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1. Tomoromnii, gedopmariii, perpakiiii, gedopmaliiiii peTpakilii, TOMOTONIYHI eKBiBaJIeH-
THOCTI.

2. QyngaMeHTaIbHA T'PYIA.

3. O6uncienasa GyHIaMEHTAJIBHOI TPYIIN KOJA.

4. Hakpusaroui BigoOpazkenus. BiaactusicTs nigasaTTs romoromiii. Kimacudikariis Hakpu-
BalO4MX BiJ0OpazkeHb. [CHYBaHHS YHIBEPCAJIBLHOI'O HAKPUBAKOYOI'O LIPOCTOPY.

5. Bumii romoronivuni rpynu. Touna mocaiioBHICTb TOMOTONIYHUX IPYII HAPU TTPOCTOPIB.

6. Konpencrasienns rpymn. Teopema 3eiidpepra - Ban Kammena. O6uucienns hyHamen-
TaJAbHOI TPYIITH KOMIAKTHUX OBEPXOHD Ta KJIITKOBUX KOMILIEKCIB. Peatizallis CKiH4YeHHO-
[peJICTaBIeHNX I'PYI 9K (DYHIAMEHTATbHAX TPYIL.

7. CumiimiajabHi KOMILIEKCH 1 mosieapu. bapunentpudni migapo3ouTTd. I'pymu cuMILmiii-
aJbHAX TOMOJOTiH. ['eoMeTpHUHa, peasizallisgd CUMILIIIIAIBHOIO KOMILIEKCA.

8. I'pynu cUHryJasgpHUX TOMOJIOTIH. TodHA MOCTIIOBHICTD TPy roMoJoTi# A1d map. Bora-
ctuBicThb Bupizanud. [locaigoBHicTh Maitepa-BreTopica.

9. OGuucjenns TPyn TOMOJIOri{i KOMIIAKTHUX TTOBEPXOHBb Ta JESIKUX HARIIPOCTIMINX KJIi-
TKOBWX KOMILJIEKCIB.

10. Yucno Jledmens nenepepsroro Bijgodpazkennsd. TeopeMu nmpo HEPYXOMi TOYKH.

1. TomMmoTOoImIi

Ckpisp wukue I = [0; 1] — e oguHUnIHAE BiIPI30OK.

Henepepsre BigoGpaxkenus H : X X [0;1] — Y HasuBaeThCst 20Mm0monieto.

Tomonoriunumii mpocTip X HA3WBA€THCA CTATYBAHUM B TOUKY a € X, IKIIO TOTOXKHE BijI-
obpazkenns idx TOMOTOITHe TOCTIHHOMY BimoOpakeHHio ¢, : X — {a} B TOUKy a.

Hemnepepsre BigoOpaxkenus f : X — Y Ha3MBAETBCS 20MOMONIYHON €KBI8ANEHMHICIO
SIKITO icHye BimobOpaxkenus g : Y — X take, mo go f ~idx i fo g~ idy:

~idy

NS S

3apayva 1.1. Josectu, wo Ha npoctopi HenepepsHux Bigobpaxens C'(X,Y’) BigHOWEHHS FOMOTOMNHOCTI € BigHO-
LIEHHSIM eKBIiBaJIEHTHOCTI

/

3apava 1.2. Hexaii f: X - Y ig:Y — Z — HenepepsHi BigobpaxerHs. Mokasatn, wo skwo f ~ f'ig=~g,
Togof~golf.
3apaya 1.3. [osecTtu, WO TONOMOTIYHI NPOCTOPY i KIACK rOMOTONIT Bif0Dpa)keHb Mi>K HAMI YTBOPIOKOTbL KaTEropito,
nosHaynumo i HT.

3apaya 1.4. TokasaTtu, WO roMOTONIYHA EKBIBANEHTICTb MiX TOMOJOTYHMUMY NPOCTOPAMMN — LiE Te X CaMe, Lo
isomopdizm B KaTeropii HT .

3apaya 1.5. Hexain T — kaTeropisi TONofOri4HMX NpoOCTOPIB i X HenepepBHUX BifgobparkeHb. [losectn, wo Bigno-
BigHicte ' : T — HT, sika TOTOXKHa Ta 00'ekTax, TOOTO KOXXHOMY TomnoJioriyHomy npoctopy X € 7T craButh y
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BIAMOBIAHICTb AOr0 X, a KOKHOMY Mopdi3my (HenepepBHoMy BigobpaxerHto) f : X — Y craButb y BignoBigHicTs
ioro knac romotonii [f] (mopdism mixx X i Y B HT) € koBapiaHTHUM (DYHKTOPOM.

Hexait f : A — B — HenepepsHe BigobpazkeHHs. /11 KOKHOTO TOMOJIOTTIHOTO IpocTopy X
PO3TJIAHEMO JIBa BiIOOpaYKeHHS:

7 [X, A = [X, B, Fo)=fod: X 25 A1 B,
f. B, X] — [A X], f)y=vof: AL BL x.

3apava 1.6. Josectu, o HaCTynHi YMOBM €KBiBaJIEHTHI
1.6.1. f: A — B - roMoToniyHa eKBiBaJIEHTHICTb;
1.6.2. pns koxHoro TonosorivyHoro npoctopy X obmpasa BigobpaxeHHs f* i f, — Giekuii.

3apaya 1.7. Mokazatw, wo 3agaya 1.6 HOCUTb «KATEropHUii» xapaktep B HacTynHoMmy ceHci. Hexaii C — gosinbHa
Kateropis i f : A — B — mopdizm 8 C. [Ins koxHoro o6'ekty X € Ob(C) posrnsHemo aga "BigobparkeHHs"
(6ymemo npunyckatu, wo B C MOpi3amMu € MHOXMHAMY):

F*: Mor(X, A) — Mor(X, B), F(d)=fod: X 254ty B,
fo: Mor(B, X) — Mor(4, X), f)=vof:ALsB Ly X

MNMokaszaTn, Wo HACTYMHI YMOBW €KBiBaNeHTHi

1.7.1. f: A— B - i3omopdi3m B C;

1.7.2. pns koxHoro o6'ekty X € Ob(C) obuasa BigobpaxenHs f* i f,. — biekuir.

3apaya 1.8. MNokasatu, wo muoxunna E[X| knacis romotonii romoTtonivHux eksisaneHtHocTeir X — X yTBOpIOE

rpyny. B kateropii HT rpyna E[X] Totoxna 3 Aut(X) — rpynoto asTomopdiamie (isomopdiamia Ha cebe) 06'ekTa
X.

3apaya 1.9. Hexan I = [0, 1]. O6uncautn rpyny E[I].
3apaya 1.10. MNokasatu, wo koxeH romeomopdiam f: X — Y € roMOTONiYHOIO €KBIBaNEHTHICTIO.

3apauqa 1.11. Hexaii H(X) — rpyna romeomopdismis X . Mokazatu, wo Bigobpaxenus ¢ : H(X) — E[X], sike
ctaBuTb y BignosigHicte f € H(X) ioro knac romotonii [f] sik roMOTONIYHOI €eKBIBaNEHTHOCTI, € FOMOMOpPI3MOM.
Sk onucaTtun s4po q.

3apaya 1.12. Hexaii H(X) — rpyna romeomopdizmis X. Hexain I = [0, 1]. O6uucnutu rpyny E[I].
3apaya 1.13. TokasaTu, WO KOXKEH CTAryBaHWiA TOMOMOTIYHUA MPOCTIp € NIHIAHO 3B'A3HUM.

3apaya 1.14. Hexaii X — tonosorivHuii npoctip. JloBecTu, Lo HAaCTYNHi YMOBU € EKBIBaJIEHTHUMMA:
1.14.1. X cTaryBaHuii B fesky TO4ky a € X;

1.14.2. X cTsAryBaHuii B KOXXHY CBOIO TOYKY;

1.14.3. icHye petpakuis 7 : CX — X x 0 kovyca C' X nag X Ha iioro ocHoy X X 0;

1.14.4. pns koxHoro TonosnoriyHoro npoctopy Y Oyab-siki gea Bigobpaxenhusi f,g: Y — X romotonHi;
1.14.5. X romMOTONi4YHO €KBIiBaNEHTHUI TOuL,.

3apaya 1.15. Jlosectu, wo R™ € crsarysaHum.
3apaya 1.16. [osectu, o KoXKHa onykna nigMHOXuHa B R™ € cTarysaHoto.

3apaua 1.17. MigmHoxuHa K C R™ Ha3mBaETbCS 3ipYaTor0 BiHOCHO TOYKMN a € K, SIKIIO AN KOXXHOI TOYKM
b € K sigpisok [a,b] = {ta + (i — 1)b}icjo;) C K. Hosectu, ujo koxHa nigmuoxmsa K 8 R™ 3ipyaTa sigHocHo
Jlesikol CBOET TOYKM a € K € CTAryBaHO B TOYKY a.

Hexait A C X — nigmuoxuna Tonosorianoro npocropy X i H : X x[0;1] — X — romoromis.
Toni H nasupaerbes

1) degpopmauiero X na A axmio



a) Hy =idx;
6) H/(A) C A nasg Beix t € [0; 1];
B) Hi(X)C A
2) depopmauitinoro pemparuiero X na A, AKIIO
a) Hy =idx;
6) Hi(X) C A i imgykoBane BimoGpaxenus H; : X — A e perpakiii€o, T00TO

Hi(a) = a nng Beix a € A.
K110 K T10JATKOBO
B) H,; Hepyxome Ha A s BCix ¢ € A,
T0 H Ha3UBaETLCS cuavho1o dedpopmauitinoto pemparyicto X na A. B coo wepry A
HA3UBAETHCS (cuavhum) deghopmanitnum pemparmom X .

3apaya 1.18. Hosectu, wo skwo icHye aedopmauis X Ha A, To BigobpaxkeHHs1 BKnageHHs i : A C X € romoto-
Ni4YHO EKBIBAJIEHTHICTIO.

3apava 1.19. Josectu, wo skwo icHye (cunbHa) gedopmauiiina petpakuis X Ha A, To Bigobpa>keHHs BKNAAEHHS
1: A C X € roMmoTOni4HOIO E€KBIBaJIEHTHICTIO.

3apaua 1.20. lNokasatu, wo KOXHA cuabHa gecdhopmauiliHa peTpakuis € ogHo4acHo aedopmauieto i gecbopmauiii-
HOO peTpaKLi€ero.

2. KOMIIAKTHO BIJKPUTI TOIIOJIOI'I

Hexa#t X, Y — tonomoriuni npocropu. g KoxKHOI komnaxmuoi miavmumoxnan K C X i
sidkpumoi V C Y posrusinemo Hacryuny uijaMuoxuny B npocropi C(X,Y') Beix HenepepsHux
Bi100pazKenb:

K, V] = {f € C(X,Y) | f(K) C V}.
Toai ciM’a TaKUX MHOXKHH
= {[K, V]| K C X — xomnaktha,V CY — Bi,HKpI/ITa}

nopozzkye (TobTo € mependaszor) meskol Tomostorii Ha C(X,Y). 1ls Tonosorisi Ha3uBaeTHCS
KOMNAGKMHO 810KPUMOI0.

CxkazkeMo, 110 TOIOJIOTIYHUI ITPOCTIP € KOMNAKMHUM, AKITO KOXKHE HOT0 BiIKPUTE TOKPUTTS
MICTUTDH CKiHYEHHEe IiIIOKPHTTSI.

Tomosoriuynuii TpocTip HABUBATUMEMO ACKAADHO KOMNAKIMHUM, IKITO B KOXKHINA HOro TOYIl
x icHye JOKaJbHa 6a3a 3 KOMIAKTHUX OKOJIB, TOOTO I KOXKHOI BIIKPUTOTO OKOoJy U TOUYKH
x icaye komnaxkTHa minMuoxkuua K C U raka, mo = € Int(K) C K C U.

BayBazKuMo, 1Mo TyT He sumazaemoca(!), mob gokaapbHOo KOMIAKTHUI HpocTip 6yB Xayc0p-
doBuM.

Ckpisb HEzKYe Bl mpocropu Bigobpaxens C'(X,Y') HagineHi KOMIAKTHO BIIKPATHMH TOTIO-
JIOTisIMU.
3apaya 2.1. Hexaii K — kOMNakTHa NigMHOXMWHA N0KasbHO KomnakTHoro npoctpy X i {U;}; — ckiH4eHHe
nokputtss K. Togi icHye ckindeHe 4mcno komnaktTHux nigmMHoxuH Ky, ..., K, takmx, wo K; C U; pns BCix
i = 1,...,niKci[_31Ki.
3apaya 2.2. Hexaii A C B C X — komnaktHi i U C V C Y — BigkpuTi. [Nokasatu, wo

[A,U] C [A,V], [B,U] C [4,U], [B,U] C [4,V].
3apaua 2.3. Hexaii A, B C X — komnaktHi i U,V C Y - sigkpuri. lNokasatu, wo
[A,UN[B,V] C [AUB,UUV].

Hagectn NpUKIag, KOJN e BKIKYEHHA CTpOre.
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3apayva 2.4. Hexaii V C Y — nigmuoxuna. Togi C(X, V) moxHa posrnsgatu sk nigmuoxudy 8 C(X,Y). Mpu-
nyctumo, wo V' — sigkputa B Y. Yu npaega, wo togi C(X, V) e sigkputoro 8 C'(X,Y)? [loBectu ue TBepKeHHS,
abo HaBECTN KOHTPNpUKAag,.

3apaya 2.5. Hexaiit U C V — BigkpuTi nigMHOXMAN B Y Taki, wo U C V. [loBecTu, Wo AN AOBINbHUX KOMMNAKTHUX
nigmHoxuun K C X maemo, wo [K, U] C [K,V].

3apaya 2.6. Mokazatn, wo skwo X 3agosonbhsie akciomy T; ans gesikoro ¢ € {0,1,2,3}, 1o C(X,Y) Takox
T;-npocTip ans poBinbHoro Y.

3apaya 2.7. lMNokasatu, WO A5 AOBINLHUX HENEPEPBHUX BigobpaXeHb
F: XY, G:Y—~Z
BiOOpaXkeHHs!
G.:C(X,)Y) = C(X,2), G.«(f)=Go f,
F*:CY,2)— C(X,2), F*(g)=goF,
€ HENEPEPBHNMMN B KOMMAKTHO BIgKPUTUX TOMOOTISAX.

3apaqa 2.8. lNokasaty, wWo sAKwo Y — J0KaNbHO KOMMAKTHWUIA, TO BigoOpaXkeHHst KOMNO3Muii BigobpakeHb
p:CX,Y)xC(Y,2) = C(X,Z),  pulf,9)=gof
€ HenepepBHUM.

3apaya 2.9. Hexaii A C X — 3amkHeHa nigMHOXMHA. [loBecTu, Wwo BifobpakeHHs obmexenHs 14 : C(X,Y) —
C(A,Y), ra(h) = h|a, € HenepepBHUM.

3apaya 2.10. Hexaii {4;}i=1....n — CKiH4eHHe 3amMKHeHe nokpuTTs X. BusHaummo BigobparkeHHs

n

T:C(X,Y)%HC(A@Y), r(f) = (flay, -5 fla,)

i=1

[oeecTtu, Wo BOHO € romeomopcizamMOM Ha CBili 0Opas.

3apaya 2.11. ns Toukn y € Y Hexaii ¢, : X — Y — nocTiiine BiobparxeHHs B Touky y. [NokasaTtu, BigobparkeHHs
c:Y = C(X,Y), c(y) = ¢y, € HenepepBHUM.

3apava 2.12. Ons toukm x € X Hexan e, : C(X,Y) — Y — BigobpaxeHHsi obuncneHHs B Touui x, T06TO
ex(f) = f(z). Dosectn, Wwo e, € HenepepBHUM.

3apava 2.13. MMokaszatn, wo skwo X — NoKanbHO KOMNakTHUE, To Bigobpaxenus e : C(X,Y) x X — Y,
e(f,z) = f(x), € HenepepBHUM.

Excronenniiinnii 3akon. s muoxun X, Y nosnaunmo depe3s Map(X,Y) MHOKEUHY BCiX
Bimmobpaxkens f: X — Y.
[TokazarTu, 1Mo /it JIOBLILHUX TPHOX HEMOPOXKHIX MHOKHMH X, Y, Z MaeMO BigoOpazKeHHs

E=Exyz: Map(X xY,Z) = Map(X, Map(Y, 7)),  E(F)(x)(y) = F(z,y).
3apaya 2.14. MMokasaTw, wo Ex y,z — biekuis, obepHeHa Ao 5KOI 3a4a€TbCA MPaBIOM
E~': Map(X, Map(Y, Z)) = Map(X xY,Z),  E~'(f)(x,y) = f(z)(y).

3apaya 2.15. Hexaii X,Y, Z — tononoriydi npoctopu. [loBecTn Taki TBEpAIKEHHHS.
2.15.1. Akwo F : X XY — Z —nenepepehe, 10 E(F) : X — C(Y, Z), E(F)(z)(y) = F(x,y), TakoX HenepepeHe.
IHwumn cnosammn, E(C(X x Y, Z)) C C(X,C(Y, Z)).
2.15.2. InpykoBane Bigobpaxenua E : C(X x Y, Z) — C(X,C(Y, Z)) — HenepepBHe.

2.15.3. Skwo Y — nokanbHo komnaktHuii, 1o E(C(X xY, Z)) = C(X,C(Y, Z)), 10670 nonepeaHe BiaobpaxeHHs
3 2.15.2 € HenepepBHOIO DiEKLELD.

