÷è íîâèé âèãëÿä ìà-

òðèöi A3) 
0 0 a23

0 0 0

0 0 0

 =


0 0 0

0 0 0

0 0 0

 ,

çâiäêè a23 = 0. Çíà÷èòü

A3 =


0 a12 a13

0 0 0

0 0 0

 ,

à òîäi ìàòðèöÿ a12A1 + a13A2 + A3 ¹ íóëüîâîþ, ùî ïðîòèði÷èòü òîìó, ùî

çîáðàæåííÿ A ìà¹ ïîñòiéíèé æîðäàíîâèé òèï.
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Ïðèïóñòèìî òåïåð, ùî iñíó¹ çîáðàæåííÿ A = (A1, A2, A3) ãðóïè G3

òàêå, ùî éîãî îáìåæåííÿ (A1, A2) íà ïiäãðóïó G12 ìà¹ âèãëÿä c′). Òîäi

A1 =


0 0 1

0 0 0

0 0 0

 , A2 =


0 0 0

0 0 1

0 0 0

 , A3 =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 .

Iç ëåìè 3.5 ïðè B = A1, C = A3 ìà¹ìî, ùî

A3 =


0 a12 a13

0 0 a23

0 0 0

 ,

äå a12a23 = 0.

Äàëi, iç ðiâíîñòi A2 A3 = A3 A2 ìà¹ìî
0 0 0

0 0 0

0 0 0

 =


0 0 a12

0 0 0

0 0 0

 ,

çâiäêè a12 = 0. Çíà÷èòü

A3 =


0 0 a13

0 0 a23

0 0 0

 ,

à òîäi ìàòðèöÿ a13A1 + a23A2 + A3 ¹ íóëüîâîþ, ùî ïðîòèði÷èòü òîìó, ùî

çîáðàæåííÿ A ìà¹ ïîñòiéíèé æîðäàíîâèé òèï.

Äðóãà ÷àñòèíà òåîðåì 3.3 âèïëèâà¹ iç òåîðåìè 2.1.

Iç òåîðåìè 3.3 âèïëèâà¹, ùî äëÿ ãðóïè Gn ïðè n > 2 çîáðàæåííÿìè

ïîñòiéíîãî æîðäàíîâîãî òèïó ðîçìiðíîñòi m < 4 ¹ ëèøå îäèíè÷íi çîáðà-

æåííÿ. Àëå íåçâàæàþ÷è íà òå ùî äëÿ ìàëèõ ðîçìiðíîñòåé, áóäîâà çî-

áðàæåíü ïîñòiéíîãî æîðäàíîâîãî òèïó íàáàãàòî ïðîñòiøà, â çàãàëüíîìó

âèïàäêó çàäà÷à ïðî îïèñ òàêèõ çîáðàæåíü âñå îäíî ¹ äèêîþ (äèâ. íàñòó-

ïíèé ïóíêò).
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3.4.2. cJ-äèêiñòü Ââàæà¹ìî, ùî k � ïîëå õàðàêòåðèñòèêè 2.

Òâåðäæåííÿ 3.6. Ãðóïà G = Z/2×· · ·×Z/2 (n > 2 ðàçiâ) ¹ cJ-äèêîþ.

Äîâåäåííÿ. Ðîçãëÿíåìî íàñòóïíå ìàòðè÷íå çîáðàæåííÿ γ ãðóïè G íàä

àëãåáðîþ Σ̂ = k〈x, y, x−1, y−1〉:

γ(gi − 1) =

 0 γi

0 0

 ,

1 ≤ i ≤ n, ç íóëüîâèìè äiàãîíàëüíèìè áëîêàìè ðîçìiðiâ 2×2 òà (n+ 1)×
(n+ 1), i

γi =
(

0i E 0′i

)
äëÿ i 6= n,

γn =
(

0n 0′n S
)
,

äå

S =

 x 1

0 y

 ;

òóò E � îäèíè÷íà ìàòðèöÿ ðîçìiðó 2 × 2 i 0i, 0n (âiäïîâiäíî 0′i, 0′n) �

íóëüîâi ìàòðèöi ðîçìiðó 2× (i− 1) (âiäïîâiäíî 2× (n− i)).
Äîâåäåìî, ùî γ ¹ cJ-äîñêîíàëèì çîáðàæåííÿì.

Ëåãêî áà÷èòè, ùî çîáðàæåííÿ γ ⊗ ϕ, äå ϕ � çîáðàæåííÿ àëãåáðè Σ̂

ðîçìiðíîñòi s, ìà¹ ïîñòiéíèé æîðäàíîâèé òèï [2]2s[1](n−1)s (ïðèéìàþ÷è äî

óâàãè îáîðîòíiñòü ìàòðèöü ϕ(x) i ϕ(y)).

Íåõàé ϕ, ϕ′ � çîáðàæåííÿ àëãåáðè Σ̂ îäíi¹¨ i òi¹¨ æ ðîçìiðíîñòi s i íåõàé

Aq = (γ ⊗ ϕ)(gq − 1), A′q = (γ ⊗ ϕ′)(gq − 1)), äå q = 1, 2, . . . , n.

Ðîçãëÿíåìî ìàòðè÷íi ðiâíîñòi

AqX = XA′q, q = 1, 2, . . . n,

ç óñiìà ¨õíiìè ìàòðèöÿìè ÿê áëîêîâèìè ìàòðèöÿìè ç áëîêàìè ðîçìiðó

s× s. Ðiâíiñòü (AqX)ij = (XA′q)ij âiäïîâiäíèõ áëîêiâ ìàòðèöü AqX i XA′q

ïîçíà÷à¹òüñÿ ÷åðåç (q.ij); q ∈ {1, 2, . . . , n}, i, j ∈ {1, 2, . . . , n+ 3}.
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Çíîâó áóäåìî ïèñàòè [ij] çàìiñòü Xij. Iç ðiâíîñòåé

(1.23) : [43] = [21], (2.13) : [43] = 0,

(1.j3) : 0 = [j1] and (1.j4) : 0 = [j2] for j = 3, . . . , n+ 3,

(i.1j) : [i+ 2, j] = 0 for i = 3, . . . , n− 1, j = 3, . . . , i+ 1 (if n > 3),

(n− 1.2j) : [n+ 2, j] = 0 for j = 3, . . . , n,

(n− 1.2, n+ 1) : [n+ 2, n+ 1] = [21],

(n.2, n+ 2) : ϕ(y)[n+ 3, n+ 2] = 0 (ϕ(y) is invertible),

(n.1j) : [n+ 3, j] + [n+ 2, j] = 0 for j = 3, . . . , n+ 1

âèïëèâà¹, ùî X ¹ áëîêîâîþ âåðõíüî-òðèêóòíîþ ìàòðèöåþ.

Äàëi, iç ðiâíîñòåé

(1.13) : [33] = [11], (1.24) : [44] = [22], (2.14) : [44] = [11],

(2.25) : [55] = [22], (n.1, n+ 3) : [n+ 3, n+ 3] = [11],

(i.2, i+ 3) : [i+ 3, i+ 3] = [22] for i = 3, . . . , n− 1 (if n > 3)

âèïëèâà¹, ùî âñi äiàãîíàëüíi áëîêè ìàòðèöi X ðiâíi ìiæ ñîáîþ.

Òîäi ðiâíîñòi (n.1, n+ 2) : ϕ(x)[n+ 2, n+ 2] + [n+ 3, n+ 2] = [11]ϕ′(x)

i (n.2, n+ 3) : ϕ(y)[n+ 3, n+ 3] = [21] + [22]ϕ′(y) áóäóòü ìàòè âèãëÿä

ϕ(x)[11] = [11]ϕ′(x) i ϕ(y)[11] = [11]ϕ′(y), i äîâåäåííÿ çàâåðøó¹òüñÿ òàêèì

æå ÷èíîì, ÿê i äîâåäåííÿ òâåðäæåííÿ 3.8.

Âðàõîâóþ÷è ñêàçàíå â çàêëþ÷íié ÷àñòèíi ïiäðîçäiëó 3.2 òà âèãëÿä cJ-

äîñêîíàëîãî çîáðàæåííÿ íàä àëãåáðîþ k〈x, y, x−1, y−1〉 (äèâ. äîâåäåííÿ
îñòàííüîãî òâåðäæåííÿ), ëåãêî âèïèñàòè cJ-äîñêîíàëå çîáðàæåííÿ íàä

àëãåáðîþ k〈x, y〉. Äëÿ n = 3 âîíî ìà¹ íàñòóïíèé âèãëÿä:

g1 →

 E2 M1

0 E4

 ,

g2 →

 E2 M2

0 E4

 ,
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g3 →

 E2 M3

0 E4

 ,

äå

M1 =



1 0 0 0 0 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0


,

M2 =



0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0 0


,

M3 =



0 0 0 0 0 0 1 1 0 1 0 0

0 0 0 0 0 0 0 1 1 0 1 0

0 0 0 0 0 0 0 0 1 0 0 1

0 0 0 0 0 0 0 0 0 1 x 0

0 0 0 0 0 0 0 0 0 0 1 y

0 0 0 0 0 0 0 0 0 0 0 1


.

Iç äîâåäåíîãî òâåðäæåííÿ âèïëèâà¹ íàñòóïíèé íàñëiäîê.

Íàñëiäîê 3.7. Ãðóïà G = Z/p × · · · × Z/p (n > 2 ðàçiâ) ¹ cJ-äèêîþ

äëÿ äîâiëüíîãî p > 2.

Äiéñíî, ÿêùî ïðîâîäèòè äîâåäåííÿ ïî òié æå ñõåìi, ùî i ïðè p = 2, òî

ìà¹ìî íiëüïîòåíòíi ìàòðèöiAq = (γ⊗ϕ)(gq−1) ñòóïåíÿ íiëüïîòåíòíîñòi p.

Àëå îñêiëüêè äëÿ ìàòðèöü ñòóïåíÿ íiëüïîòåíòíîñòi 2 cJ-äèêiñòü äîâåäåíà,

òî çâiäñè âèïëèâà¹ i cJ-äèêiñòü äëÿ ìàòðèöü ñòóïåíÿ íiëüïîòåíòíîñòi p

(îñêiëüêè p > 2, òî iç A2
q = 0 âèïëèâà¹ Ap

q = 0).
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3.5. Ìàòðè÷íi çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâîãî

òèïó íåöèêëi÷íî¨ ãðóïè ïîðÿäêó p2, p > 2

Âèïàäîê p = 2 äåòàëüíî ðîçãëÿíóòî â ïîïåðåäíüîìó ïiäðîçäiëi. Ó öüîìó

ïiäðîçäiëi ðîçãëÿäà¹ìî âèïàäîê p 6= 2.

Òâåðäæåííÿ 3.8. Ãðóïà G = Z/p × Z/p ¹ cJ-äèêîþ äëÿ äîâiëüíîãî

p > 2.

Íàãàäà¹ìî, ùî Z/p ≡ Z/pZ � öèêëi÷íà ãðóïà ïîðÿäêó p. Îïåðàöiþ

çàäà¹ìî ìóëüòèïëiêàòèâíî, òîäi ãðóïà çàäà¹òüñÿ òâiðíèì åëåìåíòîì g i

âèçíà÷àëüíèì ñïiââiäíîøåííÿì gp = 1 .

Äîâåäåííÿ. Ïîçíà÷èìî ïðèðîäíi òâiðíi ãðóïè G ÷åðåç g1, g2, i ðîçãëÿíåìî

íàñòóïíå ìàòðè÷íå çîáðàæåííÿ γ ãðóïè G íàä Σ = k〈x, y〉:

γ(g1) = E10 +

 γ11(1) γ12(1)

0 0

 , γ(g2) = E10 +

 γ11(2) γ12(2)

0 0

 ,

äå

γ11(1) =



0 1 x y 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


, γ12(1) =



0 0 0 0 0

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0


,

γ11(2) =



0 0 1 x y

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


, γ12(2) =



0 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 0 1


i E10 � îäèíè÷íà ìàòðèöÿ ðîçìiðó 10× 10.

Ïîêàæåìî ñïî÷àòêó, ùî öå çîáðàæåííÿ ¹ äîñêîíàëèì.
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Íåõàé ϕ, ϕ′ ìàòðè÷íi çîáðàæåííÿ àëãåáðè Σ îäíàêîâî¨ ðîçìiðíîñòi s i

íåõàé Bq = (γ ⊗ ϕ)(gq), B′q = (γ ⊗ ϕ′)(gq)), äå q = 1, 2.

Ðîçãëÿíåìî ìàòðè÷íi ðiâíÿííÿ (âiäíîñíî çìiííî¨ X)

B1X = XB′1 , B2X = XB′2 , (3.1)

ðîçãëÿäàþ÷è âñi ìàòðèöi (ÿêi âõîäÿòü â íèõ) ÿê áëîêîâi ç áëîêàìè ðîçìiðó

s× s.
Öi ðiâíÿííÿ åêâiâàëåíòíi ðiâíÿííÿì

(B1 − E8)X = X(B′1 − E8) , (B2 − E8)X = X(B′2 − E8)

àáî, ïiñëÿ çàìiíè Aq = Bq − E8, (q = 1, 2), � ðiâíÿííÿì

A1X = XA′1 , A2X = XA′2. (3.2)

Ç ôîðìàëüíèõ ìiðêóâàíü ðiâíÿííÿ 3.2 çðó÷íiøi ïî÷àòêîâèõ ðiâíÿíü 3.1

(â ìàòðèöÿõ Aq, A
′
q áiëüøå íóëüîâèõ áëîêiâ, íiæ â ìàòðèöÿõ Bq, B

′
q).

Îòæå, ÿêùî ïîêëàñòè

P = ϕ(x), Q = ϕ(y), P ′ = ϕ′(x), Q′ = ϕ′(y),

òî

A1 =



0 E P Q 0 0 0 0 0 0

0 0 0 0 0 E 0 0 0 0

0 0 0 0 0 0 E 0 0 0

0 0 0 0 0 0 0 E 0 0

0 0 0 0 0 0 0 0 E 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0



,
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A2 =



0 0 E P Q 0 0 0 0 0

0 0 0 0 0 0 E 0 0 0

0 0 0 0 0 0 0 E 0 0

0 0 0 0 0 0 0 0 E 0

0 0 0 0 0 0 0 0 0 E

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0



,

A′1 =



0 E P ′ Q′ 0 0 0 0 0 0

0 0 0 0 0 E 0 0 0 0

0 0 0 0 0 0 E 0 0 0

0 0 0 0 0 0 0 E 0 0

0 0 0 0 0 0 0 0 E 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0



,
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A′2 =



0 0 E P ′ Q′ 0 0 0 0 0

0 0 0 0 0 0 E 0 0 0

0 0 0 0 0 0 0 E 0 0

0 0 0 0 0 0 0 0 E 0

0 0 0 0 0 0 0 0 0 E

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0



.

Îêðiì òîãî,

X =



X11 X12 X13 X14 X15 X16 X17 X18 X19 X1,10

X21 X22 X23 X24 X25 X26 X27 X28 X29 X2,10

X31 X32 X33 X34 X35 X36 X37 X38 X39 X3,10

X41 X42 X43 X44 X45 X46 X47 X48 X49 X4,10

X51 X52 X53 X54 X55 X56 X57 X58 X59 X5,10

X61 X62 X63 X64 X65 X66 X67 X68 X69 X6,10

X71 X72 X73 X74 X75 X76 X77 X78 X79 X7,10

X81 X82 X83 X84 X85 X86 X87 X88 X89 X8,10

X91 X92 X93 X94 X95 X96 X97 X98 X99 X9,10

X10,1 X10,2 X10,3 X10,4 X10,5 X10,6 X10,7 X10,8 X10,9 X10,10



.

Çàóâàæèìî, ùî ðîçáèòòÿ ìàòðèöü íà äîäàòêîâi áëîêè (çà äîïîìîãîþ

ãîðèçîíòàëüíèõ i âåðòèêàëüíèõ ëiíié) çðîáëåíî äëÿ áiëüøî¨ íàãëÿäíîñòi

ïðè ïåðåìíîæåííi ìàòðèöü. Ïðè öüîìó ìàòðèöÿ X ðîçáèòà íà áëîêè òà-

êèì æå ÷èíîì, ÿê i ðåøòà ìàòðèöü (öå ñòîñó¹òüñÿ âñiõ ¨¨ áëîêiâ).

Ðiâíiñòü

(AqX)ij = (XA′q)ij
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âiäïîâiäíèõ áëîêiâ (ðîçìiðó s× s) ìàòðèöü AqX i XA′q ïîçíà÷à¹ìî ÷åðåç

(q.ij); q ∈ {1, 2}, i, j ∈ {1, 2, . . . , 10}. Äëÿ ïðîñòîòè áóäåìî ïèñàòè [ij] Xij,

äå Xij � äîâiëüíèé áëîê (ðîçìiðó s× s) ìàòðèöi X).

Âèïèøåìî òi ðiâíîñòi âèãëÿäó (q.ij), ÿêi ïîòðiáíi äëÿ äîâåäåííÿ.

(1.12) : [22] + ϕ(x)[32] + ϕ(y)[42] = [11],

(1.13) : [23] + ϕ(x)[33] + ϕ(y)[43] = [11]ϕ′(x),

(1.14) : [24] + ϕ(x)[34] + ϕ(y)[44] = [11]ϕ′(y),

(1.22) : [62] = [21], (1.26) : [66] = [22],

(1.32) : [72] = [31], (1.36) : [76] = [32],

(1.37) : [77] = [33], (1.38) : [78] = [34],

(1.39) : [79] = [35], (1.42) : [82] = [41],

(1.46) : [86] = [42], (1.47) : [87] = [43],

(1.48) : [88] = [44], (1.49) : [89] = [45],

(1.4, 10) : [8, 10] = 0, (1.52) : [92] = [51],

(1.56) : [96] = [52], (1.57) : [97] = [53],

(1.58) : [98] = [54], (1.59) : [99] = [55],

(1.5, 10) : [9, 10] = 0, (1.62) : 0 = [61],

(1.66) : 0 = [62], (1.67) : 0 = [63],

(1.68) : 0 = [64], (1.69) : 0 = [65],

(1.72) : 0 = [71], (1.76) : 0 = [72],

(1.77) : 0 = [73], (1.78) : 0 = [74],

(1.79) : 0 = [75], (1.82) : 0 = [81],

(1.86) : 0 = [82], (1.87) : 0 = [83],

(1.88) : 0 = [84], (1.89) : 0 = [85],

(1.92) : 0 = [91], (1.96) : 0 = [92],

(1.97) : 0 = [93], (1.98) : 0 = [94],

(1.99) : 0 = [95], (1.10, 2) : 0 = [10, 1],

(1.10, 6) : 0 = [10, 2], (1.10, 7) : 0 = [10, 3],
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(1.10, 8) : 0 = [10, 4], (1.10, 9) : 0 = [10, 5].

(2.26) : [76] = 0, (2.27) : [77] = [22],

(2.28) : [78] = [23], (2.29) : [79] = [24],

(2.36) : [86] = 0, (2.37) : [87] = [32],

(2.38) : [88] = [33], (2.39) : [89] = [34],

(2.3, 10):[8, 10] = [35], (2.46) : [96] = 0,

(2.47) : [97] = [42], (2.48) : [98] = [43],

(2.49) : [99] = [44], (2.4, 10):[9, 10] = [45],

(2.56) : [10, 6] = 0, (2.57) : [10, 7] = [52],

(2.58) : [10, 8] = [53], (2.59) : [10, 9] = [54],

(2.5, 10) [10, 10] = [55].

Iç âèïèñàíèõ ðiâíîñòåé ìà¹ìî:

1) (1.h2), (1.h6)− (1.h9) ⇒
[h1] = [h2] = [h3] = [h4] = [h5] = 0

äëÿ h = 6, 7, 8, 9, 10;

2) (1.h− 4, 2) i [h2] = 0 ⇒
[h− 4, 1] = 0 for h = 6, 7, 8, 9;

3) (2.29), (1.39), (2.3, 10), (1.4, 10) ⇒
[24] = [79] = [35] = [8, 10] = 0;

4) (2.28), (1.38), (2.39), (1.49), (2.4, 10), (1.5, 10) ⇒
[23] = [78] = [34] = [89] = [45] = [9, 10] = 0;

5) (2.57), (1.56), (2.46) ⇒
[10, 7] = [52] = [96] = 0;

6) (2.59), (1.58), (2.48), (1.47), (2.37), (1.36), (2.26) ⇒
[10, 9] = [54] = [98] = [43] = [87] = [32] = [76] = 0;
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7) (2.58), (1.57), (2.47), (1.46), (2.36) ⇒
[10, 8] = [53] = [97] = [42] = [86] = 0;

8) (2.5, 10), (1.59), (2.49), (1.48), (2.38), (1.37), (2.27), (1.26) ⇒
[10, 10] = [55] = [99] = [44] = [88] = [33] = [77] = [22] = [66];

9) (1.12) i 32 = 42 = 0 (äèâ. 6), 7)) ⇒
[22] = [11];

10) (1.13) i [23] = [43] = 0 (äèâ. 4),6)), [33] = [22] = [11] (äèâ. 8),9))

⇒ P [11] = [11]P ′;

11) (1.14) i [24] = [34] = 0 (äèâ. 3),4)), [44] = [22] = [11] (äèâ. 8),9))

⇒Q[11] = [11]Q′.
Iç 1) � 9) (äèâ. ïiñëÿ ñèìâîëó ⇒) i [10, 6] = 0 (äèâ. (2.56)) ìà¹ìî, ùî

ìàòðèöÿ X ¹ áëîêîâî âåðõíüî òðèêóòíîþ ìàòðèöåþ ç ðiâíèìè äiàãîíàëü-

íèìè áëîêàìè:

X =



X11 X12 X13 X14 X15 X16 X17 X18 X19 X110

0 X11 0 0 X25 X26 X27 X28 X29 X210

0 0 X11 0 0 X36 X37 X38 X39 X310

0 0 0 X11 0 X46 X47 X48 X49 X410

0 0 0 0 X11 X56 X57 X58 X59 X510

0 0 0 0 0 X11 X67 X68 X69 X6,10

0 0 0 0 0 0 X11 0 0 X7,10

0 0 0 0 0 0 0 X11 0 0

0 0 0 0 0 0 0 0 X11 0

0 0 0 0 0 0 0 0 0 X11



. (3.3)

Òîäi ìàòðèöÿ X îáîðîòíà òîäi i ëèøå òîäi, êîëè îáîðîòíèé áëîê [11] i iç

10) òà 11) âèïëèâà¹, ùî ïàðè ìàòðèöü (P,Q) (P ′, Q′) ïîäiáíi, àáî (iíøèìè

ñëîâàìè), ùî ìàòðè÷íi çîáðàæåííÿ ϕ i ϕ′ åêâiâàëåíòíi
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Îòæå, ìè äîâåëè, ùî ÿêùî çîáðàæåííÿ γ ⊗ ϕ i γ ⊗ ϕ′. åêâiâàëåíòíi,

òî i çîáðàæåííÿ ϕ i ϕ 'åêâiâàëåíòíi. Ïåðøà óìîâà îçíà÷åííÿ äîñêîíàëîãî

çîáðàæåííÿ âèêîíàíà.

Ïåðåõîäèìî äî äðóãî¨ óìîâè.

Ñêîðèñòà¹ìîñÿ äîáðå âiäîìèì ôàêòîì, ùî (ñêií÷åííîâèìiðíå) çîáðà-

æåííÿ ñêií÷åííîâèìiðíî¨ àëãåáðè íåðîçêëàäíå òîäi i ëèøå òîäi, êîëè àë-

ãåáðà éîãî åíäîìîðôiçìiâ ëîêàëüíà. ßêùî çîáðàæåííÿ çàäàíå â ìàòðè-

÷íié ôîðìi, òî àëãåáðà éîãî åíäîìîðôiçìiâ � öå ìíîæèíà âñiõ ìàòðèöü,

ÿêi êîìóòóþòü iç âñiìà ìàòðèöÿìè öüîãî çîáðàæåííÿ.

