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w(ẽ)

qw(e)

qb(e)
qt(e)

Figure 8. Quadrangle for edge e.
〈fig:quadrangle3〉

which subsequently can be deformed with formula (1.5). In Section 5.3 I describe how one can
construct and draw the quadrangle tiling of R2 for a given weight realization.

2 The algebraic geometry of weights

〈sec:geoweights〉 In this section F is a convex Zhegalkin zebra function and Λ is a sublattice of Aut(F), such that
the superpotential [F ]Λ is dimer complete and such that a weight realization of the superpotential
exists; see Definitions 1.1, 1.2, 1.5 and 1.6. So there is a tiling of R2 by strictly convex quadrangles
and the diagonals provide embeddings of the graphs ΓΛ and Γ∨Λ into the torus T = R2/Λ.

2.1 The (co)homology of ΓΛ and Γ∨
Λ

?〈subsec:coho〉?2.1.1. Elements v ∈ P?Λ, b ∈ P•Λ, w ∈ P◦Λ define maps αv, βb, βw : EΛ −→ Z such that
?〈sec:superpotential3〉?

αv(e) = 1 if t(e) = v, αv(e) = −1 if s(e) = v, αv(e) = 0 else, (2.1) eq:vertex cycle

βb(e) = 1 if b(e) = b, βb(e) = 0 else, (2.2) eq:black cycle

βw(e) = 1 if w(e) = w, βw(e) = 0 else. (2.3) eq:white cycle

There is only one linear relation between the maps αv (v ∈ P?Λ) and there is only one linear
relation between the maps βb, βw (b ∈ P•Λ, w ∈ P◦Λ), namely

∑

v∈P?
Λ

αv = 0,
∑

b∈P•Λ

βb =
∑

w∈P◦Λ

βw. (2.4) eq:ab relations

2.1.2. The first cohomology group H1(ΓΛ,Z) of the graph ΓΛ is the subgroup of the group
ZEΛ = Maps(EΛ,Z) consisting of the maps η : EΛ −→ Z which satisfy

∑

e∈EΛ
η(e)αv(e) = 0 for all v ∈ P?Λ. (2.5) eq:G homology cycle

The rank of this group is

rankH1(ΓΛ,Z) = |EΛ| − |P?Λ|+ 1 = |P•Λ|+ |P◦Λ|+ 1. (2.6) ?eq:rank HG1?

The maps βb and βw for b ∈ P•Λ, w ∈ P◦Λ are elements of H1(ΓΛ,Z). They generate a subgroup
of rank |P•Λ|+ |P◦Λ| − 1; see (2.2), (2.3), (2.4).

The embedding ΓΛ ↪→ T induces a homomorphism of homology groups

H1(ΓΛ,Z) −→ H1(T,Z). (2.7) ?eq:graph in torus?