2.15.4. Akwo X — T3-npocTip i Y — n0KanbHO KOMNaKTHUM, TO BigobpaxkeHHs 3 2.15.2 € romeomopizmMom.
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dxmo nozuauntn C(X,Y) wepes XY, To 3a1aua roBOPUTD 1Ipo Te, 110 AKIMO X — T3-IpocTip
1Y — JIOKaJIbHO KOMIIAKTHUII, TO Ma€ Miciie roMeoMopdism:

ZX><Y ~ (ZY)X.

3BiZICH Ha3Ba eKCNOHEHULTHUT 3AKOH.

3. OYHIAMEHTAJIBHA TPVIIA

ITpocropu mnsaxis. Hexait X — rounosoriunuii upocrip i I = [0;1]. Hlaazom ¢ X nasusa-
€Thest JIoBibHE HenepepsHe Bimobpaxenus v : [ — X. Ilpu npomy v(0) HasuBaerbesa noua-
mxom, a y(1) — xinyem masaxy v. Takok KaxKyTh, o 7y — e waazr 6 X 3 mouxu y(0) 6 mouxy
v(1).

ko v(0) = (1), To v HazuBaeThest nemaero 6 mowyi y(0).

TakuM 9UHOM MHOXKHMHA BCiX 1LisaxiB B X, 1e npocro C'(I, X). [l 1BOX TOYOK ',y TTO3HA-
auMo depes P(X, x,y) — MHOXKHHY NUIAXIB 3 = B y, a depe3 (X, z) = P(X, z, r) MHOKUHY
IeTesib B TOYII X.

Haginumo C(I, X) KOMIAKTHO BIIKPUTOIO TOMOJIOTIEI0, a KoxeH mianpoctip P(X, z,y) —
BIJIIIOBITHOIO 1H/TYKOBAHOIO TOTOJIOTIEIO.

Jpa msaxu v, 0 € C(I, X ) HazuBaorhes komnonosnumu, sximo (1) = 6(0). Toai ayst mapu
KOMITIOHOBHUX TLISAXIB Y, 0 BH3HAYEHO ix 100yTOoK Y0 : I — X 3a dopmymorn

v(2t), t € |0; %]
6(2t —1), tel3;1].

(v0)(t) =
Leit mursx € mrsixom 3 ok y(0) B Touky 6(1).
3apaya 3.1. [losectn, wo Ans AOBINLHUX TPLOX TOYOK X, Y,z € X Bif0OOPaXKeHHS1 KOMMNO3ULT LWASXiB

p:P(X,z,y) x P(X,y,2) = P(X,2,2),  p(y,0) =70 (3.1)

€ HEeMepepBHUM.
3okpema, AJis KOXKHOT TOYKM & € X Ma€eMO HernepepBHe BifOOparkeHHs

w: QX z) x QX z) = QX x), w7y, 8) = ~0.
3apayqa 3.2. MNokasatu, wo onepauis gobytky netens Ha (X, x) B3arani kaxxyun He 3afa€ rpynoBoi CTPYKTypu.
3apaua 3.3. Hexan
P={(y,0)]v,0 € C(I,X),v(1) =6(0)} cC(I,X) x C(I,X)

— NiAMHOXWHA, KA CKNAJAETLCA 3 Nap KOMMOHOBHUX LWASAXIB. TofAi MaEMO KOPEKTHO BU3HAYeHe BigobpaxeHHs
w:P —C(,X), u(y,0) =~0. Oosectn, wo p € romeomopdiamom, gus. 3agadi 2.9 i 2.10.

Ckazkemo, 1o aBa nuistxu 7,0 € P(X,x,y) 2omomonni, akimo icaye romoromis H : I X
[0;1] — X raka, mo Hy =+, H =0, H; € P(X,z,y) nig Beix t € [0;1].

3apaya 3.4. MNokazaTu, WO BIgHOLWEHHS TOMOTOMHOCTI ~ LWASAXIB MK X | Y € BigHOLWEHHSM €KBIBaJEHTHOCTI Ha
P(X,z,y).

Kiac exiBasentrocti muraxy v € P(X, x,y) nosnadaernca depes [v].
ITosuaumumo wepes I (X, z,y) := P(X, z,y)/~ MHOKHHY KJIaciB TOMOTOMII MIJIAXIB.
3okpeMa JId & = Yy MHOXKHHA KJaCiB TOMOTOIIII IeTe/Ib B TOYI X

m(X,z) =1L1(X,z,2) =P(X,z,2)/~ = QX,2)/~

Pyrdamernmanvroto epynoro npocmopy X 6 mouuyi x.
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3apaqa 3.5. BusHaunmo sigobpaxenHs (inaykosaHe (3.1))
M HI(X7may> X Hl(vaaZ> — HI(X7:E72), M(h’]a [6]) = [76]
[osectn, wo ue BifOOPaXkeHHs! KOPEKTHO BU3HayeHe, TOOTO, WO knac [yd] He 3anexuTb Bif BUOOPY KOHKPETHUX

NPeACTaBHUKIB KNaciB -y i 4.

30KpeMa, MaeMo OIepariio KOMIO3UIIl KIaciB roMoTomnil muigxis B m1(X, ) 3a IPaBUIOM:
7T1(X,.§C) ><7T1(X7Z') —>7T1<X,ZL'), [7“6] = [75]
ge v, 0 € Q(X, x). Hacrynni 3a1a4i 10Ka3y0Th, 110 Tak BU3HAYEHUH 100y TOK 3a/1a€ CTPYKTYPY
rpymu Ha 7 (X, ).

3apayva 3.6. Hexaii o, 8,7 € Q(X,z) — tpu newni. Bunucatn pobytkn (af)y i a(Bv). Mokasatu, wo ichye
KYCKOBO JliHifiHuiA romeomopdism, ¢ : [0; 1] — [0; 1] Takuid, wo ¢(0) =0, ¢(1) =11
(aB)y = a(Bv) o ¢.

Bueectn 3Bigcy, wo netni (af)y i a(B7y) romotoni. IHwumMun cnosamu,

([[BD Y] = [l (Bl

a OTXKe onepawisi MHOXeHHs kaacie romotonii netess 8 w1 (X, ) € acoyiatusHoro, 10670 1 (X, ) € Hanisrpynoto.
Migkaska, ¢ — KYCKOBO-NiHiliHMiA romeomopdiam, Takuii, WO

¢([0; 4]) = [0; 3], o((3 3) =133, o([5,1) =[2,1].

3apaya 3.7. Hexaii € : I — {z} C X — nocriiiHa netns B Touky z. Hexaii a € Q(X,z) — posinbHa netns.
MokasaTtu, wWo icHye KYcKOBO JliHiiiHa dyHKuis, ¢ : [0;1] — [0;1] Taka, wo ¢(0) =0, (1) =1

N

aE = o ¢.
BueecTtu 3Bigcu, wo netni ae i o romotonwi. lHWMNn cnosamn,

[[e] = [e],
a oTxXe ks1ac romoTonii [€] nocTiiHoi netai € oguuudHum enementom 1 (X, x). 3okpema, 71 (X, ) € MOHOIOM.
3apaya 3.8. Hexaii a € Q(X,z) — posinbHa netnsi 5 : I — X — netns, Bu3HayeHa 3a dopmynoto 5(t) = a(l—t).

MokasaTu, Wo icHye KYCKoBO NiHiliHa yHKuist, ¢ : [0; 1] — [0;1] Taka, wo ¢(0) = ¢(1) =0 af = a o ¢. Busectn
3Bigcm, wo netni af i € romoTonHi. IHwuMn cnosamu,

(][] = [€],

a omxe ksac romotornii [3] € obepHenum go knacy [a] B w1 (X, x). 3okpema, 71 (X, z) € rpynoto.

3apgaya 3.9. Binbw 3aranbHO, OBECTN HACTYMHI TBEPAXKEHHS:
3.9.1. MNoka3zaTy, WO MHOXEHHA KAaCiB FrOMOTOMNII KOMMOHOBHMX LWAAXIB € acoLiaTUBHUM, TODOTO AKWO a €
P(X,z,y), B € P(X,y,2), v € P(X, z,u), 10 [aB][7] = [a][B7] € P(z, u,).
3.9.2. Ons posinbHoi Toukm x € X Knac romoTonii nocTiiHoro Bigobpaxkenws e, : I — {x} C X € npasoto i
NiBotO oanHMLeto, TObTo ans fosinbHux wasxis o € P(X,z,y) i € P(X, z,x) maemo, wo [e;a] = [¢]

3.9.3. Ons koxuoro wasixy « € P(X,x,y), wasx B € P(X,y,z) BusHadenuit 3a dopmynoto §(t) = a(l — )
Mae BnacTueicTh, wo aff] = [e;] i [Ba] = [¢,], T06TO [3] € 0bepHenum o [a] | TakoX MO3HAYATUMETHCS
yepes [a] L.

3okpema, Ui TBEpAKEHHSI 03HA4alOTh, WO MHOXMHA 111 (X) := U, 4ex 11 (X, z,y) € rpynoigom.

3apaya 3.10. Hexait f: X — Y — HenepepsHe Bifobpaxenns i fyu : Q(X,z) — Q(Y, f(z)) inoykosaHe Bifobpa-
XKEHHS1, BU3HayeHe 3a cpopmynoto fu(y) = foy:

Fa(y) = fovy:(1,dD) L (X,2) L (v, f(x).

[JoBecTn HaCTyNHi TBEpOIKEHHS.
3.10.1. Mokasatu, Wwo fy BifoOparkae rOMOTONHI NETAi B rOMOTOMHI, @ OT>Ke iHAYKYE BigobpaxkeHHs fx : m1 (X, x) —

(Y, f(@)), f(V]) = [f oAl



3.10.2. [osecTn, o BigobparkeHHs fu € romoMopdi3mMoM dyHAaMEHTaNbHIX TPy,
3.10.3. Hosectu, wo skwo f — romomoToniyHa ekgisaneHtHicTs nap f : (X,z) — (Y, f(z)), 30kpema, romeo-
mMopdism, To fu — i3omMopdiam rpyn.
3.10.4. MNokazaTtu, wo skwo f: (X,z) — (Y,y)ig: (Y,y) — (Z, 2) — nBa BigobpaxeHHs nap, To
(g0 f)y =gpofy:m(X,x) = m(Z,2).
3.10.5. Po3rnsivemo kateropito 7, TOMOMOri4HUX NPOCTOPIB 3 BigmiyeHol Toukoto (X, x) Ta HenepepBHUX Big-
obpaxkeHb MiX HUMU, SIKi NEPEBOAATL BigMiYeHi TOYKK B BigMideHi. [TocTaBUMO y BigNoOBIAHICTE KOXKHOMY
(X, z) dynpamenTanshy rpyny 71 (X, z), a HenepepsHomy Bigobpaxentto f : (X, z) — (Y,y) — romo-
mopdiam fu @ m (X, z) = m1(Y,y). JosecTn, wo us BignosigHicTb € dyHkTOpOoM 3 T, B KaTeropito rpyn
i Ix romomopdi3mis.
3apaya 3.11. Hexaii v € P(X, x,y).

3.11.1. MNokasaTu, wo BigobpaxenHs 4 : m (X, x) — m(X,y) Bu3HaveHe 3a dopmynoto v4x(a) = [yay~1] e
isomopdizmom rpyn.

3.11.2. [losecTn, wo i30MOpi3m Yy 3anexuTb Tiibkn Big kiacy romotonii [y] € Iy (X, x,y), a omxe Mu maemo
BiJODpaXkeHHsI

¢ (X, 2,y) x m(X,2) » m(X,y),  o([3],[a]) = l[e]H] ™
3.11.3. MNokaszaTtu, wo ans gosinsHoro wnsxy v € P(X, x,y) sigobpaxerHs
Yo m(X2) = I (X, 2, y), Vx(la]) =[],
Yo (X, y) = (X, 2,y), 7 ([8]) = [vBl
€ Biekuiamn.

3.11.4. MNokasaTu, wo skwo 71 (X, ) KOMyTaTMBHA, TO AN AOBINbHUX WasxiB v,d € P(X,z,y) i3omopdismu
Y, 0 2 (X, ) = m1 (X, y) TOTOXHI.
3.11.5. 3okpema, skwo v € m1(X,x) To nonepeaHe BifobpakeHHs

¢:m(X,z) x m(X,2) » m(X,2), o), [a)) = Ml
€ cnpsbxenHsm B rpyni w1 (X, x). Josectn, wo B uiii cutyauii ¢ ue ais rpynu 71 (X, z) na cobi 71 (X, x).

fka ue ais npasa 4n nisa?

3apaya 3.12. Hexaii G — tononoriyHa rpyna 3 oguHuueto e i i : G X G — G — BigoDpaKeHHS MHOXEHHS, sike
nosHavaTuMeMo yepes -, To610 u(g, h) = g - h. Toai BuHUKae BiZOOPa>KEHHSI MOTOYKOBOTO MHOXEHHS METESb:

v: QG e) x QG e) = UG,e), v, p)(t) = plalt),B(t) = alt) - B(t)
3pyuHo byge nosvavatu v(a, ) yepes a - 5.
3.12.1. MokazaTu, Wo v iHAYKYE BigoOparkeHHs Ha Knacax romMmoTonit
v:m(Ge) xm(G,e) > m(Ge),  D([a][f]) = [v(a,B)] = [o- ]
TobTO MOXHA BU3HAYUTN MHOXKEHHS - KJ1ACiB FOMOTONII NeTeNb B OANHNLI:
[o] - [8] := [ex- B].

3.12.2. MNoka3aTu, WO Onepauist MHOXEHHs neTesb - nepetsoptoe 1 (G, €) B rpyny. Onucatu HeliTpaibHNii enemMeHT

i obepHeHuli fo neTni .

Takum 4MHOM Ma€EMO ABi onepauii MHOXeHHs! Knacis romotonii netens: [][8] — ingyBoBaHe KOMNO3MLiED
i [@] - [5] — inAyKOBaHE NOTOHKOBMM MHOXEHHSIM B rpyni.

3.12.3. Hosectu, wo ans posinbHux nerens aff € Q(G,e), [o][8] = [a] - [8] € m(G,e). lHuumn cnosamu,
3BMYaliHa KOMMO3MList NETesb | IX MOTOYKOE MHOXKEHHS JatOTb OAHY i Ty X CTpyKTypy rpynu Ha 71 (G, e).

3.12.4. [osectn, wo 71 (G, g) — komyTaTnsHa ans Beix g € G.

3apaya 3.13. Hexait G — TONONOriYHNIA MOHOIL 3 OAUHMLEIO € | MHOXeHHAM @ G X G — (G, TOBTO MHOXEHHSI
acouiaTnBHe, ajie He BCi eIEMEHTU MaloThb obepHeHi. Toai, sk i B 3agadi 3.12, Bce 0gHO BM3HAYeHe BigoOpaXkeHHs
MHO>XEHHSA MNeTeNb:

v QG e) x UG,e) = QGre), v, f)(t) = plelt), B(t) = aft) - B(¢)



SIKE TAaKOX MO3HayaTumeTbcs 4epes -. [JoBectu, WO Tomi BCi TBepaXKeHHs 3agadi 3.12 matoTb Mmicue: TobTO, WO
MHOXEHHSI NeTesb IHAYKYE MHOXEHHsSI K/aciB roMoTonii, sike CniBnagae i3 3eu4alinum MHoxenusam B 71 (G, e).
Binbw Toro, rpyna 71 (G, e) € KOMyTaTUBHOW.

4. TTomEarPu

Hexait X — ronosoriuanit mpocrip, ¥ C R" 1 f g : X — Y — menepepsHi Bigo0pakeHHSI.
Tomoromito H : X x[0;1] — R"™ mixk f Ta g 9K Binobpazkenusivu B R™ Busuadeny 3a popmysiown
H(z,t) = (1 —t)f(z) + tg(z), (z,t) € X x [0;1], HazuBaTuMeMo onyknoto romoTonieto. ZIKIMO
H(X x[0;1]) C Y, ro 6ymemo ropoputH, mo f, g : X — Y —onykno romoTonki (K BioGpazKeHHst
BY.

4.A. JITHINHO HEB3AJIEXKHI CUCTEMM TOYOK B R™. CKiHYeHHA MIAMHOKIHA TOYOK
a={ag,...,ar} CR™

HA3UBAETHCS NiHiliHO HesanexHoto BigHocHo Toukn ag (JIH3), gkuio siHiiHO He3aIe:KHUME € Be-
KTOpHU

apay, GGz, ..., Goag.
B nporuiie:kHOMY BHIAJKY, 115l CHCTEMa TOYOK HA3UBAETHCs nitiino 3anextoio (JI3) (BignocuHo
TOYKH ).

3apayva 4.1. Akwo « € JIH3 (J13) sigHocHO Toukm ag, To BoHa € JIH3 (J13) BigHOoCHO Byab-sIKOT IHLIOI TOYKM
a; € .

