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Abstract

This thesis is devoted to a study of symmetry properties of models in dynamic meteorology. In
particular, we are interested in investigating the problem of finding parameterization schemes
that lead to closed (averaged) systems of differential equations exhibiting the same symmetry
properties as their original (unaveraged) counterparts.

In the first part of the thesis we develop tools for the group classification of classes of dif-
ferential equations that should serve as the basis for invariant parameterization schemes. Thus,
we introduce the first systematic theory of preliminary group classification and, more generally,
completely revise the algebraic framework of group classification. This theoretical development
is exemplified by studying the symmetry properties of a class of generalized diffusion equations
and a class of generalized nonlinear wave equations. For the former class, we carry out the
first complete preliminary group classification in the case of an infinite dimensional equivalence
algebra. The group classification problem for the latter class could not be solved completely
for more than 20 years. In total, the two examples investigated show the versatility of the
enhanced group classification machinery. This is essential for the application to the invariant
parameterization problem which in general leads to challenging group classification problems.

As a further tool for the construction of invariant parameterization schemes we use the moving
frame method to describe algebras of differential invariants for transformation pseudogroups. To
give a first example, we revise the computation of the algebra of differential invariants for the
maximal Lie invariance group of the Korteweg—de Vries equation. Thus, for first time we find a
functional basis of this algebra in an explicit form.

In the second part of the thesis we use the above theoretical tools to compute invariant
parameterization schemes for the barotropic vorticity equation on the beta-plane. A problem
of particular interest here is to derive invariant turbulence models for freely decaying geophys-
ical turbulence on the beta-plane. We verify that invariant turbulence models are capable of
reproducing the k3 slope of the energy spectrum in the enstrophy inertial range, which is tradi-
tionally hard to find with conventional turbulence models. We also show for the example of the
barotropic vorticity equation that it is possible to determine entire functional bases of algebras
of differential invariants for infinite dimensional pseudogroups of transformations.

Using tools of group analysis, we construct a nontrivial point transformation reducing the
primitive equations on the f-plane to the primitive equations in a resting reference frame.
Finding such transformations is of practical relevance in the parameterization problem too as
they allow one to simplify the initial system for which closure schemes are sought.

Another feature presented is the development of a new algebraic method for finding the
complete point symmetry groups of differential equations. The method rests on a combination
of the modern notion of megaideals and Hydon’s method of factoring out internal automorphisms
of Lie algebras. Unlike existing techniques, the new method can be used to determine complete
point symmetry (pseudo)groups of differential equations admitting infinite dimensional maximal
Lie invariance algebras. We show the effectiveness of the new approach by computing the
complete point symmetry groups of the vorticity equation on the sphere and the primitive
equations.



Zusammenfassung

In dieser Arbeit werden Symmetrieeigenschaften von Modellen der dynamischen Meteorologie
studiert. Von besonderem Interesse ist die Frage der Konstruktion von physikalischen Parame-
terisierungsschemata, die zu geschlossenen (gemittelten) Systemen von Differentialgleichungen
fithren und dieselben Symmetrieeigenschaften wie die (ungemittelten) Originalgleichungen auf-
weisen.

Im ersten Teil dieser Arbeit entwickeln wir Methoden fiir die Gruppenklassifikation von
Klassen von Differentialgleichungen die als Basis fiir die Konstruktion invarianter Paramete-
risierungsschemata dienen sollen. Wir formulieren zum ersten Mal eine systematische Theo-
rie der preliminary group classification und erweitern diese zu einer vollstindigen Neuformu-
lierung der algebraischen Gruppenklassifikation. Zur Veranschaulichung der neuentwickelten
Theorie klassifizieren wir die Symmetrieeigenschaften einer generalisierten Diffusionsgleichung
und einer Klasse von nichtlinearen Wellengleichungen. Fiir die Diffusionsgleichungsklasse wird
die erste vollstandige preliminary group classification im Falle einer unendlich dimensionalen
Aquivalenzalgebra durchgefiihrt. Das Klassifikationsproblem fiir die Wellengleichungsklasse war
fiir mehr als 20 Jahre ungelost. Beide Beispiele demonstrieren die Vielseitigkeit der verallge-
meinerten Klassifikationstechniken, die ein zentraler Bestandteil fiir die Anwendung auf das
invariante Parameterisierungsproblem sind. Letzteres kann im Allgemeinen als ein besonders
kompliziertes Klassifikationsproblem aufgefasst werden.

Ein weiteres Werkzeug zur Konstruktion von invarianten Parameterisierungen ist die mowving
frame Methode, die zu einer vollsténdigen Beschreibung der Algebra von Differentialinvarianten
von Transformationsgruppen verwendet werden kann. Als ein erstes Beispiel prisentieren wir eine
ausfiihrliche Beschreibung der Algebra der Differentialinvarianten der Korteweg—de Vries Glei-
chung. Fiir diese Algebra finden wir die erste Basis der Differentialinvarianten in expliziter Form.

Im zweiten Teil dieser Arbeit verwenden wir die entwickelten theoretischen Werkzeuge um in-
variante Parameterisierungsschemata der barotropen Vorticitygleichung auf der Beta-Ebene zu
finden. Hier konzentrieren wir uns besonders auf die Konstruktion von invarianten Turbulenz-
modellen um freie geophysikalische Turbulenz auf der Beta-Ebene zu simulieren. Wir zeigen,
dass die entwickelten Schemata in der Lage sind die k~3-Steigung des Energiespektrums im
Enstrophietragheitsbereich zu reproduzieren. Dieses Ergebnis ist schwer mit traditionellen Tur-
bulenzmodellen zu erreichen. Zudem zeigen wir fiir das Beispiel der Vorticitygleichung dass es
moglich ist die vollstédndige Basis der Algebra von Differentialinvarianten unendlich dimensio-
naler Transformationsgruppen zu bestimmen.

Ein weiteres Resultat das mittels Gruppenanalyse hergeleitet wird ist, dass die primitiven
Gleichungen auf der f-Ebene auf die primitiven Gleichungen in einem ruhenden Koordinaten-
system abgebildet werden konnen. Das Auffinden solcher nichttrivialen Punkttransformationen
ist von grofler praktischer Bedeutung fiir die Konstruktion von Parameterisierungsschemata da
sie die Ausgangsgleichungen, fiir die Parameterisierungen gefunden werden sollen, vereinfachen.

Zudem entwickeln wir eine neue algebraische Methode zur Bestimmung der vollstéindigen
Punktsymmetriegruppe von Differentialgleichungen. Die Methode kombiniert die moderne Be-
grifflichkeit von megaideals mit der Faktorisierung von inneren Automorphismen nach der Me-
thode von Hydon. Im Gegensatz zu den existierenden Methoden erlaubt die neue algebraische
Methode auch die Berechnung von Punktsymmetriegruppen von Differentialgleichungen die eine
unendlich dimensionale maximale Lie-Invarianz Algebra besitzen. Wir demonstrieren die Metho-
de mit der Berechnung der vollstandigen Symmetriegruppen der Vorticitygleichung auf der Kugel
und den primitiven Gleichungen.
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Chapter 1

Introduction

1.1 Motivation

The development of the theory of differential equations has its beginning with the study of
classical mechanics as an attempt to mathematically formulate the motions of celestial bodies.
Since then, differential equations have become essential and popular mathematical models to
describe a variety of physical processes. This led to an increased interest in studying properties
of differential equations and their solutions.

The construction of methods for solving differential equations that rest on their geometric
properties was first initiated by the Norwegian mathematician Sophus Lie (1842-1899). Lie
started a systematic endeavor to understand various techniques known at his time for the so-
lution of ordinary differential equations. Introducing the concept of a continuous transforma-
tion group, Lie was able to show that most of these integration techniques are indeed special
instances of the application of transformations that do not change the form of a differential
equation — so called symmetries. Probably the most important observation made by Lie was
that the study of continuous transformation groups can be replaced by the consideration of
their infinitesimal counterparts, which are Lie algebras of vector fields. The significance of Lie’s
discovery for differential equations was that rather than studying continuous transformations of
differential equations, which is largely a nonlinear problem, it suffices to study the infinitesimal
action of these transformations on the differential equations of interest, which yields a linear
problem [84, 85].

It is interesting to note here that after Lie’s work on differential equation, the research on Lie
groups took a very different direction, regarding them more as abstract entities in the interplay
of group theory and differential geometry rather than a concept of central importance in the
study of solutions of differential equations. Due to this, Lie’s important concepts were later
reconsidered by the Russian mathematician Lev V. Ovsiannikov in the study of group analysis
of differential equations [112]. Ovsiannikov conducted extensive research devoted to symmetries
of ordinary and partial differential equations and a multitude of new methods were developed
and used in the years to follow. The main area of application of Lie’s methods of group analysis
soon turned out to be hydrodynamics [6]. The reason for this is that most governing equations
of hydrodynamics are fully nonlinear and it is in general not possible to find their general
solution. In fact, most of the physically relevant solutions of hydrodynamical equations were
either discovered or rediscovered using symmetry methods. It is also not without irony that due
to the long period of indifference towards Lie’s original work, some of the results he established
that were forgotten were reinvented decades later.



Particular attention was brought by Ovsiannikov to the case when a differential equation in-
cludes arbitrary constants or arbitrary functional parameters. These all are collectively referred
to as arbitrary elements. Arbitrary elements in differential equations provide means to adjust
a differential equation, serving as a model for a physical process, for example, to experimental
data. This is why most differential equations in physics and engineering include such arbitrary
elements. In the study of group analysis, such parameterized differential equations are known
as classes of differential equations. A class of differential equations is challenging from the point
of view of studying its symmetries because different values of the arbitrary elements can result
in different symmetry properties. The problem of systematically finding those particular val-
ues of the arbitrary elements where differential equations from a given class admit additional
symmetries compared to the case where arbitrary elements are truly generic is referred to as
the problem of group classification [112, 127]. Historically, it was once again Lie who solved the
first classification problems when studying the properties of the classes of second order ordinary
differential equations and second order linear partial differential equations with two independent
variables [85].

The problem of group classification is central for the present thesis, in which we are going to
use classification techniques to find parameterization schemes with symmetry properties. The
somewhat intuitive relation between parameterization schemes for averaged differential equations
and group classification was first established in the work by Oberlack, who investigated the
problem of finding subgrid-scale closure models for the LES-filtered Navier—Stokes equations [98].
Oberlack, following some earlier considerations by Speziale [141] on the narrower problem of
preserving Galilean invariance in the filtered Navier—Stokes equations, systematically laid down
the conditions on both the filter kernel and the subgrid-scale closure model that have to be
satisfied in order for the filtered Navier—Stokes equations to preserve the entire point symmetry
group of the original (unfiltered) Navier—Stokes equations. The idea that the maximal Lie
invariance group of a system of differential equations should be preserved in the process of
averaging and closing of the model was then recently extended using the language of group
analysis and group classification [123].

The reasoning behind connecting the parameterization problem with the problem of group
classification will be detailed now. Let us start with the parameterization problem as it arises in
hydrodynamics and geophysical fluid mechanics first. In order to prepare a system of differential
equations serving as a model for a physical system for a numerical integration, it is inevitable to
choose the resolution with which the numerical model will be able to operate. Mathematically,
this boils down to approximating the true solution of the initial model, which is an element of an
infinite dimensional vector space, by a numerical solution which always lies in a finite dimensional
vector space. The reason for this is of course that no computer can store or manipulate an infinite
dimensional vector. There is thus inevitably an information loss associated with the process of
discretization of a system of differential equations. This loss of information could be regarded as
acceptable as long as the information in the numerical solution is self-contained, meaning that
the evolution of the resolved numerical solution is only determined by the resolved part of the
true solution in a sufficiently accurate way.

