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1 Introduction

Consider the group SUy ,, and its homogeneous space Hy . = SUpm/S(Unm—1 x U1). The
latter is called a complex hyperbolic space. The Faraut paper [5] on such pseudo-Hermitian
symmetric spaces has a great impact into the theory of semisimple symmetric spaces of rank 1.
Also there are numerous papers of Molchanov, van Dijk and others (see [11, 12, 21] and references
therein) on representation theory related to these symmetric spaces and harmonic analysis on
them. In particular, there is the celebrated Penrose transform which enables to relate classical
bounded symmetric domains and complex hyperbolic spaces.

In this paper we develop harmonic analysis on quantum complex hyperbolic spaces. Recall
that the related polynomial algebras were introduced in the early paper by Faddeev, Reshetikhin,
and Takhtadjan [14]. Unfortunately, there was no further inquiry.

Nearly 10 years ago L. Vaksman and his team started the theory of quantum bounded sym-
metric domains. Their approach enables to formulate and solve various problems on noncommu-
tative complex and harmonic analysis in these domains, geometric realizations of representations
of quantum groups [19]. Their paper [17] establishes the missed link between quantum bounded
symmetric domains and introduces this project.

The initial notions of function theory on quantum complex hyperbolic spaces H, , were
introduced in [3]. Namely, a quantum analog D(J,, )4 for the algebra of Ut = Us(gly X gln)-
finite smooth functions on H,, ,, with compact support and an U,su,, y,-invariant integral f dy,
on it were constructed. We recall basic notations from the quantum group theory and [3] in
Sections 2, 3, 4. Section 5 is devoted to the subalgebra of Uj¢-invariant finite functions.

In Sections 6 and 7 we introduce a quantum analog [J for the Laplace—Beltrami operator

on H,, . Also we consider its radial part 0O ie., its restriction to the space L2 (dyéo)), where
i -dl/éo) is the restriction of [ dy, to the space of Ujt-invariant elements of D(H,, )qe. The
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latter operator naturally appears to be g-difference operator and is related to a three-diagonal
Jacobi matrix. Section 8 is devoted to generalized eigenfunctions of 0© and lead us towards
an expected yet remarkable appearance of Al-Salam—Chihara polynomials. A spectral theorem
for OO in Section 9 is obtained as a corollary to well known results on these polynomials
(see [9]).

2 Preliminaries on quantum group theory

Everywhere in the sequel we suppose ¢ € (0,1). All algebras are associative and unital.
The Hopf algebra Uysly is given by its generators K, Ki_l, E;, F;,i=1,2,...,N —1, and
the relations:
K,K; = K;K;, KK, '=K'K =1,
KiE; = ¢°E; K;, KiF; = ¢ *FK;,

Kl‘Ej = qilEjKi, KiFj = qFjKi7 |7' - ]| =1,
K, — K !

E;F; — F,E; = 51’3'#’

E}E;— (q+q ")EE;E; + E;E; =0, |i—jl=1,

FPFy = (q+ ¢ ) FFF + FiFE =0, |i—j[ =1,

The comultiplication A, the antipode S, and the counit € are defined on the generators by

AE)=E®1+K&E, AF)=FK '+1aF, AK)=K K,
S(E;) = —K;'E, S(F;) = —FiK;, S(K;) = K,
E(Ez) = e’:‘(FZ) = 0, E(Kz) = 1,

see [7, Chapter 4].

We need also the Hopf algebra C[SLy], of matrix elements of finite dimensional weight
Ugsln-modules. Recall that C[SLy], can be defined by the generators t;;, 4,5 = 1,..., N (the
matrix elements of the vector representation in a weight basis) and the relations

tijrtin = qtijntijr, i <"
ti’jti”j = qti”jti’ja i < i/,,
tijti’j’ = ti’j’tij7 i<i & 7> j/,

Lijtiyr =ty jrtiy + (q - q_l)tij/ti/j, i<i & j< j/,
together with one more relation
detyt =1,

where det, t is a g-determinant of the matrix t = (¢;;); j=1,.. N:

detgt = Y (=)' t1,0)tas) - tvs(v);

sESN

with I(s) = card{ (4, j)|i < j & s(i) > s(j)}. The algebra C[SLy]|, is endowed with the standard
structure of UgPsly ® U,sly-module algebra (here ’op’ reflects the fact that we should change
the multiplication by the opposite one).



Harmonic Analysis on Quantum Complex Hyperbolic Spaces 3

Let also Uysy, 1, m +n = N, denotes the Hopf *-algebra (Uysly, *) given by

KN = gF Ef =
( I ) I _KJF]7 .]: n, ! _E]Kj_l7 .]: n,

J

with j=1,...,N —1 [14, 15].
Recall the notion of an algebra of ‘regular functions on the quantum principal homogeneous
space’ X constructed in [15]. Put Pol(X )q o (C[SLN]g, *), where the involution * is defined by

tf; = sign[(i —m — 1/2)(n — j + 1/2)|(—q)’ " det, T;;. (1)

Here det, is the quantum determinant [4], and the matrix 7j; is derived from the matrix t = (tx;)
by discarding its ¢’s row and j’s column. In [15] it is proved that Pol(X), is a Uysuy, m-module
x-algebra.