Muoxuna o = {ao, . . ., a; } HazuBarIMeTses JIH3 (J13), Ko BoHa € TAKOIO BiTHOCHO JIESKOT
(a oTxke Oymb-sKOT) ¢BOET TOUKH. Hepes

k k
’(,Y| = |6L0,. . ,(Zk| = {Ztlaz | ti € [07 1],215, = 1}
=0 =0

NO3HAYATAMEMO ONYKJIY OOOJIOHKY i€l CHCTEMH TOYOK, a depes

k k
span(a) = {Ztiai | t; € R, Zti = 1}
i=0 i=0

— adinuuii mianpocTip, sKuii mopoazkeHuit JiHiiHO0 00010HKO©. Takum anHOM B span(a) Mu
JIO3BOJIIEMO JOBLIbHI 3HAUEHHA /14 t;, aje X cyMa IMOBUHHA 3aJUIATHCh PIBHOIO 1.
Axmo o — JIH3, To HacTynmHi MHOXKUHI

k
Int (o) = {Ztiai | t; >0,i=0,1,..., k}, Jdlal = |a| \ Int (|a]) .
i=0
HA3UBAIOTh, BiIIOBIIHO BHYTPILUHICTIO 1 MEXe onyknol MHOXUHM |c.
dxmo o = {ay,...,ar} — JIH3 cucrema T090K, TO |(v| TAKOK HABHBATHMETHCS CUMMAEKCOM
(HOPO/TIZKEHUM BEPIUIMHAMH Ay, . . . , Ag). B 1iii cuTyarii 1jis KOKHOI (MOZKJIABO TTOPOXKHBOT) IIiI-
MHOXKHUHE [§ C (v CHMILIEKC || Ha3uBaerhes rpantio |af. fkmo [ = &, to |f| = @. ['panb

|f| masuBaeTbes snactoto, siKio || Bimminaa Big @ 1 |af. 30kpema, TOYKH G; — HAZHBAIOTDH
BepLIMHaMM, & CHMILIEKCH |a;, aj|, TOPOIzKeH] TapaMu BepIInH, — pebpamu. Hncao k — KiTbKicTh
BepIIUH B || Minyc 1, HA3UBAIOTH po3amipHicTio cumnnekca |of i moznadaoTs dim |a.
3apayva 4.2. Hexan a = {ag,...,ar} C R™ — ckinuenHa mHoxuHa. [epeBipuTu Taki TBEpAXKEHHS:

4.2.1. Akwo a € R™ — touka, 10670 0-cumnnekc, 1o {a} = |a| = Int (Ja|) i J|a| = @.

4.2.2. || i 0|a] € 3aMkHeHUMU nigMHOXUHaMK R™;



4.2.3. Int (Ja|) € onyknoto nigmHoxuHoto B R™;

4.2.4. TokasaTu, WO BHYTPILIHICTL | MEXa || SIK ONYKAOT MHOXWHU MOXYTb BifPIi3HATUCH Bif, BHYTPILLUHOCTI i
mexi || sik nigMmHoXuHM B R™. 3a siKux yMOB BHYTPILIHICTb | MeXa || TOTOXHI 3 BiAMOBIAHO 3 BHYTPILIHICTIO i

Mexeo || sk nigmHoxunoto B R™?

3apaya 4.3. Hexan oo = {ag,...,ar} — nigMHoxuna 8 R™. [loecTn, Wo HaCTymMHi YMOBIN €KBiBaNeHTHI
(1) «eJIH3;
E
(2) mns koxHOT ToukuM = € span(«) icHytoTb €guui wucna t; € [0;1], ¢ = 0,...,k, Taki, wo > ¢; = 1
i=0
k
x =Y tia;
i=0
Ui uncna HasmeaoTb DapULEHTPUHHUMI KOOPAMHATAMU TOYKM T € |af, a camy Touky Toai MOXHa
3anucatun y surasgi x = (to, ..., ).
(3) icHye Toukm x € span(a) Taka, Wo AnNs Hel icHytoTb €gquui Hucna t; € [0;1], ¢ = 0,...,k, Taki, wo

k k
Sti=liz=> ta;
i=0 i=0

3apayva 4.4. Hexain o = {ag,...,ar} — JIH3 muoxuna 8 R™. [JoBecTu Taki TBEpAXKEHHS.

4.4.1. Bypb-sika HenopoxHs nigmHoxuHa 3 C o Takox € JIH3.

4.4.2. Hexain 8 = {aiy,...,a;,} C o — nigMHoxuHa, = € |f| C |o| Touka i (Si,...,8;) Ta (to,...
l k
6GapuLEHTPUYHI KOOPAMHATY TOYKU = BigHOCHO [ i «v. TobTo = = > Si;Ai; = > tia;. Togi
=0 i=0
P si, a; €3,
(A s
07 a; g /j

4.4.3. [loBecTu, WO HACTyMHi YMOBIN €KBiBaJNEHTHI

(a) « € makcumansrow JIH3 cucremoro;

6) m=k+1;

() Int (|a|) € BigkpuToto B R™;

(r) Int (|a|) ToToXHa 3 BHYTpILWHICTIO |r| B ceHci iHgykoBaHOT Tononorii 3 R™;
(8) Ola| ToToxHa 3 Mexeto |« B ceHci iHaykoBaHoi Tononorii 3 R™.

4.4.4. [loBepiTb, WO CUMMNJEKC || HE MOXHA NPeACTaBATM sIK OD'€4HAHHS CKIHYEHHOrO YMC/IA CUMIJIEKCIB

MEHLLIOT PO3MipPHOCTI.

4.4.5. Hexaii |3| — pesika rpaHb |a
He HanexuTb rpati |3]. Topi mHoxuHa B U {b} € JIH3.

. B C |B| = ckinyenna JIH3 niamuoxuna i b € |af \ | 3| noBinbHa Touka, wWwo

3apaya 4.5. Hexaii o = {ag, ...,ar} C R™ —JIH3 muoxuna i f : & — R™ — gosinbHe BigobpakeHHsi. Busnaunmo

BiJODparkeHHSs f: |a] = R™ 3a popmynoro

J?(zk: tiai) = zk:tif(ai).
i=0 i=0

Hasusatumemo f — JiHIAHUM NpOAoOBXeHHsM f. [loBeCTn Taki TBEPAKEHHS.

4.5.1. f kOPeKTHO BU3HAYEHE HenepepBHe BifODOparkeHHs .

4.5.2. Icnye adinne Bigobpaxenns F: R™ — R", F(x) = Ax + b, pns peskoi matpuui A Ta Bektopa b € R”,

Take, WO f: F||.|. Hackinbkn oaHosHauHo BusHavatoTbcs A i b7
4.5.3. [oeectu, wo « — makcumanbHa JIH3 cucrema, togi i Tinbkn TOAl, KON Taki A Ta b — eanHi.
4.B. METPUYHI CITIBBIJHOIITEHHSA B CUMIILJIEKCI.

3apava 4.6. Hexait ABC — TpuKyTHUMK Ha MIOLLMHI.
4.6.1. Mokasatu, wo AX < max{AB, AC} pns koxHoi Toukn X € BC.
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4.6.2. Hexaii AM — megiana i O € AM - Touka nepetuHy megian TpukytHuka ABC. Togi AO = 20M.

3apaya 4.7. Hexaii o = {ag,...,ar} C R™ — JIH3 mHoxuHa.

4.7.1. Mokasatu, wo ||z —y|| < max la; — a;|| anst BCix z,y € |, a oTxe
i,j= o

diam(|a|) == sup [z —y|l= max |a;—a;,
z,y€lal 4,7=0,....,k
TODTO, WO AiaMeTp CUMMNJIEKCA AOPIBHIOE JOBXUHI HOro Halibinblworo pebpa.

IMinkaska. 1) oeectn TBepzKenHs 3aga4i mist dim |« = 0,1, 2.

2) dkimo x,y HaJekaTh JesKiil BracHiil rpani |J| cummuekca ||, To MoxkHa 3aminuTH |« Ha |

3) Hexait x’,y’ — kinmi Binpiska, mo € neperurom npsmoi zy i |a|. Toxi ',y" € d|a] i ||z — y| < |2 —
y'||. Tomy moxkma 3aminuTw mapy z,y Ha z’,y’ 1 BBaxkaTtwm, mo z,y € O|a|. Jna susnadenocri, mexait x €
|a0, ey Af—2, ak,1|, Yy € |(JJ07 ey Af—2, ak|.

[MpunycTumo, 1m0 TBEpAXKEHHS JOBEJEHEe I BCIX CHMILIEKCIB po3mipHOCcTi < k. MOXKHA TaKOXK BBaXKaTH,
IO BepIImHA g € |a| Biaminua Bin 06ox TowoK z,y. Hexait by, b, € |ai,...,ax| — BianoBigHo TOUKM meperumy
IpOMeHIB agx Ta aoy 3 (I—1)-rpamsio |ag, . . ., ag|. Toxl Bixpizox [z; y| MicTuThCa B cumiexci |ag, by, by |. Binbm
TOrO, 32 BAMAJIKOM k = 2,

o — gl < mas{1b, — aoll, by — aol, Iba — by},
npuaoMy KoxkHa mapa (by,ag), (by,ao), (bs,by) dexurs B meskiit (k — 1)-rpaui |3|. Tomy MoxHA 3aMinuTH
napy Bizpi3ok [z;y] Ha Haiinosute peGpo cuMILIekca |ag, by, by|. Tenep, 3a innykuiero, icuye pebpo |a;, a;| C ||
raxe, mo |}z — ]| < la; — .

4.7.2. [osectn, wo ||z — agl| <  max lla; — aol| mns koxHOT TOUkM T € ||

IMigkaska. [losxuny ||z —ag|| MoxKHa 30LIBIIATY 3aMIHUBIIY & HA TOYKY NEPETUHY TPOMEHS AL 3 IPAHHIO
|a1, ..., ax| i Takoxk BBazKkaTH, 10 & BiAMiHHA Bij KOXKHOI 3 BepruuH cumiuiekca |«|. dng k = 0, 1 TBepikents
3azmadi oueBuaHe, a A8 k = 2 — micrurbes B 3aaa4i 4.6.1. I[Ipunycrumo, o TBepKenns gosenene mis k — 1.
Hexait ' — Touka meperuny rpasi |asg,...,ax| 3 mpomenem ajz. Toxai 3a Bunagkom k = 2 qyis TPUKYTHUKA
apa1z’ Maemo, mo |lag — z|| < max{|lag — 2’|, ||ao — a1||}- Axmo ||ag — z|| < ||ag — a1|| — TRepAKeHHS MOBEMEHE.
Axmo x ||ag — z|| < |Jap — &'||, To MoxkmHa 3aminuTé z Ha r'. 3ayBazkumo, mo z' HamexkuTh (K — 2)-rpami
lag, . .., ax| (k — 1)-cummiekca |ag, as, . . ., ax|- Tomi 3a Bunmagkom k — 1, ||2' — ap|| < max lla; — aol|-

k
4.7.3. Hexaih o = {ag,a1,...,ar}, To = k—}H >~ a; — ueHtp mac cummnekca ||, 5 = {a1,...,ax} i zg =
i=0

Y-

% a; — ueHTp mac cumnekca |3|. Mokaszatu, wo

i=1
Ty = %4-1“0 + kiﬂxg.
3okpema, (anB. Takox 3agady 4.6.2), x, HanexuTb BigpisKy [ao, 23],
lza = aoll = Fzllws — aoll, lza — 25l = gz lles — aoll-
4.7.4. Bueectn 34.7.214.7.3, wo
2o — 2| < k;i-l,-ldiam(kyl)

ANl KOKHOT TOYKU T € |a.

4.7.5. Hexaii || i |0] — aBi rpaHi || Taki, wo |y| D |d], i =4, x5 — ix uenTpn mac. Josectn, wo

ey — 5]l < pydiam(|al).

4.C. Y3TOJXKEHI CUMILTEKCH. Hexaii |, |f| C R™ — aBa cummiercn. CKazkeMo, 110 BOHH
y3rogpkeHi, IKIO Tepetud |«| N || € cuiapHO0 rpanHio 060X MUX CUMILIEKCIB. 30KpeMa, SKIIOo
la| N8| = @, 1o || i |f]) y3romzkeni, 60 TOil IEPETHH € TOPOKHBOIO T'PAHHIO.
3apaya 4.8. [loecTn Taki TBepOXKEHHS.

4.8.1. SAkwo |af i |5] — y3rogxeHi cumnnekcn, || — rpanb ||, a |3'| — rpaHb | 5], To |o/| i |5| Takox y3ropxei.

4.8.2. Ina KOXXHOrO CMMMAEKCA MOro rpaHi € NONAPHO Y3rofXKEHNMU.
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4.D. Tpuanrvasainii. Jlokaapao ckindenna cim’s Y = {|a;|}iea TOMAPHO y3TOMKEHUX CUM-
IJIEKCIB Ha3UBAaEThCA Tpuanryaauiero. O0’€1HAHHS CUMILIEKCIB

2l = Y lod

HAa3WBAIOTh Hociem >.. [HOAI Oyae 3pyduHO po3riasaaTu ciM’io Bianmosianmx JIH3 mMuoxKMH, 1m0
HOPOJIKYIOTh Ii CUMILJIEKCH:

(X) = {i}tien,
JKY MU HA3UBATUMEMO CUCTEMON TBIpHUX TPUAHTYJISAIIT 2.

3ayBakuMo, 10 Pi3HI TPpUAHTYJIANI] MOXKYTh MaTu TOTOXkHI HOCIT. [limmuokuna K C R™
Ha3UBAETHCs MofieapoM, SKIO BOHA TOTOXKHA 3 HOCIEM Jieskol TpuaHrysdiii. B miit curyarriii
TaKOXK TOBOPATh, MO Y € Tpuarynsyiero (noniegpa) K.

Hexait ¥ = {|a;|}ica — Tpmanrynsmia 8 R™. dna k > 0 nosaagmvo gepes Y F) cim'to Beix
rpafeit po3MmipaocTi < k BCIX CHUMILTEKCIB TPUAHTY/IAINL ¥ 1 HA3UBATUMEMO 11 k-ckenetom Y.
3apaya 4.9. Hexan ¥ = {|oy|}ica — Tpnanrynsuis

4.9.1. Josectn, wo iT HOCIKA |X| TpuaHrynsauii € 3aMKHEHOK MHOXIHOIO.

4.9.2. Mokasatu, wo foBiNbHA niacim's X C ¥ € TpuaHrynsauieto. 3okpema k-CKeNeT TpUaHryaauil TakoX €
TPUAHTYNALIEL.

4.9.3. Hexaii

e > — cim's BCix rpaHeii BCiX CUMMJIEKCIB 3 ;

e Yo — niacim's B X, siKa CKJ1ala€TbCA CUMIMIEKCIB, SIKi HE € BAACHUMU FPaHSMU iHWNUX CUMMAEKCIB 3 X;
e ¥/ — posinbHa nmigcim'a B X Taka, wo Yo C X' C X.

Mokasatu, wo Yo, ¥’ Ta © — € Tpuanrynayisamu nonieapa ||, 10610 |So| = [X/| = 2] = [2].

TpuaHTyag1i0 >. 3pYYHO HA3WBATH NOBHOWO, & TAKOXK NMOBHEHHsSIM TPUAHTYAAIIT >. He BTpa-
Jalo9¥ 3araJJbHOCTI HAJAIl PO3TIAAATHMEMO TLIBKYW TMOBHI TPUAHTYJISIII.

3apaya 4.10. Hexann ¥ = {|a|} — cim's, wo cknagaetbes 3 ogHoro cumnnekca. MokasaTw, wo X — Tpuanrynsyis,
Yo =X, ¥ — CKNafaeTbCst 3 ycix rpaueii |af i |X| = |a|. 3okpema, koxeH CMMMIEKC € NOMieApOM.

Hazami Gyme 3pyqno nosmadaTn depes 2/ mopmy Tpmanryndmiio cumimiekca |, gka cKra-
JIAE€ThCH 3 yCiX Horo rpaseii.
Hexait >, % — nBi nosui Tpuanrynsmnii. Ckazkemo, 1mo >’ € nigposbuttam Tpuanryaanii >/, i
nucaTuMemMo > < Y, AKIIo
/| .
o X =%

® KOXKEH CUMILIEKC || € 3 € 00’¢iHAHHAM JIeSIKUX CUMILIEKCIB 3 Y.

3apaya 4.11. Tokasatu, Wo BigHOWEHHA < «OyTn Nigpo3dUTTAM> ANS TPUAHTyAsALiA € TPaH3UTUBHUM, TODTO 3
Y <Y i Y <Y sunnueae, wo X7 < 3.

4.E. Po3mIPHICTh NOJIEAPA. Hexait > — tpuanrynsmnig B R". PoamipHicTio Tpuanrynsauii X
Ha3WBaIOTh YHCJIO
dim ¥ := sup dim|«|.
lo]ex
3apaya 4.12. Hexan %, X' — gei Tpuanrynsuii 8 R™, taki, wo |X| = |3'|. Nokazatn, wo dim ¥ = dim X/, (gue.
3agauy 4.4.4).

PoamipHicTio nosiegpa Ha3BeMO PO3MIPHICTH JIeIKOI HOTO TPHAHTYIAII. [HIMIMHU cioBamu,

nokaajgemo, dim|Y| := dim Y = sup dim |a|. 3rigao 3a7a4i 4.12 1e 4UCI0 HE 3ATE€KUTH Bij
lojeX

TPHAHTYIATIT ToJtiepa |Y|.
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4.F. BAPUIEHTPUYHE OIAPO3BUTTS CUMILTIEKCA. Hexait |a|] C R™ — cummutekc. Mpano-
pOM rpaHell CUMILIEKCA || Ha3BEMO JOBLIbHY CTPOrO CHAJHY IIOCII0BHICTD HOr0 HEOPOXKHIX
rpaHeii:

ool D161 D D|BI- (4.1)
MHOKUHY BCiX TpanopiB rpaneii cuMiniekca || mosnagarmvemo depes fl(«).

