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ABSTRACT

In this paper we propose an approach to the investigation of smooth properties of not
strongly continuous semigroups, based on observation about the nature of corresponding system
in variations.

Quasi-contractive nonlinear estimates permit us to study the action of semigroups in spaces
of continuously differentiable functions and to achieve the smoothness of flows, generated by
non-Lipschitz (even locally) stochastic differential equations.



1 Introduction.

The appearance of different type nonlinearities in coefficients of equation can to a great extent
influence the behaviour of solutions and usually requires relevant techniques, adopted to the
description of arising phenomenons.

There is a large class of semigroups, associated with operator parabolic Cauchy problems,
which does not permit the direct investigation by methods of classical semigroup theory, because
the property of strong continuity fails to hold. They correspond to the second order differential
operators of finite and infinite number of variables and have numerous applications as associated
with nonlinear stochastic differential equations with unbounded coefficients. Such semigroups
are known as Feller and the investigation of their regular properties in spaces of continuously
differentiable functions leads to the problem of smooth dependence with respect to the initial
data for solutions to stochastic differential equations.

In the case of globally Lipschitz coefficients with bounded derivatives the question of C'*
- smoothness of the stochastic flow and corresponding semigroup has been already solved due
to the elaboration of keen techniques, connected with direct treatment of system in variations
and fixed point arguments [10, 11, 16, 17, 19], stochastic analysis on Wiener space and subtle
properties of Ornstein-Uhlenbeck process [18], [31]-[34], [36]-[38], [40].

This paper is dedicated to the study of the smooth properties of semigroups, associated with
nonlinear SDE with coefficients, for which the Lipschitz property breaks even locally on balls.
Such semigroups has already formed an topic of steady interest in the theory of stochastic
differential equations and have a large domain of applications to the rigorous description of
lattice models in Statistical physics, see [9], [12]-[15], [20, 30, 35, 39] and references therein.

We describe a nonlinear technique, adopted to the investigation of C'* smoothness of semi-
groups and associated stochastic flows with essentially non-Lipschitz coefficients. We aim to
show that a simple observation on the nature of system in variations enables to predict the
simultaneous behaviour of all variations in a quasi-contractive way.

Let’s explain the key idea in one-dimensional case. Consider semigroup

(Pf)(a") = Ef(£"(t,27))
associated with non-Lipschitz SDE

0 0y _ .0 ! ! 0 0
Ot %) = o +/0 A /OF(g (7, 2°))dr

To obtain the smoothness of semigroup, i.e. to study its derivatives

ok i 4 .
D0k (Pf)(%) = > E{fYE( ") & (t,2°)..6(t,2°)}
(020) Gi+.tjs=k,s>1
) J
we are to consider variations &’ (t,z) = —jfo(t, x), which solve associated nonlinear equations

ox
€t a) = 2 — /Otda S FOE(0,27)E (0, 2%)..6% (0, 0) (1.1)

Jit..+js=t,8>1
with 2! = 1 and 2/ = 0, i > 2.

The key idea is that the behaviour of it variation &' is comparable with the behaviour of the
first variation &' in the i'™" degree. This is connected with representation (1.1), where under
summation we find simultaneously the terms F’(£°)¢" and F®(£0)[¢'] for s = 1 and s = .
Taking into account this observation we introduce a special nonlinear expression

plEit) = Efgpr%)) £i(t) o/



which in essentially nonlinear way interlaces different variations £ and is controlled by weights,
depending on initial solution £°. We note that p(£;t) does not permit the interpretation of norm
in some Banach space.

Under assumption that monotone function F' has no more than polynomial growth

k> -1Viz1 [FO@) - FO(y)| < Cila— (1 +[a] + [y)*
we obtain a quasi-contractive nonlinear estimate on variations
IMYt>0  p&t) < eMp(€;0)

Quasi-contractive estimates and observation above permit us to investigate the smooth prop-
erties of semigroup F; in the special scales of continuously differentiable functions. The topolo-
gies of these spaces depend on order of nonlinearity k and require the smaller growth for lower
derivatives of function, reflected in special hierarchy of weights in seminorms.

A more simple finite dimensional case of IR? is already studied in [5], the peculiarities of reg-
ularity problems for diffusion flows on manifolds are discussed in [6]. Similar estimates are also
valid for stochastic derivatives, they give possibility to obtain Malliavin calculus applications
for non-Lipschitz diffusion on non compact manifold [7] via a scheme of [4].

Paper consists of three parts. In second part we describe the problem, outline the general
scheme of paper and give main results: nonlinear estimate on variations and theorem about
preservance of spaces of continuously differentiable functions under the action of semigroup.

The third part is completely devoted to the proof of theorem on smooth properties of semi-
group. In Section 3.1 and 3.2 we study the variations of stochastic differential equations with
non-Lipschitz coefficients and prove their solvability and smooth dependence with respect to
the initial data. Section 3.3 provides an integral representation for derivatives of semigroup
along absolutely continuous paths. In Section 3.4 we show the quasi-contractive property of
semigroup in scales of continuously differentiable functions and end the proof of main theorem.
We also obtain ergodicity in derivatives for semigroup.

2 Main results: nonlinear quasi-contractive estimate and smooth
properties of discontinuous semigroups.

The investigation of properties of infinite-dimensional semigroups, which do not fulfill the stan-
dard assumption of strong continuity, makes a prevailing topic of this article. These semigroups
usually appear at consideration of the stochastic differential equations with unbounded coeffi-
cients and we apply nonlinear quasi-contractive estimates [3] to study the smooth properties of
such semigroup in spaces of continuously differentiable functions.

Consider the stochastic differential equation

deji(t, %) = dWi(t) — {F(&J(t,2°)) + (BE(t, 2°))i bt
0(() 40 0 d (2.1)
£0,2°) =y, keZ
where, for probability space (€2, F, P) with filtration J;, the process W (t) = {Wy ()} ,cga, t > 0
is F, — adapted Wiener process defined on € with values in f5(a) = ly(a, Z%), and identity
covariance operator. The linear finite-diagonal map B : RZ " & RZ" is defined by

Br={ > b(k—j)zj}rege

J:1i—k[<ro

and the nonlinear map F : R%" >z —s F(x) ={F(x) ezt € R#" is generated by the C™
monotone function F, F(0) = 0, which satisfies condition of polynomial growth on the infinity

Tk>-1Vi>1 |[FO(@) - FO(y)| < Cile —yl(1 + [a] + |y)K (2.2)



Note that for k > —1 the map F : RZ" — R%Z" is non-Lipschitz even on balls in any space
ly(c) = by(c, Z%).

The questions on solvability of equations like (2.1) are profoundly studied [12]-[14], [30, 35,
39]. For example, for initial data z° € Code 1y (a) there is a unique strong solution, i.e. ¢3(a)-

continuous F; adapted process £°(t, 2%), which a.e. fulfils the integral form of equation (2.1),

&% € Dp(ly(a)) and
Vr>1 E sup ||£0(t,a:0)|\22(a) < 00 (2.3)
te[0,7

Furthermore, for 2° € ¢y(a) there is a generalized solution, obtained as uniform on [0,7]
P a.e. limit of strong solutions [13, 14]. Moreover, the associated not strongly continuous
(discontinuous) semigroup

(Pf)(a%) = E(f(£"(t,2"))) (2.4)
corresponding to formal generator, given on cylinder test functions by
1
[H.f1() = 5 Y {07 + o0} f() (2.5)
o kez?
where Oy = —— and v, = F(x4)+ X e z¢ b(k—j)x;, is Feller in the space of bounded continuous

&vk
functions Cy(¢2(a)).
In appendix we give a simple extension of some results [13, 14] to the case of pathwise
estimates on solutions £° in spaces ¢,,(a) C f3(a). These facts we use to prove the smoothness
of variations. Moreover, it is shown that the Banach space Lip,(¢3(a)), r > 0, equipped with

norm o /@)
170 = S T el (26)
. /(@) - f(y)l .

zyeta(a) [T = Yl + 12]le@ + [1Ylle@)
is preserved under the action of semigroup F;.

The aim of this paper lies in the study of semigroup (2.4) in the subspaces of space Lip,(¢s(a)),
formed by functions with continuous derivatives of first and higher orders. We need to write the
representation for derivatives of semigroup 0, P, f, where 7 = {ki, ..., k,, } and 0, = 9"l /0y, ...0xy,, .
Formula (2.4) leads to

(B =Y Y E<dVf).6, 0. 086 > (2.7)
s=1v1U...Uys=T
where 9 f = {8, f}},/—s denotes the set of s order partial derivatives of function and we used

notation
<€), 6, © .. 08, >= 3 (g DE) & Eian

sefs €ZY
Vector & = {&r}rege 1s interpretated as a derivative of ¥ with respect to the initial data
0 0
¥ ={x .
{#hheme 6 — olep(t, )
T 04y .02
and is called below a 7" variation of £€°. The equation on &, is derived by the formal successive
differentiation of (2.1) with respect to z°:

(2.8)

h

d&y, :
T PN — bk — j)Eir — Phr
dt (ék)gk, i UEIE‘STO ( .])5], Sok, (29>
51(?,7’(0) = Tk,r
where Crkr = Pk,r (507 6',77 YT,y 7é T)
Pk, = Z F(S)(fo)gk,%'--gkﬁs (2'10)

y1U...Uys=T, s>2



In (2.10) the summation }°. , .= s>2 runs on all possible subdivisions of the set 7 = {j1, .., jn}
ji: € Z* on the nonintersecting subsets 1, ..,7s C 7, with |[y1] + .. + |75 = |7], s > 2, || > 1.
The precise sense to expression (2.8) as a solution to (2.9) can be given only under the special

choice of initial data Gy Tl =1, T={j}C A
0, |r|>1

'%k,T -

We see, that the representation (2.7) gives the connection between the partial derivatives
of semigroup (2.4) and the behaviour of variations with respect to the initial data. To show
the preservance of spaces of continuously differentiable functions under the action of Feller
semigroup P; we need to investigate the differentiability of £°(¢, 2°) with respect to 2° or study
its variations.

