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Äìèòðî ßêîâè÷ Ïåòðèíà

(äî 80-ði÷÷ÿ âiä äíÿ íàðîäæåííÿ)

Àêàäåìiê ÍÀÍ Óêðà¨íè Äìèòðî ßêîâè÷ Ïåòðèíà áóâ i çàëèøà¹òüñÿ
âèäàòíèì óêðà¨íñüêèì â÷åíèì â ãàëóçi ñó÷àñíî¨ ìàòåìàòè÷íî¨ ôiçèêè.
Âií ¹ îäíèì ç ôóíäàòîðiâ íåðiâíîâàæíî¨ ìàòåìàòè÷íî¨ ñòàòèñòè÷íî¨
ìåõàíiêè i åâêëiäîâî¨ òåîði¨ ïîëÿ.

Àêàäåìiê Ä.ß. Ïåòðèíà áóâ ÿñêðàâèì ïðåäñòàâíèêîì íàóêîâî¨ øêî-
ëè Áîãîëþáîâà � Ïàðàñþêà ç ñó÷àñíî¨ ìàòåìàòè÷íî¨ ôiçèêè. Éîãî íàó-
êîâi äîñëiäæåííÿ ñòîñóþòüñÿ ìàòåìàòè÷íèõ ïðîáëåì êâàíòîâî¨ òåîði¨
ïîëÿ i ñòàòèñòè÷íî¨ ìåõàíiêè. Â 1961�1967 ðð. Ä.ß. Ïåòðèíîþ ñôîð-
ìóëüîâàíî íàéáiëüø çàãàëüíèé êðèòåðié ñïðàâåäëèâîñòi ñïåêòðàëüíèõ
çîáðàæåíü äëÿ àìïëiòóä ðîçñiÿííÿ òåîði¨ çáóðåíü àíàëiòè÷íî¨ ìàòðè-
öi ðîçñiÿííÿ. Äîâåäåíî òåîðåìó ïðî íåìîæëèâiñòü ïîáóäîâè íåëîêàëü-
íî¨ òåîði¨ ïîëÿ ç äîäàòíèì ñïåêòðîì åíåðãi¨-iìïóëüñó. Íà ïî÷àòêó 70-õ
ðîêiâ âií çàïðîïîíóâàâ ñèñòåìè ðiâíÿíü äëÿ êîåôiöi¹íòíèõ ôóíêöié
ìàòðèöi ðîçñiÿííÿ òà âñòàíîâëåíî çâ'ÿçîê åâêëiäîâî¨ òåîði¨ ïîëÿ i ñòà-
òèñòè÷íî¨ ìåõàíiêè. Â 1969 ð. áóëà äîâåäåíà òåîðåìà Áîãîëþáîâà � Ïå-
òðèíè � Õàöåòà ïðî iñíóâàííÿ òåðìîäèíàìi÷íî¨ ãðàíèöi ðiâíîâàæíèõ
ñòàíiâ ñòàòèñòè÷íèõ ñèñòåì, íà îñíîâi ÿêî¨ áóëà ðîçâèíóòà ñó÷àñíà ìà-
òåìàòè÷íà ñòàòèñòè÷íà ìåõàíiêà. Â ïðàöÿõ 1972�2004 ðð. Ä.ß. Ïåòðè-
íîþ áóëà ðîçðîáëåíà ìàòåìàòè÷íà òåîðiÿ íåðiâíîâàæíèõ ñòàòèñòè÷íèõ
ñèñòåì. Â öüîìó íàïðÿìêó íèì ðîçðîáëåíi ìåòîäè äîñëiäæåííÿ i¹ðàð-
õié ðiâíÿíü Áîãîëþáîâà íåñêií÷åííèõ äèíàìi÷íèõ ñèñòåì òà âïåðøå
äîâåäåíî iñíóâàííÿ òåðìîäèíàìi÷íî¨ ãðàíèöi äëÿ íåðiâíîâàæíèõ ñòà-
íiâ. Çà äîïîìîãîþ öèõ ðåçóëüòàòiâ áóëî ðîçâ'ÿçàíî ôóíäàìåíòàëüíó
ïðîáëåìó îá ðóíòóâàííÿ êiíåòè÷íîãî ðiâíÿííÿ Áîëüöìàíà äëÿ ìîäåëi
òâåðäèõ êóëü, ÿêå øèðîêî âèêîðèñòîâó¹òüñÿ íå ëèøå ïðè äîñëiäæåííi
ãàçiâ, ïëàçìè òà êîíäåíñîâàíèõ ñòàíiâ ñèñòåì áàãàòüîõ ÷àñòèíîê, àëå
é äëÿ îïèñó åâîëþöiéíèõ ïðîöåñiâ ñêëàäíèõ ñèñòåì ðiçíîìàíiòíî¨ ïðè-
ðîäè. Â ñòàòèñòè÷íié òåîði¨ êâàíòîâèõ ñèñòåì Ä.ß. Ïåòðèíi íàëåæàòü
êëàñè÷íi ðåçóëüòàòè ç äîñëiäæåííÿ ñïåêòðiâ ìîäåëüíèõ ãàìiëüòîíià-
íiâ òåîði¨ íàäïðîâiäíîñòi é íàäïëèííîñòi ó ââåäåíèõ íèì ïðîñòîðàõ

c© Institute of Mathematics, 2014
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òðàíñëÿöiéíî-iíâàðiàíòíèõ ôóíêöié, ùî, çîêðåìà, äîçâîëèëî âiäêðè-
òè íîâó ãiëêó ñïåêòðó ãàìiëüòîíiàíiâ òåîði¨ íàäïðîâiäíîñòi (1970�1984
ðð., 2000�2004 ðð.).

Ïåòðèíà Äìèòðî ßêîâè÷ íàðîäèâñÿ 23 áåðåçíÿ 1934 ðîêó ó ñåëi
Òîðãàíîâè÷i Ñòàðîñàìáiðñüêîãî ðàéîíó Ëüâiâñüêî¨ îáëàñòi. Âèùó îñâi-
òó îòðèìàâ ó Ëüâiâñüêîìó äåðæàâíîìó óíiâåðñèòåòi iì. Iâàíà Ôðàí-
êà (1956 ð.). Ó 1956�1965 ðð. ïðàöþâàâ â Iíñòèòóòi ìàòåìàòèêè ÀÍ
ÓÐÑÐ. Òóò âií çàõèñòèâ êàíäèäàòñüêó (1961 ð.) òà äîêòîðñüêó äè-
ñåðòàöi¨ (1969 ð.). Ó 1965�1986 ðð. ïðàöþâàâ â Iíñòèòóòi òåîðåòè÷íî¨
ôiçèêè iì. Ì.Ì. Áîãîëþáîâà ÍÀÍ Óêðà¨íè (ç 1978 ð. çàâiäóâà÷ âiääi-
ëó ñòàòèñòè÷íî¨ ìåõàíiêè), ó 1986�2006 ðð. � â Iíñòèòóòi ìàòåìàòèêè
ÍÀÍ Óêðà¨íè (çàâiäóâà÷ âiääiëó ìàòåìàòè÷íèõ ìåòîäiâ â ñòàòèñòè÷íié
ìåõàíiöi). Ç 1985 ðîêó éîìó áóëî ïðèñâî¹íî çâàííÿ ïðîôåñîðà Êè¨â-
ñüêîãî äåðæàâíîãî óíiâåðñèòåòó iìåíi Òàðàñà Øåâ÷åíêà. Â 1988 ðîöi
Ä.ß. Ïåòðèíó áóëî îáðàíî ÷ëåí-êîðåñïîíäåíòîì ÀÍ ÓÐÑÐ òà â 2006
ðîöi � àêàäåìiêîì ÍÀÍ Óêðà¨íè.

Ãîëîâíå ìiñöå â æèòòi Äìèòðà ßêîâè÷à çàéìàëà íàóêà. Íàóêîâèé
äîðîáîê Ä.ß. Ïåòðèíè ñêëàäà¹òüñÿ ç ìîíîãðàôié, ñïèñîê ÿêèõ íàâåäå-
íî íàïðèêiíöi ñòàòòi, òà ïîíàä 170 íàóêîâèõ ïðàöü. Éîãî êíèãè óâiéøëè
äî öèêëó ïðàöü "Ôóíêöiîíàëüíî-àíàëiòè÷íi òà ãðóïîâi ìåòîäè ñó÷àñíî¨
ìàòåìàòè÷íî¨ ôiçèêè" , óäîñòî¹íîãî Äåðæàâíî¨ ïðåìi¨ Óêðà¨íè â ãàëóçi
íàóêè i òåõíiêè 2001 ð. Ñåðiþ éîãî ðîáiò áóëî òàêîæ âiäçíà÷åíî ïðåìi-
¹þ ÍÀÍ Óêðà¨íè iìåíi iì. Ì.Ì. Êðèëîâà 1984 ðîêó òà ïðåìi¹þ Ì.Ì.
Áîãîëþáîâà 2004 ðîêó.

Äìèòðó ßêîâè÷ó áóëà ïðèòàìàííà âèñîêà êóëüòóðà, ùèðiñòü, äî-
áðîçè÷ëèâiñòü. Éîãî âèðiçíÿëè âèñîêà ïðàöåçäàòíiñòü, øèðîòà iíòåðå-
ñiâ òà åðóäèöiÿ. Çà îñòàíí¹ äåñÿòèði÷÷ÿ ìè ¹ ñâiäêàìè áóðõëèâîãî ðîç-
âèòêó ñó÷àñíî¨ ñòàòèñòè÷íî¨ ìåõàíiêè, îäíèì ç ôóíäàòîðiâ ÿêî¨ áóâ
àêàäåìiê Ä.ß. Ïåòðèíà. I âæå íàâiòü çà öåé êîðîòêèé ïåðiîä, êîëè íå-
ìà¹ ç íàìè Äìèòðà ßêîâè÷à, ñòàëî çðîçóìiëèì, ùî ïåðñïåêòèâà ðîçâè-
òêó éîãî iäåé i íàóêîâèõ ðåçóëüòàòiâ íàáàãàòî áiëüøà, íiæ öå çäàâàëîñü
íà ïî÷àòêó.

1. Ä.ß. Ïåòðèíà, Ñ.Ñ. Èâàíîâ, À.Ë. Ðåáåíêî, Óðàâíåíèÿ äëÿ êîýôôèöè-

åíòíûõ ôóíêöèé ìàòðèöû ðàññåÿíèÿ. Ì.: Íàóêà, 1979.

2. Ä.ß. Ïåòðèíà, Êâàíòîâàÿ òåîðèÿ ïîëÿ. Êèåâ: Âûñøàÿ øêîëà, 1984.
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Semiclassical hydrodynamics of

a quantum Kane model for

semiconductors

In this paper we derive a semiclassical hydrodynamic system for electron
densities and currents in the two energy bands of a semiconductor. We use
the semiclassical Wigner equation with a k · p Hamiltonian and a BGK
dissipative term to construct the �rst two moment equations. The closure
of the moment system is obtained using the Maximum Entropy Principle,
by minimizing a Gibbs free-energy functional under suitable constraints.
We prove that the constraint equations can be uniquely solved, i.e. that
the local equilibrium state can be parametrized by the density and velocity
�eld. Some BGK-like models are proposed to mimic the quantum interband
migration.

1 Introduction

Description of the charge carriers dynamics in semiconductor devices
is certainly a severe task, especially if one wishes to keep together a
rigorous (and complete, whenever possible) physical picture with a �nal
result (set of equations) simple enough for the numerical implementation.
Hydrodynamic approach is an excellent compromise between the two
requirements. Our aim is the construction of hydrodynamic equations
for the electron dynamics, by means of moment method, starting from
the pseudo-kinetic formulation of quantum mechanics in terms of Wigner

c© Dipartimento di Matematica e Informatica, 2014
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functions. The physical framework adopted in this paper is based on the
so called k · p method, [9, 13], a simple model for the description of charge
transport in a semiconductor with two available energy bands.

The k · p Hamiltonian has been widely studied and employed in
literature (see for instance the review [5]). In particular, it has been
exploited in [3, 4] to derive a semi-classical two-band di�usive model, with
weak or strong external �elds.

The rigorous derivation of the k · p Hamiltonian from the complete
Hamiltonian of an electron in a periodic potential, under a suitable
homogenization scaling, is based on the concept of envelope functions and
can be found in [2]. The result is a 2×2 matrix Hamiltonian, which means
that electrons in the k · p description are pseudo-spinors (the pseudo-spin
being related to the two energy bands). A fully-quantum treatment based
on the k · p method leads to non-parabolic intraband dynamics as well as
to interband quantum transitions.

However, in the present semiclassical treatment, the latter aspect is
lost. Nevertheless, the non-parabolic dynamics is still present and leads to
non-trivial �uid models.

The semiclassical kinetic equations, that we need to get the
hydrodynamic model, can be naturally expressed in terms of Wigner
functions, describing statistical states of electrons in terms of quasi-
distributions in phase-space. Due to pseudo-spin, the standard scalar
Wigner function has to be substituted by a matrix-valued Wigner function.
Such a matrix can be projected on the two energy subspaces, thus obtaining
two distributions of electrons, corresponding to the two energy bands.
Then, the macroscopic �uid quantities can be obtained by taking moments
of the band-projected Wigner function, which have the physical meaning
of densities n± and velocity �eld u±, where the subscript ± means +, the
upper band, and −, the lower band (see Eqs. (24) and (25). The Wigner
formalism, moreover, permits the introduction of a well justi�ed BGK term
(see [1, 8]]) which takes in account the interaction phenomena leading to a
local equilibrium relaxation. Thanks to this relaxation mechanism we can
assume that, in a time-scale larger that the relaxation time, the system is in
a local equilibrium state. The latter is chosen according to the Maximum
Entropy Principle (MEP), i.e. as the most probable microscopic state,
given the observed macroscopic moments n± and u±. This strategy, as
usual, provides a closure of the moment equations.

The paper is organized in the following way: in section 2 we present the
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k · p Hamiltonian. The presence of the two bands is treated introducing
a pseudo-spinorial formulation via a representation on the Pauli matrices
basis. In section 3 we deduce the Wigner-BGK equations for our model.
The Wigner matrix is decomposed in its scalar part w0 and its pseudo-
spinorial part ~w. ~w is further split in a part parallel to the direction of the
pseudo-spinorial part of the Hamiltonian, wS , and a part orthogonal to
it, ~w⊥. This representation discovers itself useful in the evaluation of the
moments for the Wigner equation, since the contribution of ~w⊥ vanishes. In
Section 4 we deduce the moment equations of zeroth and �rst order, where
appear the tensors P± and Q±, which can be interpreted as the pressure
and e�ective-mass tensors. In Section 5 the application of the MEP implies
that these tensors depend on two Lagrange multipliers, a scalar one, A±,
and a vector one, B±. The closure of the moment equations requests the
study of the dependence of the tensors on the macroscopic quantities,
n±, the numerical density and u±, the velocity �eld. In Theorem 1 we
prove that B± (and A±, as a consequence) is a smooth globally invertible
function of the macroscopic quantities.

Since in semiclassical limit the quantum interference terms between the
two bands disappear, in Section 6 we examine some models that enable the
reintroduction of this aspect. We propose there three di�erent BGK-like
terms which satisfy this condition.

2 The k · p model
The simplest possible description of an electron in a semiconductor crystal
with two energy bands (e. g. �valence� and �conduction�) is obtained from
a periodic Hamiltonian by means of the k · p method [9, 13] and consists
of a 2× 2 Hamiltonian of the following form:

H =

− ~2

2m∆ + Eg/2 −~2

m K · ∇

~2

m K · ∇ − ~2

2m∆− Eg/2

 . (1)

Here, Eg is the band-gap and K = (K1,K2,K3) is the matrix element of
the gradient operator between the Bloch functions b± of the upper (+)
and lower (−) bands, evaluated at zero pseudo-momentum:

K =

∫
lattice cell

b+(x)∇b−(x) dx ,
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~ is Planck's constant over 2π and m is the electron mass. The k · p model
has to be completed by adding an �external� potential term qV (where
q > 0 denotes the elementary charge), accounting for all electric �elds
except the crystal one. The electric potential V (x) can be either �xed or
self-consistently given by a Poisson equation.

The k · p Hamiltonian H is the quantization of the classical matrix-
valued symbol

h(p) =

 p2

2m + Eg/2 −i ~mK · p

i ~mK · p p2

2m − Eg/2

 , (2)

where p = |p|.
In this paper we make the choice to decompose any 2 × 2 complex

matrix in the basis of Pauli matrices

σ0 =

(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
,

(the coe�cients of the decomposition will be real if the matrix is
hermitian). The operators σ1, σ2, σ3 are called �pseudo-spin components�
in this context. Putting

α = (α1, α2, α3) :=
~
m

K and γ := Eg/2, (3)

we can write

h(p) =
p2

2m
σ0 + α · pσ2 + γ σ3 = h0(p)σ0 + ~h(p) · ~σ, (4)

where

h0(p) =
p2

2m
, ~h(p) = (0,α · p, γ),

and, as usual, ~σ = (σ1, σ2, σ3) is the formal vector of Pauli matrices. Here
and in the following we adopt the arrow notation for three-vectors, such as
~h(p), that are the pseudo-spinorial part of the Pauli coe�cients. Instead,
we do not use the arrow notation for �cartesian� three-vectors such as x,
p, K, α, etc. The dispersion relation for the free Hamiltonian H is easily
obtained by computing the (p-dependent) eigencouples of the symbol h(p).
This yields to the energy bands

E±(p) =
p2

2m
±
√

(α · p)2 + γ2 =
p2

2m
± |~h(p)| (5)
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and to the corresponding normalized energy eigenvectors

ψp± =
1√

2(1± ν3(p))

(
ν3(p)± 1

ν1(p) + iν2(p)

)
, (6)

where we have introduced

~ν(p) = (ν1(p), ν2(p), ν3(p)) =
~h(p)

|~h(p)|
=

(0,α · p, γ)√
(α · p)2 + γ2

. (7)

The two eigenprojections P±(p), that we call band-projections, are
therefore given by

P±(p) = ψp± ⊗ ψ
p
± =

1

2
(σ0 ± ~ν(p) · ~σ) (8)

and we can clearly write

h(p) = E+(p)P+(p) + E−(p)P−(p). (9)

Important quantities associated to the energy bands are the semiclassical
velocities v±

v± = ∇pE±(p) =
p

m
± α · p√

(α · p)2 + γ2
α =

p

m
± ν2α (10)

and the e�ective-mass tensor M±(p) de�ned by [2]

M−1± (p) = ∇p ⊗∇pE±(p) =
1

m
I± γ2α⊗α

((α · p)2 + γ2)
3/2

. (11)

where I is the identity matrix.

3 Wigner-BGK equations for the k · p model
Let ρij(x,y, t), 1 ≤ i, j ≤ 3, be the density matrix describing the quantum
statistical state of electrons with Hamiltonian (1). The corresponding
kinetic-like description is provided by the Wigner matrix wij(x,p, t)
de�ned by [14, 16, 3]

wij(x,p, t) =
1

(2π~)3/2

∫
R3

ρij

(
x +

ξ

2
,x− ξ

2
, t

)
e−ip·ξ/~dξ. (12)
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The Wigner matrix w = (wij) is hermitian,

w(x,p, t) = w∗(x,p, t),

and, consequently, its Pauli representation

w = w0σ0 + ~w · ~σ, ~w = (w1, w2, w3) (13)

has real components wk(x,p, t), 0 ≤ k ≤ 3.
Considering P± and ~ν, as de�ned in (8) and (7), the two scalar functions

w± = Tr(P±w) = w0 ± ~ν · ~w (14)

can be semi-classically interpreted as the phase-space distributions of
electrons in the two energy bands E± [3] and will play a central role in the
following. Moreover, if ws = ~ν · ~w, we have the obvious relations

w± = w0 ± ws, w0 =
w+ + w−

2
, ws =

w+ − w−
2

, (15)

and ws has therefore the meaning of �band polarization�. It will be
convenient, moreover, to introduce a notation for the perpendicular part
of ~w with respect to ~ν by putting

~w = ws~ν + ~w⊥. (16)

Assume now that the dynamics of the density matrix ρ(x,y, t) is given by
the von Neumann equation (Schr�odinger equation for mixed states)

i~
∂ρ

∂t
= (Hx −Hy)ρ+ (V (x)− V (y))σ0ρ,

where Hx and Hy denote the k · p Hamiltonian (1) acting, respectively, on
the x and y variables, and V is an external and/or self-consistent electric
�eld. Then, using (12) and (13), it is not di�cult to prove that, up to terms
of order ~2, the evolution equations for the time dependent Pauli-Wigner
functions are the following

∂w0

∂t
+

p

m
· ∇xw0 + F · ∇pw0 + α · ∇xw2 = 0,

∂ ~w

∂t
+

p

m
· ∇x ~w + F · ∇p ~w + α · ∇xw0 ~e2 −

2

~
~h(p)× ~w = 0.

(17)
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Here, ~h(p) = (0,α ·p, γ), ~e2 = (0, 1, 0) and F = −∇V denotes the external
force corresponding to the electric potential V .

In order to supplement system (17), which describes a conservative
Hamiltonian dynamics, with a collisional mechanism, we insert a BGK
(Bhatnaghar-Gross-Krook) collisional relaxation-time term. This term
mimics the collisions that force the system towards a local equilibrium
and it is characterized by the relaxation time τc, which is assumed to be
the same constant for all components. The system, which will be referred
to as �Wigner-BGK� (WBGK) equations, takes the new form

∂w0

∂t
+

p

m
· ∇xw0 + F · ∇pw0 + α · ∇xw2 =

g0 − w0

τc
,

∂ ~w

∂t
+

p

m
· ∇x ~w + F · ∇p ~w + α · ∇xw0 ~e2 −

2

~
~h(p)× ~w =

~g − ~w

τc
,

(18)
where g = g0σ0 + ~g · ~σ is a local-equilibrium Wigner matrix that will be
speci�ed later on.

We now extract from Eq. (18), equations for the band distributions
w+ and w− (see de�nition (14)). For this purpose we introduce the
orthonormal basis (~n1, ~n2, ~ν), where ~n1 ≡ ~e1 = (1, 0, 0) and ~n2 is chosen
such that ~n1×~n2 = ~ν. Using the decomposition ~w = ws~ν+ ~w⊥ (see ((16))
and taking account that w2 = ws~ν · ~e2 + ~w⊥ · ~e2, with

~e2 =
α · p√

(α · p)2 + γ2
~ν +

γ√
(α · p)2 + γ2

~n2, (19)

we rewrite the �rst of equations (18) as

∂w0

∂t
+

p

m
· ∇xw0 + F · ∇pw0 +

α · p√
(α · p)2 + γ2

α · ∇xws

+
γ√

(α · p)2 + γ2
~n2 · (α · ∇x ~w⊥) =

g0 − w0

τc
. (20)

Concerning the second of equations (18), using again (19), we have

∂

∂t
(ws~ν + ~w⊥) +

p

m
· ∇x (ws~ν + ~w⊥) +

α · p~ν + γ ~n2√
(α · p)2 + γ2

α · ∇xw0

+ ~ν F · ∇pws + (F · ∇p~ν)ws + F · ∇p ~w⊥

=
2

~
~h(p)× ~w⊥ +

gs − ws
τc

~ν +
~g⊥ − ~w⊥

τc
.
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Decomposing this equation in the parallel and perpendicular parts with
respect to ~ν, and using ~ν · (F · ∇p~ν) = 0, we obtain an equation for ws:

∂ws
∂t

+
p

m
· ∇xws + F · ∇pws +

α · p√
(α · p)2 + γ2

α · ∇xw0

+ ~ν · (F · ∇p ~w⊥) =
gs − ws
τc

, (21)

and an equation for ~w⊥:

∂ ~w⊥
∂t

+
p

m
· ∇x ~w⊥ + (F · ∇p)ws + (F · ∇p ~w⊥)⊥

+
γ ~n2√

(α · p)2 + γ2
α · ∇xw0 =

2

~
~h(p)× ~w⊥ +

~g⊥ − ~w⊥
τc

, (22)

(which will not be used in the following). Then, recalling (15) and (10),
equations for w+ and w− are now readily obtained from (20) and (21):

∂w±
∂t

+ v± · ∇xw± + F · ∇pw± +
γ√

(α · p)2 + γ2
~n2 · (α · ∇x ~w⊥)

± ~ν · (F · ∇p ~w⊥) =
g± − w±

τc
. (23)

4 Moment equations and entropy closure

The local equilibrium Wigner matrix g = g0σ0 + ~g · ~σ is given by the
MEP and is, therefore, the maximizer of a suitable entropy functional
(which depends on the particle statistics) under the constraint of given
macroscopic moments [10, 15]. We make the following assumptions:

1. the system is in thermal equilibrium at constant temperature T > 0
(e.g. with a phonon bath);

2. the electron statistics is well approximated by Maxwell-Boltzmann
distribution (in the semiclassical approach);

3. the observed macroscopic moments are the densities

n±(x, t) =

∫
R3

w±(x,p, t) dp (24)
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and the velocity �eld

u±(x, t) =
1

n±(x, t)

∫
R3

v±(p)w±(x,p, t) dp (25)

of the electrons in the two energy bands.

It follows from the above assumptions that the local equilibrium g must
be sought as the minimizer of the Gibbs free-energy functional

E(w) =

∫
R6

Tr {kBT (w logw − w) + hw} dp dx, (26)

among all positive-de�nite Wigner matrices w sharing the macroscopic
moments (24) and (25). In (26), kB is the Boltzmann constant, h is the
matrix-valued symbol of the Hamiltonian (see (2)), and logw is the matrix
logarithm. It can be shown [3] that the solution g of such constrained
minimization problem is given by

g±(x,p, t) = e−βE±(p)+B±·v±(p)+A± , ~g⊥ = 0, (27)

where β = (kBT )−1, and A± = A±(x, t) and B± = B±(x, t) are Lagrange
multipliers to be determined from the constraint equations∫

R3

g±(x,p, t) dp = n±(x, t),

∫
R3

v±(p) g±(x,p, t) dp = n±(x, t)u±(x, t).

(28)

Let us now assume that the time-scale over which the system is observed
is much larger than the relaxation time τc (the so-called hydrodynamic
asymptotics). In this limit, we have that w → g and we can rewrite Eq.
(23) with w± = g± and ~w⊥ = ~g⊥ = 0, obtaining that the local equilibrium
function satis�es

∂g±
∂t

+ v± · ∇xg± + F · ∇pg± = 0. (29)

Remark 1 The quantum interference terms (i.e. the terms containing
~w⊥ in Eq. (23)), which are responsible for quantum coupling between
the two bands [11], have disappeared in our semiclassical hydrodynamic
picture because ~g⊥ = 0. When dealing with the semiclassical di�usive
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limit, however, we have to consider terms of order ~ in the semiclassical
expansion of the quantum equilibrium (our g is the leading order of such
expansion) and band-coupling interference terms appear [3, 6]. �

Integrating Eq. (29) over R3, and using the constraints (28), we have

∂n±
∂t

+∇x (n±u±) = 0 (30)

that is the continuity equation for n±. Multiplying Eq. (29) by v± and
integrating over p, we obtain the �rst-order moment equation

∂(n±u±)

∂t
+∇x · P± − F ·Q± = 0, (31)

that is the momentum balance equation, where the tensors P± and Q± are
de�ned as follows:

P± =

∫
R3

v± ⊗ v± g± dp, Q± =

∫
R3

(∇p ⊗ v±) g± dp. (32)

Recalling (10) and (11), the tensor Q±, which �mediates� the action of the
force F, can be written as

Q± =

∫
R3

(∇p ⊗∇pE±) g± dp =

∫
R3

M−1± (p) g± dp, (33)

showing that Q± is the average inverse e�ective-mass. For suitable values
of α and γ, Q− can be negative: in this case the lower-band electrons
behave like positive-charged carriers (holes).

We remark that the functions g± have been determined by the
maximum entropy principle and depend implicitly on the moments n±
and u± because the constraints (28). In this sense, the tensors P± and
Q± can be regarded as functions of n± and u±, making the hydrodynamic
system (30) + (31) formally closed.

For future reference let us summarize here the hydrodynamic model
that we have obtained: it consists of the moment equations

∂n±
∂t

+∇x (n±u±) = 0,

∂(n±u±)

∂t
+∇x · P± − F ·Q± = 0,

(34)

and of the closure relations (32) and (28).
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5 The constraint equations

In this section we study the problem of how writing in a more explicit way
the moment equations, that is expressing the Lagrange multipliers A and
B±, and consequently the tensors P± and Q±, as functions of the moments
n± and u±.

In order to simplify the notations we note that, both in the moment
equations (34) and in the constraint equations (28), the + and − quantities
are completely decoupled (unless coupling mechanisms are introduced,
as we will discuss in Section 6). Then, we can safely drop the ± labels
everywhere, bearing in mind, however, that the + and − problems are
formally identical but physically di�erent, because energies, velocities and
e�ective-masses are di�erent in the two bands.

In order to stress the dependence of the local-equilibrium on the
Lagrange multipliers we put

φ(A,B,p) = e−βE(p)+B·v(p)+A, (35)

and rewrite the constraint equations (28) as follows:∫
R3

φ(A,B,p) dp = n,

∫
R3

v(p)φ(A,B,p) dp = nu, (36)

(recall that we are suppressing the labels ±, and that A, B, n and u are
functions of (x, t)). Equations (36) have to be regarded as a system of four
scalar equations in the unknowns A and B = (B1, B2, B3), for given n > 0
and u = (u1, u2, u3) ∈ R3.

Let us introduce the function f(B) de�ned by

ef(B) =

∫
R3

e−βE(p)+B·v(p) dp. (37)

By using

v(p)φ(A,B,p) = ∇Bφ(A,B,p),

we obtain that the constraint system (36) is (formally) equivalent to{
eAef(B) = n,

∇Bf(B) = u.
(38)
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From Eq. (38) we see that B only depends on u and, once B is solved
from the second equation as function of u, the remaining unknown A is
determined by eA = n e−f(B). Moreover, using

v(p)⊗ v(p)φ(A,B,p) = ∇B ⊗ (∇Bφ(A,B,p)),

the tensor P (see de�nition (32)) can be written as

P = eA
∫
R3

∇B ⊗
(
∇Be−βE(p)+B·v(p)

)
dp

= eA∇B ⊗
(
∇Bef(B)

)
= eA∇B ⊗

(
ef(B) (∇Bf(B))

)
= eAef(B) [∇Bf(B)⊗∇Bf(B) +∇B ⊗ (∇Bf(B))]

and therefore, using Eq. (38),

P = nu⊗ u + n∇B ⊗ (∇Bf(B)). (39)

This decomposition of P shows that ∇B ⊗ (∇Bf(B)) plays the role of
pressure tensor in the Euler equations (34). Unfortunately, the �mass�
tensor Q has not a similarly simple expression in terms of f(B).

As already remarked, the form (38) of the constraint equations allows
to reduce the problem of the solvability of (A,B) as a function of (n,u)
to the solvability of B as a function of u from the equation

∇Bf(B) = u,

which is proven in the following theorem.

Theorem 1 The mapping B ∈ R3 7→ ∇Bf(B) ∈ R3 is globally invertible.

Proof. We �rst prove local invertibility. Let u(B) := ∇Bf(B). Using (39),
and recalling that n > 0 is given, we have that

∂ui
∂Bj

=
∂2f

∂Bi∂Bj
=

Pij
n
− uiuj

=
1

n

∫
R3

(vi(p)− ui)(vj(p)− uj)φ(A,B,p) dp,

showing that the Jacobian matrix of the transformation is the covariance
matrix of v(p), relative to the probability density φ(A,B,p)/n, which is
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semi-de�nite positive. The positive de�niteness is readily proven by direct
inspection, since

3∑
i,j=1

∂ui
∂Bj

ξiξj =
1

n

∫
R3

[ξ · (v(p)− u)]
2
φ(A,B,p) dp > 0

for every ξ ∈ R3 with ξ 6= 0, which concludes the proof of local invertibility.
In order to prove the global result, we resort to the classical result of

Hadamard, that a local di�eomorphism is global if an only if it is proper
(the inverse image of a compact is compact). In the present case this
reduces to prove that, for every sequence Bk ∈ R3 such that |Bk| → ∞,
also the image sequence uk = u(Bk) ∈ R3 is such that |uk| → ∞. Since
|Bk| → ∞, we are interested in the asymptotic behavior of the distribution
φ(A,B,p) for large |B|. Without loss of generality, we put here m = 1 and
β = 1. The critical points of φ(A,B,p) (as a function of p) are determined
by the condition

∇p (E(p)−B · v(p)) = 0.

Recalling (5) and (10), this leads to the condition

p±∇p|~h(p)| −B∓α ·B∇pν2(p) = 0,

that is

p± (α · p)α

[(α · p)2 + γ2]
1/2
−B∓ (α ·B)α γ2

[(α · p)2 + γ2]
3/2

= 0.

Making the change of variable

q =
p

|B|
,

we obtain the equation

q± (α · q)α

|B|
[
(α · q)2 + |B|−2γ2

]1/2 − B

|B|
∓ (α ·B)α γ2

|B|4
[
(α · q)2 + |B|−2γ2

]3/2 = 0,

which is asymptotically equivalent for |B| → ∞ to

q− B

|B|
= 0,
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i.e. to
p = B.

Thus, we have shown that, for large |B|, the distribution φ(A,B,p) has a
single critical point (which is clearly a maximum) at p = B. Moreover, it

decays like e−|p|
2/2 away from the maximum. This gaussian-like behavior

ensures that

1

n

∫
R3

pφ(A,B,p) dp ∼ B, as |B| → ∞.

Finally, since v(p) = p ± ν2(p)α, and ν2(p)α is a bounded quantity, we
also obtain

u =
1

n

∫
R3

v(p)φ(A,B,p) dp ∼ 1

n

∫
R3

pφ(A,B,p) dp ∼ B,

which shows that |uk| → ∞ if |Bk| → ∞, concluding the proof. �

6 Band coupling

As already remarked, the disappearance of the quantum interference terms
in the semiclassical limit makes our hydrodynamic model decoupled with
respect to the two bands. Coupling mechanisms can be introduced in two
ways. First of all, we may assume that the electric potential is composed
of two parts:

V = Vext + Vint,

where Vext is the �external� part (taking account, e.g., of external bias,
gate potentials, and heterostructure potentials), while Vint is the �internal�
(or self-consistent) part, taking account of Coulomb repulsion between
electrons. In the simple mean-�eld model, this is given by the Poisson
equation

εs∆Vint = −q(n+ + n−), (40)

where q is the elementary charge and εs is the permittivity of the
semiconductor. The right-hand side depends on the total density n+ +n−,
this coupling the upper-band and lower-band populations.

The other source of coupling derives from collisional mechanisms. In
order to introduce them, we have to go back to the kinetic level and add to
the WBGK equation (18) a suitable matrix-valued �interband� collisional
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operator C(w) [12]. This is assumed to act on a much slower time scale
with respect to τc (otherwise it would a�ect the hydrodynamic limit and
destroy the structure of our MEP-based model). Thus, we rewrite Eq. (18)
with the (generic) additional terms:
∂w0

∂t
+

p

m
· ∇xw0 + F · ∇pw0 + α · ∇xw2 =

g0 − w0

τc
+ C0(w),

∂ ~w

∂t
+

p

m
·∇x ~w + F · ∇p ~w + α·∇xw0 ~e2 −

2

~
~h(p)× ~w =

~g − ~w

τc
+ ~C(w).

(41)
Following the same arguments that led to Eq. (29), we arrive at

∂g±
∂t

+ v± · ∇xg± + F · ∇pg± = C±(g+, g−) (42)

(where we adopted a notation that stresses the fact that g only depends
on g+ and g−). Taking the zeroth-order and �rst-order moments of this
equation we get a modi�ed version of the hydrodynamic system (34):

∂n±
∂t

+∇x (n±u±) = N±(n+, n−,u+,u−),

∂(n±u±)

∂t
+∇x · P± − F ·Q± = U±(n+, n−,u+,u−),

(43)

where, of course,

N± =

∫
R3

C±(g+, g−) dp

U± =

∫
R3

v±(p)C±(g+, g−) dp,

(44)

and the dependence on (n+, n−,u+,u−) follows from the MEP closure.
Le us now list some possible choice of C(w) in a simple BGK (relaxation

time) form, corresponding to di�erent interband scattering mechanisms.

1. Band-�ip The electron undergoes a collision which exchange its band
label from + to −, or from − to +. Then we put

Cbf (w) = −w − w0σ0
τbf

= − ~w · ~σ
τbf

(45)
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(where τbf denotes the characteristic time of band-�ip scattering, which
we assume constant for simplicity), so that

Cbf
± (w) = ∓w+ − w−

τbf

(from which the band-�ip is evident). According to de�nition (44),
therefore, we have

Nbf
± = ∓n+ − n−

τbf
, Ubf

± = ∓n+u+ − n−u−
τbf

. (46)

Note that the band �ip mechanism conserves the total density and the
momentum and relaxes the polarization of density and momentum, (i.e.
n+ − n− and u+ − u−).

2. Band relaxation An electron in the upper band undergoes a inelastic
collision which scatters it to the lower band [7]. This mechanism is
described by

Cbr (w) = −w0~ν − ~w

τbr
· ~σ, (47)

so that

Cbf
± (w) = ∓w+

τbr
,

(where τbr denotes the characteristic time of band relaxation scattering,
which we assume constant). From de�nition (44) we obtain

Nbr
± = ∓n+

τbr
, Ubr

± = ∓n+u+

τbr
. (48)

Note that this mechanism conserves the total density an momentum and
depletes the upper band in favor of the lower.

3. Isotropic interband scattering An electron undergoes a scattering
event that changes its band label and re-distributes its momentum
according to a isotropic, thermal distribution. This mechanism is described
by

Cis(w) = −w − g
∗

τis
, (49)
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where τis denotes the characteristic time of interband scattering, which
we assume constant, and where g∗ is the isotropic version, with inverted
densities, of the MEP local equilibrium g, i.e.

g∗±(x,p, t) =
n∓
z±

e−βE±(p), ~g∗⊥ = 0, (50)

where

z± =

∫
R3

e−βE±(p) dp, (51)

so that∫
R3

g∗±(x,p, t) dp = n∓(x, t),

∫
R3

v±(p) g∗±(x,p, t) dp = 0

(note the inverted band-labels of the density). Then:

Cis
± (w) = −

w± − g∗±
τis

and

N is
± = ∓n+ − n−

τis
, Uis

± = −n±u±
τis

, (52)

Note, therefore, that this scattering mechanism relaxes the current in
both bands and the density polarization .

7 Conclusions

We can �nally summarize the hydrodynamic model emerged from our
discussion. It consists of the Euler-Poisson-like system

∂n±
∂t

+∇x (n±u±) = N±,

∂(n±u±)

∂t
+∇x · (nu± ⊗ u± + nT±) +∇x (Vext + Vint) ·Q± = U±,

εs∆Vint = −q(n+ + n−),
(53)

where:

N± = N±(n+, n−,u+,u−), U± = U±(n+, n−,u+,u−)
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are the coupling terms discussed above,

T± = ∇B± ⊗∇B± log

∫
R3

e−βE±(p)+B±·v±(p) dp

is the pressure tensor, described in Sec. 5,

Q± =

∫
R3

M−1± (p) e−βE±(p)+B±·v±(p)+A±dp,

is the e�ective-mass tensor, also described in Sec. 5, and the Lagrange
multipliers (A±,B±) can be uniquely solved as functions of the moments
(n±,u±) from the constraint equations

∫
R3

e−βE±(p)+B±·v±(p)+A±dp = n±,∫
R3

v±(p) e−βE±(p)+B±·v±(p)+A±dp = u±,

as proven in Theorem 1.
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In the paper we consider the problem .....
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1 Introduction

It is well known that all solids are built of light electrons and heavy nuclei.
The di�erence of masses is very large since an electron is about 2000
times lighter than a nucleon and a nucleus consists of tens or hundreds
of nucleons. As a result of that we can imagine a solid as a collection
of light and fast electrons moving quickly among heavy and slow nuclei.
The slow nuclei form a potential for the fast electrons and in the �rst
approximation the electrons follow to slow changes of the potential. It is
an essence of the adiabatic hypothesis in the solid state physics.

The nuclei form a carcass of solid and an arrangement of nuclei in the
carcass de�nes a structure of the solid. We classify the solids by a character
of this structure.

If the solid is a crystal it leads to important consequences which allow
to describe many properties of crystalline solids. First of all since the
lattice has a symmetry of some space group the tensors which describe
various properties of the crystal (tensor of elastic constants, tensor of
dielectric or magnetic susceptibilities, tensor of conductivity etc.) have
a symmetry of an appropriate point group. Secondly the nuclei, arranged

c© Institute of Mathematics, 2014



30 E.D. Belokolos

in a lattice, form a periodic potential for the fast electrons and therefore
an electron energy spectrum is a spectrum of the Schr�odinger operator
with the periodic potential. We can prove that this spectrum is absolutely
continuous and has band structure, i.e. it is a union of closed segments
of absolutely continuous spectrum. As a result of this fact all crystals are
conductors in general.

If the nuclei are arranged randomly the solid has an amorphous
structure. In this case electrons move in a random potential and therefore
their energy spectrum is a spectrum of the Schr�odinger operator with the
random potential. If this potential is of the "white noise"type then we
can prove that an appropriate spectrum is point. In this case amorphous
solids are dielectrics. Electrons are allowed to move in electric �eld only
by means of an electric breakdown.

We have described above two limit cases when nuclei arrangements
(and also the corresponding electron potentials) are periodic or random
functions. It appears that there exist a set of the almost-periodic functions
which include periodic functions as a particular case and satisfy the
condition of ergodicity which is the weakest possible exhibition of the
randomness property. Therefore it looks reasonable to assume that in
general case the nuclei arrangements in solid are almost-periodic [1]. Is
is indeed the case and we shall discuss this idea now in details. Before that
we explain what are the almost-periodic functions.

2 Almost-periodic structures

The theory of almost-periodic functions was created mainly by H. Bohr
in 1924�1926 years and developed further by A. Besicovitch, S. Bochner,
N. Bogoljubov, J. Favard, B. Levitan, J. von Neumann, V. Stepanov,
H. Weyl and others. A particular but very important class of the almost-
periodic functions (known now as quasi-periodic functions) was studied by
P. Bohl and E. Esclangon as early as the end of XIX century.

Now we present essentials of the theory of almost-periodic functions
and in order to make our exposition as simple as possible we consider only
one-dimensional almost-periodic functions, a generalization of results for
many-dimensial case is straightforward. We do not give proofs here, the
reader can �nd them himself in the literature [].

Among many equivalent de�nition of the almost-periodic functions we
choose the following one.
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De�nition 1 Function f(x) is called almost-periodic if it is a uniform
limit in a space of trigonometrical polynomials Trig(R), i.e. for any ε > 0
there exist such a trigonometrical polynomial Pε(x) that

sup
x∈R
|f(x)− Pε(x)| < ε. (1)

We denote the set of all continuous almost-periodic functions on R by
CAP (R). Every almost- periodic function f(x) is bounded and therefore
we may introduce the norm

||f || = sup
x∈R
|f(x)|. (2)

With this norm the set almost-periodic functions becomes a commutative
Banach algebra with the usual de�nition of addition and multiplication.

Now we enumerate some properties of the almost-periodic functions
which we shall use further.

A. For any almost-periodic function there exist a mean value

M(f) = lim
L→∞

1

L

∫ L

0

f(x)dx. (3)

It allows for any almost-periodic function to build a Fourier series

f(x) '
∑
n

An exp(iλnx), An = M(f(x) exp(−iλnx)). (4)

We designate the numbers λn as the Fourier frequencies and the numbers
An as the Fourier coe�cients of the function f(x). By means of the
Fourier series we can build approximative trigonometric polynomials for
the almost-periodic function.

We say that a countable set of real numbers {λn}∞1 has a rational basis
{αn}∞1 if the numbers αn are linear independent and any number λn can
be presented as their �nite linear combination with rational coe�cients,
i.e.

λn =

Sn∑
k=1

rnk αk, rnk ∈ Q. (5)

We say that the basis is �nite if it is �nite set, we say that the basis is
integer if all numbers rnk are integer numbers. If the a Fourier frequencies
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of the almost-periodic function have a �nite and integer basis we designate
the appropriate almost-periodic function as a quasi-periodic one. A quasi-
periodic function with unique period is pure periodic one.

B.

Theorem 1 (Kronecker�Weyl) Let λk, k = 1, . . . , n be real linearly
independent numbers, θk, k = 1, . . . , n be arbitrary real numbers,
δk, k = 1, . . . , n be arbitrary positive numbers. Let χ(x1, x2, . . . , xn) be
a characteristic function of parallelepiped in Rn de�ned by inequalities

θk − δk < xk < θk + δk, k = 1, . . . , n. (6)

Continue the function χ(x1, x2, . . . , xn) to the whole Rn periodically with
periods 2π in all variables xk, k = 1, . . . , n.

Then uniformly in L we have

lim
L→∞

∫ L

0

χ(λ1x− θ1, . . . , λnx− θn)dx = π−nδ1 . . . δn. (7)

C. A number τ is called an ε−almost-period of the function f(x), x ∈ R
if

sup
x∈R
|f(x+ τ)− f(x)| < ε. (8)

It appears that any almost-periodic function has a relatively dense set of
ε−almost-periods for any ε > 0, i.e. for any ε > 0 there is such a number
l(ε) that in any interval of the length l(ε) there exist at least one ε−almost-
period.

For the almost-periodic functions there exist close connection between
ε−almost-periods and the Fourier frequencies. Namely for any natural
number n and any positive number δ < π there exist such a positive
number ε(n, δ) that all ε−almost-periods of the almost-periodic function
f(x) satisfy the following system of inequalities

|λk τ | < δ, ( mod 2π), k = 1, 2, . . . , n. (9)

At the me time for any ε > 0 we can point out such a natural number n
and a positive number δ < π that any real number τ, which satisfy the
system of inequalities

|λk τ | < δ, ( mod 2π), k = 1, 2, . . . , n.
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is an ε−almost-period of the almost-periodic function f(x).
D. Function F (x1, x2, . . .) of �nite or countable set of variables, each

of which admits all real values, is called limiting periodic if it is a uniform
limit of periodic ones, i.e. if for any real positive number ε we can point
out such an integer positive number n(ε) and such a periodic function
Fε(x1, x2, . . . , xn(ε)) that

sup
−∞<xk,k=1,2,...<+∞

|F (x1, x2, . . .)− Fε(x1, x2, . . . , xn(ε))| < ε. (10)

It appears that for any almost-periodic function f(x) there exist such
a limiting periodic function F (x1, x2, . . .) of �nite or countable set of
variables that

f(x) = F (x, x, . . .) = F (x1, x2, . . .)|x1=x2=...=x. (11)

Thus any any almost-periodic function is restriction to a diagonal of some
limiting periodic function. In other words we can also characterize every
almost-periodic function by a sequence of periodic functions.

The properties of the limiting periodic function F (x1, x2, . . .) depends
essentially on the basis of the Fourier frequencies of the function f(x).
If the basis α1, α2, . . . of the almost-periodic function f(x) is integer
then the limiting periodic function F (x1, x2, . . .) is periodic with periods
2π/α1, 2π/α2, . . . . If the basis α1, α2, . . . of the almost-periodic function
f(x) is �nite then the limiting periodic function F (x1, x2, . . .) depends on
�nite set of variables. If the basis α1, α2, . . . of the almost-periodic function
f(x) is �nite and integer then the limiting periodic function F (x1, x2, . . .)
is periodic function of �nite set of variables.

E. Let f(x) is a complex almost-periodic function and infx |f(x)| =
k > 0 then we can de�ne arg f(x) = cx+φ(x) where a constant c is called
a meam motion, and φ(x) is some almost-periodic function. The a meam
motion c and the Fourier frequencies of the almost-periodic function φ(x)
are linear combinations with integer coe�cients of Fourier frequencies of
the function f(x) (H. Bohr).

F. A continuous function f(x) is almost-periodic i� a set of functions
{f(x + h)},−∞ < h < +∞ is relatively compact, i.e. if from any in�nite
sequence f(x + h1), f(x + h2), . . . we can chose a subsequence which
converges uniformly for all x ∈ R (S. Bochner). In other words the function
u(x) taken from a Banach space Cb(R) of continuous bounded functions
is called almost-periodic if the set {Tx(·), x ∈ R}, where Tx(·) = u(· + x),



34 E.D. Belokolos

is relatively compact in Cb(R). A closure Ω of this set is known to be a
compact in metrizable Abelian group. A normalized Haar measure µ on
the set Ω turns out to be Tx−invariant and ergodic. Thus each almost-
periodic function generates a probability space (Ω, µ, Tx). The operation
of averaging on this space is given by

M(f) = lim
x→∞

1

x

∫ x

0

f(Txu)dx =

∫
Ω

f(u)µ(du). (12)

H. Bohr formulated also fundamentals of the harmonic and analytic
almost-periodic functions. Various generalizations of the almost-periodic
functions (e.g. for functional spaces with other metrics, for other groups
etc.) were built by A. Besicovitch, B. Levitan, J. von Neumann,
V. Stepanov, H. Weyl and others.

Now let us return to the idea that the nuclei arrangements in solids are
almost-periodic in general and discuss di�erent consequences.

The �rst important consequence of the above statement is a
classi�cation of solids in terms of nuclei structures and a corresponding
partition solids into periodic solids (or crystals), random solids and
properly almost-periodic solids. Such a classi�cation of solids was proposed
for the �rst time in [].

Crystals and amorphous solids are well known for a long time. We can
obtain easily the properly almost- periodic nuclei arrangements in crystals
by means of displacements of nuclei from equilibrium sites under in�uence
of waves. Indeed the following theorem is valid.

Theorem 2 Crystal, which is deformed by a �nite (countable) set of waves
with linearly independent frequencies, creates a quasi (an almost)-periodic
potential.

At �rst we consider the one-dimensional case.
Let us assume that nuclei, located in nodes of some lattice, create a

periodic potentia V (x). We suppose that the periodic potential V (x) is
continuous function and therefore it is uniformly continuous function. It
means that for any ε′ > 0 there exist such δ′ > 0 that |V (x1)−V (x2)| < ε′

as soon as |x1 − x2| < δ′. Let us de�ne ε = min(ε′, δ′). Under deformation
u(x) a crystal point with a coordinate x is transformed to a coordinate
x+ u(x) where u(x) is a trigonometrical sum. If this sum contains in�nite
set of summands we shall assume that it converges at a whole real axis so
that u(x) appears to be an almost-periodic u(x) function.
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Let us consider the function V (x+ u(x)) which describes the potential
of a crystal lattice deformed by waves. For the number ε, de�ned above,
let us construct a relatively dense set of the ε−almost-periods τ common
for the functions V (x) and u(x). As it is well known we can do it always.
Each of thus constructed number τ is simultaneously 2ε−almost-period for
the function V (x+ u(x)). Indeed,

|V (x+ τ + u(x+ τ))− V (x+ u(x))| ≤
|V (x+ u(x+ τ))− V (x+ u(x))|+ ε ≤ 2ε. (13)

Here the �rst inequality follows from the inequality |V (x+ τ)−V (x)| ≤ ε,
and the second inequality follows from the inequality |u(x+ τ)−u(x)| ≤ ε
and the de�nition ε. Thus for any ε > 0 we can construct a relatively dense
set of 2ε−almost-periods for the function V (x+ u(x)). And therefore as a
result of that the function V (x+ u(x)) is almost-periodic.

Let u(x) is a �nite trigonometrical polynomial with frequencies ωs, s =
1, . . . ,m and the function V (x) has a frequency ω0. Then joint ε−almost-
periods of the functions V (x), u(x) satisfy the system of the inequalities
|ωsτ | < δ( mod 2π), s = 0, 1, . . . ,m for an appropriate δ. In accordance
with the statement above they are simultaneously 2ε− almost-periods for
the function V (x + u(x)). Therefore the function V (x + u(x)) is quasi-
periodic function.

In conclusion we remark that there is no problems to generalize this
proof for the case of d−dimensional crystal.

Thus a vibrating lattice at a �xed moment of time is an almost-periodic
arrangements of nuclei. In other words in adiabatic approximation an
electron in solid moves, in general case, in an almost-periodic potential.
By means of various reasons these wave disturbations of nuclei locations
can be stabilized and in such a way these almost-periodic arrangements
can be realized in equilibrium also.

We should only remember that in a solid there exist a lot of various of
waves: the charge density waves, the magnetic (or spin) density waves, the
concentration waves etc., and all these waves may have uncommensurable
frequences. Thus the almost-periodicity in solids can have various physical
manifestations.

In 1984 material scientist D. Shechtman discovered in Al-Mn alloys the
quasi-periodic structure (quasi-crystal), and for this result was awarded
the Nobel Prize in Chemistry in 2011. Today physicists know hundreds
of quasi-periodic solids, they are ubiquitous in many metallic alloys
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and compositions. In 1992 the International Union of Crystallography
acknowledged the possibility for solids to order either periodic or aperiodic.

3 Spectra of the Schr�odinger operator with

almost-periodic potential

Sudies of spectral properties of the Schr�odinger operator with almost-
periodic potential in connection with the quantum theory of solids were
initiated E.D. Belokolos (1975, 1976), Ya.G. Sinai and E. Dinaburg (1975).

We shall consider the spectral properties of the Schr�odinger operator

H = −∆ + u(x), (14)

where ∆ is the Laplace and u(x), x ∈ Rd is a continuous almost-periodic
potential. First of all we present basic results about this operator.

Theorem 3 The Schr�odinger operator with almost-periodic potential is
self-adjoint essentially.

For the Schr�odinger operator with almost-periodic potential we can
prove the existence of the number of states (or an integrated density of
states) N(λ) and other similar of spectral characteristics.

Theorem 4 (Shubin, 1978) The Schr�odinger operator with almost-
periodic potentialt has a number of states

N(λ) = lim
k→∞

|Vk|−1NVk
(λ), (15)

where Vk is bounded domain in Rn with the Lebesgue measure |Vk| and
NVk

(λ) is the standard distribution function of the discrete spectrum in
the domain Vk with some self-adjoint boundary conditions.

The number of states N(λ) is non-decreasing function of λ and
is de�ned by the above expression everywhere besides the points of
discontinuity.

We can prove also the existence of other similar limits, e.g.

D(λ) = lim
k→∞

|Vk|−1
∑
λj<λ

(fψj , gψj), (16)
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where ψj are eigenfunctions and f, g are arbitrary almost-periodic
functions.

By considering the inverse functions we can prove the existence of the
Fermi energy

EF (ρ) = lim
k/|Vk|→ρ

1

p

k∑
j=1

λj , k →∞, |Vk| → ∞, ρ > 0− constant,

(17)

where λ1 ≤ λ2 ≤ . . . are the eigenvalues arranged into an increasing
sequence with their multiplicity taken in account.

It is known that there exist a single-valued correspondence between any
self-adjoint operator A and a projector-valued measure Pλ on a Hilbert
space H which is expressed in such way

A =

∫ +∞

−∞
λ dPλ. (18)

A point λ is said to belong to a spectrum σ(A) of the operator A, λ ∈ σ(A),
i� P(λ−ε,λ+ε) 6= 0 for any ε > 0. We say that a point λ belongs to an
essential spectrum, λ ∈ σess(A), i� the projector P(λ−ε,λ+ε) is in�nite-
dimensional for any ε > 0. We say that a point λ belongs to an discrete
spectrum, λ ∈ σdisc(A), i� the projector P(λ−ε,λ+ε) is �nite-dimensional
for any ε > 0. It is obvious that

σ(A) = σess(A) ∪ σdisc(A). (19)

It appears for the Schr�odinger operator with almost-periodic potential
that the spectrum is essential.

Theorem 5 (G. Scharf, 1965) The spectrum of Schr�odinger operator
with almost-periodic potential is essential, i.e. it does not contain isolated
eigenvalues of �nite multiplicity.

According to H. Weyl λ ∈ σ(A) i� there exist such a sequence {ψj}∞j=1

that limj→∞ ||(A − λI)ψj || = 0. If this sequence is compact then λ ∈
σdisc(A), if this sequence is not compact then λ ∈ σess(A).

Let us consider any function ψ ∈ C∞0 (Rd) such that ||ψ|| = 1 and
||(A − λI)ψ|| < ε/2. Shifting this function by su�ciently large δ−almost
periods of the potential u(x) and its derivatives for a su�ciently small δ > 0
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we can construct an orthogonal system of functions {ψj , j = 1, 2 . . .} such
that ||(A−λI)ψj || < ε for all j = 1, 2, . . . . By the above criterion it means
that the spectrum of the operator H is essential.

In one-dimensional case no eigenvalue can have in�nite multiplicity and
that means that the spectrum is a perfect set, i.e. a closed without isolated
points.

Sometimes it is important to have any information on possible gaps
in essential spectrum. It appears that there exist a deep connection
between a smoothness of potential u(x) and a size of possible spectral
gaps ∆. Appropriate studies for a one-dimensional case were initiated by
P. Hartman and C.R. Putnam (1950).

Theorem 6 (M.S.P. Eastham, 1976; V.I. Feigin, 1977) Let in a self-
adjoint operator A in L2(R), de�ned by di�erential expression −y′′+u(x)y,
a real function u(x) at large |x| has p > 1 derivatives. Then in an essential
spectrum of the operator A a lacuna of a size ∆ with center at a value λ
satis�es an asymtotic equality

∆ = O(λ−p/2). (20)

Another decomposition of the spectrum σ(A) is useful also. According
to the spectral theorem any self-adjoint operator A is unitary equivalent
to an operator multiplication on λ in L2(R, dµ) for some measure µ. Since
any measure µ on R has unique decomposition in a sum

µ = µpp + µac + µsing, (21)

where µpp is pure point measure, µac is absolutely continuous with respect
to Lebesgue measure, µsing continuous singular with respect to Lebesgue
measure, therefore we have the following decomposition of the spectrum:

σ(A) = σpp(A) ∪ σcont(A) = σpp(A) ∪ σac(A) ∪ σsing(A). (22)

It appears that in one-dimensional case the number of states N(λ)
determines the spectrum σ(H) of the Schr�odinger operator H :

Theorem 7 (Pastur, 1980)

σ(H) = supp(dN). (23)
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The Lyapunov exponent γ(λ) of the spectrum is de�ned as follows,

γ(λ) = lim
L→∞

|L|−1 ln ||TL||, (24)

where TL is a linear operator in R2 mapping (ψ(0), ψ′(0)) into
(ψ(L), ψ′(L)) and ψ being a solution of the equation Hψ = λψ.

In terms of the Lyapunov exponent the absolutely continuous spectrum
σac(H) of the Schr�odinger operator H is described in such a way,

Theorem 8 (Kotani, 1982) σac(H) = {λ ∈ R : γ(λ) = 0}.

The Lyapunov exponent γ(λ) and the number of states N(λ) are real
and imaginery parts appropriately of a so called Floquet function which is
analytic in the upper half of complex plane C+ of the spectral parameter
λ. This fact leads to a following connection between the number of states
and the Lyapunov exponent,

Theorem 9 (Thouless, 1972; Avron and Simon, 1983) The Lyapunov
exponent is

γ(λ) = γ0(λ) +

∫ +∞

−∞
ln |λ− λ′|d|N(λ′)−N0(λ′)|, (25)

where values γ0(λ) = [max(0,−λ)]1/2 and N0(λ) = π−1[max(0,−λ)]1/2

correspond to the case u(x) = 0.

We can label the gaps of the spectrum by the elements of the frequency
module of the almost-periodic potential similar as it has place for periodic
one.

Theorem 10 (Belokolos, 1975; Johnson and Moser, 1982) For the
Schr�odinger operator with the potential u(x) ∈ CAP (R) and λ ∈ R \σ(H)
the number of states N(λ) ∈ Ωq, where Ωq is the frequencies module of q.

Now let us formulate and prove the main theorem.

Theorem 11 (Belokolos, 1975; Dinaburg and Sinai, 1975)

Consider the Schr�odinger equation

(−∆ + u(x))ψ(x) = λψ(x) (26)
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with quasi-periodic potential,

u(x) = U(φ) = U(xω + θ),

x ∈ R, φ = (φ1, . . . , φn), ω = (ω1, . . . , ωn), θ = (θ1, . . . , θn). (27)

Here

U(φ) = U(φ1, . . . , φn) (28)

is continuous and periodic in any variable φk, k = 1, . . . , n function. We
shall assume also that the potential u(x) is small, i.e.

sup
−∞<x<+∞

|u(x)| = sup
φ∈Tn

|U(φ)| = ε, 0 < ε� 1, (29)

where Tn is a n−dimensional torus. Evidently we have

U(φ) =
∑
q∈Zn

Uq exp(i(q, φ)), (q, φ) =

n∑
s=1

qsφs, (30)

and therefore

U(φ) =
∑
q∈Zn

Uq exp(i(q, ω)x+ (q, θ)). (31)

For the Schr�odinger equation in the zero approximation of the
perturbation theory we have

ψ0(x) = exp(ikx), λ0 = k2. (32)

In the �rst approximation of the perturbation theory we have

ψ0(x) + ψ1(x) = exp(ikx)

1 +
∑
q∈Zn

Uq exp(ix((q, ω)− k))

k2 − (k − (q, ω))2

 ,

λ0 + λ1 = k2 +
∑
q∈Zn

|Uq|2

k2 − (k − (q, ω))2
. (33)

We have problems with the perturbation series written above only of
the presence of small denominators

k2 − (k − (q, ω))2 = (q, ω)(2k − (q, ω)). (34)
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For example if the wave vector k satis�es the generalized Bragg�Wul�
condition

2k = (q, ω), |Uq| 6= 0, (35)

then the standard perturbation series have no sense, we must use
the secular perturbation theory that reveals an appearance of gaps in
spectrum. But even if the wave vector k does not satisfy the generalized
Bragg�Wul� condition the convergence of series is not obvious and depends
on a rate of vanishing of numerators with growth of |q|.

A rate of vanishing of denominators depends on the arithmetical
properties of the wave vector 2k and the vector of frequencies ω =
(ω1, ω2, . . . , ωn) of the quasi-periodic potential, or, more precisely, on how
quickly the linear superpositions of frequencies (ω, q) approximate the wave
vector 2k. It appears that some real numbers 2k are approximated by the
numbers (ω, q) quite well and some real numbers 2k are approximated by
the numbers (ω, q) quite bad.

A rate of vanishing of numerators depends on the smoothness of the
function U(φ) which determines how quickly vanish the Fourier amplitudes
Uq of the potential u(x). For example, if the potential U(φ) has p
derivatives then |Uq| ' |q|−p and if the potential U(φ) is analytical function
in the strip |Imφ| = sup1≤k≤n |Imφk| < a then |Uq| ' ε exp(−a|q|).

If perturbation series for the wave function ψ(x) and energy λ converge
at a given wave vector k then we may build at this wave vector the
appropriate quantities by the methods of the perturbation theory. If
perturbation series for the wave function ψ(x) and energy λ diverge at
a given wave vector k then we can have at this wave vector a spectral gap
and therefore must use a secular theory of perturbation.

If we have at some neighborhood of the vector k a proper arrangement
of these gaps then we have at this domain an absolutely continuous
spectrum with gaps, otherwise we can have a point spectrum or even
singularly continuous one.

In order to deal with small denominators in the spectral problem
of the Schr�odinger operator with almost-periodic potential we can use
the Kolmogorov�Arnold�Moser technique as it was done E.D. Belokolos
(1975), E.I. Dinaburg and Ya.G. Sinai (1975).

New results in this problem a reader can �nd in a number of consequent
publications.
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Mean �eld asymptotic behavior of
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correlations

Dedicated to the 80 th anniversary of Prof. D.Ya. Petrina

In the paper we consider the problem of the rigorous description of the
kinetic evolution in the presence of initial correlations of quantum particles.
One developed approach consists on the description of the evolution
of quantum many-particle systems within the framework of marginal
observables in mean �eld scaling limit. Another method based on the
possibility to describe the evolution of states within the framework of a one-
particle marginal density operator governed by the generalized quantum
kinetic equation in case of initial states speci�ed by a one-particle marginal
density operator and correlation operators.

Â ðîáîòi ðîçãëÿäà¹òüñÿ ïðîáëåìà ñòðîãîãî îïèñó êiíåòè÷íî¨ åâîëþöi¨ çà
íàÿâíîñòi ïî÷àòêîâèõ êîðåëÿöié êâàíòîâèõ ÷àñòèíîê. Îäèí ç ðîçâèíó-
òèõ ïiäõîäiâ ïîëÿãà¹ â îïèñi åâîëþöi¨ êâàíòîâèõ ñèñòåì áàãàòüîõ ÷àñòè-
íîê â òåðìiíàõ ìàðãiíàëüíèõ ñïîñòåðåæóâàíèõ â ñêåéëií îâié ãðàíèöi
ñåðåäíüîãî ïîëÿ. Ùå îäèí ìåòîä  ðóíòó¹òüñÿ íà ìîæëèâîñòi îïèñó åâî-
ëþöi¨ ñòàíiâ çà äîïîìîãîþ îäíî÷àñòèíêîâîãî ìàðãiíàëüíîãî îïåðàòîðà
ãóñòèíè, ÿêèé âèçíà÷à¹òüñÿ óçàãàëüíåíèì êâàíòîâèì êiíåòè÷íèì ðiâ-
íÿííÿì ó âèïàäêó ïî÷àòêîâèõ ñòàíiâ çàäàíèõ îäíî÷àñòèíêîâèì ìàðãi-
íàëüíèì îïåðàòîðîì ãóñòèíè i êîðåëÿöiéíèìè îïåðàòîðàìè.
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1 Introduction

As is known the collective behavior of quantum many-particle systems can
be e�ectively described within the framework of a one-particle marginal
density operator governed by the kinetic equation in a suitable scaling
limit of underlying dynamics. At present the considerable advances in the
rigorous derivation of the quantum kinetic equations in the mean (self-
consistent) �eld scaling limit is observed [1]-[6]. In particular, the nonlinear
Schr�odinger equation [3]-[10] and the Gross�Pitaevskii equation [7]-[15]
was justi�ed.

The conventional approach to this problem is based on the
consideration of an asymptotic behavior of a solution of the quantum
BBGKY hierarchy for marginal density operators constructed within the
framework of the theory of perturbations in case of initial data speci�ed
by one-particle marginal density operators without correlations, i.e. such
that satisfy a chaos condition [16],[17]. We note, that for the �rst time a
perturbative solution of the quantum BBGKY hierarchy was constructed
by D. Petrina [18] (see also [19]).

In paper [20] it was developed more general method of the derivation of
the quantum kinetic equations. By means of a non-perturbative solution of
the quantum BBGKY hierarchy constructed in [21] it was established that,
if initial data is completely speci�ed by a one-particle marginal density
operator, then all possible states of many-particle systems at arbitrary
moment of time can be described within the framework of a one-particle
density operator governed by the generalized quantum kinetic equation
(see also [22]). Then the actual quantum kinetic equations can be derived
from the generalized quantum kinetic equation in appropriate scaling
limits, for example, a mean �eld limit [23].

Another approach to the description of the many-particle evolution is
given within the framework of marginal observables governed by the dual
quantum BBGKY hierarchy [24]. In paper [25] a rigorous formalism for the
description of the kinetic evolution of observables of quantum particles in
a mean �eld scaling limit was developed.

In this paper we consider the problem of the rigorous description of the
kinetic evolution in the presence of initial correlations of quantum particles.
Such initial states are typical for the condensed states of quantum gases
in contrast to the gaseous state. For example, the equilibrium state of the
Bose condensate satis�es the weakening of correlation condition speci�ed
by correlations of the condensed state [26]. Thus, our goal consists in the
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derivation of the mean �eld quantum kinetic equation including initial
correlations.

We outline the structure of the paper. In section 2, we establish the
mean �eld asymptotic behavior of marginal observables governed by the
dual quantum BBGKY hierarchy. The limit dynamics is described by
the set of recurrence evolution equations, namely by the dual quantum
Vlasov hierarchy. Furthermore, the links of the dual quantum Vlasov
hierarchy for the limit marginal observables and the quantum Vlasov-
type kinetic equation with correlations are established. In section 3, we
consider the relationships of dynamics described by marginal observables
and within the framework of a one-particle marginal density operator
governed by the generalized quantum kinetic equation including initial
correlations. In section 4, we develop one more approach to the description
of the quantum kinetic evolution with correlations in the mean �eld limit.
We prove that a solution of the generalized quantum kinetic equation
with correlations is governed by the quantum Vlasov-type equation with
correlations. The property of the propagation of initial correlations is also
established. Finally, in section 5, we conclude with some perspectives for
future research.

2 The kinetic evolution within the framework

of marginal observables

The kinetic evolution of many-particle systems can be described within
the framework of observables. We consider this problem on an example
of the mean �eld asymptotic behavior of a non-perturbative solution of
the dual quantum BBGKY hierarchy for marginal observables. Moreover,
we establish the links of the dual quantum Vlasov hierarchy for the limit
marginal observables with the quantum Vlasov-type kinetic equation in
the presence of initial correlations.

2.1 Many-particle dynamics of observables

We consider a quantum system of a non-�xed (i.e. arbitrary but �nite)
number of identical (spinless) particles obeying Maxwell�Boltzmann
statistics in the space R3. We will use units where h = 2π~ = 1 is a
Planck constant, and m = 1 is the mass of particles.
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Let the space H be a one-particle Hilbert space, then the n-particle
space Hn = H⊗n is a tensor product of n Hilbert spaces H. We adopt the
usual convention that H⊗0 = C. The Fock space over the Hilbert space H
we denote by FH =

⊕∞
n=0Hn.

The Hamiltonian Hn of the n-particle system is a self-adjoint operator
with the domain D(Hn) ⊂ Hn

Hn =

n∑
i=1

K(i) + ε

n∑
i1<i2=1

Φ(i1, i2), (1)

where K(i) is the operator of a kinetic energy of the i particle, Φ(i1, i2)
is the operator of a two-body interaction potential and ε > 0 is a scaling
parameter. The operator K(i) acts on functions ψn, that belong to the
subspace L2

0(R3n) ⊂ D(Hn) ⊂ L2(R3n) of in�nitely di�erentiable functions
with compact supports, according to the formula: K(i)ψn = − 1

2∆qiψn.
Correspondingly, we have: Φ(i1, i2)ψn = Φ(qi1 , qi2)ψn, and we assume that
the function Φ(qi1 , qi2) is symmetric with respect to permutations of its
arguments, translation-invariant and bounded function.

Let a sequence g = (g0, g1, . . . , gn, . . .) be an in�nite sequence of self-
adjoint bounded operators gn de�ned on the Fock space FH. An operator
gn de�ned on the n-particle Hilbert space Hn = H⊗n will be also denoted
by the symbol gn(1, . . . , n). Let the space L(FH) be the space of sequences
g = (g0, g1, . . . , gn, . . .) of bounded operators gn de�ned on the Hilbert
space Hn that satisfy symmetry condition: gn(1, . . . , n) = gn(i1, . . . , in),
for arbitrary (i1, . . . , in) ∈ (1, . . . , n), equipped with the operator norm
‖.‖L(Hn). We will also consider a more general space Lγ(FH) with the
norm ∥∥g∥∥

Lγ(FH)

.
= max

n≥0

γn

n!

∥∥gn∥∥L(Hn)
,

where 0 < γ < 1. We denote by L
γ ,0(FH) ⊂ Lγ(FH) the everywhere dense

set in the space Lγ(FH) of �nite sequences of degenerate operators with
in�nitely di�erentiable kernels with compact supports.

For gn ∈ L(Hn) it is de�ned the one-parameter mapping

R1 3 t 7→ Gn(t)gn
.
= eitHngne

−itHn , (2)

where the Hamilton operatorHn has the structure (1). On the space L(Hn)
one-parameter mapping (2) is an isometric ∗-weak continuous group of
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operators. The in�nitesimal generator Nn of this group of operators is a
closed operator for the ∗-weak topology, and on its domain of the de�nition
D(Nn) ⊂ L(Hn) it is de�ned in the sense of the ∗-weak convergence of the
space L(Hn) by the operator

w∗− lim
t→0

1

t

(
Gn(t)gn − gn

)
= −i(gnHn −Hngn)

.
= Nngn, (3)

where Hn is the Hamiltonian (1) and the operator Nngn is de�ned
on the domain D(Hn) ⊂ Hn. Therefore on the space L(Hn) a unique
solution of the Heisenberg equation for observables of a n-particle system
is determined by group (2) [22].

In what follows we shall hold abridged notations: Y ≡ (1, . . . , s), X ≡
(j1, . . . , jn) ⊂ Y , and {Y \ X} is the set, consisting of a single element
Y \ X = (1, . . . , s) \ (j1, . . . , jn), thus, the set {Y \ X} is a connected
subset of the set Y .

To describe the evolution within the framework of marginal observables
we introduce a notion of the (1 + n)th-order (n ≥ 0) cumulant of groups
of operators (2) as follows [21]

A1+n(t, {Y \X}, X)
.
= (4)

.
=

∑
P: ({Y \X}, X)=

⋃
iXi

(−1)|P|−1(|P| − 1)!
∏
Xi⊂P

G|θ(Xi)|(t, θ(Xi)),

where the symbol
∑

P means the sum over all possible partitions P of
the set ({Y \ X}, j1, . . . , jn) into |P| nonempty mutually disjoint subsets
Xi ⊂ ({Y \ X}, X), and θ(·) is the declusterization mapping de�ned as
follows: θ({Y \X}, X) = Y . For example,

A1(t, {Y }) = Gs(t, Y ),

A2(t, {Y \ (j)}, j) = Gs(t, Y )− Gs−1(t, Y \ (j))G1(t, j).

In terms of observables the evolution of quantum many-particle systems
is described by the sequence B(t) = (B0, B1(t, 1), . . . , Bs(t, 1, . . . , s), . . .)
of marginal observables (or s-particle observables) Bs(t, 1, . . . , s), s ≥ 1,
determined by the following expansions [24]:

Bs(t, Y ) =

s∑
n=0

1

n!

s∑
j1 6=... 6=jn=1

A1+n(t, {Y \X}, X)B0,ε
s−n(Y \X), (5)



40 V.I. Gerasimenko

where B(0) = (B0, B
0,ε
1 (1), . . . , B0,ε

s (1, . . . , s), . . .) ∈ Lγ(FH) is a sequence
of initial marginal observables, and the generating operator A1+n(t) of
expansion (5) is the (1 + n)th-order cumulant of groups of operators (2)
de�ned by expansion (4). The simplest examples of marginal observables
(5) are given by the expressions:

B1(t, 1) = A1(t, 1)B0,ε
1 (1),

B2(t, 1, 2) = A1(t, {1, 2})B0,ε
2 (1, 2) + A2(t, 1, 2)(B0,ε

1 (1) +B0,ε
1 (2)).

If γ < e−1, for the sequence of operators (5) the estimate is true:∥∥B(t)
∥∥
Lγ(FH)

≤ e2(1− γe)−1
∥∥B(0)

∥∥
Lγ(FH)

.

We note that a sequence of marginal observables (5) is the non-
perturbative solution of recurrence evolution equations known as the dual
quantum BBGKY hierarchy [24].

2.2 A mean �eld asymptotic behavior of marginal

observables

A mean �eld asymptotic behavior of marginal observables (5) is described
by the following statement [25].

Theorem 1 Let for B0,ε
n ∈ L(Hn), n ≥ 1, in the sense of the ∗-weak

convergence on the space L(Hs) it holds: w∗− limε→0(ε−nB0,ε
n − b0n) = 0,

then for arbitrary �nite time interval there exists the mean �eld limit of
marginal observables (5): w∗− limε→0(ε−sBs(t) − bs(t)) = 0, s ≥ 1, that
are determined by the following expansions:

bs(t, Y ) =

s−1∑
n=0

t∫
0

dt1 . . .

tn−1∫
0

dtn
∏
l1∈Y

G1(t− t1, l1) (6)

×
s∑

i1 6=j1=1

Nint(i1, j1)
∏

l2∈Y \(j1)

G1(t1 − t2, l2) . . .

∏
ln∈Y \(j1,...,jn−1)

G1(tn−1 − tn, ln)

s∑
in 6= jn = 1,

in, jn 6= (j1, . . . , jn−1)

Nint(in, jn)

×
∏

ln+1∈Y \(j1,...,jn)

G1(tn, ln+1)b0s−n(Y \ (j1, . . . , jn)).



Quantum kinetic equations with correlations 41

In expansion (6) we denote by the symbol Nint(i1, j2) the operator de�ned
on gn ∈ L(Hn)

Nint(i1, j2)gn
.
= −i(gnΦ(i1, j2)− Φ(i1, j2)gn).

The proof of Theorem 1 is based on formulas for cumulants of
asymptotically perturbed groups of operators (2).

For arbitrary �nite time interval the asymptotically perturbed group
of operators (2) has the following scaling limit in the sense of the ∗-weak
convergence on the space L(Hs):

w∗− lim
ε→0

(
Gs(t, Y )−

s∏
j=1

G1(t, j)
)
gs = 0. (7)

Taking into account analogs of the Duhamel equations for cumulants of
asymptotically perturbed groups of operators, in view of formula (7) we
have

w∗− lim
ε→0

(
ε−n

1

n!
A1+n

(
t, {Y \X}, j1, . . . , jn

)
−

−
t∫

0

dt1 . . .

tn−1∫
0

dtn
∏
l1∈Y

G1(t− t1, l1)

s∑
i1 6=j1=1

Nint(i1, j1)

×
∏

l2∈Y \(j1)

G1(t1 − t2, l2) . . .
∏

ln∈Y \(j1,...,jn−1)

G1(tn−1 − tn, ln)

×
s∑

in 6= jn = 1,
in, jn 6= (j1, . . . , jn−1)

Nint(in, jn)
∏

ln+1∈Y \(j1,...,jn)

G1(tn, ln+1)
)
gs−n = 0,

where we used notations accepted in formula (6) and gs−n ≡
gs−n((1, . . . , s)\(j1, . . . , jn)), n ≥ 1. As a result of this equality we establish
the validity of Theorem 1 for expansion (5) of marginal observables.

If b0 ∈ Lγ(FH), then the sequence b(t) = (b0, b1(t), . . . , bs(t), . . .) of
limit marginal observables (6) is a generalized global solution of the Cauchy
problem of the dual quantum Vlasov hierarchy

∂

∂t
bs(t, Y ) =

s∑
j=1

N (j) bs(t, Y ) +

s∑
j1 6=j2=1

Nint(j1, j2) bs−1(t, Y \ (j1)), (8)

bs(t) |t=0= b0s, s ≥ 1, (9)
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where the symbol N (j) denotes the in�nitesimal generator de�ned on gn ∈
L0(Hn) of the group of operators G1(t, j) of j particle

N (j)gn
.
= −i(gnK(j)−K(j)gn).

It should be noted that equations set (8) has the structure of recurrence
evolution equations. We give several examples of the evolution equations
of the dual quantum Vlasov hierarchy (8) in terms of operator kernels of
the limit marginal observables

i
∂

∂t
b1(t, q1; q′1) = −1

2
(−∆q1 + ∆q′1

)b1(t, q1; q′1),

i
∂

∂t
b2(t, q1, q2; q′1, q

′
2) =

(
− 1

2

2∑
i=1

(−∆qi + ∆q′i
) +

+(Φ(q′1 − q′2)− Φ(q1 − q2))
)
b2(t, q1, q2; q′1, q

′
2) +

+
(
Φ(q′1 − q′2)− Φ(q1 − q2)

)(
b1(t, q1; q′1) + b1(t, q2; q′2)

)
.

We consider the mean �eld limit of a particular case of marginal
observables, namely the additive-type marginal observables B(1)(0) =
(0, B0,ε

1 (1), 0, . . .). We remark that the k-ary marginal observables are
represented by the sequence B(k)(0) =

(
0, . . . , 0, B0,ε

k (1, . . . , k), 0, . . .
)
. In

case of additive-type marginal observables expansions (5) the following
form:

B(1)
s (t, Y ) = As(t)

s∑
j=1

B0,ε
1 (j), s ≥ 1, (10)

where As(t) is s-order cumulant (4) of groups of operators (2).

Corollary 1 If for the additive-type marginal observable B0,ε
1 ∈ L(H),

it holds w∗− limε→0(ε−1B0,ε
1 − b01) = 0, then, according to the statement

of Theorem 1, for additive-type marginal observable (10) we have

w∗− limε→0(ε−sB
(1),ε
s (t)−b(1)s (t)) = 0, s ≥ 1, where the limit additive-type

marginal observable b
(1)
s (t) is determined by a special case of expansion (6)

b(1)s (t, Y ) =

t∫
0

dt1 . . .

ts−2∫
0

dts−1
∏
l1∈Y

G1(t− t1, l1)

s∑
i1 6=j1=1

Nint(i1, j1) (11)

×
∏

l2∈Y \(j1)

G1(t1 − t2, l2) . . .
∏

ls−1∈Y \(j1,...,js−2)

G1(ts−2 − ts−1, ls−1)
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×
s∑

is−1 6= js−1 = 1,
is−1, js−1 6= (j1, . . . , js−2)

Nint(is−1, js−1)

×
∏

ls∈Y \(j1,...,js−1)

G1(ts−1, ls)b
0
1(Y \ (j1, . . . , js−1)).

We make several examples of expansions (11) for the limit additive-type
marginal observables

b
(1)
1 (t, 1) = G1(t, 1) b01(1),

b
(1)
2 (t, 1, 2) =

t∫
0

dt1

2∏
i=1

G1(t− t1, i)Nint(1, 2)

2∑
j=1

G1(t1, j) b
0
1(j).

Thus, for arbitrary initial states in the mean �eld scaling limit the
kinetic evolution of quantum many-particle systems is described in terms
of limit marginal observables (6) governed by the dual quantum Vlasov
hierarchy (8).

2.3 The derivation of the quantum Vlasov-type

kinetic equation with correlations

Furthermore, the relationships between the evolution of observables and
the kinetic evolution of states described in terms of a one-particle marginal
density operator are considered.

Let initial states speci�ed by the one-particle marginal density operator
F 0,ε
1 ∈ L1(H) in the presence of correlations, i.e. initial state is de�ned by

the following sequence of density operators:

F c =
(
1, F 0,ε

1 (1), g2

2∏
i=1

F 0,ε
1 (i), . . . , gn

n∏
i=1

F 0,ε
1 (i), . . .

)
, (12)

where the bounded operators gn ≡ gn(1, . . . , n) ∈ L(Hn), n ≥ 2, are
speci�ed initial correlations. We note that such assumption about initial
states is intrinsic for the kinetic description of a gas. On the other hand,
initial data (12) is typical for the condensed states of quantum gases,
for example, the equilibrium state of the Bose condensate satis�es the
weakening of correlation condition with the correlations which characterize
the condensed state [26].
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We assume that for the initial one-particle marginal density operator
F 0,ε
1 ∈ L1(H) exists the mean �eld limit limε→0

∥∥ε F 0,ε
1 − f01

∥∥
L1(H)

= 0,

then in the mean �eld limit initial state is de�ned by the following sequence
of operators:

f c =
(
1, f01 (1), g2

2∏
i=1

f01 (i), . . . , gn

n∏
i=1

f01 (i), . . .
)
. (13)

We consider links of the constructed mean �eld asymptotic behavior of
marginal observables with the nonlinear Vlasov-type kinetic equation in
case of initial states (13).

In case of initial states speci�ed by sequence (13) the average values
(mean values) of limit marginal observables (6) are determined by the
following positive continuous linear functional [22]

(
b(t), f c

) .
=

∞∑
n=0

1

n!
Tr1,...,n bn(t, 1, ..., n) gn(1, ..., n)

n∏
i=1

f01 (i). (14)

For b(t) ∈ Lγ(FH) and f01 ∈ L1(H), functional (14) exists under the
condition that ‖f01 ‖L1(H) < γ.

Consequently, for the limit additive-type marginal observables (11) the
following equality is true:

(
b(1)(t), f c

)
=

∞∑
s=0

1

s!
Tr1,...,s b

(1)
s (t, 1, . . . , s)gs(1, . . . , s)

s∏
i=1

f01 (i) =

= Tr1 b
0
1(1)f1(t, 1),

where the operator b
(1)
s (t) is given by expansion (11) and the limit marginal

density operator f1(t, 1) is represented by the series expansion

f1(t, 1) =
∞∑
n=0

t∫
0

dt1 . . .

tn−1∫
0

dtn Tr2,...,n+1G1(−t+ t1, 1) (15)

×N ∗int(1, 2)

2∏
j1=1

G1(−t1 + t2, j1) . . .

n∏
in=1

G1(−tn + tn, in)

×
n∑

kn=1

N ∗int(kn, n+ 1)

n+1∏
jn=1

G1(−tn, jn)g1+n(1, . . . , n+ 1)

n+1∏
i=1

f01 (i).
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In series (15) the operator N ∗int(j1, j2)fn = −Nint(j1, j2)fn is adjoint
operator to operator (3) in the sense of functional (14). For bounded
interaction potentials series (15) is norm convergent on the space L1(H)
under the condition: t < t0 ≡ (2 ‖Φ‖L(H2)‖f01 ‖L1(H))

−1.
The operator f1(t) represented by series (15) is a solution of the Cauchy

problem of the quantum Vlasov-type kinetic equation with correlations

∂

∂t
f1(t, 1) = −N (1)f1(t, 1) + (16)

+Tr2(−Nint)(1, 2)

2∏
i1=1

G1(−t, i1)g1({1, 2})
2∏

i2=1

G1(t, i2)f1(t, 1)f1(t, 2),

f1(t)|t=0 = f01 . (17)

This fact is proved similarly as in case of a solution of the quantum BBGKY
hierarchy represented by the iteration series [18],[22].

Thus, in case of initial states speci�ed by one-particle marginal density
operator (13) we establish that the dual quantum Vlasov hierarchy (8) for
additive-type marginal observables describes the evolution of a system of
quantum particles just as the quantum Vlasov-type kinetic equation with
correlations (16).

2.4 The mean �eld evolution of initial correlations

The property of the propagation of initial chaos is a consequence of the
validity of the following equality for the mean value functionals of the limit
k-ary marginal observables in case of k ≥ 2(
b(k)(t), fc

)
=

∞∑
s=0

1

s!
Tr1,...,s b

(k)
s (t, 1, . . . , s)gs(1, . . . , s)

s∏
j=1

f01 (j) = (18)

=
1

k!
Tr1,...,k b

0
k(1, . . . , k)

k∏
i1=1

G1(−t, i1)g1({1, . . . , k})

×
k∏

i2=1

G1(t, i2)

k∏
j=1

f1(t, j), k ≥ 2,

where the limit one-particle marginal density operator f1(t, i) is de�ned by
series expansion (15) and therefore it is a solution of the Cauchy problem
of the quantum Vlasov-type kinetic equation with correlations (16),(17).
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This fact is proved similarly to the proof of a property on the
propagation of initial chaos in a mean �eld limit [25].

Thus, in case of the limit k-ary marginal observables a solution of
the dual quantum Vlasov hierarchy (8) is equivalent to a property of
the propagation of initial correlations for the k-particle marginal density
operator in the sense of equality (18) or in other words the mean �eld
scaling dynamics does not create correlations.

We remark that the general approaches to the description of the
evolution of states of quantummany-particle systems within the framework
of correlation operators and marginal correlation operators were given in
papers [28],[29] and [30], respectively (see also a review [22]).

3 On relationships of dynamics of observables

and the kinetic evolution of states

We consider the relationships of dynamics of quantum many-particle
systems described in terms of marginal observables and dynamics described
within the framework of a one-particle marginal density operator governed
by the generalized quantum kinetic equation in the presence of initial
correlations. If initial states is completely speci�ed by a one-particle
marginal density operator, using a non-perturbative solution of the
quantum dual BBGKY hierarchy we prove that all possible states at
arbitrary moment of time can be described within the framework of a
one-particle density operator governed by the generalized quantum kinetic
equation with correlations.

3.1 Quantum dynamics of states and correlations

In case of initial states de�ned by sequence (12) the average values (mean
values) of marginal observables (5) are de�ned by the positive continuous
linear functional on the space L(FH)

(
B(t), F c

) .
=

∞∑
n=0

1

n!
Tr1,...,nBn(t, 1, . . . , n) gn(1, . . . , n)

n∏
i=1

F 0,ε
1 (i). (19)

For F 0,ε
1 ∈ L1(H) and B0,ε

n ∈ L(Hn) series (19) exists under the condition
that ‖F 0,ε

1 ‖L1(H) < e−1.
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For mean value functional (19) the following representation holds(
B(t), F c

)
=
(
B(0), F (t | F1(t))

)
, (20)

where B(0) = (B0, B
0,ε
1 (1), . . . , B0,ε

s (1, . . . , s), . . .) ∈ Lγ(FH) is a sequence
of initial marginal observables, and F (t | F1(t)) = (1, F1(t), F2(t |
F1(t)), . . . , Fs(t | F1(t)), . . .) is a sequence of explicitly de�ned marginal
functionals Fs(t | F1(t)), s ≥ 2, with respect to the one-particle marginal
density operator

F1(t, 1) =

∞∑
n=0

1

n!
Tr2,...,1+n A1+n(−t)gn+1(1, . . . , n+ 1)

n+1∏
i=1

F 0,ε
1 (i). (21)

The generating operator A1+n(−t) ≡ A1+n(−t, 1, . . . , n + 1) of series
expansion (21) is the (1 + n)th-order cumulant of groups of operators
Gn(−t), n ≥ 1, adjoint to groups (2) in the sense of functional (19).

The marginal functionals of the state Fs(t | F1(t)), s ≥ 2, are
represented by the following series expansions:

Fs
(
t, Y | F1(t)

) .
= (22)

.
=

∞∑
n=0

1

n!
Trs+1,...,s+nG1+n

(
t, {Y }, s+ 1, . . . , s+ n

) s+n∏
i=1

F1(t, i),

where the (1 + n)th-order generating operator G1+n(t), n ≥ 0, is
determined by the expansion

G1+n(t, {Y }, X \ Y )
.
= (23)

.
= n!

n∑
k=0

(−1)k
n∑

n1=1

. . .

n−n1−...−nk−1∑
nk=1

1

(n− n1 − . . .− nk)!

×Ă1+n−n1−...−nk(t, {Y }, s+ 1, . . . , s+ n− n1 − . . .− nk)

×
k∏
j=1

∑
Dj : Zj =

⋃
lj
Xlj ,

|Dj | ≤ s+ n− n1 − · · · − nj

1

|Dj |!

×
s+n−n1−...−nj∑
i1 6=...6=i|Dj |=1

∏
Xlj⊂Dj

1

|Xlj |!
Ă1+|Xlj |(t, ilj , Xlj ).
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In formula (23) we denote by
∑

Dj :Zj=
⋃
lj
Xlj

the sum over all possible

dissections of the linearly ordered set Zj ≡ (s+n−n1− . . .−nj+1, . . . , s+
n−n1− . . .−nj−1) on no more than s+n−n1− . . .−nj linearly ordered
subsets and we introduced the (1 + n)th-order scattering cumulants

Ă1+n(t, {Y }, X \ Y )
.
=

.
= A1+n(−t, {Y }, X \ Y )g1+n({Y }, X \ Y )

s+n∏
i=1

A1(t, i),

where it is used notations accepted above. We give examples of the
scattering cumulants

G1(t, {Y }) = Ă1(t, {Y }) .
= A1(−t, {Y })g1({Y })

s∏
i=1

A1(t, i),

G2(t, {Y }, s+ 1) = A2(−t, {Y }, s+ 1)g2({Y }, s+ 1)

s+1∏
i=1

A1(t, i)−

−A1(−t, {Y })g1({Y })
s∏
i=1

A1(t, i)×

×
s∑
i=1

A2(−t, i, s+ 1)g2(i, s+ 1)A1(t, i)A1(t, s+ 1).

If ‖F1(t)‖L1(H) < e−(3s+2), then for arbitrary t ∈ R series expansion
(20) converges in the norm of the space L1(Hs) [22].

We emphasize that marginal functionals of the state (22) characterize
the correlations generated by dynamics of quantum many-particle systems
in the presence of initial correlations.

3.2 On an equivalence of mean value functional

representations

We establish the validity of equality (20) for mean value functional (19).
In a particular case of initial data speci�ed by the additive-type

marginal observables, i.e. B(1)(0) = (0, B0,ε
1 (1), 0, . . .), equality (20) takes

the form (
B(1)(t), F c

)
= Tr1B

0,ε
1 (1)F1(t, 1), (24)
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where the one-particle marginal density operator F1(t) is determined by
series expansion (21). The validity of this equality is a result of the direct
transformation of the generating operators of expansions (10) to adjoint
operators in the sense of the functional (19).

In case of initial data speci�ed by the s-ary marginal observables i.e.
B(s)(0) = (0, . . . , 0, B0,ε

s (1, . . . , s), 0, . . .), s ≥ 2, equality (20) takes the
following form:

(
B(s)(t), F c

)
=

1

s!
Tr1,...,sB

0,ε
s (1, . . . , s)Fs

(
t, 1, . . . , s | F1(t)

)
, (25)

where the marginal functional of the state Fs(t | F1(t)) is represented by
series expansion (22).

The proof of equality (25) is based on the application of cluster
expansions to generating operators (4) of expansions (5) which is dual
to the kinetic cluster expansions introduced in [20]. Then the adjoint
series expansion can be expressed in terms of one-particle marginal density
operator (21) in the form of the functional from the right-hand side of
equality (25).

In case of the general type of marginal observables the validity of
equality (20) is proven in much the same way as the validity of equalities
(24) and (25).

3.3 The generalized quantum kinetic equation with

correlations

As a result of the di�erentiation over the time variable of operator
represented by series (21) in the sense of the norm convergence of the
space L1(Hs), then the application of the kinetic cluster expansions [20] to
the generating operators of obtained series expansion, for the one-particle
marginal density operator we derive the identity [27]

∂

∂t
F1(t, 1) = −N (1)F1(t, 1) + εTr2(−Nint(1, 2))F2(t, {1, 2} | F1(t)), (26)

where the collision integral is determined by the marginal functional of the
state (22) in case of s = 2. This identity we treat as the non-Markovian
quantum kinetic equation. We refer to this evolution equation as the
generalized quantum kinetic equation with correlations.
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We emphasize that the coe�cients in an expansion of the collision
integral of kinetic equation (26) are determined by the operators speci�ed
initial correlations.

We remark, that for initial data (12) speci�ed by a one-particle
marginal density operator, the evolution of states described within the
framework of a one-particle marginal density operator governed by the
generalized quantum kinetic equation with correlations (26) is dual to the
dual quantum BBGKY hierarchy for additive-type marginal observables
with respect to bilinear form (19), and it is completely equivalent to the
description of states in terms of marginal density operators governed by
the quantum BBGKY hierarchy.

Thus, the evolution of quantum many-particle systems described in
terms of marginal observables can be also described within the framework
of a one-particle marginal density operator governed by the generalized
quantum kinetic equation with correlations in the sense of functional (19).

4 The mean �eld asymptotic behavior of the

generalized quantum kinetic equation

We establish a mean �eld asymptotics of a solution of the non-Markovian
quantum kinetic equation with correlations constructed above. This
asymptotics is governed by the quantum Vlasov-type kinetic equation with
correlations derived above from the dual quantum Vlasov hierarchy for the
limit marginal observables.

4.1 The mean �eld limit theorem

For solution (21) of the generalized quantum kinetic equation with
correlations (26) the following mean �eld limit theorem is true [23].

Theorem 2 If for the initial one-particle marginal density operator F 0,ε
1 ∈

L1(H) exists the limit limε→0 ‖ε F 0,ε
1 − f01 ‖L1(H) = 0, then for �nite time

interval t ∈ (−t0, t0), where t0 ≡ (2 ‖Φ‖L(H2)‖f01 ‖L1(H))
−1, there exists the

mean �eld limit of solution (21) of the Cauchy problem of the generalized
quantum kinetic equation with correlations (26)

lim
ε→0

∥∥ε F1(t)− f1(t)
∥∥
L1(H)

= 0, (27)
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where the operator f1(t) is represented by series (15) and it is a solution
of the Cauchy problem of the quantum Vlasov-type kinetic equation with
correlations (16),(17).

The proof of this theorem is based on formulas of asymptotically
perturbed cumulants of groups of operators Gn(−t), n ≥ 1, adjoint to
groups (2) in the sense of functional (19). Indeed, in a mean �eld limit for
generating evolution operators (23) of series expansion (22) the following
equalities are valid:

lim
ε→0

∥∥ 1

εn
G1+n(t, {Y }, X \ Y )fs+n

∥∥
L1(Hs+n)

= 0, n ≥ 1, (28)

and in case of the �rst-order generating evolution operator we have

lim
ε→0

∥∥(G1(t, {Y })− (29)

−
s∏

j1=1

G1(−t, j1)g1({Y })
s∏

j2=1

G1(t, j2)
)
fs
∥∥
L1(Hs)

= 0,

respectively.
In view that under the condition t < t0 ≡ (2 ‖Φ‖L(H2)‖ε F

0,ε
1 ‖L1(H))

−1,
for a bounded interaction potential the series for the operator ε F1(t) is
norm convergent, then for t < t0 the remainder of solution series (21)
can be made arbitrary small for su�cient large n = n0 independently of
ε. Then, using stated above asymptotic formulas, for each integer n every
term of this series converges term by term to the limit operator f1(t) which
is represented by series (15).

As stated above the mean �eld scaling limit (15) of solution (21) of the
generalized quantum kinetic equation in the presence of initial correlations
is governed by the quantum Vlasov-type kinetic equation with correlations
(16).

Thus, we derived the quantum Vlasov-type kinetic equation with
correlations (16) from the generalized quantum kinetic equation (26) in
the mean �eld scaling limit. It is the same as the kinetic equation derived
from the dual quantum Vlasov hierarchy for mean �eld limit marginal
observables.

4.2 A mean �eld limit of marginal functionals of state

As we noted above the all possible correlations of a system of quantum
particles are described by marginal functionals of the state (22).
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Since solution (21) of initial-value problem of the generalized quantum
kinetic equation with correlations (26) converges to solution (15) of
initial-value problem of the quantum Vlasov-type kinetic equation with
correlations (16) as (27), and equalities (28) and (29) hold, for a mean
�eld asymptotic behavior of marginal functionals of the state (22) is true

lim
ε→0

∥∥εsFs(t, 1, . . . , s | F1(t))−

−
s∏

j1=1

G1(−t, j1)g1({1, . . . , s})
s∏

j2=1

G1(t, j2)

s∏
l=1

f1(t, l)
∥∥
L1(Hs)

= 0,

s ≥ 2.

This equalities mean the propagation of initial correlations in time in the
mean �eld scaling limit.

5 Conclusion and outlook

In the paper the concept of quantum kinetic equations in case of the
kinetic evolution, involving correlations of particle states at initial time, for
instance, correlations characterizing the condensed states, was considered.
Two approaches were developed with a view to this purpose. One approach
based on the description of the evolution of quantum many-particle
systems within the framework of marginal observables. Another method
consists in the possibility in case of initial states speci�ed by a one-particle
marginal density operator to describe the evolution of states within the
framework of a one-particle marginal density operator governed by the
generalized quantum kinetic equation with correlations.

In case of pure states the quantum Vlasov-type kinetic equation with
correlations (16) can be reduced to the Gross�Pitaevskii-type kinetic
equation. Indeed, in this case the one-particle density operator f1(t) =
|ψt〉〈ψt| is a one-dimensional projector onto a unit vector |ψt〉 ∈ H and
its kernel has the following form: f1(t, q, q′) = ψ(t, q)ψ∗(t, q′). Then, if we
consider particles, interacting by the potential which kernel Φ(q) = δ(q)
is the Dirac measure, from kinetic equation (16) we derive the Gross�
Pitaevskii-type kinetic equation

i
∂

∂t
ψ(t, q) = −1

2
∆qψ(t, q) +

+

∫
dq′dq′′g(t, q, q; q′, q′′)ψ(t, q′′)ψ∗(t, q)ψ(t, q),
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where the coupling ratio g(t, q, q; q′, q′′) of the collision integral is the kernel

of the scattering length operator
∏2
i1=1 G1(−t, i1)g1({1, 2})

∏2
i2=1 G1(t, i2).

If we consider a system of quantum particles without initial correlations,
then derived kinetic equation is the cubic nonlinear Schr�odinger equation.

Observing that on the macroscopic scale of the variation of variables,
groups of operators (2) of �nitely many particles depend on microscopic
time variable ε−1t, where ε ≥ 0 is a scale parameter, the dimensionless
marginal functionals of the state are represented in the form Fs(ε

−1t |
F1(t)). As a result of the formal limit processing ε → 0 in the
collision integral, we establish the Markovian kinetic evolution with the
corresponding coe�cient g(ε−1t).

This paper deals with a quantum system of a non-�xed (i.e. arbitrary
but �nite) number of identical (spinless) particles obeying Maxwell�
Boltzmann statistics. The obtained results can be extended to quantum
systems of bosons or fermions [29].

We emphasize, that one of the advantages of the approach to the
derivation of the quantum Vlasov-type kinetic equation from underlying
dynamics governed by the generalized quantum kinetic equation with
correlations enables to construct the higher-order corrections to the mean
�eld evolution of quantum interacting particles.
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The Chapman�Enskog method is generalized for the investigation of
processes in the vicinity of hydrodynamic states of a gas. The generalization
is made on the basis of the Bogolyubov idea of the functional hypothesis.
A theory that describes a nonequilibrium state of a gas by the usual hydro-
dynamic variables and arbitrary additional local variables is constructed.
The gradients of all these parameters and the deviations of the latter
variables from their hydrodynamic values are assumed to be small and
are estimated by two independent small parameters. The proposed theory
is nonlinear in the additional variables too. It leads to linear integral
equations with an operator, given by the linearized collision integral. Some
of them are eigenvalue problems for this operator and describe kinetic
modes of the system.

The proposed theory is applied to the solution of a modi�ed Grad
problem in which nonequilibrium states of a gas are described by the usual
hydrodynamic variables and small deviations of the energy and momentum
�uxes from their hydrodynamic values. In the simplest approximation
this leads to a theory of the Maxwell relaxation. It is shown that the
distribution function of the 13-moment Grad approximation corresponds
to the approximation of zero order in gradients and to small �uxes.
Moreover, in that theory the investigation of the relaxation phenomena
in the system is reduced to a very approximate solution of the above-
mentioned eigenvalue problems. The Bogolyubov idea of the functional
hypothesis gives an adequate solution of the problem.

c© Institute of Mathematics, 2014



Ìåòîä ×åïìåíà�Åíñêîãà óçàãàëüíþ¹òüñÿ äëÿ äîñëiäæåííÿ ïðîöåñiâ ïî-
áëèçó âiä ãiäðîäèíàìi÷íèõ ñòàíiâ ãàçó. Óçàãàëüíåííÿ ðîáèòüñÿ íà îñ-
íîâi iäå¨ ôóíêöiîíàëüíî¨ ãiïîòåçè Áîãîëþáîâà. Ïîáóäîâàíî òåîðiþ, ÿêà
îïèñó¹ íåðiâíîâàæíi ñòàíè ãàçó çâè÷àéíèìè ãiäðîäèíàìi÷íèìè çìií-
íèìè i äîâiëüíèìè äîäàòêîâèìè ëîêàëüíèìè çìiííèìè. Ãðàäi¹íòè âñiõ
öèõ ïàðàìåòðiâ i âiäõèëåííÿ îñòàííiõ çìiííèõ âiä ¨õ ãiäðîäèíàìi÷íèõ
çíà÷åíü ââàæàþòüñÿ ìàëèìè. Ðîçðîáëåíà òåîðiÿ ¹ íåëiíiéíà òàêîæ i
ïî äîäàòêîâèõ çìiííèõ. Âîíà âåäå äî ëiíiéíèõ iíòåãðàëüíèõ ðiâíÿíü ç
îïåðàòîðîì, ùî äà¹òüñÿ ëiíåàðèçîâàíèì iíòåãðàëîì çiòêíåíü. Äåÿêi ç
íèõ ¹ ñïåêòðàëüíîþ çàäà÷åþ i îïèñóþòü êiíåòè÷íi ìîäè ñèñòåìè.

Ðîçâèíóòà òåîðiÿ çàñòîñîâàíà äî ðîçâ'ÿçóâàííÿ ìîäèôiêîâàíî¨ ïðî-
áëåìè Ãðåäà, â ÿêié íåðiâíîâàæíèé ñòàí ãàçó îïèñó¹òüñÿ çâè÷àéíèìè
ãiäðîäèíàìi÷íèìè çìiííèìè i ìàëèìè âiäõèëåííÿìè ïîòîêiâ åíåðãi¨ òà
iìïóëüñó âiä ¨õ ãiäðîäèíàìi÷íèõ çíà÷åíü. Ó íàéïðîñòiøîìó íàáëèæåííi
öå âåäå äî òåîði¨ ìàêñâåëëiâñüêî¨ ðåëàêñàöi¨. Ïîêàçó¹òüñÿ, ùî ôóíêöiÿ
ðîçïîäiëó 13-ìîìåíòíîãî íàáëèæåííÿ Ãðåäà âiäïîâiäà¹ íóëüîâîìó íà-
áëèæåííþ çà ãðàäi¹íòàìè i ìàëèì ïîòîêàì. Áiëüøå òîãî, â öié òåîði¨
äîñëiäæåííÿ ðåëàêñàöiéíèõ ÿâèù â ñèñòåìi çâîäèòüñÿ äî äóæå íàáëè-
æåíîãî ðîçâ'ÿçêó âêàçàíî¨ ñïåêòðàëüíî¨ çàäà÷i. Iäåÿ ôóíêöiîíàëüíî¨
ãiïîòåçè Áîãîëþáîâà äà¹ àäåêâàòíèé ðîçâ'ÿçîê ïðîáëåìè.

1 Introduction

The problem of the solution of the Boltzmann equation in order to build
hydrodynamic equations was posed by Boltzmann as soon as he derived
his equation

∂fp(x, t)

∂t
= −υlp

∂fp(x, t)

∂xl
+ Ip(f(x, t)), (1)

which describes nonequilibrium states of a rare�ed gas in terms of the
distribution function (DF) fp(x, t) (Ip(f) is the collision integral, υlp ≡
pl/m; we restrict the discussion to a one-component system).

In any approach the starting point for the construction of hydrodynamic
equations on the basis of the kinetic equation (1) is the energy, momentum,
and particle number conservation laws in di�erential form, which follow
from the relations∫

d3p ζµpIp(f) = 0,
(
ζµp : εp, p l, m; εp ≡ p2/2m

)
. (2)
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The above-mentioned conversation laws have the form

∂ε

∂t
= − ∂qn

∂xn
,

∂πl
∂t

= −∂tln
∂xn

,
∂ρ

∂t
= −∂πn

∂xn
, (3)

where the energy density ε, the momentum density πl, the mass density
ρ (variables ζµ(x, t)), and the densities of the corresponding �uxes qn, tln,
πn are given by the formulas

ε =

∫
d3p εpfp, πn =

∫
d3p pnfp, ρ =

∫
d3pmfp;

qn =

∫
d3p εpυnpfp, tln =

∫
d3p p lυnpfp. (4)

The mass velocity υn and temperature T are de�ned by the relations

πn = ρυn, ε ≡ εo + ρυ2/2, εo = 3nT/2 (ρ ≡ mn) . (5)

An important role in hydrodynamics is played by the Galilean transforma-
tion from the laboratory reference frame (LRF) to the accompanying
reference frame (ARF)

qn = qon + tonlυl + (εo + ρυ2/2)υn, tln = toln + ρυlυn (6)

(Ao is a quantity A in the ARF). Finally, the time equations for usual
hydrodynamic variables T (x, t), υn(x, t), n(x, t) (denoted below by ξµ(x, t))
become

∂T

∂t
= −υn

∂T

∂xn
− 2

3n

(
∂qol
∂xl

+ toln
∂υl
∂xn

)
,

∂υl
∂t

= −υn
∂υl
∂xn

− 1

mn

∂toln
∂xn

,

∂n

∂t
= −∂nυl

∂xl
. (7)

The next step is to express the �uxes qol , t
o
nl in terms of the hydrodynamic

variables ξµ(x, t) by functionals qol (x, ξ(t)), tonl(x, ξ(t)) that leads to closed
equations of the form

∂ξµ(x, t)

∂t
= Mµ(x, ξ(t)) (8)

(Mµ(x, ξ) are some functionals of ξµ(x)). The hydrodynamic variables
ξµ(x, t) are expressed only in terms of the simplest moments of
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the distribution function fp(x, t). Therefore the number of parameters
that describe the system state is reduced as we go from kinetics to
hydrodynamics. Therefore the parameters ξµ(x, t) (or equivalent variables
ζµ(x, t)) may be called reduced description parameters (RDP) of the
system.

A considerable contribution into the solution of this problem was
made by Hilbert [1], who formulated the concept of the normal solution
fp(x, ξ(t)) of the kinetic equation (1). This solution is a functional of the
hydrodynamic variables ξµ(x, t) as functions of the coordinates, and it
depends on the time only through their mediation. Hilbert developed a
perturbation theory in a small parameter g for calculation DF fp(x, ξ) on
the basis of the estimates Ip(f) ∼ g−1, fp(x, t) ∼ g0. The parameter g
(the Knudsen number) is given by the formula g = l/L where l is the
gas mean free path, and L is a characteristic dimension of the system
inhomogeneities. In the main order of the perturbation theory the DF
fp(x, ξ) coincides with the Maxwell distribution wp

wp = wop−mυ, wop ≡
n

(2πmT )3/2
e−

εp
T (Ip(w) = 0). (9)

In practical terms the Hilbert perturbation theory was improved by
Enskog [2], who managed to derive hydrodynamic equations with account
for dissipative processes. His method is called the Chapman�Enskog
method [3], because the same results were obtained by Chapman on the
basis of Maxwell's ideas. The Chapman�Enskog method reduces to the
solution of linear integral equations of the form

K̂gp = hp, (10)

where gp is the sought-for function, and hp is a known function (the
Fredholm integral equation of the �rst kind). The kernel Kpp′ of the

operator K̂ is de�ned by the linearized collision integral

K̂gp =

∫
d3p′Kpp′gp′ ,

wpKpp′ = −Mpp′wp′ , Mpp′ ≡
δIp(f)

δfp′

∣∣∣∣
f→w

. (11)

The integral equations are solved with additional conditions which follow
from the de�nition of the hydrodynamic variables (4) and (5). In fact, in
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the Chapman�Enskog method the perturbation theory for the DF fp(x, ξ)
is built in small gradients of the hydrodynamic variables according to the
estimate

∂sξµ(x)

∂xl1 ...∂xls
∼ gs. (12)

Burnett proposed the method of Sonine orthogonal polynomial Sαn (x)
expansion [4, 5] for the approximate solution of integral equations of the
form (10) related to the Boltzmann equation. The use of these polynomials
is due to the fact that the DF fp(x, ξ) proves to be proportional to the
Maxwell distribution, and therefore the orthogonality relation∫

d3pwopε
α−1/2
p Sαs (βεp)S

α
s′(βεp) = nTα−1/2

2Γ(s+ α+ 1)

s!π1/2
δss′ (13)

(α is some parameter; β ≡ T−1) is obviously helpful. In fact, the
polynomial series is truncated arti�cially, and one-, two-, etc. polynomial
approximations are built. Kohler proposed a variational principle [6] for
the solution of integral equations of the form (4) which is based on the
Hilbert result that the bilinear form

{gp, hp} =

∫
d3p d3p′wpKpp′gphp′ (14)

(gp, hp are arbitrary functions) has the properties

{gp, hp} = {hp, gp}, {gp, gp} ≥ 0;

{gp, gp} = 0 ⇒ gp = ζµp, (15)

(ζµp are de�ned in (2)). This variational principle justi�es the convergence
of the Burnett procedure of approximate solution of the integral equation
(10) with increasing number of polynomials.

It is also worth noting at this point that on the basis of (15) it is easy
to show, following Hilbert, the symmetry of the operator K̂ (11), i.e. the
relation (gp, K̂hp) = (K̂gp, hp). Here, the scalar product is de�ned as

(gp, hp) = 〈gphp〉, 〈gp〉 ≡
∫
d3pwpgp. (16)

The positiveness of the eigenvalues of the operator K̂ also follows from
(15). Its eigenfunctions can be assumed to be orthogonal in the introduced
scalar product.
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In this paper we construct theory which describes nonequilibrium
states close to hydrodynamic ones. These states are described by usual
hydrodynamic variables ξµ(x, t) (or ζµ(x, t)) and some additional variables
ϕi(x, t) that vanish at usual hydrodynamic evolution. Therefore, variables
ϕi(x, t) describe relaxation phenomena and one receives an opportunity
to study forming the hydrodynamic evolution. The proposed theory is
given by our generalization of the Chapman�Enskog method based on the
Bogolyubov idea of the functional hypothesis [7] (see discussion this idea,
for example, in [8]). Relaxation processes are considered at their end that
allows to build a perturbation theory in magnitude of variables ϕi(x, t)
which is additional one to usual perturbation theory in gradients.

The idea of investigation of relaxation processes at their end was used
in a series of papers: in theory of relaxation of polaron gas velocity
and temperature in polar crystals [9], in hydrodynamics of phonon
subsystem of dielectrics taking into account drift velocity relaxation [10], in
hydrodynamics of two-component plasma taking into account temperature
and velocity relaxation of the components [11].

