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Abstract. We generalize the results of [Comm. Math. Phys. 299 (2010), 825-866] (hidden
Grassmann structure IV) to the case of excited states of the transfer matrix of the six-
vertex model acting in the so-called Matsubara direction. We establish an equivalence
between a scaling limit of the partition function of the six-vertex model on a cylinder with
quasi-local operators inserted and special boundary conditions, corresponding to particle-
hole excitations, on the one hand, and certain three-point correlation functions of conformal
field theory (CFT) on the other hand. As in hidden Grassmann structure IV, the fermionic
basis developed in previous papers and its conformal limit are used for a description of the
quasi-local operators. In paper IV we claimed that in the conformal limit the fermionic
creation operators generate a basis equivalent to the basis of the descendant states in the
conformal field theory modulo integrals of motion suggested by A. Zamolodchikov (1987).
Here we argue that, in order to completely determine the transformation between the above
fermionic basis and the basis of descendants in the CFT, we need to involve excitations. On
the side of the lattice model we use the excited-state TBA approach. We consider in detail
the case of the descendant at level 8.
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1 Introduction

Much progress was made in the understanding of the connection between the one-dimensional
XXZ spin chain and two-dimensional quantum field theories (QFT). Many different aspects
of this connection were studied in the literature. In the present paper we will touch only
some particular aspect related to the hidden fermionic structure of the XXZ model and the
corresponding continuum model — conformal field theory (CFT), [1, 2, 3, 4].

The continuum model can be studied through the scaling limit of the six-vertex model com-
pactified on an infinite cylinder of radius R. The corresponding direction around the cylinder
is sometimes called Matsubara direction. It is well known that the scaling limit of the homoge-
neous critical six-vertex model is related to CFT, while introducing inhomogeneities in a special
way leads to the sine-Gordon model (sG) which has a mass gap, [5]. An important step forward
was done by Bazhanov, Lukyanov and Zamolodchikov in papers [6, 7, 8]. They obtained an
integrable structure of CFT by constructing a monodromy matrix with the quantum space re-
lated to the chiral bosonic field and the Heisenberg algebra. On the other hand this monodromy
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matrix satisfies the Yang-Baxter equation with the R-matrix of the six-vertex model. The corre-
sponding transfer matrix fulfills Baxter’s T'Q)-relation [9] and generates the integrals of motion.
These integrals of motion are special combinations of the Virasoro generators. Originally they
were introduced by Alexander Zamolodchikov in [10]. Zamolodchikov observed that the inte-
grals of motion generate that part of the Virasoro algebra that survives under the integrable
®4 3-perturbation of the CFT.

In order to state the full equivalence of the six-vertex model in the scaling limit and the
CFT one needs to compare all possible correlation functions. This problem is far from being
solved completely. We believe that it can be helpful to use a hidden fermionic structure of the
spin-% XXZ chain, [1, 2]. The key idea is to consider a fermionic basis generated by means
of certain creation operators t*, b*, ¢*. These operators act on a space of quasi-local oper-
ators W(® . Any operator in this space can be represented in the form ¢2*5(©© with some
operator © which acts on a chain segment of arbitrary finite length. The operator ¢2*5(©)
called “primary field” because it fulfills some properties similar to the properties of certain
primary field in CFT. The fermionic basis is constructed inductively. Its completeness was
shown in [11]. An important theorem proved by Jimbo, Miwa and Smirnov in the paper [3]
allows one to reduce any correlation function expressed through the fermionic basis to determi-
nants. An interesting feature of the above construction is that it is algebraic in the sense that
the fermionic operators are constructed by means of the representation theory of the quantum
group Uy (sly). They are independent of any physical data like the magnetic field, the temper-
ature, the boundary conditions etc. For example, the temperature can be incorporated via the
Suzuki-Trotter formalism [12] by taking inhomogeneity parameters in the Matsubara direction
in a special way and then performing the so-called Trotter limit, when the number of sites in
the Matsubara direction n — oco. One can even keep the number n finite and consider the
case of arbitrary inhomogeneity parameters in this direction. The fermionic basis will not be
affected [3]. There are only two transcendental functions p and w which “absorb” the whole
physical information and appear in the determinants in analogy with the situation with free
fermions. In [3] these functions were represented in terms of the differential of the second kind
in the theory of deformed Abelian integrals for finite n. These functions can be also obtained
within the TBA approach, [13] which makes it possible to take the Trotter limit n — oco. In
the recent papers [14, 15] the fermionic basis was used in order to study the one-point func-
tions of the sine-Gordon model on a cylinder. In this case the transcendental functions must be
modified.

Coming back to the similarity with the CFT, let us emphasize that the construction of the
fermionic basis bears some similarity with the construction of the descendants in CFT via the
action of the Virasoro generators on the primary fields. In the paper [4] we tried to make this
similarity more explicit. Namely, we related the main building blocks of CFT — the three-point
correlators to the scaling limit of a special partition functions of the six-vertex model constructed
with the help of the fermionic operators. More concretely, we believe that the following con-
jecture is true. There exist scaling limits 7, 8%, 4* of the operators t*, b*, ¢* and scaling
limits p*¢ and w"® of the functions p and w as well. The operator 7% generates Zamolodchikov’s
integrals of motion mentioned above, while the asymptotic expansion of the function p*¢ with
respect to its spectral parameter generates their vacuum expectation values. Another conjecture
was that the asymptotic expansion of w®® with respect to the spectral parameters describes the
expectation values of descendants for CFT with central charge ¢ = 1 — 6%/(1 — v) where v is
related to the deformation parameter ¢ = e™. Equivalently, one takes the six-vertex model
on a cylinder for some special boundary conditions and considers the scaling limit of the cor-
responding normalized partition function with inserted quasi-local operator ¢2*5©. On the
other hand one computes a normalized three-point function in the CF'T on an infinite cylinder
with Virasoro descendants of some primary field ¢, of conformal dimension A, inserted at the

was
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origin and two primary fields ¢4 inserted at +o0o and —oo respectively. The conjecture states
that for any quasi-local operator one can find a corresponding descendant in such a way that
the above partition function and the CFT three-point function are equal. In order to state this
equality we used the fermionic basis for the quasi-local operators mentioned above.

In [4] we established such a correspondence between the fermionic basis and the Virasoro
generators only up to the level 6. It corresponds to bilinear combinations of the “Fourier-
modes” 3} and ~; with odd index j. For level 8 we have 5 Virasoro descendants 14, 1412,
134, 1 6l 5, 1_g. As for the fermionic basis, we also find five linearly independent combinations
of the creation operators ,6; and 'yj. One of them is quartic: B785v57y]. Unfortunately, we could
not uniquely fix the transformation matrix between the fermionic basis and the basis generated
by the Virasoro descendants. We thought that it could be done if we would insert the simplest
excitation corresponding to L_1¢+ at oo instead of the primary fields ¢4+ themselves. The
difference between the “global” Virasoro generators L, and the “local” ones 1, was explained
in [4]. It is also discussed in the next section.

The original motivation of the present paper was to fill this gap. It turned out, however, that
it was not enough to consider only the simplest excitation. The above uncertainty still remained
in this case. One has to take at least the next excitation, namely, that one corresponding to
the descendants of the second level L% ¢4 and L_s¢4 in order to fix the unknown elements
of the transformation matrix. All these elements are certain rational functions of the central
charge ¢ and the conformal dimension of the primary field A,.! They do not depend on the
conformal dimensions Ay of the primary fields ¢. They are also independent of the choice
of the excitation at +oo. This is rather strong condition. We are still unable to prove it for
arbitrary excitation. We think that it is interesting to consider excitations also independently
of the above concrete problem. Therefore we consider them in a more general setting and come
to the solution of the level 8 problem in the very end.

The paper is organized as follows. In Section 2 we remind the reader about the main results
of the paper [4]. Section 3 is devoted to the TBA approach for the excited states. We derive the
equation for the auxiliary function © and define the function w*® in Section 4. In Section 5 we
discuss the relation to certain CFT three-point functions. We discuss the solution of the above
level 8 problem in Section 6. In Appendix A we show several leading terms of the asymptotic
expansion of the function ¥ defined in Section 3 and discuss its relation to the integrals of
motion. In Appendices B and C several leading terms for the asymptotic expansions of the
functions F', z&, © are explicitly shown.

2 Reminder of basic results of [4]

As was mentioned in the Introduction, in the paper [4] some specific connection between the
conformal field theory (CFT) with the central charge ¢ = 1 — 6v2/(1 — v) and the XXZ model
with the deformation parameter ¢ = ™ was established?. More precisely, the following relation
was found to be valid with the left hand side containing the CFT data and the right hand side
containing the lattice model data

A_|P,({1- «(0)|A . Ky f 20
< |<A(_{‘¢j(}0))TA(+>)| +> - n—oo, al%n,na:%rRZ 7 {q2 S(O)O}' (2'1)

The left hand side means a normalized three-point function of the CFT defined on a cylinder of
radius R parameterized by a complex variable z = z+iy with spacial coordinate x: —oco < x < o0

'TLook at the formulae (12.4) of [4] or (2.18) and (6.9)—(6.11).
2Usually we take v in the region % < v < 1 called in [7] a “semi-classical domain”. The region 0 < v <
demands more accurate treatment.

1
2
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and coordinate in the Matsubara direction y: —7R < y < mwR. The equivalence of the points
x+miR is implied. At the origin z = 0 some descendant field is inserted which is given by some
polynomial P, ({l1_¢}) of Virasoro generators 1_j, k > 0 acting on the primary field ¢4 (z) with
conformal dimension

via(a —2)

Ba = 11— v)

(2.2)

We called these Virasoro generators “local” in a sense that they are defined in vicinity of z = 0
with the corresponding energy-momentum tensor

T(z) = i 1,272

n=—0oo

The bra- and ket-states |A;) and (A_| are to be defined through two primary fields ¢4 with
conformal dimensions A4 being inserted at x — %00 in such a way that L,|A}) = §, 0A4|AL),
n >0 when z = oo and (A_|L,, = 6,,0A_(A_|, n <0 at z = —oco. We called the Virasoro gene-
rators L7 “global”. They correspond to the expansion obtained via the conformal transformation
z — e #/R

1 > nz &

In [10] Alexander Zamolodchikov introduced the local integrals of motion which act on local
operators as

(2 10)(w) = [ 3 Zhn()0() (w2 1)

where the densities ho,(z) are certain descendants of the identity operator I. An important
property is that

(A_fizn—1(0(2))|A4) = (11 — I3, _1){A-|O(2)|Ay), (2.3)

where Izin_1 denote the vacuum eigenvalues of the local integrals of motion on the Verma module
with conformal dimension A_L. The Verma module is spanned by the elements

iog, —1 ik, —11o2py -+ - 121, (9a(0))- (2.4)

In case when A = A_ the space is spanned by the even Virasoro generators {l_op }n>1.

In order to describe the right hand side of (2.1) we need the fermionic basis constructed
in [1, 2] via certain creation operators. These creation operators called t*, b*, c* together with
the annihilation operators called b, ¢ act in the space?