Unfortunately, in fluid mechanics this is not the case. Fluid mechanics in general and atmo-
spheric phenomena in particular are to a great extent the results of the interaction between large
and small scales. Since the 1950s there have been continuous attempts to increase the model
resolution of numerical weather prediction models further in order to incorporate increasingly
smaller scale features. However, to date it is still not possible to resolve all the dynamically
relevant scales in an Earth simulation model. In other words, the information contained in



the resolved part of the flow is not sufficient to advance this resolved part of the flow for all
times. This is the famous closure problem of fluid dynamics: The resolved part of the flow
interacts with the unresolved part and it is necessary to model the effects of the unresolved or
subgrid-scale part on the resolved or grid-scale quantities. As by definition one does not have the
entire information on what is happening below the grid scale, modeling these effects is always
approximate. In geophysical fluid dynamics these approximations are know as parameterization
schemes [143, 144].

The main difficulty in finding reasonable parameterization schemes is that small scale pro-
cesses often cannot be observed well enough and are therefore difficult to measure and, accord-
ingly, to model. Moreover, for several processes in the atmosphere our physical understanding
is yet not sufficient to find a conclusive model for them. This concerns, for example, the im-
portant problem of turbulence modeling, which is a part of this thesis. Even with the further
advancement of technology, e.g. through an improved observational network and increased com-
putational power, it is questionable whether it will be possible to gather all the relevant dy-
namical information on the multitude of active scales in the atmosphere—ocean system. Hence,
the parameterization problem will remain one of the most important problems to be tackled in
numerical weather and climate prediction models.

Having established that parameterization schemes are, and most likely will always be, an
important part of a numerical model for the atmosphere—ocean system, the question arises as
to what strategies should be used to find consistent closure models for the unresolved parts of
geophysical flows. The methodology that we propose here is that a parameterization scheme
should be constructed in such a manner that the closed system of differential equations possesses
symmetry properties that are well connected to and derivable from the symmetries of the original
system of differential equations. By this we mean that the symmetry group of the original
system of differential equations should to a large extend determine the form of any consistent
parameterization scheme.

The reasoning behind requiring a parameterized model to preserve (a symmetry subgroup
of) the symmetry group of the original system of differential equations is that such symmetries
usually determine the physical essence of the laws of nature. To give an example, any classical
mechanical model should be invariant under the action of the Galilean group (consisting of
translations, rotations and Galilean boosts), which is a direct consequence of Newton’s Laws of
Motion [127]. Therefore, a parameterization for an unresolved process that is known to fit into
the framework of classical mechanics should be invariant under the Galilean group as well. We
show in this thesis that the requirement of preservation of important symmetry transformations
as admitted by the equations of hydrodynamics (such as translations, dilations and rotations)
often places surprisingly rigid restrictions on the form of a physical parameterization scheme.
From the practical perspective of finding such parameterization schemes for physical processes
this is most desirable, because usually there is a multitude of ways for constructing a closure
for a particular process [143, 144]. This means that the requirement placed on parameterization
schemes to preserve a particular symmetry group can be an efficient guide in finding consistent
approximations for unresolved processes.

In turn, we exemplify below that several of the existing parameterization schemes that can
be found in the literature break certain symmetries and it is interesting to note that these
parameterizations are often physically flawed. It is therefore tempting to attribute the physical
inconsistencies arising from such non-invariant parameterization schemes to the violation of first
principles. On the contrary, we also show here that invariant parameterization schemes can yield
physical results that are traditionally hard to achieve with non-invariant closure models.

3



In the light of what was said above, we are now in the position to formulate the relation
between the parameterization problem and the group classification problem. Mathematically
speaking, the averaging or filtering of a system of differential equations leads to a system of equa-
tions that describes the evolution of the grid-scale quantities. Unfortunately, the averaged system
involves new unknown functions (physically representing the subgrid-scale terms) for which no
evolution equations are available, i.e. this system is under-determined. To close the system one
has to express the unresolved terms using the grid-scale quantities. That is, one seeks a func-
tional expression that models the effects of the subgrid-scale processes on the grid-scale variables.
Introducing such a generic parameterization ansatz always turns the unclosed averaged system
of differential equations into a class of closed averaged differential equations [123], which reduces
the problem of finding invariant parameterization schemes to a problem of group classification.

This intimate relation between invariant parameterization schemes and the problem of group
classification is the reason why the bulk of this thesis is devoted to the development of methods
of group classification. Group classification is at the heart of the study of invariant parameter-
ization schemes and without efficient techniques for the former it is hard or impossible to find
the latter. The first task of this thesis is therefore to significantly extend the arsenal of methods
available for the study of symmetries of differential equations including arbitrary elements.

There are several classification strategies available for classes of differential equations, and
what strategy to choose depends largely on the structure of the class under consideration. In
general, one distinguishes between two general strategies, which are known as the inverse and
the direct classification methods. Both ways have been used for the construction of invariant
parameterization schemes in [123].

Inverse group classification enables one to realize the paradigm that a parameterization
scheme should preserve a symmetry group of the original, unfiltered equations most straight-
forwardly. This is because inverse group classification is done by first selecting those subgroups
with respect to which one requires a parameterization to be invariant and then constructs the
parameterization accordingly. The key to this method is the construction of differential in-
variants, which are functions of the equation variables and their derivatives that are invariant
under the group action [33, 105, 112]. Constructing the parameterization scheme out of these
differential invariants always leads to closed systems of differential equations that are invariant
under the given symmetry group.

A powerful technique that can be used to compute these differential invariants of a group
action is the recently developed equivariant moving frame method, in the formulation by Fels
and Olver [45, 46]. Moving frames enable one to establish a mapping between non-invariant and
invariant functions through a procedure referred to as invariantization. As the construction of a
moving frame is an entirely algorithmic task, it always allows one to find differential invariants,
and hence invariant parameterization schemes, systematically. More specifically we show below
that the invariantization technique can also be used to start with an existing, non-invariant
parameterization scheme for a physical process and make it invariant by applying the moving
frame to it. That is, existing parameterization schemes can be taken as the starting point for
finding invariant closure models.

As what concerns the direct method of group classification, here one starts with a general
class of systems of differential equations and attempts to find all particular values for the arbi-
trary elements for which symmetry extensions arise [112, 127]. The result of the direct group
classification method is therefore a list of systems from the class (corresponding to particular
arbitrary elements) with their associated symmetry groups. These systems are inequivalent in
the sense that they cannot be mapped to each other by point transformations.

4



Interpreted in the framework of invariant parameterization all the systems from the class
represent different parameterization models leading to different closed systems of differential
equations. We regard this method as suitable e.g. for those physical processes for which we yet
lack a precise understanding and therefore have no a priori guidance on how the parameter-
ization should be constructed. The direct group classification method then provides a list of
possible candidate parameterizations leading to closed differential equations with distinct sym-
metry properties that can hereafter be tested numerically. This way one can obtain the most
suitable parameterization scheme for a particular process from a usually reasonable number of
candidate parameterizations.

A caveat in the direct classification approach to invariant parameterization schemes is that the
classes of differential equations arising are usually so general that it is not possible to solve the
classification problem completely. That is, one is not able to find an exhaustive list of all equa-
tions with inequivalent symmetry properties. This problem is well known in the theory of group
classification and the reason for the development of several specialized classification techniques
for such classes of differential equations. Because complicated classes of differential equations are
the rule in the study of symmetry-preserving parameterization schemes, we devoted a consider-
able part of the research reported below to the refinement and extension of group classification
techniques. Indeed, we have revised the entire framework of the algebraic method of group clas-
sification and showed its effectiveness by solving some of the long-standing problems in the group
classification of differential equations. This new framework then forms a mathematical basis for
the construction of invariant parameterization schemes using the direct classification method.

To test the effectiveness of the theoretical work carried out in this thesis we compute invariant
parameterization schemes for problems of turbulence modeling. Turbulence is ubiquitous in
geophysical fluid mechanics and can be found on almost all spatial and temporal scales [48, 147].
Turbulence on the large scale in the atmosphere is particular in that it is quasi-two-dimensional.
It is this so-called geostrophic turbulence we are interested in. Specifically, we use the methods
of invariant parameterization to demonstrate that conventional turbulence models usually do
not admit the entire maximal Lie invariance group of the incompressible Euler equations in
a rotating reference frame. We then construct invariant turbulence models and use them to
simulate the behavior of freely-decaying turbulence. The resulting turbulent energy spectra
are similar to the theoretically predicted ones and thus serve as a proof-of-the-concept of the
physical relevance of invariant parameterization schemes.

Before we detail the further organization of this thesis, we find it convenient to illustrate more
explicitly the problem of conventional parameterization schemes when it comes to symmetry-
preservation.

1.2 Symmetry properties of physical parameterization schemes

In this section we will analyze the symmetry properties of a class of existing parameteriza-
tion schemes that has been used in meteorology. These parameterizations are relatively simple
turbulence closures for the Reynolds averaged primitive equations modeling a dry atmospheric
boundary layer.

1.2.1 Turbulence closure in the primitive equations

It was mentioned above that turbulence is ubiquitous in meteorology, effecting all the scales
from the planetary boundary layer to the synoptic scale. The turbulence closure problem, which



will play a central role in this thesis, is that for a statistical description of turbulence, a system
of infinitely many differential equations would be needed.

For the sake of simplicity, we restrict ourselves to first order closure models for the incom-
pressible primitive equations in an inertial reference frame. That is, we aim to describe the
averaged wind, pressure and entropy fields using just the information contained in these mean
fields. Although from the meteorological point of view this is certainly an overly simplified
model, it serves the purpose to show how parameterization schemes can destroy the symmetry
properties of the original governing equations of thermo-hydrodynamics. The issues identified
below are the same as arise for more sophisticated parameterizations in more realistic models of
geophysical fluid dynamics.

The initial system of primitive equations is the following

Up + Ul + VUy + WUy + p_lpm =0,

U + uvg + vvy + wu, + p_lpy =0,

wt—i—uwm—i—va—i—wwz—i—p*lpz—i—g:O, (1.2.1)
Uy + vy +w, =0,

01 + ub, + v0y + wo, = 0.

In this system, u, v and w are the components of the three-dimensional wind field, p is the
atmospheric pressure and 6 is the potential temperature, constituting a measure for the entropy
of the system. The density p is assumed as constant (incompressibility) and thus can be scaled
to p = 1; g is the magnitude of the Earth’ gravitational acceleration. Throughout this thesis,
the notation u; = du/0dt, ete. is used to abbreviate partial derivatives.

Physically, the first three equations of the above system are the momentum equations, the
fourth equation is the mass continuity equation and the last equation represents the first law of
thermodynamics. We should like to stress that this model is a three-dimensional version of the
model used in [144] to illustrate several eddy closure schemes.

We determine the maximal Lie invariance algebra of the above system using the computer
algebra package desolv [153]. This algebra is spanned by the vector fields

Dy = 2t0; + 20, + YOy + 20, — u0y — v0y — WOy — (2p + 392)0p,

Dy = 20, + Y0y + 20, + u0y + v0y + w0y + (2p + g2)0p, Ok,

RY = —y0p + 20y — v0y + u0y, RY = —20y+ Y0, — w0y + V0w,

R? = =20, + 20, — uBy + w0y, X(f) = f(t)0s + f'Ou — ["20,,

Y(9) =gt)0y+ g0y — g"yd,, Z(h) =h(t)d, + h'dy — K20,

G(v) =)0, H(5) = 5(0)0y.