Plan of the paper is as follows. In the Section 2 the Grad approach
to solution of kinetic equations is discussed in connection with the
Bogolyubov reduced description method. Particular attention is paid to
the analysis of his 13-moment approximation (we call this theory the Grad
problem). In the Section 3 the general theory is constructed which describes
nonequilibrium processes in the vicinity of hydrodynamic states. Section
4 gives application of the developed theory to a modi�ed Grad problem.

2 The Grad problem and the Bogolyubov

reduced description method

Grad proposed a method [12] in which solutions of the Boltzmann equation
are sought from the very outset as a truncated series in the orthogonal
tensor Hermite polynomials Hl1...ls(~x). The use of these polynomials is
justi�ed by the same reason as the use of the Sonine polynomials, namely,
by the form of their normalization condition∫

d3pwopHl1...ls((β/m)1/2~p)Hl′1...l
′
s′

((β/m)1/2~p) =

= nδss′
∑
σ

δl′1lσ(1) ... δl′slσ(s) (17)
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(σ is an arbitrary permutation of the numbers 1, ..., s). In the Chapman�
Enskog method, a hydrodynamic gas state is described by moments of the
DF fp(x, t) with the functions ζµp de�ned in (2). In the 13-moment Grad
approximation the system is described by the moments of the DF with the
functions

ζµp, εpυ lp, hln(p)/m
(
hln(p) ≡ pnp l − δnlp2/3

)
which are taken in the ARF. According to (4) this state is de�ned by the
variables ζµ(x, t), qol (x, t),

πoln(x, t) ≡ toln(x, t)− δlntomm(x, t)/3

where qol (x, t), toln(x, t) are the densities of the gas energy and momentum
�uxes in the ARF (ξµ(x, t) can be used instead of ζµ(x, t)). The Grad
equations for �uxes are obtained from the kinetic equation by direct
substitution of the DF expansion in the Hermite polynomials, which leads
to their quadratic nonlinearity because the collision integral Ip(f) is a
quadratic function of the DF fp′ . In the G-13 approximation, equations
(7) are �nal equations, and they are supplemented by the time equations
for the �uxes qol (x, t), πoln(x, t).

The equations of the G-13 approximation were considered by Grad
as a means to investigate nonequilibrium states that precede standard
hydrodynamic ones. On this basis he discussed [13] the hydrodynamic
evolution, studying normal according to Hilbert solutions, with the �uxes
qol (x, t), πoln(x, t) that are functionals of the usual hydrodynamic variables
qol (x, ζ(t)), πoln(x, ζ(t)).

The situation may be clari�ed further if we will base the consideration
on the Bogolyubov idea of the functional hypothesis and his idea of
hierarchy of nonequilibrium states of a system during its evolution. These
ideas are basis of the Bogolyubov reduced description method (RDM)
of nonequilibrium processes [7] and can be applied to investigation of
evolution of a system described by the Liouville equation or kinetic
equations (see review in [8]). On this basis the Chapman�Enskog method
is generalized in the present paper.

Usual hydrodynamic states are realized in the system at times t� τ0,
where τ0 is the mean free time. Nonequilibrium Grad states are realized
at t � τ1, where τ1 is a characteristic time such that τ1 � τ0. According
to the idea of the functional hypothesis we have

fp(x, t)−−−→t�τ1
fp(x, ζ(t), qo(t), πo(t)), (18)
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i.e. at times t � τ1 the DF fp(x, t) becomes a functional of the RDP
ζµ(x, t), qon(x, t), πoln(x, t) as functions of the coordinates and depends on
the time only through their mediation. This functional is universal in the
sense that only the RDP ζµ(x, t), qol (x, t), πoln(x, t) on the right-hand side
of (18) depend on the initial system state described by the DF fp(x, t = 0).
To the functional hypothesis (18) de�nitions of the RDP∫

d3p εpυlp fp+mυ(x)(x, ζ, q
o, πo) = qol (x),∫

d3p hnl(p)fp+mυ(x)(x, ζ, q
o, πo)/m = πoln(x),∫

d3p ζµpfp(x, ζ, q
o, πo) = ζµ(x) (19)

must be added.
The idea of the functional hypothesis is obviously a generalization of

the Hilbert idea of normal solutions. However, in Bogolyubov's research
it became a result of his investigations into non-linear dynamic systems,
in which the synchronization of the solutions of their dynamic equations
with the evolution of some parameters is observed. The term �the
functional hypothesis� was introduced by Uhlenbeck. By now, thanks to
Peletminsky's investigations, this idea has largely lost the status of a
hypothesis. In some important cases it can be proven [14]-[16] (see also [8]).
The right hand side of the functional hypothesis (18) contains asymptotic
value of the distribution function fp(x, t). Transition to asymptotics implies
some coarsening procedure. This procedure corresponds to possibilities of
experimental observations and make possible the reduced description of
the system.

In fact in the G-13 approximation, the DF fp(x, ζ, q
o, πo) is given by

the formula

fp(x, ζ, q
o, πo) = wop(n, T )

{
1 +

1

2mnT 2
pnp lπ

o
nl(x)+

+
1

nT 2
p l(

2εp
5T
− 1)qol (x)

}
p→p−mυ(x)
n→n(x), T→T (x)

, (20)

to which there are no corrections in the framework of Grad's theory
(wop(n, T ) ≡ wop in (9)). A comparison of (20) with the functional from (18)
shows that (20) corresponds to an approximation of small �uxes qol (x, t),



64 V.N. Gorev, A.I. Sokolovsky

πoln(x, t) and the zero-order approximation in gradients. Moreover, we show
further on the basis of the developed in the Section 3 theory that expression
(20) corresponds to one-polynomial approximation.

Below we call problem of reduced description of the nonequilibriun
system by variables ζµ(x, t), qol (x, t), πoln(x, t) the Grad problem.

3 Description of nonequilibrium processes

in the vicinity of the hydrodynamic states

3.1 The basic equations of the theory

Consider a generalization of the Grad problem to the case of description
of the system by arbitrary parameters that are additional to usual
hydrodynamic variables. The corresponding stage of evolution precedes
in time hydrodynamic stage. The use of the two reference frames (the
laboratory and the accompanying ones) brings a certain complication to
the theory. Therefore in this section we choose the densities of the integrals
of motion ζµ(x, t) as the basic hydrodynamic variables.

According to Bogolyubov, at the hydrodynamic stage of evolution the
reduced description can be built on the basis of the functional hypothesis

fp(x, t)−−−→t�τ0
f̃p(x, ζ̃(t));

∫
d3p ζµp f̃p(x, ζ̃) = ζ̃µ(x). (21)

Here, the second formula is the de�nition of the parameters ζ̃µ(x, t), for
which the gas energy, momentum, and mass densities are taken (see (2) and
(4)). Let at t � τ1 (τ0 � τ1) the gas be described by the hydrodynamic
parameters ζµ(x, t) and the deviations ϕi(x, t) of the parameters with the
microscopic values θip from their hydrodynamic values θi(x, t) (notation
ϕi(x, t) is less descriptive than δθi(x, t) but leads to compact formulas).
Then the functional hypothesis at these times has the form

fp(x, t)−−−→t�τ1
fp(x, ζ(t), ϕ(t));∫

d3p θipfp(x, ζ, ϕ) = ϕi(x) + θi(x, ζ),

∫
d3p θip f̃p(x, ζ̃) ≡ θi(x, ζ̃);∫

d3p ζµpfp(x, ζ, ϕ) = ζµ(x), (22)
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where the last three formulas de�ne the RDPs ζµ(x, t) and ϕi(x, t).
According to kinetic equation (1), the introduced parameters satisfy

the following time equations

∂ζ̃µ(x, t)

∂t
= L̃µ(x, ζ̃(t)), L̃µ(x, ζ̃) ≡ − ∂

∂xn

∫
d3p ζµpυnp f̃p(x, ζ̃); (23)

∂ζµ(x, t)

∂t
= Lµ(x, ζ(t), ϕ(t)),

Lµ(x, ζ, ϕ) ≡ − ∂

∂xn

∫
d3p ζµpυnpfp(x, ζ, ϕ); (24)

∂ϕi(x, t)

∂t
= Li(x, ζ(t), ϕ(t)),

Li(x, ζ, ϕ) ≡ −
∑
µ

δθi(x, ζ)

δζµ(x′)
Lµ(x′, ζ, ϕ)− ∂

∂xn

∫
d3p θipυnpfp(x, ζ, ϕ) +

+

∫
d3p θipIp(f(x, ζ, ϕ)). (25)

The considered problem implies that the relations

ζµ(x, t)−−−→
t�τ0

ζ̃µ(x, t), ϕi(x, t)−−−→t�τ0
0;

fp(x, ζ(t), ϕ(t))−−−→
t�τ0

f̃p(x, ζ̃(t)) (26)

are true, whence we have the identities

fp(x, ζ, ϕ = 0) = f̃p(x, ζ), Lµ(x, ζ, ϕ = 0) = L̃µ(x, ζ),

Li(x, ζ, ϕ = 0) = 0. (27)

According to Bogolyubov's MRD, the asymptotic DF are the exact
solutions of the kinetic equation

∂ f̃p(x, ζ̃(t))

∂t
= −υlp

∂ f̃p(x, ζ̃(t))

∂xl
+ Ip(̃fp(x, ζ̃(t))),

∂fp(x, ζ(t), ϕ(t))

∂t
= −υlp

∂fp(x, ζ(t), ϕ(t))

∂xl
+ Ip(fp(x, ζ(t), ϕ(t))). (28)

By their meaning, they describe the system state at t � τ0 and t � τ1,
respectively. However, the solution of equations (26) can be continued to
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t = 0, that introduces the e�ective initial conditions to time equations
(23)-(25).

Equations (28) together with relations (23)-(25) yield the following
integro-di�erential equations for the DF f̃p(x, ζ̃) and fp(x, ζ, ϕ)

∑
µ

∫
d3x′

δf̃p(x, ζ)

δζµ(x′)
L̃µ(x′, ζ) = −υlp

∂ f̃p(x, ζ)

∂xl
+ Ip(f̃p(x, ζ)), (29)

∑
µ

∫
d3x′

δfp(x, ζ, ϕ)

δζµ(x′)
Lµ(x′, ζ, ϕ) +

∑
i

∫
d3x′

δfp(x, ζ, ϕ)

δϕi(x′)
Li(x

′, ζ, ϕ) =

= −υlp
∂fp(x, ζ, ϕ)

∂xl
+ Ip(fp(x, ζ, ϕ)). (30)

They should be solved in a perturbation theory in the gradients g of the
RDP ζµ(x), ζ̃µ(x), ϕi(x) and in the parameter λ that estimates the order
of the variables ϕi(x) according to

∂sζµ(x)

∂xl1 ...∂xls
∼ gs, ∂sζ̃µ(x)

∂xl1 ...∂xls
∼ gs, ∂sϕi(x)

∂xl1 ...∂xls
∼ gsλ1. (31)

In doing so,the RDP de�nitions (21) and (22) should be used as additional
conditions.

3.2 Construction of the perturbation theory

According to (27), we can restrict ourselves to the solution of equation
(30) only. The structure of its solution in the perturbation theory is given
by the formulas

fp = f(0)p + f(1)p +O(g2), f(0)p = f(0,0)p + f(0,1)p + f(0,2)p +O(g0λ3),

f(1)p = f(1,0)p + f(1,1)p +O(g1λ2);

f(0,0)p = wp, f(0,1)p = wp
∑
i

aipϕi, f(0,2)p = wp
∑
ii′

bii′pϕiϕi′ ;

f(1,0)p = wop{1 +
∂T

∂xn
Appn +

∂υn
∂xl

Bphnl(p)}p→p−mυ,

f (1,1)p = wp{
∑
i

cilp
∂ϕi
∂xl

+
∑
iµ

diµlpϕi
∂ξµ
∂xl
}. (32)
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Here and in what follows, A(m) is the contribution of the order gm, and
A(m,n) is the contribution of the order gmλn to the quantity A, and the
results are given in terms of the gradients of the variables ξµ(x, t), i.e.
T (x, t), υn(x, t), n(x, t). In (32) aip, bii′p, cilp, diµlp are some momentum

functions to be computed. The contribution f
(1,0)
p coincides with the �rst-

order approximation in gradients of the usual Chapman�Enskog method.
The scalar functions Ap, Bp satisfy the known integral equations

K̂oApp l =
1

mT

(
5

2
− εp
T

)
pl, 〈Apεp〉o = 0;

K̂oBphnl(p) = − 1

mT
hnl(p), (33)

where

K̂ohp =

∫
d3p′wopK

o
pp′hp′ , Ko

p,p′ = Kp+mυ,p′+mυ;

〈hp〉o =

∫
d3pwophp (34)

(the kernel Kpp′ is de�ned in (11); hp is an arbitrary function). The
second formula in (33) is the additional condition that follows from the

RDP de�nition in (22). The functions f
(0,0)
p and f

(1,0)
p de�ne the main

contributions M
(1,0)
µ and M

(2,0)
µ to the usual hydrodynamic equations (8)

M
(1,0)
0 = −υn

∂T

∂xn
− 2

3
T
∂υn
∂xn

, M
(1,0)
l = −υn

∂υl
∂xn

− T

mn

∂n

∂xl
− 1

m

∂T

∂xl
,

M
(1,0)
4 = −∂nυl

∂xl
; (35)

M
(2,0)
0 = − 2

3n

(
∂q

o(1,0)
l

∂xl
+ t

o(1,0)
ln

∂υl
∂xn

)
, M

(2,0)
l = − 1

mn

∂t
o(1,0)
ln

∂xn
,

M
(2,0)
4 = 0. (36)

In (35) the expressions for the reversible �uxes

qo(0,0)n = 0, t
o(0,0)
nl ≡ pδnl, p = nT
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are taken into account (p is the pressure). Equations (36) include the
dissipative contributions to the �uxes

qo(1,0)n = −κ ∂T
∂xn

, t
o(1,0)
ln = −η

(
∂υl
∂xn

+
∂υn
∂xl
− 2

3
δln

∂υm
∂xm

)
,

κ ≡ −2

3
〈ε2pAp〉o, η ≡ −4m

15
〈ε2pBp〉o (37)

where κ and η are the gas heat conductivity and shear viscosity, respecti-
vely.

According to (25) and (32), in the zero-order approximation in gradients
the equation for the parameters ϕi has the form

∂ϕi
∂t

= L
(0,1)
i + L

(0,2)
i +O(g0λ3, g1),

L
(0,1)
i = −

∑
i′

µii′ϕi′ , L
(0,2)
i = −

∑
i′i′′

νii′i′′ϕi′ϕi′′ , (38)

where the coe�cients

µii′ = {θip, ai′p},

νii′i′′ = {θip, bi′i′′p}+
1

2

∫
d3p d3p′wpθipKpp′p′′ai′p′ai′′p′′ (39)

and the function Kpp′p′′

wpKpp′p′′ = −Mpp′p′′wp′wp′′ , Mpp′p′′ ≡
δ2Ip(f)

δfp′δfp′′

∣∣∣∣
f→w

. (40)

are introduced. According to (22) and (30), these coe�cients µii′ , νii′i′′ and
functions aip, bii′p from (32) are the solutions of the integral equations with
the additional conditions

K̂aip =
∑
i′

ai′pµi′i, 〈aipζµp〉 = 0, 〈aipθi′p〉 = δii′ ; (41)

K̂bi′i′′p =
∑
i

aipνii′i′′ +
∑
i

(bii′pµii′′+bii′′pµii′)−

−1

2

∫
d3p′d3p′′Kpp′p′′ai′p′ai′′p′′ , 〈bi′i′′pζµp〉 = 0, 〈bi′i′′pθip〉 = 0. (42)
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Expressions (39) for the coe�cients µii′ , νii′i′′ follow also from the integral
equations (41) and (42) when the last relations in (41) and (42) are taken
into account. However, as will be shown below, these expressions for µii′ ,
νii′i′′ are not needed for the solution of equations (41) and (42).

Further analysis of the integral equations (41) and (42) without
specifying the parameters ϕi (and the functions θip) is di�cult. However,
it is easy to show that the quantities ϕi are linear combinations of the
gas kinetic modes ϕα. To demonstrate this, consider the right and left
eigenfunctions of the matrix µii′∑

i′

µii′ui′α = λαuiα,
∑
i

υiαµii′ = λαυi′α;∑
i

uiαυiα′ = δαα′ ,
∑
α

uiαυi′α = δii′ , (43)

with additional normalization and completeness conditions. Then

ϕi =
∑
α

uiαϕα, ϕα ≡
∑
i

ϕiυiα (44)

and, according to (38), the quantities ϕα satisfy the equation

∂ϕα
∂t

= −λαϕα −
∑
α′α′′

ναα′α′′ϕα′ϕα′′ +O(g0λ3, g1),

ναα′α′′ ≡
∑
ii′i′′

υiανii′i′′ui′α′ui′′α′′ (45)

In this case, (41) gives the integral equation

K̂aαp = λαaαp, 〈aαpζµp〉 = 0, 〈aαpθα′p〉 = δαα′ (46)

for the functions aαp ≡
∑
i aipuiα (θαp ≡

∑
i θipυiα). Thus, we have

arrived at a spectral problem for the operator K̂, i.e. for the linearized
collision operator. The positiveness of its eigenvalues λα and the possibility
of considering its eigenfunctions to be orthogonal in the scalar product
(16) are mentioned above. The spectral problem (46) describes the kinetic
modes of the system because the second condition in (46) means that
the eigenfunctions aαp are orthogonal to the hydrodynamic ones ζµp
(K̂ζµp = 0). Thus the variables ϕi, as the problem under consideration
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implies, really attenuate with the time. The functions ϕα are the gas kinetic
modes. Relations (46) de�ne the type of these modes.

The integral equation (42) should be solved for the quantities bii′p
and νii′i′′ . This equation is simpli�ed if, using the eigenfunctions (43),
we introduce the variable

bαα′p =
∑
ii′

bii′puiαui′α′ (47)

that yields the equations

K̂bα′α′′p =
∑
α

aαpναα′α′′ + bα′α′′p(λα′ + λα′′) + hα′α′′p;

〈bαα′p ζµp〉 = 0, 〈bαα′p θα′′p〉 = 0, 〈hαα′p ζµp〉 = 0 (48)

for the quantities bαα′p and ναα′α′′ (equations (48) may be called equations
(42) in the α-representation). Here, aαp is the eigenfunction that is found
from equation (46), and hαα′p is a known function that depends on aαp.
Besides the eigenfunctions aαp (their number equals to the number of the

parameters ϕi), the operator K̂ has eigenfunctions aµp and additional ones
asp. All these functions are orthogonal each to other and aµp are obtained

by the orthogonalization of the functions ζµp (K̂ζµp = 0). The solution of
the integral equation (48) can be sought in the form of expansion in the
operator K̂ eigenfunctions

bα′α′′p =
∑
α

bαα′α′′aαp +
∑
s

bsα′α′′asp +
∑
µ

bµα′α′′aµp,

hα′α′′p =
∑
α

hαα′α′′aαp +
∑
s

hsα′α′′asp +
∑
µ

hµα′α′′aµp. (49)

The second and fourth formulas in (48) show that the coe�cients bµα′α′′ ,
hµα′α′′ are equal to zero. Then the integral equation (48) yields

bαα′α′′ =
ναα′α′′ + hαα′α′′

λα − (λα′ + λα′′)
, bsα′α′′ =

hsα′α′′

λs − (λα′ + λα′′)
. (50)

The coe�cients ναα′α′′ are now found from the third formula in (48) with
account for the last relation in (46), which yields

bαα′α′′ +
∑
s

bsα′α′′〈aspθαp〉 = 0. (51)
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So, the integral equation with the additional conditions (42) has an unique
solution for the quantities bii′p and νii′i′′ .

Let us now discuss the calculation of the �rst-order contribution in
gradients L

(1)
i to equation (25) for the parameters ϕi. According to (25),

with account for (22) and (27) the main contribution can be written as

L
(1,1)
i = − ∂

∂xn

∫
d3p θipυnpf

(0,1)
p −

∑
µ

∂〈θip〉
∂ζµ

L(1,1)
µ +

+

∫
d3p d3p′θipMpp′ f

(1,1)
p′ +

∫
d3p d3p′ d3p′′θipMpp′p′′ f

(1,0)
p′ f

(0,1)
p′′ (52)

(L
(1,0)
i = 0). Here, L

(1,1)
µ is the right-hand sides of the hydrodynamic

equations for the variables ζµ, and thus for any function h of the
hydrodynamic variables the following formula can be used∑

µ

∂h

∂ζµ
L(1,1)
µ =

∑
µ

∂h

∂ξµ
M (1,1)
µ . (53)

Expressions for functions M
(1,1)
µ follows from equations (7) and (8)

M
(1,1)
0 = − 2

3n

(
∂q

o(0,1)
l

∂xl
+ t

o(0,1)
ln

∂υl
∂xn

)
, M

(1,1)
l = − 1

mn

∂t
o(0,1)
ln

∂xn
,

M
(1,1)
4 = 0 (54)

with �uxes

qo(0,1)n =
∑
i

〈εpυnpai,p−mυ〉oϕi, t
o(0,1)
ln =

∑
i

〈plυnpai,p−mυ〉oϕi. (55)

Further simpli�cation of formula (52) for L
(1,1)
i requires the speci�cation

of the parameters ϕi and the corresponding microscopic quantities θip.

According to (30) and (53), the contribution f
(1,1)
p to the DF satis�es

the equation

∑
µ

∂f
(0,1)
p

∂ξµ
M (1,0)
µ +

∑
µ

∂wp
∂ξµ

M (1,1)
µ +

∑
i

∂f
(0,1)
p

∂ϕi
L
(1,1)
i +υnp

∂f
(0,1)
p

∂xn
+
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+
∑
i

(
∂f

(1,1)
p

∂ϕi
+

∂f
(1,1)
p

∂∂ϕi/∂xn

∂

∂xn

)
L
(0,1)
i =

=

∫
d3p′d3p′′Mpp′p′′ f

(0,1)
p′ f

(1,0)
p′′ +

∫
d3p′Mpp′ f

(1,1)
p′ . (56)

Taking into account expressions (32) for the DF and the expressions for the

right-hand sidesM
(1,0)
µ , L

(0,1)
i , L

(1,1)
i ,M

(1,1)
µ of the equations for RDP from

(35), (38), (52), (54), we obtain the integral equations for the functions
cinp, diµnp

K̂cinp =
∑
i′

ci′npµi′i +
∑
i′

ai′pαi′in + hinp, (57)

K̂diµnp =
∑
i′

di′µnpµi′i +
∑
i′

ai′pβi′iµn + hiµnp, (58)

which, according to (32), de�ne the DF f
(1,1)
p . Here hinp and hiµnp are

known functions (hiµnp depends on cinp) and the coe�cients αii′n, βii′µn
are given by formulas

αii′n = {θip, ci′np}, βii′µn = {θip, di′µnp}. (59)

The additional conditions for equations (57), (58) are given by the formulas
respectively

〈ζµpcinp〉 = 0, 〈θip ci′np〉 = 0, 〈ζµphinp〉 = 0; (60)

〈ζµpdiµ′np〉 = 0, 〈θip di′µnp〉 = 0, 〈ζµphiµ′np〉 = 0. (61)

Expressions (59) for the coe�cients αii′n, βii′µn follow from equations
(57), (58) with account for the relation 〈aipθi′p〉 = δii′ from (41). However,
these relations are not needed for the solution of equations (57), (58), and
the integral equations are linear (this is similar to the situation with the
solution of equations (41) and (42) without regard for (39)). Equations
(57), (58), and (60), (61) are simpli�ed in the α-representation

K̂cαnp = cαnpλα +
∑
α′

aα′pαα′αn + hαnp,

〈ζµpcαnp〉 = 0, 〈θαpcα′np〉 = 0, 〈ζµphαnp〉 = 0; (62)

K̂dαµnp = dαµnpλα +
∑
α′

aα′pβα′αµn + hαµnp,

〈ζµpdαµ′np〉 = 0, 〈θαpdα′µnp〉 = 0, 〈ζµphαµ′np〉 = 0. (63)
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The solution of these equations may be discussed in a similar way to the
solution of equation (48) and needs more information about parameters
ϕi.

The calculation of the DF f
(1,1)
p allows us to �nd the contributionM

(2,1)
µ

to the right-hand side of the hydrodynamic equations (8). According to (8),
the following formulas hold

M
(2,1)
0 = − 2

3n

(
∂q

o(1,1)
l

∂xl
+ t

o(1,1)
ln

∂υl
∂xn

)
, M

(2,1)
l = − 1

mn

∂t
o(1,1)
ln

∂xn
,

M
(2,1)
4 = 0 (64)

with �uxes

qo(1,1)n =

∫
d3pεpυnpf

(1,1)
p , t

o(1,1)
ln =

∫
d3pplυnpf

(1,1)
p . (65)

In summary, we have investigated the equations for the RDP ϕi and
ξµ in the following orders of the perturbation theory

∂ϕi
∂t

= L
(0,1)
i + L

(0,2)
i + L

(1,1)
i +O(g0λ3, g1λ2, g2λ1, g3),

∂ξµ
∂t

= M (1,0)
µ +M (1,1)

µ +M (2,0)
µ +M (2,1)

µ +O(g1λ2, g2λ2, g3), (66)

where the quantities L
(0,1)
i , L

(0,2)
i , L

(1,1)
i , M

(1,0)
µ , M

(1,1)
µ , M

(2,0)
µ , M

(2,1)
µ

are given in formulas (35), (36), (38), (52), (54), (64). Clearly the above-
described procedure of sequential calculation of the DF and the right-hand
sides of the RDP time equations can be continued. A detailed analysis
of the obtained integral equations for the contributions to the DF is
only possible when the parameters ϕi and the corresponding microscopic
quantities θip are speci�ed. This will allow us to use rotational invariance
considerations, which can greatly simplify the calculations, and to perform
the required Galilean transformation.

4 Modi�ed Grad problem

Consider application of the developed theory to the Grad problem in which
nonequilibrium states of a gas are described by hydrodynamic variables
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ζµ(x, t) as well as by energy �ux qon(x, t) and traceless momentum �ux
πoln(x, t) taken in ARF. Speci�cation of RDP simpli�es the consideration
because allows us to make Galilean transformation for transition from LRF
to ARF and to use rotational invariance in calculations.

It was stressed above that solution of the Grad problem in framework of
the RDM can be based on the functional hypothesis (18) supplemented by
de�nition of the RDP (19). It is obvious that the Grad DF (20) corresponds
to the zero order approximation in gradients and to an approximation of
small �uxes. In this section according to the general theory developed
in Section 3 a modi�ed Grad problem is investigated. In this problem
the deviations of the �uxes δqon(x, t), δπoln(x, t) from their hydrodynamic
values qon(x, ζ(t)), πoln(x, ζ(t)), which are functionals of the hydrodynamic
variables ζµ(x, t), are taken as the RDP. These deviations are assumed
to be small values of the same order λ. Speci�cation of the result of
Section 3 for the problem considered here is quite simple. For example,
the functional hypothesis considers the DF as a functional of the form
fp(x, ζ(t), δqo(t), δπo(t)).

The time equations for the �uxes qon, π
o
ln follow from their de�nitions

(19) and kinetic equation (1) and can be written as

∂πoln
∂t

= −υm
∂πoln
∂xm

− πoln
∂υm
∂xm

−
(
πolm

∂υn
∂xm

+ πonm
∂υl
∂xm

− 2

3
δlnπ

o
sm

∂υs
∂xm

)
+

−nT
(
∂υl
∂xn

+
∂υn
∂xl
− 2

3
δln

∂υm
∂xm

)
− ∂πln,m(f)

∂xm
+Rln(f), (67)

∂qol
∂t

= −υn
∂qol
∂xn

− qol
∂υn
∂xn

− 5

3
qon
∂υl
∂xn

+
1

mn
πoln

∂πonm
∂xm

+
5

2

T

m

∂πoln
∂xn
−

+
1

mn
(πoln +

5

2
nTδln)

∂nT

∂xn
− ∂qln(f)

∂xn
− πln,m(f)

∂υn
∂xm

+Rl(f) (68)

where the notation

Rln(f) =
1

m

∫
d3p hln(p)Ip+mυ(f), Rl(f) =

1

m

∫
d3p εpp lIp+mυ(f);

πln,m(f) =
1

m2

∫
d3p hln(p)pmfp+mυ,

qln(f) =
1

m2

∫
d3p εpp lpnfp+mυ (69)
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is introduced. Equations (67), (68) are satis�ed by the functionals
qon(x, ζ(t)) ≡ q̃on, π

o
ln(x, ζ(t)) ≡ π̃oln and the usual hydrodynamic DF

f̃p(x, ζ) = wp + f
(1,0)
p + O(g2) (see (27), (32)). Therefore, according to

(67), (68) , the exact time equations for the deviations have the form

∂δπoln
∂t

= −υm
∂δπoln
∂xm

− δπoln
∂υm
∂xm

−

−
(
δπolm

∂υn
∂xm

+ δπonm
∂υl
∂xm

− 2

3
δlnδπ

o
sm

∂υs
∂xm

)
+

−∂δπln,m
∂xm

+ δRln ≡ Lln, (70)

∂δqol
∂t

= −υn
∂δqol
∂xn

− δqol
∂υn
∂xn

− 5

3
δqon

∂υl
∂xn

+
5

2

T

m

∂δπoln
∂xn

+

+
1

mn
δπoln

∂δπonm
∂xm

+
1

mn
π̃oln

∂δπonm
∂xm

+
1

mn
δπoln

∂π̃onm
∂xm

+

+
1

mn
δπoln

∂nT

∂xn
− ∂δqln

∂xn
− δπln,m

∂υn
∂xm

+ δRl ≡ Ll (71)

where the notations

δRln ≡ Rln(f)−Rln(̃f), δRl ≡ Rl(f)−Rl(̃f);

δπln,m ≡ πln,m(f)− πln,m(f̃), δqln ≡ qln(f)− qln(̃f) (72)

are introduced. To continue the derivation of the time equations, one needs
to calculate DF fp(x, ζ, δq

o, δπo) using the general theory developed in
Section 3 and substitute it into (72).

Here we restrict ourselves to the calculation of the contribution f
(0)
p of

zero order in gradients to this DF. According to (32) in this approximation
the DF fp(x, ζ, δq

o, δπo) has the structure

f(0)p = wop{1 + anp δq
o
n + alnp δπ

o
ln +O(g0λ2)}p→p−mυ,

anp ≡ appn, anlp ≡ bp hnl(p) (73)

where ap, bp are some scalar functions. In view of (70)-(72), the time
equations for the deviations of the �uxes qon, π

o
ln in the zero order in

gradients have the form

∂δqol
∂t

= −λqδqol +O(g0λ2, g1),
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∂δπoln
∂t

= −λπδπoln +O(g0λ2, g1) (74)

where

λq =
1

3m
{p lεp, p lap}o, λπ =

1

5m
{p lpn, hln(p)bp}o. (75)

These quantities are written using the following bilinear form

{gp, hp}o =

∫
d3pd3p′wopK

o
pp′gphp′ (76)

which is a speci�cation of the form (14) {gp, hp} for the ARF (see also
(9), (11), (34)). According to formulas (32), (41) of the general theory, the
functions ap, bp from (73) satisfy the integral equations with the additional
conditions

K̂oapp l = λqapp l, 〈εpap〉o = 0, 〈ε2pap〉o = 3/2; (77)

K̂obphln(p) = λπbphln(p), 〈ε2pbp〉o =
15

8m
. (78)

As would be expected, these equations are eigenvalue problems for the
operator K̂o de�ned in (34). According to the remark given after formulas
(16), its eigenvalues are positive and equations (71) describe attenuation
of the �ux deviations δqon(x, t), δπoln(x, t) i.e. the processes

qon(x, t)−−−→
t�τ0

qon(x, ζ(t)), πoln(x, t)−−−→
t�τ0

πoln(x, ζ(t)). (79)

This phenomenon is called the Maxwell relaxation. In the Grad theory
[13] relaxation equations of the type (74) for �uxes qon(x, t), πoln(x, t) are
obtained too, but describe simple attenuation of these �uxes.

Equations (74) give contributions L
(0,1)
l , L

(0,1)
ln to the right-hand sides

Ll, Lln of the time equations for RDP (70), (71). According to the general
theory, contributions to Ll, Lln that do not depend on the parameters δqon,
δπoln are absent, and therefore

L
(1,0)
l = 0, L

(1,0)
ln = 0; L

(2,0)
l = 0, L

(2,0)
ln = 0 (80)

(see, for example, equations (66)). In the present paper other contributions
will not be discussed. Consider only approximate solution of the integral
equations (77), (78) using the Burnett method of a truncated Sonine
polynomial expansion.
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Solution of the equation (77) with account for its tensor dimensionality
is found in the form of the series

ap =

∞∑
s=0

asS
3/2
s (βεp) (81)

(β = T−1). Additional conditions (77) thus give

a0 = 0, a1 = −2β2/5n. (82)

Integral equation (77) leads to the following in�nite set of linear equations
for the coe�cients as

∞∑
s′=1

Ass′ ãs′ = λ̃qãs (83)

where the notations

Ass′ = {p lS3/2
s (βεp), plS

3/2
s′ (βεp)}o(xsxs′)−1/2,

ãs = asx
1/2
s , λ̃q =

2mn

β
λq, xs ≡

2Γ(s+ 5/2)

s!π1/2
(84)

are introduced. According to the properties of the bilinear form (76) the
matrix Ass′ is symmetric and positively de�ned. Solution of equations (83)
in one- and two-polynomial approximations gives

a
[1]
1 = a1, λ̃[1]q = A11;

a
[2]
1 = a1, a

[2]
2 =

2

71/2
λ̃
[2]
q −A11

A12
a1,

λ̃[2]q = {(A11 +A22)− [(A11 −A22)2 + 4A2
12]1/2}/2 (85)

(here A[n] is a quantity A taken in n-polynomial approximation). Note

that in the two-polynomial approximation eigenvalue λ̃
[2]
q of the smallest

value was chosen.
With account for the tensor dimensionality of equation (78) its solution

is found as the following series expansion

bp =

∞∑
s=0

bsS
5/2
s (βεp). (86)
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Additional condition (78) de�ne the �rst coe�cient of the expansion

b0 = β2/2mn. (87)

Integral equation (78) leads to the in�nite set of linear equations for the
coe�cients bs

∞∑
s′=0

Bss′ b̃s′ = λ̃π b̃s (88)

where the notations

Bss′ = {hln(p)S5/2
s (βεp), hln(p)S

5/2
s′ (βεp)}o(ysys′)−1/2,

b̃s = bsy
1/2
s , λ̃π =

8m2n

3β2
λπ, ys ≡

2Γ(s+ 7/2)

s!π1/2
(89)

are introduced. According to the properties of the bilinear form (76) the
matrix Bss′ is symmetric and positively de�ned one. Solution of equations
(88) in one- and two-polynomial approximations gives

b
[1]
0 = b0, λ̃[1]π = B00;

b
[2]
0 = b0, b̃

[2]
1 =

21/2

71/2
λ̃
[2]
π −B00

B01
b0,

λ̃[2]π = {(B00 +B11)− [(B00 −B11)2 + 4B2
01]1/2}/2. (90)

Note that in the two-polynomial approximation the eigenvalue λ̃
[2]
π of the

smallest value was chosen.
So, in the one-polynomial approximation the following expression for

DF (73) of the zero order in gradients is obtained

f(0)p = wop

{
1 +

1

2mnT 2
pnplδπ

o
ln +

+
1

nT 2
pn(

2

5

εp
T
− 1)δqon +O(g0λ2)

}
p→p−mυ

(91)

For the selected independent variables this expression coincides with the
Grad DF (20). Therefore, the statement given at the end of section 2 is
con�rmed and his DF contains only contributions of the orders g0λ0, g0λ1

and takes them in the one-polynomial approximation.
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In the one-polynomial approximation our attenuation constants are
given by the formulas

λ[1]q =
2

15mnT 3
{p lεp, p lεp}o =

5

2

nT

mκ[1]
,

λ[1]π =
1

10m2nT 2
{hln(p), hln(p)}o =

nT

η[1]
(92)

where the expressions for the heat conductivity κ[1] and the shear viscosity
η[1] in the same approximation are used to compare. Famous result of the
theory [3] is given by the formula

κ[1] = 15η[1]/4m (93)

which leads to the relations

λ[1]q = 2λ[1]π /3. (94)

Note that the Grad theory [12] gives also expressions (92) for attenuation
constants. However, in his theory this constants describe unphysical
attenuation of the �uxes qol (x, t), πoln(x, t) to zero and cannot be corrected.

As the �nal remark note that it is not possible to rigorously prove the
method of a truncated polynomial expansion for solution of eigenvalue
problem for operator K̂. However, the proposed calculations additionally
show limitation of the Grad method as an alternative to the Bogolyubov
reduced description method.

5 Conclusion

The Chapman�Enskog method has been generalized for the investigation
of processes in the vicinity of hydrodynamic states of a gas. The genera-
lization is made on the basis of the Bogolyubov idea of the functional
hypothesis. A theory that describes a nonequilibrium state of a gas
by the usual hydrodynamic variables ζµ(x, t) and arbitrary additional
local variables θi(x, t) has been constructed. The gradients of all these
parameters and the deviations ϕi(x, t) of the variables θi(x, t) from their
hydrodynamic values θi(x, ζ(t)) are assumed to be small and are estimated
by two independent small parameters g, λ. The proposed theory is
nonlinear in the variables ϕi(x, t) too.
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The usual Chapman�Enskog method leads to the solution of Fredholm
integral equations of the �rst kind with an operator K̂ given by the
linearized collision integral. The proposed theory leads to the solution
of linear integral equations of a more complicated nature with the same
operator K̂. Some of them are eigenvalue problems for the operator K̂ and
describe the kinetic modes of the system.

The proposed theory is applied to the solution of a modi�ed Grad
problem. Grad formulated his problem in his 13-moment approximation
for the solution of kinetic equations. In his theory nonequilibrium states
of a gas are described, in addition to the usual hydrodynamic variables,
by the �uxes of energy qon(x, t) and traceless momentum πoln(x, t) ≡
toln(x, t) − tomm(x, t)δln/3 in the accompanying reference frame. In fact
these �uxes are considered as small quantities of the same order λ and
the Grad distribution function includes only terms of the orders g0λ0,
g0λ1. Moreover, it corresponds to the one-polynomial approximation. In
our modi�cation of the Grad problem a nonequilibrium state of a gas
is described by the usual hydrodynamic variables and small deviations
δqon(x, t), δπoln(x, t) of the above-mentioned �uxes from their hydrodynamic
values qon(x, ζ(t)), πoln(x, ζ(t)). In the simplest approximation this leads to
a theory of the Maxwell relaxation.

The consideration shows that in the 13-moment Grad approximation
the investigation of the relaxation phenomena in the system is reduced to
a very approximate solution of the eigenvalue problem for the operator
K̂. The Bogolyubov reduced description method, based on his idea of the
functional hypothesis, gives an adequate solution of the problem.

The proposed theory can be applied to evolution described by arbitrary
kinetic equations, and to the evolution of dense systems described by the
Liouville equation.
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in one boundary value problem for

monogenic functions of the biharmonic

variable

Dedicated to the 80 th anniversary of Prof. D.Ya. Petrina

Considered a boundary value problem (BVP) for monogenic functions
of biharmonic variable taking values in a two-dimensional commutative
Banach algebra. This BVP is associated with the main biharmonic problem
for biharmonic functions of two real variables. Developing a reduction's
scheme for this BVP for monogenic functions to BVP in a disk by using of
expansions in power series and conformal mappings in the complex plane.
For some particular cases this problem is solved in a complete form.

Ðîçãëÿäà¹òüñÿ êðàéîâà çàäà÷à äëÿ ìîíîãåííèõ ôóíêöié áiãàðìîíi÷íî¨
çìiííî¨ çi çíà÷åííÿìè â äâîâèìiðíié êîìóòàòèâíié àëãåáði. Äàíà çà-
äà÷à àñîöiéîâàíà ç îñíîâíîþ áiãàðìîíi÷íîþ çàäà÷åþ íà ïëîùèíi. Ðî-
çðîáëÿ¹òüñÿ ñõåìà ðåäóêöi¨ öi¹¨ çàäà÷i äëÿ ìîíîãåííèõ â îäíîçâ'ÿçíèõ
îáëàñòÿõ ôóíêöié äî âiäïîâiäíî¨ êðàéîâî¨ çàäà÷i â êðóçi áiãàðìîíi÷-
íî¨ ïëîùèíè, çàñòîñîâóþ÷è ðîçâèíåííÿ â ñòåïåíåâèé ðÿä àíàëiòè÷íèõ
ôóíêöié êîìïëåêñíî¨ çìiííî¨ òà êîíôîðìíi âiäîáðàæåííÿ êîìïëåêñíî¨
ïëîùèíè. Íàâåäåíî ÷àñòèííi âèïàäêè, êîëè äàíà çàäà÷à ðîçâ'ÿçó¹òüñÿ
ó çàìêíåíié ôîðìi.

1. Introduction. Monogenic functions in a biharmonic plane.
We say that an associative commutative two-dimensional algebra B with

c© Institute of Mathematics, 2014
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the unit 1 over the �eld of complex numbers C is biharmonic if in B there
exists a biharmonic basis, i.e., a basis {e1, e2} satisfying the conditions

(e21 + e22)2 = 0, e21 + e22 6= 0, (1)

In [1], I. P. Mel'nichenko proved that there exists the unique biharmonic
algebra B and all biharmonic bases form an in�nite collection belonging to
the algebra B, moreover, B is generated by a non-biharmonic bases {e1, ρ},
where ρ2 = 0.

Here and elsewhere we mean by the biharmonic bases {e1, e2} the
following:

e1 = 1, e2 = i− i

2
ρ, (2)

where i is an imaginary complex unit. Therefore, we have equalities
e22 = 1 + 2ie2 and

ρ = 2 + 2ie2. (3)

Consider a biharmonic plane µ := {ζ = x e1 + y e2 : x, y ∈ R} which is
a linear span of the elements e1, e2 of biharmonic basis over the �eld of
real numbers R.

Let D be a domain in the Cartesian plane xOy and Dζ := {ζ = x+ye2 :
(x, y) ∈ D} be a domain in µ, and Dz := {z = x + iy : (x, y) ∈ D} be a
domain in the complex plane C. In what follows, ζ = x + ye2, z = x + iy
and x, y ∈ R.

Inasmuch as divisors of zero do not belong to the biharmonic plane, one
can de�ne the derivative Φ′(ζ) of the function Φ: Dζ −→ B in the same
way as in the complex plane:

Φ′(ζ) := lim
h→0, h∈µ

(
Φ(ζ + h)− Φ(ζ)

)
h−1. (4)

We say that a function Φ: Dζ −→ B ismonogenic in a domainDζ if and
only if its derivative Φ′(ζ) exists in every point ζ ∈ Dζ . Note, that the limit

(4) can be considered according to the euclidian norm a :=
√
|z1|2 + |z2|2,

where a = z1 + z2e2 ∈ B, z1 and z2 in C.
In [2], it is established that a function Φ: Dζ −→ B is monogenic in

a domain Dζ if and only if the following Cauchy�Riemann condition is
satis�ed:

∂Φ(ζ)

∂y
=
∂Φ(ζ)

∂x
e2 ∀ζ = x+ e2y ∈ Dζ . (5)
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Note, that in [2] the condition (5) is written in an equivalent form by each
component.

In [3], [4], there were established basic analytic properties of monogenic
functions similar to properties of holomorphic functions of the complex
variable: the Cauchy integral theorem and integral formula, the Morera
theorem, the uniqueness theorem, the Taylor and Laurent expansions, a
property of monogenic functions to be in�nitely times monogenic.

Any function of a type Φ : Dζ −→ B is expressed in the form

Φ(ζ) = U1(x, y)+U2(x, y) i+U3(x, y) e2 +U4(x, y) ie2, ζ = x+ye2, (6)

where Uk : D −→ R, k = 1, 4.
Every component Uk, 1 ≤ k ≤ 4, of monogenic function (6) satis�es in

the domain D the biharmonic equation

(∆k)
m
u(x, y) ≡

(
∂4

∂x4
+ 2

∂4

∂x2∂y2
+

∂4

∂y4

)
u(x, y) = 0, m = k = 2, (7)

due to the relations (1), an existence of derivatives Φ(k) of the order k,

1 ≤ k ≤ 4, and the equality (∆2)
2

Φ(ζ) = (e21 + e22)2Φ(4)(ζ).
In [5], there were introduced hyperanalytic functions taking values in

real Cli�ord algebras of an arbitrary dimension, so-called, holomorphic
Cli�ordian functions. Any real component of holomorphic Cli�ordian
function (similar to Uk in (6)) satis�es the polyharmonic equation of the
type (7) with some m ≥ 2 and k = 2m.

In [6], V.V.Karachic and N.A. Antropova used Almansi representation
formula for solving the inhomogeneous Dirichlet problem for the
homogeneous biharmonic equation with polynomial boundary data.

2. Statement of (1-3)-Problem for monogenic functions.
Consider the following boundary value problem: to �nd a monogenic

function Φ: Dζ −→ B which is continuous in the closure Dζ of the domain
Dζ by given boundary values u1, u3, respectively, of the �rst and the third
components of the expansion (6):

U1(x, y) = u1(ζ), U3(x, y) = u3(ζ) ∀ ζ = x+ e2y ∈ ∂Dζ . (8)

Problems of this type was �rst considered by V.F. Kovalev [7] and
was called as the biharmonic Schwarz problem because it is analogous in
a certain sense to the classical Schwarz problem on �nding an analytic
function of complex variable when values of its real part are given on
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the boundary of domain. Note that V.F. Kovalev stated only a sketch
of solving of the biharmonic Schwarz problems in an integral form for
semi-plane and discussed a possibility of the reduction this problem for an
arbitrary domain to an integro-di�erential equation without investigation
conditions of solvability of these problems.

Certain relation between the (1-3)-problem and Theory of 2D-
elasticity is discussed in [8] for a case of a disk. Dwell on a case
of an arbitrary simply connected domain D ∈ R2 corresponding to
the domain Dζ in the biharmonic plane µ. The main biharmonic
problem (see, for example, [9, p. 202]) is to �nd a biharmonic function
V : D −→ R by given limiting values of its partial derivatives

lim
(x,y)→(x0,y0), (x,y)∈D

∂V (x, y)

∂x
= u1(x0, y0),

lim
(x,y)→(x0,y0), (x,y)∈D

∂V (x, y)

∂y
= u3(x0, y0) ∀ (x0, y0) ∈ ∂D.

(9)

In [7], there was considered a reduction scheme of the main biharmonic
problem to the (1-3)-problem. Consider a modi�cation of this scheme.

Let Φ1 is monogenic in Dζ function

Φ1(ζ) := V (x, y) e1 + V2(x, y) ie1 + V3(x, y) e2 + V4(x, y) ie2,

which has as the �rst component the required biharmonic function V (x, y).
It follows from the Cauchy�Riemann condition (5) with Φ = Φ1 that
∂V3(x, y)/∂x = ∂V (x, y)/∂y. Therefore,

Φ′1(ζ) =
∂V (x, y)

∂x
e1 +

∂V2(x, y)

∂x
ie1 +

∂V (x, y)

∂y
e2 +

∂V4(x, y)

∂x
ie2 ,

and the main biharmonic problem with the boundary conditions (9) can
be reduced to the (1-3)-problem on �nding a monogenic in Dζ function
Φ(ζ) := Φ′1(ζ), then, solving the latter problem, we recover functions

M(x, y) := ∂V (x,y)
∂x and N(x, y) := ∂V (x,y)

∂y de�ned in D. In a conclusion,
obtain a solution of the main biharmonic problem in the form of the
following curvilinear integral

V (x, y) =

∫ (x,y)

(x0,y0)

M(x, y) dx+N(x, y) dy,
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where (x0, y0) is a �xed point in D, integration means along any piecewise
smooth curve, which joints this point with a point with variable coordinates
(x, y).

In [8], investigated the (1-3)-problem for a case, when Dζ is an upper
semi-plane of the biharmonic plane or a unit disk {ζ ∈ µ : ‖ζ‖ ≤ 1}.
Solutions of these problems are found in an explicit form by means of
some integrals similar to a classis Schwarz integral in the complex plane.

Below we consider the (1-3)-problem for a su�ciently large class of
domains Dζ using the technique of conformal mappings Dζ to the disk
D1 := {ζ ∈ µ : ‖ζ‖ < 1}, which is generated by a conformal mapping of
Dz to the unit disk in C. We notice some su�cient condition to the domain
Dζ and boundary data u1 and u3 for a reduction of the (1-3)-problem to
a suitable boundary value problem on �nding some B � valued function
de�ned in D1. For some particular cases of domains Dζ this reduction
recover a solution of the (1-3)-problem in an explicit form.

Proposed method of solving boundary value problems for monogenic
functions of the biharmonic variable analogous to the method of
N. I. Muskhelishvili of solving boundary value problems of 2D-Elasticity
based on using a technique of conformal mappings of complex plane and
power series expansions of analytic functions of complex variable (cf., e.g.,
[10, �63]).

3. Using technique of conformal mappings for (1-3)-problem
in a simply connected domain. There is an expression (cf., e.g., [3] �
[12]) of an arbitrary monogenic function Φ : Dζ −→ B via two analytic
functions F, F0 of complex variable z ∈ Dz:

Φ(ζ) = F (z)e1 −
(
iy

2
F ′(z)− F0(z)

)
ρ ∀ζ ∈ Dζ . (10)

Consider a problem on solving of the (1-3)-problem in a domain Dζ ,
which is congruent to a simply connected domain Dz. Let N be a set of
natural numbers, N0 := N∪{0}, Z be a set of integer numbers. Taking into
account any conformal mapping of the type ω : D1 −→ Dz, we generale
a domain Dζ . Denote Γ1 := {z ∈ C : |z| = 1}. For any complex-valued

function of the type G(z), z = ω(τ), τ ∈ D1, we will denote by G̃(τ) an
expression G(ω(τ)). For any τ in the disk D1 denote by (η, ϕ) its polar
coordinates, i.å., τ = η exp{iϕ}, by (1, θ) we will denote polar coordinates
of points σ = exp{iθ} ∈ Γ1. Obviously, that if a function G is analytic in

Dz, then G̃ is analytic in D1.
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For any z ∈ C by Rez and Imz we mean, accordingly, real and imaginary
parts of z: z = Rez + i Imz. Denote Φ∗(τ) := Φ (Reω(τ) + Imω(τ) e2),
τ ∈ D1. Then the equality (10) transforms to the form

Φ∗(τ) = F̃ (τ)−
(
i

2
Y (τ) F̃ ′(τ)− F̃0(τ)

)
ρ ∀τ ∈ D1, (11)

where

Y (τ) :=
Imω(τ)

ω′(τ)
. (12)

Therefore, receive that the (1-3)-problem for monogenic function Φ
reduced to an auxiliary (1-3)-problem on �nding the �rst, V1, and the

third component, V3, for a function (11) ( F̃ , F̃0 are unknown analytic in
D1 functions of complex variable τ):

Φ∗(τ) = V1(τ) + V2(τ)i+ V3(τ)e2 + V4(τ)ie2, (13)

where τ = τ1 + iτ2, τk ∈ R, k = 1, 2, Vk : D1 −→ R, k = 1, 4,
furthermore, we assume, that Φ∗ is continuous in D1 and the following
boundary conditions ful�lled

Vk(σ) = ũk(σ), k = 1, 3, ∀σ ∈ Γ1, (14)

where ũk : Γ1 −→ R are given continuous functions. Boundary functions
ũk, k = 1, 2, are connected with boundary data u1 and u3 (see (8)) of the
(1-3)-problem for a function (6), which is monogenic in Dζ , by means of
the following relations:

ũk(σ) = uk(ζ), ω(σ) = z, k = 1, 3, (15)

where σ ∈ Γ1, z = ω(σ) := x+ iy ∈ C, ζ := x+ e2y ∈ ∂Dζ .
Using polar coordinates, deliver equivalent denotations for boundary

functions ũ1 and ũ3:

ũk(θ) ≡ ũk(cos θ + sin θ e2), k = 1, 3, 0 ≤ θ ≤ 2π. (16)

Let l1 is a totaly of consequences of the type (α0, α1, . . . , αk, . . . ), where
αk ∈ R, k = 1, 2, . . . , and

∑∞
k=1 |αk| <∞. Denote by {α}m, m ∈ N0, any

consequence of the type (αm, αm+1, . . . ) ∈ l1, and conversely.
We say, that the ordered quadruple of consequences(
{α(0)}0, {β(0)}0, {α}0, {β}1

)
belongs to the class E if and only if
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there exists a constant M > 0, natural number p and a sequence {υ}p, for
which the following inequality ful�lled

|αk|+ |βk| ≤M
|υk|
k

∀k ≥ p. (17)

This de�nition can be naturally generalized to an ordered quadruple of
consequences of the type

(
{α(0)}N1 , {β(0)}N2 , {α}N3 , {β}N4

)
, Nm ∈ N0,

m = 1, 4.
Theorem 2. Let the following conditions ful�lled :

1∗ conformal mapping ω : D1 −→ Dz is such, that the series

Imω(σ)

ω′(σ)
=

∞∑
n=−∞

δnσ
n ∀σ ∈ Γ1, (18)

is absolutely convergent on Γ1,

2∗ boundary functions ũ1, ũ3 of the auxiliary (1-3)-problem expressed
by absolutely and uniformly convergent on the segment [0, 2π] the
Fourier series:

ũ1(θ) =
a0
2

+

∞∑
k=1

(ak cos kθ + bk sin kθ) , (19)

ũ3(θ) =
a′0
2

+

∞∑
k=1

(a′k cos kθ + b′k sin kθ) . (20)

3∗ The system of equations

α0 + 2α
(0)
0 +

∞∑
k=0

(k + 1)
(
αk+1δ

′′
−k + βk+1δ

′
−k

)
=
a0
2
, (21)

αn+2α(0)
n +

∞∑
k=0

(k+1)
(
αk+1Λ+

2,n,k+βk+1Λ+
1,n,k

)
= an ∀n ∈ N, (22)

−βn−2β(0)
n +

∞∑
k=0

(k+1)
(
αk+1Λ−1,n,k−βk+1Λ−2,n,k

)
= bn ∀n ∈ N, (23)

−2β
(0)
0 +

∞∑
k=0

(k + 1)
(
αk+1δ

′
−k − βk+1δ

′′
−k

)
=
a′0
2
, (24)
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−2β(0)
n +

∞∑
k=0

(k+ 1)
(
αk+1Λ+

1,n,k−βk+1Λ+
2,n,k

)
= a′n ∀n ∈ N, (25)

−2α(0)
n −

∞∑
k=0

(k+ 1)
(
αk+1Λ−2,n,k + βk+1Λ−1,n,k

)
= b′n ∀n ∈ N, (26)

where δ′n, δ
′′
n are, respectively, a real and an imaginary parts of

coe�cients δn in expression (18): δn =: δ′n + iδ′′n for all n ∈ Z;
Λ±1,n,k := δ′n−k±δ′−n−k, Λ±2,n,k := δ′′n−k±δ′′−n−k for n ∈ N and k ∈ N0,
is solvable and its general solution belongs to the class E, if, besides,
the system of equations (21) � (26) with ak = a′k = bk+1 = b′k+1 = 0,
k = 0, 1, . . . , is solvable and its general solution belongs to the class
E.

Then a general solution of of the auxiliary (1-3)-problem is expressed
by the following formula

Φ∗(τ) = F̃ (τ)−
(
i

2

Imω(τ)

ω′(τ)
F̃ ′(τ)− F̃0(τ)

)
ρ ∀τ ∈ D1, (27)

where

F̃ (τ) =

∞∑
n=0

cnτ
n, F̃0(τ) =

∞∑
n=0

c(0)n τn ∀τ ∈ D1, (28)

and an ordered quadruple of consequences
(
{α(0)}0, {β(0)}0, {α}0, {β}1

)
,

formed by real components αn, α
(0)
n , β

(0)
n , βn+1, n = 0, 1, . . . , of complex

coe�cients cn = αn + iβn, c
(0)
n = α

(0)
n + iβ

(0)
n in the expression (28), is a

general solution of the system (21) � (26).

Proof. Expansions (28) of the Taylor series hold for functions F̃ and F̃0

in the disk D1 with unknown coe�cients cn = αn+ iβn, c
(0)
n = α

(0)
n + iβ

(0)
n ,

where αn = Re cn, βn = Im cn, α
(0)
n = Re c

(0)
n , β

(0)
n = Im c

(0)
n , n = 0, 1, . . . .

It follows from (28) that

F̃ ′(τ) =

∞∑
n=0

(n+ 1)cn+1 τ
n ∀τ ∈ D1. (29)

Assume, that the series (28) and (29) are absolutely and uniformly
convergent on D1, and further, verify the validity of our assumption.
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Using the following equalities for products of absolutely convergent on
Γ1 series

∑∞
k=0 akσ

k,
∑∞
k=0 bkσ

k,
∑∞
k=1 h−kσ

−k:

∞∑
k=0

akσ
k
∞∑
k=0

bkσ
k =

∞∑
n=0

( n∑
k=0

akbn−k

)
σn,

∞∑
k=1

akσ
k
∞∑
k=1

h−kσ
−k =

∞∑
n=1

( ∞∑
k=1

akh−k−n

)
σ−n+

∞∑
n=0

( ∞∑
k=n

ak+1hn−k−1

)
σn,

multiply series (29) and (18), obtain the equality

F̃ ′(σ)
Imω(σ)

ω′(σ)
=

∞∑
n=−∞

c∗nσ
n ∀σ ∈ Γ1, (30)

where for any integer n:

c∗n :=

∞∑
k=0

(k + 1)ck+1δn−k =: c∗n,1 + ic∗n,2,

c∗n,1 :=

∞∑
k=0

(k + 1)
(
αk+1δ

′
n−k − βk+1δ

′′
n−k

)
, (31)

c∗n,2 :=

∞∑
k=0

(k + 1)
(
αk+1δ

′′
n−k + βk+1δ

′
n−k

)
. (32)

Using the Moivre formula rewrite the equality (30) in the form

F̃ ′(σ)
Imω(σ)

ω′(σ)
= c∗0,1 +

∞∑
n=1

(
c∗−n,1 + c∗n,1

)
cosnθ+

+
∞∑
n=1

(
c∗−n,2 − c∗n,2

)
sinnθ+

+ic∗0,2 + i

∞∑
n=1

(
c∗−n,2 + c∗n,2

)
cosnθ+

+i

∞∑
n=1

(
c∗n,1 − c∗−n,1

)
sinnθ ∀σ = exp{iθ} ∈ Γ1. (33)
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Then using the equalities (3) deliver formulas for components V1 and
V3 from the expression (13) on Γ1:

V1(θ) := V1(σ) = α0+2α
(0)
0 +c∗0,2+

∞∑
n=1

(
αn + 2α(0)

n + c∗−n,2 + c∗n,2

)
cosnθ+

+

∞∑
n=1

(
−βn − 2β(0)

n + c∗n,1 − c∗−n,1
)

sinnθ, (34)

V3(θ) := V3(σ) = c∗0,1 − 2β
(0)
0 +

∞∑
n=1

(
−2β(0)

n + c∗−n,1 + c∗n,1

)
cosnθ+

+

∞∑
n=1

(
−2α(0)

n + c∗−n,2 − c∗n,2
)

sinnθ. (35)

Equating coe�cients near cosnθ and sinnθ, respectively, in the
qualities (34) and (19), (35) and (20), receive, using the denotations (31)
and (32), a system of equations (21) � (26) according to coe�cients of
required series (28).

Summarize obtained results, we have that restricting a solvability of
the system (21) � (26) in the class E , that means, �rstly, a condition to
the geometry of the domain Dζ and, secondly, a condition to the choice
of the boundary functions u1 and u3, obtain, that the series (28) and (29)
are absolutely and uniformly convergent on D1 and a function (27) is a
general solution of the auxiliary (1-3)-problem. The theorem is proved.

Remark. A choice of the class E can be done by any another way,
choosing conditions for functions of the class for which series (28) and (29)
are absolutely convergent on Γ1.

Theorem 3. Let conditions of Theorem 1 are satis�ed, then the formula

Φ(ζ) ≡ Φ∗(τ) ∀ζ = x+ye2 ∈ Dζ , τ ∈ D1 : ω(τ) = z := x+ie2 ∈ C (36)

generates a general solution of the (1-3)-problem.
Examples.
1. Let a domain Dζ be a unit disk D1. Then a mapping ω is the identity

mapping, i.e., ω(z) = z for all z ∈ Dz, Imω(σ) = sin θ. The auxiliary
(1-3)-problem coincides with the the (1-3)-problem for D1. Furthermore,
δ′′−1 = 1

2 , δ
′′
1 = − 1

2 , δ
′′
n = 0 for another integer n, and δ′k = 0 for all

integer k. It is easy to check, that for this particular case the system
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of equations (21) � (26) transforms to the system (22) � (31) from the
paper [13] for r = 1, a condition of solvability of which can be written
in the form b1 = a′1. The proposed method gives a required solution of
the (1-3)-problem, for example, if boundary functions u1 and u3 satisfy
conditions of Theorem 1 in the paper [13]. Note, that for our case in (17):
υk = k−(1+α), k = 1, 2, . . . , α > 0, and a general solution of the (1-3)-
problem with zero data u1 = u3 ≡ 0 is a function Φ(ζ) = i (b− ae2 + cζ),
where a, b and c are arbitrary real numbers.

2. Let a boundary of the domainDζ be the Pascal's limaconDζ := {x+
e2y}, where x = R

(
cos θ + 1

4 cos 2θ
)
, y = R

(
sin θ + 1

4 sin 2θ
)
, 0 ≤ θ < 2π,

and any �xed constant R > 0. Then a function ω has a form

ω(ζ) = R

(
ζ +

1

4
ζ2
)
∀ζ ∈ Dζ . (37)

Consider the (1-3)-problem with boundary conditions, for which

ak = a′k = 0, k = 0, 1, 2, bk = b′k = 0, k = 1, 2, (38)

and the following inclusions holds(
{a′}0, {b}1, {a}0, {b′}1

)
∈ E,

(
{a}0, {b′}1, {a′}0, {b}1,

)
∈ E. (39)

In this case an expression (18) has a form

Imω(σ)

ω′(σ)
= i

1

8
σ−2 + i

7

16
σ−1 − i 7

32
− i25

64
σ + i

9

32

∞∑
n=2

(
−1

2

)n
σn ∀σ ∈ Γ1.

Then
δ′k = 0 ∀k ∈ Z, δ′′−n = 0 ∀n ∈ {3, 4, . . . }, (40)

δ′′−2 =
1

8
, δ′′−1 =

7

16
, δ′′0 = − 7

32
, δ′′1 = −25

64
, (41)

δ′′n =
9

32

(
−1

2

)n
∀n ∈ {2, 3, . . . }. (42)

Denote for any symbol variable υ the expression

ψn(υ) :=
9

32

n−2∑
k=0

(k + 1)

(
−1

2

)n−k
υk+1 −

25

64
nυn−
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− 7

32
(n+ 1)υn+1 +

7

16
(n+ 2)υn+2 +

1

8
(n+ 3)υn+3 ∀n ≥ 3. (43)

Taking into account relations Λ+
1,n,k = Λ−1,n,k = 0 for n ∈ N and k ∈ N0,

Λ+
2,n,k = Λ−2,n,k = δ′′n−k for n ≥ 3 and k ∈ N0, formulas (38) � (43), obtain,

that the system of equations (21) � (26) transforms to a form

α0 + 2α
(0)
0 −

7

32
α1 +

7

8
α2 +

3

8
α3 = 0, (44)

67

64
α1 + 2α

(0)
1 −

3

16
α2 +

21

16
α3 +

1

2
α4 = 0, (45)

α2 + 2α
(0)
2 +

25

128
α1 −

25

32
α2 −

21

32
α3 +

7

4
α4 +

5

8
α5 = 0, (46)

αn + 2α(0)
n + ψn(α) = an ∀n ∈ {3, 4, . . . }, (47)

11

64
β1 + 2β

(0)
1 − 11

16
β2 +

21

16
β3 +

1

2
β4 = 0, (48)

− 7

128
β1 + 2β

(0)
2 +

7

32
β2 −

21

32
β3 +

7

4
β4 +

5

8
β5 = 0, (49)

βn + 2β(0)
n + ψn(β) = −bn ∀n ∈ {3, 4, . . . }, (50)

2β
(0)
0 − 7

32
β1 +

7

8
β2 +

3

8
β3 = 0, (51)

2β
(0)
1 +

3

64
β1 −

3

16
β2 +

21

16
β3 +

1

2
β4 = 0, (52)

2β
(0)
2 +

25

128
β1 −

25

32
β2 −

21

32
β3 +

7

4
β4 +

5

8
β5 = 0, (53)

2β(0)
n + ψn(β) = −a′n ∀n ∈ {3, 4, . . . }, (54)

2α
(0)
1 −

53

64
α1 −

11

16
α2 +

21

16
α3 +

1

2
α4 = 0, (55)

2α
(0)
2 −

7

128
α1 −

25

32
α2 −

21

32
α3 +

7

4
α4 +

5

8
α5 = 0, (56)

2α(0)
n + ψn(α) = −b′n ∀n ∈ {3, 4, . . . }. (57)

Solving obtained system (44) � (57) conclude, that a solution of the
required (1-3)-problem has the form:

Φ(Reτ + e2Imτ) = F̃ (τ)−
(
i

2
Y (τ) F̃ ′(τ)− F̃0(τ)

)
ρ ∀τ ∈ D1, (58)
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where coe�cients of expansions (28) are expressed by the formulas

c0 = −2A+ iC ∀A andC ∈ R,

c1 = 4iB, c2 = iB ∀B ∈ R,

cn = an + b′n + i (a′n − bn) , n = 3, 4, . . . ,

c
(0)
0 = − 3

16
(a3 + b′3) +A+ i

3

16
(b3 − a′3) ∀A ∈ R,

c
(0)
1 = −21

32
(a3 + b′3)− 1

4
(a4 + b′4) + i

(
21

32
(b3 − a′3) +

1

8
(b4 − a′4)

)
,

c
(0)
2 =

21

64
(a3 + b′3)− 7

8
(a4 + b′4)− 5

16
(a5 + b′5) +

+i

(
21

64
(a′3 − b3) +

7

8
(b4 − a′4) +

5

16
(b5 − a′5)

)
,

c
(0)
3 =

75

128
a3 +

11

128
b′3 +

7

16
(a4 + b′4)− 35

32
(a5 + b′5)− 3

8
(a6 + b′6) +

+i

(
11

128
a′3 −

75

128
b3 +

7

16
(a′4 − b4)− 35

32
(a′5 − b5)− 3

8
(a′6 − b6)

)
,

c
(0)
4 = − 27

256
(a3 + b′3) +

25a4 + 9b′4
32

+
35

64
(a5 + b′5)−

−21 (a6 + b′6) 7 (a7 + b′7)

16
+ i

(
27

256
(b3 − a′3) +

11a′4 − 25b4
32

+

+
35

64
(a′5 − b5)− 21

16
(a′6 − b6)− 7

16
(a′7 − b7)

)
,

c(0)n =
9

32

n−2∑
k=2

(k + 1)

(
−1

2

)n−k+1 (
ak+1 + b′k+1

)
+

25

128
nan+

+
25n− 64

128
b′n +

7

64
(n+ 1)

(
an+1 + b′n+1

)
−

− 7

32
(n+ 2)

(
an+2 + b′n+2

)
− 1

16
(n+ 3)

(
an+3 + b′n+3

)
+

+i

(
9

32

n−2∑
k=2

(k + 1)

(
−1

2

)n−k+1 (
a′k+1 − bk+1

)
+
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+
25n− 64

128
a′n −

25

128
nbn +

7

64
(n+ 1)

(
a′n+1 − bn+1

)
−

− 7

32
(n+ 2)

(
a′n+2 − bn+2

)
− 1

16
(n+ 3)

(
a′n+3 − bn+3

))
∀n ≥ 5.
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Generalized kinetic equations for dense

gases and liquids far from equilibrium

in Renyi statistics

Dedicated to the 80 th anniversary of Prof. D.Ya. Petrina

Based on the Zubarev nonequilibrium statistical operator method and
the maximum entropy principle for the Renyi entropy the nonequi-
librium statistical operator and the generalized kinetic equations for the
nonequilibrium one- and two-particle distribution functions are obtained
for description of kinetic processes in gases and liquids far from equilibrium.

Äëÿ îïèñó êiíåòè÷íèõ ïðîöåñiâ ó ãàçàõ òà ðiäèíàõ äàëåêèõ âiä ðiâíîâà-
ãè íà îñíîâi ìåòîäó íåðiâíîâàæíîãî ñòàòèñòè÷íîãî îïåðàòîðà Çóáàð¹âà
òà ïðèíöèïó ìàêñèìóìó åíòðîïi¨ Ðåíi îòðèìàíî íåðiâíîâàæíèé ñòàòè-
ñòè÷íèé îïåðàòîð òà óçàãàëüíåíi êiíåòè÷íi ðiâíÿííÿ äëÿ íåðiâíîâàæ-
íèõ îäíî÷àñòèíêîâî¨ òà äâî÷àñòèíêîâî¨ ôóíêöié ðîçïîäiëó ÷àñòèíîê.

1 Introduction

The ideas of D.Ya. Petrina for investigation of urgent problems in
statistical theory of many-particle system based on the strict mathematical
approach to the Bogoliubov equations [1, 2, 3, 4] remain important

c© Institute of Mathematics, 2014
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nowadays. The study of nonequilibrium processes in gases and liquids
far from equilibrium or in �nite quantum systems (nanosystems) are
among them. These investigations are actively developed by the followers
of D.Ya. Petrina [5, 6, 7, 8].

Di�erent models and approaches are applied for the study of nonlinear
kinetic �uctuations in dense gases, liquids and plasma far from equilibrium
with the typical long-range interactions which remains urgent in statistical
theory of nonequilibrium processes [9, 10, 11, 12, 13, 14].

In the present paper, for description of nonequilibrium processes in
dense gases and liquids we propose to use the Renyi entropy which depends
on parameter q (0 < q 6 1) and coincide with the Shannon-Gibbs entropy
at q = 1. In reference [14] based on the Zubarev nonequilibrium statistical
operator (NSO) method [15, 16] and the maximum entropy principle for the
Renyi entropy there were obtained the NSO and the generalized transport
equations for the parameters of the reduced-description of nonequilibrium
processes in extensive statistical mechanics. Here, we apply this approach
to description of kinetic processes in dense gases and liquids far from
equilibrium, when the nonequilibrium one- and two-particle distribution
functions are chosen for the reduced-description parameters.

2 Zubarev nonequilibrium statistical

operator in Renyi statistics

Within the framework of the Zubarev NSO method, when the
basic parameters of a reduced description 〈P̂n〉t are selected accor-
ding to N.N. Bogoliubov, the nonequilibrium statistical operator
ρ (x1, . . . , xN ; t) = ρ

(
xN ; t

)
can be presented in general form as a solution

of Liouville equation with taking into account a projection [15, 16]:

ρ(xN ; t) = ρrel(x
N ; t) (1)

−
∫ t

−∞
eε(t

′−t)T (t, t′)[1− Prel(t′)]iLNρrel(xN ; t′)dt′.

Here, T (t, t′) = exp+

{
−
∫ t
t′

[1− Prel (t′)] iLNdt′
}
is the evolution opera-

tor with regard to projection, exp+ is the ordered exponential, iLN is the
Liouville operator for a system of interacting particles, which in classical
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case has the following form:

iLN =

N∑
j=1

~pj
m
· ∂
∂~rj
− 1

2

N∑
l 6=j=1

∂

∂~rj
Φ (rlj)

(
∂

∂~pj
− ∂

∂~pl

)
.

We use the following notations: xj = {~pj , ~rj} are the phase variables of
the particle j, Φ (rlj) is the interaction energy of two particles, ~pj is the
j-particle momentum and m its mass, rlj = |~rl − ~rj | the distance between
a pair of interacting particles. Prel(t

′) is the generalized Kawasaki�Gunton
projection operator whose structure depends on the form of the relevant
statistical operator:

Prelρ
′ =

(
ρrel(t)−

∑
n

δρrel(t)

δ〈P̂n〉t
〈P̂n〉t

)∫
dΓNρ

′ +
∑
n

δρrel(t)

δ〈P̂n〉t

∫
dΓN P̂nρ

′.

ρrel(x
N ; t′) is the relevant statistical operator which is equal to ρ(xN ; t)

at the initial moment of time. We will determine ρrel(x
N ; t′) using the

Lagrange method from the condition of entropy functional maximum for
the Renyi entropy [14]

SR(ρ) =
1

1− q
ln

∫
dΓNρ

q(t).

The corresponding functional at �xed parameters of the reduced descrip-
tion, taking into account the normalization condition, has the following
form:

LR(ρ) =
1

1− q
ln

∫
dΓNρ

q(t)− α
∫
dΓNρ(t)−

∑
n

Fn(t)

∫
dΓN P̂nρ(t),

where, Fn(t) are the Lagrange multipliers. Equalizing its functional

derivative to zero δLR(ρ)
δρ = 0 and determining parameter α = q

1−q −∑
n Fn(t)〈P̂n〉t we obtain the relevant statistical operator in the form:

ρrel(t) =
1

ZR(t)

[
1− q − 1

q

∑
n

Fn(t)δP̂n

] 1
q−1

, (2)

where

ZR(t) =

∫
dΓN

[
1− q − 1

q

∑
n

Fn(t)δP̂n

] 1
q−1
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is the partition function, δP̂n = P̂n−〈P̂n〉t. The Lagrange multipliers Fn(t)
are de�ned from the self-consistency conditions:

〈P̂n〉t = 〈P̂n〉trel. (3)

The variation derivative of the relevant statistical operator can be
presented in the form:

δρrel(t)

δ〈P̂m〉t
= ρrel(t)δ

[
1

q
ψ−1(t)

(
Fm(t)−

∑
n

δFn(t)

δ〈P̂m〉t
δP̂n

)]
,

where δ [. . .] = [. . .]− 〈[. . .]〉trel and we use the notation

ψ(t) = 1− q − 1

q

∑
n

Fn(t)δP̂n. (4)

We calculate the derivatives of the Lagrange multipliers with regard to
the reduced-description parameters in the following way:

δFn(t)

δ〈P̂m〉t
=

(
δ〈P̂m〉t

δFn(t)

)−1
.

This can be done in general case. Thus,

δ〈P̂m〉t

δFn(t)
=

∫
dΓN P̂m

δρrel(t)

δFn(t)

and after calculating δρrel(t)
δFn(t)

in the right-hand side of relation we obtain

the set of equations for the desired derivatives

δ〈P̂m〉t

δFn(t)
= 〈δP̂m

1

q
ψ−1(t)〉trel

∑
l

δ〈P̂l〉t

δFn(t)
− 〈δP̂m

1

q
ψ−1(t)δP̂n〉trel.

The solution in matrix form is

δ〈P̂ 〉t

δF (t)
= −

[
I − 〈δP̂ 1

q
ψ−1(t)〉trelF (t)

]−1
〈δP̂ 1

q
ψ−1(t)δP̂ 〉trel = f(t),

where
δ〈P̂m〉t

δFn(t)
=

(
δ〈P̂〉t

δF(t)

)
mn

= fmn(t).
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Thus, the functional derivative can be written in the form:

δρrel(t)

δ〈P̂m〉t
= ρrel(t)δ

[
1

q
ψ−1(t)

(
Fm(t)−

∑
n

f−1mnδP̂n

)]
.

Then, the Kawasaki�Gunton projection operator has the following
structure:

Prel(t)ρ
′ = ρrel(t)

∫
dΓNρ

′

+
∑
m

ρrel(t)δ

[
1

q
ψ−1(t)

(
Fm(t) +

∑
n

f−1mn(t)δP̂n

)]

×
(∫

dΓN P̂mρ
′ − 〈P̂m〉t

∫
dΓNρ

′
)
.

It is further necessary to explore an action of the operators Prel(t)iLN
on the relevant statistical operator. Since

iLNρrel(t) = −ρrel(t)
1

q
ψ−1(t)

∑
n

Fn(t)
˙̂
Pn = A(t)ρrel(t),

then Prel(t)iLNρrel(t) = Prel(t)A(t)ρrel(t) = [P (t)A(t)] ρrel(t), where
P (t) is the projection operator which now acts on dynamic variables:

P (t) . . . = 〈. . .〉trel

+
∑
m

δ

[
1

q
ψ−1(t)

(
Fm(t) +

∑
n

f−1mn(t)δP̂n

)]
〈. . . δP̂m〉trel.

Since

A(t) = −1

q
ψ−1(t)

∑
n

Fn(t)
˙̂
Pn,

we can present [1− Prel(t)] iLNρrel(t) as follows:

[1− Prel(t)] iLNρrel(t) = [1− P (t)] iLNρrel(t) (5)

= −
∑
n

In(t)Fn(t)ρrel(t),

where

In(t) = [1− P (t)]
1

q
ψ−1(t)

˙̂
Pn
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are the generalized �ows. Taking into account (5), we can now write down
an explicit expression for the nonequilibrium statistical operator (1):

ρ(xN ; t) = ρrel(x
N ; t) (6)

−
∑
n

∫ t

−∞
eε(t

′−t)T (t, t′)In(t′)Fn(t′)ρrel(x
N ; t′)dt′.

This allows us to obtain the generalized transport equations for the
reduced-description parameters. They can be presented in the form:

∂

∂t
〈P̂m〉t = 〈 ˙̂

Pm〉trel +
∑
n

∫ t

−∞
eε(t

′−t)ϕmn(t, t′)Fn(t′)dt′, (7)

where

ϕmn(t, t′) =

∫
dΓN

˙̂
PmT (t, t′)In(t′)ρrel(t

′) (8)

are the generalized transport kernels (memory functions) � the time
correlation functions describing the dissipative processes in the system.
They are built on the generalized �ows In(t). Transport equations (7)
describe non-Markovian processes and when ϕmn(t, t′) ≈ ϕmnδ(t − t′)
describe Markovian processes. The set of transport equations is not
closed. The nonequilibrium Lagrange multipliers in it (the nonequilibrium
thermodynamic parameters in the case of hydrodynamic description) are
determined from the self-consistency conditions (3). From this point of
view, the set of transport equations is closed. Nonequilibrium statistical
operator (6) and transport equations (7) compose a complete instrument
for description of nonequilibrium processes when the reduced-description
parameters 〈P̂n〉t are selected.

In the following section we apply the presented approach to description
of nonlinear kinetic �uctuations in gases and liquids far from equilibrium.

3 Generalized kinetic equations

in Renyi statistics

For description of kinetic processes in classical gases and liquids far
from equilibrium the nonequilibrium one- and two-particle distribution
functions can be selected as the basic parameters of the reduced description

f1(x; t) = 〈n̂1(x)〉t, f2(x, x′; t) = 〈n̂2(x, x′)〉t, (9)
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where

n̂1(x) =

N∑
j=1

δ(x− xj), n̂2(x, x′) =

N∑
j=1

N∑
l=1

δ(x− xj)δ(x′ − xl)

are the microscopic phase densities of N particles in volume V . The
latter completely satisfy conservation laws of particles density, momentum
and energy since they de�ne microscopic densities of particles number,
momentum and energy:

n̂(~r) =

∫
d~p n̂1(~r, ~p), ~̂p(~r) =

∫
d~p n̂1(~r, ~p) ~p,

ε̂kin(~r) =

∫
d~p n̂1(~r, ~p)

p2

2m
,

ε̂int(~r) =
1

2

∫
d~p

∫
d~p′
∫
d~r′Φ(|~r − ~r′|)n̂2(~r, ~p;~r′, ~p′)

and

〈n̂(~r)〉t =

∫
d~pf1(~r, ~p; t), 〈~̂p(~r)〉t =

∫
d~pf1(~r, ~p; t)~p,

〈ε̂kin(~r)〉t =

∫
d~pf1(~r, ~p; t)

p2

2m
,

〈ε̂int(~r)〉t =
1

2

∫
d~p

∫
d~p′
∫
d~r′Φ(|~r − ~r′|)f2(~r, ~p;~r′, ~p′; t).

Conservation laws for average particles number, momentum and total
energy have the following form:

∂

∂t
〈n̂(~r)〉t = − 1

m
~∇ · 〈~̂p(~r)〉t, (10)

∂

∂t
〈~̂p(~r)〉t = −~∇ :

(
〈
↔̂
T
kin(~r)〉t + 〈

↔̂
T
int(~r)〉t

)
,

∂

∂t
〈ε̂(~r)〉t = −~∇ ·

(
〈~̂jEkin(~r)〉t + 〈~̂jEint(~r)〉t

)
,

where 〈ε̂(~r)〉t = 〈ε̂kin(~r)〉t + 〈ε̂int(~r)〉t is the nonequilibrium average value

of total energy density and ~∇ = ∂
∂~r .

〈
↔̂
T
kin(~r)〉t =

∫
d~p

~p ~p

m
f1(~r, ~p; t)
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is the nonequilibrium average value of the kinetic part of stress tensor
density,

〈
↔̂
T
int(~r)〉t =

1

2

∫
d~p

∫
d~p′
∫
d~r′

∂

∂|~r − ~r′|
Φ(|~r − ~r′|) (11)

× (~r − ~r′)(~r − ~r′)
|~r − ~r′|

f2(~r, ~r′; ~p, ~p′; t)

is the nonequilibrium average value of the potential part of stress tensor
density,

〈~̂jkinE (~r)〉t =

∫
d~p

p2

2m
~p f1(~r, ~p; t)

is the nonequilibrium average value of the kinetic part of energy �ow
density,

〈~̂jintE (~r)〉t =

∫
d~p

∫
d~p′
∫
d~r′
[
~p

m
Φ(|~r − ~r′|)

−Φ(|~r − ~r′|) (~r − ~r′)
|~r − ~r′|

]
f2(~r, ~r′; ~p, ~p′; t)

is the nonequilibrium average value of the potential part of energy �ow
density. It follows from the above relations that the nonequilibrium
one-particle distribution function de�nes the macroscopic nonequilibrium
densities of particles number, momentum as well as kinetic part of
total energy, stress tensor and energy �ow. Whereas, the two-particle
nonequilibrium distribution function de�nes potential part of total energy,
stress tensor and energy �ow. Thus, in systems far from equilibrium
the nonlinear hydrodynamic �uctuations are caused by the nonlinear
�uctuations of nonequilibrium one- and two-particle distribution functions
for which the kinetic equations should be built. Therefore, in the case when
the nonequilibrium one- and two-particle distribution functions f1(x; t) =
〈n̂1(x)〉t and f2(x, x′; t) = 〈n̂2(x, x′)〉t are selected as the parameters of the
reduced description, according to (2) the relevant distribution function has
the following form:

ρrel(t) =
1

ZR(t)

{
1 − q − 1

q

[ ∫
dxa(x; t)δn̂1(x; t) (12)

+

∫
dx

∫
dx′b(x, x′; t)δn̂2(x, x′; t)

]} 1
q−1

,
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where

ZR(t) =

∫
dΓN

{
1 − q − 1

q

[ ∫
dxa(x; t)δn̂1(x; t)

+

∫
dx

∫
dx′b(x, x′; t)δn̂2(x, x′; t)

]} 1
q−1

is the partition function of the relevant distribution function. The para-
meters a(x; t) and b(x, x′; t) are determined from the self-consistency condi-
tions:

〈n̂1(x)〉t = 〈n̂1(x)〉trel, 〈n̂2(x, x′)〉t = 〈n̂2(x, x′)〉trel. (13)

The relevant distribution function (12) can be presented in a slightly
di�erent way

ρrel(t) =
1

ZR(t)

{
1 − q − 1

q

[ ∫
dxa′(x; t)n̂1(x) (14)

+

∫
dx

∫
dx′b′(x, x′; t)n̂2(x, x′)

]} 1
q−1

writing down the Lagrange parameters in the form:

a′(x; t) = a(x; t)

{
1 +

q − 1

q

×
[ ∫

dxa(x; t)f1(x; t) +

∫
dx

∫
dx′b(x, x′; t)f2(x, x′; t)

]}−1
,

b′(x, x′; t) = b(x, x′; t)

{
1 +

q − 1

q

×
[ ∫

dxa(x; t)f1(x; t) +

∫
dx

∫
dx′b(x, x′; t)f2(x, x′; t)

]}−1
.

It is important to note that in the case of q = 1, a′(x; t) = a(x; t),
b′(x, x′; t) = b(x, x′; t) and we obtain the relevant distribution function
corresponding to Gibbs statistics.
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Now we can present the nonequilibrium statistical operator as follows:

ρ(t) = ρrel(t) +

∫
dx′
∫ t

−∞
eε(t

′−t)T (t, t′)a(x′; t′)I(1)n (x′; t′)ρrel(t)dt
′ (15)

+

∫
dx′
∫
dx′′
∫ t

−∞
eε(t

′−t)T (t, t′)b(x′, x′′; t′)I(2)n (x′, x′′; t′)ρrel(t)dt
′.

Here,

I(1)n (x; t) = [1− P (t)]
1

q
ψ−1(t)iLN n̂1(x),

I(2)n (x, x′; t) = [1− P (t)]
1

q
ψ−1(t)iLN n̂2(x, x′)

are the generalized �ows in which the function ψ(t) equals to

ψ(t) = 1− q − 1

q

[∫
dx a(x; t)δn̂1(x; t) +

∫
dx

∫
dx′b(x, x′; t)δn̂2(x, x′; t)

]
.

Using the NSO (15) we obtain a set of the generalized kinetic
equations for the reduced-description parameters (9) f1(x; t) = 〈n̂1(x)〉t
and f2(x, x′; t) = 〈n̂2(x, x′)〉t according to (7):

∂

∂t
〈n̂1(x)〉t =

∫
dx′Φ11

nn(x, x′; t)a(x′; t) (16)

+

∫
dx′
∫
dx′′Φ12

nn(x;x′, x′′; t)b(x′, x′′; t)

+

∫
dx′
∫ t

−∞
eε(t

′−t)ϕ11
nn(x, x′; t, t′)a(x′; t′)dt′

+

∫
dx′
∫
dx′′

∫ t

−∞
eε(t

′−t)ϕ12
nn(x;x′, x′′; t, t′)b(x′, x′′; t′)dt′,

∂

∂t
〈n̂2(x, x′)〉t =

∫
dx′′Φ21

nn(x, x′;x′′; t)a(x′′; t) (17)

+

∫
dx′′

∫
dx′′′Φ22

nn(x;x′;x′′, x′′′; t)b(x′′, x′′′; t)

+

∫
dx′′

∫ t

−∞
eε(t

′−t)ϕ21
nn(x, x′;x′′t, t′)a(x′′; t′)dt′

+

∫
dx′′

∫
dx′′′

∫ t

−∞
eε(t

′−t)ϕ22
nn(x;x′;x′′, x′′′; t, t′)b(x′′, x′′′; t′)dt′.
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Here,

Φαβpp (x, x′; t) =

∫
dΓNpα(x)

1

q
ψ−1iLNpβ(x′)ρrel(x

N ; t), (18)

ϕαβIpIp(x;x′; t, t′) =

∫
dΓN iLNpα(x)T (t, t′)Iβp (x′; t′)ρrel(x

N ; t′), (19)

are the kinetic transport kernels, where we use the notation pα(x) =
{n̂1(x), n̂2(x, x′)}. Neglecting the two-particle correlation at q = 1 the
generalized kinetic equation in Renyi statistics transforms into the kinetic
equation within Gibbs statistics [16] with the transport kernel calculated

using the relevant distribution function ρrel(t) =
∏N
j=1

f1(xj ;t)
e . In this case,

at q = 1, within the NSO method [15, 16] the Liouville equation should be
solved with the boundary condition

∂

∂t
ρ(xN ; t) + iLNρ(xN ; t) = −ε

ρ(xN ; t)−
N∏
j=1

f1(xj ; t)

e

 ,

that corresponds to the Bogolyubov hypothesis of weakening of correla-
tions between particles.

For a more detailed calculation of structure of correlation functions
(18) and transport kernels (19) let us consider an action of the Liouville
operator on n̂1(x) and n̂2(x, x′):

iLN n̂1(x) = − ∂

∂~r
· 1

m
~̂j(~r, ~p) +

∂

∂~p
· ~̂F (~r, ~p), (20)

where

~̂j(~r, ~p) =

N∑
j=1

~pjδ(~r − ~rj)δ(~p− ~pj) (21)

is the microscopic momentum density in the space of coordinates and
impulses,

~̂F (~r, ~p) =
∑
l 6=j

∂

∂~rj
Φ(|~rj − ~rl|)δ(~r − ~rj)δ(~p− ~pj) (22)

is the microscopic force density in the space of coordinates and impulses.

iLN n̂2(x, x′) = − ∂

∂~r
· 1

m
~̂j(~r, ~p)n̂1(x′)− n̂1(x)

∂

∂~r′
· 1

m
~̂j(~r′, ~p′) (23)

+
∂

∂~p
· ~̂F (~r, ~p)n̂1(x′) + n̂1(x)

∂

∂~p′
· ~̂F (~r′, ~p′).
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Taking into account calculations (20)-(23) we obtain, particularly:

Φ11
nn(x, x′; t) =

[
Ωnj(x, x

′; t) · ∂
∂~r′
− ΩnF (x, x′; t) · ∂

∂~p′

]
, (24)

ϕ11
nn(x, x′; t, t′) =−

[
∂

∂~r
·Djj(x, x

′; t, t′) · ∂
∂~r′

(25)

− ∂

∂~p
·DFj(x, x

′; t, t′) · ∂
∂~r′
− ∂

∂~r
·DjF (x, x′; t, t′) · ∂

∂~p′

+
∂

∂~p
·DFF (x, x′; t, t′) · ∂

∂~p′

]
,

ϕ22
nn(x, x′, x′′, x′′′; t, t′) = (26)

− ∂

∂~r
·
[
Djnjn(x, x′, x′′, x′′′; t, t′)· ∂

∂~r′′
+Djnnj(x, x

′, x′′, x′′′; t, t′)· ∂
∂~r′′′

]
− ∂

∂~r′
·
[
Dnjjn(x, x′, x′′, x′′′; t, t′)· ∂

∂~r′′
+Dnjnj(x, x

′, x′′, x′′′; t, t′)· ∂
∂~r′′′

]
+
∂

∂~p
·
[
DFnjn(x, x′, x′′, x′′′; t, t′)· ∂

∂~r′′
+DFnnj(x, x

′, x′′, x′′′; t, t′)· ∂
∂~r′′′

]
+
∂

∂~p′
·
[
DnFjn(x, x′, x′′, x′′′; t, t′)· ∂

∂~r′′
+DnFnj(x, x

′, x′′, x′′′; t, t′)· ∂
∂~r′′′

]
+
∂

∂~r
·
[
DjnFn(x, x′, x′′, x′′′; t, t′)· ∂

∂~p′′
+DjnnF (x, x′, x′′, x′′′; t, t′)· ∂

∂~p′′′

]
+
∂

∂~r′
·
[
DnjFn(x, x′, x′′, x′′′; t, t′)· ∂

∂~p′′
+DnjnF (x, x′, x′′, x′′′; t, t′)· ∂

∂~p′′′

]
− ∂

∂~p
·
[
DFnFn(x, x′, x′′, x′′; t, t′)· ∂

∂~p′′
+DFnnF (x, x′, x′′, x′′′; t, t′)· ∂

∂~p′′′

]
− ∂

∂~p′
·
[
DnFFn(x, x′, x′′, x′′; t, t′)· ∂

∂~p′′
+DnFnF (x, x′, x′′, x′′′; t, t′)· ∂

∂~p′′′

]
,

where

Djj(x, x
′; t, t′) =

∫
dΓN~̂j(x)T (t, t′)(1− P (t′))

1

q
ψ−1(t)~̂j(x′)ρrel(x

N ; t′),
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DFF (x, x′; t, t′) =

∫
dΓN ~̂F (x)T (t, t′)(1− P (t′))

1

q
ψ−1(t) ~̂F (x′)ρrel(x

N ; t′),

are the generalized di�usion and friction coe�cients in the spatially-
impulse space within Renyi statistics. Herewith,∫

d~p

∫
d~p′Djj(x, x

′; t, t′) = Djj(~r, ~r
′; t, t′),

∫
d~p

∫
d~p′DFF (x, x′; t, t′) = DFF (~r, ~r′; t, t′)

which at q = 1 become the generalized di�usion and friction coe�cients
in Gibbs statistics. The obtained kinetic equations contain correlation
functions of the second, the third and the fourth order Ωnj , ΩnF ,

Ωnnj , ΩnnF , Ωnnjn, ΩnnFn in dynamic variables n̂(x), ~̂j(x), ~̂F (x). Ω are
the correlation functions describing nondissipative processes. D are the
generalized memory functions � the time correlation functions built on the

dynamic variables n̂(x), ~̂j(x), ~̂F (x), [1 − P (t)]~̂j(x), [1 − P (t)] ~̂F (x) � and
describe non-Markovian dissipative processes in the system. At q = 1 they
transform to the memory function of Gibbs statistics. Memory functions
like Dnjnj and DnFnF have an interesting structure

Dnjnj(x, x
′, x′′, x′′′; t, t′) =

=

∫
dΓN n̂(x)~̂j(x′)T (t, t′)[1− P (t′)]

1

q
ψ−1(t)n̂(x′′)~̂j(x′′′)ρrel(x

N ; t′),

DnFnF (x, x′, x′′, x′′′; t, t′) =

=

∫
dΓN n̂(x) ~̂F (x′)T (t, t′)[1− P (t′)]

1

q
ψ−1(t)n̂(x′′) ~̂F (x′′′)ρrel(x

N ; t′),

they can be approximated in the following way:

Dnjnj ≈ DnnDjj +DnjDjn, DnFnF ≈ DnnDFF +DnFDFn.

This corresponds to the ideology of the mode-coupling theory.
Generalized kinetic equations (16), (17) with regard to (24)-(26) by

their structure are the equations of Fokker-Planck type. They can serve as
a basis for transition to the generalized hydrodynamic equations which are
based on the set of equations of conservation laws for particles number,
momentum and energy densities (10). Indeed, multiplying the set of
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transport equations (16), (17) by the �rst moments of the nonequilibrium
one-particle distribution function f1(~r, ~p; t): (1, ~p, p2/2m) and by 1

2Φ(|~r −
~r′|), we obtain the generalized equations of hydrodynamics with the de�ned
generalized viscosity and heat conductivity coe�cients having separated
kinetic and potential contributions.

4 Summary

By means of the Zubarev NSO method and the maximum entropy principle
for the Renyi entropy we obtained the nonequilibrium statistical operator
and the generalized kinetic equations for the nonequilibrium one- and
two-particle distribution functions f1(x; t) = 〈n̂1(x)〉t and f2(x, x′; t) =
〈n̂2(x, x′)〉t for description of kinetic processes in gases and liquids far from
equilibrium. We investigated an inner structure of generalized memory
functions which permitted to show that the kinetic equations contain
correlation functions of the second and higher order (Ωnj , ΩnF , Ωnnj ,

ΩnnF , Ωnnjn, ΩnnFn) in dynamic variables n̂(x), ~̂j(x), ~̂F (x). By contrast
to Ω describing non-dissipative processes, the dissipative processes in the
system are described by the memory functions of the kinetic equations D

built on the variables n̂(x), ~̂j(x), ~̂F (x), [1− P (t)]~̂j(x) and [1− P (t)] ~̂F (x).
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The Bogoliubov c-number

approximation for random boson

systems

Dedicated to the 80 th anniversary of academician D.Ya. Petrina

We justify the Bogoliubov c-number approximation for the case of
interacting Bose gas in a homogeneous random media. To this aim we
take into account occurrence of generalized extended/fragmented Bose-
Einstein condensation in an in�nitesimal band of low kinetic-energy modes,
to generalize the c-number substitution procedure for this band of low-
momenta modes.

1 Introduction

One of the key developments in the theory of the Bose gas, especially the
theory of the low density gases currently at the forefront of experiment,
is Bogoliubov's 1947 analysis [2], [3] of the many-body Hamiltonian
by means of a c-number substitution for the most relevant operators
in the problem. These are the zero-momentum mode boson operators,
namely b0 → z, b∗0 → z∗. Later this idea triggered a more general The
Approximating Hamiltonian Method [6]. Naturally, the appropriate value
of z has to be determined by some sort of consistency or variational
principle, which might be complicated, but the concern is whether this
sort of substitution is legitimate, i.e., error free.

c© Institute of Mathematics, 2014
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The rigorous justi�cation for this substitution, as far as calculating the
pressure of interacting (superstable) boson gas is concerned, was done
for the �rst time in the paper by Ginibre [10]. Later it was revised
and essentially improved by Lieb-Seiringer-Yngvason (LSY) [15], [16]. In
textbooks it is often said, for instance, that it is tied to the imputed
"fact"that the expectation value of the zero-mode particle number operator
N0 = b∗0b0 is of order V = volume. This was the second Bogoliubov ansatz:
the Bose-Einstein condensation (BEC) justi�es the substitution [26].

As Ginibre pointed out, however, that BEC has nothing to do with it.
The z substitution still gives the right answer for any value of the Gibbs
average of the operator N0. On the other hand, the zero-mode translation
invariant condensation (the �rst Bogoliubov ansatz) plays a distinguished
role in the Bogoliubov Weakly Imperfect Bose theory [26].

The problem of justi�cation becomes delicate in a (bona �de)
homogeneous random external potential: �rst of all because of the
translation invariance breaking and secondly because of the problem with
nature of the generalized BEC for this case even for the perfect Bose-gas
[11], [12]. The aim of the present note is to elucidate this problem for
interacting boson gas in a homogeneous random potential following the
LSY method. The later allows to simplify and make more transparent
the arguments of [13] versus the generalized condensation �a la Van den
Berg-Lewis-Pul�e [24].

This note is based on the lecture delivered by the author on the
Workshop "Mathematical Horizons for Quantum Physics: Many-Particle
Systems"(09 - 27 September 2013) in the Institute for Mathematical
Sciences of the National University of Singapore. Invitation and �nancial
support extended to the author by the Institute for Mathematical
Sciences and the Centre for Quantum Technologies (NUS) are greatly
acknowledged.

2 The Bogoliubov c-number approximation

2.1 Imperfect Bose gas

Let interacting bosons of massm be enclosed in a cubic box Λ = L×L×L ⊂
R3 of the volume V ≡ |Λ| = L3, with (for simplicity) periodic boundary
conditions on ∂Λ: tΛ := (−~2∆/2m)p.b.c.. Let u(x) be isotropic two-body
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interaction with non-negative Fourier transformation:

v (q) =

∫
R3

d3x u(x)e−iqx, u ∈ L1(R3)

The second-quantized Hamiltonian of the imperfect Bose-gas acting as
operator in the boson Fock space F := Fboson(H = L2(Λ)) is

HΛ =
∑
k∈Λ∗

εkb
∗
kbk +

1

2V

∑
k1,k2,q∈Λ∗

v (q) b∗k1+qb
∗
k2−qbk2

bk1

where (dual) set Λ∗ =
{
k ∈ R3 : , kα = 2πnα/L et nα ∈ Z, α = 1, 2, 3

}
and {εk}k∈Λ∗ = Spec(tΛ). Here {εk = ~2k2/2m ≥ 0}k∈Λ∗ is the one-
particle excitations spectrum. The perfect Bose-gas Hamiltonian and
particle-number operators are

TΛ :=
∑
k∈Λ∗

εk b
∗
kbk , Nk := b∗kbk , NΛ :=

∑
k∈Λ∗

Nk .

Here {b∗k, bk}k∈Λ∗ are boson creation and annihilation operators in
the one-particle eigenstates (kinetic-energy modes) verifying the CCR
[bk, b

∗
q ] = δk,q :

ψk (x) =
1√
V
eikx χΛ(x) ∈ H, k ∈ Λ∗

bk := b (ψk) =

∫
Λ

dx ψk (x) b (x) , b∗k = (b (ψk))∗

Here b# (x) are boson-�eld operators in the Fock space over H.

2.2 Grand-canonical (β, µ)-ensemble

Recall that the grand-canonical (β, µ)-state generated by HΛ on algebra
of observables A(F) [20], is de�ne by

〈A〉HΛ
:= TrF(e−β(HΛ−µNΛ) A)/TrFe

−β(HΛ−µNΛ) , A ∈ A(F) .

The grand-canonical pressure: p[HΛ](β, µ) := (βV )−1 ln TrFe
−β(HΛ−µNΛ)

corresponds to the temperature β−1 and to the chemical potential µ.
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Example 1. For the perfect Bose-gas TΛ one must put µ < 0, then the
expectation value of the particle number in mode k is

〈b∗kbk〉TΛ :=
1

eβ(εk−µ) − 1
, εk ≥ 0 .

The expectation value of the total density of bosons in Λ is

ρΛ(β, µ) :=
1

V
〈b∗0b0〉TΛ

+
1

V

∑
k∈Λ∗\{0}

〈b∗kbk〉TΛ
=

1

V

1

e−βµ − 1
+ ρΛ(β, µ)

Then the critical density (if �nite) is de�ne by the limit:

ρc(β) := lim
µ↑0

lim
Λ↑R3

ρΛ(β, µ) <∞

.

2.3 Conventional Bose-Einstein condensation

For a �xed density ρ, let µΛ(β, ρ) be solution of the equation

ρ = ρΛ(β, µ) ⇒ ρ ≡ ρΛ(β, µΛ(ρ)) (always exists!).

• low density : limΛ µΛ(ρ < ρc(β)) = µΛ(ρ)< 0
• high density: limΛ µΛ(ρ ≥ ρc(β)) = 0 , and

ρ0(β) = ρ− ρc(β) = lim
Λ

1

V

{
e−β µΛ(ρ≥ρc(β)) − 1

}−1

⇒

µΛ(ρ ≥ ρc(β)) = − 1

V

1

β(ρ− ρc(β))
+ o(1/V ) .

• Since εk = ~2
∑d
j=1(2πnj/V

1/3)2/2m, the BEC is in k=0-mode:

lim
Λ

1

V

{
eβ(εk 6=0−µΛ(ρ)) − 1

}−1

= 0 ,

This type of condensation based on the concept of the one-level
macroscopic occupation is known as the conventional zero-mode (or type
I ) BEC [9], [17].



116 Valentin A. Zagrebnov

2.4 Generalised Bose-Einstein condensation

This type of condensation was predicted by Casimir [8] and elucidated by
Van den Berg-Lewis-Pul�e in [22], [23], [24].

Let Λ = L1 × L2 × L3 = V α1 × V α2 × V α3 , α1 ≥ α2 ≥ α3 > 0 , and
α1 + α2 + α3 = 1 .
• The Casimir box (1968): Let α1 = 1/2, i.e. α2,3 < 1/2.

Since εk1,0,0 = ~2(2πn1/V
1/2)2/2m∼ 1/V , then again the asymptotics of

solution:

ρ ≡ ρΛ(β, µΛ(ρ))⇒ µΛ(ρ ≥ ρc(β)) = −A/V + o(1/V ), A ≥ 0

lim
Λ

 1

V

1

e−βµΛ(ρ) − 1
+

1

V

∑
k∈{Λ∗:n1 6=0,n2=n3=0}

1

eβ(εk−µΛ(ρ)) − 1


= ρ− ρc(β) > 0 , lim

Λ

1

V

{
eβ(εk 6=0−µΛ(ρ)) − 1

}−1

6= 0, εk 6=0 = εk1,0,0

lim
Λ

1

V

{
eβ(εk 6=0−µΛ(ρ)) − 1

}−1

= 0, ε0,k2,3 6=0= ~2(2πn2,3/V
α2,3)2/2m

The generalized type II BEC [23]:

ρ− ρc(β) = lim
L→∞

1

V

∑
n1∈Z

{
eβ(~2(2πn1/V

1/2)2/2m−µΛ(ρ)) − 1
}−1

=
∑
n1∈Z

β−1

~2(2πn1)2/2m+A
⇒ lim

Λ

1

V
〈b∗0b0〉TΛ(µΛ(ρ)) < ρ− ρc(β).

Here A ≥ 0 is a unique root of the above equation. Note that BEC in the
zero mode is less than the total amount of the condensation density.

For α1 = 1/2 the BEC is still mode by mode macroscopic, but
it is in�nitely fragmented. This type of BEC is also known as quasi-
condensate and it was observed in the rotating condensate (2000) and
in the condensate with chaotic phases (2008), [18].
• The Van den Berg box (1982): α1 > 1/2.

Proposition 1. There is no macroscopic occupation of any kinetic-energy
mode:

lim
Λ

1

V

{
eβ(εk−µΛ(ρ)) − 1

}−1

= 0.
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This is the generalized BEC of type III [Van den Berg-Lewis-Pul�e
(1978)]. It occurs one-direction anisotropy α1 > 1/2 i.e. α2 + α3 < 1/2.
Since εk1,0,0 = (2πn1/V

α1)2/2 ∼ 1/V 2α1 , 2α1 > 1, then the solution
µΛ(ρ) has a new asymptotics:

µΛ(ρ ≥ ρc(β)) = −B/V δ + o(1/V δ), B ≥ 0, δ = 2 (1− α1) < 1 ,

0 < ρ− ρc(β) = (2πβ)−1/2

∫ ∞
0

dξ e−βBξ ξ−1/2 .

Here parameter B = B (β, ρ) > 0 is a unique root of the equation:

ρ− ρc(β) =
1√

2β2B(β, ρ)
.

The generalized BEC of type III yields for the one-mode particle
occupation

lim
Λ

1

V
〈Nk〉TΛ

(β, µΛ (ρ > ρc(β))) = 0 for all k ∈ {Λ∗} .

For the "renormalised" k1-modes occupation "density"one obtains:

lim
Λ

1

V 1−ε 〈Nk〉TΛ
(β, µΛ (ρ > ρc(β))) = 2β (ρ− ρc(β))

2
,

where k ∈ {Λ∗ : (n1, 0, 0)} and 1− ε = δ < 1 .
De�nition 1.[24] In kinetic-energy modes the amount of the generalized
BEC is de�ned as

ρ− ρc(β) := lim
η→+0

lim
Λ

1

V

∑
{k∈Λ∗,‖k‖≤η}

{
eβ(εk−µΛ(β,ρ)) − 1

}−1

.

Remark 1. [22],[24] Saturation and ρm-problem: is it possible that there
is a new critical density ρm such that ρc ≤ ρm ≤ ∞ and the type III (or II)
condensation transforms into conventional type I BEC when ρ ≥ ρm ? The
answer is positive. Recently the second critical density ρm was discovered
for a cigar-type harmonic anisotropy [1]. There it was also proved that the
type I and the type III condensations may coexist.



118 Valentin A. Zagrebnov

2.5 The Bogoliubov theory and the zero-mode c-
number substitution

The �rst Bogoliubov ansatz. If one expects that the Bose-Einstein
condensation, which occurs in the mode k = 0 for the perfect Bose-gas,
persists for a weak two-body interaction u(x), then one can to truncate
Hamiltonian: HΛ → HB

Λ , and to keep in HB
Λ only the most important

condensate terms, in which at least two zero-mode operators b∗0, b0 are
involved. This approximation gives the BogoliubovWeakly Imperfect Bose-
Gas (WIBG) Hamiltonian HB

Λ [26].
The second Bogoliubov ansatz. Since for a large volume (thermodynamic
limit) the condensate operators b∗0/

√
V , b0/

√
V almost commute:

[b0/
√
V , b∗0/

√
V ] = 1/V , one may use substitutions:

b0/
√
V → c · I , b∗0/

√
V → c∗ · I , c ∈ C ,

in the truncated grand-canonical WIBG Hamiltonian HB
Λ (µ) := HB

Λ −
µNΛ → HB

Λ (c, µ) to produce a diagonalizable bilinear operator form.

2.6 The zero-mode c-number approximation

For the periodic boundary conditions on ∂Λ, let F0 := Fboson (H0) be the
boson Fock space constructed on the one-dimensional Hilbert space H0

spanned by ψk=0(x) = χΛ(x)/
√
V .

Let F′0 := Fboson
(
H⊥0
)
be the Fock space constructed on the orthogonal

complement H⊥0 . Then Fboson(H) = Fboson(H0⊕H⊥0 ) is isomorphic to the
tensor product :

Fboson
(
H0 ⊕H⊥0

)
≈ Fboson(H0)⊗ Fboson(H⊥0 ) = F0 ⊗ F′0,

For any complex number c ∈ C the coherent vector in F0 is

ψ0Λ(c) := e−V |c|
2/2
∞∑
k=0

1

k!

(√
V c
)k

(b∗0)
k

Ω0 = e(−V |c|2/2+
√
V c b∗0) Ω0 ,

where Ω0 is the vacuum of F. Notice that

b0√
V
ψ0Λ (c) = c ψ0Λ (c) ≡ c · I ψ0Λ (c) .
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De�nition 2. The c-number Bogoliubov approximation of the grand-
canonical Hamiltonian (NΛ :=

∑
k∈Λ∗b

∗
kbk := b∗0b0 +N ′Λ)

HΛ (µ) := HΛ − µNΛ , dom(HΛ (µ)) ⊂ F ≈ Fboson(H0)⊗ Fboson(H⊥0 )

is a self-adjoint operator HΛ (c, µ) de�ned in F′0 = Fboson
(
H⊥0
)
, for any

�xed vector ψ0Λ (c), by the closable sesquilinear form:

(ψ′1, HΛ(c, µ)ψ′2)F′0
≡ (ψ0Λ (c)⊗ ψ′1, HΛ (µ)ψ0Λ (c)⊗ ψ′2)F ,

for vectors (ψ0Λ (c)⊗ ψ′1,2) ∈ form-domain of the operator HΛ (µ).

Remark 2. Since (b0/
√
V ) ψ0Λ (c) = c ·I ψ0Λ (c), the c-number

approximation is equivalent to substitutions:

b0/
√
V → c · I , b∗0/

√
V → c∗ · I

in the Hamiltonian
HΛ(µ)→ HΛ(c, µ) =: H ′Λ(z)− µ(|z|2 I +N ′Λ) , z := c

√
V .

2.7 Exactness of the c-number approximation

De�nition 3. The grand-canonical pressure for Hamiltonian HΛ(µ) and
for its c-number Bogoliubov approximation H ′Λ(z, µ), are de�ned by:

pΛ(µ) :=
1

βV
ln TrF exp[−βHΛ(µ)]

p′Λ(µ) :=
1

βV
ln

∫
C
d2zTrF′0 exp[−βH ′Λ(z, µ)]

Proposition 2.(Variational Principle) [10], [15].

eβV pΛ(µ) ≥
∫
C
d2zTrF′0 exp[−βH ′Λ(z, µ)] ≥

sup
ζ

TrF′0 exp[−βH ′Λ(ζ, µ)] =: eβV pΛ,max(µ)

Proposition 3.

lim
Λ
pΛ(µ) = lim

Λ
p′Λ(µ) = lim

Λ
pΛ,max(µ) ,

with the rate of convergence:

0 ≤ pΛ(µ)− pΛ,max(µ) ≤ O((lnV )/V ),
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see [15]. The rate of convergence proved by the Approximating Hamiltonian
Method(AHM) is

0 ≤ pΛ(µ)− pΛ,max(µ) ≤ O(1/
√
V ) ,

see [10], [26].
Remark 2. Although in [10] and in [15] the use of coherent states is
essential, the method of the last paper e�ciently exploits the Peierls-
Bogoliubov and Berezin-Lieb inequalities instead of the AHM. To be more
�exible, this method covers also the case of in�nitely many k-modes,
provided the card{k : k ∈ IΛ ⊂ Λ∗}< c V 1−γ , γ > 0, and it gives also more
accurate estimates. The Bogoliubov c-Number Approximation is exact on
the thermodynamic level (AHM) [6], .

2.8 The c -number approximation for ideal Bose gas

The c-number substitution in the grand-canonical Hamiltonian TΛ(µ) :=
TΛ − µNΛ is

TΛ(µ)→ TΛ(c, µ) =
∑

k∈Λ∗\{0}

(εk − µ)b∗kbk − V µ|c|2

Then one gets for the pressures (note that µ < 0 and εk=0 = 0):

p[TΛ(µ)] =
1

βV
ln TrF exp[−βTΛ(µ)] =

1

βV

∑
k∈Λ∗

ln(1− e−β(εk−µ))−1

p[TΛ(c, µ)] =
1

βV

∑
k∈Λ∗\{0}

ln(1− e−β(εk−µ))−1 + µ|c|2

0 ≤ p[TΛ(µ)]− p[TΛ(c, µ)] =
1

βV
ln(1− eβµ)−1 − µ|c|2 =: ∆Λ(c, µ)

Variational Principle: {c : infc limΛ ∆Λ(c, µ)} = {c∗(µ)} ⇒
c∗(µ < 0) = 0 ∨ (µc∗(µ)) |µ=0= 0. Hence, the BEC density is not de�ned.

2.9 Gauge invariance and Bogoliubov quasi-averages

Since [HΛ, NΛ] = 0 (total particle number conservation law),

HΛ = eiϕNΛHΛe
− iϕNΛ , U(ϕ) := eiϕNΛ ,
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HΛ is invariant w.r.t. gauge transformations U(ϕ).
Corollary 1. The grand-canonical expectation value:〈

b0/
√
V
〉
HΛ

(β, µ) = 0.

Let HΛ,ν(µ) := HΛ(µ)−
√
V (ν b∗0 + ν∗b0), ν ∈ C. Then〈

b0√
V

〉
HΛ,ν

(β, µ) 6= 0 ,

〈
bk 6=0√
V

〉
HΛ,ν

(β, µ) = 0 .