3 A x-algebra Pol(H, ),

Let m,ne N, m > 2, and N & +m. Recall that the classical complex hyperbolic space H,, .,
can be obtained by projectivization of the domain

Fom = 4 (t1, ...ty e(CN‘ Z\tP Z\t!2>0

j=n+1

Now we pass from the classical case ¢ = 1 to the quantum case 0 < ¢ < 1. Let us consider
the well known [14] g-analog of the polynomial algebras. Let Pol(J,, ), be the unital x-algebra
with the generators t1,to,...,ty and the commutation relations as follows:

titj = qtjtz-, 1< g,
tit; = qtits, i # 7,

titr = tit; + ( Z teth,  i>n,
k=i+1
N
tity = tit; + ( Z trth — —1) > tktg, i<n.
k=i+1 k=n+1
Obviously,

Zt +Zt

j=n+1

is central in Pol(H,, ,,)4. Moreover, ¢ is not a zero divisor in Pol(Hy, 1, )4. This allows one to em-

bed the *-algebra Pol(J(, ., ), into its localization Pol(fj:fwn)q,c with respect to the multiplicative

system N,

The x-algebra Pol(fJ/:Cn,m)q,c admits the following bigrading:
degt; = (1,0), degt; = (0,1), j=12,...,N.
Introduce the notation

Pol(3nm)g = { f € Pol(Fnm)ge | deg f = (0,0)}.
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This *-algebra Pol(3H,, ), will be called the algebra of regular functions on the quantum hy-
perbolic space.

We are going to endow the x-algebra Pol(3,, ), with a structure of Uysu, ,,,-module alge-
bra [4]. For this purpose, we embed it into the U,su, ,,-module *-algebra Pol(X )g-

By a g-analog of the Laplace expansion of det,t along the first row [8, Section 9.2] and (1),
one can obtain from det,t = 1 that

n N
— Ztljﬁj + Z tljtfj =1.
Jj=1

j=n+1

Thus the map J : t; — t1;, 7 = 1,2,..., N, admits a unique extension to a homomorphism of
x-algebras J : Pol(ﬂ?fn,m)qvc — Pol(X),. Its image will be denoted by Pol(ﬂffnvm)q. It is easy
to verify that the s-algebra Pol(J,, ), is embedded this way into Pol(f(mm)q and its image is
just the subalgebra in Pol(ff{n,m)q generated by t1;t5,, j,k = 1,2,..., N (recall that c goes to
detyt = 1). In what follows we will identify Pol(F(,, ), with its image under the map J.

Consider the subalgebra Ugs(gl; x gly_;) generated by Kiﬂ, i=1,...,N -1, Ej, Fj,
j=2,...,N — 1. By obvious reasons,

Pol(Hom)g = { f € Pol(X), | L(€)f = £(€)f.€ € Uys(aly x gly_1) }

where L is the left action of UgPsly in Pol(X),.
Let I,, ¢ € R/2nZ, be the *-automorphism of the x-algebra Pol(H, ), defined on the

generators {t;};=1,.. .~ by
Lp Dty eicptj' (2)

We use the notation ¢; instead of ¢;; for the generators of Pol(JHy, 1 )q-
Then one more description of Pol(H,, )4 is as follows:

Pouﬁ¢mgq::{fe;PoKﬁgmgqyaxf)::f for all ¢}.

At the end of this section we list explicit formulas for the action of Uysu,, ,, on Pol(JH,, p,):

Byt = {ql/%i_l, R {ql/%m, j=i
, otherwise, 0, otherwise,
qiltiv j = i)

Kf't = qFy, j+1=4,
ti, otherwise.

4 Algebras of generalized and finite functions
on the quantum H, ,,

Let us construct a faithful s-representation 7" of Pol(3{, ), in a pre-Hilbert space 3 (our
method is well known; see, for example, [15]).

The space H is a linear span of its orthonormal basis {e(i1,i2,...,in—1)|i1,...,in € —Z4;
Tptly---,tN—1 € N}
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The *-representation 7" is a restriction to Pol(H,, )4 of the *-representation of Pol(F,, .,)q
defined by
izl .
T(t;)e(in, ... in_1) = g (@0 =) e(iy, iy =1, ina),
i1
T(t5)e(in, ... in-1) = qullk (¢% — 1)1/2e(i1, st 1N,
for j <mn,
izl
T(tj)e(it,...,in—1) = qk;% (1 — qQ(ijfl))lﬂe(il, con ity =100 iNo),
i1
T(t)eliy,. .. in-1) = qul““@ — N Peliy, i1, in),
for n < j < N, and, finally,
N714
T(ta)elin, . in_1) = g5 “e(in, .- in_1).
N714
T e(in, o ino1) = g5 “e(in, . in_1).

Define the elements {z;};=1, .~ as follows:
N .

> et ji>mn,
k=j

def
:L“j =

n N

—Ztktz—l- Z tty, 7 <mn.
k=j k=n+1

Obviously, z1 = 1, z;z; = x5,

2 .

rpts, <k,

tjl'k: 1 ki j (4>
katj, Vi Z k.