However

(2.11)

1. The coefficients of system (2.9) are controlled in essentially nonlinear manner by the solu-
tion £° of initial equation.
2. With respect to &, system (2.9) is non-autonomous one with unbounded operator coeffi-
cients.
3. Due to (2.10) each variation is interlaced with lower rank variations in nonlinear inherently
multiplicative way.
4. To reconstruct the derivatives of semigroup it is necessary to guess the natural consent
topologies of solvability for equations in variations.
The main tool to treat the system in variations is provided by next Theorem, which gener-
alizes to stochastic case the results of [3]. As the evolution in time of &, shifts from zero-one
data 7., we are to consider the case of arbitrary initial data. First we give the definition of

strong solution to system (2.9). In Theorem 3.1 we show the strong solvability of system (2.9)

k
in the sense of Definition 2.1 for =, € £, (dc,), v C 7,d > a” 2

Definition 2.1. The F; adapted processes &, (t,2°), v C 7 form strong solutions to the system
(2.9) in spaces lp, (¢y), v C Tiff Yy C 7 for P ae. w € Q the map [0,7] 3t — &(t,2°) €
Uy (cy) is Lipschitz continuous, & ,(0,2°) = wy,, k € Z" and for ae. t € [0,T] &,(t,2°) €
Dy, (ey) (F'(€°(t,2°)) + B). Moreover, there is a strong /., (c,) derivative d&,(t,z°)/dt a.e. on
[0, 77, equation (2.9) is satisfied in £,, (c,) a.eon [0, 7] and Va° € ly(a) V¢ > 1 VT >0 VyC T

E sup [I€®)7,, (o, <0 (2.12)
t€[0,T) v

E sup ||d&,(t,2%)/dt||} () < 00 (2.13)
te[0,T] A

Let us introduce the nonlinear expression:

) =B An) X 161 o) (2.14)

| YT, Trl=s

where 7 = {j1, ..., jn}, Ji € Z*, p, are polynomial functions depending on z = [|£°(t, :L‘O)H%Q(a)
and m., = my/|7|, |7| is a number of points in set v C Z?. The set of all vectors ¢ = {4 }c z¢,
such that 6. = supy,_;_; [cx/c;| < oo we denote by IP.

Theorem 2.2. Let F satisfy (2.2), 2° € 62(k+1)2(a), tra=1, a € P, x, € ly (dcy), vy CT,

k
d>a 2™, m, = my/|y], mi > |7| and &°, {& }ocr form the strong solutions to systems

(2.1), (2.9). Suppose that functions p;(z), © = 1,..,n and vectors {cy }ycr C IP in (2.14) satisfy:
(1) e >0, 3K >0, such that ¥z € IRy

pi(z) 2 & (L+2)(Ipi(2)] + [pi(2)]) < Kpi(2) (2.15)




(2) 3K, Vji=2..nViy, .. ig: iy+..+is=7, s>2

. k . .
PU) (1 +2)7 5 ™ < K, pi(2).pl(2) (2.16)

(3) for any subdivision of the set v = a1 U..Uay, v C T on nonempty nonintersecting subsets
Vs Vsy S = 2 there is Ry . o, Such that Vk € Z°

s

ol St R o | jos| 917
[cry] < Ry on,0sChion ] [Chian] (2.17)

Then there is a constant M € IR', such that the nonlinear estimate of quasi-contractive

type holds M
pr(&t) < eMpa(&;0) (2.18)

Upper indexes mean the powers and the parameter k above is introduced in (2.2) and reflects
the order of nonlinearity of map F'. In [3] it was shown that the set of vectors, which satisfy
condition (2.17), is sufficiently wide. In particular, for the weight {c,} and arbitrary vector
d € IP vector {d - c,} also form a weight.

Proof. Introduce h(¢;t) = XZ: E{ps(z) X &7 (,)}> ©=1and zero at i = 0, where
s=1 my A

~Cr Tyl=s
= [1€°(t, 2°)]17,a)- Then at i = n h2(&;t) = p,(&;t) and
L&) =hN e+ Y gy(t) (2.19)
YCT, |y|=i

with g, (t) = E[pi(2)[|&,(0)[[; (e, |- We prove inductively that

Vi=0,.,n IM; € R hi(&t) < eMthi(€;0) (2.20)
which at i = n gives the statement of theorem. Base of induction at ¢ = 0 is obvious. If for any
v C 1, |y| =1 we prove

() _ () + KohY(&3 1) (2.21)
dt —_ 197 2 T 57 *

then due to the inductive assumption and representation (2.19) we obtain

P& 1) < MR 0)F

t .
+ Z {ef1g.(0) +K2/ eKl(t_S)eMi‘lsh’T_l(ﬁ; 0)ds} <
yCr, =i °
< e(Mi71+K1)t(1 + 2‘T|K2t)hi(§; 0) < €(M¢71+K1+2‘T‘Kz)thi(§; 0)
which gives (2.20). To prove (2.21) first note that Ito formula gives

P&, o) = Pil20)lI& O, ) +2/ Bzl ()57 ) (6°(), AW (5))+
t d
n / tmopi() < B 16 0 > ) G oy (H) s (222
Here (z,y) = ezt Tryi, < U, v# >00(0)= Lrezd CkUrVk - [Up] ™72 for v# = v}~ © .7-"1)

with duality map F in space £,,(c) and operator H, is introduced in (2.5). Estimates (2.3),

(3.61), (2.12), (2.13) and inequality |H,p|(z;) < Cp(z)[M + K||€°(¢ )Hz 1;’1

integrability on [0, 7] x Q of all expressions in (2.22). Therefore function gv(t) is a.e. on [0, 7]
differentiable with derivative

dg-(t)
c;t =m,Ep;(z) <

() uarantees the

57()

6@ > =BG O o) - [Hapil ()} (2.23)



Due to the inequality H,pi(z) > —M,,pi(z) (see [2],Hint 9) the second term in (2.23) is
estimated by M,, - g,(t). To estimate the first term we use Definition 2.1 of strong solution to
(2.9), property F’( ) > 0, € IR and boundedness of map B in any space ,(c), p > 1, ¢ € IP.
Finally we apply inequality | < f,&# > [ < [ fII7" o) + =€ ) and obtain

d
< %g'y(tL [fw]# >=—my < (F/(éo) + B)&, + ¥y, [g'y]# >< (2.24)
< BIHIENET o) +my D0 | < FOE)ba Lo [6]F > | <
< (my||BI| + (m, — 1)2'”'2)|!€~y|\7 RPN L LN A
Therefore dg- (t)

2
< (M| Bll 2t ey + (my — 1)277 + M, ) g, () +

e (2.25)

dt
+ Z Epz(HgOH?g(a)) ||F(S)(§O)£a1"'§as

a1U..Uas=vy, s>2

Condition (2.2) on the function F' gives

k+ ks
FOE)] < CO+ D5 < Cap = 1+ 11€0) Pw) *

Thus each term in (2.25) is estimated from above by
+1

_@m 7k7
CE Y cray, > pilll€NZ @)+ 17 w) ™2 ™ o™ €k s

kezd

ey (2.26)

Special choice of m., =m, - |a|/|v| gives the representation

o | ™ | )™ = [ M),

Properties (2.16) and (2.17) imply

ma eI/l

(226) <C Ky Ry 0 B S T{Ppl(

kezd i=1

€020 o |} (227)
Applying inequality |z1...z| < M + ..+ |zs| with ¢; = |v|/|a;| we obtain

| | Ma
(2.27) < CKp Ry a0, Z 7”’ Plas | (1€°11Z, 0)) 180, lle,... oy =

7j=1

<CKy Ry 0k (&) (2.28)

ey Qs U
In the last inequality we used that for subdivision a; U...Uas =7, |y| =7 at s > 2 we have
|a;| <@ — 1. Therefore (2.21) is proved with

Ky = 2My, 450D (ms | Bl e, + (me = 1)27), (2.29)

Ky =K,C2™  max R . .. (2.30)

a1U..Uas=y, vCT
see (2.25), (2.26) and (2.28). H

Now we can discuss the structure of topologies in spaces, preserved under the action of
semigroup P;. It is intrinsically determined by the structure of nonlinear estimate just proved
and essentially depends on the order of nonlinearity k of map F. The similar hierarchy, con-
nected with the special reduction of weights in seminorm, was already noticed in [2], where



we’ve shown, that this hierarchy can not be avoided, if one wishes to have the quasi-accreative
property for semigroup generator.