The physical significance of these infinitesimal generators is the following. The vector fields D;
and Dy integrate to one-parameter scale transformations, d; yields shifts in time, R*, RY and R*
generate SO(3), the three-dimensional rotational group, X (f), Y(g) and Z(h) are generalized
Galilean boosts in the x-, y- and z-directions, G(7) is a gauge transformation of the pressure
and #H(0) allows one to redefine the potential temperature.

We now average system (1.2.1) using the Reynolds average. To accomplish this, we first split
the dependent variables according to a = @ + @/, where a is the mean of @ and a’ = a — @ is the

6



deviation of this mean. Then, by applying the averaging rules for products, ab = ab + /b’ and
using the continuity equation, the averaged form of the above system is

Up + Uiy + Vly + W, + Pp = —(W/'t/)y — (WV')y — (W),
Uy + Uy + D0y + W0, + Py = — (W) — (W), — (V')
Wy + Wy + VWy + W0, + P, + g = —(Ww'), — (Vw')y — (w'w’).,

Uy + 0y + W0, = 0,

01 + b, + 00y + wh, = —(W0), — (V0), — (W),.

The terms on the right-hand side of this system are those that need to be parameterized, as there
are no explicit equations from which they could be determined in the present case. Physically,
the subgrid-scale terms in the momentum equations are the momentum fluxes and the subgrid-
scale terms in the thermodynamic equations are the heat fluxes. These fluxes play an important
role, e.g. in the planetary boundary layer and in general cannot be omitted.

A standard parameterization for these fluxes that is employed in the atmospheric sciences is to
relate these quantities to the gradient of the mean field, where the flux is directed down-gradient.
The general form of such a down-gradient ansatz for the momentum flux is

u;u; = —kY gxu;,
where k% is a diffusivity parameter that usually depends on the independent variables (for more
realistic parameterization schemes, this parameter additionally depends on quantities such as
the turbulent kinetic energy, see also Chapter 2). For the heat flux, one similarly employs

.08
al'i ’

ulf’ = —k

with k? being the turbulent heat diffusion coefficient.
Introducing this closure in the above averaged, unclosed model leads to

U + Uy + Vly + WUy + Pp = (K" uz)e + (KYuy)y + (K %uz).,

Uy + U0y + VU + WOy + Py = (K¥705)0 + (K¥0y)y + (KY702).,

Wy + Wy + VWy + W0, + Py + g = (¥ wz) e + (K wy)y + (k¥ w;)s, (1.2.2)
Uy + Uy +w, =0,

0 + b, + 00, + w0, = (k"0.)z + (k¥0,)y + (K°0.)..

The only undetermined quantities in this system are now the parameterization parameters k%
and k*. The symmetry properties of the closed system of primitive equation therefore depend
on the values of the arbitrary functions k% and k*, which is an example for a group classification
problem as will be encountered throughout the entire thesis.

We do not attempt to solve this classification problem exhaustively here as in order to do so
we would have to specify the precise dependency of £ and k' on the independent variables (and
possibly also on other quantities, such as certain derivatives of the dependent variables). We only
investigate the simplest case when k% = const, k' = const subsequently. Moreover, on physical
grounds it is common to neglect the horizontal fluxes of horizontal momentum compared to the
vertical fluxes of horizontal momentum; similarly, as the vertical exchange of heat is usually
larger than the horizontal heat transfer (at least in the planetary boundary layer), we also only
preserve the vertical heat flux; the fluxes of vertical momentum are usually small too, and are
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omitted therefore. That is, all the k¥ and k' are zero except for k%%, k¥ and k*. Further
assuming horizontal homogeneity, we set k%% = kY=,

In this case, the closed system (1.2.2) admits the following generators of infinitesimal sym-
metry transformations

Dy = 2t0; + 10, + YOy + 20, — udy — 00y — Wy — (20 + 392)0p, Oy,
R* = —ydy + 20y — 005 + 405, X(f) = f(t)0s + f'O5 — f"z0p,

Y(9) = 9(t)dy + 9'05 — "ydp.  Z = h(t)0: + W0 — 120,

G

V=g (1.2.3)
(7) =v(t)0, 0, 00,

From these generators a few important observations can be made that apply also to the general
parameterization problem. First, there are symmetries that are induced by the symmetries of
the original primitive equations. In the present case, these are the symmetries associated with
D1, O, R*, X(f), Y(g9), Z(h), G(v), H(1) and H (). That is, the above parameterization
scheme preserves a scale transformation, the time translation symmetries, horizontal rotations,
all the generalized Galilean boosts and the gauging of the pressure. Arbitrary transformations
of the potential temperature are not permitted any more, as from the general operator H ()
only two special cases are preserved. All the other symmetry transformations are lost, i.e. the
closed parameterized model of the primitive equations admits fewer symmetries than the original
model.

This can be desirable as well. For example in the above discussion on the values of the
kY we explicitly assumed that the vertical fluxes of horizontal momentum can be neglected
compared to the horizontal fluxes of horizontal momentum. This introduces an anisotropy in
the system of equations which justifies that the parameterized system should not admit the
rotational symmetries RY and R*. That is, the breaking of certain symmetries can also occur
on physical grounds.

The central problem is thus the following: Averaging of a system of differential equations
usually perturbs the geometric structure of these equations when an inappropriate closure model
is applied. On the other hand, the physics of an averaged model can be different from the physics
of the original model and this should reflect in the alteration of the symmetries admitted. One
thus needs efficient methods that allow one to select among all the symmetries admitted in
a model, which of them should also be admitted in the parameterized model. The methods
related to the group classification of differential equations developed in this thesis can be used to
systematically construct such parameterization schemes with prescribed symmetry properties.

In conclusion, we would like to stress that it is straightforward to verify that other choices
for k¥ and k' (as e.g. given in the book [144], see also Chapter 2 below) would lead to closed
systems of differential equations of the general form (1.2.2) that admit even fewer symmetries
than in the case discussed above.

1.3 Structure of the thesis

The chapters of this thesis are based on paper that are either already published or presently
under consideration for publication. We list below the bibliographic data for these papers along
with a short summary.

Chapter 2 A. Bihlo, E.M. Dos Santos Cardoso-Bihlo and R.O. Popovych, 2014. Invariant and
conservative parameterization schemes, in volume 2 of Parameterization of Atmospheric
Convection, (R. S. Plant and J. I. Yano, Eds.), Imperial College Press, in press.
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This chapter is our contribution to the two-volume book that emerged from the COST
action ES0905 Basic concepts for convection parameterization in weather forecast and cli-
mate models. We provide an introduction and an overview about the methods for finding
invariant and conservative physical parameterization schemes for the meteorological audi-
ence.

Chapter 3 Published as: E.M. Dos Santos Cardoso-Bihlo, A. Bihlo and R.O. Popovych, 2011.
Enhanced preliminary group classification of a class of generalized diffusion equations.
Commun. Nonlinear Sci. Numer. Simulat. 9 (16), 3622-3638, arXiv:1012.0297.

The method of preliminary group classification is rigorously defined, enhanced and related
to the theory of group classification of differential equations. Typical weaknesses in pa-
pers on this method are discussed and strategies to overcome them are presented. The
preliminary group classification of the class of generalized diffusion equations of the form
ug = f(z,u)u2 + g(z,u)uy, is carried out. This includes a justification for applying this
method to the given class, the simultaneous computation of the equivalence algebra and
equivalence (pseudo)group, as well as the classification of inequivalent appropriate subal-
gebras of the whole infinite-dimensional equivalence algebra. The extensions of the kernel
algebra, which are induced by such subalgebras, are exhaustively described. These results
improve those recently published in Commun. Nonlinear Sci. Numer. Simul..

Chapter 4 Published as: A. Bihlo, E.M. Dos Santos Cardoso-Bihlo and R.O. Popovych, 2012.
Complete group classification of a class of nonlinear wave equations. J. Math. Phys. 53,
123515 (32 pp), arXiv:1106.4801.

Preliminary group classification became a prominent tool in the symmetry analysis of dif-
ferential equations due to the paper by Ibragimov, Torrisi and Valenti [J. Math. Phys. 32
(1991), 2988-2995]. In this paper the partial preliminary group classification of a class of
nonlinear wave equations was carried out via the classification of one-dimensional Lie sym-
metry extensions related to a fixed finite-dimensional subalgebra of the infinite-dimensional
equivalence algebra of the class under consideration. We implement the complete group
classification of the same class up to both usual and general point equivalence using the
algebraic method of group classification. This includes the complete preliminary group
classification of the class and finding those Lie symmetry extensions which are not asso-
ciated with subalgebras of the equivalence algebra. The complete preliminary group clas-
sification is based on listing all inequivalent subalgebras of the whole infinite-dimensional
equivalence algebra whose projections are qualified as maximal extensions of the kernel
algebra. The set of admissible point transformations of the class is exhaustively described
in terms of the partition of the class into normalized subclasses.

Chapter 5 Published as: E.M. Dos Santos Cardoso-Bihlo and R.O. Popovych, 2013. Complete
point symmetry group of vorticity equation on rotating sphere, J. Engrg. Math. 82, 31-38,
arXiv:1206.6919.

The complete point symmetry group of the barotropic vorticity equation on the sphere is
determined. The method we use relies on the invariance of megaideals of the maximal Lie
invariance algebra of a system of differential equations under automorphisms generated
by the associated point symmetry group. A convenient set of megaideals is found for the
maximal Lie invariance algebra of the spherical vorticity equation. We prove that there
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are only two independent (up to composition with continuous point symmetry transfor-
mations) discrete symmetries for this equation.

Chapter 6 Published as: E.M. Dos Santos Cardoso-Bihlo, 2012. Differential invariants for
the Korteweg—de Vries equation. Proceedings of the Sixth International Workshop “Group

Analysis of Differential Equations and Integrable Systems” (Protaras, Cyprus, June 17-21,
2012), 71-79.

Differential invariants for the maximal Lie invariance group of the Korteweg—de Vries equa-
tion are computed using the moving frame method and compared with existing results.
Closed forms of differential invariants of any order are presented for two sets of normal-
ization conditions. Minimal bases of differential invariants associated with the chosen

normalization conditions are given.

Chapter 7 Preprint: E.M. Dos Santos Cardoso-Bihlo and R.O. Popovych, 2014. On the inef-
fectiveness of constant rotation in the primitive equations.

The primitive equations are the main system of nonlinear partial differential equations on
which modern weather and climate prediction models are based on. The Lie symmetries
of the primitive equations are computed and the structure of the maximal Lie invariance
algebra, which is infinite dimensional, is investigated. It is found that the maximal Lie
invariance algebra for the case of a constant Coriolis force can be mapped to the case of
vanishing Coriolis force. The same mapping allows one to transform the constantly rotating
primitive equations to the equations in a resting reference frame. This mapping is used
to obtain exact solutions for the rotating case from exact solutions from the nonrotating
equations. Another main result of the paper is the computation of the complete point
symmetry group of the primitive equations using the algebraic method.

Chapter 8 Published as: A. Bihlo, E.M. Dos Santos Cardoso-Bihlo and R.O. Popovych, 2014.
Invariant parameterization and turbulence modeling on the beta-plane. Physica D 269,
48-62, arXiv:1112.1917.