The vectors e(iq,...,iny—1) are joint eigenvectors of the operators T'(z;), j =1,2,..., N:
izl .
T(xy)e(ins . in1) = g 5 e(ins- . in_1).
The joint spectrum of the pairwise commuting operators T'(z;), j = 1,2,..., N, is
m = {(:cl,...,a;N) E]RN|:1;,~/a:j €’ &l1=a1<a9< " < Tpy1,

& Ty > Tpgo >0 >y > 0},
The next proposition was proved in [3].
Proposition 1. T is a faithful representation of Pol(H,, ),

Let us now introduce the notion of generalized functions on the quantum complex hyperbolic
space Hy, . Evidently, using the commutation relations, one can decompose every polynomial
f € Pol(Hy, m)q as follows:

. i in p¥in+1 *IN 4IN Jn+1 %5 *j1
f= > Crgti -t NN el e € €. (5)
I:(il7""iN)7J:(jl7“'7jN)€Zf
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Due to (3), the latter can be reduced to the decomposition

f= Z t "'tf{ltﬁfl N (@, )Y 'tiﬁftfzjn'“ﬁjla (6)

(815N 5 J1 5 0J N )7 G J=0

where frj(z2,...,zN) are polynomials.
One can equip Pol(3,, ), with the weakest topology such that the functionals

Livoiininin) () = (T(felin, ... in),e(d1, - - -5 IN))

are continuous. The completion of Pol(J, ), w.r.t. this topology will be considered as the
space of generalized functions on the quantum , ,, and denoted by D(C}Cmm);. Naturally, one
can extend T to a representation of D(Hpm); by continuity. Now (6) allows one to identify

D(Jffnm); with the space of formal series

_ i i g ¥in41 *i N Jn41 p%jp *J1
f= > N (@, )Y I T

(1155 IN I 155 I N ) TR =0

where frj(xg2,...,xnN) are functions on 9. The topology on this space of formal series is the
topology of pointwise convergence of the functions f;.
Denote by fo the following function

1, xn+1 = 1, 7
—oN (7)
Oa Tnt1 €4 .

fo= fo(zni1) = {

(Recall that specz,41 = ¢ 2%+.) Thus fy is a g-analog of the characteristic function of the
submanifold

{(ti,.. . tn) €CN |ty =to = =t, =0} N Hpp .

Introduce now a *-algebra Fun(¥, ), C @(J{mm); generated by Pol(H,, ), and fo. Easy
computations from (4) show that fj satisfies the following relations:

tifo = fot; =0, Jj<n,

Tnt1fo = foTnt1 = fo,

fo =15 = fo,

tifo= fot;,  tifo=fot;, j=n+1

The relation I,fo = fo allows one to extend the s-automorphism I, (2) of the algebra

Pol(H,, m)q to the s-automorphism of Fun(¥,, ,,)s. Let

Fun(Hp m)q o {f € Fun(ﬂtCmm)q ‘ I.f = f} .

Obviously, there exists a unique extension of the x-representation 71" to a *-representation of the
x-algebra Fun(J, ,, ), such that T'(fy) is the orthogonal projection of J onto the linear span of
vectors {e(0,...,0,ip+1,---,iN—1)| In+1,---,in—1 € N}.

N——

n
Let D(Hy,m)qe be the two-sided ideal of Fun(H, ), generated by fo. We call this ideal the
algebra of finite functions on the quantum hyperbolic space. It is a quantum analog for the
algebra of Ut = Us(gl, x gl,,)-finite smooth functions on 7, ,, with compact support.
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Remark 1. Let us explain the adjective ‘finite’. If f is a finite function, T'(f) is an operator
with only a finite number of nonzero entries. However, we do not consider all possible finite
functions (and, therefore, all operators with finite number of nonzero entries) but only U, ¢-finite
ones, cf. [5].

It was proved in [3] that
Theorem 1. The representation T of D(Hp m)qe is faithful.

Remark 2. Let f(z,4+1) be a polynomial. Then it follows from (3), (4) that

n n
S tif(@n)t; = f(@Ponir) D tity = f(P2ng1) (@ns1 — 1). (8)
i=1 i=1
n
This computation, together with (7), allows one to consider the element f; = ) ¢;fot! as

=1
a function of x,,4+1 such that

-2 -2
q - 17 Tn+1=4q 7,
fi(@n) = o
0, Tn+1 =1 Or xp41 €q 2N=2

Thus a multiple application of (8) leads to the following claim: D(J(,, ,)q¢ contains all finite
functions of x,,41 (i.e., such functions f that f(¢~") = 0 for all but finitely many n € N).

The Ugsu,, ym-module algebra structure is established on D(H,, 1, )4, by the following:

—1/2 3/2

Enfo= —qq_27_1tnf0t;+1, Fnfo= —q_qu_ltn-&-IfOt;a Ky fo = fo,

Ejfo= Fjfo=(K; —1)fo =0, J#n.

Now we present an explicit formula for a positive invariant integral on the space of finite
functions D(Hy, 1 )qe and thereby establish its existence.
Let vg : D(Hpm)qe — C be a linear functional defined by

wlf) =THT()-Q = [ fau,
where @ : H — H is the linear operator given on the basis elements e(iy,...,ixy—1) by

N—-1
. . 2 > (N=j)ij .
Qe(i1,...,inN—1) = consty ¢ 7= e(ity...,iN—-1), const; > 0.

Theorem 2 ([3]). The functional v, is well defined, positive, and Uysiy, m, -invariant.