Denote, for some m € IN, by ©™ the array of pairs {(p,G) : (p,G) € O™} where G =
G!' ® ... ® G™ is m-tensor constructed by vectors G* € IP, i =1,....m and p is a smooth
function of polynomial behavior (2.15).

Definition 2.3. The array © = ©'U...UO", n € IN, is a quasi-contractive with parameter k
if Vvm=2,...,nV(p,G) € ©™ and Vi, j € {1,...,m}, i # j, there is a pair (p,G) € O™ ! such
that it majorizes a pair

K1 -
((1+2)72 p(2),G0), ie.
Koo
JK: Vze R, (1 +2) 7 plz) < Kp(z)
GV <KG', (=1,.,m—1 (2.31)

Above (m — 1)-tensor G} is constructed from m-tensor G by the rule

Gt = ' @ ... 0(A) KGiGig.. g G
U 1
Notation G' ® .... ®G* means that in tensor product the i - vector is omitted and G' @ .. ®
i

B ®..® G* means that on 5 - place in tensor product it is inserted vector B. Inequality (2.31)
T
is understood as a coordinate inequality between two vectors.

For multifunction of m* order u™ (2) = {u.(z), 7 = {ki,....km}, ki € Z%}, x € l5(a) we
introduce the seminorm

|u(m)($)|gm
e = 20 (1213, 0)) (2.32)
z€lz(a) (pm,G™)€O@™ pm(H-ﬂ’?z(d))
with Iu(m)(£€>|ém = > Gjl-l...G;-':n]uT(g;)P for G = ' & ... 0 ™

T:{jl---jm}czd
Let >0, n>1and © = ©' U...U©O" be a quasi-contractive array with parameter k. We
say that f € Cg,(ls(a)) iff f € Lip.(¢2(a)) and
1) There is a set of partial derivatives {0 f,...,0™ f} such that for any m € {1,...,n}
the coordinates of multifunctions {9 f(x)};, ;.. = O-f(x), T = {J1, .-, jm} are continuous
O.f € C(ly(a), R") and V2° € ly(a), Vh € X ([a,b]) it holds
b

PO+ h()] = [ds X 0+ h(s) () 2.33)

a a kez?

and V7 = {j1,....Je}, |7|=0<n—-1
b

b
Ocf(@ +h()| = [ds 3 O fla® + hls)H(s) (2:34)
a e kez?
2) The norm is finite
7o, = 1L, + mac 007 Fllon < o0 (2.35)
Above
Xeolla )= 1, ACuu((a, 8], £,(0) (2:36)

and AC([a,b], X) ={h € C([a,b],X): TN € L([a,b], X} for Banach space X.
Remark. Definition of Cg, is not transparent at the first look and we would like to give some
comments. The structure of seminorm || - ||e= and condition of quasi-contractivity of array ©



is actually dictated by the structure of nonlinear estimate and, as it will be seen, guarantees
the quasi-contractive property of semigroup P, is scale Cg .

For fixed w € Q, t € [0,7] the map l3(a) > 2° — &%w,t,2°) € ly(a) and its variations
{&,} have nonlinear responses with respect to initial data in representation of 0, P, f (2.7). This
circumstance motivated us to give a sense (2.33), (2.34) to derivatives of function f € Cg,..

Properties (2.35) and (2.33), (2.34) give in particular that for function f € Cg, there exist
continuous partial derivatives up to order n dj, _j,, f(z) = " f(z)/0x},...0z;,,, T = {21} 1ege
To show this one should take h(t) = teg, t € [0,1] in (2.33) and (2.34). Due to the finiteness of
norm || f||lce, the r.h.s. of (2.33) and (2.34) are well-defined for any h € Xo([a, b]).

Theorem below give the main result of paper about the preservance of Cg , under the action
of discontinuous Feller semigroup, defined by (2.4).

Theorem 2.4. Let F fulfill (2.2) and © be a quasi-contractive array with parameter k. Then
Vt>0: P C@}r — C@,r and HK@’T, M@J‘

VfeCor |Pifllco, < Keore | fllco.,

Proof. The remaining part of paper is dedicated to the proof of this theorem. In Sections
3.1 and 3.2 we conduct all necessary preparations about the equation in variations, including
their solvability, continuous and smooth dependence on initial data, and also obtain the integral
representations of variations with respect to nonlinear increments of initial data.

In Sections 3.3 and 3.4 we check the conditions of Definition 2.3 for semigroup. Moreover,
Theorem 3.10 gives the simple consequence of nonlinear estimate — ergodicity in derivatives.
Necessary facts on properties of initial SDE and the preservance of space Lip,(¢2(a)) are given
in Appendix. W

3 Proof of theorem on smooth properties of semigroup.

3.1 Strong solvability of the system in variations and continuity of variations with
respect to the initial data.

Here we construct the variations &, to give a rigorous sense to partial derivatives 0. P.f (2.7).
The theorem below states the strong solvability of system in variations (2.9) and justifies a
priori nonlinear estimate (2.18).

Theorem 3.1.  Let a € IP, tra = 1, vectors {c,} satisfy (2.17), |7| < m1, and d € IP be

_ ki
such that dj, > a, 2 > 1. Denote X, = ln,_(cy), Yy = by (dcy), my = my/|y], v C 7.

Then ¥ 2° € ly(a) and V., € Y., v C T we have that Vv C T there is a unique F;, — adapted
process

mi

&(t) € C(0,T], X,) N L>®([0,T],Y,), P — aewel,
which gives a strong solution to the v Cauchy problem (2.9) in the space X.. Moreover,
dK(-,7,R) € L,(Q,P), p>1, such that

sup Hé},(t,xo)||y7 < K(w, T, R) (3.1)
te[0,7)

with R = max([2°{l. 241, 7 C 7).

The proof essentially uses the following propositions, first of which states the solvability of
non-autonomous equations [21]-[26] and the second one enables to work with multiplicative
structure of system in variations.

Proposition 3.2 [21],Th.2.1-2.3. Let Y C X be continuously imbedded reflexive Banach
spaces, operators A(t), A(t) Ty, t € [0,T] generate the strongly continuous semigroups in X

10



andY,Vt € [0,T] Y C Dx(A(t)), and 3NVt € [0,T]: ||e*SA(t)||L(X) < e, ||lesA® 1y ey <

e, s> 0. Suppose that

A() tye C([0,T], L(Y, X)) (3.2)
e e C([0,T],X)N L>([0,T],Y) (3.3)
Then the Cauchy problem
{ y'(t) = —A)y(t) + o(t) (3.4)
y(0) =%, weY '

has a unique strong solution y € C([0,7], X) N L*([0,7],Y) which possesses the strong X -
derivative and fulfills (3.4) a.e. on t € [0, 7. It is represented in the form

t
y(t) = U(t.0)o + [ Ults)e(s)ds
with unique strongly continuous in X evolution system {U(¢,s), 0 < s < t}, generated by
{A(t)}ie[o,;p], such that ||U(t, s)|| ) < X9, ||U(t, 8)|| vy < €M%, Moreover, if {A(t) }epo.r)
and {A(t) }iejo,r) are two families, which fulfill the assumptions above and generate evolution
systems U, U respectively, then Vy € Y

U, s)y — Ut s)ylx < [t = sl yly s 1A(T) = A7)l zevx) (3:5)
TE|S,
Proposition 3.3 [3], Prop.4.2 and 4.4. Let a € IP, tra =1, |7| < my, vectors {c,},cr
ki

satisfy (2.17) and d € IP such that dj, > a; 2> . Denote X, = ly,. (c,), Y, = £y, (de,),
my = my/|y|, v C 7. Then for function @, which satisfies 3K |Q(z) — Q(y)| < Kl —

yI(1+ 2] + )X, Yo,y € R the map fa(a) 5 € — Q(€) € LIV, Xr), [Q(E)ulk = Q(&)uy is

continuous and

ICVEC QO e x) < CA+ QIO + [1€]lex(a) < (3.6)

11Q©) = QO ullx, < ClIE = Cllesta) (1 + I€llesiay + IS lesia) K ey, (3.7)

Moreover, introduce {Q(£%)&,,... &, e = Q€N E k- Ekmyy kK € Zforn > 2, U ..Uy, =7
with the corresponding action of Q(£%)&,...&, in the space l_®+1X Then for any fixed
¢=1,..,n the map

f(a) X X Xy 3 (€61 ) > QEN ey €L( B X, X)
is continuous and the estimate holds

1K I [Q(fo)gw--fw - Q(CO)C%-'-CW ] Urypyq - Uy

x, <

14
k
< K{1 4+ 118%Meata) + 1€ e} TT + 1€ llx,, + 1G5 N1, I

l =1 n
X{Hgo - C()Hfz(a) + Z ”6% - g%’ ||X%-} H ||u% ||X'yi (38)
i=1 i=0+1
Proof of Theorem 3.1. We can view the system (2.9) as a family of nonautonomous
inhomogeneous equations, parameterized by w € €2

ds,

{ o =AD& — e (3.9)
&(0) =

with operator A(t) = A(w, t,2°) = F’(fo(w t,

n (2.10). For any fixed w € Q V2° € ly(a)

strongly continuous semigroup in any space £

T,
2%))+ B and function ¢, = ¢, (w, t, 2Y) introduced
Vt € [0,T] the operator A(w,t,x°) generates the

»(c), ce P, p>1w1thun1formonwEQ 2’ e

11



l3(a) constant A = inf,cpm F'(t) + || Bl|£e,(cp) = [|B]|. This follows from m-monotonicity of
linear diagonal operator F'(&)y = {F' (k) yn } ez for any & € R%" and boundedness of map B
in any space {,(c), ¢ € IP, p > 1 [8],p.158.