Remark 4. Whether the limit: limν→0 limΛ

〈
b0√
V

〉
HΛ,ν

(β, µ) =: c0 6= 0 ?

If it is the case this yields a spontaneous breaking of the gauge symmetry.
Here c0 is the Bogoliubov quasi-average [4], [5]. The idea of quasi-averages
allowed Bogoliubov to prove his famous 1/q2-Theorem for interacting Bose-
gas as well as to advance later in elucidating the c-Number Approximation,
see [15], [16], [21], [26].
Example 2.(Ideal Bose-Gas) The gauge-breaking sources imply

TΛ,ν(µ) := TΛ(µ)−
√
V (ν b∗0 + ν∗b0) =

−µ(b∗0 +
√
V ν/µ)(b0 +

√
V ν/µ) + T

(k 6=0)
Λ (µ) + V |ν|2/µ.

The c-number substitution gives:

TΛ,ν(µ)→ TΛ,ν(c, µ) = −µV (c+ ν/µ)(c+ ν/µ) + T
(k 6=0)
Λ (µ) + V |ν|2/µ

One gets for the pressure (note that µ < 0 and εk=0 = 0):

p[TΛ,ν(µ)] = p[TΛ(µ)]− |ν|2/µ ,

p[TΛ,ν(c, µ)] = p[T
(k 6=0)
Λ (µ)] + µV (c+ ν/µ)(c+ ν/µ)− |ν|2/µ ,

0 ≤ p[TΛ,ν(µ)]− p[TΛ,ν(c, µ)] =

1

βV
ln(1− eβµ)−1 − µ|c+ η/µ|2 =: ∆Λ,ν(c, µ) .

The Variational Principle:{c : infc limΛ ∆Λ,ν(c, µ)} = {c∗(µ, ν) = −ν/µ}
implies that the variational BEC density ρ0∗ is de�ned by the limit
|ν/µ(ν)| −→

ν→0

√
ρ0∗ or equivalently by

ρ0∗ := lim
ν→0

µ=µ(ν)→0

|c∗(µ, ν)|2 = lim
ν→0

µ=µ(ν)→0

lim
V→∞

〈 b
∗
0√
V
〉TΛ,ν(µ)〈

b0√
V
〉TΛ,ν(µ) .



122 Valentin A. Zagrebnov

The relation of BEC versus the quasi-average BEC and the maximizer ρ0∗
takes the form:

zero−mode BEC ρ0 ⇒
1

V
〈b∗0b0〉TΛ,ν=0(µ) =

1

V

1

e−βµ − 1
≤

|ν|2

µ2
+

1

V

1

e−βµ − 1
=

1

V
〈b∗0b0〉TΛ,ν(µ) ⇒ quasi− average BEC .

Then by the Variational Principle for the c-Number Approximation one
obtains:

lim
ν→0

µ=µ(ν)→0

lim
V→∞

1

V
〈b∗0b0〉TΛ,ν(µ)

!
= lim

ν→0
µ=µ(ν)→0

lim
V→∞

〈 b
∗
0√
V
〉TΛ,ν(µ)〈

b0√
V
〉TΛ,ν(µ)

⇒ gauge− symmetry breaking BEC = lim
ν→0

µ=µ(ν)→0

|c∗(µ, ν)|2 = ρ0∗ .

Remark 5. Is it possible that ρ0 < ρ0∗ ? The answer is positive: one can
prove this inequality for the ideal as well as for an interacting Bose-gas [7]
if they manifest generalised BEC of the type II or III.
Proposition 4 [15], [16]. The k = 0 � mode BEC ⇒ quasi-average
BEC⇔ spontaneous gauge-symmetry breaking BEC⇔ non-zero c-number
approximation for the mode k = 0.

The proof is based on Gri�th's arguments and on the following two
Propositions:
Proposition 5 For a real ν one gets equality between the limits:

lim
Λ
pΛ(µ; ν) = lim

Λ
p′Λ(µ; ν) = lim

Λ
pΛ,max(µ; ν) ,

which are convex in ν.
Proposition 6 (Gauge-Symmetry Breaking and BEC)

lim
|ν|→0, arg(ν)

lim
Λ

〈
b0√
V

〉
HΛ,ν

(β, µ) =

lim
|ν|→0, arg(ν)

lim
Λ
|zΛ,max(ν)| ei arg(ν)/

√
V =: c0 .

Here by the Variational Principle: zΛ,max(ν) = |zΛ,max(ν)| ei arg(ν),

sup
ζ

TrF′0 exp[−βH ′Λ(ζ, µ; ν)] = TrF′0 exp[−βH ′Λ(zΛ,max(ν), µ; ν)]

= exp [βV pΛ,zΛ,max(ν)(µ; ν)] =: exp [βV pΛ,max(µ; ν)],
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and zΛ,max(0) = |zΛ,max(0)| eiφ, pΛ,zΛ,max(ν)(µ; ν)|ν=0 = pΛ,max(µ).
Corollary 2. One obtains for the quasi-average condensate density and
for the condensate density equation:

ρ0(β, µ) = lim
|ν|→0, arg(ν)

lim
Λ

〈
b∗0 b0
V

〉
HΛ,ν

(β, µ)= lim
Λ
|c0,Λ,max|2(β, µ) .

where c0,Λ,max is a maximizer of the variational problem:

sup
c0

TrF′0 exp[−βH ′Λ(c0
√
V , µ)] = TrF′0 exp[−βH ′Λ(c0,Λ,max

√
V , µ)]

3 Random homogeneous (ergodic) external
potentials.

3.1 Random and kinetic-energy eigenfunctions

For the almost surely (a.s.) self-adjoint random Schr�odinger operator in
Λ ⊂ Rd one has:

hωΛ φ
ω
j = (tΛ + vω)Λ φ

ω
j = Eωj φ

ω
j , for almost all(a.a.) ω ∈ Ω ,

where {φωj }j≥1 are the random eigenfunctions. In the limit Λ ↑ Rd the
spectrum σ(hω) of this operator is a.s. nonrandom [19].

Let NΛ(φωj ) be particle-number operator in the eigenstate φωj .

NΛ :=
∑
j≥1

NΛ(φωj ) :=
∑
j≥1

b∗(φωj )b(φωj )

is the total number operator in the boson Fock space F(L2(Λ)), b(φωj ) :=∫
Λ
dxφωj (x) b(x), and {φωj }j≥1 is a.s. a (random) basis in H = L2(Λ).
Let tΛ ψk = εk ψk be the kinetic-energy operator eigenfunctions

{ψk}k∈Λ∗ with eigenvalues εk = ~2 k2/2m. Recall that one of the
key hypothesis of the conventional Bogoliubov Theory is the existence
of translation-invariant ground-state (i.e. the zero-mode ψk=0) Bose
condensation.

Random Hamiltonian Hω
Λ of interacting Bosons in F(H):

Hω
Λ := TωΛ + UΛ = random Schrodinger operator + interaction ,
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where the kinetic-energy operator has two forms:

dΓ(hωΛ) := TωΛ =
∑
j≥1

Eωj b∗(φωj )b(φωj ) =
∑

k1,k2∈Λ∗

(ψk1
, (tΛ + vω)ψk2

)Hb
∗
k1
bk2
.

Note that there are also two faces for the second-quantised two-body
interaction u(x− y) in F(H):

UΛ :=
1

2

∑
j1,j2
j3,j4

(φωj1 ⊗ φ
ω
j2 , u φ

ω
j3 ⊗ φ

ω
j4)H⊗H b∗(φωj1)b∗(φωj2) b(φωj3)b(φωj4)

=
1

2V

∑
k1,k2,q∈Λ∗

v (q) b∗k1+qb
∗
k2−qbk2

bk1

Remark 6. Our aim is to elucidate the status and in particularly
exactness of the Bogoliubov c-Number Approximation for the random
interacting boson gas. For example to answer the questions concerning
the (generalised) BEC:∑
j:Eωj 6δ

〈NΛ(φωj )〉HωΛ /V → c ? or
∑
k:εk6γ

〈NΛ(ψk)〉HωΛ /V → c ?

3.2 Random versus kinetic-energy condensation

Proposition 7 [11] Let Hω
Λ := TωΛ + UΛ be many-body Hamiltonian

of interacting bosons in random external potential V ωΛ . If the particle
interaction UΛ commutes with any of number operators NΛ(φωj ) (local
gauge invariance), then

a.s.− lim
δ↓0

lim
Λ

∑
j:Eωj 6δ

1

V
〈(NΛ(φωj )〉HωΛ > 0 ⇔

⇔ a.s.− lim
γ↓0

lim inf
Λ

∑
k:εk6γ

1

V
〈NΛ(ψk)〉HωΛ > 0 ,

and : limγ↓0 limΛ

∑
k:εk>γ

〈NΛ(ψk)〉HωΛ /V = 0. Here 〈−〉HωΛ is quantum
Gibbs expectation with random Hamiltonian Hω

Λ .
Remark 7 If a many-body interaction satis�es the local gauge invariance:

[UΛ, NΛ(φj)] = 0 ,

then UΛ is a function of the occupation number operators {NΛ(φj)}j≥1.
For this reason it is called a �diagonal interaction".
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Corollary 3 A random localized generalised (of a yet unknown type)
boson condensation occurs if and only if there is a generalised (type
II/III) condensation in the extended (kinetic-energy) eigenstates. This is a
possible way to save the Bogoliubov theory in a the case of non-translation
invariant , but homogeneous random external potential.

3.3 Amounts of random and of kinetic-energy
condensates

Let for any A ⊂ R+ the particle occupation measures mΛ and m̃Λ are
de�ned for the perfect Bose-gas by:

mΛ(A) :=
1

V

∑
j:Ei∈A

〈NΛ(φωi )〉TωΛ , m̃Λ(A) :=
1

V

∑
k:εk∈A

〈NΛ(ψk)〉TωΛ .

Proposition 8 [11] For the perfect Bose-gas amounts of random and
kinetic-energy condensates coincide:

m(dE) =

{
(ρ− ρc)δ0(dE) + (eβE − 1)−1N (dE) if ρ > ρc ,
(eβ(E−µ∞) − 1)−1N (dE) if ρ < ρc ,

m̃(dε) =

{
(ρ− ρc)δ0(dε) + F (ε)dε if ρ > ρc,
F (ε)dε if ρ < ρc.

with explicitly de�ned density F (ε). For models with diagonal interactions:
mΛ(A) ≤ m̃Λ(A).

3.4 BEC in one-dimensional random potential.
Poisson point-impurities

For d = 1 and for repulsive Poisson point-impurities with density τ and
a > 0, the homogeneous ergodic random external potential has the form:

vω(x) : =

∫
R1

µωτ (dy)a δ(x− y) =
∑
j

a δ(x− yωj )

P{ω : µωτ (Λ) = s} =
|Λ|s

s!
e−τ |Λ| , E(µωτ (Λ)) = τ |Λ| , Λ ⊂ R1 .

−− • −−• −−−−−−− • −−−−• − • −−−−− • −−− • −−−−
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Proposition 9 [14] Let a = +∞. Then σ(hω) is a.s. nonrandom, dense
pure-point spectrum such that the closure σp.p.(hω) = [0,+∞), with the
Integrated Density of States

N (E) = τ
e−πτ/

√
2E

1− e−πτ/
√

2E
∼ τe−πτ/

√
2E , E ↓ 0, (Lifshitz tail).

One gets for the spectrum:

(a.s.)− σ(hω) =
⋃
j

{
π2s2/2(Lωj )2

}∞
s=1

,

where intervals Lωj = yωj − yωj−1 are independent identically distributed
random variables :

dPτ,j1,...,jk(Lj1 , . . . , Ljk) = τk
k∏
s=1

e−τLjsdLjs

The eigenfunctions: for a.a. ω ∈ Ω the one-particle localized quantum
states {φωj }j≥1, give a basis in L2(Λ).

4 Generalized c-numbers approximation

4.1 Existence of the approximating pressure

Since randomness implies fragmented (or generalized type II/III)
condensation, following the Bogoliubov approximation philosophy, we want
to replace all creation/annihilation operators in the momentum states ψk
with kinetic energy less than some δ > 0 by c-numbers. Let Iδ ⊂ Λ∗ be
the set of all replaceable modes

Iδ :=
{
k ∈ Λ∗ : ~2k2/2m 6 δ

}
,

and we denote nδ := card{k : k ∈ Iδ}.
Remark 8 The number of quantum states nδ is of the order Vl since by
de�nition of the Integrated Density of States: nδ = V NΛ(δ). To use the
Lieb-Seiringer-Yngvason method we consider nδΛ = O(V 1−γ), 0 < γ < 1.
Why it is possible ? See Corollary 4, and [25] for details.
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4.2 Generalised BEC of type III: one-mode particle
occupations

De�nition 4 [12] We call eigenfunctions: {φωj }j≥1 weakly localised if

lim
Λ

1√
V

∫
Λ

dx |φωj (x)| = 0 for a.a. ω ∈ Ω .

Proposition 10 [12],[13] Let all {φωj }j≥1 be localised. Then for models
Hω

Λ with diagonal interactions

lim
Λ

1

V
〈NΛ(ψk)〉HωΛ = 0 for all k ∈ {Λ∗}

This implies that any possible generalised kinetic-energy BEC in these
models is of type III .
Corollary 4 The number of condensed kinetic-modes is at most O(V 1−γ),
0 < γ < 1, and in this case one can use the LSY method for the modes:

lim
Λ

1

V γ
〈NΛ(ψk)〉HωΛ 6= 0 , for k ∈ IδΛ , γ = 1− ε

Let Hδ be the subspace of H spanned by the set of ψk with k ∈ Iδ, and
Pδ be orthogonal projector onto this subspace. Hence, we have a natural
decomposition of the total space H and the corresponding representation
for the associated symmetrised Fock space:

H = Hδ ⊕H′ , F ≈ Fδ ⊗ F′.

Then we proceed with the Bogoliubov substitution bk → ck and b
∗
k → ck for

all k ∈ Iδ, which provides an approximating (for the initial) Hamiltonian,
that we denote by H low

Λ (µ, {ck}).
The partition function and the corresponding pressure for this

approximating Hamiltonian have the form:

ΞlowΛ (µ, {ck}) = TrF′ e
−βHlowΛ (µ,{ck}) ,

plowΛ,δ (µ, {ck}) =
1

V
ln ΞlowΛ (µ, {ck}) .

Proposition 10 [13], [25] The c-numbers substitution for all operators in
the energy-band IδΛ , card{k : k ∈ IδΛ} = O(V 1−γ), does not a�ect the
original pressure in the following sense:

a.s.− lim
Λ

[pΛ(β, µ)− {max
{ck}

plowΛ,δΛ(µ, {ck})}] = 0
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Remark 9 Besides the type III condensation the last statement covers the
one-mode case. For the case of eventual type II condensation the arguments
are similar, but with a volume-dependent cut-o� of the converging sum over
modes [25].
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Ïðî äåÿêi íåðiâíîñòi â òåîði¨

íåïåðåòèííèõ îáëàñòåé

In the paper we consider the extremal problems in geometric theory
of functions of complex variables that are associated with estimates
of functionals de�ned on the systems of non-overlapping domains. In
particular, we generalize some known results of this topic.

Ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ åêñòðåìàëüíèõ çàäà÷ ãåîìåòðè÷íî¨
òåîði¨ ôóíêöié êîìïëåêñíî¨ çìiííî¨, ïîâ'ÿçàíèõ ç îöiíêàìè ôóíêöiî-
íàëiâ, çàäàíèõ íà ñèñòåìàõ íåïåðåòèííèõ îáëàñòåé. Çîêðåìà, îñíîâíà
óâàãà ïðèäiëÿ¹òüñÿ ïîñèëåííþ îäíîãî âiäîìîãî ðåçóëüòàòó ó äàíié òå-
ìàòèöi.

Çàäà÷i ïðî åêñòðåìàëüíå ðîçáèòòÿ çàéìàþòü âàæëèâå ìiñöå â ãåî-
ìåòðè÷íié òåîði¨ ôóíêöié êîìïëåêñíî¨ çìiííî¨ i ìàþòü áàãàòó iñòîðiþ
(äèâ., íàïðèêëàä, [1�19]). Âïåðøå åêñòðåìàëüíi ðîçáèòòÿ ðîçãëÿäàëèñü
ïðè îòðèìàííi îöiíîê äîáóòêó ñòåïåíiâ êîíôîðìíèõ ðàäióñiâ íåïåðå-
òèííèõ îáëàñòåé. Öÿ òåìàòèêà áåðå ïî÷àòîê çi ñòàòòi Ì.Î. Ëàâð¹íò'¹âà
1934 ðîêó [1] i äàëi ðîçâèâàëàñü â äîñëiäæåííÿõ áàãàòüîõ àâòîðiâ (äèâ.,
íàïðèêëàä, [2�19]). Ñëiä çàóâàæèòè, ùî âàæëèâèì åëåìåíòîì äîñëiä-
æåííÿ òàêèõ åêñòðåìàëüíèõ çàäà÷ ¹ ãëèáîêi ðåçóëüòàòè òåîði¨ êâàäðà-
òè÷íèõ äèôåðåíöiàëiâ, ÿêi îïèñóþòü ëîêàëüíó i ãëîáàëüíó ñòðóêòóðó
¨õ òðà¹êòîðié [3].

c© Institute of Mathematics, 2014
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1. Îñíîâíi ïîíÿòòÿ. Íåõàé N, R � ìíîæèíè íàòóðàëüíèõ i äiéñ-
íèõ ÷èñåë âiäïîâiäíî, C � êîìïëåêñíà ïëîùèíà, C = C

⋃
{∞} � ¨¨

îäíîòî÷êîâà êîìïàêòèôiêàöiÿ, R+ = (0,∞). Íåõàé r(B, a) � âíóòðiø-
íié ðàäióñ îáëàñòi B ⊂ C âiäíîñíî òî÷êè a ∈ B (äèâ., íàïðèêëàä, [5,
ñ. 14]; [7, ñ. 71]; [8, ñ. 30]).

Íåõàé n ∈ N, n > 2. Ñèñòåìó òî÷îê An :=
{
ak ∈ C : k = 1, n

}
òàêó,

ùî |ak| ∈ R+ ïðè k = 1, n òà 0 = arg a1 < arg a2 < . . . < arg an < 2π,
áóäåìî íàçèâàòè n-ïðîìåíåâîþ. Ïîçíà÷èìî

Pk = Pk(An) := {w : arg ak < argw < arg ak+1},

θk := arg ak, an+1 := a1, θn+1 := 2π. Âåëè÷èíè αk := 1
π [θk+1 − θk],

αn+1 := α1, k = 1, n, áóäåìî íàçèâàòè êóòîâèìè ïàðàìåòðàìè n-

ïðîìåíåâî¨ ñèñòåìè òî÷îê An. Î÷åâèäíî, ùî
n∑
k=1

αk = 2. Äàíà ðîáîòà

áàçó¹òüñÿ íà çàñòîñóâàííi êóñêîâî-ðîçäiëÿþ÷îãî ïåðåòâîðåííÿ, ðîçâè-
íóòîãî â ðîáîòàõ [4, ñ. 48�50]; [5, ñ. 27�30]; [8, ñ. 120].

Ìåòîþ äàíî¨ ðîáîòè ¹ îòðèìàííÿ òî÷íèõ îöiíîê çâåðõó äëÿ ôóíê-
öiîíàëà íàñòóïíîãî âèãëÿäó:

Jn(γ) = [r (B0, 0) r (B∞,∞)]
γ

n∏
k=1

r (Bk, ak) , (1)

äå γ ∈ R+, An = {ak}nk=1 � n-ïðîìåíåâà ñèñòåìà òî÷îê, ÿêà ðîçòàøî-
âàíà íà îäèíè÷íîìó êîëi, B0, B∞, {Bk}nk=1 � ñóêóïíiñòü íåïåðåòèííèõ
îáëàñòåé, ak ∈ Bk, k = 1, n, 0 ∈ B0, ∞ ∈ B∞.

Ïðè γ = 1
2 i n ≥ 2 îöiíêà ôóíêöiîíàëó (1) äëÿ ñèñòåìè íåïåðåòèí-

íèõ îáëàñòåé áóëà îòðèìàíà Â.Ì. Äóáiíiíèì [4, ñ. 59]. Ã.Â. Êóçüìiíà
[6, ñ. 267], ïîñèëèëà ðåçóëüòàò ðîáîòè [4] i ïîêàçàëà, ùî äàíà îöiíêà

ñïðàâåäëèâà ïðè γ ∈
(

0, n
2

8

]
, n ≥ 2. Çàçíà÷èìî, ùî ïðè n = 2 îöiíêà

ôóíêöiîíàëó (1) ðîáîòè [6] â òî÷íîñòi ñïiâïàäà¹ ç îöiíêîþ ðîáîòè [4].
Â ðîáîòàõ Î.Ê. Áàõòiíà òà I.Â. Äåíåãè [19], [17], [18] áóëî îòðèìàíî
îöiíêó ôóíêöiîíàëó (1) äëÿ γ ∈

(
0, 35
]
(ïðè n = 2), γ ∈

(
0, 65
]

(ïðè
n = 3) òà γ ∈ (0, 2, 1] (ïðè n = 4).

Â äàíié ðîáîòi îòðèìàíî ïîñèëåíó îöiíêó ôóíêöiîíàëó (1) äëÿ çíà-
÷åíü n = 2, n = 3, n = 4.

2. Îñíîâíi ðåçóëüòàòè.

Òåîðåìà 1. Íåõàé 0 < γ ≤ γ2, γ2 = 0, 65. Òîäi äëÿ äîâiëüíî¨ 2-
ïðîìåíåâî¨ ñèñòåìè òî÷îê A2 = {ak}2k=1 òàêî¨, ùî |ak| = 1, k = 1, 2,
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i äîâiëüíîãî íàáîðó âçà¹ìíî íåïåðåòèííèõ îáëàñòåé B0, B1, B2, B∞
(0 ∈ B0 ⊂ C, ∞ ∈ B∞ ⊂ C, a1 ∈ B1 ⊂ C, a2 ∈ B2 ⊂ C), ñïðàâåäëèâà
íåðiâíiñòü

[r (B0, 0) r (B∞,∞)]
γ
r (B1, a1) r (B2, a2) 6

6 [r (Λ0, 0) r (Λ∞,∞)]
γ
r (Λ1, λ1) r (Λ2, λ2) , (2)

äå îáëàñòi Λ0, Λ∞, Λ1, Λ2 � êðóãîâi îáëàñòi, à òî÷êè 0, ∞, λ1, λ2 �
ïîëþñè êâàäðàòè÷íîãî äèôåðåíöiàëó

Q(w)dw2 = −γw
4 + (4− 2γ)w2 + γ

w2(w2 − 1)2
dw2. (3)

Òåîðåìà 2. Íåõàé 0 < γ ≤ γ3, γ3 = 1, 22. Òîäi äëÿ äîâiëüíî¨ 3-
ïðîìåíåâî¨ ñèñòåìè òî÷îê A3 = {ak}3k=1 òàêî¨, ùî |ak| = 1, k = 1, 3,
i äîâiëüíîãî íàáîðó âçà¹ìíî íåïåðåòèííèõ îáëàñòåé B0, B1, B2, B3,
B∞ (0 ∈ B0 ⊂ C, ∞ ∈ B∞ ⊂ C, a1 ∈ B1 ⊂ C, a2 ∈ B2 ⊂ C, a3 ∈ B3 ⊂
C), ñïðàâåäëèâà íåðiâíiñòü

[r (B0, 0) r (B∞,∞)]
γ

3∏
k=1

r (Bk, ak) 6

6 [r (Λ0, 0) r (Λ∞,∞)]
γ

3∏
k=1

r (Λk, λk) , (4)

äå îáëàñòi Λ0, Λ∞, Λ1, Λ2, Λ3 � êðóãîâi îáëàñòi, à òî÷êè 0, ∞, λ1,
λ2, λ3 � ïîëþñè êâàäðàòè÷íîãî äèôåðåíöiàëó

Q(w)dw2 = −γw
6 + (9− 2γ)w3 + γ

w2(w3 − 1)2
dw2. (5)

Òåîðåìà 3. Íåõàé 0 < γ ≤ γ4, γ4 = 2, 15. Òîäi äëÿ äîâiëüíî¨ 4-
ïðîìåíåâî¨ ñèñòåìè òî÷îê A4 = {ak}4k=1 òàêî¨, ùî |ak| = 1, k = 1, 4,
i äîâiëüíîãî íàáîðó âçà¹ìíî íåïåðåòèííèõ îáëàñòåé B0, Bk, B∞ (0 ∈
B0 ⊂ C, ∞ ∈ B∞ ⊂ C, ak ∈ Bk ⊂ C, k = 1, 4), ñïðàâåäëèâà íåðiâíiñòü

[r (B0, 0) r (B∞,∞)]
γ

4∏
k=1

r (Bk, ak) 6
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6 [r (Λ0, 0) r (Λ∞,∞)]
γ

4∏
k=1

r (Λk, λk) , (6)

äå îáëàñòi Λ0, Λ∞, Λ1, Λ2, Λ3 i Λ4 � êðóãîâi îáëàñòi, à òî÷êè 0, ∞,
λ1, λ2, λ3 i λ4 � ïîëþñè êâàäðàòè÷íîãî äèôåðåíöiàëó

Q(w)dw2 = −γw
8 + (16− 2γ)w4 + γ

w2(w4 − 1)2
dw2. (7)

3. Äîâåäåííÿ òåîðåìè 1. Ïðè äîâåäåííi òåîðåì 1 � 3 áóäå çðó÷íî
ñêîðèñòàòèñÿ ðåçóëüòàòîì íàñòóïíî¨ ëåìè.

Íåõàé Φ(τ) = τ2τ
2 · |1− τ |−(1−τ)2 · (1 + τ)−(1+τ)

2

, τ > 0.
Ëåìà. Íåõàé n ∈ N, n > 2, γ ∈ R+. Òîäi äëÿ áóäü-ÿêî¨ n-ïðîìåíåâî¨

ñèñòåìè òî÷îê An = {ak}nk=1 òàêî¨, ùî |ak| = 1, k = 1, n, i äîâiëüíîãî
íàáîðó âçà¹ìíî íåïåðåòèííèõ îáëàñòåé B0, Bk, B∞ (a0 = 0 ∈ B0 ⊂ C,
∞ ∈ B∞ ⊂ C, ak ∈ Bk ⊂ C, k = 1, n), ñïðàâåäëèâà íåðiâíiñòü

[r (B0, 0) r (B∞,∞)]
γ

n∏
k=1

r (Bk, ak) 6

6 2n

(
n∏
k=1

αk

)(
n∏
k=1

Φ(τk)

)1/2

, (8)

äå τk = αk
√
γ, k = 1, n. Çíàê ðiâíîñòi â íåðiâíîñòi (8) äîñÿãà¹òüñÿ

òîäi, êîëè îáëàñòi B0, B∞, Bk i òî÷êè 0, ∞, ak, k = 1, n, ¹, âiäïîâiäíî,
êðóãîâèìè îáëàñòÿìè òà ïîëþñàìè êâàäðàòè÷íîãî äèôåðåíöiàëà

Q(w)dw2 = −γw
2n + (n2 − 2γ)wn + γ

w2(wn − 1)2
dw2.

Äîâåäåííÿ ëåìè. Ïðè äîâåäåííi äàííî¨ ëåìè íàøi äîñëiäæåííÿ ïðî-
âîäÿòüñÿ iç çàñòîñóâàííÿì ðîçäiëÿþ÷îãî ïåðåòâîðåííÿ (äèâ., íàïðè-
êëàä, [4, ñ. 48]; [5, ñ. 27�30]; [8, ñ. 120�124]; [7, ñ. 87�92]). Àíàëîãi÷-
íî ìiðêóâàííÿì, ïðîâåäåíèì â ðîáîòi [7, ñ. 261], ðîçãëÿíåìî ñèñòåìó

ôóíêöié ζ = πk(w) = −i
(
e−iθkw

) 1
αk , k = 1, n. Íåõàé Ω

(1)
k , k = 1, n, ïî-

çíà÷à¹ îáëàñòü ïëîùèíè Cζ , îòðèìàíó â ðåçóëüòàòi îá'¹äíàííÿ çâ'ÿçíî¨
êîìïîíåíòè ìíîæèíè πk(Bk

⋂
P k), ùî ìiñòèòü òî÷êó πk(ak), çi ñâî¨ì

ñèìåòðè÷íèì âiäîáðàæåííÿì âiäíîñíî óÿâíî¨ âiñi. Â ñâîþ ÷åðãó, ÷åðåç
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Ω
(2)
k , k = 1, n, ïîçíà÷èìî îáëàñòü ïëîùèíè Cζ , îòðèìàíó â ðåçóëüòàòi

îá'¹äíàííÿ çâ'ÿçíî¨ êîìïîíåíòè ìíîæèíè πk(Bk+1

⋂
P k), ùî ìiñòèòü

òî÷êó πk(ak+1), çi ñâî¨ì ñèìåòðè÷íèì âiäîáðàæåííÿì âiäíîñíî óÿâíî¨

âiñi, Bn+1 := B1, πn(an+1) := πn(a1). Êðiì òîãî, Ω
(0)
k ïîçíà÷à¹ îáëàñòü

ïëîùèíè Cζ , îòðèìàíó â ðåçóëüòàòi îá'¹äíàííÿ çâ'ÿçíî¨ êîìïîíåíòè
ìíîæèíè πk(B0

⋂
P k), ùî ìiñòèòü òî÷êó ζ = 0, çi ñâî¨ì ñèìåòðè÷íèì

âiäîáðàæåííÿì âiäíîñíî óÿâíî¨ âiñi. Íàáið îáëàñòåé {Ω(∞)
k }nk=1 ¹ ðå-

çóëüòàòîì ðîçäiëÿþ÷îãî ïåðåòâîðåííÿ äîâiëüíî¨ îáëàñòi B∞ âiäíîñíî

íàáîðó {Pk}nk=1 i {πk}nk=1 â òî÷öi ζ = ∞. Ïîçíà÷èìî πk(ak) := ω
(1)
k ,

πk(ak+1) := ω
(2)
k , k ∈ {1, n}, πn(an+1) := ω

(2)
n .

Iç âèçíà÷åííÿ ôóíêöié πk âèïëèâà¹, ùî

|πk(w)− ω(1)
k | ∼

1

αk
|ak|

1
αk
−1 · |w − ak|, w → ak, w ∈ Pk,

|πk(w)− ω(2)
k | ∼

1

αk
|ak+1|

1
αk
−1 · |w − ak+1|, w → ak+1, w ∈ Pk,

|πk(w)| ∼ |w|
1
αk , w → 0, w ∈ Pk.

Òîäi, âèêîðèñòîâóþ÷è âiäïîâiäíi ðåçóëüòàòè ðîáiò [4, ñ. 54]; [5, ñ. 29],
ìà¹ìî íåðiâíîñòi

r (Bk, ak) 6

r
(

Ω
(1)
k , ω

(1)
k

)
· r
(

Ω
(2)
k−1, ω

(2)
k−1

)
1
αk
|ak|

1
αk
−1 · 1

αk−1
|ak|

1
αk−1

−1


1
2

, (9)

k = 1, n, Ω
(2)
0 := Ω(2)

n , ω
(2)
0 := ω(2)

n ,

r (B0, 0) 6

[
n∏
k=1

rα
2
k

(
Ω

(0)
k , 0

)] 1
2

, (10)

r (B∞,∞) 6

[
n∏
k=1

rα
2
k

(
Ω

(∞)
k ,∞

)] 1
2

. (11)

Óìîâè ðåàëiçàöi¨ çíàêó ðiâíîñòi â íåðiâíîñòÿõ (9) � (11) ïîâíiñòþ îïè-
ñàíi â òåîðåìi 1.9 [5, ñ. 29]. Íà îñíîâi öèõ ñïiââiäíîøåíü îòðèìó¹ìî
íåðiâíiñòü

Jn(γ) 6
n∏
k=1

(
r
(

Ω
(0)
k , 0

)
r
(

Ω
(∞)
k ,∞

)) γα2
k

2 ×
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×

r
(

Ω
(1)
k , ω

(1)
k

)
· r
(

Ω
(2)
k , ω

(2)
k

)
(

1
αk

)2
(|ak||ak+1|)

1
αk
−1


1
2

.

Äàëi, âðàõîâóþ÷è ìåòîäè ðîáiò [7, ñ. 262]; [9, ñ. 300]; [11, ñ. 871], iç
îñòàííüîãî ìà¹ ìiñöå

Jn(γ) 6 2n

(
n∏
k=1

αk

)
×

×
n∏
k=1


r
(

Ω
(1)
k , ω

(1)
k

)
· r
(

Ω
(2)
k , ω

(2)
k

)
(
|ak|

1
αk + |ak+1|

1
αk

)2 (
r
(

Ω
(0)
k , 0

)
r
(

Ω
(∞)
k ,∞

))γα2
k


1
2

,

|ω(1)
k | = |ak|

1
αk , |ω(2)

k | = |ak+1|
1
αk , |ω(1)

k − ω
(2)
k | = |ak|

1
αk + |ak+1|

1
αk .

Âèðàç, ùî ñòî¨òü ó ôiãóðíèõ äóæêàõ îòðèìàíî¨ íåðiâíîñòi, ¹ çíà÷åííÿì
ôóíêöiîíàëó

Kτ = [r (B0, 0) r (B∞,∞)]
τ2

· r (B1, a1) r (B2, a2)

|a1 − a2|2
(12)

íà ñèñòåìi íåïåðåòèííèõ îáëàñòåé {Ω(0)
k ,Ω

(1)
k ,Ω

(2)
k ,Ω

(∞)
k }, i âiäïîâiäíié

ñèñòåìi òî÷îê {0, ω(1)
k , ω

(2)
k ,∞} (k ∈ {1, 2}).

Îöiíêà ôóíêöiîíàëó (12), ó âèïàäêó ôiêñîâàíèõ ïîëþñiâ, áóëà çíàé-
äåíà âïåðøå Â.Ì. Äóáiíiíèì [4], [14], ïiçíiøå � Ã.Â. Êóçüìiíîþ [12],
�.Ã. �ìåëüÿíîâèì [13], À.Ë. Òàðãîíñüêèì [15].

Íà îñíîâi òåîðåìè 4.1.1 [7, ñ. 167] òà iíâàðiàíòíîñòi ôóíêöiîíàëó
(12) îòðèìó¹ìî îöiíêó

Kτ 6 Φ(τ), τ ≥ 0,

äå Φ(τ) = τ2τ
2 · |1− τ |−(1−τ)2 · (1 + τ)−(1+τ)

2

. Òîäi

Jn(γ) 6

(
2
√
γ

)n
·

(
n∏
k=1

αk
√
γ

)[
n∏
k=1

Φ(τk)

]1/2
= (13)

=

(
2
√
γ

)n
·

[
n∏
k=1

(
τ
2τ2
k+2

k · |1− τk|−(1−τk)
2

· (1 + τk)−(1+τk)
2
)] 1

2

,
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äå τk =
√
γ · αk, k = 1, n. Ðåàëiçàöiÿ çíàêó ðiâíîñòi ïåðåâiðÿ¹òüñÿ áåç-

ïîñåðåäíüî. Ëåìà äîâåäåíà.
Ïîâåðòà¹ìîñü äî äîâåäåííÿ òåîðåìè 1. Âðàõîâóþ÷è ðåçóëüòàò ëåìè

i óìîâó òåîðåìè 1, ùî n = 2, iç íåðiâíîñòi (13) ìà¹ìî

J2(γ) 6

(
2
√
γ

)2

·

(
2∏
k=1

αk
√
γ

)[
2∏
k=1

Φ(τk)

]1/2
6 (14)

6
4

γ
·

[
2∏
k=1

(
τ
2τ2
k+2

k · |1− τk|−(1−τk)
2

· (1 + τk)−(1+τk)
2
)] 1

2

,

äå τk =
√
γ · αk, k = 1, 2.

Ðîçãëÿíåìî äåòàëüíiøå ôóíêöiþ Ψ(x) = x2x
2+2 · |1 − x|−(1−x)2 ·

(1 + x)−(1+x)
2

. Ψ(x) � ëîãàðèôìi÷íî âèïóêëà íà ïðîìiæêó [0, x0], äå
x0 ≈ 0, 88441, Ψ(x0) = 0, 07002. Íà ïðîìiæêó [0, x1] (x1 ≈ 0, 58142 �
òî÷êà ìàêñèìóìó ôóíêöi¨ Ψ(x), Ψ(x1) ≈ 0, 08674) ôóíêöiÿ çðîñòà¹ âiä
çíà÷åííÿ Ψ(0) = 0 äî Ψ(x1), i ñïàäà¹ íà ïðîìiæêó (x1,∞]. Äàëi, çàñòî-
ñîâóþ÷è äî ôóíêöi¨ Ψ(x) iäå¨ ðîáiò [16],[19], à òàêîæ äåÿêi äîäàòêîâi
ìiðêóâàííÿ, îòðèìó¹ìî òâåðäæåííÿ òåîðåìè 1.

4. Äîâåäåííÿ òåîðåìè 2. Äîâåäåííÿ òåîðåìè 2, â îñíîâíîìó, àíà-
ëîãi÷íå äîâåäåííþ òåîðåìè 1, àëå âiäìiòèìî ðiçíèöþ ìiæ äîâåäåííÿìè
öèõ òåîðåì.

Âðàõîâóþ÷è, ùî n = 3, ç íåðiâíîñòi (13) îòðèìà¹ìî ñïiââiäíîøåííÿ

J3(γ) 6

(
2
√
γ

)3
(

3∏
k=1

αk
√
γ

)(
3∏
k=1

Φ(τk)

)1/2

=

=
8

γ
√
γ

[
3∏
k=1

(
τ
2τ2
k+2

k · |1− τk|−(1−τk)
2

· (1 + τk)−(1+τk)
2
)] 1

2

,

äå τk =
√
γ · αk, k = 1, 3.

Ðîçãëÿíåìî ôóíêöiþ

Ψ(x) = x2x
2+2 · |1− x|−(1−x)

2

· (1 + x)−(1+x)
2

.

Íåõàé γ = γ3. Ïîêàæåìî, ùî äëÿ äîâiëüíèõ τ1, τ2, τ3 òàêèõ, ùî τ1 +
τ2 + τ3 = 2

√
γ3, âèêîíó¹òüñÿ íåðiâíiñòü

Ψ(τ1)Ψ(τ2)Ψ(τ3) 6 Ψ3

(
2

3

√
γ3

)
. (15)
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Äëÿ τ1, τ2, τ3 ∈ (0, x0], x0 ≈ 0, 88441, òâåðäæåííÿ (15) ñëiäó¹ ç ëîãà-
ðèôìi÷íî¨ îïóêëîñòi ôóíêöi¨ Ψ(x).

Íåõàé τ3 ∈ (x0,∞), τ1, τ2 ∈ (0, x0], òîäi

3∏
k=1

Ψ(τk) 6 Ψ(x0)Ψ2(x1) 6 Ψ3

(
2

3

√
γ3

)
(16)

(òàê ÿê Ψ(x0)Ψ2(x1) ≈ 5, 268 · 10−4, à Ψ3
(
2
3

√
γ3
)
≈ 5, 289 · 10−4).

Íåõàé τ2, τ3 ∈ (x0,∞), τ1 ∈ (0, x0], òîäi

Ψ2(τ2)Ψ(τ1) 6 Ψ2(x0)Ψ(x1) < Ψ3

(
2

3

√
γ3

)
(òàê ÿê Ψ(x0)2 ·Ψ(x1) ≈ 4, 252 · 10−4, à Ψ3

(
2
n

√
γ3
)
≈ 5, 289 · 10−4).

Çâiäñè ìà¹ìî, ùî òâåðäæåííÿ (15) ìà¹ ìiñöå äëÿ âñiõ τ1, τ2, τ3.
Ñïðàâåäëèâiñòü òåîðåìè 2 ïðè γ ∈ (0; 1, 125] ñëiäó¹ ç ðîáîòè [6, ñ. 267].
ßêùî 1, 125 < γ < γ3, òî â íåðiâíîñòi (16) âåëè÷èíà Ψ3

(
2
3

√
γ3
)
áóäå

çáiëüøóâàòèñÿ, à äîáóòîê Ψ(x0)Ψ2(x1) çàëèøèòüñÿ íåçìiííèì. Òàêèì
÷èíîì, ïðèõîäèìî äî âèñíîâêó, ùî íåðiâíiñòü (16), à îòæå i (15), ìà¹
ìiñöå i äëÿ γ ∈ (0, γ3]. Ðåàëiçàöiÿ çíàêà ðiâíîñòi ïåðåâiðÿ¹òüñÿ áåçïîñå-
ðåäíüî.

Òåîðåìà 2 äîâåäåíà.

5. Äîâåäåííÿ òåîðåìè 3. Àíàëîãi÷íî äîâåäåííþ òåîðåì 1 òà 2,
âðàõîâóþ÷è, ùî n = 4 ìà¹ìî ñïiââiäíîøåííÿ

J4(γ) 6
16

γ2

(
4∏
k=1

(
τ
2τ2
k+2

k · |1− τk|−(1−τk)
2

· (1 + τk)−(1+τk)
2
)) 1

2

,

äå τk =
√
γ · αk, k = 1, 4. Íåõàé

Ψ(x) = x2x
2+2 · |1− x|−(1−x)

2

· (1 + x)−(1+x)
2

.

Ðîçãëÿíåìî âèïàäîê γ = γ4. Ïîêàæåìî, ùî äëÿ äîâiëüíèõ τ1, τ2, τ3,
τ4 òàêèõ, ùî τ1 + τ2 + τ3 + τ4 = 2

√
γ4, âèêîíó¹òüñÿ íåðiâíiñòü

4∏
k=1

Ψ(τk) 6 Ψ4

(
1

2

√
γ4

)
. (17)
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Äëÿ τ1, τ2, τ3, τ4 ∈ (0, x0], x0 ≈ 0, 88441, òâåðäæåííÿ (17) ñëiäó¹ ç ëîãà-
ðèôìi÷íî¨ îïóêëîñòi ôóíêöi¨ Ψ(x).

Íåõàé äëÿ ïðîñòîòè τ1 6 τ2 6 τ3 6 τ4. Íåõàé τ4 ∈ [x0,∞), τ1, τ2, τ3 ∈
(0, x0), òîäi

4∏
k=1

Ψ(τk) =

3∏
k=1

Ψ(τk) ·Ψ(τ4) 6

6 Ψ3(τ1) ·Ψ(x0) < Ψ4

(
1

2

√
γ4

)
(îñêiëüêè Ψ3(τ1) ·Ψ(x0) ≈ 4, 14751 ·10−5, à Ψ4

(
1
2

√
γ4
)
≈ 4, 32133 ·10−5).

Äîäàòêîâî âèêîðèñòîâóþ÷è äåÿêi ïðîìiæíi îáðàõóíêè ïðèõîäèìî äî
âèñíîâêó, ùî íåðiâíiñòü (17) ìà¹ ìiñöå äëÿ âñiõ τk ∈ (0, x0], k = 1, 3,
τ4 ∈ (x0,∞].

Ðîçãëÿíåìî âèïàäîê τ3, τ4 ∈ (x0,∞), τ1, τ2 ∈ (0, x0]. Òîäi

4∏
k=1

Ψ(τk) 6 Ψ2(x0)Ψ2(x1) < Ψ4

(
1

2

√
γ4

)
(òàê ÿê Ψ(x0)2 ·Ψ2(x1) ≈ 3, 68887 · 10−5).

Íåõàé τ2, τ3, τ4 ∈ (x0,∞), τ1 ∈ (0, x0], òîäi

4∏
k=1

Ψ(τk) 6 Ψ(x1)Ψ3(x0) < Ψ4

(
1

2

√
γ4

)
(îñêiëüêè Ψ(x1) ·Ψ3(x0) ≈ 2, 97777 · 10−5).

Çâiäñè ñëiäó¹, ùî òâåðäæåííÿ (17) ìà¹ ìiñöå äëÿ âñiõ τ1, τ2, τ3, τ4.
Iç âñüîãî âèùå ñêàçàíîãî, îòðèìó¹ìî, ùî äëÿ åêñòðåìàëüíîãî íàáîðó
ìîæëèâèé òiëüêè âèïàäîê, êîëè τk ∈ (0, x0], k = 1, 4, i τ1 = τ2 =
τ3 = τ4. Ñïðàâåäëèâiñòü òåîðåìè 3 ïðè γ ∈ (0; 2] ñëiäó¹ ç ðîáîòè [6,
ñ. 267]. Äëÿ âñiõ γ < γ4 âñi ïîïåðåäíi ìiðêóâàííÿ çáåðiãàþòüñÿ. Òàêèì
÷èíîì, (17) ìà¹ ìiñöå i äëÿ γ ∈ (0, γ4]. Îòæå, âèêîíó¹òüñÿ íàñòóïíå
ñïiââiäíîøåííÿ

J4(γ) 6
16

γ2

(
Ψ

(
1

2

√
γ

))2

, γ ∈ (0, γ4].

Ðåàëiçàöiÿ çíàêà ðiâíîñòi ïåðåâiðÿ¹òüñÿ áåçïîñåðåäíüî. Òåîðåìà 3 äî-
âåäåíà.
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6. Íàñëiäêè. Íàâåäåìî äåêiëüêà öiêàâèõ íàñëiäêiâ, îòðèìàíèõ ç
îñíîâíèõ ðåçóëüòàòiâ. Íåõàé L ïîçíà÷à¹ êëàñ âñiõ îäíîëèñòèõ i ðåãó-
ëÿðíèõ â êðóçi |z| < 1 ôóíêöié w = fk(z), k ∈ {0, 1, n,∞}, ÿêi âiäîáðà-
æàþòü êðóã |z| < 1 íà íåïåðåòèííi îáëàñòi B0, Bk, B∞ òàêi, ùî ìiñòÿòü
âiäïîâiäíi òî÷êè 0, ak, ∞, k = 1, n, i ïðè÷îìó f0(0) = 0, fk(0) = ak,
f∞(0) =∞, k = 1, n.

Íàñëiäîê 1. Íåõàé 0 < γ ≤ γ2, γ2 = 0, 65. Òîäi äëÿ äîâiëüíî¨ 2-
ïðîìåíåâî¨ ñèñòåìè òî÷îê A2 = {ak}2k=1 òàêî¨, ùî |ak| = 1, k = 1, 2,
i äîâiëüíîãî íàáîðó âçà¹ìíî íåïåðåòèííèõ îäíîçâ'ÿçíèõ îáëàñòåé B0,
B1, B2, B∞ (0 ∈ B0, ∞ ∈ B∞, a1 ∈ B1, a2 ∈ B2), i íàáîðó ôóíêöié
f0(z), f∞(z), f1(z), f2(z) êëàñó L, ñïðàâåäëèâà íåðiâíiñòü

[|f ′0(0)| · |f ′∞(0)|]γ
2∏
k=1

|f ′k(0)| 6 [r (Λ0, 0) r (Λ∞,∞)]
γ

2∏
k=1

r (Λk, λk) ,

äå îáëàñòi Λ0 = B0, Λ∞ = B∞, Λ1 = B1, Λ2 = B2 � êðóãîâi îáëàñòi, à
òî÷êè 0, ∞, λ1 = a1, λ2 = a2 � ïîëþñè êâàäðàòè÷íîãî äèôåðåíöiàëó
(3).

Íàñëiäîê 2. Íåõàé 0 < γ ≤ γ3, γ3 = 1, 22. Òîäi äëÿ äîâiëüíî¨ 3-
ïðîìåíåâî¨ ñèñòåìè òî÷îê A3 = {ak}3k=1 òàêî¨, ùî |ak| = 1, k = 1, 3,
i äîâiëüíîãî íàáîðó âçà¹ìíî íåïåðåòèííèõ îäíîçâ'ÿçíèõ îáëàñòåé B0,
Bk, B∞ (0 ∈ B0, ∞ ∈ B∞, ak ∈ Bk), i íàáîðó ôóíêöié f0(z), f∞(z),
fk(z) êëàñó L, k = 1, 3, ñïðàâåäëèâà íåðiâíiñòü

[|f ′0(0)| · |f ′∞(0)|]γ
3∏
k=1

|f ′k(0)| 6 [r (Λ0, 0) r (Λ∞,∞)]
γ

3∏
k=1

r (Λk, λk) ,

äå îáëàñòi Λ0 = B0, Λ∞ = B∞, Λk = Bk � êðóãîâi îáëàñòi, à òî÷êè
0, ∞, λk = ak, k = 1, 3, � ïîëþñè êâàäðàòè÷íîãî äèôåðåíöiàëó (5).

Íàñëiäîê 3. Íåõàé 0 < γ ≤ γ4, γ4 = 2, 15. Òîäi äëÿ äîâiëüíî¨ 4-
ïðîìåíåâî¨ ñèñòåìè òî÷îê A4 = {ak}4k=1 òàêî¨, ùî |ak| = 1, k = 1, 4,
i äîâiëüíîãî íàáîðó âçà¹ìíî íåïåðåòèííèõ îäíîçâ'ÿçíèõ îáëàñòåé B0,
Bk, B∞ (0 ∈ B0, ∞ ∈ B∞, ak ∈ Bk), i íàáîðó ôóíêöié f0(z), f∞(z),
fk(z) êëàñó L, k = 1, 4, ñïðàâåäëèâà íåðiâíiñòü

[|f ′0(0)| · |f ′∞(0)|]γ
4∏
k=1

|f ′k(0)| 6 [r (Λ0, 0) r (Λ∞,∞)]
γ

4∏
k=1

r (Λk, λk) ,

äå îáëàñòi Λ0 = B0, Λ∞ = B∞, Λk = Bk � êðóãîâi îáëàñòi, à òî÷êè
0, ∞, λk = ak, k = 1, 4, � ïîëþñè êâàäðàòè÷íîãî äèôåðåíöiàëó (7).
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Ðîçêëàä Áðiäæåñà�Ôåäåðáóøà äëÿ

ñèñòåì ç ïîñèëåíî íàäñòiéêîþ

âçà¹ìîäi¹þ

The Mayer series expansion in the Bridges�Federbush form for a system

of point particles interacting by the nonintegrable interaction potential is

constructed.

Â ðîáîòi ïîáóäîâàíî ðîçêëàä Ìàé¹ðà ó ôîðìi Áðiäæåñà�Ôåäåðáóøà

äëÿ ñèñòåìè òî÷êîâèõ ÷àñòèíîê, ÿêi âçà¹ìîäiþòü çà äîïîìîãîþ íåiíòå-

ãðîâàíîãî ïîòåíöiàëó âçà¹ìîäi¨.

1 Âñòóï

Îäíèì iç ìåòîäiâ äîñëiäæåííÿ ñòàòèñòè÷íèõ ñèñòåì ¹ ðîçêëàä âåëè-

÷èí, ùî ¨õ õàðàêòåðèçóþòü, çà ñòåïåíÿìè àêòèâíîñòi z. Òàêèé ðîçêëàä

íàçèâàþòü ðîçêëàäîì Ìàé¹ðà. Iñíóþòü ìåòîäè, çà äîïîìîãîþ ÿêèõ ìî-

æíà îá÷èñëþâàòè êîåôiöi¹íòè òàêîãî ðîçêëàäó, îäíèì iç ÿêèõ ¹ ìå-

òîä Áðiäæåñà�Ôåäåðáóøà [1]. Îñîáëèâiñòþ öüîãî ìåòîäó ¹ íîâà ôîð-

ìà çàïèñó êîåôiöi¹íòiâ ðîçêëàäó, àíàëiòè÷íèé âèãëÿä ÿêèõ îïèñó¹òüñÿ

âêëàäàìè âiä ãðàôiâ-äåðåâ íà âiäìiíó âiä ìàé¹ðiâñüêèõ ãðàôiâ. Àíàëi-

òè÷íèì âêëàäîì êîæíî¨ ëiíi¨, ùî ç'¹äíó¹ äâi âåðøèíè x ∈ Rd i y ∈ Rd

c© Institute of Mathematics, 2014
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òàêîãî ãðàôà ¹ ïàðíèé ïîòåíöiàë âçà¹ìîäi¨ φ(|x−y|), ÿêèé ïîâèíåí áó-

òè iíòåãðîâàíèì. Â ìåòîäi Áðiäæåñà�Ôåäåðáóøà çíà÷íî ñïðîùó¹òüñÿ

äîâåäåííÿ çáiæíîñòi ðÿäiâ â îáëàñòi ìàëèõ çíà÷åíü ïàðàìåòðà àêòèâ-

íîñòi.

Ó ðîáîòi ðîçãëÿäà¹òüñÿ ñèñòåìà òî÷êîâèõ ÷àñòèíîê, ÿêi âçà¹ìîäi-

þòü íåiíòåãðîâíèì â îêîëi íóëÿ ïîòåíöiàëîì. Òàêi ñèñòåìè ìîæíà ðîç-

ãëÿäàòè â ðàìêàõ ìîäåëi òàê çâàíîãî êîìiðêîâîãî ãàçó, ÿêà áóëà ââå-

äåíà Î.Ë. Ðåáåíêîì [2] ÿê àïðîêñèìàöiÿ íåïåðåðâíèõ ñèñòåì ñòàòè-

ñòè÷íî¨ ìåõàíiêè ç ïîñèëåíî íàäñòiéêèìè âçà¹ìîäiÿìè [3]. Ïîòåíöià-

ëè òàêèõ âçà¹ìîäié íå ¹ iíòåãðîâíèìè, òîìó áåçïîñåðåäíüî çàñòîñóâà-

òè ìåòîä Áðiäæåñà-Ôåäåðáóøà äî òàêèõ ñèñòåìè íå ìîæíà. Â ðîáîòi

[1] áóëà çàïðîïîíîâàíà iäåÿ ïîáóäîâè òàêîãî ðîçêëàäó êîëè ïîòåíöiàë

ñêëàäà¹òüñÿ ç ñòiéêîãî iíòåãðîâíîãî ïîòåíöiàëó i äåÿêîãî íåiíòåãðîâ-

íîãî ïîçèòèâíîãî øâèäêî ñïàäàþ÷îãî ïîòåíöiàëó, àëå ñàìi ðîçêëàäè

íå áóëè ïîáóäîâàíi. Ïîñèëåíî íàäñòiéêi ïîòåíöiàëè, ÿêi ìè ðîçãëÿäà-

¹ìî íå çàäîâîëüíÿþòü öèì âèìîãàì. Òîìó ïîòðiáíî çàñòîñóâàòè äåÿêi

ïðîìiæíi òåõíi÷íi êîíñòðóêöi¨, ùîá êîðåêòíî ïîáóäóâàòè öåé ðîçêëàä.

Ó öüîìó êîðîòêîìó ïîâiäîìëåííi ìè ïðîðîáëÿ¹ìî öþ òåõíi÷íó ðîáîòó

i ïðèâîäèìî äîâåäåííÿ çáiæíîñòi. Çàóâàæèìî, òàêîæ, ùî äëÿ áiëüø

ðîçãîðíóòîãî çíàéîìñòâà ç ïðîáëåìàìè ñòàòèñòè÷íî¨ ìåõàíiêè, ÿêèì

ïðèñâ'ÿ÷åíà öÿ ðîáîòà, ÷èòà÷ ìîæå çâåðíóòèñü äî ìîíîãðàôié [4, 5].

2 Îçíà÷åííÿ ñèñòåìè

Â ðîáîòi áóäå ðîçãëÿäàòèñÿ íåñêií÷åííà ñèñòåìà òîòîæíèõ òî÷êîâèõ

÷àñòèíîê ó ïðîñòîði Rd, âçà¹ìîäiþ ÿêèõ áóäåìî îïèñóâàòè ïàðíèì ïî-

òåíöiàëîì φ(|x − y|), x, y ∈ Rd, d ∈ N. ×åðåç B(Rd) ìè ïîçíà÷èìî

ñiì'þ âñiõ áîðåëiâñüêèõ ìíîæèí â Rd. Âèçíà÷èìî ïðîñòið êîíôiãóðàöié
â Rd ÿê ìíîæèíó ëîêàëüíî ñêií÷åíèõ ïiäìíîæèí (ìíîæèíó ïîëîæåíü

÷àñòèíîê ó ïðîñòîði Rd):

Γ = ΓRd :=
{
γ ⊂ Rd

∣∣ |γ ∩ Λ| <∞, äëÿ âñiõ Λ ∈ Bc(Rd)
}
, (1)
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äå |A| := card{A} öå êiëüêiñòü òî÷îê ìíîæèíè A, à ÷åðåç Bc(Rd) áóäåìî
ïîçíà÷àòè ñèñòåìó âñiõ îáìåæåíèõ ìíîæèí ç B(Rd). Âèçíà÷èìî òàêîæ
ïðîñòið ñêií÷åíèõ êîíôiãóðàöié Γ0:

Γ0 =
⊔
n∈N0

Γ(n), Γ(n) := {η ⊂ Rd | |η| = n, n ∈ N0}, N0 = N ∪ {0}.

(2)

Ïðîñòið ñêií÷åíèõ êîíôiãóðàöié â îáìåæåíîìó îá'¹ìi Λ ∈ Bc(Rd) ïî-

çíà÷èìî ÷åðåç ΓΛ:

ΓΛ :=
{
γ ∈ Γ0| γ ⊂ Λ, Λ ∈ Bc(Rd)

}
. (3)

Ïîçíà÷èìî ÷åðåç σ ìiðó Ëåáåãà íà (Rd,B(Rd)). Äëÿ äîâiëüíîãî n ∈
N ðîçãëÿíåìî ìiðó σ⊗n íà ìíîæèíi

(̃Rd)n =
{

(x1, . . . , xn) ∈ (Rd)n
∣∣ xk 6= xl, ÿêùî k 6= l

}
, (4)

à îòæå ÿê ìiðó σ(n) íà Γ(n) ÷åðåç âiäîáðàæåííÿ

symn : (̃Rd)n 3 (x1, ..., xn) 7→ {x1, ..., xn} ∈ Γ(n). (5)

Çà äîïîìîãîþ ìiðè σ(n) âèçíà÷èìî ìiðó Ëåáåãà�Ïóàññîíà (àáî íåíîð-

ìîâàíó ìiðó Ïóàññîíà)λσ íà σ-àëãåáði B(Γ0) ôîðìóëîþ:

λzσ :=
∑
n≥0

zn

n!
σ(n). (6)

Çâóæåííÿ ìiðè λσ íà B(ΓΛ) ìè òàêîæ áóäåìî ïîçíà÷àòè λσ ≡ λΛ
σ .

(A): Óìîâè íà ïîòåíöiàë âçà¹ìîäi¨. Ðîçãëÿíåìî ïîòåíöiàëè

çàãàëüíîãî âèãëÿäó φ, ÿêi ¹ íåïåðåðâíèìè ôóíêöiÿìè íà R+ \ {0}, i
äëÿ ÿêèõ iñíóþòü êîíñòàíòè

r0 > 0, R > r0, ϕ0 > 0, ϕ1 > 0, i ε0 > 0 òàêi, ùî:

1)φ(|x|) ≡ −φ−(|x|) ≥ − ϕ1

|x|d+ε0
äëÿ |x| ≥ R, ; (7)

2)φ(|x|) ≡ φ+(|x|) ≥ ϕ0

|x|s
, s ≥ d äëÿ |x| ≤ r0, (8)



Ðîçêëàä Áðiäæåñà�Ôåäåðáóøà 157

äå

φ+(|x|) := max{0, φ(|x|)}, φ−(|x|) := −min{0, φ(|x|)}, (9)

à

φ(|x|)} = φ+(|x|) − φ−(|x|). (10)

Ïîòåíöiàëè òàêîãî êëàñó ¹ ïîñèëåíî íàäñòiéêèìè (äèâ., íàïðèêëàä,

[3, 2] ), àëå äëÿ ïîáóäîâè ðîçêëàäó äîñòàòíüîþ óìîâîþ ¹ óìîâà ñòié-

êîñòi âçà¹ìîäi¨:

U(γ) := Uφ(γ) =
∑
{x,y}⊂γ

φ(|x− y|) ≥ −B|γ| (11)

ç äåÿêîþ êîíñòàíòîþ B ≥ 0.

Ó ìîëåêóëÿðíié ôiçèöi ìà¹ áåçïîñåðåäí¹ çàñòîñóâàííÿ ïîòåíöiàë

Ëåíàðäà�Äæîíñà

φ(|x|) =
C

|x|12
− D

|x|6
, (12)

äå C > 0, D > 0 − äåÿêi êîíñòàíòè. Â ðîáîòi ìè áóäåìî ðîçãëÿäàòè

ïîòåíöiàëè òàêîãî æ òèïó, ÿêi ìàþòü ïîâåäiíêó çîáðàæåíó íà ðèñ. 1.1.

(13)

Ðèñ. 1.1.

3 Ðîçêëàä Áðiäæåñà�Ôåäåðáóøà

Âåëèêà ñòàòèñòè÷íà ñóìà äëÿ ñèñòåìè, ÿêà çíàõîäèòüñÿ â äåÿêîìó

îáìåæåíîìó îá'¹ìi Λ ∈ Bc(Rd) âèçíà÷à¹òüñÿ ôîðìóëîþ:

ZΛ =

∫
ΓΛ

e−βU(γ)λzσ(dγ). (14)

Òåðìîäèíàìi÷íèé ïîòåíöiàë, ÿêèé âiäïîâiäà¹ òèñêó âèçíà÷à¹òüñÿ çà

ôîðìóëîþ:

p(z, β) =
1

β
lim

Λ↑Rd

1

σ(Λ)
logZΛ(z, β). (15)
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Ðîçêëàä Ìàé¹ðà, ÿêèé ìè çàðàç ïîáóäó¹ìî ¹ ðÿä

βp(z, β) =

∞∑
n=1

bn(β)zn. (16)

Ïðåäñòàâèìî âåëèêó ñòàòèñòè÷íó ñóìó ZΛ = ZΛ(z, β) ó âèãëÿäi:

ZΛ =

∞∑
N=0

zNZΛ(N), (17)

äå

ZΛ(N) =

∫
Γ

(N)
Λ

e−βU(γ)λσ(dγ) =
1

N !

∫
ΛN

(dx)Ne−βU
(N)

, (18)

äå äëÿ γ = {x1, ..., xN}, |γ| = N , à

U (N) := U({x1, ..., xN}) =
∑

1≤i<j≤N

φ(|xi − xj |) :=
∑

1≤i<j≤N

φij . (19)

ßêùî ìè âèäiëèìî ïåðøi k ÷àñòèíîê, òî åíåðãiÿ N − k ÷àñòèíîê

U (N−k) : = U({xk+1, ..., xN}) =

=
∑

k+1≤i<j≤N

φ(|xi − xj |) :=
∑

k+1≤i<j≤N

φij . (20)

Ïåðø íiæ ïîáóäóâàòè ðîçêëàä Áðiäæåñà�Ôåäåðáóøà, çðîáèìî äå-

ÿêå ïðîìiæíå ðîçáèòòÿ ïîòåíöiàëó φ. Íåõàé v ïîçèòèâíèé iíòåãðîâàíèé

ïàðíèé ïîòåíöiàë, òàêèé, ùî

w(|x|) := φ+(|x|) − v(|x|) ≥ 0, äëÿ âñiõ x ∈ Rd, (21)

à ïîòåíöiàë

ϕ = v − φ− (22)

¹ ñòiéêèì, òîáòî

Uϕ(γ) =
∑
{x,y}⊂γ

ϕ(|x− y|) ≥ −B1|γ| (23)
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ç äåÿêîþ êîíñòàíòîþ B1 ≥ 0. Òîäi

φ = w + ϕ, U(γ) = Uφ(γ) = Uw(γ) + Uϕ(γ). (24)

Ââåäåìî ïàðàìåòðè iíòåíñèâíîñòi âçà¹ìîäi¨. Íåõàé sk (0 ≤ sk ≤
1) õàðàêòåðèçó¹ iíòåíñèâíiñòü âçà¹ìîäi¨ ïåðøèõ k ÷àñòèíîê ç ðåøòîþ

N−k ÷àñòèíêàìè. Ïiäñòàâèìî ñïåðøó ïàðàìåòð s1 ó âèðàç äëÿ åíåðãi¨

N ÷àñòèíîê òàêèì ÷èíîì, ùîá ïðè s1 = 0 âçà¹ìîäiÿ ïåðøî¨ ÷àñòèíêè

ç iíøèìè âèêëþ÷àëàñÿ, à ïðè s1 = 1 çáåðiãàëàñÿ ïîâíà âçà¹ìîäiÿ óñiõ

N ÷àñòèíîê. Ñïåðøó ââåäåìî öi ïàðàìåòðè â åíåðãiþ Uϕ(γ). Òîäi ïðè

0 < s1 < 1 åíåðãiþ U
(N)
ϕ ìîæíà çàïèñàòè òàêèì ÷èíîì:

V
(N)
1 (s1) = (1− s1)V

(N),(1)
0 + s1V

(N)
0 , (25)

äå

V
(N),(1)
0 := U (1)

ϕ + U (N−1)
ϕ , à V

(N)
0 := U (N)

ϕ . (26)

Òåïåð ó öåé âèðàç ïiäñòàâèìî ïàðàìåòð s2, âiäîêðåìëþþ÷è âçà¹ìîäiþ

1-¨ i 2-¨ ÷àñòèíêè âiä (N − 2)-õ ÷àñòèíîê, ùî çàëèøèëèñü. Â ðåçóëüòàòi

îòðèìó¹ìî âèðàç:

V
(N)
2 (s1, s2) = (1− s2)V

(N),(2)
1 (s1) + s2V

(N)
1 (s1), (27)

äå V
(N),(2)
1 (s1) := V

(N)
1 (s1) + U

(N−2)
ϕ . Ïiñëÿ ïiäñòàíîâêè ïàðàìåòðà

sk ìà¹ìî:

V
(N)
k (s1, ..., sk) = (1− sk)V

(N),(k)
k−1 (s1, ..., sk−1) +

+ skV
(N)
k−1 (s1, ..., sk−1), (28)

äå V
(N),(k)
k−1 (s1, ..., sk−1) := V

(k)
k−1(s1, ..., sk−1) + U

(N−k)
ϕ ,

à ïðè k = N − 1

V
(N)
N−1(σN−1) := V (N)(σN−1) =

∑
1≤i<j≤N

sisi+1 · · · sj−1ϕij , (29)

äå äëÿ ñêîðî÷åííÿ çàïèñó ââåäåíî ïîçíà÷åííÿ

σN−1 := (s1, ..., sN−1) := (s)N−1. (30)
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Âiäïîâiäíó ïîñëiäîâíiñòü äëÿ ïîòåíöiàëó w îçíà÷èìî íàñòóïíèì ÷è-

íîì:

W (N)(σN−1) = − 1

β

∑
1≤i<j≤N

ln(1 + si . . . sj−1uij), (31)

äå

uij = e−βwij − 1. (32)

Ïðè s1 = . . . = sN−1 = 1

W (N)((1)N−1) = Uw =
∑

1≤i<j≤N

wij . (33)

Âèãëÿä åíåðãi¨ (31) âèíèêà¹ ïiñëÿ ïiäñòàíîâêè ïàðàìåòðà s íå ïåðåä

ïîòåíöiàëîì w, ÿê ìè öå ðîáèëè ó âèðàçi äëÿ Uϕ, à çàìiíîþ åêñïîíåíòè

exp[−βwij ] íà âèðàç 1 + suij , ÿêèé ïðè s = 1 çáiãà¹òüñÿ ç åêñïîíåíòîþ

exp[−βwij ], à ïðè s = 0 âçà¹ìîäiÿ ìiæ i-þ i j-þ ÷àñòèíêàìè çíèêà¹.

Ïîâíó ïîòåíöiàëüíó åíåðãiþ N -÷àñòèíîê ç ââåäåíèìè ïàðàìåòðàìè

iíòåíñèâíîñòi ïîçíà÷èìî íàñòóïíèì ÷èíîì:

U (N)(σN−1) := V (N)(σN−1) + W (N)(σN−1) (34)

Ââåäåìî òàêîæ äîäàòêîâi ïîçíà÷åííÿ, ÿêi íàäàëi áóäóòü âèêîðèñòà-

íi:

ϕ
′

ij = ϕij −
1

β

uij
1 + si . . . sj−1uij

(35)

KΛ
l =

1

l

∫
Λl

(dx)lJ (l)(x)l, (36)

äå

J (1)(x)1 = J (1)(x1) = 1,

J (l)(x)l = (−β)l−1

1∫
0

dσl−1e
−βU(σl−1)

l∏
j=2

[s1 . . . sj−2ϕ
′

1j+ (37)

+ s2 . . . sj−2ϕ
′

2j + . . .+ sj−2ϕ
′

(j−2)j + ϕ
′

(j−1)j ],
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äå l ≥ 2, à

ZΛ(N − l) =
1

(N − l)!

∫
ΛN−l

(dx)N−l
∏

l+1≤i<j≤N

e−β(wij+ϕij). (38)

Â (37) ìè òàêîæ ââåëè ïîçíà÷åííÿ:

1∫
0

dσN−1 =

1∫
0

ds1

1∫
0

ds2 . . .

1∫
0

dsN−1. (39)

Ïåðåòâîðèìî ôóíêöiîíàë ZΛ(N) íàñòóïíèì ÷èíîì. Äëÿ ïî÷àòêó âiä-

îêðåìèìî âçà¹ìîäiþ ïåðøî¨ ÷àñòèíêè âiä ðåøòè, ââiâøè ïàðàìåòð ií-

òåíñèâíîñòi âçà¹ìîäi¨ s1 i âèêîðèñòîâóþ÷è òîòîæíiñòü:

ef(1) = ef(0) +

1∫
0

ds1f
′
(s1)ef(s1). (40)

Òîäi âèðàç (18) íàáóäå âèãëÿäó:

ZΛ(N) =
1

N !

∫
ΛN

(dx)N
∏

1≤i<j≤N

e−β(wij+ϕij) = (41)

=
1

N !

∫
ΛN

(dx)N
∏

2≤i<j≤N

e−β(wij+ϕij)
∏
j=2

e−β(wij+ϕij) =

=
1

N !

∫
ΛN

(dx)N
∏

2≤i<j≤N

e−β(wij+ϕij)×

× [1 +

1∫
0

ds1
d

ds1
[

N∏
j=2

e−βs1ϕ1j (1 + s1u1j)]],

äå u1j âèçíà÷åíî â (32). Â iíòåãðàëi çà çìiííîþ s1 âèêîíà¹ìî äèôåðåí-
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öiþâàííÿ:

1∫
0

ds1
d

ds1
[

N∏
j=2

e−βs1ϕ1j (1 + s1u1j)]] = (42)

= (−β)

1∫
0

ds1

N∑
j′=2

(
ϕ1j′ +

u1j′

1 + s1u1j′

) N∏
j=2

e−βs1ϕ1j (1 + s1u1j).

Ïiäñòàâèìî (42) ó âèðàç (41) i ñêîðèñòà¹ìîñÿ ñèìåòðè÷íiñòþ ïiäiíòå-

ãðàëüíî¨ ôóíêöi¨ âiäíîñíî ïåðåñòàíîâêè çìiííèõ x1, . . . , xN . Â ðåçóëü-

òàòi îòðèìà¹ìî ðiâíiñòü, âðàõîâóþ÷è ïîçíà÷åííÿ (36), (37) äëÿ l = 1:

ZΛ(N) =
1

N
KΛ

1 ZΛ(N − 1)+

+
(−β)

(N − 2)!N

∫
ΛN

(dx)N
∏

2≤i<j≤N

e−β(wij+ϕij)× (43)

×
1∫

0

ds1ϕ
′

12

N∏
j=2

e−βs1ϕ1j (1 + s1u1j),

äå ϕ
′

12 âèçíà÷åíî ôîðìóëîþ (35).

Â ìíîæíèêàõ äîáóòêiâ ïðàâî¨ ÷àñòèíè (43) âñòàíîâèìî ïàðàìåòð

iíòåíñèâíîñòi âçà¹ìîäi¨ s2 ìiæ ïåðøèìè äâîìà ÷àñòèíêàìè òà iíøèìè

(N − 2)-ìà, âèêîðèñòàâøè òîòîæíiñòü:

N∏
j=3

e−β(w2j+ϕ2j)e−βs1ϕ1j (1 + s1u1j) = (44)

= 1 +

1∫
0

ds2
d

ds2

 N∏
j=3

e−βs1s2ϕ1j (1 + s1s2u1j)e
−βs2ϕ2j (1 + s2u2j)

 .
Ïðîðîáëÿþ÷è óñi îïåðàöi¨ ÿê i íà ïåðøîìó êðîöi i âðàõîâóþ÷è ïîçíà-

÷åííÿ (29),(31), (34), (35), (36), (37) äëÿ l = 2, îòðèìà¹ìî íàñòóïíèé
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÷ëåí ðîçêëàäó ðiâíîñòi (43):

ZΛ(N) =
1

N
KΛ

1 ZΛ(N − 1) +
2

N
KΛ

2 ZΛ(N − 2)+ (45)

+
(−β)2

(N − 3)!N

∫
ΛN

(dx)N
∏

3≤i<j≤N

e−β(wij+ϕij)×

×
1∫

0

ds1

1∫
0

ds2ϕ
′

12(s1ϕ
′

13 + φ
′

23)e−βU
(2)(s1)×

×
N∏
j=3

e−β[s1s2ϕ1j + s2ϕ2j (1 + s1s2u1j)(1 + s2u2j).

Ïðîäîâæóþ÷è öåé ïðîöåñ äî òèõ ïið, äîêè íå áóäå âè÷åðïàíî óñi çìiííi,

îòðèìà¹ìî ðîçêëàä:

ZΛ(N) =

N∑
l=1

l

N
KΛ
l ZΛ(N − l). (46)

Ïiäñòàâèìî ïðàâó ÷àñòèíó òîòîæíîñòi (46) ó âèðàç äëÿ ñòàòèñòè÷íî¨

ñóìè (17) i ïðîäèôåðåíöiþ¹ìî çà çìiííîþ z, ïðèïóñêàþ÷è, ùî ðÿä∑
n≥1 nz

n−1KΛ
n ðiâíîìiðíî çáiãà¹òüñÿ â äåÿêîìó îêîëi òî÷êè z = 0 (öå

áóäå äîâåäåíî íèæ÷å). Òîäi îòðèìà¹ìî ïðîñòå ðiâíÿííÿ:

dZΛ

dz
=

( ∞∑
n=1

nzn−1KΛ
n

)
ZΛ. (47)

Îñòàòî÷íî äëÿ ñòàòèñòè÷íî¨ ñóìè îòðèìó¹ìî ïðåäñòàâëåííÿ:

ZΛ = exp

( ∞∑
n=1

znKΛ
n

)
, (48)

à âðàõîâóþ÷è îçíà÷åííÿ (15) i (16):

bn(β) = lim
Λ↑Rd

1

σ(Λ)
KΛ
n . (49)
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4 Äîâåäåííÿ çáiæíîñòi

Çáiæíiñòü ðîçêëàäó Ìàé¹ðà âèðàæà¹ íàñòóïíà òåîðåìà.

Òåîðåìà 1. Íåõàé ïîòåíöiàë âçà¹ìîäi¨ çàäîâîëüíÿ¹ óìîâè (A) (äèâ.

(7)-(9)). Òîäi iñíó¹ ãðàíèöÿ

lim
Λ↑Rd

1

σ(Λ)
logZΛ(z, β) = βp(z, β) =

∞∑
n=1

bn(β)zn (50)

äëÿ äîñòàòíüî ìàëèõ çíà÷åíü àêòèâíîñòi z, ÿêi âèçíà÷àþòüñÿ íåðiâíi-

ñòþ:

zβeβB1+1(‖ϕ‖1 + ‖u‖1) < 1, (51)

äå

‖f‖1 :=

∫
Rd

|f(x)|dx <∞. (52)

Äîâåäåííÿ. Ïðåäñòàâèìî òåïåð äîáóòîê ñóì â J (n)(x)n (äèâ. ôîðìóëó

(37)) ó âèãëÿäi ñóìè äîáóòêiâ. Òîäi

J (n)(x)n =
∑
η

J (n)
η (x)n, (53)

äå

J (n)
η (x)n = (−β)n−1

1∫
0

dσn−1f(η, σn−1)

(
n∏
i=2

ϕ
′

η(i)i

)
e−βU

(n)(σn−1), (54)

à η öå âiäîáðàæåííÿ

η : {2, 3, ..., n} 7→ {1, 2, ..., n− 1}, η(i) < i, (55)

òîáòî η(k) ìîæå ïðèéìàòè çíà÷åííÿ òiëüêè ó ìíîæèíi {1, 2, ..., k − 1}.
Äîáóòîê â (54) ìîæíà ðîçãëÿäàòè ÿê âíåñîê ãðàôà-äåðåâà ç âåðøè-

íàìè ó òî÷êàõ {x1, ..., xn}, à êîæíié ëiíi¨, ùî ç'¹äíó¹ âåðøèíó xη(i) i

âåðøèíó xi, âiäïîâiäà¹ ôàêòîð ϕ
′

η(i)i. Ç âèçíà÷åííÿ âiäîáðàæåííÿ (55)

ñëiäó¹, ùî êîæíèé ãðàô-äåðåâî ïîáóäîâàíî òàêèì ÷èíîì, ùî êîæíà
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k-òà âåðøèíà xk(ïî÷èíàþ÷è ç äðóãî¨) ïðè¹äíó¹òüñÿ äî âåðøèíè xη(k)

ãðàôà, ùî ñêëàäà¹òüñÿ ç (k − 1)-¨ âåðøèíè. Çðîçóìiëî, ùî óñiõ òàêèõ

ãðàôiâ ó ñóìi (57) áóäå (n− 1)!. Àëå öåé ôàêòîðiàë áóäå êîíòðîëþâà-

òèñü iíòåãðàëîì âiä ôóíêöi¨ f(η, σn−1), ÿêà ìà¹ òàêèé âèãëÿä:

f(η, σn−1) :=


1, ÿêùî n = 2
n−1∏
i=2

sη(i) · · · si−1, ÿêùî n > 2,
(56)

ÿêèé ñëiäó¹ áåçïîñåðåäíüî ç ïîáóäîâè ðîçêëàäó. Ëåãêî ïåðåêîíàòèñü

(äèâ. [1]), ùî ∑
η

1∫
0

dσn−1f(η, σn−1) ≤ en−1. (57)

Âðàõîâóþ÷è öþ îöiíêó ëåãêî äîâåñòè íàñòóïíó ïðîïîçèöiþ.

Ïðîïîçèöiÿ 4.1. Íåõàé ïîòåíöiàë âçà¹ìîäi¨ çàäîâîëüíÿ¹ óìîâàì (A)

(äèâ. (7)-(9)). Òîäi

|KΛ
n | ≤ βn−1(‖ϕ‖1 + ‖u‖1)n−1en(βB1+1)−1σ(Λ). (58)

Äîâåäåííÿ ñëiäó¹ ç òîãî î÷åâèäíîãî ôàêòó, ùî

0 < 1 + si . . . sj−1uij < 1, (59)

âíàñëiäîê ÷îãî

|ϕ
′

η(i)i(1 + sη(i) . . . si−1uη(i)i)| ≤ |ϕη(i)i| + |uη(i)i|, (60)

òðàíñëÿöiéíî¨ iíâàðiàíòíîñòi äîáóòêó ó ïðàâié ÷àñòèíi (54) çà çìiííè-

ìè x1, . . . , xn, óìîâè (23) òà âèçíà÷åíü (31)�(37) òà (52)�(54).

Îöiíêà (58) çàáåçïå÷ó¹ iñíóâàííÿ ãðàíèöi (49) i òåîðåìè 1.

Àâòîð âèñëîâëþ¹ ïîäÿêó ïðîôåñîðó Î.Ë. Ðåáåíêó çà êðèòè÷íi çà-

óâàæåííÿ i óâàãó äî ðîáîòè.
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Êiíåòè÷íi ðiâíÿííÿ äëÿ ñèñòåìè

ïðóæíèõ êóëü ç ïî÷àòêîâèìè

êîðåëÿöiÿìè

We consider a rigorous formalism for the description of the kinetic evolution
of in�nitely many hard spheres. We prove that the solution of the
Cauchy problem of the generalized Enskog kinetic equation with the initial
correlations in the Boltzmann�Grad asymptotics converges to the solution
of the Boltzmann equation with the initial correlations. The existence of
the Boltzmann�Grad scaling limit for the marginal functionals of the state
is established.

Ðîçãëÿíóòî îñíîâè êiíåòè÷íîãî îïèñó åâîëþöi¨ äëÿ ñèñòåìè íåñêií÷åí-
íîãî ÷èñëà ïðóæíèõ êóëü. Äîâåäåíî, ùî ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ óçà-
ãàëüíåíîãî êiíåòè÷íîãî ðiâíÿííÿ Åíñêî à ç ïî÷àòêîâèìè êîðåëÿöiÿìè
â àñèìòîòè÷íié ãðàíèöi Áîëüöìàíà��ðåäà çáiãà¹òüñÿ äî ðîçâ'ÿçêó ðiâ-
íÿííÿ Áîëüöìàíà ç ïî÷àòêîâèìè êîðåëÿöiÿìè. Âñòàíîâëåíî iñíóâàííÿ
àñèìòîòèêè Áîëüöìàíà��ðåäà äëÿ ìàðãiíàëüíèõ ôóíêöiîíàëiâ ñòàíó.

1 Âñòóï

Çà îñòàííi äâà äåñÿòèði÷÷ÿ áóëî äîñÿãíóòî çíà÷íîãî ïðîãðåñó â ðîç-
âèòêó ìàòåìàòè÷íî¨ òåîði¨ íåëiíiéíîãî êiíåòè÷íîãî ðiâíÿííÿ Áîëüö-
ìàíà [1, 2]. Ïîðÿä ç òèì äëÿ êiíåòè÷íîãî ðiâíÿííÿ Åíñêî à [3], ÿêå
¹ óçàãàëüíåííÿì ðiâíÿííÿ Áîëüöìàíà äëÿ ùiëüíèõ ñåðåäîâèù, áàãà-
òî ïðîáëåì çàëèøàþòüñÿ âiäêðèòèìè, ùî îáóìîâëåíî ãîëîâíèì ÷èíîì

c© Institute of Mathematics, 2014
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àïðiîði ñôîðìóëüîâàíîþ ñòðóêòóðîþ iíòåãðàëà çiòêíåíü öüîãî íåëiíié-
íîãî ðiâíÿííÿ [4, 5].

Â ðîáîòi àâòîðiâ [6] äàíî ñòðîãå îá ðóíòóâàííÿ âèâîäó ðiâíÿííÿ
Åíñêî à ç äèíàìiêè ñèñòåìè íåñêií÷åííîãî ÷èñëà ïðóæíèõ êóëü. Íà
îñíîâi ñôîðìóëüîâàíèõ êëàñòåðíèõ ðîçêëàäiâ êóìóëÿíòiâ ãðóï îïåðà-
òîðiâ ñèñòåìè ïðóæíèõ êóëü äëÿ ïî÷àòêîâèõ ñòàíiâ, ÿêi âèçíà÷àþòüñÿ
îäíî÷àñòèíêîâîþ ôóíêöi¹þ ðîçïîäiëó, â ïðîñòîði ïîñëiäîâíîñòåé ií-
òåãðîâàíèõ ôóíêöié äîâåäåíî åêâiâàëåíòíiñòü ïî÷àòêîâî¨ çàäà÷i äëÿ
i¹ðàðõi¨ ÁÁÃÊI i ïî÷àòêîâî¨ çàäà÷i äëÿ óçàãàëüíåíîãî êiíåòè÷íîãî ðiâ-
íÿííÿ Åíñêî à òà ïîñëiäîâíîñòi ÿâíî âèçíà÷åíèõ ôóíêöiîíàëiâ (ìàðãi-
íàëüíèõ ôóíêöiîíàëiâ ñòàíó) âiä ðîçâ'ÿçêó òàêîãî ðiâíÿííÿ. Â ðîáîòi
[6] òàêîæ âñòàíîâëåíî çâ'ÿçîê ïîáóäîâàíîãî óçàãàëüíåíîãî êiíåòè÷íîãî
ðiâíÿííÿ Åíñêî à òà ìàðêiâñüêèõ êiíåòè÷íèõ ðiâíÿíü òèïó ðiâíÿííÿ
Åíñêî à [4], äëÿ ÿêèõ â [1],[7],[8] çîêðåìà áóëî äîñëiäæåíî iñíóâàííÿ
ãðàíèöi Áîëüöìàíà-�ðåäà.

Äàíà ðîáîòà ïðèñâÿ÷åíà ïîáóäîâi êiíåòè÷íèõ ðiâíÿíü äëÿ ñèñòå-
ìè ïðóæíèõ êóëü ç âðàõóâàííÿì òîãî, ùî â ïî÷àòêîâèé ìîìåíò ñòàíè
ñèñòåìè ïðóæíèõ êóëü âèçíà÷àþòüñÿ ÷åðåç îäíî÷àñòèíêîâó ôóíêöiþ
ðîçïîäiëó òà êîðåëÿöiéíi ôóíêöi¨, çîêðåìà, ïîáóäîâi êiíåòè÷íèõ ðiâ-
íÿíü Åíñêî à òà Áîëüöìàíà.

2 Óçàãàëüíåíå êiíåòè÷íå ðiâíÿííÿ Åíñêî à

Ðîçãëÿíåìî ñèñòåìó ÷àñòèíîê îäèíè÷íî¨ ìàñè, ÿêi âçà¹ìîäiþòü ÿê
ïðóæíi êóëi ç äiàìåòðîì σ > 0. Êîæíà ÷àñòèíêà ñèñòåìè õàðàêòå-
ðèçó¹òüñÿ ôàçîâèìè êîîðäèíàòàìè (qi, pi) ≡ xi ∈ R3 × R3, i ≥ 1. Äëÿ
êîíôiãóðàöié òàêî¨ ñèñòåìè ñïðàâåäëèâi òàêi íåðiâíîñòi: |qi−qj | ≥ ε, i 6=
j ≥ 1, òîáòî ìíîæèíà Wn ≡

{
(q1, . . . , qn) ∈ R3n

∣∣|qi − qj | < ε õî÷à á äëÿ
îäíi¹¨ ïàðè (i, j) : i 6= j ∈ (1, . . . , n)

}
¹ ìíîæèíîþ çàáîðîíåíèõ êîí-

ôiãóðàöié, ñêåéëií îâèé ïàðàìåòð ε > 0 - âiäíîøåííÿ äiàìåòðà σ > 0
÷àñòèíîê äî çíà÷åííÿ ñåðåäíüî¨ äîâæèíè ¨õ âiëüíîãî ïðîáiãó.

Åâîëþöiÿ ñèñòåìè n ïðóæíèõ êóëü îïèñó¹òüñÿ ãðóïîþ içîìåòðè÷-
íèõ åâîëþöiéíèõ îïåðàòîðiâ âèçíà÷åíèõ â ïðîñòîði iíòåãðîâíèõ ôóíê-
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öié [1]

Sn(t, 1, . . . , n)fn(x1, . . . , xn)
.
= (1)

.
=


fn
(
X1(t, x1, . . . , xn), . . . , Xn(t, x1, . . . , xn)

)
,

(x1, . . . , xn) ∈ (R3n × (R3n \Wn)) \M0
n,

0, (q1, . . . , qn) ∈Wn,

äå ôóíêöiÿ Xi(t) âèçíà÷åíà ïðè t ∈ R ìàéæå ñêðiçü (ìíîæèíà M0
n [1]

- íóëüîâî¨ ëåáå îâî¨ ìiðè) íà ôàçîâîìó ïðîñòîði (R3n × (R3n \Wn)) -
ôàçîâà òðà¹êòîðiÿ i-¨ ÷àñòèíêè, ÿêà ïîáóäîâàíà â [1].

Íåõàé ïî÷àòêîâèé ñòàí òàêî¨ ñèñòåìè öiëêîì âèçíà÷à¹òüñÿ îäíî÷à-
ñòèíêîâîþ ôóíêöi¹þ ðîçïîäiëó F 0

1 ,

Fs(t)|t=0 =

s∏
i=1

F 0
1 (xi)gs(x1, . . . , xs), s ≥ 1,

äå gs(x1, . . . , xs) - äåÿêà íåïåðåðâíî äèôåðåíöiéîâàíà ôóíêöiÿ ç êîì-
ïàêòíèì íîñi¹ì, ÿêà âèçíà÷à¹ ïî÷àòêîâó êîðåëÿöiþ ñèñòåìè s ïðóæ-
íèõ êóëü. Òîäi åâîëþöiÿ óñiõ ìîæëèâèõ ñòàíiâ ñèñòåìè ïðóæíèõ êóëü â
ïðîñòîði iíòåãðîâàíèõ ôóíêöié îïèñó¹òüñÿ ïîñëiäîâíiñòþ F (t | F1(t)) =
(F1(t, x1), F2(t, x1, x2 | F1(t)), . . . , Fs(t, x1, . . . , xs | F1(t)), . . .) ìàðãiíàëü-
íèõ ôóíêöiîíàëiâ ñòàíó Fs(t, x1, . . . , xs | F1(t)), s ≥ 2, ÿêi ÿâíî âèçíà-
÷àþòüñÿ ÷åðåç ðîçâ'ÿçîê F1(t, x1) óçàãàëüíåíîãî êiíåòè÷íîãî ðiâíÿííÿ
Åíñêî à [6]. ßêùî s ≥ 2, åëåìåíòè ïîñëiäîâíîñòi F (t | F1(t)) çîáðàæó-
þòüñÿ ðîçêëàäàìè [6]

Fs
(
t, x1, . . . , xs | F1(t)

) .
= (2)

.
=

∞∑
n=0

1

n!

∫
(R3×R3)n

dxs+1 . . . dxs+nV1+n(t, {Y }, X \ Y )

s+n∏
i=1

F1(t, xi),

äå åâîëþöiéíi îïåðàòîðè V1+n(t), n ≥ 0, âèçíà÷àþòüñÿ òàêîþ ôîðìó-
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ëîþ

V1+n(t, {Y }, X \ Y ) = n!

n∑
k=0

(−1)k
n∑

m1=1

. . . (3)

. . .

n−m1−...−mk−1∑
mk=1

1

(n−m1 − . . .−mk)!
Â1+n−m1−...−mk

(t, {Y },

s+ 1, . . . , s+ n−m1 − . . .−mk)

k∏
j=1

mj∑
kj2=0

. . .

kjn−m1−...−mj+s−1∑
kjn−m1−...−mj+s=0

×

×
s+n−m1−...−mj∏

ij=1

1

(kjn−m1−...−mj+s+1−ij − k
j
n−m1−...−mj+s+2−ij )!

×

×Â1+kjn−m1−...−mj+s+1−ij
−kjn−m1−...−mj+s+2−ij

(t, ij , s+ n−m1 − . . .

. . .−mj + 1 + kjs+n−m1−...−mj+2−ij , . . . , s+ n−m1 − . . .−mj +

+kjs+n−m1−...−mj+1−ij ).

Â îñòàííié ôîðìóëi âèêîðèñòàíî òàêi ïîçíà÷åííÿ: ({Y }, X \ Y ) - ìíî-
æèíà iíäåêñiâ, ÿêà ñêëàäà¹òüñÿ iç åëåìåíòiâ {Y }, s+1, . . . , s+n òà {Y }
- ìíîæèíà, ÿêà ñêëàäà¹òüñÿ iç îäíîãî åëåìåíòà Y ≡ (1, . . . , s), kj1 ≡ mj ,

kjn−m1−...−mj+s+1 ≡ 0, òà ââåäåíî òàêi ïîíÿòòÿ: îïåðàòîð Â1+n(t) - êó-
ìóëÿíò ðîçñiÿííÿ

Â1+n(t, {Y }, X \ Y )
.
= A1+n(−t, {Y }, X \ Y )gs(x1, . . . , xs)

s+n∏
i=1

A1(t, i),(4)

îïåðàòîð A1+n(t) - êóìóëÿíò (1 + n)-ãî ïîðÿäêó ãðóï îïåðàòîðiâ (1)

A1+n(−t, {Y }, X \ Y )
.
= (5)

.
=

∑
P: ({Y }, X\Y )=

⋃
iXi

(−1)|P|−1(|P| − 1)!
∏
Xi⊂P

S|Xi|(−t,Xi),

äå
∑

P
� ñóìà ïî âñiõ ðîçáèòòÿõ P ìíîæèíè iíäåêñiâ ({Y }, X \ Y ) ≡

({Y }, s+ 1, . . . , s+ n) íà |P| íåïîðîæíiõ ïiäìíîæèí Xi ∈ ({Y }, X \ Y ),
ùî âçà¹ìíî íå ïåðåòèíàþòüñÿ.
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Íàâåäåìî ïðèêëàäè åâîëþöiéíèõ îïåðàòîðiâ (3):

V1(t, {Y }) = Â1(t, {Y })
.
= Ss(−t, Y )gs(x1, . . . , xs)

s∏
i=1

S1(t, i),

V2(t, {Y }, s+ 1) = Â2(t, {Y }, s+ 1)− Â1(t, {Y })
s∑

i1=1

Â2(t, i1, s+ 1).

Ôóíêöiîíàëè Fs
(
t | F1(t)

)
, s ≥ 2, iñíóþòü i ïðåäñòàâëÿþòüñÿ çáiæ-

íèìè ïî íîðìi ïðîñòîðó iíòåãðîâàíèõ ôóíêöié ðÿäàìè çà óìîâè [6]:

‖F1(t)‖L1(R3×R3) < e−(3s+2).

Ïåðøèé åëåìåíò ïîñëiäîâíîñòi F (t | F1(t)), òîáòî îäíî÷àñòèíêîâà
ìàðãiíàëüíà ôóíêöiÿ ðîçïîäiëó, âèçíà÷à¹òüñÿ çàäà÷åþ Êîøi äëÿ óçà-
ãàëüíåíîãî êiíåòè÷íîãî ðiâíÿííÿ Åíñêî à (ïðè t ≥ 0)

∂

∂t
F1(t, x1) = −〈p1,

∂

∂q1
〉F1(t, x1) + (6)

+ε2
∞∑
n=0

1

n!

∫
R3×S2+

dp2 dη

∫
R3n×R3n

dx3 . . . dxn+2〈η, (p1 − p2)〉 ×

×
(
V1+n(t, {1∗, 2∗−}, 3, . . . , n+ 2)F1(t, q1, p

∗
1)F1(t, q1 − εη, p∗2)−

−V1+n(t, {1, 2+}, 3, . . . , n+ 2)F1(t, x1)F1(t, q1 + εη, p2)
) n+2∏
i=3

F1(t, xi),

F1(t)|t=0 = F 0
1 , (7)

äå 〈η, (pi − ps+1)〉
.
=
∑3
α=1η

α(pαi − pαs+1), çíà÷åííÿ iìïóëüñiâ p∗i , p
∗
s+1

âèçíà÷àþòüñÿ òàêèìè âèðàçàìè

p∗i
.
= pi − η 〈η, (pi − ps+1)〉 ,

p∗s+1
.
= ps+1 + η 〈η, (pi − ps+1)〉 ,

S2+
.
= {η ∈ R3

∣∣ |η| = 1, 〈η, (pi − ps+1)〉 > 0} òà iíäåêñàìè (1], 2]±) ïî-
çíà÷åíà äiÿ åâîëþöiéíîãî îïåðàòîðà (3) íà âiäïîâiäíi ôàçîâi òî÷êè:
(q1, p

]
1) i (q1 ± εη, p

]
2). Ó âèïàäêó t < 0 iíòåãðàë çiòêíåíü óçàãàëüíåíîãî

êiíåòè÷íîãî ðiâíÿííÿ Åíñêî à (6) âèçíà÷à¹òüñÿ âiäïîâiäíèì âèðàçîì
[6].
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Ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ óçàãàëüíåíîãî ðiâíÿííÿ Åíñêî à (6)-(7)
â ïðîñòîði iíòåãðîâàíèõ ôóíêöié iñíó¹ äëÿ äîâiëüíîãî t ∈ R1 çà óìîâè:
‖F 0

1 ‖L1(R3×R3) < e−1 òà çîáðàæó¹òüñÿ òàêèì ðÿäîì [6]

F1(t, x1) =

∞∑
n=0

1

n!

∫
(R3×R3)n

dx2 . . . (8)

. . . dxn+1A1+n(−t)
n+1∏
i=1

F 0
1 (xi)g1+n(x1, . . . , x1+n),

äå A1+n(−t) = A1+n(−t, 1, . . . , n+ 1) - êóìóëÿíò (1 + n)-ãî ïîðÿäêó (5)
ãðóï îïåðàòîðiâ (1).

Ñòàíè ñèñòåìè íåñêií÷åííîãî ÷èñëà ïðóæíèõ êóëü îïèñóþòüñÿ ìàð-
ãiíàëüíèìè ôóíêöiÿìè ðîçïîäiëó ÿêi íàëåæàòü ïðîñòîðó îáìåæåíèõ
ïî êîíôiãóðàöiéíèõ çìiííèõ i åêñïîíåíöiàëüíî ñïàäàþ÷èõ ïî iìïóëüñ-
íèõ çìiííèõ ôóíêöié [1]. ßêùî ïî÷àòêîâà ìàðãiíàëüíà îäíî÷àñòèíêîâà
ôóíêöiÿ ðîçïîäiëó çàäîâîëüíÿ¹ óìîâó

|F 0
1 (x1)| ≤ Ce

−β2 p
2
1 , (9)

äå β > 0 - ïàðàìåòð, C < ∞ - êîíñòàíòà, òîäi êîæåí ÷ëåí ðÿäó (8)
iñíó¹, ðÿä (8) çáiãà¹òüñÿ ðiâíîìiðíî ïî x1 íà êîæíîìó êîìïàêòi ïðè
t ∈ (−t0,+t0), äå t0 ≡ (29π3/2 max(β−3/2, β−1/2)ε2C)−1, i ôóíêöi¹þ (8)
âèçíà÷à¹òüñÿ ñëàáêèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ óçàãàëüíåíîãî ðiâ-
íÿííÿ Åíñêî à (6).

Äîâåäåííÿ îñòàííüîãî òâåðäæåííÿ  ðóíòó¹òüñÿ íà àíàëîãàõ ðiâíÿíü
Äþàìåëÿ äëÿ êóìóëÿíòiâ ãðóï îïåðàòîðiâ (1) òà îöiíîê âñòàíîâëåíèõ
äëÿ ðÿäó iòåðàöié i¹ðàðõi¨ ðiâíÿíü ÁÁÃÊI ñèñòåìè ïðóæíèõ êóëü [8].

3 Ãðàíè÷íà òåîðåìà Áîëüöìàíà-�ðåäà

Ñôîðìóëþ¹ìî îñíîâíèé ðåçóëüòàò ïðî iñíóâàííÿ ñêåéëií îâî¨ ãðàíèöi
Áîëüöìàíà-�ðåäà çàäà÷i Êîøi äëÿ óçàãàëüíåíîãî êiíåòè÷íîãî ðiâíÿí-
íÿ Åíñêî à ïðè t ≥ 0.

Ñïðàâåäëèâà òàêà ãðàíè÷íà òåîðåìà Áîëüöìàíà-�ðåäà.

Òåîðåìà 1 ßêùî ïî÷àòêîâà ìàðãiíàëüíà ôóíêöiÿ ðîçïîäiëó F 0
1 çàäî-

âîëüíÿ¹ óìîâó (9) òà äëÿ íå¨ iñíó¹ â ñåíñi ñëàáêî¨ çáiæíîñòi òàêà
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ãðàíèöÿ

lim
ε→0

(
ε2F 0,ε

1 (x)− f01 (x)
)
= 0, (10)

òîäi çà óìîâè, ùî t < t0 ≡ (25π2βC)−1, iñíó¹ ãðàíèöÿ Áîëüöìàíà-
�ðåäà â ñåíñi ñëàáêî¨ çáiæíîñòi

lim
ε→0

(
ε2F ε1 (t, x)− f1(t, x)

)
= 0, (11)

äå ãðàíè÷íà îäíî÷àñòèíêîâà ôóíêöiÿ ðîçïîäiëó âèçíà÷à¹òüñÿ òàêèì
ðiâíîìiðíî çáiæíèì íà êîæíîìó êîìïàêòi ðÿäîì

f1(t, x1) =

∞∑
n=0

t∫
0

dt1 . . .

tn−1∫
0

dtn

∫
(R3×R3)n

dx2 . . . (12)

. . . dxn+1 S1(−t+ t1, 1)L0
int(1, 2)

2∏
j1=1

S1(−t1 + t2, j1) . . .

. . .

n∏
in=1

S1(−tn + tn, in)

n∑
kn=1

L0
int(kn, n+ 1)

n+1∏
jn=1

S1(−tn, jn)×

×gn+1(x1, . . . , x1+n)

n+1∏
i=1

f01 (xi),

òà âèêîðèñòàíî òàêå ïîçíà÷åííÿ∫
R3×R3

dxn+1L0
int(i, n+ 1)fn+1(x1, . . . , xn+1) ≡ (13)

≡
∫
R3×S2+

dpn+1dη 〈η, (pi − pn+1)〉
(
fn+1(x1, . . . , qi, p

∗
i , . . . , xs, qi, p

∗
n+1)−

−fn+1(x1, . . . , xs, qi, pn+1)
)
.

ßêùî ïî÷àòêîâà ôóíêöiÿ ðîçïîäiëó f01 çàäîâîëüíÿ¹ óìîâó (9), ïðè
t ≥ 0 ãðàíè÷íà îäíî÷àñòèíêîâà ôóíêöiÿ ðîçïîäiëó (12) ¹ ñëàáêèì
ðîçâ'ÿçêîì ïî÷àòêîâî¨ çàäà÷i äëÿ êiíåòè÷íîãî ðiâíÿííÿ Áîëüöìàíà ñè-
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ñòåìè ïðóæíèõ êóëü

∂

∂t
f1(t, x1) = −〈p1,

∂

∂q1
〉f1(t, x1) + (14)

+

∫
R3×S2+

dp2 dη 〈η, (p1 − p2)〉
(
f1(t, q1, p

∗
1)f1(t, q1, p

∗
2)g2(q1 − tp∗1, p∗1,

q1 − tp∗2, p∗2)− f1(t, x1)f1(t, q1, p2)g2(q1 − tp1, p1, q1 − tp2, p2)
)
,

f1(t)|t=0 = f01 , (15)

äå âèêîðèñòàíî ïîçíà÷åííÿ ôîðìóëè (6).
Äîâåäåííÿ Òåîðåìè 1  ðóíòó¹òüñÿ íà âèêîðèñòàííi àíàëîãiâ ðiâíÿíü

Äþàìåëÿ äëÿ êóìóëÿíòiâ ãðóï îïåðàòîðiâ (1)∫
(R3×R3)n

dxs+1 . . . dxs+nA1+n(−t, {Y }, X \ Y )fs+n = (16)

= n!

t∫
0

dt1 . . .

tn−1∫
0

dtn

∫
(R3×R3)n

dxs+1 . . . dxs+n

s∏
j=1

S1(−t+ t1, j)×

×
s∑

i1=1

Lint(i1, s+ 1)Ss(−t1 + t2, 1, . . . , s)S1(−t1 + t2, s+ 1) . . .

. . . Ss+n−1(−tn−1 + tn, 1, . . . , s+ n− 1)S1(−tn−1 + tn, s+ n)×

×
s+n−1∑
in=1

Lint(in, s+ n)Ss+n(−tn, 1, . . . , s+ n)fs+n, n ≥ 1,

äå fs+n - íåïåðåðâíà îáìåæåíà ôóíêöiÿ òà ââåäåíî ïîçíà÷åííÿ∫
R3×R3

dxn+1Lint(i, n+ 1)fn+1(x1, . . . , xn+1) ≡

≡ ε2
∫
R3×S2+

dpn+1dη 〈η, (pi − pn+1)〉
(
fn+1(x1, . . . , qi, p

∗
i , . . .

. . . , xs, qi − εη, p∗n+1)− fn+1(x1, . . . , xs, qi + εη, pn+1)
)
,

òà íàñòóïíèõ òâåðäæåííÿõ äëÿ êóìóëÿíòiâ àñèìòîòè÷íî çáóðåíèõ ãðóï
îïåðàòîðiâ (1).
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Ëåìà 1 [8]. Íåõàé fs - íåïåðåðâíà îáìåæåíà ôóíêöiÿ, òîäi äëÿ äî-
âiëüíîãî ñêií÷åíîãî iíòåðâàëó ÷àñó â ñåíñi ñëàáêî¨ çáiæíîñòi ñïðàâåä-
ëèâà ðiâíiñòü

lim
ε→0

(
Ss(−t)fs −

s∏
j=1

S1(−t, j)fs
)
= 0, (17)

Âíàñëiäîê ñïðàâåäëèâîñòi öi¹¨ ëåìè äëÿ êóìóëÿíòà ðîçñiÿííÿ ïåð-
øîãî ïîðÿäêó (4) äëÿ äîâiëüíîãî ñêií÷åíîãî iíòåðâàëó ÷àñó â ñåíñi
ñëàáêî¨ çáiæíîñòi ïðîñòîðó îáìåæåíèõ ôóíêöié ìà¹ìî

lim
ε→0

(
Â1(t, {Y })fs − Igs(x1(−t), . . . , xs(−t))fs

)
= 0,

äå I - îäèíè÷íèé îïåðàòîð, xi(−t) ≡ (qi − tpi, pi) � ôàçîâà òðà¹êòîðiÿ
i-î¨ ïðóæíî¨ êóëi.

Âiäïîâiäíî, äëÿ êóìóëÿíòà (1+n)-ãî ïîðÿäêó (5) àñèìòîòè÷íî çáó-
ðåíèõ ãðóï îïåðàòîðiâ (1) ñïðàâåäëèâå òàêå òâåðäæåííÿ.

Ëåìà 2 Íåõàé fs+n - íåïåðåðâíà îáìåæåíà ôóíêöiÿ, òîäi äëÿ äîâiëü-
íîãî ñêií÷åíîãî iíòåðâàëó ÷àñó â ñåíñi ñëàáêî¨ çáiæíîñòi äëÿ êóìó-
ëÿíòà (1 + n)-ãî ïîðÿäêó (5) ñïðàâåäëèâà ðiâíiñòü

lim
ε→0

( 1

ε2n
1

n!
A1+n(−t, {Y }, X \ Y )fs+n −

−
t∫

0

dt1 . . .

tn−1∫
0

dtn

s∏
j=1

S1(−t+ t1, j)

s∑
i1=1

L0
int(i1, s+ 1)×

×
s+1∏
j1=1

S1(−t1 + t2, j1) . . .

s+n−1∏
jn−1=1

S1(−tn−1 + tn, jn−1)×

×
s+n−1∑
in=1

L0
int(in, s+ n)

s+n∏
jn=1

S1(−tn, jn)fs+n
)
= 0,

äå îïåðàòîðè L0
int(in, s+ n), n ≥ 1, âèçíà÷àþòüñÿ ôîðìóëîþ (13).

Òâåðäæåííÿ Ëåìè 2 ¹ íàñëiäêîì ñïðàâåäëèâîñòi àíàëîãiâ ðiâíÿííÿ
Äþàìåëÿ (16) äëÿ êóìóëÿíòiâ (5) ãðóï îïåðàòîðiâ (1) òà ðiâíîñòi (17).

Âðàõîâóþ÷è, ùî ðÿä (8) äëÿ ôóíêöi¨ ðîçïîäiëó F1(t, x1) çáiãà¹òüñÿ
ðiâíîìiðíî íà êîæíîìó êîìïàêòi, ðiâíiñòü (11) âñòàíîâëþ¹òüñÿ ïðè
óìîâi (10) çãiäíî ñôîðìóëüîâàíèõ ëåì.
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Çàóâàæèìî, ùî àíàëîãi÷íå òâåðäæåííÿ äî Ëåìè 2 ñïðàâåäëèâå òà-
êîæ äëÿ êóìóëÿíòiâ ðîçñiÿííÿ (4).

Òâåðäæåííÿ ïðî òå, ùî ñëàáêèé ðîçâ'ÿçîê ïî÷àòêîâî¨ çàäà÷i äëÿ
êiíåòè÷íîãî ðiâíÿííÿ Áîëüöìàíà ñèñòåìè ïðóæíèõ êóëü (14) çîáðà-
æó¹òüñÿ ãðàíè÷íîþ îäíî÷àñòèíêîâîþ ôóíêöi¹þ ðîçïîäiëó (12), äî-
âîäèòüñÿ â ðåçóëüòàòi îá÷èñëåííÿ ïîõiäíî¨ ãðàíè÷íî¨ ôóíêöi¨ (12) ïî
çìiííié ÷àñó â ñåíñi ïîòî÷êîâî¨ çáiæíîñòi ïðîñòîðó îáìåæåíèõ ôóíêöié

∂

∂t
f1(t, x1) = −〈p1,

∂

∂q1
〉f1(t, x1) +

∫
R3×R3

dx2 L0
int(1, 2)× (18)

×g2(x1(−t), x2(−t))
∞∑
n=0

t∫
0

dt1 . . .

tn−1∫
0

dtn

∫
(R3×R3)n

dx3 . . .

. . . dx2+n

2∏
i1=1

S1(−t+ t1, i1)

2∑
k1=1

L0
int(k1, 3)

3∏
j1=1

S1(−t1 + t2, j1) . . .

. . .

n+1∏
in=1

S1(−tn−1 + tn, in)

n+1∑
kn=1

L0
int(kn, 2 + n)×

×
2+n∏
jn=1

S1(−tn, jn)
2+n∏
i=1

f01 (xi),

òà ¹ íàñëiäêîì òîãî, ùî ðÿä â ïðàâié ÷àñòèíi òîòîæíîñòi (18) âèçíà-
÷à¹òüñÿ äîáóòêîì ãðàíè÷íèõ îäíî÷àñòèíêîâèõ ôóíêöié ðîçïîäiëó (12),
à ñàìå

∞∑
n=0

t∫
0

dt1 . . .

tn−1∫
0

dtn

∫
(R3×R3)n

dx3 . . . dx2+n

2∏
i1=1

S1(−t+ t1, i1)×

×
2∑

k1=1

L0
int(k1, 3)

3∏
j1=1

S1(−t1 + t2, j1) . . .

n+1∏
in=1

S1(−tn−1 + tn, in)×

×
n+1∑
kn=1

L0
int(kn, 2 + n)

2+n∏
jn=1

S1(−tn, jn)
2+n∏
i=1

f01 (i) = f1(t, x1)f1(t, x2).

Òàêèì ÷èíîì, ÿêùî ïî÷àòêîâà ôóíêöiÿ ðîçïîäiëó f01 çàäîâîëüíÿ¹
óìîâó (9), âðàõîâóþ÷è îñòàííþ ðiâíiñòü â òîòæíîñòi (18), âñòàíîâëþ¹-
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ìî, ùî ãðàíè÷íà îäíî÷àñòèíêîâà ôóíêöiÿ ðîçïîäiëó (12) âèçíà÷à¹òüñÿ
ç êiíåòè÷íîãî ðiâíÿííÿ Áîëüöìàíà (14).

4 Ãðàíè÷íi ìàðãiíàëüíi ôóíêöiîíàëè ñòàíó

Îñêiëüêè ðîçâ'ÿçîê ïî÷àòêîâî¨ çàäà÷i (6)-(7) óçàãàëüíåíîãî êiíåòè÷íî-
ãî ðiâíÿííÿ Åíñêî à çáiãà¹òüñÿ äî ðîçâ'ÿçêó ïî÷àòêîâî¨ çàäà÷i (14)-(15)
êiíåòè÷íîãî ðiâíÿííÿ Áîëüöìàíà â ñåíñi ôîðìóëè (11), òîäi äëÿ ìàð-
ãiíàëüíèõ ôóíêöiîíàëiâ (2) ñïðàâåäëèâà òàêà òåîðåìà.

Òåîðåìà 2 Íåõàé âèêîíóþòüñÿ óìîâè Òåîðåìè 1, òîäi äëÿ ôóíêöiî-
íàëó (2) â ñåíñi ñëàáêî¨ çáiæíîñòi ïðîñòîðó îáìåæåíèõ ôóíêöié ñïðà-
âåäëèâà òàêà ðiâíiñòü

lim
ε→0

(
ε2sFs

(
t, x1, . . . , xs | F1(t)

)
−

−gs(x1(−t), . . . , xs(−t))
s∏
j=1

f1(t, xj)
)
= 0,

äå ãðàíè÷íi ôóíêöi¨ ðîçïîäiëó f1(t) âèçíà÷àþòüñÿ ôîðìóëîþ (12),
xi(−t) ≡ (qi − tpi, pi) � ôàçîâà òðà¹êòîðiÿ i-î¨ ïðóæíî¨ êóëi.

Òàêèì ÷èíîì, ìàðãiíàëüíi ôóíöiîíàëè ñòàíó (2) â ãðàíèöi
Áîëüöìàíà-�ðåäà çáiãàþòüñÿ äî äîáóòêiâ îäíî÷àñòèíêîâèõ ôóíêöié
ðîçïîäiëó, ÿêi ¹ ðîçâ'ÿçêàìè êiíåòè÷íîãî ðiâíÿííÿ Áîëüöìàíà, òîáòî
ìà¹ ìiñöå òàê çâàíà âëàñòèâiñòü ïîøèðåííÿ õàîñó [1].

