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The plan for today

Provide new relations between the Sampling, Gelfand and Kolmogorov
numbers. Optimality of information: linear vs standard.
(general functional classes; improvements in the Hilbert space setting).

Give new discretization results.

Discuss the bounds for the norms of projection operators
(related to the Kadets-Snobar theorem and Auerbach’s/Novak’s lemma).

Comment on the tight Marcinkiewicz-Zygmund inequalities.

Joint work with David Krieg, Mario Ullrich and Tino Ullrich

Sampling projections in the uniform norm. arXiv: 2401.02220, 2024.

Sampling recovery in L2 and other norms. arXiv: 2305.07539, 2023.

+ Work in progress with Felix Bartel and Tino Ullrich
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Information −→ Recovery algorithm −→ Reconstructed function

N(f ) ψ f ≈ ψ ◦ N(f )

– linear

· Fourier
coefficients

· function values

– nonlinear

– linear
– nonlinear

· non-adaptive
· adaptive

∥∥f−ψ◦N(f )
∥∥

G → min
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Given: f (x1), ..., f (xn), xi ∈ D, i = 1, . . . , n, for f ∈ F ⊂ G .

Estimate: the n-th linear sampling number of F in G

g lin
n (F ,G ) := inf

x1,...,xn∈D
φ1,...,φn∈G

sup
f ∈F

∥∥∥f − n∑
i=1

f (xi )φi

∥∥∥
G
.

Red line – target, other lines – approximants
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Benchmark quantities

n-th Gelfand number cn(F ,G ): any algorithm, linear information

n-th approximation number an(F ,G ): algorithm and information - linear

n-th Kolmogorov number

dn(F ,G ) := inf
Vn⊂G

dim(Vn)=n

sup
f ∈F

inf
g∈Vn

∥f − g∥G
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General relations

cn(F ,G ) ≤ an(F ,G ) ≤ g lin
n (F ,G )

lin. inf. lin. inf. std. inf.
arb. alg. lin. alg. lin. alg.

g lin
n (F ,G ) ≤ K (n)cn(F ,G ) −→ find the order of K (n)

For every convex and balanced set F , it holds

dn(F ,B(D)) ≤ cn(F ,B(D))

The goal: find K (n) such that

g lin
n (F ,B(D)) ≤ K (n)dn(F ,B(D)) ≤ K (n)cn(F ,B(D))
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Kolmogorov vs Gelfand numbers

Kolmogorov numbers
d1(B2, ℓ∞)

Gelfand numbers
c1(B1, ℓ2)
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How large are the gaps? What is the order of K(n)?

Novak ’88
g lin
n (F ,B(D)) ≤ (1 + n) dn(F ,B(D))

The factor (1 + n) cannot be improved even for Hilbert spaces.

Kashin/Konyagin/Temlyakov ’21

g lin
9n (F ,B(D)) ≤ 5 dn(F ,B(D))
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How large are the gaps? What is the order of K(n)?

Novak ’88
g lin
n (F ,B(D)) ≤ (1 + n) dn(F ,B(D))

The factor (1 + n) cannot be improved even for Hilbert spaces.

With an oversampling bn, b > 1 — YES — to
√
n !

Kashin/Konyagin/Temlyakov ’21

g lin
9n (F ,B(D)) ≤ 5 dn(F ,B(D))

Kateryna Pozharska Norms of sampling projections Jena, June 21, 2024 9 / 36



Theorem (KPUU ’23)
For any set D, any F ⊂ B(D), and all n ∈ N, it holds

g lin
2n (F ,B(D)) ≤ 58

√
n dn(F ,B(D)).

For any probability space (D, µ), any F ⊂ Bµ(D), all n ∈ N, it holds

g lin
4n (F , Lp(µ)) ≤ 83 n(1/2−1/p)+ dn(F ,Bµ(D)), 1 ≤ p ≤ ∞.

For p = 2, F ⊂ C(D), D – compact, and a weighted least-squares method [Temlyakov ′21].

The proof:

For every Vn ⊂ B(D), there exists a probability measure µ such that

Λn := Λ(Vn,B(D)) = sup
f∈Vn\{0}

∥f ∥∞
∥f ∥L2(µ)

≤
√

n + ε (ε = 0 for Vn ⊂ C(D),D compact).