Pathwise continuity of £° and estimate (3.7) with Q(-) = F'(:)+B, £ = £°(t, 2%), ¢ = £%(s, 2V)
imply property (3.2), i.e. A(w,-,2°) € C([0,T], L(Y,, X,)) and generates the evolution system

“(t, s).

To construct the strong solutions to (3.9) we check condition (3.3) for ¢, inductively on |7|.

For |o| =1, ¢, = 0 and by Proposition 3.2 there is a unique finite variation process

Eo(w,t, 2% 2,) € C([0,T], Xo) N L2([0,T), V), |al=1 (3.10)

which solves (3.9) and possesses representation &, (¢, 2% z,) = U% (1, 0)z,, |a| = 1.
Suppose that (3.10) is true for all & C 7, |a| < ng — 1. Then Va C 7, |a] = ny we have
from inductive assumption, (3.61) and (3.62) that ¢, € C([0,T], X,) because by (3.8)

loa(ts) = palte)llxe < 30 IFOE ())&, (1) &y (h)—

YU .Uys=a,5>2

—FO(E0(t2))&,, (t2)- . (t2) | xo < K >

Y1U. . Uys=0a,8>2

(1 +11€°(t0) leaa) + 11€°(E2) [l s a) ko H L4+ 16 (t) e, + 1165 (2) |, ) x

< {1I€"(t) — & (t2) lleata +Z||5% t1) = & (ta)llx., }
Similarly, estimate (3.8) with n = ¢ =s and (,, = ... = ¢, = 0 implies ¢, € L>([0,T],Y,)

lealw, 2’ Dllv, K 3 sup {1+ € 2 ey (3.11)

’yiU Ufys:a 5>2 tE[O T]
S

T+ 16, & 2y 1S (7 2°) ot +ZII§% t, 2"y, }

=1
Therefore at |o| = ny Proposition 3.2 gives unique strong solutlon &, to (3.9), which fulfills
(3.10) and has representation
t
balw, t, 2% 2,y C a) = Us(t,0)x, +/ Ui (t, s)pa(s)ds (3.12)
0

The F; measurability of &,(t) follows from the representation (3.12) and JF; measurability of
Us(t,s)zy, x, € Y,, which is obtained from (3.5) and (3.7) with Q(-) = F'(-) + B, £ =
(w,0,2%), ¢ =£(@,0,2%):

|Uso(t, 3)1‘7 — Upol(t, S)x’Y“X'y <Ot — s H"EWHYW'

csup [[€%(w,0) = €3, 0) sy - (1+ 1€, )iy + 1E°@, 0) o)

o€[0,t]
Estimate (3.1) simply follows from representation (3.12), iteration of (3.11) with usage of (3.61),
(3.62) and estimate below

€a(w. t. 2y, < e aally, +Te sup [pa(a®,1)]y, (3.13)
t€[0,T]
Finally, properties (2.12), (2.13) in the definition of strong solution follow from (3.6), in-
equality 06 (1. 2°)
, T
N D R ) A

< O+ 11 ) &y, + llosllx,
estimates (3.61), (3.1) and (3.11). W

12



Next theorem gives the continuity of variation & (¢, 2°, x,) with respect to the initial data
29, Later we apply this result to prove C* differentiability of £°(¢, 2°) with respect to 2° and
to extend the nonlinear quasi-contractive estimate (2.18) from 2° € Coki1y2 (a) to 2° € {y(a).

Theorem 3.4. Under conditions of Theorem 3.1 ¥Va',y" € ly(a) YV, € Y,,v C T there is
K(-,7,R) € L,(2,P),p > 1, such that Vv C 7, |y| <my

sup, 6= (8, 2% 2y) = &-(t, 9% ) [lx, < K(w, 7, R)]|2° = 1" lea(a) (3.14)

tel0,T

with R = max(||2°]|e,(a); [19°[lez(@: [125]ly, 7 € 7).
Proof. Application of (3.5), (3.7) gives

sup [|Uso(t,s) — Upn(t, 8) |l cvrxs) <

t,s€[0,T
< Te S}(I)PT] 1F'(&%(s,2%)) — F'(&° (s, 4"l eovs ) < (3.15)
se
{ k
< C sup [|€%(s,2%) — (5, 4°) lea(ay {1 + [1€°(5, 2°) o) + 11€°(5, ")l a (@) }€ <

s€[0,T
< Ol = 5 sy (1 + 12 esta) + 1 Ny + 2K ()

where K(-) € L,(Q2,P), p > 1 appear due to (3.61) and (3.62).
At |7 =1 ¢, = 0 and due to representation (3.12) and estimate (3.15) we have the
statement of theorem

& (w, t,2%) = & (w, £, 3°)llx, < K'(w, B)[lally, - 12° = 4"l ea
Suppose that V7 |7] < n—1 the stafement is proved From (3. 128 we have

160 (w, t,2°) — & (w, t, ") I x, < U (t, 0)zr — Ugn(t, 0)a, || x, + (3.16)
+T tset[l(g }H{ “(t,s) = Un(t, s)bor(w,s,2°) | x, (3.17)
+Tt§[%p 1Us (¢, s){er(w, s,3%) — or(w, s,4°) }HIx, + (3.18)

Terms (3.16) and (3.17) are estimated due to (3.15), (3.11) and (3.1). Finally from representa-
tion (2.10) and estimate (3.8) with Q(-) = F®()

(3.18) < T sup. [or(w, t,2°%) — @ (w, t, y") | x, <
te

k
<C" S sup {1+ 1€ 2 leaa) + 11E°(E YO leaa )T

Y1 U...U’}/s =7 t€ [O,T}
S

I+ 6@, ZEO)HX% + 1165 (2, yo)wa)' (3.19)

=1

{117, 2°) = €°(t, 4°) | +Z 16 (8, 2%) = &, (£ y") 1, } <

< K'(w, 7, R)[|2° = 4°l5(a)

where K'(-,7,R) € L,(Q,P), p > 1 appear due to (3.61), (3.62), (3.1) and inductive assump-
tion. W

The following corollary gives important for further consideration estimates on variations &,
at zero-one initial data (2.11) with uniform on 7, |7| < n constants. We use this result in
Sections 3.2 and 3.3 to obtain integrable majorants and properties of convolutions. Recall that
only at zero-one initial data variations &, have sense of derivatives for £°.

Corollary 3.5. Let a,v € IP, tra =1 and &, be a strong solutions to (2.9) with zero-one
initial data T, (2.11).

13



Then¥n >13K,(-,R,%) € L,(,P), p>1 such that V7 |7| <n

R
sup |€k,7(t7x0)‘ § k ( 1/}) (320)
t€[0,T] +1(|T| 1)
IT Y-
JET
Kn(w, R, ¢
U 164 (1,0) = r(t,3)] < L0 oy (3.21)

JjeT
with R = max(||2°[|e,a): 19 [lex(@)-
Proof. Estimates (3.20) and (3.21) are obtained as a consequence of (3.1) and (3.14) at

— - ki,

special choice of spaces X, =l (d7'¢;) and Y, = {,, (¢,;) with vectors d, = a,, *> ' and
kii ini-
Crr = a° T I1 w;nlj/hl for some my > n. First remark that {¢,} fulfills property (2.17)
JET
with constant R;.,, -, = 1. Indeed
—k+1m ’m T k T S
CLk D} 1[5k77]|T| _ a 1(‘ | 2 mel S | ‘ )Hd}
jer jer
s k+1 |’Yz
=Ml ™ Lo = e . (3:22)
bev;

where 7 =y U ... U~s, |’yl| + .ty = |7, s > 2.

(1) We obtain estimate (3.20). For [7| =1 ¢, = 0 and [|Z; || = 9o, therefore by represen-

tation (3.12)
sup sup & (t,2°,7,) 5. < ez [l5. = o (3.23)
|7]=1s,t€[0,T]

with uniform on 7: |7| < n constant A = \(n) > max HBHﬁ(}; o Vze Y,
TI<n T

HBJ:HT/T = ( Z Ekﬁ‘ Z b(k _j)xj‘m7>1/mf _

kez? J:lk=jl<ro

= (Y @l D0 bz )Y < ST @YD Sl Y™

kez? li|<ro li|<ro kezd

Ck'r~ mr mr . i|/m-
= 3 BOICY = Gesrlaw™) ™ < 30 (@) 68 |l

li|<ro kezd Th—hT li|<ro

2 Hil(n
< 3 @] 8a "V 8 el = Aellg, < oo (3.24)
li|<ro
where we used notation d,, = supy,_;—; [¢x/1;] < oo for ¢ € IP.

We proceed by induction on |7[. By [|Z;[|; =0, |7[ > 2, representation (3.12), base (3.23),
inductive assumption and estimate (3.11) we obtain with usage of (3.61) that 3 K, (-, R, ) such
that for all |a] < n

sup [|€a(w, t,2%)|lg < Te sup |pa(w,t,2°)l5, < Ko(w, R.9) (3.25)
t€[0,T] v t€[0,T] @
and its coordinate form leads to (3.20).