Ñïðàâåäëèâiñòü òâåðäæåííÿ Òåîðåìè 2 ¹ íàñëiäêîì Òåîðåìè 1 òà
âiäïîâiäíèõ àñèìïòîòè÷íèõ ôîðìóë äëÿ åâîëþöiéíèõ îïåðàòîðiâ (3)
àñèìòîòè÷íî çáóðåíèõ ãðóï îïåðàòîðiâ (1). Äiéñíî, çãiäíî Ëåìè 2, òîá-
òî ôîðìóë äëÿ êóìóëÿíòiâ (5) àñèìòîòè÷íî çáóðåíèõ ãðóï îïåðàòîðiâ
(1), i îçíà÷åííÿ (3) â ñåíñi ñëàáêî¨ çáiæíîñòi ïðîñòîðó îáìåæåíèõ ôóíê-
öié âèêîíóþòüñÿ âiäïîâiäíî òàêi ðiâíîñòi:

lim
ε→0

(
V1(t, {1, . . . , s})fs − Igs(x1(−t), . . . , xs(−t))fs

)
= 0,

lim
ε→0

ε−2nV1+n(t)fs+n = 0, n ≥ 1.

Çàóâàæèìî, ùî iñíóâàííÿ ñêåéëií îâî¨ ãðàíèöi Áîëüöìàíà-�ðåäà
äëÿ ðîçâ'ÿçêó çàäà÷i Êîøi i¹ðàðõi¨ ðiâíÿíü ÁÁÃÊI äëÿ ñèñòåìè ïðóæ-
íèõ êóëü ïîáóäîâàíîãî çà òåîði¹þ çáóðåíü äîâåäåíî â [8] (äèâ. òàêîæ
[1]).
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Áiìîäàëüíèé ðîçïîäië ç ãâèíòîâèìè

ìîäàìè äëÿ ìîäåëi Áðiàíà�Ïiääàêà

Ó ðîáîòi îòðèìàí ÿâíèé âèãëÿä áiìîäàëüíîãî ðîçïîäiëó ç ìàêñâåëîâ-
ñüêèìè ìîäàìè ñïåöiàëüíîãî òèïó äëÿ ìîäåëi øîðñòêóâàòèõ êóëü. Íà-
âåäåíî äîñòàòíi óìîâè äëÿ ìiíiìiçàöi¨ ðiâíîìiðíî-iíòåãðàëüíîãî âiäõè-
ëåííÿ ìiæ ÷àñòèíàìè ðiâíÿííÿ Áðiàíà�Ïiääàêà.

Explicit form of the bimodal distribution with Maxwellian modes of special
type for the model of rough spheres is obtained in the paper. Su�cient
conditions to minimization of uniform-integral remainder between the sides
of the Bryan�Pidduck equation is done.

1 Âñòóï

Ó äàíié ðîáîòi ðîçãëÿäà¹òüñÿ ìîäåëü øîðñòêóâàòèõ êóëü [1], ÿêà âïåð-
øå áóëà ââåäåíà ó 1894ð. Áðiàíîì; ìåòîäè, ùî áóëè ðîçâèíóòi äëÿ çà-
ãàëüíèõ ñôåðè÷íèõ ìîëåêóë, ÿêi íå îáåðòàþòüñÿ, ó 1922ð. áóëè ðîç-
ïîâñþäæåíi íà ìîäåëü Áðiàíà Ïiääàêîì. Ïåðåâàãà öi¹¨ ìîäåëi ïåðåä
óñiìà iíøèìè ìîäåëÿìè, ùî ïðèïóñêàþòü çìiíó ñòàíó îáåðòàííÿ ìî-
ëåêóë, ïîëÿãà¹ ó òîìó, ùî òóò íå ïîòðiáíî íiÿêèõ äîäàòêîâèõ çìiííèõ,
ÿêi âèçíà÷àþòü îði¹íòàöiþ ìîëåêóëè ó ïðîñòîði.

Âêàçàíi ìîëåêóëè ¹ àáñîëþòíî ïðóæíèìè òà àáñîëþòíî øîðñòêó-
âàòèìè, ùî îçíà÷à¹ íàñòóïíå. Ïðè çiòêíåííi äâîõ ìîëåêóë, òî÷êè, ÿêi

c© Institute of Mathematics, 2014
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ðîçñiþþòüñÿ, íå ìàþòü ó çàãàëüíîìó âèïàäêó îäíàêîâî¨ øâèäêîñòi. Ïå-
ðåäáà÷à¹òüñÿ, ùî äâi ñôåðè çà÷iïëÿþòü îäíà îäíó áåç êîâçàííÿ. Ó ïî-
÷àòêîâèé ìîìåíò ñôåðè äåôîðìóþòü îäíà îäíó, à ïîòiì åíåðãiÿ äå-
ôîðìàöi¨ ïîâåðòà¹òüñÿ íàçàä ó êiíåòè÷íó åíåðãiþ ïîñòóïàëüíîãî òà
îáåðòàëüíîãî ðóõó áåç æîäíèõ âòðàò. Ó ðåçóëüòàòi âiäíîñíà øâèäêiñòü
ñôåð ó òî÷öi ¨õ çiòêíåííÿ çìiíþ¹òüñÿ ïðè óäàði íà îáåðíåíó.

Ðiâíÿííÿ Áîëüöìàíà äëÿ ìîäåëi øîðñòêóâàòèõ êóëü(àáî ðiâíÿííÿ
Áðiàíà-Ïiääàêà) ìà¹ âèãëÿä [1�4]:

D(f) = Q(f, f); (1)

D(f) ≡ ∂f

∂t
+ V · ∂f

∂x
; (2)

Q(f, f) ≡ d2

2

∫
R3

dV1

∫
R3

dω1

∫
Σ

dαB(V − V1, α) · (3)

·
[
f(t, V ∗1 , x, ω

∗
1)f(t, V ∗, x, ω∗)− f(t, V, x, ω)f(t, V1, x, ω1)

]
.

Òóò d � äiàìåòð ìîëåêóëè, ÿêèé ïîâ'ÿçàíèé ç ìîìåíòîì iíåðöi¨ I
íàñòóïíèì ñïiââiäíîøåííÿì:

I =
bd2

4
, (4)

äå b � ïàðàìåòð, b ∈
(
0, 2

3

]
, ÿêèé õàðàêòåðèçó¹ içîòðîïíèé ðîçïîäië ðå-

÷îâèíè âñåðåäèíi ìîëåêóëè; t � ÷àñ; x = (x1, x2, x3) ∈ R3 � ïðîñòîðîâà
êîîðäèíàòà; V = (V 1, V 2, V 3) òà w = (w1, w2, w3) ∈ R3 � ëiíiéíà òà
êóòîâà øâèäêîñòi ìîëåêóëè âiäïîâiäíî; ∂f

∂x � ãðàäi¹íò ôóíêöi¨ f çà
çìiííîþ x; Σ � îäèíè÷íà ñôåðà ó ïðîñòîði R3; α � îäèíè÷íèé âåêòîð
iç R3, ùî ñïðÿìîâàíèé âçäîâæ ëiíi¨, ÿêà ç'¹äíó¹ öåíòðè ìîëåêóë, ÿêi
çiøòîâõóþòüñÿ;

B (V − V1, α) = |(V − V1, α)| − (V − V1, α) (5)

� ÷ëåí çiòêíåííÿ.

Ëiíiéíi (V ∗, V ∗1 ) òà êóòîâi (w∗, w∗1) øâèäêîñòi ìîëåêóë ïiñëÿ çiòêíå-
ííÿ âèðàæàþòüñÿ ÷åðåç âiäïîâiäíi øâèäêîñòi äî çiòêíåííÿ íàñòóïíèì
÷èíîì:
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V ∗ = V − 1

b+ 1

(
b(V1 − V )− bd

2
α× (ω + ω1) + α(α, V1 − V )

)
, (6)

V ∗1 = V1 +
1

b+ 1

(
b(V1 − V )− bd

2
α× (ω + ω1) + α(α, V1 − V )

)
,

ω∗ = ω +
2

d(b+ 1)

{
α× (V − V1) +

d

2
[α(ω + ω1, α)− ω − ω1]

}
,

ω∗1 = ω1 +
2

d(b+ 1)

{
α× (V − V1) +

d

2
[α(ω + ω1, α)− ω − ω1]

}
,

äå çíàê × ïîçíà÷à¹ âåêòîðíèé äîáóòîê.

2 Ïîñòàíîâêà çàäà÷i

Çàãàëüíèé âèãëÿä ëîêàëüíèõ ìàêñâåëiàíiâ (òîáòî òî÷íi ðîçâ'ÿçêè
ñèñòåìè D = Q = 0) äëÿ çàäà÷i, ùî ðîçãëÿäà¹òüñÿ áóëî çíàéäåíî ó
ðîáîòi [5]. Çàäà÷à âçà¹ìîäi¨ äëÿ äåÿêèõ ìàêñâåëiàíiâ áóëà ðîçãëÿíóòà
ðàíiøå ó ðîáîòàõ [6,7]. Ó ðîáîòi [7] áóëî ðîçãëÿíóòî ïèòàííÿ î âçà¹ìîäi¨
òå÷ié, ùî îïèñóþòü �ïðèñêîðåííÿ-óùiëüíåííÿ�.

Öÿ ñòàòòÿ ïðèñâÿ÷åíà âèïàäêó áiìîäàëüíîãî ðîçïîäiëó ç ãâèíòîâè-
ìè ìîäàìè, ÿêi ìàþòü �ïðèñêîðåííÿ-óùiëüíåííÿ�

Ïðèéìàþ÷i äî óâàãè òå, ùî çäiéñíþ¹òüñÿ ïîøóê ÿâíèõ íàáëèæåíèõ
ðîçâ'ÿçêiâ, ìè áóäåìî âèêîðèñòîâóâàòè âiäõèëåííÿ, ùî áóëî çàïðîïî-
íîâàíî ó [4]:

∆ = sup
(t,x)∈R4

∫
R3

dV

∫
R3

dω
∣∣∣D(f)−Q(f, f)

∣∣∣. (7)

Îòæå ðîçãëÿíåìî áiìîäàëüíèé ðîçïîäië:

f = ϕ1M1 + ϕ2M2, (8)

äå ôóíêöi¨ ϕi = ϕi(t, x), (òóò i íàäàëi iíäåêñ i ïðèéìà¹ òiëüêè çíà-
÷åííÿ 1 òà 2), à ìàêñâåëiàíè Mi âiäïîâiäàþòü ãâèíòîâîìó ðóõó ç
ïðèñêîðåííÿì-óùiëüíåííÿì [5]:

Mi = ρ0ie
βi(V

2
i +2uix)

(
βi
π

)3

I3/2e
−βi

(
(V−V i)

2
+Iω2

)
. (9)
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Òóò ρ0i � äîâiëüíà äîäàòíÿ êîíñòàíòà, à V i− ìàñîâà øâèäêiñòü, ùî
ìà¹ âèãëÿä:

V i = V̂i + [ωi × x]− uit, (10)

äå ωi− êóòîâà øâèäêiñòü ïîòîêó ãàçó ó öiëîìó, V̂i− äîâiëüíèé ïîñòié-
íèé âåêòîð, ùî ïîçíà÷à¹ ëiíiéíó øâèäêiñòü ãàçó âçäîâæ âiñi îáåðòàííÿ,
ui− äîâiëüíèé âåêòîð, ïàðàëåëüíèé ωi, à βi = 1

2T− îáåðíåíà òåìïåðà-
òóðà ãàçó.

Çàäà÷à ïîëÿãà¹ ó íàñòóïíîìó. Çíàéòè òàêi ôóíêöi¨ ϕi(t, x), ùîá ái-
ìîäàëüíèé ðîçïîäië (8) çàáåçïå÷óâàâ äîâiëüíó ìàëèçíó âiäõèëó (7).

Ïåðø íiæ ïåðåéòè äî ôîðìóëþâàííÿ îñíîâíèõ ðåçóëüòàòiâ, çðîáèìî
äåÿêå ïåðåòâîðåííÿ âèðàçó (9). Ñïî÷àòêó âåäåìî ïîçíà÷åííÿ:

ρi = ρie
βiω

2
i r

2
i , (11)

ρi = ρ0ie
βi(V

2
i +2uix), (12)

äå

r2
i =

1

ω2
i

[ωi × (x− x0i)]
2
, x0i =

[ωi × V̂i]
ω2
i

, (13)

x0i− òî÷êà, ÷åðåç ÿêó ïðîõîäèòü âiñü îáåðòàííÿ òå÷i¨ ó ìîìåíò ÷àñó
t = 0.

Òåïåð âèêîðèñòà¹ìî òîòîæíiñòü, ùî íàâåäåíà ó ðîáîòi [8]:

V
2

i = ω2
i r

2
i +

(
ωi

ω2
i

(ωi, V̂i)− uit
)2

, (14)

äiéñíiñòü ÿêî¨ âèïëèâà¹ iç ôîðìóë (10), (13) òà óìîâè êîëåíåàðíîñòi
âåêòîðiâ ui òà ωi. Òàêèì ÷èíîì, âèêîðèñòîâóþ÷è (14) ìîæíà ïåðåòâî-
ðèòè ïðåäñòàâëåííÿ (12):

ρi = ρ0ie
βi

(
ωi
ω2
i

(ωi,V̂i)−uit

)2

+2uiβix
. (15)

Çíà÷èòü, âèðàç (9) ïðèéìà¹ âèãëÿä:

Mi = ρie
βiω

2
i r

2
i

(
βi
π

)3

I3/2e
−βi

(
(V−V i)

2
+Iω2

)
. (16)

Ç ôiçè÷íî¨ òî÷êè çîðó âèðàç (16) îçíà÷à¹ íàñòóïíå. Ôóíêöiÿ Mi

îïèñó¹ îáåðòàííÿ ãàçó ÿê öiëîãî ç êóòîâîþ øâèäêiñòþ ωi íàâêîëî íå-
ðóõîìî¨ âiñi, ùî ïðîõîäèòü ÷åðåç òî÷êó x0i (âåëè÷èíà r2

i ¹ êâàäðàò
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âiäñòàíi âiä òî÷êè x ∈ R3 äî öi¹¨ âiñi), à ρi çàäà¹ ðîçïîäië ãóñòèíè (äî
òîãî æ uix− ¨¨ íàéìåíøå çíà÷åííÿ ïî óñiì r ∈ [0; +∞) ïðè ôiêñîâàíî-
ìó t) âçäîâæ âiñi îáåðòàííÿ. Òàêîæ çàçíà÷èìî, ùî ôóíêöi¨ (10), (12)
çðîñòàþòü ïî t è x, ïðè ÷îìó (10) ëiíiéíà ïî t, à (12) ëiíiéíà ïî x
ñàìå âçäîâæ âiñi, ùî çàäà¹òüñÿ âåêòîðîì ωi ó çâ'ÿçêó ïàðàëåëüíîñòi ui
òà ωi, ùî âèïðàâäîâó¹ òåðìií �ïðèñêîðåííÿ-óùiëüíåííÿ� (âåêòîð ui−
ãðà¹ ðîëü �ìàñîâîãî ïðèñêîðåííÿ�, à V i ìàñîâî¨ øâèäêîñòi âçäîâæ âiñi
ïðè t = 0).

3 Îñíîâíi ðåçóëüòàòè

Íàâåäåìî äåêiëüêà òåîðåì, ùî ïðèñâÿ÷åíi ïîñòàâëåíîìó ïèòàííþ.

Òåîðåìà 1 Íåõàé ðîçïîäië f çàäà¹òüñÿ ôîðìóëàìè (8), (9), (10), à
ôóíêöi¨ ϕi(t, x) ìàþòü âèãëÿä:

ϕi(t, x) =
Di

(1 + t2)si
Ci

(
x+ ωit

2 u2
i

2uiωi

)
, (17)

äå Di > 0, si > 1
2 − äîâiëüíi êîíñòàíòè, à Ci > 0− äîâiëüíi ãëàä-

êi ôiíiòíi ôóíêöi¨ àáî øâèäêîñïàäàþ÷i ôóíêöi¨ âêàçàíèõ âåêòîðíèõ
àðãóìåíòiâ.

Ïðèïóñòèìî, ùî:

ωi = ω0iβ
−mi
i , ui = u0iβ

−ni
i , (18)

V̂i = 0, (19)

äå ω0i, u0i ∈ R3− äîâiëüíi, ôiêñîâàíi âåêòîðè, à íà ÷èñëà mi, ni íàêëà-
äàþòüñÿ óìîâè:

mi >
1

2
, ni > 1. (20)

Òîäi iñíó¹ òàêà âåëè÷èíà ∆′, ùî:

∆ 6 ∆′, (21)

ïðè öüîìó ìà¹ ìiñöå òâåðäæåííÿ:

lim
βi→+∞

=

2∑
i=1

ρ0iDiKi(si) sup
x∈R3

(Ci(x)µi(x)), (22)
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äå

Ki(si) = 2si sup
t∈R1

|t|
(1 + t2)si+1,

(23)

òà ôóíêöi¨ µi(x) íàñòóïíîãî âèãëÿäó

1, mi >
1

2
, ni > 1; (24)

e2u0ix, mi >
1

2
, ni = 1;

e[ω0i×x]2 , mi =
1

2
, ni > 1;

e[ω0i×x]2+2u0ix, mi =
1

2
, ni = 1.

Ä î â å ä å í í ÿ. Ïiäñòàâëÿþ÷i ðîçïîäië (8) ó (2), (3) îòðèìó¹ìî[6]:

D(f) = M1

(
∂ϕ1

∂t
+ V

∂ϕ1

∂x

)
+M2

(
∂ϕ2

∂t
+ V

∂ϕ2

∂x

)
, (25)

Q(f, f) = ϕ1ϕ2

[
Q
(
M1,M2

)
+Q
(
M2,M1

)]
. (26)

Iíòåãðàë çiòêíåíü Q(f, g) ìîæå áóòè ïðåäñòàâëåíî ó íàñòóïíîìó
âèãëÿäi[1,6]:

Q(f, g) = G(f, g)− fL(g), (27)

äå G(f, g) íàçèâàþòü ïðèáóòêîâèì ÷ëåíîì iíòåãðàëà çiòêíåíü òà âií
ìà¹ âèãëÿä:

G(f, g) =
d2

2

∫
R3

dV1

∫
R3

dω1

∫
∑dαB(V − V1, α) (28)

×f(t, x, V ∗1 , ω
∗
1)g(t, x, V ∗, ω∗),

à L(g)− âèòðàòíèé ÷ëåí:

L(g) =
d2

2

∫
R3

dV1

∫
R3

dω1

∫
∑dαB(V − V1, α)g(t, x, V1, ω1). (29)

Âèêîðèñòîâóþ÷è äîâåäåíó ó ðîáîòi [6] ôîðìóëó:∫
R3

dV

∫
R3

dωQ(Mi,Mj) = 0, (30)
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iç (27)�(30) îòðèìó¹ìî, ùî:∫
R3

dV

∫
R3

dωG(Mi,Mj) =

∫
R3

dV

∫
R3

dωMiL(Mj). (31)

Îöiíåìî ìîäóëü ðiçíèöi ëiâî¨ òà ïðàâî¨ ÷àñòèí ðiâíÿííÿ (1), âèêî-
ðèñòîâóþ÷è (25)−(29):∣∣∣D(f)−Q(f, f)

∣∣∣ 6M1

(
|D(ϕ1)|+ ϕ1ϕ2L(M2)

)
(32)

+M2

(
|D(ϕ2)|+ ϕ1ϕ2L(M1)

)
+ ϕ1ϕ2

(
G(M1,M2) +G(M2,M1)

)
.

Äàëi çðîáèìî ïåðåõiä äî øåñòèêðàòíîãî iíòåãðàëó ïî ïðîñòîðàì
ëiíiéíèõ òà êóòîâèõ øâèäêîñòåé, îòðèìà¹ìî íàñòóïíå:∫

R3

dV

∫
R3

dω
∣∣∣D(f)−Q(f, f)

∣∣∣ (33)

6
2∑
i=1

∫
R3

dV

∫
R3

dω|D(ϕi)|Mi + 4ϕ1ϕ2

∫
R3

dV

∫
R3

dωG(M1,M2).

Äëÿ iíòåãðàëà ó äðóãîìó äîäàíêó ïðàâî¨ ÷àñòèíè íåðiâíîñòi (33)
âèêîðèñòà¹ìî îòðèìàíó ó ñòàòòi [4] ôîðìóëó:∫

R3

dV

∫
R3

dωG(M1,M2) (34)

=
d2ρ1ρ2

π2

∫
R3

dq

∫
R3

dq1e
−q2−q21

∣∣∣∣ q√
β1

− q1√
β2

+ V 1 − V 2

∣∣∣∣ .
Ïðîäîâæèìî îöiíêó (33), âèêîðèñòîâóþ÷è ôîðìóëó(34):

∫
R3

dV

∫
R3

dω
∣∣∣D(f)−Q(f, f)

∣∣∣ 6 2∑
i=1

∫
R3

dV

∫
R3

dω|D(ϕi)|Mi

+
4d2ρ1ρ2ϕ1ϕ2

π2

∫
R3

dq

∫
R3

dq1e
−q2−q21

∣∣∣∣ q√
β1
− q1√

β2
+ V 1 − V 2

∣∣∣∣ ,
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ùî, çàâäÿêè (2), (9), (11), äà¹:

∫
R3

dV

∫
R3

dω
∣∣∣D(f)−Q(f, f)

∣∣∣ (35)

6
2∑
i=1

∫
R3

dV

∫
R3

dω

∣∣∣∣∂ϕi∂t + V
∂ϕi
∂x

∣∣∣∣ ρieβiω
2
i r

2
i

×
(
βi
π

)3

I3/2e
−βi

(
(V−V i)

2
+Iω2

)

+
4d2ρ1ρ2ϕ1ϕ2

π2

∫
R3

dq

∫
R3

dq1e
−q2−q21

∣∣∣∣ q√
β1

− q1√
β2

+ V 1 − V 2

∣∣∣∣ .

Ïðàâà ÷àñòèíà îöiíêè (35) ìîæå áóòè ñïðîùåíà, ÿêùî âðàõóâàòè,
ùî:

∫
R3

dωe−βiIω
2

=

(
π

βiI

)3/2

,

à òàêîæ çðîáèòè çàìiíó çìiííèõ ó iíòåãðàëi, ÿêèé âõîäèòü ó ïåðøèé
äîäàíîê p =

√
βi(V − V i), òîáòî:

∫
R3

dV

∫
R3

dω
∣∣∣D(f)−Q(f, f)

∣∣∣ (36)

6
2∑
i=1

∫
R3

dp

∣∣∣∣∂ϕi∂t +

(
V i +

p√
βi

)
∂ϕi
∂x

∣∣∣∣ ρieβiω
2
i r

2
i
e−p

2

√
π3

+
4d2ρ1ρ2e

β1ω
2
1r

2
1+β2ω

2
2r

2
2ϕ1ϕ2

π2

×
∫
R3

dq

∫
R3

dq1e
−q2−q21

∣∣∣∣ q√
β1
− q1√

β2
+ V 1 − V 2

∣∣∣∣ .
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Äàëi ðîáèìî ïåðåõiä äî ñóïðåìóìà ó íåðiâíîñòi (36), îá ðóíòîâà-
íiñòü ìîæëèâîñòi ÿêîãî âèïëèâà¹ iç ïðèïóùåíü öi¹¨ òåîðåìè:

∆ = sup
(t,x)∈R4

∫
R3

dV

∫
R3

dω
∣∣∣D(f)−Q(f, f)

∣∣∣ (37)

6
2∑
i=1

sup
(t,x)∈R4

∫
R3

dp

∣∣∣∣∂ϕi∂t +

(
V i +

p√
βi

)
∂ϕi
∂x

∣∣∣∣ ρieβiω
2
i r

2
i
e−p

2

√
π3

+
4d2

π2
sup

(t,x)∈R4

ϕ1ϕ2e
β1ω

2
1r

2
1+β2ω

2
2r

2
2ρ1ρ2

×
∫
R3

dq

∫
R3

dq1e
−q2−q21

∣∣∣∣ q√
β1
− q1√

β2
+ V 1 − V 2

∣∣∣∣ .
Ó çâ'ÿçêó ç óìîâîþ òåîðåìè (19) çàìiñòü (10), (12), (13), (15) áóäåìî

ìàòè:

V i = [ωi × x]− uit, r2
i =

1

ω2
i

[ωi × x]
2
, (38)

ρi = ρ0ie
βi([ωi×x]2+u2

i t
2).

Òåïåð, âèêîðèñòîâóþ÷è âèðàç (38), âèãëÿä ëîêàëüíèõ ìàêñâåëiàíiâ
(16), âiäîìi âëàñòèâîñòi ìîäóëÿ, ñêàëÿðíîãî äîáóòêó, iíòåãðàëiâ è òî-
÷íèõ âåðõíiõ ìåæ, à òàêîæ íåðiâíiñòü (21) ìà¹ìî:

∆′ =

2∑
i=1

ρ0i sup
(t,x)∈R4

∣∣∣∣∂ϕi∂t
∣∣∣∣ eβi([ωi×x]2+u2

i t
2+2uix) (39)

+

2∑
i=1

sup
(t,x)∈R4

∫
R3

dp

(
|p|√
βi

+ |[ωi × x]− uit|
∣∣∣∣∂ϕi∂x

∣∣∣∣) ρieβi[ωi×x]2 e
−p2

√
π3

+
4d2

π2

∫
R3

dq

∫
R3

dq1e
−q2−q21

× sup
(t,x)∈R4

{
ϕ1ϕ2e

β1[ω1×x]2+β2[ω2×x]2ρ1ρ2

∣∣∣∣ q√
β1
− q1√

β2
+ V 1 − V 2

∣∣∣∣} .
Äëÿ iñíóâàííÿ ∆′, ÿê âèïëèâà¹ ç ¨¨ âèãëÿäó (39) äîñòàòíüî ïåðåâi-

ðèòè, ùî, ÿêùî ôóíêöi¨ ϕi ìàþòü âèãëÿä (17), òî äîáóòîê ôóíêöié

ϕi,
∂ϕi
∂t

,

∣∣∣∣∂ϕi∂x

∣∣∣∣ , ϕi |[ωi × x]− uit| ,
∣∣∣∣∂ϕi∂x

∣∣∣∣ |[ωi × x]− uit| (40)
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íà ìíîæíèê (11) ç âðàõóâàííÿì óìîâ òåîðåìè
(19) îáìåæåíèé ïî (t, x) ∈ R4 (çáiæíiñòü óñiõ ií-
òåãðàëiâ î÷åâèäíà ó çâ'ÿçêó ç íàÿâíiñòþ âèðàçó∣∣∣∣ q√

β1
− q1√

β2
+ V 1 − V 2

∣∣∣∣
òà ïðèñóòíiñòþ ó iíòåãðàëàõ ñïàäàþ÷èõ åêñïîíåíò).

Ðîçãëÿíåìî ïåðøèé äîáóòîê ϕiρi, äëÿ ÷îãî çðîáèìî çàìiíó:

y = x+ ωit
2 u2

i

2uiωi
, (41)

ïiñëÿ ÿêî¨ âêàçàíèé äîáóòîê ïðèéìà¹ âèãëÿä:

Di

(1 + t2)si
Ci(y)ρ0ie

βi(2uiy+[ωi×y]2). (42)

Òàêèì ÷èíîì, âðàõîâóþ÷i âëàñòèâîñòi ôóíêöi¨ Ci, ÿêi îïèñàíi â
óìîâàõ Òåîðåìè 1, äîáóòîê (42) îáìåæåíèé ïî y ∈ R3, à îáìåæåíiñòü
çà ÷àñîì t âèïëèâà¹ iç óìîâè ïîêàçíèêà ñòåïåíþ si > 1

2 . Ç òàêèõ æå
ïðè÷èí îáìåæåíèé äîáóòîê ÷åòâåðòî¨ iç ïåðåðàõîâàíèõ ôóíêöié (40)
íà ãóñòèíó ρi ïiñëÿ çàïðîïàíîâàíî¨ çàìiíè (41), ó çâ'ÿçêó ìîæëèâîñòi
îáìåæåííÿ çâåðõó íàñòóïíèì âèðàçîì:

Di

(1 + t2)si
Ci(y)ρ0ie

βi(2uiy+[ωi×y]2) (|[ωi × y]|+ |t||ui|) . (43)

Àíàëîãi÷íî ïåðåâiðÿ¹òüñÿ îáìåæåíiñòü äîáóòêiâ ãóñòèíè ρi íà ôóí-
êöi¨, ùî çàëèøèëèñÿ ó (40), ïiñëÿ çíàõîäæåííÿ íàñòóïíèõ ïîõiäíèõ:

∂ϕi
∂x

=
Di

(1 + t2)si
C ′i

(
x+ ωit

2 u2
i

2uiωi

)
, (44)

∂ϕi
∂t

=
−2tsiDi

(1 + t2)si+1
Ci

(
x+ ωit

2 u2
i

2uiωi

)
+

Di

(1 + t2)si
(C ′i · ωi)

tu2
i

uiωi
,

äå (C ′i · ωi) − ñêàëÿðíèé äîáóòîê ãðàäi¹íòà ôóíêöi¨ Ci íà êóòîâó øâèä-
êiñòü ωi.
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Îòæå, âðàõîâóþ÷è óìîâè òåîðåìè (18), (19) òà çíàéäåíi ïîõiäíi
ôóíêöi¨ ϕi (44) âåëè÷èíà, ÿêà äîñëiäæó¹òüñÿ, ∆′ (39) ïðèéìà¹ âèãëÿä:

∆′ =

2∑
i=1

ρ0iDi sup
(t,y)∈R4

{
|t|

(1 + t2)si
e2u0iyβ

1−ni
i +β

1−2mi
i [ω0i×y]2 (45)

×
∣∣∣∣ 2si
1 + t2

Ci(y) + (C ′i(y) · ωi)
tu2

0i

u0iω0i
β−ni
i

∣∣∣∣}
+

2∑
i=1

∫
R3

dp sup
(t,y)∈R4

{(
|p|√
βi

+
∣∣β−mi
i [ω0i × y]− u0itβ

−ni
i

∣∣ Di|C ′i(y)|
(1 + t2)si

)

× ρ0ie
2u0iyβ

1−ni
i +[ω0i×y]2β

1−2mi
i

} e−p2
π3/2

+
4d2ρ01ρ02

π2

∫
R3

dq

∫
R3

dq1e
−q2−q21 sup

(t,y)∈R4

{
D1D2

(1 + t2)s1+s2C1(y)C2(y)

× exp

{
2∑
i=1

(
β1−2mi
i [ω0i × y]2 + 2yu0iβ

1−ni
i

)} ∣∣∣∣ q√
β1

− q1√
β2

+[ω01 × y]β−m1
1 − [ω02 × y]β−m2

2 + t
(
u02β

−n2
2 − u01β

−n1
1

)∣∣} .
Äàëi çàëèøà¹òüñÿ çðîáèòè ïåðåõiä äî ãðàíèöi ïðè βi → +∞ ó îñòàí-

íié ðiâíîñòi (45). Îá ðóíòîâàíiñòü ìîæëèâîñòi òàêîãî ïåðåõîäó àðãó-
ìåíòó¹òüñÿ âëàñòèâîñòÿìè ôóíêöi¨ Ci, à äëÿ ïåðåõîäó ïiä çíàêîì ñó-
ïðåìóìó âèêîðèñòà¹ìî íàâåäåíó ó ðîáîòi [9] ëåììó 1, ïåðåâiðêà óìîâ
ÿêî¨ ëåãêî çäiéñíþ¹òüñÿ âèõîäÿ÷è iç óìîâ òåîðåìè, ùî ðîçãëÿäà¹òüñÿ.

Ðîçãëÿíåìî òåïåð ÷îòèðè âèïàäêó ìîæëèâèõ çíà÷åíü mi è ni, ÿêi
ïðèïóñêàþòüñÿ óìîâîþ (20).

1) ßêùî mi >
1
2 , ni > 1 :

lim
βi→0

∆′ =

2∑
i=1

ρ0iDi · 2si sup
t∈R1

|t|
(1 + t2)si+1

sup
x∈R3

Ci(x). (46)

2) Ó âèïàäêó mi >
1
2 , ni = 1 :

lim
βi→0

∆′ =

2∑
i=1

ρ0iDi sup
t∈R1

2si|t|
(1 + t2)si+1

sup
x∈R3

(
Ci(x)e2u0ix

)
. (47)
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3) Ïðè mi = 1
2 , ni > 1 :

lim
βi→0

∆′ =

2∑
i=1

ρ0iDi sup
t∈R1

2si|t|
(1 + t2)si+1

sup
x∈R3

(
Ci(x)e[ω0i×x]2

)
. (48)

4) òà â îñòàíüîìó âàðiàíòi mi = 1
2 , ni = 1 :

lim
βi→0

∆′ =

2∑
i=1

ρ0iDi sup
(t,x)∈R4

{
2si|t|

(1 + t2)si+1
Ci(x)e2u0ix+[ω0i×x]2

}
. (49)

Òàêèì ÷èíîì çíàéäåíi ãðàíèöi âåëè÷èíè ∆′ ïðè ðiçíèõ çíà÷åííÿõ
ïîêàçíèêiâ ñòåïåíÿ mi òà ni (46)−(49) ïiäòâåðäæóþòü äiéñíiñòü òâåð-
äæåííÿ òåîðåìè (22)−(24). Òåîðåìà äîâåäåíà.

Íàñëiäîê 1. Íåõàé âèêîíàíi óñi óìîâè Òåîðåìè 1, òîäi äëÿ áóäü-
ÿêîãî äîäàòíüîãî ÷èñëà ε iñíó¹ òàêå äîäàòíå ÷èñëî δ, ùî äëÿ áóäü-
ÿêèõ äîñòàòíüî ìàëèõ êîåôiöi¹íòiâD1, D2, à β1, β2− äîñòàòíüî âåëèêèõ
äîñÿãà¹òüñÿ íåñêií÷åíà ìàëèçíó âiäõèëó ∆(7). Òîáòî:

∀ ε > 0 ∃δ > 0 : ∀D1, D2 : 0 < D1, D2 < δ, β1, β2 > δ, ∆ < ε. (50)

Ä î â å ä å í í ÿ. Âèõîäÿ÷è iç âèãëÿäó ãðàíèöi ∆′, ÿêó ìîæíà áà÷èòè
ó ôîðìóëàõ (22)−(24) òà íåðiâíîñòi (21), ëåãêî áà÷èòè, ùî óñÿ ñóìà,
çàâäÿêè ñïåöiàëüíîìó ïiäáîðó êîíñòàíò D1, D2 ó ïðàâié ÷àñòèíi (22)
ïî÷èíà¹ äîðiâíþâàòè íóëþ, ùî i äîâîäèòü òâåðäæåííÿ (50). Íàñëiäîê
ïåðåâiðåíî.

Ñôîðìóëþ¹ìî ùå îäíó òåîðåìó äëÿ ðîçïîäiëó (8).

Òåîðåìà 2 Íåõàé êîåôiöiåíòíi ôóíêöi¨ ó áiìîäàëüíîìó ðîçïîäiëi (8)
íàñòóïíîãî âèãëÿäó:

ϕi(t, x) = ψi(t, x)ρ0i[ρi(t, x)]−1e−βiω
2
i r

2
i , (51)

äå r2
i è ρi(t, x) ïðåäñòàâëåíi ó (12), (13). Íåõàé ïðè âèêîíàííi óìîâ

mi >
1

2
, ni > 1 (52)

òàêîæ çàëèøà¹òüñÿ âiðíèì ïðèïóùåííÿ (18). Òîäi, ÿêùî ôóíêöi¨ ψi
ó (51) íàñòóïíi:

ψi(t, x) = DiCi(t)Ei(x), (53)

äå Ci(t), Ei(x) > 0 − ãëàäêi ôiíiòíi àáî øâèäêîñïàäíi ôóíêöi¨, òî
òâåðäæåííÿ (50) çàëèøà¹òüñÿ ó ñèëi.



Áiìîäàëüíèé ðîçïîäië äëÿ ìîäåëi Áðiàíà�Ïiääàêà 155

Ä î â å ä å í í ÿ. ßê i ðàíiøå çàëèøà¹òüñÿ âiðíîþ íåðiâíiñòü (37), ïðîòå
çâàæàþ÷è íà óìîâó (51) íåîáõiäíî çíîâó îá÷èñëèòè ïîõiäíi:

∂ϕi
∂t

=

(
∂ψi
∂t

+ 2βiψiui

(
ωi

ω2
i

(
ωi, V̂i

)
− uit

))
ϕiψ

−1
i , (54)

∂ϕi
∂x

=

(
∂ψi
∂x
− 2βiψi (ui + [[ωi × (x− x0i)]× ωi])

)
ϕiψ

−1
i .

Äàëi, ïiäñòàâèìî (54) ó îöiíêó (37) òà îòðèìà¹ìî ïðåäñòàâëåííÿ
äëÿ ∆′ :

∆′ (55)

=

2∑
i=1

ρ0i

π3/2

∫
R3

dp sup
(t,x)∈R4

∣∣∣∣∂ψi∂t + 2βiψi ·
(ωi, ui)

ω2
i

((
ωi, V̂i

)
− u2

i t
)

+

(
V i +

p√
βi

)(
∂ψi
∂x
− 2βiψi (ui + [[ωi × (x− x0i)]× ωi])

)∣∣∣∣ e−p2
+

4d2ρ01ρ02

π2

∫
R3

dq

∫
R3

dq1e
−q2−q21

× sup
(t,x)∈R4

(
ψ1ψ2

∣∣∣∣ q√
β1

− q1√
β2

+ V 1 − V 2

∣∣∣∣) .
Ñêií÷åíiñòü îòðèìàíî¨ âåëè÷èíè ∆′ çàáåçïå÷ó¹òüñÿ òèì, ùî ÿêùî

âèêîíàíî óìîâó (53), òî óñi ôóíêöi¨ (40) (c çàìiíîþ ϕi íà ψi) îáìåæåíi
íà R4.

Çðîáèìî ïåðåõiä äî ãðàíèöi, ïðèéìàþ÷i äî óâàãè (18) (ìîæëèâiñòü
ïåðåõîäó àðãóìåíòó¹òüñÿ àíàëîãi÷íî òîìó, ÿê öå áóëî çðîáëåíî ïðè
äîâåäåííi Òåîðåìè 1). Òàêèì ÷èíîì, ìà¹ìî:

lim
βi→+∞

∆′ =

2∑
i=1

ρ0i

π3/2

∫
R3

dp sup
(t,x)∈R4

∣∣∣∣∂ψi∂t + V̂i
∂ψi
∂x

∣∣∣∣ e−p2
+

4d2ρ01ρ02

π2

∫
R3

dq

∫
R3

dq1e
−q2−q21 sup

(t,x)∈R4

(
ψ1ψ2

∣∣V 1 − V 2

∣∣) ,
ùî ó ïiäñóìêó äîðiâíþ¹:

lim
βi→+∞

∆′

=

2∑
i=1

ρ0i sup
(t,x)∈R4

∣∣∣∣∂ψi∂t + V̂i
∂ψi
∂x

∣∣∣∣+ 4πd2ρ01ρ02

∣∣V 1 − V 2

∣∣ sup
(t,x)∈R4

(ψ1ψ2) .
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Òåïåð çàëèøà¹òüñÿ ïiäñòàâèòè âèãëÿä ôóíêöi¨ ψi(t, x) (53), ùî äà¹
íàñòóïíå:

lim
βi→+∞

∆′ =

2∑
i=1

ρ0iDi sup
(t,x)∈R4

∣∣∣Ei(x)C ′i(t) + V̂iE
′
i(x)Ci(t)

∣∣∣
+4πd2ρ01ρ02

∣∣V 1 − V 2

∣∣D1D2 sup
t∈R1

(C1(t)C2(t)) sup
x∈R3

(E1(x)E2(x)).

Âðàõîâóþ÷i íåñêií÷åíó ìàëèçíó âåëè÷èí D1, D2 îòðèìó¹ìî òâåð-
äæåííÿ òåîðåìè. Òåîðåìà äîâåäåíà.

Òàêèì ÷èíîì, ó äàíié ðîáîòi ïðîäåìîíñòðîâàíî, ùî äëÿ ìîäåëi
Áðiàíà�Ïiääàêà òà ðîçãëÿíóòîãî òèïó ìàêñâåëiâñüêèõ ìîä ñïðàâåäëèâi
ðåçóëüòàòè, àíàëîãi÷íi òèì, ÿêi ðàíiøå áóëè îòðèìàíi ó áiëüø ïðîñòî-
ìó âèïàäêó ìîäåëi òâåðäèõ êóëü[8].
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äëÿ ïîáóäîâè êiíåìàòèêè òàõiîíiâ

Ïðèñâÿ÷åíî 80 é ði÷íèöi âiä äíÿ íàðîäæåííÿ
àêàäåìiêà Ä.ß. Ïåòðèíè

Îòðèìàíî íîâi ðåçóëüòàòè ç òåîði¨ ìiíëèâèõ ìíîæèí. Çàïðîïîíîâàíî
çàñòîñóâàííÿ òåîði¨ ìiíëèâèõ ìíîæèí äëÿ ïîáóäîâè ìàòåìàòè÷íî ñòîð-
ãîãèõ ìîäåëåé êiíåìàòèêè íà îñíîâi óçàãàëüíåíèõ ïåðåòâîðåíü Ëîðåí-
öà, ÿêà âêëþ÷à¹ â ñåáå êiíåìàòèêó êëàñè÷íî¨ ñïåöiàëüíî¨ òåîði¨ âiä-
íîñíîñòi â iíåðöiéíèõ ñèñòåìàõ âiäëiêó, àëå, â òîé æå ÷àñ, äîçâîëÿ¹
íàäñâiòëîâèé ðóõ äëÿ iíåðöiéíèõ ñèñòåì âiäëiêó.

Îòðèìàíî íîâi ðåçóëüòàòè ç òåîði¨ ìiíëèâèõ ìíîæèí. Çàïðîïîíîâàíî
çàñòîñóâàííÿ òåîði¨ ìiíëèâèõ ìíîæèí äëÿ ïîáóäîâè ìàòåìàòè÷íî ñòîð-
ãîãèõ ìîäåëåé êiíåìàòèêè íà îñíîâi óçàãàëüíåíèõ ïåðåòâîðåíü Ëîðåí-
öà, ÿêà âêëþ÷à¹ â ñåáå êiíåìàòèêó êëàñè÷íî¨ ñïåöiàëüíî¨ òåîði¨ âiä-
íîñíîñòi â iíåðöiéíèõ ñèñòåìàõ âiäëiêó, àëå, â òîé æå ÷àñ, äîçâîëÿ¹
íàäñâiòëîâèé ðóõ äëÿ iíåðöiéíèõ ñèñòåì âiäëiêó.

1 Âñòóï

Äîñÿãíåííÿ ñó÷àñíî¨ òåîðåòè÷íî¨ ôiçèêè øèðîêî âiäîìi, àëå ïðîáëåìà
ìàòåìàòè÷íî ñòðîãîãî îá ðóíòóâàííÿ ¨¨ îñíîâ, òîáòî øîñòà ïðîáëåìà
Ãiëüáåðòà, çàëèøà¹òüñÿ âiäêðèòîþ i ïî ñüîãîäíi [1, 2, 3]. Îêðåìi íà-
ïðÿìêè ôîðìàëiçàöi¨ ïåâíèõ ôiçè÷íèõ òåîðié áóëî çàïðîïîíîâàíî â

c© Iíñòèòóò Ìàòåìàòèêè ÍÀÍÓ, 2014
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ðîáîòàõ [4, 5, 6, 7, 8, 9]. Çàóâàæèìî, ùî â çàçíà÷åíèõ ðîáîòàõ íå áó-
ëî ñôîðìóëüîâàíî ¹äèíîãî àáñòðàêòíîãî ïiäõîäó. Òîìó ìàòåìàòè÷íèé
àïàðàò öèõ ðîáiò âèãëÿäà¹ øòó÷íèì i íåäîñòàòíüî ãíó÷êèì. Âçàãàëi,
ãîëîâíîþ îñîáëèâiñòþ iñíóþ÷èõ ìàòåìàòè÷íî ñòðîãèõ ìîäåëåé òåîðå-
òè÷íî¨ ôiçèêè ¹ ¨õíÿ ñêëàäíiñòü i ãðîìiçäêiñòü, â òîé ÷àñ, ÿê ìàòå-
ìàòè÷íî ñòðîãå âèçíà÷åííÿ i ôîðìóëþâàííÿ íàéáiëüø åëåìåíòàðíèõ
(áàçîâèõ) ôiçè÷íèõ ïîíÿòü òà ïîñòóëàòiâ, ÿêi i ïðèâåëè äî ïîÿâè öèõ
ìàòåìàòè÷íèõ ìîäåëåé çàëèøà¹òüñÿ íåðîçâ'ÿçàíîþ çàäà÷åþ. Â ðîáî-
òàõ [10, 11, 12] âèñëîâëþ¹òüñÿ äóìêà, ùî çàãàëüíå ðîçâ'ÿçàííÿ öi¹¨
çàäà÷i â ðàìêàõ iñíóþ÷èõ íà äàíèé ÷àñ ìàòåìàòè÷íèõ òåîðié � íå-
ìîæëèâå i ñòàâèòüñÿ ïðîáëåìà ïîáóäîâè òåîði¨ �äèíàìi÷íèõ ìíîæèí�
� íîâèõ àáñòðàêòíèõ ìàòåìàòè÷íèõ ñòðóêòóð, ó ðàìêàõ ÿêèõ ìîæíà
áóëî á ñòðîãî ìàòåìàòè÷íî ìîäåëþâàòè ðiçíîìàíiòíi ïðîöåñè â ôiçè-
÷íèõ, áiîëîãi÷íèõ òà iíøèõ ñêëàäíèõ ñèñòåìàõ. Â çâ'ÿçêó ç ïîñòàâëå-
íîþ ïðîáëåìîþ, â ðîáîòàõ [13, 14, 15, 16, 17] ïîáóäîâàíî òåîðiþ ìií-
ëèâèõ ìíîæèí � ñóêóïíîñòåé îá'¹êòiâ, ÿêi, íà âiäìiíó âiä åëåìåíòiâ
çâè÷àéíèõ (ñòàòè÷íèõ) ìíîæèí, ìîæóòü ïåðåáóâàòè â ïðîöåñi ïîñòié-
íèõ òðàíñôîðìàöié, à òàêîæ çìiíþâàòè ñâî¨ âëàñòèâîñòi çàëåæíî âiä
ñïîñîáó ñïîñòåðåæåííÿ (òîáòî, ôàêòè÷íî, ñèñòåìè âiäëiêó).

Äàíà ðîáîòà ¹ ïðîäîâæåííÿì äîñëiäæåííÿ àáñòðàêòíèõ ìiíëèâèõ
ìíîæèí, ðîçïî÷àòîãî â [13, 14, 15, 16, 17]. Â ðîáîòi çàïðîïîíîâàíå íîâå,
áiëüø ëàêîíi÷íå, îçíà÷åííÿ äëÿ áàçîâèõ ìiíëèâèõ ìíîæèí, ïðè öüîìó
äîâåäåíî åêâiâàëåíòíiñòü ñòàðîãî i íîâîãî îçíà÷åíü. Òàêîæ çàïðîïîíî-
âàíî çàñòîñóâàííÿ òåîði¨ ìiíëèâèõ ìíîæèí äëÿ ïîáóäîâè ìàòåìàòè÷íî
ñòîðãîãèõ ìîäåëåé �òàõiîííî¨� êiíåìàòèêè íà îñíîâi óçàãàëüíåíèõ ïå-
ðåòâîðåíü Ëîðåíöà. Òàêà êiíåìàòèêà âêëþ÷à¹ â ñåáå êiíåìàòèêó êëà-
ñè÷íî¨ ñïåöiàëüíî¨ òåîði¨ âiäíîñíîñòi â iíåðöiéíèõ ñèñòåìàõ âiäëiêó, â
ÿêîñòi �ïiäêiíåìàòèêè�, àëå, â òîé æå ÷àñ, äîçâîëÿ¹ íàäñâiòëîâèé ðóõ
äëÿ iíåðöiéíèõ ñèñòåì âiäëiêó. Ñëiä ïiäêðåñëèòè, ùî ïîáóäîâàíà êiíå-
ìàòèêà íå çàäîâîëüíÿ¹ ïðèíöèï âiäíîñíîñòi íà íàäñâiòëîâîìó äiàïàçî-
íi øâèäêîñòåé ñèñòåì âiäëiêó.

2 Áàçîâi ìiíëèâi ìíîæèíè òà ¨õ âëàñòèâîñòi

Òåîðiÿ ìiíëèâèõ ìíîæèí áàçó¹òüñÿ íà ìàòåìàòè÷íèõ îá'¹êòàõ �íèæ-
÷îãî ðiâíÿ i¹ðàðõi¨� � áàçîâèõ ìiíëèâèõ ìíîæèíàõ. Òîìó, ïåðø, íiæ
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ïåðåõîäèòè äî çàãàëüíîãî îçíà÷åííÿ ìiíëèâî¨ ìíîæèíè, â öüîìó (âñòó-
ïíîìó) ðîçäiëi íàâîäÿòüñÿ îñíîâíi ïîëîæåííÿ ðîáiò [13, 14, 15], â ÿêèõ
âèêëàäåíà òåîðiÿ áàçîâèõ ìiíëèâèõ ìíîæèí.

2.1 Îði¹íòîâàíi ìíîæèíè

Íàéïðèìiòèâíiøà (ñòàðòîâà) àáñòðàêòíà ìîäåëü ñóêóïíîñòi ìiíëèâèõ
îá'¹êòiâ çàêëàäåíà â íàñòóïíîìó îçíà÷åííi.

Îçíà÷åííÿ 2.1. Íåõàé,M � äîâiëüíà íåïîðîæíÿ ìíîæèíà (M 6= ∅).
Äîâiëüíå ðåôëåêñèâíå áiíàðíå âiäíîøåííÿ C−− íà M (òîáòî òà-

êå, ùî ∀x ∈ M xC−−x) áóäåìî íàçèâàòè îði¹íòàöi¹þ, à ïàðó
M = (M,C−−) áóäåìî íàçèâàòè îði¹íòîâàíîþ ìíîæèíîþ. Ïðè
öüîìó ìíîæèíó M áóäåìî íàçèâàòè áàçîâîþ, àáî ìíîæèíîþ âñiõ
åëåìåíòàðíèõ ñòàíiâ îði¹íòîâàíî¨ ìíîæèíè M i áóäåìî ïîçíà-
÷àòè ¨¨ ÷åðåç Bs(M), à âiäíîøåííÿ C−− áóäåìî íàçèâàòè íàïðÿìíèì
âiäíîøåííÿì çìií (òðàíñôîðìàöié)M i áóäåìî ïîçíà÷àòè éîãî
÷åðåç ←

M
.

Ó âèïàäêó, êîëè âiäîìî, ïðî ÿêó îði¹íòîâàíó ìíîæèíóM éäå ìî-
âà, â ïîçíà÷åííi←

M
ñèìâîëM áóäåìî îïóñêàòè, âæèâàþ÷è ïîçíà÷åííÿ

�←�. Äëÿ åëåìåíòiâ x, y ∈ Bs(M) çàïèñ y←x ñëiä ðîçóìiòè, ÿê �åëå-
ìåíòàðíèé ñòàí y ¹ ðåçóëüòàòîì òðàíñôîðìàöié, àáî �òðàíñôîðìàöié-
íèì ïðîäîâæåííÿì� åëåìåíòàðíîãî ñòàíó x�.

Íåõàé,M � îði¹íòîâàíà ìíîæèíà.

Îçíà÷åííÿ 2.2. Íåïîðîæíÿ ïiäìíîæèíà N ⊆ Bs(M) íàçèâà¹òüñÿ
òðàíçèòèâíîþ â M, ÿêùî äëÿ äîâiëüíèõ x, y, z ∈ N ç óìîâ z← y i
y←x âèïëèâà¹ z←x.

Òðàíçèòèâíà ìíîæèíà N ⊆ Bs(M) íàçèâà¹òüñÿ ìàêñèìàëü-
íî òðàíçèòèâíîþ â M, ÿêùî íå iñíó¹ òðàíçèòèâíî¨ ìíîæèíè
N1 ⊆ Bs(M) òàêî¨, ùî N ⊂ N1 (ïiäêðåñëèìî, ùî òóò çíàê ⊂ îçíà÷à¹
ñòðîãå âêëþ÷åííÿ, òîáòî N 6= N1).

Òðàíçèòèâíà ïiäìíîæèíà L ⊆ Bs(M) íàçèâà¹òüñÿ ëàíöþãîì â
M, ÿêùî äëÿ äîâiëüíèõ x, y ∈ L ìà¹ ìiñöå õî÷ îäíå iç ñïiââiäíîøåíü
y←x àáî x← y. Ëàíöþã L ⊆ Bs(M) íàçèâà¹òüñÿ ìàêñèìàëüíèì
ëàíöþãîì â M, ÿêùî íå iñíó¹ ëàíöþãà L1 ⊆ Bs(M) òàêîãî, ùî
L ⊂ L1.
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Òâåðäæåííÿ 2.1. Íåõàé,M � îði¹íòîâàíà ìíîæèíà.
1. Äîâiëüíà íåïîðîæíÿ ïiäìíîæèíà N ⊆ Bs(M), ÿêà ìiñòèòü íå

áiëüøå, äâîõ åëåìåíòiâ ¹ òðàíçèòèâíîþ.
2. Íå áiëüø, íiæ äâîõåëåìåíòíà íåïîðîæíÿ ïiäìíîæèíà L =

{x, y} ⊆ Bs(M) ¹ ëàíöþãîì òîäi i òiëüêè òîäi, êîëè y←x àáî x← y.
Çîêðåìà äîâiëüíà îäíîåëåìåíòíà ïiäìíîæèíà L = {x} ⊆ Bs(M) çàâ-
æäè ¹ ëàíöþãîì.

Äîâåäåííÿ òâåðäæåííÿ 2.1 çâîäèòüñÿ äî òðèâiàëüíî¨ ïåðåâiðêè.

Òâåðäæåííÿ 2.2 ([14, 15]).

1. Äëÿ äîâiëüíî¨ òðàíçèòèâíî¨ ìíîæèíè N â îði¹íòîâàíié ìíî-
æèíiM iñíó¹ ìàêñèìàëüíî òðàíçèòèâíà ìíîæèíà Nmax òàêà,
ùî N ⊆ Nmax.

2. Äëÿ äîâiëüíîãî ëàíöþãà L âM iñíó¹ ìàêñèìàëüíèé ëàíöþã Lmax

òàêèé, ùî L ⊆ Lmax.

Çàóâàæèìî, ùî íà äðóãèé ïóíêò òâåðäæåííÿ 2.2 ìîæíà äèâèòèñÿ,
ÿê íà óçàãàëüíåííÿ ïðèíöèïó ìàêñèìàëüíîñòi Õàóñäîðôà â ðàìêàõ
äàíî¨ òåîði¨.

Ç òâåðäæåíü 2.2 òà 2.1 âèïëèâà¹ íàñòóïíèé íàñëiäîê.

Íàñëiäîê 2.1. 1. Äëÿ äîâiëüíèõ äâîõ åëåìåíòiâ x, y ∈ Bs(M) â îði-
¹íòîâàíié ìíîæèíi M iñíó¹ ìàêñèìàëüíî-òðàíçèòèâíà ìíîæèíà
N ⊆ Bs(M) òàêà, ùî x, y ∈ N .

2. Äëÿ äîâiëüíèõ äâîõ åëåìåíòiâ x, y ∈ Bs(M), òàêèõ, ùî y←x
â îði¹íòîâàíié ìíîæèíi M iñíó¹ ìàêñèìàëüíèé ëàíöþã L ⊆ Bs(M)
òàêèé, ùî x, y ∈ L.

Ïîêëàâøè x = y (âðàõîâóþ÷è, ùî, çà îçíà÷åííÿì, ìíîæèíà Bs(M)
íåïîðîæíÿ) ïðèõîäèìî äî âèñíîâêó, ùî â äîâiëüíié îði¹íòîâàíié ìíî-
æèíiM çàâæäè iñíóþòü ìàêñèìàëüíî-òðàíçèòèâíi ìíîæèíè i ìàêñè-
ìàëüíi ëàíöþãè.

2.2 Îçíà÷åííÿ ÷àñó. Ïðèìiòèâíi ìiíëèâi ìíîæèíè

Â òåîðåòè÷íié ôiçèöi çâèêëè ââàæàòè ìîìåíòè ÷àñó äiéñíèìè ÷èñëà-
ìè. Ïðîòå àáñòðàêòíà ìàòåìàòèêà ìîæå ìàòè ñïðàâó ç îá'¹êòàìè ïîòó-
æíîñòi, áiëüøî¨ çà êîíòèíóóì. Òîìó, â äàíié àáñòðàêòíié òåîði¨, ìè íå
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áóäåìî îáìåæóâàòèñü äiéñíî÷èñëîâèìè ìîìåíòàìè ÷àñó. Â íàñòóïíîìó
îçíà÷åííi â ÿêîñòi ìîìåíòiâ ÷àñó ìîæóòü ñëóæèòè åëåìåíòè äîâiëüíî¨
ëiíiéíî óïîðÿäêîâàíî¨ ìíîæèíè. Òàêå ðîçóìiííÿ ÷àñó áëèçüêå äî ôi-
ëîñîôñüêîãî, óÿâëåííÿ ïðî ÷àñ, ÿê ïåâíèé �õðîíîëîãi÷íèé ïîðÿäîê�,
óçãîäæåíèé ç ïðîöåñàìè çìií.

Îçíà÷åííÿ 2.3. Íåõàé, M � îði¹íòîâàíà ìíîæèíà i T = (T,≤)
� ëiíiéíî óïîðÿäêîâàíà ìíîæèíà (â ñåíñi [18, ñ. 12],[19, ñ. 87, 212]).
Âiäîáðàæåííÿ ψ : T 7→ 2Bs(M) íàçèâà¹òüñÿ ÷àñîì íàM, ÿêùî âèêî-
íóþòüñÿ òàêi óìîâè:

1) Äëÿ äîâiëüíîãî åëåìåíòàðíîãî ñòàíó x ∈ Bs(M) iñíó¹ åëåìåíò
t ∈ T òàêèé, ùî x ∈ ψ(t).

2) ßêùî x1, x2 ∈ Bs(M), x2←x1 i x1 6= x2, òî iñíóþòü åëåìåíòè
t1, t2 ∈ T òàêi, ùî x1 ∈ ψ (t1), x2 ∈ ψ (t2) i t1 < t2 (òîáòî ìà¹ ìiñöå
÷àñîâà ðîçäiëüíiñòü ïîñëiäîâíèõ íåîäíàêîâèõ åëåìåíòàðíèõ ñòàíiâ).

Ïðè öüîìó åëåìåíòè t ∈ T áóäåìî íàçèâàòè ìîìåíòàìè ÷àñó,
ïàðó

H = (T, ψ) = ((T,≤) , ψ)
� õðîíîëîãiçàöi¹þM, à òðiéêó

P = (M,T, ψ) = (M, (T,≤) , ψ)

� ïðèìiòèâíîþ ìiíëèâîþ ìíîæèíîþ.

Áóäåìî ãîâîðèòè, ùî îði¹íòîâàíó ìíîæèíóM ìîæíà õðîíîëî-
ãiçóâàòè , ÿêùî iñíó¹ õî÷ îäíà õðîíîëîãiçàöiÿ M. Âèÿâëÿ¹òüñÿ, ùî
áóäü-ÿêó îði¹íòîâàíó ìíîæèíó çàâæäè ìîæíà õðîíîëîãiçóâàòè. Íàé-
ïðèìiòèâíiøèé ñïîñiá öå çðîáèòè � âçÿòè ëiíiéíî-óïîðÿäêîâàíó ìíî-
æèíó T = (T,≤), ùî ìiñòèòü íå ìåíøå äâîõ åëåìåíòiâ i ïîêëàñòè
ψ(t) := Bs(M), t ∈ T. Áiëüø íåòðèâiàëüíi ñïîñîáè õðîíîëîãiçàöi¨
ðîçãëÿíóòi â ðîáîòàõ [14, 15]. Çîêðåìà, â [14, 15] äîâåäåíî òåîðåìè ïðî
iñíóâàííÿ ÷àñó òà iñíóâàííÿ i ¹äèíiñòü âíóòðiøíüîãî (�íàéáiëüø ïðè-
ðîäíüîãî�) ÷àñó äëÿ îði¹íòîâàíèõ ìíîæèí iç çàäàíîþ ñèíõðîíiçàöi¹þ.

Çàóâàæåííÿ 2.1. Íàäàëi ïðèìiòèâíi ìiíëèâi ìíîæèíè áóäåìî ïîçíà-
÷àòè êàëiãðàôi÷íèìè âåëèêèìè áóêâàìè.

Íåõàé P = (M,T, φ)� ïðèìiòèâíà ìiíëèâà ìíîæèíà. Äå T = (T,E)
� ëiíiéíî óïîðÿäêîâàíà ìíîæèíà. Ââåäåìî íàñòóïíi ïîçíà÷åííÿ:

Bs(P) := Bs(M); ←
P

:=←
M
; Tm(P) := T;

≤P :=E; Tm(P) := (Tm(P),≤P) = (T,E); ψP := φ.
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Òàêîæ áóäåìî âèêîðèñòîâóâàòè ïîçíà÷åííÿ ≥P ,<P ,>P äëÿ ïîçíà÷å-
ííÿ îáåðíåíîãî, ñòðîãîãî òà ñòðîãîãî îáåðíåíîãî ïîðÿäêó, ïîðîäæå-
íîãî íåñòðîãèì ïîðÿäêîì ≤P . Ìíîæèíó Bs(P) áóäåìî íàçèâàòè áà-
çîâîþ ìíîæèíîþ, àáî ìíîæèíîþ âñiõ åëåìåíòàðíèõ ñòàíiâ ïðèìi-
òèâíî¨ ìiíëèâî¨ ìíîæèíè P. Åëåìåíòè ìíîæèíè Bs(P) áóäåìî íàçè-
âàòè åëåìåíòàðíèìè ñòàíàìè P, à âiäíîøåííÿ ←

P
áóäåìî íàçèâàòè

íàïðÿìíèì âiäíîøåííÿì çìií P. Ìíîæèíó Tm(P) áóäåìî íàçèâàòè
ìíîæèíîþ ìîìåíòiâ ÷àñó P. Âiäíîøåííÿ ≤P ,<P ,≥P ,>P áóäåìî íà-
çèâàòè âiäïîâiäíî âiäíîøåííÿìè íåñòðîãîãî, ñòðîãî, íåñòðîãîãî îáåð-
íåíîãî i ñòðîãîãî îáåðíåíîãî ÷àñîâîãî ïîðÿäêó íà P. Âiäîáðàæåííÿ
ψP : Tm(P) : 7→ 2Bs(P) áóäåìî íàçèâàòè ÷àñîì íà P. Ó âèïàäêó, êîëè
çðîçóìiëî, ïðî ÿêó ïðèìiòèâíó ìiíëèâó ìíîæèíó P éäå ìîâà â ïîçíà-
÷åííÿõ←

P
, ≤P , <P , ≥P , >P , ψP ñèìâîë P áóäåìî îïóñêàòè, âæèâàþ÷è

çàìiñòü íèõ ïîçíà÷åííÿ ←, ≤, <, ≥, >, ψ âiäïîâiäíî.

2.3 Áàçà åëåìåíòàðíèõ ïðîöåñiâ òà áàçîâi ìiíëèâi

ìíîæèíè

Îçíà÷åííÿ 2.4. Íåõàé P � ïðèìiòèâíà ìiíëèâà ìíîæèíà. Ïà-
ðó (t, x) (x ∈ Bs(P), t ∈ Tm(P)) áóäåìî íàçèâàòè åëåìåíòàðíî-
÷àñîâèì ñòàíîì, ÿêùî x ∈ ψ(t).

Ìíîæèíó âñiõ åëåìåíòàðíî-÷àñîâèõ ñòàíiâ P áóäåìî ïîçíà÷àòè
÷åðåç Bs(P):

Bs(P) := {ω | ω = (t, x) , äå t ∈ Tm(P), x ∈ ψ(t)} .

Çàóâàæåííÿ 2.2. Ç îçíà÷åíü 2.1 òà 2.3 âèïëèâà¹, ùî Bs(P) 6= ∅ äëÿ
äîâiëüíî¨ ïðèìiòèâíî¨ ìiíëèâî¨ ìíîæèíè P.

Äëÿ åëåìåíòàðíî-÷àñîâîãî ñòàíó ω = (t, x) ∈ Bs(P) ââåäåìî ïîçíà-
÷åííÿ:

bs (ω) := x, tm (ω) := t. (1)

Îçíà÷åííÿ 2.5. Áóäåìî ââàæàòè, ùî åëåìåíòàðíî-÷àñîâèé ñòàí
ω2 ∈ Bs(P) ôîðìàëüíî ïîñëiäîâíèé åëåìåíòàðíî-÷àñîâîìó ñòàíó
ω1 ∈ Bs(P), âæèâàþ÷è ïîçíà÷åííÿ:

ω2← (f)
P

ω1,

ÿêùî ω1 = ω2 àáî bs (ω2)←
P
bs (ω1) i tm (ω1) <P tm (ω2).
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Êîëè öå íå âèêëèêà¹ íåïîðîçóìiíü çàìiñòü ïîçíà÷åííÿ ω2← (f)
P

ω1

áóäåìî âèêîðèñòîâóâàòè ïîçíà÷åííÿ ω2← (f)ω1

Ëåãêî áà÷èòè, ùî äëÿ äîâiëüíî¨ ïðèìiòèâíî¨ P ïàðà (Bs(P),← (f))
¹ îði¹íòîâàíîþ ìíîæèíîþ, â ÿêié âiäíîøåííÿ ← (f) ¹ íàïðÿìåèì âiä-
íîøåííÿì çìií. Âiäíîøåííÿ ← (f) ïîêàçó¹ âñi �ïîòåíöiéíî ìîæëèâi�
òðàíñôîðìàöi¨ åëåìåíòàðíî-÷àñîâèõ ñòàíiâ, ÿêi ìîæíà �âïèñàòè� â ïðè-
ìiòèâíó ìiíëèâó ìíîæèíó P. Ïðîòå, ÿê ïîêàçàíî â [17, ïðèêëàä 2.1],
[15, example 7.1] öå âiäíîøåííÿ ìîæå ãåíåðóâàòè äåÿêi ïàðàçèòè÷íi
�òðàíñôîðìàöi¨� åëåìåíòàðíî-÷àñîâèõ ñòàíiâ, ÿêèõ ðåàëüíî íiêîëè íå
áóëî ó ìîäåëüîâàíié ôiçè÷íié ñèñòåìi. Äëÿ òîãî, ùîá àäåêâàòíî îïè-
ñóâàòè ìîäåëüîâàíi ïðîöåñè, â ðîáîòàõ [17, ïðèêëàä 2.1], [15, example
7.1] ïðîïîíó¹òüñÿ çàäàâàòè äåÿêå ïiäâiäíîøåííÿ âiäíîøåííÿ← (f), ÿêå
âiäîáðàæàëî á ëèøå òi òðàíñôîðìàöi¨ åëåìåíòàðíî-÷àñîâèõ ñòàíiâ, ÿêi
ðåàëüíî ìàþòü ìiñöå â ìîäåëüîâàíié ÷àñòèíi äiéñíîñòi.

Ñêàçàíå âèùå ñëóæèòü ìîòèâàöi¹þ äëÿ íàñòóïíîãî îçíà÷åííÿ.

Îçíà÷åííÿ 2.6. Íåõàé, P � ïðèìiòèâíà ìiíëèâà ìíîæèíà.
1. Âiäíîøåííÿ C−− íà Bs(P) áóäåìî íàçèâàòè áàçîþ åëåìåíòàðíèõ
ïðîöåñiâ â P, ÿêùî:

(1) ∀ω ∈ Bs(P) ωC−−ω.

(2) ßêùî ω1, ω2 ∈ Bs(P) i ω2 C−−ω1, òî ω2← (f)ω1 (òîáòî C−− ⊆
← (f)).

(3) Äëÿ äîâiëüíèõ x1, x2 ∈ Bs(P) òàêèõ, ùî x2←x1 iñíóþòü ω1, ω2 ∈
Bs(P) òàêi, ùî bs (ω1) = x1, bs (ω2) = x2 i ω2 C−−ω1.

2. ßêùî P � ïðèìiòèâíà ìiíëèâà ìíîæèíà i C−− � áàçà åëåìåíòàð-
íèõ ïðîöåñiâ íà P, òî ïàðó:

B = (P,C−−)

áóäåìî íàçèâàòè áàçîâîþ ìiíëèâîþ ìíîæèíîþ.

Çàóâàæåííÿ 2.3. Íàäàëi áàçîâi ìiíëèâi ìíîæèíè áóäåìî ïîçíà÷àòè
âåëèêèìè êàëiãðàôi÷íèìè áóêâàìè.

Íåõàé, B = (P,C−−) � áàçîâà ìiíëèâà ìíîæèíà. Ââåäåìî íàñòóïíi
ïîçíà÷åííÿ:

Bs(B) := Bs(P); Bs(B) := Bs(P); ←
B

:=←
P
; ← (f)

B
:=← (f)

P
;
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Tm(B) := Tm(P); Tm(B) := Tm(P);

≤B:=≤P ; <B:=<P ; ≥B:=≥P ; >B:=>P ; ψB := ψP .

Òàêîæ, äëÿ åëåìåíòàðíî-÷àñîâèõ ñòàíiâ ω1, ω2 ∈ Bs(B) áóäåìî âè-
êîðèñòîâóâàòè ïîçíà÷åííÿ ω2←

B
ω1 äëÿ ïîçíà÷åííÿ òîãî ôàêòó, ùî

ω2 C−−ω1. Ïðè öüîìó, ó âèïàäêó, êîëè íåîáõiäíî ÷iòêî âiäðiçíÿòè íà-
ïðÿìíå âiäíîøåííÿ çìií âiä áàçè åëåìåíòàðíèõ ïðîöåñiâ, çàìiñòü ïî-
çíà÷åííÿ ω2←

B
ω1, áóäåìî âèêîðèñòîâóâàòè ïîçíà÷åííÿ ω2 ←

Bs(B)
ω1.

Êîëè âiäîìî, ïðî ÿêó áàçîâó ìiíëèâó ìíîæèíó B éäå ìîâà, â ïî-
çíà÷åííÿõ ←

B
, ← (f)
B

, ≤B, <B, ≥B, >B, ψB ñèìâîë B áóäåìî îïóñêàòè,

âæèâàþ÷è çàìiñòü íèõ ïîçíà÷åííÿ ←, ← (f), ≤, <, ≥, >, ψ âiäïîâiäíî.

Ç îçíà÷åíü 2.6 òà 2.4-2.5 âèïëèâàþòü íàñòóïíi âëàñòèâîñòi áà-
çîâèõ ìiíëèâèõ ìíîæèí (ó âëàñòèâîñòÿõ 1-5 ñèìâîë B ïîçíà÷à¹
äîâiëüíó áàçîâó ìiíëèâó ìíîæèíó).

Âëàñòèâîñòi 2.1.

1. Ïàðà B0 = (Bs(B),←) ¹ îði¹íòîâàíîþ ìíîæèíîþ, à âiäîáðàæå-
ííÿ ψ = ψB ¹ ÷àñîì íà B0.

2. ßêùî ω1, ω2 ∈ Bs(B) i ω2←ω1, òî ω2← (f)ω1, à îòæå,
bs (ω2)← bs (ω1) i tm (ω1) ≤ tm (ω2). ßêùî, äîäàòêîâî, ω1 6= ω2,
òî tm (ω1) < tm (ω2).

3. Äëÿ äîâiëüíèõ x1, x2 ∈ Bs(B) óìîâà x2←x1 ìà¹ ìiñöå òîäi i
òiëüêè òîäi, êîëè iñíóþòü åëåìåíòàðíî-÷àñîâi ñòàíè ω1, ω2 ∈
Bs(B) òàêi, ùî bs (ω1) = x1, bs (ω2) = x2 i ω2←ω1.

4. Bs(B) = {bs (ω) |ω ∈ Bs(B)}.

Ïðèêëàä 2.1. Íåõàé, P � äîâiëüíà ïðèìiòèâíà ìiíëèâà ìíîæèíà. Òîäi
ëåãêî ïåðåâiðèòè, ùî âiäíîøåííÿ ← (f) = ← (f)

P
¹ áàçîþ åëåìåíòàðíèõ

ïðîöåñiâ íà P (áiëüø äåòàëüíî äèâ. [15, 17]).
Îòæå, äîâiëüíó ïðèìiòèâíó ìiíëèâó ìíîæèíó çàâæäè ìîæíà îòî-

òîæíèòè ç áàçîâîþ ìiíëèâîþ ìíîæèíîþ P(f) = (P,← (f)), ó ÿêié ← (f)

¹ áàçîþ åëåìåíòàðíèõ ïðîöåñiâ.

Áiëüø öiêàâèìè ïðèêëàäàìè áàçîâèõ ìiíëèâèõ ìíîæèí ¹ áàçîâi ìií-
ëèâi ìíîæèíè, ïîðîäæåíi ñèñòåìàìè àáñòðàêòíèõ òðà¹êòîðié.
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Îçíà÷åííÿ 2.7. Íåõàé M � äîâiëüíà ìíîæèíà i T = (T,≤) � äî-
âiëüíà íåïîðîæíÿ (T 6= ∅) ëiíiéíî óïîðÿäêîâàíà ìíîæèíà.

1. Âiäîáðàæåííÿ r : D(r) 7→ M (D(r) 6= ∅) áóäåìî íàçèâàòè àá-
ñòðàêòíîþ òðà¹êòîði¹þ ç T â M , ÿêùî D(r) ⊆ T (äå D(r)
� îáëàñòü âèçíà÷åííÿ òðà¹êòîði¨ r).

2. Ñèñòåìîþ àáñòðàêòíèõ òðà¹êòîðié ç T â M áóäåìî íà-
çèâàòè äîâiëüíó ìíîæèíó R, åëåìåíòàìè ÿêî¨ ¹ àáñòðàêòíi
àáñòðàêòíi òðà¹êòîði¨ ç T â M òàêó, ùî⋃

r∈R
R (r) =M

(äå R(r) � îáëàñòü çíà÷åíü àáñòðàêòíî¨ òðà¹êòîði¨ r).

Òåîðåìà 2.1 ([15, 17]). Äëÿ äîâiëüíî¨ ñèñòåìè àáñòðàêòíèõ R òðà-
¹êòîðié ç T = (T,≤) â M iñíó¹, ïðè÷îìó ¹äèíà, áàçîâà ìiíëèâà ìíî-
æèíà At(T,R) òàêà, ùî:

1) Tm (At(T,R)) = T;

2) Bs(At(T,R)) =
⋃
r∈R r, äå äîâiëüíó àáñòðàêòíó òðà¹êòîðiþ r ∈ R

ñëiä ðîçóìiòè ÿê ìíîæèíó (òîáòî r = {(t, r(t)) | t ∈ D(r)});

3) Äëÿ äîâiëüíèõ ω1, ω2 ∈ Bs(At(T,R)) óìîâà ω2 ←
At(T,R)

ω1 ìà¹ ìiñöå

òîäi i òiëüêè òîäi, êîëè tm (ω1) ≤ tm (ω2) i iñíó¹ òðà¹êòîðiÿ
r ∈ R òàêà, ùî ω1, ω2 ∈ r.

Çàóâàæåííÿ 2.4. Íàäàëi, êîëè ëiíiéíî óïîðÿäêîâàíà ìíîæèíà T ¹ íà-
ïåðåä âiäîìîþ, çàìiñòü ïîçíà÷åííÿ At(T,R) áóäåìî âèêîðèñòîâóâàòè
ïîçíà÷åííÿ At (R).

Íåõàé T,X � äîâiëüíi ìíîæèíè. Íàäàëi ïîçíà÷åííÿ (1) áóäåìî
çàñòîñîâóâàòè äëÿ äîâiëüíîãî åëåìåíòà ω = (t, x) ∈ T × X (äå ñèì-
âîë × îçíà÷à¹ äåêàðòîâèé äîáóòîê ìíîæèí). Îòæå, äëÿ äîâiëüíîãî
ω ∈ T × X ìà¹ìî, ω = (tm (ω) , bs (ω)). Çàóâàæèìî, ùî ïîçíà÷åííÿ
(1) ðàíiøå âèêîðèñòîâóâàëèñü ëèøå äëÿ åëåìåíòàðíî-÷àñîâèõ ñòàíiâ
ω ∈ Bs(P) ⊆ Tm(P)×Bs(P) ïðèìiòèâíî¨ àáî áàçîâî¨ ìiíëèâî¨ ìíîæè-
íè P (äèâ. ïiäðîçäië 2.3).

Íàñòóïíà òåîðåìà ïîêàçó¹ iíøèé, áiëüø ëàêîíi÷íèé, õî÷à é áiëüø
øòó÷íèé, øëÿõ äëÿ âèçíà÷åííÿ ïîíÿòòÿ áàçîâî¨ ìiíëèâî¨ ìíîæèíè.
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Òåîðåìà 2.2. Íåõàé, T = (T,≤) � äîâiëüíà ëiíiéíî óïîðÿäêîâàíà
ìíîæèíà, X � äîâiëüíà ìíîæèíà i C−− � áiíàðíå âiäíîøåííÿ, âèçíà-
÷åíå íà ìíîæèíi B ⊆ T× X, ÿêå çàäîâîëüíÿ¹ òàêi óìîâè:

1. Âiäíîøåííÿ C−− ðåôëåêñèâíå íà B;

2. Äëÿ äîâiëüíèõ ω, ω2 ∈ B ç óìîâ ω2 C−−ω1 i ω1 6= ω2 âèïëèâà¹, ùî
tm (ω1) < tm (ω2).

Òîäi iñíó¹ ¹äèíà áàçîâà ìiíëèâà ìíîæèíà B, ùî çàäîâîëüíÿ¹ òàêi
óìîâè:

à) Tm(B) = T; á) Bs(B) = B; â) ←
Bs(B)

= C−−.

Äîâåäåííÿ. 1. Ïîçíà÷èìî:

rω1,ω2 := {ω1, ω2} , ω1, ω2 ∈ B

R := {rω1,ω2 |ω1, ω2 ∈ B, ω2 C−−ω1} . (2)

Äîâåäåìî, ùî âñi åëåìåíòè ìíîæèíè R ¹ àáñòðàêòíèìè òðà¹êòîðiÿìè
ç T â X. Çàôiêñó¹ìî äîâiëüíi ω1, ω2 ∈ B òàêi, ùî ω2 C−−ω1. Îñêiëü-
êè rω1,ω2 = {ω1, ω2} ⊆ B ⊆ T × X, òî rω1,ω2 ¹ áiíàðíèì âiäíîøåííÿì
ç T â X. Äîâåäåìî, ùî öå âiäíîøåííÿ ¹ ôóíêöi¹þ. Ïðèïóñòèìî ñó-
ïðîòèâíå. Òîäi iñíóþòü (t, x1) , (t, x2) ∈ rω1,ω2

òàêi, ùî x1 6= x2 (à îò-
æå (t, x1) 6= (t, x2)). Îòæå ìîæëèâèìè ¹ ëèøå íàñòóïíi äâà âèïàäêè:
(t, x1) = ω1, (t, x2) = ω2 àáî (t, x1) = ω2, (t, x2) = ω1. Àëå, îñêiëüêè
ω2 C−−ω1, çà óìîâîþ 2 äàíî¨ òåîðåìè, â îáîõ âèïàäêàõ îòðèìó¹ìî õè-
áíó íåðiâíiñòü t < t. Òîìó, âiäíîøåííÿ rω1,ω2 ¹ ôóíêöi¹þ, à îòæå, i ç T
â X. Òîáòî, R ¹ ñèñòåìîþ àáñòðàêòíèõ òðà¹êòîðié ç T â

⋃
r∈RR(r) ⊆ X.

Ïîçíà÷èìî:

B := At (T,R) .

à) Çà òåîðåìîþ 2.1 (ïóíêò 1), Tm(B) = T.
á) Çà òåîðåìîþ 2.1 (ïóíêò 2):

Bs(B) =
⋃
r∈R

r =
⋃

ω1, ω2 ∈ B
ω2 C−−ω1

{ω1, ω2} ⊆ B. (3)
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Ç iíøîãî áîêó, áåðó÷è äî óâàãè, ùî, çà óìîâîþ 1 äàíî¨ òåîðåìè, âiäíî-
øåííÿ C−− ¹ ðåôëåíêñèâíèì, îòðèìó¹ìî îáåðíåíå âêëþ÷åííÿ:

Bs(B) =
⋃

ω1, ω2 ∈ B
ω2 C−−ω1

{ω1, ω2} ⊇
⋃
ω∈B

{ω} = B. (4)

Òàêèì ÷èíîì, Bs(B) = B. Îòæå, áàçîâà ìiíëèâà ìíîæèíà B çàäîâîëü-
íÿ¹ óìîâè à),á) âèñíîâêó äàíî¨ òåîðåìè.

c) Äîâåäåìî, ùî óìîâà â) äëÿ áàçîâî¨ ìiíëèâî¨ ìíîæèíè B òàêîæ
âèêîíó¹òüñÿ. Íåîáõiäíî äîâåñòè, ùî äëÿ äîâiëüíèõ ω1, ω2 ∈ B = Bs(B)
óìîâà ω2 C−−ω1 åêâiâàëåíòíà óìîâi ω2 ←

Bs(B)
ω1 (òîáòî óìîâi ω2←ω1).

Îñêiëüêè îáèäâà âiäíîøåííÿ C−− òà ←
Bs(B)

¹ ðåôëåêñèâíèìè íà Bs(B) =

B, äîñèòü äîâåñòè îñòàíí¹ òâåðäæåííÿ ëèøå äëÿ âèïàäêó ω1 6= ω2.
Îòæå, çàôiêñó¹ìî äîâiëüíi ω1, ω2 ∈ B = Bs(B) òàêi, ùî ω1 6= ω2.

c.1) Ïðèïóñòèìî, ùî ω2←ω1. òîäi, çà òåîðåìîþ 2.1 (ïóíêò 3),

tm (ω1) ≤ tm (ω2) (5)

i iñíó¹ òðà¹êòîðiÿ rw1,w2
∈ R (w2 C−−w1) òàêà, ùî ω1, ω2 ∈ rw1,w2

=
{w1, w2}. Îòæå, îñêiëüêè w2 C−−w1 i ω1 6= ω2, ïîâèíà âèêîíóâàòèñü õî÷
îäíà ç óìîâ:

ω2 C−−ω1 àáî ω1 C−−ω2

Ïðîòå, âèïàäîê ω1 C−−ω2 ¹ íåìîæëèâèì, îñêiëüêè â öüîìó âèïàäêó, çà
óìîâîþ 2 äàíî¨ òåîðåìè îòðèìó¹ìî íåðiâíâñòü tm (ω2) < tm (ω1), ÿêà
ñóïåðå÷èòü íåðiâíîñòi (5). Îòæå, ω2 C−−ω1.

c.2) Íàâïàêè, ïðèïóñòèìî, ùî ω2 C−−ω1. Òîäi, çà (2), rω1,ω2 ∈ R,
îòæå, çà óìîâîþ 2 äàíî¨ òåîåðåìè tm (ω1) < tm (ω2). Îòæå, çà òåîðåìîþ
2.1 (ïóíêò 3) ω2←ω1.

Ðiâíiñòü ←
Bs(B)

= C−− äîâåäåíà. Òàêèì ÷èíîì, áàçîâà ìiíëèâà ìíîæè-

íà B çàäîâîëüíÿ¹ óìîâè à),á),â).
Íåîáõiäíî äîâåñòè, ùî iñíó¹ ëèøå ¹äèíà áàçîâà ìiíëèâà ìíîæè-

íà B, ÿêà çàäîâîëüíÿ¹ óìîâè à),á),â). Ïðèïóñòèìî, ùî áàçîâà ìiíëèâà
ìíîæèíà B1 òàêîæ çàäîâîëüíÿ¹ óìîâè à),á),â). Äîâåäåìî, ùî òîäi B1
ìóñèòü çàäîâîëüíÿòè óìîâè 1),2),3) òåîðåìè 2.1 äëÿ ñèñòåìè àáñòðà-
êòíèõ òðà¹êòîðié R, âèçíà÷åíî¨ â (2).

2.1) Çà óìîâîþ à), Tm (B1) = T.
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2.2) Âèêîðèñòîâóþ÷è óìîâó á) i çàñòîñîâóþ÷è ðiâíîñòi (3),(4) äëÿ
B1, îòðèìó¹ìî:

Bs (B1) = B = Bs(B) =
⋃
r∈R

r.

2.3) Îñêiëüêè îáèäâi áàçîâi ìiíëèâi ìíîæèíè B òà B1 çàäîâîëüíÿ-
þòü óìîâó â), òî:

←
Bs(B1)

= C−− = ←
Bs(B)

= ←
Bs(At(T,R))

.

Öå îçíà÷à¹, ùî B1 çàäîâîëüíÿ¹ óìîâó 3) òåîðåìè 2.1.

Îòæå, áàçîâà ìiíëèâà ìíîæèíà B1 çàäîâîëüíÿ¹ âñi óìîâè òåîðåìè
2.1 äëÿ ñèñòåìèàáñòðàêòíèõ òðà¹êòîðié R. Òîìó, çà òåîðåìîþ 2.1, B1 =
At(T,R) = B.

Çàóâàæåííÿ 2.5. Ç âëàñòèâîñòåé 2.1 i îçíà÷åííÿ 2.4 âèïëèâà¹, ùî äëÿ
áàçîâî¨ ìiíëèâî¨ ìíîæèíè B, ùî çàäîâîëüíÿ¹ óìîâè à),á),â) òåîðåìè
2.2 âèêîíóþòüñÿ íàñòóïíi òâåðäæåííÿ:

1. Bs(B) = bs (B) = {bs (ω) | ω ∈ B};
2. ψB(t) = {bs (ω) |ω ∈ B, tm (ω) = t}, t ∈ Tm(B). Çîêðåìà, ψB(t) =

∅ äëÿ âèïàäêó, êîëè íå iñíó¹ ω ∈ B òàêîãî, ùî tm (ω) = t.

Çàóâàæåííÿ 2.6. Íåõàé B � äîâiëüíà áàçîâà ìiíëèâà ìíîæèíà. Ïî-
çíà÷èìî:

T := Tm(B); X := Bs(B); B := Bs(B), C−− := ←
Bs(B)

.

Î÷åâèäíî, ùî óìîâè 1,2 òåîðåìè 2.2 äëÿ T,X,B i C−− âèêîíóþòüñÿ.
Êðiì òîãî, B ¹ (¹äèíîþ) áàçîâîþ ìiíëèâîþ ìíîæèíîþ, ùî çàäîâîëü-
íÿ¹ óìîâè à),á),â) âèñíîâêó öi¹¨ òåîåðåìè. Òîìó, âèêîðèñòîâóþ÷è òå-
îðåìó 2.2 ìîæíà äàòè iíøå îçíà÷åííÿ äëÿ ïîíÿòòÿ áàçîâî¨ ìiíëèâî¨
ìíîæèíè. À ñàìå, áàçîâó ìiíëèâó ìíîæèíó ìîæíà âèçíà÷èòè, ÿê ìà-
òåìàòè÷íó ñèðóêòóðó, ùî ñêëàäà¹òüñÿ ç ëiíiéíî óïîðÿäêîâàíî¨ ìíî-
æèíè T = (T,≤), ìíîæèíè X, ïiäìíîæèíè B ⊆ T × X, i áiíàðíîãî
âiäíîøåííÿ C−−, âèçíà÷åíîãî íà B, ùî çàäîâîëüíÿ¹ óìîâè 1,2 òåîðåìè
2.2.
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2.4 Ëiíi¨ äîëi òà åëåìåíòàðíi ïðîöåñè áàçîâèõ ìií-

ëèâèõ ìíîæèí

Òâåðäæåííÿ 2.3 ([15, 17]). Äëÿ äîâiëüíî¨ áàçîâî¨ ìiíëèâî¨ ìíîæèíè

B tïàðà Q =

(
Bs(B), ←

Bs(B)

)
= (Bs(B),←) ¹ îði¹íòîâàíîþ ìíîæèíîþ.

Ïðè öüîìó âiäîáðàæåííÿ ψ̃(t) = ψ̃B(t) := {ω ∈ Bs(B) | tm (ω) = t} ∈
2Bs(B), t ∈ Tm(B) ¹ ÷àñîì íà Q.

Îçíà÷åííÿ 2.8. Íåõàé B áàçîâà ìiíëèâà ìíîæèíà.
1) Äîâiëüíèé ìàêñèìàëüíèé ëàíöþã L ⊆ Bs(B) íà îði¹íòîâàíié

ìíîæèíi (Bs(B),←) åëåìåíòàðíî-÷àñîâèõ ñòàíiâ B áóäåìî íàçèâàòè
ëiíi¹þ äîëi B. Ìíîæèíó âñiõ ëiíié äîëi B áóäåìî ïîçíà÷àòè ÷åðåç
Ld(B):

Ld(B) = {L ⊆ Bs(B) | L ¹ ëiíi¹þ äîëi B} .

2) Áóäü-ÿêó ëiíiþ äîëi L ∈ Ld(B), ùî ìiñòèòü åëåìåíòàðíî-
÷àñîâèé ñòàí ω ∈ Bs(B) áóäåìî íàçèâàòè âëàñíîþ ëiíi¹þ äîëi
åëåìåíòàðíî-÷àñîâîãî ñòàíó ω (â B).

Çðîçóìiëî, ùî â çàãàëüíîìó âèïàäêó åëåìåíòàðíî-÷àñîâi ñòàíè ìî-
æóòü ìàòè íå îäíó âëàñíó ëiíiþ äîëi.

Áóäåìî ãîâîðèòè, ùî åëåìåíòàðíî-÷àñîâi ñòàíè ω1, ω2 ∈ Bs(B) îá'-
¹äíàíi äîëåþ, ÿêùî iñíó¹ õî÷ îäíà ëiíiÿ äîëi L ∈ Ld(B), ÿêà ¹ âëà-
ñíîþ ëiíi¹þ äîëi êîæíîãî iç ñòàíiâ ω1, ω2 îäíî÷àñíî.

Òâåðäæåííÿ 2.4 ([15, 17]). 1) Äîâiëüíèé åëåìåíòàðíî-÷àñîâèé ñòàí
ω ∈ Bs(B) ìà¹ õî÷ îäíó âëàñíó ëiíiþ äîëi.

2) Äëÿ òîãî, ùîá åëåìåíòàðíî-÷àñîâi ñòàíè ω1, ω2 ∈ Bs(B) áóëè
îá'¹äíàíi äîëåþ íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü õî÷ îäíà ç
óìîâ: ω2←ω1 àáî ω1←ω2.

Çãiäíî ç òåîðåìîþ 2.1, äîâiëüíà ñèñòåìà àáñòðàêòíèõ òðà¹êòîðié,
âèçíà÷åíà íà äåÿêié ëiíiéíî óïîðÿäêîâàíié ìíîæèíi T = (T,≤), ïî-
ðîäæó¹ áàçîâó ìiíëèâó ìíîæèíó At(T,R). Âèÿâëÿ¹òüñÿ, ùî, íàâïàêè,
äîâiëüíà áàçîâà ìiíëèâà ìíîæèíà B ìîæå áóòè ïîðîäæåíà äåÿêîþ ñè-
ñòåìîþ ìàêñèìàëüíèõ òðà¹êòîðié.

Òåîðåìà 2.3 ([15, 17]). Äëÿ äîâiëüíî¨ áàçîâî¨ ìiíëèâî¨ ìíîæèíè B
ìíîæèíà Ld(B) ¹ ñèñòåìîþ àáñòðàêòíèõ òðà¹êòîðié ç Tm(B) â
Bs(B). Ïðè öüîìó:
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At (Tm(B), Ld(B)) = B.

Çàóâàæåííÿ 2.7. Ïiäêðåñëèìî, ùî äîâiëüíà ëiíiÿ äîëi L ∈ Ld(B) áà-
çîâî¨ ìiíëèâî¨ ìíîæèíè B ¹ ïiäìíîæèíîþ ìíîæèíè Bs(B) ⊆ Tm(B)×
Bs(B). Òîìó L ¹ áiíàðíèì âiäíîøåííÿì ç ìíîæèíè Tm(B) â ìîíæè-
íó Bs(B). Îòæå, òåîåðìà 2.3 ïîêàçó¹, ùî öå âiäíîøåííÿ ¹ ôóíêöi¹þ,
òîáòî àáñòðàêòíîþ òðà¹êòîði¹þ ç Tm(B) â Bs(B).

Îçíà÷åííÿ 2.9. Íåõàé B � áàçîâà ìiíëèâà ìíîæèíà.

1. Áóäü-ÿêó ïiäìíîæèíó S ⊆ Bs(B) áóäåìî íàçèâàòè ìiíëèâîþ
ñèñòåìîþ áàçîâî¨ ìiíëèâî¨ ìíîæèíè B.

2. Äîâiëüíå âiäîáðàæåííÿ s : Tm(B) : 7→ 2Bs(B) òàêå, ùî s(t) ⊆
ψ(t), t ∈ Tm(B) áóäåìî íàçèâàòè ïðîöåñîì áàçîâî¨ ìiíëèâî¨
ìíîæèíè B.

Â ìåõàíiöi åëåìåíòàðíi ñòàíè ìîæíà iíòåðïðèòóâàòè, ÿê ñòàíè (òîá-
òî ïîëîæåííÿ) ìàòåðiàëüíèõ òî÷îê â ðiçíi ìîìåíòè ÷àñó. Ñàìå òîìó,
íà ïîíÿòòÿ ìiíëèâî¨ ñèñòåìè ìîæíà äèâèòèñü, ÿê íà àáñòðàêòíå óçà-
ãàëüíåííÿ ïîíÿòòÿ ôiçè÷íîãî òiëà, ñêëàä ÿêîãî, âçàãàëi êàæó÷è, íå ¹
ïîñòiéíèì i ìîæå çìiíþâàòèñü äîâiëüíèì ÷èíîì â ïðîöåñi òðàíñôîð-
ìàöié öüîãî òiëà.

Íåõàé, S ⊆ Bs(B) � äîâiëüíà ìiíëèâà ñèñòåìà äîâiëüíî¨ áàçîâî¨
ìiíëèâî¨ ìíîæèíè B. Ïîêëàäåìî:

S∼(t) := {x ∈ Bs(B) | (t, x) ∈ S} , t ∈ Tm(B). (6)

Ëåãêî áà÷èòè, ùî S∼(t) ⊆ ψ(t), t ∈ Tm(B). Îòæå, çà îçíà÷åííÿì 2.9,
S∼ ¹ ïðîöåñîì íà áàçîâié ìiíëèâié ìíîæèíi B.

Îçíà÷åííÿ 2.10. Ïðîöåñ S∼ áóäåìî íàçèâàòè ïðîöåñîì òðàíñ-
ôîðìàöié ìiíëèâî¨ ñèñòåìè S.

Òâåðäæåííÿ 2.5 ([15, 17]). Let B be a basic changeable set.

1. Äëÿ äîâiëüíèõ ìiíëèâèõ ñèñòåì S1, S2 ∈ Bs(B) ðiâíiñòü S∼1 =
S∼2 ìà¹ ìiñöå òîäi i òiëüêè òîäi, êîëè S1 = S2.

2. Äëÿ äîâiëüíîãî ïðîöåñó s áàçîâî¨ ìiíëèâî¨ ìíîæèíè B iñíó¹,
ïðè÷îìó ¹äèíà, ìiíëèâà ñèñòåìà S ⊆ Bs(B) òàêà, ùî s = S∼.
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Îòæå, âiäîáðàæåííÿ (·)∼ âñòàíîâëþ¹ âçà¹ìíî-îäíîçíà÷íó âiäïîâiä-
íiñòü ìiæ ìiíëèâèìè ñèñòåìàìè i ïðîöåñàìè áàçîâî¨ ìiíëèâî¨ ìíîæè-
íè. Âðàõîâóþ÷è çàçíà÷åíèé ôàêò, íàäàëi ïîíÿòòÿ ìiíëèâî¨ ñèñòåìè i
ïðîöåñó äîâiëüíî¨ áàçîâî¨ ìiíëèâî¨ ìíîæèíè áóäåìî �îòîòîæíþâàòè�,
à ãîâîðÿ÷è ïðî ïðîöåñè íà áàçîâèõ ìiíëèâèõ ìíîæèíàõ áóäåìî ïîçíà-
÷àòè öi ïðîöåñè âåëèêèìè áóêâàìè ç õâèëüêîþ ó âåðõíüîìó iíäåêñi,
ìàþ÷è íà óâàçi, ùî äîâiëüíèé ïðîöåñ ¹ ïðîöåñîì òðàíñôîðìàöié ïåâ-
íî¨ ìiíëèâî¨ ñèñòåìè.

Áóäåìî ãîâîðèòè, ùî ìiíëèâà ñèñòåìà U ⊆ Bs(B) áàçîâî¨ ìiíëèâî¨
ìíîæèíè B ¹ ïiäñèñòåìîþ ìiíëèâî¨ ñèñòåìè S ⊆ Bs(B), ÿêùî U ⊆
S.

Òâåðäæåííÿ 2.6 ([15, 17]). Ìiíëèâà ñèñòåìà U ⊆ Bs(B) ¹ ïiä-
ñèñòåìîþ ìiíëèâî¨ ñèñòåìè S ⊆ Bs(B) òîäi i òiëüêè òîäi, êîëè
∀ t ∈ Tm(B) U∼(t) ⊆ S∼(t).

Áóäåìî ãîâîðèòè, ùî åëåìåíòàðíèé ñòàí x ∈ Bs(B) áàçîâî¨ ìií-
ëèâî¨ ìíîæèíè B íàëåæèòü äî ìiíëèâî¨ ñèñòåìè S ⊆ Bs(B) â ìî-
ìåíò ÷àñó t ∈ Tm(B), ÿêùî x ∈ S∼(t). Òîé ôàêò, ùî åëåìåíòàðíèé
ñòàí x áàçîâî¨ ìiíëèâî¨ ìíîæèíè B íàëåæèòü äî ìiíëèâî¨ ñèñòåìè S â
ìîìåíò ÷àñó t áóäåìî ïîçíà÷àòè íàñòóïíèì ÷èíîì:

x ∈[t,B] S,

à, ó âèïàäêó, êîëè çðîçóìiëî ïðî ÿêó áàçîâó ìiíëèâó ìíîæèíó éäå
ìîâà, áóäåìî âèêîðèñòîâóâàòè ïîçíà÷åííÿ:

x ∈[t] S.

Ç òâåðäæåííÿ 2.6 âèïëèâà¹, ùî äëÿ ìiíëèâèõ ñèñòåì U, S ⊆ Bs(B)
ñïiââiäíîøåííÿ U ⊆ S ìà¹ ìiñöå òîäi i òiëüêè òîäi, êîëè äëÿ äîâiëüíèõ
t ∈ Tm(B) i x ∈ Bs(B) ç óìîâè x ∈ [t] U âèïëèâà¹ ñïiââiäíîøåííÿ
x ∈[t] S.

Îñòàíí¹ çàóâàæåííÿ ãîâîðèòü ïðî òå, ùî íà ìiíëèâó ñèñòåìó äî-
âiëüíî¨ áàçîâî¨ ìiíëèâî¨ ìíîæèíè B ìîæíà äèâèòèñü ÿê íà àíàëîã ïî-
íÿòòÿ ïiäìíîæèíè â êëàñè÷íié òåîði¨ ìíîæèí, à íà âiäíîøåííÿ ∈[·] ÿê
íà àíàëîã âiäíîøåííÿ íàëåæíîñòi êëàñè÷íî¨ òåîði¨ ìíîæèí. Ïðîòå, ç
iíøî¨ ñòîðîíè, íi åëåìåíòàðíi íi åëåìåíòàðíî-÷àñîâi ñòàíè íå ìîæóòü
ïîâíiñòþ ïðåòåíäóâàòè íà àíàëîã ïîíÿòòÿ åëåìåíòà â êëàñè÷íié òåîði¨
ìíîæèí, îñêiëüêè çíàþ÷è âñi åëåìåíòàðíi ÷è åëåìåíòàðíî-÷àñîâi ñòà-
íè áàçîâî¨ ìiíëèâî¨ ìíîæèíè ìè íå çìîæåìî âiäíîâèòè íi íàïðÿìíå
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âiäíîøåííÿ çìií íi áàçó åëåìåíòàðíèõ ïðîöåñiâ, à îòæå íå çìîæåìî
ïîâíiñòþ âiäíîâèòè áàçîâó ìiíëèâó ìíîæèíó çà ¨¨ �åëåìåíòàìè�.

Î÷åâèäíî, ùî äîâiëüíà ëiíiÿ äîëi L ∈ Ld(B) áàçîâî¨ ìiíëèâî¨ ìíî-
æèíè B ¹ ¨¨ ìiíëèâîþ ñèñòåìîþ.

Îçíà÷åííÿ 2.11. Ïðîöåñ L∼, ïîðîäæåíèé ëiíi¹þ äîëi L ∈ Ld(B) áà-
çîâî¨ ìiíëèâî¨ ìíîæèíè B áóäåìî íàçèâàòè åëåìåíòàðíèì ïðî-
öåñîì B.

Íà åëåìåíòàðíèé ïðîöåñ âæå ìîæíà äèâèòèñü, ÿê íà ïîâíèé àíà-
ëîã åëåìåíòà çâè÷àéíî¨ (ñòàòè÷íî¨) ìíîæèíè, îñêiëüêè ç åëåìåíòàð-
íèõ ïðîöåñiâ, êîðèñòóþ÷èñü òåîðåìîþ 2.3, ìîæíà âiäíîâèòè âñþ áàçîâó
ìiíëèâó ìíîæèíó.

3 Çàãàëüíi ìiíëèâi ìíîæèíè òà ¨õíi âëàñòè-

âîñòi

3.1 Çàãàëüíå îçíà÷åííÿ ìiíëèâî¨ ìíîæèíè

Áàçîâi ìiíëèâi ìíîæèíè ìîæíà ðîçãëÿäàòè ÿê àáñòðàêöiþ ìîäåëåé ôi-
çè÷íèõ òà ií. ïðîöåñiâ (íà ðiâíi ìàêðîñâiòó), êîëè ñïîñòåðåæåííÿ çà
ïðîöåñîì ïðîâîäèòüñÿ ç îäíîãî, ôiêñîâàíîãî ïóíêòó ñïîñòåðåæåííÿ
(îäíi¹¨ ôiêñîâàíî¨ ñèñòåìè âiäëiêó). Ïðîòå, ðåàëüíèé ôiçè÷íèé ñâiò ¹
áàãàòîëèêèì, îñêiëüêè ó ôiçèöi (çîêðåìà ó ñïåöiàëüíié òåîði¨ âiäíîñíî-
ñòi) �êàðòèíà ñâiòó� ìîæå iñòîòíüî çìiíþâàòèñü â çàëåæíîñòi âiä çìiíè
ñèñòåìè âiäëiêó. Òîáòî, â ðåçóëüòàòi, ìè îòðèìó¹ìî íå îäíó, à áàãàòî
�áàçîâèõ ìiíëèâèõ ìíîæèí� (ïîâ'ÿçÿíèõ ç êîæíîþ ñèñòåìîþ âiäëiêó
â ìåæàõ äàíî¨ ôiçè÷íî¨ ìîäåëi). Êîæíó ç öèõ �áàçîâèõ ìiíëèâèõ ìíî-
æèí� ìîæíà ââàæàòè îêðåìèì ëèêîì (îáëàñòþ ñïðèéìàííÿ) ðåàëüíîãî
ñâiòó. Ïðè öüîìó ïðèïóñêà¹òüñÿ, ùî ìiæ ðiçíèìè îáëàñòÿìè ñïðèéìà-
ííÿ iñíó¹ ïðèðîäíÿ óíiôiêàöiÿ ôiç÷íèõ îá'¹êòiâ i ïðîöåñiâ, òîáòî iñíó¹
ÿêåñü �ïðàâèëî�, êîòðå âèçíà÷à¹ ÿêèì ÷èíîì îá'¹êò ç îäíi¹¨ îáëàñòi
ñïðèéìàííÿ �ñëiä áà÷èòè� â iíøié îáëàñòi ñïðèéìàííÿ. Òîáòî ìè îòî-
òîæíþ¹ìî ïåâíèé îá'¹êò àáî ïðîöåñ iç iíøèì îá'¹êòîì àáî ïðîöåñîì
iíøî¨ îáëàñòi ñïðèéìàííÿ, êàæó÷è, ùî öå òîé ñàìèé îá'¹êò àáî ïðîöåñ,
àëå �âèäèìèé� â iíøié îáëàñòi ñïðèéìàííÿ. Â êëàñè÷íié ìåõàíiöi òà-
êà �óíiôiêàöiÿ ñïðèéìàííÿ� çàäà¹òüñÿ ç äîïîìîãîþ ãðóïè ïåðåòâîðåíü
Ãàëiëåÿ, â ñïåöiàëüíié òåîði¨ âiäíîñíîñòi � ç äîïîìîãîþ ãðóïè ïåðåòâî-
ðåíü Ëîðíöà-Ïóàíêàðå. Ñëiä çàçíà÷èòè, ùî â îáîõ âèïàäêàõ óíiôiêàöiÿ
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ñïðèéìàííÿ ïðîâîäèòüñÿ íà ðiâíi åëåìåíòàðíî-÷àñîâèõ ñòàíiâ (ç äîïî-
ìîãîþ âçà¹ìíî-îäíîçíà÷íèõ âiäîáðàæåíü, çàäàíèõ íà 4-âèìiðíîìó ïðî-
ñòîði ÷àñó). Îòæå, ïðèïóñêà¹òüñÿ, ùî äîâiëüíèé åëåìåíòàðíî-÷àñîâèé
ñòàí, �âèäèìèé� ç îäíi¹¨ îáëàñòi ñïðèéìàííÿ (ñèñòåìè âiäëiêó) ¹ çàâ-
æäè �âèäèìèì� ç iíøî¨ îáëàñòi ñïðèéìàííÿ. Íà íàøó äóìêó, òàêå ïðè-
ïóùåííÿ ¹ ïåâíîþ ôiçè÷íîþ iäåàëiçàöi¹þ, i äëÿ àáñòðàêòíî¨ òåîði¨ ìií-
ëèâèõ ìíîæèí äîáðå áóëî á âiäìîâèòèñü âiä îáîâ'ÿçêîâî¨ �íàñêðiçíî¨�
âèäèìîñòi. Ñàìå òîìó â îçíà÷åííi íèæ÷å óíiôiêàöiÿ ñïðèéìàííÿ ïðî-
âîäèòüñÿ íå íà ðiâíi åëåìåíòàðíî-÷àñîâèõ ñòàíiâ, à íà ðiâíi �îá'¹êòiâ
i ïðîöåñiâ�. Íàãàäà¹ìî, ùî â òåîði¨ áàçîâèõ ìiíëèâèõ ìíîæèí àáñòðà-
êòíèìè àíàëîãàìè ôiçè÷íèõ îá'¹êòiâ àáî ïðîöåñiâ ¹ ìiíëèâi ñèñòåìè,
òîáòî ïiäìíîæèíè ìíîæèíè Bs(B) âñiõ åëåìåíòàðíî-÷àñîâèõ ñòàíiâ áà-
çîâî¨ ìiíëèâî¨ ìíîæèíè B.

Îçíà÷åííÿ 3.1. Íåõàé
←−
B = (Bα | α ∈ A) iíäåêñîâàíà ñiì'ÿ áàçîâèõ

ìiíëèâèõ ìíîæèí, äå A � äåÿêà ìíîæèíà iíäåêñiâ. Ñèñòåìà âiä-

îáðàæåíü
←−
U = (Uβα | α, β ∈ A) âèäó:

Uβα : 2Bs(Bα) 7−→ 2Bs(Bβ) (α, β ∈ A)

íàçèâà¹òüñÿ óíiôiêàöi¹þ ñïðèéìàííÿ íà
←−
B , ÿêùî:

1. UααA ≡ A äëÿ äîâiëüíèõ α ∈ A i A ⊆ Bs (Bα).
(Òóò i íàäàëi äå ÷åðåç UβαA áóäå ïîçíà÷àòèñü äiÿ âiäîáðàæåííÿ
Uβα íà ìíîæèíó A ⊆ Bs (Bα), òîáòî UβαA := Uβα(A).)

2. Áóäü-ÿêå âiäîáðàæåííÿ Uβα ¹ ìîíîòîííèì âiäîáðàæåííÿì ìíî-
æèí, òîáòî äëÿ äîâiëüíèõ α, β ∈ A i A,B ⊆ Bs (Bα) ç óìîâè
A ⊆ B âèïëèâà¹, ùî UβαA ⊆ UβαB.

3. Äëÿ äîâiëüíèõ α, β, γ ∈ A i A ⊆ Bs (Bα) ìà¹ ìiñöå âêëþ÷åííÿ: F

UγβUβαA ⊆ UγαA. (7)

Ïðè öüîìó âiäîáðàæåííÿ Uαβ (α, β ∈ A) áóäåìî íàçèâàòè âiäîáðà-
æåííÿìè óíiôiêàöi¨, à òðiéêó âèäó:

Z =
(
A,
←−
B ,
←−
U
)

áóäåìî íàçèâàòè ìiíëèâîþ ìíîæèíîþ.
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Ïåðøà óìîâà îçíà÷åííÿ 3.1 ¹ öiëêîì î÷åâèäíîþ. Äðóãà óìîâà ïðî-
äèêòîâàíà ïðèðîäíiì ïðàãíåííÿì �áà÷èòè� ïiäñèñòåìó äàíî¨ ìiíëèâî¨
ñèñòåìè â îäíié îáëàñòi ñïðèéìàííÿ ïiäñèñòåìîþ �öi¹¨ æ� ìiíëèâî¨ ñè-
ñòåìi â iíøié îáëàñòi ñïðèéìàííÿ. Ó âèïàäêó êëàñè÷íî¨ ìåõàíiêè àáî
ñïåöiàëüíî¨ òåîði¨ âiäíîñíîñòi çàìiñòü ñïiââiäíîøåííÿ (7) ó òðåòié óìî-
âi îçíà÷åííÿ 3.1 âàðòî áóëî á çàïèñàòè ðiâíiñòü:

UγβUβαA = UγαA (α, β, γ ∈ A, A ⊆ Bs (Bα)) (8)

Çàìiíà â (7) çíàêó ðiâíîñòi íà âêëþ÷åííÿ çóìîâëåíà ìîæëèâiñòþ �ñïî-
òâîðåííÿ çîáðàæåííÿ� ïðè ïåðåõîäi äî iíøî¨ îáëàñòi ñïðèéìàííÿ, êî-
ëè íå âñi åëåìåíòàðíî-÷àñîâi ñòàíè äîâiëüíî¨ ìiíëèâî¨ ñèñòåìè äàíî¨
îáëàñòi ñïðèéìàííÿ ¹ �âèäèìèìè� ç iíøî¨ îáëàñòi ñïðèéìàííÿ. Îñòà-
ííÿ äóìêà áiëüø äåòàëüíî ïîÿñíåíà â ðîáîòàõ [15, 16], (äèâ., òàêîæ,
ïðèêëàäè 4.4, ??, ??).

3.2 Çàóâàæåííÿ ïðî òåðìiíîëîãiþ i ïîçíà÷åííÿ

Íåõàé Z =
(
A,
←−
B ,
←−
U
)
� ìiíëèâà ìíîæèíà, äå

←−
B = (Bα | α ∈ A) iíäå-

êñîâàíà ñiì'ÿ áàçîâèõ ìiíëèâèõ ìíîæèí i
←−
U = (Uβα | α, β ∈ A) � óíi-

ôiêàöiÿ ñïðèéìàííÿ íà
←−
B . Íàäàëi áóäåìî âæèâàòè íàñòóïíi òåðìiíè i

ïîçíà÷åííÿ:

1) Ìíîæèíó A áóäåìî íàçèâàòè ìíîæèíîþ iíäåêñiâ ìiíëèâî¨
ìíîæèíè Z i áóäåìî ïîçíà÷àòè ¨¨ ÷åðåç Ind (Z).

2) Äëÿ äîâiëüíîãî iíäåêñà α ∈ Ind (Z) ïàðó (α,Bα) áóäåìî íàçèâàòè
îáëàñòþ ñïðèéìàííÿ àáî ñèñòåìîþ âiäëiêó Z.

3) Ìíîæèíó âñiõ îáëàñòåé ñïðèéìàííÿ (ñèñòåì âiäëiêó) ìiíëèâî¨
ìíîæèíè Z áóäåìî ïîçíà÷àòè ÷åðåç Lk (Z):

Lk (Z) := {(α,Bα) | α ∈ Ind (Z)} .

Îáëàñòi ñïðèéìàííÿ ìiíëèâèõ ìíîæèí áóäåìî, ÿê ïðàâèëî, ïîçíà÷àòè
ìàëèìè ëàòèíñüêèìè áóêâàìè (l,m, k, p òà ií).

4) Íåõàé l = (α,Bα) ∈ Lk (Z). Ââåäåìî íàñòóïíi ïîçíà÷åííÿ:

ind (l) := α; l� := Bα.

