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MATEMATHKA

A. H. mAPKOBCKHft

O IIPHTHrilBAIOIIpIX H IIPHTHrHBAIOmHXCH MHO5KECTBAX

(IIpedcmaejieno anadeMUKOM n. C. AjieKcandpoeuM 21 IX 1964)

IlycTB T — HenpepBiBHoe oflHosnaHHoe OTo6pajK6HHe KOMnaKTa E B ce6n.
TOHKa x e E nopojK^aeT HTepanHOHHyio nocjie^oBaTejiBHocTB

£L0 • ECJIH TOHKH x, Tx,..., Tk~lx nonapno pasJiHHHBi H Th~*x = x, TO
TOHKH x, Tx,..., Th~ix o6pasyK)T DHKJI k-TO nopa^Ka.

ToHKa y nasBiBaeTCH t o - n p e f l e j i B H o i i T o H K o H n o c j i e f l O B a T e j i t -
H o c T H {T^x}, ecjm AJIH BCHKOH: oKpecTHocTH U TOHKH y H jiH)6oro n ~> 0
HatfleTCH Honep m ̂  n TaKon, HTO Tmx e U. MnomecTBo co-npe^ejiBBBix TO-
HGK nocjie^OBaTejiBHocTH {T^x} oSosnaHHM Qx.

1. MaoiKecTBo Q = Q-c 3aMKHyTO H TQ = Q. CjieflyiomHe flse TeopeMBi
xapaKTepnayiOT oTo6paHteHHe T na MHomecTBe Q.

T e o p e n a 1. ECJIU U — orKpuroe e Q Mttowecreo, npuneM U =^= Q, TO
saMbiKdHue MHOwecrea TU ne codepoKiircn e U.

Hs TeopeMBi 1 nenocpe^CTBeHHo BBiienaeT
G j i e f l C T B H e 1. ECJIU Q7 d Q Tanoeo, HTO TO! = Q', TO Qf ne Mower

6biTb odnoepeMenHO soMKHyrbiM u ompbimM e Q.
C j i e f l C T B H e 2. ECJIU Q KOHBHHO, TOHKU MHoyfcecrea Q odpasywr I^UKJI.
C j i e / j C T B H e 3. ECJIU Q decKOHenno, Kamdaa TOHKCL i^uKJia, npunadjie-

Q, fiejifiercfi npedejibnou djia rouex, MHooxecrea Q.
T e o p e M a 2. ECJIU MnomecTeo Q decKOHenno u T*x e Q npu j ^ /o, 7*0
JIK)6030 OTKpblTOZO 8 Q MHOM6CT6a U npOU360dH06 MHOMCeCTBO MHOyK6CT6a

\JTiU ecTb Q.
3=0

ECJIU MH03K6CT8O Q UM66T 8 E euyTpCHHUe TOHKU, TO HOMBp /o TttKOU, HTO
T^x e Q npu j ̂  jo, ecesda cyiqecTeyeT.

TeopeMLi 1 H 2 HOJIHOCTBIO xapaKTepnayiOT oToSpajKenne na Mno>KecTBe
O. lion 3THM noHHMaeTca cjie^yiomee.

A. ECJIH sa^ano HenpepBiBHoe OTo6pa?KeHHe T KOMnaKTa E B ce6a
ITO na aaMKHyTOM MHOHtecTBe Q TQ = Q H cnpaBefljiHBo
TeopeMBi 2, TO Han^eTCH TO^Ka a; e Q TaKaH, HTO Qx — Q.

B. ECJIH aaMKHyToe MHOHtecTBo Q He HMeeT BHyTpemrax B E ToneK, ne
coffepJKHT HsojiHpoBaHHHx TOH6K E H Ha HeM 3a,o;aHo HenpepBiBHoe OTo6pa-
jKenae T TaK, HTO TQ = £J H cnpasefljiHEa TeopeMa 1, TO oToSpajKenne T
MOJKHO HpOftOJIJKHTB Ha 3aMKHyT06 MHOH^eCTBO E', Q C E' S E TaK, HTO OTO6-
pa/KGHHe T na E' GyjjeT HenpepBiBHo H Han^eTCH TOHKa x ^ fi"', fljia KOTOPOM

Bonpoc o CTpyKiype MHojKecTBa oo-npeflejiBHBix TOHGK HTepan;HOHHOH no-
GJie^OBaTejiBHocTH CBO,O;HTCH K cjiejiyiomeMy: KaKosa cipyKTypa saMKHyioro
MHojKecTBa £2 £= E, ecjiH Ha MHoJKecTse Q MOH^HO 3aji;aTB HenpepBiBHoe
OTo6pa)KeHHe T TaK, HTO TO, = Q, H na Q cnpasefljiHEa TeopeMa 1 HJIH 2.