[TpumycTumo, Mo y BHYTPINIHOCTI KOXKHOI rpani || cumiuiekca || BUOpAHO HESKY TOUKY
x5 € Int (|3]). Lo BignmosinuicTs MOXKHA po3rIagaTé fK Bigobpazxenns £ : 2°\ {@} — |a],
£(15]) = x5, Take, mo £(|5]) € Int (|5]). Koxkue Take BimoOparkenHs HA3UBATHMEMO Bifobpare-
HHaM Bubopy (BHYTpiwHboT Toukn). Toal KoxHOMY 1patiopy rpaneii o € fl(a) moxua nocraBuru
y Bianosinuicrs muoxkuny £(0) = {x)5,| ..., 2|5} C |a] C R™.

3apaya 4.13. Hexan £ : 2° \ {@} — || — posinbHe BigobpaxkeHHsi BUbOpy BHYTPilWwHbLOI ToukM. MMepeBipuTtn Taki
TBEPAKEHHS.
4.13.1. Fkwo a — Bepwmna |af, 10 {({a}) = a
4.13.2. Ons koxHoro npanopa o € fl(a), mHoxuna £(o) € JIH3 (ame. 3agaqy 4.4.5).
4.13.3. Ons posinbHux npanopie 0,0’ € fl(a), cumnneken |£(o)| Ta [£(0”)| € y3rogxeHumu.
4.13.4. |ol= U o).
oefl(a)

Taxum annom civ’st b(e, §) := {|£(0)|}seni(n) YTBOPIOE TPHAHTYISANIIO, fIKA € ITIPO3OHTTSIM
CTaHJAPTHOI TPHAHTYJISAMNIT 2% cumiuiekca ||, Mu HasuBaTumemo i1 6apuueHTpuyrum nigposbu-
tTam |a| (mo Bignosinae BinoGpazkeHHo BUGOPY BHYTpinmHbol Touku & : 2%\ {@} — |a]).

3ayBakKuMoO, IO IPOIEAYPY OAPUIEHTPHIHOIO MiAPO3OUTTS MOXKHA 3aCTOCYBATH 0 BIKe
MOOYIOBAHOTO OAPHUIIEHTPUIHOTO MiApo36uTTs by, &) 1 T.7. CKaxkeMo, 10 TPUAHTYJISIST CUM-
IJIEKCA X € k-kpaTHUM bapuueHTpnyHum nigposbuTtam |af, Ko iCHY€E HOCII0BHICTD 1 JIPO30UTTIB
Yp < Ypoq < -+ < Y, Taka, mo L; € bapuIeHTPHIHAM miapo3ouTTam X;_y (BiaHocHo geskol
dbyuxkiii Bubopy) mas Beix j =1,... k.

Busnaunmo e ojHe BimobpazkeHHsi Bubopy BHyTpimuboi Toukn & : 2%\ {@} — |a| 3a
dbopmynomwo: skmo |5| = |by, ..., b| € 2¢ — cummieke, To

1
Se(|A) = Msz (1 1)

. Taxe Bl,ZLO6pa}KeHHH &, Ta BiamoBijHe DapuneHTPpHYHE ITij1-
posburTs b(|a, &) cummmekca HA3UBATHMYThCS KaHoHI4HuMy. KaHOHIYHe GapHIleHTPHIHE
miapo36uTTs || mo3HawaTHMeMo uepes b |al; a j-kpaTHe GapuieHTPHUIHE i IPO3OUTTS, sKe €
IIOCJILIOBHICTIO KAHOHIIHUX GApHIICHTPUIHEX MiIPO3OHTTIB MO3HATaTUMEMO depes bl |a| i Tex
HA3WBATHUMEMO j-KPaTHUM KaHOHIYHUM BapuueHTpuYHUM nigposbuttam.

3apayva 4.14. Hexait |o| — k-cumnnekc B R™.

4.14.1. [osecTn, Lo ANs KOXKHOIO CUMMEKCA | 3| j-KpaTHOro KAHOHIHHOrO GapMLUEHTpUYHOro NiApPo36UTTS b7| |
Ma€e MicCLe OuiHKa

diam(|5]) < ( ) diam(|a]), j >0,
aume. 3agady 4.7.5. 3okpema
lim sup diam(|f]) =
T gebl|al
4.14.2. MNobypyBaTn HecKiH4eHHY NOCAIAOBHICTL TpuaHryaauii {X;};>o cumnnekca |a|, Taky, wo
o Yo =27,
® Y11 € AesikuM BapuLeHTpUYHUM Nigpo3buTTam X, ans ecix j > 0,
e [t kOXKHOrO j > 0 icHye cumnnekc 5, € X, Takuii, wo lim diam(|G;]) > 0.
j—oo
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4.G. BAPULUEHTPUYHE MIJPO3BUTTS MOIEAPA. Hexait ¥ = {|oy|}ien — Jesika moBua
rpuanrysiis. [Tosznaunmo gepes fl(X) = igA fl(cy;) — cykyunicTb ycix npamnopis rpaseii Beix
CUMILIEKCIB 3 2.

Y BHYTPINIHOCT] KOXKHOT TpaHi | /3| KoKHOrO cumiiekca || Bubepemo Touky x 5. Lleit Bubip
MOYKHA PO3IVIsAAaTu fK Bimobpaxkenns & : X — |X|, take, mo &(|f]|) = x5 € Int (|f]). Taki
Bi10OpazKeHHd TaKOXK HA3UBATUMEMO BigobpakenHsim Bnbopy BHYTPiWwHLOT Toykn. 1O/ KOKHOMY
npanopy rpaueit o : (|Go] D |B1] D -+ D |Ai]) € fl(X) moxkna mocrauTu y BiANOBIAHICTD
vuoxkuny §(o) = {xg,, xp, ..., x5} C |X] CR™.
3apaua 4.15. [losectu, wo {|{(0)|}oehi(a) € TPMAHTYNALiEIO NONieapa |Y|, Ky Mu Ha3uBaTUMEMO GapuueHTpu-
YHUM Nigpo36uTTsam |3 i nosnavatumemo uepes b(3, £). IHwmmMmu cnosamu NOTPIBHO nepesipnT, WO

4.15.1. pns posinbHux npanopie a,c’ € fl(X), cumnneken [£(o)| Ta [£(0”)| € y3rogxenumn,

4152, 9= W (o))

3apayqa 4.16. Hexaii b(X, €)1 b(X, &) — pBa bapuueHTpuyHux nigpo3duTTs Tpruanryasuii X 8 R™, wo signosigaots
Pi3HAM byHKUisiM BUOOPY BHYTPIWHbOI Toukm £,& + ¥ — |X|. [ns cnpowenHs nosHadatumemo E(B) = xg i
§(B) = xj3. Busnaunwmo sigobpaxenns H : [| x [0;1] — R™ 3a Takum npasunom. Hexaii |3] — cumnnekc 8 b(%, §)

NOPOAXKEHNT BepLIMHAMU (Zg,, - - ., L3, ), TOAI AN KOXKHOI Toukn y = (fo,...,tk) = Y. tixgs;,

H(y,t) —tztx6+1—t thﬁ_Zt twg, + (1 —t)als).

HosecTtu, wo

4.16.1. H — ue i3otonis |X|, Tobto, H — HenepepeHe, H;(|X|) = ||, a Bipgobpaxenuss Hy : |X| — |X] €
romeomopdizmom ans seix ¢ € [0; 1];

4.16.2. pna koxHoro t € [0;1] cim's cumnnekcis & = {H(|5])}gen(n) € bapuuenTpuyHum nigposbuTTam
noniegpa |X|;

4.16.3. (=606 =€
lHwumn cnosamu, H — ue i3oTonis mix bapuueHTpuyHnmMn nigposbuttamn £ i . 3okpema, AoBinbHI aea bapu-
LEHTPUYHUX NigPo30UTTS OAHIET TPUAHTyNALUil i30TONHI.

4.H. 31PKu CUMILIEKCIB. Hexait ¥ — rpuanrysanis B R™ i |a| € ¥ mesakuit 11 cumiutexc.
3amkHeroto sipkoto stx(ar) cuMILIeKca || HA3WBAIOTH 00’¢IHAHHS BCIX CHMILICKCIB 3 X, sKi
MICTSITH ||

st(a) = |5]-

|0|C\3|
Bigkputoto sipkoto sty () cuMiLIiekca || Ha3uBAIOTH 00’€HAHHS BHYTPIITHOCTER BCiX cumiLie-
KCiB 3 X, ski Micrars |af:

ste(a) == |a|LcJ|6| Int (|5]) .

Skmo TpuanTysnia 3agikcoBana, TO 3ipKM MOXKYTh TAKOXK MO3HAYATHCEH depes st(a) 1 st(a)
BLIANIOBLITHO.
3apaya 4.17. Hexaii a — BeplumnHa TpuaHrynsuii 3. JloBecTn Taki TBepLKEHHS.

4.17.1. BigkpuTa 3ipKa st(a) BeplMHN a € BIAKPUTUM OKOJIOM a B |X].

4.17.2. Hexait D, — 0b’eaHaHHs BCix CUMNEKCIB 3 X, siki He micTaTb a. Josectu, wo st(a) = |X|\ D,.

4.17.3. 3awmkHeHa 3ipka st(a) BeplumHmM @ € 3aMuKaHHAM Ti BIgKpUTOT 3ipku st(a).

3apaqa 4.18. Hexaii ag, ..., a; — geski sepwunnn B 2. [Mokasatu, wo HACTYMHI YMOBM €KBIBaJIEHTHI:
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(1) X mictute cumnnekc « = (ag, . - ., ax);
k

(2) ‘Do st(a;) # 9,
E o

(3) 0 stla) # 2

[JosecTn, Wwo 3a BukoHaHHs (ByAb-sIKOT 3) LKUX YMOB MalOTb MiCLie TaKi BKIIOYEHHS:
k _ ko
Int (|oo]) C st(a) = _OO st(ai), la] C st(a) = _ﬂost(ai).
1= 1=

3apaqa 4.19. Hexaii |o| — cumnnekc Tpranrynsauii X. [JosecTn Taki TBepAKEHHS.
4.19.1. BigkpuTa 3ipka st(«) cumnnekca € BigKpuTUM OKosoMm iioro BHyTpiwHocTi Int (Jo]) B |X).
4.19.2. Hexaii D, — 0b'efHaHHs BCix cumniekcis 3 X, ski He micTaTb . [losectu, wo st(a) = |X|\ D,.

4.19.3. 3amkHeHa 3ipKka st(«) € 3aMuKaHHAM BigKpUTOT 3ipkn st(c).

4.1. 3’eIHAHHSA TPUAHTYIAMIN. Hexait o« = {ag,...,ax} — JIH3 cucrema touok B R™,
f C o« — migvuoxuaa i v = « \  — i1 nonosuenns. Toxi rpaumi |5] i |y| cummiaekca |«
HaSUBaIlOTbCA NMPOTUNEXHUMN.

53

4.20.1. Hexait  # 2’ € |3| — pBi pisHi Toukn i y,y’ € |y| ABi AOBINBLHI (MOXNMBO TOTOXHI MiXX COBOIO) TOUKMU.
MokasaTu, WwWo BHYTpiWHOCTI Bigpi3kie |z,y| i |2/,y’| He nepeTnnatoTbCA.

3apaya 4.20. Hexaii

i || — HeNOpoXHi NpoTunexHi rpati cumnnekca |«|. [oBectTu Taki TBEpA>KEHHS.

4.20.2. Ons posinbHoi Toukn u € || \ (]3| U |v|) icHytoTb eaunni Toukn x € |5] i y € |y| Taki, WwWo u HanexuTb
BHYTPILUHOCTI Bigpiska |z, y|.

Hexait > i A — aBi ckingenni Tpuanryssmii B R™. CiM’gd oyKJIuX MHOKHUH
YxA = {laUS| @ Jo| € X, |8 € A}

HA3UBAEThCS 3'eqnannsam Tpuanrynauii 3 i A. ZJkmo YA € Tpuanry/siieo, To0To

e Il KOXKHOI apu cuminiekcis |o| € ¥ i |5 € A muoxuna o U § e JIH3;
e JIst KOXKHUX cuMILiekciB ||, |o/| € X i |f],|5| € A cummneken |a U S| i o/ U B'] —
Y3rOJI7KeH;
10 YA Ha3UBATUMETHCs perynsapHum 3'egHanqam X 1 A (arruificbkuil Tepmin «joiny ).
dxmo ¥ = {x} — oama Touka, TO peryaspHe 3’¢THAHHA T+ HABUBAETHCSA KOHYCOM Hajg

tpuanrynayiero A. Tlpu 1poMy TOYKY & HA3WBAIOTh BeplunHoo koHyca, a A (Ta ii Hociit |A|) —
OCHOBOIO KOHYCa.

3apaya 4.21. Hasectu npuknag TpuaHrynsuiii gns sikux 3'€AHaHHSA HE € PErynsipHUM.

3apaya 4.22. Hexaii |o| — cumnnekc i |B] i |y| — iioro npoTtunexHi rpati. [loBectu, o cTaHfapTHa TpUAHrynsLis
2% cuMnnekca « € perynsipHnM 3'eaHanHsam 25527

3apava 4.23. Hexail X i A — gsi cxinuensi Tpuanrynsiii 8 R™H+7 npusomy 3 C R™ x 07+, 3 A € 07+ x R™.
MokasaTu, WwWo Y*A € Tpuanrynsuiero 8 R™T1+7,

3apaya 4.24. Hexaii X i A — pBi ckinyeHHi Tpuanrynsyii 8 R™, Taki, wo ix 3'egHaHHs € perynspHum. [JosecTtu
TaKi TBEPLI>KEHHHSI.
4.24.1. Ons posinbHux Touvok x € || iy € |A] Bigpi3ok |z, y| C |XxAl;

4.24.2. Hexaii x,2' € |X] i y,y" € |A| Taki Toukn, wo abo = # z/, abo y # y’. Tomi BHYTpIWHOCTI Bigpiskis
|z, y| i |2', 9’| He nepeTunatoTbCA.

4.243. SxA= U xxA= U Xxy.
z€|A| yE[D|
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4.24.4. Qns poBinbHuX TOYOK .,y € || HOCii KOHYCiB
|z A| O [y=A] = |A],
TOOTO HOCIT KOHYCIB Hag A 3 BepwHAMU B LMX TOYKAX MEPETUHAIOTLCS TiIbKM MO OCHOBAX LNX KOHYCIB.

3apayva 4.25. Hexait ¥ - tpuanrynauis, |a| € ¥ — cumnnexe, Sto, = {|5] € £ | |a] C |5]} — cim's cnmnnexcis 3
Y aki mictaTh |a. 3okpema, St, € TpnaHrynsuieto sty (), 10670 [Sty| = stx(a). MosHaunmo uvepes

Bo:={lB\ el : |of C |5}

— CiM't0 NPOTUNEXHUX [0 || rpaHeid cumnneckis, siki micTaTe «. [loBectu, wo St, € perynsipHum 3'efHAHHAM
B, *a.

4.J. CUMILIIIAJIBHI TA 3IPKOBI BIJIOBPAXKEHHsI. B mpoMmy maparpadi BBazKaTuMeMo,
mo Y — TpuaHryagmis B R™, a A — rpuanryssamia B R™.

Bino6paxernna f : X — A© yix mMuorkumamu ix sepmun nomieapis |Y| i |A| nasupae-
ThCS cunnivianshum, SKIIO JJIsT KOXKHOTO CHMILTEKCA |ag, . .., ax| € X wociit |f(ag), ..., f(ax)]
MHOKUHE 00Pa3iB [UX TOYOK: € CUMIUIEKCOM B A.

Henepepshe BigobpazkeHHst f: |2] — |A| HasuBa€TbCs 3ipKOBUM, SKIIO JIJisi KOYKHOI BEPIIUHE
a € |Y| icnye (He 060B’s13K0BO €nuHa) BepiuHa b € |A| raka, 1o

~

f(sts(a)) C sta(b).

Hexait f : |X| — |A| - sipkoBe BinoGpaskenms. [is KozxHOl Bepunan a € |3 sadikcyemo

Bepmnny b € |A| taky, mo f(sts(a)) C sta(b), i BuSHATMMO BinoOpazkeHHs (MIZK BepITHHAME
rpuanrynsiiii) g : K — L, g(a) = b. BoHO HA3UBATUMETBCS cumniLiansHuM HabavmxerHsm f.

3apaya 4.26. [loBecTn HACTynHi TBEPAXKEHHS.

4.26.1. Komnosunuisi cumnnidianbHNX BigobpaXkeHb € cummiinianbHuM. TOTOXHE BifoOpaXKeHHs MHOXKWHMN Bep-
WIWH TpraHrynsyii — € Takox cumnniviansium. OTxe, Tpuadrynsayil Ta cumniidiansHi BigobpaxeHHs ix sep-
LWMH YTBOPIOKOTL KaTeropito, SMP.

4.26.2. Komnosuuis 3ipkoBux BifgobpakeHb € 3ipkoBuM. TOTOXHE BifJOOPa>keHHSI MHOXWUHUN BEPLUNH TPUAHTY-
nauit — € Takox 3ipkosum. OTxe, Tpuanrynauii Ta ix 3ipkosi BigobpaxeHHs yTBOPIOIOTL kateropito ST ALR.