W(a) - é Wa—s,su

where W, _ ¢ is the subspace of quasi-local operators of the spin s with the shifted a-parameter.
They all are defined as formal power series of (2 — 1 and have the block structure

t*(g) Wafs“s — Wafs,m

3The problem of constructing the annihilation operator corresponding to the creation operator t* was discussed
in the paper [13] but was not solved completely.



Fermionic Basis in CFT and TBA for Excited States 5

b*(C), C(C) : Wa—s—f—Ls—l — Wa—s,s:
c (C)? b(C) : Wa—s—l,s—i—l — Wa—s,s~
The operator t*({) plays the role of a generating function of the commuting integrals of motion.

In a sense it is bosonic. It commutes with all fermionic operators b(¢), ¢(¢) and b*(¢), ¢*(¢)
which obey canonical anti-commutation relations

[c(€),e" (O], =v(/¢a),  [b(E),b(Q)], = —(¢/¢,a) (2.5)

with
13+

w(C7 Oé) - 5 CQ 1

The annihilation operators b and ¢ “kill” the lattice “primary field” qQO‘S (0)
k
1
b(C) (q2aS(0)) =0, C(O (QQQS(O)) =0, S(k‘) _ 5 Z O‘?.
j=—o00

The space of states is generated via the multiple action of the creation operators t*(¢), b*(¢),
c*(¢) on the “primary field” ¢?*5()  In this way one can obtain the fermionic basis. The
completeness of this basis was proved in the paper [11].

In the right hand side of equation (2.1) we take the scaling limit of a normalized partition
function of the six-vertex model on a cylinder with insertion of a quasi-local operator ¢2*%(©

TrsTrm <Y1\(,[_S)TS7M %S b* . b;o,O (q%‘S(O)O))

TrsTrym (Yl\(/[_S)TS,M @S bY b (qQaS(O))) '

00,5—1 "

Zﬁ,s{q2a5(0)o} —

(2.6)

where the operators by, ; are defined through* a singular part when ¢ — 0 and b, 1s a regular
one

b (¢ Zg b5, i(X) + bl (O(X), X € Warsi1,5-1

for some operator X of the spin s — 1, s > 0 where (~“b},,(¢{)(X) vanishes at zero. The

reg
monodromy matrix Tsn is defined via the universal R-matrix of Uy(slz) on the tensor product
of two evaluation representations where the first one $)g corresponds to the infinite lattice
direction and the second one $n; corresponds to the Matsubara direction

5%
n
j=—00 m=1

with the standard L-operator of the six vertex model

_ 14343 _ _ _
Lim(¢) = ¢ 277 — (2q371%m — ((q— ¢ ") (07 o + 0 07h)-

4 Actually, later we discuss the Fateev-Dotsenko condition (2.13) fulfilled for the case v’ = x. In this case
the parameters a and s are constrained. We will be mostly interested in the case when 0 < o < 2. Then we
need s < 0 and another definition of the functional (2.6) is necessary. It can be done through the replacement of

operators b, ; by ¢, ;. This choice was taken in [15] with identification of the notation there ci;reen,—; = €5 ;-
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The “screening operator” Yl\(/; *) carries spin —s. As was discussed in [4], the functional (2.6)

does not depend on the concrete choice of the screening operator under rather mild conditions.
Due to common wisdom, in case of an infinite lattice, one can change boundary conditions and,
instead of taking the traces in the right hand side of (2.6), insert two one-dimensional projectors
|k) (k| and |k + o — s,5)(k + a — s, s| at the boundary, where |x) is eigenvector of the transfer
matrix T (¢, k) = Tr; (7}7Mq””? ) with maximal eigenvalue T'(¢, x) in the zero spin sector and
where the eigenvector |k + a — s, s) corresponds to the maximal eigenvalue T'((, k + o — s, s) of
the transfer matrix Ty (¢, kK + o — s) in the sector with spin s. The twist parameter x plays the
role of the magnetic field. So, we can perform the following substitution
(r+a—s,s|Tsm ¢ b,y -l (€5 0) )

AL 2aS(0)O SN 5
{q } (k+a— S,S‘T&M q2sSs bzo,s—l . ..b;o70(q2a5(0))‘/€>

which does not affect the answer for the case of infinite lattice if
(n|Y1\(/I_S)\/<c +a—s,8) #0.

The theorem proved by Jimbo, Miwa and Smirnov [3] claims® that

256 QX)) = 20(Clw, 5+ 0,5) 25X, (2.7
K,S * 1 K,S d§2
2 Q) = 3 Gt 2 {el6) ()} 5
2
2706 (O} = 5 (6 Clraa )25 (b))} -

where the contour I" goes around all the singularities of the integrand except £2 = (2. The direct
consequence of the above theorem and the anti-commutation relations (2.5) is the determinant
formula

ZH,S{t*(C?) - t*(c}?)b*(gfr) L b*(go—)c*(cr—) » 'c*(Cf)(qMS(O))} (2.8)
p
— HQ,O(CZQM, K+ a,s) x det (w((j, CJ-_’H, Q, 8))i,j:1,...,r'
i=1

The functions p and w are completely defined by the Matsubara data. The function p is the
ratio of two eigenvalues of the transfer matrix

T, k+a—s,S)
T(¢, k)
We will come to the definition of the function w in Section 4 in more general case of presence

of the excited states.
The scaling limit in the Matsubara direction means

p(Clr+a —s,5) =

(2.9)

n — oo, a— 0, na = 2R, (2.10)

where the radius of the cylinder R is fixed. Simultaneously one should rescale the spectral
parameter

¢=Xa", a="Ca (2.11)

® Actually, in [3] the statement was proved for the case s = 0 but as was discussed in [4], this statement can
be proved for s # 0 also.
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with some fine-tuning constant C'. One of the most important points of [4] was to define the
scaling limits of p and w

PNk, ") = lim p(\a”|k,q, s), (2.12)

scaling

1
SN plk, K @) = 1 lim w(Aa”, pa”|k, a, s)

scaling
where £’ is defined through an analogue of the Dotsenko—Fateev condition [16]

1= (2.13)

The continuum limit can be taken in both directions of the cylinder.
The first conjecture proposed in [4] was that the creation operators are well-defined in the
scaling limit for the space direction when ja = x is finite

1 1 1
T = lim S QaY), BTN = lim ST (AaY), 7 () = lim St (Aa”)

a—0 a—0 a—0

and for the “primary field”

B0 (0) = lim ¢?*5©).

a—0

Asymptotic expansions at A — oo look

10g ZT2J 1)\_; (214)

1 2j—1 1 >
*(\) ~ NS S A\ ~ E i
7'*(/\)'6( ) j§1ﬂ2j 1 7'*(/\)7( ) j:1’72g 1

The next conjecture based on the bosonisation arguments was that the scaling limit of the
space W,_; s belongs to the direct product of two Verma modules

Scaling limit (Wa—s,s) C V, 91—, ®V_q

and the operators 7*(\), 8*(\), v*(\) act non-trivially only on the first chirality component
and do not touch the second one

* .
T2]*1 va+21;us —> VCY—FQIZVS’

* .
Boj—1t Varorzr(s1y = Voqoiory,
* .
Y2j-1° va—&-QI_T”(s—l—l) - Va+21_7"s'

Using the results of the paper [7], we get the asymptotic expansion for A — +oo

o

log p*°(\|k, &) 2] 1 IQ_j_l). (2.15)

7j=1

Here the integrals of motion Igtj_1 are the same as in (2.3). They correspond to the “right” and
the “left” vacuum and depend on x and s’ respectively:

I3; = Dja(k), Iy, =Iya(K).
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We can identify
* .
T3j-1 = Cjlgj-1.

For the function w® we have

00 a
W, ki, K, @) =/ p( Nk, &)/ p5 (], K Z )\_217_1#_27” 1wi7j(/<,/f’,a) (2.16)

i,j=1

when A2, u? — +oo.
The scaling limit of (2.8) is proportional to

Zg T D) T DB ) - BT AN () - (D) (a(0)) } (2.17)
= [T Ols, &) x det (W (N, Af |5, 1 0) sy
=1

If we substitute the expansion (2.14) into the left hand side of (2.17) and the expansions (2.15),
(2.16) into the right hand side of (2.17) we can compare the coefficients standing with powers
of the spectral parameters and express the functional ZE’”/ of any monomial constructed from
the modes 73;_;, 83;_1, ¥5;_; through the integrals of motion I5,_1, coefficients C,, and w; ;.
In [4] we argued that the eigenvalue T'((, k + o — s, s) in the scaling limit (2.10) becomes equal
to T(¢, ). This means that, if we choose o and the spin s in such a way that &' = k, then
using (2.9) and (2.12), we get p*°(A|k, ") = 1. This is an important technical point. In this
case we were able to apply the Wiener-Hopf technique and obtain the coefficients w; ; as power
series in k™! where k — oo.

On the other hand, one can evaluate the left hand side of (2.1) using the operator product
expansion (OPE). In order to compare with the result obtained by the above lattice method,
one needs to identify the parameters x, x’, a with the CFT data. In fact, we already identified «
by taking the formula (2.2) for the dimension A, of the primary field ¢,. The next step was to
take Ay = Axqg and A = A4y,

The most important conjecture of [4] was that for the CFT with central charge ¢ =1 — 6%
it is always possible to find one-to-one correspondence between a polynomial P, ({1_}) in the
left hand side of (2.1) and certain combinations of 33;_; and ~v5;_;.

It is convenient to introduce

Bam—-1 = Dam—1(c) ggz?a Yom—1 = Dam-1(2 — 04)72071:;{*{,
where
1 m— m— 1 (g + 1 2m — 1
Daop—1(a) = fr(y)_z v 1(1 - y)% ; (2 121/( m ))
\/ZZ (m—l).r(%+(27ju)(2m_1)>

together with even and odd bilinear combinations

ven 1 * * * *
¢g7§—1,2n—1 =(m+n— 1)§ (55@317205?1 + ,32CnF—T1 ’)’5531) ) (2.18)
— 1 * * * *
¢§)g§1—1,2n—1 =dy'(m+n-— 1)5 (BQCnF—Tl YomLt — Bon L ivse ) ;
where
-2 1
d, = ”0’1)(@—1) = 6\/(25—(:)(24A0¢+1—c). (2.19)
Y —
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The Verma module has a basis consisting of the vectors (2.4). Conjecturally the same space is
spanned by:

. . dd dd

k-1 12kp71¢§¥3?—1,2n1—1 T ‘f)g)’sg—lzm—l‘f)gml—1,2ﬁ1—1¢(2)m;—1,2m—1 (¢a) (220)
Since

[ lg, T;jfl] = (25 — 1)7'92}71, [ 107/331'—17%71} = (20 +2j — 2)/631'71'7;3‘717

the descendants of the form (2.4) and those created by the fermions of the form (2.20) must be
finite linear combinations of each other if the corresponding levels coincide

T

q T
o2l =D 2mp+np— 1)+ ) 2(mg + 0y — 1).
=1 k

k=1 k=1

As was discussed above, one can choose the parameters a and s in such a way that x = x and
A, = A_. With this choice we factor out the integrals of motion. The quotient space of the
Verma module modulo the action of the integrals of motion is spanned by the vectors of the
form