Îòæå, äëÿ äîâiëüíî¨ îáëàñòi ñïðèéìàííÿ l ∈ Lk (Z) ìàòåìàòè÷íèé îá'-
¹êò l� ¹ áàçîâîþ ìiíëèâîþ ìíîæèíîþ.
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Íàäàëi, êîëè öå íå âèêëèêà¹ íåïîðîçóìiíü, äëÿ äîâiëüíî¨ îáëàñòi
ñïðèéìàííÿ l ∈ Lk (Z) â ïîçíà÷åííÿõ Bs (l�), Bs (l�), Tm (l�), Tm (l�)
≤l�, <l�, ≥l�, >l�, ψl�, ←

l�
, Ld (l�) ñèìâîë � �� áóäåìî îïóñêàòè, âèêî-

ðèñòîâóþ÷è çàìiñòü íèõ ïîçíà÷åííÿ:

Bs (l) , Bs (l) , Tm (l) , Tm (l) , ≤l, <l, ≥l, >l, ψl, ←
l
, Ld (l) .

5) Äëÿ äîâiëüíèõ îáëàñòåé ñïðèéìàííÿ l,m ∈ Lk (Z) âiäîáðàæåííÿ
óíiôiêàöi¨ Uind(m),ind(l) áóäåìî ïîçíà÷àòè ÷åðåç 〈m← l,Z〉, òîáòî:

〈m← l,Z〉 = Uind(m),ind(l).

ßêùî âiäîìî ïðî ÿêó ìiíëèâó ìíîæèíó Z éäå ìîâà, ñèìâîë Z ó çà-
çíà÷åíîìó âèùå ïîçíà÷åííi áóäåìî îïóñêàòè, âæèâàþ÷è çàìiñòü íüîãî
ïîçíà÷åííÿ, 〈m← l〉. Êðiì òîãî, êîëè öå íå âèêëèêà¹ íåïîðîçóìiíü, â
ïîçíà÷åííÿõ ≤l, <l, ≥l, >l, ←

l
ñèìâîë l òàêîæ áóäåìî îïóñêàòè, çàñòî-

ñîâóþ÷è çàìiñòü íèõ ïîçíà÷åííÿ ≤, <, ≥, >, ← âiäïîâiäíî.

3.3 Åëåìåíòàðíi âëàñòèâîñòi ìiíëèâèõ ìíîæèí

Âèêîðèñòîâóþ÷è îçíà÷åííÿ 3.1, à òàêîæ ïîçíà÷åííÿ, ââåäåíi ó ïiäðîç-
äiëi 3.2, ìîæíà ñôîðìóëþâàòè íàñòóïíi áàçîâi âëàñòèâîñòi ìiíëè-
âèõ ìíîæèí:

Âëàñòèâîñòi 3.1. Ó âëàñòèâîñòÿõ 1-5, Z ¹ äîâiëüíîþ ìiíëèâîþ ìíî-
æèíîþ i l,m, p ∈ Lk (Z) � äîâiëüíi îáëàñòi ñïðèéìàííÿ Z.

1. l = (ind (l) , l�);

2. l� =

(((
Bs(l),←

l

)
, (Tm(l),≤l) , ψl

)
, ←
Bs(l)

)
¹ áàçîâîþ ìiíëèâîþ

ìíîæèíîþ.

3. 〈l← l〉A = A, A ⊆ Bs(l);

4. ßêùî A ⊆ B ⊆ Bs(l), òî 〈m← l〉A ⊆ 〈m← l〉B;

5. 〈p←m〉 〈m← l〉A ⊆ 〈p← l〉A, (∀A ⊆ Bs(l)).

Â ìàéáóòíüîìó îçíà÷åííÿ 3.1 áåçïîñåðåäíüî çàñòîñîâóâàòèñü íå áó-
äå à çàìiñòü íüîãî áóäóòü âèêîðèñòîâóâàòèñü âëàñòèâîñòi 3.1. Íàñòóïíi
äâà òâåðäæåííÿ ¹ áåçïîñåðåäíiìè íàñëiäêàìè âëàñòèâîñòåé 3.1. Â öèõ
òâåðäæåííÿõ ñèìâîë Z îçíà÷à¹ äîâiëüíó ìiíëèâó ìíîæèíó.
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Òâåðäæåííÿ 3.1. Äëÿ äîâiëüíèõ l,m ∈ Lk (Z) ñïðàâåäëèâà íàñòóïíà
ðiâíiñòü:

〈m← l〉 ∅ = ∅.

Äîâåäåííÿ. Ïîçíà÷èìî B := 〈m← l〉 ∅ ⊆ Bs(m). Âèêîðèñòîâóþ÷è âëà-
ñòèâîñòi 3.1 (5 òà 3) îòðèìó¹ìî:

〈l←m〉B = 〈l←m〉 〈m← l〉 ∅ ⊆ 〈l← l〉 ∅ = ∅.

Îòæå, 〈l←m〉B = ∅. Îñêiëüêè ∅ ⊆ B, òà, çà âëàñòèâiñòþ 3.1(4) ,

〈l←m〉 ∅ ⊆ 〈l←m〉B = ∅,

òîáòî 〈l←m〉 ∅ = ∅. Îòæå, çãiäíî ç âëàñòèâîñòÿìè 3.1 (3 òà 5), îòðè-
ìó¹ìî:

∅ = 〈m←m〉 ∅ ⊇ 〈m← l〉 〈l←m〉 ∅ = 〈m← l〉 ∅ = B.

Òâåðäæåííÿ 3.2. Äëÿ äîâiëüíèõ l,m ∈ Lk (Z) i äîâiëüíî¨ ñiì'¨ ìií-
ëèâèõ ñèñòåì (Aα|α ∈ A) (Aα ⊆ Bs(l), α ∈ A) ñïðàâåäëèâi íàñòóïíi
âêëþ÷åííÿ:

1) 〈m← l〉
( ⋂
α∈A

Aα

)
⊆
⋂
α∈A
〈m← l〉Aα;

2)
⋂
α∈A

Aα ⊇ 〈l←m〉
( ⋂
α∈A
〈m← l〉Aα

)
;

3) 〈m← l〉
( ⋃
α∈A

Aα

)
⊇
⋃
α∈A
〈m← l〉Aα.

Ïiäêðåñëèìî, ùî ìíîæèíà iíäåêñiâA â äàíîìó òâåðäæåííi ¹ äîâiëü-
íîþ, i, âçàãàëi êàæó÷è, íå ñïiâïàäà¹ ç ìíîæèíîþ iíäåêñiâ ó îçíà÷åííi
3.1.

Äîâåäåííÿ. 1) Ïîêëàäåìî A :=
⋂
α∈AAα. Âðàõîâóþ÷è, ùî A ⊆ Aα,

α ∈ A i âèêîðèñòîâóþ÷è âëàñòèâiñòü 3.1(4), îòðèìó¹ìî:

〈m← l〉A ⊆ 〈m← l〉Aα, α ∈ A.

Îòæå, 〈m← l〉A ⊆
⋂
α∈A 〈m← l〉Aα.
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2) Ïîçíà÷èìî: Q :=
⋂
α∈A
〈m← l〉Aα. Òîäi Q ⊆ 〈m← l〉Aα, α ∈ A.

Çâiäñè, çà âëàñòèâîñòÿìè 3.1(4,5 i 3) îòðèìó¹ìî:

〈l←m〉Q ⊆ 〈l←m〉 〈m← l〉Aα ⊆ 〈l← l〉Aα = Aα, α ∈ A.

Îòæå, 〈l←m〉Q ⊆
⋂
α∈AAα, ùî é íåîáõiäíî áóëî äîâåñòè.

3) Ïîêëàäåìî: A :=
⋃
α∈AAα. Âðàõîâóþ÷è, ùî Aα ⊆ A, α ∈ A i

âèêîðèñòîâóþ÷è âëàñòèâiñòü 3.1(4), îòðèìó¹ìî:

〈m← l〉Aα ⊆ 〈m← l〉A, α ∈ A.

Òîìó,
⋃
α∈A 〈m← l〉Aα ⊆ 〈m← l〉A.

4 Ïðèêëàäè ìiíëèâèõ ìíîæèí

Ïðèêëàä 4.1. Íåõàé iíäåêñîâàíà ñiì'ÿ áàçîâèõ ìiíëèâèõ ìíîæèí←−
B = (Bα | α ∈ A) (A 6= ∅) ¹ òàêîþ, ùî ìíîæèíè åëåìåíòàðíî-÷àñîâèõ
ñòàíiâ Bs (Bα) i Bs (Bβ) ¹ ðiâíîïîòóæíèìè äëÿ äîâiëüíèõ α, β ∈ A,
òîáòî card (Bs (Bα)) = card (Bs (Bβ)), α, β ∈ A (äå card(M) îçíà÷à¹
ïîòóæíiñòü ìíîæèíè M). Ðîçãëÿíåìî äîâiëüíó iíäåêñîâàíó ñiì'þ ái-

¹êöié (âçà¹ìíî-îäíîçíà÷íèõ âiäîáðàæåíü)
←−
W = (Wαβ | α, β ∈ A) âèäó

Wβα : Bs (Bα) 7→ Bs (Bβ), ùî çàäîâîëüíÿ¹ íàñòóïíi óìîâè:

Wαα(ω) = ω, α ∈ A, ω ∈ Bs (Bα) ;
Wγβ (Wβα(ω)) =Wγα(ω), α, β, γ ∈ A, ω ∈ Bs (Bα) . (9)
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Çàóâàæåííÿ 4.1. Òàêó ñiì'þ âçà¹ìíî-îäíîçíà÷íèõ âiäîáðàæåíü
ëåãêî ïîáóäóâàòè íàñòóïíèì ÷èíîì. Îñêiëüêè card (Bs (Bα)) =
card (Bs (Bβ)) , α, β ∈ A, òî iñíó¹ ìíîæèíà B0, ÿêà ¹ ðiâíîïî-
òóæíîþ äî âñiõ ìíîæèí ñiì'¨ (Bs (Bα) |α ∈ A) (îñêiëüêè A 6= ∅, ìî-
æíà âèáðàòè, äëÿ ïðèêëàäó äîâiëüíèé (ôiêñîâàíèé) iíäåêñ α0 ∈ A
i ïîêëàñòè B0 := Bs (Bα0

)). Òàêîæ âiçüìåìî äîâiëüíó ñiì'þ ái¹êöié
←−
W = (Wα | α ∈ A) âèäó Wα : B0 7→ Bs (Bα) (òàêà ñiì'ÿ îáîâ'ÿçêîâî
iñíó¹, îñêiëüêè card (B0) = card (Bs (Bα)) , α ∈ A). Ïîêëàäåìî:

Wβα (ω) :=WβW [−1]
α (ω) =Wβ

(
W [−1]
α (ω)

)
, α, β ∈ A, ω ∈ Bs (Bα) .

äå W [−1]
α � ái¹êöiÿ, îáåðíåíà äî Wα. Ëåãêî ïåðåâiðèòè, ùî ñiì'ÿ

ái¹êöié (Wβα| α, β ∈ A) çàäîâîëüíÿ¹ óìîâè (9).

Ïîêëàäåìî:

UβαA :=Wβα(A) = {Wβα(ω) | ω ∈ A} , A ⊆ Bs (Bα) .

Íåâàæêî ïåðåâiðèòè, ùî ñiì'ÿ âiäîáðàæåíü
←−
U = (Uβα | α, β ∈ A) çàäî-

âîëüíÿ¹ óìîâè îçíà÷åííÿ 3.1, ïðè÷îìó òðåòþ óìîâó öüîãî îçíà÷åííÿ
ìîæíà çàìiíèòè íà áiëüø ñèëüíó óìîâó (8). Îòæå, òðiéêà:

Zpv
(←−
B ,
←−
W
)
=
(
A,
←−
B ,
←−
U
)

¹ ìiíëèâîþ ìíîæèíîþ. Ìiíëèâó ìíîæèíó Zpv
(←−
B ,
←−
W
)
áóäåìî íàçèâà-

òè ïîâíiñòþ âèäèìîþ ìiíëèâîþ ìíîæèíîþ, ïîðîäæåíîþ ñèñòåìîþ

áàçîâèõ ìiíëèâèõ ìíîæèí
←−
B òà ñèñòåìîþ âiäîáðàæåíü

←−
W .

Çàóâàæèìî, ùî äëÿ äîâiëüíèõ îáëàñòåé ñïðèéìàííÿ l,m ∈
Zpv

(←−
B ,
←−
W
)
ìàþòü ìiñöå íàñòóïíi ðiâíîñòi:

l� = Bind(l); 〈m← l〉A =Wind(m),ind(l)(A), A ⊆ Bs
(
Bind(l)

)
.

Äëÿ ïîáóäîâè íàñòóïíîãî ïðèêëàäà ïîòðiáíî ââåñòè ïîíÿòòÿ îáðàçó
áàçîâî¨ ìiíëèâî¨ ìíîæèíè ïðè âiäîáðàæåííi ìíîæèíè ¨¨ åëåìåíòàðíî-
÷àñîâèõ ñòàíiâ.

Íåõàé B � áàçîâà ìiíëèâà ìíîæèíà, T = (T,≤) � äîâiëüíà ëiíiéíî
óïîðÿäêîâàíà ìíîæèíà, iX � äîâiëüíà ìíîæèíà. Ðîçãëÿíåìî äîâiëüíå
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âiäîáðàæåííÿ U : Tm(B)×Bs(B) 7→ T×X. Âiäîáðàæåííÿ òàêîãî òèïó
áóäåìî íàçèâàòè òðàíñôîðìóþ÷èì äëÿ B,T òà X.

Òåîðåìà 4.1. Íåõàé B � áóäü-ÿêà áàçîâà ìiíëèâà ìíîæèíà i U �
òðàíñôîðìóþ÷å âiäîáðàæåííÿ äëÿ B,T òà X. Òîäi iñíó¹, ïðè÷îìó ¹äè-
íà áàçîâà ìiíëèâà ìíîæèíà U [B], ùî çàäîâîëüíÿ¹ òàêi óìîâè:

1. Bs(U [B]) = U(Bs(B)) = {U(ω) | ω ∈ Bs(B)};

2. Tm (U [B]) = T;

3. ßêùî w1,w2 ∈ Bs(U [B]) i tm (w1) 6= tm (w2), òî w1 i w2 îá'¹äíàíi
äîëåþ â U [B] òîäi i òiëüêè òîäi, êîëè iñíóþòü îá'¹äíàíi äîëåþ
â B åëåìåíòàðíî-÷àñîâi ñòàíè ω1, ω2 ∈ Bs(B) òàêi, ùî w1 =
U (ω1), w2 = U (ω2).

Äîâåäåííÿ òåîðåìè 4.1. Äîâåäåííÿ iñíóâàííÿ.
1. Íåõàé U : Tm(B) × Bs(B) 7→ T × X � òðàíñôîðìóþ÷å âiä-

îáðàæåííÿ äëÿ B,T òà X (äå T = (T,≤)). Íà ìíîæèíi U(Bs(B)) =
{U(ω) | ω ∈ Bs(B)} ⊆ T×X âèçíà÷èìî áiíàðíå âiäíîøåííÿ C−−, à ñàìå
äëÿ äîâiëüíèõ w1,w2 ∈ U(Bs(B)) áóäåìî ââàæàòè, ùî w2 C−−w1 òîäi i
òiëüêè òîäi, êîëè âèêîíó¹òüñÿ õî÷ îäíà ç íàñòóïíèõ óìîâ:

U[B]1) w1 = w2;

U[B]2) tm (w1) < tm (w2) i iñíóþòü îá'¹äíàíi äîëåþ â B åëåìåíòàðíî-
÷àñîâi ñòàíè ω1, ω2 ∈ Bs(B) òàêi, ùî wi = U (ωi) (i = 1, 2).

Ç óìîâ U[B]1), U[B]2) âèïëèâà¹, ùî âiäíîøåííÿ C−− çàäîâîëüíÿ¹ óìîâè
1,2 òåîðåìè 2.2. Îòæå, çà òåîðåìîþ 2.2, iñíó¹ (i òiëüêè îäíà) áàçîâà
ìiíëèâà ìíîæèíà B1, ÿêà çàäîâîëüíÿ¹ òàêi óìîâè:

Tm (B1) = T; Bs (B1) = U(Bs(B)); ←
Bs(B1)

= C−− . (10)

Ïîêëàäåìî:
U [B] := B1.

Ç ïåðøèõ äâîõ óìîâ (10) âèïëèâà¹, ùî áàçîâà ìiíëèâà ìíîæèíà U [B]
çàäîâîëüíÿ¹ óìîâè 1,2 äàíî¨ òåîðåìè. Ç òðåòüî¨ óìîâè (10), ç óðàõó-
âàííÿì òâåðäæåííÿ 2.4, âèïëèâà¹, ùî òðåòÿ óìîâà äàíî¨ òåîðåìè äëÿ
áàçîâî¨ ìiíëèâî¨ ìíîæèíè U [B] òàêîæ âèêîíó¹òüñÿ.

Äîâåäåííÿ ¹äèíîñòi.
Íåõàé, áàçîâà ìiíëèâà ìíîæèíà B2 òàêîæ çàäîâîëüíÿ¹ óìîâè 1,2,3

äàíî¨ òåîðåìè, òîáòî:
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1′. Bs (B2) = U(Bs(B));

2′. Tm (B2) = T;

3′. ßêùî w1,w2 ∈ Bs (B2) i tm (w1) 6= tm (w2), òî w1 i w2 îá'¹äíàíi
äîëåþ â B2 òîäi i òiëüêè òîäi, êîëè iñíóþòü îá'¹äíàíi äîëåþ â B
åëåìåíòàðíî-÷àñîâi ñòàíè ω1, ω2 ∈ Bs(B) òàêi, ùî w1 = U (ω1),
w2 = U (ω2).

Òîäi, ç óìîâ 1′,2′ âèïëèâà¹, ùî ïåðøi äâi óìîâè (10) äëÿ áàçîâî¨ ìií-
ëèâî¨ ìíîæèíè B2 âèêîíàíi (òîáòî Tm (B2) = T, Bs (B2) = U(Bs(B))).
Ç óìîâè 3′, ç óðàõóâàííÿì âëàñòèâîñòi 2.1(2) i òâåðäæåííÿ 2.4, âèïëè-
âà¹, ùî ←

Bs(B2)
= C−−. Òîáòî, áàçîâà ìiíëèâà ìíîæèíà B2 çàäîâîëüíÿ¹ âñi

òðè óìîâè (10). Àëå, çà òåîðåìîþ 2.2, iñíó¹ ëèøå îäíà áàçîâà ìiíëèâà
ìíîæèíà, ÿêà çàäîâîëüíÿ¹ óìîâè (10). Îòæå, B2 = B1 = U [B].

Îçíà÷åííÿ 4.1. Áàçîâó ìiíëèâó ìíîæèíó U [B], ùî çàäîâîëüíÿ¹ óìî-
âè 1,2,3 òåîðåìè 4.1 áóäåìî íàçèâàòè îáðàçîì áàçîâî¨ ìiíëè-
âî¨ ìíîæèíè B ïðè òðàíñôîðìóþ÷îìó âiäîáðàæåííi U : Tm(B) ×
Bs(B) 7→ T×X.

Çàóâàæåííÿ 4.2. Ç óìîâè 3 òåîðåìè 4.1 i âëàñòèâîñòi 2.1(2), âèïëèâà¹,
ùî äëÿ äîâiëüíèõ åëåìåíòàðíî-÷àñîâèõ ñòàíiâ w1, w2 ∈ Bs(U [B]) ñïiâ-
âiäíîøåííÿ w2 ←

U [B]
w1 ìà¹ ìiñöå òîäi i òiëüêè òîäi, êîëè w1 = w2 àáî

tm (w1) < tm (w2) i iñíóþòü îá'¹äíàíi äîëåþ â B åëåìåíòàðíî-÷àñîâi
ñòàíè ω1, ω2 ∈ Bs(B) òàêi, ùî wi = U (ωi) (i = 1, 2).

Ïðèêëàä 4.2. Íåõàé, B � äîâiëüíà áàçîâà ìiíëèâà ìíîæèíà, X �
äîâiëüíà ìíîæèíà, ùî ìiñòèòü Bs(B) (Bs(B) ⊆ X). I íåõàé U � äåÿêà
ìíîæèíà ái¹êöié âèäó:

U : Tm(B)×X 7−→ Tm(B)×X (U ∈ U).

Òàêó ìíîæèíó ái¹êöié U áóäåìî íàçèâàòè òðàíñôîðìóþ÷îþ
ìíîæèíîþ ái¹êöié âiäíîñíî áàçîâî¨ ìiíëèâî¨ ìíîæèíè B. Ââåäåìî
ïîçíà÷åííÿ:

A := U;
Uα := α, α ∈ A.



Ìiíëèâi ìíîæèíè òà ¨õ çàñòîñóâàííÿ 221

Òîäi ìè îòðèìà¹ìî iíäåêñîâàíó ñiì'þ âiäîáðàæåíü
←−
U = (Uα | α ∈ A)

òàêó, ùî Uα 6= Uβ , äëÿ α 6= β.
Êîæíå âiäîáðàæåííÿ Uα (α ∈ A) âiäîáðàæà¹ Tm(B)×Bs(B) ó ìíî-

æèíó Tm(B)×X. Òîìó îòðèìó¹ìî ñiì'þ áàçîâèõ ìiíëèâèõ ìíîæèí:

Bα := Uα[B], α ∈ A;
←−
U [B] = (Uα[B] | α ∈ A) = (U [B] | U ∈ U) .

Çà òåîðåìîþ 4.1:

Bs (Uα[B]) = Uα (Bs(B)) , α ∈ A,

îòæå, êîæíå âiäîáðàæåííÿ Uα ¹ âçà¹ìíî-îäíîçíà÷íèì âiäîáðàæåííÿì ç
ìíîæèíè Bs(B) â ìíîæèíó Bs (Uα[B]). Ðîçãëÿíåìî ñiì'þ âiäîáðàæåíü:

Ũβα := UβU
[−1]
α = Uβ

(
U [−1]
α

)
, α, β ∈ A.

Äëÿ äîâiëüíèõ α, β ∈ A âiäîáðàæåííÿ Ũβα ¹ ái¹êöi¹þ ìiæ ìíîæèíàìè

Bs (Uα[B]) òà Bs (Uβ [B]). Ñàìå òîìó íàäàëi êîæíå âiäîáðàæåííÿ Ũβα
áóäåìî ââàæàòè çâóæåíèì íà ìíîæèíó Bs (Uα[B]). Çãiäíî iç çàóâàæå-

ííÿì 4.1, ñiì'ÿ âiäîáðàæåíü
←−
U∼ =

(
Ũβα | α, β ∈ A

)
çàäîâîëüíÿ¹ óìîâè

(9). Îòæå, çà ðåçóëüòàòàìè ïðèêëàäó 4.1, ìîæíà ïîáóäóâàòè ìiíëèâó
ìíîæèíó:

Z im (U,B) = Zpv
(←−
U [B],

←−
U∼
)
.

Ìiíëèâó ìíîæèíó Z im (U,B) áóäåìî íàçèâàòè áàãàòîëèêèì îáðà-
çîì áàçîâî¨ ìiíëèâî¨ ìíîæèíè B âiäíîñíî òðàíñôîðìóþ÷î¨ ìíîæèíè
ái¹êöié U.
Ïðèêëàä 4.3. Íåõàé, B � áàçîâà ìiíëèâà ìíîæèíà òàêà, ùî

Bs(B) ⊆ R3, Tm(B) = (R,≤)

(íàïðèêëàä B = At (R), äå R � ñèñòåìà àáñòðàêòíèõ òðàåêòîðié ç R
â M , ïðè÷îìó M ⊆ R3). Âèêîðèñòîâóþ÷è ãðóïó Ïóàíêàðå U = P (1, 3)
íà 4-ìiðíîìó ïðîñîði ÷àñó (R4 = R × R3 ⊆ Tm(B) × Bs(B)) â ÿêî-
ñòi òðàíñôîðìóþ÷î¨ ìíîæèíè âiäîáðàæåíü îòðèìó¹ìî ìiíëèâó ìíî-
æèíó Z im (P (1, 3),B), ÿêà ìîæå áóòè çàñòîñîâàíà äî ôîðìàëiçàöi¨ êi-
íåìàòèêè ñïåöiàëüíî¨ òåîði¨ âiäíîñíîñòi â iíåðöiéíèõ ñèñòåìàõ âiäëi-
êó. Çàóâàæèìî, ùî äàíà ìîäåëü ôîðìàëüíî íå çàáîðîíÿ¹ iñíóâàí-
íÿ òàõiîííèõ òðàíñôîðìàöié, îñêiëüêè, íàïðèêëàä, ìîæóòü iñíóâàòè
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åëåìåíòàðíî-÷àñîâi ñòàíè ω1, ω2 ∈ Bs(B) ⊆ R × R3 òàêi, ùî ω2←ω1

i ‖bs (ω2)− bs (ω1)‖2 > c2 (tm (ω2)− tm (ω1))
2
, äå ‖·‖ � åâêëiäîâà íîð-

ìà â ïðîñòîði R3, i c � äîäàòíà ÷èñëîâà êîíñòàíòà, ÿêà ìà¹ ôiçè÷íó
iíòåðïðåòàöiþ øâèäêîñòi ñâiòëà ó âàêóóìi.

Â ïðèêëàäàõ 4.1-4.3 âiäîáðàæåííÿ óíiôiêàöi¨ 〈m← l〉 (l,m ∈ Lk (Z))
çàäàþòüñÿ ç äîïîìîãîþ âçà¹ìíî-îäíîçíà÷íèõ âiäîáðàæåíü ìiæ ìíîæè-
íàìè åëåìåíòàðíî-÷àñîâèõ ñòàíiâ Bs(l) i Bs(m) (òîáòî:

〈m← l〉A =
⊔
ω∈A
〈m← l〉 {ω} (l,m ∈ Lk (Z) , A ⊆ Bs(l)), (11)

äå çíàê
⊔

îçíà÷à¹ äèç'þíêòíå îá'¹äíàííÿ (òîáòî 〈m← l〉 {ω} ∩
〈m← l〉 {ω′} = ∅ ïðè ω 6= ω′), i òðåòþ óìîâó îçíà÷åííÿ 3.1 ìîæíà
çàìiíèòè íà áiëüø ñèëüíó óìîâó (8)). Àëå, íàñïðàâäi, óìîâè îçíà÷åí-
íÿ 3.1 äóæå çàãàëüíi. I íàñòóïíèé ïðèêëàä ïîêàæå, íàñêiëüêè äàëåêî
â öüîìó îçíà÷åííi áóëî çðîáëåíî âiäõiä âiä çâè÷íîãî äëÿ êëàñè÷íèõ
êiíåìàòèê â iíåðöiéíèõ ñèñòåìàõ âiäëiêó �ïîòî÷êîâîãî� ñïiâñòàâëåííÿ
åëåìåíòàðíî-÷àñîâèõ ñòàíiâ ðiçíèõ îáëàñòåé ñïðèéìàííÿ.

Ïðèêëàä 4.4. Íåõàé
←−
B = (Bα | α ∈ A) � äîâiëüíà iíäåêñîâàíà ñiì'ÿ

áàçîâèõ ìiíëèâèõ ìíîæèí. Ïîêëàäåìî:

UβαA :=

{
A, α = β

∅, α 6= β
, α, β ∈ A, A ⊆ Bs (Bα) .

Ëåãêî ïåðåâiðèòè, ùî ñiì'ÿ âiäîáðàæåíü
←−
U = (Uβα | α, β ∈ A) çàäîâîëü-

íÿ¹ âñi óìîâè îçíà÷åííÿ 3.1. Òîìó, òðiéêà

Znv
(←−
B
)
=
(
A,
←−
B ,
←−
U
)

¹ ìiíëèâîþ ìíîæèíîþ.

Ìiíëèâó ìíîæèíó Znv
(←−
B
)
áóäåìî íàçèâàòè ïîâíiñòþ íåâèäè-

ìîþ ìiíëèâîþ ìíîæèíîþ, ïîðîäæåíîþ ñèñòåìîþ áàçîâèõ ìiíëèâèõ

ìíîæèí
←−
B .

Çàóâàæèìî, ùî áóäü-ÿêó áàçîâó ìiíëèâó ìíîæèíó B ìîæíà îòîòî-

æíèòè ç ìiíëèâîþ ìíîæèíîþ âèäó Znv
(←−
B
)
, äå A = {1}, B1 = B i

←−
B = (Bα |α ∈ A) = (B1).

Iíøi, áiëüø öiêàâi, ïðèêëàäè ìiíëèâèõ ìíîæèí Z, ùî íå çàäîâîëü-
íÿþòü óìîâó (11) ìîæíà çíàéòè â ðîáîòi [16].
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5 Ìiíëèâi ìíîæèíè, ïîðîäæåíi óçàãàëüíå-

íèìè ïåðåòâîðåííÿìè Ëîðåíöà

Íåõàé, (H, ‖·‖ 〈·, ·〉) � ãiëüáåðòîâèé ïðîñòið íàä ïîëåì äiéñíèõ ÷èñåë.
Ïîçíà÷èìî ÷åðåç L (H) ïðîñòið ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ íàä
ïðîñòîðîì H.

Íàãàäà¹ìî [20, ñòîð. 128], [21, ñòîð. 140], ùî ïðîñòîðîì Ìiíêîâñüêî-
ãî íàä (äiéñíèì) ãiëüáåðòîâèì ïðîñòîðîì H íàçèâà¹òüñÿ ãiëüáåðòîâèé
ïðîðñòiðM (H) = R×H = {(t, x) | t ∈ R, x ∈ H}, îñíàùåíèé ñêàëÿðíèì
äîáóòêîì òà íîðìîþ:

〈w1,w2〉M(H) = t1t2 + 〈x1, x2〉 ; ‖w1‖M(H) = t21 + ‖x1‖
2
,

äå wi = (ti, xi) , i ∈ {1, 2}. Â ïðîñòîði M (H) âèäiëèìî íàñòóïíi ïiä-
ïðîñòîðè:

H0 = {(t,0) | t ∈ R} ; H1 = {(0, x) |x ∈ H} ,

äå 0 � íóëüîâèé âåêòîð. Òîäi:

M (H) = H0 ⊕ H1,

äå ⊕ îçíà÷à¹ îðòîãîíàëüíó ñóìó ïiäïðîñòîðiâ ïðîñòîðóM (H).
Ïîçíà÷èìî ÷åðåç e0 âåêòîð

e0 = (1,0) ∈M (H) .

Ââåäåìî íàñòóïíi îðòîïðîåêòîðè íà ïiäïðîñòîðè H0 òà H1:

T̂ω = te0 = (t,0) ∈ H0, ω = (t, x) ∈M (H) ;

Xω = (0, x) ∈ H1, ω = (t, x) ∈M (H)

(íàãàäà¹ìî, ùî îïåðàòîð P ∈ L (H) íàçèâà¹òüñÿ îðòîïðîåêòîðîì, ÿêùî
P 2 = P ∗ = P , äå P ∗ � ñïðÿæåíèé îïåðàòîð äî îïåðàòîðà P ). Òàêîæ
ïîçíà÷èìî ÷åðåç T íàñòóïíèé ëiíiéíèé îïåðàòîð

T (ω) = t, ω = (t, x) ∈M (H)

çM (H) â R. Òîäi:

T̂ω = T (ω) e0, ω ∈M (H) . (12)



224 ß.I. Ãðóøêà

Äîâiëüíèé âåêòîð ω ∈M (H) ìîæíà ¹äèíèì ÷èíîì ïîäàòè ó âèãëÿäi:

ω = te0 + x = T (ω) e0 +Xω, (13)

äå x = Xω ∈ H1, t = T (ω) ∈ R.
Äîâiëüíèé âåêòîð V ∈ H1 ïîðîäæó¹ íàñòóïíi ïiäïðîñòîðè â ïðîñòî-

ði H1.

H1 [V ] = span {V } ;
H1⊥ [V ] = H1 	 H1 [V ] = {x ∈ H1 | 〈x, V 〉 = 0} ,

äå spanM îçíà÷à¹ ëiíiéíó îáîëîíêó ìíîæèíè M ⊆ M (H). Ïîçíà÷è-
ìî ÷åðåç X1 [V ] òà X⊥1 [V ] îðòîïðîåêòîðè íà ïiäïðîñòîðè (âiäïîâiäíî)
H1 [V ] òà H1⊥ [V ]:

X1 [V ]ω =

{ 〈V,ω〉
‖V ‖2 V, V 6= 0

0, V = 0
, ω ∈M (H) ;

X⊥1 [V ] = X−X1 [V ] (14)

Ïîêëàäåìî:

U (H1) = {U ∈ L (H1) | U − óíiòàðíèé îïåðàòîð} ; (15)

B1 (H1) = {x ∈ H1 | ‖x‖ = 1} ; (16)

Íàãàäà¹ìî, ùî îïåðïòîð U ∈ L (H1) íàçèâà¹òüñÿ óíiòàðíèì , ÿêùî
∀x ∈ H1 ‖Ux‖ = ‖x‖ i UH1 = H1 (äå UH1 = {Ux |x ∈ H1}).

Òàêîæ íàãàäà¹ìî [20, page 128, de�nition 1], ùî ëiíiéíèé íåïåðåðâ-
íèé îïåðàòîð S ∈ L (M (H)) íàçèâà¹òüñÿ îïåðàòîðîì ïåðåòâîðå-
ííÿ êîîðäèíàò íàä H, ÿêùî iñíó¹ íåïåðåðâíèé îáåðíåíèé îïåðàòîð
S−1 ∈ L (M (H)).

Íàäàëi ñèìâîëîì c áóäåìî ïîçíà÷àòè äîâiëüíó ôiêñîâàíó äîäàòíó
äiéñíó êîíñòàíòó, ÿêà ìà¹ ôiçè÷íèé çìiñò øâèäêîñòi ñâiòëà â âàêóóìi.

Ïîçíà÷èìî ÷åðåç Mc (·) ïñåâäî-ìåòðèêó Ëîðåíöà-Ìiíêîâñüêîãî íà
ïðîñòîðiM (H):

Mc (ω) = ‖Xω‖2 − c2T 2 (ω) , ω ∈M (H) . (17)

Íåõàé, s ∈ {−1, 1}, θ ∈ [−1, 1] \ {0}, n ∈ B1 (H1) i J ∈ U (H1). Äëÿ
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äîâiëüíîãî äëÿ äîâiëüíîãî w ∈M (H) ïîêëàäåìî:

Uθ,c [s,n, J ] w :=

(
sϕ0 (θ) T (w)− ϕ1 (θ)

〈n,w〉
c

)
e0+

+ J
(
cϕ1 (θ) T (w)n− sϕ0 (θ)X1 [n] w +X⊥1 [n] w

)
, äå (18)

ϕ0 (θ) =
1 + θ |θ|
2 |θ|

; ϕ1 (θ) =
1− θ |θ|
2 |θ|

. (19)

Ëåãêî ïåðâiðèòè, ùî äëÿ äîâiëüíîãî θ ∈ [−1, 1] \ {0} ñïðàâåäëèâi íà-
ñòóïíi ðiâíîñòi:

ϕ0 (θ)ϕ1 (θ) = −
1

4

(
θ2 − 1

θ2

)
; c

ϕ1 (θ)

ϕ0 (θ)
= λ = c

1− θ |θ|
1 + θ |θ|

;

ϕ0 (θ) + ϕ1 (θ) =
1

|θ|
; ϕ0 (θ)− ϕ1 (θ) = θ; ϕ0 (θ)

2 − ϕ1 (θ)
2
= sign θ;

(20)

ϕ0 (−θ) = ϕ1 (θ) ; ϕ1 (−θ) = ϕ0 (θ) .

Î÷åâèäíî, ùî äëÿ äîâiëüíèõ s ∈ {−1, 1}, θ ∈ [−1, 1] \ {0}, n ∈
B1 (H1) i J ∈ U (H1) ôîðìóëà (18) âèçíà÷à¹ ëiíiéíèé íåïåðåðâíèé îïå-
ðàòîð íàä ïðîñòîðîì M (H) (òîáòî, Uθ,c [s,n, J ] ∈ L (M (H))). Ïîçíà-
÷èìî ÷åðåç OT (H, c) íàñòóïíèé êëàñ ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ
íàä ïðîñòîðîìM (H):

OT (H, c) := {Uθ,c [s,n, J ] | s ∈ {−1, 1} , θ ∈ [−1, 1] \ {0} , n ∈ B1 (H1) J ∈ U (H1)} .
(21)

Â ðîáîòi [20, page 142] êëàñ îïåðàòîðiâ OT (H, c) âèçíà÷åíî ïî-iíøîìó,
àëå ç [20, theorem 3] âèïëèâà¹, ùî îçíà÷åííÿ öüîãî êëàñó îïåðàòîðiâ ç
äîïîìîãîþ ôîðìóëè (21) åêâiâàëåíòíå îçíà÷åííþ, äàíîìó â [20, page
142].

Ââåäåìî íàñòóïíi ïiäêëàñè êëàñó îïåðàòîðiâ OT (H, c):

OT+ (H, c) = {Uθ,c [s,n, J ] ∈ OT (H, c) | s = 1}
= {Uθ,c [1,n, J ] | θ ∈ [−1, 1] \ {0} , n ∈ B1 (H1) J ∈ U (H1)} ;

O (H, c) = {Uθ,c [s,n, J ] ∈ OT (H, c) | θ > 0} =
= {Uθ,c [s,n, J ] | s ∈ {−1, 1} , θ ∈ (0, 1], n ∈ B1 (H1) J ∈ U (H1)} ;

O+ (H, c) = {Uθ,c [s,n, J ] ∈ O (H, c) | s = 1} =
= {Uθ,c [1,n, J ] | θ ∈ (0, 1], n ∈ B1 (H1) J ∈ U (H1)} .
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Çàóâàæåííÿ 5.1. Â ðîáîòi [20, page 131] êëàñ îïåðàòîðiâ O (H, c) íà-
çâàíî çàãàëüíîþ ãðóïîþ Ëîðåíöà íàä ïðîñòîðîì M (H) i âèçíà÷åíî
äåùî ïî-iíøîìó, à ñàìå, ÿê ìíîæèíó îïåðàòîðiâ ïåðåòâîðåíü êîîðäè-
íàò L :M (H) 7→ M (H), ùî çàäîâîëüíÿþòü óìîâó:

Mc (Lw) = Mc (w) (∀w ∈M (H)) . (22)

Äîâåäåìî, ùî îáèäâà îçíà÷åííÿ êëàñó îïåðàòîðiâ O (H, c) åêâiâà-
ëåíòíi. Ñïðàâäi, ÿêùî L = Uθ,c [s,n, J ] ∈ O (H, c) (äå θ > 0, n ∈
B1 (H1), J ∈ U (H1)), òî äëÿ äîâiëüíîãî âåêòîðà w ∈ M (H), çãiäíî
(18),(14),(20), îòðèìó¹ìî:

Mc (Lw) = Mc

((
sϕ0 (θ) T (w)− ϕ1 (θ)

〈n,w〉
c

)
e0+

+ J
(
cϕ1 (θ) T (w)n− sϕ0 (θ)X1 [n] w +X⊥1 [n] w

))
=

=
∥∥ J (cϕ1 (θ) T (w)n− sϕ0 (θ) 〈n,w〉n+X⊥1 [n] w

)∥∥2−
− c2

(
sϕ0 (θ) T (w)− ϕ1 (θ)

〈n,w〉
c

)2

=

= (cϕ1 (θ) T (w)− sϕ0 (θ) 〈n,w〉)2 +
∥∥X⊥1 [n] w

∥∥2−
− c2

(
sϕ0 (θ) T (w)− ϕ1 (θ)

〈n,w〉
c

)2

=

= c2ϕ2
1 (θ) T 2 (w) + ϕ2

0 (θ) 〈n,w〉
2
+
∥∥X⊥1 [n] w

∥∥2−
− c2ϕ2

0 (θ) T 2 (w)− ϕ2
1 (θ) 〈n,w〉

2
=

= −c2T 2 (w) + 〈n,w〉2 +
∥∥X⊥1 [n] w

∥∥2 =

= ‖Xw‖2 − c2T 2 (w) = Mc (ω) .

Íàâïàêè, íåõàé L ∈ L (M (H)) � îïåðàòîð ïåðåòâîðííÿ êîîðäèíàò, ùî
çàäîâîëüíÿ¹ óìîâó (22). Òîäi, çãiäíî ç [20, ôîðìóëà (20)] òà îçíà÷åííÿì
êëàñó îïåðàòîðiâ OT (H, c), äàíèì â [20, page 142], L ∈ OT (H, c). Îòæå,
çãiäíî (21) îïåðàòîð L ìîæíà ïîäàòè ó âèãëÿäi L = Uθ,c [s,n, J ] (äå
s ∈ {−1, 1}, θ ∈ [−1, 1] \ {0}, n ∈ B1 (H1), J ∈ U (H1)). Íàãàäà¹ìî ([20,
de�nition 2],[21, îçíà÷åííÿ 2.1]), ùî îïåðàòîð ïåðåòâîðåííÿ êîîðäèíàò
S ∈ L (M (H)) íàçèâà¹òüñÿ v-äåòåðìiíîâàíèì , ÿêùî T

(
S−1e0

)
6= 0,

i ùî øâèäêiñòþ v-äåòåðìiíîâàíîãî îïåðàòîðà ïåðåòâîðåííÿ êîîðäèíàò
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S íàçèâà¹òüñÿ âåêòîð V (S) = XS−1e0

T (S−1e0)
∈ H1. Îñêiëüêè îïåðàòîð ïåðå-

òâîðåííÿ êîîðäèíàò L çàäîâîëüíÿ¹ óìîâó (22), òî, çãiäíî [20, ôîðìóëà
(12)], L ¹ v-äåòåðìiíèì, ïðè÷îìó ‖V (L)‖ < c. Ç iíøî¨ ñòîðîíè, çãiäíî

ç [20, theorem 3], V (L) = V (Uθ,c [s,n, J ]) = cs 1−θ|θ|1+θ|θ|n. Îòæå,

‖V (L)‖ =
∥∥∥∥cs1− θ |θ|1 + θ |θ|

n

∥∥∥∥ = c
1− θ |θ|
1 + θ |θ|

< c.

Çâiäñè, 1−θ|θ|
1+θ|θ| < 1, òîáòî θ > 0. Îòæå L = Uθ,c [s,n, J ], äå s ∈ {−1, 1},

θ ∈ (0, 1], n ∈ B1 (H1), J ∈ U (H1), ùî é íåîáõiäíî áóëî äîâåñòè.

Ùî òîðêà¹òüñÿ êëàñó O+ (H, c), ìîæíà äîâåñòè [20], ùî öåé êëàñ
îïåðàòîðiâ ó âèïàäêó H = R3 ÿâëÿ¹ ñîáîþ ïîâíó ãðóïó Ëîðåíöà, âè-
çíà÷åíó â [22]. Íèæ÷å áóäå äîâåäåíî áiëüø çàãàëüíèé ðåçóëüòàò, à ñàìå
áóäå ïîêàçàíî, ùî â çàãàëüíîìó âèïàäêó, êîëè H � äîâiëüíèé äiéñíèé
ãiëüáåðòîâèé ïðîñòið, O+ (H, c) ¹ ãðóïîþ îïåðàòîðiâ â ïðîñòîðiM (H),
ÿêà çàëèøà¹ iíâàðiàíòíèì êëàñ äîäàòíèõ ÷àñîïîäiáíèõ âåêòîðiâ ïðî-
ñòîðóM (H).

Îçíà÷åííÿ 5.1. Âåêòîð w ∈M (H) áóäåìî íàçèâàòè:

• äîäàòíèì, ÿêùî T (w) > 0;

• c-÷àñîïîäiáíèì, ÿêùî Mc (w) < 0

Ïîçíà÷èìî ÷åðåç Mc,+(H) êëàñ äîäàòíèõ c-÷àñîïîäiáíèõ âåêòîðiâ
ïðîñòîðóM (H):

Mc,+(H) := {w ∈M (H) | T (w) > 0, Mc (w) < 0}

Ëåìà 5.1. Ìà¹ ìiñöå íàñòóïíà ðiâíiñòü:

O+ (H, c) = {L ∈ O (H, c) | Lw ∈Mc,+(H) (∀w ∈Mc,+(H))} .

Äîâåäåííÿ. 1. Íåõàé L ∈ O+ (H, c). Ðîçãëÿíåìî äîâiëüíèé âåêòîð
w ∈ Mc,+(H). Îñêiëüêè, âðàõîâóþ÷è çàóâàæåííÿ 5.1, îïåðàòîð L çà-
äîâîëüíÿ¹ óìîâó (22) i âåêòîð w ∈Mc,+(H) ¹ c-÷àñîïîäiáíèì, òî:

Mc (Lω) = Mc (ω) < 0. (23)
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Îñêiëüêè L ∈ O+ (H, c), òî îïåðàòîð L ìîæíà ïîäàòè ó âèãëÿäi
L = Uθ,c [1,n, J ], äå θ ∈ (0, 1], n ∈ B1 (H1) , J ∈ U (H1). Îòæå, âðàõîâó-
þ÷è, ùî äëÿ âåêòîðà w ∈ Mc,+(H) ñïðàâåäëèâi íåðiâíîñòi T (w) > 0,
Mc (ω) < 0, âðàõîâóþ÷è (18), îòðèìó¹ìî:

T (Lw) = T (Uθ,c [1,n, J ] w) = ϕ0 (θ) T (w)− ϕ1 (θ)
〈n,w〉
c

=

= ϕ0 (θ) T (w)− ϕ1 (θ)
〈Xn,w〉

c
=

= ϕ0 (θ) T (w)− ϕ1 (θ)
〈n,Xw〉

c
≥

≥ ϕ0 (θ) T (w)− ϕ1 (θ)
‖Xw‖
c

=

= θT (w)− ϕ1 (θ)

c
(‖Xw‖ − cT (w)) =

= θT (w)− 1− θ2

2θ · c
Mc (w)

‖Xw‖+ cT (w)
> 0. (24)

Ç íåðiâíîñòåé (23) i (24) âèïëèâà¹, ùî Lw ∈ Mc,+(H) (äëÿ äîâiëüíîãî
âåêòîðà w ∈Mc,+(H).

2. Íàâïàêè, íåõàé òåïåð îïåðàòîð L ∈ O (H, c) çàäîâîëüíÿ¹ óìîâó

∀w ∈Mc,+(H) (Lw ∈Mc,+(H)) . (25)

Îñêiëüêè L ∈ O (H, c), òî îïåðàòîð L ìîæíà ïîäàòè ó âèãëÿäi L =
Uθ,c [s,n, J ], äå s ∈ {−1, 1}, θ ∈ (0, 1], n ∈ B1 (H1) , J ∈ U (H1). Ëåãêî
áà÷èòè, ùî âåêòîð e0 íàëåæèòü äî êëàñó Mc,+(H). Îòæå, çà óìîâîþ
(25), Le0 ∈ Mc,+(H). Òîìó, çà îçíà÷åííÿì êëàñó âåêòîðiâ Mc,+(H),
T (Le0) > 0. Çãiäíî ç (18),

T (Le0) = T (Uθ,c [s,n, J ] e0) = sϕ0 (θ) T (e0)− ϕ1 (θ)
〈n, e0〉
c

=

= s
1 + θ2

2θ
.

Îòæå, s 1+θ
2

2θ > 0. Çâiäñè, s > 0, òîáòî s = 1. Òàêèì ÷èíîì, L =
Uθ,c [s,n, J ] ∈ O (H, c), äå s = 1. Òîìó L ∈ O+ (H, c).

Ïðèêëàä 5.1. Íåõàé, B � áàçîâà ìiíëèâà ìíîæèíà òàêà, ùî Bs(B) ⊆
H, Tm(B) = (R,≤), äå ≤ � ñòàíäàðòíèé ïîðÿäîê íà ïîëi äiéñíèõ ÷è-
ñåë R. Çàôiêñó¹ìî äîâiëüíó äîäàòíó äiéñíó êîíñòàíòó c. Íåõàé U �
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îäèí ç êëàñiâ îïåðàòîðiâ OT (H, c), OT+ (H, c), O (H, c), O+ (H, c). Òîäi
äîâiëüíèé îïåðàòîð L ∈ U áóäå âiäîáðàæåííÿì òèïó:

L : Tm(B)× H←→ Tm(B)× H.

Îòæå, U � òðàíñôîðìóþ÷à ìíîæèíà áâ¹êöié âiäíîñíî B íà H. Òîìó
ìîæíà âèçíà÷èòè íàñòóïíi ìiíëèâi ìíîæèíè:

ZLT0 (H,B, c) = Z im (OT (H, c) ,B) ;
ZLT (H,B, c) = Z im (OT+ (H, c) ,B) ;
ZL0 (H,B, c) = Z im (O (H, c) ,B) ;
ZL (H,B, c) = Z im (O+ (H, c) ,B) .

Ó âèïàäêó dim(H) = 3 ìiíëèâà ìíîæèíà ZL (H,B, c) ÿâëÿ¹ ñî-
áîþ íàéïðîñòiøó ìàòåìàòè÷íî ñòðîãó ìîäåëü êiíåìàòèêè ñïåöiàëü-
íî¨ òåîði¨ âiäíîñíîñòi â iíåðöiéíèõ ñèñòåìàõ âiäëiêó, ÿêi �ñòàðòóâà-
ëè� â çàäàíèé �íóëüîâèé� ìîìåíò ÷àñó çi ñïiëüíîãî ïî÷àòêó âiäëiêó.
Ìiíëèâà ìíîæèíà ZL0 (H,B, c) ïîáóäîâàíà íà îñíîâi çàãàëüíî¨ ãðó-
ïè Ëîðåíöà, i ìiñòèòü êðiì çâè÷àéíèõ ñèñòåì âiäëiêó �ç äîäàòíèì íà-
ïðÿìêîì ÷àñó�, ÿêi ìàþòü çðîçóìiëó ôiçè÷íó iíòåðïðèòàöiþ, òàêîæ
ñèñòåìè âiäëiêó ç �âiä'¹ìíèì íàïðÿìêîì ÷àñó�, ïîðîäæåíèìè îïåðà-
òîðàìè ïåðåòâîðåííÿ êîîðäèíàò, ùî íàëåæàòü äî êëàñó O− (H, c) =
{Uθ,c [s,n, J ] ∈ O (H, c) | s = −1}.

Ìiíëèâi ìíîæèíè ZLT (H,B, c) i ZLT0 (H,B, c) ìiñòÿòü êðiì ñòàí-
äàðòíèõ (�òàðäiîííèõ�) ñèñòåì âiäëiêó, ïîðîäæåíèõ êëàñè÷íèìè ïåðå-
òâîðåííÿìè Ëîðåíöà òàêîæ i �òàõiîííi� ñèñòåìè âiäëiêó, ïîðîäæåíi óçà-
ãàëüíåíèìè ïåðåòâîðåííÿìè Ëîðåíöà (òîáòî îïåðàòîðàìè ïåðåòâîðå-
ííÿ êîîðäèíàò, ùî íàëåæàòü äî êëàñó OT (H, c) \ O (H, c)), i ÿêi ðó-
õàþòüñÿ âiäíîñíî �òàðäiîííèõ� ñèñòåì âiäëiêó çi øâèäêiñòþ áiëüøîþ
çà øâèäêiñòü ñâiòëà c. Çàóâàæèìî, ùî óçàãàëüíåíi �òàõiîííi� ïåðåòâî-
ðåííÿ Ëîðåíöà íà ôiçè÷íîìó ðiâíi ñòðîãîñòi áóëî ââåäåíî â ðîáîòàõ
[23, 24, 25] ó âèïàäêó, êîëè ïðîñòið �ãåîìåòðè÷íèõ êîîðäèíàò� ¹ òðüî-
õâèìiðíèì. Íà ìàòåìàòè÷íîìó ðiâíi ñòðîãîñòi öi ïåðåòâîðåííÿ êîîð-
äèíàò äîñëiäæóâàëèñü â ðîáîòàõ [20, 21] ó âèïàäêó, êîëè ïðîñòið �ãåî-
ìåòðè÷íèõ êîîðäèíàò� ìà¹ äîâiëüíó (â òîìó ÷èñëi i íåñêií÷åííó) ðîç-
ìiðíiñòü.

Ïiäêðåñëèìî, ùî âñi ìiíëèâi ìíîæèíè, ðîçãëÿíóòi â ïîïåðåäíüî-
ìó ïðèêëàäi (ZL (H,B, c), ZL0 (H,B, c), ZLT (H,B, c), ZLT0 (H,B, c))
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ìiñòÿòü ëèøå �îäíîðiäíi� iíåðöiéíi ñèñòåìè âiäëiêó, òîáòî ñèñòåìè âiä-
ëiêó, ÿêi ñòàðòóâàëè â çàäàíèé �íóëüîâèé� ìîìåíò ÷àñó çi ñïiëüíîãî ïî-
÷àòêó. Â íàñòóïíîìó ïðèêëàäi �îäíîðiäíi� ñèñòåìè âiäëiêó äîïîâíåíî
íåîäíîðiäíèìè, òîáòî iíåðöiéíèìè ñèñòåìàìè âiäëiêó, ÿêi â íóëüîâèé
ìîìåíò ÷àñó ìîæóòü çíàõîäèòèñü â äîâiëüíîìó ïîëîæåííi.

Ïðèêëàä 5.2. Íåõàé, s ∈ {−1, 1}, θ ∈ [−1, 1] \ {0}, n ∈ B1 (H1),
J ∈ U (H1) i a ∈ M (H). Äëÿ äîâiëüíîãî äëÿ äîâiëüíîãî w ∈ M (H)
ïîêëàäåìî

Uθ,c [s,n, J,a] w := Uθ,c [s,n, J ] w + a.

Ïîçíà÷èìî ÷åðåç PT (H, c) íàñòóïíèé êëàñ ëiíiéíèõ íåïåðåðâíèõ
îïåðàòîðiâ íàä ïðîñòîðîìM (H):

PT (H, c) := {Uθ,c [s,n, J,a] | s ∈ {−1, 1} , θ ∈ [−1, 1] \ {0} ,
n ∈ B1 (H1) , J ∈ U (H1) , a ∈M (H)} .

(26)

Â ðîáîòi [20, page 142] êëàñ îïåðàòîðiâ OT (H, c) âèçíà÷åíî ïî-iíøîìó,
àëå ç [20, theorem 3] âèïëèâà¹, ùî îçíà÷åííÿ öüîãî êëàñó îïåðàòîðiâ ç
äîïîìîãîþ ôîðìóëè (26) åêâiâàëåíòíå îçíà÷åííþ, äàíîìó â [20, page
142].

Ïî àíàëîãi¨ ç ïîïåðåäíiì ïðèêëàäîì ââåäåìî íàñòóïíi ïiäêëàñè êëà-
ñó îïåðàòîðiâ OT (H, c):

PT+ (H, c) = {Uθ,c [s,n, J,a] ∈ PT (H, c) | s = 1} ;
P (H, c) = {Uθ,c [s,n, J,a] ∈ OT (H, c) | θ > 0} ;

P+ (H, c) = {Uθ,c [s,n, J,a] ∈ O (H, c) | s = 1} .

Íåõàé, B � áàçîâà ìiíëèâà ìíîæèíà òàêà, ùî Bs(B) ⊆ H, Tm(B) =
(R,≤), äå ≤ � ñòàíäàðòíèé ïîðÿäîê íà ïîëi äiéñíèõ ÷èñåë R. Çàôi-
êñó¹ìî äîâiëüíó äîäàòíó äiéñíó êîíñòàíòó c. Íåõàé U � îäèí ç êëà-
ñiâ îïåðàòîðiâ PT (H, c), PT+ (H, c), P (H, c), P+ (H, c). Òîäi U áóäå
òðàíñôîðìóþ÷îþ ìíîæèíîþ ái¹êöié âiäíîñíî B íà H. Îòæå ìîæíà
âèçíà÷èòè íàñòóïíi ìiíëèâi ìíîæèíè:

ZPT0 (H,B, c) = Z im (OT (H, c) ,B) ;
ZPT (H,B, c) = Z im (OT+ (H, c) ,B) ;
ZP0 (H,B, c) = Z im (O (H, c) ,B) ;
ZP (H,B, c) = Z im (O+ (H, c) ,B) .
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Ìiíëèâi ìíîæèíè ZPT0 (H,B, c), ZPT (H,B, c), ZP0 (H,B, c),
ZP (H,B, c) àíàëîãi÷íi âiäïîâiäíèì ìiíëèâèì ìíîæèíàì
ZLT0 (H,B, c), ZLT (H,B, c), ZL0 (H,B, c) òà ZL (H,B, c) ç ïîïåðåäíüî-
ãî ïðèêëàäà, àëå êðiì �îäíîðiäíèõ� ñèñòåì âiäëiêó ÿêi ñòàðòóâàëè
â çàäàíèé �íóëüîâèé� ìîìåíò ÷àñó çi ñïiëüíîãî ïî÷àòêó, öi ìiíëèâi
ìíîæèíè ìiñòÿòü òàêîæ âñi iíåðöiéíi ñèñòåìè âiäëiêó, ÿêi â íóëüîâèé
ìîìåíò ÷àñó çíàõîäÿòüñÿ â äîâiëüíîìó ïîëîæåííi.
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The modern state of the consistent kinetic theory of dusty plasmas is
discussed. The derivation of equations for microscopic phase densities of
plasma particles and grains is presented. Using such equations it is possible
to generalize the Bogolyubov�Born�Green�Kirkwood�Yvon hierarchy to
the case of dusty plasmas and to derive the kinetic equations, taking into
account both elastic and inelastic particle collisions. Kinetic description of
e�ective grain-grain potentials is also presented.
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1 Introduction.

The interpretation of recent dusty plasma experiments requires more and
more sophisticated description of dusty plasmas in terms of microscopic
models. This concerns both analytical studies and numerical simulations.

In particular, the consistent kinetic theory of a dusty plasma gives a
typical example of theoretical studies that should be done starting from the
microscopic treatment of the problem. Only this approach makes it possible
to formulate the basic points of the rigorous kinetic theory with due regard
of grain charging and particle collisions (both elastic and inelastic). Though
kinetic descriptions of dusty plasmas have been given in many papers, no
such theory has been formulated as yet. Many theoretical studies in this
�eld have been performed using phenomenological generalization of the
results known from the kinetic theory of ordinary plasmas. In particular,
this concerns the calculations of the collision integrals describing grain-
plasma particle collisions in terms of absorption cross-sections for electrons
and ions colliding with grains. Such treatment provides a possibility to
describe the charge and momentum transfer from plasma particles to
grains due to inelastic collisions, or the momentum exchange between the
grains in course of grain-grain contact collisions. However, the in�uence
of collective plasma e�ects (for example, dynamical particle screening) on
charging processes and mutual in�uence of contact and elastic Coulomb
collisions are disregarded.

Consistent treatment of these and other e�ects could be performed in
terms of the kinetic theory formulated on the basis of the microscopic
description of contact collisions and plasma particle absorption by grains
[1, 2].

In some cases, for the sake of simplicity, it is reasonable to describe
the collective behavior of grain subsystem using the e�ective grain-grain
interaction potentials. Obviously, such potentials should be calculated
taking into account plasma particle absorption by the grain, as well as
the e�ects of nonlinear screening. Usually such potentials are calculated
on the basis of numerical solution of the appropriate boundary-value
problems, or by means of numerical simulations. However, the description
of some interesting phenomena observed in dusty plasma experiments, such
as dusty crystal formation, dust acoustic wave propagation, generation
of nonlinear dust structure in a plasma requires analytical relations for
e�ective potentials. Such relations can be obtained on the basis of kinetic
equations with the e�ective point sinks [3] which follow from the rigorous
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equations discussed above.

The purpose of the present paper is to apply the microscopic model of a
dusty plasma in order to formulate the basic principles of the kinetic theory
and to �nd explicit relations for the e�ective grain potentials with regard
to plasma particle collisions and the in�uence of external force �elds, if
present.

In Sec. 2 we reproduce rigorous equations for the microscopic phase
densities (Klimontovich equations) with regard for the electron and ion
absorption by grains and contact grain-grain collisions. Then we formu-
late an appropriate Bogolyubov�Born�Green�Kirkwood�Yvon (BBGKY)
hierarchy for equations for dusty plasmas and consider the possibility
of applying the hierarchy thus obtained to the derivation of kinetic
equations (Sec. 3). In particular cases the results previously obtained by
other authors are recovered. Application of the equations derived to the
calculation of the e�ective grain potentials is given in Sec. 4. Some analysis
of the stationary screening is presented in Sec. 5. The in�uence of plasma
particle collisions on the e�ective grain-grain potential is studied and the
problem of grain screening in the presence of external magnetic �eld is
discussed.

2 Microscopic equations for dusty plasmas

with regard for electron and ion absorption

by grains.

In the case of a dusty plasma consisting of electrons, ions, and
monodispersed grains under the assumption that each grain absorbs all
encountered electrons and ions the microscopic phase density of plasma
particles is given by

Fα(X, t) =

Nα∑
i=1

Fiα(X, t) =

Nα∑
i=1

δ (X −Xα(t)) θ(tiα − t), (X ≡ rv), (1)

where tiα is the time of ith plasma particle collision with any grain (i.e.,
the time of ith particle absorption by a grain), θ(x) is the Heaviside step
function, the subscript α labels the plasma particle species.

Combining the derivatives of Fα(X, t) over t, r, and v, Fα(X, t) can be
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shown to satisfy the equation (see Ref. [2]){
∂

∂t
+ v

∂

∂r
+

eα
mα

E(r, t)

}
Fα(X, t) = −

∫
dX|er−r′(v − v′)|×

× δ (|r− r′| − a)Fg(X′, t)Fα(X, t).

(2)

Here er = r/r and Fg(X, t) is the grain phase density

Fg(X, t) =

Ng∑
i=1

∑
n

δ
(
X− X

(n)
i (t)

)
θ
(
t
(n+1)
ig − t

)
θ
(
t− t(n)

ig

)
, (3)

X ≡ (r,v, q), t
(n)
ig is the time of the nth collision of the ith grain with any

other particle, X
(n)
j (t) is the grain trajectory before the (n+1)th and after

the nth collision, a is the grain radius.
Eq. (3) describes the microscopic state of the grain subsystem which

is determined by the microscopic value of the grain charge q along with
the grain coordinate and velocity with regard for the sharp changes of the
grain charge and velocity.

As it was shown in Ref. [2] the equation for Fg(X, t) has the form{
∂

∂t
+ v

∂

∂r
+

q

mg
E
∂

∂v

}
=

−
∑
α=e,i

∫
dX′δ(|r− r′| − a) {|er−r′(v − v′)|Fg(X, t)−

− |er−r′(v − v′ − δvα)Fg(r,v − δvαq − eαt)}Fα(X ′, t)−

−
∫
dX′δ(|r− r′| − 2a)|er−r′(v − v′)| {Fg(X, t)Fg(X′, t)−

− Fg(r,v − δvg, q − δq; t)Fg(r′,v + δvg, q
′; t)} ,

(4)

where

δvα ≡ δvα(v,v′) = −mα

mg
(v − v′);

δvg ≡ δvg(v,v′) = er−r′ (er−r′(v − v′)) ;

δq ≡ δq(q, q′) = q′ − q.

(5)

Notice that the integration over X ′ and X′ in Eqs. (2), (4) is performed
within the domain er−r′(v − v′) < 0, or er−r′(v − v′ − δvα) < 0,
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respectively. Eqs. (2), (4) generalize traditional microscopic equation for
the case of electron and ion absorption by grains and contact collisions
between the grains.

3 Bogolyubov�Born�Green�Kirkwood�Yvon

hierarchy for dusty plasmas.

In terms of notation

F(ξ, t) ≡ Fα(X, t) =

{
Fα(X, t)δ(q − eα), α = e, i
Fg(X, t), α = g

(6)

ξ ≡ (X, α) = (r,v, q, α), Eqs. (2), (4) can be written in the uni�ed form{
∂

∂t
+ L̂(ξ)

}
F(ξ, t) =

=

∫
dξ′
{[
W (1)(ξ, ξ′)− V̂ (ξ, ξ′)

]
F(ξ, t)F(ξ′, t)−

− W (2)(ξ −∆ξξ′ , ξ
′ + ∆′ξξ′)F(ξ −∆ξξ′ , t)F(ξ + ∆′ξξ′ , t)

}
,

(7)

where

L̂(ξ) ≡ v
∂

∂r
+

1

mα
Fα

∂

∂v
;

W (1),(2)(ξ, ξ′) ≡W (1),(2)
αα′ (r− r′,v − v′);

W
(1)
αα′(r,v) = −ervδ(r − aαα′)(δαg + δα′α − δαgδα′g)θ(ϑ−

π

2
);

W
(2)
αα′(r,v) = −ervδ(r − aαα′)δαgθ(ϑ−

π

2
); θ = (r̂v);

V̂ (ξ, ξ′) =
qq′

mα

∂

∂r

1

|r− r′|
∂

∂v
;

∆ξξ′ = (0, δvαα′ , δqαα′ , 0); ∆′ξξ′ = (0, δv′αα′ , 0, 0);

δqαα′ ≡ δqαα′(q, q′) = δαg

{
eα, α′ = e, i;
q′ − q, α′ = g;

δvαα′ ≡ δvαα′(v − v′) = δαg

{
−mα′

mg
(v − v′), α′ = e, i;

er−r′(e− r− r′(v − v′)), α′ = g;

δv′αα′ = δαgδα′ger−r′(er−r′(v − v′)),

(8)
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Fα is the external force �eld, if present.
Representation (6) is the most convenient for the derivation of a

generalized BBGKY hierarchy for dusty plasmas. Averaging Eq. (7) and
its combinations yields

{
∂

∂t
+

N∑
i=1

L̂(ξi)−
N∑
i=1

N∑
j 6=i=1

V̂ (ξi, ξj)

}
fs(ξ1 . . . ξs; t)+

+

s∑
i=1

s∑
j 6=i=1

[
W (1)(ξi, ξj)fs(ξ1 . . . ξs; t)−

− W (2)(ξi −∆ij , ξj + ∆′ij)fs(ξ1 . . . ξi −∆ij . . . ξj + ∆′ij . . . ξs; t)
]

=

=

s∑
i=1

∫
dξs+1

{
V̂ (ξi, ξs+1)fs+1(ξ1 . . . ξs+1;t−

−
[
W (1)(ξi, ξs+1)fs+1(ξ1 . . . ξs+1; t)−

−W (2)(ξ1 −∆is+1, ξj + ∆′is+1)fs+1(ξ1 . . . ξi−

−∆is+1 . . . ξj + ∆′is+1 . . . ξs+1; t)
]}
.

(9)

For the system with pure Coulomb interaction (W (1) = W (2) = 0),
hierarchy (9) reduces to the hierarchy for ordinary plasmas. In the case
of neutral grains as a → 0 (the Boltzmann�Grad limit), the stochastic
hierarchy for the hard-sphere gas [4] is recovered.

The hierarchy thus obtained makes it possible to introduce the kinetic
equations. In particular, in the approximation of the dominant in�uence
of contact collisions the asymptotics of the binary distribution functions
can be written as

f (0)
αg (X,X′, t)
|r−r′|�a

= fα(X, t)fg(X
′, t)θ(ϑ− ϑαgmin), α = e, i

f (0)
gg (X,X′, t)
|r−r′|�a

= fg(X)fg(X
′, t) {θ(ϑ− ϑgmin) + θ(ϑggmin − ϑ)} ,

(10)

where ϑαmin is given by

sin2 ϑαgmin =
a2
αg

|r− r′|2

(
1− 2eαq

aαgmα(v − v′)2

)
.
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aαg = a, α = e, i and agg = 2a.
Using these relations for estimates of the main contributions to binary

collision terms we can write the kinetic equations as{
∂

∂t
+ v

∂

∂r
+

eα
mα
〈Eeff

α 〉
∂

∂v

}
fα(X, t) =

=−
∫
dv′

∫
dq′σαg(q

′,v − v′)|v − v′|×

× fα(X, t)fg(r,v
′, q′, t) + Iα,

(11)

{
∂

∂t
+ v

∂

∂r
+

q

mg
〈Eeff

g 〉
∂

∂v

}
fg(X, t) =

= −
∑
α=e,i

∫
dv′ [σα′g(q,v − v′)|v − v′|fg(X, t)−

− σα′g(q − eα,v − v′ − δvα′)|v − v′ − δvα′ |×
× fg(r,v − δvα′ , q − eα′ , t)] fα′(r,v′, t)−

−
∫
dΩ

2π

∫
dv′

∫
dq′|n(v − v′)|×

× [σgg(q, q
′,v − v′)fg(X, t)fg(r,v

′, q′, t)−
− σαg(q − δqg, q′;v − v′)fg(r,v − δvg, q − δqg, t)×
× fg(r,v

′ + δvg, q
′, t)] + Ig,

(12)

where Iα and Ig are the Coulomb collision terms which can be calculated in
terms of the correlation functions of particle density �uctuations (similarly
to the case of ordinary plasmas), σαβ(q,v) is the charging cross-section.
In the case of collisionless plasma with no external �elds

σαg(q, v) = πa2
αg

(
1− 2eαq

mαv2aαg

)
.

Applications of Eqs. (11), (12) to the calculation of stationary grain
distributions are given in [2].

Thus, rigorous evolution equations for microscopic distributions of
dusty plasma are formulated. These equations di�er from the conventional
Klimontovich equations by the presence of �microscopic� collision term
generated by the electron and ion absorption by grain. The appropriate
generalization of the BBGKY hierarchy is also presented.
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4. E�ective potential of charged grains (general relations). Now
let us apply the obtained equation to the calculations of the e�ective
grain potentials. In the case of single immovable grain fg(r

′,v′, q′) =
= δ(r′)δ(v′)δ(q′ − q) Eq. (11) reduces to

{
∂

∂t
+ v

∂

∂r
+

eα
mα

E(r, t)
∂

∂v
+

1

mα
Fα(X, t)

∂

∂v

}
fα(X, t) =

= Iα − vσαq(q, v)fα(X, t)δ(r),

(13)

where Fα(X, t) is the external force �eld, if present. In what follows, for
the sake of simplicity, instead of the collision term calculated in terms of
correlation functions of microscopic �uctuations we shall use the simple
version of the model collision integral (simple Bhatnagar�Gross�Krook
model) proposed in Ref. [5], namely

Iα = −να
{
fα(X, t)− Φα(v)

∫
dvfα(X, t)

}
. (14)

Here να is the collision frequency, Φα(v) is the distribution function
generated in course of plasma particle collisions.

In view of the fact that plasma particle absorption considerably sup-
press the in�uence of nonlinearity we can suggest that the presence of sinks
causes small perturbation of the e�ective electric �eld and thus to use the
linearized version of Eq. (14).

{
∂

∂t
+ v

∂

∂r
+

1

mα
Fext
α

∂

∂v

}
δfα(X, t)− eα

mα
∇Φ(r, t)

∂f0α(v)

∂v
=

=− vσα(q(t), v)f0α(v)− να
{
δfα(X, t)− Φα(v)

∫
dvδfα(X, t)

}
.

(15)

The potential Φ(r, t) is governed by the Poisson equation

∆Φ(r, t) = −4πq(t)δ(r)− 4π
∑
α

eαnα

∫
dvδfα(X, t). (16)
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The solution of Eq. (15) can be written as

δfα(X, t) =
eα
mα

t∫
−∞

dt′
∫
dX ′Wα(X,X ′; t− t′)×

× ∂δΦ(r′, t′)

∂r′
∂f0α(v′)

∂v′
−

−
t∫
∞

dt′
∫
dX ′Wα(X,X ′; t− t′)S(0)

α (v′, t′),

(17)

where Wα(X,X ′; t− t′) satis�es the equation{
∂

∂t
+ v

∂

∂r
+

1

mα
Fext
α

∂

∂v

}
Wα(X,X ′; τ) =

= −να
{
Wα(X,X ′; τ)− Φα(v)

∫
dvWα(X,X ′; τ)

} (18)

with the initial condition

Wα(X,X ′; 0) = δ(X −X ′). (19)

Substituting Eq. (17) into the Poisson equation (16) one obtains

Φkω =
4πqω

k2ε(k, ω)
−

− 4π

k2ε(k, ω)

∑
α

eαn0σ

∫
dv

∫
dv′Wαkω(v,v′)S(0)

αω(v′),
(20)

where ε(kω) is the dielectric response function

ε(kω) = 1− i
∑
α

4πe2
αn0σ

k2

∫
dv

∫
dv′Wαkω(v,v′)k

∂f0σ(v′)

∂v′
;

Wαkω(v,v′) =

∫
dRe−ikR

∞∫
0

dτeiωτWα(X,X ′, τ),

R = r− r′.

(21)
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In the stationary case q(t) = q, and Eq. (20) reduces to

Φk =
4πq

k2ε(k, 0)
−

− 4π

k2ε(k, 0)

∑
α

eαn0σ

∫
dv

∫
dv′Wαk(v,v′)S(0)

α (v′).
(22)

Here,

Wαk(v,v′) = Wαkω(v,v′)

∣∣∣∣
ω=0

, ε(k, 0) = 1 +
k2
D

k2
,

k2
D =

∑
α

4πe2
αn0σ

Tα
.

(23)

4 In�uence of plasma properties on the

e�ective grain potentials.

Let us consider in more details the in�uence of plasma properties on
the speci�c features of the e�ective potential of grain which charge is
maintained by plasma currents. We start from the case of isotropic plasma
with no external �eld. In this case

Wαkω(v,v′) =
iδ(v − v′)

ω − kv + iνα
−

− iναΦα(v)

(ω − kv + iνα)(ω − kv′ + iνα)

[
1− iνα

∫
dv

Φα(v)

ω − kv + iνα

]−1

.

(24)

That leads to the following stationary grain potential

Φ(r) =
qe−kDr

r
+

+i
∑
α

4πeαnα

∫
dk

(2π)3

eikr

k2 + k2
D

∫
dv
vσα(q, v)f0σ(v)

kv − iνα
1 + iνα

∫
dv

Φα(v)
kv − iνα

.

(25)
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In the collisionless limit (να → 0) this relation is especially simpli�ed

Φ(r) =
qe−kDr

r
+

+ i
∑
α

4πeαn0σ

∫
dk

(2π)3

eikr

k2 + k2
D

∫
dv
vσα(q, v)f0σ(v)

kv − i0

(26)

that gives

Φ(r) =
qe−kDr

r
− Q̃

r
g(kDr), (27)

where
g(X) = e−XEi(X)− eXEi(−X),

Q̃ =
2π

kD

∑
α

eαnα

∞∫
0

dv vσα(q, v)f0σ(v).
(28)

At kDr � 1 Eq. (25) gives the well-known result

Φ(r) ' − 2Q

kDr2
.

In strongly collisional limit (να � ksα, sα = (Tα/mα)) Eq. (25) reduces
to

Φ(r) = (q + S̃)
e−kDr

r
− S̃

r
, (29)

where

S̃ =
∑
α

eαSα
Dα

; Sα = nα

∫
dv′ vσα(q, v)f0α(v); Dα =

Tα
mανα

,

that is in agreement with the results obtained on the basis of the
description in the drift-di�usion approximation [6, 7]. Deriving (29) we
put Φα(v) = f0σ(v).

If collisions are present, but να � ksα

Φk =
4πq

k2 + k2
D

−

−
∑
α

8π3eαnα
(k2 + k2

D)

1

k

∞∫
0

dv v2σα(q, v)f0α(v)

[
1 +

να
ksα

(π
2

)1/2
]
.

(30)
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In the coordinate representation one has

Φ(r) = (q +Q)
e−kDr

r
− Q̃

r
g(kDr)−

Q

r
,

Q =
2π2

kD

∑
α

eαnανα
sα

(π
2

)1/2
∞∫

0

dvv2σα(q, v)f0α(v).

(31)

Thus, we can conclude that plasma particle collisions generate the
Coulomb-like behaviour of the e�ective potentials at large distances
(r > λD).

If the external magnetic �eld B0 = ezB0 is present the transition
probability is

Wαkω(v,v′) = W̃αkω(v,v′)+

+
να
∫
dv′W̃αkω(v,v′)Φα(v′)

∫
dvΦα(v)W̃αkω(v,v′)

1− να
∫
dv
∫
dv′W̃αkω(v,v′)Φα(v′)

,
(32)

where

W̃αkω(v,v′) = W
(0)
αkω+iνα

(v,v′), (33)

and W
(0)
αkω(v,v′) is the Fourier representation of the transition probability

for the collisionless plasma in external magnetic �eld. With regard to
the symmetry properties of the charging cross-sections and unperturbed
velocity distributions the quantity

Wαkω(v′) =

∫
dvWαkω(v,v′) (34)

in terms of which Φkω and ε(kω) are presented, can be written as

Wαkω(v′) =

∞∑
n=−∞

J2
n

(
k⊥v

′
⊥

Ωα

)
i

ω − nΩα − kzvztiνα
, (35)

where Ωα = eαB0/mαc, Jn(x) is the Bessel function.
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Substituting Eq. (35) into Eq. (22) one obtains

Φk =
4πq

k2k2
D

+
4πi

k2 + k2
D

×

×
∑
α

eαnα

∞∑
n=−∞

∫
dvJ2

n

(
k⊥v⊥

Ωα

)
vσα(q, v)f0α(v)

kzvz + nΩα − iνα
×

× 1

1 + iνα
∑
n

∫
dvJ2

n

(
k⊥v⊥
Ωα

)
f0α(v)

kzvz + nΩα − iνα

.

(36)

This relation describes the grain potentials in collisional magnetoactive
plasma provided that the cross-section σα(q, v) is known.

In the case of collisionless plasma Eq. (36) is simpli�ed to

Φk =
4πq

k2 + k2
D

− 4π2

k2 + k2
D

×

×
∑
α

eαnα

∞∑
n=−∞

∫
dvJ2

n

(
k⊥v⊥
Ωα

)
vσα(q, v)δ (kzvz + nΩα) .

(37)

In the case of strongly magnetized plasma (B0 →∞) we can put

f0σ(v) = δ(v⊥)

(
mα

2πTα

)1/2

exp

(
−mαv

2
z

2Tα

)
(38)

and thus

Φ(r) =
qe−kDr

r
− Φ0K0(kDr). (39)

Here, K0(kDr) is the modi�ed Bessel function,

Φ0 =
∑
α

eαnαπa
2

∫
dvz

(
mα

2πTα

)1/2

×

× exp

(
−mαv

2
z

2Tα

)
θ

(
v2
z −

2eαq

mαa

)
.

(40)
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The stationary value of q in this case satis�es the equation

∑
α

eαnα

∞∫
−∞

dvz|vz|
(
mα

2πTα

)1/2

exp

(
−mαv

2
z

2Tα

)
×

× θ
(
v2
z −

2eαq

mαa

)
= 0.

(41)

Thus, in the case of strongly magnetized collisionless plasma the
e�ective potential is generated by the charged string which appears due
to one-dimensional charging currents. Eq. (35) also shows that in the case
|z| � sα/να, R⊥ > sα/|Ωα| the relation of the type of Eq. (30) exists, but

the e�ective charge S̃ is dependent on the angle between r and B0.

6. Summary and Conclusions. Microscopic equations with regard
to electron and ion absorption by grains are formulated and the BBGKY
hierarchy for dusty plasma is presented.

Kinetic description of the e�ective grain potentials on the basis of the
derived equation with regard to plasma particle collisions in terms of BGK-
collision integral makes it possible to recover the results known from the
numerical solutions of the drift-di�usion and collisionless kinetic equations.

With the appropriate choice of the grain charge and sink intensity, the
obtained relations reproduce with good accuracy the numerical solutions
of the nonlinear boundary-value problems.

Obtained general relations can be e�ectively used for the description of
the e�ective grain potentials in the presence of external magnetic �eld.
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Ãðóïîâà êëàñèôiêàöiÿ ðiâíÿíü

Øðîäiíãåðà çi çìiííîþ ìàñîþ

Group classi�cation of Schr�odinger equations with position dependent
mass is carried out. Twenty classes of such equations with non-equivalent
symmetries are speci�ed. Among them are equations invariant with respect
to the Lie algebra of Lorentz group

Ïðîâåäåíî ãðóïîâó êëàñèôiêàöiþ ðiâíÿíü Øðîäiíãåðà çi çìiííîþ ìà-
ñîþ. Äîâåäåíî, ùî iñíó¹ äâàäöÿòü êëàñiâ òàêèõ ðiâíÿíü, êîæåí ç ÿêèõ
õàðàêòåðèçó¹òüñÿ íååêâiâàëåíòíîþ ãðóïîþ ñèìåòði¨. Ñåðåä íèõ ¹ ðiâ-
íÿííÿ, iíâàðiàíòíå âiäíîñíî àëãåáðè Ëi ãðóïè Ëîðåíöà

1 Âñòóï

Äîñëiäæåííÿ ñèìåòði¨ ðiâíÿííÿØðåäiíãåðà ìà¹ äîâãó i öiêàâó iñòîðiþ.
Iíâàðiàíòíiñòü öüîãî ðiâíÿííÿ âiäíîñíî ãðóïè Ãàëiëåÿ çàâæäè ââàæà-
ëàñü î÷åâèäíîþ. Àëå òiëüêè ó 1972 ðîöi áóëà âñòàíîâëåíà éîãî ïîâíà
íåïåðåðâíà ãðóïà ñèìåòði¨, ÿêà âèÿâèëàñü øèðøîþ çà ãðóïó Ãàëiëåÿ
i âêëþ÷à¹ äîäàòêîâó iíâàðiàíòíiñòü âiäíîñíî ìàñøòàáíèõ òà ñïåöiàëü-
íèõ êîíôîðìíèõ ïåðåòâîðåíü [1], [2]. Ó ðîáîòàõ [3] - [5] çðîáëåíî ãðóïî-
âó êëàñèôiêàöiþ ðiâíÿííÿ Øðîäiíãåðà ç äîâiëüíèì ïîòåíöiàëîì.

Âàæëèâîþ ãiëêîþ íàóêè ïðî ñèìåòðiþ ðiâíÿííÿ Øðîäiíãåðà ñêëà-
äàþòü äîñëiäæåííÿ éîãî âèùèõ ñèìåòðié. Âèâ÷åííÿ îïåðàòîðiâ ñèìåò-
ði¨ âèùèõ ïîðÿäêiâ ¹ íåîáõiäíîþ ñêëàäîâîþ ÷àñòèíîþ îïèñó ñèñòåì êî-
îðäèíàò, ó ÿêèõ iñíóþòü ðîçâ'ÿçêè ç ðîçäiëåíèìè çìiííèìè [6]. Îïåðà-
òîðè ñèìåòði¨ âèùèõ ïîðÿäêiâ äëÿ íåñòàöiîíàðíîãî ðiâíÿííÿ Øðîäií-
ãåðà äîñëiäæóâàëèñü ó ðîáîòàõ [7] [8]. Íàãàäà¹ìî, ùî ïîòóæíèé ìåòîä

c© Institute of Mathematics, 2014
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îáåðíåíî¨ çàäà÷i òàêîæ òiñíî ïîâ`ÿçàíèé ç âèùèìè ñèìåòðiÿìè ðiâíÿí-
íÿ Øðåäiíãåðà.

Äîñëiäæåííÿ ñèìåòði¨ öüîãî ðiâíÿííÿ àêòèâíî ïðîäîâæó¹òüñÿ i â ñó-
÷àñíó äîáó, à ñàìå äîñëiäæóþòüñÿ ñóïåðiíòåãðîâíi òà ñóïåðñèìåòðè÷íi
ñèñòåìè êâàíòîâî¨ ìåõàíiêè, äèâèñü [9], [10] òà öiòîâàíó òàì ëiòåðàòóðó.
Ïðè öüîìó ìàéæå íå äîñëiäæåíèìè çàëèøàþòüñÿ ñèìåòði¨ êâàíòîâî-
ìåõàíi÷íèõ ìîäåëåé, çàñíîâàíèõ íà ðiâíÿííÿõ Øðîäiíãåðà çi çìiííîþ
ìàñîþ, ÿêi ìàþòü íàñòóïíèé âèãëÿä:

Ĥψ = Eψ, (1)

äå

Ĥ = − ∂

∂xa

1

m(x)

∂

∂xa
+ V (x), x = (x1, x2, x3) (2)

i ïî iíäåêñàõ, ùî ïîâòîðþþòüñÿ, ïðîâîäèòüñÿ ñóìóâàííÿ çà çíà÷åííÿìè
a = 1, 2, 3.

Òàêi ðiâíÿííÿ ¹ íåâiä'¹ìíîþ ñêëàäîâîþ ÷àñòèíîþ ôiçèêè êîíäåí-
ñîâàíèõ ñòàíiâ. Âîíè òàêîæ ïðèðîäíüî âèíèêàþòü ïðè êâàíòóâàííi òà
ðåäóêöi¨ êëàñè÷íèõ ìîäåëåé ó áàãàòîâèìiðíîìó çêðèâëåíîìó ïðîñòîði.
Ñëiä âiäìiòèòè, ùî íàçâà "ðiâíÿííÿ Øðîäiíãåðà çi çìiííîþ ìàñîþ"íå
¹ öiëêîì àäåêâàòíîþ äëÿ (1), àëå ìè áóäåìå ïðèòðèìóâàòèñü öi¹¨ äóæå
ïîøèðåíî¨ òåðìiíîëîãi¨.

Äàíà ðîáîòà ïðèñâÿ÷åíà äîñëiäæåííþ ñèìåòði¨ ðiâíÿííÿ (1) âiä-
íîñíî ãðóï íåïåðåðâíèõ ïåðåòâîðåíü. Ìè ïðîâåäåìî ãðóïîâó êëàñè-
ôiêàöiþ öèõ ðiâíÿíü, ÿêi âêëþ÷àþòü äâà äîâiëüíi åëåìåíòè - ïîòåí-
öiàë V (x) òà çìiííó ìàñó m(x). Öÿ çàäà÷à åêâiâàëåíòíà çíàõîäæåííþ
óñiõ iíòåãðàëiâ ðóõó äëÿ ãàìiëüòîíiàíà (2), ÿêi íàëåæàòü äî êëàñó äè-
ôåðåíöiàëüíèõ îïåðàòîðiâ ïåðøîãî ïîðÿäêó. Áóäå ïîêàçàíî, ùî iñíó¹
20 êëàñiâ òàêèõ ðiâíÿíü ç ðiçíèìè ãðóïàìè ñèìåòði¨. Äâà çi çíàéäå-
íèõ ðiâíÿíü ìàþòü øèðîêó i äîñèòü åêçîòè÷íó ñèìåòðiþ. Îäíå ç íèõ
ìà¹ øiñòü iíòåãðàëiâ ðóõó, ùî óòâîðþþòü àëãåáðó Ëi ãðóïè îáåðòàíü ó
÷îòèâèìiðíîìó åâêëiäîâîìó ïðîñòîði, à äðóãå ¹ iíâàðiàíòíèì âiäíîñíî
àëãåáðè Ëi ãðóïè Ëîðåíöà. Ïîâíèé ñïèñîê ðiâíÿíü ç íååêâiâàëåíòíèìè
ãðóïàìè ñèìåòði¨ íàâåäåíî íèùå ó òàáëèöi 2.
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2 Âèçíà÷àëüíi ðiâíÿííÿ

Ìè áóäåì âèêîðèñòîâóâàòè íàñòóïíå ïðåäñòàâëåííÿ äëÿ ãàìiëüòîíiàíà
(2):

Ĥ =
∂

∂xa
f
∂

∂xa
+ V, (3)

äå V = V (x) òà f = f(x) = − 1
m(x) .

Íàøà çàäà÷à - çíàéòè óñi ãàìiëüòîíiàíè (3), ÿêi äîïóñêàþòü iíòå-
ãðàëè ðóõó, ùî íàëåæàòü äî äèôåðåíöiàëüíèõ îïåðàòîðiâ ïåðøîãî ïî-
ðÿäêó. Íå çìåíüøóþ÷è çàãàëüíîñòi, òàêi iíòåãðàëè ðóõó ìîæíî ïðåä-
ñòàâèòè ó íàñòóïíîìó âèãëÿäi:

Q = ξi∂i + η, i = 1, 3, (4)

äå ξi òà η - íåâiäîìi ôóíêöi¨ âiä x.

Çãiäíî ç âèçíà÷åííÿì, äèôåðåíöiàëüíi âèðàçè (3) òà (4) ïîâèííi
êîìóòóâàòè:

[Ĥ,Q] ≡ ĤQ−QĤ = 0 (5)

ïðè÷îìó ñïiââiäíîøåííÿ (5) òðåáà ðîçóìiòè ÿê îïåðàòîðíå ðiâíÿííÿ,
ÿêå ïîâèííî âèêîíóâàòèñü ïðè äi¨ îïåðàòîðiâ ó ëiâié ÷àñòèíi íà äîâiëü-
íó äâi÷è äèôåðåíöiéîâíó ôóíêöiþ. Îáðàõîâóþ÷è êîììóòàòîð i ïðè-
ðiâíþþ÷è íóëþ êîåôiöi¹íòè ïðè ðiçíèõ ïîõiäíèõ, äiñòà¹ìî íàñòóïíó
ñèñòåìó âèçíà÷àëüíèõ ðiâíÿíü:

ξcfcδab − f(ξba + ξab ) = 0, (6)

−ξifai + fiξ
a
i + fξacc + 2fηa = 0, (7)

faba + fηaa − ξiVi = 0, (8)

äå δab− ñèìâîë Êðîíåêåðà, i íèæíi iíäåêñè ïîçíà÷àþòü ïîõiäíi ïî âiä-
ïîâiäíèì çìiííèì. Íàïðèêëàä, ξac = ∂ξa

∂xc
, i ò.ï. ßê i âñþäè ó òåêñòi, çà

iíäåêñàìè, ùî ïîâòîðþþòüñÿ, ðîçóìi¹ìî ñóìîâóâàííÿ ïî çíà÷åííÿì 1,
2 i 3.

Ñèñòåìà (6)-(8) ¹ ïåðåâèçíà÷åíîþ, àëå äîñèòü ñêëàäíîþ. Âîíà
âêëþ÷à¹ äåñÿòü ðiâíÿíü äëÿ øåñòè ôóíêöié f, V, ξi òà η, êîæíà ç ÿêèõ
çàëåæèòü âiä òðüîõ çìiííèõ x1, x2, x3.
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Ðiâíÿííÿ (6) ìîæå áóòè ðîçùåïëåíî íà äâi íàñòóïíi ïiäñèñòåìè:

ξba + ξab −
2

3
δabξ

i
i = 0 (9)

3ξifi = 2fξii . (10)

Ôîðìóëà (9) âèçíà÷à¹ ðiâíÿííÿ äëÿ êîíôîðìíîãî âåêòîðà Êiëëiíãà.
Çàãàëüíèé ðîçâ'ÿçîê öüîãî ðiâíÿííÿ ìà¹ íàñòóïíèé âèãëÿä (äèâèñü,
íàïðèêëàä, [11])

ξa = λaxnxn − 2xaλnxn + µcεabcxb + ωxa + νa (11)

äå ãðåöüêèìè ëèòåðàìè ïîçíà÷åíî êîíñòàíòè iíòåãðóâàííÿ.
Çãiäíî ç (4), (11), çàãàëüíèé âèãëÿä iíòåãðàëà ðóõó ïåðøîãî ïîðÿä-

êó äëÿ ãàìiëüòîíiàíà (3) çàäà¹òüñÿ íàñòóïíîþ ôîðìóëîþ:

Q = λiKi + µiJ i + ωD + νiP i + b (12)

äå

P i = pi =
∂

∂xi
, J i = εijkxjpk,

D = xnpn + 1, Ki = xnxnpi − 2xiD

(13)

à b - íåâiäîìà ôóíêöiÿ âiä x. Îïåðàòîðè (13) çàäîâîëüíÿþòü íàñòóïíèì
êîìóòàöiéíèì ñïiâââiäíîøåííÿì

[P a, P b] = 0, [P a, Jb] = −εabcP c,
[Ja, Jb] = −εabcJc, [D,Ja] = 0,

[D,P a] = −P a, [D,Ka] = Ka,

[Ka, Jb] = −εabcKc, [Ka,Kb] = 0,

[Ka, P b] = 2(εabcJ
c − δabD)

(14)

ÿêi õàðàêòåðèçóþòü àëãåáðó Ëi êîíôîðìíî¨ ãðóïè ó òðèâèìiðíîìó åâ-
êëiäîâîìó ïðîñòîði. Iíøèìè ñëîâàìè, ñ òî÷íiñòþ äî îñòàííüîãî äî-
äàíêó, ïðîïîðöiéíîãî îäèíè÷íîìó îïåðàòîðó, øóêàíèé iíòåãðàë ðóõó
¹ ëiíiéíîþ êîìáiíàöi¹þ ãåíåðàòîðiâ êîíôîðìíî¨ ãðóïè ó òðèâèìiðíîìó
åâêëiäîâîìó ïðîñòîði C(3), ÿêà âèÿâëÿ¹òüñÿ ìàêñèìàëüíî ìîæëèâîþ
ãðóïîþ ñèìåòði¨ äîñëiäæóâàíèõ ðiâíÿíü.
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3 Àëãîðèòì iíòåãðóâàííÿ âèçíà÷àëüíèõ

ðiâíÿíü

Äëÿ çíàõîäæåííÿ ðîçâ'ÿçêiâ ñèñòåìè âèçíà÷àëüíèõ ðiâíÿíü (8), (7) i
(10) òðåáà ïåðåáðàòè óñi íååêâiâàëåíòíi íàáîðè äîâiëüíèõ ïàðàìåòðiâ
λa, µc, νa òà ω, ùî âèçíà÷àþòü ôóíêöi¨ ξa çãiäíî ç ôîðìóëîþ (11). Ç
òî÷íiñòþ äî ãðóïè âíóòðiøíiõ àâòîìîðôiçìiâ ãðóïè C(3), òàêi íàáîðè
âèçíà÷àþòüñÿ îïòèìàëüíîþ ñèñòåìîþ ïiäàëãåáð àëãåáðè (3), áàçèñíi
åëåìåíòè ÿêî¨ çàäàíi ôîðìóëàìè (13). Äëÿ çíàõîäæåííÿ öèõ ïiäàëãåáð
ñêîðèñòà¹ìîñü íàñòóïíèì òâåðæåííÿì.

Òâåðäæåííÿ 1 Àëãåáðà c(3) içîìîðôíà àëãåáði Ëi ïñåâäîîðòîãîíàëü-
íî¨ ãðóïè SO(1, 3).

Çôîðìóëüîâàíèé âèùå àâòîìîðôiçì ìîæå áóòè çàäàíèé ÿâíî çà äîïî-
ìîãîþ íàñòóïíèõ ñïiââiäíîøåíü:

Jab = εabcJc, Ka = J4a + J0a, P a = J0a − J4a, D = J40 (15)

äå P a, Ja,Ka òà D - îïåðàòîðè (13). Âèêîðèñòîâóþ÷è ðiâíÿííÿ (14),
ëåãêî ïåðåêîíàòèñÿ, ùî íîâi áàçèñíi åëåìåíòè (15) çàäîâîëüíÿþòü íà-
ñòóïíèì êîìóòàöiéíèì ñïiââiäíîøåííÿì:

[Jµν , Jλσ] = −(gµσJνλ + gνλJµσ − gµλJνσ − gνσJµλ) (16)

äå iíäåêñè µ, ν, λ, σ ïðîáiãàþòü çíà÷åííÿ 0, 1, 2, 3, 4, gµν =
diag(1,−1,−1,−1). À öi ñïiââiäíîøåííÿ âèçíà÷àþòü àëãåáðó so(1, 3).

Çãiäíî ç íàâåäåíèì òâåðæåííÿì, îïòèìàëüíà ñèñòåìà ïiäàëãåáð
àëãåáðè (3) ñïiâïàäà¹ ç îïòèìàëüíîþ ñèñòåìîþ ïiäàëãåáð àëãåáðè
so(1, 3). Îñòàííÿ áóëà çíàéäåíà ó ðîáîòi [12], ðåçóëüòàòàìè ÿêî¨ ìè
i ñêîðèñòó¹ìîñü. Öi ðåçóëüòàòè ìîæóòü áóòè ïðåäñòàâëåíi ó âèãëÿäi
íàñòóïíîãî òâåðäæåííÿ.

Òâåðäæåííÿ 2 Íååêâiâàëåíòíi ïiäàëãåáðè àëãåáðè so(1, 3) âèçíà÷à-
þòüñÿ íàñòóïíèìè íàáîðàìè áàçèñíèõ åëåìåíòiâ.

Îäíîâèìiðíi ïiäàëãåáðè:
< A+H >, < H >, < A+ αH >, 0 < α < 1, < E + J >, < G >,
< H cos c+G sin c >, 0 < c < π

2 , < A−G >, < A−G+H >;
äâîâèìiðíi ïiäàëãåáðè:

< A,H >,< G,H >,< E + J, F +K >,< E + J,G >, < H,A−G >,
< A−G,D + αH >;
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òðèâèìiðíi ïiäàëãåáðè:
<A+H, B-F, C+E>, <E, F, H>, < H cos c+G sin c, E+J, F+K>,
<H, E+J, F+K>,<G,E+J, F+K >,<H,J,K>, <A-G, B-J, C-K>,
<H+A-G, B-J, C-K>,<D, H, A-G>;

÷îòèðèâèìiðíi ïiäàëãåáðè:
<A+H, B-F, C+E, A-H>,<D,E,F,H>,<H,G,E+J,F+K>,
<H, A-G, B-J, C-K>, <D, A-G, B-J, C-K>,<A,K,J,H>;

ï`ÿòèâèìiðíà ïiäàëãåáðà:
<D, H, A-G, B-J, C-K>;

øåñòèâèìiðíi ïiäàëãåáðè:
<E, F, H, A-G, B-J, C-K>, <E, F, G, H, J,K>, <A, B, C, E, F, H>;

ñåìèâèìiðíà ïiäàëãåáðà:
<D, E, F, H, A-G, B-J, C-K>;

äåñÿòèâèìiðíà àëãåáðà:
<A, B, C, D, E, F, G, H, J, K>

äå

A =
1

2
(P3 −K3), B =

1

2
(P2 −K2), C =

1

2
(P1 −K1),

G = −1

2
(P3 +K3), J = −1

2
(P2 +K2), K = −1

2
(P1 +K1),

E = J32, F = J31, H = J21.

Òàêèì ÷èíîì, çàäà÷à ãðóïîâî¨ êëàñèôiêàöi¨ ðiâíÿííÿ (1) çâîäèòü-
ñÿ äî ïîøóêó íåiêâiâàëåíòíèõ ðîçâ'ÿçêiâ ðiâíÿíü (8), (7), (10), äå ξa -
ôóíêöi¨, çàäàíi ðiâíÿííÿì (11). Ïðè öüîìó äîñèòü îáìåæèòèñü òàêèìè
íàáîðàìè çíà÷åíü ÷èñëîâèõ ïàðàìåòðiâ λi, µi, νi òà ω, ùî âiäïîâiäà-
þòü ïiäàëãåáðàì, ïåðåðàõîâàíèì âèùå. Äëÿ çíàõîäæåííÿ öèõ çíà÷åíü
äîñèòü ïîðiâíÿòè çàãàëèíèé âèãëÿä îïåðàòîðà ñèìåòði¨ (12) ç êîíêðåò-
íèìè îïåðàòîðàìè, ùî âõîäÿòü ó îïòèìàëüíi ïiäàëãåáðè.

Mîæíà ïîêàçàòè, ùî ôóíêöiÿ η ó âèçíà÷àëüíèõ ðiâíÿííÿõ (8) òà (7)
ïîâèííà ìàòè âèãëÿä η = −2λaxa + c, äå λa - êîíñòàíòè, ùî âõîäÿòü ó
çàãàëüíèé âèðàç (12) äëÿ îïåðàòîðiâ ñèìåòði¨, à c - äîâiëüíà êîíñòàíòà,
ÿêà ¹ íåñóòò¹âîþ i ìîæå áóòè îïóùåíà. Äëÿ iíøèõ ôóíêöié η îïåðà-
òîðè (12) íå áóäóòü óòâîðþâàòè àëãåáðó Ëi, ùî ïðîòèði÷èòü îñíîâíèì
òåîðåìàì ãðóïîâîãî àíàëiçó.

ßâíèé âèãëÿä äîïóñòèìèõ ôóíêöié ξa i η íàâåäåíî ó íàñòóïíié òàá-
ëèöi.
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Òàáëèöÿ 1. Ôóíêöi¨ ξa i b, ùî âiäïîâiäàþòü áàçèñíèì åëåìåíòàì
íååêâiâàëåíòíèõ ïiäàëãåáð àëãåáðè c(3).

Áàçèñíi
åëåìåíòè ξ1 ξ2 ξ3 b
àëãåáðè

A x1x3 x2x3
s3+1
2 x3

B x1x2
s2+1
2 x2x3 x2

C s1+1
2 x1x2 x1x3 x1

D x1 x2 x3 0
E 0 x3 x2 0
F x3 0 x1 0

G x1x3 x2x3
s3−1
2 x3

H x2 x1 0 0

J x1x2
s2−1
2 x2x3 x2

K s1−1
2 x1x2 x1x3 x1

A+H x1x3 + x2 x2x3 − x1 s3+1
2 x3

H cos c
+G sin c

sin(c)x1x3
+ cos(c)x2

sin(c)x2x3
− cos(c)x1

sin(c)(s3+1)
2 x3 sin c

E + J x1x2
s2+2x3−1

2 (x3 − 1)x2 x2
A−G+H x2 −x1 1 0

F +K s1−2x3−1
2 x1x2 (x3 + 1)x1 x1

A−G 0 0 1 0
D + αH x1 + αx2 x2 − αx1 x3 0
B − J 0 1 0 0
C −K 1 0 0 0

B − F x1x2 + x3
s2+1
2 x2x3 − x1 x2

C + E s1+1
2 x1x2 + x3 x1x3 − x2 x1

A−H x1x3 − x2 x2x3 + x1
s3+1
2 x3

äå sa = 2x2a − r2, a = 1, 2, 3.

4 Ðåçóëüòàòè ãðóïîâî¨ êëàñèôiêàöi¨

Äëÿ çàâåðøåííÿ ãðóïîâî¨ êëàñèôiêàöi¨ ðiâíÿíü çàëèøèëîñÿ ïðîiíòå-
ãðóâàòè âèçíà÷àëüíi ðiâíÿííÿ (8), (7) òà (10) äëÿ âèïàäêiâ, ùî âiäïîâi-
äàþòü ïiäàëãåáðàì, ïåðåðàõîâàíèì ó òâåðäæåííi 2. Âiäïîâiäíi ôóíêöi¨
ξa i b íàâåäåíî ó òàáëèöi 1.
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Ðîçãëÿíåìî âèïàäîê, êîëè îïòèìàëüíà ïiäàëãåáðà îäíîâèìiðíà i
âêëþ÷à¹ ¹äèíèé áàçèñíèé åëåìåíò G = − 1

2 (P3 + K3). Çãiäíî ç òàá-
ëèöåþ 1, ç òî÷íiñòþ äî çàãàëüíîãî çíàêó âiäïîâiäíi ôóíêöi¨ ξ1, ξ2 òà ξ3

ìàþòü íàñòóïíèé âèãëÿä:

ξ1 = x1x3, ξ2 = x2x3, ξ3 = x23 −
1

2
(r2 + 1)

äå r2 = x21 + x22 + x23.
Ïiäñòàâèâøè öi ôóíêöi¨ ó (10), îòðèìó¹ìî ðiâíÿííÿ äëÿ íåâiäîìî¨

ôóíêöi¨ f :

x1f1 + x2f2 + x3f3 −
r2 + 1

2x3
f3 = 2f,

çàãàëüíèé pîçâ`ÿçîê ÿêîãî ìà¹ âèãëÿä:

f(x) = r212F

(
x2
x1
,
r2 − 1

r12

)
(17)

äå r212 = r21 + r22, i F (., .) ¹ äîâiëüíîþ ôóíêöi¹þ ñâî¨õ äâîõ àðãóìåíòiâ.
Ïðÿìà ïåðåâiðêà ïîêàçó¹, ùî ôóíêöi¨ (17) òîòîæíüî çàäîâîëüíÿþòü

òàêîæ ðiâíÿííÿ (7).
Çàëèøèëîñü ðîçâ'ÿçàòè îñòàíí¹ âèçíà÷àëüíå ðiâíÿííÿ (8), ÿêå íà-

áóâà¹ íàñòóïíîãî âèãëÿäó:

2x3(x1V1 + x2V2 + x3V3)− (r2 + 1)V3 = f3. (18)

Öå ëiíiéíå íåîäíîðiäíå ðiâíÿííÿ, çàãàëüíèé ðîçâ'ÿçîê ÿêîãî ìà¹ íà-
ñòóïíèé âèãëÿä:

V (x) = r12D2F + F̃

(
x2
x1
,
r2 − 1

r12

)
(19)

äå F̃ (., .) - ùå îäíà äîâiëüíà ôóíêöiÿ, i ñèìâîë D2F îçíà÷à¹ ïîõiäíó
ïî äðóãîìó àðãóìåíòó ôóíêöi¨ F .

Ìè áà÷èìî, ùî óìîâi iíâàðiàíòíîñòi âiäíîñíî îïåðàòîðàG çàäîâîëü-
íÿ¹ äîñèòü øèðîêèé êëàñ ðiâíÿíü (3). À ñàìå, òàêi ðiâíÿííÿ âèçíà÷åíi

ç òî÷íiñòþ äî äâîõ äîâiëüíèõ ôóíêöié F (x2

x1
, r

2−1
r12

) òà F̃ (x2

x1
, r

2−1
r12

).
Ðîçãëÿíåìî ðiâíÿííÿ, ùî äîïóñêàþòü ñèìåòðiþ âiäíîñíî áiëüø øè-

ðîêèõ àëãåáð, ÿêi âêëþ÷àþòü G i iíøi áàçèñíi åëåìåíòè. Çãiäíî ç òâåð-
äæåííÿì 2, äîñòàòíüî ðîçãëÿíóòè äâi äâîâèìiðíi àëãåáðè: < G,H > òà
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< G,E + J >. Ïðè öüîìó âèíèêàþòü äîäàòêîâi óìîâè iíâàðiàíòíîñòi
âiäíîñíî äi¨ îïåðàòîðiâ H òà E + J âiäïîâiäíî.

Ðîçãëÿíåìî ïiäàëãåáðó < G,H >. Ïiäñòàâèâøè ç Òàáëèöi 1 âiäïî-
âiäíi çíà÷åííÿ ôóíêöi¨ ξa â ðiâíÿííÿ (6), îòðèìó¹ìî äîäàòêîâó ñèñòåìó
âèçíà÷àëüíèõ ðiâíÿíü äëÿ f i V :

x2f1 − x1f2 = 0, x2V1 − x1V2 = 0.

Öi óìîâè çàáîðîíÿþòü çàëåæíiñòü ôóíêöié F (x2

x1
, r

2−1
r12

) òà

F̃ (x2

x1
, r

2−1
r12

) âiä ïåðøîãî àðãóìåíòó, i äîïóñòèìi ôóíêöi¨ f i V íàáó-
âàþòü âèãëÿäy:

f(x) = r212F

(
r2 − 1

r12

)
, V (x) = r12F

′ + F̃

(
r2 − 1

r12

)
. (20)

äå F ′ îçíà÷àå ïîõiäíó âiä ôóíêöi¨ F
(
r2−1
r12

)
ïî ¨¨ àðãóìåíòó r2−1

r12
.

Äëÿ ðiâíÿíü, iíâàðiàíòíèõ âiäíîñíî ïiäàëãåáðè < G,E+J >, ôóíê-
öi¨ (17) òà (19) ïîâèííi çàäîâîëüíÿòè íàñòóïíi äîäàòêîâi óìîâè:

x2(x1f1 + x2f2 + (x3 − 1)f3)− 1

2
(r2 − 1− 2x3)f2 = 2x2f,

2x2(x1V1 + x2V2 + (x3 − 1)V3)− (r2 − 1− 2x3)V2 = f2

ÿêi îòðèìóþòüñÿ ïðè ïiäñòàíîâöi ó (7) òà (10) âiäïîâiäíèõ âèðàçiâ äëÿ
ξa òà η ç òàáëèöi 1. Öi óìîâè ñóìiñíi ç (17) òà (19) òiëüêè òîäi, êîëè

f(x) = x21F

(
r2 − 1

x1

)
, V = x1F

′ + F̃

(
r2 − 1

x1

)
. (21)

Íàñòóïíà çà ðîçìiðíiñòþ îïòèìàëüíà ïiäàëãåáðà, ùî âêëþ÷à¹ G, ¹
ëiíiéíîþ îáîëîíêîþ áàçèñíèõ åëåìåíòiâ < G,H,E+J >. Ñèìåòðiÿ âiä-
íîñíî öi¹¨ àëãåáðè âèìàãà¹ ñóìiñíîñòi ôîðìóë (21) òà (20), ùî ìîæëèâî
òiëüêè ó âèïàäêó, êîëè

f(x) = µ(r2 − 1)2, V = 4µr2 + ν (22)

äå µ òà ν - äîâiëüíi êîíñòàíòè. Öi æ ôîðìóëè âèÿâëÿþòüñÿ ñïðàâåä-
ëèâèìè i äëÿ óñiõ iíøèõ ðîçøèðåíü àëãåáð < G,H > òà < G,E + J >,
ïðèñóòíiõ ó ïåðåëiêó ç òâåðäæåííÿ 2.
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Àíàëîãi÷íî, ñòàðòóþ÷è ç iíøèõ îäíîâèìiðíèõ àëãåáð, íàâåäåíèõ ó
çãàäàíîìó òâåðäæåííi, i ïîñëiäîâíî ðîçâ'ÿçóþ÷è âiäïîâiäíi âèçíà÷àëü-
íi ðiâíÿííÿ, çíàõîäèìî óñi iíøi ðiâíÿííÿ Øðîäiíãåðà òà ¨õ àëãåáðè ñè-
ìåòði¨. Öÿ ïðîöåäóðà ¹ àëãîðèòìi÷íîþ äëÿ óñiõ ðîçâ'ÿçíèõ îïòèìàëü-
íèõ ïiäàëãåáð. Ó íàøîìó âèïàäêó íåðîçâ'ÿçíèìè ¹ òiëüêè òàêi àëãåáðè,
ùî âêëþ÷àþòü ïiäàëãåáðó so(3). Äëÿ òàêèõ àëãåáð îáðàõóíêè àíàëî-
ãi÷íi, àëå äîâîäèòüñÿ ïî÷èíàòè âiäðàçó ç òðüîõ ñèñòåì âèçíà÷àëüíèõ
ðiâíÿíü, ùî âiäïîâiäàþòü öié ïiäàëãåáði. Ðåçóëüòàòè ùîäî ðîçâ'ÿçêiâ
âèçíà÷àëüíèõ ðiâíÿíü íàâåäåíî ó íàñòóïíié òàáëèöi.

Òàáëèöÿ 2. Àëãåáðè iíâàðiàíòíîñòi ðiâíÿíü (3) òà âiäïîâiäíi ôóíêöi¨
f òà V , ùî âèçíà÷àþòü öi ðiâíÿííÿ

Ïiäàëãåáðà f V

G r212F (x2

x1
, r

2−1
r12

) 2r12D2F + F̃ (x2

x1
, r

2−1
x1

)

H F (r212, x3) V (r212, x3)

A+G r212F (x2

x1
, r

2

r12
) r122D2F + F̃ (x2

x1
, r

2

r12
)

A+H r212F ( r
2+1
r12

, ω1)
2r12D1F +

4r212x3

l−
D2F

+F̃ ( r
2+1
r12

, ω1)

A+ αH r212F ( r
2+1
r12

, ω2)
2r12D1F +

4αr212x3

l−
D2F

+F̃ ( r
2+1
r12

, ω2)

H cos c+G sin c r212F ( r
2−1
r12

, ω3)
2r12D1F +

4 cot (c)r212x3

l+
D2F

+F̃ ( r
2−1
r12

, ω3)

A−G+H F (r212, x3 − ϕ) V (r212, x3 − ϕ)

A,H r212F ( r
2+1
r12

) 2r12F
′ + F̃ ( r

2+1
r12

)

G,H r212F ( r
2−1
r12

) 2r12F
′ + F̃ ( r

2−1
r12

)

H,A−G F (r12) V (r12)

A−G,D + αH r212F (ln rα12 + ϕ) F̃ (ln rα12 + ϕ)

H,J,K x23F ( r
2−1
x3 ) 2x3F

′ + F̃ ( r
2−1
x3 )

B,C,H x23F ( r
2+1
x3 ) 2x3F

′ + F̃ ( r
2+1
x3 )

E,F,H F (r2) F̃ (r2)
D,H,A−G µr212 ν
A,K, J,H µ((r2 + 1)2 + 4x23) 4µr2 + ν
E, F,H,D µr2 ν

A,B,C,E, F,H µ(r2 + 1)2 4µr2 + ν
E, F,G,H, J,K µ(r2 − 1)2 4µr2 + ν
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Òóò µ òà ν - äîâiëüíi êîíñòàíòè,

l± = (r2 − 1)2 ± 4r212(r2 − 1)2, ω1 = arctan
r2 + 1

2x3
+ ϕ,

ω2 = α arctan
r2 + 1

2x3
+ ϕ, ω3 = − cot c arctan

r2 − 1

2x3
+ ϕ,

ϕ = arctan
x2
x1
.