One has to normalize this integral in a some way. In [3] we put fﬂ{nm fodvg = 1, so the
constant in the previous theorem equals

m—1

const; = H (q_Qj — 1).

j=1
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5 The subalgebra @(f}fn,m);{f

In this section we restrict ourselves to subalgebras of Ut-invariant elements. It is well known
that H,, ,, is a pseudo-Hermitian symmetric space of rank 1 [12]. The following proposition is
a natural quantum analog for this fact.

Proposition 2. D(J—Cnm);{‘ék = {f(xnt1) € D(FHrm)qe}-

Since Uyt = C[K,, K Y ® Ugysly, @ Uyslyy,, the proof of this proposition follows from the next
statement on Uysl,, x Ugysly,-isotypic components in D(Hy, 1) qe-

Proposition 3. Usl,, x Uysly,-isotypic components of D(Hy m)qe correspond to the modules
LM (awy + dw,_1) B L™ (cwy + boogp_1) with a,b,c,d € Zy, a +c = b+ d (with infinite
multiplicity). The highest weight subspace is spanned by the vectors t‘ft}*\lf’go(q:nﬂ)t%_i_ltzd, where
o(Tnt1) 18 a finite function.

Remark 3. The sign X reflects the fact that the multipliers are modules of different algebras
Ugsly, and Uysly,.

Proof. Let us describe Uysl,, x Uysly,-highest weight vectors in D(FH,, y,)q,e. One can decompose
every finite function f € D(H,m)qe in the following way

— 7 in g *¥int1 *7 N Jn41,4%] *J1
f— E C]Jtll-ntn"tn_tl ---tNNf()tN "'tnz—ltn]n"'tl , cry € C.
I:(il7"'7iN)vJ:(j17~~~7]’N)€Z<1\;r]
i1+ Fintjnr1++in
=int1ttHinvtiitotin

(just by applying the commutation relations, cf. (5)). Let L™ (\) be the finite dimensional Ugsl,-
module with highest weight A\ and w; are fundamental weights of sl,,. By standard arguments,

Ls.{t0t5 -t |l + -+ 1, = a} = L™ (amn),

Le{tihes i |l 4+ 1, = a} = LM (aw,-1),

Ls. (el b 1+ Iy = @) = L0 (amy),

l.s.{t;l_ﬁltzl_’gz . ~tj<\l,N b1+ +Iv=a} = L") (am,_1).
Thus we have an epimorphism

B LM (aw) ® L™ (dwpm-1) @ L™ (cwr) @ L™ (bewp-1) = D(Hnm)gs

a+c=b+d
i1 i *ingl gy JN . Jnt1 *jn . 4*1
tl'”tnnlxtn—&-l N 'tN ®tN ”tn—i-l&tnn "tl
i gingtingt | RN e ON e
= tl tnntn+1 7jN fotN tn+1 ty " tl '

Recall that, as in the classical case, see [13],
L (aw1) @ L (bwy_1) = @O L0 (0 — Yooy + (b — i)wn_1)

in the category of U,sl,-modules. By explicit calculations one can show that the Uysl,-highest
weight vector in L ((a — i)w; + (b — i)w,_1) € L™ (aw;) ® L™ (bw,_1) has the form

i

n
D> et | gl
j=1

Now a routine application of the commutation relations (similar to the ones in Remark 2) al-
lows one to reduce every highest weight vector to a linear span of the vectors t‘ft}‘\l}w(:vnﬂ)t% +1t;§d,
where ¢(z,+1) is a finite function. [
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Now let us obtain an explicit form of the restriction of v, to the space @(J—Cn,m)g‘ée of Ugt-
invariant elements of D (I, 1m)q.e-
Recall the standard notation (a;q); = (1 —a)--- (1 —ag®™1), (a;q)o = 1,

/oof(a:)dq_zx— if “H)g
! k=0

Proposition 4. For any function f(xn+1) € D(Hpm)qe one has

/ﬂfn,m f(@nt1)dvy = /100 F(@)p(x)d,-2,

where

p(z) = consts mm_l(q_2x -1) (q_4x -1)-- (q_z(”_l)az -1), 9)

ne
1 1

and consty = —— 1:[1 PRI

Proof. By explicit calculations,

[ Hamdvy = consts 3 (g ) N 2

"il...,in‘E—Z_t,_,
Int1se5tN—1EN

oo
= const; E E f(qu)qz(N*1)11+---+2mzn q2(m71)1n+1+---+21N_1
in+17"'1i1\771:1 7;1‘7"'7Z'HGA_Z+,
11+ Fin=1t
m m— 1) ' ' ‘ '
= consty E E q2(n71)11+"'+21n—1 f(q21)q2mz
1€—Zy -1 i1yeensin—1€—Z4,
i1t tin_1>i
m(m 1) 4 ‘
:(:onst1 E f(@*)g*™ E g 2=

VicTz, i1 yeensin—1€L4,
1t tin—1<—1

Let us verify that for every j, k € Z,

Z q—2(k—1)i1—~--—2z‘k: (q725q72)j+k
2. 22 (—2. —2), "

i1, in €04, (%972)i(a % a

i1y <

Denote the L.h.s. of the previous equation by ¥(j, k). One can verify the recurrence relation for
the g-Pascal triangle

V() k) =q (] — L k) + (i, k1)
and the boundary values

(0, k) =1, (1) = =
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explicitly. Thus W(j, k) are the corresponding entries of the g-Pascal triangle. Now we can
complete our calculations and obtain that