Based on [Kiefer/Wolfowitz ′60]

Discretization of the L2(µ)-norm on Vn.
[Bartel/Schaefer/T.Ullrich ′22]

Kateryna Pozharska Norms of sampling projections Jena, June 21, 2024 10 / 36



Theorem (KPUU ’23)
For any set D, any F ⊂ B(D), and all n ∈ N, it holds

g lin
2n (F ,B(D)) ≤ 58

√
n dn(F ,B(D)).

For any probability space (D, µ), any F ⊂ Bµ(D), all n ∈ N, it holds

g lin
4n (F , Lp(µ)) ≤ 83 n(1/2−1/p)+ dn(F ,Bµ(D)), 1 ≤ p ≤ ∞.

For p = 2, F ⊂ C(D), D – compact, and a weighted least-squares method [Temlyakov ′21].

The proof:

For every Vn ⊂ B(D), there exists a probability measure µ such that

Λn := Λ(Vn,B(D)) = sup
f∈Vn\{0}

∥f ∥∞
∥f ∥L2(µ)

≤
√

n + ε (ε = 0 for Vn ⊂ C(D),D compact).

Based on [Kiefer/Wolfowitz ′60]

Discretization of the L2(µ)-norm on Vn.
[Bartel/Schaefer/T.Ullrich ′22]

Kateryna Pozharska Norms of sampling projections Jena, June 21, 2024 10 / 36



Theorem (KPUU ’23)
For any set D, any F ⊂ B(D), and all n ∈ N, it holds

g lin
2n (F ,B(D)) ≤ 58

√
n dn(F ,B(D)).

y
For convex and balanced F , it holds

g lin
2n (F ,B(D)) ≤ 58

√
n cn(F ,B(D)).

The factor
√
n is in general sharp!
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Example. Sharpness of the results.

Let W s
p := W s

p ([0, 1]), where ∥f ∥W s
p
:= ∥f ∥p + ∥f (s)∥p ≤ 1, s > 1.

Both bounds are sharp:

g lin
n (W s

1 ,B(D)) ≍ n−s+1, cn(W
s
1 ,B(D)) ≍ dn(W

s
1 ,B(D)) ≍ n−s+1/2

g lin
n (W s

1 , Lp) ≍ n−s+1−1/p, 2 ≤ p <∞

The first bound is sometimes better:

g lin
n (W s

2 ,B(D)) ≍ cn(W
s
2 ,B(D)) ≍ n−s+1/2, dn(W

s
2 ,B(D)) ≍ n−s .

[Maiorov ′76; Kashin ′77; Pinkus ′85; Novak ′06]
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Improvement in the Hilbert space setting

Let H be a RKHS on a set D with a bounded kernel

K (x , y) =
∞∑
k=1

σ2
k bk(x)bk(y), (1)

where σ1 ≥ σ2 ≥ . . . ≥ 0,

{bk}∞
k=1 is orthonormal in L2(µ).

The set {σkbk}∞k=1 is an orthonormal basis in H. [Steinwart/Scovel ′12]

Vn = span{b1, . . . , bn}, Λ2
n := sup

f ∈Vn\{0}
∥f ∥2

∞/∥f ∥2
2 =

∥∥∥ n∑
k=1

|bk |2
∥∥∥
∞

Theorem (KPUU ’23)
There is an absolute constant c > 0, such that the following holds for a RKHS
H ⊂ L2(µ) with the kernel (1). For all n ∈ N

g lin
cn (H,B(D)) ≤

√√√√866Λ2
n

n

∑
k>⌊n/2⌋

σ2
k +

√√√√2
∑

k>⌊n/4⌋

Λ2
4kσ

2
k

k
.
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Sharp bound in the Hilbert space setting

(independently obtained by [Geng/Wang ’23] for the trigonometric system)

If Λn ≲ n1/2, i.e.,
∥∥∥ 1
n

∑n
k=1 |bk |

2
∥∥∥
∞

≤ B, B > 0,

then
g lin
cn (H,B(D))2 ≤ bB ·

∑
k>n

σ2
k , σk = dk(H, L2).

In particular, if µ is a finite measure, then by the matching lower bound for the Gelfand
width [Osipenko/Parfenov ′95; Kuo/Wasilkowski/Wozniakowski ′08; Cobos/Kühn/Sickel ′16]
we get

g lin
cn (H,B(D)) ≤

√
bB · µ(D) · cn(H,B(D)).

Linear sampling algorithms are (up to constants) as powerful as arbitrary
non-linear algorithms using general linear measurements.