Íåõàé òåïåð ó ïðèâåäåíîìó âèùå äîâåäåííi (óìîâè 1) îçíà÷åííÿ äî-

ñêîíàëîãî çîáðàæåííÿ ϕ′ = ϕ. Òîäi P ′ = P,Q′ = Q, B′1 = B1, B
′
2 = B2,

A′1 = A1, A
′
2 = A2. Ìíîæèíà âñiõ ìàòðèöü X, ùî çàäîâîëüíÿþòü ðiâíÿííÿ

3.2 çàäà¹ àëãåáðó åíäîìîðôiçìiâ ìàòðè÷íîãî çîáðàæåííÿ γ ⊗ ϕ. Ïðèïó-
ñòèìî, ùî öå çîáðàæåííÿ ðîçêëàäíå. Òîäi àëãåáðà éîãî åíäîìîðôiçìiâ íå

ëîêàëüíà, ïðè÷îìó êîæíèé åíäîìîðôiçì ìà¹ âèãëÿä 3.3 (ïðè öüîìó, ÿê öå

âèïëèâà¹ iç âèãëÿäó ìàòðèöü â ðiâíÿííÿõ (∗∗), äîäàòêîâi ñïiââiäíîøåííÿ
ìiæ éîãî áëîêàìè ìîæóòü ñòîñóâàòèñÿ ëèøå íåäiàãîíàëüíèõ áëîêiâ). Òîäi

iç 10), 11) i 3.3 âèïëèâà¹, ùî íå ëîêàëüíîþ áóäå i àëãåáðà âñiõ ìàòðèöü

X11, ùî êîìóòóþòü iç ìàòðèöÿìè P i Q, à öå àëãåáðà åíäîìîðôiçìiâ. çî-

áðàæåííÿ ϕ. Îòæå, çîáðàæåííÿ ϕ ðîçêëàäíå, ùî i òðåáà áóëî äîâåñòè.

Òàêèì ÷èíîì, çîáðàæåííÿ γ ⊗ ϕ ¹ äîñêîíàëèì.

Çàëèøèëîñÿ äîâåñòè, ùî çîáðàæåííÿ γ⊗ϕ ìà¹ ïîñòiéíèé æîðäàíîâèé

òèï, òîáòî âèêîíó¹òüñÿ óìîâà 3) (äèâ. îçíà÷åííÿ cJ-äîñêîíàëîãî çîáðà-

æåííÿ). Äëÿ öüîãî ïîòðiáíî ïîêàçàòè, ùî äëÿ åëåìåíòiâ a1, a2 ∈ k òàêèõ,
ùî (a1, a2) 6= (0, 0), ðàíã ìàòðèöi a1A1 + a2A2 íå çàëåæèòü âiä öèõ åëå-

ìåíòiâ. Îñêiëüêè rank (A1) = rank (A2) = 5s, òî äîñòàòíüî ïîêàçàòè, ùî

ïðè a1 = 1 i äîâiëüíîìó a2 ðàíã ìàòðèöi A1 + a2A2 äîðiâíþ¹ 5s.
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Ìà¹ìî

A1+a2A2 =



0 E P + a2E Q+ a2P a2Q 0 0 0 0 0

0 0 0 0 0 E a2E 0 0 0

0 0 0 0 0 0 E a2E 0 0

0 0 0 0 0 0 0 E a2E 0

0 0 0 0 0 0 0 0 E a2E

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0



.

Îñêiëüêè âñi íåíóëüîâi ðÿäêè, òîáòî ðÿäêè ïåðøèõ ï'ÿòè ãîðèçîíòàëü-

íèõ ñìóã, ëiíiéíî íåçàëåæíi (áî ïiñëÿ âèêðåñëþâàííi 1-î¨, 3-î¨, 4-î¨ i 5-î¨

âåðòèêàëüíèõ ñìóã òà íóëüîâèõ ãîðèçîíòàëüíèõ ñìóã îòðèìó¹ìî êâàäðà-

òíó òðèêóòíó ìàòðèöþ ç îäèíè÷íèìè åëåìåíòàìè íà ãîëîâíié äiàãîíàëi),

òî ðàíã öi¹¨ ìàòðèöi äîðiâíþ¹ 5s (íåçàëåæíî âiä a2), ùî i òðåáà áóëî äî-

âåñòè.

Òâåðäæåííÿ äîâåäåíî.

3.6. Îñíîâíà òåîðåìà

ßê i ðàíiøå, ìàòðè÷íi çîáðàæåííÿ ðîçãëÿäàþòüñÿ íàä àëãåáðà¨÷íî çà-

ìêíóòèì ïîëåì õàðàêòåðèñòèêè p > 0.

Áóäåìî ãîâîðèòè, ùî ñêií÷åííà ãðóïà G ìà¹ cJ-ñêií÷åííèé çîáðàæó-

âàëüíèé òèï íàä ïîëåì k, ÿêùî âîíà ìà¹, ç òî÷íiñòþ äî åêâiâàëåíòíîñòi,

ëèøå ñêií÷åííå ÷èñëî íåðîçêëàäíèõ çîáðàæåíü ïîñòiéíîãî çîáðàæóâàëü-

íîãî òèïó, i cJ-íåñêií÷åííîãî çîáðàæóâàëüíîãî òèïó â iíøîìó ðàçi. Â

îñòàííüîìó âèïàäêó ãðóïó íàçèâàòèìåìî cJ-äèñêðåòíîþ àáî ïðîñòî äèñ-

êðåòíîþ, ÿêùî âîíà ìà¹ ñêií÷åííå ÷èñëî íåðîçêëàäíèõ çîáðàæåíü (ïî-



84

ñòiéíîãî æîðäàíîâîãî òèïó) â êîæíié ðîçìiðíîñòi. Â ðîáîòi [71] çàìiñòü

òåðìiíó �äèñêðåòíà ãðóïà� âèêîðèñòàíî òåðìií �ãðóïà íàïiâíåñêií÷åííîãî

òèïó�, àëå ïåðøèé òåðìií áiëüø âæèâàíèé.

Òåîðåìà 3.9. Åëåìåíòàðíà àáåëåâà p-ãðóïà G = (Z/p)r ìà¹

cJ-ñêií÷åííèé çîáðàæóâàëüíèé òèï, ÿêùî r = 1 (äëÿ äîâiëüíîãî p),

cJ-ðó÷íèé çîáðàæóâàëüíèé òèï, ÿêùî r = p = 2,

cJ-äèêèé çîáðàæóâàëüíèé òèï â iíøèõ âèïàäêàõ.

Ïðè öüîìó â ðó÷íîìó âèïàäêó âîíà ¹ äèñêðåòíîþ.

Äîâåäåííÿ. Çà òâåðäæåííÿìè 3.8, 3.6 i íàñëiäêîì 3.7 ãðóïà G ìà¹ cJ-

äèêèé çîáðàæóâàëüíèé òèï, ÿêùî r > 2 àáî r = 2, p > 2. Îòæå çàëèøè-

ëîñÿ ðîçãëÿíóòè òàêi âèïàäêè: a) r = 1; b) r = 2, p = 2. Ó âèïàäêó a)

ãðóïà G öèêëi÷íà, à çíà÷èòü ìà¹ (ç òî÷íiñòþ äî åêâiâàëåíòíîñòi) ñêií÷åí-

íå ÷èñëî íåðîçêëàäíèõ çîáðàæåíü (íàâiòü áåç äîäàòêîâèõ îáìåæåíü). Ó

âèïàäêó b) ãðóïà G ¹ ÷åòâåðíîþ ãðóïîþ Êëåéíà, à âîíà ¹ äèñêðåòíîþ çà

òåîðåìîþ 2.1.

3.7. Âèñíîâêè äî ðîçäiëó

Ó öüîìó ðîçäiëi âèâ÷àþòüñÿ ìàòðè÷íi çîáðàæåííÿ åëåìåíòàðíèõ àáåëåâèõ

p-ãðóï íàä àëãåáðà¨÷íî çàìêíóòèì ïîëåì õàðàêòåðèñòèêè p. Äîâåäåíî, ùî

ãðóïè G = Z/p × Z/p (p > 2) i G = Z/2 × · · · × Z/2 (n > 2 ðàçiâ) ¹

cJ-äèêèìè. Îòðèìàíî ïîâíèé îïèñ cJ-äèêèõ ãðóï i ïîêàçàíî, ùî â iíøèõ

âèïàäêàõ ãðóïà ¹ ãðóïîþ cJ�ñêií÷åííîãî òèïó àáî cJ-äèñêðåòíîþ ãðóïîþ.

Âèâ÷àþòüñÿ òàêîæ çîáðàæåííÿ ìàëèõ ðîçìiðíîñòåé.

Ðåçóëüòàòè öüîãî ðîçäiëó îïóáëiêîâàíi â ðîáîòàõ [70] � [72], [76] � [80].
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Ðîçäië 4

Êàòåãîðíi òà êîìáiíàòîðíi âëàñòèâîñòi çîáðàæåíü

ïîñòiéíîãî æîðäàíîâîãî òèïó ÷åòâåðíî¨ ãðóïè Êëåéíà

4.1. Îïèñ êàòåãîði¨ çîáðàæåíü ïîñòiéíîãî æîðäàíîâî-

ãî òèïó ÷åòâåðíî¨ ãðóïè Êëåéíà

Ìåòà öüîãî ïiäðîçäiëó � îïèñàòè êàòåãîðiþ ìàòðè÷íèõ çîáðàæåíü ïî-

ñòiéíîãî æîðäàíîâîãî òèïó ÷åòâåðíî¨ ãðóïè Êëåéíà G2,2 íàä àëãåáðà¨÷íî

çàìêíóòèì ïîëåì k õàðàêòåðèñòèêè 2.

Çãiäíî çàãàëüíîãî îçíà÷åííÿ (äëÿ çîáðàæåíü äîâiëüíî¨ ãðóïè íàä äî-

âiëüíèì ïîëåì) ìíîæèíà ìîðôiçìiâ Hom(S, S ′) ìàòðè÷íèõ çîáðàæåíü

S : a→ A, b→ B, S ′ : a→ A′, b→ B′

ãðóïè G2,2 íàä ïîëåì k ñêëàäà¹òüñÿ ç óñiõ ìàòðèöü X (ç åëåìåíòàìè ç

k) òàêèõ, ùî AX = XA′ i BX = XB′. Ìíîæèíà ìîðôiçìiâ ¹, î÷åâèäíî,

âåêòîðíèì ïðîñòîðîì.

Äëÿ çàäàííÿ êàòåãîði¨ äîñòàòíüî â êîæíîìó êëàñi åêâiâàëåíòíèõ íå-

ðîçêëàäíèõ çîáðàæåíü âêàçàòè ïî îäíîìó ïðåäñòàâíèêó (iíøèìè ñëîâà-

ìè, âçÿòè íåðîçêëàäíi îá'¹êòè ñêåëåòà êàòåãîði¨) i îá÷èñëèòè äëÿ íèõ âñi

ìíîæèíè ìîðôiçìiâ. Â ÿêîñòi òàêèõ ïðåäñòàâíèêiâ áóäåìî áðàòè âêàçàíi

â òåîðåìi 2.1 íåðîçêëàäíi çîáðàæåííÿ. Ïðè öüîìó çîáðàæåííÿ, âêàçàíi â

ïóíêòàõ a), b), c), d), áóäåìî ïîçíà÷àòè âiäïîâiäíî ÷åðåç T1, T2, T s3 , T
s
4 .

Ââåäåìî äåÿêi ïîíÿòòÿ.

Íåõàé X = (xij) � ìàòðèöÿ ðîçìiðó n × m íàä äåÿêèì ïîëåì. �¨ s+-
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îþ äiàãîíàëëþ, äå s � öiëå ÷èñëî, íàçâåìî ñóêóïíiñòü åëåìåíòiâ âèãëÿäó

xi,i+s, à s−-îþ äiàãîíàëëþ � ñóêóïíiñòü åëåìåíòiâ âèãëÿäó xi,m+1−s−i (ç

ôîðìàëüíèõ ìiðêóâàíü ìè íå âèïèñó¹ìî äîïóñòèìi çíà÷åííÿ äëÿ iíäå-

êñiâ, ââàæàþ÷è, ùî ñèìâîë x ç íåäîïóñòèìèìè iíäåêñàìè âiäñóòíié i ÿê

íàñëiäîê äîïóñêàþ÷è ïóñòi äiàãîíàëi). Òàêi äiàãîíàëi íàçèâà¹ìî âiäïîâiä-

íî (+)-äiàãîíàëÿìè i (−)-äiàãîíàëÿìè.

ßê ïðèêëàä ðîçãëÿíåìî ñõåìàòè÷íî äiàãîíàëi ç íîìåðàìè

äëÿ ìàòðèöü ðîçìiðó 4× 6:
0+ 1+ 2+ 3+ 4+ 5+

(−1)+ 0+ 1+ 2+ 3+ 4+

(−2)+ (−1)+ 0+ 1+ 2+ 3+

(−3)+ (−2)+ (−1)+ 0+ 1+ 2+

 ,


(−5)− (−4)− (−3)− (−2)− (−1)− 0−

(−4)− (−3)− (−2)− (−1)− 0− 1−

(−3)− (−2)− (−1)− 0− 1− 2−

(−2)− (−1)− 0− 1− 2− 3−

 ,

Íàçâåìî (±)-äiàãîíàëü ñêàëÿðíîþ, ÿêùî âñi ¨¨ åëåìåíòè ðiâíi ìiæ ñî-

áîþ (çîêðåìà, íóëüîâîþ, ÿêùî âñi åëåìåíòè íóëüîâi).

Ìàòðèöþ X áóäåìî íàçèâàòè d+-ñêàëÿðíîþ (âiäïîâiäíî d−-

ñêàëÿðíîþ), ÿêùî êîæíà ¨¨ (+)-äiàãîíàëü (âiäïîâiäíî (−)-äiàãîíàëü)

ñêàëÿðíà. Î÷åâèäíî, ùî ÿêùî ìàòðèöÿ X ¹ d+-ñêàëÿðíîþ (âiäïîâiäíî

d−-ñêàëÿðíîþ), òî âîíà îäíîçíà÷íî çàäà¹òüñÿ åëåìåíòàìè ïåðøîãî ðÿäêà

i ïåðøîãî ñòîâïöÿ (âiäïîâiäíî ïåðøîãî ðÿäêà i îñòàííüîãî ñòîâïöÿ). Â

öüîìó âèïàäêó ââîäèìî âiäïîâiäíî ïîçíà÷åííÿ

X = S+
nm(x11, . . . , x1m;x21, . . . , xn1),

X = S−nm(x11, . . . , x1m;x2m, . . . , xnm).

Ìàòðèöþ X, ÿêà ¹ d+-ñêàëÿðíîþ, íàçèâàòèìåìî d0-ñêàëÿðíîþ, ÿêùî ó

âèïàäêó n ≤ m (âiäïîâiäíî n ≥ m) s+-à äiàãîíàëü ¹ íóëüîâîþ ïðè s <
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0 i ïðè s > m − n (âiäïîâiäíî ïðè s > 0 i ïðè s < m − n); â öüîìó

âèïàäêó ââîäèìî ïîçíà÷åííÿ X = Snm(x11 . . . , x1,m−n+1), ÿêùî n ≤ m i

X = Snm(x11 . . . , xn−m+1,1), ÿêùî n ≥ m.

Ïîêëàäåìî M∅ = M äëÿ äîâiëüíî¨ ìàòðèöi M . Òîäi êîæíå êàíîíi÷íå

íåðîçêëàäíå çîáðàæåííÿ ÷åòâåðíî¨ ãðóïè Êëåéíà (âêàçàíå â òåîðåìi 2.1)

ìà¹ âèãëÿä T xi , äå i ∈ {1, 2, 3, 4}, x = ∅, ÿêùî i = 1, 2 i x � íàòóðàëüíå

÷èñëî, ÿêùî i = 3, 4.

ßêùî T xi : a → A1, b → B1 i T yj : a → A2, b → B2 � êàíîíi÷íi íå-

ðîçêëàäíi çîáðàæåííÿ, òî (çãiäíî ñêàçàíîãî âèùå) ìíîæèíà ìîðôiçìiâ

Hom(T xi , T
y
j ) â êàòåãîði¨ çîáðàæåíü ïîñòiéíîãî æîðäàíîâîãî òèïó ÷åòâåð-

íî¨ ãðóïè Êëåéíà ñêëàäà¹òüñÿ ç óñiõ ìàòðèöü X òàêèõ, ùî A1X = XA2

i B1X = XB2. Â òàêîìó âèïàäêó ñêàëÿðíi ðiâíîñòi (A1X)pq = (XA2)pq i

(B1Xpq) = (XB2)pq ïîçíà÷àþòüñÿ âiäïîâiäíî ÷åðåç [a; i, j; p, q] i [b; i, j; p, q];

ó âêàçàíîìó îçíà÷åííi ÷åðåç Mpq ïîçíà÷à¹òüñÿ åëåìåíò ìàòðèöi M , ÿêèé

ñòî¨òü íà ïåðåòèíi p-îãî ðÿäêà i q-ãî ñòîâïöÿ (äå M ïðèéìà¹ çíà÷åííÿ

(A1X), (XA2), (B1X,XB2).

Ïðè îá÷èñëåííi ìíîæèí ìîðôiçìiâ ìàòðèöi X ïîçíà÷àþòüñÿ òðàäèöié-

íî � ÷åðåç xpq. Ïðè öüîìó, äëÿ ïðîñòîòè, çàìiñòü xpq ïèøåìî ïðîñòî pq,

âèêîðèñòîâóþ÷è, ÿêùî ïîòðiáíî, êðóãëi äóæêè (íàïðèêëàä, çàìiñòü xs+1,1

ïèøåìî (s+ 1)1).

Âèïàäîê, êîëè îá÷èñëþ¹òüñÿ Hom(T xi , T
y
j ), áóäåìî ïîçíà÷àòè ÷åðåç

(i, j).

Ïåðåõîäèìî äî ðîçãëÿäó óñiõ ìîæëèâèõ âèïàäêiâ.

Ó ôîðìóëþâàííÿõ òâåðäæåíü åëåìåíò ïàðàìåòðè÷íî¨ ìàòðèöi (ùî çà-

äà¹ ìîðôiçìè â êîíêðåòíîìó âèïàäêó) ïîçíà÷à¹òüñÿ æèðíèì øðèôòîì,

ÿêùî âií çóñòði÷à¹òüñÿ îäèí ðàç.

4.1.1. Âèïàäîê (1,1). Ìíîæèíó ìîðôiçìiâ ó öüîìó âèïàäêó îïèñó¹

íàñòóïíå òâåðäæåííÿ.
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Òâåðäæåííÿ 4.1. Hom (T1, T1) = {(x11x11x11)}.

Äîâåäåííÿ. Ðiâíîñòi A1X = XA1, B1X = XB1 ìàþòü âèãëÿä

(1)X = X(1), (1)X = X(1).

Çâiäñè ìà¹ìî

X = (11).

4.1.2. Âèïàäîê (1,2). Ìíîæèíó ìîðôiçìiâ ó öüîìó âèïàäêó îïèñó¹

íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 4.2. Hom (T1, T2) =
{(

0 0 0 x14x14x14

)}
.

Äîâåäåííÿ. Ðiâíîñòi A1X = XA2, B1X = XB2 ìàþòü âèãëÿä

(
1
)(

11 12 13 14
)

=
(

11 12 13 14
)


1 0 1 0

0 1 0 1

0 0 1 0

0 0 0 1

 ,

(
1
)(

11 12 13 14
)

=
(

11 12 13 14
)


1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1

 .

Öi ìàòðè÷íi ðiâíîñòi åêâiâàëåíòíi íàñòóïíèì ñêàëÿðíèì ðiâíîñòÿì:

[a; 1, 2; 1, 1] : 0 = 0, [b; 1, 2; 1, 1] : 0 = 0,

[a; 1, 2; 1, 2] : 0 = 0, [b; 1, 2; 1, 2] : 0 = 11,

[a; 1, 2; 1, 3] : 0 = 11, [b; 1, 2; 1, 3] : 0 = 0,

[a; 1, 2; 1, 4] : 0 = 12, [b; 1, 2; 1, 4] : 0 = 13.

Iç öèõ ðiâíîñòåé ìà¹ìî:

[a; 1, 2; 1, 3]⇒ 11 = 0,

[a; 1, 2; 1, 4]⇒ 12 = 0,

[b; 1, 2; 1, 4]⇒ 13 = 0.
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Îòæå, ó âèïàäêó (1, 2) âèãëÿä ìàòðèöi X íàñòóïíèé:

X =
(

0 0 0 14
)
.

4.1.3. Âèïàäîê (2,1). Ìíîæèíó ìîðôiçìiâ ó öüîìó âèïàäêó îïèñó¹

íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 4.3. Hom (T2, T1) =




x11x11x11

0

0

0




.

Äîâåäåííÿ. Ðiâíîñòi A2X = XA1, B2X = XB1 ìàþòü âèãëÿä
1 0 1 0

0 1 0 1

0 0 1 0

0 0 0 1




11

21

31

41

 =


11

21

31

41


(

1
)
,


1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1




11

21

31

41

 =


11

21

31

41


(

1
)
.

Öi ìàòðè÷íi ðiâíîñòi åêâiâàëåíòíi íàñòóïíèì ñêàëÿðíèì ðiâíîñòÿì:

[a; 2, 1; 1, 1] : 31 = 0, [b; 2, 1; 1, 1] : 21 = 0,

[a; 2, 1; 2, 1] : 41 = 0, [b; 2, 1; 2, 1] : 0 = 0,

[a; 2, 1; 3, 1] : 0 = 0, [b; 2, 1; 3, 1] : 41 = 0,

[a; 2, 1; 4, 1] : 0 = 0, [b; 2, 1; 1, 4] : 0 = 0.

Iç öèõ ðiâíîñòåé ìà¹ìî:

[a; 2, 1; 1, 1]⇒ 31 = 0,

[a; 2, 1; 2, 1]⇒ 41 = 0,

[b; 2, 1; 1, 1]⇒ 21 = 0.
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Îòæå, ó âèïàäêó (2, 1) âèãëÿä ìàòðèöi X íàñòóïíèé:

X =


11

0

0

0

.

4.1.4. Âèïàäîê (2,2). Ìíîæèíó ìîðôiçìiâ ó öüîìó âèïàäêó îïèñó¹

íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 4.4. Hom (T2, T2) =




x11 x12 x13 x14x14x14

0 x11 0 x13

0 0 x11 x12

0 0 0 x11




.

Äîâåäåííÿ. Ðiâíîñòi A2X = XA2, B2X = XB2 ìàþòü âèãëÿä


1 0 1 0

0 1 0 1

0 0 1 0

0 0 0 1




11 12 13 14

21 22 23 24

31 32 33 34

41 42 43 44

 =


11 12 13 14

21 22 23 24

31 32 33 34

41 42 43 44




1 0 1 0

0 1 0 1

0 0 1 0

0 0 0 1

 ,


1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1




11 12 13 14

21 22 23 24

31 32 33 34

41 42 43 44

 =


11 12 13 14

21 22 23 24

31 32 33 34

41 42 43 44




1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1

 .

Öi ìàòðè÷íi ðiâíîñòi åêâiâàëåíòíi íàñòóïíèì ñêàëÿðíèì ðiâíîñòÿì:
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[a; 2, 2; 1, 1] : 31 = 0,

[a; 2, 2; 1, 2] : 32 = 0,

[a; 2, 2; 1, 3] : 33 = 11,

[a; 2, 2; 1, 4] : 34 = 12,

[a; 2, 2; 2, 1] : 41 = 0,

[a; 2, 2; 2, 2] : 42 = 0,

[a; 2, 2; 2, 3] : 43 = 21,

[a; 2, 2; 2, 4] : 44 = 22,

[a; 2, 2; 3, 1] : 0 = 0,

[a; 2, 2; 3, 2] : 0 = 0,

[a; 2, 2; 3, 3] : 0 = 31,

[a; 2, 2; 3, 4] : 0 = 32,

[a; 2, 2; 4, 1] : 0 = 0,

[a; 2, 2; 4, 2] : 0 = 0,

[a; 2, 2; 4, 3] : 0 = 41,

[a; 2, 2; 4, 4] : 0 = 42,

[b; 2, 2; 1, 1] : 21 = 0,

[b; 2, 2; 1, 2] : 22 = 11,

[b; 2, 2; 1, 3] : 23 = 0,

[b; 2, 2; 1, 4] : 24 = 13,

[b; 2, 2; 2, 1] : 0 = 0,

[b; 2, 2; 2, 2] : 0 = 21,

[b; 2, 2; 2, 3] : 0 = 0,

[b; 2, 2; 2, 4] : 0 = 23,

[b; 2, 2; 3, 1] : 41 = 0,

[b; 2, 2; 3, 2] : 42 = 31,

[b; 2, 2; 3, 3] : 43 = 0,

[b; 2, 2; 3, 4] : 44 = 33,

[b; 2, 2; 4, 1] : 0 = 0,

[b; 2, 2; 4, 2] : 0 = 41,

[b; 2, 2; 4, 3] : 0 = 0,

[b; 2, 2; 4, 4] : 0 = 43.

Iç öèõ ðiâíîñòåé ìà¹ìî:

[a; 2, 2; 1, 1], [a; 2, 2; 1, 2], [a; 2, 2; 2, 1], [a; 2, 2; 2, 2], [b; 2, 2; 1, 1],

[b; 2, 2; 1, 3], [b; 2, 2; 4, 4] ⇒ 31 = 0, 32 = 0, 41 = 0, 42 = 0, 21 = 0, 23 =

0, 43 = 0;

[a; 2, 2; 1, 3], [b; 2, 2; 1, 2], [a; 2, 2; 2, 4] ⇒ 33 = 11 = 22 = 44;

[a; 2, 2; 1, 4], [a; 2, 2; 2, 3], [b; 2, 2; 1, 4] ⇒ 12 = 34, 21 = 43, 24 = 13.