Loapy -+ - 1oty (€a(0))-

All coefficients of the polynomial P, ({l_;}) are independent of k. We were able to identify
the above basis vectors up to the level 6. The system of equations is overdetermined but
nevertheless it has a solution:

2¢c — 32 2
‘ 1y, Y = T1y, (2.21)

even ~v even ~v 12
1,1 :172, ¢1,3 =17, +

c+ 2 —20A + 2cA
3(A+2)
—5600 + 428¢ — 6¢ + 2352A — 300cA + 12¢2A + 896A2% — 32¢A?
i 60(A +2)
$od = A2f2 Lo+ 56 5§(AA +2;;)+ 4eA L,
6 + 3¢ — T6A + 4cA
33 — 12t 6(A +2) 1ol 4
—6544 + 498¢ — 5c? + 2152A — 314cA + 102 A — 448A2% + 16¢A?
* 60(A 1 2)

even ~v 13 ) +

15 = L4l

1—67

1*63

where for simplicity we took A = A,. We hope it will not cause some confusion by mixing
this A with the anisotropy parameter of the XXZ model. In the above formula (2.21) we imply
only a weak equivalence “=” between the left hand side and the right hand side. The sign =
means that the left and right hand sides being substituted into the corresponding expectation
value give the same result by acting on ®,(0) and ¢,(0) respectively. In other words A = B if

and only if

(A—|B(¢a(0))|A4)
(A-[¢a(0)|A)

Z5" (A(D4(0))) =

with the functional Z;’”/ defined in (2.17). In the next sections we will generalize the scheme
of [4] to the case of excited states.
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3 TBA for excited states

In fact, the Jimbo, Miwa, Smirnov theorem (2.7) is valid not only for eigenvectors |x), |[k+a—s, s)
associated with maximal eigenvalues in the corresponding sectors, but also for eigenvectors
corresponding to excited states. Here we consider only special excited states, namely, the so-
called particle-hole excitations [17]. Some motivation for this is as follows. In [7] Bazhanov,
Lukyanov and Zamolodchikov formulated several assumptions about the analytical properties
of the eigenvalues of the Q-operator with respect to the square of the spectral parameter ¢, in
particular, that its zeroes in the complex ¢2-plane are either real or occur in complex conjugated
pairs, that an infinite number of zeroes are real and positive and that there may be only a finite
number of complex or real negative zeroes. An important assumption is that the real zeroes
accumulate towards +oo in the variable ¢?. Further, in [18] the authors proposed a conjecture
that for the asymptotic analysis, when the parameter k becomes large, only real positive zeroes
corresponding either to the vacuum or to the excited states are important. The question why
real negative zeroes or complex zeroes are not important for the asymptotic analysis seems hard.
Usually one uses experience coming from the numerical study and also the arguments based on
the analysis of a small vicinity of the free-fermion point v = 1/2. Counting arguments play
important role here as well. But we do not know any rigorous proof of this statement. Any
further discussion of this subtle question would lead us beyond the scope of this paper.

Let us start with the case of a lattice with an even finite number of sites n in the Mat-
subara direction. The Bethe ansatz equations (BAE) are usually deduced from the Baxter’s
TQ-relation [9] for the eigenvalues T'((, k, s), Q((, k, s) of the transfer matrix T (¢, k) and the
Q-operator Qn (¢, k) defined by the formula (3.3) of [4]

T(C 5, 8)Q(C Ky 8) = d(OQAS, Ky 8) +a(O)Q(a7 ' ky5), QG Ry s) = (A K, 5)

with polynomial dependence of the functions T" and A on the spectral parameter ¢ in every spin
sector 5, 0 < s < 3 and

a()=(1-¢¢*)"  dQ)=(1-q¢')"
In the TBA approach one introduces auxiliary function

d(¢)Q(q¢, K, 5)
a(€)Q(q71¢, K, 5)

which satisfies the BAE

a(¢, k,8) =

a(éj, k,8) = —1, jzl,...,g—s (3.1)

with § — s zeros §; of Q((, K, s) called Bethe roots. The BAE in the logarithmic form look
loga(§;, K, s) = mimy;, (3.2)

where m; are pairwise non-coinciding odd integers. The ground state corresponds to s = 0 and
the choice m; = 2j — 1. The following picture describes this situation
000 0C e e e e @---
-5 -3-1 1 3 5
where the black circles correspond to “particles” and have positive odd coordinates m; while the
white circles correspond to “holes” and have negative coordinates. The particle-hole excitations
can be got when some of “particles” are moved to positions with negative coordinates. Let
us denote I(+F) an ordered subset of positive coordinates Iﬁ’m < - < I,ng’k) < n which
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correspond to the positions of created holes and [ (=) correspond to negative coordinates of the
moved particles® —Ilg_’k) < & —If_’k):

000+ 0@+ O@O o O 0O 0O @ © 0--- 000 ---00@ - -

—.k —.k +.k +.k
,[I(C )4..4715 ). ~-5-3—-—11 3 5... .4]§ )4..4]](C )

We will denote the corresponding vector and co-vector |k; I(+’k),l(_7k)> and (k; I(+’k),l(_’k)|.
Let &7, 7 =1,...,k be the Bethe roots corresponding to the particles moved into the positions
with negative coordinates —Lgf’k) and & correspond to the holes with positive positions I,£+’k).
Following the papers [5, 7, 19, 20], we can rewrite the BAE (3.1) in form of the non-linear

integral equation

€2
5727

loga(¢, k,s) = —2miv(k — s) + log <Z§8) - / K(¢/&)log (1 +a(&, k,s))
V(s,k)

where the contour v, x) goes around all the Bethe roots ¢; including the moved ones §;, = &~
in the clockwise direction and the kernel

(3.3)

K(Ga) = 5Ach(Ga), KO =KGO),  Acf(Q) = fad) ~ fla™'0)

For the case of the ground state s = 0, k = 0 we have 70y = 7 with the contour ~ used in
Section 3 of [4]. Let us for simplicity stay with the case s = 0. One can rewrite (3.3) replacing
the contour 7 ) by 7 and taking into account the contribution of the residues from the moved
Bethe roots & and holes . There are also other equations coming from (3.2). Altogether we
have the following set of equations

k

loga(¢, v) = —2mwe+log< ) 3 (/) — 9(/E0)
r=1 52
- [ Krenon 1+ atm)
Y
loga(¢E, k) = $7Ti[7§i’k), r=1,...,k, (3.4)

where g(¢) = log 11 qq_rfcz

Now we can consider the scaling limit and generalize the analysis of Section 10 of [4]. Let
us start with a small remark. So far, we considered only particles which “jump” to the left. In
principle, for the case of finite n we should also consider particles which “jump” to the right.
But in the scaling limit when n — oo it is implied that the right tail of the Bethe ansatz phases
in the ground state is infinite. So, the jumps to the right are irrelevant in the scaling limit.
Therefore we will not discuss them here. Let us introduce the functions

T(\, k) = I T(Aa”
<)\7 H) n—o0, a—g{l 2mR=na ()\CL ’ FL)j
Q*(\, k) = lim a""Q(\a", k)

n—oo, a—0, 2rR=na

and taking into account that for 1/2 < v < 1 the ratio a(¢)/d(¢) — 1 in the scaling limit with ¢
related to A as in (2.11), we get the scaling limit of the auxiliary function a as

@Q*(Ag, k)
C?sc()\q—l7 fi) :

5The case of s > 0 can be treated similarly to the case s = 0. The only difference is that for the finite n case
one has less Bethe roots.

a*°(\, k) =
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We would like to study the asymptotic behavior of a*¢ for A2 — oo and k — oo in such a way
that the variable

A2
t= C(V) 1@

is kept fixed with

c(v) =T(v) 20 <L>2y, 0 =—-vlogr — (1 —wv)log(l—v). (3.5)
Then the function

F(t,k) :=loga*(\, k)

satisfies the equation

=

F(t,r) — /1 OoK(t/u)F(u, m)d—;:—Zm'wi Z t/t5) —g(t/t,)) (3.6)

- / K (t/u)log (1+ eF(“”‘””))d—u + K(t/u)log (1 + e—F(“v“>)dﬁ,
1 u

1 u
where € is a small positive number and

2
&

(K/a)QV :

tF=c(w)™ !

With a slight abuse of notation we will write

K0 =55 (

t?+1 tg2+1
2 2

t2—1 tg2—1
Introducing the resolvent R(,u)

R(t,u) — /1 le(t WK w/w) = K(t/u)  (tu>1)
and

Gt u,v) = G(t,u) — G(t, v),

Gltu) = ((1+ Rig)(t.) = glt/u) + [ Ret.o)glofu)’y- (3.7

one can rewrite the equation (3.6) as follows

k
F(t, k) = kFo(t) + Y Gt:t],t))
r=1
€00 e €0
- / R(t,u)log(1 + eF(“’“))d;u + / R(t,u)log(1 + e_F(“’“))d—;, (3.8)
1 1

where t?F depend on x and can be defined from the equations

F(t*, k) = Fril ™), r=1,...,k (3.9)
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and Fj is the same as in [4]. It satisfies the integral equation
((I = K)Fp)(t) = —2miv, (3.10)

where as in (3.7), the contraction is defined on the interval [1, co)

/ K(t/u)f

It follows from the WKB technique [7] that the asymptotic behavior at t — oo

Fy(t) = const - tas 4 O(t‘i).

Then the equation (3.10) can be uniquely solved by the Wiener—Hopf factorization technique

Fo(t) :/R | Odltus(”z(z;ﬁi) t>1),
—5, 0 2v
where
1
I=5 2(1—v)

and the function

I+ 1 —vi ) (1/2 + ivk) s

Sth) = ['(1+ik)\/27(1 —v)

with 0 defined in (3.5) satisfies factorization condition

| R = S()LS(—k)~1, Rk = Smh@v = Dk

)

sinh 7k

where K stands for the Mellin transform of the kernel K

0o ) 1 oo )
- / O T T / R (k)% dk.
0 t 27T — 50

Below we also use the asymptotic expansion of S(k) at k — oo

k)~ 1+ S;(ik)™
j=1

For example, the two leading terms look

1+v)2v—-1)
24(1 —v)v

(1+v)%(2v —1)?
1152(1 — v)202

S1 = , Sy =

The same method leads to

Rt u) / - d / 7# mS(l)S(m)f((m)M_jiO

= K(t/u) + /OO ‘”/ dm imS(1)S(m)K (1)K (m

(3.11)

(3.12)

e
l+m—i0

) (3.13)
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One can solve the equation (3.8) iteratively using the asymptotic expansion

o0
n=0

An important difference of this expansion with the formula (10.3) of [4] is that here also even
degrees of kK may appear. Since

and then using (3.13)
Gltu) = —2ri / di / A it im g () R (1)§ ()

l4+m—i0 m+1i0’

where we used the regularization m + i0 in such a way that G(t,u) — 0 for u — oo but in fact,
this does not matter because G(¢,u) enters into the equation (3.8) only through the difference
G(t,u) — G(t,v).