-2 .
Z f 2z sz( — (q 54 )n—l—_z

f(xpy1)dyy = const) ————
/n,m " ! q 2)*2((] 2aq 2)%71

(

ZE Z+
m(m—1) ) (q21
= const] —5——5—— f(g*)gPmit— = = / flx dy—2,
(4% ¢*)m—1 ie§+ (") ((f2

where p(z) = consty (g 2z — 1)(¢ *z — 1) --- (¢ 2z — 1), and

qm(mfl) (_1)n71 (_l)nfl
consty = constq = . [ |
¢ ?-1 (0% @) m-1 (7% ¢)n1 (2= D¢ 3¢
Now one can complete D(F(,, m)qU‘é with respect to the norm ||f||* = [° f*fp(x)d,—22. The

resulting Hilbert space will be denoted by L? (dué )).

6 Covariant first order differential calculi over Pol(f}NCn,m)q

In this section we introduce holomorphic and antiholomorphic covariant first order differential
calculi over Pol(Hy, )4

First of all, recall a general definition of a covariant first order differential calculus fol-
lowing [8].

Let F' be a unital algebra. A first order differential calculus over F' is a pair (M, d) where
M is an F-bimodule and d : FF — M is a linear map such that

1. for all f1, fo € F one has d(f1- f2) = df1 - fo + f1 - dfo;
2. M is a linear span of the vectors fi - dfs - f3, where f1, fo, f3 € F.

Now suppose that A is a Hopf algebra and F' is an A-module algebra. A first order differential
calculus (M, d) over F is called covariant if the following conditions hold:

1. M is an A-covariant F-bimodule, i.e. the action maps FQ M — M, M ® ' — M are
morphisms of A-modules;

2. d is a morphism of A-modules.

Let £ = L ow, where L is the canonical antirepresentation of Usly in C[SLy], (or the

representation of UgslyY) and w is an antiautomorphism of Uysly defined on the generators by
w(K;) = K; ', w(F;) = F;, w(F;) = E;. Thus L is a representation of Uysly in C[SLy],.

Consider the action of L(E1 K, 1/2 ) in C[SLy], and its restriction to Pol(H, m)q- Put
9 Pol(F - _ ~1/2
i Pol(Hpym)q = Pol(X)g,  0t; = L(E1K| ")ty
Let Q1.0 (9-Cn7m)q C Pol()?)q be the Pol(ﬂtfnym)q—submodule generated by 0t;, i =1,...,N.

Lemma 1. Q.0 (3-Cn7m)q is a Uysly-covariant first order differential calculus over Pol(ﬂffmm)q.

Proof. One has to verify the Leibniz rule which immediately follows from the formulas for
the comultiplication in Ugsly. Since left and right action of Uysly in C[SLy], commute, O is
a morphism of Uysly-modules, so the calculus is covariant. |
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Now we define 8 : Pol(H,m)q — Pol(X), by the rule 8f = (0f*)*. Let QO(H,,.), C

Pol(X), be the Pol(},, ;,),-submodule generated by dt;, i = 1,..., N.
Lemma 2. Q(O’l)(ﬁnm)q is a Uysly-covariant first order differential calculus over Pol(if-fn’m)q.
This lemma can be proved similarly to the previous one.

Remark 4. The introduced first order differential calculi can be obtained in another way. One
should start from the canonical Wess—Zumino calculi on a quantum complex space introduced
in [14] and then turn to a localization of the corresponding algebras of functions.

Now we introduce a Hermitian pairing Q(Oﬁl)(ﬂ?n,m)q X Q(Oﬁl)(i{n,m)q — Pol(Hpm)q-
Let P : Pol(X), — Pol(H,, m )4 be the projection parallel to a sum of other Uys(gl; x gly_;)-
isotypic components of £. Now we define

(61,09) = P(0361), 61,62 € QO (3, 0),.
By obvious commutativity of the left and right actions of Uysly we have

Proposition 5. The pairing (-,-) is Uysly-invariant.

Lemma 3.
1-— q2
* -2 *
P(tojtor) = q m(fjk — t1t1g),
where
g?uY), j=k j>n+1,
0, J# k.

Proof. Since Uys(gl; x gly_;) = C[K1, K; '] ® Uysly_1, one can decompose the projection P
as follows: P = PPy, where P is a projection to the subspace of Uysly_1-invariant elements
(w.r.t. the L-action) and Py is a projection to the subspace of elements that are preserved by
the L(K)-action.

Let uy, ..., uy be the standard basis in the Ugsly-module L(w1), and vy, ..., vy the dual basis
in the Uysly-module L(wy_1), where w; and wy_; are the fundamental weights. A standard

k A
argument on finite dimensional Ugslg-modules allows one to prove that Y. (—¢)/ tu; ® v; is
i=1
a Ugslp-invariant element in the Uysly-module L(w;) ® L(wg—1), and the map

k
1—¢° i—1 a—1 L
— (= - Ug X Vg, =17,
0, i #
is a projection to the subspace of Ujsl-invariant elements parallel to other isotypic components.
By obvious reasons, for j = 1,..., N — 1 the maps
G5 up =ty Yy v dety Tigy g,

admit extensions to morphisms of Uysly_1-modules

(f)j : L(WN,Q) — (C[SLN]Q, I/Jj : L(W1) — (C[SLN]Q
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(w.r.t. the L-action). By definition (1), t;; = (—q)?~"det, T;; for i < m and j > n + 1. Thus
one can apply the map (10) to compute for I > n + 1

N-1

* — — 1- q
Pi(taty;) = (=¢)' 2 Pi(ta dety Ty) = (—q)'" > - M1, dety Ty .
le

N .