We do not require any decay of the Gelfand width cn !

Can also be applied for: the Haar or the Walsh systems, certain wavelets,
the Chebychev polynomials, the spherical harmonics, ...
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Hilbert spaces Hw on the d-torus Td = [0, 2π]d

f ∈ L1 : ∥f ∥2
Hw =

∑
k∈Zd

(w(k))2|fk |2 <∞,

where w(k) > 0, k ∈ Zd ,
∑

k∈Zd (w(k))−2 <∞,
fk are the Fourier coefficients w.r.t. the trigonometric system.

If

w(k) =
d∏

j=1

(1 + |kj |)s , s > 1/2,

the orders coincide with those for sparse grids [Temlyakov ′93]

g lin
n (Hs

mix, L∞) ≍s,d n−s+1/2 (log n)s(d−1) .
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Nikol’skii-Besov Br
p,∞ ≡ Hr

p and Sobolev Wr
p spaces on Td

sup
f∈F

∥f − Amf ∥q ≲ m−(r−t)(logm)(d−1)(r−t+α),

r > max{1/2, 1/p}, t := (1/p − 1/2)+ + (1/2 − 1/q)+, α =


0 F = Wr

p , 1 ≤ q < ∞;

1/2 F = Hr
p , 1 ≤ q < ∞; F = Wr

p , q = ∞;

1 F = Hr
p , q = ∞.

For 1 ≤ q ≤ 2 ≤ p < ∞
this outperforms sparse grids

(both for Hr
p and Wr

p).

For Hr
p , 1 < p ≤ 2, the

upper bounds in L∞
coincide with those for
sparse grids (sharp - ?).

For Wr
2 the bounds in L∞

are sharp.
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Smolyak points

Subsampled random points
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We also apply the results to:

✓ Wiener-type and Korobov spaces on the torus Td

✓ Sobolev spaces on manifolds

✓ approximation in L∞- and H1-norm for a weigthed Sobolev space
without uniformly bounded basis
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Discretization of the uniform norm

There exists a probability measure µ on D: ∀f ∈ Vn ⊂ B(D)

∥f ∥∞ ≤
√
n + ε · ∥f ∥2 (2)

If Vn ⊂ C (D) for some compact topological space D, then ε = 0.
Based on [Kiefer/Wolfowitz ′60]

There exists a point set X ⊂ D, |X | ≤ 2n: ∀f ∈ Vn

[Bartel/Schaefer/T.Ullrich ′22; Limonova/Temlyakov ′22]

∥f ∥2 ≤ 57 ∥f ∥X , ∥f ∥2
X :=

1
|X |

∑
x∈X

|f (x)|2. (3)

∥f ∥X ≤ max
x∈X

|f (x)|

Lemma (KPUU ’23)

Let D be a set and Vn ⊂ B(D), dimVn = n. Then there exist points
x1, . . . , x2n ∈ D such that, for all f ∈ Vn, we have

∥f ∥∞ ≤ 58
√
n
( 1

2n

2n∑
k=1

|f (xk)|2
)1/2

≤ 58
√
n max

k=1,...,2n
|f (xk)|
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Discretization of the uniform norm. The so-far best-known results.

Dai/Prymak/Temlyakov/Tikhonov ’19; Kashin/Konyagin/Temlyakov ’21(23)

If any f ∈ Vn ⊂ C (D) satisfies the Nikol’skii inequality

∥f ∥∞ ≤ H(n) ∥f ∥2,

then ∃C1,C2 > 0 such that there exists a set of points X ⊂ D, |X | ≤ C1n:

∥f ∥∞ ≤ C2 H(n)max
x∈X

|f (x)|.

Kashin/Temlyakov ’18; Dai/Prymak/Temlyakov/Tikhonov ’19

For the case of trigonometric polynomials t ∈ T (Q), Q ⊂ Zd , |Q| = n
∃C1,C2 > 0 such that for a set of points X , |X | ≥ C1n:

∥t∥∞ ≤ C2
√
nmax

x∈X
|t(x)|.
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Discretization of the uniform norm. The so-far best-known results.

Kashin/Temlyakov ’18; Dai/Prymak/Temlyakov/Tikhonov ’19;
Kashin/Konyagin/Temlyakov ’21(23)

Let Vn ⊂ C (D). There exists a set of points X , |X | ≤ 9n: ∀f ∈ Vn

∥f ∥∞ ≤ 2max
x∈X

|f (x)|.