One introduces the function ¥(l, k) which has an asymptotic expansion

£) =Y R0, (D) = _zaif) (3.14)
— 2v
related to the function F (¢, k) via
F(t,r) = kFp(t) + /OO ditES()K(1)((1, k) — kTo(1)). (3.15)

It is convenient to introduce

p = [k,

where f is defined in (3.11) and consider the asymptotic expansion with respect to p instead
of K.
Using (3.15), one can rewrite (3.6) in the following equivalent form

®) - ' oot dr () (ei/p
\I/(p)(l p) —p¥y ZG (Lt t) — , / ?R(l ezx/p) log(l 1 PP ,p))
0

100-+€ d iz
+ / ;R(z e~ /P) log(1 4 e~ F V(e “’vm)}, (3.16)
0 71'
where € is a small positive number and by definition
1 i
FO ¢ p) = F(t,r), OO0 p) =¥l k), TP :=_0()=——
(t.9) == F(t.n) 9= W), O = ) =

and then

R(1,e™/P) = resy,

e—h$/p h N l e_hy/p — e_hz/p
mS( ) ) G( ayaz) = —resp h(l +h) )
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where resy, is the coefficient at Ah~! in the expansion at h = co. Taking
F®)(e/?,p) = 21 (v — F(x,p)) ,
we obtain the Taylor series at x = 0
F(x,p) =z +resy, [e_m/pS(h)i\IJ(p)(h,p)]. (3.17)

As the asymptotic series with respect to p at p — oo, it starts with p~'. The 2k parameters tﬂ[
participating in (3.9) and (3.16) are functions of x or equivalently of p. We take them in the
following form

iz (p) s .
trr)=c 7,  af(p)=> zp . (3.18)

Then we get from (3.16)

k .
v (1, p) = " L H(,p), 3.19
D) z:: x, (p)) S (1,p) (3.19)
where
2i [°° dx e—hz/p
Hip) =-2 [ &
et [ (220
X ilp(ag )" _9 ' log(1 4 e 2™@) (3.20)
—~ n! P Ox & ' '

Here {f(z, %)}even = 2(f(z, 8%) + f(—=, —8%)). The parameters z¥(p) are to be determined
from the condition

F(a (p).p) = a7 (p) F 5 I (3.21)

ot = iél(i’k). (3.22)

So, we come to the iterative scheme which allows us to compute F®) (t,p) to any order of p~!.

One can see that the following expansions are consistent with the above equations:

Flz,p) =Y Fiz)p 7, (3.23)
7=0
H(l,p) = i H;(p 7, (3.24)
j=0
Gy, 2) =Y G(liy,2)p 7" (3.25)
7=0

w®)(1, p) :Z\If” It (3.26)
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Let us explain the very first iteration step. We first compute Hy in the expansion (3.24)
using (3.20), the formula

*© dx o\" 9 14\ C(m —n +2)
-amo [ T\ __ | _ +ny>S\TT T AT
/0 5% ( 8x> log(l+e )=m!(l—-2 ) (@m)nniz

and the fact that only the term with n = 0 in the sum at the right hand side of (3.20) contributes
because F is of order p~!. So, we easily come to the result

1

Ho(l) = =57

Then we substitute it into (3.19) and calculate the leading order of the function G taking into
account the condition (3.22). As a result we obtain a few leading orders of ¥(?):

p (3 _ 1 _ —
w1, p) = _M + (E :§(I§+’k) + IR — 24) p! +O0(p 2).

r=1
This we substitute into the formula (3.17) and get Fp from (3.23)

Fo(x) = — (ZVJF?) %+ S (Z

r=1

(k) o (k) _ L
(L% +1L77) 24>,

N | .

1

where S7 is given by (3.12). Then we take the equation (3.21) up to the order p~" and easily

solve it

+ _ L_i_ﬁ I§i7k) 2+S Zk:i(I(Jr’k)—i—I(’k))—i
Tsi =\ T 2 2 ! g\ r 24 |

r=1

One can do the second iteration by repeating this procedure. In Appendices A and B we show

the result of such a calculation for few next orders with respect to p~!.

4 The function w*°

Also we need to generalize the expressions (11.5), (11.6) of [4] for the function w*® to the case of
excited states. Still we take the condition k = ' for which we can choose the excited state for
the spin 0 sector and for the sector with spin s in such a way that p(A|x, x’) = 1. The reasoning
here is quite similar to that one described in Section 4 of [4]. Actually, one can start with the
similar expression to (11.1) of [4] but with a generalized dressed resolvent Rgyess

wsc()‘y /.L|I<,, K, Oé) = (fleft *k fright + fleft *k Rdress *k fright)()\a ,U*) + WO()\a ,u|a), (41)

where”

ferO ) =~ 650 i), g0 0) = 50 (M s ),

21

O ) = flaN) = f(N),  wolA pla) = 856, AT o (A ps a),

o(ha) = o AV = FaN) N

-1’

"In comparison with (11.1) of [4] we take instead of the function t defined in (2.5) the function 1. The result
does not change if we also change the kernel Ko — Ka,0 as it is done in (4.2).
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with
Yo(p, @) dp?
L+ (A p)») 2

AMgo(Na) = —VP /0 o
1%

where the principal value is taken for the pole p? = 1. The contraction %, means

d\?
[ g= /?(0 » FN)gN)dm(X), — dm(A) = A(1+a%(A, k)

with the contour ¥(g ;) which corresponds to 7(g ;) from the equation (3.3) but taken for variab-
le A2 instead of (? = A\?a®”. We remind the reader that the contour Y(0,k) Was taken around
all the Bethe roots in the clockwise direction in case of the excited state with k particles and k
holes for the zero spin sector.

The resolvent Rgegs fulfills the integral equation

Rdress - Rdress *k Koa70 = Ka,Oa Ka,O()\) = A)\wO()‘, O‘)‘ (42)

Applying a similar trick which we used to derive (3.4), namely, deforming the contour
Y(0,k) — Y(0,0) @and taking into account additional terms coming from the residues corresponding
to particles and holes, we can obtain

k
. R(ta Y )Rdress( +’ U) R(t, 5 )Rdress( , u)
Rdress(t7 U) - R(t, u, a) = 211 Z < T r . r r
r=1 Fl(t?" ’ ) Fl(tr s )

_ /eisoo R(t, v; Q)Rdress(va ’LL) @ - /e_ieoo R(t’ v; Oé)Rdress(Ua u) dv
1 1

— 4.
1+ e Flvr) v 1 + eF'(v.s) v’ (4.3)

3}
1 —
F'(t,k) := t@tF(t’ K),

where as in [4], we introduced the “undressed” resolvent R(t,u, ) which satisfies the equation
*d
Rit.u.a) ~ [ VR w0)Ko(t/v.0) = Kotfu,0) (4.4)
1

with the kernel

- g (142127

2 \ t¢2 -1  tqg 2 -1

corresponding to the above kernel K, . The solution of (4.4) again can be got by the Wiener—
Hopf factorization technique

R(t,u,a) = Ko(t/u,«

)
/oo dl / dmtzl mS(l,a)S(m,2 — a)K(l,a)K (m, 2 —a)m

with the Mellin-transform
. sinhm((2v — 1)k — &)

Kk = : 2
(k, o) sinhw(k + %)

corresponding to the kernel Ky(¢, o) and

(14 (1 —v)ik— $T(L +ivk)

S(k, = )
ko) = L ik~ 2)var(1 = @i
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— K(k,a) = S(k,a)"1S(—k,2 — a)~L.
We assume that
0<a<?2.
Now we take the ansatz for Ryyess(t, u)
Ryress(t,u) = Ko(t/u, (4.5)

)
/oo dl/ dmt” mS(l,a)S(m,2 — a)K(I,a) K (m,2 — a)O(l, m|p, o

with the asymptotic expansion® at p — oo

o0

O(l,mlp,a) =Y Oy (l,mla)p™,  Op(l,m|a) = —

n=0

)
l+m

(4.6)

and substitute it into the equation (4.3). As a result we get the equation which allows us to
calculate all ©,, by iterations

O(l,m|p,a) — Og(l,m|a) = lresl/resm/ [S(l', 2 —a)S(m',a)0(m’,m|p,a)/(l +1')
p

k k
< iy e m W (B (it (), p) — 1)+ Y e UFm0m O (B (a7 (p), p) 1)
r=1 r=1
+QZ / da;{ +me/p Bz, p)" <_§$> } N 1+162”>]’ (4.7)

where the odd part {f(z, a%)}odd = %(f(xa 8%) - fl=2,— aam)) and

9 P(a,p).

_/ Pyp—

Performing iterations implies that enough many orders in the expansion of F(z,p) and z*(p)
with respect to p~! were obtained by means of the iteration scheme described in the previous
section. For a few leading terms in the expansion for ©(l, m|p, o) we get

k

7 1
_ § (+,k) (—,k)
O, mlp, ) l+m (241/ 2w I +I )>

1
X <—iV(l +m) =5+ Aa> P2+ 0(p7?),
where A, is given by (2.2). Some other terms of this expansion will be shown in Appendix C
for the case k = 1.

One can derive relation like (11.5) of [4] using the form (4.1), integral equations (4.2), (4.3)
for the dressed resolvent Rgess and the ansatz (4.5)

W (A, pulk, K, @) (4.8)

8Here ©,,(1, m|a) are different from those introduced in [4] since we should take into account the contribution
of terms with odd degrees n also.
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1 ) o0 B 5 66+7TiVA2 il 66+7riz/u2 im
~ 9 _ ;
omi ) dl /_OO dm S(l,«)S(m, a)O(l + 0, m|p, ) < () > < o) ) ,

where we returned to the variables A, u and
S(ha)= —— I(—ik+ $)T (5 + ivk) |
D(—i(1—v)k+ $)V2r(l —v)(1-2)/2

The asymptotic expansion at A,y — oo can be obtained by computing the residues of the
functions S(I, ) and S(m,2 — «)

o0

]. 2r

—1 2s—1
W (A, plk, Ky @) =~ Z mD%—l(O&)D%—l(?—O&))\_ T v Qo 0s-1(p, @), (4.9)
r,s=1
where
1 _2n—1 2n—1 1 r(e+Lt@en-1
D2n—1(a) = 7F(V) v ( - V) 2 ! (2 (12_1,() )) (41())
Viv (=Dl (g 4+ 02220 — 1))
and

i2r —1) i(2s— 1)
2 v

Qor_125-1(p, ) = —O <

p’a) (T+z_1> (\/szy>2r+2s—2. )

The relations (4.8)—(4.11) look the same as (11.5)—(11.7) of [4]. However there is an important

i(2r—1) i(2s—1)
v 0 2u p,Oé)

satisfy the so-called vanishing property i.e. for given r and s they vanish starting from 2n = r+s.
It is equivalent to the fact that the function © is proportional to a polynomial with respect
to p. This is true only for the case of ground state £ = 0 and also for the case £k = 1 with
I+ = (=1 = 1. For both cases all the coefficients ©,, with odd n vanish. We will see that
in both cases the space of the CFT-descendants is one-dimensional.