Since C[SLy], is a Hopf algebra, one has Y t;S(tjk) = & and S(tjx) = (—¢q)7 % dety Ty;.
j=1

Thus

1—¢° N
q — ) (1 — (—q)l ltll detq Tll)

Py(torty;) = (—Q)Q(Z_Q)W

ey L= a1y, e
= (—q) )(1 (—q) tuty).

1— qZ(N—l
The other cases can be verified in a similar way. |
Proposition 6.
5 5 2(n—1) 1- q2 —2n
(8$n+17 a95n+1) =dq mxnﬁ—l(l —dq $n+1)-

Proof. An easy application of the previous lemma allows one to compute that

(4% o (4% — 1 _q * *
(O(t1xtu), O(t1 1)) = ¢ QW(&T]MHJU (t1it1;) (t1xtnr))-

Thus for j,k > n + 1 one has

(0(q=%t3 jt15), (g~ i tak))

1—¢? . .
) —2(j+1 -2 —2k
1 1y (ka2 Vt1 0 — (a2 655t05) (a7 kb))
N ,
By easy computations, ¢ 2"z, | = SN Y t1;t15, which enables to prove the claim. W

j=n+1
Let us fix notation for g-difference operators:

flqz) — f(x)

qg2x—x ’ ¢r—x

B_: f(z)—
Lemma 4.
(0f (2n41), 09(zn41)) = q2<n_1)ix (1= ¢ *2p41) B_g(vpt1) B f(Tns1)
n+1),09(Tn41 1— qQ(N—l) n+1 n+1)DO-g(Tni1)D— n+1).
Proof. By explicit calculations in C[SLy], we obtain for i > n +1

t1;0Tp11 = ¢ OTn i1t t5:0%11 = q L O0Tp i1t

Let us verify the second identity. One has 0z,,1 = Z t1;t5;, so
j=n+1

t1:0Tn 11 = 17 Z tigta; + tiity; + Z tits; | = a7 Z t1jta;t1;
j=n+l j=it1 j=n+1
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N
+q sty + (a—q7 ) Ztljt{jt’g‘i +q7 ! Z tytsithi + (a7 —q) Ztut’{jt;i.
5> j=it1 >

So we have 2,102y 11 = ¢ 20%p 41T, 1. Hence for every polynomial f(x)

@ 2xni1) = fny1)

= 0x B_ T ’
4 2%n41 — Tng nt1B—(f)(Tns1)

5f($n+1) = 5$n+1

and the claim follows from the previous proposition. |

Using the above formal arguments, we can extend 0 to D(Hpm)qge

7 The Laplace—Beltrami operator and its radial part

In this section we introduce a Ugsly-invariant operator [] in the space of finite functions
D(Hpm)ge This operator will be considered as a quantum analog for the invariant Laplace-
Beltrami operator on the complex hyperbolic space 3, ,,,. Also we compute an explicit formula

for the restriction 0@ of O to the space @(J{H,m)qU‘éE, the so called radial part of (0. The

restriction appears to be a g-difference operator in variable x = 1.
Now we define L] by the formula

/ F5(Of)dv, = / Of1,0f) vy, fis fo € Do)

Proposition 7. U is a self-adjoint Uysly-invariant operator.

Proof. The self-adjointness follows from the definition. The Uysly-invariance of the form (-, -)
and the linear functional fﬂ{n . -dvy implies the Ugsly-invariance of L. |

Let us find the restriction 0O of the operator O on the subspace

®(an,m)Z‘f = {f(znt1), suppf C g *%*, #(suppf) < oo},

based on the equation

/1 (@O F) @) F@)p(e)d,

_ 2(n-1) 1—¢° > 1 —2n
=q 1_q2(N*1) ) I‘( —q :E)

for every f with finite support.

Using the g-analog of the partial integration formulas one can prove that operators B_ and
—¢?B, are formally dual. Exactly, for every functions u(z), v(x) with finite support on ¢**
holds

< et o), [ul) ulg)
/0 ule) (21 do-et = q/o (1-¢*) ()d

2

72% — T
flg"x) — f(x) p(@)d, 2z

q 2x—=x

-2,

where

/0 T i@y = (- 1) S Fla e

k=—o00
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Thus
00 f(z) — const(g, n, N)p(z) ' Byz(q >z — 1) p(z) B f(2),

where

1-— q2
1— g2WN-1)°

n

const(q,n, N) = ¢°

and p(z) is defined in (9).
Lemma 4 allows us to extend the Hermitian Uysly-invariant pairing to first order differential
forms with coefficients in D (Hym)q e

Lemma 5. For every function f(z) with finite support on g~ 2%+

2

0O f(z) = (1_(]%((37 —D)¢*" 2 f(¢*x) + (¢ "z — 1) f(q %)

+ (1 + q2m—2 o qu—Qx _ q_Q"x)f(x)).
Proposition 8. The operator 0O is bounded.