Novak ’88

Let Vn ⊂ B(D), ε > 0. There exists a set of points X , |X | = n: ∀f ∈ Vn

∥f ∥∞ ≤ (n + ε)max
x∈X

|f (x)|.
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A (sampling) version of the Kadets-Snobar theorem (1971)

Lemma (KPUU ’23)

Let Vn ⊂ B(D). There are points x1, . . . , x2n ∈ D such that, ∀f ∈ Vn, we have

∥f ∥∞ ≤ 58
√
n
( 1

2n

2n∑
k=1

|f (xk)|2
)1/2

.

Lemma (KPUU ’23)

Let Vn ⊂ B(D), ϱ be a discrete probability measure of the form ϱ =
∑

x∈X λxδx
with a finite multiset X ⊂ D and λx ≥ 0 such that

∑
x∈X λx = 1, such that there

is K > 0:
∥f ∥∞ ≤ K∥f ∥L2(ϱ) , f ∈ Vn.

Then for all f ∈ B(D),

A(ϱ,Vn)(f ) = argmin
g∈Vn

∥g − f ∥L2(ϱ) = argmin
g∈Vn

∑
x∈X

λx |g(x)− f (x)|2

is a projection onto Vn with ∥A(ϱ,Vn)∥ ≤ K .

Theorem (KPUU ’23)

Let D be a set and Vn ⊂ B(D), dimVn = n. There are 2n points xi ∈ D and
functions φi ∈ Vn, such that P : B(D) → Vn with

Pf =
2n∑
i=1

f (xi )φi is a projection with ∥P∥ ≲
√
n.

Kateryna Pozharska Norms of sampling projections Jena, June 21, 2024 22 / 36



A (sampling) version of the Kadets-Snobar theorem (1971)

Theorem (KPUU ’23)

Let D be a set and Vn ⊂ B(D), dimVn = n. Then there are 2n points xi ∈ D
and functions φi ∈ Vn, such that P : B(D) → Vn with

Pf =
2n∑
i=1

f (xi )φi is a projection with ∥P∥ ≤ 58
√
n.

Theorem is sharp in the following sense:

Using m = O(n) samples, the norm bound C
√
n cannot be replaced with a

lower-order term.

Using only m = n samples, the norm bound C
√
n has to be replaced by a

linear term in n (Novak’s/Auerbach’s lemma).
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Theorem (KPUU ’23)

Let D be a set and Vn ⊂ B(D), dimVn = n. Then there exists a multiset
X ⊂ D, |X | ≤ 2n, such that for all f ∈ B(D)

∥f − A(X ,Vn)f ∥∞ ≤ 59
√
n · inf

g∈Vn

∥f − g∥∞.

where A(X ,Vn)f := argmin
g∈Vn

∥g − f ∥X is the (unweighted) least-squares

algorithm,

∥f ∥2
X :=

1
|X |

∑
x∈X

|f (x)|2.
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Kiefer-Wolfowitz revisited

Kiefer/Wolfowitz ’60 (“The equivalence of two extremum problems”)

Let Vn ⊂ C(D) (real-valued f , continuous on a compact topological space D),
dimVn = n <∞. Then there exists a probability measure µ on D:

∥f ∥∞ ≤
√
n · ∥f ∥2. (4)

Goal: a discretization result of the following type

∀f ∈ Vn ∥f ∥∞ ≤
√
n + ε

( N∑
k=1

λk |f (xk)|2
)1/2

(5)

for complex-valued functions f ∈ Vn ⊂ B(D).

Main steps:

Show the existence of N ≤ n2 + 1, nodes and weights.

Reduce the number of points to N = O(n) and show that λk = 1/N.
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Step I: Existence of a “good” measure

Given: Vn ⊂ B(D)
Prove: For all f ∈ Vn ∥f ∥∞ ≤

√
n + ε ∥f ∥L2(ϱ) for some ϱ ∈ M,

M :=

{
N∑
i=1

λiδxi : N ∈ N, λk ∈ [0, 1],
N∑

k=1

λk = 1, xk ∈ D

}
.

Given a basis f1, . . . , fn of Vn, we put F = (f1, . . . , fn)
⊤ and look for

ϱ ∈ M which maximizes the determinant of the Gram matrix

Gϱ[F ] :=
(
⟨fi , fj⟩L2(ϱ)

)
i ,j≤n

.