Îòæå, ó âèïàäêó (2, 2) âèãëÿä ìàòðèöi X íàñòóïíèé:

X =


11 12 13 14

0 11 0 13

0 0 11 12

0 0 0 11

.
4.1.5. Âèïàäîê (1,3). Ìíîæèíó ìîðôiçìiâ ó öüîìó âèïàäêó îïèñó¹

íàñòóïíå òâåðäæåííÿ.
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Òâåðäæåííÿ 4.5. Hom (T1, T
s
3 ) =

{(
0 . . . 0 | x1,s+1x1,s+1x1,s+1 . . . x1,2s+1x1,2s+1x1,2s+1

)}
.

Äîâåäåííÿ. Ðiâíîñòi A1X = XA3, B1X = XB3 ìàþòü âèãëÿä

(
1
)(

11 . . . 1s 1(s+ 1) . . . 1(2s+ 1)
)

=

(
11 . . . 1s 1(s+ 1) . . . 1(2s+ 1)

) Es Es 0̄

0 Es+1

 ,

(
1
)(

11 . . . 1s 1(s+ 1) . . . 1(2s+ 1)
)

=

(
11 . . . 1s 1(s+ 1) . . . 1(2s+ 1)

) Es 0̄ Es

0 Es+1

 .

Öi ìàòðè÷íi ðiâíîñòi åêâiâàëåíòíi íàñòóïíèì ñêàëÿðíèì ðiâíîñòÿì:

[a; 1, 3; 1, 1] : 0 = 0,

. . . . . .

[a; 1, 3; 1, s] : 0 = 0,

[a; 1, 3; 1, s+ 1] : 0 = 11,

[a; 1, 3; 1, s+ 2] : 0 = 12,

. . . . . .

[a; 1, 3; 1, 2s] : 0 = 1s,

[a; 1, 3; 1, 2s+ 1] : 0 = 0.

[b; 1, 3; 1, 1] : 0 = 0,

. . . . . .

[b; 1, 3; 1, s] : 0 = 0,

[b; 1, 3; 1, s+ 1] : 0 = 0,

[b; 1, 3; 1, s+ 2] : 0 = 11,

. . . . . .

[b; 1, 3; 1, 2s] : 0 = 1(s− 1),

[b; 1, 3; 1, 2s+ 1] : 0 = 1s.

Iç öèõ ðiâíîñòåé ìà¹ìî:

[a; 1, 3; 1, s+ l], l = 1, . . . , s⇒ 1l = 0.

Îòæå, ó âèïàäêó (1, 3) âèãëÿä ìàòðèöi X íàñòóïíèé:

X =
(

0 . . . 0 1(s+ 1) . . . 1(2s+ 1)
)
.

4.1.6. Âèïàäîê (3,1). Ìíîæèíó ìîðôiçìiâ ó öüîìó âèïàäêó îïèñó¹

íàñòóïíå òâåðäæåííÿ.
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Òâåðäæåííÿ 4.6. Hom (T s3 , T1) =





x11x11x11

...

xs1xs1xs1

0
...

0




.

Äîâåäåííÿ. Ðiâíîñòi A3X = XA1, B3X = XB1 ìàþòü âèãëÿä

 Es Es 0̄

0 Es+1





11
...

s1

(s+ 1)1
...

(2s+ 1)1


=



11
...

s1

(s+ 1)1
...

(2s+ 1)1


(

1
)
,

 Es 0̄ Es

0 Es+1





11
...

s1

(s+ 1)1
...

(2s+ 1)1


=



11
...

s1

(s+ 1)1
...

(2s+ 1)1


(

1
)
.

Öi ìàòðè÷íi ðiâíîñòi åêâiâàëåíòíi íàñòóïíèì ñêàëÿðíèì ðiâíîñòÿì:

[a; 3, 1; 1, 1] : (s+ 1)1 = 0,

. . . . . .

[a; 3, 1; s, 1] : (2s)1 = 0,

[a; 3, 1; s+ 1, 1] : 0 = 0,

. . . . . .

[a; 3, 1; 2s+ 1, 1] : 0 = 0,

[b; 3, 1; 1, 1] : (s+ 2)1 = 0,

. . . . . .

[b; 3, 1; s, 1] : (2s+ 1)1 = 0,

[b; 3, 1; s+ 1, 1] : 0 = 0,

. . . . . .

[b; 3, 1; 2s+ 1, 1] : 0 = 0.

Iç öèõ ðiâíîñòåé ìà¹ìî:

[a; 3, 1; k, 1], k = 1, . . . , s⇒ (s+ k)1 = 0;
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[b; 3, 1; s, 1]⇒ (2s+ 1)1 = 0.

Îòæå, ó âèïàäêó (3, 1) âèãëÿä ìàòðèöi X íàñòóïíèé:

X =



11
...

s1

0
...

0


.

4.1.7. Âèïàäîê (1,4). Ìíîæèíó ìîðôiçìiâ ó öüîìó âèïàäêó îïèñó¹

íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 4.7. Hom (T1, T
s
4 ) =

{(
0 . . . 0 | x1,s+2x1,s+2x1,s+2 . . . x1,2s+1x1,2s+1x1,2s+1

)}
.

Äîâåäåííÿ. Ðiâíîñòi A1X = XA4, B1X = XB4 ìàþòü âèãëÿä

(
1
)(

11 . . . 1(s+ 1) 1(s+ 2) . . . 1(2s+ 1)
)

=

(
11 . . . 1(s+ 1) 1(s+ 2) . . . 1(2s+ 1)

) Es+1

Es

0̃

0 Es


(

1
)(

11 . . . 1(s+ 1) 1(s+ 2) . . . 1(2s+ 1)
)

=

(
11 . . . 1(s+ 1) 1(s+ 2) . . . 1(2s+ 1)

) Es+1

0̃

Es

0 Es


Öi ìàòðè÷íi ðiâíîñòi åêâiâàëåíòíi íàñòóïíèì ñêàëÿðíèì ðiâíîñòÿì:
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[a; 1, 4; 1, 1] : 0 = 0,

. . . . . .

[a; 1, 4; 1, s+ 1] : 0 = 0,

[a; 1, 4; 1, s+ 2] : 0 = 11,

. . . . . .

[a; 1, 4; 1, 2s+ 1] : 0 = 1s,

[b; 1, 4; 1, 1] : 0 = 0,

. . . . . .

[b; 1, 4; 1, s+ 1] : 0 = 0,

[b; 1, 4; 1, s+ 2] : 0 = 12,

. . . . . .

[b; 1, 4; 1, 2s+ 1] : 0 = 1(s+ 1),

Iç öèõ ðiâíÿíü ìà¹ìî:

[a; 1, 4; 1, s+ 1 + l] : l = 1, . . . , s⇒ 1l = 0;

[b; 1, 4; 1, 2s+ 1]⇒ 1(s+ 1) = 0.

Îòæå, ó âèïàäêó (1, 4) âèãëÿä ìàòðèöi X íàñòóïíèé:

X =
(

0 . . . 0 1(s+ 2) . . . 1(2s+ 1)
)
.

4.1.8. Âèïàäîê (4,1). Ìíîæèíó ìîðôiçìiâ ó öüîìó âèïàäêó îïèñó¹

íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 4.8. Hom (T s4 , T1) =





x11x11x11

...

xs+1,1xs+1,1xs+1,1

0
...

0




.

Äîâåäåííÿ. Ðiâíîñòi A4X = XA1, B4X = XB1 ìàþòü âèãëÿä

 Es+1

Es

0̃

0 Es





11
...

(s+ 1)1

(s+ 2)1
...

(2s+ 1)1


=



11
...

(s+ 1)1

(s+ 2)1
...

(2s+ 1)1


(

1
)
,
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 Es+1

0̃

Es

0 Et





11
...

(s+ 1)1

(s+ 2)1
...

(2s+ 1)1


=



11
...

(s+ 1)1

(s+ 2)1
...

(2s+ 1)1


(

1
)

Öi ìàòðè÷íi ðiâíîñòi åêâiâàëåíòíi íàñòóïíèì ñêàëÿðíèì ðiâíîñòÿì:

[a; 4, 1; 1, 1] : (s+ 2)1 = 0,

[a; 4, 1; 2, 1] : (s+ 3)1 = 0.

. . . . . .

[a; 4, 1; s, 1] : (2s+ 1)1 = 0,

[a; 4, 1; s+ 1, 1] : 0 = 0

. . . . . .

[a; 4, 1; 2s+ 1, 1] : 0 = 0,

[b; 4, 1; 1, 1] : 0 = 0,

[b; 4, 1; 2, 1] : (s+ 2)1 = 0,

. . . . . .

[b; 4, 1; s+ 1, 1] : (2s+ 1)1 = 0,

[b; 4, 1; s+ 2, 1] : 0 = 0,

. . . . . .

[b; 4, 1; 2s+ 1, 1] : 0 = 0,

Iç öèõ ðiâíîñòåé ìà¹ìî:

[a; 4, 1; k, 1], k = 1, . . . , s⇒ (s+ 1 + k)1 = 0.

Îòæå, ó âèïàäêó (4, 1) âèãëÿä ìàòðèöi X íàñòóïíèé

X =



11
...

(s+ 1)1

0
...

0


.

4.1.9. Âèïàäîê (2,3). Ìíîæèíó ìîðôiçìiâ ó öüîìó âèïàäêó îïèñó¹

íàñòóïíå òâåðäæåííÿ.
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Òâåðäæåííÿ 4.9. Hom (T2, T
s
3 ) =

=




x11 . . . x1s x1,s+1x1,s+1x1,s+1 x1,s+2x1,s+2x1,s+2 . . . x1,2sx1,2sx1,2s x1,2s+1x1,2s+1x1,2s+1

0 . . . 0 0 x11 . . . x1,s−1 x1s

0 . . . 0 x11 x12 . . . x1s 0

0 . . . 0 0 0 . . . 0 0




.

Äîâåäåííÿ. Ðiâíîñòi A2X = XA3, B2X = XB3 ìàþòü âèãëÿä
1 0 1 0

0 1 0 1

0 0 1 0

0 0 0 1




11 . . . 1s 1(s+ 1) . . . 1(2s+ 1)

21 . . . 2s 2(s+ 1) . . . 2(2s+ 1)

31 . . . 3s 3(s+ 1) . . . 3(2s+ 1)

41 . . . 4s 4(s+ 1) . . . 4(2s+ 1)

 =


11 . . . 1s 1(s+ 1) . . . 1(2s+ 1)

21 . . . 2s 2(s+ 1) . . . 2(2s+ 1)

31 . . . 3s 3(s+ 1) . . . 3(2s+ 1)

41 . . . 4s 4(s+ 1) . . . 4(2s+ 1)


 Es Es 0̄

0 Es+1

 ,


1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1




11 . . . 1s 1(s+ 1) . . . 1(2s+ 1)

21 . . . 2s 2(s+ 1) . . . 2(2s+ 1)

31 . . . 3s 3(s+ 1) . . . 3(2s+ 1)

41 . . . 4s 4(s+ 1) . . . 4(2s+ 1)

 =


11 . . . 1s 1(s+ 1) . . . 1(2s+ 1)

21 . . . 2s 2(s+ 1) . . . 2(2s+ 1)

31 . . . 3s 3(s+ 1) . . . 3(2s+ 1)

41 . . . 4s 4(s+ 1) . . . 4(2s+ 1)


 Es 0̄ Es

0 Es+1

 .

Öi ìàòðè÷íi ðiâíîñòi åêâiâàëåíòíi íàñòóïíèì ñêàëÿðíèì ðiâíîñòÿì:

[a; 2, 3; 1, 1] : 31 = 0,

. . . . . .

[a; 2, 3; 1, s] : 3s = 0,

[a; 2, 3; 1, s+ 1] : 3(s+ 1) = 11,
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[a; 2, 3; 1, s+ 2] : 3(s+ 2) = 12,

. . . . . .

[a; 2, 3; 1, 2s] : 3(2s) = 1s,

[a; 2, 3; 1, 2s+ 1] : 3(2s+ 1) = 0,

[a; 2, 3; 2, 1] : 41 = 0,

. . . . . .

[a; 2, 3; 2, s] : 4s = 0,

[a; 2, 3; 2, s+ 1] : 4(s+ 1) = 21,

[a; 2, 3; 2, s+ 2] : 4(s+ 2) = 22,

. . . . . .

[a; 2, 3; 2, 2s] : 4(2s) = 2s,

[a; 2, 3; 2, 2s+ 1] : 4(2s+ 1) = 0,

[a; 2, 3; 3, 1] : 0 = 0,

. . . . . .

[a; 2, 3; 3, s] : 0 = 0,

[a; 2, 3; 3, s+ 1] : 0 = 31,

[a; 2, 3; 3, s+ 2] : 0 = 32,

. . . . . .

[a; 2, 3; 3, 2s] : 0 = 3s,

[a; 2, 3; 3, 2s+ 1] : 0 = 0,

[a; 2, 3; 4, 1] : 0 = 0,

. . . . . .

[a; 2, 3; 4, s] : 0 = 0,

[a; 2, 3; 4, s+ 1] : 0 = 41,

[a; 2, 3; 4, s+ 2] : 0 = 42,

. . . . . .

[a; 2, 3; 4, 2s] : 0 = 4s,

[a; 2, 3; 4, 2s+ 1] : 0 = 0,
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[b; 2, 3; 1, 1] : 21 = 0,

. . . . . .

[b; 2, 3; 1, s] : 2s = 0,

[b; 2, 3; 1, s+ 1] : 2(s+ 1) = 0,

[b; 2, 3; 1, s+ 2] : 2(s+ 2) = 11,

. . . . . .

[b; 2, 3; 1, 2s] : 2(2s) = 1(s− 1),

[b; 2, 3; 1, 2s+ 1] : 2(2s+ 1) = 1s,

[b; 2, 3; 2, 1] : 0 = 0,

. . . . . .

[b; 2, 3; 2, s] : 0 = 0,

[b; 2, 3; 2, s+ 1] : 0 = 0,

[b; 2, 3; 2, s+ 2] : 0 = 21,

. . . . . .

[b; 2, 3; 2, 2s] : 0 = 2(s− 1),

[b; 2, 3; 2, 2s+ 1] : 0 = 2s,

[b; 2, 3; 3, 1] : 41 = 0,

. . . . . .

[b; 2, 3; 3, s] : 4s = 0,

[b; 2, 3; 3, s+ 1] : 4(s+ 1) = 0,

[b; 2, 3; 3, s+ 2] : 4(s+ 2) = 31,

. . . . . .

[b; 2, 3; 3, 2s] : 4(2s) = 3(s− 1),

[b; 2, 3; 3, 2s+ 1] : 4(2s+ 1) = 3s,

[b; 2, 3; 4, 1] : 0 = 0,

. . . . . .

[b; 2, 3; 4, s] : 0 = 0,

[b; 2, 3; 4, s+ 1] : 0 = 0,

[b; 2, 3; 4, s+ 2] : 0 = 41,
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. . . . . .

[b; 2, 3; 4, 2s] : 0 = 4(s− 1),

[b; 2, 3; 4, 2s+ 1] : 0 = 4s.

Iç öèõ ðiâíîñòåé ìà¹ìî:

[b; 2, 3; 1, l], l = 1, . . . , s+ 1 ⇒ 2l = 0;

[b; 2, 3; 1, s+ l], l = 2, . . . , s+ 1 ⇒ 2(s+ l) = 1(l − 1);

[a; 2, 3; 1, l], l = 1, . . . , s ⇒ 3l = 0;

[a; 2, 3; 1, s+ l], l = 1, . . . , s ⇒ 3(s+ l) = 1l;

[a; 2, 3; 1, 2s+ 1]⇒ 3(2s+ 1) = 0;

[b; 2, 3; 3, l], l = 1, . . . , s+ 1 ⇒ 4l = 0;

[b; 2, 3; 3, l], l = s + 2, . . . , 2s + 1 ⇒ 4l = 0 (âðàõîâóþ÷è, ùî 3m = 0,

m = 1, . . . , s).

Îòæå, ó âèïàäêó (2, 3) âèãëÿä ìàòðèöi X íàñòóïíèé:

X =


11 . . . 1s 1(s+ 1) 1(s+ 2) . . . 1(2s) 1(2s+ 1)

0 . . . 0 0 11 . . . 1(s− 1) 1s

0 . . . 0 11 12 . . . 1s 0

0 . . . 0 0 0 . . . 0 0

 .

4.1.10. Âèïàäîê (3,2). Ìíîæèíó ìîðôiçìiâ ó öüîìó âèïàäêó îïèñó¹

íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 4.10. Hom (T s3 , T2) =





0 x12 x22 x14x14x14

...
...

...
...

0 xs−1,2 xs2 xs−1,4xs−1,4xs−1,4

0 xs2 xs3 xs4xs4xs4

0 0 0 x12

...
...

...
...

0 0 0 xs2

0 0 0 xs3





.

Äîâåäåííÿ. Ðiâíîñòi A3X = XA2, B3X = XB2 ìàþòü âèãëÿä
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 Es Es 0̄

0 Es+1





11 12 13 14
... ... ... ...

s1 s2 s3 s4

(s+ 1)1 (s+ 1)2 (s+ 1)3 (s+ 1)4
... ... ... ...

(2s+ 1)1 (2s+ 1)2 (2s+ 1)3 (2s+ 1)4


=



11 12 13 14
... ... ... ...

s1 s2 s3 s4

(s+ 1)1 (s+ 1)2 (s+ 1)3 (s+ 1)4
... ... ... ...

(2s+ 1)1 (2s+ 1)2 (2s+ 1)3 (2s+ 1)4




1 0 1 0

0 1 0 1

0 0 1 0

0 0 0 1

 ,

 Es 0̄ Es

0 Es+1





11 12 13 14
... ... ... ...

s1 s2 s3 s4

(s+ 1)1 (s+ 1)2 (s+ 1)3 (s+ 1)4
... ... ... ...

(2s+ 1)1 (2s+ 1)2 (2s+ 1)3 (2s+ 1)4


=



11 12 13 14
... ... ... ...

s1 s2 s3 s4

(s+ 1)1 (s+ 1)2 (s+ 1)3 (s+ 1)4
... ... ... ...

(2s+ 1)1 (2s+ 1)2 (2s+ 1)3 (2s+ 1)4




1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1

 .

Öi ìàòðè÷íi ðiâíîñòi åêâiâàëåíòíi íàñòóïíèì ñêàëÿðíèì ðiâíîñòÿì:
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[a; 3, 2; 1, 1] : (s+ 1)1 = 0,

[a; 3, 2; 1, 2] : (s+ 1)2 = 0,

[a; 3, 2; 1, 3] : (s+ 1)3 = 11,

[a; 3, 2; 1, 4] : (s+ 1)4 = 12,

. . . . . .

[a; 3, 2; s, 1] : (2s)1 = 0,

[a; 3, 2; s, 2] : (2s)2 = 0,

[a; 3, 2; s, 3] : (2s)3 = s1,

[a; 3, 2; s, 4] : (2s)4 = s2,

[a; 3, 2; s+ 1, 1] : 0 = 0,

[a; 3, 2; s+ 1, 2] : 0 = 0,

[a; 3, 2; s+ 1, 3] : 0 = (s+ 1)1,

[a; 3, 2; s+ 1, 4] : 0 = (s+ 1)2,

. . . . . .

[a; 3, 2; 2s+ 1, 1] : 0 = 0,

[a; 3, 2; 2s+ 1, 2] : 0 = 0,

[a; 3, 2; 2s+ 1, 3] : 0 = (2s+ 1)1,

[a; 3, 2; 2s+ 1, 4] : 0 = (2s+ 1)2,

[b; 3, 2; 1, 1] : (s+ 2)1 = 0,

[b; 3, 2; 1, 2] : (s+ 2)2 = 11,

[b; 3, 2; 1, 3] : (s+ 2)3 = 0,

[b; 3, 2; 1, 4] : (s+ 2)4 = 13,

. . . . . .

[b; 3, 2; s, 1] : (2s+ 1)1 = 0,

[b; 3, 2; s, 2] : (2s+ 1)2 = s1,

[b; 3, 2; s, 3] : (2s+ 1)3 = 0,

[b; 3, 2; s, 4] : (2s+ 1)4 = s3,

[b; 3, 2; s+ 1, 1] : 0 = 0,

[b; 3, 2; s+ 1, 2] : 0 = (s+ 1)1,

[b; 3, 2; s+ 1, 3] : 0 = 0,

[b; 3, 2; s+ 1, 4] : 0 = (s+ 1)3,

. . . . . .

[b; 3, 2; 2s+ 1, 1] : 0 = 0,

[b; 3, 2; 2s+ 1, 2] : 0 = (2s+ 1)1,

[b; 3, 2; 2s+ 1, 3] : 0 = 0,

[b; 3, 2; 2s+ 1, 4] : 0 = (2s+ 1)3.

Ïðîàíàëiçó¹ìî öi ðiâíîñòi.

[a; 3, 2; k, 3], k = s+ 1, . . . , 2s+ 1 ⇒ k1 = 0;

[a; 3, 2; k, 4], k = s+ 1, . . . , 2s+ 1 ⇒ k2 = 0;

[b; 3, 2; k, 4], k = s+ 1, . . . , 2s+ 1 ⇒ k3 = 0.

Âðàõîâóþ÷è ðiâíîñòi [a; 3, 2; k, 3], k = 1, . . . , s, ìà¹ìî k1 = (s+k)3 = 0.

[a; 3, 2; k, 4], k = 1, . . . , s ⇒ (s+ k)4 = k2.

Ïîðiâíþþ÷è ðiâíÿííÿ [a; 3, 2; k, 4] òà [b; 3, 2; k−1, 4], k = 2, . . . , s, ìà¹ìî

(s+ k)4 = k2 = (k − 1)3.

[b; 3, 2; s, 4]⇒ (2s+ 1)4 = s3.
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Îòæå, ó âèïàäêó (3, 2) âèãëÿä ìàòðèöi X íàñòóïíèé:

X =



0 12 22 14
... ... ... ...

0 (s− 1)2 s2 (s− 1)4

0 s2 s3 s4

0 0 0 12
... ... ... ...

0 0 0 s2

0 0 0 s3


.

4.1.11. Âèïàäîê (2,4). Ìíîæèíó ìîðôiçìiâ ó öüîìó âèïàäêó îïèñó¹

íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 4.11. Hom (T2, T
s
4 ) =

=




x11 . . . x1,s+1 x1,s+2x1,s+2x1,s+2 . . . x1,2s+1x1,2s+1x1,2s+1

0 . . . 0 x12 . . . x1,s+1

0 . . . 0 x11 . . . x1s

0 . . . 0 0 . . . 0




.

Äîâåäåííÿ. Ðiâíîñòi A2X = XA4, B2X = XB4 ìàþòü âèãëÿä


1 0 1 0

0 1 0 1

0 0 1 0

0 0 0 1




11 . . . 1(s+ 1) 1(s+ 2) . . . 1(2s+ 1)

21 . . . 2(s+ 1) 2(s+ 2) . . . 2(2s+ 1)

31 . . . 3(s+ 1) 3(s+ 2) . . . 3(2s+ 1)

41 . . . 4(s+ 1) 4(s+ 2) . . . 4(2s+ 1)

 =


11 . . . 1(s+ 1) 1(s+ 2) . . . 1(2s+ 1)

21 . . . 2(s+ 1) 2(s+ 2) . . . 2(2s+ 1)

31 . . . 3(s+ 1) 3(s+ 2) . . . 3(2s+ 1)

41 . . . 4(s+ 1) 4(s+ 2) . . . 4(2s+ 1)


 Es+1

Es

0̃

0 Es

 ,
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1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1




11 . . . 1(s+ 1) 1(s+ 2) . . . 1(2s+ 1)

21 . . . 2(s+ 1) 2(s+ 2) . . . 2(2s+ 1)

31 . . . 3(s+ 1) 3(s+ 2) . . . 3(2s+ 1)

41 . . . 4(s+ 1) 4(s+ 2) . . . 4(2s+ 1)

 =


11 . . . 1(s+ 1) 1(s+ 2) . . . 1(2s+ 1)

21 . . . 2(s+ 1) 2(s+ 2) . . . 2(2s+ 1)

31 . . . 3(s+ 1) 3(s+ 2) . . . 3(2s+ 1)

41 . . . 4(s+ 1) 4(s+ 2) . . . 4(2s+ 1)


 Es+1

0̃

Es

0 Es

 .

[a; 2, 4; 1, 1] : 31 = 0,

. . . . . .

[a; 2, 4; 1, s+ 1] : 3(s+ 1) = 0,

[a; 2, 4; 1, s+ 2] : 3(s+ 2) = 11,

. . . . . .

[a; 2, 4; 1, 2s+ 1] : 3(2s+ 1) = 1s,

[a; 2, 4; 2, 1] : 41 = 0,

. . . . . .