(2) The proof of statement (3.21) completely follows the scheme of Theorem 3.4. We only
mark the points which give uniform on 7 : |7| < n constant K,(w, R,v). By (3.24) and its
analog in space X, we have

sup [|U5 (2, s)

sup || U (L, 8)| 5. < e (3.26)
5,t€[0,T] [0,T]

||£(YT)7 s,t€(0

14



and therefore the constant C’ in (3.15) is uniform. Estimation of (3.16)—(3.18) is made induc-
tively like in Theorem 3.4 with application of [|Z-[|; = o at |7| = 1, zero otherwise, (3.26),
(3.19), property R..,,.~, = 1 and (3.25). We obtain 3 K,,(-, R,¢) ¥V |a] <n

ts[up Hga(w t,x ) £Q(W,t,y0)|’)~(a < Kn(w7R7 ¢)||$0 - y0||€2(a)
and its coordinate form (3.21). W

3.2 (*° — differentiability of stochastic flow.

In this Section we provide the method to justify property (2.8), i.e. in nonlinear quasi-
contractive way we show that at zero-one initial data Z, (2.11) strong solutions &, constructed
in Theorem 3.1, have a sense of partial derivatives of process £°.

In both Theorems below we proceed in two steps: first show strong differentiability of
€0, &, in specially chosen spaces, and then as application of Corollary 3.5 achieve integral
representations.

Theorem 3.6. Let F fulfill condition (2.2). Then ¥V z° € y(a), zero-one data T, (2.11) and
Vh € Xy(la,b]) we have for P a.e. we Q, t €1[0,T]

X'() =&t 2" + h() = €°(t, 2" + h(a)) € Xuc([a, b]) (3.27)

In particular, in any space C,(c), ¢ € P, p>1,
b

00+ )| =b(0) [ 3 &y(t,a° + (s)) I ()ds (3.28)
jez?
" j dem (t, 2% + h()R5() € L=(a,b]. £(c)) (3.29)

Space Xoo([a,b]) was introduced in (2.36).
Proof. First we prove representation (3.28) for z¥ € Eml(kH)Q(a) and h € X ([a,b]) in space

ki1
X1 =l (c1) with ¢; € IP such that dycrq < ay, di > a;Terl. Inequalities (3.61), (3.62) give
that V¢ € [0,T], P a.e. w € Q the map [a,b] 3 s = %(w,t,2° + h(s)) € €y, (a) is a Lipshitz
continuous in ¢,,, (a) and therefore in X7, thus by theory of absolute continuous functions in
Banach space [27]-[29] we have

b

0(t,2° + h(") /le (t,2° + h(s)) ds

a

To reconstruct the strong derivative we prove

sup sup [|Ag(t, a)]lx, < apK(w,R) (3.30)
a€(0,a0] t€[0,T]
where 0 @ 0 0
5 t? Yy - g t? Yy
App(t) = lfo) = &elby) > ety

o
jeZ?

for y* =2+ h(s+ ), K = KW (s) and K(-,R) € L,(Q,P), Vp > 1 for

R = max([l2%lle,, @) max () ey @ 17 () ey @}):

By Theorem 3.1 for strong solutions {{;} },cz¢ and v € ﬂ ?,(c) there is a representation

S et = Y T - / S 0y (F/(€%) + B)US (s, 0),ds

jezs jez? jezs
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The strong differentiability of 3=, za §;1(t)v; in Xy on t € [0, T] follows from
I>2 v (F'(€°) + B)Ujn(s, 001 x, <

jezd
k w ~
< K(]- + ||§0||€2(a)) 1 Z |vj| : ||Uz0(870)xj||€ml(a) <
JeZ?
< KET(14 sup [1€06@)* X vlay
te[0,7)

jez
Above we applied Proposition 3.3 (3.6) with dic,1 < a; and properties of U%. At last rep-
resentation £0(¢,y) — £9(¢, y°) = n°(t,y*) — n°(¢,y°) with process n° defined in (3.63) shows
existence of strong derivative X; —Ay(1).
Therefore [27]-[29] for P a.e. w € Q, ¢t € [0,T]

0/, _ 0/.0

DAl = 3 ccaapyt - D = FEW) |
kez?

+ Z Fl(flg)fk,{j}h;' — (BAg)k} =m Z Ck,1AZé}71{—F'(§2)Ak,®—

(B - / 15 (Ge) — P LS gy

0(,,a\ _ ¢0
< Kol + [ 1P () — e S S e (3.31)
with K’ = mq||Bl|z(x,) + m1 — 1, where we used notation (., = £°(y°) +e(£%(y*) — £°(v?)),
inequalities F/ > 0, |zy™~!| < L™ + ™L|y|™ and for z,y € R' formula f(y) — f(z) =

@)y =)+ fo{f(x+ely— )) f(x)Hy — x)de.
Inequality (3.31) leads to

d ! mi1 mi1
oM%< K[ Ag()]3) + o™ K(w, R) (3.32)
where K (w, R) appears from estimates
50 y 50 1 « mi mi
IEEE W < ey — €I o < T (i [y 0)™

/ HF/ Csa F/(go)HL Y1 Xl)d‘s <
1
< C [ e = EGM7 (1 + 1€ N e + IGealea) ™ de <

m km
< O« max 1R Nl ez (@)™ (1 + 2[1€°(4°) [l eaa) + o max 1A ][ ey(a)) "™

Here we used (3.62), differentiability of h € X ([a,b]), (3.7) with Y] = £,,,(dc;), assumption
dey < a and inequality (3.61).

Due to Ay(0) = 0 from (3.32) we have (3.30) and therefore (3.28) in ¢,,,(c;) for initial data
2’ €L, i 1(a). The closure to 2% € {3(a) is made due to (3.62) and estimate

||/ ds > {&y(w, tay + h(s)) — Egy(w, t,2° 4+ h(s))W(s)| x, <

jEZd
< (b—a)Ki(w, R, )2y — 2oyl Y s)|l k.t < (3.33)
]EZd @/) -7 ml(a_Tmlq)
ki .
0 0 (5a : m1501)1/m1 /
< (b—a)Ky(w, R, )|z, — 2°||eya) D o0 1A |41, (a)
ez
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where we applied Corollary 3.5 (3.21) at |7] = 1 and analogue of (3.24) with b(:) = 1/1;.
Choice of ¢ € IP makes the sum convergent and therefore we obtain (3.28) in X; = £,,, (¢1) for
29 € ly(a).

Finally, by theory of absolutely continuous functions in Banach space [27]-[29] representa-
tions (3.28) and (3.29) in any space £,(c) would follow from

Vp=1l,celP Y &plwt,a’ +h()h() € L([a,b], £y(c))
jez?
To obtain this property one should proceed like in (3.33) with application of (3.20) at |7| =1
and h € X ([a,b]). W

Now we obtain the high order differentiability of £°(¢, 2°) with respect to the initial data.

Theorem 3.7.  Let F fulfill condition (2.2). Then ¥V z° € l5(a), zero-one data T, (2.11) and
Vh € Xoo([a, b)) wehcweforP ae weN, telo, T]VkeZdVT
R 2+ h(-) =Y oyt a® + h())R() € Loo([a, b], RY) (3.34)

e Z%
and %y

Err(t, 2" + h()) Z Erruip(t, 2" + h(s))hj(s)ds

a JEZd

Proof. Denote by X,, = ¢, (c,) for m,, = m;/n for sufficiently large number m; and vectors

7+1m1

k
¢, € IP, such that Vk € Z¢ ceady < apand Vn € IN ¢ piady < g with dy, > a;, 2 , My >
2. Vectors ¢; = ¢, satisfy condition (2.17) with constant R..,, . ., = 1, therefore by Theorem
3.4 for zero-one initial data Z, (2.11) for P a.e. w € Q, h € X([a,b]) and t € [0,T] the
map [a,b] 3 s = &(w,t,2° + h(s)) € X is Lipschitz continuous in X|,;|. Due to inequality
-1 x,,,, < const|-||x,,, and theory of absolutely continuous functions in Banach space [27]-[29)]
we have representation in space X1

66,00+ 10| = [ X e (t,a+ h(s)) ds (3.35)

I. To reconstruct strong derivative we prove in an inductive on 7 |7| > 1 way the following
inequality
sup sup [[A-(t,a)llx, ., < aK(w, T, R) (3.36)
ae(0,a0] t€[0,T)
Err (£ 4*) = Er (1,1°)
Ak,‘r(t;a) = o - Z ék,TU{j}h;‘
jez?