It is equivalent to minimizing the (inverse of the) Christoffel function

sup
f ∈Vn\{0}

∥f ∥∞/∥f ∥L2(ϱ) .

We admit more points N than dimension n and additional weights.
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Step I: Existence of a “good” measure

Let F = (f1, . . . , fn)
⊤ be a basis of Vn ⊂ B(D).

For x ∈ D, we define the matrix

H(x) := F (x) · F (x)∗ =

f1(x)f1(x) f1(x)f2(x) · · · f1(x)fn(x)
...

...
. . .

...
fn(x)f1(x) fn(x)f2(x) · · · fn(x)fn(x)

 ∈ Cn×n

H(x) is Hermitian and positive semi-definite.

H := {H(x) : x ∈ D} is the set of rank-1 matrices.

conv(H) : =

{ N∑
k=1

λkH(xk) : N ∈ N, λk ≥ 0,
N∑

k=1

λk = 1, xk ∈ D

}
= {Gϱ[F ] : ϱ ∈ M}
=

{
Gϱ[F ] : ϱ ∈ M with at most n2 + 1 nodes

}
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Step I: Existence of a “good” measure

The determinant is a continuous mapping on Cn×n,

conv(H) is a bounded subset of Cn×n.

Hence, there exists A ∈ conv(H), such that

det(A) = sup
M∈conv(H)

det(M) = sup
ϱ∈M

det(Gϱ[F ]) > 0.

We fix A and define, for x ∈ D and α ∈ R, the matrix

Cx(α) := (1 − α) · A+ α · H(x) = A+ α(H(x)− A). (6)

For α ∈ [0, 1], Cx(α) ∈ conv(H).

px(α) := det[Cx(α)] > 0, α ∈ [0, 1),

p′x(0) = · · · = F (x)∗A−1F (x)− n ≤ 0, F = (f1, . . . , fn)
⊤.
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Positivity of the maximizer

Let ψ1, . . . , ψm : D → C and F (x) = (ψ1(x), . . . , ψm(x))
⊤. Then

dim({ψ1(·), · · · , ψm(·)}) = dim({F (x) : x ∈ D}).
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Step I: Existence of a “good” measure

For every ε > 0, there exists Gϱ[F ] ∈ conv(H):

sup
x∈D

∣∣F (x)∗ (Gϱ[F ]
−1 − A−1)F (x)∣∣ < ε.

Hence, for all x ∈ D
F (x)∗Gϱ[F ]

−1F (x) ≤ n + ε .

If A ∈ conv(H) (e.g., for continuous F on a compact D), ε = 0 and Gϱ[F ] = A.

One can show that the components of TF , T := Gϱ[F ]
−1/2, form the

orthonormal basis of Vn in L2(ϱ),

sup
f∈Vn\{0}

∥f ∥2
∞

∥f ∥2
L2(ϱ)

= sup
x∈D

(TF (x))∗(TF (x))= sup
x∈D

F (x)∗Gϱ[F ]
−1F (x) ≤ n + ε.
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Algorithm for continuous on a compact domain functions

Given n linearly independent complex-valued functions fn ∈ C(D), for a fixed x ∈ D solve

A := max
(xk )

N
k=1, (λk )

N
k=1

det(B∗B),

B :=


√
λ1f1(x1)

√
λ1f2(x1) · · ·

√
λ1fn(x1)

...
...

. . .
...√

λN f1(xN)
√
λN f2(xN) · · ·

√
λN fn(xN)


with N = n2 + 1 nodes (xk )

N
k=1 and weights (λk )

N
k=1.

Write the singular value decomposition

A = VDV ∗, A−1/2 = VD−1/2V ∗ .

Put

G(x) := A−1/2F (x), F := (f1, . . . , fn)
⊤ .

We get, that for the components of G(x) = (g1, . . . , gn)⊤ form the ONB in Vn w.r.t. the
atomic measure ϱ =

∑N
i=1 λiδxi , and it holds

sup
f∈Vn\{0}

∥f ∥∞
∥f ∥L2(ϱ)

= sup
x∈D

(
n∑

i=1

|gi (x)|2
)1/2

≤
√
n.
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Step II: reducing the number of points

Proposition (KPUU ’23)

Let D be a set and Vn ⊂ B(D). For every ε > 0 and n ∈ N, there exists
N ≤ n2 + 1, distinct points x1, . . . , xN ∈ D and non-negative weights (λk)

N
k=1

satisfying
∑N

k=1 λk = 1 such that, for all f ∈ Vn, we have

∥f ∥∞ ≤
√
n + ε

( N∑
k=1

λk |f (xk)|2
)1/2

.