Òàáëèöÿ 2 íå âêëþ÷à¹ ïîñòiéíèõ ôóíêöié f òà V , ùî âiäïîâiäà-
þòü î÷åâèäíié ñèìåòði¨ ðiâíÿííÿ (2) âiäíîñíî ãðóïè Åâêëiäà. Íàâå-
äåíi ðîçâ'ÿçêè äëÿ f i V ìîæóòü áóòè ðîçìíîæåíi ç âèêîðèñòàííÿì
ãðóïè åêâiâàëåíòíîñòi öüîãî ðiâíÿííÿ, ãåíåðàòîðè ÿêî¨ çàäàíi ôîðìó-
ëàìè (13).

5 Âèñíîâêè

Ó äàíié ðîáîòi ïðîâåäåíî ãðóïîâó êëàñèôiêàöiþ ðiâíÿíüØðîäiíãåðà çi
çìiííîþ ìàñîþ. ßê âèäíî ç òàáëèöi 2, ìíîæèíà ðiâíÿíü ç íåòðèâiàëü-
íîþ ñèìåòði¹þ âèÿâèëàñü äîñèòü øèðîêîþ. Ïðè öüîìó ðîçìiðíiñòü àë-
ãåáð iíâàðiàíòíîñòi ìîæå áóòè âiä îäèíèöi äî øeñòè.

Âñòàíîâëåíî, ùî iñíó¹ òðè íååêâiâàëåíòíèõ ðiâíÿííÿ, ÿêi äîïóñêà-
þòü ìàêñèìàëüíî øèðîêi (øåñòèïàðàìåòðè÷íi) ãðóïè Ëi. Ç òî÷íiñòþ
äî íîðìóâàííÿ âëàñíèõ çíà÷åíü òàêi ðiâíÿííÿ ìîæóòü áóòè çàïèñàíi ó
íàñòóïíîìó âèãëÿäi (äèâ. òðè îñòàííi ñòðî÷êè òàáëèöi 2):(

− ∆

2m
+ C

)
ψ = Eψ, (23)(

(−∇a(r2 + 1)2∇a − 4r2
)
)ψ = Eψ, (24)(

−∇a(r2 − 1)2∇a − 4r2
)
)ψ = Eψ (25)

äå m - êîíñòàíòà.
Ðiâíÿííÿ Øðîäiíãåðà äëÿ âiëüíî¨ ÷àñòèíêè, ùî çàäà¹òüñÿ ôîðìó-

ëîþ (23), ìà¹ î÷åâèäíó ñèìåòðiþ âiäíîñíî ãðóïè Åâêëiäà E(3). Áiëüø
íåñïîäiâàíi ñèìåòði¨ ìàþòü ðiâíÿííÿ (25) i (24). À ñàìå, ñèìåòðiÿ ðiâ-
íÿííÿ (24) âèçíà÷à¹òüñÿ àëãåáðîþ so(4), òîáòî àëãåáðîþ Ëi ãðóïè îáåð-
òàíü ó ÷îòèðèâèìiðíîìó ïðîñòîði. À ðiâíÿííÿ (25) âèÿâëÿ¹òüñÿ ií-
âàðiàíòíèì âiäíîñíî àëãåáðè Ëi ãðóïè Ëîðåíöà.
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Ùå äâà ðiâíÿííÿ ç íåçâè÷àéíîþ ñèìåòði¹þ çàäà¹òüñÿ íàñòóïíèìè
ôîðìóëàìè:(

−∇ax23F
(
r2 + 1

x3

)
∇a − 2x3F

′ − F̃
(
r2 + 1

x3

))
ψ = Eψ (26)

òà (
−∇ax23F

(
r2 − 1

x3

)
∇a − 2x3F

′ − F̃
(
r2 − 1

x3

))
ψ = Eψ (27)

äå F (·) òà F̃ (·) - äîâiëüíi ôóíêöi¨ âêàçàíèõ àðãóìåíòiâ.
Aëãeáðà iíâàðiàíòíîñòi ðiâíÿííÿ (26) ¹ ëiíiéíîþ îáîëîíêîþ îïåðà-

òîðiâ B,C òà H, ÿêi óòâîðþþòü íåñòàíäàðòíå ïðåäñòàâëåííÿ àëãåáðè
Ëi ãðóïè îáåðòàíü ó òðèâèìiðíîìó ïðîñòîði. Àëãåáðà ñèìåòði¨ ðiâíÿí-
íÿ (27) âêëþ÷à¹ îïåðàòîðè H,J i K, ùî óòâîðþþòü ïðåäñòiâëåííÿ
àëãåáðè Ëi ãðóïè Ëîðåíöà ó (1+2)-âèìiðíîìó ïðîñòîði-÷àñi.

Çíàéäåíi ñèìåòði¨ ñòâîðþþòü òåîðåòèêî-ãðóïîâå ïiäãðóíòÿ äëÿ ïî-
áóäîâè ìîäåëåé çi çìiííîþ ìàñîþ. Âîíè òàêîæ ìîæóòü áóòè âèêîðè-
ñòàíi äëÿ åôåêòèâíîãî iíòåãðóâàííÿ òàêèõ ìîäåëåé. Çîêðåìà, óñi îòðè-
ìàíi ðiâíÿííÿ, ùî ìàþòü áiëüøå íiæ äâà iíòåãðàëà ðóõó (íàïðèêëàä,
ðiâíÿííÿ (26) òà (27)) ¹ ñóïåðiíòåãðîâíèìè, à ðiâíÿííÿ (25) òà (24)
íàëåæàòü äî ìàêñèìàëüíî ñóïåðiíòåãðîâíèõ ðiâíÿíü, áî äîïóñêàþòü
÷îòèðè àëãåáðà¨÷íî íåçàëåæíèõ iíòåãðàëà ðóõó, à öå ¹ ìàêñèìàëüíî
ìîæëèâà êiëüêiñòü äëÿ ãàìiëüòîíîâî¨ ñèñòåìè ç òðüîìà ñòåïåíÿìè âiëü-
íîñòi.
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àðèôìåòè÷íi ñóìè ìíîæèí

êîìïëåêñíèõ ÷èñåë

In this paper we consider topological and metric properties of in�nite ari-

thmetic sum of an in�nite sequence of �nite sets of the complex numbers.

Ó äàíié ðîáîòi ðîçãëÿäàþòüñÿ òîïîëîãî-ìåòðè÷íi âëàñòèâîñòi ìíîæèí,

ÿêi ïðåäñòàâëÿþòü ñîáîþ íåñêií÷åííi àðèôìåòè÷íi ñóìè ïîñëiäîâíî-

ñòåé ñêií÷åííèõ ìíîæèí êîìïëåêñíèõ ÷èñåë.

1 Âñòóï

Ó ïðàöÿõ Ìiíêîâñüêîãî áóëà ââåäåíà áiíàðíà îïåðàöiÿ íàä ìíîæèíàìè
A i B ëiíiéíîãî ïðîñòîðó V , âèçíà÷åíà ðiâíiñòþ

A⊕B = {c = a+ b : a ∈ A, b ∈ B}. (1)

�¨ íàçèâàþòü àðèôìåòè÷íîþ [14, 15] àáî âåêòîðíîþ [6] ñóìîþ ìíî-
æèí A i B. Àðèôìåòè÷íà ñóìà A ⊕ B ìà¹ ïðîñòó ãåîìåòðè÷íó iíòåð-
ïðåòàöiþ, âèðàæåíó íàñòóïíîþ ðiâíiñòþ:

A⊕B =
⋃
a∈A

ta(B) =
⋃
b∈B

tb(A), äå tc(x) = x+ c. (2)

Êðiì àðèôìåòè÷íî¨ ñóìè ìíîæèí âèêîðèñòîâó¹òüñÿ îïåðàöiÿ ìíî-
æåííÿ ìíîæèíè ëiíiéíîãî ïðîñòîðó íà ñêàëÿð: λA = {λa : a ∈ A}. Ñàì
Ìiíêîâñüêèé âèêîðèñòîâóâàâ öi îïåðàöi¨ ïðè äîñëiäæåííi âëàñòèâîñòåé

c© Institute of Mathematics, 2014
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ëiíiéíèõ êîìáiíàöié ìíîãîãðàííèêiâ [5]. Âçàãàëi êàæó÷è, àðèôìåòè-
÷íà ñóìà íå óñïàäêîâó¹ íi òîïîëîãi÷íèõ, íi ìåòðè÷íèõ âëàñòèâîñòåé
ìíîæèí-äîäàíêiâ. Îäíèì ç ÿñêðàâèõ ïðèêëàäiâ öüîìó ¹ àðèôìåòè÷íà

ñóìà äâîõ êëàñè÷íèõ ìíîæèí Êàíòîðà C = {x =
∞∑
k=1

ak
3k

: ak ∈ {0, 1}}.

ßê âiäîìî [3], C ⊕ C = [0, 2] , òîáòî â öüîìó âèïàäêó àðèôìåòè÷íà
ñóìà äâîõ íiäå íå ùiëüíèõ ìíîæèí íóëüîâî¨ ìiðè Ëåáåãà ¹ çâ'ÿçíîþ
ìíîæèíîþ äîäàòíî¨ ìiðè Ëåáåãà. Ó ðîáîòàõ [14, 15] äîñëiäæóâàëèñü
òîïîëîãi÷íi òà ìåòðè÷íi âëàñòèâîñòi àðèôìåòè÷íèõ ñóì ìíîæèí êàíòî-
ðiâñüêîãî òèïó. Êðiì ñàìîñòiéíîãî iíòåðåñó öi ðåçóëüòàòè ¹ êîðèñíèìè
ïðè äîñëiäæåííi ñòðóêòóðè çãîðòêè äâîõ ñèíãóëÿðíèõ ðîçïîäiëiâ âè-
ïàäêîâèõ âåëè÷èí êàíòîðiâñüêîãî òèïó. Íåòðèâiàëüíèé iíòåðåñ âèêëè-
êàþòü íåñêií÷åííi ëiíiéíi êîìáiíàöi¨ ìíîæèí, çîêðåìà ïðè äîñëiäæåííi
íåñêií÷åííèõ çãîðòîê Áåðíóëëi (ñèìåòðè÷íèõ òà íåñèìåòðè÷íèõ). ßê
âiäîìî [7], ñïåêòð íåñêií÷åííî¨ çãîðòêè Áåðíóëëi ìîæå áóòè âiäðiçêîì,
îá'¹äíàííÿì âiäðiçêiâ, äîñêîíàëîþ, íiäå íå ùiëüíîþ ìíîæèíîþ íóëüî-
âî¨ àáî äîäàòíî¨ ìiðè Ëåáåãà. À ïî ñóòi, âií ¹ àðèôìåòè÷íîþ ñóìîþ
çëi÷åííîãî ÷èñëà äâîåëåìåíòíèõ ìíîæèí � ñïåêòðiâ ðîçïîäiëiâ âèïàä-
êîâèõ âåëè÷èí - äîäàíêiâ. Ìíîæèíà íåïîâíèõ ñóì àáñîëþòíî çáiæíî-
ãî ðÿäó [2, 13] òàêîæ ¹ àðèôìåòè÷íîþ ñóìîþ çëi÷åííîãî ÷èñëà äâî-
åëåìåíòíèõ ìíîæèí. Àíàëîãi÷íà ñèòóàöiÿ ñïîñòåðiãà¹òüñÿ ïðè àíàëiçi
âèïàäêîâèõ âåëè÷èí òèïó Äæåññåíà-Âiíòíåðà [10]. Êëþ÷îâèì ìîìåí-
òîì â íàâåäåíèõ ïðèêëàäàõ ¹ òå, ùî àðèôìåòè÷íà ñóìà çëi÷åííîãî
÷èñëà ñêií÷åííèõ ìíîæèí ¹ êîíòèíóàëüíîþ ìíîæèíîþ, ÿêà òàêîæ ìî-
æå ìàòè äîäàòíó ìiðó Ëåáåãà. Ó ðîáîòàõ, ïðèñâÿ÷åíèõ äîñëiäæåííþ
âëàñòèâîñòåé çãàäàíèõ ìíîæèí, íå ïðèäiëÿëè äîñòàòíüî óâàãè ìîæëè-
âîñòi ¨õ ïðåäñòàâëåííÿ íåñêií÷åííèìè àðèôìåòè÷íèìè ñóìàìè áiëüø
ïðîñòèõ (ñêií÷åííèõ) ìíîæèí. Ïðîòå â äåÿêèõ âèïàäêàõ òàêèé ïiäõiä
¹ çðó÷íèì ïðè äîñëiäæåííi âëàñòèâîñòåé ñóìè íåñêií÷åííîãî ÷èñëà
ìíîæèí â òåðìiíàõ âåëè÷èí, ùî õàðàêòåðèçóþòü ìíîæèíè-äîäàíêè. Ó
äàíié ðîáîòi ìè ðîçãëÿäà¹ìî ïîíÿòòÿ íåñêií÷åííî¨ àðèôìåòè÷íî¨ ñóìè
ìíîæèí, äîñëiäæó¹ìî âëàñòèâîñòi ìíîæèí, ÿêi ¹ íåñêií÷åííèìè àðè-
ôìåòè÷íèìè ñóìàìè ñêií÷åííèõ ïiäìíîæèí êîìïëåêñíî¨ ïëîùèíè, â
çàëåæíîñòi âiä âëàñòèâîñòåé ìíîæèí-äîäàíêiâ.
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êîìïëåêñíèõ ÷èñåë, Σ-ìíîæèíè

Íåõàé C � íîðìîâàíèé ïðîñòið êîìïëåêñíèõ ÷èñåë z = x+ iy ç íîðìîþ
‖z‖ = |z| = |x+ iy| =

√
x2 + y2.

Àðèôìåòè÷íîþ ñóìîþ n ÷èñëîâèõ ìíîæèí A1, . . . , An (ñèìâ.:
n⊕
k=1

Ak) íàçèâà¹òüñÿ ìíîæèíà åëåìåíòiâ âèäó e = a1 + · · · + an, äå

ak ∈ Ak (k = 1, . . . , n), òîáòî
n⊕
k=1

Ak = {
n∑
k=1

ak : ak ∈ Ak, k = 1, . . . , n}.

Îçíà÷åííÿ 1. Íåñêií÷åííîþ àðèôìåòè÷íîþ ñóìîþ ïîñëiäîâíîñòi ÷è-

ñëîâèõ ìíîæèí A1, A2, . . . , Ak, . . . (ñèìâ.:
∞⊕
k=1

Ak) íàçèâàòèìåìî òîïî-

ëîãi÷íó ãðàíèöþ (ÿêùî âîíà iñíó¹) ïîñëiäîâíîñòi ìíîæèí Sk =
k⊕

m=1
Am

ïðè k →∞, òîáòî
∞⊕
k=1

Ak := lt
k→∞

k⊕
m=1

Am.

ßê âiäîìî [8], òîïîëîãi÷íà ãðàíèöÿ ïîñëiäîâíîñòi ìíîæèí ¹ çàìêíå-

íîþ ìíîæèíîþ, îòæå,
∞⊕
k=1

Ak � çàìêíåíà.

Àðèôìåòè÷íà ñóìà ñêií÷åííîãî ÷èñëà ñêií÷åííèõ ìíîæèí ¹ ìíî-
æèíîþ ñêií÷åííîþ, áiëüø öiêàâîþ ç ãåîìåòðè÷íî¨ òî÷êè çîðó, íàâiòü
äëÿ ñêií÷åííèõ ìíîæèí-äîäàíêiâ, ¹ ñóìà çëi÷åííîãî ¨õ ÷èñëà.

Îçíà÷åííÿ 2. Áóäåìî êàçàòè, ùî ìíîæèíà S ¹ Σ-ìíîæèíîþ, ÿêùî

S =
∞⊕
k=1

Zk, äå Zk (k ∈ N) � ñêií÷åííi ïiäìíîæèíè êîìïëåêñíî¨ ïëîùè-

íè C, äëÿ ÿêèõ âèêîíóþòüñÿ íàñòóïíi óìîâè:
1)

∞∑
k=1

µk = M <∞, äå µk = max{|z| : z ∈ Zk} (3)

2) ñåðåä ìíîæèí Zk iñíó¹ íåñêií÷åííà êiëüêiñòü ìíîæèí, ùî ìiñòÿòü
íå ìåíøå äâîõ åëåìåíòiâ.

Î÷åâèäíî, ùî åëåìåíòè ìíîæèíè S =
∞⊕
k=1

Zk âèçíà÷àþòüñÿ ñóìàìè

àáñîëþòíî çáiæíèõ ðÿäiâ âèäó
∞∑
k=1

zk, äå zk ∈ Zk. Òàêèì ÷èíîì, ÿêùî
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Zk = {z1k, z2k, . . . , zmkk} (mk, k ∈ N), òî

S =

∞⊕
k=1

Zk = {
∞∑
k=1

zikk : zikk ∈ Zk}. (4)

Ïîçíà÷èìî Ik := {1, . . . ,mk}, I := {(i1, . . . , ik, . . . ) : ik ∈ Ik, k ∈ N}.
Ìiæ ìíîæèíàìè I òà S ìîæíà âñòàíîâèòè âiäïîâiäíiñòü σ íàñòóïíèì
÷èíîì:

σ : (i1, . . . , ik, . . . )→
∞∑
k=1

zikk (5)

Äîâiëüíié ïîñëiäîâíîñòi i = (i1, . . . , ik, . . . ) ∈ I âiäïîâiäà¹ ¹äèíå

êîìïëåêñíå ÷èñëî, ùî ¹ ñóìîþ ðÿäó σ(i) =
∞∑
k=1

zikk ∈ S, òîáòî âiä-

ïîâiäíiñòü σ ¹ âiäîáðàæåííÿì. Îñêiëüêè êîæíèé åëåìåíò ìíîæèíè S
còàâèòüñÿ ó âiäïîâiäíiñòü äåÿêîìó åëåìåíòó (ïîñëiäîâíîñòi) i ç ìíîæè-
íè I i ïðè öüîìó ðiçíèì ïîñëiäîâíîñòÿì i, j ∈ I ìîæóòü (â çàãàëüíî-
ìó âèïàäêó) âiäïîâiäàòè êîìïëåêñíi ÷èñëà, ÿêi âèçíà÷àþòüñÿ ðÿäàìè
ç ðiâíèìè ñóìàìè, òî âiäïîâiäíiñòü σ ¹ ñþð'¹êòèâíèì âiäîáðàæåííÿì
(¨í'¹êòèâíiñòü ìà¹ ìiñöå ëèøå â îêðåìèõ âèïàäêàõ).

Ëåìà 1. Äîâiëüíà Σ-ìíîæèíà ¹ êîìïàêòíîþ.

Äîâåäåííÿ.Îñêiëüêè S ¹ ïiäìíîæèíîþ ñêií÷åííîâèìiðíîãî åâêëiäî-
âîãî ïðîñòîðó, íàì äîñòàòíüî ïîêàçàòè, ùî âîíà ¹ çàìêíåíîþ òà îáìå-
æåíîþ. Çàìêíåíiñòü S âèïëèâà¹ ç ¨¨ îçíà÷åííÿ ÿê òîïîëîãi÷íî¨ ãðàíèöi
ïîñëiäîâíîñòi ìíîæèí. Ïîêàæåìî, ùî S îáìåæåíà. Íåõàé z � äîâiëüíà

òî÷êà ìíîæèíè S. Òîäi iñíóþòü zk ∈ Zk òàêi, ùî z =
∞∑
k=1

zk. Âðàõîâó-

þ÷è íåðiâíiñòü (3), ìà¹ìî ‖z‖ = |
∞∑
k=1

zk| ≤
∞∑
k=1

|zk| ≤
∞∑
k=1

µk = M < ∞.

Çâiäñè âèïëèâà¹, ùî ìíîæèíà S ìiñòèòüñÿ â çàìêíåíîìó êðóçi ñêií-
÷åííîãî ðàäióñà M ç öåíòðîì â ïî÷àòêó êîîðäèíàò i, çíà÷èòü, ¹ îáìå-
æåíîþ. Ëåìó äîâåäåíî.

Ïðè äîñëiäæåííi âëàñòèâîñòåé Σ-ìíîæèíè S =
∞⊕
k=1

Zk çðó÷íî âè-

êîðèñòîâóâàòè òàê çâàíi öèëiíäðè (öèëiíäðè÷íi ìíîæèíè), â ñåíñi íà-
ñòóïíîãî îçíà÷åííÿ.
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Îçíà÷åííÿ 3. Íåõàé (c1, . . . , ck) � ôiêñîâàíèé óïîðÿäêîâàíèé íàáið,
äå cj ∈ Ij (j = 1, k). Öèëiíäðîì ðàíãó k ç îñíîâîþ c1 . . . ck íàçèâà¹òüñÿ
ìíîæèíà

Sc1...ck = {x =

∞∑
m=1

zimm : im = cm (m = 1, . . . , k), zimm ∈ Zm}. (6)

Öèëiíäðè ¹ êîìïàêòíèìè, à òàêîæ âîëîäiþòü íàñòóïíèìè âëàñòè-
âîñòÿìè: 1) Sc1...ckck+1

⊂ Sc1...ck ; 2) S =
⋃

(c1,...,ck)

Sc1...ck ; 3) öèëií-

äðè îäíîãî ðàíãó ¹ êîíãðóåíòíèìè; 4) d(Sc1...ck) ≤
∞∑

m=k+1

d(Zm); 5)

öèëiíäð k-ãî ðàíãó ïîâíiñòþ ìiñòèòüñÿ â çàìêíåíîìó êðóçi ðàäióñà

Rk = 1√
3

∞∑
m=k+1

d(Zm) (ÿêùî öèëiíäðè ¹ öåíòðàëüíî-ñèìåòðè÷íèìè, òî

Rk = 1
2

∞∑
m=k+1

d(Zm)); 6)
∞⋂
k=1

Sc1...ck = {
∞∑
k=1

zckk}.

Äîâåäåìî, íàïðèêëàä, ÷åòâåðòó âëàñòèâiñòü. Íåõàé Sc1...ck � äî-
âiëüíèé öèëiíäð k-ãî ðàíãó. Îñêiëüêè Sc1...ck êîìïàêòíà ìíîæèíà, òî
iñíóþòü òî÷êè z′, z′′ ∈ Sc1...ck òàêi, ùî d(Sc1...ck) = |z′′ − z′|. Ç íà-
ëåæíîñòi òî÷îê z′, z′′ ìíîæèíi Sc1...ck âèïëèâà¹ iñíóâàííÿ òàêèõ ïî-
ñëiäîâíîñòåé (i1, . . . , im, . . . ) òà (j1, . . . , jm, . . . ), im, jm ∈ Im, i1 =

j1 = c1, . . . , ik = jk = ck, ùî z′ =
∞∑
m=1

zimm, z
′′ =

∞∑
m=1

zjmm. Òîäi

d(Sc1...ck) = |z′′ − z′| = |
∞∑

m=k+1

(zjmm − zimm)| ≤
∞∑

m=k+1

d(Zm). Ùî i

òðåáà áóëî äîâåñòè.
Ïîçíà÷èìî l(Zk) := min

u,v∈Zk
u6=v

|u− v|.

Ëåìà 2. ßêùî äëÿ âñiõ íàòóðàëüíèõ k âèêîíó¹òüñÿ íåðiâíiñòü

l(Zk) >
2√
3

∞∑
m=k+1

d(Zm) (7)

(àáî l(Zk) >
∞∑

m=k+1

d(Zm) ó âèïàäêó, êîëè âñi öèëiíäðè ¹

öåíòðàëüíî-ñèìåòðè÷íèìè), òî öèëiíäðè (6) îäíîãî ðàíãó ïîïàðíî
íå ïåðåòèíàþòüñÿ.
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Äîâåäåííÿ. Íåõàé r�äîâiëüíå ôiêñîâàíå íàòóðàëüíå ÷èñëî, Sp1...pr
i Sq1...qr � äîâiëüíi öèëiíäðè r-ãî ðàíãó. Îñêiëüêè (p1, . . . , pr) 6=
(q1, . . . , qr), òî iñíó¹ òàêèé íîìåð s ∈ {1, . . . , r}, ùî pj = qj (j =
1, . . . , s − 1) i ps 6= qs. Ðîçãëÿíåìî öèëiíäðè Sp1...ps i Sq1...qs . Çà âëà-
ñòèâiñòþ 5 öèëiíäðiâ ìíîæèíà Sp1...ps ìîæå áóòè ïîêðèòà çàìêíåíèì

êðóãîì ðàäióñà R = 1√
3

∞∑
m=s+1

d(Zm). Ïîçíà÷èìî öåé êðóã ω1. Ìíî-

æèíà Sq1...qs ¹ îáðàçîì ìíîæèíè Sp1...ps ïðè ïàðàëåëüíîìó ïåðåíå-

ñåííi t(z) = z +
s∑

m=1
(zqmm − zpmm) = z + zqss − zpss (âëàñòèâiñòü 3

öèëiíäðiâ). Ïðè öüîìó êðóã ω2 = t(ω1) ïîêðèâà¹ ìíîæèíó Sq1...qs .
Âiäñòàíü L ìiæ öåíòðàìè êðóãiâ ω1, ω2 äîðiâíþ¹ |zqss − zpss|. Ïîçíà-
÷èìî ρ(U, V ) âiäñòàíü ìiæ ìíîæèíàìè U, V ⊂ C, â òîìó ñåíñi, ùî
ρ(U, V ) = inf

u∈U,v∈V
|u − v|. Î÷åâèäíî, ùî ρ(ω1, ω2) = max{0, L − 2R}.

ßêùî δ = L − 2R > 0, òî ρ(ω1, ω2) = δ > 0 i ω1

⋂
ω2 = ∅. Âðà-

õîâóþ÷è óìîâó òåîðåìè òà çíà÷åííÿ âåëè÷èí L òà R, ìà¹ìî: δ =

|zqss − zpss| − 2 · 1√
3

∞∑
m=s+1

d(Zm) ≥ l(Zs) − 2√
3

∞∑
m=s+1

d(Zm) > 0. Òàêèì

÷èíîì, çàìêíåíi êðóãè ω1, ω2 íå ìàþòü ñïiëüíèõ òî÷îê i çíàõîäÿòüñÿ
íà âiäñòàíi δ > 0 îäèí âiä îäíîãî. Îñêiëüêè Sp1...pr ⊂ Sp1...ps ⊂ ω1,
Sq1...qr ⊂ Sq1...qs ⊂ ω2, òî ρ(Sp1...pr , Sq1...qr ) ≥ ρ(ω1, ω2) = δ > 0. Çâiäñè
âèïëèâà¹, ùî Sp1...pr

⋂
Sq1...qr = ∅. Ó ñâîþ ÷åðãó, ç äîâiëüíîñòi âè-

áîðó r ∈ N òà íàáîðiâ (p1, . . . , pr) i (q1, . . . , qr) âèïëèâà¹, ùî ïðè âè-
êîíàííi óìîâ òåîðåìè öèëiíäðè îäíîãî ðàíãó ïîïàðíî íå ïåðåòèíàþ-
òüñÿ. Òàê ñàìî äîâîäèòüñÿ âèïàäîê, êîëè âñi öèëiíäðè ¹ öåíòðàëüíî-
ñèìåòðè÷íèìè. Ëåìó äîâåäåíî.

Òåîðåìà 1. ßêùî äëÿ âñiõ íàòóðàëüíèõ k âèêîíó¹òüñÿ íåðiâíiñòü
(7), òî ìíîæèíà S ¹: 1) öiëêîì íåçâ'ÿçíîþ; 2) êîíòèíóàëüíîþ.

Äîâåäåííÿ. 1. Íàãàäà¹ìî, ùî ìíîæèíà íàçèâà¹òüñÿ öiëêîì íåçâ'ÿ-
çíîþ, ÿêùî êîìïîíåíòà êîæíî¨ ¨¨ òî÷êè ñêëàäà¹òüñÿ ç îäíi¹¨ öi¹¨ òî÷êè
[1]. Íåõàé z � äîâiëüíà òî÷êà ìíîæèíè S. Ïîçíà÷èìî Cz êîìïîíåíòó òî-
÷êè z, òîáòî íàéáiëüøó çâ'ÿçíó ïiäìíîæèíó ìíîæèíè S, ùî ìiñòèòü òî-
÷êó z. Îñêiëüêè z ∈ S, òî iñíó¹ òàêà ïîñëiäîâíiñòü (a1, a2, . . . , an, . . . ) ∈
∞∏
n=1

In, ùî z =
∞∑
n=1

zann. Òîäi z ∈ Sa1...ak äëÿ êîæíîãî íàòóðàëüíî-

ãî k. Íåõàé Ik :=
k∏

m=1
Im, Ika := Ik \ {(a1, . . . , ak)}. Çà âëàñòèâiñòþ
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2 öèëiíäðiâ S =
⋃

(i1,...,ik)∈Ik
Si1...ik . Îñêiëüêè öèëiíäðè îäíîãî ðàí-

ãó ïîïàðíî íå ïåðåòèíàþòüñÿ, òî S \ Sa1...ak =
⋃

(i1,...,ik)∈Ika
Si1...ik i,

çíà÷èòü, ìíîæèíà S \ Sa1...ak ¹ çàìêíåíîþ ÿê îá'¹äíàííÿ ñêií÷åííî-
ãî ÷èñëà çàìêíåíèõ ìíîæèí. Êðiì òîãî Sa1...ak

⋂
(S \ Sa1...k) = ∅ i

Sa1...ak
⋃

(S \ Sa1...k) = S. Òàêèì ÷èíîì, íåïîðîæíÿ çâ'ÿçíà ìíîæè-
íà Cz ìiñòèòüñÿ â îá'¹äíàííi çàìêíåíèõ äèç'þíêòíèõ ìíîæèí Sa1...ak
i S \ Sa1...ak . ßê âiäîìî [1], ç öüîãî âèïëèâà¹, ùî âîíà ìiñòèòüñÿ ëè-
øå â îäíié ç öèõ ìíîæèí. Âðàõîâóþ÷è, ùî z ∈ Sa1...ak

⋂
Cz, ðîáèìî

âèñíîâîê, ùî Cz ⊂ Sa1...ak . Îñòàíí¹ âêëþ÷åííÿ ìà¹ ìiñöå äëÿ äîâiëü-

íîãî íàòóðàëüíîãî k, òîìó Cz ⊂
∞⋂
k=1

Sa1...ak . Çà âëàñòèâiñòþ 6 öèëiíäðiâ

∞⋂
k=1

Sa1...ak = {
∞∑
k=1

zakk} = {z}, òîáòî Cz ⊂ {z}. Ç iíøîãî áîêó, {z} ⊂ Cz,

òîìó Cz = {z}, ùî i òðåáà áóëî äîâåñòè.
2. Âiäïîâiäíiñòü σ (5) ¹ ñþð'¹êòèâíèì âiäîáðàæåííÿì ìíîæèíè

I íà ìíîæèíó S. Ïîêàæåìî, ùî ÿêùî âèêîíó¹òüñÿ íåðiâíiñòü (7),
òî âiäîáðàæåííÿ σ áóäå òàêîæ i ií'¹êòèâíèì, òîáòî äëÿ äîâiëüíèõ
i, j ∈ I ÿêùî i 6= j, òî σ(i) 6= σ(j). Äiéñíî, ÿêùî i = (i1, . . . , ik, . . . ),
j = (j1, . . . , jk, . . . ), òî íåðiâíiñòü i 6= j îçíà÷à¹, ùî iñíó¹ òàêèé íîìåð

p, ùî ip 6= jp. Òîäi σ(i) =
∞∑
k=1

zikk òà σ(j) =
∞∑
k=1

zjkk íàëåæàòü ðiçíèì

öèëiíäðàì p-ãî ðàíãó � Si1...ip òà Sj1...jp âiäïîâiäíî. Ç óìîâè òåîðåìè
òà òâåðäæåííÿ ëåìè 2 âèïëèâà¹, ùî Si1...ip ∩ Sj1...jp = ∅ i, çíà÷èòü,
σ(i) 6= σ(j). Òàêèì ÷èíîì, ïðè âèêîíàííi óìîâè òåîðåìè âiäîáðàæåííÿ
σ ¹ ái¹êòèâíèì. Çíà÷èòü, ìíîæèíè I òà S ìàþòü îäíàêîâó ïîòóæíiñòü.
Ïîêàæåìî, ùî ìíîæèíà I êîíòèíóàëüíà. Äëÿ öüîãî ñïî÷àòêó âiäìi-
òèìî, ùî ç óìîâè òåîðåìè âèïëèâà¹ âèêîíàííÿ äëÿ âñiõ íàòóðàëüíèõ

k íåðiâíîñòi d(Zk) ≥ l(Zk) > 2√
3

∞∑
m=k+1

d(Zm). Òîáòî d(Zk) > 0 äëÿ

âñiõ íàòóðàëüíèõ k. Çâiäêè ìà¹ìî, ùî êîæíà ç ìíîæèí Zk ìiñòèòü
ïðèíàéìíi äâà ðiçíèõ åëåìåíòà. Òîäi äëÿ ìíîæèí iíäåêñiâ Ik ìà¹ìî
âêëþ÷åííÿ {1, 2} ⊂ Ik ⊂ N, ç ÿêîãî, ó ñâîþ ÷åðãó, âèïëèâà¹ íàñòóïíå:

{1, 2}N ⊂
∞∏
k=1

Ik ⊂ NN. (8)

Ìíîæèíà {1, 2}N ñêëàäà¹òüñÿ ç óñiõ ìîæëèâèõ ïîñëiäîâíîñòåé ÷èñåë
1 i 2, à ìíîæèíà NN � ç óñiõ ìîæëèâèõ ïîñëiäîâíîñòåé íàòóðàëüíèõ
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÷èñåë. Ìíîæèíè {1, 2}N i NN ¹ êîíòèíóàëüíèìè, îñêiëüêè, ÿê âiäîìî
[4], âîíè ðiâíîïîòóæíi ç ìíîæèíîþ Êàíòîðà òà ç ìíîæèíîþ âñiõ ið-
ðàöiîíàëüíèõ ÷èñåë iíòåðâàëà (0, 1) âiäïîâiäíî, ÿêi, ó ñâîþ ÷åðãó, ¹
âiäîìèìè ïðèêëàäàìè ìíîæèí ïîòóæíîñòi êîíòèíóóìó. Òîäi, âðàõîâó-
þ÷è âêëþ÷åííÿ (8), ç êîíòèíóàëüíîñòi ìíîæèí {1, 2}N i NN âèïëèâà¹

êîíòèíóàëüíiñòü ìíîæèíè I =
∞∏
k=1

Ik, à ç íåþ i ìíîæèíè S. Ó âèïàä-

êó, êîëè öèëiíäðè ¹ öåíòðàëüíî-ñèìåòðè÷íèìè äîâåäåííÿ àíàëîãi÷íå.
Òåîðåìó äîâåäåíî.

Ç îçíà÷åííÿ Σ-ìíîæèí òà âëàñòèâîñòåé àáñîëþòíî çáiæíèõ ðÿäiâ

âèïëèâà¹, ùî äëÿ äîâiëüíî¨ Σ-ìíîæèíè S =
∞⊕
j=1

Zj ìà¹ ìiñöå ôîðìóëà:

∞⊕
j=1

Zj =
⊕
α∈A

⊕
j∈Jα

Zj

 , (9)

äå {Jα}α∈A � äîâiëüíå ðîçáèòòÿ ìíîæèíè íàòóðàëüíèõ ÷èñåë N íà
íåïîðîæíi äèç'þíêòíi ïiäìíîæèíè, òîáòî N =

⋃
α∈A

Jα, Jα
⋂
Jβ =

∅ äëÿ α 6= β. (Ìíîæèíà A ñêií÷åííà àáî çëi÷åííà i êîæíà ìíîæèíà
Jα çëi÷åííà àáî ñêií÷åííà).

Òåîðåìà 2. Êîæíà Σ-ìíîæèíà S =
∞⊕
k=1

Zk ¹ äîñêîíàëîþ ìíîæèíîþ

ïîòóæíîñòi êîíòèíóóìó.

Äîâåäåííÿ. Ñïî÷àòêó äîâåäåìî, ùî S ¹ êîíòèíóàëüíîþ. Îñêiëüêè

ìíîæèíà S ¹ îáðàçîì ìíîæèíè I =
∞∏
k=1

Ik ïðè ñþð'¹êòèâíîìó âiäîáðà-

æåííi σ, ùî çàäà¹òüñÿ âiäïîâiäíiñòþ (5), òî ïîòóæíiñòü ìíîæèíè S
íå ïåðåâèùó¹ ïîòóæíiñòü ìíîæèíè I. ßê áóëî ïîêàçàíî â õîäi äîâå-
äåííÿ äðóãî¨ ÷àñòèíè òåîðåìè 1, ìíîæèíà I ¹ êîíòèíóàëüíîþ, òîìó
ïîòóæíiñòü ìíîæèíè S íå ïåðåâèùó¹ ïîòóæíiñòü êîíòèíóóìó.

Ïîêàæåìî òåïåð, ùî ïîòóæíiñòü ìíîæèíè S íå ìåíøå íiæ ïîòó-
æíiñòü êîíòèíóóìó. Îñêiëüêè 0 ≤ d(Zk) ≤ 2µk i çà îçíà÷åííÿì Σ-

ìíîæèíè ðÿä
∞∑
k=1

µk çáiãà¹òüñÿ, òî çáiæíèì áóäå i ðÿä

∞∑
k=1

d(Zk). (10)
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Çãiäíî ç îçíà÷åííÿì Σ-ìíîæèíè iñíó¹ òàêà íåñêií÷åííà ìíîæèíà
A ⊂ N, ùî ïðè a ∈ A ìíîæèíà Za ìiñòèòü ïðèíàéìíi äâà åëåìåí-
òà. Ðàçîì çi ñêií÷åííiñòþ ìíîæèí Zk öå îçíà÷à¹, ùî l(Za) > 0 ïðè
a ∈ A. Çàíóìåðó¹ìî åëåìåíòè ìíîæèíè A ó ïîðÿäêó ¨õ çðîñòàííÿ:
A = {a1, a2, . . . , an, . . . }. Îñêiëüêè äîäàòíèé ðÿä (10) çáiæíèé, òî rn ↓ 0

ïðè n → ∞, äå rn =
∞∑

k=n+1

d(Zk) � n-é çàëèøîê ðÿäó (10). Òîìó iñíó¹

òàêå íàòóðàëüíå ÷èñëî n1, ùî l(Za1) > 2√
3
rn1

= 2√
3

∞∑
k=n1+1

d(Zk). Ó

ñâîþ ÷åðãó, îñêiëüêè A ¹ íåñêií÷åííîþ ïiäìíîæèíîþ ìíîæèíè íà-
òóðàëüíèõ ÷èñåë, òî iñíó¹ òàêå íàòóðàëüíå ÷èñëî k1, ùî n1 ≤ ak1 .

Î÷åâèäíî, ùî l(Za1) > 2√
3

∞∑
k=ak1+1

d(Zk). Òàê ñàìî iñíó¹ íàòóðàëüíå

÷èñëî n2 òàêå, ùî l(Zak1 ) > 2√
3

∞∑
k=n2+1

d(Zk) i, âiäïîâiäíî, íàòóðàëüíå

÷èñëî k2 òàêå, ùî n2 ≤ ak2 . Ïðè öüîìó l(Zak1 ) > 2√
3

∞∑
k=ak2+1

d(Zk). Ïðî-

äîâæóþ÷è öåé ïðîöåñ, îòðèìà¹ìî íåñêií÷åííó, ñòðîãî çðîñòàþ÷ó ïî-
ñëiäîâíiñòü íàòóðàëüíèõ ÷èñåë: a1, ak1 , ak2 , . . . , akm , . . . Ïîêëàäåìî äëÿ
çðó÷íîñòi k0 = 1 i ðîçãëÿíåìî ìíîæèíó A1 = {ak0 , ak1 , . . . , akm , . . . }.
Âðàõîâóþ÷è ïðàâèëî, çà ÿêèì âiäáèðàëèñü åëåìåíòè ìíîæèíè A1,

äëÿ ìíîæèí Zk ïðè k ∈ A1 ìà¹ìî l(Zakm ) > 2√
3

∞∑
k=akm+1

d(Zk) ≥

2√
3

∞∑
k=akm+1

d(Zk) ≥ 2√
3

∞∑
j=m+1

d(Zakj ), äå m = 0, 1, 2, . . . Òàêèì ÷èíîì,

äëÿ ïîñëiäîâíîñòi ìíîæèí {Zk}k∈A1
âèêîíóþòüñÿ óìîâè òåîðåìè 1 i,

çíà÷èòü, ìíîæèíà SA1 :=
⊕
k∈A1

Zk =
∞⊕
m=0

Zakm ¹ êîíòèíóàëüíîþ. ßêùî

A1 = N, òî SA1 = S i, çíà÷èòü, ìíîæèíà S ¹ êîíòèíóàëüíîþ. Ðîç-
ãëÿíåìî òåïåð âèïàäîê, êîëè A1 ⊂ N, ïðè÷îìó A1 6= N. Ïîçíà÷è-
ìî A2 = N \ A1 i, âiäïîâiäíî, SA2

:=
⊕
k∈A2

Zk (ñóìóâàííÿ çäiéñíþ¹-

òüñÿ çà íåïîðîæíüîþ ìíîæèíîþ iíäåêñiâ A2), òîäi, çãiäíî (9), ìà¹ìî

S =
∞⊕
k=1

Zk =
⊕
k∈N

Zk =
⊕

k∈
2⋃
t=1

At

Zk =
2⊕
t=1

( ⊕
k∈At

Zk

)
= SA1

⊕ SA2
. Çâiäñè,

âðàõîâóþ÷è ðiâíiñòü (2), ìà¹ìî S = SA1⊕SA2 =
⋃
c∈A2

tc(SA1), äå tc(SA1)
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� îáðàç ìíîæèíè SA1 ïðè ïàðàëåëüíîìó ïåðåíåñåííi tc(z) = z + c.
Ìíîæèíè tc(SA1) òà SA1 ðiâíîïîòóæíi i, çíà÷èòü, i â öüîìó âèïàäêó
ìíîæèíà S ¹ êîíòèíóàëüíîþ ÿê îá'¹äíàííÿ íåïîðîæíüî¨ ñóêóïíîñòi
êîíòèíóàëüíèõ ìíîæèí. Âiäìiòèìî òàêîæ, ùî àíàëîãi÷íèìè ìiðêóâà-
ííÿìè ìîæíà äîâåñòè êîíòèíóàëüíiñòü êîæíîãî öèëiíäðà äîâiëüíîãî
ðàíãó.

Òåïåð äîâåäåìî, ùî ìíîæèíà S äîñêîíàëà. Îñêiëüêè âîíà çàìêíåíà
(òåîðåìà 1), òî íàì òðåáà ïîêàçàòè, ùî âîíà íå ìiñòèòü içîëüîâàíèõ òî-
÷îê. Ðîçãëÿíåìî äîâiëüíó òî÷êó p ∈ S. Çãiäíî ç îçíà÷åííÿì ìíîæèíè
S, iñíó¹ òàêà ïîñëiäîâíiñòü (i1, i2, . . . , ik, . . . ) ∈ I, ùî òî÷êà p ìà¹ ïðåä-
ñòàâëåííÿ âèäó p =

∞∑
k=1

zikk, äå zikk ∈ Zk. Çàôiêñó¹ìî äîâiëüíå ε > 0

i ïîêàæåìî, ùî â ε-îêîëi U òî÷êè p (òîáòî ó âiäêðèòîìó êðóçi ðàäi-
óñà ε ç öåíòðîì â òî÷öi p) ìiñòèòüñÿ ïðèíàéìíi îäíà òî÷êà ìíîæèíè
S, âiäìiííà âiä p. Òî÷êà p íàëåæèòü öèëiíäðó Si1...ik ïðè äîâiëüíî-
ìó íàòóðàëüíîìó k. Çãiäíî ç âëàñòèâiñòþ 5 öèëiíäðiâ, ìíîæèíà Si1...ik

ïîâíiñòþ ìiñòèòüñÿ â çàìêíåíîìó êðóçi ðàäióñà Rk = 1√
3

∞∑
m=k+1

d(Zm).

Îñêiëüêè ïðè âèêîíàííi óìîâè òåîðåìè ðÿä
∞∑
n=1

d(Zn) ¹ çáiæíèì, òî

iñíó¹ òàêèé íîìåð M , ùî RM = 1√
3

∞∑
m=M+1

d(Zm) < ε
2 . Òîäi äëÿ öèëií-

äðà Si1...iM áóäå ìàòè ìiñöå âêëþ÷åííÿ Si1...iM ⊂ U . Îñêiëüêè Si1...iM
¹ êîíòèíóàëüíîþ ïiäìíîæèíîþ ìíîæèíè S, òî iñíó¹ ïðèíàéìíi îäíà
òî÷êà p′ ∈ Si1...iM ⊂ S, ÿêà âiäìiííà âiä p i íàëåæèòü U (çðîçóìiëî, ùî
òàêèõ òî÷îê áóäå íàâiòü êîíòèíóàëüíà ìíîæèíà). Òîáòî p íå ¹ içîëüî-
âàíîþ òî÷êîþ ìíîæèíè S. Ç äîâiëüíîñòi âèáîðó òî÷êè p âèïëèâà¹, ùî
ìíîæèíà S íå ìiñòèòü içîëüîâàíèõ òî÷îê. Òåîðåìó äîâåäåíî.

3 Ìåòðè÷íi âëàñòèâîñòi Σ-ìíîæèí

Ñïî÷àòêó äîâåäåìî òåîðåìó, ÿêà äà¹ àëüòåðíàòèâíèé ñïîñiá ïîäàííÿ
Σ-ìíîæèíè S âèäó (4). Ïðè äîâåäåííi íàìè áóäå âèêîðèñòàíà ìåòðèêà
Õàóñäîðôà, òîìó íàãàäà¹ìî ¨¨ îçíà÷åííÿ òà îñíîâíi âëàñòèâîñòi [5, 12].

Íåõàé X,Y � äâi íåïîðîæíi çàìêíåíi òà îáìåæåíi ïiäìíîæèíè ìå-
òðè÷íîãî ïðîñòîðó (M,ρ). Òîäi âiäñòàíü çà Õàóñäîðôîì, h(X,Y ), ìiæ
X i Y , ùî iíäóêîâàíà ìåòðèêîþ ρ, âèçíà÷à¹òüñÿ ðiâíiñòþ h(X,Y ) :=
inf{ε ≥ 0 : X ⊆ Yε, Y ⊆ Xε}, äå Xε := {y : y ∈ M, ρ(y,X) ≤ ε},



Íåñêií÷åííi àðèôìåòè÷íi ñóìè ìíîæèí 11

Yε := {x : x ∈M, ρ(x, Y ) ≤ ε}.
ßêùî ïðîñòið M ïîâíèé i 2M � ìíîæèíà âñiõ êîìïàêòíèõ ïiäìíî-

æèíM , òî õàóñäîðôîâà âiäñòàíü ìiæ ïiäìíîæèíàìè ¹ ìåòðèêîþ â 2M .
Âëàñòèâîñòi ìåòðèêè Õàóñäîðôà: 1) h(

⋃
i∈I

Ai,
⋃
i∈I

Bi) ≤ sup
i∈I

h(Ai, Bi), 2)

ÿêùî A ⊂ B, òî h(A,B) ≤ d(B), äå d(B) � äiàìåòð ìíîæèíè B, 3)
ÿêùî X ⊂

⋃
i∈I

Ai, òî h(X,
⋃
i∈I

Ai) ≤ sup
i∈I

d(Ai).

Òåîðåìà 3. Íåõàé çàäàíî ñiì'þ êîìïàêòíèõ ìíîæèí {Bi1...ik} (ik ∈
Ik, k ∈ N), ÿêi âîëîäiþòü âëàñòèâîñòÿìè: 1) Bi1...ik ⊃ Si1...ik , 2)
Bi1...ikik+1

⊂ Bi1...ik , 3) lim
k→∞

d(Bi1...ik) = 0. Òîäi ìíîæèíà S ìîæå

áóòè ïîäàíà íàñòóïíèì ÷èíîì:

S =

∞⋂
k=1

⋃
(i1,...,ik)

Bi1...ik . (11)

Äîâåäåííÿ. Ìíîæèíè Bk :=
⋃

(i1,...,ik)

Bi1...ik , ÿê öå âèïëèâà¹ ç âëà-

ñòèâîñòi 2 ìíîæèí Bi1...ik , óòâîðþþòü ìîíîòîííî ñïàäíó ïîñëiäîâíiñòü:
B1 ⊃ B2 ⊃ . . . ⊃ Bk ⊃ . . . Òîìó iñíó¹ ãðàíèöÿ ïîñëiäîâíîñòi {Bk}, ïðè-
÷îìó lt

k→∞
Bk =

∞⋂
k=1

Bk. Ïîêàæåìî, ùî öÿ ãðàíèöÿ ñïiâïàäà¹ ç ìíîæè-

íîþ S. Âiäìiòèìî ñïî÷àòêó, ùî ìíîæèíè Bk (k ∈ N) ¹ êîìïàêòíèìè
ÿê ñêií÷åííi îá'¹äíàííÿ êîìïàêòíèõ ìíîæèí. Çãiäíî ç òåîðåìîþ (1)
ìíîæèíà S òàêîæ ¹ êîìïàêòíîþ. Ó ïðîñòîði âñiõ êîìïàêòíèõ ïiäìíî-
æèí êîìïëåêñíî¨ ïëîùèíè òîïîëîãi÷íà çáiæíiñòü ïîñëiäîâíîñòi {Bk}
äî ãðàíèöi S ðiâíîñèëüíà çáiæíîñòi â ìåòðèöi Õàóñäîðôà. Îñêiëüêè

h(Bk, S) = h(
⋃

(i1,...,ik)

Bi1...ik ,
⋃

(i1,...,ik)

Si1...ik) ≤ sup
(i1,...,ik)

h(Bi1...ik , Si1...ik) ≤

≤ sup
(i1,...,ik)

d(Bi1...ik)→ 0 (k →∞),

òî ìà¹ìî S = lt
k→∞

Bk =
∞⋂
k=1

Bk =
∞⋂
k=1

⋃
(i1,...,ik)

Bi1...ik . Òåîðåìó äîâå-

äåíî.

Çàóâàæåííÿ 1. Ó ñàìié òåîðåìi ìè íå äîâîäèëè iñíóâàííÿ äëÿ Σ-
ìíîæèíè S ñiì'¨ ìíîæèí {Bi1...ik} ç âiäïîâiäíèìè âëàñòèâîñòÿìè. Î÷å-
âèäíî, ùî òàêèìè, íàïðèêëàä, ¹ îïóêëi îáîëîíêè öèëiíäðiâ Si1...ik .
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Òåîðåìà 4. Äëÿ äâîâèìiðíî¨ ìiðè Ëåáåãà λ Σ-ìíîæèíè S âèêîíó¹-
òüñÿ ðiâíiñòü

λ(S) = lim
k→∞

λ(Bk) = lim
k→∞

λ(
⋃

(i1,...,ik)

Bi1...ik), (12)

äå ìíîæèíè Bi1...ik çàäîâîëüíÿþòü óìîâè ïîïåðåäíüî¨ òåîðåìè.

Äîâåäåííÿ. Ìíîæèíà S, öèëiíäðè Si1...ik òà ìíîæèíè Bi1...ik ¹ âè-
ìiðíèìè çà Ëåáåãîì ÿê êîìïàêòíi ìíîæèíè. Òàê ñàìî, âèìiðíèìè ¹ i
ìíîæèíè Bk =

⋃
(i1,...,ik)

Bi1...ik (k ∈ N). Êðiì òîãî, ìíîæèíè Bk óòâî-

ðþþòü ñïàäíó ïîñëiäîâíiñòü: B1 ⊃ B2 ⊃ . . . ⊃ Bk ⊃ . . . , ïðè÷îìó,
çãiäíî òåîðåìè 3, âèêîíó¹òüñÿ ðiâíiñòü S = lt

k→∞
Bk. Ç äàíî¨ ðiâíîñòi,

âèìiðíîñòi ìíîæèí Bk òà íåïåðåðâíîñòi ìiðè Ëåáåãà i âèïëèâà¹ ðiâ-
íiñòü (12).

Íàñëiäîê 1. ßêùî äëÿ Σ-ìíîæèíè S =
∞⊕
k=1

Zk âèêîíó¹òüñÿ ðiâíiñòü

lim
k→∞

k∏
j=1

mj

(
∞∑

n=k+1

d(Zn)

)2

= 0, äå mj � êiëüêiñòü åëåìåíòiâ ìíîæè-

íè Zj, d(Zn) � äiàìåòð ìíîæèíè Zn (j, n = 1, 2, . . . ), òî ìíîæèíà S
ìà¹ íóëüîâó äâîâèìiðíó ìiðó Ëåáåãà.

Ëåìà 3. Íåõàé Σ-ìíîæèíà S =
∞⊕
k=1

Zk çàäîâîëüíÿ¹ íàñòóïíèì óìî-

âàì: à) âñi ìíîæèíè Zk ëåæàòü íà îäíié ïðÿìié l ⊂ C, ÿêà ïðîõî-
äèòü ÷åðåç ïî÷àòîê êîîðäèíàò; á) äëÿ âñiõ íàòóðàëüíèõ k âèêîíó¹-
òüñÿ íåðiâíiñòü

d(Zk) ≤
∞∑

m=k+1

d(Zm). (13)

Òîäi ìíîæèíà S ¹ âiäðiçêîì (íà ïðÿìié l).

Äîâåäåííÿ. Áåç âòðàòè çàãàëüíîñòi ìîæíà ââàæàòè, ùî l ¹ äiéñíîþ
âiññþ êîìïëåêñíî¨ ïëîùèíè. Äëÿ çðó÷íîñòi çàíóìåðó¹ìî åëåìåíòè zik
ìíîæèí Zk çà ïåðøèì iíäåêñîì ó ïîðÿäêó çðîñòàííÿ: zik < zi+1,k (i =
1, . . . ,mk − 1). ßê âèïëèâà¹ ç òåîðåìè 3 òà çàóâàæåííÿ 1, ìíîæèíó S
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ìîæíà ïîäàòè ó âèãëÿäi S =
∞⋂
k=1

⋃
(i1,...,ik)

convSi1...ik . Ïîêàæåìî, ùî ìíî-

æèíà Hk :=
⋃

(i1,...,ik)

convSi1...ik ïðè âèêîíàííi íåðiâíîñòi (13) ¹ âiäðiç-

êîì, ïðè÷îìó îäíèì i òèì æå äëÿ âñiõ k. Çàôiêñó¹ìî äîâiëüíèé âïîðÿä-

êîâàíèé íàáið (j1, . . . , jk−1) ∈
k−1∏
p=1

Ip (íàãàäà¹ìî, ùî Ip = {1, . . . ,mp} �

ìíîæèíà ïåðøèõ iíäåêciâ åëåìåíòiâ ìíîæèíè Zp) i ðîçãëÿíåìî ñóêó-
ïíiñòü îïóêëèõ îáîëîíîê öèëiíäðiâ Sj1...jk−11, . . . , Sj1...jk−1mk . Îñêiëü-
êè â äàíîìó âèïàäêó öèëiíäðè ¹ êîìïàêòíèìè ïiäìíîæèíàìè äiéñíî¨
îñi, òî convSi1...ik ¹ âiäðiçêîì [minSi1...ik ,maxSi1...ik ]. Ç îçíà÷åííÿ òà
âëàñòèâîñòåé öèëiíäðiâ, à òàêîæ íàøî¨ äîìîâëåíîñòi ïðî íóìåðàöiþ
åëåìåíòiâ ìíîæèí Zk âèïëèâàþòü ðiâíîñòi

minSi1...ik =

k∑
p=1

zipp +

∞∑
p=k+1

z1p, maxSi1...ik =

k∑
p=1

zipp +

∞∑
p=k+1

zmpp.

(14)
Çàôiêñó¹ìî äîâiëüíi s, t ∈ Ik òà ðîçãëÿíåìî âiäðiçêè convSj1...jk−1s i
convSj1...jk−1t. ßêùî âèêîíó¹òüñÿ íåðiâíiñòü (13), òî, âðàõîâóþ÷è (14),

îäåðæèìî: maxSj1...jk−1s −minSj1...jk−1t ≥ −d(Zk) +
∞∑

p=k+1

d(Zp) ≥ 0.

Ç îñòàííüî¨ íåðiâíîñòi âèïëèâà¹, ùî
convSj1...jk−1s

⋂
convSj1...jk−1t 6= ∅. Òîäi, ó ñâîþ ÷åðãó, ìíîæèíà

Qj1...jk−1
:=

mk⋃
jk=1

convSj1...jk−1jk òàêîæ áóäå âiäðiçêîì (ÿê îá'-

¹äíàííÿ ñêií÷åííîãî ÷èñëà âiäðiçêiâ, êîæíi äâà ç ÿêèõ ìàþòü
íåïîðîæíié ïåðåðiç). Î÷åâèäíî, ùî minQj1...jk−1

= minSj1...jk−1
,

maxQj1...jk−1
= maxSj1...jk−1

. Òîäi Qj1...jk−1
= convSj1...jk−1

.
Îòæå, ïðè âèêîíàííi óìîâ ëåìè âèêîíó¹òüñÿ ðiâíiñòü

mk⋃
jk=1

convSj1...jk−1jk = convSj1...jk−1
. Âèêîðèñòîâóþ÷è äàíó ðiâ-

íiñòü, îòðèìà¹ìî Hk = convS (∀k ∈ N), çâiäêè âèïëèâà¹, ùî

S =
∞⋂
k=1

Hk = convS. Îñêiëüêè S ¹ êîìïàêòíîþ ïiäìíîæèíîþ ÷èñëîâî¨

ïðÿìî¨, òî convS ¹ âiäðiçêîì. Ëåìó äîâåäåíî.

Ðîçãëÿíåìî äîâiëüíó Σ-ìíîæèíó S =
∞⊕
k=1

Zk. Íåõàé òàêîæ çàäàíî

äâi íåñêií÷åííi äèç'þíêòíi ïiäìíîæèíè ìíîæèíè íàòóðàëüíèõ ÷èñåë
N: A1 = {a11, a12, . . . , a1k, . . . }, A2 = {a21, a22, . . . , a2k, . . . }.
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Òåîðåìà 5. ßêùî ìíîæèíè Zaik çàäîâîëüíÿþòü óìîâè:
1) Zaik ⊂ li, äå li ⊂ C (i = 1, 2) � ïðÿìi, ÿêi ìàþòü ðiâíî îäíó

ñïiëüíó òî÷êó � ïî÷àòîê êîîðäèíàò;

2) äëÿ âñiõ k ∈ N âèêîíó¹òüñÿ íåðiâíiñòü d(Zaik) ≤
∞∑

p=k+1

d(Zaip)

(i = 1, 2);
òî ìíîæèíà S ìà¹ äîäàòíó ìiðó Ëåáåãà.

Äîâåäåííÿ. Íåõàé A3 := N \ (A1 ∪ A2). Òîäi, îñêiëüêè N =
3⋃
j=1

Aj i

Ai ∩Aj = ∅ ïðè i 6= j, çãiäíî (9), ìà¹ìî ðiâíiñòü

S =

3⊕
j=1

⊕
k∈Aj

Zk

 . (15)

Ç óìîâ òåîðåìè òà ëåìè 3 âèïëèâà¹, ùî ìíîæèíè SAj :=
⊕
k∈Aj

Zk

ïðè j = 1, 2 ¹ âiäðiçêàìè (ðîçòàøîâàíèìè íà âiäïîâiäíèõ ïðÿìèõ
lj (j = 1, 2)). Îñêiëüêè ïðÿìi l1 i l2 íåïàðàëåëüíi òà íå ñïiâïàäàþòü, òî
àðèôìåòè÷íà ñóìà SA1 ⊕SA2 ¹ íåâèðîäæåíèì ïàðàëåëîãðàìîì. Ç (15)
òà ãåîìåòðè÷íî¨ iíòåðïðåòàöi¨ âåêòîðíî¨ ñóìè ìíîæèí âèïëèâà¹ ðiâ-

íiñòü S =
3⊕
j=1

SAj = (SA1 ⊕SA2)⊕SA3 =
⋃

v∈SA3

tv(P ), äå P = SA1
⊕SA2

,

tv(z) = z+ v (z ∈ C) � òðàíñëÿöiÿ (ïàðàëåëüíå ïåðåíåñåííÿ) íà âåêòîð
v.

Òàêèì ÷èíîì, ìíîæèíà S ¹ àáî íåâèðîäæåíèì ïàðàëåëîãðàìîì
(ïðè A3 = ∅), àáî îá'¹äíàííÿì êîíãðóåíòíèõ íåâèðîäæåíèõ ïàðàëå-
ëîãðàìiâ (ïðè A3 6= ∅). Çâiäêè âèïëèâà¹, ùî S ìà¹ âíóòðiøíi òî÷êè i,
âiäïîâiäíî, äîäàòíó äâîâèìiðíó ìiðó Ëåáåãà. Òåîðåìó äîâåäåíî.

Ïðèêëàä. Ðîçãëÿíåìî ðÿä ç êîìïëåêñíèìè ÷ëåíàìè
∞∑
k=1

kλk, äå

λ = α + iβ, |λ| < 1. Ïîçíà÷èìî Sλ ìíîæèíó éîãî íåïîâíèõ ñóì [2],

òîáòî Sλ := {z =
∞∑
k=1

εkkλ
k : εk ∈ {0, 1}}. Ìíîæèíà Sλ ¹ Σ-ìíîæèíîþ,

îñêiëüêè ìîæå áóòè ïîäàíà ó âèãëÿäi íåñêií÷åííî¨ àðèôìåòè÷íî¨ ñóìè

äâîåëåìåíòíèõ ìíîæèí: Sλ =
∞⊕
k=1

Λk, äå Λk = {0, kλk}. Ó öüîìó âè-

ïàäêó l(Λk) = d(Λk) = k|λ|k. Íåõàé rk =
∞∑

j=k+1

k|λ|k. Ìîæíà ïîêàçàòè,
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ùî rk = − |λ|
k+1(k(|λ|−1)−1)

(|λ|−1)2 . Ìíîæèíè Λk ¹ öåíòðàëüíî-ñèìåòðè÷íèìè,

òîìó òàêèìè áóäóòü i âñi öèëiíäðè. Ðiçíèöÿ l(Λk) −
∞∑

m=k+1

d(Λm) =

|λ|k
(|λ|−1)2 ((k − 1)(|λ| − 1)(2|λ| − 1)− |λ|) ¹ äîäàòíîþ ïðè |λ| < 1

2 òà k >

1 + |λ|
(|λ|−1)(2|λ|−1) . Ïîçíà÷èìî k0 = [1 + |λ|

(|λ|−1)(2|λ|−1) ], äå [x] � öiëà ÷à-

ñòèíà ÷èñëà x. Òîäi, çãiäíî òåîðåìè 1, ìíîæèíà
∞⊕

k=k0+1

Λk ¹ öiëêîì íå-

çâ'ÿçíîþ ïðè |λ| < 1
2 . Âiäïîâiäíî, ìíîæèíà Sλ =

∞⊕
k=1

Λk ¹ îá'¹äíàííÿì

ñêií÷åííîãî ÷èñëà êîíãðóåíòíèõ öiëêîì íåçâ'ÿçíèõ ìíîæèí.
2. Íåõàé λ = ρe

2πi
s , äå 0 < ρ < 1, s ∈ N, s ≥ 3. Çãiäíî (9) ìíîæèíó

Sλ ìîæíà ïîäàòè ó âèãëÿäi íàñòóïíî¨ àðèôìåòè÷íî¨ ñóìè: Sλ = SA1
⊕

SA2 ⊕ · · · ⊕ SAs , äå SAt =
⊕
k∈At

Λk, At = {n ∈ N : n ≡ t(mods)},

t = 1, s. Òîäi SAt = e
2πti
s Rt, äå Rt = {

∑
k∈At

εkkρ
k : εk ∈ {0, 1}}, t = 1, s.

Ìíîæèíà Rt ¹ ìíîæèíîþ íåïîâíèõ ñóì çíàêîäîäàòíîãî ðÿäó
∞∑
j=0

(t +

js)ρt+js. ßê âiäîìî [11] âîíà áóäå âiäðiçêîì, ÿêùî äëÿ âñiõ n ∈ N∪{0}
âèêîíó¹òüñÿ íåðiâíiñòü (t + ns)ρt+ns ≤

∞∑
j=n+1

(t + js)ρt+js, ÿêà, â ñâîþ

÷åðãó, âèêîíó¹òüñÿ ïðè 1
2 ≤ ρs < 1. Òîäi, ïðè s

√
1
2 ≤ ρ < 1 âiäðiçêîì

áóäå êîæíà ç ìíîæèí SAt(t = 1, s). Ïðè öüîìó, ïðè s ≥ 3 ñåðåä âiäðiçêiâ
SAt(t = 1, s) áóäå ïðèíàéìíi äâà íåïàðàëåëüíèõ, òîìó àðèôìåòè÷íà

ñóìà
s⊕
t=1

SAt ¹ ìíîãîêóòíèêîì. Îòæå, ïðè
s

√
1
2 ≤ |λ| < 1 òà arg(λ) = 2π

s ,

äå s ≥ 3 � ôiêñîâàíå íàòóðàëüíå ÷èñëî, ìíîæèíà Sλ ¹ ìíîãîêóòíèêîì.
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This paper discusses the mathematical aspects of the description of in�-

nite systems of statistical mechanics and their relation to the in�nite-

dimensional analysis on phase spaces of such systems.

Â ðîáîòi ðîçãëÿäàþòüñÿ ìàòåìàòè÷íi àñïåêòè îïèñó íåñêií÷åííèõ ñè-

ñòåì ñòàòèñòè÷íî¨ ìåõàíiêè òà ¨õ çâ'ÿçîê ç íåñêií÷åííîâèìiðíèì àíàëi-

çîì íà ôàçîâèõ ïðîñòîðàõ òàêèõ ñèñòåì.

1 Âñòóï

Ñòàòèñòè÷íà ìåõàíiêà âèíèêëà â êiíöi XIX � íà ïî÷àòêó XX ñòîëi-

òòÿ â ðîáîòàõ Áîëüöìàíà, Ãiááñà, Ìàêñâåëëà. Ìåòà öi¹¨, íà òîé ÷àñ

íîâî¨, íàóêè áóëî ñòâîðåííÿ ìàòåìàòè÷íîãî àïàðàòó äëÿ äîñëiäæåííÿ

ñèñòåì, ùî ñêëàäàþòüñÿ ç íàäçâè÷àéíî âåëèêî¨ êiëüêîñòi åëåìåíòiâ. Òà-

êi ôiçè÷íi ñèñòåìè ìîäåëþþòü ãàçè, ðiäèíè, êðèñòàëè, à òàêîæ ìîæóòü

îïèñóâàòè âçà¹ìîäi¨ ó âåëèêèõ áiîëîãi÷íèõ, åêîëîãi÷íèõ, åêîíîìi÷íèõ

ñèñòåìàõ òîùî.
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Çâè÷àéíî, íà ïåðøèé ïîãëÿä, óñi âiäîìi ñèñòåìè, ÿêi ìè íàìàãà¹ìîñÿ

âèâ÷èòè, ¹ ñêií÷åííèìè. Íàïðèêëàä, ãàç ó êîëái ìà¹ ñêií÷åííå ÷èñëî

àòîìiâ ÷è ìîëåêóë. Àëå ç åëåìåíòàðíî¨ ôiçèêè âiäîìî, ùî â îäíîìó

ìîëi áóäü ÿêî¨ ðå÷îâèíè ìiñòèòüñÿ ïðèáëèçíî 6 · 1023 ìîëåêóë (çàêîí

Àâîãàäðî). Îòæå, íàâiòü â íåâåëèêîìó îá'¹ìi 1cm3 ìiñòèòüñÿ 1023 −
1025 ìîëåêóë. Òîìó çäîðîâèé ãëóçä íàì ïiäêàæå, ùî ñëiäêóâàòè çà

òàêîþ êiëüêiñòþ ÷àñòèíîê öå òå ñàìå, ùî ñëiäêóâàòè çà íåñêií÷åííîþ

êiëüêiñòþ ÷àñòèíîê.

Îòæå, íåñêií÷åííi ñèñòåìè ¹ äåÿêîþ ìàòåìàòè÷íîþ iäåàëiçàöi¹þ

âåëèêèõ ñêií÷åííèõ ñèñòåì, ÿêó çðó÷íî çàñòîñóâàòè ïðè âèâ÷åííi

ðåàëüíèõ âåëèêèõ ñèñòåì.

Ðåàëüíà ôiçè÷íà ÷è áiîëîãi÷íà ñèñòåìà ó êîæíèé ìîìåíò ÷àñó t çà-

éìà¹ ÿêóñü êîíôiãóðàöiþ γ̃(t) ôàçîâîãî ïðîñòîðó Γ̃. Ïiä âïëèâîì âíó-

òðiøíiõ àáî ùå é çîâíiøíiõ âçà¹ìîäié òàêà ñèñòåìà ïåðåáóâà¹ ó ïîñòié-

íîìó ðóñi, òîáòî êîæíà ÷àñòèíêà îïèñó¹ ÿêóñü íåïåðåðâíó òðà¹êòîðiþ,

à ìiêðîñêîïi÷íèé ñòàí óñi¹¨ ñèñòåìè âèçíà÷à¹òüñÿ óñiìà òàêèìè òðà¹-

êòîðiÿìè. Àëå äëÿ äîñëiäæåííÿ ñèñòåìè íåîáõiäíî çíàòè íå ìiêðîñêî-

ïi÷íó ïîâåäiíêó, à ìàêðîñêîïi÷íi íàñëiäêè òàêî¨ ïîâåäiíêè, òîáòî äåÿêi

ìàêðîñêîïi÷íi õàðàêòåðèñòèêè: òèñê, åíåðãiÿ, òåïëî¹ìíiñòü òîùî. Òàêi

ôiçè÷íi õàðàêòåðèñòèêè íàçèâàþòü ñïîñòåðåæóâàíèìè âåëè÷èíàìè.

Ñïîñòåðåæóâàíi âåëè÷èíè îïèñóþòü âèìiðíèìè ôóíêöiÿìè íà ôàçîâî-

ìó ïðîñòîði, òîáòî äëÿ íåñêií÷åííèõ ñèñòåì öå ôóíêöi¨ âiä íåñêií÷åí-

íî¨ êiëüêîñòi çìiííèõ. Ïðî òå, ÿêèì ÷èíîì áóäóâàòè òàêi ôóíêöi¨, ìè

áóäåìî ãîâîðèòè ïiçíiøå. Íåõàé F (γ̃(t)) ¹ òàêîþ ôóíêöi¹þ, ÿêà îïèñó¹

äåÿêó ñïîñòåðåæóâàíó âåëè÷èíó. Òîäi ìàêðîñêîïi÷íà õàðàêòåðèñòèêà,

ÿêà ¨é âiäïîâiäà¹, i ÿêó ìè ìîæåìî ñïîñòåðiãàòè íà åêñïåðèìåíòi, ¹

ñåðåäí¹ çíà÷åííÿ öi¹¨ âåëè÷èíè. Âîíî îáðàõîâó¹òüñÿ çà âiäîìîþ ôîð-

ìóëîþ:

F := lim
T→∞

1

T

∫ T

0

F (γ̃(t))dt. (1)

Îáðàõóâàòè òàêèé iíòåãðàë äëÿ ðåàëüíî¨ ñèñòåìè íåìîæëèâî.

Íà ïî÷àòêó XX ñòîëiòòÿ àìåðèêàíñüêèé ôiçèê-òåîðåòèê Äæîçàéÿ
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Âiëëàðä Ãiááñ çàïðîïîíóâàâ çàìiñòü îäíi¹¨ ñèñòåìè ââåñòè àíñàìáëü òî-

òîæíèõ ñèñòåì, ÿêi êîæíî¨ ìèòi ç ÿêîþñü éìîâiðíiñòþ çàéìàþòü òó ÷è

iíøó êîíôiãóðàöiþ. Òàêi îäíàêîâi åêçåìïëÿðè ñèñòåì îòðèìàëè íàçâó

àíñàìáëiâ Ãiááñà.

Îñíîâíèì ïîñòóëàòîì Ãiááñà ¹ iñíóâàííÿ äåÿêî¨ iìîâiðíiñíî¨ ìiðè µ

íà ôàçîâîìó ïðîñòîði Γ̃ : ∫
Γ̃

µ(dγ̃) = 1, (2)

òàêî¨, ùî

F =< F (·) >µ=

∫
Γ̃

F (γ̃)µ(dγ̃). (3)

Òàêèì ÷èíîì, çàìiñòü äåòåðìiíiñòè÷íîãî îïèñó îäíi¹¨ ñèñòåìè ìè ðîç-

ãëÿäà¹ìî ñòàòèñòè÷íèé îïèñ ïîâåäiíêè àíñàìáëþ iäåíòè÷íèõ ñèñòåì.

Ôiçè÷íå îá ðóíòóâàííÿ âèãëÿäó òàêî¨ ìiðè â îáìåæåíîìó îá'¹ìi áó-

ëî çàïðîïîíîâàíî Ãiááñîì ùå ó 1902 ðîöi [1].

Ïåðøà ïîëîâèíà XX ñòîëiòòÿ áóëà åïîõîþ íàðîäæåííÿ êâàíòîâî¨

ìåõàíiêè. Äîñëiäæåííÿ iç ñòàòèñòè÷íî¨ ìåõàíiêè áóëè äîñèòü ñïîíòàí-

íèìè i â áiëüøié ìiði âiäíîñèëèñü äî ïðàêòè÷íèõ çàñòîñóâàíü. Ñåðåä

ðåçóëüòàòiâ, ÿêi ìîæíà âiäíåñòè ñàìå äî ðîçâèòêó ôóíäàìåíòàëüíèõ

äîñëiäæåíü ñòàòèñòè÷íî¨ ìåõàíiêè, âàðòî âiäçíà÷èòè ïîÿâó ó 1929 ðîöi

ìîíîãðàôi¨ [2] òà âèâiä BBGKY- i¹ðàðõi¨ [3, 4, 5, 6]. Ìàòåìàòè÷íi îá-

 ðóíòóâàííÿ iñíóþ÷èõ íà òîé ÷àñ äîñëiäæåíü iç ñòàòèñòè÷íî¨ ìåõàíiêè

áóëè âèñâiòëåíi â ìîíîãðàôi¨ À. ß. Õií÷iíà [7].

Íàäçâè÷àéíî âàæëèâèìè äëÿ òåîði¨ ãðàò÷àñòèõ ìîäåëåé áóëè ðîáî-

òè Å. Içiíãà [8], Ð. Å. Ïàéåðëñà [9] òà Ë. Îíçàãåðà [10], ÿêi íà äåêiëüêà

äåñÿòèëiòü íàïåðåä âèçíà÷èëè íàïðÿìêè äîñëiäæåíü ó öié îáëàñòi i

ñïðèÿëè ïîÿâi ìîäåëi ãðàò÷àñòîãî ãàçó [11].

Â 1946 ð. â ìîíîãðàôi¨ Ì. Ì. Áîãîëþáîâà [4] áóëè íàìi÷åíi øëÿõè

ìàòåìàòè÷íîãî îá ðóíòóâàííÿ òåðìîäèíàìi÷íîãî ãðàíè÷íîãî ïåðåõîäó

â ðàìêàõ ôîðìàëiçìó êàíîíi÷íîãî àíñàìáëþ Ãiááñà, à òàêîæ ðîçðîáëå-

íèé çàãàëüíèé ìåòîä çíàõîäæåííÿ ãðàíè÷íèõ m-÷àñòèíêîâèõ ôóíêöié
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ðîçïîäiëó ( êîðåëÿöiéíèõ ôóíêöié) ó âèãëÿäi ôîðìàëüíèõ ðÿäiâ çà ñòå-

ïåíÿìè ãóñòèíè ÷àñòèíîê ó ñèñòåìi. Ñòðîãå îá ðóíòóâàííÿ çáiæíîñòi

òàêèõ ðÿäiâ äëÿ âèïàäêó ïîçèòèâíîãî ïàðíîãî ïîòåíöiàëó âçà¹ìîäi¨ áó-

ëî îïóáëiêîâàíå â ðîáîòi [12] (äèâ. äåòàëüíå äîâåäåííÿ â [13]). Óçàãàëü-

íåííÿ öèõ ðåçóëüòàòiâ íà âèïàäîê ïàðíèõ ñòiéêèõ ïîòåíöiàëiâ âçà¹ìîäi¨

áóëè çðîáëåíi â ðîáîòi Ì. Ì. Áîãîëþáîâà, Ä. ß. Ïåòðèíè i Á. I. Õàöåòà

[14]. Â 1963 ð. Ä. Ðþåëü [66] çíîâó çàïðîïîíóâàâ ïîäiáíèé ìåòîä, ÿêèé

ñïèðàâñÿ íà äîñëiäæåííi ðiâíÿíü Êiðêâóäà-Çàëüöáóðãà äëÿ êîðåëÿöié-

íèõ ôóíêöié âåëèêîãî êàíîíi÷íîãî àíñàìáëþ. Òðåáà òàêîæ çãàäàòè

ðîáîòó [16], â ÿêié ïðîáëåìà òåðìîäèíàìi÷íî¨ ãðàíèöi áóëà âèðiøåíà

äëÿ òåðìîäèíàìi÷íèõ ïîòåíöiàëiâ i ÿêà, ôàêòè÷íî, óçàãàëüíþâàëà äî-

ñëiäæåííÿ Âàí-Õîâà [17] i ßíãà-Ëi [18] íà âèïàäîê áiëüø çàãàëüíèõ

ïîòåíöiàëiâ âçà¹ìîäi¨. Öi ðîáîòè áóëè çíà÷íèì ïîøòîâõîì äëÿ ìàòå-

ìàòè÷íèõ äîñëiäæåíü íåñêií÷åííèõ ðîçðiäæåíèõ ñèñòåì ñòàòèñòè÷íî¨

ìåõàíiêè. Âîíè áóëè äåòàëüíî âèêëàäåíi â ìîíîãðàôi¨ [19], äå òàêîæ

ìîæíà çíàéòè çíà÷íó áiáëiîãðàôiþ ðîáiò iíøèõ àâòîðiâ (äèâ. òàêîæ

ëåêöi¨ Ìiíëîñà [20] òà ìîíîãðàôiþ [21] i ïîñèëàííÿ, ùî ìiñòÿòüñÿ â

íèõ).

Àëå ïîáóäîâà ñòàíó â ðîçóìiííi iäå¨ Ãiááñà äëÿ íåñêií÷åííî¨ ñèñòåìè

ùå çàëèøàëàñü âiäêðèòîþ ïðîáëåìîþ. Âïåðøå öþ ïðîáëåìó ðîçãëÿíó-

ëè ó 1967 ðîöi íåçàëåæíî Ð. À. Ìiíëîñ [22, 23] i Ä. Ðþåëü [24]. ßêùî

ó Ðþåëÿ öå áóâ àëãåáðà¨÷íèé ïiäõiä, ùî îïèðàâñÿ íà ìîäíi íà òîé ÷àñ

iäå¨ Ñiãàëà, Õààãà, Êàñòëåðà i òîìó áóâ áiëüø àáñòðàêòíèì, òî Ìiíëîñ

ïîáóäóâàâ ñiìåéñòâî ãiááñîâèõ ìið íà öèëiíäðè÷íèõ ìíîæèíàõ íåñêií-

÷åííîâèìiðíîãî êîíôiãóðàöiéíîãî ïðîñòîðó i âèçíà÷èâ ãiááñîâèé ñòàí

(ãiááñîâó ìiðó) ÿê ãðàíè÷íó ìiðó. Öÿ ìiðà áóäóâàëàñü ÿê ïðîäîâæåí-

íÿ öüîãî ñiìåéñòâà íà âñþ σ-àëãåáðó íåñêií÷åííîâèìiðíîãî ïðîñòîðó

êîíôiãóðàöié.

Â ñåði¨ ðîáiò Äîáðóøèíà [25, 26, 27, 28, 29, 30] áóëî ïðèâåäåíå áiëüø

çàãàëüíå âèçíà÷åííÿ ãiááñîâî¨ ìiðè çà äîïîìîãîþ óìîâíèõ ðîçïîäiëiâ.

Ïðàêòè÷íî â òîé æå ÷àñ ìàéæå àíàëîãi÷íèé ïiäõiä áóâ òàêîæ çàïðîïî-

íîâàíèé Ëåíôîðäîì i Ðþåëåì [31]. Êðèòåði¹ì ãiááñîâîñòi ìiðè íà ïðî-
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ñòîði íåñêií÷åííèõ êîíôiãóðàöié ¹ óìîâà, ùî âîíà çàäîâîëüíÿ¹ ðiâíÿ-

ííÿ Äîáðóøèíà-Ëåíôîðäà-Ðþåëÿ (ÄËÐ). Êëþ÷îâîþ ó öüîìó ïiäõîäi

áóëà ðîáîòà Ðþåëÿ [32], â ÿêié áóëà âèçíà÷åíà ñèñòåìà ç íàäñòiéêîþ

âçà¹ìîäi¹þ i âñòàíîâëåíî, ùî ãðàíè÷íi êîðåëÿöiéíi ôóíêöi¨ òàêî¨ ñè-

ñòåìè çàäîâîëüíÿþòü íåðiâíîñòi:

ρm(x1, ..., xm) ≤ ξm (4)

ïðè äîâiëüíèõ çíà÷åííÿõ ãóñòèíè ÷àñòèíîê â ñèñòåìi i äîâiëüíié òåì-

ïåðàòóði. Öå äà¹ çìîãó äîâåñòè, ùî íåñêií÷åííà ïîñëiäîâíiñòü êîðåëÿ-

öiéíèõ ôóíêöié ρ = (ρm)m≥1 çàäîâîëüíÿ¹ ñèñòåìó ðiâíÿíü Êiðêâóäà-

Çàëüöáóðãà ïðè äîâiëüíèõ çíà÷åííÿõ ãóñòèíè ÷àñòèíîê â ñèñòåìi i

äîâiëüíié òåìïåðàòóði, à âiäïîâiäíà ìiðà Ãiááñà çàäîâîëüíÿ¹ ðiâíÿí-

íÿ ÄËÐ. Äëÿ ðîçðiäæåíèõ ñèñòåì (òîáòî ïðè ìàëèõ çíà÷åííÿõ ãóñòè-

íè ÷àñòèíîê â ñèñòåìi) ðiâíÿííÿ Êiðêâóäà-Çàëüöáóðãà ìàþòü ¹äèíèé

ðîçâ'ÿçîê, ÿêîìó âiäïîâiäà¹ ¹äèíèé ãiááñîâèé ñòàí. Âçàãàëi, óìîâà (4)

íå ¹ íåîáõiäíîþ. Â ðîáîòi [33] À. Ëåíàðä ïîêàçàâ, ùî äëÿ iñíóâàííÿ

âiäïîâiäíî¨ ìiðè äîñòàòíüî âèêîíàííÿ áiëüø ñëàáêî¨ óìîâè:

ρm(x1, ..., xm) ≤ ξmm2m. (5)

Â ðîáîòàõ [34, 35] Ëåíàðä äåòàëüíî ïðîàíàëiçóâàâ çâ'ÿçêè äîâiëüíî¨

ìiðè µ íà ïðîñòîði íåñêií÷åííèõ êîíôiãóðàöié ç ¨¨ êîðåëÿöiéíîþ ìi-

ðîþ ρ, ÿêà âèçíà÷à¹òüñÿ íà ïðîñòîði ñêií÷åííèõ êîíôiãóðàöié. Äåÿêi

àñïåêòè öüîãî àíàëiçó òà éîãî óçàãàëüíåííÿ áóëè ïðîäîâæåíi â ðîáîòi

[36].

Îñíîâíà ìåòà öüîãî êîðîòêîãî îãëÿäó ïðîäåìîíñòðóâàòè ãëèáîêèé

çâ'ÿçîê ìàòåìàòè÷íîãî îïèñó íåñêií÷åííèõ ñèñòåì ñòàòèñòè÷íî¨ ìåõà-

íiêè i ìåòîäiâ íåñêií÷åííîâèìiðíîãî àíàëiçó íà ôàçîâèõ ïðîñòîðàõ

òàêèõ ñèñòåì. Ìàáóòü, âïåðøå àíàëiç êîíôiãóðàöiéíèõ ïðîñòîðiâ òà

êâàçiíâàðiàíòíèõ ìið (òàêèìè ¹ ìiðà Ïóàññîíà òà ìiðà Ãiááñà) íà íèõ

ðîçãëÿíóëè À. Ì. Âåðøèê, I. Ì. Ãåëüôàíä i Ì. I. Ãðà¹â [37] òà Ð. Ñ.

Iñìàãiëîâ [38]. Â áiëüø ïiçíiõ ðîáîòàõ Ñ. Àëáàâåðiî, Þ. Ã. Êîíäðàòü¹âà

i Ì. Ðüîêíåðà [39, 40] áóâ çðîáëåíèé äåòàëüíèé òåîðåòèêî-ìíîæèííèé
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àíàëiç öèõ ïðîñòîðiâ òà ââåäåíi ñòðóêòóðè äèôåðåíöiàëüíî¨ ãåîìåòði¨.

Òàì æå ÷èòà÷ ìîæå çíàéòè äåòàëüíó áiáëiîãðàôiþ ðîáiò çà öi¹þ òåìà-

òèêîþ òà ¨¨ çàñòîñóâàííÿ â ìàòåìàòè÷íié ôiçèöi.

Âàæëèâèì êðîêîì âïåðåä áóëà ïîÿâà íîâèõ òåõíi÷íèõ iíñòðóìåíòiâ

äëÿ ïîáóäîâè êëàñòåðíèõ òà ïîëiìåðíèõ ðîçêëàäiâ â ñòàòèñòè÷íié ìå-

õàíiöi. Òàê, â ðîáîòi [41] áóëî ïîìi÷åíî, ùî âèêîðèñòàííÿ âëàñòèâîñòi

íåñêií÷åííîïîäiëüíîñòi ìiðè Ïóàññîíà â ïîáóäîâi êëàñòåðíèõ ðîçêëà-

äiâ äëÿ êîðåëÿöiéíèõ ôóíêöié çíà÷íî ñïðîùó¹ ñàìó ïîáóäîâó i îöií-

êè êîåôiöi¹íòiâ ðîçêëàäó. Öÿ âëàñòèâiñòü áóëà âèêîðèñòàíà â ðîáîòàõ

[42, 43, 44, 45, 46, 47]. Â ðîáîòi [48] áóëè çàïðîïîíîâàíi íîâi ðîçêëàäè çà

ùiëüíiñòþ êîíôiãóðàöié. ßêùî ðîçáèòè ïðîñòið Rd íà ìàëåíüêi ãiïåð-
êóáè, òî äëÿ êîæíî¨ êîíôiãóðàöi¨ âåñü ïðîñòið ðîçiá'¹òüñÿ íà îáëàñòi,

â ÿêèõ ó êîæíîìó êóáèêó ìiñòèòüñÿ äâi i áiëüøå òî÷îê êîíôiãóðàöi¨

(ùiëüíi êîíôiãóðàöi¨) i îáëàñòi, â ÿêèõ ¹ òiëüêè îäíà òî÷êà â êîæíî-

ìó êóáèêó, àáî ¨õ çîâñiì íåìà¹(ðîçðiäæåíi êîíôiãóðàöi¨). Çâè÷àéíî, öå

äîñèòü óìîâíå ðîçáèòòÿ, áî ÿêùî ðîçìiðè êóáèêiâ ¹ äîñèòü ìàëåíüêi,

òî íàâiòü îáëàñòi ç ðîçðiäæåíèìè êîíôiãóðàöiÿìè áóäóòü ìàòè ùiëüíó

ìíîæèíó òî÷îê. Òåïåð, ÿêùî ïîòåíöiàë âçà¹ìîäi¨ ìà¹ ñèëüíó ïîçèòèâ-

íó ñèíãóëÿðíiñòü â íóëi, òî éìîâiðíiñòü ùiëüíèõ êîíôiãóðàöié ¹ ìàëîþ.

Öåé åëåìåíòàðíèé ôàêò áóâ âèêîðèñòàíèé äëÿ ïîáóäîâè ðîçêëàäiâ. Çà

äîïîìîãîþ òàêèõ ðîçêëàäiâ âäàëîñÿ çíà÷íî ñïðîñòèòè äîâåäåííÿ ñó-

ïåðñòiéêî¨ îöiíêè Ðþåëÿ (4) i íàâiòü òðîõè ¨¨ ïîêðàùèòè (äèâ. ðîáîòè

[48, 49, 50, 51]). Âèÿâèëîñÿ òàêîæ, ùî äëÿ ðîçðàõóíêiâ îñíîâíèõ òåðìî-

äèíàìi÷íèõ ïîòåíöiàëiâ òà êîðåëÿöiéíèõ ôóíêöié íåñêií÷åííèõ ñèñòåì

äîñòàòíüî ðîçãëÿäàòè öi ôóíêöi¨ òiëüêè íà ðîçðiäæåíèõ êîíôiãóðàöiÿõ

(äèâ. [52, 53, 54]), ðîçãëÿäàþ÷è ¨õ ÿê àïðîêñèìàöiþ âiäïîâiäíèõ ôóí-

êöié íåïåðåðâíèõ íåñêií÷åííèõ ñèñòåì êëàñè÷íî¨ ñòàòèñòè÷íî¨ ìåõàíi-

êè ç ïîñèëåíî íàäñòiéêîþ âçà¹ìîäi¹þ [55]. Öå, â ñâîþ ÷åðãó, äà¹ ìî-

æëèâiñòü ðîçãëÿäàòè íåñêií÷åííó ñèñòåìó ÷àñòèíîê, êîíôiãóðàöiéíèé

ïðîñòið ÿêî¨ ñêëàäà¹òüñÿ ç ðîçðiäæåíèõ êîíôiãóðàöié, ÿê ñàìîñòiéíó

ìîäåëü êîìiðêîâîãî ãàçó [56]. Öÿ ìîäåëü ¹ ïðîìiæíîþ ìiæ ìîäåëÿìè

ãðàò÷àñòèõ ãàçiâ i íåïåðåðâíèìè ñèñòåìàìè ñòàòèñòè÷íî¨ ìåõàíiêè.
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2 Ïðîñòîðè êîíôiãóðàöié ñèñòåì ñòàòèñòè-

÷íî¨ ìåõàíiêè

Â ðîáîòi áóäå ðîçãëÿäàòèñÿ íåñêií÷åííà ñèñòåìà òîòîæíèõ òî÷êîâèõ

÷àñòèíîê ó ïðîñòîði Rd, âçà¹ìîäiþ ÿêèõ áóäåìî îïèñóâàòè ïàðíèì

ïîòåíöiàëîì V2(x, y) = φ(|x − y|), x, y ∈ Rd, d ∈ N. Ìè íå áóäå-

ìî äåòàëüíî ðîçãëÿäàòè òåîðåòèêî-ìíîæèííó òà òîïîëîãi÷íó ñòðóêòó-

ðó ïðîñòîðiâ êîíôiãóðàöi¨, âiäñèëàþ÷è ÷èòà÷à äî âæå çãàäàíèõ ðîáiò

[20, 34, 35, 36, 37, 39, 40], à ëèøå íàâåäåìî íåîáõiäíi âèçíà÷åííÿ òà

äåÿêi îñíîâíi âëàñòèâîñòi öèõ ïðîñòîðiâ.

2.1 Ïðîñòîðè íåñêií÷åííèõ êîíôiãóðàöié

Íåõàé σ � öå ìiðà Ëåáåãà â Rd. Ïîçíà÷èìî ÷åðåç B(Rd), áîðåëiâñüêó
σ-àëãåáðó âiäêðèòèõ ìíîæèí â Rd, à ÷åðåç Bc(Rd) óñi ïiäìíîæèíè, ùî
ìàþòü êîìïàêòíå çàìèêàííÿ. Êîíôiãóðàöiéíèé ïðîñòið Γ := ΓRd áóäå

ñêëàäàòèñÿ ç óñiõ ëîêàëüíî ñêií÷åííèõ ïiäìíîæèí ïðîñòîðó Rd, òîáòî

Γ = ΓRd :=
{
γ ⊂ Rd

∣∣ |γ ∩ Λ| <∞, äëÿ âñiõ Λ ∈ Bc(Rd)
}
, (6)

äå |A| ¹ ÷èñëî, ùî îçíà÷à¹ êiëüêiñòü òî÷îê â A. Öå äîñèòü ïðèðîäíå âè-
çíà÷åííÿ ç òî÷êè çîðó çàñòîñóâàíü, îñêiëüêè â îáìåæåíîìó îá'¹ìi íå

ìîæå çíàõîäèòèñÿ íåñêií÷åííà êiëüêiñòü ÷àñòèíîê. Ç âèçíà÷åííÿ (6)

âèäíî, ùî Γ íå ¹ ëiíiéíèì ïðîñòîðîì. Àëå Γ ìîæíà çðîáèòè òîïîëîãi-

÷íèì íåëiíiéíèì ïðîñòîðîì: êîæíèé åëåìåíò γ ∈ Γ ìîæíà îòîòîæíèòè

ç íåâiä'¹ìíîþ ìiðîþ Ðàäîíà:

Γ 3 γ 7→
∑
x∈γ

δx ∈ M+(Rd), (7)

äå δx�ìiðà Äiðàêà:

δx(f) = f(x), f ∈ C0(Rd), (8)

äå C0(Rd)�ïðîñòið íåïåðåðâíèõ ôóíêöié ç êîìïàêòíèì íîñi¹ì, à

M+(Rd)�ïðîñòið íåâiä'¹ìíèõ ìið Ðàäîíà íà B(Rd). Âiäïîâiäíà äèôå-
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ðåíöiàëüíà ìiðà

γ(dσ) =
∑
x∈γ

δxdσ, dσ = σ(dx) = dx. (9)

Ïðîñòið Γ ìîæíà íàäiëèòè òîïîëîãi¹þ, ÿêà iíäóêîâàíà ãðóáîþ (vague)

òîïîëîãi¹þ â M+(Rd), ùî âèçíà÷à¹òüñÿ ÿê íàéñëàáøà òîïîëîãiÿ, ïî

âiäíîøåííþ äî ÿêî¨ âiäîáðàæåííÿ

Γ 3 γ 7→< γ, f > =

∫
Rd
f(x)γ(dσ) =

∑
x∈γ

f(x) (10)

¹ íåïåðåðâíèì äëÿ êîæíî¨ f ∈ C0(Rd). Íåõàé B(Γ) âiäïîâiäíà áîðåëiâ-

ñüêà σ-àëãåáðà íà Γ.

Ìîæíà íàâåñòè åêâiâàëåíòíèé ( ìîæå áiëüø ïðîçîðèé) îïèñ öi¹¨ òî-

ïîëîãi¨ íà ìîâi çáiæíîñòi ïîñëiäîâíîñòi êîíôiãóðàöié (γn)n∈N äî êîí-

ôiãóðàöi¨ γ ∈ Γ.

Îçíà÷åííÿ 2.1. Ïîñëiäîâíiñòü γn çáiãà¹òüñÿ äî γ ∈ Γ òîäi i òiëüêè

òîäi, êîëè äëÿ áóäü ÿêîãî Λ ∈ Bc(Rd), òàêî¨, ùî γ ∩ ∂Λ = ∅ (∂Λ � öå

ìåæà Λ) ìà¹ ìiñöå

lim
n→∞

|γn ∩ Λ| = |γ ∩ Λ|. (11)

Ïåðåäáàçîþ â öié òîïîëîãi¨ ¹ ìíîæèíè âèãëÿäó:

{γ ∈ Γ | |γΛ| = N, γ∂Λ = ∅, Λ ∈ Bc(Rd), N ∈ N0}. (12)

B(Γ) ¹ íàéìåíøà σ-àëãåáðà íà Γ, ïî âiäíîøåííþ äî ÿêî¨ óñi âiäîáðà-

æåííÿ

NΛ : Γ 7→ N0 := N ∪ {0} ; γ 7→ |γ ∩ Λ| (13)

¹ âèìiðíèìè äëÿ áóäü ÿêîãî Λ ∈ Bc(Rd), òîáòî

B(Γ) = σ
(
{NΛ : Λ ∈ Bc(Rd)}

)
(14)

Äëÿ äîâiëüíî¨ ïiäìíîæèíè Y ∈ B(Rd), àëå Y /∈ Bc(Rd), âèçíà÷èìî
ïðîñòið íåñêií÷åííèõ êîíôiãóðàöié ΓY :

ΓY = {γ ∈ Γ | γ ∩ Y c = ∅, Y c := Rd \ Y. (15)
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Íà çàâåðøåííÿ öüîãî ïiäðîçäiëó çàóâàæèìî, ùî ÿêùî ÷àñòèíêè ñè-

ñòåìè íå ìàþòü iíøèõ õàðàêòåðèñòèê (êðiì êîîðäèíàò, â ÿêèõ âîíè

çîñåðåäæåíi), òî ôàçîâèé ïðîñòið ñèñòåìè çáiãà¹òüñÿ ç êîíôiãóðàöié-

íèì ïðîñòîðîì Γ. ßêùî æ êîæíà ÷àñòèíêà ñèñòåìè ìà¹ ùå iíøi õàðà-

êòåðèñòèêè, òàêi ÿê iìïóëüñ, ñïií, çàðÿä, òîùî, òîäi ôàçîâèì ïðîñòî-

ðîì ¹ òàê çâàíèé ìàðêîâàíèé êîíôiãóðàöiéíèé ïðîñòið Γ̃ (äèâ., íàïðè-

êëàä, [57, 58, 59]). Ìè ðîçãëÿíåìî íàéáiëüø ïðîñòèé ôàçîâèé ïðîñòið

êëàñè÷íîãî òî÷êîâîãî ãàçó, êîæíà ÷àñòèíêà ÿêîãî â äîâiëüíié òî÷öi

x ∈ γ ⊂ Rd ìà¹ iìïóëüñ px = mvx ∈ Rd. Êîæíà òî÷êà γ̃ ∈ Γ̃ � öå

íåñêií÷åííà ìíîæèíà ïàð (x, px), â ÿêèõ x ∈ γ ∈ Γ, à px ∈ Rd:

Γ̃ :=
{
γ̃ = {(x, px)} | x ∈ γ, px ∈ Rd

}
. (16)

2.2 Ïðîñòîðè ñêií÷åííèõ êîíôiãóðàöié

Ïîçíà÷èìî ìíîæèíó óñiõ ñêií÷åííèõ êîíôiãóðàöié ïðîñòîðó Γ ÷åðåç

Γ0. Íàñïðàâäi Γ0 ¹ ïiäìíîæèíîþ Γ, àëå âîíà áóäå ðîçãëÿäàòèñÿ ÿê

ñàìîñòiéíèé êîíôiãóðàöiéíèé ïðîñòið, â ÿêîìó íåçàëåæíèì ÷èíîì ìî-

æíà ââåñòè ñâîþ òîïîëîãiþ. Âèçíà÷èìî ñïåðøó êîíôiãóðàöiéíèé ïðî-

ñòið ç ôiêñîâàíîþ êiëüêiñòþ òî÷îê:

Γ(n) := {γ ∈ Γ | |γ| = n, n ∈ N} , Γ(0) := ∅. (17)

ßêùî óñi òàêi êîíôiãóðàöi¨ çíàõîäÿòüñÿ â äåÿêié îáìåæåíié ìíîæèíi

Λ ∈ Bc(Rd), òî âiäïîâiäíèé ïðîñòið áóäå:

Γ
(n)
Λ :=

{
γ ∈ Γ(n) | γ ⊂ Λ

}
. (18)

Òîäi ïðîñòîðè ñêií÷åííèõ êîíôiãóðàöié â Rd i â Λ ∈ Bc(Rd) ìîæíà

ïðåäñòàâèòè ó âèãëÿäi äèç'þíêòèâíèõ îá'¹äíàíü:

Γ0 :=

∞∐
n=0

Γ(n), i ΓΛ :=

∞∐
n=0

Γ
(n)
Λ . (19)

Òîïîëîãi÷íó ñòðóêòóðó â ïðîñòîðàõ Γ
(n)
X (X ∈ {Rd,Λ}) ìîæíà ââåñòè

çà äîïîìîãîþ âiäîáðàæåííÿ ìíîæèí

X̃n := {(x1, ..., xn) ∈ Xn | xi ∈ X, xi 6= xj , ÿêùî i 6= j} (20)
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â ïðîñòîðè Γ
(n)
X :

symn
X : X̃n → Γ

(n)
X (n ∈ N),

(x1, ..., xn) 7→ {x1, ..., xn}. (21)

σ-àëãåáðó B(ΓΛ) ìîæíà ââåñòè àíàëîãi÷íî (14):

B(ΓΛ) = σ
(
{NΛ′ � ΓΛ : Λ′ ∈ Bc(Rd)}

)
. (22)

Öÿ σ-àëãåáðà içîìîðôíà σ-àëãåáði BΛ(Γ), ÿêà âèçíà÷à¹òüñÿ ôîðìóëîþ:

BΛ(Γ) = σ
(
{NΛ′ : Λ′ ∈ Bc(Rd), Λ′ ⊂ Λ}

)
. (23)

Ùîá çðîçóìiòè içîìîðôiçì σ-àëãåáð B(ΓΛ) i BΛ(Γ), âèçíà÷èìî ïðîå-

êòîð:

pΛ : Γ 7→ ΓΛ ; γ 7→ γ ∩ Λ := γΛ. (24)

Îòæå, êîæíîìó γΛ ∈ B(ΓΛ) ñïiâñòàâëÿ¹òüñÿ öiëèé êëàñ γ̃ := {γ ∈ Γ |
γ ∩ Λ = γΛ}.

Âiäïîâiäíi ïðîñòîðè Γ̃0 i Γ̃Λ âèçíà÷àþòüñÿ àíàëîãi÷íî (16), àëå êiëü-

êiñòü òî÷îê êîíôiãóðàöi¨ γ ¹ ñêií÷åííà i ó âèïàäêó x̃ ∈ γ̃ ∈ Γ̃0 � êîîðäè-

íàòíà ñêëàäîâà x ∈ Rd, à ó âèïàäó x̃ ∈ γ̃ ∈ Γ̃Λ � êîîðäèíàòíà ñêëàäîâà

x ∈ Λ ∈ Bc(Rd).

2.3 Ïðîñòîðè ùiëüíèõ òà ðîçðiäæåíèõ êîíôiãóðà-

öié

Â äîñëiäæåííi áàãàòüîõ òåðìîäèíàìi÷íèõ õàðàêòåðèñòèê íåñêií÷åííèõ

ñèñòåì âàæëèâå çíà÷åííÿ ìà¹ ðîçáèòòÿ ïðîñòîðó Rd íà åëåìåíòàðíi

ãiïåðêóáèêè ç äîâæèíîþ ðåáåð a > 0, i öåíòðè ÿêèõ ðîçòàøîâàíi â

òî÷êàõ r ∈ aZd ⊂ Rd:

∆a(r) := {x ∈ Rd | (ri − a/2) ≤ xi < (ri + a/2), i = 1, ..., d}. (25)

Áóäåìî ïèñàòè ∆ çàìiñòü ∆a(r), ÿêùî íå ìà¹ ïîòðåáè âêàçóâàòè, äå

çíàõîäèòüñÿ öåíòð ãiïåðêóáèêà. Ïîçíà÷èìî òàêå ðîçáèòòÿ ÷åðåç ∆a.
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Äëÿ äîâiëüíîãî Λ ∈ Bc(Rd) i äîâiëüíîãî ðîçáèòòÿ ∆a ïîçíà÷èìî

÷åðåç ∆a,Λ := {∆ ∈ ∆a | ∆ ∩ Λ 6= ∅} ìiíiìàëüíå ïîêðèòòÿ Λ ãiïåðêóáè-

êàìè ∆ ∈ ∆a òàêèì ÷èíîì, ùî

Λ ⊆ Λa i lim
a→0

Λa = Λ. (26)

Ðîçáèòòÿ (25) áóëî çàñòîñîâàíî Ðþåëåì [32] äëÿ äîâåäåííÿ íåðiâíîñòi

(4). Ó öüîìó îãëÿäi ìè ïðèâåäåìî iäåþ áiëüø ïðîçîðîãî i ïðîñòiøîãî

äîâåäåííÿ íåðiâíîñòi (4) çà äîïîìîãîþ êëàñòåðíèõ ðîçêëàäiâ, ÿêi áóëè

çàïðîïîíîâàíi â ðîáîòi [48]. Äëÿ ïîáóäîâè òàêèõ êëàñòåðíèõ ðîçêëàäiâ

ââåäåìî äâà òèïè êîíôiãóðàöié. Äëÿ äîâiëüíîãî ðîçáèòòÿ ∆a ââåäåìî

ïðîñòið ðîçðiäæåíèõ êîíôiãóðàöié:

Γ(dil) = Γ(dil)(∆) :=
{
γ ∈ Γ| |γ∆| = 0 ∨ 1, äëÿ âñiõ ∆ ∈ ∆

}
(27)

i ïðîñòið ùiëüíèõ êîíôiãóðàöié:

Γ(den) = Γ(den)(∆) :=
{
γ ∈ Γ| |γ∆| ≥ 2, äëÿ âñiõ ∆ ∈ ∆

}
. (28)

Äëÿ äîâiëüíîãî Λ ∈ Bc(Rd) ïðîñòîðè Γ
(dil)
Λ i Γ

(den)
Λ âèçíà÷àþòüñÿ àíà-

ëîãi÷íî çãiäíî ôîðìóë (18), (19) òà (27), (28).

Çðîçóìiëî, ùî äëÿ äîâiëüíîãî ∆ ∈ ∆a ïðîñòið Γ∆ = Γ
(dil)
∆ ∪Γ

(den)
∆ ,

àëå ΓΛ 6= Γ
(dil)
Λ ∪ Γ

(den)
Λ äëÿ Λ 6= ∆.

Ùîá íå ñêëàäàëîñÿ âðàæåííÿ, ùî ðîçðiäæåíi êîíôiãóðàöi¨ îïèñó-

þòü ôiçè÷íi ñèñòåìè ðîçðiäæåíèõ ãàçiâ, íàâåäåìî íàñòóïíå çàóâàæåí-

íÿ.

Çàóâàæåííÿ 2.1. Îäíi¹þ ç íàéâàæëèâiøèõ õàðàêòåðèñòèê ôiçè÷íî-

ãî ñòàíó ñèñòåìè âçà¹ìîäiþ÷èõ ÷àñòèíîê ¹ ãóñòèíà, òîáòî êiëüêiñòü

÷àñòèíîê â îäèíèöi îá'¹ìó. Ñêiëüêè çàâãîäíî âåëèêå çíà÷åííÿ öi¹¨ õà-

ðàêòåðèñòèêè ìîæíà îòðèìàòè i â ðàìêàõ îïèñó ñèñòåìè ó ïðîñòîði

ðîçðiäæåíèõ êîíôiãóðàöié, âèáèðàþ÷è ðîçìið a ðåáåð ãiïåðêóáèêiâ äî-

ñòàòíüî ìàëèì.
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3 Ìiðè íà ïðîñòîðàõ êîíôiãóðàöié íåïå-

ðåðâíèõ ñèñòåì

Çãiäíî ç iäåÿìè Ãiááñà ôiçè÷íèé ñòàí ñèñòåìè îïèñó¹òüñÿ éìîâiðíi-

ñíîþ ìiðîþ, ÿêà áóäó¹òüñÿ ñïåðøó â äåÿêîìó îáìåæåíîìó îá'¹ìi ïðî-

ñòîðó Rd â çàëåæíîñòi âiä àíñàìáëþ (ìiêðîêàíîíi÷íîãî, êàíîíi÷íîãî

àáî âåëèêîãî êàíîíi÷íîãî), ÿêèé ðîçãëÿäà¹òüñÿ äëÿ êîíêðåòíî¨ çàäà÷i i

ïîäàëüøîìó ãðàíè÷íîìó òåðìîäèíàìi÷íîìó ïåðåõîäi. Ìè áóäåìî ðîç-

ãëÿäàòè ñèñòåìè ñòàòèñòè÷íî¨ ìåõàíiêè â ðàìêàõ âåëèêîãî êàíîíi÷íîãî

àíñàìáëþ i ïî÷íåìî öåé ðîçãëÿä ç ñèñòåìè íåâçà¹ìîäiþ÷èõ òî÷êîâèõ

÷àñòèíîê (iäåàëüíèé ãàç).

3.1 Ìiðà Ïóàññîíà

Ñòàí iäåàëüíîãî ãàçó â ðiâíîâàæíié ñòàòèñòè÷íié ìåõàíiöi îïèñó¹òüñÿ

ìiðîþ Ïóàññîíà πzσ íà êîíôiãóðàöiéíîìó ïðîñòîði Γ, äå z > 0 � öå

àêòèâíiñòü (ôiçè÷íèé ïàðàìåòð, ÿêèé ïîâ'ÿçàíèé ç ãóñòèíîþ ÷àñòèíîê

â ñèñòåìi). Ìiðó πzσ ç ìiðîþ iíòåíñèâíîñòi zσ ìè âèçíà÷èìî òðîõè

íèæ÷å. Äëÿ öüîãî ñïåðøó ââåäåìî òàê çâàíó ìiðó Ëåáåãà-Ïóàññîíà

(äèâ., íàïðèêëàä, [39]) λzσ = λΛ
zσ íà ïðîñòîði ñêií÷åííèõ êîíôiãóðàöié

ΓΛ, Λ ∈ Bc(Rd) (àáî Γ0 ) çà ôîðìóëîþ:∫
ΓΛ

F (γ)λzσ(dγ) :=

∞∑
n=0

zn

n!

∫
Λ

· · ·
∫

Λ

F ({x1, ..., xn})σ(dx1) · · ·σ(dxn) =

=

∞∑
n=0

zn

n!

∫
Λ

· · ·
∫

Λ

Fn(x1, ..., xn)dx1 · · · dxn, (29)

äëÿ âñiõ âèìiðíèõ ôóíêöié F = {Fn}n≥0, Fn ∈ L∞(Λn) (àáî Fn ∈
L1(Rdn)). Çà äîïîìîãîþ ìiðè λzσ ïîáóäó¹ìî ñiì'þ éìîâiðíiñíèõ ìið

πΛ
zσ := e−zσ(Λ)λΛ

zσ, Λ ∈ Bc(Rd). (30)

Ëåãêî ïåðåêîíàòèñü, âèêîðèñòîâóþ÷è âèçíà÷åííÿ (29), ùî ñiì'ÿ (30)

¹ ïîïàðíî óçãîäæåíà i çà òåîðåìîþ Êîëìîãîðîâà (äèâ., íàïðèêëàä,
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[60]) iñíó¹ ¹äèíà éìîâiðíiñíà ìiðà πzσ íà êîíôiãóðàöiéíîìó ïðîñòîði

Γ.

Âàæëèâîþ õàðàêòåðèñòèêîþ ìiðè πzσ ¹ ¨¨ ïåðåòâîðåííÿ Ëàïëàñà.

Íåõàé ôóíêöiÿ f ∈ C0(Rd) ¹ òàêîþ, ùî iñíó¹ Λ ∈ Bc(Rd) òàêå, ùî

supp f ⊂ Λ. Òîäi

∀γ ∈ Γ, < γ, f > = < pΛγ, f > . (31)

Çà îçíà÷åííÿì ïåðåòâîðåííÿ Ëàïëàñà ìiðè πσ âèçíà÷à¹òüñÿ iíòåãðà-

ëîì:

lπσ (f) : =

∫
Γ

e<γ,f>πσ(dγ) =

∫
Γ

e<pΛγ,f>πσ(dγ) =

∫
ΓΛ

e<γ,f>πΛ
σ (dγ) =

= e−σ(Λ)

∫
ΓΛ

e<γ,f>λΛ
σ (dγ) = e−σ(Λ)e

∫
Λ
ef(x)σ(dx) =

= e
∫
Rd (ef(x)−1)σ(dx). (32)

Iíøîþ âàæëèâîþ âëàñòèâiñòþ ìiðè Ïóàññîíà ¹ òàê çâàíà òîòî-

æíiñòü Ìåêêå:∫
Γ

∑
x∈γ

H(x; γ)πσ(dγ) =

∫
Γ

∫
Rd
H(x; γ ∪ {x})σ(dx)πσ(dγ) (33)

äëÿ äîâiëüíî¨ B(Rd)⊗B(Γ)-âèìiðíî¨ ôóíêöi¨H. Öþ ôîðìóëó âñòàíîâèâ

Í. Ð. Êåìïáåëë [61, 62], à Äæ. Ìåêêå [63] ïîêàçàâ, ùî òîòîæíiñòü (33)

¹ íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ òîãî, ùî πσ ¹ ïóàññîíiâñüêîþ ìiðîþ

ç ìiðîþ iíòåíñèâíîñòi σ. Ôîðìóëó (33) ëåãêî äîâåñòè äëÿ ôóíêöi¨ H

âèãëÿäó:

H(x; γ) = h(x)e<γ,(αh+βg)>, α, β ∈ C, h, g ∈ C0(Rd). (34)

Òîäi∫
Γ

∑
x∈γ

h(x)e<γ,(αh+βg)>πσ(dγ) =

∫
Γ

< γ, h > e<γ,(αh+βg)>πσ(dγ) =

=
d

dα

∫
Γ

e<γ,(αh+βg)>πσ(dγ) =
d

dα
e
∫
Rd (eαh(x)+βg(x)−1)σ(dx) =
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Γ

e<γ,(αh+βg)>πσ(dγ)

∫
Rd
h(x)eαh(x)+βg(x)σ(dx) =

=

∫
Γ

∫
Rd
h(x)e<γ∪{x},(αh+βg)>σ(dx)πσ(dγ).