for y* = 2% + h(s + ), ' = W (s) and K(-,7, R) € L,(Q,P), p > 1 with

R = mas([e s, 0 005 1(3) e, 01 1 (5) ey )

where

Definition of strong solution with zero-one initial data (2.11) and formula (3.12) imply for
vE Npelyp(c), |T] >1

fou] __/ ZUJ (F" (&%) +B/U (s,0)¢ru;(0) do ds—

jezZd jez?
t

—/0 > vipru;ds (3.37)
jez*

Combining (3.12), (3.11) with Y;, = £, (dc,), (3.61) and inequality ||Z;|ly, = (djc;1)"/™ <

(tra)'/™ =1 we have SUD;e 74 SUDge(o.1] 1970 () |lvi,,,, < o0. Due to inequality

| S () + B) [ Ush(s,0)prs(0) dolx,,., <

jez
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T+ ) 3 [ol s el
jezd o€l0,T
we have boundedness of integrands in (3.37) and strong differentiability on ¢ € [0,7] of
Yjezd v;&-0;(t) and therefore of A-(t) in space X|-11.
Let inequality (3.36) be valid for 7 |7| < ny — 1. Because the proof of inductive base at
|7| = 1 coincides with the proof of inductive step with ¢, =0, |7| = 1, we conduct both proofs
simultaneously.

d Myri4+1 mMr|41— 1

EIIAT(t)le"T“L = Mirj41 D, Crjrj1Dpr T {—=(BAL),—
kez*
1 0 !
- > FOGEGn ()i )|+
y1U.. .Uys=7,5>1 0
+ > ) FUENY)) &k a0 (4°)---Era, ()} (3.38)
jeZ®* anU..Uas=TU{j},s>1

First we transform the last term redenoting the indexes of summation and using notation

f 0
fofor Y Y FOE) G (1) 0O

jeZ arU.. UaSS—TU{j} s>1

= Z { ZF fk(b fk "yl Z Sk 'yqu{]}h ) 'gk,’ys(yo)_‘_

@

Y1U..Uys=T,5>1 = ]ezd
+F<8+1><fk,@<y Dk W)L, (0°) (X Eegiyhl) }
jez?
Using notation (., = £(y°) + £(&(y*) — £(y°)) and formula

£ o) = £ ) = 32 (@)~ )+

+Z/ {* T+ e(yf — 7)) —_58{(17)}@2- — x;)de

we rewrite last two terms in (3. 38) in the form

S RO ()ten ()| -

y1U...Uys=T,5>1 40

-2 > FOE ) kar (U0 ko (y°)h; =

jeZ a1U..Uas=1U{j},s>1

= F'(& 0(y°)) A (8)+ (3.39)
+ ) ZF (k0 (y”))Ern (v )---Akﬁq“'fk,vs(yo)+ (3.40)
Y1U...Uys=T7,s>2 q=1
+ > FU (GG (0°) Gk (80) At (341)
Y1U...Uys=T,5>1 c
s a\) _ 0 Z=Ge, 0
+ / de ZF<S>(zk,@)zkm...f’w(y ) = &ranly) + (3.42)
mnu.. Uvs—78>1q 1 Oi:g z:f(yog)
T G (y) — Ero(y”)

+/ de F(erl)(Zk,(z))Zkﬁl...Zkﬁs (343)

y1U.. U% 7,821 o

z=£(y")
To obtain the expression (3.39) we separated in summation >, .-, s>1 the first term at
s =1. Using F’ > 0 we continue (3.38)

d mi,

%HAT(t)HX:T:Ill = _m|'r\+1 < {F/(€O) + B}ATO(;)?A')# >X\7—|+1 -

—mMprp1 < (3.40) + (3.41) + (3.42) + (3.43), A% ><
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< (e | Blleex, ) + 4mpr = D) 1A %7+

340057+ (1841 + 13420 % T+ 113435 (3.44)

To finish the proof of (3.36), due to A,(0) = 0, it remains to show that all terms in (3.44) are
estimated by agK(w, 7, R) with K(-,7,R) € L,(Q,P), p > 1.

To estimate ||3.40|| we use (3.61), (3.1), inductive assumption (3.36) and inequality (3.8)

withn =0+1= S,X = Xy, 11, Uy, = Ay, & =& (y") and X, = X}y, &, = &, (y°) for

t#q,1=1,...,5, ¢, =...=(, = 0 and achieve
k S
1340Ix,, < DO ZK + &N T (O +116.)x,,,)
y1U.. U'yg_q—s>2q 1 i=1,i#q

{Hf@ ||£2 + Z ||§% ||X\.y\} ||A"/q||X|»yq|+1 < aOKl(w T, R)

i=1,1i#q

Estimation of [|3.41|x,,, is done in a similar way with application of (3.30) and inequality
(B38) withn =04+1=s+1, & =), Xy = Xy & =&, (°) fori =1,...s, X, =
X1, uy, =Ny, ¢, =...=¢,=0.

To estimate [|3.42|x, ,,, we use (3.61), (3.62), (3.1), Theorem 3.4, inequality sup, (g, [|2(s+
@) —h(s)|ley(0) < apR and (3.8) withn = (41 = s, £2 = &(4°), (" = Cnps Xon = Xjyyl11, Uy =
(&, (¥*) = &,(4°))/e and

for ¢ = l,g—1 X"/z‘ = X\%‘\v 5’71' = §7i(y0>7 C%' = Cs,am;

for J=¢s—1 X i = X\’Yj+1|7 5%- = §7j+1(y0)7 C’Yj = CE,OWJ'-H

k
3420, < [ X KOG o + Iaslw)

g=1y1U...Uys=T7,5>1

S N B 0
T (4 16 ), + IGmnlx ) - 5222 - &4 ")

i=1,i%q
(€W = WM+ X ellén®”) — & Y)lx,,) < aoka(w, 7, R)
i=1,i%q
Finally, estimation of [|3.43||x_ ., is done in a similar way, with application of = |&(y®) —
S)x < 51w = (1)l < ¥ Rand (3.8) withn = +1 =s+1, £ =&(y°), ¢* =
Ca,a,@a X’yn = Xla U, = é(&b(ya) - f@(yo)) and for i = 17 ey S X%. = Xhlila 5%' = f’)/i(y0>7 C’yi =

CS,OA,’YZ"
Therefore we obtain (3.36) and its consequence representation (3.35) for 2° € £, k H)Q(a)

in form Vk € Z%

||X\vq\+1'

b

" S Gy (t,2° + h(s))H(s) ds

a
a jez?

Closure up to x° € ¢5(a) is simply obtained from h € X ([a,b]) and Corollary 3.5 (3.21). M

Err(t, 2" + h("))

3.3 Integral representation for partial derivatives of semigroup.

The next theorem shows that for function f € Cg, function P, f possesses the partial derivatives
(2.7) along the absolutely continuous paths in sense of part 1 in Def.2.3.

Theorem 3.8. Let F fulfill (2.2) and © = ©' U... UO" be a quasi-contractive array with
parameter k > —1. Then Vf € Co, V7 : |7| < n functions 0,P,f(-) € C({y(a), R") and
satisfy relations (2.33), (2.34) of Definition 2.3: Vh € X ([a,b])

b

BHE+ )| = [ 0P+ h(s)H(s)ds (3.45)

a @ kezd
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and V|7| <n—1
b

0.Pf(a+h())| = [ X Doy P + h(s)i(s)ds (3.46)

a @ kez?

Proof. 1. Corollary 3.5 (3.21), assumption 0, f(-) € C(ly(a), R') (Def. of Cg,) and (3.62)
give P a.e. w € Q, t € [0,T)] continuity on 2° € f5(a) of expression

a{jl---js}f(§0 (ta xo))fjlﬁl (ta xo)"'gjsﬂs (ta mO) (347>
Continuity 0,P,f € C(ly(a), IR") follows by representation (2.7) from estimate

1
1051..5.F (@) < 7 P2 1 llce,
J1---d (G}l...st)l/z (a) ©

with some weight (p,,G* = G' ® ... ® G°) € ©° C O and inequality (3.20) with ¢, = eM*l for
sufficiently large M. Together with (3.61) this gives uniform on balls 2° € f5(a) summable on
1,y js € Z% and P-integrable majorant for (3.47).

II. By Theorem 3.6 path x°(-) = £%(x® + h(:)) — £%(2° + h(a)) € X([a,b]) with P a.e.
2.

derivative (3.29). Therefore for f € Cg, from (2.4) and Definition 2.3 (2.33) we have
b b
(PN + ()| =E[f(°() +& (2" +h(a))]| =

Zé’fﬁotm +h(a)) +x(s)) - (x5)'(s) ds =
]EZd

Zafgota: +h(s) Y &yt 2’ + h(s)h(s)ds =

Y jezm? kez?

b
_/a S B(s)E < DF(E), €ty > ds_/a S WPf(a° + h(s))Hy(s) ds
kez? kezd

Estimate 0; f(x)] < (G))"*pi(|zl3,0))lIfllce,, with some weight (p1,G! = G') € ©' C 6,
estimate (3.20) with ¢ = Ml with sufficiently large M and property h' € N,,(c) give
majorant and justify the application of Fubini theorem above.
III. First remark, that due to (2.35) for f € Cg, the Definition 2.3 (2.34) implies property
Vir|<n-—1
b

"N B (a® + h(s)Hy(s)m(s) dst

a ¢ kez?

