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Figure 1. Left: (1.2). Right: Zebra Zv. All bands are ⊥ v and have width 1
2|v| .

〈fig:zebra-frequencies〉

A Zhegalkin zebra function is convex (czzf) if all polygons in the tiling are bounded and convex.
These tilings are the Zhegalkin zebra motives in the title.

Goal. Understand the deformation theory of these tilings.

Every Zhegalkin zebra function can be written as a Zhegalkin zebra polynomial, i.e., a poly-
nomial in the variables Zjk in which all monomials have coefficients 1 and the variables in each
monomial have exponent 1. Section 5.1 describes an efficient way for evaluating a Zhegalkin ze-
bra polynomial and drawing the black-white picture. Convexity can easily be checked by visual
inspection. See Figs. 2, 3, 6 and 12 for examples.

A Zhegalkin zebra function F has an automorphism group consisting of translations leaving
the tiling invariant:

Aut(F) =
{
τ ∈ R2 | F(x + τ) = F(x), ∀x ∈ R2

}
.

This is a lattice in R2 if F is convex. For every sublattice Λ ⊂ Aut(F) the function F descends
to a function on the torus R2/Λ and gives a tiling of this torus by black and white polygons.

This brings us to the setting of dimer models (a.k.a. brane tilings), quivers with superpotential
and discrete differential geometry. There is an extensive literature on these topics written from
very different view-points, with very different terminologies, for very different applications. Our
view-point will be that the pictures are realizations of an underlying combinatorial structure.
Our goal is: Understand the deformations of these realizations.

1.2 The superpotential and weight functions

〈subsec:intro superpotential〉The combinatorial structure consists of the set E of edges in the picture, two permutations σ0, σ1

of E and an injective homomorphism p : Z2 → Perm(E) into the permutation group of E . The
cycles (=orbits) of σ0 and σ1 correspond to the oriented boundaries of the white and black
polygons, while the cycles of the permutation σ2 = σ−1

1 σ0 correspond to the vertices in the
tiling. The orientation of the edges is such that the boundaries of the black (resp. white)
polygons are oriented clockwise (resp. counter-clockwise). The homomorphism p comprises the
action of Aut(F) and an isomorphism Aut(F) ' Z2. The permutations σ0 and σ1 commute with
this action. Associated with a sublattice Λ of Z2 is then the finite set EΛ = E/Λ equipped with
the permutations σ0, σ1, σ2 and an action of the finite group Z2/Λ. Since the torus R2/Λ has
genus 1 the numbers of cycles of the permutations satisfy |σ0|+ |σ1|+ |σ2| = |EΛ|.

〈def:superpotential〉Definition 1.2. We call [F ]Λ = (EΛ, σ0, σ1) the superpotential of the Zhegalkin zebra function F
and the lattice Λ.

〈rem:physics potential〉
Remark 1.3. In the physics literature, e.g., [12], one writes the superpotential as a sum of
|σ0|+ |σ1| monomials in non-commuting variables

{
X̃e

}
e∈EΛ

such that a cycle (e1, . . . , er) of σc,

c = 0, 1, contributes the monomial (−1)cX̃e1 · · · X̃er . In this formulation the cyclic structure is
implicit.