Ëiíiéíà îáîëîíêà ìíîæèíè åêñïîíåíöiàëüíèõ âåêòîðiâ {ei<γ,f> | f ∈
C0(Rd)} ¹ âñþäè ùiëüíîþ â L2(Γ, πσ) ([64], òåîðåìà 3), òîìó ôîðìóëó

(33) ìîæíà ðîçøèðèòè íà âñi B(Rd)⊗ B(Γ)-âèìiðíi ôóíêöi¨ H.

Íàéáiëüø âàæëèâîþ õàðàêòåðèñòèêîþ ìið πzσ òà λzσ, ÿêó ìè ií-

òåíñèâíî âèêîðèñòîâó¹ìî, ¹ âëàñòèâiñòü íåñêií÷åííî-ïîäiëüíîñòi (äèâ.,

íàïðèêëàä, [65], Ðîçäië 4.4). Íà ìîâi iíòåãðàëiâ çà ìiðîþ λzσ öþ âëà-

ñòèâiñòü ìîæíà ñôîðìóëþâàòè ó âèãëÿäi íàñòóïíî¨ ëåìè.

Ëåìà 3.1. Íåõàé X1 ∈ Bc(Rd), X2 ∈ Bc(Rd) i X1∩X2 = ∅, X1∪X2 = Λ.

Ôóíêöi¨ Fi, (i = 1, 2) ¹ B(ΓXi)-âèìiðíi. Òîäi∫
ΓΛ

F1(γ)F2(γ)λzσ(dγ) =

∫
ΓX1

F1(γ)λzσ(dγ)

∫
ΓX2

F2(γ)λzσ(dγ). (35)

Äîâåäåííÿ. Çà îçíà÷åííÿì (29)∫
ΓΛ

F1(γ)F2(γ)λσ(dγ) =

=

∞∑
n=0

1

n!

(∫
Λ

σ(dx)

)n
F1({x}n1 ∩X1)F2({x}n1 ∩X2) =

=

∞∑
n=0

1

n!

(∫
X1

σ(dx) +

∫
X2

σ(dx)

)n
F1({x}n1 ∩X1)F2({x}n1 ∩X2) =

=

∞∑
n=0

n∑
k=0

1

k!(n− k)!

(∫
X1

σ(dx)

)k (∫
X2

σ(dx′)

)n−k
F1({x}k1)F2({x′}n−k1 ) =

=

∫
ΓX1

F1(γ)λX1
σ (dγ)

∫
ΓX2

F2(γ)λX2
σ (dγ).

Äëÿ ñêîðî÷åííÿ çàïèñó ìè âèêîðèñòàëè äåùî íåñòàíäàðòíå ïîçíà÷åííÿ

äëÿ êðàòíèõ iíòåãðàëiâ. �

Íàâåäåìî ùå îäíó âàæëèâó òåõíi÷íó ëåìó, ÿêà áóäå âèêîðèñòàíà

íèæ÷å.
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Ëåìà 3.2. Äëÿ âñiõ ïîçèòèâíèõ âèìiðíèõ ôóíêöié G : Γ0 7→ R i H :

Γ0×Γ0 7→ R íà ïðîñòîði ΓX , äå ΓX ∈ {Γ0,ΓΛ}(âiäïîâiäíî X ∈ {Rd,Λ}),
ñïðàâåäëèâà íàñòóïíà ðiâíiñòü:∫

ΓX

G(γ)
∑
η⊆γ

H(η, γ \ η)λσ(dγ) =

∫
ΓX

∫
ΓX

G(η ∪ γ)H(η, γ)λσ(dγ)λσ(dη).

(36)

Äîâåäåííÿ. Íåõàé η � Γ
(k)
X = {x1, ..., xk} := {x}k1 , γ � Γ

(m)
X =

{xk+1, ..., xk+m} := {x}k+m
k+1 . Òîäi∫

ΓX

∫
ΓX

G(η ∪ γ)H(η, γ)λσ(dγ)λσ(dη) =

=

∞∑
k,m=0

1

k!m!

∫
Xk

∫
Xm

G({x}k+m
1 )H({x}k1 , {x}k+m

k+1 )σ(dx)k+m =

=

∞∑
n=0

1

n!

n∑
k=0

Ckn

∫
Xn

G({x}n1 )H({x}k1 , {x}nk+1)σ(dx)n =

=

∫
ΓX

G(γ)
∑
η⊆γ

H(η, γ \ η)λσ(dγ).

�

3.2 Ìiðà Ãiááñà

Âèçíà÷åííÿ ìiðè Ãiááñà äëÿ ñèñòåìè âçà¹ìîäiþ÷èõ ÷àñòèíîê ïîòðåáó¹

ââåäåííÿ íåîáõiäíèõ òà äîñòàòíiõ óìîâ íà åíåðãiþ âçà¹ìîäi¨ ìiæ ÷à-

ñòèíêàìè. Íàâåäåìî ñïåðøó ïðèêëàäè âçà¹ìîäié, ïðî ÿêi ïiäå ìîâà ó

íàñòóïíèõ ðîçäiëàõ. Ó âèïàäêó äâî÷àñòèíêîâîãî ïîòåíöiàëó âçà¹ìîäi¨

V2(x, y) = φ(|x − y|), äå |x − y| � åâêëiäîâà âiäñòàíü ìiæ ÷àñòèíêàìè

x, y ∈ Rd, à ïîòåíöiàëüíà åíåðãiÿ âçà¹ìîäi¨:

U(x1, . . . , xn) =
∑

1≤i<j≤n

φ(|xi − yj |). (37)
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3.2.1 Îñíîâíi êëàñè âçà¹ìîäié

Îñíîâíèìè ôóíäàìåíòàëüíèìè õàðàêòåðèñòèêàìè ñèñòåìè âçà¹ìîäiþ-

÷èõ ÷àñòèíîê ¹ âëàñòèâîñòi ñòiéêî¨, íàäñòiéêî¨ òà ïîñèëåíî íàäñòiéêî¨

âçà¹ìîäi¨. Óìîâà ñòiéêîñòi ¹ íåîáõiäíîþ äëÿ êîðåêòíîãî òåðìîäèíàìi-

÷íîãî îïèñó ñòàòèñòè÷íèõ ñèñòåì ç íåñêií÷åííîþ êiëüêiñòþ ÷àñòèíîê,

iñíóâàííÿ ãðàíè÷íèõ êîðåëÿöiéíèõ ôóíêöié. Òàêà óìîâà ìîæå áóòè

ñôîðìóëüîâàíà ç äîïîìîãîþ ñèñòåìè íåñêií÷åííîãî ÷èñëà íåðiâíîñòåé,

êîæíà ç ÿêèõ âiäïîâiäà¹ ïåâíié ñêií÷åííié ïiäñèñòåìi, ùî ñêëàäà¹òüñÿ

ç N ÷àñòèíîê, ÿêi ðîçòàøîâàíi ó òî÷êàõ x1, ..., xN ïðîñòîðó Rd (äèâ.

òàêîæ [19])íàñòóïíèì ÷èíîì:

Îçíà÷åííÿ 3.1. Âçà¹ìîäiÿ íàçèâà¹òüñÿ ñòiéêîþ, ÿêùî äëÿ áóäü-

ÿêî¨ ïiäñèñòåìè ç êiëüêiñòþ ÷àñòèíîê N ≥ 2 òà íàáîðîì êîîðäèíàò

{x1, ..., xN} ∈ Rd iñíó¹ êîíñòàíòà B ≥ 0 òàêà, ùî

U(x1, ..., xN ) ≥ −BN. (38)

Îäíi¹þ ç íàéâàæëèâiøèõ óìîâ, ùî íàêëàäà¹òüñÿ íà ïîòåíöiàë âçà-

¹ìîäi¨ ìiæ ÷àñòèíêàìè, ¹ óìîâà iíòåãðîâíîñòi íà íåñêií÷åííîñòi. Öå

îçíà÷à¹, ùî äëÿ áóäü-ÿêèõ R > 0∫
|x|≥R

φ(|x|) dx < +∞. (39)

Óìîâè (38), (39) ¹ äîñòàòíiìè äëÿ ïîáóäîâè ìiðè Ãiááñà ñèñòåìè

íåñêií÷åííîãî ÷èñëà ÷àñòèíîê â îáëàñòi ìàëèõ çíà÷åíü ïàðàìåòðiâ

β = (kBT )
−1 òà z, äå T � òåìïåðàòóðà ñèñòåìè, z � àêòèâíiñòü, ÿêà

áåçïîñåðåäíüî ïîâ'ÿçàíà ç ãóñòèíîþ ñèñòåìè ÷àñòèíîê (äèâ. [19], ãëàâà

4), kB � êîíñòàíòà Áîëüöìàíà, ùî çàáåçïå÷ó¹ ïåðåõiä âiä òåìïåðàòóð-

íî¨ äî åíåðãåòè÷íî¨ øêàëè.

Àëå äëÿ òîãî, ùîá ïîáóäóâàòè ìiðó Ãiááñà ó âèïàäêó ñèñòåìè íå-

ñêií÷åííîãî ÷èñëà ÷àñòèíîê äëÿ áóäü-ÿêèõ äîäàòíèõ çíà÷åíü ïàðàìå-

òðiâ β òà z, íåîáõiäíî íàêëàñòè äîäàòêîâi îáìåæåííÿ íà âçà¹ìîäiþ

ìiæ ÷àñòèíêàìè. Òàêîþ óìîâîþ ¹ óìîâà íàäñòiéêîñòi, ÿêó ââiâ Ðóåëü

â ðîáîòi [32].
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Îçíà÷åííÿ 3.2. ([32]) Âçà¹ìîäiÿ íàçèâà¹òüñÿ íàäñòiéêîþ, ÿêùî äëÿ

áóäü-ÿêîãî ðîçáèòòÿ íà êóáè ∆a òà áóäü-ÿêî¨ êîíôiãóðàöi¨ γ =

{x1, . . . , xn} ∈ Γ0 iñíóþòü òàêi êîíñòàíòè A > 0, B ≥ 0, ùî âèêîíó-

¹òüñÿ óìîâà:

U(γ) ≥
∑

∆∈∆a

[
A|γ∆|2 −B|γ∆|

]
. (40)

Ó öüîìó îãëÿäi ìè áóäåìî âèêîðèñòîâóâàòè òàê çâàíó ïîñèëåíî íàä-

ñòiéêó âçà¹ìîäiþ.

Îçíà÷åííÿ 3.3. Âçà¹ìîäiÿ íàçèâà¹òüñÿ ïîñèëåíî íàäñòiéêîþ, ÿêùî

iñíó¹ ðîçáèòòÿ ∆a0
i êîíñòàíòè A(a) > 0, B(a) ≥ 0, m ≥ 2 òàêi, ùî äëÿ

äîâiëüíèõ 0 < a ≤ a0 i γ ∈ Γ0 âèêîíó¹òüñÿ íàñòóïíà óìîâà:

U(γ) ≥ A(a)
∑

∆∈∆a:|γ∆|≥2

|γ∆|m −B(a)|γ|. (41)

Çàóâàæåííÿ 3.1. Íàäñòiéêi âçà¹ìîäi¨ áóëè ââåäåíi Ä. Ðþåëåì (äèâ.

[66] àáî [19], Ãë.3, § 3.2.9 i [32]). ß. Ì. Ïàðê (äèâ. [67]) âïåðøå âèêîðè-

ñòàâ óìîâó ïîñèëåíî¨ íàäñòiéêîñòi ç m > 2, ùîá äîâåñòè îáìåæåíiñòü

åêñïîíåíòè âiä îïåðàòîðà ëîêàëüíî¨ êiëüêîñòi ÷àñòèíîê äëÿ êâàíòîâî¨

ñèñòåìè âçà¹ìîäiþ÷îãî Áîçå ãàçó. Îçíà÷åííÿ 3.3 áóëî âïåðøå çàïðîïî-

íîâàíî â [56]. Íà âiäìiíó âiä îçíà÷åííÿ Ïàðêà â íåðiâíiñòü (41) âêëþ÷à¹

âèïàäîê m = 2, àëå ç êîíñòàíòàìè, ÿêi çàëåæàòü âiä ïàðàìåòðà a. Ïî-

ñèëåíî íàäñòiéêi âçà¹ìîäi¨ âêëþ÷àþòü ïîòåíöiàëè, ÿêi íå ¹ iíòåãðîâíi

â íóëi 0 ∈ Rd.

Óìîâè ñòiéêîñòi, íàäñòiéêîñòi òà ïîñèëåíî¨ íàäñòiéêîñòi, ñôîðìó-

ëüîâàíi â (38), (40) i (41), íàêëàäàþòü çàãàëüíi óìîâè íà õàðàêòåð

åíåðãi¨ âçà¹ìîäi¨. Â ðàìêàõ íàáëèæåííÿ òàêèõ âçà¹ìîäié äâîõ÷àñòèí-

êîâèìè (ïàðíèìè) ïîòåíöiàëàìè òðåáà çíàéòè íàéáiëüø îïòèìàëüíi

äîñòàòíi óìîâè ¨õ âèêîíàííÿ. Òàêi óìîâè äîñëiäæóâàëèñÿ áàãàòüìà àâ-

òîðàìè. Ìè ðàäèìî ÷èòà÷ó çâåðíóòèñü äî íàéáiëüø ïiçíüîãî îãëÿäó

[55], â ÿêîìó äåòàëüíî îáãîâîðåíi ïîïåðåäíi ðåçóëüòàòè öi¹¨ ïðîáëåìè

òà îòðèìàíi äåÿêi íîâi ðåçóëüòàòè.
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3.2.2 Óìîâè íà ïîòåíöiàë âçà¹ìîäi¨

Óìîâè, ÿêi çàáåçïå÷óþòü ïîñèëåíó íàäñòiéêiñòü, ìîæíà ñôîðìóëþâàòè

òàêèì ÷èíîì.

(A): Óìîâè íà ïîòåíöiàë âçà¹ìîäi¨. Íåõàé φ ¹ íåïåðåðâíèì íà

R+\{0}, äëÿ ÿêîãî iñíóþòü êîíñòàíòè r0 > 0, R > r0, ϕ0 > 0, ϕ1 >

0, and ε0 > 0 òàêi, ùî:

1)φ(|x|) ≡ −φ−(|x|) ≥ − ϕ1

|x|d+ε0
äëÿ |x| ≥ R, ; (42)

2)φ(|x|) ≡ φ+(|x|) ≥ ϕ0

|x|s
, s ≥ d äëÿ |x| ≤ r0, (43)

äå

φ+(|x|) := max{0, φ(|x|)}, φ−(|x|) := −min{0, φ(|x|)}. (44)

Ç óìîâè (42) ñëiäó¹, ùî äëÿ ε < ε0

υε = υε(a) := sup
x∈Rd

∑
∆∈∆a

sup
y∈∆

φ−(|x− y|)|x− y|ε <∞. (45)

Ñïðàâåäëèâà íàñòóïíà ëåìà.

Ëåìà 3.3. Íåõàé ïîòåíöiàë âçà¹ìîäi¨ çàäîâîëüíÿ¹ (A). Òîäi äëÿ äî-

âiëüíèõ γ ∈ Γ0 i a < r0 íåðiâíiñòü (41) âèêîíó¹òüñÿ ç

A(a) = Cs,d−
υ0

2s/d
, B(a) =

υ0

2
, m = 1 +

s

d
, Cs,d =

1

22s+1

(
2π

d
2

dΓ
(
d
2

)) s
d
ϕ0

as
.

(46)

Äîâåäåííÿ. Äîâåäåííÿ â [55], àëå íàìè äàëi áóäå âèêîðèñòîâóâàòèñü

ëèøå âèïàäîê, êîëè

A(a) =
ϕ0

4(
√
da)s

− υ0

2
, B(a) =

υ0

2
, m = 2. (47)

Ó öüîìó âèïàäêó äîâåäåííÿ çíà÷íî ñïðîùó¹òüñÿ. Äëÿ äîâiëüíîãî γ ∈
Γ0 òà äîâiëüíîãî ðîçáèòòÿ ∆a:
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U(γ) =
∑

{x,y}⊂ γ

φ(|x−y|) =
∑

∆∈∆λ:|γ∆|≥2

U(γ∆)+
∑

{∆,∆′}⊂∆λ

∑
x∈γ∆
y∈γ∆′

φ(|x−y|).

(48)

Âðàõîâóþ÷è óìîâè (A) íà ïîòåíöiàë âçà¹ìîäi¨, âèçíà÷åííÿ (4) i íåðiâ-

íiñòü |γ∆| |γ∆′ | ≤ 1
2

(
|γ∆|2 + |γ∆′ |2

)
, îòðèìà¹ìî:

U(γ) ≥
∑

∆∈∆λ:|γ∆|≥2

[
ϕ0

4(
√
da)s

− υ0

2

]
|γ∆|2 −

υ0

2
|γ|. (49)

Çàóâàæåííÿ 3.2. Ç îçíà÷åííÿ (4) i íåðiâíîñòi (42) çðîçóìiëî, ùî υ0 ∼
c
ad
. Òîäi, äëÿ äîñòàòíüî ìàëèõ a êîíñòàíòà A(a) > 0 äëÿ s > d i äëÿ

äîñòàòíüî âåëèêèõ ϕ0 ó âèïàäêó s = d.

3.2.3 Âèçíà÷åííÿ ìiðè Ãiááñà íåñêií÷åííèõ ñèñòåì

Â ðàìêàõ âåëèêîãî êàíîíi÷íîãî àíñàìáëþ ñèñòåìà, ùî çíàõîäèòüñÿ â

îáìåæåíîìó îá'¹ìi Λ, õàðàêòåðèçó¹òüñÿ ôiêñîâàíîþ òåìïåðàòóðîþ T

i ïàðàìåòðîì µ, ÿêèé íàçèâà¹òüñÿ õiìi÷íèì ïîòåíöiàëîì. Ïàðàìåòð

µ âiäïîâiäà¹ çà ðîçïîäië êiëüêîñòi ÷àñòèíîê N â Λ (äèâ., íàïðèêëàä,

[68]). Ìiðà Ãiááñà µΛ ¹ àáñîëþòíî íåïåðåðâíà âiäíîñíî ìiðè Ëåáåãà â

(Rd ⊗ Rd)N . Âèðàç äëÿ ùiëüíîñòi áóäå ìàòè âèãëÿä:

DΛ(γ̃, N) =
1

ZΛ

1

N !
eβµN−βE(γ̃), N = |γ̃|, (50)

äå ïîñòiéíà íîðìóâàííÿ ZΛ ìà¹ íàçâó âåëèêî¨ ñòàòèñòè÷íî¨ ñóìè i

âèðàæà¹òüñÿ ôîðìóëîþ:

ZΛ =
∑
N≥0

1

N !

∫
Γ̃

(N)
Λ

dγ̃eβµN−βE(γ̃), dγ̃ := (dσ̃)N := (dσ ⊗ dp)N . (51)

Äëÿ ðiâíîâàæíèõ ñèñòåì óñi ñïîñòåðåæóâàíi âåëè÷èíè ¹ ôóíêöiÿìè

êîîðäèíàò. Òîìó ó âèðàçàõ äëÿ ñåðåäíiõ òà ó âèðàçi äëÿ âåëèêî¨ ñòàòè-

ñòè÷íî¨ ñóìè ìîæíà âèêîíàòè iíòåãðóâàííÿ çà iìïóëüñíèìè çìiííèìè
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pi ∈ Rd, i = 1, N i ïåðåïèñàòè âèðàç äëÿ ìiðè Ãiááñà äëÿ âåëèêîãî

êàíîíi÷íîãî àíñàìáëþ íà ïðîñòîði êîíôiãóðàöié ΓΛ ó òàêîìó âèãëÿäi:

µΛ(dγ) =
1

ZΛ
e−βU(γ)λzσ(dγ), (52)

ZΛ =

∫
ΓΛ

e−βU(γ)λzσ(dγ), (53)

äå ìè ñêîðèñòàëèñÿ âèçíà÷åííÿì ìiðè Ëåáåãà-Ïóàññîíà (29), (29), à

ïîñòiéíà

z =
eβµ

hd

∫
Rd
e−

p2

2m dp = eβµ
(

2πm

βh2

)d/2
(54)

i íàçèâà¹òüñÿ àêòèâíiñòþ ñèñòåìè.

Ó âèïàäêó íåñêií÷åííî¨ ñèñòåìè â Rd ó ïiäõîäi Äîáðóøèíà-

Ëåíôîðäà-Ðþåëÿ (äèâ. [25],[31]) ìiðà Ãiááñà µ âèçíà÷à¹òüñÿ íà Γ çà

äîïîìîãîþ ñiì'¨ óìîâíèõ éìîâiðíiñíèõ ðîçïîäiëiâ, ùiëüíiñòü ÿêèõ âè-

çíà÷à¹òüñÿ ïîõiäíîþ Ðàäîíà-Íiêîäèìà

dµΛ

dλzσ
(η| γ̄Λc) =

exp {−βU(η| γ̄Λc)}
ZΛ(γ̄Λc)

, (55)

äå

Λ ∈ Bc(Rd), Λc = Rd \ Λ, η ∈ ΓΛ, γ̄ ∈ Γ.

Âiäïîâiäíi éìîâiðíîñòi âèçíà÷àþòüñÿ çà ôîðìóëîþ:

ΠΛ(A, γ̄Λc) =

∫
ΓΛ

11A(γ̄Λc ∪ η)µΛ(dη|γ̄Λc), A ∈ B(Γ), (56)

äå

U(η|γ̄Λc) := U(η) +W (η; γ̄Λc), W (η; γ) :=
∑
x∈η,
y∈γ

φ(|x− y|). (57)

U(η) � öå åíåðãiÿ âçà¹ìîäi¨ óñiõ ÷àñòèíîê êîíôiãóðàöi¨ η ⊂ Λ, à

W (η; γ̄Λc) � öå åíåðãiÿ âçà¹ìîäi¨ ìiæ ÷àñòèíêàìè êîíôiãóðàöi¨ η i ÷à-

ñòèíêàìè êîíôiãóðàöi¨ γ̄Λc , à

ZΛ(γ̄Λc) =

∫
ΓΛ

exp {−U(η| γ̄Λc)}λzσ(dη). (58)
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Òîäi µ áóäåìî íàçèâàòè ìiðîþ Ãiááñà, ÿêùî

µ(ΠΛ(A, ·)) =

∫
Γ

ΠΛ(A | γ)µ(dγ) = µ(A) (59)

äëÿ äîâiëüíîãî A ∈ B(Γ) i Λ ∈ Bc(Rd). Ìíîæèíó óñiõ ìið Ãiááñà,

ÿêi âiäïîâiäàþòü ïîòåíöiàëó φ, àêòèâíîñòi z i îáåðíåíié òåìïåðàòó-

ði β ïîçíà÷èìî ÷åðåç G(φ, z, β). Ôîðìóëó (59) íàçèâàþòü ðiâíÿííÿì

Äîáðóøèíà-Ëåíàðäà-Ðþåëÿ (ÄËÐ). ßêùî ìiðà µ çàäîâîëüíÿ¹ ðiâíÿí-

íÿ ÄËÐ, òîäi öå ¹ íåîáõiäíîþ i äîñòàòíüîþ óìîâîþ òîãî, ùî µ ¹ ìiðîþ

Ãiááñà.

Áiëüø ïðîçîðèì ç àíàëiòè÷íî¨ òî÷êè çîðó ¹ ðiâíÿííÿ, ÿêå çàïðî-

ïîíóâàâ Ðþåëü (ÐÐÞ) â ðîáîòi [32]. Äëÿ áóäü-ÿêî¨ ïîçèòèâíî¨ B(Γ)-

âèìiðíî¨ ôóíêöi¨ F i Λ ∈ Bc(Rd) ìà¹ ìiñöå ðiâíiñòü:∫
Γ

F (γ)µ(dγ) =

∫
ΓΛ

[∫
ΓΛc

F (η ∪ γ)e−βU(η|γ)µ(dγ)

]
λzσ(dη). (60)

Íåîáõiäíî òàêîæ íàâåñòè ùå îäíå ðiâíÿííÿ, ÿêå áóëî çàïðîïîíîâàíå

â ðîáîòàõ [69, 70], öå ðiâíÿííÿ Ãåîðãii-Íãó¹íà-Öåññiíà (ÃÍÖ). Äëÿ äî-

âiëüíî¨ ïîçèòèâíî¨ B(Rd)⊗B(Γ)-âèìiðíî¨ ôóíêöi¨ H ñïðàâåäëèâà ôîð-

ìóëà:∫
Γ

∑
x∈γ

H(x; γ)µ(dγ) = z

∫
Γ

∫
Rd
H(x; γ ∪ {x})e−βW ({x};γ)σ(dx)µ(dγ).

(61)

Íà çàâåðøåííÿ öüîãî ðîçäiëó íàâåäåìî òåîðåìó, ÿêà ïiäñóìîâó¹ ðå-

çóëüòàòè âèùåíàâåäåíèõ ðîáiò.

Òåîðåìà 1. Íåõàé µ ∈ GV . Òîäi ðiâíÿííÿ ÄËÐ (59), ðiâíÿííÿ ÐÐÞ

(60) i ðiâíÿííÿ ÃÍÖ (61) ¹ åêâiâàëåíòíèìè.

Áiëüø  ðóíòîâíèé îïèñ ìið Ãiááñà, ÿê äëÿ âåëèêîãî êàíîíi÷íîãî

àíñàìáëþ, òàê i äëÿ êàíîíi÷íîãî àíñàìáëþ, ìîæíà çíàéòè, íàïðèêëàä,

â ìîíîãðàôiÿõ [71, 69, 72].
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4 Êîðåëÿöiéíi ôóíêöi¨ ìið Ãiááñà

Ç òî÷êè çîðó ôiçè÷íèõ ìiðêóâàíü êîðåëÿöiéíi ôóíêöi¨ áóëè âïåðøå

ââåäåíi ùå íà ïî÷àòêó XX ñòîëiòòÿ Îðøòåéíîì i Öåðíiêå ïðè äîñëi-

äæåííi êðèòè÷íèõ ôëóêòóàöié. Ìàòåìàòè÷íi äîñëiäæåííÿ êîðåëÿöié-

íèõ ôóíêöié, ìàáóòü, ïî÷àëèñÿ ç ðîáîòè Iâîíà [3] i íåçàëåæíèõ äîñëi-

äæåíü Áîãîëþáîâà [4], Êiðêâóäà [5] òà Áîðíà-Ãðiíà [6]. Ç òî÷êè çîðó

òåîði¨ ìiðè êîðåëÿöiéíi ôóíêöi¨ ¹ â ïåâíîìó ñåíñi àíàëîãîì ìîìåíòiâ

ìiðè. Ðîçãëÿíåìî àíàëîã ìîìåíòiâ íà ïðîñòîði êîíôiãóðàöié Γ.

4.1 Êîðåëÿöiéíi ìiðè òà êîðåëÿöiéíi ôóíêöi¨

Ïåðø çà âñå òðåáà çàóâàæèòè, ùî êîæíó êîíôiãóðàöiþ γ ìîæíà îòî-

òîæíèòè ç óçàãàëüíåíîþ ôóíêöi¹þ (äèâ. (7), (8), (10)). Àëå ó ïðîñòîði

óçàãàëüíåíèõ ôóíêöié îïåðàöiÿ ìíîæåííÿ (çâåäåííÿ ó ñòåïiíü)íå ¹ âè-

çíà÷åíîþ. Ó ãàóññiâñüêîìó àíàëiçi (òîáòî íà ïðîñòîðàõ ôóíêöié, ÿêi ií-

òåãðîâíi çà ìiðîþ Ãàóññà) ââîäÿòü òàê çâàíó âiêiâñüêó ðåãóëÿðèçàöiþ.

Òàê ñàìî ìîæíà çðîáèòè i ó âèïàäêó ïóàññîíiâñüêîãî àíàëiçó. Áiëüø

äåòàëüíî ìè îáãîâîðèìî öå ïèòàííÿ ó íàñòóïíîìó ïiäðîçäiëi ç òî÷êè

çîðó óçàãàëüíåíèõ ïóàññîíiâñüêèõ ôóíêöiîíàëiâ [73, 64, 74]. Íàâåäå-

íi íèæ÷å êîíñòðóêöi¨ ìîæíà çíàéòè, íàïðèêëàä, â áiëüø äåòàëüíîìó

îïèñi â ðîáîòi [75].

Ïåðøà ñòåïiíü âèçíà÷à¹òüñÿ çâè÷àéíèì ÷èíîì çà âèçíà÷åííÿì óçà-

ãàëüíåíî¨ ôóíêöi¨. Íåõàé G ¹ ôóíêöi¹þ íà ïðîñòîði êîíôiãóðàöié Γ0

(G : Γ0 → R), òàêîþ, ùî

G � Γ
(n)
0 = G(n)({x1, ..., xn}) := Gn(x1, ..., xn), Gn ∈ C0(Rdn). (62)

Òîäi

< G(1), γ > :=
∑
x1∈γ

< G(1), εx1
> =

∑
x1∈γ

G1(x1). (63)

n-ó ñòóïiíü âèçíà÷èìî ôîðìóëîþ

< G(n), : γ⊗n :> :=
∑

{x1,...,xn}⊂γ

Gn(x1, ..., xn). (64)
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Òîäi àíàëîãîì ôîðìóëè ìîìåíòiâ ¹ ôîðìóëà∫
Γ

< G(n), : γ⊗n :> µ(dγ) :=

∫
Rdn

Gn(x1, ..., xn)ρ(n) ((σ(dx1), ..., σ(dxn)) .

(65)

Ôóíêöiþ ρ(n) áóäåìî íàçèâàòè êîðåëÿöiéíîþ ìiðîþ ìiðè µ íà Γ(n).

ßêùî êîðåëÿöiéíà ìiðà ρ(n) ¹ àáñîëþòíî íåïåðåðâíîþ âiäíîñíî ìiðè

Ëåáåãà â Rdn, òîäi ¨¨ ùiëüíiñòü âèçíà÷à¹ âiäïîâiäíó êîðåëÿöiéíó ôóí-

êöiþ:

ρ(n) ((σ(dx1), ..., σ(dxn)) :=
1

n!
ρn(x1, ..., xn)σ(dx1) · · ·σ(dxn),

ρn(x1, ..., xn) := ρ(η) � Γ(n), η = {x1, ..., xn}. (66)

Ç óðàõóâàííÿì (64) ôîðìóëó (65) ìîæíà ïåðåïèñàòè ó âèãëÿäi∫
Γ

∑
{x1,...,xn}⊂γ

Gn(x1, ..., xn)µ(dγ) = (67)

=

∫
Rdn

Gn(x1, ..., xn)ρ(n) ((σ(dx1), ..., σ(dxn)) .

Êîðåëÿöiéíó ìiðó òåïåð ìîæíà âèçíà÷èòè íà ïðîñòîði óñiõ ñêií÷åííèõ

êîíôiãóðàöié Γ0, ïðîñóìóâàâøè ðiâíiñòü (67) çà âñiìà n ≥ 0. Òîäi ç

(67) îòðèìó¹ìî ôîðìóëó:∫
Γ

∞∑
n=0

∑
{x1,...,xn}⊂γ

Gn(x1, ..., xn)µ(dγ) :=

∫
Γ

∑
ηbγ

G(η)µ(dγ) =

∫
Γ0

G(η)ρ(dη),

(68)

à ó âèïàäêó (66)∫
Γ

∑
ηbγ

G(η)µ(dγ) =

∫
Γ0

G(η)ρ(η)λσ(dη), (69)

äå çíà÷îê η b γ îçíà÷à¹ ñóìóâàííÿ çà óñiìè ñêií÷åííèìè ïiäìíîæè-

íàìè η íåñêií÷åííî¨ êîíôiãóðàöi¨ γ. Ïiäñòàâèìî â (68) G = 11A, A ∈
B(Γ0), òîäi îòðèìó¹ìî îçíà÷åííÿ êîðåëÿöiéíî¨ ìiðè íà B(Γ0):

ρµ(A) = ρ(A) =

∫
Γ

∑
ηbγ

11A(η)µ(dγ), (70)
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àáî, âèêîðèñòîâóþ÷è ïðàâó ÷àñòèíó (69) òà âèçíà÷åííÿ ìiðè λσ, îòðè-

ìó¹ìî:

ρ(A) =

∫
Γ0

11A(η)ρ(η)λσ(dη) =

∫
Γ0

11A(η)z−|η|ρ(η)λzσ(dη). (71)

Îçíà÷åííÿ 4.1. Ìiðà µ íàçèâà¹òüñÿ ëîêàëüíî àáñîëþòíî-íåïåðåðâíà

âiäíîñíî ìiðè λzσ, ÿêùî äëÿ áóäü-ÿêîãî Λ ∈ Bc(Rd) ìiðà µΛ = µ◦p−1
Λ ¹

àáñîëþòíî-íåïåðåðâíà âiäíîñíî ìiðè λΛ
zσ, òîáòî iñíó¹ ïîõiäíà Ðàäîíà-

Íiêîäèìà:
dµΛ

dλΛ
zσ

(γ). (72)

Íàñòóïíà ëåìà äà¹ ìîæëèâiñòü âèçíà÷èòè öþ ïîõiäíó äëÿ µ ∈ GV :

Ëåìà 4.1. Íåõàé µ ∈ GV . Òîäi âîíà ¹ ëîêàëüíî àáñîëþòíî-íåïåðåðâíà
âiäíîñíî λzσ, i

dµΛ

dλΛ
zσ

(η) =

∫
ΓΛc

e−βU(η)−βW (η;γ)µ(dγ). (73)

Äîâåäåííÿ. Íåõàé F ¹ ïîçèòèâíîþ BΛ(Γ)-âèìiðíîþ ôóíêöi¹þ. Òîäi

iñíó¹ B(ΓΛ)-âèìiðíà ôóíêöiÿ f òàêà, ùî F = f ◦ pΛ (F (γ) = f(γΛ)).

Òîäi çà îçíà÷åííÿì ïðîåêöi¨ ìiðè:∫
Γ

F (γ)µ(dγ) =

∫
ΓΛ

f(η)µΛ(dη). (74)

Ñêîðèñòà¹ìîñÿ òèì, ùî ìiðà µ ¹ ãiááñîâîþ i çàäîâîëüíÿ¹ ðiâíÿííÿ Ðþ-

åëÿ (60). Òîäi∫
Γ

F (γ)µ(dγ) =

∫
ΓΛ

[∫
ΓΛc

F (η ∪ γ)e−βU(η|γ)µ(dγ)

]
λzσ(dη) =

=

∫
ΓΛ

f(η)

[∫
ΓΛc

e−βU(η)−βW (η;γ)µ(dγ)

]
λzσ(dη). (75)

Âðàõîâóþ÷è, ùî çà âèçíà÷åííÿì ïîõiäíî¨ Ðàäîíà-Íiêîäèìà∫
ΓΛ

f(η)µΛ(dη) =

∫
ΓΛ

f(η)
dµΛ

dλΛ
zσ

(η)λzσ(dη), (76)
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i ïîðiâíþþ÷è (76) ç (75) îòðèìó¹ìî (73).

�

Ëåìà 4.2. Íåõàé µ ∈ GV i äëÿ áóäü ÿêîãî Λ ∈ Bc(Rd) iñíó¹ ïîñòiéíà
CΛ > 0 òàêà, ùî

dµΛ

dλΛ
zσ

(η) = ≤ C |η|Λ . (77)

Òîäi êîðåëÿöiéíà ìiðà (70) ¹ àáñîëþòíî íåïåðåðâíîþ âiäíîñíî ìiðè

λzσ, à ¨¨ ùiëüíiñòü âèðàæà¹òüñÿ êîðåëÿöiéíèì ôóíêöiîíàëîì, ÿêèé ìà¹

òàêèé âèãëÿä:

ρ(η) = z|η|
∫

Γ

e−βU(η)−βW (η;γ)µ(dγ). (78)

Äîâåäåííÿ. Ïåðø çà âñå çàóâàæèìî, ùî äëÿ áóäü-ÿêîãî A ∈ Bc(Γ0)

iñíó¹ Λ ∈ Bc(Rd) òàêå, ùî ôóíêöiÿ
∑
η⊂γ 11A(η) ¹ BΛ(Γ0)-âèìiðíîþ, à

ρ(A) =

∫
ΓΛ

∑
η⊂γ

11A(η)µΛ(dγ) =

∫
ΓΛ

∑
η⊂γ

11A(η)
dµΛ

dλΛ
zσ

(γ)λΛ
zσ(dγ). (79)

Çàñòîñó¹ìî äî ïðàâî¨ ÷àñòèíè (79) Ëåìó 3.2 (ðiâíiñòü (36)) ç

G(γ) =
dµΛ

dλΛ
zσ

(γ), H(η, γ \ η)) = 11A(η)11ΓΛ(γ \ η). (80)

Îòðèìó¹ìî, ùî

ρ(A) =

∫
ΓΛ

∫
ΓΛ

11A(η)
dµΛ

dλΛ
zσ

(η ∪ γ)λΛ
zσ(dγ)λzσ(dη). (81)

Òîäi, ïîðiâíþþ÷è ç (71), îòðèìà¹ìî:

ρ(η) = z|η|
∫

ΓΛ

dµΛ

dλΛ
zσ

(η ∪ γ)λzσ(dγ). (82)

Ïiäñòàâèìî â (82) âèðàç (73). Òîäi ìà¹ìî

ρ(η) = z|η|
∫

ΓΛ

∫
ΓΛc

e−βU(η∪γ)−βW (η∪γ;ξ)µ(dξ)λzσ(dγ) = (83)

= z|η|
∫

ΓΛ

∫
ΓΛc

e−βU(η)−βW (η;γ∪ξ)e−βU(γ)−βW (γ;ξ)µ(dξ)λzσ(dγ).
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Çàñòîñîâóþ÷è â îñòàííüîìó âèðàçi (83) ðiâíÿííÿ Ðþåëÿ (60), îòðèìó-

¹ìî (78). �

Íà çàâåðøåííÿ öüîãî ïiäðîçäiëó íàâåäåìî âèðàç äëÿ êîðåëÿöiéíèõ

ôóíêöié, ùî âiäïîâiäàþòü óìîâíîìó ðîçïîäiëó Ãiááñà â îáìåæåíîìó

îá'¹ìi Λ i ïðè ôiêñîâàíèõ ãðàíè÷íèõ êîíôiãóðàöiÿõ γ̄ ∈ ΓΛc :

ρΛ(η | γ̄) =
z|η|

ZΛ(γ̄)

∫
ΓΛ

e−βU(η∪γ|γ̄)λzσ(dγ), ρΛ(η) = ρΛ(η | {∅}). (84)

4.2 Ïóàññîíiâñüêi ïîëÿ òà ¨õ ðåãóëÿðèçàöiÿ

Â òåîði¨ åâêëiäîâèõ êâàíòîâàíèõ ïîëiâ (äèâ., íàïðèêëàä, [76], ðîçä.

29.2) ïîëÿ âèçíà÷àþòüñÿ îïåðàòîðíî-çíà÷íèìè óçàãàëüíåíèìè ôóíêöi-

ÿìè íà ïðîñòîði Øâàðöà S(R4). Âiëüíå åâêëiäîâå ñêàëÿðíå ïîëå ìîæíà

òàêîæ âèçíà÷èòè ÿê óçàãàëüíåíèé ãàóññiâñüêèé ïðîöåñ, iíäåêñîâàíèé

ôóíêöiÿìè f ∈ S(R4) [77]. Âiêiâñüêó ðåãóëÿðèçàöiþ ðîçãëÿäàþòü ÿê

ïðîöåäóðó îðòîãîíàëiçàöi¨ ìîíîìiâ âiëüíîãî åâêëiäîâîãî (àáî ãàóññiâ-

ñüêîãî) ïîëÿ [78] (äèâ. òàêîæ [79]).

Çà àíàëîãi¹þ ç ãàóññiâñüêèì ïîëåì ìîæíà ââåñòè ïîíÿòòÿ ïóàññî-

íiâñüêîãî ïîëÿ ÿê ëiíiéíîãî íåïåðåðâíîãî ôóíêöiîíàëó íà ïðîñòîði

C0(Rd). Çàïèøåìî âiäîáðàæåííÿ (7) ó âèãëÿäi:

γ = {x1, . . . , xn, . . .} 7→ γ(x) =

∞∑
i=1

δ(x− xi). (85)

Òîäi ôîðìóëà (10) ìà¹ âèãëÿä:

< γ, f > := γ(f) =

∫
Rd
f(x)γ(x)dx =

∑
x∈γ

f(x) (86)

Âiäïîâiäíî ðîáîòi [73] ââåäåìî ïåðåòâîðåííÿ ôóíêöié F ∈ L2(Γ, πσ) çà

ôîðìóëîþ:

(UF (·)) (f) := lπσ (f)−1

∫
Γ

ei<γ,f>F (γ)πσ(dγ), f ∈ C0(Rd), (87)

äå lπσ (f) âèçíà÷åíî ôîðìóëîþ (32), à òî÷êà îçíà÷à¹ ìiñöå àðãóìåíòà

ôóíêöi¨ F , ïî ÿêîìó ó ïðàâié ÷àñòèíi âèêîíó¹òüñÿ iíòåãðóâàííÿ çà
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ìiðîþ πσ. Íàïðèêëàä, äëÿ ôóíêöi¨ F (γ) = exp[< γ, log(1 + g) >], ÿêà

âèçíà÷åíà äëÿ äîâiëüíèõ ôóíêöié g ∈ C0(Rd) ç |g| < 1 ôóíêöiþ UF

ëåãêî ïîðàõóâàòè, âèêîðèñòîâóþ÷è ôîðìóëó (32):

(U exp[< ·, log(1 + g) >]) (f) = exp

[∫
Rd
eif(x)g(x)dx

]
. (88)

Âíàñëiäîê ùiëüíîñòi ëiíiéíî¨ îáîëîíêè åêñïîíåíöiàëüíèõ âåêòîðiâ

{ei<γ,f> | f ∈ C0(Rd)} â L2(Γ, πσ) ([64], òåîðåìà 3) ç ðiâíîñòi

UF = 0 âèõîäèòü, ùî U ≡ 0, òîáòî iñíóâàííÿ îáåðíåíîãî ïåðåòâî-

ðåííÿ U−1, ÿêå íà ôóíêöiîíàëàõ âèãëÿäó G[f ] = exp[
∫
Rd e

if(x)g(x)dx],

äå f, g ∈ C0(Rd), à |g| < 1 çàäà¹òüñÿ ôîðìóëîþ:(
U−1G[·]

)
(γ) = exp[< γ, log(1 + g) >]. (89)

ßêùî òåïåð âèçíà÷èòè ôóíêöiþ F òàêèì ÷èíîì, ùî G[f ] = F (ef ),

òîäi âiêiâñüêó ðåãóëÿðèçàöiþ âèçíà÷àþòü [73] çà ôîðìóëîþ:

: F (γ) : :=
(
U−1F (ei·

)
(γ). (90)

Ç ôîðìóë (89) i (90) òà âèçíà÷åíü ôóíêöié G i F âèõîäèòü, ùî

: e<γ,g> : = exp[< γ, log(1 + g) >]. (91)

Ç öi¹¨ ôîðìóëè ìîæíà îòðèìàòè âèðàç äëÿ âiêiâñüêèõ ìîíîìiâ. Âèáå-

ðåìî äëÿ öüîãî ôóíêöiþ g ó âèãëÿäi g =
∑k
j=1 αjgj i gj ∈ C0(Rd) òà

äîñòàòíüî ìàëèìè αj , j = 1, . . . , k äëÿ òîãî, ùîá |g| < 1. Òîäi:

:

k∏
j=1

< γ, gj >: =
∂k

∂α1 · · · ∂αk
exp[< γ, log(1 +

k∑
j=1

αjgj) >]|α1=...=αk=0.

(92)

Ëåãêî ïåðåâiðèòè, ùî òàêå âèçíà÷åííÿ âiêiâñüêèõ ìîíîìiâ çáiãà¹òüñÿ

ç âèçíà÷åííÿì ôîðìóëîþ (64), â ÿêié òðåáà âèáðàòè ôóíêöiþ G ó âè-

ãëÿäi:

Gn(x1, ..., xn) =
∑
π∈Pn

g1(xπ(1)) · · · gn(xπ(n)). (93)
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Ôîðìóëó Ìåêêå (33) äëÿ ôóíêöié F, G ∈ L2(Γ, πσ) ìîæíà çàïèñàòè ó

òàêîìó âèãëÿäi:∫
Γ

:< γ,ϕ >G(γ) : F (γ)πσ(dγ) = (94)

=

∫
Γ

∫
Rd
ϕ(x) :G(γ) : F (γ ∪ {x})σ(dx)πσ(dγ), ϕ ∈ C0(Rd).

Äîâåäåííÿ äëÿ ôóíêöié âèãëÿäó F (γ) = ei<γ,f>, f ∈ C0(Rd) i G(γ) =

ei<γ,g>, g ∈ C0(Rd) âèêîíó¹òüñÿ àíàëîãi÷íî, âèêîðèñòîâóþ÷è ôîðìóëè

(91), (32). Ñêîðèñòà¹ìîñÿ ôîðìóëîþ (94), çðîáèâøè çàìiíè: πσ → λzσ,

Γ → ΓΛ, :< γ,ϕ > G(γ) : F (γ) →:
∏m
j=1 < γ, gj >: Z−1

Λ exp[−βU(γ)].

Òîäi êîðåëÿöiéíó ôóíêöiþ ρΛ(η) = ρΛ({x1, . . . , xm}) := ρΛ
m(x1, . . . , xm)

(äèâ. (84)) ìîæíà çàïèñàòè ó âèãëÿäi âiêiâñüêèõ ìîìåíòiâ ïóàññîíiâ-

ñüêèõ ïîëiâ (85):

ρΛ
m(x1, . . . , xm) =

1

ZΛ

∫
ΓΛ

: γ(x1) · · · γ(xm) : e−βU(γ)λzσ(dγ). (95)

4.3 Ëîêàëüíi ñïîñòåðåæóâàíi òà êîðåëÿöiéíi ôóí-

êöi¨

Ñïîñòåðåæóâàíi âåëè÷èíè ¹ ôóíêöiÿìè êîíôiãóðàöiéíèõ çìiííèõ.

Ïðèðîäíî, ùî öÿ çàëåæíiñòü ïîâèííà áóòè òiëüêè âiä äåÿêî¨ ëîêàëüíî¨

êiëüêîñòi çìiííèõ, áî ìè ìîæåìî ñïîñòåðiãàòè òiëüêè îáìåæåíó îáëàñòü

ñèñòåìè. Òîìó ìàòåìàòè÷íî âèçíà÷èòè ëîêàëüíó ñïîñòåðåæóâàíó âå-

ëè÷èíó ìîæíà íàñòóïíèì ÷èíîì.

Îçíà÷åííÿ 4.2. Áóäü-ÿêà âèìiðíà ôóíêöiÿ FB , âèçíà÷åíà íà êîí-

ôiãóðàöiéíîìó ïðîñòîði Γ, íàçèâà¹òüñÿ ëîêàëüíîþ ñïîñòåðåæóâàíîþ,

ÿêùî âîíà çàëåæèòü òiëüêè âiä ÷àñòèíè êîíôiãóðàöi¨ ÷àñòèíîê, ùî

ìiñòèòüñÿ ó îáëàñòi B b Rd, òîáòî

FB(γ) = f(γ ∩B) = f(γB) (96)

¹ öèëiíäðè÷íîþ ôóíêöi¹þ.
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�¨ ñåðåäí¹ çíà÷åííÿ âèçíà÷à¹òüñÿ ç äîïîìîãîþ éìîâiðíiñíîãî ðîçïî-

äiëó µ çà ôîðìóëîþ

< FB >µ=

∫
Γ

FB(γ)dµ(γ). (97)

Ç óñiõ ôiçè÷íèõ âåëè÷èí (òîáòî ôóíêöié, ùî ââåäåíi íà ìíîæèíi êîí-

ôiãóðàöié Γ ôiçè÷íî¨ ñèñòåìè) ÷àñòiøå âñüîãî çóñòði÷àþòüñÿ òàê çâàíi

ñóìàòîðíi âåëè÷èíè.

Îçíà÷åííÿ 4.3. Âåëè÷èíà F (·) íàçèâà¹òüñÿ ñóìàòîðíîþ âåëè÷èíîþ

k-ãî ïîðÿäêó, ÿêùî ¨¨ ìîæíà ïîäàòè ó âèãëÿäi

FB(γ) =
∑

{x1,...,xk}⊂γ

fB;k(x1, . . . , xk), (98)

äå fB;k(x1, . . . , xk) � äåÿêà ñèìåòðè÷íà ôóíêöiÿ ñâî¨õ çìiííèõ.

Â çàãàëüíîìó âèïàäêó ëîêàëüíó ñïîñòåðåæóâàíó âåëè÷èíó ìîæíà

çàïèñàòè ó âèãëÿäi:

FB(γ) =

∞∑
k=0

∑
{x1,...,xk}⊂γ

fB;k(x1, . . . , xk) =
∑
ηbγ

fB(η). (99)

Òîäi, âðàõîâóþ÷è ôîðìóëè (68), (69), âèðàç (97) äëÿ ñåðåäíiõ âiä

ôóíêöié (99) ìîæíà çàïèñàòè ó âèãëÿäi:

< FB >µ=

∫
Γ

FB(γ)µ(dγ) =

∫
Γ0

fB(η)ρ(η)λσ(dη). (100)

Îòæå, çíàþ÷è âèðàç äëÿ êîðåëÿöiéíî¨ ôóíêöi¨, ìîæíà îá÷èñëèòè

ñåðåäíi ñïîñòåðåæóâàíèõ âåëè÷èí, îáðàõîâóþ÷è iíòåãðàëè çà ìiðîþ

Ëåáåãà-Ïóàññîíà.

Çàóâàæåííÿ 4.1. Âèçíà÷åííÿ êîðåëÿöiéíèõ ôóíêöié, ÿêå ïðèâåäåíå

âèùå ôîðìóëàìè (65), (66), íàëåæèòü Ëåíàðäó [33, 34, 35]. Òàêå âèçíà-

÷åííÿ â çíà÷íié ìiði ìîòèâîâàíå âèãëÿäîì ñïîñòåðåæóâàíèõ âåëè÷èí
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(99). Ëåíàðä òàêîæ âèçíà÷èâ îïåðàòîð S ÿê âiäîáðàæåííÿ ôóíêöié G

(äèâ. (62)) íà Γ0 ó ôóíêöi¨ SG íà Γ:

(SG) (γ) =
∑
ηbγ

G(η). (101)

Òàêå âiäîáðàæåííÿ äàëî ïîøòîâõ äî ñòâîðåííÿ ãàðìîíiéíîãî àíàëi-

çó íà ïðîñòîðàõ ëîêàëüíî ñêií÷åííèõ êîíôiãóðàöié [36] (äèâ. òàêîæ

[75]) çà àíàëîãi¹þ ñïiââiäíîøåííÿ ãiëüáåðòîâîãî ïðîñòîðó êâàäðàòè-

÷íî iíòåãðîâíèõ ôóíêöié íà R1 òà ïðîñòîðó l2 êâàäðàòè÷íî ñóìîâíèõ

ïîñëiäîâíîñòåé, ÿêèé ìîæíà ðîçãëÿäàòè ÿê âiäïîâiäíèé ïðîñòið êîå-

ôiöi¹íòiâ Ôóð'¹.

4.4 Ðiâíÿííÿ Êiðêâóäà-Çàëüöáóðãà äëÿ êîðåëÿöié-

íèõ ôóíêöié

Çàïèøåìî âèðàç äëÿ êîðåëÿöiéíèõ ôóíêöié ρΛ, ÿêi âiäïîâiäàþòü ñè-

ñòåìi, ùî çíàõîäèòüñÿ â îáìåæåíîìó îá'¹ìi Λ ∈ Bc(Rd). Ïîêëàäàþ÷è
ó âèðàçi (84) γ̄ = ∅, îòðèìà¹ìî âèðàç:

ρΛ(η) =
z|η|

ZΛ

∫
ΓΛ

e−βU(η∪γ)λzσ(dγ). (102)

Äîñòàòíüîþ óìîâîþ iñíóâàííÿ êîðåëÿöiéíèõ ôóíêöié íà ΓΛ ¹ óìîâà

ñòiéêîñòi (äèâ. ô-ëó (38)). Öÿ óìîâà äîçâîëÿ¹ îòðèìàòè îöiíêè:

1 ≤ ZΛ ≤ eze
βBσ(Λ) (103)

òà

0 ≤ ρΛ(η) ≤ Z−1
Λ eze

βBσ(Λ). (104)

Öi îöiíêè ¹ íàñëiäêîì óìîâè (38) i âèçíà÷åííÿ iíòåãðàëó çà ìiðîþ

Ëåáåãà-Ïóàññîíà (29). Àëå îöiíêà (104) íå äà¹ ïiäñòàâ çðîáèòè âèñíî-

âîê, ùî ïîñëiäîâíiñòü ôóíêöié ρΛ(η) ìà¹ òåðìîäèíàìi÷íó ãðàíèöþ ïðè

Λ ↑ Rd.
Îäíèì iç ìåòîäiâ ïîáóäîâè êîðåëÿöiéíèõ ôóíêöié ïðè íåñêií÷åí-

íîìó îá'¹ìi ¹ ìåòîä ðiâíÿíü. Òðåáà îòðèìàòè ðiâíÿííÿ äëÿ ôóíêöié ρ
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i çíàéòè ¨õ ðîçâ'ÿçîê. Îòðèìà¹ìî ñïåðøó òàêi ðiâíÿííÿ äëÿ ôóíêöié

ρΛ, òîáòî ó ñêií÷åííîìó îá'¹ìi. Âèäiëèìî äëÿ öüîãî â êîíôiãóðàöi¨ η

äåÿêó òî÷êó x ∈ η i ââåäåìî ïîçíà÷åííÿ η(x̂) := η\{x}. Òîäi âèðàç (102)
ìîæíà ïåðåïèñàòè ó âèãëÿäi:

ρΛ(η) = z|η|
e−βW (x;η(x̂))

ZΛ

∫
ΓΛ

e−βW (x;γ)e−βU(η(x̂)∪γ)λzσ(dγ). (105)

Ñêîðèñòà¹ìîñÿ òèì, ùî ó âèïàäêó ïàðíîãî ïîòåíöiàëó âçà¹ìîäi¨ åíåð-

ãiÿ âçà¹ìîäi¨ äâîõ êîíôiãóðàöié çàäà¹òüñÿ ôîðìóëîþ (57). Òîäi åêñïî-

íåíòó â (105) ìîæíà çàïèñàòè ó âèãëÿäi:

e−βW (x;γ) =
∏
y∈γ

[
(e−βφ(|x−y|) − 1) + 1

]
. (106)

Äàëi äëÿ äîâiëüíî¨ íåïåðåðâíî¨ ôóíêöi¨ ϕ ∈ C(Rd) i äîâiëüíîãî γ ∈ ΓΛ

ñïðàâåäëèâà ïðîñòà êîìáiíàòîðíà ôîðìóëà:∏
y∈γ

[1 + ϕ(y)] =
∑
ξ⊆γ

∏
y∈ξ

ϕ(y). (107)

Ââåäåìî íàñòóïíå ïîçíà÷åííÿ:

K(x; ξ) :=


∏
y∈ξ(e

−βφ(|x−y|) − 1), |ξ| ≥ 1,

1, ξ = ∅.
(108)

Òîäi âèðàç (105) ìîæíà ïåðåïèñàòè ó âèãëÿäi:

ρΛ(η) = z|η|
e−βW (x;η(x̂))

ZΛ

∫
ΓΛ

∑
ξ⊆γ

K(x; ξ)e−βU(η(x̂)∪γ)λzσ(dγ). (109)

Çàñòîñó¹ìî äî ïðàâî¨ ÷àñòèíè (109) Ëåìó 3.2 (ðiâíiñòü (36)) ç ΓΛ çà-

ìiñòü Γ0 i

G(γ) = e−βU(η(x̂)∪γ), (110)

H(ξ, γ \ ξ)) = K(x; ξ) ≡ K(x; ξ)11ΓΛ(γ \ ξ).
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Òîäi

ρΛ(η) = z|η|
e−βW (x;η(x̂))

ZΛ

∫
ΓΛ

∫
ΓΛ

K(x; ξ)e−βU(η(x̂)∪ξ∪γ)λzσ(dγ)λzσ(dξ).

(111)

Âèêîðèñòîâóþ÷è îçíà÷åííÿ êîðåëÿöiéíîãî ôóíêöiîíàëó (102), îòðèìà-

¹ìî îñòàòî÷íå ñïiââiäíîøåííÿ:

ρΛ(η) = ze−βW (x;η(x̂))

∫
ΓΛ

K(x; ξ)ρΛ(η(x̂) ∪ ξ)λσ(dξ). (112)

Â îñòàííüîìó iíòåãðàëi áóëà âèêîðèñòàíà ðiâíiñòü:∫
ΓΛ

z−|ξ|f(ξ)λzσ(dξ) =

∫
ΓΛ

f(ξ)λσ(dξ), (113)

ÿêà âèïëèâà¹ ç îçíà÷åííÿ iíòåãðàëà çà ìiðîþ Ëåáåãà-Ïóàññîíà.

Ôîðìàëüíî òàêå ñàìå ðiâíÿííÿ ìîæíà çàïèñàòè i äëÿ íåñêií÷åííî¨

ñèñòåìè â óñüîìó ïðîñòîði Rd:

ρ(η) = ze−βW (x;η(x̂))

∫
Γ0

K(x; ξ)ρ(η(x̂) ∪ ξ)λσ(dξ), η ∈ Γ0. (114)

ßêùî iñíóþòü ðîçâ'ÿçêè îáîõ ðiâíÿíü (112), (114), i ðîçâ'ÿçîê ðiâíÿííÿ

(112) â äåÿêîìó ñåíñi ïðÿìó¹ äî ðîçâ'ÿçêó ðiâíÿííÿ (114) ïðè Λ ↑ Rd,
òî âií âiäïîâiäà¹ ñiì'¨ êîðåëÿöiéíèõ ôóíêöié ìiðè Ãiááñà. ßêùî òàêèé

ðîçâ'ÿçîê ¹ ¹äèíèì ïðè ïåâíèõ çíà÷åííÿõ òåðìîäèíàìi÷íèõ ïàðàìåòðiâ

z, β, òî âiäïîâiäíà ìiðà Ãiááñà áóäå âiäïîâiäàòè ¹äèíîìó ãiááñiâñüêîìó

ñòàíó. ßêùî æ ¹ äåêiëüêà ðîçâ'ÿçêiâ ïðè ïåâíèõ çíà÷åííÿõ òåðìîäè-

íàìi÷íèõ ïàðàìåòðiâ z, β, òîäi öi ðîçâ'ÿçêè áóäóòü âiäïîâiäàòè ðiçíèì

ãiááñiâñüêèì ñòàíàì i òîäi êàæóòü, ùî â ñèñòåìi â îêîëi öèõ òåðìîäè-

íàìi÷íèõ ïàðàìåòðiâ âiäáóâà¹òüñÿ ôàçîâèé ïåðåõiä.

Çíà÷åííÿ ïàðàìåòðiâ z, β, ïðè ÿêèõ iñíó¹ ¹äèíèé ãiááñiâñüêèé ñòàí,

íàçèâàþòü ðåãóëÿðíèìè. Äîñëiäæåííÿ ðiâíÿíü Êiðêâóäà-Çàëüöáóðãà â

îáëàñòi ðåãóëÿðíèõ çíà÷åíü ïàðàìåòðiâ z, β äîáðå âèñâiòëåíå â ëiòå-

ðàòóði i ÷èòà÷ ìîæå çíàéòè ¨õ, íàïðèêëàä, â ìîíîãðàôiÿõ [19, 21] òà

âiäïîâiäíèõ â íèõ ïîñèëàííÿõ. Àíàëîãi÷íi äîñëiäæåííÿ ïðè äîâiëüíèõ
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z, β ïîâ'ÿçàíi ç âèâ÷åííÿì ñïåêòðó îïåðàòîðà Êiðêâóäà-Çàëüöáóðãà,

ÿêèé âèçíà÷à¹òüñÿ ó äåÿêîìó áàíàõîâîìó ïðîñòîði ïðàâîþ ÷àñòèíîþ

ðiâíÿííÿ (112)( àáî ðiâíÿííÿ (114) äëÿ íåîáìåæåíî¨ ñèñòåìè). Ë. À.

Ïàñòóð [19, 21] (äèâ., òàêîæ, [81, 82, 83]) âïåðøå ðîçãëÿíóâ îïåðà-

òîð Êiðêâóäà-Çàëüöáóðãà äëÿ îáìåæåíî¨ ñèñòåìè i ïîêàçàâ, ùî éîãî

ñïåêòð çáiãà¹òüñÿ ç íóëÿìè âåëèêî¨ ñòàòèñòè÷íî¨ ñóìè. Â ðîáîòi [84]

áóëà âñòàíîâëåíà ñòðóêòóðà ñïåêòðó îïåðàòîðà Êiðêâóäà-Çàëüöáóðãà

äëÿ îáìåæåíî¨ ñèñòåìè òà éîãî ôðåäãîëüìiâ õàðàêòåð.

Çàóâàæåííÿ 4.2. Êðiì ðiâíÿíü Êiðêâóäà-Çàëüöáóðãà iñíóþòü ií-

øi ðiâíÿííÿ, ÿêèì çàäîâîëüíÿ¹ êîðåëÿöiéíèé ôóíêöiîíàë ρ(η), η ∈
Γ0 ðiâíîâàæíèõ ñèñòåì ñòàòèñòè÷íî¨ ìåõàíiêè. Öå ðiâíÿííÿ Ìàé¹ðà-

Ìîíòðîëëà (äèâ. [19], ðîçä. 4.2.5) òà ðiâíÿííÿ Áîãîëþáîâà, íà ÿêîìó ìè

çóïèíèìîñÿ â íàñòóïíîìó ïiäðîçäiëi. Íåñòàíäàðòíèé ïiäõiä çàïðîïîíó-

âàâ Ì. Ñ. Ãîí÷àð. Â ðîáîòi [85] (äèâ., òàêîæ, [86]) âèâåäåíi ðiâíÿííÿ,

ïðàâà ÷àñòèíà ÿêèõ çàäà¹òüñÿ îïåðàòîðîì, ùî çáåðiãà¹ iíâàðiàíòíèì

êîíóñ ïîçèòèâíèõ ôóíêöié. Äëÿ ïîçèòèâíèõ ïàðíèõ ïîòåíöiàëiâ âçà-

¹ìîäi¨ ïîáóäîâàíi ðîçâ'ÿçêè ó âèãëÿäi ðîçêëàäiâ, ÿêi çáiãàþòüñÿ ïðè

äîâiëüíèõ çíà÷åííÿõ ïàðàìåòðiâ z, β.

4.5 Ðiâíÿííÿ BBGKY

Äëÿ òîãî, ùîá çàïèñàòè ðiâíÿííÿ äëÿ êîðåëÿöiéíèõ ôóíêöié íåðiâíî-

âàæíî¨ ñèñòåìè âçà¹ìîäiþ÷èõ ÷àñòèíîê, òðåáà ðîçãëÿíóòè ¨õ â êîíôi-

ãóðàöiéíîìó ïðîñòîði ìàðêîâàíèõ êîíôiãóðàöié Γ̃, âèçíà÷åíîìó â (16).

Äëÿ äîâiëüíî¨ êîíôiãóðàöi¨ γ̃ ∈ Γ̃ ç γ ∈ Γ0 ãàìiëüòîíiàí ñêëàäà¹òüñÿ

ç êiíåòè÷íî¨ åíåðãi¨ ÷àñòèíîê êîíôiãóðàöi¨ i ïîòåíöiàëüíî¨ åíåðãi¨ ¨õ

âçà¹ìîäi¨:

H(γ̃) = Ek(γ̃) + U(γ), Ek(γ̃) =
∑
x∈γ

p2
x

2m
. (115)

Ðîçãëÿíåìî ñïåðøó ñèñòåìó â äåÿêié îáìåæåíié îáëàñòi Λ ⊂ Rd. Âà-
æëèâîþ õàðàêòåðèñòèêîþ ñèñòåìè ¹ ïîâåäiíêà ÷àñòèíîê ïîáëèçó ãðà-

íèöi ∂Λ ïîñóäèíè Λ. Çàäàìî òàêi ãðàíè÷íi óìîâè çà äîïîìîãîþ äåÿêîãî
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çîâíiøíüîãî ïîëÿ uΛ(x), x ∈ Λ:

uΛ(x) :=

 +∞, ÿêùî, x ∈ ∂Λ,

0, ÿêùî, x ∈ Λδ,
(116)

äå îáëàñòü Λδ ìiñòèòü òî÷êè x ∈ Λ, ÿêi çíàõîäÿòüñÿ íà âiäñòàíi d ≥
δ > 0 âiä ∂Λ. Â îáëàñòi Λ \ Λδ ôóíêöiÿ uΛ(x) ¹ ãëàäêîþ ïîçèòèâíîþ

ôóíêöi¹þ. Ãàìiëüòîíiàí òàêî¨ ñèñòåìè ìà¹ âèãëÿä:

HΛ(γ̃) = Ek(γ̃) + UΛ(γ), UΛ(γ) := U(γ) +
∑
x∈γ

uΛ(x), γ ∈ ΓΛ. (117)

4.5.1 Âèâiä ðiâíÿíü BBGKY

Åâîëþöiÿ ùiëüíîñòi ìiðè Ãiááñà (äèâ. (50), (51)) îïèñó¹òüñÿ ðiâíÿííÿì

Ëióâiëÿ:

∂

∂t
DΛ(t; γ̃) =

{
HΛγ̃, D(t; γ̃)

}
P

= (118)

=
∑
x∈γ

[
∇xHΛ(γ̃) · ∇pxDΛ(t; γ̃)−∇pxHΛ(γ̃) · ∇xDΛ(t; γ̃)

]
,

äå {·, ·}P � öå äóæêè Ïóàññîíà, ÿêi âèçíà÷àþòüñÿ äðóãîþ ñòði÷êîþ

ðiâíÿííÿ (118), à ∇x (∇px) � ãðàäi¹íò çà çìiííîþ x (px). Òðåáà òàêîæ

çàäàòè ïî÷àòêîâèé ðîçïîäië:

DΛ(t; γ̃)|t=0 = D0
Λ(γ̃). (119)

Âèõîäÿ÷è ç âèãëÿäó ãàìiëüòîíiàíó (äèâ. (115)-(117)), ãðàíè÷íi óìîâè

äëÿ ôóíêöié DΛ(t; γ̃) ìîæíà çàïèñàòè ó òàêîìó âèãëÿäi:

DΛ(t; γ̃)|∀x∈γ,x∈∂Λ = DΛ(t; γ̃)|∀x∈γ,p(α)
x =±∞,α=1,d

= 0. (120)

Åâîëþöiÿ ïî÷àòêîâî¨ ôóíêöi¨ ðîçïîäiëó D0
Λ(γ̃) îïèñó¹òüñÿ ðiâíÿííÿì

Ëióâiëÿ (118) i âèçíà÷à¹òüñÿ åâîëþöi¹þ ïî÷àòêîâî¨ êîíôiãóðàöi¨ γ =

{x̃1, . . . , x̃N}, N = |γ|, àáî íà ìîâi ïóàññîíiâñüêèõ ïîëiâ:

γ̃(x̃) =

N∑
i=1

δ(x̃ − x̃i) = δ(x− xi)δ(px − pxi). (121)
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Ñòàí ñèñòåìè ÷àñòèíîê â ìîìåíò ÷àñó t áóäå âèçíà÷àòèñü êîíôiãóðà-

öi¹þ

γ̃t = {x1(t), . . . , xN (t)}, γ̃t(x̃) =

N∑
i=1

δ(x̃ − x̃i(t), x̃i(t) = x̃i(t, γ̃),

(122)

äå òî÷êè êîíôiãóðàöi¨ x̃i(t) çàäîâîëüíÿþòü ñèñòåìó ðiâíÿíü Ãàìiëüòî-

íà:
dpxi(t)

dt
= −∂H

Λ(γ̃t)

∂xi(t)
,
dxi(t)

dt
=

∂HΛ(γ̃t)

∂pxi(t)
. (123)

Ïîçíà÷èìî ÷åðåç Tt îïåðàòîð çñóâó âçäîâæ òðà¹êòîðié ÷àñòèíîê. Òîäi

Ttγ̃ = γ̃t. (124)

Ïðîïîçèöiÿ 4.1. Íåõàé Γ̃Λ ç Λ ∈ Bc ¹ ôàçîâèì ïðîñòîðîì ñèñòåìè

÷àñòèíîê, åâîëþöiÿ ôàçîâèõ òî÷îê γ̃ ∈ Γ̃Λ ÿêèõ îïèñó¹ ñèñòåìà ðiâíÿíü

Ãàìiëüòîíà (123) ç Ãàìiëüòîíiàíîì (117). Òîäi ìiðà

µtDΛ
(dγ̃) := DΛ(t; γ̃)λσ̃(dγ̃), t ≥ 0 (125)

¹ iíâàðiàíòíîþ âiäíîñíî çñóâiâ Tt ó ñåíñi (äèâ. [87]):∫
Γ̃Λ

F (γ̃)µtDΛ
(dγ̃) =

∫
Γ̃Λ

F (Ttγ̃)µ0
DΛ

(dγ̃) (126)

äëÿ ôóíêöié F , äëÿ ÿêèõ iíòåãðàëè â (126) ïðèéìàþòü ñêií÷åííå çíà-

÷åííÿ.

Äîâåäåííÿ ¹ íàñëiäêîì âiäîìî¨ òåîðåìè Ëióâiëÿ (äèâ., íàïðèêëàä,

[21]) òà âèçíà÷åííÿ ìiðè λσ̃.

Êîðåëÿöiéíi ôóíêöi¨, ÿêi âiäïîâiäàþòü íåðiâíîâàæíié äèíàìiöi, âè-

çíà÷àþòüñÿ àíàëîãi÷íî ðiâíîâàæíîìó âèïàäêó (84):

ρΛ(t; η̃) =

∫
Γ̃Λ

DΛ(t; η̃ ∪ γ̃)λσ̃(dγ̃), (127)
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äå σ̃ � ìiðà Ëåáåãà â Rd ⊗ Rd, òîáòî dσ̃ = dxdpx. Ïðîäèôåðåíöiþ¹ìî

ðiâíÿííÿ (127). Âðàõîâóþ÷è ðiâíÿííÿ Ëióâiëÿ òà ñïiââiäíîøåííÿ:

∇xHΛ(γ̃) :=

 ∇xUΛ(η) + ∇xW (η; γ), ÿêùî, x ∈ η,

∇xUΛ(γ) + ∇xW (η; γ), , ÿêùî, x ∈ γ,
(128)

∇pxHΛ(γ̃) =
1

m
px, x ∈ η ∪ γ, (129)

îòðèìó¹ìî:

∂

∂t
ρΛ(t; η̃) =

∑
x∈η

[
∇xUΛ(η) · ∇pxρΛ(t; η̃)− 1

m
px · ∇xρΛ(t; η̃)

]
+ (130)

+
∑
x∈η

∫
Γ̃Λ

∑
y∈γ
∇xφ(|x− y|) · ∇pxDΛ(t; η̃ ∪ γ̃)λσ̃(dγ̃)+

+

∫
Γ̃Λ

∑
x∈γ
∇xHΛ(η̃ ∪ γ̃) · ∇pxDΛ(t; η̃ ∪ γ̃)λσ̃(dγ̃)−

−
∫

Γ̃Λ

∑
x∈γ
∇pxHΛ(η̃ ∪ γ̃) · ∇xDΛ(t; η̃ ∪ γ̃)λσ̃(dγ̃).

Çàñòîñó¹ìî äî 2-ãî, 3-ãî i 4-ãî äîäàíêiâ ðiâíÿííÿ (130) ôîðìóëó Ìåê-

êå (33), ÿêà ìà¹ ìiñöå òàêîæ íà ïðîñòîði Γ̃Λ äëÿ ìiðè λσ̃. Âðàõîâó-

þ÷è îçíà÷åííÿ (127) òà ãðàíè÷íi óìîâè (120), îòðèìó¹ìî ðiâíÿííÿ

Áîãîëþáîâà-Áîðíà-Ãðiíà-Êiðêâóäà-Iâîíà:

∂

∂t
ρΛ(t; η̃) =

∑
x∈η

[
∇xUΛ(η) · ∇pxρΛ(t; η̃)− 1

m
px · ∇xρΛ(t; η̃)

]
+

+
∑
x∈η

∫
Λ

∫
Rd
∇xφ(|x− y|) · ∇pxρΛ(t; η̃ ∪ {(y, py)})dydpy.

(131)
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4.5.2 Ïðåäñòàâëåííÿ ðîçâ'ÿçêó ðiâíÿíü BBGKY

Ùîá îòðèìàòè ôîðìóëó, ïîäiáíó äî ôîðìóëè (102), çàïèøåìî ñïåðøó

òâiðíèé ôóíêöiîíàë äëÿ ïîñëiäîâíîñòi ôóíêöié ρΛ
n(t; x̃1, . . . , x̃n):

FΛ(t; j) =

∞∑
n=0

1

n!

∫
Λn

∫
Rdn

(dx̃)nρΛ
n(t; x̃1, . . . , x̃n)j(x̃1) · · · j(x̃n) =

=

∫
Γ̃Λ

ρΛ(t; η̃)
∏
x̃∈η̃

j(x̃)λσ̃(dη̃). (132)

Ïiäñòàâèìî ó öþ ôîðìóëó âèçíà÷åííÿ (127) i çàñòîñó¹ìî ðiâíiñòü (36),

ÿêà ñïðàâåäëèâà i äëÿ ìiðè λσ̃ íà ïðîñòîði Γ̃Λ ìàðêîâàíèõ êîíôiãóðà-

öié γ̃ ç X = Λ⊗Rd, G(η̃∪ γ̃) = DΛ(t, η̃∪ γ̃) i H(η̃, γ̃) = (
∏
x̃∈η̃ j(x̃))11Λ(γ).

Â ðåçóëüòàòi îòðèìó¹ìî:

FΛ(t; j) =

∫
Γ̃Λ

DΛ(t; γ̃)
∑
η̃⊆γ̃

∏
x̃∈η̃

j(x̃)λσ̃(dγ̃) =

=

∫
Γ̃Λ

DΛ(t; γ̃)e<γ̃,log(1+j)>λσ̃(dγ̃) =

=

∫
Γ̃Λ

DΛ(t; γ̃) : e<γ̃,j> : λσ̃(dγ̃), (133)

äå ìè ñêîðèñòàëèñÿ ôîðìóëîþ (91). Ñêîðèñòà¹ìîñÿ ôîðìóëîþ (126).

Òîäi îñòàòî÷íî îòðèìó¹ìî íàñòóïíå ïðåäñòàâëåííÿ äëÿ òâiðíîãî ôóí-

êöiîíàëó:

FΛ(t; j) =

∫
Γ̃Λ

: e<γ̃t,j> : DΛ(0; γ̃)λσ̃(dγ̃) = (134)

=

∫
Γ̃Λ

exp[< γt, log(1 + j) >]DΛ(0; γ̃)λσ̃(dγ̃)

i àâòîìàòè÷íî äëÿ êîðåëÿöiéíèõ ôóíêöié:

ρΛ(t; η̃) =

∫
Γ̃Λ

:
∏
x̃∈η̃

γ̃t(x̃) : DΛ(0; γ̃)λσ̃(dγ̃), (135)

äå âiêiâñüêèé äîáóòîê òðåáà îáðàõîâóâàòè çà äîïîìîãîþ ôîðìóëè (92).

Çàëèøà¹òüñÿ ç'ÿñóâàòè, ÿêèì ÷èíîì âèçíà÷èòè åâîëþöiþ ïóàññîíiâ-

ñüêîãî ïîëÿ, òîáòî ôóíêöiþ γ̃t (äèâ. (122)).
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Äëÿ öüîãî âèêîíà¹ìî äèôåðåíöiþâàííÿ ïî çìiííié t ôóíêöiîíàëó

FΛ(t; j) ó ôîðìóëi (133), âñòàâëÿþ÷è ïðàâó ÷àñòèíó ðiâíÿííÿ Ëióâiëÿ

(118). Çàñòîñó¹ìî çíîâó ôîðìóëó Ìåêêå (33) i ñêîðèñòà¹ìîñÿ ôîðìó-

ëàìè (128), (129), (57):

∂FΛ(t; j)

∂t
=

=

∫
Γ̃Λ

∫
Λ

∫
Rd

[
∇xWΛ

x (γ) · ∇pxDΛ(t; γ̃ ∪ {x})
]

: e<γ̃∪{x},j> : dx̃λσ̃(dγ̃)−

−
∫

Γ̃Λ

∫
Λ

∫
Rd

[
1

m
px · ∇xDΛ(t; γ̃ ∪ {x})

]
: e<γ̃∪{x},j> : dx̃λσ̃(dγ̃), (136)

äåWΛ
x (γ) := W (x; γ) + uΛ(x). Âðàõîâóþ÷è ãðàíè÷íi óìîâè (120), âèêî-

íà¹ìî iíòåãðóâàííÿ çà ÷àñòèíàìè ïî çìiííié px ó ïåðøîìó äîäàíêó i ïî

çìiííié x � ó äðóãîìó äîäàíêó, äiþ÷è âiäïîâiäíèìè îïåðàòîðàìè ∇px
i ∇x íà ôàêòîð : exp[< γ̃ ∪ {x}, j >] :. Äàëi çíîâó çàñòîñó¹ìî ôîðìóëó

(33), ïîâåðòàþ÷èñü äî ñóìóâàííÿ ïî òî÷êàõ êîíôiãóðàöi¨ γ̃ i çàìiíÿþ÷è

öå ñóìóâàííÿ ââåäåííÿì iíòåãðàëó âiä ïóàññîíiâñüêîãî ïîëÿ γ̃(x̃) ïîäi-

áíî äî ôîðìóë (85), (86). Ïiñëÿ öüîãî âèêîíà¹ìî ùå ðàç iíòåãðóâàííÿ

çà ÷àñòèíàìè â öèõ iíòåãðàëàõ â ñåíñi óçàãàëüíåíèõ ôóíêöié, òîáòî ïå-

ðåêèäàþ÷è îïåðàòîðè ∇px i ∇x íà ïóàññîíiâñüêi ïîëÿ. Òîäi îñòàòî÷íî
îòðèìà¹ìî òàêå ïðåäñòàâëåííÿ:

∂FΛ(t; j)

∂t
= −

∫
Γ̃Λ

λσ̃(dγ̃)DΛ(t; γ̃)

∫
Λ

∫
Rd
dx̃
( 1

m
px · ∇xγ̃(x̃)−

− : ∇px γ̃(x̃)

∫
Λ

∫
Rd
dx̃′γ̃(x̃′) : ·(∇xφ(|x− x′|) +∇xuΛ(x))

) δ

γ̃(x)
: e<γ̃,j> :,

(137)

äå

: γ̃(x̃)γ̃(x̃′) : = γ̃(x̃)γ̃(x̃′) − δ(x̃− x̃′),

ùî óñóâà¹ äîäàíîê ∇xφ(|x− x′|) ïðè x− x′ = 0. Àíàëîãi÷íî, äèôåðåí-

öiþþ÷è FΛ(t; j) ó ôîðìóëi (136), îòðèìà¹ìî âèðàç, ÿêèé ïiñëÿ çàñòî-

ñóâàííÿ ðiâíîñòi (126) áóäå çáiãàòèñü ç ïðàâîþ ÷àñòèíîþ (137), ÿêùî
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ôóíêöiÿ γ̃t(x̃), áóäå çàäîâîëüíÿòè ðiâíÿííÿ Âëàñîâà

∂γ̃t(x̃)

∂t
= − 1

m
px · ∇xγ̃t(x̃)+ (138)

+ : ∇px γ̃t(x̃)

∫
Λ

∫
Rd
dx̃′γ̃t(x̃′) : ·(∇xφ(|x− x′|) +∇xuΛ(x))

ó ñåíñi óçàãàëüíåíèõ ôóíêöié. Âèêîðèñòîâóþ÷è öå ðiâíÿííÿ, ëåãêî ïå-

ðåâiðèòè áåçïîñåðåäíüî, ùî âèðàç (135) çàäîâîëüíÿ¹ ðiâíÿííÿ (131)

(äèâ., òàêîæ, [88]).

Çàóâàæèìî, ùî ïèòàííÿ, ÿêi áóëè ðîçãëÿíóòi ó öüîìó ïiäðîçäiëi, ç

äåùî iíøèõ ïîçèöié âèñâiòëåíi ó ðîáîòi [89].

4.6 Ïðîáëåìè òåðìîäèíàìi÷íîãî ãðàíè÷íîãî ïåðå-

õîäó

Ó ðîçäiëi 4. 4 ìè âæå îáãîâîðèëè ïèòàííÿ òåðìîäèíàìi÷íîãî ãðàíè÷íî-

ãî ïåðåõîäó äëÿ êîðåëÿöiéíèõ ôóíêöié â îáëàñòi ðåãóëÿðíèõ çíà÷åíü

ïàðàìåòðiâ z, β, äëÿ ÿêèõ iñíó¹ ¹äèíà ìiðà Ãiááñà µ ∈ GV . Äëÿ äîâiëü-
íèõ çíà÷åíü z, β âèðiøàëüíîþ ¹ îöiíêà (4), ÿêà áóëà îòðèìàíà â ðîáîòi

[32]. Äîâåäåííÿ öi¹¨ ðiâíîñòi ó ðîáîòi [32] ¹ äîñèòü ãðîìiçäêèì (äèâ. äå-

òàëüíiøå [21]). Ó ðîáîòi [48] áóëî çàïðîïîíîâàíî iíøå, áiëüø ïðîçîðå,

äîâåäåííÿ, ÿêå ñïèðà¹òüñÿ íà âèêîðèñòàííi âëàñòèâîñòåé iíòåãðàëiâ çà

ìiðîþ Ïóàññîíà. Öå äîâåäåííÿ äóæå ñïiâçâó÷íå òåìi öi¹¨ ñòàòòi i òî-

ìó ìè â ñêîðî÷åíîìó âèãëÿäi íàâåäåìî öå äîâåäåííÿ. Âîíî ñïèðà¹òüñÿ

íà ðîçêëàäi êîðåëÿöiéíèõ ôóíêöié ρΛ(η), ÿêi âèçíà÷àþòüñÿ iíòåãðà-

ëîì (84), â ðÿä, êîæíèé ÷ëåí ÿêîãî òàêîæ ïðåäñòàâëÿ¹òüñÿ ïîäiáíèìè

iíòåãðàëàìè, àëå iíòåãðóâàííÿ â íèõ âèêîíó¹òüñÿ îêðåìî ïî ùiëüíèõ

êîíôiãóðàöiÿõ (28) i îêðåìî ïî ðîçðiäæåíèõ êîíôiãóðàöiÿõ (27).

4.6.1 Ðîçêëàä êîðåëÿöiéíèõ ôóíêöié çà ùiëüíîñòÿìè êîíôi-

ãóðàöié

Íåõàé X ⊆ Λ ¹ îá'¹äíàííÿ êóáèêiâ ∆, â ÿêèõ çíàõîäèòüñÿ äâi àáî áiëü-

øå ÷àñòèíîê. Âíåñîê ùiëüíîñòi ìiðè Ãiááñà exp{−βU(γ)} ç γ ∈ Γ
(den)
X
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ãðà¹ ðîëü ìàëîãî ïàðàìåòðó, áî exp{−βφ(|x − y|)} ' exp{−β c
as }, c >

0, s ≥ d, ÿêùî x, y ∈ ∆ ⊂ X i äîñòàòíüî ìàëèõ a. Îñíîâíà iäåÿ ïîëÿ-

ãà¹ â òîìó, ùîá âiäîêðåìèòè iíòåãðóâàííÿ ïî ùiëüíèõ êîíôiãóðàöiÿõ

âiä iíòåãðóâàíü ïî ðîçðiäæåíèõ êîíôiãóðàöiÿõ. Ùîá öå çðîáèòè, ââå-

äåìî ôóíêöiþ-iíäèêàòîð äëÿ ðîçðiäæåíèõ òà ùiëüíèõ êîíôiãóðàöié.

Äëÿ ðîçðiäæåíèõ êîíôiãóðàöié òàêó ôóíêöiþ âèçíà÷èìî ôîðìóëîþ:

χ∆
−(γ) =

{
1, ÿêùî |γ∆| = 0 ∨ 1,

0, â iíøîìó âèïàäêó,
(139)

à äëÿ ùiëüíèõ êîíôiãóðàöié ôîðìóëîþ:

χ∆
+(γ) = 1− χ∆

−(γ). (140)

Ùîá ïîáóäóâàòè òàêèé ðîçêëàä, çàïèøåìî íàñòóïíèé ðîçêëàä îäèíèöi

äëÿ γ ∈ ΓΛ:

1 =
∏

∆∈∆a,Λ

[
χ∆
−(γ) + χ∆

+(γ)
]

=

NΛ∑
n=0

∑
Xn⊆∆a,Λ

∏
∆∈Xn

χ∆
+(γ)

∏
∆∈∆a,Λ\Xn

χ∆
−(γ)

:=
∑

∅⊆X⊆∆a,Λ

χ̃X+ (γ)χ̃
∆a,Λ\X
− (γ), (141)

äå NΛ � öå êiëüêiñòü êóáiâ ∆ ó ïîêðèòòi Λa (äèâ. (26)), Xn :=

{∆1, ...,∆n} i

χ̃X± (γ) =
∏

∆∈X

χ∆
±(γ).

Ïiäñòàâëÿþ÷è (141) â (84) ïðè γ = ∅, îòðèìà¹ìî:

ρΛ(η) =
z|η|

ZΛ

∑
∅⊆X⊆∆a,Λ

∫
ΓΛ

χ̃X+ (γ)χ̃
∆a,Λ\X
− (γ)e−βU(η∪γ)λzσ(dγ).

(142)
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Âèçíà÷èìî ïîòåíöiàë "òâåðäèõ"êóáèêiâ:

χcor(∆1, ...,∆n) =

{
1, ÿêùî ∆i ∩∆j = ∅ äëÿ âñiõ i 6= j

0, â iíøèõ âèïàäêàõ.
(143)

Òîäi (142) ìîæíà çàïèñàòè ó âèãëÿäi:

ρΛ(η) =
z|η|

ZΛ

∑
n≥0

1

n!

∑
(∆1,...,∆n)⊂∆a,Λ

χcor(∆1, ...,∆n)×

×
∫

ΓΛ

χ̃X+ (γ)χ̃
∆a,Λ\X
− (γ)e−βU(η∪γ)λzσ(dγ), (144)

äå (∆1, ...,∆n) öå ïîñëiäîâíiñòü êóáèêiâ íà âiäìiíó âiä ìíîæèíè êó-

áèêiâ ó ôîðìóëi (142). Ñóìóâàííÿ ïî êîæíîìó ∆i â (144) âèêîíó¹òüñÿ

íåçàëåæíî ïî êîæíîìó êóáèêó.

Íàñòóïíèì êðîêîì ¹ ïðåäñòàâëåííÿ åêñïîíåíòè â (144):

e−βU(η∪γ) = e−βU(η)
n∏
i=1

e−βU(γ∆i
)−βW (η;γ∆i

)
∏

1≤i<j≤n

e−βW (γ∆i
;γ∆j

)×

×e−βW (η;γΛa\Xn )e−βU(γΛa\Xn )
n∏
i=1

e−βW (γ∆i
;γΛa\Xn ), (145)

äå Xn := ∪ni=1∆i, à Λa âèçíà÷åíå â (26). Òîäi, âèêîðèñòîâóþ÷è ðîçêëàä

(145) i âëàñòèâiñòü (35), îòðèìó¹ìî:

ρΛ(η) =
z|η|

ZΛ

∑
n≥0

1

n!
ρ̃Λ
n(η), (146)

äå

ρ̃Λ
n(η) =

∑
(∆1,...,∆n)⊂∆a,Λ

χcor(∆1, ...,∆n)e−βU(η)× (147)

×
n∏
i=1

(∫
Γ

(den)
∆i

λσ(dγ∆i)e
−βU(γ∆i

|η)

) ∏
1≤i<j≤n

e−βW (γ∆i
|γ∆j

)×

×
∫

Γ
(dil)

Λa\Xn

λσ(dγΛa\Xn)e−βU(γΛa\Xn |η)
n∏
i=1

e−βW (γ∆i
|γΛa\Xn ),
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äå U(γ|η) âèçíà÷åíî â (57). Ðîçiá'¹ìî ïðîñòið êîíôiãóðàöié Γ
(den)
∆ íà

äâà ïiäïðîñòîðè Γ
(>)
∆ = Γ

(>)
∆ (η) i Γ

(<)
∆ = Γ

(<)
∆ (η), ÿêi âèçíà÷àþòüñÿ

ôîðìóëàìè:

Γ
(>)
∆ (η) = Γ

(>)
∆ :=

{
γ ∈ Γden∆

∣∣ |γ| > dεη(∆), |γ| ≥ 2
}

(148)

i

Γ
(<)
∆ (η) = Γ

(<)
∆ :=

{
γ ∈ Γden∆

∣∣ |γ| ≤ dεη(∆), |γ| ≥ 2
}
, (149)

äå ∆ ∈ ∆a, 0 < ε ≤ 1 i dεη(∆) = (dist(η,∆))
ε
.

Î÷åâèäíî, ùî Γ
(den)
∆ = Γ

(>)
∆ ∪ Γ

(<)
∆ . Äëÿ äîâiëüíèõ Xa = ∪∆∈∆a,X

∆,

äå ∆a,X = {∆ ∈ ∆a | ∆ ∩X 6= ∅}, X,Xa ⊂ Rd ïîçíà÷èìî

Γ
(sign)
Xa

:=
⊔

∆∈∆a,X

Γ
(sign)
∆ , sign ∈ {dil, >,<}. (150)

Òîäi êîæíèé iíòåãðàë ó ïåðøîìó äîáóòêó ôîðìóëè (147) ìîæíà

ðîçáèòè íà äâà iíòåãðàëè

∫
Γ

(den)
∆i

λσ(dγ∆i)(...) =

∫
Γ

(>)
∆i

λσ(dγ∆i
)(...) +

∫
Γ

(<)
∆i

λσ(dγ∆i
)(...). (151)

Ç ôîðìóëè (151) âèïëèâà¹, ùî ñóìó ïî âñiõ ìîæëèâèõ ïîëîæåííÿõ

(∆1, ...,∆n) ⊂ ∆a,Λ ìîæíà ðîçáèòè íà 2n ÷ëåíè, ó êîæíîìó ç ÿêèõ

ñóìà ïî (∆1, ...,∆n) ðîçáèâà¹òüñÿ íà ñóìó ïî (∆1, ...,∆k) ⊂ ∆a,Λ, äå

iíòåãðóâàííÿ âèêîíó¹òüñÿ ïî êîíôiãóðàöiÿõ γ∆i
∈ Γ

(<)
∆i

, i ñóìó ïî

(∆
′

1, ...,∆
′

n−k) ⊂ ∆a,Λ, äå iíòåãðóâàííÿ âèêîíó¹òüñÿ ïî êîíôiãóðàöiÿõ

γ∆
′
i
∈ Γ

(>)

∆
′
i

, à k çìiíþ¹òüñÿ âiä k = 0 äî k = n.

Òîäi âèðàç (146) ìîæíà çàïèñàòè ó âèãëÿäi:

ρΛ(η) =
z|η|

ZΛ

∑
n≥0

n∑
k=0

1

k! (n− k)!
ρ̃Λ
n;k(η), (152)

äå

ρ̃Λ
n;k(η) =

∑
(∆1,...,∆k)⊂∆a,Λ

∑
(∆
′
1,...,∆

′
n−k)⊂∆a,Λ

χcor(∆1, ...,∆k,∆
′

1, ...,∆
′

n−k)×
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×
k∏
i=1

(∫
Γ

(<)
∆i

λσ(dγ∆i
)e−βU(γ∆i

|η)

) ∏
1≤i<j≤k

e−βW (γ∆i
|γ∆j

)×

×
n−k∏
i=1

∫
Γ

(>)

∆
′
i

λσ(dγ∆
′
i
)e
−βU(γ

∆
′
i
|η)

 e−βU(η)
∏

1≤i<j≤n−k

e
−βW (γ

∆
′
i
|γ

∆
′
j
)
×

×
k∏
i=1

n−k∏
j=1

e
−βW (γ∆i

|γ
∆
′
j
)
∫

Γ
(dil)

Λa\Xn

λσ(dγΛa\Xn)e−βW (η|γΛa\Xn )×

×

n−k∏
j=1

e
−βW (γ

∆
′
j
|γΛa\Xn )

( k∏
i=1

e−βW (γ∆i
|γΛa\Xn )

)
e−βU(γΛa\Xn )

(153)

à Xn = (
k⋃
i=1

∆i) ∪ (
n−k⋃
j=1

∆
′

j).

Çàóâàæåííÿ 4.3. Â òèõ êóáèêàõ, ÿêi ïåðåòèíàþòü ìåæó îáëàñòi Λ

(i.e.∆ ∩ Λ 6= ∆ àëå ∆ ∩ Λ 6= ∅), iíòåãðóâàííÿ â (153) âèêîíó¹òüñÿ ïî

êîíôiãóðàöiÿõ Γ
(sign)
∆∩Λ , sign ∈ {dil, >,<}.

4.6.2 Iñíóâàííÿ ñòàíiâ Ãiááñà

Òåîðåìà 2. Íåõàé ïîòåíöiàë âçà¹ìîäi¨ φ çàäîâîëüíÿ¹ óìîâàì A(äèâ.

(42)-(44)). Òîäi äëÿ äîâiëüíîãî Λ ∈ Bc(Rd) i äîâiëüíèõ β, z ≥ 0 iñíó¹

êîíñòàíòà ξ = ξ(β, z) (ùî íå çàëåæèòü âiä Λ) òàêà, ùî êîðåëÿöiéíi

ôóíêöi¨ ρΛ(η) = ρΛ(η | ∅) çàäîâîëüíÿþòü íàñòóïíó íåðiâíiñòü:

ρΛ(η) ≤ ξ|η|e−δβUφ+ (η) (154)

äëÿ äîâiëüíîãî 0 < δ < 1.

Äîâåäåííÿ. Ùîá äîâåñòè òåîðåìó âèêîðèñòà¹ìî ðîçêëàä (153). Öå äî-

çâîëÿ¹ iíòåãðàë (84) ïî óñiõ ìîæëèâèõ êîíôiãóðàöiÿõ ΓΛ ïðåäñòàâèòè

ó âèãëÿäi ðîçêëàäó, êîæíèé ÷ëåí ÿêîãî ìiñòèòü iíòåãðàëè, ó ÿêèõ ií-

òåãðóâàííÿ âèêîíó¹òüñÿ â îêðåìèõ êóáèêàõ â îäíîìó ç ïðîñòîðiâ Γ
(<)
∆ ,
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Γ
(>)
∆ àáî Γ

(dil)
∆ . Âðàõîâóþ÷è âèçíà÷åííÿ (45), îòðèìó¹ìî îöiíêó:

−β
k∑
i=1

W (η|γ∆i
) ≤ β |η| sup

x∈η

k∑
i=1

sup
y∈γ∆i

φ−(|x− y|)|γ∆i
| ≤ β |η| υε.

(155)

Îñòàííÿ íåðiâíiñòü ñïðàâåäëèâà òîìó, ùî γ∆i
∈ Γ

(<)
∆i

; òàêèì ÷èíîì

|γ∆i | ≤ dεη(∆i) ≤ |x− y|ε, (156)

äå ìè âèáèðà¹ìî ε < ε0. Âðàõîâóþ÷è (45) i (156), ëåãêî îòðèìàòè:

−β
k∑
i=1

n−k∑
j=1

Wφ−(γ∆
′
j
|γ∆i

) ≤ β

n−k∑
j=1

|γ∆
′
j
|(υε + (|γ∆

′
j
|+ 1)υ0). (157)

Äåòàëi äîâåäåííÿ â [49] (Ëåìà 3.1).

Âðàõîâóþ÷è, ùî γ∆ ∈ Γ
(dil)
∆ , |γ∆i

| ≤ 1, ∀∆ ∈ Λa \ Xn, îòðèìà¹ìî

îöiíêè:

−βW (η | γΛa\Xn) ≤ β |η| υ0 (158)

i

−βW (γ∆
′
j
| γΛa\Xn) ≤ β|γ∆

′
j
|υ0. (159)

Óìîâè A(äèâ. (42)-(44)) äîçâîëÿþòü ðîçáèòè ïîòåíöiàë φ íà äâi

÷àñòèíè:

φ = δφ+ + φstδ , φstδ := (1− δ)φ+ + φ−, (160)

i òàê ñàìî, ÿê ìè îòðèìàëè îöiíêó (48) çà äîïîìîãîþ (49), ìà¹ìî

Uφstδ (γ) ≥
∑

∆∈∆λ:|γ∆|≥2

[
(1− δ)ϕ0

4(
√
da)s

− υ0

2

]
|γ∆|2 −

υ0

2
|γ|. (161)

Äëÿ òîãî, ùîá ìàòè ïîçèòèâíå çíà÷åííÿ âèðàçó ó êâàäðàòíèõ äóæ-

êàõ, òðåáà âèáðàòè äîñòàòíüî ìàëå çíà÷åííÿ ïàðàìåòðà a. Âèáåðåìî

äåÿêå ìàêñèìàëüíå çíà÷åííÿ a = a∗(δ), äëÿ ÿêîãî çáåðiãà¹òüñÿ óìîâà

ñòiéêîñòi:
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Uφstδ (γ) ≥ −Bδ|γ|, Bδ =
υ0(a∗)

2
. (162)

Öÿ íåðiâíiñòü äîçâîëÿ¹ çàïèñàòè íàñòóïíó îöiíêó:

n−k∑
i=1

(
Uφstδ (γ∆

′
i
) +Wφstδ

(η|γ∆
′
i
)
)

+ Uφstδ (η)+ (163)

∑
1≤i<j≤n−k

Wφstδ
(γ∆

′
i
|γ∆

′
j
) ≥ −Bδ ( |η|+

n−k∑
i=1

|γ∆
′
j
|).

Äëÿ òîãî, ùîá ïðîêîíòðîëþâàòè çáiæíiñòü iíòåãðàëiâ ïî ïðîñòîðàõ

Γ
(>)

∆
′
i

, i = 1, ..., n − k i ñóì ïî êóáèêàõ (∆
′

1, ...,∆
′

n−k) ⊂ ∆a,Λ, ðîçiá'¹ìî

åíåðãiþ Uδφ+(γ∆
′
i
) = δUφ+(γ∆

′
i
) íà äâi ÷àñòèíè, âèáðàâøè δ = δ

′
+ δ

′′

ç äåÿêèìè ïîçèòèâíèìè ìàëèìè êîíñòàíòàìè δ
′
, δ
′′
. Âèêîðèñòîâóþ÷è

óìîâó (43) i òå, ùî äëÿ γ∆′ ∈ Γ
(>)
∆′ êiëüêiñòü òî÷îê |γ∆′ | > dεη(∆′) (äèâ.

(148)), ìîæíà çàïèñàòè íàñòóïíó íåðiâíiñòü:

Uδφ+(γ∆
′
i
) ≥ 1

2
δ′

ϕ0

(
√
da)s

|γ∆
′
i
| (|γ∆

′
i
| − 1) + δ′′

ϕ0

(
√
da)s

dεη(∆
′

i). (164)

Öÿ îöiíêà çàáåçïå÷ó¹ çáiæíiñòü iíòåãðàëó∫
Γ

(>)
∆

λzσ(dγ∆) e
− 1

2βδ
′ ϕ0

(
√
da)s

|γ
∆
′
i
| (|γ

∆
′
i
| − 1)+β (Bδ+υ0 (2+|γ∆|)+υε)|γ∆|

=

= K1(a, z, β, φ) (165)

äëÿ äîñòàòíüî ìàëîãî a i öå äîïîìîãà¹ îöiíèòè íàñòóïíi ñóìè:∑
(∆
′
1,...,∆

′
n−k)⊂∆a,Λ

∏
∆′∈∆a,Λ

e
−δ′′ ϕ0

(
√
da)s

dεη(∆
′
i) ≤ (|η|K2(a, β, ε))

n−k
. (166)

Äåòàëi äîâåäåííÿ â [49] (Ëåìà 3.3). Ïîçíà÷èìî ÷åðåçX(max)
n−k îá'¹äíàííÿ

óñiõ êóáiâ ∆
′

1 ∪ ...∪∆
′

n−k = X
′

n−k, â ÿêèõ iíòåãðàë (153) ïî êîíôiãóðà-

öiÿõ â Λa \Xn ïðèéìà¹ ìàêñèìàëüíå çíà÷åííÿ. Òîäi, âðàõîâóþ÷è åëå-

ìåíòàðíó îöiíêó χcor(∆1, ...,∆k,∆
′

1, ...,∆
′

n−k) ≤ χcor(∆1, ...,∆k) (äèâ.
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(143)) i â òàêié ñàìié ôîðìi ÿê (146), (147) äëÿ η = ∅ ðîçêëàä äëÿ

Z
Λ\X(max)

l

, îòðèìà¹ìî íàñòóïíó îöiíêó

ρΛ(η) ≤ 1

ZΛ
e−δβUφ+ (η) ξ̄|η|

NΛ∑
n=0

n∑
k=0

(|η|K)n−k

k!(n− k)!
ρ̃

Λa\X(max)
n−k

k (∅) =

=
1

ZΛ
e−δβUφ+ (η) ξ̄|η|

NΛ∑
l=0

(|η|K)l

l!

NΛ−l∑
k=0

1

k!
ρ̃

Λa\X(max)
l

k (∅) =

= e−δβUφ+ (η) ξ̄|η|
NΛ∑
l=0

(|η|K)l

l!

Z
Λ\X(max)

l

ZΛ
, (167)

äå K = K1K2 (äèâ. (165), (166)), ξ̄ := zeβ(Bδ+υ0+υε), i ρ̃
Λ\X(max)

l

k (∅)
i âèçíà÷à¹òüñÿ ôîðìóëîþ (147). Ç òîãî ôàêòó, ùî ZΛ1 ≤ ZΛ2 äëÿ Λ1 ⊂
Λ2, ñëiäó¹ íåðiâíiñòü (154) ç ξ = ξ̄eK .

Çàóâàæåííÿ 4.4. Â íåðiâíîñòÿõ (162)-(166) êîíñòàíòè

υε, υ0, Bδ,K1,K2 çàëåæàòü âiä ïàðàìåòðà a, òîìó ξ çàëåæèòü âiä

a, ÿêèé ¹ ôiêñîâàíèì. Àëå ∆ ∈ ∆a ïîâèííi áóòè òàêèìè, ùîá âçà¹ìî-

äiÿ äâîõ ÷àñòèíîê â îäíîìó êóáèêó áóëà ïîçèòèâíîþ, òîáòî a < r0

(äèâ. (43)). Öå çàáåçïå÷ó¹ âèêîíàííÿ íåðiâíîñòi (161).

Ç íåðiâíîñòåé (4) i (154) ñëiäó¹, ùî äëÿ äîâiëüíî¨ êîíôiãóðàöi¨

η ∈ Γ0 i äîâiëüíî¨ ïîñëiäîâíîñòi (Λn)n≥1 (Λn ⊂ Λn+1), ÿêà ïðÿìó¹

äî Rd ó ñåíñi Ôiøåðà (äèâ. [19], Ãë.2, § 2.1), òàêî¨, ùî η ⊂ Λ1, iñíó¹

ïiäïîñëiäîâíiñòü (Λnk) ïîñëiäîâíîñòi (Λn) òàêà, ùî

lim
k→∞

ρΛnk
(η) = ρ(η) <∞ (168)

äëÿ äîâiëüíèõ ïîçèòèâíèõ z, β.

ßê íàñëiäîê ïîñëiäîâíîñòåé (4) i (154) ñïðàâåäëèâîþ ¹ íàñòóïíà

òåîðåìà.
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Òåîðåìà 3. Íåõàé ïîòåíöiàë âçà¹ìîäi¨ φ çàäîâîëüíÿ¹ óìîâàì (A).

Òîäi äëÿ äîâiëüíèõ z ≥ 0 i β ≥ 0

G(φ, z, β) 6= ∅.

Äîâåäåííÿ ñëiäó¹ ç ðîáîòè [32] (äèâ. òàêîæ iíøi àðãóìåíòè â ðîáîòi

[50], ÿêà áàçó¹òüñÿ íà (154) i Òåîðåìi Ïðîõîðîâà).

Ïðîáëåìà ãðàíè÷íîãî òåðìîäèíàìi÷íîãî ïåðåõîäó äëÿ íåðiâíîâà-

æíèõ ñèñòåì ¹ çíà÷íî ñêëàäíiøîþ i äî öüîãî ÷àñó ïîâíiñòþ íå âèði-

øåíîþ. Äîñëiäæåííÿ ó öüîìó íàïðÿìêó ïî÷àëèñÿ, ìàáóòü, ùå ç ðîáiò

Ëåíôîðäà [90, 91] (äèâ. òàêîæ iíøèé ïiäõiä [92]). Íàäçâè÷àéíî âàæëè-

âèì i ïëiäíèì âèÿâèâñÿ îïåðàòîðíî-ôóíêöiîíàëüíèé ïiäõiä, çàïðîïî-

íîâàíèé Ïåòðèíîþ [93], ÿêèé ðîçâèâàâñÿ â éîãî âëàñíèõ ðîáîòàõ i â

éîãî ó÷íiâ (äèâ. äåòàëüíiøå [21, 94, 95]).

Â ïiäõîäi, ÿêèé ðîçâèâà¹òüñÿ â äàíié ðîáîòi, òðåáà âèêîíàòè ãðà-

íè÷íèé ïåðåõiä ó âèðàçi (135). Áåçïîñåðåäíüî ìiðó ïî÷àòêîâîãî ðîç-

ïîäiëó, ÿêà â îáìåæåíîìó îá'¹ìi ¹ µ0
DΛ

(dγ̃) = DΛ(0; γ̃)λσ̃(dγ̃), ìîæíà

ïîáóäóâàòè äëÿ âçà¹ìîäié òèïó (42)-(43), ÿê öå áóëî çðîáëåíî ó âèïàä-

êó ðiâíîâàæíèõ ðîçïîäiëiâ. Àëå äëÿ ïîâíîãî âèðiøåííÿ öi¹¨ ïðîáëåìè

ïîòðiáíî çíàéòè ñëàáêi ðîçâ'ÿçêè ðiâíÿííÿ (138) i äîñëiäèòè ïèòàííÿ ¨õ

iíòåãðóâàííÿ çà ìiðîþ µ0, ÿêà ¹ ãðàíè÷íîþ ìiðîþ ìiðè µ0
DΛ

. Öå ïèòà-

ííÿ ¹ äîñèòü íåòðèâiàëüíèì. Êîðîòêå îáãîâîðåííÿ ïèòàííÿ iñíóâàííÿ

òàêèõ ðîçâ'ÿçêiâ i äåÿêi ïîñèëàííÿ íà ðîáîòè, äå ïðèâåäåíi êëàñè ïî-

÷àòêîâèõ óìîâ, ùî çàáåçïå÷óþòü ¨õ iñíóâàííÿ, ïðèâîäèòüñÿ â ðîáîòi

[89].

5 Ìîäåëü êîìiðêîâîãî ãàçó

Îöiíêè ùiëüíîñòi ìiðè Ãiááñà äëÿ îáìåæåíî¨ ñèñòåìè e−βU(γ) äëÿ êîí-

ôiãóðàöié γ ∈ Γ
(den)
X âêàçóþòü íà òå, ùî äëÿ ïîñèëåíî íàäñòiéêèõ âçà-

¹ìîäié ðîëü ùiëüíèõ êîíôiãóðàöié (28) ¹ äóæå ìàëîþ, íå äèâëÿ÷èñü

íà òó îáñòàâèíó, ùî ç òî÷êè çîðó ìiðè Ïóàññîíà íà ïîâíîìó ïðîñòî-

ði íåñêií÷åííèõ êîíôiãóðàöié Γ ïðîñòið Γ(dil) ¹ ìíîæèíîþ ìiðè íóëü
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(äèâ. [56], ïðîïîçèöiÿ 3.1). Òîìó âèíèêà¹ ïðèðîäíà iäåÿ îïèñàòè ôiçè-

÷íi âëàñòèâîñòi íåñêií÷åííî¨ íåïåðåðâíî¨ ñèñòåìè ç ïîñèëåíî íàäñòié-

êîþ âçà¹ìîäi¹þ ìîäåëüíîþ ñèñòåìîþ, ó ÿêî¨ êîíôiãóðàöiéíèé ïðîñòið

¹ Γ(dil). Òàêó ìîäåëü ìè áóäåìî íàçèâàòè êîìiðêîâèì ãàçîì.

5.1 Êîíôiãóðàöiéíèé ïðîñòið

Îçíà÷åííÿ 5.1. Äëÿ çàäàíîãî ðîçáèòòÿ ∆a ïðîñòîðó Rd ñèñòåìà êî-

ìiðêîâîãî ãàçó (ÊÃ) âèçíà÷à¹òüñÿ íàñòóïíèì êîíôiãóðàöiéíèì ïðîñòî-

ðîì

Γ̃(a) = Γ̃∆a
:=
{
γ ∈ Γ| |γ∆| = 0 ∨ 1 äëÿ âñiõ ∆ ∈ ∆a

}
, (169)

Äëÿ òîãî, ùîá îïèñàòè ìíîæèíè ïðîñòîðó Γ̃(a), ïåðåâèçíà÷èìî ïðî-

ñòið Γ̃(a) ÿê ïðîñòið ìàðêîâàíèõ êîíôiãóðàöié:

Γ̃(a) := {γ̃ = {(∆1, x1), ..., (∆n, xn), ...}|∆i 6= ∆j , i 6= j} , (170)

äå xi ∈ ∆i ⊂ Rd, ∆i ∈ ∆a. Òîáòî, Γ̃(a) ìîæíà ïðåäñòàâèòè ÿê äèñêðå-

òíó ìíîæèíó îáìåæåíèõ íåïåðåðâíèõ "ñïiíiâ"( äèâ., íàïðèêëàä, [57],

[58]).

Òàê ñàìî, ÿê i â ïiäðîçäiëi 2.2, ïîçíà÷èìî ÷åðåç Γ̃
(a)
0 ìíîæèíó ñêií-

÷åííèõ êîíôiãóðàöié Γ̃(a) :

Γ̃
(a)
0 =

⊔
n∈N0

Γ̃(a;n), (171)

äå Γ̃(a;n) � öå ïðîñòið êîíôiãóðàöié â γ̃ ∈ Γ̃
(a)
0 , ÿêèé ñêëàäà¹òüñÿ ç n

êóáiâ {∆1, ...,∆n} ⊂ ∆a i âiäïîâiäíèõ ïîëîæåíü {x1 ∈ ∆1, ..., xn ∈ ∆n}.
Ïîçíà÷èìî ÷åðåç Xn ìíîæèíó êóáiâ ∆j ∈ ∆a, à ÷åðåç Xn ⊂ Rd îá'-

¹äíàííÿ öèõ êóáiâ. Íåõàé òàêîæ X∆j
áîðåëiâñüêi ìíîæèíè â B(∆j) :=

B(Rd) � ∆j , ∆j ∈ ∆a. Òîäi öèëiíäðè÷íó ìíîæèíó X̃
(n)
N = X̃

(n)
N (ΛN ,XN )

â Γ̃(a;n) i â Γ̃
(a)
0 ìîæíà âèçíà÷èòè çà äîïîìîãîþ ôiêñîâàíî¨ ìíîæèíè

ΛN i ïîñëiäîâíîñòi ìíîæèí X∆j ∈ B(∆j), j = 1, N íàñòóïíèì ÷èíîì
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(n ≤ N):

X̃
(n)
N =

{
{(∆1, x1), ..., (∆n, xn)} ∈ Γ̃(a;n) | Λn j ΛN , xj ∈ X∆j

, j = 1, n
}

(172)

i

X̃ :=
⋃
N∈N

⋃
ΛN⊂∆a

⋃
XN

N⊔
n=0

X̃
(n)
N (ΛN ,XN ) ∈ B(Γ̃

(a)
0 ), (173)

äå XN = {X∆1 , ...,X∆N
}.

5.2 Ìiðè íà êîíôiãóðàöiéíîìó ïðîñòîði ñèñòåìè

ÊÃ

Âèçíà÷èìî àíàëîã ìiðè Ëåáåãà-Ïóàññîíà íà Γ̃
(a)
0 . Âèçíà÷èìî ñïåðøó

ìiðó σ̃(n) íà ìíîæèíi (172):

σ(n)(X̃
(n)
N (ΛN ,XN )) =


1, for n = 0,∑
ΛnjΛN

σ(X∆1
) · · ·σ(X∆n

) for 1 ≤ n ≤ N,

0, for n > N.

(174)

Ëåãêî ïîáà÷èòè, ùî âèêîðèñòîâóþ÷è ôóíêöiþ χ∆
− â (139), ìîæíà ïiä-

ðàõóâàòè, ùî äëÿ 1 ≤ n ≤ N

σ(n)(X̃
(n)
N (ΛN ,XN )) =

1

n!