If Vn ⊂ C (D) for some compact topological space D, then the conclusion also
holds for ε = 0.

Lemma (Bartel/Schaefer/T. Ullrich ’22)

Let (D, µ) be a probability space and Vn ⊂ Bµ(D). Then there are points
x1, . . . , x2n ∈ D such that, for all f ∈ Vn, we have

∥f ∥L2(µ) ≤ 57
(

1
2n

2n∑
k=1

|f (xk)|2
)1/2

.
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Step II: reducing the number of points

Theorem (KPUU ’23)

Let D be a set and Vn ⊂ B(D). Then there are points x1, . . . , x2n ∈ D such that,
for all f ∈ Vn, we have

∥f ∥∞ ≤ 58
√
n

(
1
2n

2n∑
k=1

|f (xk)|2
)1/2

.

For any Vn ⊂ ℓ∞(N), we have 2n indices (ik )
2n
k=1 ⊂ N with

sup
i∈N

|xi | ≤ C
( 2n∑

k=1

|xik |
2
)1/2

, for all (xi )
∞
i=1 ∈ Vn ⊂ ℓ∞(N) .

Theorem (KPUU ’23)

Let (D, µ) be a probability space and Vn ⊂ Bµ(D). Then there are points
x1, . . . , x4n ∈ D such that, for all f ∈ Vn and all 2 ≤ p ≤ ∞, we have

∥f ∥Lp(µ) ≤ 83 · n
1
2−

1
p ·

( 1
4n

4n∑
k=1

|f (xk)|2
)1/2

.
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Theorem (Bartel, P., Ullrich)
Let φ1, . . . , φn : D → C be continuous linearly independent functions on a
compact topological space D, F (x) = (φ1(x), · · · , φn(x))

⊤ ∈ Cn.
The following assertions are equivalent.

(i) The identity matrix In ∈ conv(H), H := {H(x) := F (x) · F (x)∗ : x ∈ D}.

(ii) There exist N + 1 points x1, . . . , xN+1 ∈ D and non-negative weights with
µ1 + · · ·+ µN+1 = 1, where N := dim({φkφl}nk,l=1), such that

N+1∑
i=1

µiφk(xi )φl(xi ) = δk,l .

(iii) There exists a Borel probability measure µ on D such that∫
D

φk(x)φl(x)dµ(x) = δk,l .

(iv) The maximizer Aα = sup
M∈H̃

det(M) satisfies det(Aα) = max
ϱ

det(Aϱ) = γ = 1.
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Magical H̃

Vn := spanC{φ1(·), . . . , φn(·)}

If 1D ∈ Vn, we define

ηn(x) :=

∑n
k=1 |φk(x)|2

n
.

If 1D /∈ Vn, we blow up the space to

Vn+1 = spanC{φ1(·), · · · , φn(·), φn+1 = 1D} .

and define

ηn+1(x) :=
1 +

∑n
k=1 |φk(x)|2

n + 1
.

Let
H̃ :=

{F (x) · F (x)∗

ηm(x)
: x ∈ D

}
,

where m = n or m = n + 1, respectively.
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Theorem (Bartel, P., Ullrich)
Let µ be a Borel probability measure on a compact topological space D
and Vn ⊂ C (D).
Then there exists an N ≤ n2 and N + 1 points x1, . . . , xN+1 ∈ D together
with non-negative weights satisfying

∑N+1
i=1 µi = 1 such that

∫
D
|f (x)|2dµ(x) =

N+1∑
i=1

µi |f (xi )|2 .

L2 Marcinkiewicz-Zygmund inequalities, see:
[Mhaskar, Narcowich, Ward ’01], [Nuyens, Cools ’06], [Keiner, Kunis, Potts ’07],
[Filbir, Mhaskar ’11], [Müller-Gronbach, Novak, Ritter ’12], [Kämmerer, Potts,
Volkmer ’15], [Temlyakov ’18], [Trefethen ’19], [Gröchenig ’20], [Filbir, Hielscher,
Jahn, T. Ullrich ’24], ...

+ Connection to spherical designs
+ Connection to Parseval-scalable frames ...

Thank you for your attention!
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