Invariant parameterization schemes for the eddy-vorticity flux in the barotropic vortic-
ity equation on the beta-plane are constructed and then applied to turbulence modeling.
This construction is realized by the exhaustive description of differential invariants for
the maximal Lie invariance pseudogroup of this equation using the method of moving
frames, which includes finding functional bases of differential invariants of arbitrary order,
a minimal generating set of differential invariants and a basis of operators of invariant dif-
ferentiation in an explicit form. Special attention is paid to the problem of two-dimensional
turbulence on the beta-plane. It is shown that classical hyperdiffusion as used to initiate
the energy—enstrophy cascades violates the symmetries of the vorticity equation. Invariant
but nonlinear hyperdiffusion-like terms of new types are introduced and then used in the
course of numerically integrating the vorticity equation and carrying out freely decaying
turbulence tests. It is found that the invariant hyperdiffusion scheme is closely reproduc-
ing the theoretically predicted k~! shape of enstrophy spectrum in the enstrophy inertial
range. By presenting conservative invariant hyperdiffusion terms, we also demonstrate
that the concepts of invariant and conservative parameterizations are consistent.
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Chapter 2

Invariant and conservative
parameterization schemes

2.1 Introduction

The idea of preserving geometric properties of differential equations such as symmetries and
conservation laws was recently introduced in the parameterization problem. Both symmetries
and conservation laws play a superior role in modern physics and mathematics. It is immediately
obvious that if a parameterization scheme violates basic scaling properties (e.g. the terms in the
parameterization do not have the same dimension as the terms that should be closed), it should
be regarded as suspicious. However, the violation of symmetries in a closure model can be
more subtle and can go unnoticed for a while. For example, it is now established that the
Kuo convection scheme is not compatible with Galilean invariance because it equates a Galilean
invariant quantity (the rain rate) with a non-invariant quantity (the moisture flux convergence).

Here we lay down systematic methods for the construction of parameterization schemes with
prescribed symmetry properties. That is, the parameterization is constructed in such a manner
that selected symmetries from the original system of differential equations will be preserved in the
closed model as well. We thus make the first principle of symmetry-preservation a constructive
requirement for the design of parameterization schemes.

We also discuss the role of conservation laws for constructing parameterization schemes.
There are several processes in the atmospheric sciences that comply with basic conservation laws,
such as energy, momentum and mass conservation. It is thus sensible to require preservation
of these conservation laws also in the case when considering only the resolved part of the flow.
That is, if a process is known to be conservative, then also the parameterization for this process
should be conservative.

We should also like to stress that methods related to the ones to be introduced in this chapter
for the construction of geometry-preserving parameterization schemes are already in use in mete-
orology, namely in the field of geometric numerical integration. This area is devoted to the design
of discretization schemes that preserve the fundamental properties of the governing equations
of hydro-thermodynamics numerically. The properties are, inter alia, mass conservation, energy
conservation, axial angular momentum conservation, the absence of spurious Rossby modes and
stability of the geostrophic balance, see [142] for a more complete list along with further ex-
planations. Guaranteeing these properties on the discrete level requires a careful design of the
dynamical core of a numerical model. The methods used to accomplish this goal are referred to
as mimetic discretization, see [27, 145] for a more thorough exposition of this recent field.
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Drawing a parallel to the field of mimetic discretization, it is fair to say that the methods to
be introduced in this chapter could be dubbed mimetic parameterization. If used in a numerical
model that features a mimetic dynamical core, one could guarantee the discrete preservation of
symmetries and conservation laws of the governing equations on the level of the resolved part
(using mimetic discretization) as well as on the parameterization of the unresolved part (using
mimetic parameterization).

We organize this chapter in the following way: In Section 2.2 we introduce the necessary
background material on symmetries and conservation laws. This introduction is by no means
complete but should serve to illustrate the techniques that are required to construct parame-
terization schemes that preserve symmetries and conservation laws. In Sections 2.3 and 2.4 we
use the material presented in Section 2.2 to introduce different methods for the construction of
invariant and conservative parameterization schemes. We include mostly minimal examples in
these sections that should serve as an illustration of the general theory. More realistic examples
are discussed in Section 2.5. The chapter concludes with Section 2.6 which contains a short
summary and discussion of further problems in the field of geometry-preserving parameteriza-
tion schemes. Many of the original results reported in this chapter can be found in some more
details in the papers [14, 16, 24, 123].

2.2 Symmetries and conservation laws

In this section we present some of the fundamental concepts of symmetries and conservation
laws as formulated in the field of group analysis of differential equations. A more thorough
presentation of the material covered here can be found in the textbooks [25, 26, 59, 101, 112].

2.2.1 Symmetries, invariants and group classification

In what follows, we denote by £: A;(z, u(")) =0,l=1,...,L, asystem of differential equations,
which is regarded as a function of the independent variables x = (z!,...,2P), the dependent
variables u = (u',...,u9), as well as all derivatives of u with respect to = up to order n. For the
sake of brevity, all these derivatives (including u itself as derivative of order zero) are collected
in the term u(™. The space of variables z = (xz,u) is denoted by M, the extended space of
variables 2(") = (z,u(™) is denoted by M.

Thus, within the local approach, derivatives of u with respect to x up to order n are just
assumed as additional dependent variables in the extended space M. Smooth functions defined
on domains in M™ for some n, like A, are called differential functions. The order of a
differential function F' is defined to be equal to the highest order of derivatives involved in F'.

For specific examples, we will use the simpler notation of independent variables as t, x, vy,

...instead of x!, x2, 23, .. ..

Example 2.1. In the case of a single dependent variable u of two independent variables ¢ and
z (l.e.p=2and g =1), 1@ is the tuple (u; Uy, Ug; Ugt, Ugg, Uzy ), Where here and in the following
we use the shorthand notation u; = Ou/0t, u, = Ou/Ox, uy = 0%u/Ot?, etc.

Definition 2.2. A point symmetry of the system £ is a (non-degenerate) point transformation
I 2= X(x,u), u = U(x,u) that maps the system L to itself. Equivalently, the transformation
I" maps any solution of £ to another solution of L.
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The set of point symmetries of any system of differential equations admits the structure
of a group with respect to the composition of transformations. That is, this set contains the
composition of its elements, the identity transformation and the inverse of each element.

General point symmetries of systems of differential equations are usually hard to find, as
they are determined by solving systems of nonlinear partial differential equations, which is
often hopeless to do without additional mathematical machinery. This is why most of the
literature contents itself by studying so-called continuous (or Lie) symmetries. These are point
transformations that are parameterized by one or more continuous parameters and constitute a
group G.

Example 2.3. The (viscous) Burgers equation
U + Uy + Uzz = 0, (2.2.1)

can be regarded as a major simplification of the Navier—Stokes equations. It admits, inter alia,
the continuous symmetry transformation (¢, x,u) — (t,z + et,u + €), where € € R. It is readily
checked that this so-called Galilean transformation leaves the Burgers equation invariant. On
the other hand, the transformation (¢,z,u) — (t, —x,—u) is also a symmetry of the Burgers
equation, but it is not an element of a one-parameter Lie symmetry group of the Burgers
equation. This is an example for a discrete symmetry.

The main advantage of Lie symmetries over other point symmetries is that they can be found
algorithmically using infinitesimal techniques, which always boils down to linear problems. For
most purposes it suffices to consider the action of the group linearized around the identity
element. Moreover, the techniques for finding the infinitesimal action of a group, encoded in the
infinitesimal generators of the group transformation, are already implemented in most major
computer algebra systems such as Mathematica, Maple or Reduce. What is more, for various
important physical systems of differential equations, the Lie symmetries are already computed
and can be found in standard handbooks [2, 5, 60].

As was said above, solving the determining equations for Lie symmetries of a system of
differential equation (either by hand or by a computer algebra system) yields a set of infinitesimal
generators, or vector fields, that jointly span the mazimal Lie invariance algebra of the system
under consideration. Recovering the finite group transformations from these vector fields is
accomplished by solving a system of first-order ordinary differential equations.

Example 2.4. The maximal Lie invariance algebra of the Burgers equation (2.2.1) is spanned
by the following vector fields:

O, 896, t0p + Oy, 2t0; + 20, — u@u,

5 (2.2.2)
t“0p + tx0y + (x — tu)0,.

More generally, if 7(¢,z,u)0; + £(t,x,u)0 + ¢(t,z,u)0, is a vector field on the space of
variables (¢, x,u), one can recover the associated one-parameter Lie symmetry by integrating
the system of ordinary differential equations

dt dz

Lo rrm, o
e W g

:§(£7i>ﬂ)> & :QS(E,i',?TL),

with the initial conditions t|.—g = t, #|c—0 = Z, @i|c=0 = u. The extension of this algorithm to
the case of several unknown functions of more than two variables is straightforward.
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Example 2.5. For the Burgers equation (2.2.1), the one-parameter Lie symmetry groups asso-
ciated with the vector fields (2.2.2) consist of the transformations, which map (¢, z,u) to

(t+e1,zu), (t,x+eg,u), (t,z+est,u+es),
¢ 7 (2.2.3)

1 —€5t7 1 —€5t7

(e*4t, e, e u), ( u(l —est) + E5:L’> ,
where ¢;, ¢ = 1,...,5, are arbitrary constants. The physical significance of these symmetries
is thus: (i) time translations, (ii) space translations, (iii) Galilean transformations, (iv) scale
transformations, (v) inversions in time.

An important role of symmetries in the study of partial differential equations is that they
allow finding solution ansatzes that enable one to reduce the number of independent variables
occurring in a given system. This is done by computing the invariants of suitable symmetry
subgroups of a given invariance group and considering these invariants as the only new variables
in the system.

Definition 2.6. An invariant of a transformation group G acting on M is a function f(z) that
satisfies

flg-2)=f(z)
for all z € M and all g € GG such that the action g - z of g on z is defined.

Thus, invariants are functions that do not change their value if their arguments are trans-
formed.

Invariants can be found either using infinitesimal techniques or moving frames [45, 46]. The
infinitesimal criterion of invariance of a function f(z) under a group G is

for each infinitesimal generator v of the group G.

Example 2.7. The function f(¢,z,u) = x — ut is invariant under Galilean transformations
(t,z,u) — (t,x +et,u+¢c). The infinitesimal generator of these transformations is v = t0, + 0y,
and thus the function f satisfies the equation vf :=tf, + f, = 0.

It is meaningful to extend the definition of invariance of a function to functions that also
depend on derivatives of the dependent variables. This leads to the definition of differential
mvariants.

Definition 2.8. A differential invariant of a transformation group G acting on M is a differential
function f(z,u(™) that satisfies

Flg™ - 2™y = £,

for all 2™ e M™ and all g € G such that the transformation of z(™) using the prolongation of
g, denoted by ¢(™: () = ¢(™) . 2(") ig defined.

In practice, the prolongation of a group action to the derivatives of the dependent variables
is implemented by repeatedly using the chain rule.
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Example 2.9. For the Galilean transformation (¢, #, @) = (t,z+¢t, u+¢), the partial derivatives
with respect to t and x transform as 0; = Etaf + 2403 = 0; + €0z and 0, = Exa,; + T,0; = Oj.
Therefore, the transformed partial derivative operators are 0; = 0, — €0, and 03 = 0,. With
these derivative operators, it is now possible to determine the action of Galilean transformations
on the various derivatives u;, u,, etc. In particular, we have

Up = Up — EUg, Uz = Uyg.

Example 2.10. The function u; 4+ uu, is a differential invariant of Galilean transformations.
Indeed, u; + utiz = uz + uty.

Differential invariants can be found using an infinitesimal invariance criterion as well, see
e.g. [112]. It is more convenient though to determine them using the method of equivariant
moving frames in the Fels and Olver formulation. Because this method plays a superior role
in the construction of invariant parameterization schemes, we introduce it shortly here. More
in-depth information on moving frames and their applications can be found in the original
papers [45, 46, 103, 107]. For the sake of simplicity, we also only consider the case when the
group G is finite-dimensional.

Definition 2.11. Let G be a finite-dimensional Lie group acting on M. A (right) moving frame
p is a smooth map p: M — G satisfying the equivariance property

plg-2)=plz)g"

for all z€ M and g € G.

The motivation behind introducing the moving frame p is that it allows one to associate to a
given function an invariant function. This is accomplished in a process called invariantization.