∫
XN

dx1 · · ·
∫
XN

dxn

N∏
i=1

χ∆i
− ({x1, ..., xn}),

(175)

äå XN := ∪Ni=1X∆i
i dxi = σ(dxi). Òîäi ìiðó Ëåáåãà-Ïóàññîíà íà Γ̃

(a)
0 i

Γ̃
(a)

ΛN
ìîæíà âèçíà÷èòè íàñòóïíîþ ôîðìóëîþ:

λ(a)
σ :=

∞∑
n=0

σ(n). (176)

Âðàõîâóþ÷è (175), ëåãêî ïîáà÷èòè, ùî äëÿ äîâiëüíî¨ F ∈ L1(Γ0, λσ)∫
Γ̃

(a)
0

F (γ̃)λ(a)
σ (dγ̃) =

∫
Γ0

F (γ)
∏

∆∈∆a

χ∆
−(γ)λσ(dγ). (177)
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5.3 Êîðåëÿöiéíi ôóíêöi¨ òà òèñê ñèñòåìè ÊÃ

Ñiì'ÿ êîðåëÿöiéíèõ ôóíêöié ÊÃ âèçíà÷à¹òüñÿ àíàëîãi÷íî (84):

ρ
(a)
Λ (η̃) =

z|η̃|

Z
(a)
Λ

∫
Γ̃

(a)

Λ

e−βU(η̃∪γ̃)λ(a)
zσ (dγ̃), η̃ ∈ Γ̃Λ, Λ ∈ Bc(∆a), (178)

Z
(a)
Λ =

∫
Γ̃

(a)

Λ

e−βU(γ̃)λ(a)
zσ (dγ̃). (179)

Âèêîðèñòîâóþ÷è (177), ïðàâó ÷àñòèíó (178) ìîæíà ïåðåïèñàòè çà

äîïîìîãîþ iíòåãðàëó çà ìiðîþ λzσ íà ΓΛ:

ρ
(a)
Λ (η̃) = ρ

(a)
Λ (η) =

z|η|

Z
(a)
Λ

∫
ΓΛ\Λη

e−βU(η∪γ)
∏

∆∈∆a

χ∆
−(γ∆)λzσ(dγ), (180)

äå Λη := ∪
∆:∆∩η 6=∅

∆ i η ∈ Γ
(dil)
0 .

Îöiíêà òèïó íåðiâíîñòi (154) òà iñíóâàííÿ ãðàíèöi (168) ìîæå áóòè

îòðèìàíà àíàëîãi÷íî (äèâ. äåòàëi â [54]). Àëå îñíîâíèì ðåçóëüòàòîì ¹

òå, ùî öi ãðàíè÷íi ôóíêöi¨ ÿê çàâãîäíî òî÷íî àïðîêñèìóþòü ãðàíè÷íi

êîðåëÿöiéíi ôóíêöi¨ ρ(η) íåïåðåðâíî¨ íåñêií÷åííî¨ ñèñòåìè âçà¹ìîäi-

þ÷èõ ÷àñòèíîê ïðè ïðÿìóâàííi ïàðàìåòðà a äî íóëÿ. Òàêèé ñàìèé

ðåçóëüòàò áóâ äîâåäåíèé i äëÿ òèñêó. Íà çàâåðøåííÿ öüîãî ðîçäiëó

ìè íàâîäèìî äâi òåîðåìè, äîâåäåííÿ ÿêèõ ìîæíà çíàéòè â ðîáîòàõ

[52, 53, 54].

Òåîðåìà 4. Íåõàé ïîòåíöiàë âçà¹ìîäi¨ φ çàäîâîëüíÿ¹ óìîâàì (A).

Òîäi iñíóþòü ãðàíè÷íi çíà÷åííÿ òåðìîäèíàìi÷íîãî ïîòåíöiàëó òèñêó

p(z, β) =
1

β
lim
l→∞

1

|Λl|
logZΛl(z, β), (181)

i

p(a)(z, β) =
1

β
lim
l→∞

1

|Λl|
logZ

(a)
Λl

(z, β) (182)

i äëÿ äîâiëüíîãî ε > 0 iñíó¹ a1 = a1(z, β, ε) > 0 òàêå, ùî:

|p(z, β)− p(a)(z, β)| < ε (183)

äëÿ âñiõ ïîçèòèâíèõ çíà÷åíü z, β i a ∈ (0, a1(z, β, ε)).
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Òåîðåìà 5. Íåõàé ïîòåíöiàë âçà¹ìîäi¨ φ çàäîâîëüíÿ¹ óìîâàì (A).

Òîäi äëÿ äîâiëüíîãî ε > 0, äîâiëüíèõ çíà÷åíü àêòèâíîñòi i òåìïåðàòóðè

z, β i äîâiëüíî¨ êîíôiãóðàöi¨ η ∈ Γ0 iñíó¹ a = a(z, β, ε) > 0 òàêà, ùî:

|ρ(η; z, β)− ρ(a)(η; z, β)| < ε, (184)

äå ρ(η; z, β) i ρ(a)(η; z, β) öå ãðàíè÷íi çíà÷åííÿ ρΛn′
k

(η; z, β) i

ρ
(a)
Λn′

k

(η; z, β) âiäïîâiäíî ç òèìè ñàìèìè ïiäïîñëiäîâíîñòÿìè ïîñëiäîâ-

íîñòi (Λn) (äèâ. (168)).

6 Âèñíîâêè i ïåðñïåêòèâè

Ïiäñóìîâóþ÷è âèùåïðèâåäåíèé îïèñ ôóíäàìåíòàëüíèõ ðåçóëüòàòiâ,

ïiäêðåñëèìî, ùî ìåòîäè íåñêií÷åííîâèìiðíîãî àíàëiçó áóëè áàçîâèì

iíñòðóìåíòîì ìàòåìàòè÷íîãî îá ðóíòóâàííÿ ñòàòèñòè÷íî¨ ìåõàíiêè.

Ìè òóò íå òîðêàëèñÿ ïðîáëåì êâàíòîâî¨ ñòàòèñòè÷íî¨ ìåõàíiêè i ïðî-

ïîíó¹ìî ÷èòà÷ó çâåðíóòèñü äî ìîíîãðàôié [96, 79, 97, 98]. Ç òî÷êè çîðó

ïiäõîäó, ÿêèé áóâ âèñâiòëåíèé ó öié ðîáîòi ïðè äîñëiäæåííi êîíôiãóðà-

öiéíèõ ïðîñòîðiâ, ìið Ëåáåãà-Ïóàññîíà, Ïóàññîíà, Ãiááñà òà ïîáóäîâè

êëàñòåðíèõ ðîçêëàäiâ, çâåðòà¹ìî óâàãó íà ðîáîòè [42, 46, 47], â ÿêèõ

áóëè çàïðîïîíîâàíi åëåìåíòè òàêîãî àíàëiçó i êîíñòðóêöi¨ êëàñòåðíèõ

ðîçêëàäiâ.

Ùå îäèí äóæå âàæëèâèé íàïðÿìîê ôóíäàìåíòàëüíèõ äîñëiäæåíü,

ÿêèé íå îáãîâîðþâàâñÿ ó öüîìó îãëÿäi, ñòîñó¹òüñÿ êðèòè÷íî¨ ïîâåäiíêè

íåñêií÷åííèõ ñèñòåì ïðè âåëèêèõ çíà÷åííÿõ ïàðàìåòðiâ z, β. Êðèòè÷íà

ïîâåäiíêà äîáðå äîñëiäæåíà äëÿ ãðàò÷àñòèõ ñèñòåì, ÿêi ìîäåëþþòü

ñïiíîâi ñèñòåìè ìàãíåòèêiâ òà àíãàðìîíi÷íèõ êðèñòàëiâ. Ìàòåìàòè-

÷íî ñòðîãå îá ðóíòóâàííÿ ôàçîâèõ ïåðåõîäiâ äëÿ íåïåðåðâíèõ ñèñòåì,

âçà¹ìîäiÿ ÿêèõ îïèñó¹òüñÿ ïîòåíöiàëàìè òèïó Ëåíàðäà-Äæîíñîíà, ¹

âiäêðèòîþ ìàòåìàòè÷íîþ ïðîáëåìîþ. Ó öüîìó âiäíîøåííi àâòîðè ïî-

êëàäàþòü âåëèêó íàäiþ íà ìîäåëü êîìiðêîâîãî ãàçó, îïèñàíó ó 4-ìó

ðîçäiëi.
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Iñíóâàííÿ â ïðîñòîði øâèäêî

ñïàäíèõ ôóíêöié òà âëàñòèâîñòi

ðîçâ'ÿçêó ðiâíÿííÿ ç ÷àñòèííèìè

ïîõiäíèìè ïåðøîãî ïîðÿäêó ç

êâàäðàòè÷íîþ íåëiíiéíiñòþ

The paper deals with the problem of existing solution to the �rst order
partial di�erential equation with quadratic nonlinearity. There are found
conditions on existing solutions to Cauchy problem for the equation
mentioned above in the space of quickly decreasing functions.

Ó äàíié ñòàòòi ðîçãëÿäà¹òüñÿ çàäà÷à ïðî iñíóâàííÿ ðîçâ'ÿçêó äèôåðåí-
öiàëüíîãî ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó ç êâàä-
ðàòè÷íîþ íåëiíiéíiñòþ. Îòðèìàíî óìîâè, ïðè ÿêèõ iñíó¹ ðîçâ'ÿçîê çà-
äà÷i Êîøi äëÿ äàíîãî ðiâíÿííÿ â ïðîñòîði øâèäêî ñïàäíèõ ôóíêöié.

1 Âñòóï

Ïðè ïîáóäîâi [1] àñèìïòîòè÷íèõ áàãàòîôàçîâèõ ñîëiòîíîïîäiáíèõ
ðîçâ'ÿçêiâ çàäà÷i Êîøi äëÿ ñèíãóëÿðíî çáóðåíîãî ðiâíÿííÿ Êîðòåâåãà-
äå Ôðiçà çi çìiííèìè êîåôiöi¹íòàìè âèíèêà¹ äîïîìiæíà çàäà÷à, ùî
ïîâ'ÿçàíà ç âèâ÷åííÿì ðîçâ'ÿçêiâ ðiâíÿííÿ ïåðøîãî ïîðÿäêó çi çìií-
íèìè êîåôiöi¹íòàìè. Öå ðiâíÿííÿ âèçíà÷à¹ ãîëîâíèé ÷ëåí ðåãóëÿðíî¨
÷àñòèíè àñèìïòîòèêè i ìà¹ âèãëÿä

a(x, t)ut+uux+a(x, t)b(x, t)
∂

∂ t

(
1

b(x, t)

)
u+ b(x, t)

∂

∂ x

(
1

b(x, t)

)
u2 = 0.

(1)
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Àíàëîãi÷íó çàäà÷ó, ùî ïîâ'ÿçàíà ç âèçíà÷åííÿì ãîëîâíîãî ÷ëå-
íà ðåãóëÿðíî¨ ÷àñòèíè àñèìïòîòèêè îäíîôàçîâîãî ñîëiòîíîïîäiáíîãî
ðîçâ'ÿçêó ñèíãóëÿðíî çáóðåíîãî ðiâíÿííÿ Êîðòåâåãà-äå Ôðiçà çi çìií-
íèìè êîåôiöi¹íòàìè, ðîçãëÿíóòî â [2, 3]. Çàóâàæèìî, ùî ó öüîìó âèïàä-
êó ãîëîâíèé ÷ëåí ðåãóëÿðíî¨ ÷àñòèíè ÷àñòèíè àñèìïòîòèêè âèçíà÷àâñÿ
ç ðiâíÿííÿ Õîïôà.

Ó äàíié ñòàòòi âèâ÷à¹òüñÿ ïèòàííÿ ïðî iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i
Êîøi äëÿ ðiâíÿííÿ (1) ó ïðîñòîði øâèäêî ñïàäíèõ ôóíêöié.

2 Îñíîâíi ïîçíà÷åííÿ

Ó ïîäàëüøîìó âèêîðèñòîâó¹òüñÿ ïðîñòið øâèäêî ñïàäíèõ ôóíêöié
S(R), òîáòî ïðîñòið òàêèõ íåñêií÷åííî äèôåðåíöiéîâíèõ íà ìíîæèíi
R ôóíêöié, ùî äëÿ äîâiëüíèõ öiëèõ ÷èñåë m,n ≥ 0 âèêîíó¹òüñÿ óìîâà
[6]

sup
x∈R

∣∣∣∣xm d n

dx n
u(x)

∣∣∣∣ < +∞.

×åðåç C∞(0, T ;S) ïîçíà÷èìî ïðîñòið íåñêií÷åííî äèôåðåíöiéîâíèõ
íà ìíîæèíi R × [0;T ] ôóíêöié u(x, t), äëÿ ÿêèõ ïðè äîâiëüíèõ öiëèõ
k, m > 0 âèêîíó¹òüñÿ óìîâà

+∞∫
−∞

(
Dm
x D

k
t u
)2
dx+

+∞∫
−∞

(
1 + x2

)m (
Dk
t u
)2
dx <∞.

3 Iñíóâàííÿ ðîçâ'ÿçêó ðiâíÿííÿ (1)

Äëÿ îòðèìàííÿ óìîâ iñíóâàííÿ ðîçâ'ÿçêó ðiâíÿííÿ (1) â ïðîñòîði
øâèäêî ñïàäíèõ ôóíêöié ñêîðèñòà¹ìîñÿ ìåòîäîì õàðàêòåðèñòèê. Ó ïî-
äàëüøîìó ðîçãëÿäàþòüñÿ âèïàäêè, êîëè a(x, t) = a1(x)a2(t), b(x, t) =
b(x) òà a(x, t) = a1(x)a2(t), b(x, t) = b(t), (x, t) ∈ R× [0;T ].

Ó ïåðøîìó âèïàäêó ñèñòåìà õàðàêòåðèñòèê äëÿ ðiâíÿííÿ (1) çàïè-
ñó¹òüñÿ ó âèãëÿäi

d t

a1(x)a2(t)
=
dx

u
=

b(x)du

b′(x)u2
,
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i ìà¹ äâà ïåðøèõ iíòåãðàëè

ϕ(x, u) = c1, ψ(x, t, u) = c2, (2)

äå

ϕ(x, u) =
u

b(x)
, (3)

ψ(x, t, u) =
u

b(x)

t∫
t0

dη

a2(η)
−

x∫
x0

a1(ξ)

b(ξ)
dξ. (4)

Òîäi çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (1) ìîæíà çàïèñàòè ó íåÿâíîìó
âèãëÿäi òàêèì ÷èíîì

Φ (ϕ(x, u), ψ(x, t, u)) = 0. (5)

Òóò Φ(ϕ,ψ) ∈ C∞(Ξ;R) � òàêà ôóíêöiÿ, ùî ïîâíà ïîõiäíà çà çìiííîþ
u âiä ôóíêöi¨ â ëiâié ÷àñòèíi (5) íå äîðiâíþ¹ íóëåâi äëÿ âñiõ (x, t, u) ç
ìíîæèíè G çíà÷åíü çìiííèõ (x, t, u), ïðè ÿêèõ âèçíà÷åíî âiäîáðàæåííÿ
(x, t, u) → (ϕ,ψ), äå ϕ = ϕ(x, u), ψ = ψ(x, t, u), i ïðèïóñêà¹òüñÿ, ùî
iñíó¹ õî÷à á îäíà òî÷êà (ϕ0, ψ0) ∈ Ξ, äëÿ ÿêî¨ Φ(ϕ0, ψ0) = 0.

Ìà¹ ìiñöå òâåðäæåííÿ.
Òåîðåìà 1. Íåõàé âèêîíóþòüñÿ óìîâè:

10. êîåôiöi¹íòè ðiâíÿííÿ (1) ¹ íåñêií÷åííî äèôåðåíöiéîâíèìè i çàäî-
âîëüíÿþòü óìîâó a(x, t) = a1(x)a2(t), b(x, t) = b(x), (x, t) ∈ R× [0;T ],
ïðè÷îìó ôóíêöiÿ a1(x) îáìåæåíà äëÿ âñiõ x ∈ R, à äëÿ ôóíêöi¨ b(x)
âèêîíó¹òüñÿ íåðiâíiñòü b(x) ≥ c1 äëÿ äåÿêîãî c1 > 0;
20. iñíóþòü òàêi ñòàëi Kn, Mn > 0, n ∈ N, ùî äëÿ âñiõ x ∈ R âèêî-
íóþòüñÿ íåðiâíîñòi∣∣∣∣ dndxn b(x)

∣∣∣∣ ≤ Kn,

∣∣∣∣ dndxn a1(x)

∣∣∣∣ ≤Mn;

30. iñíóþòü òàêi ñòàëi c2 > 0, c3 ≥ 0, ùî äëÿ âñiõ x ∈ R âèêîíó¹òüñÿ
íåðiâíiñòü ∣∣∣∣∣∣

x∫
x0

a1(η)

b(η)
dη

∣∣∣∣∣∣ ≥ |c2x+ c3| ,

40. ôóíêöiÿ Φ(ξ, η) â (5) íàëåæèòü ïðîñòîðó C∞(PrOξΞ;S), äå PrOξΞ
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� ïðîåêöiÿ ìíîæèíè Ξ ⊂ R2 íà âiñü Oξ;
50. ðiâíÿííÿ (5) ìà¹ îáìåæåíèé ðîçâ'ÿçîê u(x, t) ∈ C(1)(R× [0;T ]);
60. iñíó¹ òàêà ñòàëà C > 0, ùî ïîâíà ïîõiäíà âiä ôóíêöi¨ â ëiâié
÷àñòèíi (5) çà çìiííîþ u çàäîâîëüíÿ¹ äëÿ âñiõ (x, t, u) ∈ R×[0;T ]×U
íåðiâíiñòü ∣∣∣∣∣∣ ddu Φ

 u

b(x)
,
u

b(x)

t∫
t0

dη

a2(η)
−

x∫
x0

a1(η)

b(η)
dη

∣∣∣∣∣∣ ≥ C,
äå ìíîæèíà U = {u ∈ R : u = u(x, t), (x, t) ∈ R× [0;T ]}.
Òîäi ïîõiäíi ux(x, t), ut(x, t) íàëåæàòü ïðîñòîðó C∞(0, T ;S).
Äîâåäåííÿ. Ïðîäèôåðåíöiþâàâøè ñïiââiäíîøåííÿ (5) çà çìiííèìè x,
t, îòðèìà¹ìî

∂u

∂x
=

∂Φ
∂ϕ

b′(x)u
b(x) + ∂Φ

∂ψ

(
a1(x) + b′(x)u

b(x)

t∫
0

dη
a2(η)

)
∂Φ
∂ϕ + ∂Φ

∂ψ

t∫
0

dη
a2(η)

, (6)

∂u

∂t
=

−∂Φ
∂ψ

u
a2(t)

∂Φ
∂ϕ + ∂Φ

∂ψ

t∫
0

dη
a2(η)

. (7)

Ç óìîâ òåîðåìè 1, ç (6), (7) âèïëèâà¹, ùî ïðè êîæíîìó t ∈ [0;T ]
ïîõiäíi ux(t, x), ut(x, t) íàëåæàòü ïðîñòîðó øâèäêî ñïàäíèõ çà çìiííîþ
x ôóíêöié.

Àíàëîãi÷íî áåçïîñåðåäíiìè îá÷èñëåííÿìè ïîõiäíèõ ñòàðøîãî ïî-
ðÿäêó ìîæíà ïîêàçàòè, ùî ñòàðøi ïîõiäíi çà çìiííèìè x, t âiä ôóíêöi¨
u(x, t) ïðè êîæíîìó t ∈ [0;T ] íàëåæàòü ïðîñòîðó øâèäêî ñïàäíèõ çà
çìiííîþ x ôóíêöié. Öå îçíà÷à¹, ùî ïîõiäíi ux(x, t), ut(x, t) íàëåæàòü
ïðîñòîðó C∞(0, T ;S).

Òåîðåìó 1 äîâåäåíî.
Ðîçãëÿíåìî òåïåð âèïàäîê, êîëè b(x, t) = b(t), (x, t) ∈ R×[0;T ]. Òîäi

çàãàëüíèé ðîçâ'ÿçîê ðiâíÿííÿ (1) ìîæíà çàïèñàòè ó íåÿâíîìó âèãëÿäi
òàêèì ÷èíîì

Φ (ϕ(t, u), ψ(x, t, u)) = 0, (8)

äå

ϕ(t, u) =
u

b(t)
, (9)
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ψ(x, t, u) =
u

b(t)

t∫
0

b(η)

a2(η)
dη −

x∫
x0

a1(η) dη, (10)

ôóíêöiÿ Φ(ϕ,ψ) ∈ C∞(Ξ;R) � òàêà, ùî ïîâíà ïîõiäíà çà çìiííîþ u
âiä ôóíêöi¨ â ëiâié ÷àñòèíi (8) íå äîðiâíþ¹ íóëåâi äëÿ âñiõ (x, t, u) ç
ìíîæèíè G çíà÷åíü çìiííèõ (x, t, u), ïðè ÿêèõ âèçíà÷åíî âiäîáðàæåííÿ
(x, t, u)→ (ϕ,ψ), äå ϕ = ϕ(t, u), ψ = ψ(x, t, u), i ïðèïóñêà¹òüñÿ, ùî iñíó¹
õî÷à á îäíà òî÷êà (ϕ0, ψ0) ∈ Ξ, äëÿ ÿêî¨ Φ(ϕ0, ψ0) = 0.

Ìà¹ ìiñöå òâåðäæåííÿ.
Òåîðåìà 2. Íåõàé âèêîíóþòüñÿ óìîâè:

10. êîåôiöi¹íòè ðiâíÿííÿ (1) ¹ íåñêií÷åííî äèôåðåíöiéîâíèìè i çàäî-
âîëüíÿþòü óìîâó a(x, t) = a1(x)a2(t), b(x, t) = b(t), (x, t) ∈ R × [0;T ],
ïðè÷îìó b(t) 6= 0, t ∈ [0;T ];
20. ôóíêöiÿ a1(x) îáìåæåíà äëÿ âñiõ x ∈ R, çàäîâîëüíÿ¹ óìîâó 20

òåîðåìè 1 òà iñíóþòü òàêi ñòàëi c1 > 0, c2 ≥ 0, ùî äëÿ âñiõ x ∈ R
âèêîíó¹òüñÿ íåðiâíiñòü∣∣∣∣∣∣

x∫
x0

a1(η) dη

∣∣∣∣∣∣ ≥ |c1x+ c2| ;

30. âèêîíó¹òüñÿ óìîâà 40 òåîðåìè 1;
40. iñíó¹ òàêà ñòàëà C > 0, ùî ïîâíà ïîõiäíà âiä ôóíêöi¨ â ëiâié
÷àñòèíi (8) çà çìiííîþ u çàäîâîëüíÿ¹ äëÿ âñiõ (x, t, u) ∈ R×[0;T ]×U
íåðiâíiñòü∣∣∣∣∣∣ ddu Φ

 u

b(t)
,
u

b(t)

t∫
0

b(η)

a2(η)
dη −

x∫
x0

a1(η) dη

∣∣∣∣∣∣ ≥ C,
äå ìíîæèíà U = {u ∈ R : u = u(x, t), (x, t) ∈ R× [0;T ]}.
Òîäi ïîõiäíi ut(x, t), ux(x, t) íàëåæàòü ïðîñòîðó C∞(0, T ;S).
Äîâåäåííÿ. Ïðîäèôåðåíöiþâàâøè ñïiââiäíîøåííÿ (8) çà çìiííèìè x,
t îòðèìà¹ìî

∂u

∂t
=

b′(t)u∂Φ
∂ϕ +

(
b′(t)u

t∫
t0

b(η)
a2(η)dη −

b2(t)
a2(t)

)
∂Φ
∂ψ

b(t)

(
∂Φ
∂ϕ + ∂Φ

∂ψ

t∫
t0

b(ξ)
a2(ξ)dξ

) , (11)
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∂u

∂x
=

a1(x)b(t)∂Φ
∂ψ

∂Φ
∂ϕ + ∂Φ

∂ψ

t∫
0

b(η)
a2(η) dη

, (12)

çâiäêè, âðàõîâóþ÷è óìîâè òåîðåìè 2, ç (12) îòðèìà¹ìî, ùî ïðè êîæíî-
ìó t ∈ [0;T ] ïîõiäíi ux(t, x), ut(x, t) íàëåæàòü ïðîñòîðó øâèäêî ñïàä-
íèõ çà çìiííîþ x ôóíêöié.

Àíàëîãi÷íî ïîêàçó¹òüñÿ, ùî ñòàðøi ïîõiäíi çà çìiííèìè x, t ôóíêöi¨
u(x, t) ïðè êîæíîìó t ∈ [0;T ] íàëåæàòü ïðîñòîðó øâèäêî ñïàäíèõ çà
çìiííîþ x ôóíêöié, òîáòî ux(x, t), ut(x, t) ∈ C∞(0, T ;S).

4 Iñíóâàííÿ ðîçâ'ÿçêó çàäà÷i Êîøi äëÿ ðiâ-
íÿííÿ (1)

Ðîçãëÿíåìî çàäà÷ó Êîøi äëÿ ðiâíÿííÿ (1) ó âèïàäêó b(x, t) = b(x) ç
ïî÷àòêîâîþ óìîâîþ

u(x, 0) = g0(x), x ∈ R, (13)

äå ïðèïóñêà¹òüñÿ, ùî ôóíêöiÿ g0(x) ∈ C∞(R). Ðîçâ'ÿçîê çàäà÷i Êîøi
(1), (13) íåÿâíèì ÷èíîì âèçíà÷à¹òüñÿ iç ñïiââiäíîøåííÿ

u = b(x)G

f
 u

b(x)

t∫
0

dη

a2(η)
−

x∫
x0

a1(η)

b(η)
dη

 , (14)

äå G(ξ) = g0(ξ)/b(ξ), a f = f(y)� ôóíêöiÿ, ÿêà ¹ îáåðíåíîþ äî ôóíêöi¨

y = y(x) = −
x∫

x0

a1(η)

b(η)
dη. (15)

Ìà¹ ìiñöå òâåðäæåííÿ.
Òåîðåìà 3. Íåõàé âèêîíóþòüñÿ ïðèïóùåííÿ:

10. ìàþòü ìiñöå óìîâè 10 � 30 òåîðåìè 1;
20. ôóíêöi¨ b′(x), g0(x) íàëåæèòü ïðîñòîðó S(R);
30. ôóíêöiÿ f = f(y), ÿêà ¹ îáåðíåíîþ äî ôóíêöi¨ y = y(x), ùî âèçíà-
÷åíà ôîðìóëîþ (15), äëÿ äåÿêèõ äiéñíèõ ñòàëèõ c1, c2, äå c1 6= 0,
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çàäîâîëüíÿ¹ íåðiâíiñòü |f(y)| ≥ |c1y + c2|;
40. ôóíêöiÿ f = f(y), ¹ íåñêií÷åííî äèôåðåíöiéîâíîþ i ¨¨ ïîõiäíi ïðè
êîæíîìó y ∈ R çàäîâîëüíÿþòü íåðiâíîñòi∣∣∣f (k)(y)

∣∣∣ ≤ (Mk|y|+Nk)
lk ,

äå Mk, Nk � äåÿêi äiéñíi äîäàòíi ñòàëi, lk � íàòóðàëüíi ÷èñëà, k ∈ N;
50. iñíó¹ òàêà ñòàëà C > 0, ùî äëÿ âñiõ (x, t, u) ∈ R × [0;T ] × U ìà¹
ìiñöå íåðiâíiñòü ∣∣∣∣∣∣1− d

dy
G(f(y))

t∫
0

dη

a2(η)

∣∣∣∣∣∣ ≥ C,
äå ìíîæèíà U = {u ∈ R : u = u(x, t), (x, t) ∈ R× [0;T ]},

y =
u

b(x)

t∫
0

dη

a2(η)
−

x∫
x0

a1(η)

b(η)
dη. (16)

Òîäi ïîõiäíi ux(x, t), ut(x, t) íàëåæàòü ïðîñòîðó C∞(0, T ;S).
Äîâåäåííÿ. Ïðîäèôåðåíöiþâàâøè ñïiââiäíîøåííÿ (14) çà çìiííèìè
x, t, çíàõîäèìî:

∂u

∂x
=

a1(x) ddy (G(f(y)))− b′(x)G(f(y)) + ub′(x)
b(x)

t∫
0

dη
a2(η)

1− d
dyG(f(y))

t∫
0

dη
a2(η)

, (17)

∂u

∂t
=

u d
dy (G(f(y)))

b(x)a2(t)(1− d
dyG(f(y))

t∫
0

dη
a2(η) )

, (18)

äå y = y(x) âèçíà÷åíî ôîðìóëîþ (16).
Âðàõîâóþ÷è óìîâè òåîðåìè 3, çîêðåìà, âëàñòèâîñòi ôóíêöié g0(x),

f(y), ç (17), (18) îòðèìó¹ìî, ùî ïîõiäíi ux(x, t), ut(x, t) ïðè êîæíîìó
t ∈ [0;T ] íàëåæàòü ïðîñòîðó øâèäêî ñïàäíèõ ùîäî çìiííî¨ x ôóíêöié.

Àíàëîãi÷íî, çàïèñàâøè âèðàçè äëÿ ïîõiäíèõ âèùèõ ïîðÿäêiâ, îò-
ðèìó¹ìî, ùî ôóíêöi¨ ∂n+mu0/(∂

nx ∂tm), äå n, m � òàêi äîâiëüíi öiëi
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íåâiä'¹ìíi ÷èñëà, ùî n+m > 0, ïðè êîæíîìó t ∈ [0;T ] íàëåæàòü ïðî-
ñòîðó øâèäêî ñïàäíèõ ùîäî çìiííî¨ x ôóíêöié.

Òåîðåìó 3 äîâåäåíî.
Ðîçãëÿíåìî çàäà÷ó Êîøi äëÿ ðiâíÿííÿ (1) ó âèïàäêó b(x, t) = b(t)

ç ïî÷àòêîâîþ óìîâîþ ç ïî÷àòêîâîþ óìîâîþ (13. Âiäïîâiäíî äî ìåòîäó
õàðàêòåðèñòèê ðîçâ'ÿçîê çàäà÷i Êîøi (1), (13) âèçíà÷à¹òüñÿ íåÿâíèì
÷èíîì iç ñïiââiäíîøåííÿ

u = G

f
 u

b(t)

t∫
0

b(η)

a2(η)
dη −

x∫
x0

a1(η) dη

 , t

 , (19)

äå G(ξ, t) = g0(ξ)
b(t) , a f = f(y) � ôóíêöiÿ, ÿêà ¹ îáåðíåíîþ äî ôóíêöi¨

y = y(x) = −
x∫

x0

a1(η)dη. (20)

Ìà¹ ìiñöå òâåðäæåííÿ.
Òåîðåìà 4. Íåõàé âèêîíóþòüñÿ òàêi ïðèïóùåííÿ:

10. ìàþòü ìiñöå óìîâè 10 � 40 òåîðåìè 2;
20. ôóíêöiÿ g0(x) íàëåæèòü ïðîñòîðó S(R);
30. ôóíêöiÿ f = f(y), ÿêà ¹ îáåðíåíîþ äî ôóíêöi¨ y = y(x), ùî âèçíà-
÷åíà ôîðìóëîþ (20), äëÿ äåÿêèõ äiéñíèõ ñòàëèõ c1, c2, äå c1 6= 0,
çàäîâîëüíÿ¹ íåðiâíiñòü |f(y)| ≥ |c1y + c2|;
40. ôóíêöiÿ f = f(y), ¹ íåñêií÷åííî äèôåðåíöiéîâíîþ i ¨¨ ïîõiäíi ïðè
êîæíîìó y ∈ R çàäîâîëüíÿþòü íåðiâíîñòi∣∣∣f (k)(y)

∣∣∣ ≤ (Mk|y|+Nk)
lk ,

äå Mk, Nk � äåÿêi äiéñíi äîäàòíi ñòàëi, lk � íàòóðàëüíi ÷èñëà, k ∈ N;
50. iñíó¹ òàêà ñòàëà C > 0, ùî äëÿ âñiõ (x, t, u) ∈ R × [0;T ] × U ìà¹
ìiñöå íåðiâíiñòü∣∣∣∣∣∣1− 1

b(t)

d

dy
G(f(y))

t∫
0

b(η)

a2(η)
dη

∣∣∣∣∣∣ ≥ C,
äå ìíîæèíà U = {u ∈ R : u = u(x, t), (x, t) ∈ R× [0;T ]},

y =
u

b(t)

t∫
0

b(η)

a2(η)
dη −

x∫
x0

a1(η)dη. (21)
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Òîäi ïîõiäíi ux(x, t), ut(x, t) íàëåæàòü ïðîñòîðó C∞(0, T ;S).
Äîâåäåííÿ. Ïðîäèôåðåíöiþâàâøè ñïiââiäíîøåííÿ (19) çà çìiííèìè
x, t, çíàõîäèìî:

∂u

∂ x
=

−a1(x) ∂∂yG(f(y), t)

1− 1
b(t)

(
∂
∂y G(f(y), t)

) t∫
0

b(η)
a2(η) dη

, (22)

∂u

∂ t
=

(
u

a2(t) −
b′(t)
b2(t)

)
u
(
∂
∂y G(f(y), t)

)
1− 1

b(t)

(
∂
∂y G(f(y), t)

) t∫
0

b(η)
a2(η) dη

, (23)

äå y = y(x) âèçíà÷åíî ôîðìóëîþ (21).
Âðàõîâóþ÷è óìîâè òåîðåìè 4, çîêðåìà, âëàñòèâîñòi ôóíêöié g0(x),

f(y), ç (22), (23) îòðèìó¹ìî, ùî ïîõiäíi ux(x, t), ut(x, t) ïðè êîæíîìó
t ∈ [0;T ] íàëåæàòü ïðîñòîðó øâèäêî ñïàäíèõ ùîäî çìiííî¨ x ôóíêöié.

Àíàëîãi÷íî, çàïèñàâøè âèðàçè äëÿ ïîõiäíèõ âèùèõ ïîðÿäêiâ, îò-
ðèìó¹ìî, ùî ôóíêöi¨ ∂n+mu/(∂nx ∂tm), äå n, m � òàêi äîâiëüíi öiëi
íåâiä'¹ìíi ÷èñëà, ùî n+m > 0, ïðè êîæíîìó t ∈ [0;T ] íàëåæàòü ïðî-
ñòîðó øâèäêî ñïàäíèõ ùîäî çìiííî¨ x ôóíêöié.

Òåîðåìó 4 äîâåäåíî.

5 Âèñíîâêè

Ó äàíié ðîáîòi îòðèìàíî óìîâè iñíóâàííÿ â ïðîñòîði øâèäêî ñïàäíèõ
ôóíêöié ðîçâ'ÿçêó ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè ïåðøîãî ïîðÿäêó
çi çìiííèìè êîåôiöi¹íòàìè òà êâàäðàòè÷íîþ íåëiíiéíiñòþ.
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(2n, 2m)-ïðîìåíåâié ñèñòåìi òî÷îê
targonsk@zu.edu.ua

Çíàéäåíî ìàêñèìóì ôóíêöiîíàëó, ùî ñêëàäà¹òüñÿ iç äîáóòêiâ âíóòðiø-
íiõ ðàäióñiâ äëÿ äîâiëüíèõ ñòåïåíiâ âíóòðiøíiõ ðàäióñiâ îáëàñòåé.

Maximum the �nd for functional, which the consist with product inner
radius for arbitrary degrees of inner radius domains.

Âñòóï.

Ó ãåîìåòðè÷íèé òåîði¨ ôóíêöié êîìïëåêñíîãî çìiííîãî åêñòðåìàëü-
íi çàäà÷i äëÿ ôóíêöiîíàëiâ ñêëàäåíèõ iç äîáóòêiâ âíóòðiøíiõ ðàäióñiâ
îáëàñòåé ïðåäñòàâëÿþòü äîáðå âiäîìèé êëàñè÷íèé íàïðÿì. Âèíèêíåí-
íÿ öüîãî íàïðÿìó ïîâ'ÿçàíî ç ðîáîòîþ àêàäåìèêà Ì.À. Ëàâðåíòü¹âà [1],
äå âïåðøå ïîñòàâëåíà òà ðîçâ'ÿçàíà çàäà÷à ïðî äîáóòîê êîíôîðìíèõ
ðàäióñiâ äâîõ íåïåðåòèííèõ îäíîçâ'ÿçíèõ îáëàñòåé. Ó ïîäàëüøîìó öþ
çàäà÷ó óçàãàëüíþâàëè òà ïîñèëþâàëè ó áàãàòüîõ ðîáîòàõ (äèâ. íàïð.
[2 � 13]).

Íåõàé N, R � ìíîæèíè íàòóðàëüíèõ òà äiéñíèõ ÷èñåë âiäïîâiäíî, C
� ïëîùèíà êîìïëåêñíèõ ÷èñåë, C = C

⋃
{∞} � ¨¨ îäíîòî÷êîâà êîìïàê-

òèôiêàöiÿ àáî ñôåðà Ðiìàíà, R+ = (0,∞).
Íåõàé n,m ∈ N. Ñèñòåìó òî÷îê

A2n,2m = {ak,p ∈ C : k = 1, 2n, p = 1, 2m },

íàçâåìî (2n, 2m)-ïðîìåíåâîþ ñèñòåìîþ òî÷îê, ÿêùî ïðè âñiõ k = 1, 2n
âèêîíóþòüñÿ ñïiââiäíîøåííÿ:

0 < |ak,1| < . . . < |ak,2m| <∞;
arg ak,1 = arg ak,2 = . . . = arg ak,2m =: θk;
0 = θ1 < θ2 < . . . < θn < θn+1 := 2π.

(1)

c© Institute of Mathematics, 2014
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Äëÿ òàêèõ ñèñòåì òî÷îê ââåäåìî ó ðîçãëÿä íàñòóïíi âåëè÷èíè:

αk =
1

π
[θk+1 − θk] , k = 1, 2n, αn+1 := α1, α0 := αn,

2n∑
k=1

αk = 2.

Ïðè âèêîíàííi óìîâ αk = 1
n , k = 1, 2n ñèñòåìó òî÷îê A2n,2m áóäåìî

íàçèâàòè ðiâíîêóòîâîþ.
Ðîçãëÿíåìî ñèñòåìó êóòîâèõ îáëàñòåé:

Pk = {w ∈ C : θk < argw < θk+1}, k = 1, 2n.

Äëÿ äîâiëüíî¨ (2n, 2m)-ïðîìåíåâî¨ ñèñòåìè òî÷îê ðîçãëÿíåìî íà-
ñòóïíi "êåðóþ÷è" ôóíêöiîíàëè

M
(
A

(1)
2n,2m

)
=

n∏
k=1

m∏
p=1

[
χ

(∣∣∣a2k−1,2p−1∣∣∣ 1
α2k−1

)
· χ
(∣∣∣a2k−1,2p−1∣∣∣ 1

α2k−2

)] 1
2

·|a2k−1,2p−1|,

M
(
A

(2)
2n,2m

)
=

n∏
k=1

m∏
p=1

[
χ

(∣∣∣a2k−1,2p∣∣∣ 1
α2k−1

)
· χ
(∣∣∣a2k−1,2p∣∣∣ 1

α2k−2

)] 1
2

·|a2k−1,2p|,

M
(
A

(3)
2n,2m

)
=

n∏
k=1

m∏
p=1

[
χ

(∣∣∣a2k,2p∣∣∣ 1
α2k

)
· χ
(∣∣∣a2k,2p∣∣∣ 1

α2k−1

)] 1
2

· |a2k,2p|,

M
(
A

(4)
2n,2m

)
=

n∏
k=1

m∏
p=1

[
χ

(∣∣∣a2k,2p−1∣∣∣ 1
α2k

)
· χ
(∣∣∣a2k,2p−1∣∣∣ 1

α2k−1

)] 1
2

·|a2k,2p−1|,

äå χ(t) = 1
2 (t+ 1

t ), t ∈ R+.

Íåõàé D, D ⊂ C � äîâiëüíà âiäêðèòà ìíîæèíà òà w = a ∈ D,
òîäi ÷åðåç D(a) ïîçíà÷èìî çâ'ÿçíó êîìïîíåíòó D, ÿêà ìiñòèòü òî÷êó
a. Äëÿ äîâiëüíî¨ (2n, 2m)-ïðîìåíåâî¨ ñèñòåìè A2n,2m = {ak,p ∈ C : k =
1, 2n, p = 1, 2m } òà âiäêðèòî¨ ìíîæèíè D, A2n,2m ⊂ D ïîçíà÷èìî
÷åðåç Dk (as,p) çâ'ÿçíó êîìïîíåíòó ìíîæèíè D (as,p)

⋂
Pk, ÿêà ìiñòèòü

òî÷êó as,p, k = 1, 2n, s = k, k + 1, p = 1, 2m, an+1,p := a1,p.
Áóäåìî ââàæàòè, ùî âiäêðèòà ìíîæèíà D, A2n,2m ⊂ D çàäîâîëüíÿ¹

óìîâi íåíàëÿãàííÿ âiäíîñíî (2n, 2m)-ïðîìåíåâî¨ ñèñòåìè òî÷îê A2n,2m,
ÿêùî âèêîíó¹òüñÿ óìîâà

Dk(ak,s)
⋂
Dk(ak+1,p) = ∅, (2)
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k = 1, 2n, p, s = 1, 2m ïî âñiì êóòàì Pk.

Ïîçíà÷èìî ÷åðåç r(B; a) � âíóòðiøíié ðàäióñ îáëàñòi B ⊂ C âiä-
íîñíî òî÷êè a ∈ B (äèâ. [4 � 6, 14]).

Ïðåäìåòîì âèâ÷åííÿ íàøî¨ ðîáîòè å íàñòóïíi çàäà÷i.

Çàäà÷à 1. Íåõàé n,m ∈ N, n ≥ 2, m ≥ 2, α ∈ R+. Âèçíà÷èòè
ìàêñèìóì âåëè÷èíè

J =

n∏
k=1

m∏
p=1

rα (B2k−1,2p−1, a2k−1,2p−1) r (B2k−1,2p, a2k−1,2p)×

×rα (B2k,2p, a2k,2p) r (B2k,2p−1, a2k,2p−1) ,

äå A2n,2m � äîâiëüíà (2n, 2m)-ïðîìåíåâà ñèñòåìà òî÷îê âèäà (1), à
{Bk,p} � äîâiëüíèé íàáið ïîïàðíî íåïåðåòèííèõ îáëàñòåé, ak,p ∈ Bk,p ⊂
C, òà îïèñàòè åêñòðåìàëi (k = 1, 2n, p = 1, 2m).

Çàäà÷à 2. Íåõàé n,m ∈ N, n ≥ 2, m ≥ 2, α ∈ R+. Âèçíà÷èòè
ìàêñèìóì âåëè÷èíè

I =

n∏
k=1

m∏
p=1

rα (D, a2k−1,2p−1) r (BD,2p, a2k−1,2p) r
α (D, a2k,2p) r (D, a2k,2p−1) ,

äå A2n,2m � äîâiëüíà (2n, 2m)-ïðîìåíåâà ñèñòåìà òî÷îê âèäà (1), à D
� äîâiëüíà âiäêðèòà ìíîæèíà, ÿêà çàäîâîëüíÿ¹ óìîâi íåíàëÿãàííÿ (2),
ak,p ∈ D ⊂ C, òà îïèñàòè åêñòðåìàëi (k = 1, 2n, p = 1, 2m).

Òåîðåìà 1. Íåõàé n,m ∈ N, n ≥ 2, α ∈ R+. Òîäi äëÿ äîâiëü-
íî¨ (2n, 2m)-ïðîìåíåâî¨ ñèñòåìè òî÷îê A2n,2m, òà äîâiëüíîãî íàáîðó
ïîïàðíî íåïåðåòèííèõ îáëàñòåé {Bk,p}, ak,p ∈ Bk,p ⊂ C, k = 1, 2n,
p = 1, 2m ñïðàâåäëèâà íåðiâíiñòü

n∏
k=1

m∏
p=1

rα (B2k−1,2p−1, a2k−1,2p−1) r (B2k−1,2p, a2k−1,2p) r
α (B2k,2p, a2k,2p)×

×r (B2k,2p−1, a2k,2p−1) ≤
(

2

mn

)2nm(α+1)

·
(
M
(
A

(1)
2n,2m

)
·M

(
A

(3)
2n,2m

))α
×

×M
(
A

(2)
2n,2m

)
·M

(
A

(4)
2n,2m

)
·
(

αα

|
√
α− 1||

√
α−1|2 |

√
α+ 1||

√
α+1|2

)nm
.
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Çíàê ðiâíîñòi äîñÿãà¹òüñÿ, êîëè òî÷êè ak,p òà îáëàñòi Bk,p ¹, âiä-
ïîâiäíî, ïîëþñàìè òà êðóãîâèìè îáëàñòÿìè êâàäðàòè÷íîãî äèôåðåí-
öiàëó

Q(w)dw2 = w2n−2 (1 + w2n
)2m−2×

×
i(α− 1)

(
(wn + i)

4m − (wn − i)4m
)
− 2(1 + α)

(
w2n + 1

)2m(
(wn + i)

4m
+ (wn − i)4m

)2 dw2. (3)

.
Òåîðåìà 2. Íåõàé n,m ∈ N, n ≥ 2, α ∈ R+. Òîäi äëÿ äîâiëüíî¨

(2n, 2m)-ïðîìåíåâî¨ ñèñòåìè òî÷îê A2n,2m, òà äîâiëüíî¨ âiäêðèòî¨
ìíîæèíè D, ÿêà çàäîâîëüíÿ¹ óìîâi íåíàëÿãàííÿ (2), ak,p ∈ D ⊂ C,
k = 1, 2n, p = 1, 2m ñïðàâåäëèâà íåðiâíiñòü

n∏
k=1

m∏
p=1

rα (D, a2k−1,2p−1) r (D, a2k−1,2p) r
α (D, a2k,2p) r (D, a2k,2p−1) ≤

≤
(

2

mn

)2nm(α+1)

·
(
M
(
A

(1)
2n,2m

)
·M

(
A

(3)
2n,2m

))α
·M
(
A

(2)
2n,2m

)
·M
(
A

(4)
2n,2m

)
×

×
(

αα

|
√
α− 1||

√
α−1|2 |

√
α+ 1||

√
α+1|2

)nm
.

Çíàê ðiâíîñòi äîñÿãà¹òüñÿ, êîëè

D =
⋃
k,p

Bk,p,

à òî÷êè ak,p òà îáëàñòi Bk,p ¹, âiäïîâiäíî, ïîëþñàìè òà êðóãîâèìè
îáëàñòÿìè êâàäðàòè÷íîãî äèôåðåíöiàëó (3).

Äîâåäåííÿ òåîðåìè 1. Äîâåäåííÿ òåîðåìè ñïèðà¹òüñÿ íà ìåòîä
êóñêîâî-ïîäiëÿþ÷îãî ïåðåòâîðåííÿ (äèâ. [4 � 6]).

Ðîçãëÿíåìî îäíîçíà÷íó ãiëêó áàãàòîçíà÷íî¨ àíàëiòè÷íî¨ ôóíêöè¨

zk(w) = −i
(
e−iθkw

) 1
αk (4)

ÿêà, ïðè êîæíîìó k = 1, 2n, ðåàëiçó¹ îäíîëèñòå òà êîíôîðìíå âiäîáðà-
æåííÿ îáëàñòi Pk íà ïðàâó ïiâïëîùèíó Rez > 0, ïðè öüîìó ïðîìiíü
argw = 1

2 (θk + θk+1) ïåðåòâîðþ¹òüñÿ ó äîäàòíó äiéñíó âiñü.
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Òîäi ôóíêöiÿ

ζk(w) :=
1− zk(w)

1 + zk(w)
(5)

îäíîëèñòî òà êîíôîðìíî âiäîáðàæà¹ îáëàñòü Pk íà îäèíè÷íèé êðóã
U = {z : |z| ≤ 1}, k = 1, 2n.

Ïîçíà÷èìî ω
(1)
k,p := ζk (ak,p), ω

(2)
k−1,p := ζk−1 (ak,p), an+1,p := a1,p,

ω
(2)
0,p := ω

(2)
n,p, ζ0 := ζn (k = 1, 2n, p = 1, 2m).

Ñiìåéñòâî ôóíêöié {ζk(w)}2nk=1, çàäàíèõ ðiâíiñòþ (5), ¹ äî-
ïóñòèìèì äëÿ êóñêîâî-ïîäiëÿþ÷îãî ïåðåòâîðåííÿ (äèâ. íàïð.,
[6, 8, 9]) îáëàñòåé

{
Bk,p : k = 1, 2n, p = 1, 2m

}
âiäíîñíî ñè-

ñòåìè êóòiâ {Pk}2nk=1. Äëÿ äîâiëüíî¨ ìíîæèíè ∆ ∈ C ïîçíà-

÷èìî (∆)∗ :=
{
w ∈ C : 1

w ∈ ∆
}
. Íåõàé Ω

(1)
k,p ïîçíà÷à¹ çâ'ÿçíó

êîìïîíåíòó ìíîæèíè ζk
(
Bk,p

⋂
P k
)⋃ (

ζk
(
Bk,p

⋂
P k
))∗

, ÿêà ìi-

ñòèòü òî÷êó ω
(1)
k,p, à Ω

(2)
k−1,p � çâ'ÿçíó êîìïîíåíòó ìíîæèíè

ζk−1
(
Bk,p

⋂
P k−1

)⋃ (
ζk−1

(
Bk,p

⋂
P k−1

))∗
, ÿêà ìiñòèòü òî÷êó ω

(2)
k−1,p,

k = 1, 2n, p = 1, 2m, P 0 := Pn, Ω
(2)
0,p := Ω

(2)
n,p. Çðîçóìiëî, ùî Ω

(s)
k,p ¹,

âçàãàëi êàæó÷è, áàãàòîçâ'ÿçíèìè îáëàñòÿìè, k = 1, 2n, p = 1, 2m,

s = 1, 2. Ïàðà îáëàñòåé Ω
(2)
k−1,p òà Ω

(1)
k,p ¹ ðåçóëüòàòîì ïîäiëÿþ÷îãî

ïåðåòâîðåííÿ îáëàñòi Bk,p âiäíîñíî ñiìåéñòâ {Pk−1, Pk}, {ζk−1, ζk} â
òî÷öi ak,p, k = 1, 2n, p = 1, 2m.

Ç ôîðìóëè (5) îòðèìà¹ìî íàñòóïíi âèðàçè

∣∣∣ζk(w)−ζk(ak,p)
∣∣∣ ∼ [αk · χ(∣∣∣ak,p∣∣∣ 1

αk

)
|ak,p|

]−1
·|w−ak,p|, w → ak,p, w ∈ P k.

∣∣∣ζk−1(w)− ζk−1(ak,p)
∣∣∣ ∼ [αk−1 · χ(∣∣∣ak,p∣∣∣ 1

αk−1

)
|ak,p|

]−1
· |w − ak,p|,

w → ak,p, w ∈ P k−1, k = 1, 2n, p = 1, 2m. (6)

Ç òåîðåìè 1.9 [6] (äèâ. òàêîæ [4, 5]) òà ôîðìóë (6) îòðèìà¹ìî íåðiâ-
íîñòi

r (Bk,p, ak,p) 6
{
r
(

Ω
(1)
k,p, ω

(1)
k,p

)
· r
(

Ω
(2)
k−1,p, ω

(2)
k−1,p

)
·
[
αk · χ

(∣∣ak,p∣∣ 1
αk

)
|ak,p|

]
×

×
[
αk−1 · χ

(∣∣ak,p∣∣ 1
αk−1

)
|ak,p|

]} 1
2

, k = 1, 2n, p = 1, 2m. (7)
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Íà îñíîâi ñïiââiäíîøåíü (7), îòðèìà¹ìî:

n∏
k=1

m∏
p=1

rα (B2k−1,2p−1, a2k−1,2p−1) r (B2k−1,2p, a2k−1,2p) r
α (B2k,2p, a2k,2p)×

×r (B2k,2p−1, a2k,2p−1) ≤
n∏
k=1

m∏
p=1

[
αα+1
2k−1 · α

α+1
2k−2 ·

(
χ

(∣∣∣a2k−1,2p−1∣∣∣ 1
α2k−1

))α
×

×
(
χ

(∣∣∣a2k−1,2p−1∣∣∣ 1
α2k−2

))α
· |a2k−1,2p−1|2α ·

(
χ

(∣∣∣a2k−1,2p∣∣∣ 1
α2k−1

))
×

×
(
χ

(∣∣∣a2k−1,2p∣∣∣ 1
α2k−2

))
·|a2k−1,2p|2 ·αα+1

2k ·α
α+1
2k−1 ·

(
χ

(∣∣∣a2k,2p∣∣∣ 1
α2k

))α
×

×
(
χ

(∣∣∣a2k,2p∣∣∣ 1
α2k−1

))α
·χ
(∣∣∣a2k,2p−1∣∣∣ 1

α2k

)
·χ
(∣∣∣a2k,2p−1∣∣∣ 1

α2k−1

)
·|a2k,2p|2α×

×|a2k,2p−1|2
] 1

2 ·
n∏
k=1

m∏
p=1

[
rα
(

Ω
(1)
2k−1,2p−1, ω

(1)
2k−1,2p−1

)
· rα

(
Ω

(2)
2k−2,2p−1, ω

(2)
2k−2,2p−1

)
×

×r
(

Ω
(1)
2k−1,2p, ω

(1)
2k−1,2p

)
· r
(

Ω
(2)
2k−2,2p, ω

(2)
2k−2,2p

)
· rα

(
Ω

(1)
2k,2p, ω

(1)
2k,2p

)
×

× rα
(

Ω
(2)
2k−1,2p, ω

(2)
2k−1,2p

)
· r
(

Ω
(1)
2k,2p−1, ω

(1)
2k,2p−1

)
· r
(

Ω
(2)
2k−1,2p−1, ω

(2)
2k−1,2p−1

)] 1
2

.

(8)
Âiäìiòèìî, ùî

n∏
k=1

m∏
p=1

[
rα
(

Ω
(1)
2k−1,2p−1, ω

(1)
2k−1,2p−1

)
· rα

(
Ω

(2)
2k−2,2p−1, ω

(2)
2k−2,2p−1

)
×

×r
(

Ω
(1)
2k−1,2p, ω

(1)
2k−1,2p

)
· r
(

Ω
(2)
2k−2,2p, ω

(2)
2k−2,2p

)
· rα

(
Ω

(1)
2k,2p, ω

(1)
2k,2p

)
×

× rα
(

Ω
(2)
2k−1,2p, ω

(2)
2k−1,2p

)
· r
(

Ω
(1)
2k,2p−1, ω

(1)
2k,2p−1

)
· r
(

Ω
(2)
2k−1,2p−1, ω

(2)
2k−1,2p−1

)] 1
2

=

=

n∏
k=1

[
m∏
p=1

rα
(

Ω
(1)
2k−1,2p−1, ω

(1)
2k−1,2p−1

)
· r
(

Ω
(1)
2k−1,2p, ω

(1)
2k−1,2p

)
×

×rα
(

Ω
(2)
2k−1,2p, ω

(2)
2k−1,2p

)
·r
(

Ω
(2)
2k−1,2p−1, ω

(2)
2k−1,2p−1

)
·
m∏
p=1

rα
(

Ω
(1)
2k,2p, ω

(1)
2k,2p

)
×
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×r
(

Ω
(1)
2k,2p−1, ω

(1)
2k,2p−1

)
· r
(

Ω
(2)
2k,2p, ω

(2)
2k,2p

)
· rα

(
Ω

(2)
2k,2p−1, ω

(2)
2k,2p−1

)] 1
2

,

(9)
n∏
k=1

m∏
p=1

(
αα+1
2k−1 · α

α+1
2k−2 · α

α+1
2k · αα+1

2k−1
) 1

2 =

2n∏
k=1

α
m(α+1)
k , (10)

n∏
k=1

m∏
p=1

[(
χ

(∣∣∣a2k−1,2p−1∣∣∣ 1
α2k−1

))α
·
(
χ

(∣∣∣a2k−1,2p−1∣∣∣ 1
α2k−2

))α
×

×
(
χ

(∣∣∣a2k−1,2p∣∣∣ 1
α2k−1

))
·
(
χ

(∣∣∣a2k−1,2p∣∣∣ 1
α2k−2

))
· |a2k−1,2p−1|2α×

×
(
χ

(∣∣∣a2k,2p∣∣∣ 1
α2k

))α
· |a2k−1,2p|2 ·

(
χ

(∣∣∣a2k,2p∣∣∣ 1
α2k−1

))α
×

× χ

(∣∣∣a2k,2p−1∣∣∣ 1
α2k

)
· |a2k,2p|2α · |a2k,2p−1|2 · χ

(∣∣∣a2k,2p−1∣∣∣ 1
α2k−1

)] 1
2

=

=
(
M
(
A

(1)
2n,2m

)
·M

(
A

(3)
2n,2m

))α
·M

(
A

(2)
2n,2m

)
·M

(
A

(4)
2n,2m

)
. (11)

Iç (8) âðàõîâóþ÷è (9), (10), (11), îòðèìà¹ìî íàñòóïíi ñïiââiäíîøåí-
íÿ

n∏
k=1

m∏
p=1

rα (B2k−1,2p−1, a2k−1,2p−1) r (B2k−1,2p, a2k−1,2p)×

×rα (B2k,2p, a2k,2p) r (B2k,2p−1, a2k,2p−1) ≤

≤
2n∏
k=1

α
m(α+1)
k ·

(
M
(
A

(1)
2n,2m

)
·M

(
A

(3)
2n,2m

))α
·M
(
A

(2)
2n,2m

)
·M
(
A

(4)
2n,2m

)
×

×
n∏
k=1

[
m∏
p=1

rα
(

Ω
(1)
2k−1,2p−1, ω

(1)
2k−1,2p−1

)
· r
(

Ω
(1)
2k−1,2p, ω

(1)
2k−1,2p

)
×

×rα
(

Ω
(2)
2k−1,2p, ω

(2)
2k−1,2p

)
·r
(

Ω
(2)
2k−1,2p−1, ω

(2)
2k−1,2p−1

)
·
m∏
p=1

rα
(

Ω
(1)
2k,2p, ω

(1)
2k,2p

)
×

×r
(

Ω
(1)
2k,2p−1, ω

(1)
2k,2p−1

)
· r
(

Ω
(2)
2k,2p, ω

(2)
2k,2p

)
· rα

(
Ω

(2)
2k,2p−1, ω

(2)
2k,2p−1

)] 1
2

.

(12)
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Âðàõîâóþ÷è, ùî
2n∏
k=1

αk ≤
(

1

n

)2n

,

ç ïîïåðåäíüîãî ñïiââiäíîøåííÿ, ìà¹ìî

n∏
k=1

m∏
p=1

rα (B2k−1,2p−1, a2k−1,2p−1) r (B2k−1,2p, a2k−1,2p)×

×rα (B2k,2p, a2k,2p) r (B2k,2p−1, a2k,2p−1) ≤

≤
(

1

n

)2nm(α+1)

·
(
M
(
A

(1)
2n,2m

)
·M

(
A

(3)
2n,2m

))α
·M
(
A

(2)
2n,2m

)
·M
(
A

(4)
2n,2m

)
×

×
n∏
k=1

[
m∏
p=1

rα
(

Ω
(1)
2k−1,2p−1, ω

(1)
2k−1,2p−1

)
· r
(

Ω
(1)
2k−1,2p, ω

(1)
2k−1,2p

)
×

×rα
(

Ω
(2)
2k−1,2p, ω

(2)
2k−1,2p

)
·r
(

Ω
(2)
2k−1,2p−1, ω

(2)
2k−1,2p−1

)
·
m∏
p=1

rα
(

Ω
(1)
2k,2p, ω

(1)
2k,2p

)
×

×r
(

Ω
(1)
2k,2p−1, ω

(1)
2k,2p−1

)
· r
(

Ω
(2)
2k,2p, ω

(2)
2k,2p

)
· rα

(
Ω

(2)
2k,2p−1, ω

(2)
2k,2p−1

)] 1
2

.

(13)
Ç òåîðåìû 4.2.2 [7] îòðèìà¹ìî íåðiâíîñòi

m∏
p=1

rα
(

Ω
(1)
2k−1,2p−1, ω

(1)
2k−1,2p−1

)
·r
(

Ω
(1)
2k−1,2p, ω

(1)
2k−1,2p

)
·rα
(

Ω
(2)
2k−1,2p, ω

(2)
2k−1,2p

)
×

×r
(

Ω
(2)
2k−1,2p−1, ω

(2)
2k−1,2p−1

)
≤

2m∏
p=1

rα
(
G

(1)
2p−1, g

(1)
2p−1

)
· r
(
G

(1)
2p , g

(1)
2p

)
,

m∏
p=1

rα
(

Ω
(1)
2k,2p, ω

(1)
2k,2p

)
· r
(

Ω
(1)
2k,2p−1, ω

(1)
2k,2p−1

)
· r
(

Ω
(2)
2k,2p, ω

(2)
2k,2p

)
×

×rα
(

Ω
(2)
2k,2p−1, ω

(2)
2k,2p−1

)
≤

2m∏
p=1

r
(
G

(2)
2p−1, g

(2)
2p−1

)
· rα

(
G

(2)
2p , g

(2)
2p

)
, (14)
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äå G
(1)
2p−1, G

(1)
2p , G

(2)
2p−1, G

(2)
2p � êðóãîâi îáëàñòi, à g

(1)
2p−1, g

(1)
2p , g

(2)
2p−1, g

(2)
2p �

ïîëþñè êâàäðàòè÷íîãî äèôåðåíöiàëó

Q (ζk) dζ2k = ζ2m−2k · i(1− α)ζ4mk + 2(1 + α)ζ2mk + i(α− 1)

(ζ4mk + 1)
2 ·dζ2k , k = 1, 2n

(15)

Êîðèñòóþ÷èñü íåðiâíîñòÿìè (14) ç (13) îòðèìà¹ìî

n∏
k=1

m∏
p=1

rα (B2k−1,2p−1, a2k−1,2p−1) r (B2k−1,2p, a2k−1,2p)×

×rα (B2k,2p, a2k,2p) r (B2k,2p−1, a2k,2p−1) ≤
(

1

n

)2nm(α+1)

×

×
(
M
(
A

(1)
2n,2m

)
·M

(
A

(3)
2n,2m

))α
·M

(
A

(2)
2n,2m

)
·M

(
A

(4)
2n,2m

)
×

×

(
2m∏
p=1

r (G2p−1, g2p−1) · rα (G2p, g2p)

)n
, (16)

äå G2p−1, G2p � êðóãîâi îáëàñòi, à g2p−1, g2p � ïîëþñè êâàäðàòè÷íîãî
äèôåðåíöiàëó (15).

Iç îñòàííüîãî ñïiââiäíîøåííÿ, âèêîðèñòîâóþ÷è òåîðåìó 4.1.2 [7], îò-
ðèìà¹ìî òâåðäæåííÿ òåîðåìè. Òåîðåìà 1 äîâåäåíà.

Äîâåäåííÿ òåîðåìè 2. Çðàçó âiäìiòèìî, ùî ç óìîâè íåíàëÿãàííÿ
âèïëèâà¹, ùî capC\D > 0 òà ìíîæèíà D ìà¹ óçàãàëüíåíó ôóíêöiþ

Ãðiíà gD(z, a), äå gD(z, a) =


gD(a)(z, a), z ∈ D(a),

0, z ∈ C\D(a),

lim
ζ→z

gD(a)(ζ, a), ζ ∈ D(a), z ∈ ∂D(a)
�

óçàãàëüíåíà ôóíêöiÿ Ãðiíà âiäêðèòî¨ ìíîæèíè D âiäíîñíî òî÷êè a ∈
D, à gD(a)(z, a) � ôóíêöiÿ Ãðiíà îáëàñòi D(a) âiäíîñíî òî÷êè a ∈ D(a).

Ó ïîäàëüøîìó áóäåìî êîðèñòóâàòèñÿ ìåòîäàìè ðîáiò [6, 7]. Ðîç-
ãëÿíåìî ìíîæèíè E0 = C\D; E(ak,p, t) = {w ∈ C : |w − ak,p| 6 t},
k = 1, 2n, p = 1, 2m, n > 2, n,m ∈ N, t ∈ R+. Äëÿ äîñòàòíüî ìàëèõ
t > 0 ââåäåìî ó ðîçãëÿä êîíäåíñàòîð

C (t, D, A2n,2m) = {E0, E1, E2} ,
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äå E1 =
n⋃
k=1

m⋃
p=1

(E(a2k−1,2p−1, t) ∪ E(a2k,2p, t)) , E2 =

n⋃
k=1

m⋃
p=1

(E(a2k,2p−1, t) ∪ E(a2k−1,2p, t)). �ìíiñòþ êîíäåíñàòîðà

C (t, D, A2n,2m) íàçèâà¹òüñÿ âåëè÷èíà (äèâ. [5])

capC (t, D, A2n,2m) = inf

∫ ∫ [
(G′x)2 + (G′y)2

]
dxdy,

äå íèæíÿ ãðàíü áåðåòüñÿ ïî âñiì äiéñíèì, íåïåðåðâíèì òà ëiïøèöåâèì

â C ôóíêöiÿì G = G(z), òàêèì, ùî G
∣∣∣
E0

= 0, G
∣∣∣
E1

=
√
α, G

∣∣∣
E2

= 1

Âåëè÷èíà, îáåðíåíà ¹ìíîñòi êîíäåíñàòîðà C, íàçèâà¹òüñÿ ìîäóëåì
öüîãî êîíäåíñàòîðà

|C| = [capC]
−1

Ç òåîðåìè 1 [6] îòðèìà¹ìî

|C (t,D,A2n,2m) | = 1

2π
· 1

2nm (α+ 1)
·log

1

t
+M(D,A2n,2m)+o(1), t→ 0,

(17)
äå

M(D,A2n,2m) =
1

2π
· 1

4n2m2 · (α+ 1)
2×

×
[
α

n∑
k=1

m∑
p=1

(log r(D, a2k,2p) + log r(D, a2k−1,2p−1)) +

+

n∑
k=1

m∑
p=1

(log r(D, a2k,2p−1) + log r(D, a2k−1,2p)) +

+α
∑

(k,p) 6=(q,s)

(gD(a2k,2p, a2q,2s) + gD(a2k−1,2p−1, a2q−1,2s−1)) +

+2
√
α

∑
(k,p)6=(q,s)

(gD(a2k,2p, a2q−1,2s) + gD(a2k,2p, a2q,2s−1)+

+gD(a2k−1,2p−1, a2q−1,2s) + gD(a2k−1,2p−1, a2q,2s−1)) +

+2α
∑

(k,p) 6=(q,s)

gD(a2k,2p, a2q−1,2s−1) +
∑

(k,p) 6=(q,s)

(gD(a2k−1,2p, a2q−1,2s)+
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+gD(a2k,2p−1, a2q,2s−1)) + 2
∑

(k,p)6=(q,s)

gD(a2k−1,2p, a2q,2s−1)
]
. (18)

Íàäàëi, áóäåìî âèêîðèñòîâóâàòè ôóíêöiþ (5) òà ïîçíà÷åííÿ ω
(1)
k,p,

ω
(2)
k−1,p, an+1,p, ω

(2)
0,p, ζ0, ∆, (∆)∗, ââåäåíi íàìè ïðè äîâåäåííi òåî-

ðåìè 1. Íåõàé, òàêîæ, Ω
(1)
k,p ïîçíà÷à¹ çâ'ÿçíó êîìïîíåíòó ìíîæè-

íè ζk
(
D
⋂
P k
)⋃ (

ζk
(
D
⋂
P k
))∗

, ÿêà ìiñòèòü òî÷êó ω
(1)
k,p, à Ω

(2)
k−1,p �

çâ'ÿçíó êîìïîíåíòó ìíîæèíè ζk−1
(
D
⋂
P k−1

)⋃ (
ζk−1

(
D
⋂
P k−1

))∗
,

ÿêà ìiñòèòü òî÷êó ω
(2)
k−1,p, k = 1, 2n, p = 1, 2m, P 0 := P 2n, Ω

(2)
0,p := Ω

(2)
n,p.

ßñíî, ùîΩ
(s)
k,p ¹, âçàãàëi êàæó÷è, áàãàòîçâ'ÿçíèìè îáëàñòÿìè, k = 1, 2n,

p = 1, 2m, s = 1, 2. Ïàðà îáëàñòåé Ω
(2)
k−1,p è Ω

(1)
k,p ¹ ðåçóëüòàòîì ïîäiëÿþ-

÷îãî ïåðåòâîðåííÿ âiäêðèòî¨ ìíîæèíè D âiäíîñíî ñiìåéñòâ {Pk−1, Pk},
{ζk−1, ζk} â òî÷öi ak,p, k = 1, 2n, p = 1, 2m.

Ðîçãëÿíåìî êîíäåíñàòîðè

Ck (t, D, A2n,2m) =
(
E

(k)
0 , E

(k)
1 , E

(k)
2

)
,

äå

E(k)
s = ζk

(
Es
⋂
P k

)⋃[
ζk

(
Es
⋂
P k

)]∗
,

k = 1, 2n, s = 0, 1, 2, {Pk}2nk=1 � ñèñòåìà êóòiâ, ÿêà âiäïîâiäà¹ ñèñòåìi
òî÷îê A2n,2m, îïåðàöiÿ [A]∗ ñòàâèòü ó âiäïîâiäíiñòü áóäü-ÿêié ìíîæèíi
A ⊂ C ìíîæèíó, ñèìåòðè÷íó ìíîæèíi A âiäíîñíî êîëà |w| = 1. Çâiäñè
âèïëèâà¹, ùî êîíäåíñàòîðó C (t, D, A2n,2m), ïðè ïîäiëÿþ÷îìó ïåðå-

òâîðåííi âiäíîñíî {Pk}2nk=1 òà {ζk}2nk=1, âiäïîâiäà¹ íàáið êîíäåíñàòîðiâ

{Ck (t, D, A2n,2m)}2nk=1, ñèìåòðè÷íèõ âiäíîñíî {z : |z| = 1}. Ó âiäïîâiä-
íîñíi ç ðîáîòàìè [6, 7] îòðèìà¹ìî

capC (t,D,A2n,2m) >
1

2

2n∑
k=1

capCk (t,D,A2n,2m) . (19)

Çâiäñè âèïëèâà¹

|C (t,D,A2n,2m) | 6 2

(
2n∑
k=1

|Ck (t,D,A2n,2m) |−1
)−1

. (20)

Ôîðìóëà (17) äà¹ àñèìïòîòèêó ìîäóëÿ C (t, D, A2n,2m) ïðè t → 0,
à âåëè÷èíà M (D,A2n,2m) ¹ çâåäåíèé ìîäóëü ìíîæèíè D âiäíîñíî
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A2n,2m. Âèêîðèñòîâóþ÷è ôîðìóëè (6) òà òîé ôàêò, ùî D çàäîâîëü-
íÿ¹ óìîâi íåíàëÿãàííÿ âiäíîñíî ñèñòåìè A2n,2m, îòðèìà¹ìî àíàëîãi÷íi
ïðåäñòàâëåííÿ äëÿ êîíäåíñàòîðiâ Ck (t,D,A2n,2m), k = 1, 2n

|Ck (t,D,A2n,2m) | = 1

4πm (α+ 1)
log

1

t
+Mk (D,A2n,2m) + o(1), t→ 0,

(21)
äå

M2k−1 (D,A2n,2m) =
1

8πm2 (α+ 1)
2×

×

α m∑
p=1

log
r
(
Ω

(1)
2k−1,2p−1, ω

(1)
2k−1,2p−1

)
[α2k−1 · χ (|a2k−1,2p−1|α2k−1) |a2k−1,2p−1|]

−1 +

+α

m∑
p=1

log
r
(
Ω

(2)
2k−1,2p, ω

(2)
2k−1,2p

)
[α2k−1 · χ (|a2k,2p|α2k−1) |a2k,2p|]

−1 +

+

m∑
t=1

log
r
(
Ω

(2)
2k−1,2t−1, ω

(2)
2k−1,2t−1

)
[α2k−1 · χ (|a2k,2t−1|α2k−1) |a2k,2t−1|]

−1 +

+

m∑
t=1

log
r
(
Ω

(1)
2k−1,2t, ω

(1)
2k−1,2t

)
[α2k−1 · χ (|a2k−1,2t|α2k−1) |a2k−1,2t|]

−1

 ,
M2k (D,A2n,2m) =

1

8πm2 (α+ 1)
2 ·

α m∑
p=1

log
r
(
Ω

(1)
2k,2p, ω

(1)
2k,2p

)
[α2k · χ (|a2k,2p|α2k) |a2k,2p|]

−1 +

+α

m∑
p=1

log
r
(
Ω

(2)
2k,2p−1, ω

(2)
2k,2p−1

)
[α2k · χ (|a2k+1,2p−1|α2k) |a2k+1,2p−1|]

−1 +

+

m∑
t=1

log
r
(
Ω

(2)
2k,2t, ω

(2)
2k,2t

)
[α2k · χ (|a2k+1,2t|α2k) |a2k+1,2t|]

−1 +

+

m∑
t=1

log
r
(
Ω

(1)
2k,2t−1, ω

(1)
2k,2t−1

)
[α2k · χ (|a2k,2t−1|α2k) |a2k,2t−1|]

−1

 , k = 1, n.



Îäíà åêñòðåìàëüíà çàäà÷à íà ñèñòåìi òî÷îê 239

Ç äîïîìîãîþ (21) îòðèìà¹ìî

|Ck (t,D,A2n,2m)|−1 =
4πm (α+ 1)

log 1
t

·
(

1 +
4πm (α+ 1)

log 1
t

Mk (D,A2n,2m) +

+o

(
1

log 1
t

))−1
=

4πm (α+ 1)

log 1
t

−

−
(

4πm (α+ 1)

log 1
t

)2

Mk (D,A2n,2m) + o

((
1

log 1
t

)2
)
, t→ 0. (22)

Äàëi, ç (22) âèïëèâà¹, ùî

2n∑
k=1

|Ck (t,D,A2n,2m)|−1 =
8πmn (α+ 1)

log 1
t

−

−
(

4πm (α+ 1)

log 1
t

)2

·
2n∑
k=1

Mk (D,A2n,2m) + o

((
1

log 1
t

)2
)
, t→ 0.

(23)
Ó ñâîþ ÷åðãó, (23) äîçâîëÿ¹ îòðèìàòè òàêå ñïiââiäíîøåííÿ(

2n∑
k=1

|Ck (t,D,A2n,2m)|−1
)−1

=
log 1

t

8πmn (α+ 1)
×

×

(
1− 2πm (α+ 1)

n log 1
t

·
2n∑
k=1

Mk (D,A2n,2m) + o

(
1

log 1
t

))−1
=

=
log 1

t

8πmn (α+ 1)
+

1

4n2
·

2n∑
k=1

Mk (D,A2n,2m) + o(1), t→ 0. (24)

Íåðiâíîñòi (19) òà (20), âðàõîâóþ÷è (17) òà (24), äîçâîëÿþòü ïî-
ìiòèòè, ùî

1

2π
· 1

2nm (α+ 1)
· log

1

t
+M(D,A2n,2m) + o(1) 6

6
log 1

t

4πmn (α+ 1)
+

1

2n2
·

2n∑
k=1

Mk (D,A2n,2m) + o(1). (25)
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Ç (25) ïðè t→ 0 îòðèìà¹ìî, ùî

M(D,A2n,2m) 6
1

2n2
·

2n∑
k=1

Mk (D,A2n,2m) . (26)

Ôîðìóëè (18), (21) òà (26) ïðèâîäÿòü äî íàñòóïíîãî âèðàçó

1

2π
· 1

4n2m2 · (α+ 1)
2 ·
[
α

n∑
k=1

m∑
p=1

(log r(D, a2k,2p) + log r(D, a2k−1,2p−1)) +

+

n∑
k=1

m∑
p=1

(log r(D, a2k,2p−1) + log r(D, a2k−1,2p)) +

+α
∑

(k,p) 6=(q,s)

(gD(a2k,2p, a2q,2s) + gD(a2k−1,2p−1, a2q−1,2s−1)) +

+2
√
α

∑
(k,p)6=(q,s)

(gD(a2k,2p, a2q−1,2s) + gD(a2k,2p, a2q,2s−1)+

+gD(a2k−1,2p−1, a2q−1,2s) + gD(a2k−1,2p−1, a2q,2s−1)) +

+2α
∑

(k,p) 6=(q,s)

gD(a2k,2p, a2q−1,2s−1) +
∑

(k,p) 6=(q,s)

(gD(a2k−1,2p, a2q−1,2s)+

+gD(a2k,2p−1, a2q,2s−1)) + 2
∑

(k,p)6=(q,s)

gD(a2k−1,2p, a2q,2s−1)
]
≤

≤ 1

16πn2m2 (α+ 1)
2×

×

α n∑
k=1

m∑
p=1

log
r
(
Ω

(1)
2k−1,2p−1, ω

(1)
2k−1,2p−1

)
[α2k−1 · χ (|a2k−1,2p−1|α2k−1) |a2k−1,2p−1|]

−1 +

+α

n∑
k=1

m∑
p=1

log
r
(
Ω

(2)
2k−1,2p, ω

(2)
2k−1,2p

)
[α2k−1 · χ (|a2k,2p|α2k−1) |a2k,2p|]

−1 +

+

n∑
k=1

m∑
t=1

log
r
(
Ω

(2)
2k−1,2t−1, ω

(2)
2k−1,2t−1

)
[α2k−1 · χ (|a2k,2t−1|α2k−1) |a2k,2t−1|]

−1 +
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+

n∑
k=1

m∑
t=1

log
r
(
Ω

(1)
2k−1,2t, ω

(1)
2k−1,2t

)
[α2k−1 · χ (|a2k−1,2t|α2k−1) |a2k−1,2t|]

−1 +

+α

n∑
k=1

m∑
p=1

log
r
(
Ω

(1)
2k,2p, ω

(1)
2k,2p

)
[α2k · χ (|a2k,2p|α2k) |a2k,2p|]

−1 +

+α

n∑
k=1

m∑
p=1

log
r
(
Ω

(2)
2k,2p−1, ω

(2)
2k,2p−1

)
[α2k · χ (|a2k+1,2p−1|α2k) |a2k+1,2p−1|]

−1 +

+
n∑
k=1

m∑
t=1

log
r
(
Ω

(2)
2k,2t, ω

(2)
2k,2t

)
[α2k · χ (|a2k+1,2t|α2k) |a2k+1,2t|]

−1 +

+

n∑
k=1

m∑
t=1

log
r
(
Ω

(1)
2k,2t−1, ω

(1)
2k,2t−1

)
[α2k · χ (|a2k,2t−1|α2k) |a2k,2t−1|]

−1

 .
Ç îñòàííüîãî, îòðèìà¹ìî ñïiââiäíîøåííÿ (12). Çàêií÷åííÿ äîâåäåí-

íÿ ïðîâîäèòüñÿ àíàëîãi÷íî äîâåäåííþ òåîðåìè 1. Òåîðåìà 2 äîâåäå-

íà.
Ïiä êiíåöü, õî÷ó âèðàçèòè ïîäÿêó Áàõòiíó Îëåêñàíäðó Êîñòÿíòè-

íîâè÷ó çà ïîñòàíîâêó çàäà÷i òà ðÿä öiííèõ âêàçiâîê.
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Ñêåéëií îâi âëàñòèâîñòi

íåðiâíîâàæíèõ ñòàíiâ àêòèâíî¨ ì'ÿêî¨

ðå÷îâèíè

We consider the mean �eld limit of solutions of hierarchy of evolution
equations and non-Markovian kinetic equation. Corresponding evolution
equations are found.

Ðîçãëÿíóòî àñèìïòîòè÷íó ïîâåäiíêó â ãðàíèöi ñàìîóçãîäæåíîãî ïîëÿ
ðîçâ'ÿçêiâ i¹ðàðõi¨ åâîëþöiéíèõ ðiâíÿíü òà íåìàðêiâñüêîãî êiíåòè÷íîãî
ðiâíÿííÿ. Òàêîæ âñòàíîâëåíî ãðàíè÷íi åâîëþöiéíi ðiâíÿííÿ.

1 Âñòóï

Âiäêðèòîþ ïðîáëåìîþ ñó÷àñíî¨ ìàòåìàòè÷íîú ôiçèêè ¹ ïðîáëåìà ìà-
òåìàòè÷íîãî îïèñó åâîëþöi¨ àêòèâíî¨ ì'ÿêî¨ êîíäåíñîâàíî¨ ðå÷îâèíè
íà ìiêðîñêîïi÷íîìó ðiâíi, çîêðåìà òàêèõ ñèñòåì ÿê ïîïóëÿöi¨ êëiòèí,
áàêòåðié; ðîç÷èíè êëiòèí, íàïðèêëàä, êðîâ i ò.ï. Äåÿêi ç ïiäõîäiâ äî
ðîçâ'ÿçàííÿ äàííîãî ïèòàííÿ ðîçãëÿíóòi â ðîáîòàõ [1] - [4].

Â ðîáîòi [5] äëÿ ìîäåëþâàííÿ êîëåêòèâíî¨ ïîâåäiíêè òàêèõ ñèñòåì
çàïðîïîíîâàíà äèíàìi÷íà ñèñòåìà áàãàòüîõ âçà¹ìîäiþ÷èõ ñòîõàñòè÷-
íèõ ïðîöåñiâ ìàðêiâñüêîãî òèïó. Òàêà ìiêðîñêîïi÷íà ìîäåëü äèíàìiêè
äà¹ ìîæëèâiñòü îïèñàòè õàðàêòåðíi âëàñòèâîñòi àêòèâíî¨ ì'ÿêî¨ ðå-
÷îâèíè, ÿêi âiäðiçíÿþòüñÿ âiä ñòàòèñòè÷íî¨ ïîâåäiíêè çâè÷àéíî¨ ðå-
÷îâèíè, ùî ñêëàäà¹òüñÿ iç âçà¹ìîäiþ÷èõ ÷àñòèíîê, ÿêi ðóõàþòüñÿ çà
iíåðöi¹þ. Âàðòî çàçíà÷èòè, ùî åâîëþöiþ àêòèâíî¨ ì'ÿêî¨ êîíäåíñîâà-
íî¨ ðå÷îâèíè íà ìiêðîñêîïi÷íîìó ðiâíi ïðèðîäíî îïèñóâàòè â òåðìiíàõ
åâîëþöi¨ ìàðãiíàëüíèõ ñïîñòåðåæóâàíèõ[6].
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Òàêîæ îêðåìèì àêòóàëüíèì ïèòàííÿì ¹ ñòðîãå îá ðóíòóâàííÿ
íåëiíiéíèõ êiíåòè÷íèõ ðiâíÿíü äëÿ àêòèâíî¨ ì'ÿêî¨ êîíäåíñîâàíî¨ ðå-
÷îâèíè. Â ñó÷àñíèõ ïðàöÿõ ç òåîði¨ òàêèõ ñèñòåì â îñíîâó îïèñó ïî-
êëàäåíî àïðiîði ñôîðìóëüîâàíi åâîëþöiéíi ðiâíÿííÿ òèïó ðiâíÿíü ñó-
öiëüíîãî ñåðåäîâèùà [1] àáî êiíåòè÷íi ðiâíÿííÿ [2], [3].

Â äàíié ðîáîòi ïîáóäîâàíî ãðàíèöþ ñàìîóçãîäæåíîãî ïîëÿ [7], [8]
ðîçâ'ÿçêó i¹ðàõi¨ åâîëþöiéíèõ ðiâíÿíü òà âñòàíîâëåíî ãðàíè÷íó i¹ðàð-
õiþ. Äëÿ àêòèâíî¨ ì'êî¨ ðå÷îâèíè âëàñòèâèìè ¹ åôåêòè ïàì'ÿòi. Â
çâ'ÿçêó ç öèì â ðîáîòi ðîçãëÿíóòî íåìàðêiâñüêå êiíåòè÷íå ðiâíÿííÿ
òà àñèìïòîòè÷íà ïîâåäiíêà éîãî ðîçâ'ÿçêó.

2 Äèíàìiêà ñèñòåì àêòèâíèõ ÷àñòèíîê

Ðîçãëÿíåìî ñèñòåìó íå ôiêñîâàíî¨, àëå ñêií÷åíî¨ ñåðåäíüî¨ êiëüêî-
ñòi ÷àñòèíîê (ñêëàäîâèõ) N ðiçíèõ ñóáïîïóëÿöié ç ÿêèõ ñêëàäà¹òüñÿ
àêòèâíà ðå÷îâèíà. Êîæíà i-òà ÷àñòèíêà õàðàêòåðèçó¹òüñÿ çìiííèìè
ui = (ji, ui) ∈ J × U , äå ji ∈ J ≡ (1, . . . , N) � íîìåð ñóáïîïóëÿöi¨ ÷à-
ñòèíêè i ui ∈ U ⊂ Rd � âåëè÷èíè, ÿêèìè îïèñóþòüñÿ ¨¨ ìiêðîñêîïi÷íèé
ñòàí [5].

Äèíàìiêà ÷àñòèíîê ç ÿêèõ ñêëàäà¹òüñÿ àêòèâíà ðå÷îâèíà îïè-
ñó¹òüñÿ ïiâãðóïîþ etΛ

∗
= ⊕∞n=0e

tΛ∗n ìàðêiâñüêèõ ñòðèáêîïîäiáíèõ ïðî-
öåñiâ âèçíà÷åíîþ íà ïðîñòîði L1

α = ⊕∞n=0α
nL1

n ïîñëiäîâíîñòåé f =
(f0, f1, . . . , fn, . . .) iíòåãðîâíèõ ôóíêöié fn(u1, . . . ,un) âèçíà÷åíèõ íà
(J × U)n ç íîðìîþ:

‖f‖L1
α

=

∞∑
n=0

αn‖fn‖L1
n

=

∞∑
n=0

αn
∑

j1,...,jn

∫
Un
du1 . . . dun

∣∣fn(u1, . . . ,un)
∣∣,

äå α > 1 ïàðàìåòð.
Iíôiíiòåçèìàëüíèé ãåíåðàòîð Λ∗n ïiâãðóïè etΛ

∗
n âèçíà÷åíî íà ïiä-

ïðîñòîði L1
n ⊂ L1

α

(Λ∗nfn)(u1, . . . ,un)
.
=

M∑
m=1

εm−1Λ∗[m]
n fn

.
=

M∑
m=1

εm−1 × (1)

n∑
i1 6=...6=im=1

( ∫
J×U

A[m](ui1 ;v,ui2 , . . . ,uim)a[m](v,ui2 , . . . ,uim)

fn(u1, . . . ,ui1−1,v,ui1+1, . . .un)dv− a[m](ui1 , . . . ,uim)fn(u1, . . . ,un)
)
,
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äå ε > 0 � ñêåéëiíãîâèé ïàðàìåòð òà
∫

(J×U)n
du1 . . . dun ≡∑

j1∈J . . .
∑
jn∈J

∫
Un du1 . . . dun. Ôóíêöi¨ a[k](ui1 , . . . ,uik), k ≥ 1, õà-

ðàêòåðèçóþòü âçà¹ìîäiþ ìiæ àêòèâíèìè ÷àñòèíêàìè, çîêðåìà, ó âè-
ïàäêó k = 1 � âçà¹ìîäiþ ÷àñòèíîê ç îòî÷åííÿì, i ¹ âèìiðíèìè ïîçè-
òèâíèìè îáìåæåíèìè ôóíêöiÿìè âèçíà÷åíèìè íà (J ×U)n òàêèìè, ùî
0 ≤ a[k](ui1 , . . . ,uik) ≤ a

[k]
∗ , äå a

[k]
∗ � äåÿêà ñòàëà. Âèìiðíi iíòåãðîâàíi

ïîçèòèâíi ôóíêöi¨ A[k](v;ui1 , . . . ,uik), k ≥ 1, îïèñóþòü iìîâiðíiñòü ïå-
ðåõîäó i1-î¨ àêòèâíî¨ ÷àñòèíêè ç ìiêðîñêîïi÷íîãî ñòàíó ui1 â ñòàí v â
ðåçóëüòàòi âçà¹ìîäi¨ ç àêòèâíèìè ÷àñòèíêàìè, ÿêi çíàõîäÿòüñÿ â ñòàíàõ
ui2 , . . . , uik . Ôóíêöi¨ A[k](v;ui1 , . . . ,uik), k ≥ 1, çàäîâîëüíÿþòü òàêèì
óìîâàì:

∫
J×U A

[k](v;ui1 , . . . ,uik)dv = 1, k ≥ 1. Â ðîáîòi [5] íàâåäå-

íî ïðèêëàäè ôóíêöié a[k] i A[k], ÿêi ìàþòü âiäïîâiäíó iíòåðïðåòàöiþ
äëÿ ñèñòåì ìàòåìàòè÷íî¨ áiîëîãi¨. Ó âèïàäêó k = 1 ãåíåðàòîð (1) ìà¹
òàêó ñòðóêòóðó:

∑n
i1=1 Λ

[1]
n (i1), i âií îïèñó¹ åâîëþöiþ íåâçà¹ìîäiþ÷èõ

ñêëàäîâèõ (ñòîõàñòè÷íèõ ïðîöåñiâ) ñèñòåìè. Âèïàäîê k ≥ 2 âiäïîâiäà¹
ñèñòåìi ñòîõàñòè÷íèõ ïðîöåñiâ ç k-àðíîþ âçà¹ìîäi¹þ. Òàêèé òèï âçà¹-
ìîäi¨ ¹ õàðàêòåðíèì äëÿ áiîëîãi÷íèõ ñèñòåì â ïîðiâíÿííi ç ñèñòåìàìè
áàãàòüîõ ÷àñòèíîê êiíåòè÷íî¨ òåîði¨, íàïðèêëàä, ãàçiâ àòîìiâ ç ïàðíèì
ïîòåíöiàëîì âçà¹ìîäi¨.

Â ïðîñòîði L1
n îäíîïàðàìåòðè÷íà ñiì'ÿ âiäîáðàæåíü etΛ

∗
n ¹ ñèëüíî

íåïåðåðâíîþ ïiâãðóïîþ îïåðàòîðiâ.

Îäèí çi ñïîñîáiâ îïèñó äèíàìiêè áàãàòî÷àñòèíêîâî¨ ñèñòåìè: â òåð-
ìiíàõ ìàðãiíàëüíèõ ôóíêöié ðîçïîäiëó F (t) = (1, F1(t,u1), . . . , Fs(t,u1,
. . . ,us), . . .). Åâîëþöiÿ ìàðãiíàëüíèõ ôóíêöié ðîçïîäiëó âèçíà÷à¹òüñÿ
çàäà÷åþ Êîøi äëÿ i¹ðàðõi¨ åâîëþöiéíèõ ðiâíÿíü ÁÁÃÊI (i¹ðàðõi¨ ðiâ-
íÿíü Áîãîëþáîâà � Áîðíà � �ðiíà � Êiðêâóäà � Iâîíà) [5]

∂

∂t
Fs(tu1, . . . ,us) = Λ∗sFs(t,u1, . . . ,us) + (2)

s∑
k=1

1

k!

s∑
i1 6=... 6=ik=1

M−k∑
n=1

εk+n−1

n!

∫
(J×U)n

dus+1 . . . dus+nΛ∗[k+n](i1, . . . ,

ik, s+ 1, . . . , s+ n)Fs+n(t,u1, . . . ,us+n), s ≥ 1.

ßêùî ïîñëiäîâíiñòü ïî÷àòêîâèõ ìàðãiíàëüíèõ ôóíêöié ðîçïîäiëó
F (0) = (F0, F

0,ε
1 , . . . , F 0,ε

s , . . .) ∈ L1
0 ⊂ ⊕∞n=0α

nL1((J × U)n) òà α > 2, òî
∀t ≥ 0 iñíó¹ i ¹äèíèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ i¹ðàðõi¨ ðiâíÿíü (2),
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ùî âèçíà÷à¹òüñÿ òàêèìè ðîçêëàäàìè [9]:

Fs(t,u1, . . . ,us) = (3)
∞∑
n=0

1

n!

∫
(J×U)n

dus+1 . . . dus+nA
∗
1+n(t, {Y }, X \ Y )F 0,ε

s+n(u1, . . . ,us+n),

Òâiðíèé îïåðàòîð A1+n(t) ðîçêëàäó (3) ¹ êóìóëÿíòîì (1 + n)-ãî
ïîðÿäêó ïiâãðóï îïåðàòîðiâ {etΛ∗k}t≥0, k ≥ 1, ÿêèé âèçíà÷à¹òüñÿ ôîð-
ìóëîþ

A∗1+n(t, {Y }, X \ Y ) = (4)∑
P: ({Y }, X\Y )=

⋃
iXi

(−1)|P|−1(|P| − 1)!
∏
Xi⊂P

etΛ
∗
|θ(Xi)| ,

äå ìíîæèíè iíäåêñiâ ïîçíà÷åíî âiäïîâiäíèìè ñèìâîëàìè: Y ≡
(1, . . . , s), Z ≡ (j1, . . . , jn) ⊂ Y ; ìíîæèíà {Y \ Z} ñêëàäà¹òüñÿ ç îäíîãî
åëåìåíòó Y \ Z = (1, . . . , j1 − 1, j1 + 1, . . . , jn − 1, jn + 1, . . . , s); ñèìâîë∑

P � ñóìà çà âñiìà ìîæëèâèìè ðîçáèòòÿì P ìíîæèíè ({Y \Z}, Z) íà
|P| íåïîðîæíiõ ïiäìíîæèí Zi ∈ ({Y \ Z}, Z), ÿêi âçà¹ìíî íå ïåðåòè-
íàþòüñÿ, òà âiäîáðàæåííÿ θ(·) ¹ îïåðàòîðîì äåêëàñòåðiçàöi¨ åëåìåíòiâ
ìíîæèíè: θ({Y \ Z}, Z) = Y .

3 Àñèìïòîòèêà ðîçâ'ÿçêó i¹ðàðõi¨ ðiâíÿíü

ÁÁÃÊI äëÿ ìàðãiíàëüíèõ ôóíêöié ðîç-

ïîäiëó

Â äàíîìó ðîçäiëi äîñëiäèìî àñèìïòîòèêó ðîçâ'ÿçêó i¹ðàðõi¨ ðiâíÿíü
ÁÁÃÊI â ãðàíèöi ñàìîóçãîäæåíîãî ïîëÿ.

Äëÿ ñïðîùåííÿ âèêëàäîê áóäåìî ðîçãëÿäàòè âèïàäîê äâóõ ñóáïî-
ïóëÿöié â ñèñòåìi, òîáòî M = 2.

Íåõàé ïîñëiäîâíiñòü ôóíêöié ðîçïîäiëó f0 ∈ L1(J ×U) � ¹ ãðàíè÷-
íîþ äëÿ ïî÷àòêîâèõ äàíèõ F (0), òîáòî iñíó¹ òàêà ãðàíèöÿ

lim
ε→0

∥∥εs F 0,ε
s − f0

s

∥∥
L1(J×U)

= 0.

Òîäi íà ñêií÷åíîìó ïðîìiæêó ÷àñó t ∈ (0, t0), â òàêîìó æ ñåíñi iñíó¹
ãðàíèöÿ ðîçâ'ÿçêó (3) çàäà÷i Êîøi äëÿ ¨¹ðàðõi¨ ðiâíÿííü (2)

lim
ε→0

∥∥εs Fs(t)− fs(t)∥∥L1(J×U)
= 0, (5)
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ÿêà çîáðàæó¹òüñÿ ðîçêëàäîì â òàêèé ðÿä:

fs(t,u1, . . . ,us) = (6)

∞∑
n=0

∫
(J×U)n

dus+1 . . . dus+n

t∫
0

dt1 . . .

tn−1∫
0

dtne
(t−t1)Λ

∗[1]
s+n(1,...,s+n) ×

s∑
i=0

Λ∗[2](i, s+ 1)e(t1−t2)Λ
∗[1]
s+n(1,...,s+n) . . . e(tn−1−tn)Λ

∗[1]
s+n(1,...,s+n)

s+n−1∑
in=1

Λ∗[2](in, s+ n)etnΛ
∗[1]
s+n(1,...,s+n)f0

s+n.

Äëÿ äîâåäåííÿ ñïî÷àòêó âñòàíîâèìî êiëüêà äîïîìiæíèõ òâåð-
äæåíü.

Òâåðäæåííÿ 1 Äëÿ äîâiëüíî¨ fs(t,u1, . . . ,us) ∈ L1
s ñïðàâåäëèâå òàêå

ñïiââiäíîøåííÿ

lim
ε→0

∥∥ etΛ∗s(1,...,s)fs(t)− etΛ
∗[1]
s (1,...,s)fs(t)

∥∥
L1(J×U)

= 0.

Çàñòîñó¹ìî ôîðìóëó Äþàìåëÿ [10]:

etΛ
∗
s(1,...,s)fs(t)− etΛ

∗[1]
s (1,...,s)fs(t) =

t∫
0

dt1e
(t−t1)Λ∗s(1,...,s) ×

εΛ∗[2]
s (1, . . . , s)et1Λ∗[1]s (1,...,s)fs(t)

Âèêîðèñòà¹ìî îöiíêè íà ãðóïè:
∥∥ etΛ∗s(1,...,s)

∥∥ ≤ e2st(a[1]∗ +ε(s−1)a[2]∗ ) òà∥∥ etΛ∗[1]s (1,...,s)
∥∥ ≤ e2sta[1]∗
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Îòæå îòðèìó¹ìî∥∥ etΛ∗s(1,...,s)fs(t)− etΛ
∗[1]
s (1,...,s)fs(t)

∥∥
L1(J×U)

≤

|
t∫

0

dt1e
2s(t−t1)(a[1]∗ +ε(s−1)a[2]∗ )ε2s(s− 1)a

[2]
∗ e

2st1a
[1]
∗ |

∥∥ fs(t)∥∥
e2st(a[1]∗ +ε(s−1)a[2]∗ )ε2s(s− 1)a

[2]
∗
∥∥ fs(t)∥∥ | t∫

0

dt1e
−2st1ε(s−1)a[2]∗ |=

e2st(a[1]∗ +ε(s−1)a[2]∗ )
∥∥ fs(t)∥∥(1− e2stε(s−1)a[2]∗ )

Ïðè ε→ 0 îñòàííié âèðàç îáåðòà¹òüñÿ â 0.

Òâåðäæåííÿ 2 Ñïðàâåäëèâå òàêå ðåêóðåíòíå ñïiââiäíîøåííÿ äëÿ
êóìóëÿíòiâ (4) ïðè ∀fs(t,u1, . . . ,us) ∈ L1

s:

As(t, 1, . . . , s)fs(t) = (7)

= ε

t∫
0

dt1e
(t−t1)Λ∗[1]s (1,...,s)

∑
i<j∈(1,...,s)

Λ
∗[2]
2 (i, j)As−1(t1, I)fs(t), n ≥ 2,

äå I ≡ ({i, j}, 1, . . . , i− 1, i+ 1, . . . , j − 1, j + 1, . . . , s)

Ïåðåéäåìî äî äîâåäåííÿ îñíîâíîãî ðåçóëüòàòó öüîãî ðîçäiëó.
Îñêiëüêè ðÿä (3) ¹ çáiæíèì, òî â íüîìó ìîæíà ïî÷ëåííî ïåðåéòè äî
ãðàíèöi. Ðîçãëÿíåìî ÷ëåí ðÿäó ïðè n = 0.

εsA∗1+0(t, {Y })F 0,ε
s (u1, . . . ,us) = etΛ

∗
s(1,...,s)εsF 0,ε

s (u1, . . . ,us)

Ïðè ε→ 0, âðàõîâóþ÷è òâåðäæåííÿ (1), îòðèìó¹ìî 0-âèé ÷ëåí ðÿäó
(6): etΛ

∗[1]
s (1,...,s)f0

s

Ðîçãëÿíåìî 1-èé ÷ëåí ðÿäó (3) òà çàñòîñó¹ìî òâåðäæåííÿ (2):

εs
∫

(J×U)

dus+1A
∗
1+1(t, {Y }, s+ 1 \ Y )F 0,ε

s+1(u1, . . . ,us+1) =

εs
∫

(J×U)n
dus+1ε

t∫
0

dt1e
(t−t1)Λ

∗[1]
s+1(1,...,s+1)

s∑
i=1

Λ
∗[2]
2 (i, s+ 1)

A1+0(t1, {1, . . . s+ 1})F 0,ε
s+1(u1, . . . ,us+1)
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Ïðè ε→ 0 îòðèìó¹ìî:

∫
(J×U)n

dus+1

t∫
0

dt1e
(t−t1)Λ

∗[1]
s+1(1,...,s+1)

s∑
i=1

Λ
∗[2]
2 (i, s+ 1)

et1Λ
∗[1]
s+1(1,...,s+1)f0

s+1.

Òàêèì ÷èíîì, âðàõîâóþ÷è âèãëÿä (n−1)-ãî ÷ëåíó ãðàíè÷íîãî ðÿäó
òà ðåêóðåíòíi ôîðìóëè äëÿ êóìóëÿíòiâ (7) âñòàíîâëþ¹ìî âèãëÿä n-ãî
÷ëåíó ðÿäó (6),∀n.

Ðÿä (6) ¹ ðîçâ'ÿçêîì âiäïîâiäíî¨ çàäà÷i Êîøi äëÿ ãðàíè÷íî¨ i¹ðàðõi¨
ðiâíÿíü:

∂

∂t
fs(t,u1, . . . ,us) = Λ∗[1]

s fs(t,u1, . . . ,us) + (8)

+

s∑
k=1

1

k!

s∑
i1 6=... 6=ik=1

M−k∑
n=1

1

n!

∫
(J×U)n

dus+1 . . . dus+nΛ∗[k+n](i1, . . . , ik,

s+ 1, . . . , s+ n)fs+n(t,u1, . . . ,us+n), s ≥ 1,

4 Àñèìïòîòèêà ðîçâ'ÿçêó íåìàðêiâñüêîãî

êiíåòè÷íîãî ðiâíÿííÿ ì'ÿêî¨ àêòèâíî¨ ðå-

÷îâèíè

Ðîçãëÿíåìî ñòàíè ñèñòåìè ñòàòèñòè÷íî íåçàëåæíèõ áàãàòüîõ ìàðêiâñü-
êèõ ïðîöåñiâ, òîáòî ñòàíè, ÿêi â ïî÷àòêîâèé ìîìåíò ÷àñó îïèñóþòü-
ñÿ ïîñëiäîâíiñòþ ìàðãiíàëüíèõ ôóíêöié ðîçïîäiëó, ùî çàäîâîëüíÿþòü
óìîâó õàîñó [7]: F (c) = (1, F 0,ε

1 (u1), . . . ,
∏s
i=1 F

0,ε
1 (ui), . . .), äå F

0,ε
1 ∈

L1(J × U).
Òîäi ïîñëiäîâíiñòü ìàðãiíàëüíèõ ôóíêöié ðîçïîäiëó â áóäü-ÿêèé ìî-

ìåíò ÷àñó ìîæå áóòè âèçíà÷åíà çà äîïîìîãîþ îäíî÷àñòèíêîâî¨ ôóíêöi¨
ðîçïîäiëó F (t | F1(t)) = (1, F1(t), F2(t | F1(t)), . . . , Fs(t | F1(t)), . . .), äå

F1(t,u1) = (9)
∞∑
n=0

1

n!

∫
(J×U)n

du2 . . . dun+1A
∗
1+n(t, 1, . . . , n+ 1)

n+1∏
i=1

F 0,ε
1 (ui).
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Iíøi åëåìåíòè ïîñëiäîâíîñòi F (t | F1(t)) âèçíà÷àþòüñÿ ðîçêëàäàìè â
òàêi ðÿäè:

Fs
(
t,u1, . . . ,us | F1(t)

) .
= (10)

∞∑
n=0

1

n!

∫
(J×U)n

dus+1 . . . dus+nV1+n(t, {Y }, X \ Y )

s+n∏
i=1

F1(t,ui),

äå òâiðíi åâîëþöiéíi îïåðàòîðè V1+n(t), n ≥ 0, âèçíà÷àþòüñÿ òàêèìè
ðîçêëàäàìè:

V1(t, {Y }) = Â1(t, {Y }) .
= etΛ

∗
s

s∏
i=1

e−tΛ
∗[1](i),

V2(t, {Y }, s+ 1) = Â2(t, {Y }, s+ 1)− Â1(t, {Y })
s∑

i1=1

Â2(t, i1, s+ 1),

V3(t, {Y }, s+ 1, s+ 2) = Â3(t, {Y }, s+ 1, s+ 2)−

2!Â2(t, {Y }, s+ 1)

s+1∑
i1=1

Â2(t, i1, s+ 2)− Â1(t, {Y })

( s∑
i1=1

Â3(t, i1, s+ 1, s+ 2)− 2!

s∑
i1=1

s+1∑
i2=1

Â2(t, i1, s+ 1)Â2(t, i2, s+ 2) +

2!

s∑
1=i1<i2

Â2(t, i1, s+ 1)Â2(t, i2, s+ 2)
)
,

äå îïåðàòîðè Ân(t), n ≥ 1, ç íàâåäåíèõ ðîçêëàäiâ ¹ êó-
ìóëÿíòàìè âiäïîâiäíîãî ïîðÿäêó ïiâãðóï îïåðàòîðiâ ðîçñiÿííÿ
{etΛ∗k

∏k
i=1 e

−tΛ∗[1](i)}t≥0, k ≥ 1. Äîâiëüíîãî ïîðÿäêó òâiðíi åâîëþöié-
íi îïåðàòîðè V1+n(t), n ≥ 0, âèçíà÷àþòüñÿ ðîçêëàäàìè ïîäiáíèìè
äî àíàëîãi÷íèõ òâiðíèõ åâîëþöiéíèõ îïåðàòîðiâ ó âèïàäêó ñèñòåì áà-
ãàòüîõ êâàíòîâèõ ÷àñòèíîê [?]. Çà óìîâè ‖F1(t)‖L1(J×U) < e−(3s+2), äëÿ
äîâiëüíîãî t ≥ 0 ðÿä (10) ¹ çáiæíèì çà íîðìîþ ïðîñòîðó L1((J ×U)s).

Â ïðîñòîði L1(J ×U) îäíî÷àñòèíêîâà ìàðãiíàëüíà ôóíêöiÿ ðîçïîäi-
ëó (9) çàäîâîëüíÿ¹ òàêó çàäà÷ó Êîøi äëÿ íåìàðêiâñüêîãî êiíåòè÷íîãî
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ðiâíÿííÿ:

∂

∂t
F1(t,u1) = Λ∗[1](1)F1(t,u1) +

N−1∑
k=1

εk

k!

∫
(J×U)k

du2 . . . duk+1 (11)∑
j1 6= . . . 6= jk+1 ∈
∈ (1, . . . , k + 1)

Λ∗[k+1](j1, . . . , jk+1)Fk+1

(
t,u1, . . . ,uk+1 | F1(t)

)
,

F1(t,u1)|t=0 = F 0,ε
1 (u1), (12)

äå ôóíêöiîíàëè Fk+1

(
t | F1(t)

)
, k ≥ 1, âèçíà÷àþòüñÿ ðîçêëàäàìè â

ðÿä (10). Â ïðîñòîði L1(J × U) äëÿ àáñòðàêòíî¨ çàäà÷i Êîøi (11),(12)
ñïðàâåäëèâå íàñòóïíå òâåðäæåííÿ.

ßêùî F 0,ε
1 ∈ L1(J ×U), òîäi çà óìîâè, ùî ‖F 0,ε

1 ‖L1(J×U) < C < +∞,
iñíó¹ ¹äèíèé ãëîáàëüíèé ñèëüíèé ðîçâ'ÿçîê çàäà÷i Êîøi äëÿ íåìàð-
êiâñüêîãî êiíåòè÷íîãî ðiâíÿííÿ (11),(12), ÿêèé âèçíà÷à¹òüñÿ ðîçêëà-
äîì â ðÿä (9).

Òàêèì ÷èíîì, ÿêùî ñòàí ñèñòåìè âçà¹ìîäiþ÷èõ ñòîõàñòè÷íèõ ïðî-
öåñiâ, ÿêèìè ìîäåëþ¹òüñÿ åâîëþöiÿ àêòèâíî¨ ì'ÿêî¨ êîíäåíñîâàíî¨ ðå-
÷îâèíè, â ïî÷àòêîâèé ìîìåíò ÷àñó âèçíà÷à¹òüñÿ îäíî÷àñòèíêîâîþ
ìàðãiíàëüíîþ ôóíêöi¹þ ðîçïîäiëó, òîäi âñi ìîæëèâi ñòàíè ñèñòåìè â
äîâiëüíèé ìîìåíò ÷àñó ìîæóòü áóòè îïèñàíi â òåðìiíàõ îäíî÷àñòèí-
êîâî¨ ìàðãiíàëüíî¨ ôóíêöi¨ ðîçïîäiëó, ÿêà ¹ ðîç'ÿçêîì çàäà÷i Êîøi äëÿ
íåìàðêiâñüêîãî êiíåòè÷íîãî ðiâíÿííÿ (11),(12).

Çà äîïîìîãîþ íåìàðêiâñüêîãî êiíåòè÷íîãî ðiâíÿííÿ (11) â ñêåé-
ëiíãîâèõ ãðàíèöÿõ ìîæíà îá ðóíòóâàòè ìàðêiâñüêîãî òèïó êiíåòè÷-
íi ðiâíÿííÿ äëÿ àêòèâíî¨ ì'ÿêî¨ ðå÷îâèíè. Ðîçãëÿíåìî àñèìïòîòè÷íó
ïîâåäiíêó ðîçâ'ÿçêó (9) çàäà÷i Êîøi äëÿ íåìàðêiâñüêîãî êiíåòè÷íîãî
ðiâíÿííÿ (11),(12) â ãðàíèöi ñàìîóçãîäæåíîãî ïîëÿ äëÿ ñèñòåìè, ÿêà
ñêëàäà¹òüñÿ ç äâîõ ñóáïîïóëÿöié, òîáòî âèïàäîê M = 2.

Íåõàé ôóíêöiÿ ðîçïîäiëó f0
1 ∈ L1(J × U) � ãðàíèöÿ ñàìîóçãîäæå-

íîãî ïîëÿ ïî÷àòêîâèõ äàíèõ (12), òîáòî iñíó¹ òàêà ãðàíèöÿ

lim
ε→0

∥∥ε F ε,01 − f0
1

∥∥
L1(J×U)

= 0.

Òîäi íà ñêií÷åíîìó ïðîìiæêó ÷àñó t ∈ (0, t0), â òàêîìó æ ñåíñi iñíó¹
ãðàíèöÿ ñàìîóçãîäæåíîãî ïîëÿ ðîçâ'ÿçêó (9) çàäà÷i Êîøi äëÿ íåìàð-
êiâñüêîãî êiíåòè÷íîãî ðiâíÿííÿ (11),(12)

lim
ε→0

∥∥ε F1(t)− f1(t)
∥∥
L1(J×U)

= 0, (13)
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ÿêà çîáðàæó¹òüñÿ ðîçêëàäîì â òàêèé ðÿä

f1(t,u1) =

∞∑
n=0

t∫
0

dt1 . . .

tn−1∫
0

dtn

∫
(J×U)n

du2 . . . dun+1 e
(t−t1)Λ∗[1](1) ×(14)

Λ∗[2](1, 2)

2∏
j1=1

e(t1−t2)Λ∗[1](j1) . . .

n∏
jn−1=1

e(tn−1−tn)Λ∗[1](jn−1) ×

n∑
in=1

Λ∗[2](in, 1 + n)

1+n∏
jn=1

etnΛ∗[1](jn)
1+n∏
i=1

f0
1 (ui).

ßêùî f0
1 ∈ L1(J ×U), òîäi ãðàíè÷íà ôóíêöiÿ ðîçïîäiëó (14) ¹ ñèëü-

íèì ðîçâ'ÿçêîì çàäà÷i Êîøi äëÿ êiíåòè÷íîãî ðiâíÿííÿ ñàìîóçãîäæåíî-
ãî ïîëÿ [6]:

∂

∂t
f1(t,u1) = Λ∗[1](1)f1(t,u1) +

∫
J×U

du2Λ∗[2](1, 2)f1(t,u1)f1(t,u2), (15)

f1(t,u1)|t=0 = f0
1 (u1). (16)

5 Âèñíîâêè

Ó äàíié ðîáîòi äîñëiäæåíî àñèìïòîòèêó ðîçâ'ÿçêó (3) çàäà÷i Êîøi
äëÿ i¹ðàðõi¨ åâîëþöiéíèõ ðiâíÿíü (2) â ãðàíèöi ñàìîóçãîäæåíîãî ïîëÿ.
Äëÿ ïîáóäîâè ãðàíèöi âèêîðèñòàíî ôîðìóëè Äþàìåëÿ òà ðåêóðåíò-
íi ñïiââiäíîøåííÿ êóìóëÿíòiâ (4) ãðóï îïåðàòîðiâ etΛ

∗
n . Âñòàíîâëåíî

ãðàíè÷íó i¹ðàðõiþ (8), äëÿ ÿêî¨ ãðàíè÷íèé ðÿä (6) ¹ ðîçâ'ÿçêîì.
Òàêîæ ó ðîáîòi ðîçãëÿíóòî íåìàðêiâñüêå êiíåòè÷íå ðiâíÿííÿ äëÿ

àêòèâíî¨ ì'ÿêî¨ ðå÷îâèíè (11) òà äîñëiäæåíà àñèìïòîòè÷íó ïîâåäiíêó
ðîçâ'ÿçêó âiäïîâiäíî¨ çàäà÷i Êîøi.
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