difference. It was pointed out in [4] that the expansion coefficients ©,,

5 Relation to the CFT

Here we would like to study generalization of the relation (2.1) between the lattice six vertex
model and the CFT to the case of excited states. As discussed in Section 2, for the case
of the ground state we inserted at foo-points of the cylinder the two primary fields ¢+ with
dimensions Ay. We also identified Ay = Axq, A = A s and Ay = A_ for the case k = K.
The corresponding states were denoted |Ay) and (A_| respectively. For the six vertex model
we introduced in Section 3 the states |w; I(HF) T1(=8) marked by the two ordered sets I(+*)
and I(—%) of k odd, positive, non-coinciding numbers. In case of the spin s sector we denote
such a state |k, s; J(HR) I(_7k)>. In the scaling limit we can identify these states with descendants

k
of the primary fields ¢+ at level N = % > (qu+’k) + I,(_’k))
r=1

1oy TEHR) TRy 5 AL TOHR) T(R)y = Z Aglfl(i"’zi(*””)L_m Lo AL,
1> >nm>1
ny+-+nm=N
(k+a—s,s TR TER| S 0 (AL TR [(5R)
T(I(+k) [(=k)
= > AL ALy Ly (5.1)

ny>>nm>1
ni+--+nm=N
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We normalize
(A 100, D6, (0)| A 100, 10) =1 (5:2)

but we do not demand orthogonality of the states with different sets. In other words, the “scalar
product” (A_; IHR) 1(=F) g (0)|A,; I’(+’k),I’(7’k)> is not necessarily zero. So, instead of (2.1)
we take
S Al a
niZ-2nm2l opf >o>nf  >1
nitetnm=N n/ﬁ‘..MZL,:N

X (A Ly |- Ly Pa({12}) $a(0) Ly -+ L | ) (5.3)
; <I€ +a—s,s; I(-i—,k:)7 I(_7k)|TS,Mq2HSb)&,,371 . b&,o (q2aS(0)O)‘KJ; I(-I—,k:)7 I(_’k)>
= 1m .
IZ_;%?’ (k+ a — s,s; [(Hk) I(_’k)|TS,Mq2“Sb’$o,371 bl (anS(O))M; T(+R) T(=k))
na=27R

In this relation the polynomial P, ({l1_;}) does not depend on « and the choice of the excitation
i.e. it is independent of k and of the both sets I&%). As was pointed out above, the coefficients of
this polynomial are rational functions of the conformal charge ¢ and the conformal dimension A,

of the primary field ¢, only. If the operator O = ,BSEIT . B%ET’{’)/%}:E} . ’ygﬁﬁ then the

level of descendants participating in Po({l_;}) is M = 23" (i; + j; — 1). On the other hand,
=1

the coefficients Ay, . ., flnh_”,nm are independent of the choice of the operator O. So, our
strategy is to take for a given level M all linear independent operators O represented in terms of
the fermionic basis modulo integrals of motion and as many different excitations as necessary in
order to fix the corresponding polynomials P, ({Lj}) and the coefficients? Any s Ay, -
All other relations for this level partially determine further coefficients A, A and the rest of
the equations fulfills automatically. In [4] we were able to fix the polynomials P, ({Lj}) up to
M = 6 using only the ground state data when k = 0. It means that for M < 6 the relation (5.3)
fulfills automatically for any excitation i.e. for any k and any two sets (&%), We checked this
for the case k = 1 with I{"" = 17V = 1and 17V =1, ;7Y =3, {7V =3, 17V = 1.

Starting with M = 8 the situation changes. We do not have enough equations in order to fix
the polynomials P, ({l_j}) if we restrict ourselves with the case of the ground state. We need
additional equations involving excitations. In the next section we will consider in detail the case
M =8.

Before we go further let us make one remark. It is interesting to note that the above fermionic
basis operators are marked in exactly the same way as the particle-hole excitations, namely, by
two ordered sets of n odd, positive integers I(+7) = {201 -1 < -+ < 2ip, — 1} and 1= =
{2j1 — 1< -+ < 2j, —1}. So, we can denote such an operator

_ aCFTx CFTx* . CFTx CFTx
(91(+,n>,1<—,n> = /32i1—1 s ‘IBQZ‘,L—172]‘,L—1 Y25, -1 (5.4)

In case we take this operator in the right hand side of (5.3) we will use the following shorthand
notation

rhus. of (5.3) = (IR 1ROy jm [IHR TR,

Now let us describe in general how we compute both sides of the relation (5.3). We start
with the right hand side of (5.3) determined by the lattice data. We pointed out the fact that

91n fact, not all coefficients A, A can be fixed but rather some of their products. We checked for one particular
case that one can fix them completely taking A, ... n., = An,,....n,, but a’priori it is not quite clear to us why it
should be so.

,,,,,,,,,,
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the theorem by Jimbo, Miwa, Smirnov works for the case of excited states also with the same
fermionic operators. Only two transcendental functions p and w are sensible to the changes that
happen in the Matsubara direction. It means that we still can apply the Wick theorem and after
taking the scaling limit come to the same determinant formula (2.17) but with a new functional
determined by the right hand side of (5.3) instead of Z]';’”/. With our choice of parameters «, s,
k, k' the function p*¢ is still 1 and the function w"® is now determined through the asymptotic
expansion (4.9). So, we come to

Q T — j 0 — )
(LD TR0 14 1[I, 1)) = ot (22120012 0) : (5.5)
5 (23 +]7" -1 ror/=1,..n

where the function 2 is defined by (4.11).
Now let us proceed to the left hand side of (5.3) which involves the CFT data. For simplicity
let us put the radius of the cylinder R = 1. We need to calculate

<A—|Ln;n, o ‘LngPa({l—j})ﬁba(o)L—m T L—nm‘A+>

m m’
N = g nj = E n;
Jj=1 Jj=1

or picking out some monomial with respect to the local Virasoro generators 1_;, we need the
following value

(N, oymlar, .. ag;na, ..y
= <A7|Ln;n, e ‘Ln/1 loq, 124, ¢a(0)L_p, -+ L_p,[A}) (5.6)
with d positive integers 1 <a; < --- < aq.

In order to compute it we follow the scheme described in Section 6 of [4]. First we define the
function

Wi(z1,...,zx;w) == (A_|T(2x) - - - T(21) o (w)|AL), K=d+m+m/,

where T'(z) is the energy-momentum tensor as a function of the point z on the cylinder with
the OPEs

C

T(2)T(w) = —5X"(z —w) = 2T (w)X'(z — w) + T'(w)x(z — w) + O(1),
T(2)pa(w) = —Aada(w)X'(z — w) + ¢ (w)x(z —w) + O(1)
and
x(z) = %coth (g) = Z (]29:;!2:2"1, (5.7)
n=0

where By, are Bernulli numbers. We also need the expansion:
1 o0
— 4 Fiz
X(2) = £5 & Zle . R(z) = +oo. (5.8)
]:

As was discussed above we can use two different expansions for the energy-momentum tensor
as well
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e the “local” expansion in vicinity of z =0

e the “global” expansion when R(z) — +oo

> Cc
> Lne™ =51 (5.9)

n=—oo

The action of the local Virasoro generators 1, on a local field O(w) is defined through the
contour integral

(1,0) (w) = /C & o )T ()0(w),

211
w

where C, encircles the point w anticlockwise.

The conformal Ward-Takahashi identity allows to determine the function W (z1, ..., zx) re-
cursively:
K J
W(z1, ..., 255w 1 Z:ZX/” 21— z2j)Wiza, ... ..., zK;w) (5.10)
J:

K
+ {Z <—2X'(21 = zj) + (x(21 — 25) = x(21 — w))(;ij) — Aax'(21 — w)

j=2
+(Ay — AD)y(z1 — w) + (A++A) QZ}W(ZQ,...,ZK;@U).

Of course, the term containing the difference Ay — A_ drops for the case AL = A_ which is
only interesting for us here.

In order to calculate the above object (n},...,n! ;;ai,...,aq4;n1,..., 1) given by (5.6), we
proceed in several steps:

step 1: take the recursion (5.10) and expand x(z1—---), X' (z1— ), X" (z1— ), X" (z1—- )
using the expansion (5.8) for §R(zl) — —oo and then having in mind the expansion (5.9)

take there the coefficient at e™1,

step 2: repeat this procedure consequently for the variables 29, 23, . . ., 2, taking every time
the coefficients at e"2%2, e"s% . .. | ™m*m’

step 3: similarly we proceed with the next m variables z,, 41, . .., Zm/+m taking the expansion
(5.8) for R(zpmra1) = 00, ..oy, R(Zmram) — 00, further using the recursion (5.10) and picking
up coefficients at e "1 m/+1 ., e "mEFm/tm

step 4: now one can easily compute the limit w — 0 and then apply (5.10) with respect
to the variable z, 1,11, take the local expansion (5.7) of X(zm/im+1), X (Zm/tms1),
X" (Zm/+ma1), --. and calculate the contour integral fCo dzm’+m+lz;u2igi1 --+ with the
expression obtained in this way,

step 5: repeat the step 4 with respect to the residual variables z,,/+m42, ..., 2K every time

calculating the contour integrals fCo dzm/+m+gz;,ziﬂ+12 -+ etc. up to the last integral
f dZ P 2ad+1 .
Co K
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In this way we can obtain, for example, for the case d =0, N =2

+4 (A2 - A+ AL, (5.11)
(2;2:1,1) = 2(A3 — A+ 3A,),
(1,1;2;1,1) = A(A = 1)(A% — A +2) +4A, (2A% — 2A + 1) + 8AZ,

where again we used the shorthand notation A = A,.
Ford=1,a; =1, N =2 we get

(21:2) = —LA@A2 —g1a 142 re(—taz s Ta1) - ©
112 =3 6= TR 48

+Ay <4A2+335A+§+8> +4A%,

(1,1:1:2) = (2:1:1,1) = —%A(A 1 1)(2A% + cA — 86A + 72— 7¢)

+ Ay <(2A+3) <A2+ZA+4) —Z) +6A2,

(1,1;1;1,1) = —2—14A(A —1)(2A% + (¢ — 50)A% — (c + 44)A + 2¢ — 96) (5.12)

A
+ %(GA“ + 3203 — 2(c — T1)A% + 2(c + 29)A + 48 — ¢)
2

A
+ %(2@2 + 70A 4 60 — ) +8AY.
Andford=1,a1 =2, N =2:

A% 359 1921c 1921AA
2:22) =A==+ A4 -3 4 T F
(222) <60+60 T80 ) ’

60
A% 179 1441
AA—-1) 241 121 599 1921
1,1:2:1, 1) = A2(A—-1) | ———2 + — Al ==A2+ A+ A
(LL21,1) ( )< 240 +120>+ (30 T30 +60> *
N 481AA3‘

30

6 The level M =8

Here we show how the procedure generally described in the previous section works for the case
of level M = 8. As was pointed out in Introduction, there are 5 monomials of the local Virasoro
generators which generate linear independent descendant states modulo integrals of motion. Let
us arrange them as a vector
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As for the fermionic operators (5.4), we also have 5 possibilities for M = 8 which we also take
as a vector
¢?V$n
o’dd
1,7

even

‘/fermi = 3,5 ’

odd
3,5

ﬁ?FT* 5§FT* ,YgFT* ,YCFT*
where we used the even and odd combinations (2.18). We would like to determine the 5 by 5
transformation matrix U

‘/fermi = U‘/la (61)

wnun

where the weak equivalence should be understood in the same way as in the formula (2.21)
and all the matrix elements of U depend only on the conformal dimension A = A, and central
charge c. In [4] we were not able to uniquely fix this matrix from the consideration of the ground
state case N = 0. If we substitute the both sides of (6.1) into (2.1) where the matrix elements
of U in every row correspond to the coefficients in the polynomial Py, ({1-;}) and use (5.5) for
k = 0 then we get

(A_|[(UW)¢a(0)|A+)
(A-[¢a(0)]A4)

=V, (6.2)

where
(@ <°)+9$?b/2
(@) — Q) /(2da)
VO .= Q2 + )2 (6.3)
(QF) - 95))/(2da)
)0’} /3 — ol /4

and Q( ) denote the functions Q; i/ (p, o) given by (4.11) which are calculated for the ground state
case N =0, k = 0 as was explained in Section 11 of [4]. From the vanishing property follows
that all five equations in (6.2) are polynomials with respect to p? of degree 4. In all 5 cases one
of the equations is fulfilled automatically. It means that every equation leaves an one-parametric
freedom. In other words, in every row of U one matrix element is left undetermined.