4.26.3. Hexaii f : 2] — |A] i |A] — |©| — sipkoBi BigobpaxeHHs i g : X — Aig : A - O —ix
IOBINbHI cuMmnAiuiansHi anpokcumauii. MokasaTtu, WO KOMNO3MLiA CUMANiLiaNbHUX anpokcumMauii g’ og : X — ©
€ cumnAiuianbHo anpokcumadiero f' o f.

3agaua 4.27. Hexaii g : ¥ — A — cumnniuiansre sigobpaxenns. Busnauumo sigobpaxents § : [S| — |A|

k
33 Takolo POpMYNoo: AKWO = € |5| HanexuTs cumnnekcy |ag,...,ax] € X, i x = > t;a;, onsg egunnx t; > 0,
t=0

zk: t;=1,T109(2) = Zk: t;g(a;). Hazueatumemo g JiHIiHUM NPOLOBXEHHSIM CUMNIILiaNbHOro BijoBpaXeHHs g.
EgBeCTM Taki TBepp,)K(tEi(l)-lﬂ.

4.27.1. G kopekTHO Bu3Ha4veHe (TObTO oro obpas mictutbes B [A]) i € HenepepBHUM.

4.27.2. g € 3ipkoBUM BiJOBPaXKEHHSM.

4.27.3. BignosigHicte L : g — g € dyHKTOpOM 3 KaTeropii SM P cumnniuiansHux Bigobpa>keHb B KaTeropito
ST AR 3ipkoBux BigobpaxeHsb.
3apaua 4.28. Hexait [ : || — |A| — sipkose BigoBpaxenns i g : (O — A©) peske iioro cumnninianshe
HabnvxenHs. [loBecTn Taki TBEPAIKEHHS.

4.28.1. g e cumnniyianbhum Bigobpaxernsm g : 10 — AO),
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4.28.2. Hexaii g : |X| — |A| — signosigHe niHiiine npogoexeHHsi g. Moka3zatu, WO 415 JOBIBHOO CUMIIEKCA
|a] = laog, - .., ar|] € X MalOTb MiCLEe BKIIOHEHHS:

o~ o~ o~

Fla) < Fststa)) = F( () ) € f, 5s(@la)) = (@) = By Gl) = _U 1)

Ae Bgo) — cim'a npotunexuux ao g(|a|) rpaneid cumnneckis, ski mictats |af. (Oue. 3apavi 4.18, 4.25, 4.24.3.)

4.28.3. Hexaii |a| € ¥ — cumnnekc i x € |af — Touka. lNokasaTtu, wo icHye Taka Touka y € [Bj(q)|, wo

~ ~

f(z) € yxg(a), a g(x) nanexuts ocHosi §(|«|). 3okpema, Bigpizok |f(x), g(x)| nexuts B A.
4.28.4. Hexaii

H: X x[0:1] = R",  H(z,t) =tf(x) + (1 - t)g(=z),
— onykna romotonist mMix f i g. NokasaTtu, wo obpas H mictutscs B |A|, T06T0 H — Ue romotonist Mix f i niHiliHum
NPOAOBXEHHSAM § Oro CUMNANILIaNbHOTrO HabAMXKeHHS g.

4.28.5. Hexali go,g1 : K — L - posinbHi cumnnigianshi Habavmxenus f, a Go, g1 : |X| — |A| — ix niniini
nponoexxeHHs. PosrnsaHemo onykny romoTonito

~

H: |2 % [0;1] —» R, H(z,t) = tgo(z) + (1 — t)g1 (2),

MiX Go i g1. Josectn, wo obpas H mictutbcs B |A|, TOBTO G i g1 ONYKIO rOMOTOMHI.

Takum yuHOM, K10 ,/T — 3ipkoBe BigobpaxkeHHsl, @ §y i §; — NiHiHI NPOAOBXEHHS1 ByAb-SIKUX NOro
cumniyianbHnx Habnnxkedb f, To BCI Tpn BigobpaxeHHs [, gy i §; NONAPHO OMyK/1I0 FOMOTONHI.
3apayva 4.29. Hexaii X — Tpuanrynsuis 8 R™, bYX — iT bapuueHTpnyHe nigpo30buTTs, WO BiAMNOBIZAE AesAKOMY
BifjoOpaxkeHHio £ : X — || Bubopy BHYTpiWHBOT Toukn. Jnisi cumnnekca | 3] € ¥ nosnaunmo x5 := &£(/3).

4.29.1. Moka3aTu, WO 3aMKHeHa 3ipKa styx (15) B b CKIafAEThCA 3 CUMMIEKCIB BUAY

{Zags-- 123, s Tay |

AKI MICTATb Tg, Ae g O -+ D 8 D -+ D ay — AOBINbHWIA Npanop rpaHeii >, Wo NpoxoanTh Hepes f3.

4.29.2. [losectu, wo sty (xzg) C sty (a) Toai Tinbkn TOA, KON a € [.

4.29.3. Mokasatu, wo ToToxHe BigobpaxerHs id : [bX] — || € sipkosum.

Hexait £(X) = {zp | f € ¥} — MHO)KHHA BepIIHH GAPUIEHTPHIHOTO Higpo3ouTTst b(X, §)
tpumanrynami . Bizobpamenma ¢ : (X)) — B wmik vmoxkmmavu sepmmm b(X, ) i Y na-
3UBATHMEMO Bifobpaxentsam subopy sepumtn, KO ¢(rg) € Bepmuuoo [ 1/ BCIX CHMILIEKCIB

g e .
3apaya 4.30. Hexaii ¢ : £(X) — () gosinbhe Bigobpaxents Bnbopy sepunnn. [losBecTn Taki TBEPAKEHHS.
4.30.1. ¢ — cumnniuianbHe.

4.30.2. [osectn, Wwo cumnniyianbHi HabanxeHHs ToToxXHOrO BigobpaxenHs id : [b(X, €)| — |X| ue Tex came,
o Bigobpa>keHHs1 BUOOPY BEPLUMHN.

4.30.3. Jliniiive npogoBeHHs ¢ : |b(2,&)| — || € sipkoum. JliHiliHi npogoBxeHHs Dyab-sikux [BOX BigoOpa-
»KeHb BMOOpY ONyK/IO rOMOTOMHI, AuB. 3agady 4.28.

3apaua 4.31. Hexaii [ : |2 — |A] — nenepepeHe BigobpaxeHrHsi. MokasaTu, icHye Take u-KpaTHe (g5 AesKoro
u > 1) GaprueHTpuyHe nigpo3dutTs 3, TpuaHrynauii X, wo BigobparkeHHs ]?: 2. = |X] — |A| € sipkoBum.
3okpema, f FOMOTOMHE HENEPEPBHOMY MPOAOBXKEHHIO § Or0 CMMMAILIANbHOrO HabnkeHHs ¢ : (|Zu|)(0) — A,
ITinkaszka. Posrngarbre KpaTHi KAHOHIYHI DapueHTpUYHI i APO30UTTs Y i BUKOpUCTaiiTe OIiHKY 3 3aa4i 4.14.

5. 'PYIU CUMJILIAJTBHUX TOMOJIOTII

5.A. CUMILIIIIAJBHAN KOMIJIEKC. Hama nacrynna mera — BUILIUTH «KOMOIHATOPHY »
indopmariiro, gKa 3a1a€ mosieap i gocaiauTu i1 aaredbpaiaai BIaCTHBOCTI. 30KpeMa, BU3HATUTH
IPYIU TOMOJIOTi#l BiIMOBITHUX KOMOIHATOPHUX CTPYKTYP.
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Cumnnivianshnii komnneke — 1e mapa (K, Y), ne K — jgoBiibHa MHOXKUHA, a Y — ciM's CKiH-
YEHHUX Hi,ZLMHO}KI/IH B K, 3 TaKNMHU BJACTUBOCTAMMN:

e K = U q,
acy

e ) 3aMKHEHa BiTHOCHO B3ATTs I IMHOYKHUH, TOOTO Km0 o € L i f C o, T0 [ € X.
CiM'10 X Ha3WBAIOTH cuMAAiLiansHO CTpykTypoto Ha K. HyiemenTn Y Ha3WBaIOTH cumnnekca-
mu. Hucsio eeMeHTiB B o € X mo3HaYaTUMeMO depe3 #(«). PoswmipHicTio cuMminiekca € X
HasuBaroTh ncyao dim(a) = #(a) — 1, a posmiprictio K — unciio

dim(K) := sup dim(«).
acy

CuMILIeKCH PO3MIPHOCTI M TaKOXK HA3MBAIOTHL 1m-cumnaekcamu. TaKUM YHHOM, M-CHMILIEKC
CKJIAJAEThea 3 m + 1 eneMenTa.

3ayBakKuMoO, MO0 MHOXKHHA Y. YACTKOBO BIIOPSIKOBAHA 33 BKIOYEHHIM C.

Hacrynna 3ajjadua BCTAHOBJIIOE 3B’$30K MiXK TPUAHTYJIAIIAMUA 1 CUMILIIIIAJIbHUMEI KOMILIE-
KcaMu. 30KpeMa, BCl KOHCTPYKITil Ha [ TPHAHTY/ISIISIMA OyAyTh HIUKYe HepPeHeceHi Ha, CUMILTI-
MiaJbHI KOMIIJIEKCH.
3apaua 5.1. Hexaii ¥ = {|o;|}ics — nosHa Tpmanrynauis 8 R™, (3) = {a;}ics — ii cuctema teipHmx, i (0 —
MHOXMHa 1T BepiumH. MokasaTu, wo napa (2, (3)) € cumnniyianbHum KoMnaekcom.

3apava 5.2. Hexai K — poBinbHa MHOXWHA | X — AOBIJIbHA CiM's1 CKiHYeHHMX nigmMmHoXnH K Taka, wo K = Uzoz.
ae

Hexaii Takox ¥ = {3 | B € 2%, € X} — cyKynHicTb BCixX NiAMHOXWH BCix enemenTis 3 Y. Mokazatu, wo (K, ) —
cumnaigianbHMii komnaekce, (nopisHsiiTe 3 3agadeto 4.9.3).

Bamaua 5.2 103BOJIE 3a0aBATH CAMILIINAIBHL KOMILTIEKCH MEHIITHM YHCIOM CHMILIEKCIB.
bBinbm 3araibHo, Hexait K — MHOXKMHA 1 Y — JIOBLJIbHA CIM’¥ CKIHYEHHUX HMiJAMHOKUH K
Taka, 1mo K = UE a. Toxi mapy (K, ) 6yaeMo TakozK HA3WBATH CHMILTIIIAJBHIM KOMILIEKCOM,
(e1S

ororoxuiooun ii 3 (K, %), 1e ¥ = {8 | € 2%, a € X}. IIpu mpoMy 3pyuHO TAKOK TOBOPHUTH,
o cumnaigiansHuii komnneke (K, Y) (abo npocto K) € 0b’eaHaHHsaM cumniekcie 3 X.

g xkoxnoro i = 0, 1,2, ... nosHaamMo depes L) = {a € ¥ | dima = 4} miacim’to B X, mo
CKJIAJAETHCS 3 CAMILIEKCIB PO3MIPHOCTI 1.

3apaya 5.3. MNokazatun, wo dim(@) = —1, i akwo a = (xg,z1,...,2,) € 3, T0o dim(a) = n.

3apaqa 5.4. MNokasaty, wo Akwo dim ¥ < 00, TO KOXKEH CUMIJIEKC JIEXKNTL B AESIKOMY MaKCUMaJIbHOMY eJIEMEHTI
YACTKOBO BMOPSIAKOBAHOI MHOXUHM (E,C). 3okpema, (K,3) OfHO3HA4YHO BU3HAYAETLCS JIMLIE MAKCUMASbHUMU
enementamu (X, C).

Hexait L C K —migmuoxKuHa, i A — cumiutinianbia crpykrypa #a L. Toxi (L, A) HazuBaeTbest
(cumnnivianshnm) nigkomnnekcom 8 K, gkimo A C 3, To6To A — e mizciM’ga B ¥ TAaKOXK 3aMKHEHA
BLJIHOCHO B3ITTS IiJIMHOMKHH.

3apaya 5.5. Mokasatu, wo ans koxxoro m > 0 napa K™ = (K, .TLrJlOE(i)) € nigkomrnekcom B K. Bin Hasmea-
i=

€TbCs M-TUM ckenetom (K, X).
3apayua 5.6. Mokasatu, wo ichye npupoana biekuis mix K i 3O

Hexait (K, X), (L, A) — cummninianpai nigkommiekcn. Binobpaxkenust f @ K — L Hasuae-
ThCs cumnaigianshum, aximo f(a) € A aia koxuoro o € K.

3rigno 3a1a4i 5.6 cUMILIIAIBH] BiToOpaXkeHHs MOXKHA, TaKOXK PO3IJIIaTH K BigoOpazke-
aua f: K(© — LO) mixk MHOXKMHAME BepInH.

3apaya 5.7. Hexaii K C L — nigMHOXMHa, | X2 — geska cumniiuianbHa cTpyktypa Ha K. [losectw, wo HacTynHi
YMOBW €KBIBAJIEHTHI:
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(1) (K,X) nigmkomnnekc B (L, A);
(2) Bipobpaxkennsi Bknagents j : K C L € cumnnigianbHum.

5.B. JIAHIIFOTOBUI KOMIIJIEKC CHUMILJIIIIIAJIBHOTO KOMILTEKCA. Hexaii (K, Y) — cum-
IImiaJbHUR KoMILieKe i G — KomyTaTuBHA rpyna. g KoKHOro m € 7Z MO3HaYuMO depes

Con(K,G) = G[x™)]

BLIBHUN MOJIYJIb TOPO/IZKEHUH CUMILIEKCAMU PO3MIPHOCTI m. BiH HA3UBAETHCA rpynoto m-sumip-
Hux naxutorie (60 M-JIAHIIOTIB) CAMILTIIAIBLHOTO KoMILIeKca K 3 koediyientamn B G.

Takum aunom, C,,(K,G) ckiamgaerbes i3 ckimdeHnnx (GopMaIbHUX JTiHIRHEX KOMOiHAIIi
CUMILTEKCIB po3MipHOCTI m 3 Koedimientamu B rpymi G. 3aysaxkumo, 1o C,, (K, G) = 0 mis
m < 0im > dim(K), ae 6ye 3pydHO BBAyKATH, IO I HYJIHOBI MO/LYJIi TAKOXK € BU3HAYCHHUMH.

Hexait o = (g, 21,...,%,) € ¥ — cummiekc po3mipHocti m. CKiHUeHHa MOCTIIOBHICTH
B = (T, Tiy, - .., Ti, ) TOUOK 3 v TAKA, 1m0 M < k 1 BCi TOUKH 3 @ mpucyTHI B J HA3HBATHMETHCS
(ponycTumum) 3anucom a. 3pO3yMio, MO KO M < k, TO B [ JesKi CUMBOJIA TOBTOPIOIOTHCS.
B nopasbinomy, Oyie HeoOXiHO 3a/[aBATH CUMILIEKCH IX JIOIMYCTUMHUMH 3aIIHCAMH.

YacTkoBuil TOpAn0K < Ha K Ha3BeMO ysrogpkeHum (3 CHMILTHIHIAIBHOK CTPYKTYPOK ),
AKIMO 771 KOYKHOTO CHMILIEKca v € Y HOro BepIIMHH MONAPHO MOPIBHIOBaHI BIIHOCHO <.
30KkpeMa, BEpPIINHH (¢« MOXKHA JIHIHO BIOPSAIKYBATH 1 TOJMI v MATUMe €IUHUMA JTOMYCTUMMIT
3amuc (Lo, T1,...,Ty), ¥ IKOMY TOUYKH JIHIHHO BIOPSIKOBAHI, TOOTO

To< Ty <0 < Ty
TaKI/Iﬁ 3a0UC (¢ HA3UBATAMEMO KAHOHIYHUM.

3apaya 5.8. Hexain f : (K,%X) — (L,A) — cumnniuianbHe BigoOpaXkeHHs MidXX CUMMAILIAIbHUMMN KOMIIEKCAMU.
Mpunyctumo, wo Ha L 3adhikcOBaHO HACTKOBUIA NOPASOK < Y3rOAXKEeHWA 3 cumnnidianbHoto cTpykTypoto A. Togi
iCHY€E YacTKoBU NOPsSAOK Ha K y3rogpkeHnii 3 CUMNILIaNBHOI CTPYKTYPOKO X, TaKuid, Wwo f € MOHOTOHHUM, TOBTO

akwo r < y, 1o f(z) < f(y).

IMinkaska. Jlas xoxxHoi Bepmunn y € L 11 1poobpas f~1(y) € 113’ IoHKTHIM 00’ € THAHHAM JesKIX CHMTLIC-
KciB. Ha KoxkHOMY 3 1HX CHMILTEKCIB 3adikcyiiTe MOBIMbHUI TIHIAHUA TOPSIOK, IO TA€ AEIKNAH YaCTKOBHIt
HOPAIOK Ha MHOXKHHI nap sepmun (z,y) € K2, takux, mo f(z) = f(y). dxmo x (z,y) € K? Taka napa, 1o
f(z) < f(y), To6T0 f(x) # f(y) i Ui TOUKM MOPiBHIOBaHI, TO NOKAANEMO T < Y. SATUIIAETHCS MEPEBIPUTH, IO
< € Y3TOMIKEHWM 3 CUMILTIIIAIBHOI0 CTPYKTYPOIO 2.