Definition 2.12. The invariantization of a function f: M — R using the (right) moving frame
p is the invariant function ¢(f), which is defined as ¢(f)(z) = f(p(2) - 2).

It is readily checked that ¢(f) is indeed an invariant function:

Uf)g-2) = flplg-2)g-2) = f(p(2)g7 g 2) = fp(2) - 2) = (£)(2),

which is nothing but the definition of an invariant function: The value of ¢(f) is not changed if
its argument is transformed.

The invariantization of a non-invariant function is the key to one of the methods for the
construction of invariant parameterization: One can start with a given parameterization that
fails to be invariant and turn it into an invariant scheme by applying the proper moving frame
to it.

The theorem on moving frames [45, 46] guarantees the existence of a moving frame provided
that the action of G on M is free and regular. Without going into more details, both requirements
are usually satisfied for the groups of interest in physics, although the freeness property often
requires the construction of the moving frame on the space M (" rather than on M. The following
is a recipe of how one can find a moving frame through a simple normalization procedure [33].
Once again, the construction is entirely algorithmic and to date already implemented in Maple.
For the sake of simplicity, we assume that GG is an r-dimensional Lie group with r < oo acting
on M although the assumption r < oo is not principal.

Algorithm 2.13. The construction of a moving frame via normalization.

15



1. Explicitly write down the transformation formulas for the action of the group G prolonged
to M for n sufficiently large:

7" = (X,U) = g - (z,u™),

2. Choose r normalization constants ¢; and equate r of the above transformed variables to
these constants, i.e.

n— . A
Z' = ¢, i=1,...,7

3. Solve the arising system of algebraic equations for the group parameters of G in terms of
the coordinates z(™.

Example 2.14. We detail the construction of a moving frame for the subgroup G' of the
maximal Lie invariance group G of the Burgers equation (2.2.1) that consists of translations
in time and space, Galilean transformations and scale transformations. Including the inversion
symmetry is possible as well but would complicate the resulting computations and formulas
without adding substantial information for this introductory example.

If we combine the first four one-parameter symmetry transformations given in (2.2.3), we
obtain

(t,%,0) = (e*4(t + €1), e (x + €9 + 3t), e =4 (u + £3)), (2.2.4)

where €1,e9,e3 and ¢4 are arbitrary constants. Because there are four group parameters but
only three variables in the above transformation formula, it is not possible to produce a sufficient
number of equations. Stated in other words, the group G* is not free on the space M = {(t,z,u)}.
This is why it is necessary to prolong (2.2.4) to the first derivatives of . Using the chain rule
as shown in Example 2.9 for Galilean transformations, for the subgroup G' we find

—2e4

—3ea (ug — esuy), Uz =e Uy

Uy ==€

This is step (1) of Algorithm 2.13. The space M (1) is five-dimensional and thus it is possible
to single out a hypersurface of dimension 5 — 4 = 1 that allows us to solve for all four group
parameters. This hypersurface is defined through the following four equations,

t=0, =0, @4=0, =1,

which accomplishes step (2) of Algorithm 2.13. Note that other normalization conditions could
be chosen, which would lead to equivalent moving frames. Solving this system of four algebraic
equations for the four group parameters accomplishes step (3) and we obtain the moving frame

e1=—t, ea=—xz4+ut, e3=—-u, €4 = 5 In uyg.

This frame can now be used to invariantize any non-invariant function of the variables (z, (™).

To practically realize the invariantization procedure we first transform the function to be
invariantized using G and then substitute the computed moving frame for the appearing group
parameters.
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Example 2.15. We show here how the moving frame constructed in the previous example can
be used to construct an invariant function starting with a non-invariant expression. Consider
the function f = ug,. Under the action of the subgroup G', this function is transformed to
f = e 3%y,,. Thus, f is not invariant under the action of G!. Let us invariantize f by setting

Ugy

Uf) = tazlg=p(z) = —=
T2 lg=p(2) \/@
As was shown above, the resulting function ¢(f) now is G'-invariant.

Moving frames can also be used to obtain the invariant representation of systems of differential
equations. A moving frame of the group G can also be used to obtain the representation of a
G-invariant system of differential equations in terms of differential invariants of G. This is the
content of the so-called replacement theorem [33].

Example 2.16. To obtain the Burgers equation expressed in terms of differential invariants of
the subgroup G', we invariantize it:

Ut + utgy + u
Lty + Uty + Ugg) = t(tg) + o(w)e(ug) + t(Ugg) = —————22 = 0.

3
Uz

Of course, this expression is equivalent to the original Burgers equation.

It is often the case that differential equations contain certain constants or functions that are
to be determined externally. The relevance of these constants and functions can be different
but they are usually related to the physical properties of the model that is expressed using
differential equations.

Example 2.17. The incompressible Euler equations in stream function form on the §-plane

G+ %Cy - prCz + BYr =0, (= zp+ wyya (2-2-5)

includes the g-parameter as constant. This parameter is externally determined and different
choices for 5 lead to different dynamical properties of solutions for .

We henceforth collectively refer to such constants or functions as arbitrary elements. Sys-
tems of differential equations that include arbitrary elements are called classes of differential
equations. Studying symmetry properties of classes of differential equations is generally more
complicated than to determine the symmetries of a system of differential equations that does not
include arbitrary elements. The reason for this complication is that for different values of the
arbitrary elements, the corresponding equations from the class usually admit different symmetry
properties. Exhaustively describing the symmetry properties of such classes is the problem of
group classification.

Example 2.18. For the vorticity equation (2.2.5) there are two essentially different cases, given
by 8 =0 and 8 # 0. The former case leads back to the f-plane form of the equation. It can
be checked by direct computation that the symmetry group for the vorticity equation on the
f-plane is wider than that for the -plane equation, see e.g. [18]. This is understandable as the
presence of the S-parameter adds an anisotropy to the original f-plane model.

There exist different techniques to solve group classification problems and which technique to
use largely depends on the class of differential equations under consideration and, in particular,
of the form of the arbitrary elements. If the arbitrary elements are constants or functions of
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a single variable only, then it is often possible to directly integrate the determining equations
of Lie symmetries. For more complicated classes of differential equations (as typically arise in
the study of invariant parameterization schemes) such a direct integration of the determining
equations is generally hopeless. Other techniques that rely on Lie algebra classification have to
be used.

We do not attempt to give an introduction to the various techniques here as this is too
large of a subject to be suitable for this chapter. Rather, we will illustrate the most relevant
techniques directly in the course of the invariant parameterization problem in Section 2.3. More
background material on group classification can be found in [15, 63, 97, 123, 127].

2.2.2 Conservation laws

Let us turn our attention to conservation laws of systems of partial differential equations now.
We give here the formal definition of a local conservation law [26, 101].

Definition 2.19. A local conservation law of the system L is a divergence expression that
vanishes on the solutions of the system £ (denoted by |.),

D; &'y = (D1 ®* 4 --- + D,®P)|, = 0. (2.2.6)

The p-tuple of differential functions ® = (®%(x, u(m)), i=1,...,p) with some m € Ny, is called
a conserved vector of the conservation law.

Here and in the following the operator D; is the operator of total differentiation with respect
to the variable 2%, i = 1,...,p. It has the coordinate expression D; = 0, + u§7i8u3, where
ug = oMl a(zh)Ir - .. §(aP)Ie, ug,; = oug/0z', a=1,...,q9, J = (j1,...,Jp) is a multi-index,
Ji € No and |J| = j1 + - -+ + jp. We use the summation convection for repeated indices.

Example 2.20. The Burgers equation u; + uu,; + uz; = 0 can be brought into the form of a
conservation law (2.2.6), namely

1
Dt(u) + D, <2U2 + um) =0,

where the operators of total differentiation with respect to ¢ and = are

Dt = at + Utau + uttaut + uta:auz + cee
D, = 0y + 130y + 2.0y, + UzpOy, + -+ .

It is clear from Definition 2.19 and illustrated in Example 2.20 that the conserved vector
associated with a conservation law can depend not only on the independent variables x and
the unknown functions u but also on the derivatives of u with respect to x up to any order m.
The missing bound on m is the reason why exhaustively describing the space of conservation
laws of a system of differential equations is in general a complicated problem. In fact, for most
equations of hydrodynamics, the conservation laws known are typically of low order.

The following two definitions will prove important in Section 2.4 for the construction of
conservative parameterization schemes using the direct classification approach.

Definition 2.21. A conserved vector @ is called trivial if it is represented as the sum ® = Cﬁ—i—é,
where the components of the p-tuple of differential functions & vanish on the solutions of £ and
® is a null divergence, i.e. D;®* = 0 holds identically.
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Definition 2.22. Two conserved vectors ® and ® are called equivalent if their difference ® — @’
is a trivial conserved vector.

Trivial conserved vectors satisfy the divergence condition embodied in Definition (2.19) in
a trivial manner and thus do not contain any essential physical information. This is why it is
important that the computation of conservation laws is carried out by taking into account the
possibility of equivalence among conserved vectors.

Example 2.23. Consider again the Burgers equation in the form w; + uuy + uyy = 0. The
conserved vector ® = (0, up + vuy + um)T is trivial as it clearly vanishes on solutions of the
Burgers equation. Similarly, the conserved vector ® = (Uptge, —Ugtgt) T is trivial, as Dy (ugtzs)+
D, (—uzuzt) = 0 vanishes identically, independent of solutions of the Burgers equation.

There are different methods available for finding conservation laws, see e.g. [158] for an
accessible review. Here we focus on the multiplier approach to conservation laws [26]. This
approach uses a reformulation of the definition of a conservation law (2.2.6) in the form

D@ (x,u™) = A (z, ul®)) Ay (z, u™), (2.2.7)

where the tuple of differential functions A = (Al(w,u(s)), l =1,...,L) with some s € Ny is
called the characteristic of the conservation law with the conserved vector ®, and components
of A are called conservation law multipliers. In the case of solutions of the system of differential
equations £, the right-hand side of (2.2.7) vanishes and thus reduces to the original definition
of a conservation law.

Example 2.24. We can bring the Burgers equation into the form (2.2.7) by noting that

1
D¢(u) + D, <2u2 + ux> =1 (u + uug + ugy),

i.e. the multiplier associated with the conservative form of the Burgers equation is A = 1.

The use of the characteristic form (2.2.7) can aid in the computation of conservation laws.
This is done using the FEuler operator or variational derivative.

Definition 2.25. The FEuler operator with respect to the dependent variable u® is the differential
operator given by

EW:&ﬂ—mﬁ%+Dﬂ%%%{~~:GDV%% (2.2.8)
where (—D)7 = (=Dy)t ... (=D,)%.