Proof. Consider the operator

O: f(z)— 2z~ N Yeonst(q,n, N)g 2" BraV ' B_f(x).

It differs from O© by a compact operator, so it is sufficient to prove that O is bounded. The
boundness of the latter operator can be proved by the direct evaluation. |
Uyt
q.t
operator in L? (dl/éo)). The latter extension will also be denoted by O(©).

By the previous proposition, one can extend ) from D(Hp,m), ¢ toabounded self-adjoint

8 Generalized eigenfunctions of [1(0)
and Al-Salam—Chihara polynomials

In this section we obtain the initial results on the bounded self-adjoint operator (), namely we
obtain its formal eigenfunctions and eigenvalues explicitly. Note that explicit computations of
the asymptotics of these eigenfunctions, as in the classical case, allow us to consider a quantum
analog of the Harish-Chandra c-function (see Appendix A).

By the direct computation we obtain the following lemma.

Lemma 6. The function
I4+N—1)

=21 2(
z, )
(pl(x) = 3(D2 < 4 qQ?z 0 ;q27 q2>

in D(Hym),

. . . . 0 .
q s a generalized eigenfunction for mOF

0O, = A1),

with the eigenvalue

_ponls ¢ (1= g EY)

M= (1—¢?)?
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Recall the definition of the Al-Salam—Chihara polynomials, following [9]:

ab; —* ae? ae
Qr(z;a,blq) = ( a:)k 3P ( 1 b0 0, q ), z = cos#.

We have the following well known orthogonality relations for the Al-Salam—Chihara polyno-
mials:

1
27r/_1 Qi(z;a,b!ﬂJ)Qj(z;a,bM)\/%dz

5ij
ol (¢, abg'; ) oo
ag®<a
where
1 ] 1/2 _1/2 , ‘

w(z) _ h(za )h(z, h(z)’ha()zl;zjz’ bih(za q )’ h(z,a) _ (aezﬂ’ae—w;q)oo’ = COSH,

2 = aqk+2“q_k, and
(0% e (1—d?P) (@ abiq)i e (1 \F
T (g abbja;q)ee (1 — a2)(q, qa/b; ) a’b

Also, these polynomials satisfy the following recurrence relations:

1 1 .
2Qi(z;a,b|q) = §Qi+1(z; a,blq) + iql(a +b)Qi(z;a,b|q)

1 ; i
+ 5(1 —¢') (1 = abg" ") Qi-1(z; a, blg). (12)
As one can see, the eigenfunctions ®;(x) are connected with the Al-Salam—Chihara polyno-
mials:

gFN=1)

—2k —-N N— i0 +N—
(I)l(q 2 ): 4(q2n;q2)k . 2n +17q 1|(]2)7 i 20+ 17

Qk(z’,q e’ =q z = cosf.

Let us denote the orthogonal measure for Al-Salam—Chihara polynomials by do. Note that if
2n— N +1 > 0, the sum in the orthogonality relations vanishes and we have just the continuous
measure.

9 A spectral theorem for the radial part of []

In this section we obtain a spectral theorem for (9. As in the classical case [5, pp. 429-432],
the support of the Plancherel measure consists of continuous and discrete parts. The continuous
part corresponds to principal unitary series of U,su,, ,,-modules related to a quantum analog of
the cone

—_ N _ _ _ _
Enm = {2 € CV | —21Z1 — -+ — TpZp + Tp1Tpt1 + - + anZy = 0}

(this series is established in [3]). The discrete part is supposed to be corresponded to a discrete
series of unitary Ugsu,, ,,-modules.
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Theorem 3. The bounded self-adjoint linear operator 0O is unitary equivalent to the operator
of multiplication by independent variable in the Hilbert space L?(do). The unitary equivalence
1s given by the operator

U: L* (dy<0>) — L2(do),

Ui fa) e F0) = [ F@apta)d,
— 22 (=g (g2t )
where A = —q 1—g2)2
Proof. Let us consider the finite functions on ¢~ 2%+
1, z=q%, .
i(r) = Sy
Ji() {0, otherwise, J *

U,t
q,t
is L2 (dyéo)). By standard arguments [1], the bounded self-adjoint linear operator 0O is unitary
equivalent to the multiplication operator f(\) — Af()) in the Hilbert space L?(du())) of square
integrable functions with respect to a certain measure du(\) with compact support in R. Let us
find explicitly the corresponding measure and the operator of unitary equivalence U. One can
fix the unitary equivalence operator by the condition U fy = 1.
By easy calculations, 0©) transforms fj by the formula

These functions form an orthogonal system in D (3, ,,), ¢ and the completion of its linear span

2 . .
D(O)fj _ (1_417(12)20%“(1 _ q2]+2)q2m72 4 fj—l(l _ q23+2n72)q72n
+ fj (q2j + q2j+2m—2 o q2m—2 o q—2n))7 ] c Z-H

and || f;]> = g A= 1)(‘1(2;27;) (here we naturally suppose f_; = 0).