MOJKHO OTM6THTB TaKOH pesyjiBTaT: ecjiH KOMnaKT E jioKajiBHo CBHaen H
ft

MHOJK9CTBO Q HM66T B E BHyTpeHHHe TOHKH, TO Q = U ̂ (j), I ^ k <. OO,
3=1

), ..., Q(fe) — cBHSHBie saMKHyTBie MHojKecTBa, He HMeromHe oSiniix TO-
\ = 1, 2, ..., k — J
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2. ByflGM TOBOpHTB, HTO TO^Ka X e E" n p H T H T H B a e T C H M H O J K 6 -
c T B o M Q, ecjra Q ecTB MHOJKecTBo co-npe^ejiBHBix TOHGK

0. MHOJKGCTBO, cocTOHiu.ee HS To^ieK KOMnaKTa, KOTOpBie
K>TCH K flannoMy MHOJKecTBy Q, o6o3Hai5HM P(Q). YCJIOBHMCH B
o6o3HaiaTB Q (c ZH/jeKcaMH HJIII 6es HHX) Te H TOJIBKO TG MHOJKecTBa,
JKOTOPBIX P(Q) ne nycTo.

. T e o p e M a 3. U - ^ ( ^ ) ecrb MHOdtcecreo runa <?$.si'^n
TlycTb 2 — CHCTeMa OTKPBITBIX MEOJKecTB di, i = 1, 2, . . ., TaKnx,

1) (Ti fl 1̂ ¥= 0, J = 1, 2, . . . ; 2) RJIfl BCHKOH OKpeCTHOCTH U TO^KH X ̂  Q
jmH/jeTCfl a e S, coaep}Kairi;eecH B U. HocTpoHM ^JIH KaJKfloro ot e 2 oTKpsi-
T06 MHOJK6CTBO S (Oi) , COCTaBJI6HHOe H3 BC6X HpOo6pa3OB MHOJKGCTBa

Tor^a H TOJIBKO Tor^a, Kor,n;a cymecTByeT k ̂  0 Tanoe,

Gi D «S'(Oi)= U
i=l £i'Z)

Q' 3 Q, TO ^r e 6'(cr7), i — 1 2, ... ECJIH x e PIQ'7) H Q/7 ne coaepJKHT Q,
T. e. cymecTByeT xoiKa z/ e Q, ne npHHa^JieiKaniiafl Q/7, TO Han^eTca 6i' 3 i/,
ne coaepJKaHjee HH O.HHOH TO^IKH nocJieflOBaTejitHocTH

.HO, X€=S(<Ji>) HX

T e o p e n a 4 - ^ ^ ) ecrb MHowecreo runa
' '

6CJIH - — npOH3BOJILHOe 3aMKHyT06 MHOJK6CTBO, TO MHO-
JKGCTBO p (F) , cocTOflmee H3 TO^GK x e £*, fljin KOTOpux rj^r e J5* npn / ̂  /o
(/O SaBHCHT OT x) , 6CTB MHOJK6CTBO THHa ^a. PaCCMOTpHM nOC3iejl,OBaTejIBHOCTB

OTKpBITBIX MHOJK6CTB Ui ^> C/2 =D Z73 ID . . . TaKHX, ^TO fl ^ i = .̂
i=l

T î — SaMBIKaHHH MHOJK6CTB £/;. HoCTpOHM MHOJKGCTBa p(-^f), ^ == 1, 2, . . .
oo

H 6CTB MHOJK6CTBO U ?(&')• B CaMOM A6Jie, 6CJIH X<=P(Q'),

' S Q, TO x (=p(Fi), i= l , 2, ... ECJIH a; e P(Q") H cyn^ecTByer_
e Q", _He npimaajieMamaH Q, TO Hafi^eTCH aoMep io Tanot, *ITO y e /T1-8, H

x e p ( F i ) , i ̂  i0.
C j i e f l C T B H e . P(Q) ecrb Mnowecreo runa Fa&.
ECJIH MH05K6CTBO Qf]P(Q) H6 nyCTO, TO jP(fi) Ha MHOJKGCTBe Q, KaK BBI-