+ /ab 0, f(a° + h(s))7'(s) ds

where h € X ([a,b]) and 7 € AC([a,b], R") (2.36).
Using Theorem 3.7 (3.34) and 7(+) = {&j, 41---&u e }(@° + R(-)) € ACs([a, b], R") we achieve

b

0 f (2" + h(-))m(-)

(0-Pif) (2" + h("))

a

|7] b
=Y > E > {0,-0.f(E)m-Ea 2"+ R())| =

s=171U..Uys=T1 j1...jSEZ’1 a

|7

= Z Z E Z / ds - { Z Djy.. szf Z &, {k}hk Eivn--Cisrvst

s=1muU. U% T jiejecZd jez kez

+ Z 8]1 ]s 50 5]1 7 Z §Jq qu{k}hk) gjsﬁs}(t’ z° + h(s)) - (3-48)
kezd
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—/ ds > hi(s){ > E{ > 9558 mE&inimm )+

kezd MU Uys=7, s=1,|7|  ji..jsjeZ?

+ Z E{ Y 00 (€6 Eiymaitiy i} (8,2 + hls)) =

i1...is€Z°

/ ds Z h/ Z [E Z 8j1---jsf(€o)€j1771"-gjsﬁs](xo + h(S))

kez? 71U Wys=1U{k}, s=1,|7|+1 j;...j,€2?

_/ S° ()0 Pof (20 + h(s)) ds

A
Above we redenoted indexes of summation. The interplacement of summations and integrations
in (3.48) was done due to Fubini Theorem with majorant obtained from A’ € N, .¢,(c), (3.20)
with 1, = eM*l for sufficiently large M and estimates

10j1...5.f (@) < (G},--G5) "2 ps(l|2llez@)[f o
for some weights (p;,G°* =G'®...®@ G*) € ©° C © and (3.61). W

3.4 Quasi-contractive properties of semigroup P, in scales Cg, and ergodicity in
variations.

In this section we end the proof of Theorem 2.4 and show, as an application of nonlinear estimate
(2.18), the quasi-contractive property of semigroup P; in the scales of smooth functions Ceg .
Moreover, we obtain uniform on balls exponential ergodicity in derivatives for semigroup.

The theorem below states one of the central results of the paper about the preservance of
spaces Cg , under the action of semigroup F;.

Theorem 3.9. Let F fulfill (2.2) with parameter k > —1 and © = ©' U ... U ©O" be a
quasi-contractive array of order n € IN with parameter k:
Then V7 > 0 the Feller semigroup P, (2.4) preserves space Cg,({2(a)), i.e. YVt >0 P, :

C@’T — C@J and Mt
SKM >0 VfeCo,  |IPfllca, < Ke|fllos, (3.19)

Proof. Due to Theorem 3.8 and preservance of spaces Lip,(¢2(a)) under the action of semi-
group P; (Theorem 3.11) it remains to prove estimate (3.49).
First remark that weights

i = a(a)(1+ =) F o),
N L SEPNEES /1 . . (3.50)
Cky = Qg " H %D ' ’Ya ’7:{]17-"ajs}

fulfull (2.16) and (2.17) with constants K, = Ry.a,,..a, = 1 (3.22). By Theorem 3.4 and
(3.62) the nonlinear estimate (2.18) is closable up to z° € f5(a) with generalized solution &°.
Its application with zero-one initial data Z, (2.11) due to Hfﬂ,HémW(fgw) =0, |y] > 2 gives at

T=Ai1,.., i}, |T|=n

EY Allle) X 1610 ) < Bl ) S IF w17
s=1 s=1 :

YCT, |yl=s

Substituting expressions of p; and ¢, and omiting in L.h.s. terms for s < n we achieve coordinate

f
o E{q([1€°(t, 2|12, 0)) [ €6 (8)] ™7} <
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[l

k+ iy L7121
_ K™ q (|21l o )(1+ 20113, 0) 7 T

< ko, - o (3.51)
ak 2 ‘T‘ H ¢m1 T
jer
with K| = |7]¢). Constant M., above is uniform on 7, || < n because of (3.24) (uniform
finiteness of norm ||B||) and K, = R..4,...a, = 1 in representaions (2.29) and (2.30).
To obtain (3.49) it is sufficient to show that VO™ C ©
_max [[0"P,fllen < Ke'|[flca, (3.52)

.....

The quasi-contractivity of array © implies Vs < m and subdivision 8 U ... U 5 = {1,...,m}
there is a pair (ps, G = G' ® ... ® G*) € ©° such that (2.31)

k
Vs<m ps(z)gl + 2)m=T < L (2 ) (3.53)
and Vhiy k€ 20 [[ap® D60 < L] G1 (3.54)
i=1 i=1

with GV = [1 G, k e Z°
i€l
The multifunction 0™ P, f(2°) = {0k, s, Pof (2°)}i, s cza With coordinates (2.7) can be
represented as a finite sum

O™ P, f(a0) = i 3 E < 0¥ f(€%),s,...65, >

s=1B1U..UBs={1,...,m}
where m* order multifunctions E < 8<5)f(£0),£_:31...§%s > frU...UpBs ={1,...,m} have coor-
dinates ) rrer F P () £/ 40
{E <0 f(&), 88185, >}, jeze = B <O [f(E), &6 > (3.55)

with v, = {ji, t € Bi}, i =1, ..., s, for given points ji, ..., jm € Zz°.
Then for z, = [|€°(t,x )I|e2<a>, 20 = [12°01%, )

|00 Py f (2°) | gy
Pm(2)

E[ Z (akl,..ksf)<£0)5€1,,31"'éﬂs,ﬁs] G

s=1B1U..UBs={1..m} k. kseZ?

.- _)1“ s 81"an 50 2
SN NI v (0O ED gy (3.56)

s=1B1U..UBs={1..m} ky..kscZ® p3(z)

(Epg(zt) ’51;1751 "'gks,ﬁs

my <

2)1/2 has coordinates: for

where m'™ order multifunction B;fllk =
Vz - {.jt7 t € 6@}
_ 1
{B ks }j1 Jm ezt — Bl’cylllzs = pm<20)

By the Holder inequality with h; = p2il/m&. 12 qi = m/|lyl, i = 1,8, S5 1/qi = 1
and nonlinear estimate (3.51) with ¢ = p2, m, = 2m/|y| and m; = m, - || = 2m we obtain

1
pm(20)

(Epz(zt) ’51{31,'71 "‘514357')/5 2)1/2

71l 2m | |vs
By < (B (20) |6 | F11) 5 (Bp2(20) €, 1, | FT) 55 <

pm( 0)
@m [vel—1
Kj[2esttoet o (pg(zo)(lano) T

pm(zo) =1 le [vpl—1

aj; 17l H ¢m1/|w|

JE€e

<
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ki
1 2,3 My, ps(20)(1 +ZO)( m=)7 . k“ (Ivel-1) -1
Pm {20 {=1 J€Ye

1 S _k+1 _
=1 J€ve
Above we used the condition of hierarchy (3.53). Substituting (3.57) in (3.56) we have

|0 P, f (20 |g(m) <

Z 3 LKY?eztmotl S~ GLGm

pm( ) s=1 p1U..UBs={1,...,m} Gy jm EZE

|8k1 Ok f(EO)P KL (|gl-1)
(> (E 20 1/2H{ ap, = VT ek (3.58)
k1,...ks€ Z% s JE€Ye

with v, = {J;, 1 € Bg} and frU...UBs ={1,.. m}. Applying combinatorial Lemma 3.12 (see
Appendix) with b, =

a 7

S k+1 ) 0 2
Kt (1) [ Ok, f(E0(2))] 1/2
(E
= [ 0l SO
and choosing ¢ € IPsothat K, = sup sup sup Y ;' [das]) < oo we have esti-

m=1..n (p,, Gm))eem s=1,...m acZ?
mate on each term in (3.58)

5. < LK ?eaMnvt(1 4 K,)™

' . L (el =1) o Oy S (E°) 1/2
{ Z G}({z) G('y Hak’g Ye (El k l;( ( )| )1/2|2} _
k1...kSEZd ps Zt)

1 0,
:LKrl,{Ze?M”"”t(l—l—Kw) (E Z H{ (k1) (il UGki }‘ ki.. k( ()f )I? )L/
ki..kseZ? =1

From hierarchy (3.54) we obtain

om) p 0 . m o) 0 .
| tf(-T )lg( ) < K%2L3/26%Mn’wt(1 + Kw)n Z Z sup | fEFQ)lg( )
pm(Z) s=1 p1U..UBs={1,...,m} &0 pS(Hé Hb(a))

Therefore (3.49) holds with M = $M,, ,. M

Below we apply the technique of nonlinear quasi-contractive estimates to state the ergod-
icity in derivatives for semigroup, i.e. we show that the more monotone is function F', the
more derivatives 0®) P, f(x) converge to zero uniformly on balls in f5(a) when ¢t — co. Such
convergence develops the notion of ergodicity, recently studied in [41] and [14], i.e. that there
is some Gibbs measure p such that P,f(z) —< f >, uniformly on z in balls in ¢3(a) when
t — 0.