The Euler operators have the property to annihilate any divergence expression D;®?. That
is, applying them to the characteristic form of the conservation law (2.2.7) yields

Ew(A'A) =0, a=1,...,q, (2.2.9)

which leads to a system of determining equations for the conservation law multipliers A =
(Al(z,ul®)), 1 = 1,...,L). It is generally possible to split the system (2.2.9) with respect to
derivatives that are not involved in A. The result of this splitting is an overdetermined system of
linear partial differential equations. Solving this system leads to the conservation law multipliers
for local conservation laws of system L. From these multipliers one can then reconstruct the
conserved vectors ® using either integration by parts or a homotopy formula [3, 4, 26]. Once
again, the construction is entirely algorithmic and implemented in various packages for computer
algebra systems, such as, e.g., GeM for Maple [37].
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Example 2.26. Instead of our running example, the Burgers equation (possessing only one
conservation law, which is the equation itself in the conserved form), we consider the Korteweg—
de Vries (KdV) equation,

Ut + Uy + Ugzr = 0,

which models the propagation of waves on shallow-water surfaces. We aim to find conservation
laws for this equation for multipliers depending only on ¢, x and u, i.e. A = A(t,z,u), see [26]
for more details. Thus, Eq. (2.2.7) reduces to

Dip+D,® = A(t, z,u)(up + vty + Ugsz),

where p is called the conserved density and ® is the fluz of the conservation law. Applying the
Euler operator E,, = 9, — D0, — D0, + - -- to this equation leads to

Ev(A(ur + vty + uggy)) = 0.
Expanding this equation we obtain

and as A only depends on ¢,  and u we can split this equation with respect to derivatives of u.
This leads to the determining equations of conservation law multipliers, which are
At + UAa: + Ax;r;t = O; SAx;ru = 07 3Axuu = 07

Solving this linear system, we obtain the parameterized family of multipliers
A =c1 + cou+ c3(x — tu),

where c1, co and c3 are arbitrary constants. The three independent conservation laws asso-
ciated to this family are derived by considering the three possibilities (ci,c2,c3) = (1,0,0),
(c1,¢2,c3) = (0,1,0) and (c1,c2,c3) = (0,0,1). The multiplier form of conservation laws then
reads, respectively:

Dipl + Dp®! =1+ (uy + wtty + Ugas),

Dip? + Dp®? = u - (up + utty + Ugey),

Dip® + D@3 = (x —ut) - (up + vty + Uggy).
From these equation, it is straightforward to recover the conserved densities and fluxes using
integration by parts!, yielding:

1
Dip! +D,®' = Du+ D, <2u + u> ,

1 1 1
Dtp2 + D:,;<I>2 =Dy <2u2) + D, <3u3 + UlUyy — 2u§> ,

t t
Dth +D,d% =D, <2u2 — xu) + D, <u$ — §u326 + (tu — 2)ugy — ;u2> .

as three conservation laws of the KdV equation. Using some more elaborate machinery, it can
be shown that the KdV equation has infinitely many conservation laws, see e.g. [101].

!Similar as in this case, the use of the homotopy formula as presented e.g. in [26, 101] can often be avoided
using integration by parts to construct the conserved vector.
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2.3 Invariant parameterization schemes

There are different methods for the construction of parameterization schemes with symmetry
properties. All of them are based on an intimate relation between the problem of group clas-
sification and invariant parameterization. More specifically, in [123] we demonstrated that any
problem of finding invariant parameterization schemes is a group classification problem. This
statement provides a concise path to the construction of symmetry-preserving closure models.

We start with invariant local parameterization schemes. Finding nonlocal parameterization
schemes that preserve symmetry properties of the initial model is a subject that is not well
investigated so far. We will comment on this in the end of this contribution.

Given a system of differential equations L: Al(x,u(”)) =0,l=1,...,L, we start with the
splitting of the dependent variables u into an averaged and a deviational part:

— /
u=u+u.

The theory that we will outline below is independent of the form of averaging or filtering method
that is used. Introducing this splitting into the system £ and averaging the resulting expression
for £ leads to a system of the form

Az, i, w)=0, 1=1,...,L, (2.3.1)

where A; are smooth functions of their arguments whose explicit form is determined by the
original system of differential equations £ and the averaging rule invoked. We collect all the
averaged nonlinear combinations of terms that cannot be obtained by means of the (™ in the

tuple w = (wl, ... ,wk). Thus, the closure problem consists in finding good expressions for w in

terms of @(™) 2
We close system (2.3.1) by establishing a functional relation between the unknown subgrid-

scale terms w and the resolved grid-scale part @™ by setting
w® = fs(:v,ﬂ(r)), s=1,...,k, (2.3.2)

where f = (f!,..., f¥) are the parameterization functions that we need to determine. Introduc-
ing this expression in (2.3.1) we arrive at

A (@, a™)) = Az, a™, f(z,a")) =0, 1=1,...,L, (2.3.3)

which now is a closed system of differential equations £; that depends on the yet unspecified
form of f. Here n’ = max{n,r}. In other words, it is a class of differential equation. As was
said above, the problem of finding parameterization functions in (2.3.2) that lead to a closed
system (2.3.3) preserving prescribed symmetry properties is thus solved as a group classification
problem.

We look here into two principal ways of solving the group classification problem and hence
the invariantization problem, which are inverse and direct group classification.

2We assume here that the local closure is of first order, i.e. that the unknown subgrid-scale quantities w can be
determined by a™ only. More realistically, one would use higher-order parameterizations to close system (2.3.1).
As the description of such higher-order local closure schemes would clutter the presentation we refrain from using
them and outline the theory for first-order closures only. We will comment on invariant higher-order schemes in
the end of this chapter, see also Example 2.35.

21



2.3.1 Invariant parameterization using inverse group
classification

Inverse group classification is done by first fixing a transformation group and then looking for
those differential equations which admit the selected group as its symmetry group [112].

This approach to the classification problem is particularly useful as it allows one to start with
the maximal Lie invariance group of the original, unaveraged system of differential equations
and to impose it on the resulting averaged and closed system. In other words, the parameterized
system will admit the same symmetries as the original model. This requirement that the closed
model should admit the same symmetries as the original unaveraged model was first advocated
in [98] for LES subgrid-scale closure models for the Navier-Stokes equations.

There might be physical problems for which it would be overly restrictive to require a closed
system of differential equations to admit exactly the same symmetries as the original unaveraged
model. After all, an averaged model only captures the grid-scale part of the solution of the
original model, hence it might be natural that part of the geometry is lost by the averaged
model. Mathematically speaking, the associated problem then is to find a parameterization
scheme that leads to a closed system of differential equations admitting a subgroup of the maximal
Lie invariance group of the original model.

To realize invariant parameterization schemes using inverse group classification, it is suffi-
cient to determine the (differential) invariants of the subgroup that one aims to preserve in the
closed model. The replacement theorem discussed in Section 2.2 implies that if we compose the
parameterization scheme out of these invariants, it will lead to a system of differential equation
with the invariance requested.

A natural criterion of selecting which symmetries should be preserved in a subgrid-scale
closure model is given by the initial-boundary value problem at hand. When above we speak
about symmetries of differential equations, no relations to the joint consideration with initial-
boundary value problems are implied, i.e. we assume the absence of such restraining conditions.
Indeed, the maximal Lie invariance group of a system of differential equations is reduced once
boundaries are considered [25]. This is quite natural as a symmetry transformation then not
only has to leave invariant the given system but also these supplementary conditions. On the
other hand, in a particular physical model the boundary conditions are usually an integral part
of the problem to be studied. Hence, when constructing a parameterization scheme for such a
model, it is natural to at most preserve those symmetries of the system of differential equations
that are also compatible with the initial-boundary value problem to be studied.

Example 2.27. In order to illustrate the inverse group classification procedure, we construct
invariant parameterization schemes for the Burgers equation. For the sake of simplicity, we
invoke a Reynolds time filtering operation to get

1
Ug + Ully + Ugy = —§(u’u’)x = w (2.3.4)

as the corresponding averaged but unclosed model. The momentum flux term on the right-hand
side is the subgrid-scale quantity that we want to close in a symmetry-preserving fashion.

The one-parameter transformations from the maximal Lie invariance group of the Burgers
equation were given in Eq. (2.2.3). Let us now discuss which of those transformation should
be preserved when closing Eq. (2.3.4). In doing this, we first have to fix the initial-boundary
value problem that we are considering. Here we assume periodic boundary conditions in space
direction, i.e. u(t, L) = u(t,0) for a channel of length L, and an initial value problem in time

u(0,z) = up(z).
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As it stands, it then seems that this initial-boundary value problem does not preserve the
time translation symmetry given in Eq. (2.2.3), because fixing the initial time obviously does
not allow time shifts any more. On the other hand, from the physical point of view, shifting
time just changes the absolute initial time after which one is interested in the evolution of the
system. In other words, shifting time maps the original initial value problem to another initial
value problem of the same kind. That is, time translations do not alter the principal nature
of the class of problems we are considering. Time translations therefore act as equivalence
transformations in the class of all initial value problems for the Burgers equation.

The above discussion is crucial in that it enables one to relax the rather rigid condition
of point transformations acting as symmetry transformations that leave invariant one fixed
problem to equivalence transformation of a class of similar problems. Therefore, as long as
a transformation maps a given problem to another problem from a joint class, it should be
preserved by the parameterization scheme.

It is straightforward to check that the first four transformations from Eq. (2.2.3) map the class
of initial-boundary value problems for the Burgers equation with periodic boundary conditions
onto the same class. Only the last transformation does not satisfy this requirement, as it reverses
the time direction and hence does not preserve the condition ¢ > tg, which has to be ruled out
from physical grounds.

In Example 2.14 we determined the moving frame for the subgroup G' given by all transfor-
mations from the maximal Lie invariance group except for inversions, which we omit due to the
above reason. We therefore can use the moving frame associated with the subgroup G! to find
the required differential invariants out of which we construct the invariant parameterizations in
order to close Eq. (2.3.4).

So as to determine the maximum order of differential invariants required, we have to select
the general form of the parameterization ansatz (2.3.2) first. To keep things simple, we aim for
parameterizations of the form

w = f<t7x7u7uz7 umz)

subsequently. That is, we only need the differential invariants of order not higher than two.

We can obtain all required differential invariants by invariantizing the arguments of the above
function f. That is, we compute ¢(t), t(x), t(u), t(uz), t(uz). In fact, we already computed
the required expressions in Examples 2.14 and 2.15. The invariantization of «(t), ¢(z), t(u),
t(ug) just reproduces the normalization conditions, i.e. ¢(t) =0, ¢(xz) = 0, t(u) =0, t(uz) = 1.
This is always the case when invariantizing the normalization conditions used to construct a
moving frame, which is why these invariants obtain a special name: phantom invariants. The
only non-phantom invariant is ¢(u,,) and it was computed in Example 2.15. Expressed in terms
of the mean variables, it reads

L(azx) = UL_I?)

uCC
Before we can make use of this differential invariant, it is important to note that the left hand side
of the averaged Burgers equation (2.3.4) is not yet expressed in invariant form. This invariant
form is obtained by also invariantizing the left hand side using the moving frame associated with
G*, which was done in Example 2.16. Thus, an invariant closure model for (2.3.4) is given as

ud NGEYE

x
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A very simple example for an invariant parameterization is to choose f(z) = kz, leading to
Ut + Uy + Upy = Kl

Physically, this boils down to adding a turbulent diffusion term to the viscous diffusion term
already present (with viscosity coefficient being equal to —1) and thus a standard down-gradient
parameterization for the momentum flux with constant turbulent viscosity. Of course, there
is an infinite number of other possible parameterization schemes that is invariant under the
subgroup G'.

In the previous example we have discussed the typical steps required for the construction of
invariant parameterization schemes. For the sake of convenience, we summarize these steps here
once again:

Algorithm 2.28. Invariant parameterization via inverse classification.

1. Compute the maximal Lie invariance group of the system of differential equations of in-
terest.

2. Choose an averaging rule and average the initial system of differential equations.
3. Define the functional form of the parameterization scheme (2.3.2) to be invoked.

4. Determine which symmetries of the initial model should be inherited by the averaged
closed model.

5. Compute the moving frame associated with the symmetry subgroup selected in the previous
step.

6. Compute a suitable set of differential invariants using this moving frame and assemble the
required parameterization out of these invariants.

Concerning Step 1 of the above algorithm, we recall once again that for most models of
physical interest, the computation of Lie symmetries is already accomplished [2, 5, 60]. More
realistic examples will be considered in Section 2.5.

There is another way moving frames can be used to construct invariant parameterization
schemes. The original idea was presented in [16] and it consists in invariantizing existing pa-
rameterization schemes. That is, rather than starting from scratch with the construction of a
symmetry-preserving closure model, one takes an existing parameterization that violates certain
symmetries and makes it invariant by applying the appropriate moving frame to it. We illustrate
the construction with an example.