H3 TeopeMBi 3, GCTB MHOJKGCTBO xnna G& Biopoii KaieropHH.
sonpoc, cymecTByroT JIH oToSpaateHHfl, ftjm KOTOPBIX MHo?Ke-

ecTB MHOJKecTBa THna G& HJIH F05 H ne ecTB MHomecTsa 6ojiee
npocToro THna. yTBep^HTejiBHBiH OTBGT Ha STOT sonpoc flaiOT (JopMyjinpyeMBie

TeopeMBi.
3. PaccMOTpuM cjiyqaa, Kor^a E — oipesoK Bem.ecTBeHHOH npHMoii.
T e o p e M a 5. ECJIU ^ 6ecKOHenno, P(Q) ecTb MHoofcecreo njiacca ^ 1

u Edpa — Bajijie-Hycceua.
C j i e ^ C T B H e . ECJIU Q 6ecKOH6HHO u ne cyiyecreyeT Mnomecrea, Q7iDQ,

TO .P(Q) ecTb GS u ne ecrb Fa.
Teopesia 5 cjie,n;yeT HS jieMMBi 1.
JI e M M a 1. ECJIU eunojiueHbi ycjioeua reopeMbi 5, TO: 1) e jno6ou onpecr-

HOCTU KdOtcdoU TOHKU X e P ( Q ) 6CTb TOHKU x' < X, x' ^P(Q) (eCJIU X H6
xejifieTcsi jieebiM KOHI^OM E} u x" ~> x, x" SjP(Q) (ecjiu x He siejisieTCfi
npaebiM KOHI^OM E); 2) ecjiu unrepeaji (a,b) dP(Q), TO u TOHKU
a, b€=P(Q).

T e o p e M a 6. ECJIU Q, codepwur IJ^UKJI u cyiqecTeyeT Qr ID Q, mo

' , ecT.b MHowecreo eTopozo KJiacca.
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TeopeMw 6 onnpaeiCH na jieMMH 1 H 2.

J l e M M a 2. ECJIU (a, b) CZ^y^-P (^') u Q codepwur I^UKJI, TO cyiqecTey-
er rciKoe Q', HTO (a, b)

JleMMa 2, no-BHflHMOMy, cnpaBeflJiHBa, CCJIH Q H ne co#ep}KHT HHKJIOB.
T e o p e M a 7. ECJIU Q codepwur UUKJI u 1) cyiqecTeyer Q' ID Q; 2) so

OKpecTHOCTu U MHOotcecrea Q uaudercfi TOHKCL a;eP(Q), x e Q,
, / = 0, 1, 2, ..., ro MHOOKecreo P(Q) ecrb MHOMBCTBO Tperteeo

Kjiacca njiaccu^uKai^uu Edpa — BajiJie-Uyccena.
HTaK, MHOJK6CTBO /'(Q) HpH BLIHOJIHeHHH yCJIOBHH TGOpeMLI GCTB /'afi H H6

eCTB Ggff.
1

HanpHMep, npn OToSpaHceHHH Tx = x — rrsin — oxpesna [0,1]

CTBO TOieK a:, AJIH KOTOPBIX T7^— >-0 npn /-> oo, GCTB B TOHHOCTH
ECJIH MHOmeCTBO Q 6eCKOH6HHO H COflepJKHT XOTH 6BI OffHy HSOJIHpOBaH-

nyio To^Ky (a cjie^osaTejiBHo, H c^eTHoe MHOJKecTBo HsoJiapoBaHHBix TO^GK),
TO ycjiOBHe 2) TeopeMBi BBinojinneTCH.

GxeMa ffOKasaTejiBCTBa TeopeMBi 7 cjie^yiomafl: 1) BO

P (£2') BBrCnpaeTCH noflMHOjKecTBo /, roMeoMopd)Hoe MHOJKecTBy nppa-

u;HOHajiBHBix ^Hcejr (1); 2) noKasBiBaexca,
SBITB nojiy^eno TCM Hte nyieM H HS xex »e ajieMeHTOB, HTO H 6apoBCKoe MHO-

TpeTBero Knacca (2).
KaK cjieflCTBHe TeopeM 6 H 7 nojiy^aeM TeopeMy 8.
T e o p e M a 8. ECJIU eunojineHu ycjioeua reopeMbi 7, U P

MH03K6CT60

I^HTHPOBAHHAH JIHTEPATYPA
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