Therefore in order to fix the matrix U completely we need to involve excitations. Here we
restrict ourselves with the case Kk = 1 and N < 2 only. Let us remind the reader that the

k
descendant level for the excitations N = 1 3° (I7£+’k) + IT(,_’k)). So, for the case N = 1 we have
r=1

only one possibility I(+1) = 1(=1) = {1}. As in the ground state case N = 0, the descendant
space is one-dimensional because there is only one vector L_;|A) here. When we wrote the
paper [4] we thought that considering this excitation would help us to fix the above mentioned
freedom. As appeared it is not the case because it does not produce any additional constraints
on the transformation matrix U. We leave the checking of this fact as an exercise for the reader.

So, we have to consider the case N = 2. There are two possibilities I(+1 = {1}, I(=D = {3}
and I+ = {3}, I\=>1) = {1} that correspond to the two-dimensional descendant space spanned
by two vectors L_o|Ay) and L?,|A,). Now let us consider the states (5.1)

A {1}, {3)) = AL_oAL) + BL?|A4), (6.4)
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A {3} {1}) = CL_sAy) + DIZ,[AL),
(A—; {1}, {3}] = A(A_|L + BIA_|LR,
(A_; {3}, {1}] = C(A_| Ly + D(A_|L},

where we use simpler notation for the coefficients A({l} B) 2 =A, A({l} B) 2 =B, Ag{g}’{l}) =C,

Agff’}’{l}) = D and similar for A, B, C, D. As appeared we can take them A = A, B = B,
C=C,D=D.
Now we should satisfy the normalization condition (5.2)

(A {1}, {3}oa(0)[Ay; {1}, {3}) = (A {3}, {1}]0a(0)]A4; {3}, {1}) = L.

Substituting the above formulae (6.4) here, using the notation (5.6) and the fact that (1, 1; @;2) =
(2;2;1,1), we get

A%(2:2:2) + B%(1,1;2;1,1) + 2AB(1,1; @;2)
= C*(2;;2) + D*(1,1;2;1,1) + 20D(1,1;2;2) = 1, (6.5)

where (2;2;2),(1,1;2;1,1),(1,1;2;2) are given by (5.11). Now we can use the first row
of (2.21), the formulae (5.5) and (6.5) in order to obtain

(2:2:2) (1,1;2:1,1) (1,1;2;2)\ [ A° 1
(2;1;2) (1,L;1;1,1) (LLL2) || B2 | = i}y . (6.6)
(222) (LL%L1) (1,1;22)) \24B 3 — ity /d,

Here we denoted QE}J’?) the function €; j/(p, @) given by the formula (4.11) where

O(ij/(2v),ij'/(2v)|p, @)

is determined by the equation (4.7) with k& = 1 and It1) = {1}, I(&Y = {3} while d,, is
taken from (2.19). The matrix elements of the second and the third row in the left hand side
of (6.6) are given by (5.12) and (5.13) respectively. The matrix equation (6.6) can be solved
with respect to A and B by inverting the 3 by 3 matrix. These equations are overdetermined.
The first two of them give A?, B? and we can check that the last equation which gives 2AB is
fulfilled automatically.

In a similar way one can get the coefficients C' and D from the equation which can be obtained
from (6.6) by changing A — C, B — D and Q(l U Q(?’ Y where (2;3],1) is defined through the
equations (4.11) and (4.7) with I(H1) = {3}, I - = {1}

The result for few leading orders with respect to p looks as follows

1 -22, 5, [(A(A-1) ?+148¢c— 860 _3 _4
A=) = oz @) < 6 18432 ()™ +0(™),
1 _ c+14 _ _
B = g(py) 2 _ a8l (pv) 34 O(p 4). (6.7)

The coefficients C' and D can be got from A and B respectively through the substitution of p
by —p.

As in the N = 0 case described above, one can substitute (6.1) into (5.3) and use (5.5) in
order to get

A (A |La(UWV)a(0) L—2|Ay) + BHA_|LF(UV1)¢a(0) L2, A )
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+ 2AB(A_|L{(UVi)$a(0) L—2|As) = VLY, (6.8)
where V13) can be obtained from V() given by (6.3) via the substitution ngj), — 951],3)

1,3)
(Qg 7+ Q )
vas) (Q(l 3) >) /2
1,3) 1 3
(25;” Qés )/<2 )
ool /3 - afYal /4

/2

Both sides of the equation (6.8) can be represented as a power series with respect to p~! starting

with p°. Then one can equate coefficients standing at powers p~7 and get as many equations as
necessary. It turned out that all the equations obtained by taking coefficients at p° up to p—2
fulfill automatically. The unknown matrix elements of the transformation matrix U are fixed
only in the order p~°. All equations which stem from further orders with respect to p~! should
be fulfilled automatically. Unfortunately, so far we could not prove it or even check any further
equations because of complexity of calculations in the intermediate stage. We hope to do it
in future. We checked that if one substitutes A — C, B — D in the left hand side of the

equation (6.8) and lef) — Qﬁgj,l ) in the right hand side of (6.8) then the equation obtained
is fulfilled automatically up to p~°. Let us explicitly show the final result using even and odd
combinations (2.18):

en 210, + (4(c — A +4(c+8))/ (3(A + 4))1_412,
— (—43¢® + 924c — 16340 — (21c* + 1102¢ — 18535)A
— (11c* — 198¢ + T75)A? 4 40(c — 25)A%) / (45(A + 4) (A +11))12,
— (2(—¢® — 1540c + 17264) — 2(43¢* — 298¢ + 2652) A
—12(c? — 31c + 574) A% + 32(c — 28)A%) /(15(A + 4)(A + 11))1 6l
— (—45¢* +1637c* — 137176¢ + 2033360 — 20(2c” + 261c® — 7623¢ + 67411)A
— 4(10¢3 — 439¢% + T142¢ — 5825)A?
+96(2¢? — 81c + 705)A%) /(105(A + 4)(A + 11))1_g, (6.9)
B39 = (4A) /(A + 4)1 412,
+ (20(c — 28) + 24(c + 47)A + 8(2c — 11)A%) /(15(A + 4)(A + 11))12,
+ (—40(c — 28) + 8(13c — 44)A + 16(c — 8)A?) /(5(A + 4)(A + 11)) 115
— (20(c — 28)(c + 79) — 4(15¢* + 1316¢ — 20143)A
— 4(15¢* — 398c + 4359)A? + 32(c — 33)A%) /(35(A + 4)(A + 11))1_g,
BT =11, + (8(2¢ + 13) + 12(c — 16)A) /(9(A + 4))1_412,
+ (2(262¢* — 4271c + 82750) + 3(59¢% + 2338c — 67785)A
+ (79¢? — 1502¢ — 6965) A% + 120(c — 25)A%) / (405(A + 4)(A + 11))12
+ (4(68c* + 7571c — 86380) + 4(188¢* — 3379¢ + 10310)A
+24(4c® — 127c + 1125)A%) /(135(A + 4)(A + 11)) 1615
+ (2(420¢® — 9013¢* + 711929¢ — 10449400)
+4(70¢® + 9741¢% — 370938¢ + 3325745) A
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+20(14¢® — 629¢% 4 9532¢ — 48805) A?

+96(c — 25)(2c — 31)A%) /(945(A + 4)(A + 11)) L, (6.10)
B3 = (4A)/(3(A + 4))1_41%,

+ (—4(17c — 236) — 24(c — 43)A + 8(4c — 127)A%) /(135(A + 4)(A + 11))12,

+ (8(17c — 236) + 8(47c — 536) A + 48(c — 18)A?) /(45(A + 4)(A + 11)) 16l

+ (28(15¢* — 571c + 7708) + 4(35¢® + 2708¢ — 66859) A

+20(7c* — 222¢ + T67) A% + 96(c — 33)A®) /(315(A + 4)(A + 11))1_5

and for the fourth-order combination we get

T gPE ey I T OF T o 1 /1211, + (3¢ — 54 + 2(c — 22)A) / (18(A + 4))1_41%,
— (43¢® — 1426¢ + 11664 + 2(15¢* — 302c — 1069)A
+2(c? 4 86¢ — 2667)A% + 16(c — 25)A%) /(216(A + 4)(A + 11))1%,
+ (215¢* — 8714c + 74952 + (125¢* — 3856¢ + 13208) A
+2(5¢% — T3¢ — 1816) A% + 16(c — 28)A%) /(180(A + 4)(A + 11)) 16l
— (—25¢* + 1755¢* — 39410c + 326592 — 4(30c* — 1393¢ + 9520)
+ 8(11c + 289)A% + 192A%) /(T2(A + 4)(A + 11))1_s. (6.11)

The elements of the above matrix U can be easily got from these data. It is interesting to note
that the determinant of U has relatively simple factorized form

detU = —32(c — 25)(c — 28)(¢ — 33)(A — 1) (6.12)
y (c+2—2(c+ 11)A + 48A2)(—c? 4+ 18¢c + 175 + 16(c — 25)A + 192A?)
382725(A +4)(A +11)

The numerator of (6.12) is proportional to the following product

(v—2)%(v—3)(v—4)2v —3)3v —4)(av — 1)(av — 2)(av + 1 —v)(av — 1 — 1)
X (av+2—v)(av =2+ v)(av —2 —v)(av+ 1 —2v)(av +2 — 2v)(av + 2 — 3v).

It would be interesting to understand the meaning of the degeneration points like v = 2, v = 3,
v=4,v=2/3,v=3/4and a = 1/v, a =2/v, a = —(1 — v)/v etc. where the determinant
detU = 0.