Badikcyemo Ha K y3ro/zKeHHH YaCTKOBUH MOPSAI0K < 1 HeXall @ € X — Mm-CUMILICKC 1
a = (o, T1,...,%y) — KaHOHIUHUI 3amuc «. 3a O3HAUEHHSIM, @ € (OA3UCHUM) eJIeMEeHTOM
Cn(K,G), i ToMy #0ro KaHOHIYHAI 3aMUC MOYKHA BBAYKATH IHITHM TO3HAYEHHSAM JJIsT (v, K
eaementa Cp, (K, G).

Axmo § = (i, Tiyy - .., Tiy,) — IHIHIT TOMyCTHMEI 3amUC (v, TO BBAYKATHMEMO, IIO Ie Ta-
ko enement C, (K, G), akuit gopisuioe [ := sgn(f)a, me sgn(f) € {—1,0,1} Busmademne
HACTYITHUM YUHOM.

o fkmo m < k, To BBaxkatumemo, 1o sgn(3) := 0.
o ko )k m = k, 10 5 € nepecTaHOBKOIO ejeMeHTiB 3 «v 1 Toai sgn(f) := +£1 — ne 3nak wiei

IePEeCTAHOBKH (TOOTO MAPHICTH YUC/Ia TPAHCIO3UIINA CYCIMHIX eJeMeHTIB, sKi MOPOJZKYIOThH

JIAHY [IePECTAHOBKY ).

3apaya 5.9. Hexan (K, X) — cumnaidiansiuin komnnekc. Mepesiputu HacTynHi BAacTMBOCTI.

5.9.1. Hexaii (a,b,c) — 2-cumnnekc B K, a omxe enement B Co(K,G). Togi B Ca(K,G) matoTb Micue Taki
ToTtoxHocTi: (a,b,¢) = —(b,a,c) = (b,¢,a) = (¢,a,b) i (a,b,b,c) = 0.

5.9.2. Hexaii (a,b) — l-cumnnekc B K, a omxe enement B C1(K,G). Togi 8 C1(K,G) matoTb Micue Taki
TotoxHocTi: (a,b) = —(b,a), (a,a,b) =0, (a,b,a,b,b) = 0.
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5.9.3. Hexaii (a,b,c) — 2-cumnnekc B8 K, a omxe enement B Co(K,G). Togi B Ca(K,G) matoTb Micue Taki
ToTtoxHocTi: (a,b,c) = —(b,a,c) = (b,c,a) = (¢,a,b) i (a,b,b,c) = 0.

5.9.4. Hexan 8 = (xg, 1, ..., Tk) — BONYCTUMUNA 3aNNC AEAKOrO CUMIIEKCA |
Y= (xi(wxip" '7xi1)
— Aesika NignocnigoBHICTb 3 5 (TOOTO fesiki cumBoaw 3 [ 3anuMcaHi B TOMy XX nopsigky, wo i B 3). Josectu, wo
€ AONyCTUMNM 3anNnNCOM AEAKOro CMmMmniekca B K.
Hexait 8 = (zg,x1, ..., %) — gomyctumuii 3amuc aeskoro cuminiekca i@ € {0,...,k}. Tomi
yepes
(Toy oy Tjy oo T)
Oye 3pydYHO MO3HAYATH TOCIIIOBHICTh [ B dKiil T; BUIAIEHO, TOOTO

(o, s Ziy o) = (Toy -, Ti, Tig, - g) = B\ {7}
5.C. 'PAHUYHI TOMOMOP®I3MU. st JomycTUMOro 3anucy « = (g, 1, ..., Tm) € Cp (K, Q)
JIESTKOTO cuMILIekca « 3 m > 1, pusnaunmo enemedt da € Cy, 1 (K, G) 3a Takoo hopmyion
m
0o, 1,y ) = Y _(=1) (w0, 21,0, Fry oy ).
i=0

Bin HasuBaeThCsl rpaHuuerd CUMILIEKCa <. 3okpema, akino dim(a) = 0, robro a = (xg), TO
BBazkarumemo, mo da =0 € C_;(K,G) =0.

3apaya 5.10. JloBectn HaCTynHi TBEPAKEHHS.
5.10.1. 9(a,b) =b—a.
5.10.2. 9(a,b,c) = (b,¢) — (a,¢) + (a,b) = (a,b) + (b, c) + (c,a)

5.10.3. Hexaii a = (zg,21,...,Tm) — CAMIUIEKC, 33JaHNI KAHOHIYHUM 3aMUCOM i
ﬁ = (331,1‘0, Loy ... ,xm)
— [Oro JONyCTUMMIA 3annc, OTPUMAHMIA TPAHCNO3MLIEIO T Ta x1. 30kpema, B = —a. MokasaTu, wo
Jda = —0p.
5.10.4. Josectu, Wwo Ans JOBiNbHOrO cumnnekca o = (Lo, &1, ..., &Lm), 32AAHOTO KAHOHIYHIM 3anuUCOM i JO-
BIJILHOrO JONYyCTUMOro 3anucy 5 = (Zi,, Tiy, - - -, L4y, ), (M < k), LbOro CMNIEKCa MAaEMO, Lo

9B = sgn(pB)da.
3okpema, 98 = 0, sKWO AesKki BepwrHM B [ NOBTOPIOIOTLCSA, HANPUKAAA, UE 3aBXAN Tak, koam m < k.

5.10.5. MokazaTtu, wo ans koxHoro m € 7Z onepauis 0 NPOAOBXKYETLCA EANHUM YMHOM A0 G-niHiiHOrO Bif-
obpaxetHst O, : Crp (K, G) — Cp—1 (K, G) 3a Takoto dopmysnoto:

am (Z gjOéj) = Z gjaaj.
J J

3okpema, Wo e BifoDpakeHHs He 3aneXMTb Bif AOMYCTUMOrO 3anncy CUMIIEKCIB ;.
5.10.6. Mepesiputn, wo
00(a,b) =0, 00(a,b,c) =0, 00(a,b,c,d) = 0.
5.10.7. Ooeectu, wo ans A0BiNbHOro m-cumniaekca o, dda = 0;
5.10.8. MNokazatn, wo Iy, © i1 : Cr1 (K, G) = Cr—1(K, G) — ue HynboBMii romomopdizm.

5.10.9. Josectn, wo ymoBa Oy, © Oy 1 = 0 ekBiBaneHTHa Tomy, Wwo img(dpm41) C ker(d,).
Beenemo 110 posrisay raki miarpynu B Cp, (K, G):

e B, (K,G) =img(0p1), BOHA HABHBAETHCS rPynoko rpaHinLb;
o Zn(K,G) = ker(0,,), BoHa HABUBAETHCS rpynoto LMKIIB.
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3a 3amauero 5.10.9 ymoBa 0,41 0 0y, o3navae, mo B, (K,G) C Z,,(K,G).
PakTop rpyma

Ho(K,G) = Zn(K,G)/Bn(K,G)
TPYIH MUKJIB 1O TPYIi IPAHUIL HA3BUBAETHCS rpynoto m-x romonoriii K 3 koediyientamu 8 G.

3apaya 5.11. Bunucatu naHutorosi KOMNAeKCM i 064MCANTIA FPpyNy FOMONOTIA TaKMX CUMMAILiaIbHUX KOMMIEKCIB.

5.11.1. Hexait A™ - cumnnekc poamipHocti m, m = 0, 1,2, 3. lNoka3zaTtu npasmummn ob4nCNeHHAMH, WO

. G, i=0,

5.11.2. Hexali K — ckiH4eHHa MHOXUHA, TOOTO CKiHYeHHUT 0-BUMIpHWT KOMMAEKC, SIKNIA CKNAJAETHCS 3 1) TOYOK.
MNMokazaTu npsiMumun ob4mMcneHHsaMY, WO

Gn, =0,

5.11.3. Hexait T = OA? - mexxa 2-cumnnekca (TpUKyTHUK 6e3 BHYTPILIHOCTI — «reoMeTpuyHa peanizaLis»
kona). Mokasatu, wo

G, i=0,
H(T,G)=< G, i=1,
0, y BCiX iHWKX BANagKax.
5.11.4. Binbw 3aransHo, Hexain (K, X) — n-kyTHUK 6€3 BHYTPIWHOCTI, TODTO Le OfHa «reoMeTpuyHa peasisa-
uis» kona. Tobto K = {ay,as,...,a,} CKNAAAETLCA 3 N TOHOK, @ X € 0D €4HAHHAMMN CUMIIEKCIB
(a1a2), (agas), ..., (apn—1,0n), (an,a1).
lMokasaTn, wo
G, 1=0,
H,(T,G)=<G, i=1,
0, y BCiX iHWKX BANagKax.

5.11.5. Hexait T = QA3 — mexa 3-cumnnekca (TpukyTHa nipamiga 6e3 BHYTPILLHOCTI — «reoMeTpuyHa peai-
3auis» 2-cpepn). Mokasatu, wo

G, i=0,
0, i=1,
BTG =9q 1y

0, y BCiX iHWKX BANAjKax.

5.D. 3’€ IHAHHS CUMILUIIIIAJIBHUX KOMIIIEKCIB. Hexait (K, X) i (L, A) — cammutinianbai
KOMILJIEKCH, TaKi, IO MHOXKUHH 1X BEPITHH He MePEeTUHAIOThCA. 3'eananHsm K Ta [ Ha3WBA€ThCs
HACTYTTHUH CAMILTIIATLHINA KOMILIEKC:

K*L:{KuL,{auﬂ]aeE,ﬁeA}},

TOOTO

e pepuinan KxL — 1e qu3’roakTHEe 00’ennanns K U L pepmua K Ta L;
e cuMiLiekcn KL — 1e monapsi o6’e1HAHHS CUMILIEKCIB oLl 3, ne a € X, § € A.

Bokpema, skimo {c} — Touka, To 3'ennanns cxK HazuBaeTbes konycom Haj K. Ilpu mpomy
{c} mazmBaoTh BepwmHo, a K — ochosow KoHyca kK.

3apaya 5.12. Hexain (K,X) ta (L,A) — cnmnnigianbHi komnaekcn. Togi anst gosinbHux cumnnekcis o € Cr(X)
i B € Ci(A) kopekTHO Bu3HaveHuii cumnnekc a3 € Cpi(K*L).
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5.12.1. Moka3aTu, wo ans BCix k,l € 7 icHye KOPEKTHO BU3Ha4eHe DiniHiliHe BifobparkeHHs
* 1 Ck(K) X Cl(L) — Ok+l(K * L), *(Zgiai’zhjﬂ) = Zgihj Oli*,Bj-
i j i,j

5.12.2. Josectu, wo ans gosinbHux nadutoris « € Ci(K) i B € Cy(L) BUKOHYETbCS TOTOXKHICTD
Ao B) = (D) x B — (~1)T™a x 9B.
3apaya 5.13. Hexaii (K, X) — cumnninianbHuil KOMNAEKC 3 DIKCOBAHNM JiHIAHAM MOPSIAKOM HA MHOXWVHI BEPLUMH,
{c} - Touka, i ¢xK — koHyc Hap K.

5.13.1. MokasaTu, WO A KOXKHOMO i € 7 KOPEKTHO BU3HA4YeHE HACTynHe G-niHiliHe BigoOpaXkeHHst
0; : Ci(K) = Cip1(exK), O'(Z gjoz]) = Zgj cxay;.
J J

5.13.2. Josectu, wo 9;41(0i(a)) = a — 0,41(0;0) pns Beix a € Ci(K).

5.13.3. MokaszaTu, wo cumnuidianche BigobpaxkeHHsi BknageHHs v : K — cxK, v(a;) = a;, IHAYKYE HYNbOBI
romomopdismu rpyn romonoriii 7y; : H;(K) — H;(cxK) pns Bcix i € Z.

5.E. IIUJIrHaP HAZ CUMIIJIEKCOM. Hexait A = [ag,a1] 1 B = [bo, b1] — nBa Biapizku. Toxi
OPAMOKYTHHUK A X B He Ma€ IKOICh «KAHOHITHOI» TPHAHTYJIALII. AJle MPOBIBIIK IiarOHAJIb, Ha-
npukai, (ag, by), MI OTPEMAEMO TPUAHTYIISAMIIO A X B, sika CKIaTa€ThCs 3 TBOX 2-CHMILIEKCIB

(ag, bo, b1) 1 (ao, a1, b1).

Binbm 3aramsro, Hexail o = (ag, ..., a;) — k-cuMiutekc 3 bikcoBaHHM JIHIAHEM TOPSTKOM
pepiuH. [Tunieapom Ha o HA3WBAETHCS CUMIUTIIAIbHINA KOMIUIEKC «v X [, BU3HAYeHHil Ha-
crymHuM 9nHOM. Beprman o X I — 1e mexaproBuii 106yTOK MHOXKUH (ao, . ..,a;) X {0,1}.

Muoxuan o X 0 Ta o X 1 Ha3MBAIOTHCS, BIIOBIIHO, HUMCHHOI0 TA GEPLHHO10 TPAHAMA v X 1.
3pyuno Takox nmosuadaru (a;,0) = a?, (a;,1) = al. Toxi a x I € o6’eanannam Taxux (k + 1)-
CUMILTEKCIB:

0 1 1 1
(CLO, Ao, A1y ooy ak),
0 0 1 1 1
(ao, (11, al, azz, ey ak)7
0 0 0 1 1 1
(a07 ay, y Gy Gy Gy, ) ak)a
0 0 0 1
(ao, a/17 o .. a/k/., a/k).

Aximo ana kKoxuol mapu ¢, 7 Takol, mo 0 < ¢ < j < k BBecTH MO3HAYCHHS

I (] I _
Af = (ai, a1, a5) X L= (ag,aiyq,....a5), 1=0,1.

TO Tl CHMIUIEKCH MOYKHA 3AMHUCATH Te il ¥ BULISI 3'€IHAHbD:
0 AL 0 AL 0,4l 0 gl
AgoxAg gy Agix Al gy ooy AgixAig, ooy Agp*Ap g

Taxkum aurOM, HAP o X [ Haj cumiiekcom « — 1e napa («a x {0,1}, %), 1e ¥ — ckiaaa-
€ThCA 3 MiJIMHOKIH MHOKHH BUTy AJ xA]

Lei =0,k
3apaya 5.14. [loBectun Taki TBEpLIKEHHS!.
5.14.1. TokasaTtu, wo Bigobpa>keHHs
0,61 :a = ax{0,1},  &o(ai) = (a:,0),  &lai) = (as1),

€ cumnnigianbHumu BknagenHamu. Obpasu &(a) Ta £ (o) Ha3MBaTUMYTbCA BIANOBIAHO HUXXHBOK Ta BEPXHBOKD
rpanamm a x I.
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5.14.2. Hexaii 6 = (a4, ..., ai,) — BOBINIbHA IPaHb ( MOAAHA B KAHOHIYHOMY 3anuci, TO6TO i < 41 < - -+ < 4.
MokasaTu, wo TotoxHe BknageHHs v : 6 x {0, 1} — a x {0,1}, v(as, j) = (a;,J), € cumnaiLianbHUM BKNAJEHHSM.

3apaqa 5.15. BusHauumo Hactynuuii enement g(a) € Crpq(a x I):

M»

zk:

I
o

i

=A

OO

><Ao kT Ao VAT (—1)iA8,i*A%,k +
Topi ans kKoxHoi rpani 6 € C(ar), NOAAHOT B KAHOHIYHOMY 3aMUCi, MOXKHA aHaNOMYHNM YNHOM BU3HAYUTU €NeMEHT
q(8) € Cr41(6 x I).
5.15.1. Hexaii a; — BepwuHa «. lNokasatu, wo
q(a;) = (a?,az) AO A1
5.15.2. Hexain (a;,a;) — pebpo «, i < j. MNokasartum, wo

q(aiva’j) (a’?7a117a’]1) (a?aagya]l)

5.15.3. Hexaii (a,,as,a;) — 2-rpanb «, 7 < s < p. [NokasaTtu, wo

Q(araasvat) = (agaa}“aa;aa%) - (ag,ag,a;,a,}) + (ag,ag,a?,a%).

5.15.4. TokaszaTw, wo BiANOBIAHICTb § — ¢(d) NPOROBXKYETLCA A0 EAVHOMO JIHIAHOMO BifoOparkeHHs
q = Ci(a) = Crya(ax D), @ (Z 9j5j) = Zng(5g)
J J

5.15.5. MNepesiputu, wo d1qo(a;) = by — a.
5.15.6. O6uncnutn 02q1(a;, a;) i Nokasatu, Wo
D2q1(ai, aj) = (bi, by) — (ai a5) — ((aj,b5) — (ai, b)) = (bi, bj) — (@i, a5) — qodh (ai, aj).
5.15.7. Josectu, wo ans posinsHoro cumnnekca § € Cy(AF)
0qi(0) = &1(9) — &0(9) — qi—1(09).

5.15.8. Mokasatu, wo ans scix § € C;(AF) BUKOHYETHCA TOTOXHICTB:

€1(0) = &0(6) = 9qu(6) + q1-1(99).

5.F. IInarHgP HAJ CUMILIIIIAJIBHUM KOMIIJIEKCOM. Hexait (K, Y) — cuMiutimianabHui
KOMILJIEKC 3 (DIKCOBAHMM y3TOJPKeHUM TOPSIKOM HAa MHOXKWHI BepriuH. Lluningpom wax K Ha-
3WBAETHCA HACTYMHUH CUMILTIIIAIBHIN KOMIIJIEKC

Kx]:(Kx{O,l},{5XI|6€Z}>

T06TO fioro BepiuHU — 1e jgeraprToBuil 106yToK K X {0,1} (1Bl gus’tonkTHi komil K), a cam
K x I € ob’eqnanHsSIM MMIHIPIB HAJ CUMILIeKcamMu K.