[a; 2, 4; 2, s+ 1] : 4(s+ 1) = 0

[a; 2, 4; 2, s+ 2] : 4(s+ 2) = 21,

. . . . . .

[a; 2, 4; 2, 2s+ 1] : 4(2s+ 1) = 2s,

[a; 2, 4; 3, 1] : 0 = 0,

. . . . . .

[a; 2, 4; 3, s+ 1] : 0 = 0,

[a; 2, 4; 3, s+ 2] : 0 = 31,

. . . . . .
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[a; 2, 4; 3, 2s+ 1] : 0 = 3s,

[a; 2, 4; 4, 1] : 0 = 0,

. . . . . .

[a; 2, 4; 4, s+ 1] : 0 = 0,

[a; 2, 4; 4, s+ 2] : 0 = 41,

. . . . . .

[a; 2, 4; 4, 2s+ 1] : 0 = 4s,

[b; 2, 4; 1, 1] : 21 = 0,

. . . . . .

[b; 2, 4; 1, s+ 1] : 2(s+ 1) = 0,

[b; 2, 4; 1, s+ 2] : 2(s+ 2) = 12,

. . . . . .

[b; 2, 4; 1, 2s+ 1] : 2(2s+ 1) = 1(s+ 1),

[b; 2, 4; 2, 1] : 0 = 0,

. . . . . .

[b; 2, 4; 2, s+ 1] : 0 = 0,

[b; 2, 4; 2, s+ 2] : 0 = 22,

. . . . . .

[b; 2, 4; 2, 2s+ 1] : 0 = 2(s+ 1),

[b; 2, 4; 3, 1] : 41 = 0,

. . . . . .
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[b; 2, 4; 3, s+ 1] : 4(s+ 1) = 0,

[b; 2, 4; 3, s+ 2] : 4(s+ 2) = 32,

. . . . . .

[b; 2, 4; 3, 2s+ 1] : 4(2s+ 1) = 3(s+ 1),

[b; 2, 4; 4, 1] : 0 = 0,

. . . . . .

[b; 2, 4; 4, s+ 1] : 0 = 0,

[b; 2, 4; 4, s+ 2] : 0 = 42,

. . . . . .

[b; 2, 4; 4, 2s+ 1] : 0 = 4(s+ 1).

Iç öèõ ðiâíîñòåé ìà¹ìî:

[b; 2, 4; 1, l], l = 1, . . . , s+ 1⇒ 2l = 0;

[b; 2, 4; 1, s+ l], l = 2, . . . , s+ 1⇒ 2(s+ l) = 1l;

[a; 2, 4; 1, l], l = 1, . . . , s+ 1⇒ 3l = 0;

[a; 2, 4; 1, s+ l], l = 2, . . . , s+ 1⇒ 3(s+ l) = 1(l − 1);

[a; 2, 4; 1, l], l = 1, . . . , s+ 1⇒ 4l = 0;

[a; 2, 4; 1, s+ l], l = 2, . . . , s+ 1⇒ 4(s+ l) = 2(l − 1) = 0.

Îòæå, ó âèïàäêó (2, 4) âèãëÿä ìàòðèöi X íàñòóïíèé

X =


11 . . . 1(s+ 1) 1(s+ 2) . . . 1(2s+ 1)

0 . . . 0 12 . . . 1(s+ 1)

0 . . . 0 11 . . . 1s

0 . . . 0 0 . . . 0

 .

4.1.12. Âèïàäîê (4,2). Ìíîæèíó ìîðôiçìiâ ó öüîìó âèïàäêó îïèñó¹

íàñòóïíå òâåðäæåííÿ.
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Òâåðäæåííÿ 4.12. Hom (T s4 , T2) =





0 x12 0 x14x14x14

0 x22 x12 x24x24x24

...
...

...
...

0 xs2 xs−1,2 xs4xs4xs4

0 0 xs2 xs+1,4xs+1,4xs+1,4

0 0 0 x12

...
...

...
...

0 0 0 xs2





.

Äîâåäåííÿ. Ðiâíîñòi A4X = XA2, B4X = XB2 ìàþòü âèãëÿä

 Es+1

Es

0̃

0 Es





11 12 13 14
... ... ... ...

(s+ 1)1 (s+ 1)2 (s+ 1)3 (s+ 1)4

(s+ 2)1 (s+ 2)2 (s+ 2)3 (s+ 2)4
... ... ... ...

(2s+ 1)1 (2s+ 1)2 (2s+ 1)3 (2s+ 1)4


=



11 12 13 14
... ... ... ...

(s+ 1)1 (s+ 1)2 (s+ 1)3 (s+ 1)4

(s+ 2)1 (s+ 2)2 (s+ 2)3 (s+ 2)4
... ... ... ...

(2s+ 1)1 (2s+ 1)2 (2s+ 1)3 (2s+ 1)4




1 0 1 0

0 1 0 1

0 0 1 0

0 0 0 1

 ,

 Es+1

0̃

Es

0 Es





11 12 13 14
... ... ... ...

(s+ 1)1 (s+ 1)2 (s+ 1)3 (s+ 1)4

(s+ 2)1 (s+ 2)2 (s+ 2)3 (s+ 2)4
... ... ... ...

(2s+ 1)1 (2s+ 1)2 (2s+ 1)3 (2s+ 1)4


=
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11 12 13 14
... ... ... ...

(s+ 1)1 (s+ 1)2 (s+ 1)3 (s+ 1)4

(s+ 2)1 (s+ 2)2 (s+ 2)3 (s+ 2)4
... ... ... ...

(2s+ 1)1 (2s+ 1)2 (2s+ 1)3 (2s+ 1)4




1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1

 .

Öi ìàòðè÷íi ðiâíîñòi åêâiâàëåíòíi íàñòóïíèì ñêàëÿðíèì ðiâíîñòÿì:

[a; 4, 2; 1, 1] : (s+ 2)1 = 0,

[a; 4, 2; 1, 2] : (s+ 2)2 = 0,

[a; 4, 2; 1, 3] : (s+ 2)3 = 11,

[a; 4, 2; 1, 4] : (s+ 2)4 = 12,

[a; 4, 2; 2, 1] : (s+ 3)1 = 0,

[a; 4, 2; 2, 2] : (s+ 3)2 = 0,

[a; 4, 2; 2, 3] : (s+ 3)3 = 21,

[a; 4, 2; 2, 4] : (s+ 3)4 = 22,

. . . . . .

[a; 4, 2; s, 1] : (2s+ 1)1 = 0,

[a; 4, 2; s, 2] : (2s+ 1)2 = 0,

[a; 4, 2; s, 3] : (2s+ 1)3 = s1,

[a; 4, 2; s, 4] : (2s+ 1)4 = s2,

[a; 4, 2; s+ 1, 1] : 0 = 0,

[a; 4, 2; s+ 1, 2] : 0 = 0,

[a; 4, 2; s+ 1, 3] : 0 = (s+ 1)1,

[a; 4, 2; s+ 1, 4] : 0 = (s+ 1)2,
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[a; 4, 2; s+ 2, 1] : 0 = 0,

[a; 4, 2; s+ 2, 2] : 0 = 0,

, [a; 4, 2; s+ 2, 3] : 0 = (s+ 2)1,

[a; 4, 2; s+ 2, 4] : 0 = (s+ 2)2,

. . . . . .

[a; 4, 2; 2s+ 1, 1] : 0 = 0,

[a; 4, 2; 2s+ 1, 2] : 0 = 0,

[a; 4, 2; 2s+ 1, 3] : 0 = (2s+ 1)1,

[a; 4, 2; 2s+ 1, 4] : 0 = (2s+ 1)2,

[b; 4, 2; 1, 1] : 0 = 0,

[b; 4, 2; 1, 2] : 0 = 11,

[b; 4, 2; 1, 3] : 0 = 0,

[b; 4, 2; 1, 4] : 0 = 13,

[b; 4, 2; 2, 1] : (s+ 2)1 = 0,

[b; 4, 2; 2, 2] : (s+ 2)2 = 21,

[b; 4, 2; 2, 3] : (s+ 2)3 = 0,

[b; 4, 2; 2, 4] : (s+ 2)4 = 23,

. . . . . .

[b; 4, 2; s, 1] : (2s)1 = 0,

[b; 4, 2; s, 2] : (2s)2 = s1,

[b; 4, 2; s, 3] : (2s)3 = 0,

[b; 4, 2; s, 4] : (2s)4 = s3,

[b; 4, 2; s+ 1, 1] : (2s+ 1)1 = 0,

[b; 4, 2; s+ 1, 2] : (2s+ 1)2 = (s+ 1)1,



110

[b; 4, 2; s+ 1, 3] : (2s+ 1)3 = 0,

[b; 4, 2; s+ 1, 4] : (2s+ 1)4 = (s+ 1)3,

[b; 4, 2; s+ 2, 1] : 0 = 0,

[b; 4, 2; s+ 2, 2] : 0 = (s+ 2)1,

[b; 4, 2; s+ 2, 3] : 0 = 0,

[b; 4, 2; s+ 2, 4] : 0 = (s+ 2)3,

. . . . . .

[b; 4, 2; 2s+ 1, 1] : 0 = 0,

[b; 4, 2; 2s+ 1, 2] : 0 = (2s+ 1)1,

[b; 4, 2; 2s+ 1, 3] : 0 = 0,

[b; 4, 2; 2s+ 1, 4] : 0 = (2s+ 1)3.

Iç öèõ ðiâíîñòåé ìà¹ìî:

[a; 4, 2; k, 1], k = 1, . . . , s⇒ (s+ 1 + k)1 = 0;

[a; 4, 2; k, 2], k = 1, . . . , s⇒ (s+ 1 + k)2 = 0;

[b; 4, 2; k + 1, 3], k = 1, . . . , s⇒ (s+ 1 + k)3 = 0;

[a; 4, 2; k, 3], k = 1, . . . , s⇒ (s+ 1 + k)3 = k1 ⇒ k1 = 0

(âiäíîñíî îñòàííüî¨ iìïëiêàöi¨ äèâ.[b; 4, 2; k + 1, 3]);

[b; 4, 2; s+ 1, 2]⇒ (s+ 1)1 = (2s+ 1)2 = 0

(âiäíîñíî îñòàííüî¨ ðiâíîñòi äèâ.[a; 4, 2; k, 2] ïðè k = s);

[a; 4, 2; k, 4], [b; 4, 2; k+ 1, 4], k = 1, . . . , s⇒ (s+ 1 + k)4 = k2 = (k+ 1)3;

[b; 4, 2; 1, 4]⇒ 13 = 0;

[a; 4, 2; s+ 1, 3]⇒ (s+ 1)1 = 0;

[a; 4, 2; s+ 1, 4]⇒ (s+ 1)2 = 0.

Îòæå, ó âèïàäêó (4, 2) âèãëÿä ìàòðèöi X íàñòóïíèé:
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X =



0 12 0 14

0 22 12 24
... ... ... ...

0 s2 (s− 1)2 s4

0 0 s2 (s+ 1)4

0 0 0 12
... ... ... ...

0 0 0 s2


4.1.13. Âèïàäîê (3,3). Ìíîæèíó ìîðôiçìiâ ó öüîìó âèïàäêó îïèñó¹

íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 4.13. Hom (T s3 , T
t
3) =


Sst(x11, . . . , xt−s+1,1)

x1,t+1x1,t+1x1,t+1 . . . x1,2t+1x1,2t+1x1,2t+1

...
...

xs,t+1xs,t+1xs,t+1 . . . xs,2t+1xs,2t+1xs,2t+1

0 Ss+1,t+1(x11, . . . , xt−s+1,1)




ïðè s ≤ t,

Hom (T s3 , T
t
3) =





0 . . . 0 x1,t+1x1,t+1x1,t+1 . . . x1,2t+1x1,2t+1x1,2t+1

... . . . ...
...

...

0 . . . 0 xs,t+1xs,t+1xs,t+1 . . . xs,2t+1xs,2t+1xs,2t+1

0 . . . 0 0 . . . 0
... . . . ...

... . . . ...

0 . . . 0 0 . . . 0




ïðè s > t.

Äîâåäåííÿ. Ïîêëàäåìî

X =

 A C

B D

 ,

äå A � ìàòðèöÿ ðîçìiðó s × t, B � ìàòðèöÿ ðîçìiðó (s + 1) × t, C �

ìàòðèöÿ ðîçìiðó s× (t+ 1), D � ìàòðèöÿ ðîçìiðó (s+ 1)× (t+ 1).
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Ó ñâîþ ÷åðãó, ìàòðèöþ D çîáðàçèìî ó âèãëÿäi áëî÷íî¨ ìàòðèöi ç áëî-

êàìè D0, Q, S, T :

= D

 D0 Q

S T

 ,

äå D0 � ìàòðèöÿ ðîçìiðó s× t, Q � âåêòîð-ñòîâï÷èê ðîçìiðó s× 1, S �

âåêòîð-ðÿäîê ðîçìiðó 1× t, T � ìàòðèöÿ ðîçìiðó 1× 1.

Ðiâíîñòi A3X = XA3, B3X = XB3 ìàþòü âèãëÿä Es Es 0̄

0 Es+1

 A C

B D

 =

 A C

B D

 Et Et 0̄

0 Et+1


 Es 0̄ Es

0 Es+1

 A C

B D

 =

 A C

B D

 Et 0̄ Et

0 Et+1


Öi ìàòðè÷íi ðiâíîñòi åêâiâàëåíòíi íàñòóïíèì ñêàëÿðíèì ðiâíîñòÿì:

[a; 3, 3; 1, 1] : (s+ 1)1 = 0

. . . . . .

[a; 3, 3; 1, t] : (s+ 1)t = 0

[a; 3, 3; 1, t+ 1] : (s+ 1)(t+ 1) = 11

. . . . . .

[a; 3, 3; 1, 2t] : (s+ 1)(2t) = 1t

[a; 3, 3; 1, 2t+ 1] : (s+ 1)(2t+ 1) = 0

. . . . . .

[a; 3, 3; s, 1] : (2s)1 = 0

. . . . . .

[a; 3, 3; s, t] : (2s)t = 0

[a; 3, 3; s, t+ 1] : (2s)(t+ 1) = s1

. . . . . .

[a; 3, 3; s, 2t] : (2s)(2t) = st

[a; 3, 3; s, 2t+ 1] : (2s)(2t+ 1) = 0
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[a; 3, 3; s+ 1, 1] : 0 = 0

. . . . . .

[a; 3, 3; s+ 1, t] : 0 = 0

[a; 3, 3; s+ 1, t+ 1] : 0 = (s+ 1)1

. . . . . .

[a; 3, 3; s+ 1, 2t] : 0 = (s+ 1)t

[a; 3, 3; s+ 1, 2t+ 1] : 0 = 0

. . . . . .

[a; 3, 3; 2s+ 1, 1] : 0 = 0

. . . . . .

[a; 3, 3; 2s+ 1, t] : 0 = 0

[a; 3, 3; 2s+ 1, t+ 1] : 0 = (2s+ 1)1

. . . . . .

[a; 3, 3; 2s+ 1, 2t] : 0 = (2s+ 1)t

[a; 3, 3; 2s+ 1, 2t+ 1] : 0 = 0

[b; 3, 3; 1, 1] : (s+ 2)1 = 0

. . . . . .

[b; 3, 3; 1, t+ 1] : (s+ 2)(t+ 1) = 0

[b; 3, 3; 1, t+ 2] : (s+ 2)(t+ 2) = 11

. . . . . .

[b; 3, 3; 1, 2t+ 1] : (s+ 2)(2t+ 1) = 1t

. . . . . .

[b; 3, 3; s, 1] : (2s+ 1)1 = 0

. . . . . .

[b; 3, 3; s, t+ 1] : (2s+ 1)(t+ 1) = 0

[b; 3, 3; s, t+ 2] : (2s+ 1)(t+ 2) = s1

. . . . . .
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[b; 3, 3; s, 2t+ 1] : (2s+ 1)(2t+ 1) = st

[b; 3, 3; s+ 1, 1] : 0 = 0

. . . . . .

[b; 3, 3; s+ 1, t+ 1] : 0 = 0

[b; 3, 3; s+ 1, t+ 2] : 0 = (s+ 1)1

. . . . . .

[b; 3, 3; s+ 1, 2t+ 1] : 0 = (s+ 1)t

. . . . . .

[b; 3, 3; 2s+ 1, 1] : 0 = 0

. . . . . .

[b; 3, 3; 2s+ 1, t+ 1] : 0 = 0

[b; 3, 3; 2s+ 1, t+ 2] : 0 = (2s+ 1)1

. . . . . .

[b; 3, 3; 2s+ 1, 2t+ 1] : 0 = (2s+ 1)t

Iç öèõ ðiâíîñòåé ìà¹ìî:

[a; 3, 3; k, t+ l]⇒ B = 0 (k = s+ 1, . . . , 2s+ 1, l = 1, . . . , t);

[a; 3, 3; k, l]⇒ D0 = A (k = 1, . . . , s, l = t+ 1, . . . , 2t);

[a; 3, 3; k, 2t+ 1]⇒ Q = 0 (k = 1, . . . , s);

[b; 3, 3; s, l]⇒ S = (0, s1, s2, ..., s(t− 1)), T = (st) (l = t+ 1 . . . , 2t+ 1).

Çàëèøèëîñÿ âèçíà÷èòè âèä ìàòðèöi A.

[a; 3, 3; k, t+1] i [b; 3, 3; k−1, t+1]⇒ (s+k)(t+1) = k1 = 0 (k = 2, . . . , s)

i, îòæå, äëÿ åëåìåíòiâ ìàòðèöi A ìà¹ìî:

k1 = 0 ïðè k = 2, . . . , s (∗);

[a; 3, 3; k, 2t + 1] i [b; 3, 3; k − 1, 2t + 1] ⇒ (s + k)(2t + 1) = 0 = (k − 1)t

(k = 2, . . . , s) i, îòæå, äëÿ åëåìåíòiâ A ìà¹ìî:
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(k − 1)t = 0 ïðè k = 2, . . . , s (∗∗);

[a; 3, 3; k, t + l] i [b; 3, 3; k − 1, t + l] ⇒ (s + k)(t + l) = kl = (k − 1)(l − 1)

(k = 2, . . . , s, l = 2, . . . , t); òîäi (∗)⇒ âñi åëåìåíòè ìàòðèöi A, ùî ëåæàòü

ïiä äiàãîíàëëþ 11 = 22 = 33 = . . ., ¹ íóëüîâèìè. À ÿêùî (äîäàòêîâî)

t < s, òî ç (∗∗) âèïëèâà¹, ùî i ñàìà öÿ äiàãîíàëü íóëüîâà.
Îòæå, ó âèïàäêó (3, 3) âèãëÿä ìàòðèöi X íàñòóïíèé:

X =




Sst(x11, . . . , xt−s+1,1)

x1,t+1x1,t+1x1,t+1 . . . x1,2t+1x1,2t+1x1,2t+1

... ...

xs,t+1xs,t+1xs,t+1 . . . xs,2t+1xs,2t+1xs,2t+1

0 Ss+1,t+1(x11, . . . , xt−s+1,1)




ïðè s ≤ t,

X =





0 . . . 0 x1,t+1x1,t+1x1,t+1 . . . x1,2t+1x1,2t+1x1,2t+1

... . . . ... ... ...

0 . . . 0 xs,t+1xs,t+1xs,t+1 . . . xs,2t+1xs,2t+1xs,2t+1

0 . . . 0 0 . . . 0
... . . . ... ... . . . ...

0 . . . 0 0 . . . 0




ïðè s > t.

4.1.14. Âèïàäîê (3,4). Ìíîæèíó ìîðôiçìiâ ó öüîìó âèïàäêó îïèñó¹

íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 4.14. Hom (T s3 , T
t
4) =

=




S−s,t+1(x11, . . . , x1,t+1;

x2,t+1, . . . , xs,t+1)

x1,t+2x1,t+2x1,t+2 . . . x1,2t+1x1,2t+1x1,2t+1

...
...

xs,t+2xs,t+2xs,t+2 . . . xs,2t+1xs,2t+1xs,2t+1

0
S−s+1,t(x11, . . . , x1,t;

x1,t+1, . . . , xs,t+1)




.
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Äîâåäåííÿ. Ðîçãëÿäà¹ìî ìàòðèöþ X ðîçìiðó (2s+1)× (2t+1) ÿê áëî÷íó

ìàòðèöþ (äèâ. âèïàäîê (3, 3)), äå âæå A � ìàòðèöÿ ðîçìiðó s × (t + 1),

B � ìàòðèöÿ ðîçìiðó (s + 1)× (t + 1), C � ìàòðèöÿ ðîçìiðó s× t, D �

ìàòðèöÿ ðîçìiðó (s+ 1)× t.
Ðiâíîñòi A3X = XA4, B3X = XB4 ìàþòü âèãëÿä

 Es Es 0̄

0 Es+1

 A C

B D

 =

 A C

B D


 Et+1

Et

0̃

0 Et


 Es 0̄ Es

0 Es+1

 A C

B D

 =

 A C

B D


 Et+1

0̃

Et

0 Et


Öi ìàòðè÷íi ðiâíîñòi åêâiâàëåíòíi íàñòóïíèì ñêàëÿðíèì ðiâíîñòÿì:

[a; 3, 4; 1, 1] : (s+ 1)1 = 0

. . . . . .

[a; 3, 4; 1, t+ 1] : (s+ 1)(t+ 1) = 0

[a; 3, 4; 1, t+ 2] : (s+ 1)(t+ 2) = 11

. . . . . .

[a; 3, 4; 1, 2t+ 1] : (s+ 1)(2t+ 1) = 1t

. . . . . .

[a; 3, 4; s, 1] : (2s)1 = 0

. . . . . .

[a; 3, 4; s, t+ 1] : (2s)(t+ 1) = 0

[a; 3, 4; s, t+ 2] : (2s)(t+ 2) = s1

. . . . . .

[a; 3, 4; s, 2t+ 1] : (2s)(2t+ 1) = st
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[a; 3, 4; s+ 1, 1] : 0 = 0

. . . . . .

[a; 3, 4; s+ 1, t+ 1] : 0 = 0

[a; 3, 4; s+ 1, t+ 2] : 0 = (s+ 1)1

. . . . . .

[a; 3, 4; s+ 1, 2t+ 1] : 0 = (s+ 1)t

. . . . . .

[a; 3, 4; 2s+ 1, 1] : 0 = 0

. . . . . .

[a; 3, 4; 2s+ 1, t+ 1] : 0 = 0

[a; 3, 4; 2s+ 1, t+ 2] : 0 = (2s+ 1)1

. . . . . .

[a; 3, 4; 2s+ 1, 2t+ 1] : 0 = (2s+ 1)t

[b; 3, 4; 1, 1] : (s+ 2)1 = 0

. . . . . .

[b; 3, 4; 1, t+ 1] : (s+ 2)(t+ 1) = 0

[b; 3, 4; 1, t+ 2] : (s+ 2)(t+ 2) = 12

. . . . . .

[b; 3, 4; 1, 2t+ 1] : (s+ 2)(2t+ 1) = 1(t+ 1)

. . . . . .

[b; 3, 4; s, 1] : (2s+ 1)1 = 0

. . . . . .

[b; 3, 4; s, t+ 1] : (2s+ 1)(t+ 1) = 0

[b; 3, 4; s, t+ 2] : (2s+ 1)(t+ 2) = s2

. . . . . .

[b; 3, 4; s, 2t+ 1] : (2s+ 1)(2t+ 1) = s(t+ 1)
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[b; 3, 4; s+ 1, 1] : 0 = 0

. . . . . .

[b; 3, 4; s+ 1, t+ 1] : 0 = 0

[b; 3, 4; s+ 1, t+ 2] : 0 = (s+ 1)2

. . . . . .

[b; 3, 4; s+ 1, 2t+ 1] : 0 = (s+ 1)(t+ 1)

. . . . . .

[b; 3, 4; 2s+ 1, 1] : 0 = 0

. . . . . .

[b; 3, 4; 2s+ 1, t+ 1] : 0 = 0

[b; 3, 4; 2s+ 1, t+ 2] : 0 = (2s+ 1)2

. . . . . .

[b; 3, 4; 2s+ 1, 2t+ 1] : 0 = (2s+ 1)(t+ 1)

Iç öèõ ðiâíîñòåé ìà¹ìî: [a; 3, 4; k, l] ⇒ (s + k)l = 0 (k = 1, . . . , s, l =

1, . . . , t+ 1);

[b; 3, 4; s, l]⇒ (2s+ 1)l = 0 (l = 1, . . . , t+ 1). Îòæå, B = 0.

Ç ðiâíîñòåé [a; 3, 4; k, l] ïðè k = 1, . . . , s, l = t + 2, . . . , 2t + 1 âèïëèâà¹,

ùî ìàòðèöÿ D áåç îñòàííüîãî ðÿäêà äîðiâíþ¹ ìàòðèöi A áåç îñòàííüîãî

ñòîâïöÿ.