Thus the finite functions e; = = ¢gWN-1) M% f; form an orthonormal system in

L? (dv,go)) and 0O acts on them by the formula

—n+1
D(O)ej - (q1m_7;2)2 (€j+1\/(1 _ q2j+2) (1 _ q2j+2n) + e]-,l\/(l _ q2j) (1 _ q2j+2n72)

s (q2j+(N—1) 4 gZm=(N=1) _ N-1_ ql—N)>’ j €Ly

Thus P; = Uej € L*(du())), j € Z4 form an orthonormal system of polynomials

[ POPNN =5, ijE,

and one has

m—n-+1
AP;(A) = (ql_q;r)z <Pj+1()\)\/(1 — q27+2) (1 — g2i+2n)

+ PNy (1 - q%) (1 - g2+2n2)
+ Py (N) (N 4 gF (N gt ql_N))» J €L (13)
Po(\) =Uey=Ufy = 1. (14)

(we naturally suppose that P_; = 0).
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The orthogonal polynomials Pj(\), j € Z, are determined by (13) and (14). Let us compare
them with the corresponding recurrence relations (12) and the initial data for the Al-Salam-—
Chihara polynomials Q;(; V-1, ¢V 71|¢?). One can observe that

QP = L _ (@)
’ (@72,¢%52m ) e (6% ¢*)n-1(*" Pk

The polynomials

satisfy the following recurrence relations:

ZQ] \/(1 —q (J+1)) (1 — q2j+2n)Q 1+ = \/ 1— q23) (1 _ q2]+2n 2)QJ .

1 .
+2q I N 4 N NQy,  jEZy

Thus we obtain that P; and éj are related by the change of variable

2 m—n-—+1 m—n—+1
\ = (f_q2)2z_ ((i_q2) (q N-1,4 o- (N—l)).
So,
1 n—
=gy @),
where z = cosf = M and
> N—1_i6 N—1_—if
A:_i(lfq2)2(1_q et )(1—q e ! ),
_i(N— g2 42) 1 n—
Uf]:q ](N 1) ( ) 1 Q]( 2 N+17 N— 1|q>

(%) -1 \ (6% ¢*¢%);

—i(N— 1
J(N-1) Q](Z q2n N+1 N 1‘(])

—1 (4% q%);

On the other hand,

2n—N+1 N-—-1| 2
ED " g,

Qj(z:q

/ @) @)y =

where z = (2N + q—(2l+N—1)).

Hence for every function f(x) on ¢~2?%+ with finite support one has

Uf = /100 [ (@) ®y(z)p(w)dy—2.

Now the claim of the theorem follows from the orthogonality relations for the Al-Salam—Chihara
polynomials (11). [
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Remark 5. There is an extensive literature on harmonic analysis related to a quantum SU,(1, 1)
(see the references [10, 18, 20] from three research groups and references therein). Even the
notion of quantum SU,(1,1) had some uncertainties back then (unlike to the case of quantum
compact group SU,(2)). A remarkable quantum effect lies in the fact that the Plancherel
type theorems for the quantum SU,(1,1) present decompositions with entries coming from the
principal unitary series and strange unitary series of representations (which also has no classical
analog).

Later on L. Vaksman established a new concept of quantum SUy(1, 1) (and other noncompact
real Lie groups). He substituted the group SU(1,1) C SLy(C) by its principal homogeneous

space woSU(1,1), where wy = (0’ -1 . This enables him and his collaborators to prove the

1, O

Plancherel type theorems with decompositions that does not contain the strange series entries
(see [16, 2]). Still a relation between these two approaches of quantization may require further
investigations.

A Appendix on the Harish-Chandra c-function
and the Plancherel measure

Let us introduce the notation of the g-analog of the Harish-Chandra c-function

Tl +N—-1) (VD62 (2 )

1) =1 =
C( ) FqQ (l 4 n)r\q2 (l + N — 1) (q2(21+N71); q2)oo(q2n; q2)oo 9

where I'y(z) = (1 — q)1*$% is a well known quantum analog for the Gamma-function [6].

Lemma 7.
1. For Rel < —(N —1)/2 one has ®;(z) ~ (=1 — N + 1)z7 =N+l g5 2 € ¢72%+ tends to
infinity.
2. For Rel > —(N —1)/2 one has ®;(z) ~ c(l)z! as x € ¢~%%+ tends to infinity.

Proof. Let us compute an asymptotic behavior of ®;(x) for Rel > —(N — 1)/2, the other case
can be managed similarly. For = ¢~%*, k — oo, one has

—2k —21 _2(1+N—-1) 2—-2l-2n—2k. 2 —2k -2l
3@2(61 4 74 2 2):((1 ,q)k2®1< q q 21+2m)

. ) L2
7", 0 44 (222 ¢2),, g22—2n—2k 4,49
204-2n. 2 _
ok (€)oo q)o( ¢ ;q27q4l+2(N—1)>
(¢*"54*)oo -

ol (q2l+2n; q2)oo(q2l+2(N71); q2>oo
(q2n; q2)oo(q4l+2(N_1); q2>oo

Let us return to the Plancherel measure of (), namely for its absolutely continuous part.
Since € = ¢**N=1 and z = cos 6, one can observe by easy calculations that

(qA+2(N=1) =41-2(N=1), 42y
w(z) = w(27q2n—N+17qN—1|q2) _ q 04 14" )oo
(q2+2n, 2n—2A=2(N=1) 20+2N-1) =20 ¢2)_
1 1

—e(De(~1 = (N = 1) (> ¢*)%
By this calculations we establish a relation between continuous part of the Plancherel measure
and the Harish-Chandra c-function in the quantum case. Of course, this interplay in the classical
(¢ = 1) situation is well-known.
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