3apaua 5.16. Hosectu, wo K x I AilicHO € CUMNAILIaJbHAM KOMIMJIEKCOM.

dk i Bume, nors Bepmuan a € K 3pyuno nosuagatu (a,0) = a’ i (a,1) =

Busnaunmo Bizobpakenns &, & 1 K — K x {0, 1} 3a dopmynamu: &y(a ) = (a, 0), &1(a) =
(a,1) st Beix Bepimun a € K. i BigoOpazkeHHsT HA3UBATUMY ThCS BiJIOOPAKEHHSAMU HUKHBOI
Ta BEPXHLOI OCHOBY BIJIIIOBIIHO.

Axmo (L, A) — e onus cumIntiniaabHA KOMILIEKC, TO KOYKHE CUMILTIIIAJbHE BiI0OpazKeHHs
H: K x{0,1} — L Ha3uBa€THhCSA KOMBIHATOPHOW rOMOTOMIE.

3apaya 5.17. Hexain (K,%), (L,A) — cumnniyianbHi KOMMAEKCA 3 Y3rOAXEHUMU YaCTKOBUMMN MOPsifKaMM Ha
BiANOBIZHNX MHOXWHaX BEPLUWH. [JOBECTW HACTYNHI TBEPAXKEHHS.
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5.17.1. Hexaii f : K — L — HecnagHe cumniiuianbHe BigobpakeHHsi, TOOTO Aist 4OBIIbHMX BepwnH a < b € K
maemo, wo f(a) < f(b) € L. Nokasatu, wo f inaykye cumnaigianbHe Bigobpaxenus fxI : Kx{0,1} — Lx{0,1}.
Josectu, wo sikwo f — BknageHHs (abo crop’ektuBHe), T0 f X I TakoXk BKNafeHHs (Clop eKTnBHE). 30KpeMa, SIKLLO
K — nigkomnnekc B L, To K x I € niagkomnnecom B L X I.

5.17.2. TlokasaTtu, Wo Ansi KOXKHOro cummniekca « € K, inoro umningp « x I € nigkomnnekcom B K X 1.

5.17.3. MNokaszaTu, wo BigOOpa>keHHsI BEPXHBOI Ta HUXHBOI OCHOB &n,&1 : K — K X {0,1} € iH'ekTuBHUMM
cumnnigianbHumn BigobpaxenHsamu. Ix obpasu (nigkomnnekcn 8 K X I) Ha3mBatoTb HUXKHLOK Ta BEPXHBOK
ocHoBamu umniHagpa K x I.

5.17.4. Ons koxHoro k-cumnnekca o € K, B 3apayi 5.15 susnayero enement q(a) € Ciy1(K). Josectn, wo
BIANOBIAHICT o — ¢(ar) NpopoBXyeTbCs fo G-niHiliHoro Bigobpaxerts gy : Cr(K) — Clry1 (K x I).

5.17.5. Mokazsatu, wo sigobpaxenus gy : Crx(K) — Ci11(K X I) 3a50BONbHSE TaKy TOTOXHICTb!

£1(6) — &0(6) = qr—1(0k6) + Ip11(ar(9)) (5.1)
ans Beix § € Cp(K).

5.17.6. BuBectn 3 nonepepHboi 3apadi, wo iHaykoBaHi romomopdismu (&y)q, (€1); @ Hi(K) — H;(K x I)
BiANOBigHMX rpyn romonoriii TotoxHi: (§p); = (£1); ans Beix ¢ € Z. Ilinkaska. IlepekoHaiitech, M0 SKIIO
B (5.1) eJleMeHT 0 € IUKJIOM, TO IIPaBa YaCTUHA €] TOTOKHOCTI € 'PAHUIIEIO, TOOTO €JIEMEHTH 3J1iBa HAJIEIKATH
OTHOMY KJIaCaM TOMOJIOTIi.

5.17.7. InuBapiaHTHicTe romomMopdi3mis rpyn romosnoriii BigHOCHO «KOMOiIHaTOpHUX romMoTonii». Hexaii
f: K x{0,1} - L — kombiHaTopHa romotonisi. Mokazatu, wo iHaykoBaHi romomopdismu rpyn romosorii

(fOSO)m(fogl)* : H*(K) — H*(L)
ToToXHi: (f0&p)s = (f 0&1)s.

5.G. JIOBYTOK CUMILJIIIAJIBHAX KOMIIJTEKCIB. Hexait (K, Y) ta (L, A) — camiutinianbhi
KOMILTIEKCH. 3apiKCyeMO TaKOXK JIHIHI mopsaku Ha iX BeprmmHax. Tozi ix mobdyrkom K X L
HA3MBAETHCI CUMILTINIAJIBHUN KOMILIEKC, MHOXKMHOIO BEPIIUH SKOTO € JeKApTOBH 100yTOK
K x L Bepmmua K Ta L, a CUMILIEKCH BU3HAYAIOTHCA HACTYIHUM UMHOM.

Hexait o = (ag,...,ax) € X 1a § = (by,...,b) € A — KanoHiuHI 3aLUCH JESIKUX CUMILIEKCIB
3 K rta L. Jna koxkuoi Hecnaaol nigMuokunu ingekcis n = {0 < 4y <i; < -+ <4, < k}
BU3HAYUMO HACTYIHY migMuOKuHY K X L:
(a07 b0>7 (aly b0>7 ER) (aioy bO)7
(aim bl)7 (aio—i-la b1)7 ceey (aila b1)7
Oé*n/B = (a’i17b2)7 (ai1+17b2)7 ceey (ai27b2)7
(aila bl)a (ail-i-la bl)7 ceey (aka bl)
Bukopucrosyoun nomepesani nosnadenus A; ; = (a;, . .., ;) MOXKeMO 3aIHCATH IIi CHMIEKCH

HaCTYIIHUM YHHOM:

a*nﬁ::{AbO w AP w ok AT g A

0,i0 10,81 1—1,i1 iz,k}

3ayBazknmo, mo 1) MozkHA posraazarh gx dynknio 7 {1,..., 1} = {1,... k}, n(j) = i;.
[MosragaTuvemo MHOKIHY Taknx dynkmii wepes (k)©. Hexait

O={yCax,flaecX,fecAne (dim o) @m A

CYKYIHICTD BCIX HIIMHOXKUH MHOXKHH BHIY v %, (3.
Toni cunminianbuuit komiieke (K X L, ©) masuBaerbest modyTtkom K Ta L.
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5.H. BAPUIIEHTPUYHE OIAPO3BUTTS CUMILIIIIAJIBHOTO KOMIIJIEKCY. Hexait (K, X)) —
cuMILTiIiajibuuil Komiieke. Haia Mera mody/lyBaTu 110 HbOMY HOBUN CUMILIIIAJIbHUNR KOM-
weke (bK, DY), axuii HazuBaeTHCsI bapuyenmpuwHum nidposbummam (K, ).

leomeTpuuno, BiH Oynyerbcss HacTymauM dnmaoM. [lounemo 3 KO = K. Jlani, v BHyTpi-
ITHOCTI KOYKHOTO l-cuMmIuiekca (pebpa) o BUOUPAEMO TOUKY, HA3BEMO 1i «IeHTpoM» <. Bona
po3buBae v Ha JIBA CUMILIEKCH 1 MM «3aMIiHIOEMO» « Ha 1i jBa cuMiliekcd. PakTUIHO MU
3aMIiHWIM (v Ha, KOHYC HAaJ, fOro Mexkero. AHAJOTIYHO, y BHYTPINTHOCTI KOXKHOTO 2-CHMILIEKCA,
(TPEKYTHHKA) (v TAKOK BHOMPAEMO TOUYKY (Ha3BeMo 11 «IeHTPOM» TIpaHi «) i 3aMiHsIEMO v Ha
KOHYC HaJ HOro Merkero, sika ByKe po30uTa Ha morepeaHboMy Kpori. | Tak jgaji 1mo iHTyKITii.
Orpumanuii CUMILTIIATBHIH KOMILIEKC HA3UBAIOTH Oapuyermpuyunum nioposoumman (K, X)
i nosHauarumerbest depes (bK, bY).

Ba mobymoBo, MaeMo GiekIio Mixk cumiuiekcamu B K i Beprmmmaamu bK (meHTpaMu Bij-
MOBIIHUX I'paneii). Bijibll TOro, HEBAXKKO GadnTH, 10 KOXKEH CUMILIEKC B Y. — 1le MHOKHHA
IEeHTPIB T'paHeit 3 K, mIpudoMy IIi T'paHi BIOPSIKOBaHI 3a BKIOUeHHAM. Tomy bK MoxKHA
OTOTOXKHHUTH 3 2, & bY) — 13 CKIHYeHHUMH CIIa[QI0YUMU IOC/IIOBHOCTSMU CUMILJIEKCIB 3 2.

Jlamo cTpore o3HauYeHHS.

BapuuenTpuuHum nigposbuttam cuMmiutiniagbHoro komimaekcy (K, ) HasuBaerbes napa (K, bY),
e DK =X, a

by = {(ozoDOq D) "'DOék) |Oéi62}.

MHOKMHA BCiX CIHUEHHHMX CIAJHUX IIOCJIA0BHOCTEH CHUMILIEKCIB.

3ayBazKuMO, IO A/ KOKHOTO CHMILIEKCA (g D a1 D -+ D o) € bX fforo BepumuHn (K
cumiiekcn B K) OPUPOTHUM YHHOM JIHHIFIHO BIOPSIIKOBAHI 10 BKJIIOUEHHIO. A came, Hexail
a, B € bK = X. CraxkeMmo, mo « < [ roxi i jaunie Toxai, Koau o D f.

Cxpizb HEUzKYe BBakaTuMeMo, 110 Ha bK 3adikcoBaHo caMe 1eil 9aCTKOBHUIl MOPSIOK.

3apaya 5.18. TlepesipuTtu HacTynHi BNAaCTMBOCTI BapuUEHTPUYHMIX NiAPO3ONTTIB.

5.18.1. YacTtkoBuii nopsifoK D MO BKJKOHEHHIO /15t cumiiekcie 3 X (sik BepwunH bK) € y3rogxkeHum 3 cumnii-
uianbHot CTpykTypoto bK (TOOGTO BCi BEPLIMHM B OSHOMY CUMMEKC] € MOMAPHO MOPIBHIOBAHUMM).

5.18.2. (bK,bX) € cumnniuianbHIM KOMMIEKCOM.
5.18.3. Hexaii f : K — L — cumnniuianbHe Bigobpa)keHHA CuMnAiLiaNbHNX KOMMAEKCiB. Toai Bigobpa)keHHs
bf : bK — bL, bf(a) = f(a), € cumnaidiansHum.

Hexait o = (ag,...,ar) € X = bK — k-cummiekc. Ilosnaummo depes ! MHOXKHHY BCix
BLODsI/IKYBaHb (1epectanoBok) «. Hanpuxian,

(a)! = {a}, (a,b)! = {ab,ba}, (a, b, c)! = {abe, acd, bac, bea, cab, cha}.

Jna mepecranosku itoro Bepumu § = (a;,, @4, - - -, 05, ) € &l 3pyuno moznadaru depes [¢]
HACTYITHY CHAaJJHY TOCJiIOBHICTh cuMILIeKCiB B K, ToOTO cumiuiekc B bK:
[5] = ((aimaip s 7aik) D) (ai17 Q) 7aik) DRI (aij7 cee 7a7ﬁk) DR (aik_la a’ik) D (ak’))
= (AOJW Al,k; ] 7Ak',k)-
Jns koxnoro k-cummekca 8 B bK il > 0 mosmaunmo 1epe3 G5, (] migmonyns B C)(bK),

HOPO/IZKEHUH CIIAIAI0YNMU TTOCIIOBHOCTSIMA JOBXKUHE | + 1 Tpaneit 5, T00TO [-cumiiekcamu
B bK, 110 CKJIa1a10ThCst 3 rpaneit .

3apaya 5.19. Hexan f : C.(bK) — C.(bK) — nanutorose BigobpaxkeHHsl, Take, WO /151 KOXKHOIO CUMIIEKCA
v=(Bo D+ D B) ioro obpas fi(v) € G[Bo, k]. Busnauumo BigobparkeHHsi

F:C.(bK x I) = C,(bK)
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33 Takum npaBunom: skiwo 6 = (Ax0)x(Bx1) —cumnnekc B bK XTI, pe A= (g D - Dag)iB=(6y DD )
cumnneken B bK Taki, Wwo oy O fy, TO

F(8) = (A x 0)+(B x 1) = A«f(B).

[oeectu, wo F' — nanutoroee, T06T0 kOMyTye 3 audcbepeHuianamu 0. Busectu 3Bigcu, wo f — iHgyKye TOTOXHWIA
i3omopdiam rpyn romonoriii f : H,(bK) — H,(bK).

5.I. ’'OMOJIOTIi BAPUIIEHTPUYHOIO IIJAPO3BUTTs. Binobpaxkenns ¢ : bK = X — K, gke
3aJI0BOJIBHSIE TAKy YMOBY: ¢(q) € « Jjist BCIX v € Y, HABUBATUMEThCs BifobpaxeHHsam nbopy
(Bepwunn). [HIIAIMHE cJI0BaMu, BOHO CTaBUTH Y BLANOBI/IHICTh KOXKHOMY CUMILIEKCY (v € X AKY-
HeOYIb HOTO BEPIIHHY.

Teopema 5.1. Hezxati ¢ : bK = ¥ — K dosinvhe sidobpascerns subopy, mobmo ¢(a) € «
oas eciz o € 3. Todi ¢ e cumnaiyiarvrum eidobpascennam (bK,05) — (K,X) i indykye
izomopiam epyn 2omono2ill (3 Koediyienmamu 6 dosiavnil dixcosanit abeaesit epyni G):

JloBeleHHS CKJIAIAETHCA 3 HACTYIMHUX KPOKIB.

3apaqa 5.20. Hexaii ¢ : bK =X — K — BigobpakeHHst Bubopy. lNepeBiputn HacTynHi BAaCTUBOCTI BigoOparkeHb
Bubopy.

5.20.1. MokazaTu, WO KOXXHE BigoOpakeHHs BMOOPY € cumnilianbHUM.

5.20.2. Hexali v : bK = ¥ — K posinbHe iHwe BigobpaxkeHHsi Bubopy. Busnaunmo BigobpaxkeHHs BepLuuH
umningpa f : bK x I = bK x {0,1} — K 3a dopmynoto f(a,0) = ¢(a) i f(a,1) = ¢¥(a). MNokazatu, wo f €
cumnnigiansHum. Bueectn 3 3agavi 5.17.7, wo iHgykoBaHi romomMopdiaMu rpyn romonorii

Gu o+ Ho(DK) — H.(K)

TOTOXHI MiX coboto. Takum ymHom romomopdpiamu (5.2) He 3anexartb Bif KOHKPETHOro BigobpakeHHs
Bubopy.
5.20.3. MokaszaTu, wo ¢(a) = a ans KOXHOI BepwnHm a € K posrnsgysanol sik 0-cumnnekc 3 X = bK.

5.20.4. Hexaii o = (a,b) — 1-cumnnekc B8 K. lMokazatu, Wwo anwe oguH 3 cuMniekcis

¢((a,b) O (b)) = (4(a,b), #(b)), ¢((a,b) O (a)) = (#(a,b), ¢(a)),

€ HEBUPOAXKEHNUM, TODTO CKNAJAETLCS 3 Pi3HMX BEPLUMH a Ta b.

5.20.5. Hexaii a = (a,b,c) — 2-cumnnekc B K. MMoka3zatu, wo piBHO OAMH 3 CUMMIEKCIB

#((a,b,¢) D (a,b) D (a)), #((a,b,¢) D (a,b) D (b)),
#((a,b,¢) D (a,c) D (a)), #((a,b,¢) D (a,c) D (c)),
QS((a,b, ¢) D (b,e) D (b))7 ¢((a,b,c) D (b,e) D (c))
€ HEBUPOAXKEHNM, TODTO CKNAJAETLCS 3 Pi3HUX BEPLUMH a, b, C.
5.20.6. Jlema LLInepnepa. [osectu, o anst KoxHoro k-cummniekca o = (ao, ..., a;) € X = bK icHye eguHa
nepectaHoBka BepwuH & = (a;,, a;y, - - -, a4, ) € &l Taka, wo ans scix j =0,...,k,
¢(aij7aij+17' .. 7aik) = aj,

3okpema, ¢(€) = a, i 0bpas ¢([£]) cumnnekca [£] € HeBupomxeHuM. [JoBecTu, WO A1 BCIX iHWMX NEPeCcTaHOBOK
N € a! Takux, Wo n # £, ¢ «ckneey aeski sepwmtmn [n], 710610 ¢([1]) € BUPOSKEHUM CUMNNEKCOM.
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3rigno 3ama4i 5.20.1, ¢ € cuMILTIIAJILHAM BiIOOPazKeHHd, a TOMY BOHO 1HIYKYye MopdizM
¢y : Co(bK) — Cy(K) BinoBiHuX JIAHIIOIOBUX KOMILIEKCIB:

i1 i1
e O (0K) 2 (0K P 0 (bK) 2

j¢i+1 L(Iﬁi L(bi—l
Oi+1 ( 0; 0i—1

e Con(B) 2 0 () 2 G () 2
HacrynHuii Kpok - mokasaTu, mo icaye takuii Mopdisum s, : Cy(K) — C,(bK), Takwuii, 1o
¢« 08, = id¢, (i), @ TOMOMOP()I3MH I'PYI FOMOJIOTIH

¢ : H(K) — H,.(bK), ¢s : H (bK) — H,(K)
€ B3aEMHO ODepHEeHHMH i30MOpQizMaMu.
3apaya 5.21. Hexaii ¢ : bK — K — BigobpaxenHs subopy. Ins koxHoro i < 0 Hexali s; : Ci(K) — C;(bK) -

€VIHe HYNbOBE BifOOpaXkeHHs HynboBMX rpyn. B HacTynHux 3agavax BusHauumo s; gns i > 0.