[a; 3, 4; p, q] i [a; 3, 4; p− 1, q] ïðè p = 2, . . . , s, q = t+ 2, . . . , 2t+ 1 ⇒
kl = (k + 1)(l − 1) ïðè k = 1, . . . , s− 1, l = 1, . . . , t+ 1;

[a; 3, 4; s, l+ 1] i [b; 3, 4; s, l]⇒ (2s+ 1)l = (2s)(l+ 1), (2s+ 1)(2t+ 1) =

s(t+ 1) (l = t+ 2, . . . , 2t).

Îòæå, ó âèïàäêó (3, 4) âèãëÿä ìàòðèöi X íàñòóïíèé:
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X =




S−s,t+1(x11, . . . , x1,t+1;

x2,t+1, . . . , xs,t+1)

x1,t+2x1,t+2x1,t+2 . . . x1,2t+1x1,2t+1x1,2t+1

... ...

xs,t+2xs,t+2xs,t+2 . . . xs,2t+1xs,2t+1xs,2t+1

0
S−s+1,t(x11, . . . , x1,t;

x1,t+1, . . . , xs,t+1)




4.1.15. Âèïàäîê (4,3). Ìíîæèíó ìîðôiçìiâ ó öüîìó âèïàäêó îïèñó¹

íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 4.15. Hom (T t4, T
s
3 ) =

=





0 . . . 0 x1,s+1x1,s+1x1,s+1 . . . x1,2s+1x1,2s+1x1,2s+1

... . . . ...
...

...

0 . . . 0 xt+1,s+1xt+1,s+1xt+1,s+1 . . . xt+1,2s+1xt+1,2s+1xt+1,2s+1

0 . . . 0 0 . . . 0
...

...
... . . . ...

0 . . . 0 0 . . . 0




.

Äîâåäåííÿ. Ðîçãëÿäà¹ìî ìàòðèöþ X ðîçìiðó (2s+1)× (2t+1) ÿê áëî÷íó

ìàòðèöþ (äèâ. âèïàäîê (3, 3)), äå âæå A � ìàòðèöÿ ðîçìiðó (t + 1) × s,
B � ìàòðèöÿ ðîçìiðó t× s, C � ìàòðèöÿ ðîçìiðó (t + 1)× (s + 1), D �

ìàòðèöÿ ðîçìiðó t × (s + 1). Ðiâíîñòi A4X = XA3, B4X = XB3 ìàþòü

âèãëÿä  Et+1

Et

0̃

0 Et


 A C

B D

 =

 A C

B D

 Es Es 0̄

0 Es+1


 Et+1

0̃

Et

0 Et


 A C

B D

 =

 A C

B D

 Es 0̄ Es

0 Es+1
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Öi ìàòðè÷íi ðiâíîñòi åêâiâàëåíòíi íàñòóïíèì ñêàëÿðíèì ðiâíîñòÿì:

[a; 4, 3; 1, 1] : (t+ 2)1 = 0

. . . . . .

[a; 4, 3; 1, s] : (t+ 2)s = 0

[a; 4, 3; 1, s+ 1] : (t+ 2)(s+ 1) = 11

[a; 4, 3; 1, s+ 2] : (t+ 2)(s+ 2) = 12

. . . . . .

[a; 4, 3; 1, 2s] : (t+ 2)(2s) = 1s

[a; 4, 3; 1, 2s+ 1] : (t+ 2)(2s+ 1) = 0

. . . . . .

[a; 4, 3; t, 1] : (2t+ 1)1 = 0

. . . . . .

[a; 4, 3; t, s] : (2t+ 1)s = 0

[a; 4, 3; t, s+ 1] : (2t+ 1)(s+ 1) = t1

[a; 4, 3; t, s+ 2] : (2t+ 1)(s+ 2) = t2

. . . . . .

[a; 4, 3; t, 2s] : (2t+ 1)(2s) = ts

[a; 4, 3; t, 2s+ 1] : (2t+ 1)(2s+ 1) = 0

[a; 4, 3; t+ 1, 1] : 0 = 0

. . . . . .

[a; 4, 3; t+ 1, s] : 0 = 0

[a; 4, 3; t+ 1, s+ 1] : 0 = (t+ 1)1

[a; 4, 3; t+ 1, s+ 2] : 0 = (t+ 1)2

. . . . . .

[a; 4, 3; t+ 1, 2s] : 0 = (t+ 1)s

[a; 4, 3; t+ 1, 2s+ 1] : 0 = 0

. . . . . .
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[a; 4, 3; 2t+ 1, 1] : 0 = 0

. . . . . .

[a; 4, 3; 2t+ 1, s] : 0 = 0

[a; 4, 3; 2t+ 1, s+ 1] : 0 = (2t+ 1)1

[a; 4, 3; 2t+ 1, s+ 2] : 0 = (2t+ 1)2

. . . . . .

[a; 4, 3; 2t+ 1, 2s] : 0 = (2t+ 1)s

[a; 4, 3; 2t+ 1, 2s+ 1] : 0 = 0

[b; 4, 3; 1, 1] : 0 = 0

. . . . . .

[b; 4, 3; 1, s+ 1] : 0 = 0

[b; 4, 3; 1, s+ 2] : 0 = 11

. . . . . .

[b; 4, 3; 1, 2s+ 1] : 0 = 1s

[b; 4, 3; 2, 1] : (t+ 2)1 = 0

. . . . . .

[b; 4, 3; 2, s+ 1] : (t+ 2)(s+ 1) = 0

[b; 4, 3; 2, s+ 2] : (t+ 2)(s+ 2) = 21

. . . . . .

[b; 4, 3; 2, 2s+ 1] : (t+ 2)(2s+ 1) = 2s

. . . . . .

[b; 4, 3; t+ 1, 1] : (2t+ 1)1 = 0

. . . . . .

[b; 4, 3; t+ 1, s+ 1] : (2t+ 1)(s+ 1) = 0

[b; 4, 3; t+ 1, s+ 2] : (2t+ 1)(s+ 2) = (t+ 1)1

. . . . . .
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[b; 4, 3; t+ 1, 2s+ 1] : (2t+ 1)(2s+ 1) = (t+ 1)s

[b; 4, 3; t+ 2, 1] : 0 = 0

. . . . . .

[b; 4, 3; t+ 2, s+ 1] : 0 = 0

[b; 4, 3; t+ 2, s+ 2] : 0 = (t+ 2)1

. . . . . .

[b; 4, 3; t+ 2, 2s+ 1] : 0 = (t+ 2)s

. . . . . .

[b; 4, 3; 2t+ 1, 1] : 0 = 0

. . . . . .

[b; 4, 3; 2t+ 1, s+ 1] : 0 = 0

[b; 4, 3; 2t+ 1, s+ 2] : 0 = (2t+ 1)1

. . . . . .

[b; 4, 3; 2t+ 1, 2s+ 1] : 0 = (2t+ 1)s

Iç öèõ ðiâíîñòåé ìà¹ìî: [b; 4, 3; k, l]⇒ (t+ k)l = 0 (k = 2, . . . , t+ 1, l =

1, . . . , s+ 1), òîáòî B = 0 i íóëüîâèì ¹ ïåðøèé ñòîâïåöü ìàòðèöi D;

[a; 4, 3; k, 2s+ 1]⇒ (t+ 1 + k)(2s+ 1) = 0 (k = 1, . . . , t), òîáòî îñòàííié

ñòîâïåöü ìàòðèöi D � íóëüîâèé;

[a; 4, 3; t + 1, s + l] ⇒ (t + 1)l = 0 (l = 1, . . . , s), òîáòî îñòàííié ðÿäîê

ìàòðèöi A � íóëüîâèé;

[a; 4, 3; 1, l] ïðè l = s + 2, . . . , 2s + 1 ⇒ 1k = 0 ïðè k = 1, . . . , s, òîáòî

ïåðøèé ðÿäîê ìàòðèöi A � íóëüîâèé;

[a; 4, 3; k, l] ïðè k = 1, . . . , t, l = s + 1, . . . , 2s ⇒ ìàòðèöÿ D áåç îñòàí-

íüîãî ñòîâïöÿ äîðiâíþ¹ ìàòðèöi A.

Äàëi, ëiâi ÷àñòèíè ðiâíîñòåé [a; 4, 3; k, s + l] i [b; 4, 3; k + 1, s + l] ïðè

k = 2, . . . , t, l = 1, . . . , s + 1 ðiâíi ìiæ ñîáîþ, à ñàìå äîðiâíþþòü (k + t +

1)(s + l). Ïðèðiâíþþ÷è ¨õ ïðàâi ÷àñòèíè, îäåðæó¹ìî íàñòóïíi ðiâíîñòi:



123

k1 = 0, kp = (k + 1)(p − 1) ïðè p = 2, . . . , s, (k + 1)s = 0. Âðàõîâóþ÷è,

ùî ïåðøèé i îñòàííié ðÿäêè ìàòðèöi A íóëüîâi, ç öi¹¨ ðiâíîñòi ìà¹ìî, ùî

A = 0.

Îòæå, ó âèïàäêó (4, 3) âèãëÿä ìàòðèöi X íàñòóïíèé:

X =





0 . . . 0 x1,s+1x1,s+1x1,s+1 . . . x1,2s+1x1,2s+1x1,2s+1

... . . . ... ... ...

0 . . . 0 xt+1,s+1xt+1,s+1xt+1,s+1 . . . xt+1,2s+1xt+1,2s+1xt+1,2s+1

0 . . . 0 0 . . . 0
... ... ... . . . ...

0 . . . 0 0 . . . 0




.

4.1.16. Âèïàäîê (4,4). Ìíîæèíó ìîðôiçìiâ ó öüîìó âèïàäêó îïèñó¹

íàñòóïíå òâåðäæåííÿ.

Òâåðäæåííÿ 4.16. Hom (T s4 , T
t
4) =



0 . . . 0 x1,t+2x1,t+2x1,t+2 . . . x1,2t+1x1,2t+1x1,2t+1

... . . . ...
...

...

0 . . . 0 xs+1,t+2xs+1,t+2xs+1,t+2 . . . xs+1,2t+1xs+1,2t+1xs+1,2t+1

0 . . . 0 0 . . . 0
...

...
... . . . ...

0 . . . 0 0 . . . 0




ïðè s < t,

Hom (T s4 , T
t
4)=


Ss+1,t+1(x11, . . . , xs−t+1,1)

x1,t+2x1,t+2x1,t+2 . . . x1,2t+1x1,2t+1x1,2t+1

...
...

xs+1,t+2xs+1,t+2xs+1,t+2 . . . xs+1,2t+1xs+1,2t+1xs+1,2t+1

0 Sst(x11, . . . , xs−t+1,1)




ïðè s ≥ t.

Äîâåäåííÿ. Ðîçãëÿäà¹ìî ìàòðèöþ X ðîçìiðó (2s+1)× (2t+1) ÿê áëî÷íó
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ìàòðèöþ (äèâ. âèïàäîê (3, 3)), äå âæå A � ìàòðèöÿ ðîçìiðó (s+1)×(t+1),

B � ìàòðèöÿ ðîçìiðó s× (t + 1), C � ìàòðèöÿ ðîçìiðó (s + 1)× t, D �

ìàòðèöÿ ðîçìiðó s× t. Ðiâíîñòi A4X = XA4, B4X = XB4 ìàþòü âèãëÿä Es+1

Es

0̃

0 Es


 A C

B D

 =

 A C

B D


 Et+1

Et

0̃

0 Et


 Et1+1

0̃

Et1

0 Et1


 A C

B D

 =

 A C

B D


 Et+1

0̃

Et

0 Et


Öi ìàòðè÷íi ðiâíîñòi åêâiâàëåíòíi íàñòóïíèì ñêàëÿðíèì ðiâíîñòÿì:

[a; 4, 4; 1, 1] : (s+ 2)1 = 0

. . . . . .

[a; 4, 4; 1, t+ 1] : (s+ 2)(t+ 1) = 0

[a; 4, 4; 1, t+ 2] : (s+ 2)(t+ 2) = 11

. . . . . .

[a; 4, 4; 1, 2t+ 1] : (s+ 2)(2t+ 1) = 1t

. . . . . .

[a; 4, 4; s, 1] : (2s+ 1)1 = 0

. . . . . .

[a; 4, 4; s, t+ 1] : (2s+ 1)(t+ 1) = 0

[a; 4, 4; s, t+ 2] : (2s+ 1)(t+ 2) = s1

. . . . . .

[a; 4, 4; s, 2t+ 1] : (2s+ 1)(2t+ 1) = st

[a; 4, 4; s+ 1, 1] : 0 = 0

. . . . . .
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[a; 4, 4; s+ 1, t+ 1] : 0 = 0

[a; 4, 4; s+ 1, t+ 2] : 0 = (s+ 1)1

. . . . . .

[a; 4, 4; s+ 1, 2t+ 1] : 0 = (s+ 1)t

. . . . . .

[a; 4, 4; 2s+ 1, 1] : 0 = 0

. . . . . .

[a; 4, 4; 2s+ 1, t+ 1] : 0 = 0

[a; 4, 4; 2s+ 1, t+ 2] : 0 = (2s+ 1)1

. . . . . .

[a; 4, 4; 2s+ 1, 2t+ 1] : 0 = (2s+ 1)t

[b; 4, 4; 1, 1] : 0 = 0

. . . . . .

[b; 4, 4; 1, t+ 1] : 0 = 0

[b; 4, 4; 1, t+ 2] : 0 = 12

. . . . . .

[b; 4, 4; 1, 2t+ 1] : 0 = 1(t+ 1)

[b; 4, 4; 2, 1] : (s+ 2)1 = 0

. . . . . .

[b; 4, 4; 2, t+ 1] : (s+ 2)(t+ 1) = 0

[b; 4, 4; 2, t+ 2] : (s+ 2)(t+ 2) = 22

. . . . . .

[b; 4, 4; 2, 2t+ 1] : (s+ 2)(2t+ 1) = 2(t+ 1)

. . . . . .

[b; 4, 4; s+ 1, 1] : (2s+ 1)1 = 0

. . . . . .
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[b; 4, 4; s+ 1, t+ 1] : (2s+ 1)(t+ 1) = 0

[b; 4, 4; s+ 1, t+ 2] : (2s+ 1)(t+ 2) = (s+ 1)2

. . . . . .

[b; 4, 4; s+ 1, 2t+ 1] : (2s+ 1)(2t+ 1) = (s+ 1)(t+ 1)

[b; 4, 4; s+ 2, 1] : 0 = 0

. . . . . .

[b; 4, 4; s+ 2, t+ 1] : 0 = 0

[b; 4, 4; s+ 2, t+ 2] : 0 = (s+ 2)2

. . . . . .

[b; 4, 4; s+ 2, 2t+ 1] : 0 = (s+ 2)(t+ 1)

. . . . . .

[b; 4, 4; 2s+ 1, 1] : 0 = 0

. . . . . .

[b; 4, 4; 2s+ 1, t+ 1] : 0 = 0

[b; 4, 4; 2s+ 1, t+ 2] : 0 = (2s+ 1)2

. . . . . .

[b; 4, 4; 2s+ 1, 2t+ 1] : 0 = (2s+ 1)(t+ 1)

Iç öèõ ðiâíîñòåé ìà¹ìî:

[a; 4, 4; s+ 1, t+ 1 + l]⇒ (s+ 1)l = 0 (l = 1, . . . , t);

[a; 4, 4; k, l] ⇒ (s + k + 1)l = 0 (k = 1, . . . , s, l = 1, . . . , t + 1), òîáòî

B = 0;

[a; 4, 4; k, l] ïðè k = 1, . . . , s, l = t+2, . . . , 2t+1⇒ ìàòðèöÿ D äîðiâíþ¹

ìàòðèöi A áåç îñòàííüîãî ðÿäêà i îñòàííüîãî ñòîâïöÿ.

Îòæå, çàëèøèëîñÿ âèçíà÷èòè åëåìåíòè ìàòðèöi A.

[b; 4, 4; 1, t+ l]⇒ 1l = 0(l = 2, . . . , t+ 1);

[a; 4, 4; s+ 1, t+ 1 + l]⇒ (s+ 1)l = 0 (l = 1, . . . , t) (∗ ∗ ∗);
[a; 4, 4; k, t+l+1] i [b; 4, 4; k+1, t+l+1] (ç îäíàêîâèìè ëiâèìè ÷àñòèíàìè)
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⇒ kl = (k+1)(l+1) (k = 1, . . . , s, l = 1, . . . , t); òîäi (∗∗∗)⇒ âñi åëåìåíòè

ìàòðèöi A, ÿê ëåæàòü íàä äiàãîíàëëþ 11 = 22 = 33 = . . ., ¹ íóëüîâèìè. À

ÿêùî (äîäàòêîâî) s < t, òî i ñàìà öÿ äiàãîíàëü íóëüîâà.

Îòæå, ó âèïàäêó (4, 4) âèãëÿä ìàòðèöi X íàñòóïíèé:

X =





0 . . . 0 x1,t+2x1,t+2x1,t+2 . . . x1,2t+1x1,2t+1x1,2t+1

... . . . ... ... ...

0 . . . 0 xs+1,t+2xs+1,t+2xs+1,t+2 . . . xs+1,2t+1xs+1,2t+1xs+1,2t+1

0 . . . 0 0 . . . 0
... ... ... . . . ...

0 . . . 0 0 . . . 0




ïðè s < t,

X=




Ss+1,t+1(x11, . . . , xs−t+1,1)

x1,t+2x1,t+2x1,t+2 . . . x1,2t+1x1,2t+1x1,2t+1

... ...

xs+1,t+2xs+1,t+2xs+1,t+2 . . . xs+1,2t+1xs+1,2t+1xs+1,2t+1

0 Sst(x11, . . . , xs−t+1,1)




ïðè s ≥ t.

4.2. Çàãàëüíi òåîðåìè

Iç ðîçãëÿíóòèõ â ïîïåðåäíüîìó ïiäðîçäiëi âèïàäêiâ ìà¹ìî íàñòóïíó òåî-

ðåìó ïðî ìîðôiçìè ìiæ êàíîíi÷íèìè íåðîçêëàäíèìè çîáðàæåííÿìè ÷å-

òâåðíî¨ ãðóïè Êëåéíà (âñi âêàçàíi â ìîðôiçìàõ åëåìåíòè xij ïðîáiãàþòü

ïîëå k)

Òåîðåìà 4.17. Ìíîæèíè ìîðôiçìiâ íàñòóïíi:

Hom (T1, T1) = {(x11x11x11)};

Hom (T1, T2) =
{(

0 0 0 x14x14x14

)}
;
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Hom (T2, T1) =




x11x11x11

0

0

0




;

Hom (T2, T2) =




x11 x12 x13 x14x14x14

0 x11 0 x13

0 0 x11 x12

0 0 0 x11




;

Hom (T1, T
s
3 ) =

{(
0 . . . 0 | x1,s+1x1,s+1x1,s+1 . . . x1,2s+1x1,2s+1x1,2s+1

)}
;

Hom (T s3 , T1) =





x11x11x11

...

xs1xs1xs1

0
...

0




;

Hom (T1, T
s
4 ) =

{(
0 . . . 0 | x1,s+2x1,s+2x1,s+2 . . . x1,2s+1x1,2s+1x1,2s+1

)}
;

Hom (T s4 , T1) =





x11x11x11

...

xs+1,1xs+1,1xs+1,1

0
...

0




;

Hom (T2, T
s
3 ) =




x11 . . . x1s x1,s+1x1,s+1x1,s+1 x1,s+2x1,s+2x1,s+2 . . . x1,2sx1,2sx1,2s x1,2s+1x1,2s+1x1,2s+1

0 . . . 0 0 x11 . . . x1,s−1 x1s

0 . . . 0 x11 x12 . . . x1s 0

0 . . . 0 0 0 . . . 0 0




;
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Hom (T s3 , T2) =





0 x12 x22 x14x14x14

...
...

...
...

0 xs−1,2 xs2 xs−1,4xs−1,4xs−1,4

0 xs2 xs3 xs4xs4xs4

0 0 0 x12

...
...

...
...

0 0 0 xs2

0 0 0 xs3





;

Hom (T2, T
s
4 ) =




x11 . . . x1,s+1 x1,s+2x1,s+2x1,s+2 . . . x1,2s+1x1,2s+1x1,2s+1

0 . . . 0 x12 . . . x1,s+1

0 . . . 0 x11 . . . x1s

0 . . . 0 0 . . . 0




;

Hom (T s4 , T2) =





0 x12 0 x14x14x14

0 x22 x12 x24x24x24

...
...

...
...

0 xs2 xs−1,2 xs4xs4xs4

0 0 xs2 xs+1,4xs+1,4xs+1,4

0 0 0 x12

...
...

...
...

0 0 0 xs2





;

Hom (T s3 , T
t
3)=




Sst(x11, . . . , xt−s+1,1)

x1,t+1x1,t+1x1,t+1 . . . x1,2t+1x1,2t+1x1,2t+1

...
...

xs,t+1xs,t+1xs,t+1 . . . xs,2t+1xs,2t+1xs,2t+1

0 Ss+1,t+1(x11, . . . , xt−s+1,1)




ïðè s ≤ t,
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Hom (T s3 , T
t
3) =





0 . . . 0 x1,t+1x1,t+1x1,t+1 . . . x1,2t+1x1,2t+1x1,2t+1

... . . . ...
...

...

0 . . . 0 xs,t+1xs,t+1xs,t+1 . . . xs,2t+1xs,2t+1xs,2t+1

0 . . . 0 0 . . . 0
... . . . ...

... . . . ...

0 . . . 0 0 . . . 0




ïðè s > t;

Hom (T s3 , T
t
4)=




S−s,t+1(x11, . . . , x1,t+1;

x2,t+1, . . . , xs,t+1)

x1,t+2x1,t+2x1,t+2 . . . x1,2t+1x1,2t+1x1,2t+1

...
...

xs,t+2xs,t+2xs,t+2 . . . xs,2t+1xs,2t+1xs,2t+1

0
S−s+1,t(x11, . . . , x1,t;

x1,t+1, . . . , xs,t+1)




;

Hom (T s4 , T
t
3) =





0 . . . 0 x1,t+1x1,t+1x1,t+1 . . . x1,2t+1x1,2t+1x1,2t+1

... . . . ...
...

...

0 . . . 0 xs+1,t+1xs+1,t+1xs+1,t+1 . . . xs+1,2t+1xs+1,2t+1xs+1,2t+1

0 . . . 0 0 . . . 0
...

...
... . . . ...

0 . . . 0 0 . . . 0




;

Hom (T s4 , T
t
4) =





0 . . . 0 x1,t+2x1,t+2x1,t+2 . . . x1,2t+1x1,2t+1x1,2t+1

... . . . ...
...

...

0 . . . 0 xs+1,t+2xs+1,t+2xs+1,t+2 . . . xs+1,2t+1xs+1,2t+1xs+1,2t+1

0 . . . 0 0 . . . 0
...

...
... . . . ...

0 . . . 0 0 . . . 0




ïðè s < t,
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Hom (T s4 , T
t
4)=


Ss+1,t+1(x11, . . . , xs−t+1,1)

x1,t+2x1,t+2x1,t+2 . . . x1,2t+1x1,2t+1x1,2t+1

...
...

xs+1,t+2xs+1,t+2xs+1,t+2 . . . xs+1,2t+1xs+1,2t+1xs+1,2t+1

0 Sst(x11, . . . , xs−t+1,1)




ïðè s ≥ t.

Çàóâàæèìî (iç âèãëÿäó ìàòðèöü öå íå çàâæäè âèäíî), ùî äëÿ ìàòðèöi iç

Hom (T si , T
t
j ) ÷èñëî ðÿäêiâ äîðiâíþ¹ ðîçìiðíîñòi çîáðàæåííÿ T

s
i , à ÷èñëî

ñòîâïöiâ � ðîçìiðíîñòi çîáðàæåííÿ T tj .

Íàãàäà¹ìî, ùî åëåìåíò ïàðàìåòðè÷íî¨ ìàòðèöi (ùî çàäà¹ ìîðôiçìè â

êîíêðåòíîìó âèïàäêó) ïîçíà÷àþòüñÿ æèðíèì øðèôòîì, ÿêùî âií çóñòði-

÷à¹òüñÿ îäèí ðàç.

Ïåðåõîäèìî òåïåð äî íàñëiäêiâ iç öi¹¨ òåîðåìè.

Ìíîæèíè ìîðôiçìiâ Hom (M,N) äëÿ êàíîíi÷íèõ íåðîçêëàäíèõ çîáðà-

æåíü ìàþòü òàêó ðîçìiðíiñòü ÿê âåêòîðíi ïðîñòîðè íàä ïîëåì k.