Example 2.29. Again, consider the famous KdV equation
Ut + Uty + Ugrr = 0.

The maximal Lie invariance group G of this equation is four-dimensional and is generated by
the one-parameter Lie symmetry transformations that map (¢, x,u) to
(t+e1,zu), (t,x+ea,u), (t,z+est,u+es),

(€354t ez, e 2540),

(2.3.5)

where €1, €9, €3 and €4 are arbitrary constants. Let us now see what happens when we average
the KdV equation employing the Reynolds rule and close the subgrid-scale term w/'u’ with a
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simple down-gradient ansatz using a constant diffusion parameter k. This leads to the closed
KdV equation

Ut + Uy + Uggy = Klgy. (2.3.6)

It is not hard to see that this equation is invariant under the first three point symmetry trans-
formations of the KdV equation listed in (2.3.5) but is no longer scale invariant (the term gz,
obviously does not scale like uz5,). We can, however, make the closure (2.3.6) invariant un-
der the same symmetry group G as admitted by the original KdV equation by constructing a
moving frame for the group G and invariantizing Eq. (2.3.6) subsequently. Using the recipe for
the construction of a moving frame, we first determine the most general transformation from
the maximal Lie invariance group G. From the one-parameter transformations (2.3.5) it follows
that this most general transformation is

(t,&,0) = (34 (t + 1), €™ (x + €9 + €163 + e3t), e 24 (u + €3)). (2.3.7)

Then we set up a system of normalization conditions that subsequently allows us to solve for
the group parameters. One possibility for the normalization conditions is

t=0, =0, @4=0, =1,

where using the chain rule one can find from (2.3.7) that @z = e~3*4u. Solving these normaliza-
tion conditions for the group parameters €1, €9, €3 and €4, we find

g1 =—t, €= —x, €E3=—Uu, 64:§1num,

to be a moving frame. See e.g. [42] for further details. Now applying the associated invarianti-
zation map (replacing v with @) to model (2.3.6) leads to

_ __ _ Y,
Ut + Uy + Uppy = KV UgUgy,

which now again admits the same maximal Lie invariance group G as the original KdV equation.
Stated in another way, in order to preserve scale invariance using a down-gradient parametriza-
tion, a variable diffusion parameter has to be used. This is quite typical when invariantizing
such parameterization schemes, see also [16].

2.3.2 Invariant parameterization using direct group
classification

Direct group classification is done by starting with a class of differential equations and subse-
quently aiming to find those specific equations from this class that admit more symmetries than
those admitted by all equations from the class [112].

In order to enable a systematic approach to this comprehensive task, it is important to point
out that the classification is only carried out up to point equivalence. This means that if two
systems of differential equations can be related to each other by a point transformation, then
it is not necessary to include both systems in the final classification list as one can be obtained
from the other. A point transformation that maps any system from a given class to another
system of the same class is called an equivalence transformation of this class. Finding the
equivalence transformations of a given class is therefore an important first step in the direct
group classification procedure.
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Example 2.30. Consider generalized Burgers equations of the form
ug + uty + f(t, T)uze = 0. (2.3.8)

This is a class of differential equations with a single arbitrary element, which is a function of
both ¢t and x. Meteorologically, the arbitrary element f can be regarded as a variable diffusion
parameter in a simple-down gradient parameterization of a Reynolds averaged advection term.
This is why it is important to impose the additional constraint f # 0 for class (2.3.8) as the
diffusion cannot vanish for physical reasons. From the mathematical point of view, it is obvious
that the inviscid Burgers equation, for which f = 0, is essentially different in structure from
the other equations of the form (2.3.8). In particular, this is the only equation of order one
among equations of the form (2.3.8). As we consider the usual group classification problem for
class (2.3.8) without an explicit connection to parameterization, we omit the bar over w.
Consider the two equations

Ut + Uy + TUgy = 0,  up + wty + (T + €)ugy = 0,

which are both elements of the above class. The point transformation (t,z,u) — (t,z + ¢, u)
maps the first equation to the second equation and hence is an example for an equivalence trans-
formation in the above class of generalized Burgers equations. Note that this transformation is
no symmetry transformation of either equation as it maps neither of the two equations back to
itself.

Systematically solving the group classification problem for the class of equations of form (2.3.8)
is not a simple task and involves considerably more machinery than was introduced in this chap-
ter. We thus content ourselves with giving some of the results of the classification of class (2.3.8)
and indicate the specific features of direct group classification when applied to the invariant pa-
rameterization problem.

Example 2.31. Table 2.1 contains some equations from class (2.3.8) that admit particular
symmetry properties that have been obtained using the methods of direct group classification.

Table 2.1: Some cases of Lie symmetry extensions for the class (2.3.8)

Case Infinitesimal generators f(t, z) w
(i) No symmetries f(t, )

(i) O h(w) w=ux

(iii) Op, t0y + 0Oy h(w) w=t

(iv) t0y + (t + )0y + 0, th(w) w=ux/t—Int
(v) see Eq. (2.2.2) 1

Let us now interpret the results given in Table 2.1 in the light of the parameterization problem.
In fact, all of the cases listed in this table are representative for typical results that are obtained
when using direct group classification to determine invariant parameterization schemes.

Case (i) represents the generic form of equations from the class. In the group classification
literature, the symmetries that are admitted by any equation from the class is referred to as the
kernel of maximal Lie invariance groups. In the present case, if f is completely arbitrary, then
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Eq. (2.3.8) admits no continuous symmetry transformation. In a sense, this case represents the
conventional approach to the parameterization problem, that is, no particular care is taken of
whether or not the resulting parameterization admits symmetries; in other words, possible in-
variance characteristics of the parameterization scheme are not determined constructively before
the fact.

Cases (ii) and (iii) represent physical forms of invariant parameterization schemes. In the
Case (ii), equations from the class (2.3.8) with f = h(x), us + uug + h(x)uze = 0, are invariant
under time translations. Likewise, if f = h(¢) as in Case (iii), then the equations of the form
ug + g + h(t)uz, = 0 are invariant under spatial translations and Galilean transformations,
irrespectively of the precise form of h. Both parameterizations make sense physically for certain
values of h: in the first case the diffusion parameter is spatially dependent whereas in the second
case it depends on time; for both cases, associated physical conditions could be formulated. The
two cases are also typically in that a resulting closure scheme may still constitute a (narrower)
class of differential equations. In the present case, there would be still the requirement to de-
termine the form of h precisely. This could be done by incorporating other desirable properties
into the parameterization scheme. Indeed, the situation where preserving symmetries in a pa-
rameterization only restricts the initial form of the closure scheme (here, the function f(¢,x))
rather than giving one particular closure is very typical, see e.g. [123].

Case (iv) unfortunately represents a typical case as well, namely that of an unphysical param-
eterization. Although the requirement of preserving symmetries in a parameterization schemes
is well grounded physically, of course not all combinations of symmetry transformations lead to
a physical model. In Case (iv), the resulting ‘parameterization’ is invariant under a linear com-
bination of a scaling and the Galilean transformation but the indicated form of the function f in
this case does not give a physical ansatz for the diffusion parameter. As direct group classifica-
tion always produces a list of equations that admit different symmetry properties, there is a high
chance that several equations from this list are not physical. This is one of the disadvantages of
the direct classification approach to the invariant parameterization problem.

It should not surprise that if f = 1 (Case (v)), we are led back to the original Burgers equation.
Thus, the resulting equation from class (2.3.8) has the symmetries given in Example 2.4.

We also point out that the classification results in Table 2.1 are optimal in the sense that there
is no point transformation that maps one particular equation to another equation from the table.
That is, the classification is carried out up to point equivalence. From the physical point of view,
the equations listed in Table 2.1 should therefore not be regarded as single parameterizations
but rather as members of inequivalent classes of parameterizations. To give an example, we
have already seen in Example 2.30 that the transformation (¢,x,u) — (¢, + ¢,u) maps one
equation from the class (2.3.8) to another equation from the same class. One can then use the
equivalence transformations from a class to map a given parameterization scheme to a new one.
Although this new parameterization scheme will be mathematically equivalent to the original
one (as it was obtained from applying a point transformation to the initial scheme) it might still
be interesting from the physical point of view. For example, shifting  in Case (ii) leads to the
equation u; + uuy, + h(z + ¢)uy, = 0. Shifting x can be helpful if the model has to be shifted
with respect to the origin. Applying equivalence transformation to a given parameterization
scheme can thus be a powerful way of further customizing the closure model to given physical

restrictions.

The complete classification of this class of generalized Burgers equations is given in [117].
Other examples on group classification of various classes of differential equations might be found
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in [43, 63, 79, 91, 125, 151]. First examples of the use of group classification in the study of
physical parameterization scheme are given in [16, 123].

2.4 Conservative parameterization schemes

In this section we introduce a few methods for the construction of parameterization schemes that
lead to closed equations possessing nontrivial conservation laws. As was said above, conservation
laws are important features of physical models and they play a distinct role in hydrodynamics
and geophysical fluid dynamics. However, care has to be taken when conservation laws should
be preserved in a subgrid-scale model.

As with the problem of invariant parameterization, conservative parameterization schemes
can be found either using inverse or direct classification techniques. That is, comparable to
the group classification problem for classes of differential equations, a classification problem for
conservation laws should be solved. Both approaches are summarized below. For further details,
see [14] and [24].

We start here with the description of what the inverse and the direct approach have in
common. In both approaches, it is necessary to fix in the beginning the general functional form
for the parameterization of the subgrid-scale terms. This is done in a local fashion, meaning that
the unresolved terms at a point are represented by a function of the independent variables, the
resolved unknown functions « and the derivatives of 4 up to a certain fixed order r at the same
point only. In fact, the procedure is the same as outlined above for invariant parameterization
schemes, which we repeat here for the sake of convenience. Starting with the averaged unclosed
system

Al(:v,a("),w) =0, I=1,...,L,

where w as before denotes the k-tuple of unresolved terms, and fixing the parameterization
ansatz

w® = fs(ﬂs,ﬂ(r)), s=1,...,k,
we arrive at the averaged and closed system
Al (@, a™)) = Ay(z,a™, fz,aD)) =0, 1=1,...,L, (2.4.1)

which is of course the same as system (2.3.3). Here n’ = max{n,r}. The task is now to specify
f in such a manner that system (2.4.1) admits different nontrivial conservation laws.

Both the inverse and the direct classification approach to conservative parameterization
schemes can be realized using the characteristic form of conservation laws. That is, if sys-
tem (2.4.1) is to possess certain nontrivial conservation laws, then there must exist characteristics
A and conserved vectors ®, such that

Az, aA] (2, 7)) = D@ (2, a™). (2.4.2)
Applying the Euler operators E,« to this equation leads to the system
Eo(AMAY=0, i=1,...,q (2.4.3)

which is the starting point for both the inverse and the direct approach. The main difference
in the two methods is whether one specifies the multipliers A initially (inverse approach) or not
(direct approach).
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2.4.1 Conservative parameterization via
inverse classification of conservation laws

Similar as in solving the invariant parameterization problem using inverse group classification,
in this approach one specifies the conservation laws from the initial model that the closed model
should admit and constructs the closure scheme accordingly.

Specifically, one first determines the conservation laws that are admitted by the original
unaveraged system of governing equations for which a parameterization has to be constructed.
This is conveniently done using the multiplier approach and boils down to solving a linear system
of partial differential equations. After this, one uses physical reasoning to determine which of
the conservation laws of the original model should also be preserved in the parameterized model.