7 Conclusion

In this paper we demonstrated that the method developed in [4] works for excited states as well.
As we saw with the example of the descendant level M = 8, it is not possible to completely
determine the transformation matrix between the usual basis constructed through the action of
Virasoro generators on the primary field and the fermionic basis constructed in [1, 2] without
involving excitations. On the other hand the matrix elements of the transformation matrix
should not depend on the fact which excitation is taken. This should provide an interesting
compatibility condition on the structure of the three-point functions both from the point of
view of the CFT and the lattice XXZ model we started with. In this paper we were able to
treat only the case of excitations corresponding to the descendant level N < 2. It would be
interesting to check the above mentioned compatibility for the case of other excitations with
N > 2 and for the higher descendants M > 8 as well. Of course, it is very important to find
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a general proof of the compatibility condition. We think it is also interesting to study singular
points of the transformation matrix mentioned in the end of the previous section. This may
shed new light on the structure of the Virasoro algebra, Verma modules and singular vectors.
One more important generalization of the results obtained here, which is still out of our reach,
would be to treat the case of general values a, x, x’ and also the case of different excitations
inserted at +00 and —oo on the cylinder. In both cases the function p is not 1 and we would
have to generalize the whole Wiener—Hopf factorization technique. We hope to return to these
questions in future publications.

A The function ®® and integrals of motion

Here we show several further orders of the 1/p-expansion of the functions used in Section 3
for the case of excitations with & = 1. For simplicity we use shorter notation my = I§+’1),
my = If_’l). First let us show expressions for several coefficients \Ifg-p ) (1) of the expansion (3.26)
for the function W (1, p):

i
Ul +i/(2v))

P (1) =0,

v (1) =

\I/gp)(l) — ;Z<_1 + 12(m0 + ml)):

W) = L
Wy L—i/2v) . B 3 3 2 B 3 3
() = 28800 (1 —v) (ilv(1 — v)(7/2 + 60(mg + m?)) + 5(2v° — 11(1 — v))(mj + m?})
+5(1 4 v)(2v — 1)(mg + m1)(6(mo +m1) — 1) + v* + 3(1 — v)),
W) = )z ) (3842020 — ) (md + md)
5 VT 14745602(1 — )20 0 T oA

— 16ilv(1 — v) (5(20* + 11(1 — v))(mf + m7)
+2(14v)(2v — 1)(12(mo + m1) — 1))

— (200* — 22003 4 68102 — 9220 + 461)(m3 + m?)

— 201+ v)(2v — 1)(202 + 23(1 — 1)) (12(mo + m1) — 1))),

—i/(2v) _
v (1) = 8640i13(—31 + 252(m? + m?))(1 — v)33
o () = S360755200,3(1 — 1)? il (=31 + 252(mg + my))(1 - v)"v

+ 14402 (1 — v)22 (567(202 + 11(1 = ) (mf + m])

+21(1 + v)(2v — 1)(mo + m1) (7 — 10(m2 + m3 — momy) + 120(m3 + m3))
— 164v% — 755(1 — u)) — 90ilv(1 — v) (21(6085 — 121700 + 87692 — 26841/°
+ 2440 (mf + mb) + (1 + v)(2v — 1)(420(34% + 295(1 — 1)) (mg + m?)

+ 840(1402 + 113(1 — v)) (mgmy + mom?)

— 2520(20% + 23(1 — v))mam3 + 70(2741% — 257(1 — v))(m 4+ m?)

+2520(1 4+ v)(2v — 1)(mo + m1)(—mo — mq + 12mgmy)

+ 7(1580% + 761(1 — v))(mg + m1)) — 96(159 — 318 + 2400 — 81v° + 81/4))
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— 21(210403 — 631209v + 81375902 — 5755031° + 21935411 — 368041/°
4+ 128805) (mg +m3) — (1 +v)(2v — 1) (420(20281 — 40562v + 250531/

— 477207 + 520%) (mg + m?) — 840(—6407 4 12814v — 67711 + 3643

+ 43601y momy (m2 + m?) — 2520(2489 — 4978y + 383712 — 13481°

+ 3080 ym&m? 4 70(—31607 4 63214v + 16989* — 485961/°

+33160%) (m3 + m3) +12600(1 + v)(—1 + 20) (20 + 35(1 — ) (mo + m1)
X (—mg —my 4+ 12mgomy) — 7(—39599 4 79198y — 5234702 + 1274803

+ 24520%) (mg + ml)) +103680(1 — v)(5 — 10v + 100? — 50° + y4)}. (A.1)

One can check that the U-function in the ground state case is reproduced if one takes mg =
mi = 0. There is a connection of the function ¥ with the integrals of motion described in [7].
In the ground state case this connection was given by the formula (10.17) of [4]:

Ioy 1 = —i 0@ (Z(Qz_l),p> n(2n — 1)(2v%)"1p?n L. (A.2)
v

In the case of excitations the integrals of motion are given by matrices. Let us consider the first
three integrals of motion Iy, I3, I5. Their explicit expressions via the Virasoro generators can
be found in [6].

Again let us consider an example of the excitations with NV = 2 and k = 1 with two pos-
sibilities 7(+1) = {1}, I(&Y = {3} and I™HD = {3}, (=) = {1} which correspond to the
two-dimensional descendant space spanned by two vectors L_2|A) and L? ;|A ) or their linear
combinations |A4; {1}, {3}), |A4; {3}, {1}) given by the formula (6.4).

Let us start with the simplest case of the very first integral of motion I; given by the
formula (11) of the paper [6]:

c

I1:L0—24.

This operator is diagonal for the above two-dimensional space

Lo|Ap)Y _ _ ) (L2lAy)
h <L21|A+> _(A++2 24) L2 AL)
and

A++2—i :2(pV)2+g.
We can easily check that we get exactly the same result if we substitute the expansion (3.26)
with the coefficients given by (A.1) for [ =i/(2v) and mg = 1, my = 3 or mg = 3, m; = 1 into
the formula (A.2) with n = 1. We see that in this case all \I!y’) (i/(2v)) = 0 with j > 3 even
without fixing mg and m;.

The next case of I3 is a bit less trivial since I3 is not diagonal any longer. Following [6], we
have

9 Cc+2

o
c(be+ 22
13:2ZL,nLn+LO Lo+ ( ).
n=1

12 2880
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We see that only the first term here is not diagonal. Using the Virasoro algebra, one can check

that
() (e, )
L2]A) 12, 4) \L?2,]A4)

+ (3004 @y pop - EEDCE2 ALY (Toalle))

We can diagonalize the matrix

(s, -6 06D

with the eigenvalues

62 —5(1—v) | 364021 —v)2p2 + (1 +v)%(2v — 1)2
A= 2(1 —v) = 2(1 —v) (A-3)

and the matrix elements A, B, C, D taken from the definition of the vectors |A4;{1},{3}),
|A4;{3},{1}) given by (6.4). Hence these vectors are eigenvectors of the matrix I3. Several
leading terms of 1/p-expansion of A, B where shown in (6.7) while C', D can be got from A, B
by changing p — —p. So, for the eigenvalues of I3 we obtain'’

I =2\ 4 8A,L + (AL +2)2 - (c+2)(Ay +2) | c(bc+22)

12 2880
A7 48042 — 5769(1 — v)
~4(pv)" + 5 (pv)" F 12pv 960(1 — 1)
3 vPev-12
T ) e (pv)~ + O(p ) (A.4)

We can check at least for number of first orders that we get the same 1/p-expansion if, like
in the previous case we substitute the expansion (3.26) this time for | = 3i/(2v) and mo = 3,
mp = 1 in case of I§+) and mg = 1, m; = 3 in case of I?E_) into the formula (A.2) with n = 2.
In contrast to the case of the first integral of motion [, the series expansion (A.4) does not
terminate because of the square root in the expression (A.3) for the eigenvalues A*. Also we get
both even and odd powers with respect to p in contrast to the case N = 0 corresponding to the
ground state.

The next case can be treated similarly. First we take I5 from [6]

> 11
I5 = Z . Lnan2Ln3 : —|—Z (C—; n2—1—2> L,nLn
ni+nz2+n3=0 n=1
3 — c+4 5 (c+2)(3c¢+20) c(3c + 14)(7c + 68)
= Ly_9pLop_1 — L Lo —
+2§ 1-2rfor—1 — —g— Lo 576 0 290304

with the normal ordering : : for which the Virasoro generators with bigger indices are placed to
the right. Then using the Virasoro algebra, one can come to the following formula

L_s|A 5 c c 6\ (L_2olA
. <L22|A+>> :5<++A+ A ) (278
“11AL) 6 24 12A, 2 1AL)
10We hope the reader will not mix these eigenvalues T ;i) with the integrals of motion I ]i mentioned in Section 2
that equal to each other when x' = k and Ay = A_.
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236 — ¢ > 227c 3845
3 2 - _ -
+<A++ 8 A+Jr(192 288 T T >A+)

+ (a3 3 +1361c2 7325c+g L_s|AL)
to13824 ' 145152 5184 36 ) \L?%,|A4))°

We see that the matrix I5 can be diagonalized by the same similarity transformation as I3
because all the integrals of motion commute. The result for the asymptotic expansion of the
two corresponding eigenvalues 1, 5i looks

235 48082 — 12503(1 — v)
¥ ~g 6 , <99 4+ 190 3 2

5 (pv)” + =~ (pv)" F 120(pv) 96(1 1) (pv)
15(4v* + 3603 + 2102 — 114w + 57) (o)
v

16(1 — v)? P
8224320% 4 233822003 — 82160502 — 3033230 + 1516615
4 v v - v o).
96768(1 — v)

Again this result perfectly matches the expansion of (A.2) for n = 3 with () (5i/(2v),p) taken

IE()Jr) and for mg = 1, m; = 3 in case of I; ’. Similar to .73jE , the

+)

n—1

for mg = 3, m; = 1 in case of
integral [ éi) and all further integrals 12(
the ground state case.

are not polynomials with respect to p in contrast to

B The functions F(z,p) and z*(p)

In Section 3 we discussed several functions defined within the TBA approach. In the previous
appendix we showed few orders of the function W®) (I, p). We also need the functions F(z,p)
and zf(p). As was described in Section 3, the asymptotic expansions of these functions and the
function \I!(p)(l, p) are calculated order by order with respect to 1/p via the iterative procedure.
There we explained how does the very first iteration work. Once the function W) (1, p) is found
up to some order, the next order of the function F(z,p) can be obtained via the equation (3.17).
The coefficients of (3.18) are determined from the equation (3.21). The further iteration steps are
straightforward but the answer becomes rather cumbersome already after several iterations. For
the reader who wants to check his own calculations we show few orders of the expansions (3.23)
and (3.18) in the case k = 1. We do not think it would be instructive to show further orders.

As in the previous appendix we use the shorthand notation mg = I§+’1), mi = Iff’l).