Íàñëiäîê 4.18. Ðîçìiðíîñòi ìíîæèí ìîðôiçìiâ íàñòóïíi:

dimkHom (T1, T1) = 1;

dimkHom (T1, T2) = 1;

dimkHom (T2, T1) = 1;

dimkHom (T2, T2) = 4;

dimkHom (T1, T
s
3 ) = s+ 1;

dimkHom (T s3 , T1) = s;

dimkHom (T1, T
s
4 ) = s;

dimkHom (T s4 , T1) = s+ 1;

dimkHom (T2, T
s
3 ) = 2s+ 1;

dimkHom (T s3 , T2) = 2s+ 1;
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dimkHom (T2, T
s
4 ) = 2s+ 1;

dimkHom (T s4 , T2) = 2s+ 1;

dimkHom (T s3 , T
t
3) = (s+ 1)t+ 1 ïðè s ≤ t,

dimkHom (T s3 , T
t
3) = s(t+ 1) ïðè s > t;

dimkHom (T s3 , T
t
4) = st+ s+ t;

dimkHom (T s4 , T
t
3) = (s+ 1)(t+ 1);

dimkHom (T s4 , T
t
4) = (s+ 1)t ïðè s < t,

dimkHom (T s4 , T
t
4) = s(t+ 1) + 1 ïðè s ≥ t.

Äëÿ íàãëÿäíîñòi çàïèøåìî öþ òåîðåìó ó âèãëÿäi òàáëèöi (äå íà ïåðå-

òèíi ðÿäêà ç íîìåðîì X i ñòîâïöÿ ç íîìåðîì Y ñòî¨òü ÷èñëî dimk(X, Y )):

T1 T2 T t3 T t4

T1 1 1 t+ 1 t

T2 1 4 2t+ 1 2t+ 1

T s3 s 2s+ 1 (s+ 1)t+ 1 ïðè s ≤ t st+ s+ t

s(t+ 1) ïðè s > t

T s4 s+ 1 2s+ 1 (s+ 1)(t+ 1) (s+ 1)t ïðè s < t

s(t+ 1) + 1 ïðè s ≥ t

Íàãàäà¹ìî, ùî çãiäíî âiäîìî¨ òåîðåìè àëãåáðà åíäîìîðôiçìiâ íåðîçêëà-

äíîãî (ñêií÷åííîâèìiðíîãî) çîáðàæåííÿ äîâiëüíî¨ àëãåáðè ¹ ëîêàëüíîþ.

Òâåðäæåííÿ 4.19. Íåõàé T � äîâiëüíå íåðîçêëàäíå çîáðàæåííÿ ïîñ-

òiéíîãî æîðäàíîâîãî òèïó ÷åòâåðíî¨ ãðóïè Êëåéíà. Òîäi éîãî àëãåáðà

åíäîìîðôiçìiâ êîìóòàòèâíà i ¨¨ ðàäèêàë äîðiâíþ¹ â êóái íóëþ. Áiëüø
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òî÷íî, ñòóïiíü íiëüïîòåíòíîñòi nT ðàäèêàëà àëãåáðè EndT äîðiâíþ¹:

nT =


1 ïðè dimkT = 1,

2 ïðè dimkT = 3,

3 ïðè dimkT = 4,

2 ïðè dimkT > 4.

Äàëi, ïîðÿäîê mM ìiíiìàëüíî¨ ñèñòåìè òâiðíèõ àëãåáðè EndM äî-

ðiâíþ¹:

mM =


1 ïðè dimkT = 1,

3 ïðè dimkT = 3, 4

s2 + s+ 1 ïðè dimkT = 2s+ 1 > 4.

Äîâåäåííÿ ïðîâîäèòüñÿ çà äîïîìîãîþ ïðÿìèõ íåñêëàäíèõ îá÷èñëåíü.

Íàãàäà¹ìî, ùî çîáðàæåííÿ T íàçèâà¹òüñÿ ðåãóëÿðíèì, ÿêùî âiäïîâiä-

íèé éîìó ìîäóëü ¹ ðåãóëÿðíèì, òîáòî içîìîðôíèé ãðóïîâié àëãåáði ÷å-

òâåðíî¨ ãðóïè Êëåéíà (ÿê ìîäóëþ íàä ñîáîþ).

Iç îñòàííüîãî òâåðäæåííÿ ìà¹ìî òàêèé íàñëiäîê.

Íàñëiäîê 4.20. Íåõàé T � äîâiëüíå íåðîçêëàäíå íåðåãóëÿðíå çîáðà-

æåííÿ ïîñòiéíîãî æîðäàíîâîãî òèïó ÷åòâåðíî¨ ãðóïè Êëåéíà ðîçìið-

íîñòi d 6= 1 (ó öüîìó âèïàäêó d íåïàðíå). Òîäi EndT � êîìóòàòèâíà

àëãåáðà, ðàäèêàë ÿêî¨ â êâàäðàòi äîðiâíþ¹ íóëþ. Ïîðÿäîê ¨¨ ìiíiìàëüíî¨

ñèñòåìè òâiðíèõ äîðiâíþ¹ d2+3
4 .

4.3. ×èñëî íåðîçêëàäíèõ çîáðàæåíü íàä ñêií÷åííèì

ïîëåì.

Ñïî÷àòêó âèêëàäåìî äåÿêi ïðîñòi ôàêòè, ÿêi âèïëèâàþòü iç âëàñòèâîñòåé

äi¨ ãðóïè íà ìíîæèíi [93].

Íåõàé K � ñêií÷åííå ïîëå iç q åëåìåíòiâ (òîäi q � ñòåïiíü ïðîñòîãî

÷èñëà). Âiäîìî, ùî ÷èñëî íåâèðîäæåíèõ ìàòðèöü ðîçìiðó n×n íàä ïîëåì
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K äîðiâíþ¹

Qn = (qn − 1)(qn − q)(qn − q2) . . . (qn − qn−1).

Äàëi, ÿêùî A1, . . . , Am � äåÿêi ìàòðèöi ðîçìiðó n×n íàä ïîëåì K, òî ÷è-

ñëî NK(A1, . . . , Am) âñiõ íàáîðiâ ìàòðèöü B1, . . . , Bm, ïîäiáíèõ äàíîìó íà-

áîðó ìàòðèöü (òîáòî òàêèõ, ùî ìàþòü âèãëÿä C−1A1C, . . . , C
−1AmC), äî-

ðiâíþ¹ ÷èñëó Qn, ïîäiëåíîìó íà ÷èñëî âñiõ íåâèðîäæåíèõ ìàòðèöü X, ùî

íàëåæàòü ñòàáiëiçàòîðó St(A1, . . . , Am) íàáîðó ìàòðèöü A1, . . . , Am (òîá-

òî òàêèõ, ùî A1X = XA1, . . . , AmX = XAm). Ìíîæèíó âñiõ íåâèðî-

äæåíèõ ìàòðèöü iç St(A1, . . . , Am) ïîçíà÷àòèìåìî ÷åðåç St0(A1, . . . , Am).

Ïîêëàäåìî st(A1, . . . , Am) = |St(A1, . . . , Am)| i st0(A1, . . . , Am) =

|St0(A1, . . . , Am)|. Iç óñüîãî ñêàçàíîãî, çîêðåìà, ìà¹ìî, ùî

NK(A1, . . . , Am) =
Qn

st0(A1, . . . , Am)
. (4.1)

Íàäàëi áóäåìî ïèñàòè NK(A) çàìiñòü NK(A1, . . . , Am), St(A) çàìiñòü

St(A1, . . . , Am) i òîìó ïîäiáíå, ÿêùî íàáið ìàòðèöü A1, . . . , Am ïîçíà÷åíî

÷åðåç A.

Ïåðåõîäèìî òåïåð äî íàñòóïíî¨ ìàòðè÷íî¨ çàäà÷i. Ðîçãëÿäà¹òüñÿ ìà-

òðè÷íå íåðîçêëàäíå çîáðàæåííÿ ïîñòiéíîãî æîðäàíîâîãî òèïó ãðóïè (2, 2)

íàä ñêií÷åííèì ïîëåì K õàðàêòåðèñòèêè 2. Äîáðå âiäîìî, ùî òàêå ïîëå

ìiñòèòü q = 2n åëåìåíòiâ, äå n � äåÿêå íàòóðàëüíå ÷èñëî. Ïîòðiáíî îïè-

ñàòè ÷èñëî âñiõ çîáðàæåíü íàä K, ÿêi åêâiâàëåíòíi öüîìó çîáðàæåííþ.

Î÷åâèäíî, ùî öå ÷èñëî îäíàêîâå äëÿ âñiõ åêâiâàëåíòíèõ çîáðàæåíü, òîìó

äîñòàòíüî ðîçãëÿíóòè íàñòóïíi íåðîçêëàäíi çîáðàæåííÿ, ÿêèìè âè÷åðïó-

þòüñÿ âñi íåðîçêëàäíi çîáðàæåííÿ ç òî÷íiñòþ äî åêâiâàëåíòíîñòi (äèâ.

âèùå):

T1) a→ (1), b→ (1),
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T2) a→


1 0 1 0

0 1 0 1

0 0 1 0

0 0 0 1

 , b→


1 1 0 0

0 1 0 0

0 0 1 1

0 0 0 1

 ,

T s3 ) a→


Es Es 0

0 Es+1

 , b→


Es 0 Es

0 Es+1

 ,

T s4 ) a→



Es+1

Es

0̃

0 Es


, b→



Es+1

0̃

Es

0 Es


,

Êîðèñòó¹ìîñÿ ôîðìóëîþ 4.1 i òåîðåìîþ 4.17.

1) ßêùî T = T1 = (A,B), òî, î÷åâèäíî, NK(T ) = 1.

2) ßêùî T = T2 = (A,B) òî çãiäíî òåîðåìè 4.17

X =


11 12 13 14

0 11 0 13

0 0 11 12

0 0 0 11

 ,

à çíà÷èòü st0(T ) = (q − 1)q3 i çãiäíî ôîðìóëè 4.1

NK(T ) =
Q4

st0(T )
=

(q4 − 1)(q4 − q)(q4 − q2)(q4 − q3)

(q − 1)q3
= (q4−1)(q4−q)(q4−q2).

3) ßêùî T = T s3 = (A,B), òî çãiäíî òåîðåìè 4.17 (âiäïîâiäíèé âèïàäîê
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ïðè ïðè s = t)

X =



11 . . . 0 1(s+ 1) . . . 1(2s+ 1)
... . . . ... ... . . . ...

0 . . . 11 s(s+ 1) . . . s(2s+ 1)

0 . . . 0 11 . . . 0
... . . . ... ... . . . ...

0 . . . 0 0 . . . 11


à çíà÷èòü st0(T ) = (q − 1)qs

2) i çãiäíî ôîðìóëè 4.1

NK(T ) = Q2s+1

st0(T ) = (q2s+1−1)(q2s+1−q)···(q2s+1−q2s−1)(q2s+1−q2s)
(q−1)qs(s+1) =

= (q2s+1−1)(q2s−1)···(q2−1)(q−1)qs(2s+1)

(q−1)qs(s+1) = qs
2

(q2s+1 − 1)(q2s − 1) · · · (q2 − 1)

4) ßêùî T = T s4 = (A,B), òî ôîðìóëè äëÿ ÷èñåë òàêi æ, ÿê ó ïîïåðå-

äíüîìó âèïàäêó.

Âðàõîâóþ÷è, ùî çîáðàæåííÿ T s3 i T s4 ìàþòü îäíàêîâó ðîçìiðíiñòü, iç

ïðîâåäåíèõ îá÷èñëåíü âèïëèâà¹ íàñòóïíà òåîðåìà.

Òåîðåìà 4.21. Íåõàé ïîëå K (õàðàêòåðèñòèêè 2) ìà¹ ïîðÿäîê q = 2n.

Òîäi ÷èñëî NK(m) âñiõ íåðîçêëàäíèõ çîáðàæåíü ïîñòiéíîãî æîðäàíîâîãî

òèïó ÷åòâåðíî¨ ãðóïè Êëåéíà â ðîçìiðíîñòi m äîðiâíþ¹:

NK(m) =


1, ÿêùî m = 1;

q3(q4 − 1)(q3 − 1)(q2 − 1), ÿêùî m = 2;

2qs
2

(q2s+1 − 1)(q2s − 1) · · · (q2 − 1), ÿêùî m = 2s+ 1 6= 1;

0, ÿêùî m = 2s 6= 2.

4.4. Âèñíîâêè äî ðîçäiëó

Ó öüîìó ðîçäiëi îïèñàíà êàòåãîðiÿ ìàòðè÷íèõ çîáðàæåíü ïîñòiéíîãî æîð-

äàíîâîãî òèïó äëÿ ÷åòâåðíî¨ ãðóïè Êëåéíà. Äëÿ äîâiëüíî¨ ôiêñîâàíî¨ ðîç-

ìiðíîñòi îá÷èñëåíî çàãàëüíå ÷èñëî íåðîçêëàäíèõ ìàòðè÷íèõ çîáðàæåíü

÷åòâåðíî¨ ãðóïè Êëåéíà íàä ñêií÷åííèì ïîëåì, ÿêi ìàþòü ïîñòiéíèé æîð-

äàíîâèé òèï.
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Ðåçóëüòàòè öüîãî ðîçäiëó îïóáëiêîâàíi â ðîáîòàõ [70], [75] i [79].
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Ðîçäië 5

Ìàòðè÷íi çîáðàæåííÿ äiåäðàëüíèõ ãðóï ïîñòiéíîãî

ðàíãó

5.1. Ïîñòàíîâêà çàäà÷i

Ó öüîìó ðîçäiëi âèâ÷àþòüñÿ ìàòðè÷íi çîáðàæåííÿ ñêií÷åííèõ äiåäðàëü-

íèõ 2-ãðóï

G2m = 〈a, b | a2 = 1, b2 = 1, (ab)2m−1 = 1〉 (m ≥ 2)

òà íåñêií÷åííî¨ äiåäðàëüíî¨ ãðóïè

G∞ = 〈a, b | a2 = 1, b2 = 1〉

íàä íåñêií÷åííèì ïîëåì k õàðàêòåðèñòèêè 2. Ïîðÿäîê ãðóïè G2m äîðiâ-

íþ¹ 2m. Âèïàäîêm = 2 âèêëþ÷à¹òüñÿ iç ðîçãëÿäó, áîG4 � ÷åòâåðíà ãðóïà

Êëåéíà (ìàòðè÷íi çîáðàæåííÿ ÿêî¨ âèâ÷àëèñÿ â ðîçäiëi 2).

Ìàòðè÷íå çîáðàæåííÿ T ãðóïè G∞ ðîçìiðíîñòi n çàäà¹òüñÿ ïàðîþ ìà-

òðèöü A,B ðîçìiðó n × n òàêèõ, ùî A2 = E, B2 = E (E � îäèíè÷íà

ìàòðèöÿ). ßêùî æ ïðè öüîìó (AB)2m−1 = E, òî T áóäå çîáðàæåííÿì

ãðóïè G2m.

Ïî àíàëîãi¨ ç ÷åòâåðíîþ ãðóïîþ Êëåéíà, ìàòðè÷íå çîáðàæåííÿ T ãðó-

ïè G2m+1,m ∈ (N \ 1) ∪ ∞ íàçèâà¹òüñÿ çîáðàæåííÿì ïîñòiéíîãî ðàíãó

âiäíîñíî a, b, ÿêùî ðàíã ìàòðèöi α(E + Ta) + β(E + Tb), äå α, β ∈ k,

(α, β) 6= (0, 0), íå çàëåæèòü âiä âèáîðó α i β (E ïîçíà÷à¹ îäèíè÷íó ìàòðè-

öþ). Àëå çàóâàæèìî, ùî íà âiäìiíó âiä ãðóïè Êëåéíà ïîñòiéíiñòü ðàíãó

íå çàáåçïå÷ó¹ ïîñòiéíiñòü æîðäàíîâî¨ ôîðìè.
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5.2. Îçíà÷åííÿ

Îäíîïàðàìåòðè÷íèì ñiìåéñòâîì çîáðàæåíü äiåäðàëüíî¨ ãðóïè G (ïàðà-

ìåòð âõîäèòü ïîëiíîìiàëüíî) íàçâåìî íåñêií÷åííó ñóêóïíiñòü çîáðàæåíü

îäíi¹¨ ðîçìiðíîñòi, ÿêi îòðèìàíi iç îäíîãî çîáðàæåííÿ T íàä êiëüöåì ïî-

ëiíîìiâ k[α] ïiäñòàíîâêîþ çàìiñòü α åëåìåíòiâ äåÿêî¨ ôiêñîâàíî¨ ïiäìíî-

æèíè k0 ïîëÿ k. Ïðèðîäíî îòîòîæíþâàòè îäíîïàðàìåòðè÷íå ñiìåéñòâî iç

çîáðàæåííÿì T , âêàçàâøè ïðè öüîìó ìíîæèíó k0. Îäíîïàðàìåòðè÷íå ñi-

ìåéñòâî çîáðàæåíü (ðîçìiðíîñòi n) íàçâåìî ñåði¹þ (ðîçìiðíîñòi n), ÿêùî

âñi éîãî çîáðàæåííÿ íåðîçêëàäíi i ïîïàðíî íååêâiâàëåíòíi. Äâi ñåði¨ íàçâå-

ìî íåçàëåæíèìè, ÿêùî íå iñíó¹ çîáðàæåííÿ iç ïåðøî¨ ñåði¨, ÿêå åêâiâàëåí-

òíå çîáðàæåííþ iç äðóãî¨ ñåði¨. Ìíîæèíó ñåðié M ðîçìiðíîñòi n íàçâåìî

ïîâíîþ, ÿêùî ç òî÷íiñòþ äî åêâiâàëåíòíîñòi iñíóþ ëèøå ñêií÷åííà êiëü-

êiñòü íåðîçêëàäíèõ çîáðàæåíü ðîçìiðíîñòi n, ÿêi íå íàëåæàòü íi îäíié

ñåði¨, i ñòðîãî ïîâíîþ, ÿêùî äîäàòêîâî âñi ñåði¨ ïîïàðíî íåçàëåæíi. ßêùî

æ ñåði¨, ÿêi íàëåæàòü ìíîæèíi M , ìàþòü ðiçíi ðîçìiðíîñòi i N � ìíîæè-

íà öèõ ðîçìiðíîñòåé, òî M íàçâåìî ïîâíîþ (âiäïîâiäíî ñòðîãî ïîâíîþ),

ÿêùî òàêîþ ¹ êîæíà ïiäìíîæèíà ìíîæèíè ñåðié M , ÿêà ñêëàäà¹òüñÿ iç

óñiõ ñåðié ðîçìiðíîñòi n ∈ N .

Âñi îçíà÷åííÿ ëåãêî ïåðåíîñÿòüñÿ íà âèïàäîê çîáðàæåíü, ùî çàäîâîëü-

íÿþòü ïðèðîäíèì äîäàòêîâèì óìîâàì. Íàñ öiêàâèòü âèïàäîê, êîëè ðîç-

ãëÿäàþòüñÿ çîáðàæåííÿ ïîñòiéíîãî ðàíãó.

5.3. Îäíîïàðàìåòðè÷íi ñiìåéñòâà çîáðàæåíü ïîñòié-

íîãî ðàíãó ðîçìiðíîñòi n < 7

Ïðîòÿãîì öüîãî ïiäðîçäiëó ïîëå k õàðàêòåðèñòèêè 2 ââàæà¹òüñÿ àëãåáðà-

¨÷íî çàìêíóòèì.
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Òåîðåìà 5.1. Òðè ñåði¨ ìàòðè÷íèõ çîáðàæåíü äiåäðàëüíî¨ ãðóïè G∞

1)

A1 =


1 1 0 0

0 1 0 0

0 0 1 0

0 0 1 1

, B1 =


1 0 0 α

0 1 1 0

0 0 1 0

0 0 0 1

,

2)

A2 =



1 1 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 1 1 0 0

0 0 0 0 1 1

0 0 0 0 0 1


, B2 =



1 0 0 0 0 α

0 1 1 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 1 1 0

0 0 0 0 0 1


, ½

3)

A3 =



1 1 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 1 1 0 0

0 0 0 0 1 0

0 0 0 0 1 1


, B3 =



1 0 0 0 0 α

0 1 1 0 0 0

0 0 1 0 0 0

0 0 0 1 1 0

0 0 0 0 1 0

0 0 0 0 0 1


,

äå ïàðàìåòð α íàëåæèòü k\0, óòâîðþþòü ñòðîãî ïîâíó ìíîæèíó ñåðié

âiäíîñíî âñiõ çîáðàæåíü ðîçìiðíîñòi n < 8, ÿêi ìàþòü ïîñòiéíèé ðàíã.

Ïåðåä òèì, ÿê ïåðåéòè äî äîâåäåííÿ òåîðåìè, ïðèâåäåìî äåÿêi ìiðêó-

âàííÿ òà ïîÿñíåííÿ.

Áóäåìî âèêîðèñòîâóâàòè ïðèâåäåíi â ïiäðîçäiëi 1.4 êëàñèôiêàöiéíi ðå-

çóëüòàòè, âðàõîâóþ÷è òîé ôàêò, ùî ÿêùî ïàðà ìàòðèöü çàäà¹ çîáðàæåííÿ

äiåäðàëüíî¨ ãðóïè íàä ïîëåì õàðàêòåðèñòèêè 2, òî ìàòðèöi A0 = E + A
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B0 = E + B ¹ ïàðîþ ñàìîàíóëüîâíèõ ìàòðèöü (à ñàìå òàêi ïàðè ðîçãëÿ-

äàþòüñÿ â 1.4).

Çîáðàçèìî ãðàôi÷íî ïîñëiäîâíîñòi iç Nm(m ≥ 0) i N 0
2m (m > 0).

α = (α1, α2, . . . , αm),

α = ( α1, α2, . . . , αm ), äå αi ∈ −1, 1,−2, 2 i äî òîãî æ ïàðíi i íåïàðíi

÷èñëà ÷åðåäóþòüñÿ.

Äîìîâèìîñÿ, ùî ÷èñëó 1 âiäïîâiäà¹ ñòðiëêà
a→, ÷èñëó −1 âiäïîâiäà¹

ñòðiëêà
a←, ÷èñëó 2 âiäïîâiäà¹ ñòðiëêà

b→, ÷èñëó −2 âiäïîâiäà¹ ñòðiëêà
b←.

Òîäi îòðèìà¹ìî äåÿêèé îði¹íòîâàíèé ãðàô, ÿêèé ¹ ëàíöþãîì äëÿ ïî-

ñëiäîâíîñòi iç Nm i öèêëîì äëÿ ïîñëiäîâíîñòi iç N 0
2m. Íàïðèêëàä, äëÿ ïî-

ñëiäîâíîñòi (1,−2, 1, 2) iç N4 ãðàô ìàòèìå òàêèé âèãëÿä:
1• a→2• b←3• a→4• b→5•.

Çàóâàæèìî, ùî ïiäãðàôè
a→ a→,

b→ b→,
a← a←,

b← b←,
a→ a←,

b→ b←,
a← a→,

b← b→
íåìîæëèâi. Çâiäñè âèïëèâà¹, ùî öèêë çàâæäè ìà¹ ïàðíó äîâæèíó (÷è-

ñëî ñòðiëîê).

Ìàòðè÷íå çîáðàæåííÿ âèïèñó¹òüñÿ ïî ãðàôó íàñòóïíèì ÷èíîì: âñi äi-

àãîíàëüíi åëåìåíòè îáîõ ìàòðèöü îäèíè÷íi, íåäiàãîíàëüíèé åëåìåíò aij

(âiäïîâiäíî bij) ìàòðèöi A (âiäïîâiäíî ìàòðèöi B) íå äîðiâíþ¹ íóëþ òîäi

i ëèøå òîäi, êîëè iç i â j iñíó¹ ñòðiëêà ç ïîçíà÷êîþ a (âiäïîâiäíî b). Ïðè

öüîìó ó âèïàäêó ëàíöþãà âñi íåíóëüîâi åëåìåíòè ìàòðèöü ¹ îäèíè÷íèìè,

à ó âèïàäêó öèêëó, âñi åëåìåíòè ìàòðèöü, îêðiì îäíîãî (íåäiàãîíàëüíîãî),

¹ îäèíè÷íèìè, à âèäiëåíèé ¹ ïàðàìåòðîì α ∈ k, α 6= 0.

Îòæå, áóäåìî ðîçãëÿäàòè ðiçíi öèêëè äîâæèíè 2, 4, 6 òà âiäïîâiäíi

¨ì ìàòðè÷íi çîáðàæåííÿ (ç îäíèì ïàðàìåòðîì), ÿêi çàäàþòüñÿ ïàðîþ ìà-

òðèöü A,B i äèâèòèñÿ ÷è çàëåæèòü, ÷è íi, ðàíã ìàòðèöi xA0 + yB0 âiä

(x, y) 6= (0, 0), äå A0 = E + A,B0 = E + B. Îñêiëüêè äëÿ áóäü-ÿêîãî

öèêëó ðàíã ìàòðèöü A i B îäíàêîâèé (âèïëèâà¹ iç îçíà÷åíü), òî ìîæíà

ââàæàòè, ùî y = 1.



