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The main goal Benchmark quantities

Given: N(f) ={f(x1),..., f(zn)} for f € F C G  The n-th Gelfand number Thgo'ilem ISI]\IFOLE':LY set D,any F' C Loo(D)
: : _th i : . and all n € N it holds
Estimate: the n-th linear sampllnng number cu(F,G) = b L P |f =¥ oN(f, n
’ , S in
gi"(F,G) = inf sup H F=S" fla) ¢ N: Foe linear g (F L) < 58v/mdy(F, Lay).
Tl Zn€D e — G The n-th Kolmogorov number , ,
1,0 Pn€G =1 | It is an improvement over Novak [8]:
d,(F,G) = meG SUp m‘ﬁ | f — glla
IARTA gi'(F, Ly) < (1+ n)d,(F, L)
T ' 2 T\‘ oo ] (a sharp result without oversampling).

Corollary [5] For every convex and
balanced F' it holds

g:-" (F, L) < 58v/n ey (F, L)

The factor y/n is in general sharp!

Red line — target, other lines — approximants c1(By, {>)

General spaces of functions Reproducing kernel Hilbert spaces
Theorem [5] Let ¢ 11 be a finite measure supported on a compact Theorem [5] Let 7 C L, be a RKHS defined on a set D with a
topological space D, bounded kernel
o, = sup inf ||[f—gl, ViCWC---CC(D), dmV, =n, i
feF 9&Vu K(x,y) = ZJ,% bi.( )by
e I’ be a compact subset of C'(D), i
o A=AV, L) 1= fesvug#o HfHP/Hf 2 1= p < oo. Thenit holds where o, > 0o > ... > 0 and {b;}>°, is orthonormal in Ly(y).
Gon (F', Ly) < \/— Z if sup S |by> < Bn and the measure y is finite, then
k>n xeD k=1
20\ 70/\
gn(F L)< Y O";{ = | Z G(H, Lo) < [eBY 02 < \/eB-pu(D)-ca(H, L), (1)
k>|m/4] k> m/4 k>n

where b, ¢ > 0 are absolute constants (determined epr|C|tIy).
This improves on the results from [2, 7]

Corollary [5] If A, < n’(logn)’ and a,, < n=%(logn)?, . _ .
a > max{f3,1/2}, 7,8 € R, then, The last inequality in (1) is due to [1].

g (F L) < n~*B(logn) ™ 1< p < 0. Can also be applied for: the Haar or the Walsh systems, cert.ain
wavelets, the Chebychev polynomials, the spherical harmonics, ...

where b, ¢ > 0 are absolute constants (determined explicitly).
(Independently obtained in [4] for the case of trigonometric system)

See [5] for more general seminorms and classes F.

Sharp orders in several scenarios Discretization results and sharp bounds for

o Sobolev W’ and Nikol'skii-Besov B] .. = H’ spaces on T* the norms of pI‘OjeCtIOn operators
1 N 1 S Sqgs2s n , dim V,, = n.
] i (EE L) ] (W L) F?r:°1 [<5]q <t2 <fp < 00 Theorem [6] Let D be asetand V,, ¢ B(D), dimV, Then there
n \Hps b n A\ Wps Ly is [5] outperforms : -
]_I -------------- “-”-I:"—LI:”-HJ"::-'E ]_I -------------- “_‘:I:I__r_;:“;;__,_“_i sparse grlds eXISt Qn pOIntS xl, « .. 733271 ~ .D SUCh that, for a” f ~ Vn; we have
alg. known ,."r : aly. kllr;-wrlr;!# : (bOth fOF H; and W;;) 1 2n 1/2
pptine e : ki . : 2
5..",-.;3_:”:1 uﬁ;mm r,.*JS"'IU‘:Fﬂ“ : 5...U|;.-i_inm 4,ﬂ1im¢1 Jf"#Sf"t‘*‘rﬂ‘* : For H;;; 1 <p<2 the Hf ||OO S 53 \/ﬁ(z_ Z |f (Qj k)‘ ) S 58\/% k—r?aXQ ‘f (lek)‘
T 7 upperboundsin L. 5 = Ll
R A i coincide with those for Theorem [6] Let (D, ;1) be a probability space and V,, C B, (D). Then
s koo, | ooptimal { sl doown, | mooptimal sparse grids (sharp-?) there exist 4n points 1, ..., x4, € D such that, for all f € V, and all
S Smolyak CE 00 ok T For W7, the bounds in ) € e oo e [FEE
g hmal operea ;;;;'f’t;"fm pei<a L [5] are sharp. =P =0 1/
S RREEEEEEES oo S - + 1 For the first order for £l 2,0 < 8 . nEp - ( Z () |2)
1 1 1 1 . —
2 2 Smolyak grids see [3].

» Sobolev spaces H?*, s > d/2, on manifolds (e.g., on the sphere s?) ~ Theorem [6] Let D be asetand V, C B (D) dim V;, = n. Then there
li d _s/d+(1/2—1 exist 2n points z; € D and functions ¢, € V,,, suchthat P: B(D) — V,,
g, (H*(S7), Ly) =g n~ >R 1 < p <o,

n
TS TR Pf = Zf(xi) p; is aprojectionwith || P]| < 58y/n.
- g Subsampling '
” oy e from i.i.d. Result is comparable to the Kadets-Snobar theorem (1971) and is
L 4 . . .
0 LERTARAYE ) random sharp in the following sense:
AR e K AR points » Using m = O(n) samples, the norm bound C'y/n cannot be re-
~OD e A B + nlaced with a lower-order term.
I N R e Bty least squares » Using only m = n samples, the norm bound C\/n has to be
-1 =05 0 05 1 replaced by a linear term in n (Novak’s/Auerbach’s lemma).
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