5.21.1. MokasaTw, wo icHye eanne G-niniiine BigobpaxenHs sy : Co(K) — Co(bK), Take, wo so(a) = (a) gns
BCix BepwuH a € K (po3rnsgyeaHux sik 6asuchi enementu Co(K)). Josectn, wo ¢g osg : Co(K) — Co(K) €
TOTOXHUM i30MopdizMom idcy (k).

5.21.2. [ns koxHoro opientoBaHoro 1-cumnnekca o = (a,b) € C1(X) BU3HAYMMO HACTYNHWMIE enemeHT s1 () €
C4(bK) 3a npasusiom:

s1(a) = a* (spd(a)).
Binbw petansho,
s1(a) = ax (sgd(a)) = (a,b) x (sg(b—a)) =
= (a,b) * (so(b) —so(a)) = (a,b) * ((b) — (a)) =
= ((a,0) > (b)) = ((a,b) D (a)) = [a,b] — [b,d].

Mokazatu, wo BignosigHicTe o — s1(a) NPOJOBXKYETLCA [0 €gmHOro G-niviiHoro Bigobpaxenns s; : C(K) —
4 (bK), Takoro, wo

¢1 081 = idCl(K) : Cl(K) — C’l(K)ﬁl 081 = Sp 031 : Cl(K) — Co(bK)

5.21.3. Ons koxHoro opieHToBaHOro 2-cumnnekca o = (a,b,c¢) € Co(X) BU3HAYNMO HACTYMHWIE eNeMeHT
s2(a) € C3(bK) 3a npasunom:

So(a) = a* (s10(a)).
Binbw pertansho,
so(@) = a % (sla(a)) = (a b, c) * (s1(bc — ac+ ab)) =
(a,b,c) * ([b, —[a,c] + [c,a] + [a,b] — [b,a]) =
=la,b,c] — [a,c,b] [bac] [b,c,a] + [c,a,b] —[c,b,a] = ngn

Mokasatw, wo BiANOBIAHICTL v — s1((r) NPOJOBXKYETLCA [0 €AMHOro G-niHiiHoro Bigobpaxenus s; : Cq(K) —
C4 (bK), Takoro, wo

¢p1081 = idCl(K) : Cl<K) — Cl(K),
81 081 = 8o 081 : C1(K) — Co(bK)

5.21.4. MpunycTumo, Wo ANs BCix j < ¢ MW BXe BU3Haumnu G-niHiiiHi Bifobpaxenns s; : C;(K) — C;(bK),
Taki, Wo

¢jos; =ide, (k) : Cj(K) = Cj(K),
aj 08; =8j-10 8j : CJ(K) — ijl(bK).
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[ns koxHoro opieHtoBaHoro 2-cumniekca a € C;(K) Bu3Haunmo HacTynHuii enemeHT s;(a) € C;(bK) 3a npasu-
Jom:

si(@) = ax (s;_10(a)).
MokasaTn, wo

i us BignoBigHICTE o — s;() NPoROBXYETbCS A0 eamHoro G-niwiiHoro sigobpaxenns s; : C;(K) — C;(bK),
TaKoro, Lo
¢ios; =idg, (k) : Ci(K) — Ci(K),
0,08, =8;_100;: Ci{(K) = C;_1(bK).
5.21.5. BuBectn 3 nonepeaHix 3agay, wo eigobpaxenus {s; : C;(K) — C;(bK)}icz BA3HAYAIOTL NAHLIOrOBe

BinobpaxenHs s, : C.(K) — C.(bK) Take, wo ¢, o s, = ide, (k). 30kpema, BianosigHnii romomopdism rpyn
rOMOJIOTii € TOTOXXHUAM i30MOpdiZMOM:

a0, = idp (k) : Ho(K) = H.(K).

5.21.6. Hexaii 6 = (a9 D a1 D -+ D ) cnagHa nocnigoBHICTL cumnnekcie 8 K, 10610 cumnnekc B bK i
v =¢(0) := (¢(p), ..., P(ar)) — i 0bpa3 nin aieto ¢. 3okpema, v — cumnnekc B K. Mokazatu, wo

Sk 0 ¢ (0) = Z sgn(o) [o].
c€p(5)!
5.21.7. Dosectn, wo s o ¢x(0) € Glag, k] ans koxHoro 6 = (ap D ag D -+ D ai). Busectn 3 3agaqi 5.19,

L0 S, O @« NAHLIOrOBO rOMOTOMNHE TOTOXHOMY BiobpaxeHHio idc, (k). 30kpema, BiANOBIAHMEA romomopdism rpyn
rOMOJIOTiii € TOTOXXHUM i30MOpdizMOoMm:

S, 0 ¢ = idy, i) : Ho(DK) = H.(bK).

Hns i > 0 mexaii b'K — i-KpaTHe GapuIieHTpUYHe HiIPO30UTT CUMILIIIIAILHOTO KOMILIEKCA.
Tomi g KoxKHOTO ¢ > 0 MH MAaE€MO «KAHOHIYHHUU» i3MOpdizm

¢i+1,i . H*(bl—i-lK) - H*<bZK),

AKHAH 33JIa€ThCS JOBLIBHUM BijloOpazkeHHaM BuOoOpy Bepinuau. s gosiabHOl mapu ¢ > j > 0
BU3HATUMO 130MOPdi3zM

¢ H,(VK) — H,(VK),
K KOMIIO3HIIIIO

—1,i—2 pit1i
PR AN

» H (W K).

Hexaii Takoxk ¢ = idy, if) — ToTOKHMI i30Mopdism 1 ¢" = (¢"7) 7! mma i < j.

¢ H'K) 2 H (0 K) 2

3apaua 5.22. MokasaTtu, Wo ANS AOBINLHUX 7, j, k > 0 Mae Micue ToToXHICTb ¢F o ¢l = bk,

3apaua 5.23. Hexaii s : C.(K) — C.(bK) ta & : Co(K) — C(K x I), j = 0,1, nanurorosi sifobpaxeHHs
BU3Ha4eHi Buwe. 3ayBaXKmmo TakoX, Wwo K X I Mae aHanorivyHe naHuUtorose BigobpaxeHHs

s:Cu(K x I) = Ciu(b(K x I)).
Onsa 7 = 0,1 Bu3Ha4nmo cumniuianbHe BigobparkeHHs
bed DK — b(K x 1), b (g D - Dayg) = (g D+ D ag) X J.
5.23.1. [doeectu, wo ans j = 0,1 mae micue HacTynHa KOMyTaTMBHA fiarpama faHUIOroBUX KOMIJIEKCIB!

Cu(K) —> = C,(bK)

eL jby

C.(K x I) —= C,(b(K x I))
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5.23.2. Mokasatu, wo sigobpaxenus bEY o s i bE! o s — naHuOroBo romoTonHi. 3okpema, romoMopdizmu
bétos=0bttos: H (K) — H,(bK x I) ToToxHi Mix coboto. Bueectu 3sincu, wo romomopdizmn bE! = bl
H,(bK) — H,(bK x I) takox ToTOXHI Mix coboto. Ilinkaska. dus. 3auauy 5.17.5

5.23.3. Hexait H : b%(K x I) — L — cumnniuiansHe Binobpaxenns. JosecTtu, wo romomopdizmu H o be¥ =
Hob¢t : Hy(bK) — H,(L) ToTOXHi Mix coboto.

5.23.4. V3aranbHUTW nonepegHi Tpu 3ajadi Ha BUNAZOK U-KPaTHUX BapuLeHTpruyYHnX po3buTTis.

5.J. TomoJuiorii noieariB. Hexait > — rpuanrymsimia B R™. 3riano 3amaqi 5.1 iit Biamosi-
a€ CUMILIINiaJbHIIE KOMILTIEKC (2(0), (33)). Tpynamu nawuoris, LUKAIB, rpaHULb | roMONOrili TPHAH-
ryasmii Y HAZMBATHMYTLCS BiAIOBiAHI rpynu cumiminiaannoro xKommrekcy (X)) (3)). Bonn
nosuagaruMyThest depe3 Cy (X)), Z.(X), By(2), H.(X) Bignosigno.

Harmra meta, mokasaru, o rpymnu TOMOJIOTIH TPHAHTYIAINT 3a/ieKaTh TIIbKK Bi 11 HOCIS.
3apaqa 5.24. Hexain ¥ — tpuanrynsauis 8 R™ i 3;, i = 0,1, — 6bapuueHTpryHe nigpo3dutrs X, wo Bignosigae
nesikiii pyHKuUii BUGOPY BHYTPIiLLHBOT Toukn & : X — |3

5.24.1. TokasaTtu, wWo Bigobpa)KeHHs MiXK BEPLUIMHAMY CUMIJIILiaIbHUX KOMIJIEKCIB

hi(30) = ()0, h(&(B) = &(8),
ans scix 8 € X € cumnniviansHum i3omopdiamom. 3okpema, h iHAYKYE i30MOPi3M Mi>XK roMoorisimm
hy : Ho(X0) = Hi(X1).
5.24.2. Hexaii u > 11 g i X1 — u-kpatHi bapuueHTpuyHi nigpo3duttsa Y. MNobyaysaTtu aHanorivHmii cumnniui-
anbHuii isomopdiam h : (X)) — (321)©). Bin Takox iHaykye i30Mopdi3aM rpyn Mix roMosorismu
hy : Ho(Z0) — Hi(X1).

Taxum auHOM BCi DApUIEHTPUYHI MiIPO3OUTTSA TPUAHTYJIAII] MAIOThH OJIHAKOBY KOMOIHATOP-
HY CTPYKTYDY.
3apaua 5.25. Hexaii f : [¥| — |A| — 3ipkose Bigobpaxenns mix Tpuanrynauiamu i ¢, g : 2 — A — gpa
[OBINbHI cuMnniLianbHi Habanxerus f. Busnauumo sigobpaxenus H : (0 x {0,1} — A©), H(a,j) = ¢/ (a), ans
gcix Bepwmn a € X0 i j = 0,1. Mokaszatu, wo H € cumnniuiansHum sigobpaxentsm ¥ x I — A (komMbiHaTOpHO
romoTonieto), a Tomy romomopdizmu ¢° = gl : H,(¥2) — H,.(A) ToToxHi Mix coboto.

TakuM 9UHOM KOKHOMY 3ipKOBOMY BimoOpaxkenuto f : |X| — |A| HocilB Tpuanrysmniii Bij-
noBizae romomopdism rpym romosioriit H, (X)) — H,(A), inaykoBanuii TOBITBHAM CHMILTIIT-
aJbHUM HabmKeHHAM f. Mu nossagatumemo 1eii romomopdism wepes f5: H, (X)) — H,(A).
3apaya 5.26. Hexaii f : |X| — |Al i g : |[A] = |©| — 3ipkoBi BigOOparkeHHS MiXK AESKMMU TPUAHTYNALISIMU.
MokasaTu, wo romomopdizmMn

(go /)i =g o [ Hi(3) — H.(O)
TOTOXHI Mix coboto.
3apaua 5.27. Hexan X, — posinbHe u-kpaTHe DapnueHTpuyHe nigpo3dutta 2. Mokasatu, wo ToToxHe Bigobparke-

HHs id|y| 1 [Xy] — [X| € 3ipkoBuM, i KOXHe fioro cuMniuianbHe HabanxeHHs g : I 5() iHAyKye i3omopdi3m
gt = ¢ : H.(2,) — H.(Y). Higkaska. Po3kaaiits id|s;] B KOMIO3MIIII0 TOTOXKHWUX BiZOOpazKeHb Mix

. . id, idy 1 id id .
NOC/IiIOBHUME GapUIEHTPUYHUME THApO3GUTTAME: |X,| —= [Yy 1] — -+ — 31| — |¥|. Hexait 1;
— cuMitiniazgbae HAOIUXKEeHHs TOTOXKHOrO Binobpawenus id; : |2;| — [¥;-1], gxa, sriguo 3amaqi 4.30.2, €
Bijobpazkennam subopy. Toni 11 o -+ - 0 1y, Tak camo aAK i g, € cumninanbaum Habmuzkenuam idjy|. Tomy

romomMopdism gy : Hi(X,) — H.(X) Toroxkuuii 3 i30MOp}i3MOM IHAYKOBAHUM KOMIIOBHUILIEID 1)1 O - -+ O 1y,
10610 3 PO,

3apaqa 5.28. Hexaii fA: |2 — |A| — sipkoBe BigoOpaxeHHs, f* : Ho (X)) — H.(A) - BignosigHnii romomopdizm
romonoriii, ¥, — AoBiNbHE u-KpaTHe HapuueHTpuyHe NiaposduTTa X, iidx : [, — [3| - ToTOXHE BifoBpaKeHHs.
MokasaTn, wo Togi f = f o idy| ¢ |[Xu| — [A] € 3ipkoBUM i (KOXHe ©ioro cumnniuianbHe HabAVKEHH:A) iHAYKYE
romomopdizm f, 0 60 1 H,(3,) — H.(A).
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3apaya 5.29. Hexaii f : |X| — |A| — HenepepBHe BigobpaxenHs nosnieapis. Mpunyctumo, wo ana ¢ = 0,1
iCHYe u;-KpaTHe GapuLeHTpUYHe NigposduTTa X, TpuaHrynauii X i v;-kpaTHe BapuueHTpuYHe nigpo3dutTa A,
TpuaHryasuii ¥ Taki, wo f € 3ipkoBuM sk BigobpaxeHHs f 1 |Yy,| — |Ay,|. Hexait (f1)5t: H.(3y,) — Hio(Ny,) -
BIANOBIgHMIE roMOMOPi3M iHAYKOBaHWI (JOBINbHUM cumnaiuiansHum HabnuxenHsm ). Mokazatn, wo mae micuye
KOMYTaTUBHA JiarpamMa

()3
H(Buy) ———— H.(Ay)

(hHst
H.(3y,) —— H.(Ay,)

Migkaska. Hexait uy < ug i v < vp. Toxi Toroxni Binobpaskenns id|s| 1 [Yy,| = [, | 11dja) 1 [Agg| = [Ay,]
€ 3ipkOBUMH. 30KpeMa, Ma€ MiClie KOMyTaTUBHA JiarpamMa 31ipKOBUX Bi0OpakKeHb:

f

|Sug| = [Ay,|

idzl: \ :lid,\

f

Yy | ———[Au,]
dKa IHAYKYE AiarpaMmy 3 337adi. Bumaakw iHmmxX HepiBHOCTEN MiXK w1 1 up Ta MiXK v1 1 vg aHAJIOTIdHI.
3apayva 5.30. Hexan f : |X| — |A| — HenepepsHe Bigobpaxents noniegpis. Mpunyctumo, wo icHytots w, v > 0

Taki, Wo f € 3ipkoBuUM siK BigobpaxkeHHs f : |X,| — |A,| 3 neskoro u-kpaTHoOro GapuLeHTpUYHOro Nigpo36uTTs 3
B Aeske v-kpaTHe bapuuenTpudHe nigpo3dutta A. MNMokasatu, wo romomopdizm

o Ho2) 25 HL(50) 25 mL(A) 25 B0

HEe 3aMeXNTb Bif, U, U | KOHKPETHUX BapuueHTpuYHNX nigpo3ontrie X, i A,.

Takum uMHOM, KOXKHE HenepepsHe Bijobpaxenns f : |2 — |A]| mix nosiegapavu iHpyKye
KODEeKTHO BusHaudeHuit romomopdism fi @ H.(X) — H,(A).

3apayqa 5.31. Hexanm f : |X] — |A]ig:|A] = |©] — nHenepepeHi Bigobpaxents mix noniegpamu. Josectu, wo
romomopdiamu (g o f). = g« 0 fu : Hi(X) = H.(O) TOTOXHI Mix coboto.

3apaya 5.32. TokasaTu, Wwo ToToXHe BinobpaxenHs id|y : [X| — || inaykye ToToxHWii i30Mopdism id g, (x) :
H.(X) = H.(Y).

3apaua 5.33. Hexaii f : ¥ — A — cumnniuianshe Bigobpaxenns, f : || — |A| foro niiiiHe NPOAOBXEHHS.
MokazaTu, wo romomopdizmu f, = f, : H(X) — H,.(A) ToToXHI Mix coboto.

3apaua 5.34. Hexaii O, f1 : |X]| — |A| - romoTonHi BigobpaxerHs mix nonieapamu. losecTn, wo romomopdizmu
2= fl: H.(3) — H.(A) TotoxHi Mix coboto.

3apayqa 5.35. [loBectu, o romoToniyHa eKBiBaNeHTHICTL MiX moniegpamu f : |3 — |A| ingykye i3omopdiam
rpyn romonoriii f, : H.(X) — H,.(A).

3apaya 5.36. Hexaii X/ — posinbHe nigpo36utts Tpunanrynsauii 3. Josectu, wo ToToxHe BigobpaxerHs id : || —
|| ingykye i3omopdiam BignosigHux rpyn romonorii id, : H,(X') — H.(A).
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