142

Öèêëè ìîæíà ðîçãëÿäàòè ç òî÷íiñòþ äî åêâiâàëåíòíîñòi (ÿêà çàäà¹òüñÿ

âiäïîâiäíèìè óìîâàìè íà ïîñëiäîâíîñòi). ßêùî çàôiêñîâàíî ÿêèéñü öèêë,

òî åêâiâàëåíòíèìè äî íüîãî ¹: 1) öèêëè, ÿêi îòðèìóþòüñÿ îáåðòàííÿì çà

ãîäèííèêîâîþ ñòðiëêîþ; 2) öèêë, ó ÿêîìó âñi ñòðiëêè âçÿòi â ïðîòèëåæíî-

ìó íàïðÿìêó; 3) öèêëè, ÿêi îòðèìóþòüñÿ îáåðòàííÿì çà ãîäèííèêîâîþ

ñòðiëêîþ öèêëó, âêàçàíîìó â 2). ßêùî íàñ öiêàâëÿòü çîáðàæåííÿ ç îäíèì

ïàðàìåòðîì, òî ïîòðiáíî ðîçãëÿäàòè ëèøå íåïåðiîäè÷íi öèêëè (áî ïåðiî-

äè÷íèì öèêëàì, çà îçíà÷åííÿì, âiäïîâiäàþòü çîáðàæåííÿ éîãî ïåðiîäó ÿê

öèêëó ïëþñ êëiòèíà Æîðäàíà ç ïàðàìåòðîì α íà ãîëîâíié äiàãîíàëi, à íå

òàêi, ÿê äëÿ íåïåðiîäè÷íèõ öèêëiâ), à ÿêùî íàñ öiêàâëÿòü ñåði¨ âçàãàëi,òî

òðåáà âðàõîâóâàòè i ïåðiîäè÷íi öèêëè.

Ïåðåõîäèìî äî äîâåäåííÿ òåîðåìè. Ñïî÷àòêó âèäiëèìî (øëÿõîì ïåðå-

áîðó) âñi íåïåðiîäè÷íi öèêëè, ÿêèì âiäïîâiäàþòü îäíîïàðàìåòðè÷íi çî-

áðàæåííÿ ïîñòiéíîãî ðàíãó.

5.3.1. Öèêëè äîâæèíè 2. Ç òî÷íiñòþ äî åêâiâàëåíòíîñòi ìà¹ìî äâà

öèêëè äîâæèíè 2:

1)
1• 2•))

a

55

b.

2)
1• 2•))

a

b

ii

Âèÿñíèìî, êîëè âiäïîâiäíi ¨ì îäíîïàðàìåòðè÷íi ñiìåéñòâà ìàþòü ïî-

ñòiéíèé ðàíã.

1) A0 =

0 1

0 0

, B0 =

0 α

0 0

, xA0 +B0 =

0 x+ α

0 0

,
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Öå îäíîïàðàìåòðè÷íå ñiìåéñòâî ìà¹ íåïîñòiéíèé ðàíã.

2) A0 =

0 1

0 0

, B0 =

0 0

α 0

, xA0 +B0 =

0 x

α 0

,
rank(xA0 +B0) = 2 > rank(A0) = rank(B0).

Öå îäíîïàðàìåòðè÷íå ñiìåéñòâî ìà¹ íåïîñòiéíèé ðàíã.

5.3.2. Öèêëè äîâæèíè 4. Ìà¹ìî ç òî÷íiñòþ äî åêâiâàëåíòíîñòi 4

öèêëè:

1)
1•

b

77
a //

2• b //
3• a //

4•

A0 =


0 1 0 0

0 0 0 0

0 0 0 1

0 0 0 0

, B0 =


0 0 0 α

0 0 1 0

0 0 0 0

0 0 0 0

, xA0 +B0 =


0 x 0 α

0 0 1 0

0 0 0 x

0 0 0 0

,

rank(xA0 +B0) = 3 > rank(A0) = rank(B0) = 2.

2)
1•

b

77
a //

2• b //
3• 4•aoo

A0 =


0 1 0 0

0 0 0 0

0 0 0 0

0 0 1 0

, B0 =


0 0 0 α

0 0 1 0

0 0 0 0

0 0 0 0

, xA0 +B0 =


0 x 0 α

0 0 1 0

0 0 0 0

0 0 x 0

,

rank(xA0 +B0) = 2 = rank(A0) = rank(B0).
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3)
1• a //

2• b //
3• 4•aoo

b

gg

A0 =


0 1 0 0

0 0 0 0

0 0 0 0

0 0 1 0

, B0 =


0 0 0 0

0 0 1 0

0 0 0 0

α 0 0 0

, xA0 +B0 =


0 x 0 0

0 0 1 0

0 0 0 0

α 0 x 0

,
rank(xA0 +B0) = 3 > rank(A0) = rank(B0) = 2.

5.3.3. Öèêëè äîâæèíè 6. Óñüîãî òàêèõ öèêëiâ 26. Âðàõîâóþ÷è îçíà-

÷åííÿ åêâiâàëåíòíîñòi öèêëiâ, ìîæíà ðîçãëÿäàòè ëèøå öèêëè, ùî ïî÷è-

íàþòüñÿ ñòðiëêîþ
1• α−→2•

Äàëi áóäå ïðîñòiøå íå îïèñóâàòè ñïî÷àòêó âñi íåïåðiîäè÷íi öèêëè ç òî-

÷íiñòþ äî åêâiâàëåíòíîñòi, à ñêîðèñòàòèñÿ iäå¹þ åêâiâàëåíòíîñòi ÷àñòêîâî.

Î÷åâèäíî, ùî áóäü-ÿêèé öèêë äîâæèíè 6 àáî åêâiâàëåíòíèé öèêëó, ÿêèé

ïî÷èíà¹òüñÿ ç ëàíöþãà
a→ b→, àáî äîðiâíþ¹ ïåðiîäè÷íîìó öèêëó

P−

1• a //
b

44
2• 3•boo a //

4• 5•boo a //
6•

Â ïåðøîìó æ âèïàäêó ¹äèíèì ïåðiîäè÷íèì öèêëîì ¹ öèêë

P+

1• a //
2• b //

3• a //
4• b //

5• a //
6•

b
jj

Îòæå, ðîçãëÿäà¹ìî íåïåðiîäè÷íi öèêëè, ÿêi ïî÷èíàþòüñÿ ç ëàíöþãà
a→ b→. Ïðè öüîìó îäíî÷àñíî áóäåìî ïåðåâiðÿòè çîáðàæåííÿ äëÿ íåïåðiî-

äè÷íèõ öèêëiâ íà ïîñòiéíèé ðàíã. À íà îñòàííüîìó êðîöi iç çîáðàæåíü

ïîñòiéíîãî ðàíãó âèáðàòè òi, ùî âiäïîâiäàþòü íååêâiâàëåíòíèì öèêëàì.

1)
1• a //

b
44

2• b //
3• a //

4• b //
5• a //

6•
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A0 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 1

0 0 0 0 0 0


, B0 =



0 0 0 0 0 α

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 0

0 0 0 0 0 0


,

xA0 +B0 =



0 x 0 0 0 α

0 0 1 0 0 0

0 0 0 x 0 0

0 0 0 0 1 0

0 0 0 0 0 x

0 0 0 0 0 0


,

rank(xA0 +B0) = 5 > rank(A0) = rank(B0).

3)
1• a //

b
44

2• b //
3• 4•aoo b //

5• a //
6•

A0 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 1

0 0 0 0 0 0


, B0 =



0 0 0 0 0 α

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 0

0 0 0 0 0 0


,
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xA0 +B0 =



0 x 0 0 0 α

0 0 1 0 0 0

0 0 0 0 0 0

0 0 x 0 1 0

0 0 0 0 0 x

0 0 0 0 0 0


,

rank(xA0 +B0) = 4 > rank(A0) = rank(B0). .

4)
1• a //

b
44

2• b //
3• a //

4• 5•boo a //
6•

A0 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 1

0 0 0 0 0 0


, B0 =



0 0 0 0 0 α

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0


,

xA0 +B0 =



0 x 0 0 0 α

0 0 1 0 0 0

0 0 0 x 0 0

0 0 0 0 0 0

0 0 0 1 0 x

0 0 0 0 0 0


,

rank(xA0 +B0) = 4 > rank(A0) = rank(B0).

5)
1• a //

b
44

2• b //
3• a //

4• b //
5• 6•aoo
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A0 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0


, B0 =



0 0 0 0 0 α

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 0

0 0 0 0 0 0


,

xA0 +B0 =



0 x 0 0 0 α

0 0 1 0 0 0

0 0 0 x 0 0

0 0 0 0 1 0

0 0 0 0 0 0

0 0 0 0 x 0


,

rank(xA0 +B0) = 4 > rank(A0) = rank(B0).

7)
1• a //

b
44

2• b //
3• 4•aoo

5•boo a //
6•

A0 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 1

0 0 0 0 0 0


, B0 =



0 0 0 0 0 α

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0


,
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xA0 +B0 =



0 x 0 0 0 α

0 0 1 0 0 0

0 0 0 0 0 0

0 0 x 0 0 0

0 0 0 1 0 x

0 0 0 0 0 0


,

rank(xA0 +B0) = 3 = rank(A0) = rank(B0).

8)
1• a //

b
44

2• b //
3• a //

4• 5•boo
6•aoo

A0 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0


, B0 =



0 0 0 0 0 α

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0


,

xA0 +B0 =



0 x 0 0 0 α

0 0 1 0 0 0

0 0 0 x 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 x 0


,

rank(xA0 +B0) = 4 > rank(A0) = rank(B0).

10)
1• a //

b
44

2• b //
3• 4•aoo

5•boo
6•aoo
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A0 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0


, B0 =



0 0 0 0 0 α

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0


,

xA0 +B0 =



0 x 0 0 0 α

0 0 1 0 0 0

0 0 0 0 0 0

0 0 x 0 0 0

0 0 0 1 0 0

0 0 0 0 x 0


,

rank(xA0 +B0) = 4 > rank(A0) = rank(B0).

15)
1• a //

b
44

2• b //
3• 4•aoo b //

5• 6•aoo

A0 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0


, B0 =



0 0 0 0 0 α

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 0

0 0 0 0 0 0


,
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xA0 +B0 =



0 x 0 0 0 α

0 0 1 0 0 0

0 0 0 0 0 0

0 0 x 0 1 0

0 0 0 0 0 0

0 0 0 0 x 0


,

rank(xA0 +B0) = 3 = rank(A0) = rank(B0).

19)
1• a //

2• b //
3• 4•aoo b //

5• a //
6•

b
jj

A0 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 1

0 0 0 0 0 0


, B0 =



0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 0

α 0 0 0 0 0


,

xA0 +B0 =



0 x 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 x 0 1 0

0 0 0 0 0 x

α 0 0 0 0 0


,

rank(xA0 +B0) = 5 > rank(A0) = rank(B0).
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20)
1• a //

2• b //
3• a //

4• 5•boo a //
6•

b
jj

A0 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 1

0 0 0 0 0 0


, B0 =



0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

α 0 0 0 0 0


,

xA0 +B0 =



0 x 0 0 0 0

0 0 1 0 0 0

0 0 0 x 0 0

0 0 0 0 0 0

0 0 0 1 0 x

α 0 0 0 0 0


,

rank(xA0 +B0) = 5 > rank(A0) = rank(B0).

21)
1• a //

2• b //
3• a //

4• a //
5• 6•aoo

b
jj

A0 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0


, B0 =



0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 0

α 0 0 0 0 0


,
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xA0 +B0 =



0 x 0 0 0 0

0 0 1 0 0 0

0 0 0 x 0 0

0 0 0 0 1 0

0 0 0 0 0 0

α 0 0 0 x 0


,

rank(xA0 +B0) = 5 > rank(A0) = rank(B0).

23)
1• a //

2• b //
3• 4•aoo

5•boo a //
6•

b
jj

A0 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 1

0 0 0 0 0 0


, B0 =



0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

α 0 0 0 0 0


,

xA0 +B0 =



0 x 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 x 0 0 0

0 0 0 1 0 x

α 0 0 0 0 0


,

rank(xA0 +B0) = 4 > rank(A0) = rank(B0).

24)
1• a //

2• b //
3• a //

4• 5•boo
6•aoo

b
jj
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A0 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0


, B0 =



0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

α 0 0 0 0 0


,

xA0 +B0 =



0 x 0 0 0 0

0 0 1 0 0 0

0 0 0 x 0 0

0 0 0 0 0 0

0 0 0 1 0 0

α 0 0 0 x 0


,

rank(xA0 +B0) = 4 > rank(A0) = rank(B0).

26)
1• a //

2• b //
3• 4•aoo

5•boo
6•aoo

b
jj

A0 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0


, B0 =



0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

α 0 0 0 0 0


,
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xA0 +B0 =



0 x 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 x 0 0 0

0 0 0 1 0 0

α 0 0 0 x 0


,

rank(xA0 +B0) = 4 > rank(A0) = rank(B0).

31)
1• a //

2• b //
3• 4•aoo b //

5• 6•aoo
b

jj

A0 =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0


, B0 =



0 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 0 0 1 0

0 0 0 0 0 0

α 0 0 0 0 0


,

xA0 +B0 =



0 x 0 0 0 0

0 0 1 0 0 0

0 0 0 0 0 0

0 0 x 0 1 0

0 0 0 0 0 0

α 0 0 0 x 0


,

rank(xA0 +B0) = 4 > rank(A0) = rank(B0).

Ìà¹ìî, ùî ðàíã ìàòðèöi xA0 + B0 çáåðiãà¹òüñÿ ó âèïàäêó öèêëiâ 7) i

15).
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7)
1• a //

b
44

2• b //
3• 4•aoo

5•boo a //
6•

rank(xA0 +B0) = 3 = rank(A0) = rank(B0).

15)
1• a //

b
44

2• b //
3• 4•aoo b //

5• 6•aoo

rank(xA0 +B0) = 3 = rank(A0) = rank(B0).

Îòæå, ç îá÷èñëåíîãî âèïëèâà¹, ùî òåîðåìà 5.1 ñïðàâåäëèâà ïðè óìîâi,

ùî ðîçãëÿäàþòüñÿ ëèøå íåïåðiîäè÷íi öèêëè. Àëå æ â òåîðåìi ãîâîðèòüñÿ

ïðî ñåði¨ âçàãàëi, à òîìó òðåáà äîäàòêîâî ðîçãëÿíóòè i ïåðiîäè÷íi öèêëè.

Ïåðiîäè÷íi öèêëè ç òî÷íiñòþ äî åêâiâàëåíòíîñòi âè÷åðïóþòüñÿ öèêëîì

äîâæèíè 4
3• a //

4• b //
5• a //

6•
b

gg

i öèêëàìè P− i P+.

Â ïåðøîìó âèïàäêó ïàðà ìàòðèöü âèïèñó¹òüñÿ (äèâ. ïiäðîçäië 1.4) òàê

ÿê i ó âèïàäêó 1) äëÿ öèêëiâ äîâæèíè 2, àëå åëåìåíò 1 òðåáà çàìiíèòè

íà îäèíè÷íó ìàòðèöþ ðîçìiðíîñòi 2, à åëåìåíò α íà êëiòèíó Æîðäàíà

ðîçìiðíîñòi 2 ç âëàñíèì ÷èñëîì α. Ó âèïàäêàõ P− i P+ ïàðè ìàòðèöü âè-

ïèñóþòüñÿ òàê ÿê (âiäïîâiäíî) ó âèïàäêàõ 1) i 2) äëÿ öèêëiâ äîâæèíè 2,

àëå åëåìåíò 1 òðåáà çàìiíèòè íà îäèíè÷íó ìàòðèöþ ðîçìiðíîñòi 3, à åëå-

ìåíò α íà êëiòèíó Æîðäàíà ðîçìiðíîñòi 3 ç âëàñíèì ÷èñëîì α. Â óñiõ öèõ

òðüîõ âèïàäêàõ ïàðè ìàòðèöü íå áóäóòü ìàòè ïîñòiéíèé ðàíã (äîâåäåííÿ

àíàëîãi÷íå äîâåäåííÿì äëÿ öèêëiâ äîâæèíè 2).

Òåîðåìà 5.1 äîâåäåíà.

5.4. Òåîðåìè ïðî ÷èñëî çîáðàæåíü ïîñòiéíîãî òà íå-

ïîñòiéíîãî ðàíãó ñêií÷åííèõ äiåäðàëüíèõ ãðóï

5.4.1. Ó öüîìó ïóíêòi ðîçãëÿäàþòüñÿ çîáðàæåííÿ äiåäðàëüíî¨ ãðóïè

G8 = 〈a, b | a2 = 1, b2 = 1, (ab)4 = 1〉
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ïîðÿäêó 8 íàä íåñêií÷åííèì ïîëåì k õàðàêòåðèñòèêè 2. Äîâiëüíå ìàòðè-

÷íå çîáðàæåííÿ T ãðóïè G8 çàäà¹òüñÿ ïàðîþ êâàäðàòíèõ ìàòðèöü Ta, Tb

(îäíàêîâîãî ðîçìiðó) òàêèõ, ùî T 2
a = E, T 2

b = E i (TfTb)
4 = E. Çîáðàæå-

ííÿ T íàçèâà¹òüñÿ òî÷íèì, ÿêùî (TaTb)
2 6= E.

Òåîðåìà 5.2. Íåõàé k � íåñêií÷åííå ïîëå õàðàêòåðèñòèêè 2 i n �

íàòóðàëüíå ÷èñëî, ÿêå äiëèòüñÿ íà 4. Òîäi â ðîçìiðíîñòi n ãðóïà G8

ìà¹ íåñêií÷åííî áàãàòî òî÷íèõ íåðîçêëàäíèõ ïîïàðíî íååêâiâàëåíòíèõ

çîáðàæåíü ïîñòiéíîãî ðàíãó.

Ïiäêðåñëèìî (äèâ. ðîçäië 2), ùî äëÿ ÷åòâåðíî¨ ãðóïè Êëåéíà (äiåäðàëü-

íî¨ ãðóïè ïîðÿäêó 4) ðîçìiðíîñòåé ç òàêîþ âëàñòèâiñòþ íå iñíó¹.

Ïåðåõîäèìî äî äîâåäåííÿ òåîðåìè. Íåõàé n = 4m. Äëÿ íåíóëüîâîãî

åëåìåíòà λ ∈ k ðîçãëÿíåìî íàñòóïíå çîáðàæåííÿ T = T (n, λ) (ðîçìiðíîñòi

n) ãðóïè D8:

a→ Ta =


Em Em 0 0

0 Em 0 0

0 0 Em 0

0 0 Em Em

 ,

b→ Tb =


Em 0 0 Jm(λ)

0 Em Em 0

0 0 Em 0

0 0 0 Em

 ,

äå Jm(λ) � êëiòèíà Æîðäàíà ðîçìiðíîñòi m ç âëàñíèì ÷èñëîì λ. Òîé

ôàêò, ùî T ¹ òî÷íèì çîáðàæåííÿì ãðóïè D8, âèïëèâà¹ iç ðiâíîñòåé

(TaTb)
4 =




Em Em 0 0

0 Em 0 0

0 0 Em 0

0 0 Em Em




Em 0 0 Jm(λ)

0 Em Em 0

0 0 Em 0

0 0 0 Em




4

=
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=


Em Em Em Jm(λ)

0 Em Em 0

0 0 Em 0

0 0 Em Em


4

=


Em 0 Em + Jm(λ) 0

0 Em 0 0

0 0 Em 0

0 0 0 Em


2

= En.

Òâåðäæåííÿ 5.3. Çîáðàæåííÿ T (n, λ) íåðîçêëàäíi òà ïîïàðíî íåå-

êâiâàëåíòíi.

Äîâåäåííÿ. Òâåðäæåííÿ âèïëèâà¹ iç îñíîâíîãî êëàñèôiêàöiéíîãî ðåçóëü-

òàòó ðîáîòè [8] (äèâ. òàêîæ ïiäðîçäië 1.4). Ïðèâåäåìî ÿâíå äîâåäåííÿ.

Ðîçãëÿíåìî äîâiëüíi çîáðàæåííÿ T (n, λ) i T (n, λ), äå λ 6= λ, i íåõàé

X =


X11 X12 X13 X14

X21 X22 X23 X24

X31 X32 X33 X34

X41 X42 X43 X44


� îáîðîòíà áëîêîâà ìàòðèöÿ ðîçìiðíîñòi n = 4m ç áëîêàìè Xij ðîçìið-

íîñòi m òàêà, ùî

Ta(n, λ)X = XTa(n, λ), Tb(n, λ)X = XTb(n, λ)

àáî, â åêâiâàëåíòíié ôîðìi,

(En + Ta)X = X(En + Ta), (En + Tb)X = X(En + Tb).

Îòæå, ìà¹ìî ðiâíîñòi
0 Em 0 0

0 0 0 0

0 0 0 0

0 0 Em 0




X11 X12 X13 X14

X21 X22 X23 X24

X31 X32 X33 X34

X41 X42 X43 X44

 =

=


X11 X12 X13 X14

X21 X22 X23 X24

X31 X32 X33 X34

X41 X42 X43 X44




0 Em 0 0

0 0 0 0

0 0 0 0

0 0 Em 0

 ,
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0 0 0 Jm(λ)

0 0 Em 0

0 0 0 0

0 0 0 0




X11 X12 X13 X14

X21 X22 X23 X24

X31 X32 X33 X34

X41 X42 X43 X44

 =

=


X11 X12 X13 X14

X21 X22 X23 X24

X31 X32 X33 X34

X41 X42 X43 X44




0 0 0 Jm(λ)

0 0 Em 0

0 0 0 0

0 0 0 0

 .

Ïiñëÿ ïåðåìíîæåííÿ ìàòðèöü îòðèìó¹ìî ðiâíîñòi:
X21 X22 X23 X24

0 0 0 0

0 0 0 0

X31 X32 X33 X34

 =


0 X11 X14 0

0 X21 X24 0

0 X31 X34 0

0 X41 X44 0

 ,


JX41 JX42 JX43 JX44

X31 X32 X33 X34

0 0 0 0

0 0 0 0

 =


0 0 X12 X11J

0 0 X22 X21J

0 0 X32 X31J

0 0 X42 X41J

 ,

äå J = Jm(λ), J = Jm(λ). Iç öèõ ìàòðè÷íèõ ðiâíîñòåé âèïëèâà¹ (ç óðàõó-

âàííÿì îáîðîòíîñòi J i J), ùî ìàòðèöÿ X ìà¹ íàñòóïíèé âèãëÿä:

X =


X11 ∗ ∗ ∗
0 X11 ∗ ∗
0 0 X11 0

0 0 ∗ X11


i ïðè öüîìó Jm(λ)X11 = X11Jm(λ). Îñêiëüêè ìàòðèöÿ X îäíàêîâîþ ïåðå-

ñòàíîâêîþ ãîðèçîíòàëüíèõ i âåðòèêàëüíèõ ñìóã ïðèâîäèòüñÿ äî âåðõíüî

áëîêîâî-òðèêóòíîãî âèãëÿäó, òî âîíà îáîðîòíà òîäi i ëèøå òîäi, êîëè îáî-

ðîòíà ìàòðèöÿ X11. Çíà÷èòü ìàòðèöÿ X íå îáîðîòíà, áî iíàêøå Jm(λ) i
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Jm(λ) áóëè á ïîäiáíèìè, à öå (ÿê äîáðå âiäîìî iç ëiíiéíî¨ àëãåáðè) íå òàê.

Îòæå, çîáðàæåííÿ T (n, λ) i T (n, λ) íå åêâiâàëåíòíi.

Íåõàé òåïåð λ = λ. Iç ïîïåðåäíiõ îá÷èñëåíü ìà¹ìî, ùî â öüîìó âè-

ïàäêó àëãåáðà End(T ) åíäîìîðôiçìiâ çîáðàæåííÿ T = T (n, λ) (à çãi-

äíî îçíà÷åííÿ öå àëãåáðà, ùî ñêëàäà¹òüñÿ iç âñiõ ìàòðèöü Z òàêèõ,

ùî TZ = ZT ) � öå àëãåáðà âñiõ ìàòðèöü X âêàçàíîãî âèãëÿäó ðàçîì

iç ðiâíiñòþ Jm(λ)X11 = X11Jm(λ). Îñêiëüêè ç êëiòèíîþ Æîðäàíà êî-

ìóòóþòü ëèøå ìàòðèöi, ùî ¹ ïîëiíîìàìè âiä íå¨, òî âñi X11 òàêi, ùî

Jm(λ)X11 = X11Jm(λ) óòâîðþþòü ëîêàëüíó àëãåáðó, à çíà÷èòü ëîêàëü-

íîþ ¹ i àëãåáðà End(T ). À òîäi çà äîáðå âiäîìîþ òåîðåìîþ çîáðàæåííÿ

T = T (n, λ) íåðîçêëàäíå.