~ o (+)@Ev-1) o202 +11(1—v)

Fy(z) = 1—12 -
() STor(l =) | (mo +m1)) = ia”— gy
_ (I+v)2v—-1)2v2+23(1-v)) (1+v)?(2v—1)32
Fi(z) = - 1-12
o) =1 921612(1 — v)? v 2764802(1 — v/)2 ( (mo + ma1))
J4vt — 4413 + 30902 — 530v + 265
v 691202(1 — )2 ’
- i(l+v)2v—1) 4 5 )
Fy(z) = — (124 40 — 677102 + 128140 — 64
h(x) 23887872003 (1 — )7 0(436v" + 364v° — 6771v" + 12814r — 6407)

X (m3 +m3) + 3600(1 4 v)(2v — 1)(20% 4 23(1 — v)) (Mo + m1)
x (1 —6(mg +mq)) + 245201 4+ 914803 — 5054702 + 82798y — 41399)

z(1+v)2v—1)
331776005(1 — v)

5 (556" — 16761° + 28591 — 2366 + 1183)(mg — m7)
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ir?(1+v)(2v — 1)

- 4 3 9
2 -2 1
1990656003 (1 — v/)? (55614 — 20361° + 303912 — 20061 4 1003)

izt
995328013(1 — v)
+ 646030 — 15405912 + 146109 — 48703),
(1+v)(2v—1)
1528823808004 (1 — 1)?
+233059v° — 65810712 + 6498931 — 216631)(m3 + m?)

—4(1 4 v)(2v — 1)(9320* 4 78813 — 222272 + 42878y — 21439)
(1+v)(2v—1)
22932357120004(1 — v)

+ 422700 — 7516113 + 7875302 — 49407y + 16469)(mg + m?)

—960(1 4 v)(2v — 1)(5561* — 1676v° + 28590 — 23661 + 1183)(mg + m1)

x (1 —6(mg +mq)) + 1387280° — 92605205 + 28024500 — 474302313
(1+v)(2v—1)

63700992004(1 — v)*

x (45685 — 405720° + 1382700 — 23951303 + 2300492 — 132351v 4 44117)
(1+v)2(2v —1)?

573308928014 (1 — 1)

X (1 — 12(m0 =+ ml)) —

- (11120 — 27961° — 515404

(m2 — m?) (3(77361/6 4964405 + 4143001

x (1 —12(mg + ml))) +x n (1080(14961/6 — 129240°

(mg —mi)

+ 48470791% — 2970681 v + 990227) + iz?

—I—:L‘3

7(2284" — 80841° + 121111* — 8054w + 4027)

.’,12‘5

+ ATTT57440004(1 — v)4
+ 14909615 — 338232501 + 1050374003 — 143919261 + 93348681 — 2333717),
i(14+v)(2v —1)
21574761578496001°(1 — )5

+ 143245701 — 84164520 4 1221095002 — 8061828y + 2015457) (mg + mS3)

+ 38098720° — 21599081607 + 9399830961/° — 11420846321° — 15989061791

+ 653849448413 — 873709197812 + 5620794700v — 1405198675

—196(1 + v)(2v — 1)(mo + m1)(240(115280° — 1093082° + 1248421 + 7053070
— 219359112 4 22091250 — 736375)(mg + m?) + 120(271120° — 2875661°

+ 6276661" 4 18719303 — 226212912 + 2602239y — 867413)momy (m§ + m?3)
+10(2470640° 4 7955881° — 9542418v* + 12330151v° + 67436970% — 154905271
+ 5163509) (g + m?) + 10(5754641° 4 7285080° — 172018381 4 2522188113

+ 670100712 — 23174337y + T724779)mom; + 360(20% 4 23(1 — v)) (67604

— 37161° + 12489v% — 17546V + 8773)momy (mo + m1) — 5040(1 + v)(2v — 1)

x (680 +920° — 222302 + 42620 — 2131)(mg 4+ my) + 7(352720/°

x (1 —12(mg +my)) (91361° — 7657617 + 19684015

(6048(40481/8 + 208064v" — 114568805 + 17570400°

— 2724361° + 3623460 4 5597330° — 2128749% + 2218659 — 739553)))

B z(1+v)2v—1)
12842119987200°(1 — v)?
+ 83919760° — 178736831* + 224373641 — 1751933812 + 86059001 — 2151475)

x (m2 +m3) + 7(1 + v)(2v — 1)(112400° — 1374120° + 4805940 — 89373513

(mg — m?) (8(1147041/8 — 18684817 — 17038961/
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+ 96529502 — 622113v + 207371)(1 — 12(mg + ml)))
22(1+v)?(2v — 1)?
' 7705271992320005(1 — v
— 1856668313 + 126016591% — 3981981 4 1327327)(mg 4+ m3)
+ 1680(45681° — 405720° + 1382701* — 23951303 + 23004912 — 132351v
+ 44117)(mo + m1)(1 — 6(mo + m1)) + 7(12014000° — 63648601° + 140075581*
— 161715531% + 103011691* — 2658471v + 886157))

(1 +v)(2v —1)
32105299968015 (1 — v/)5
— 492205600° + 55866331 — 528139961° 4 4311589002 — 21866764 + 5466691)
B izt (1+v)(2v — 1)

38526359961601°(1 — /)5

— 515505520° + 566867591* — 514533641° + 410837621% — 205136921 + 5128423)
6

7 (120(1247080u6 — 67705800 + 153902581

+ (md — m?)(26220640° — 1413356817 + 3358597615

(26220641° — 145172800" + 351359441/°

1T
~ 481579499520005(1 — )
+ 459327360% — 3048093617 + 226765260° — 2913087811° + 11404568611%

— 20397262020° + 19417100881 — 9545190250 4 190903805).

X (1 — 12(m0 =+ ml))

= (5244128010 — 256450720°

0 .
For the parameters 3 (p) = 25(p) = 3 x;-tp_J which determine the Bethe roots via the rela-
=0

+ _ img

tion (3.18) we had the initial conditions x§ = "¢ 7, = —"21 and then

2
L2411 -v) 5, i(l4+v)(2v—1)
"'El — mo -
192v(1 — v) 576v(1 —v)
L i(200 — 22003 4 68107 — 9220 + 461)m]
5529612(1 — v)?
i(14+v)(2v —1)(20% 4+ 23(1 — v))
5529612 (1 — v)?

(1 —12(mo +mq)),

(—mg + 18m2 + 12mgm; — 6m?3),

i(128805 — 3680415 + 2193541* — 5755031° + 81375912 — 631209v + 210403)m
15925248013(1 — v)3
i(1+v)(2v — 1)(52v* — 477203 + 2505312 — 405621 + 20281)m3
* 995328013 (1 — v)3
i(1+v)(2v — 1)(436v* + 36403 — 677102 + 12814y — 6407)m1 (3m3 + m2)
B 1990656013 (1 — 1/)3
N i(14+v)2(2v — 1)2(202 + 35(1 — v))(—=mo — my + 12momy + 6m?)
66355213 (1 — v)3
N i(1+v)(2v — 1)(3316* — 4859613 + 1698912 + 63214v — 31607)m3
7962624003(1 — v)3
i(1+v)(2v — 1)(308v* — 134813 + 383712 — 4978v + 2489)mom?
; 331776003 (1 — )3
i(1+v)(2v — 1)(2452v* 4 1274813 — 5234702 4 791981 — 39599)
238878720013(1 — v)3 ’

+ _
-CL'3 -
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i : (— 187041° + 1 T 1644244005 44,5
"1 = I5eea7Ia24000A(1 — oyt \ (187047 + 13303360 — 1644244007 + 75087544y

— 1830469750 + 2679694601° — 2449325141% + 1333794520 — 33344863 )m]
—150(1 + v)(2v — 1)(32560° + 511561° — 7385701 + 28849791° — 52178671

+ 45304530 — 1510151)mg + 30(1 + v)(2v — 1)(538160° — 10864441° + 66423900
— 78482211 — 42350671 + 9791013v — 3263671)m§ — 90(1 + v)(2v — 1) (77361°
— 496440° + 414300" + 2330591° — 65810712 + 649893y — 216631)my (4m — m3)
+7200(1 + v)?(2v — 1)%(202 + 23(1 — )3 (—3m& — 2momy + 36mim; +m?
—12m3) + (1 + v)(2v — 1)(746320° — 8083081° + 37076100 — 8492107
+109798111% — 8080509 + 2693503 )mq — 60(1 + v)(2v — 1)(99760° — 1000441/°

+431430v* — 1092901* + 16217731% — 1290387 + 430129) mom7 (3mg — 2m1)>.

The coefficients x; can be got from a:j obtained from x+ by the replacement mg <> m; as
follows:

- _ =+ - =t :
Taj = —Taj Toj+1 = L2541 j=01,....

C The function ws¢

In Section 4 we explained how we determine our main object: the function w*°. The asymptotic
expansion for w* is related to the function © by the formula (4.9). In it’s turn the coefficients O,
of asymptotic expansion (4.6) of the function ©

O(l,m|p, a) ZGJ (I,m|a)p™
7=0

can be found with help of the TBA data of Section 3 and Appendices A, B via solving the
equation (4.7) by iterations. In this appendix we show the result for several leading coefficients
again in the case k = 1. With the exception of the coefficient O, all other coefficients ©; are
polynomials with respect to [ and m:

l

@0(lam|a) = -

I+m’
©1(l, m|a) =0,
O (1. m|) = Va2-ao) + 2;((511/(—1 V_)(V—)z +2v(l+m)) (1= 12(mo + m1)),
O3 (l,m|a) = —m (—3u4a2(2 —a)? = 24ia(2 — ) (1 — )2 (=i + vl +m))
+32(1 = )2 (=i + v+ m)) (=i + 20+ m))),
Ol mla) = ~ iy (—50° (50 + m) — 42(mo + )+ 7o + mn)

x (2 —a)® + 10ivt(1 - v)(—24(=3i +2(1 + m)v)(ms +m3)

+2mON (=167 + 9(1 + m)v) — (—i+ (1 + m)u))a2(2 —a)’ +8v(1 —v)

x (20(1 — v)(7 + 120(mg + m?)) (=i + (1 + m)v)? = 3v(1 — v) (1 + 10mD)
X (=i 4 20v)(—i + 2mw) — 20iv(1 + v)(2v — 1)(—i + (I + m)v)m®V
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—iv(—i+ (L +m)v)(4v* + 5(1 + 24(m{ + m?))(1 — v))) (2 — @)

— 160 (1 — v)(2 — v) (1 + 10mOD) (I = m)a(l — a)(2 — a) + 8i(1 — v)?

x (74 120(mg +m3)) (=i + (1 +m)v)(—i + 2(1 + m)v)(=3i + 2(I + m)v)
+8(1—v)2(1+v)(2v — 1)(1 +10mOV) (2(=i + (1 + m)v)(—i + 2( + m)v)
+ (=t +2Ww)(—i+ 2m1/))>,

where m(%1) = m3 + m3 + 6(mo + m1)? — mo — my. Unfortunately, we cannot show all the
orders in the expansion of © and other functions from the previous Appendices that we needed
in order to get the formulae (6.9)—(6.11) because the expressions become very cumbersome with

growing order. Again the ground state result can be obtained by taking mg = mj = 0.
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