Theorem 3.10. Let monotone function F' € C*®°(IR") : F(0) = 0 be such that

K kVi=1oon |[FO(2) - FOy)| < Kla — g1+ [a] + |y])¥ (3.59)

and © = 6, U...U 0,, be a quasi-contractive array with parameter k > —1.
There are constants {a;(0,k, K)}, such that if for some iy € {1,...,n}

aigr1(©) > inf F'(z) > a;,(O)
xC€R!
then the semigroup P, f fulfills
Vs=1,..,i0¥V(p,G®) €0 3Ie>0 VR>0Vf €&,
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sup  [0WPf|ge < K e 'p(R) (3.60)

llzlley(a) <R
with polynomial function p, which gives the exponential ergodicity in derivatives at ¢ — oo.
Remark Functions F'(z) and F,(x) = F'(z) + azx have the same K and k in (3.59), because
F'(z) = F/(z) + a and F9(z) = F9(x), i > 2. Thus the growth of a > 0 in SDE (2.1) with
F, instead of F' makes more derivatives converge to zero at t — oo.

Proof. The structure of || - ||y, (2.35) shows, that the required statement will follow from
(3.49), written in the form: Vm = 1,...,4¢ ¥ (p,G™) € ©

0" Py (2)lgon < K €' p([|2ll7,0) 1/ lo

We only have to ensure M;, < 0. Recall that by the proof of Theorem 3.9 parameter M;,
appears from estimate (3.51). Thus to end the proof we must find conditions, when the constant
M;, is negative. Note that by the proof of Theorem 2.2 the parameter \p = inf, p F'(x)

io

appears only at the step (2.24) in the form

< Z6,0), [, (0

< mW(HBHC (b (cy)) /\F)vaH + m7| < Pn, [57]
and it do not influence the estimation of ¢., because here work only condition (3.59). By the
proof of Theorem 2.2 the constant K;(F') in (2.29) changes to

1 (F) = 2My -+ 50p(m, | Bl ) = oA+ (my = 1)27)

and gives additional factor —m- Ap in (2.29). The growth of Ap leads constant M in (2.18)
and thus in (3.51) to decay linearly on Ap which gives the statement. W

3.5 Appendix.

Using technique of [13, 14] it is not difficult to prove the following theorem.

Theorem 3.11. Vm > 2 and V2° € {,,(a), tra = 1 there is a unique generalized solution
&0t, 2% to (2.1), which is P — a.e. {y,(a) - continuous on t € [0,T] and IM,, IK,.(-) €
L,(Q,P),p>1Va® € l,,(a) VPae weQ

0T 1€° (2, 2°) | ooy < €™ (120|000 + Ko (w) (3.61)
€0
sup [|€°(t,2”) — f“(t, Y em@y < €™ 12° = 50|00 (3.62)
t€[0,T]

Moreover, the space Lip,({3(a)), r > 0 (2.6) is preserved under the action of semigroup P,
(2.4).
Proof. TFollowing [13, 14], for 2 € £, 1 ,,)2(a) one has representation £°(,2°) = n°(¢, 2°) +
W (t), where n°(t,2°) is €, i, (a)-valued solution to equation

0 (t,2°) = 2° /(F+B)( (s,2°) + W(s))ds (3.63)
in space ¢,,(a). Due to P - a.e. continuity of W(¢) in any ¢,(a), p > 1, from [13], Th4.1 it
follows that for P a.e. w € Q function n°(¢,2%) is uniformly on ¢ € [0,7] bounded in space
Em(kﬂ)(a). Then for P a.e. w € Q

(F+B)1°(-,2°) + W(-)) € Loo([0, T, £rn(a)) (3.64)

and representation (3.63) implies that for P a.e. w €  function n°(¢, 2°) is absolutely contin-
uous in ¢,,(a) with respect to t € [0,7]. Using the quasi-monotonicity of map F' 4+ B we have
for P ae. we

d m
(@ 2)E, 0 = —m < (F+ B)(n’ + W), [°]* >< (3.65)
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< (m|| Bl +m = Dn°I7: @y + I(F + B)YW(O)IF o)
Above for u € ¢,,(a) we use notation u? = Hu||zmm_(2)]-"u, |u#||es (@) = HUHZ@_(I

a) with duality
map F in ¢,,(a). Estimate (3.65) implies

sup [[€°(t, 2%)lle,, (@) < €T 1l2° o) + Sup, W (@)l 0+
t€[0,77] telo,T"

+6M’”T(/O I(F + BYW ()17, @yds) /™ < T

|x0||€m(a) + K (w)
with T
Kop(w) = (14 TTY™|B|l) sup W (t)lle,. )+
t€[0,T]
+eMTTY™ sup (|F(W () |6, (a)
te[0,7]

Integrability of K,,(-,T") follows from the Doob inequality, properties of map F' and estimates
Vg>p E sup HWtHe ) <E SEJ.p HWtHZq(a) <

t€[0,T]
<> @FE sup W) < Y ar( )qE|W( )| < o0
kez? telo,T I
k
HF(W)HM@) <C+[wl, +11{ (@)
m(K+1)

Inequality (3.62) is proved in a similar way. The closures on 22 — z° in ¢,,(a) for 20 €
0,k +1)2(@) and the continuity on ¢ € [0, T7 of &0t x2) for 20 € 0,k +1)2 (@) finish the proof of
estimates (3.61), (3.62). The preservance of Lip,(¢s(a)) follows from

f(&(t,2%))
(1 + 1€ eaa)) !

< O fllzip, (1 + [12° )™
[Pf (%) — Pf(5°)] = BIf(E(t,2%) — F(E(4°))] <
< Flleim, BLIE @) = €00 sty + 1€ @y + 162 lena)" } <

< O Fllpip, 12° = 42 ea@) (1 + [|2°Meaa) + 190 lea(a))”

|Pf ()] = [E (L +[1Eeaa)"| <

and

The following combinatorial in nature lemma we used in Section 3.4 for convolutional esti-
mation of derivatives for semigroup F;.

Lemma 3.12.  Let 6, < SUp|j,_ji=1 |dk/d;| and b € IP be such that [b(k)| < 1, k € VA
Suppose that for d € IP, i =1,...,n constant

= ﬁ{l + D bal0g0] 1} < o0 (3.66)

=1 aceZ?
Then ¥V 1 U...UBs ={1,....,n}, s > 1 we have inequality

(S d S w e T b2 < (3.67)

J1e-dn€Z? ki..kecZ4 i=1/4€p;
<Od)- (Y A d | )Y
ki..kseZ<

where d,(f) = [Lies d](f).
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Proof Let a(i) = min{m :m € B}, i = l.s. Introduce new indexes of summation
= ki — ja@), @ = 1,..., s and rewrite expression (3.67) in form

(Y dVd? Y wa [T s =

Gl jn€Z ki..kseZ? i=14€p;
S
1
= ( Z d§1)"'d§:)’ Z Lhy..ks H bkrja(i) H bki*jl|2)l/2 =
Gl in€Z? ki..kseZ4 i=1 LefBi\a(i)
S
1
_( Z dg'l)"‘dg':)‘ Z bal"'basxa1+ja<1) e @s+ia(s) H H bai+ja(i)*jz|2)l/2 <
j1...jn€Zd al...aseZd i=1 Eeﬁi\a(i)
1
< Z bal"'bas( Z dgl) {H H bal+]a(> —Je }‘xalJrja(l)...aerja(s) 2)1/2 =
al..‘aseld jl...jnezd i= lgeﬁz\a 7‘)
n
= > bgba (DD | 11 Hdw o
ai...as€Z? J1Jn€Z¢  t=1,...n i=1
t#a(i),i=1..s
H H bjz'a(i)*jz 2)1/2 <3'68>

1=12eB;\a(t)
To proceed further we rewrite the coefficient

n ” n d(a(i))
Ja(i) —a:
[ 11 Hda (i) — @i —d "djn 11 FIEIo)
t=1,..,n i=1 =1 Y5,
t#a(i),i=1..s
therefore
(368)< > b%Hﬁw»
a1...as€Zd
1) ) > 2 1 2 |al
( Z djl "'djn H ]._.[ bja(i>—jz|xja(l)"'ja(s) / H Z b 5d(a( i)
J1e-in€ZY i=1£ep;\a(i) i=1 gez?
- ) & ds) 2 2\1/2
J
( Z [H H djoc(i)] ) [H H (é§ bja(i)—je] |‘rja(1)'-'ja(s) ) =
1. in€Z? 1=1LEP; 1=10ep;\a(i) Ja(i)
<TLOY o) I TT (2 o)
i=1 qczd 1=14€B;\a(i) aezd

2 YA
SO DR [ ) N ET N b R (3.69)

ja(1>...ja(s)ezd i=1/0ep;
Using (3.66) we finally have

(3.69) < Cy(d)( Y dV..d )

ki..ks

2)1/2 n

1.--Rs
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