Òâåðäæåííÿ äîâåäåíî.

Ùîá çàâåðøèòè äîâåäåííÿ òåîðåìè, âïåâíèìîñÿ â òîìó, ùî çîáðàæåííÿ

T = T (n, λ) ìà¹ ïîñòiéíèé ðàíã. Ìàòðèöÿ α(E+Ta) +β(E+Tb) äîðiâíþ¹

α


0 Em 0 0

0 0 0 0

0 0 0 0

0 0 Em 0

+β


0 0 0 Jm(λ)

0 0 Em 0

0 0 0 0

0 0 0 0

 =


0 αEm 0 βJm(λ)

0 0 βEm 0

0 0 0 0

0 0 αEm 0

 .

Îñêiëüêè ðàíãè ìàòðèöü α(E + Ta) i β(E + Tb) äîðiâíþþòü 2m, òî äî-

ñòàòíüî ïîêàçàòè, ùî ðàíã 2m ìà¹ ìàòðèöÿ α(E + Ta) + β(E + Tb) ïðè

α = 1, β 6= 0, òîáòî ìàòðèöÿ

E + Ta + β(E + Tb) =


0 Em 0 βJm(λ)

0 0 βEm 0

0 0 0 0

0 0 Em 0

 .
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À öå âèïëèâà¹ iç òàêî¨ ðiâíîñòi:
Em 0 0 0

0 Em 0 −βEm

0 0 Em 0

0 0 0 Em




0 Em 0 βJm(λ)

0 0 βEm 0

0 0 0 0

0 0 Em 0



Em 0 0 0

0 Em 0 −βJm(λ)

0 0 Em 0

0 0 0 Em

 =


0 Em 0 0

0 0 0 0

0 0 0 0

0 0 Em 0

 .

5.4.2. Ó öüîìó ïóíêòi ðîçãëÿäàþòüñÿ çîáðàæåííÿ äiåäðàëüíî¨ ãðóïè

G16 = 〈a, b | a2 = 1, b2 = 1, (ab)8 = 1〉

ïîðÿäêó 16 íàä íåñêií÷åííèì ïîëåì k õàðàêòåðèñòèêè 2. Äîâiëüíå ìà-

òðè÷íå çîáðàæåííÿ T ãðóïè G16 çàäà¹òüñÿ ïàðîþ êâàäðàòíèõ ìàòðèöü

Ta, Tb (îäíàêîâîãî ðîçìiðó) òàêèõ, ùî T 2
a = E, T 2

b = E i (TfTb)
8 = E.

Çîáðàæåííÿ T íàçèâà¹òüñÿ òî÷íèì, ÿêùî (TaTb)
4 6= E.

Íàñòóïíà òåîðåìà ïîêàçó¹, ùî íåñêií÷åííå ÷èñëî ðîçìiðíîñòåé, â êî-

æíié ç ÿêèõ iñíó¹ íåñêií÷åííî áàãàòî òî÷íèõ íåðîçêëàäíèõ çîáðàæåíü,

ìà¹ íå ëèøå ÷åòâåðíà ãðóïà Êëåéíà.

Òåîðåìà 5.4. Íåõàé k � íåñêií÷åííå ïîëå õàðàêòåðèñòèêè 2 i n �

íàòóðàëüíå ÷èñëî, ÿêå äiëèòüñÿ íà 6. Òîäi â ðîçìiðíîñòi n ãðóïà G16

ìà¹ íåñêií÷åííî áàãàòî òî÷íèõ íåðîçêëàäíèõ ïîïàðíî íååêâiâàëåíòíèõ

çîáðàæåíü íåïîñòiéíîãî ðàíãó.

Ïåðåõîäèìî äî äîâåäåííÿ òåîðåìè.

Íåõàé n = 6m. Äëÿ íåíóëüîâîãî åëåìåíòà λ ∈ k ðîçãëÿíåìî íàñòóïíå

çîáðàæåííÿ T = T (n, λ) (ðîçìiðíîñòi n) ãðóïè D16:
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a→ Ta =



Em 0 0 Em 0 0

0 Em 0 0 Em 0

0 0 Em 0 0 Em

0 0 0 Em 0 0

0 0 0 0 Em 0

0 0 0 0 0 Em


,

b→ Tb =



Em 0 0 0 0 0

0 Em 0 0 0 0

Em 0 Em 0 0 0

0 Jm(λ) 0 Em 0 0

0 0 0 0 Em Em

0 0 0 0 0 Em


,

äå Jm(λ) � êëiòèíà Æîðäàíà ðîçìiðíîñòi m ç âëàñíèì ÷èñëîì λ.

Ëåãêî áà÷èòè (âðàõîâóþ÷è îáîðîòíiñòü ìàòðèöi Jm(λ) ), ùî öå çîáðà-

æåííÿ íå ¹ çîáðàæåííÿì ïîñòiéíîãî ðàíãó.

Ïîêàæåìî, ùî T ¹ òî÷íèì çîáðàæåííÿì ãðóïè D16:

TaTb =



Em Jm(λ) 0 Em 0 0

0 Em 0 0 Em Em

Em 0 Em 0 0 Em

0 Jm(λ) 0 Em 0 0

0 0 0 0 Em Em

0 0 0 0 0 Em


,
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(TaTb)
2 =



Em Jm(λ) 0 0 Jm(λ) Jm(λ)

0 Em 0 0 0 Em

0 Jm(λ) Em Em 0 0

0 0 0 Em Jm(λ) Jm(λ)

0 0 0 0 Em 0

0 0 0 0 0 Em


,

(TaTb)
4 =



Em 0 0 0 0 Jm(λ)

0 Em 0 0 0 0

0 0 Em 0 Jm(λ) 0

0 0 0 Em 0 0

0 0 0 0 Em 0

0 0 0 0 0 Em


i çíà÷èòü (TaTb)

8 = E2m.

Òâåðäæåííÿ 5.5. Çîáðàæåííÿ T (n, λ) íåðîçêëàäíi òà ïîïàðíî íåå-

êâiâàëåíòíi.

Äîâåäåííÿ. Òâåðäæåííÿ âèïëèâà¹ iç îñíîâíîãî êëàñèôiêàöiéíîãî ðåçóëü-

òàòó ðîáîòè [8] (äèâ. òàêîæ ïiäðîçäië 1.4). Ïðèâåäåìî ÿâíå äîâåäåííÿ.

Ðîçãëÿíåìî äîâiëüíi çîáðàæåííÿ T (n, λ) i T (n, λ), äå λ 6= λ. Íåõàé

X =



X11 X12 X13 X14 X15 X16

X21 X22 X23 X24 X25 X26

X31 X32 X33 X34 X35 X36

X41 X42 X43 X44 X45 X46

X51 X52 X53 X54 X55 X56

X61 X62 X63 X64 X65 X66


� îáîðîòíà áëîêîâà ìàòðèöÿ ðîçìiðíîñòi n = 6m ç áëîêàìè Xij ðîçìið-

íîñòi m òàêà, ùî

Ta(n, λ)X = XTa(n, λ), Tb(n, λ)X = XTb(n, λ)
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àáî, â åêâiâàëåíòíié ôîðìi,

(En + Ta)X = X(En + Ta), (En + Tb)X = X(En + Tb).

Iç ïåðøî¨ ðiâíîñòi âèïëèâà¹, ùî

X =



X11 X12 X13 X14 X15 X16

X21 X22 X23 X24 X25 X26

X31 X32 X33 X34 X35 X36

0 0 0 X11 X12 X13

0 0 0 X21 X22 X23

0 0 0 X31 X32 X33


.

Äðóãó ðiâíiñòü çàïèøåìî â ðîçãîðíóòîìó âèãëÿäi (ïiäñòàâèâøè i ïåðåìíî-

æèâè ìàòðèöi):



0 0 0 0 0 0

0 0 0 0 0 0

X11 X12 X13 X14 X15 X16

Jm(λ)X21 Jm(λ)X22 Jm(λ)X23 Jm(λ)X24 Jm(λ)X25 Jm(λ)X26

0 0 0 X31 X32 X33

0 0 0 0 0 0


=

=



X13 X14Jm(λ) 0 0 0 X15

X23 X24Jm(λ) 0 0 0 X25

X33 X34Jm(λ) 0 0 0 X35

0 X11Jm(λ) 0 0 0 X12

0 X21Jm(λ) 0 0 0 X22

0 X31Jm(λ) 0 0 0 X32


.
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Çâiäñè ìà¹ìî (ç óðàõóâàííÿì îáîðîòíîñòi J i J), ùî

X =



X11 Jm(λ)X26 0 0 0 X16

0 X11 0 0 0 X26

0 0 X11 Jm(λ)X26Jm(λ)−1 X16 X36

0 0 0 X11 Jm(λ)X26 0

0 0 0 0 X11 0

0 0 0 0 0 X11


.

i, îêðiì òîãî, Jm(λ)X11 = X11Jm(λ).

ÎñêiëüêèX ÿê âåðõíüî áëîêîâî-òðèêóòíà ìàòðèöÿ îáîðîòíà òîäi i ëèøå

òîäi, êîëè îáîðîòíà X11. Çíà÷èòü X íå îáîðîòíà, áî iíàêøå Jm(λ) i Jm(λ)

áóëè á ïîäiáíèìè, à öå (ÿê äîáðå âiäîìî iç ëiíiéíî¨ àëãåáðè) íå òàê. Îòæå,

çîáðàæåííÿ T (n, λ) i T (n, λ) íå åêâiâàëåíòíi.

Íåðîçêëàäíiñòü ìàòðèöi T (n, λ) âèïëèâà¹ iç òàêèõ æå ìiðêóâàíü, ÿê

ïðè äîâåäåííi òåîðåìè â ïîïåðåäíüîìó ïóíêòi.

5.4.3. Ñôîðìóëþ¹ìî äåÿêi íàñëiäêè iç ïîïåðåäíiõ òåîðåì.

Íàãàäà¹ìî, ùî ìè âèêëþ÷à¹ìî iç äiåäðàëüíèõ ãðóï ÷åòâåðíó ãðóïó

Êëåéíà.

Òåîðåìà 5.6. Íåõàé k � íåñêií÷åííå ïîëå õàðàêòåðèñòèêè 2 i n �

íàòóðàëüíå ÷èñëî, ÿêå äiëèòüñÿ íà 4. Òîäi â ðîçìiðíîñòi n áóäü-ÿêà ñêií-

÷åííà äiåäðàëüíà ãðóïà ìà¹ íåñêií÷åííî áàãàòî íåðîçêëàäíèõ ïîïàðíî íå-

åêâiâàëåíòíèõ çîáðàæåíü ïîñòiéíîãî ðàíãó.

Öÿ òåîðåìà âèïëèâà¹ iç òåîðåìè 5.2, ÿêùî âðàõóâàòè, ùî êîæíà ñêií-

÷åííà äiåäðàëüíà ãðóïà ¹ ôàêòîð-ãðóïîþ äîâiëüíî¨ äiåäðàëüíî¨ ãðóïè

áiëüøîãî ïîðÿäêó.

Òåïåð ïåðåéäåìî äî çîáðàæåíü íåïîñòiéíîãî ðàíãó.

Iç òâåðäæåííÿ 2.6, äîâåäåíî¨ ùå â äðóãîìó ðîçäiëi, âèïëèâà¹ òàêå òâåð-

äæåííÿ.
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Òåîðåìà 5.7. Íåõàé k � íåñêií÷åííå ïîëå õàðàêòåðèñòèêè 2 i n �

ïàðíå íàòóðàëüíå ÷èñëî. Òîäi â ðîçìiðíîñòi n áóäü-ÿêà ñêií÷åííà äiå-

äðàëüíà ãðóïà ìà¹ íåñêií÷åííî áàãàòî íåðîçêëàäíèõ ïîïàðíî íååêâiâà-

ëåíòíèõ çîáðàæåíü íåïîñòiéíîãî ðàíãó.

Öÿ òåîðåìà âèïëèâà¹ iç òâåðäæåííÿ 2.6, ÿêùî âðàõóâàòè, ùî ÷åòâåðíà

ãðóïà Êëåéíà ¹ ôàêòîð-ãðóïîþ äîâiëüíî¨ äiåäðàëüíî¨ ãðóïè.

Iç òåîðåìè 5.4 iíøå òâåðäæåííÿ ïðî çîáðàæåííÿ íåïîñòiéíîãî ðàíãó.

Òåîðåìà 5.8. Íåõàé k � íåñêií÷åííå ïîëå õàðàêòåðèñòèêè 2 i n �

íàòóðàëüíå ÷èñëî, ÿêå äiëèòüñÿ íà 6. Òîäi â ðîçìiðíîñòi n áóäü-ÿêà äi-

åäðàëüíà ãðóïà ïîðÿäêó m > 8 ìà¹ íåñêií÷åííî áàãàòî íåðîçêëàäíèõ ïî-

ïàðíî íååêâiâàëåíòíèõ çîáðàæåíü íåïîñòiéíîãî ðàíãó.

Iç äîâåäåíü òåîðåì 5.2, 5.4 òà òâåðäæåííÿ 2.6 ìà¹ìî, ùî â êîæíié òåî-

ðåìi öüîãî ïóíêòó íåñêií÷åííó ìíîæèíó íåðîçêëàäíèõ çîáðàæåíü ìîæíà

ââàæàòè ñåði¹þ.

5.5. Íàñëiäîê ïðî çàãàëüíi ñåði¨ ïîñòiéíîãî ðàíãó

Ïîëå k õàðàêòåðèñòèêè 2 ââàæà¹ìî àëãåáðà¨÷íî çàìêíóòèì.

Çà òåîðåìîþ 5.2 äëÿ ãðóïè D∞ (i íàâiòü äëÿ D8) ìà¹ìî íàñòóïíó ñåðiþ

çîáðàæåíü ïîñòiéíîãî ðàíãó:

ñåðiÿ A)

a→ Ta =


Em Em 0 0

0 Em 0 0

0 0 Em 0

0 0 Em Em

 ,
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b→ Tb =


Em 0 0 Jm(λ)

0 Em Em 0

0 0 Em 0

0 0 0 Em

 ,

äå Jm(λ) � êëiòèíà Æîðäàíà ðîçìiðíîñòi m ç âëàñíèì ÷èñëîì λ.

ßêùî öþ ñåðiþ A) ïîðiâíÿòè ç 1-îþ ñåði¹þ iç òåîðåìè 5.1 (ïðî ñåði¨

ðîçìiðíîñòi n < 8), à ñàìå

A1 =


1 1 0 0

0 1 0 0

0 0 1 0

0 0 1 1

 , B1 =


1 0 0 α

0 1 1 0

0 0 1 0

0 0 0 1

 ,

òî âèäíî, ùî âîíà îòðèìó¹òüñÿ iç ñåði¨ A1, B1 øëÿõîì ïiäñòàíîâêè îäèíè-

÷íî¨ (âiäïîâiäíî íóëüîâî¨) ìàòðèöi çàìiñòü îäèíè÷íîãî (âiäïîâiäíî íóëüî-

âîãî) åëåìåíòó i êëiòèíè Æîðäàíà ç âëàñíèì ÷èñëîì λ çàìiñòü ïàðàìåòðó

α.

ßêùî ïðîðîáèòè öþ ïðîöåäóðó iç çîáðàæåííÿìè 2) i 3) òåîðåìè 5.1

òîáòî

2)

A2 =



1 1 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 1 1 0 0

0 0 0 0 1 1

0 0 0 0 0 1


, B2 =



1 0 0 0 0 α

0 1 1 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 1 1 0

0 0 0 0 0 1


,

3)
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A3 =



1 1 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 1 1 0 0

0 0 0 0 1 0

0 0 0 0 1 1


, B3 =



1 0 0 0 0 α

0 1 1 0 0 0

0 0 1 0 0 0

0 0 0 1 1 0

0 0 0 0 1 0

0 0 0 0 0 1


,

òî îòðèìà¹ìî íàñòóïíi ñåði¨ ïîñòiéíîãî çîáðàæóâàëüíîãî òèïó:

ñåðiÿ B)

a→ Ta =



Em Em 0 0 0 0

0 Em 0 0 0 0

0 0 Em 0 0 0

0 0 Em Em 0 0

0 0 0 0 Em Em

0 0 0 0 0 Em


,

b→ Tb =



Em 0 0 0 0 Jm(α)

0 Em Em 0 0 0

0 0 Em 0 0 0

0 0 0 Em 0 0

0 0 0 Em Em 0

0 0 0 0 0 Em


,

ñåðiÿ C)

a→ Ta =



Em Em 0 0 0 0

0 Em 0 0 0 0

0 0 Em 0 0 0

0 0 Em Em 0 0

0 0 0 0 Em 0

0 0 0 0 Em Em


,
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b→ Tb =



Em 0 0 0 0 Jm(α)

0 Em Em 0 0 0

0 0 Em 0 0 0

0 0 0 Em Em 0

0 0 0 0 Em 0

0 0 0 0 0 Em


.

Ç óðàõóâàííÿì òåîðåìè 5.1. Iç ñêàçàíîãî âèïëèâà¹, ùî ñåði¨ B), C),

ÿêi ïðîíèçóþòü âñi ðîçìiðíîñòi, ùî äiëÿòüñÿ íà 3, ¹ íåçàëåæíi â êîæíié

ðîçìiðíîñòi.

Iç ñêàçàíîãî âèïëèâàþòü, çîêðåìà, íàñòóïíi òåðåìè (â ÿêèõ äiåäðàëüíà

ãðóïà ìîæå áóòè ÿê ñêií÷åííîþ, òàê i íåñêií÷åííîþ).

Òåîðåìà 5.9. Íåõàé k � àëãåáðà¨÷íî çàìêíóòå ïîëå õàðàêòåðèñòè-

êè 2 i n � íàòóðàëüíå ÷èñëî, ÿêå äiëèòüñÿ íà 6. Òîäi â ðîçìiðíîñòi n

äîâiëüíà äiåäðàëüíà ãðóïà ìà¹ ïðèíàéìíi äâi íåçàëåæíi ñåði¨ çîáðàæåíü

ïîñòiéíîãî ðàíãó.

Òåîðåìà 5.10. Íåõàé k � àëãåáðà¨÷íî çàìêíóòå ïîëå õàðàêòåðèñòè-

êè 2 i n � íàòóðàëüíå ÷èñëî, ÿêå äiëèòüñÿ íà 12. Òîäi â ðîçìiðíîñòi n

äîâiëüíà äiåäðàëüíà ãðóïà ìà¹ ïðèíàéìíi òðè ïîïàðíî íåçàëåæíi ñåði¨

çîáðàæåíü ïîñòiéíîãî ðàíãó.

Òåîðåìà 5.9 âèïëèâà¹ iç òîãî, ùî ñåði¨ B) i Ñ) äëÿ íåñêií÷åííî¨ äiå-

äðàëüíî¨ ãðóïè ¹ ïî ñóòi ñåði¹þ çîáðàæåíü äiåäðàëüíî¨ ãðóïè ïîðÿäêó

8. Ðiâíiñòü (TaTb)
4 = E ëåãêî ïåðåâiðèòè áåçïîñåðåäíiìè îá÷èñëåííÿìè

(àíàëîãi÷íèìè òèì, ÿêi ïðîâîäèëèñü ïðè äîâåäåííi òåîðåì 5.2 i 5.4).

Çà âêàçàíi â òåîðåìi 5.10 ñåði¨ ìîæíà âçÿòè ñåði¨ A), B), C) (âiäïîâiäíî¨

ðîçìiðíîñòi).

Iç òåîðåìè 5.1 âèïëèâà¹, ùî ÿêùî â òåîðåìàõ 5.9, 5.10 ÷èñëî n âçÿòè

ìiíiìàëüíèì, òî ÷èñëî ñåðié áóäå â òî÷íîñòi òàêèì, ÿê â íèõ óêàçàíî.
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5.6. Âèñíîâêè äî ðîçäiëó

Ó öüîìó ðîçäiëi äëÿ íåñêií÷åííî¨ äiåäðàëüíî¨ ãðóïè îïèñàíà ñòðîãî ïîâíà

ìíîæèíà ñåðié ìîäóëÿðíèõ çîáðàæåíü âiäíîñíî âñiõ çîáðàæåíü ðîçìið-

íîñòi n < 8, ÿêi ìàþòü ïîñòiéíèé ðàíã. Äîâåäåíî iñíóâàííÿ íåñêií÷åí-

íîãî ÷èñëà ðîçìiðíîñòåé, â êîæíié iç ÿêèõ äëÿ äiåäðàëüíèõ 2-ãðóï iñíó¹

íåñêií÷åííå ÷èñëî íåðîçêëàäíèõ ïîïàðíî íååêâiâàëåíòíèõ çîáðàæåíü ïî-

ñòiéíîãî ðàíãó ÷è íåïîñòiéíîãî ðàíãó. Äîâåäåíî íèçêó òâåðäæåíü ïðî ñåði¨

íåðîçêëàäíèõ çîáðàæåíü ïîñòiéíîãî ðàíãó.

Ðåçóëüòàòè öüîãî ðîçäiëó îïóáëiêîâàíi â ðîáîòàõ [73], [74], [81].



170

ÂÈÑÍÎÂÊÈ

Äèñåðòàöiéíà ðîáîòà ïîâ'ÿçàíà iç ñó÷àñíèìè àñïåêòàìè òåîði¨ ìàòðè÷íèõ

çîáðàæåíü ñêií÷åííèõ ãðóï.

Âèâ÷àþòüñÿ ìàòðè÷íi çîáðàæåííÿ ÷åòâåðíî¨ ãðóïè Êëåéíà íàä àëãå-

áðà¨÷íî çàìêíóòèì ïîëåì õàðàêòåðèñòèêè 2. Îïèñàíî çîáðàæåííÿ ïîñòié-

íîãî æîðäàíîâîãî òèïó äëÿ öi¹¨ ãðóïè òà îòðèìàíî óçàãàëüíåííÿ íà ìà-

òðè÷íi çîáðàæåííÿ ëîêàëüíèõ àëãåáð íàä ïîëåì äîâiëüíî¨ õàðàêòåðèñòè-

êè.

Äîñëiäæóþòüñÿ ìàòðè÷íi çîáðàæåííÿ åëåìåíòàðíèõ àáåëåâèõ p-ãðóï

íàä àëãåáðà¨÷íî çàìêíóòèì ïîëåì õàðàêòåðèñòèêè p. Äîâåäåíî, ùî ãðóïè

G = Z/p × Z/p (p > 2) i G = Z/2 × · · · × Z/2 (n > 2 ðàçiâ) ¹ cJ-äèêèìè

Îòðèìàíî ïîâíèé îïèñ cJ-äèêèõ ãðóï i ïîêàçàíî, ùî â iíøèõ âèïàäêàõ

ãðóïà ìà¹ cJ�ñêií÷åííèé òèï àáî ¹ cJ�äèñêðåòíîþ. Âèâ÷àþòüñÿ òàêîæ

çîáðàæåííÿ ìàëèõ ðîçìiðíîñòåé.

Îïèñàíà êàòåãîðiÿ ìàòðè÷íèõ çîáðàæåíü ïîñòiéíîãî æîðäàíîâîãî òèïó

äëÿ ÷åòâåðíî¨ ãðóïè Êëåéíà. Äëÿ äîâiëüíî¨ ôiêñîâàíî¨ ðîçìiðíîñòi îá÷è-

ñëåíî çàãàëüíå ÷èñëî íåðîçêëàäíèõ ìàòðè÷íèõ çîáðàæåíü ÷åòâåðíî¨ ãðó-

ïè Êëåéíà íàä ñêií÷åííèì ïîëåì, ÿêi ìàþòü ïîñòiéíèé æîðäàíîâèé òèï

Äîâåäåíî iñíóâàííÿ íåñêií÷åííîãî ÷èñëà ðîçìiðíîñòåé, â êîæíié iç

ÿêèõ äëÿ äiåäðàëüíèõ 2-ãðóï iñíó¹ íåñêií÷åííå ÷èñëî íåðîçêëàäíèõ ïî-

ïàðíî íååêâiâàëåíòíèõ çîáðàæåíü ïîñòiéíîãî ÷è íåïîñòiéíîãî ðàíãó. Äëÿ

íåñêií÷åííî¨ äiåäðàëüíî¨ ãðóïè îïèñàíà ñòðîãî ïîâíà ìíîæèíà ñåðié ìîäó-

ëÿðíèõ çîáðàæåíü âiäíîñíî âñiõ çîáðàæåíü ðîçìiðíîñòi n < 8, ÿêi ìàþòü

ïîñòiéíèé ðàíã, òà îòðèìàíî íàñëiäêè äëÿ çàãàëüíèõ ñåðié. Äëÿ ñêií÷åí-

íèõ äiåäðàëüíèõ 2-ãðóï äîâåäåíî íèçêó òâåðäæåíü ïðî ñåði¨ íåðîçêëàäíèõ

çîáðàæåíü ïîñòiéíîãî ðàíãó.
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