System (2.4.3) is then solved by treating A as the known functions. Indeed, while computation
of the characteristics for the original, unaveraged system £ yielded A = A(z, u(s)), replacing u(®)
with the mean part @(®), we obtain the characteristics Az, ﬁ(s)), that correspond to the same
conservation law but now expressed for the mean part of u only. As A(x,@(®)) is then known in
system (2.4.3), solving this system allows one to find the associated forms of the parameterization
functions f.

Alternatively, one could determine the parameterization functions f directly from Eq. (2.4.2)
using integration by parts. This is often a convenient alternative if the characteristics of con-
servation laws include arbitrary functions. An example for this method will be presented in
Section 2.5.

2.4.2 Conservative parameterization via
direct classification of conservation laws

A second possibility for constructing conservative parameterization schemes is by treating sys-
tem (2.4.3) as a system for both A and f. In order to do this efficiently a classification problem
for conservation laws has to be solved.

We recall here that point transformations mapping one equation from a class of differential
equations to another equation from the same class are called equivalence transformation. The
group formed by these equivalence transformations is denoted with G™~. The direct problem to
conservative parameterization essentially uses the following definition:

Definition 2.32. Let £|s denote a class of differential equations and Ly and Ly be two elements
(i.e. equations) from this class. Let £y and Ly admit conservation laws with conserved vectors
® and @', respectively. The pairs (Lg, ®) and (Lg, ') are called G™-equivalent if there exists a
point transformation I' € G~ which transforms the system Ly to the system Ly and transforms
the conserved vector ® to the conserved vector ® such that ® and & are equivalent as specified
in Definition 2.22.

The direct classification approach to conservative parameterization schemes proceeds by
first determining those conservation laws that are admitted by all equations from the initial
class (2.4.1). Then, those particular equations from the class (corresponding to particular forms
of the parameterization functions f) are found for which more conservation laws are admitted
than in the case of general f.

In order to make this approach computationally feasible, the classification is carried out
only up to G™-equivalence. That is, if a point transformation mapping one equation Ly from
class (2.3.3) corresponding to one parameterization scheme to another equation L from the
same class corresponding to another parameterization scheme and the associated transformed
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conserved vectors of £y and the conserved vectors of L are equivalent, then Ly is essentially
the same closed model as L. In other words, £y and L represent two different forms of a
closed model admitting the same physical conservation laws rather than two different models.
Taking into account G™-equivalence is hence a crucial ingredient to optimize the computations
of conservative parameterization schemes.

In practice, the conservative parameterization problem in the framework of the direct ap-
proach is solved by solving system (2.4.3) for both A and f upon splitting into various subcases
corresponding to different (inequivalent) forms of f leading to equations from the class (2.4.1)
that admit nontrivial characteristics of conservation laws A. See [14] for an example for this
direct classification procedure.

It is important to stress that it is often the case that the classification problem (2.4.3) can-
not be solved completely. The situation is again comparable to the usual group classification
problem as arising in invariant parameterization. If the class is chosen to be very wide (i.e. the
parameterization functions depend on several arguments), solving system (2.4.3) exhaustively in
order to find all inequivalent conservatively parameterized models can be computationally im-
possible. Rather than attempting to find all inequivalent models it is then advised to concentrate
on finding those that appear physically relevant.

The result of the direct classification approach to conservative parameterization schemes is
then a list of inequivalent closed models that possess different conservation laws. These different
conservative closed models can then be tested numerically to assess which of them describes an
unresolved process is the most optimal way.

2.4.3 Conservative and invariant parameterization
schemes

We have seen in Section 2.3 that the construction of invariant parameterization schemes leads
in general not to a single parameterization but to a class of closure models that has to be
narrowed down further (see also the examples below in Section 2.5 and the discussion in the
final Section 2.6). Similarly, the closed systems of differential equations found using the methods
of conservative parameterization are generally also classes rather than single equations.

It is therefore possible to combine the methods for finding invariant parameterization schemes
with the techniques for constructing conservative parameterization models. The resulting closed
differential equations then admit predefined symmetries and conservation laws, which are gen-
erally inherited from the original system of governing equations.

The construction of such conservative invariant parameterization schemes is desirable for
several reasons. First of all, as was said above it restricts the freedom which is generally typical
for both invariant and conservative parameterizations. While it is possible to narrow down a class
of either invariant or conservative parameterization schemes using physical reasoning, it is helpful
to have this initial class as specific as possible before constructing a particular parameterization
scheme to be used operationally. On the other hand, as was advocated throughout this chapter,
both symmetries and conservation laws are linked to the physics of a process that is described
using differential equations and hence should be preserved even if it is not possible to explicitly
resolve that process. It is therefore quite natural to construct parameterization schemes that
share both some of the symmetries and conservation laws of the original system of governing
equations.

A powerful technique for constructing invariant and conservative parameterization schemes
rests on the famous Noether theorem. Noether’s theorem states that to each symmetry of a
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Lagrangian there corresponds a conservation law of the associated Euler—-Lagrange equations,
see e.g. [26, 101]. That is, if one preserves the Lagrangian structure in a parameterized model
and there are symmetries associated with this Lagrangian then the parameterized model will
automatically be conservative as well. See again [14] for a simple example.

The problem with this approach is that most models of fluid mechanics expressed in Fulerian
variables are not Lagrangian and hence Noether’s theorem is not applicable. For problems that
are not Lagrangian, it is usually the best to directly combine the methods for conservative
and invariant parameterization (either using direct or inverse classification) to obtain invariant
conservative schemes.

Suppose that the system (2.4.1) has been parameterized in an invariant way by expressing the
parameterization functions f using differential invariants of the symmetry group G associated
with the original system Al(az,u(")) =0, =1,...,L. Let these differential invariants be
denoted by I',... IN. Thus, f = f(I',...,IV), see Example 2.27. We then require that A,
an L-tuple of differential functions of @, to be the characteristic of a local conservation law of
the system (2.4.1) for certain values of f. That is, AlAlf is a total divergence for appropriately
chosen f. Again using the property of the Euler operators to annihilate any total divergence,
we have that

E.a(A'A]) = 0.

Splitting this system with respect to derivatives of u whenever possible, one obtains the deter-
mining equations for the parameterization functions f, which should be solved so as to obtain
those specific forms for f (as functions of the differential invariants) that admit A as a con-
servation law multiplier. The resulting parameterization scheme is then both invariant and
conservative.

Example 2.33. In [16] we gave an example for an invariant and conservative parameterization
scheme for the barotropic vorticity equation on the beta-plane. More precisely, a closure for the
divergence of the eddy vorticity flux of the form

V. (V) = vV2 v?? = VAPV + 6¢H(V()),

is invariant under the entire maximal Lie invariance group of the vorticity equation on the beta-
plane and additionally conserves generalized circulation, momentum in z-direction and energy
(see Example 2.36 for the mathematical expression of these conservation laws). This example
also demonstrates that the requirement of preserving both symmetries and conservation laws
can lead to quite specific closure models. If a conservative process is know to be invariant
under a specific transformation group then the introduced methods of invariant and conservative
parameterization can be an efficient way of constructing a consistent closure for this process.

2.5 Examples

We give three examples for the use of the methods introduced above in the study of physical
parameterization schemes. The first example is devoted to the study of a simple boundary layer
parameterization as presented in [144], for which we compute Lie symmetries. The second ex-
ample is a higher-order parameterization for geostrophic eddies in the ocean. The third example
is the barotropic vorticity equation for which we construct conservative parameterizations.
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Example 2.34. In the classical textbook by R. Stull [144] simple first-order closure schemes for
the Reynolds averaged governing equations of a horizontally homogeneous, dry boundary layer
with no subsidence were considered. Specifically, the unclosed model reads

U = f(v—vg) — (W),
v = —f(u—ug) — (Vw'),, (2.5.1a)
0; = —(w'0').,

where v = (u,v,w) is the wind vector, which is split as v .= v + v/, and w = 0, 6 is the
potential temperature split as @ = §+6’, and f is the Coriolis parameter. The geostrophic wind
vector vy = (ug,vg,0) will be neglected since its components u, and vy can be set to zero by
the obvious shift of the averaged horizontal wind components % — ug — @,  — vy — 0. The
dependent variables, @, v and 6, are functions of ¢ and z only. The closure model proposed is a
simple down-gradient ansatz of the form

9
//:_Ki
wf}/ ’YaZJ

with K being the respective eddy viscosity parameters. It was argued that in statically neutral

(2.5.1b)

conditions, the various parameters K, are proportional, which is the case considered here, i.e.
K := K, = K, = cKjy, for ¢ = const. As a result, setting us = vz = 0, the general form of the
closure model is

U = fo— Kiiy,, U =—fu—Kbu,,, 0, =—cK8,,, (2.5.2)

where the coefficient K = K (z,0,,,7,0,) is still an arbitrary function of its arguments that
should be specified in order to complete the parametrization procedure. In [144] (p. 209, Table 6-
4), examples for parameterizations of the eddy viscosity parameter were proposed. We now
investigate the symmetry properties of the resulting closed model that were derived from the
model (2.5.1) upon using different choices for K reported in Table 6-4.

K = const. Before computing Lie symmetries of the system (2.5.2) in the case of a constant
eddy diffusivity, we can set f = 0 by the use of the point transformation®

ucos(ft) —vsin(ft) — u, wsin(ft) + vcos(ft) — v, (2.5.3)

which transforms the above system to the system of three decoupled linear heat equations

Uy = —Kﬂzz, UV = _K@zza gt = —CKéZZ (254)

The linear heat equation is one of the most studied examples in the group analysis of differential
equations. The symmetries of system (2.5.4) are thus readily inferred. They are generated by
the vector fields

815, GZ, Qtat + z@z, ﬁaﬂ 178@ ?TL(?{, 178@ 9_89’,
2K10, + z (40y + 00y + ¢~ 100y)
AK120; + 4Kt20, + (2% — 2Kt)(ady + 90y) + (¢ 22 — 2K1)00;,

3 A similar point transformation was used in [35] to set f = 0 in the shallow-water equations on the f-plane.
More generally, such point transformations can also be found using symmetries which again indicates the important
role that such transformations play for the study of differential equations and their applications. See e.g. [26] for
further details on how to use symmetries to construct mappings that relate differential equations.
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U(tvz)aﬂ’ V(tvz)aﬁ’ @(t’ 2)89_5

where U, V and © run through the solution sets of the first, second and third equation in
system (2.5.4), respectively. Physically, these vector field generate the one-parameter trans-
formations of (i)—(ii) time and space translations, (iii) scalings of the independent variables,
(iv)—(vii) general linear transformations in the space of @ and o, (vii) scalings in 6, (ix) Galilean
boosts, (x) inversions and (xi)—(xiii) the linear superposition principle.

These computations show that the simple down-gradient ansatz with constant diffusion pa-
rameter admits a wide Lie invariance algebra. This is not surprising, as setting K to a constant
leads to a linear system of differential equations, which always admits an infinite number of
symmetries.

K = k222%2,/ a2 + 2. Here k is the von Kdrmén constant. Using the point transformation
(2.5.3), we can again set f = 0. The symmetries admitted by the closed model are then
generated by the vector fields

tat + Zaz, z@z + ﬁaﬁ + 1_181—,, 9_89’, 815, (%, 81—;, 8@, ﬂ&; — 17&;.

The associated one-parameter Lie symmetry transformations are: (i)—(iii) scalings, (iv)—(vii)
shifts and (viii) rotations.

K =1?u4?, l = k(z + 20)/(1 4+ k(z + 2z0)/A). In this parameterization, k again denotes the
von Karmaéan constant and A is a length scale. The infinitesimal generators of one-parameter Lie
symmetry transformations for the closed model employing this parameterization are

20, — udy, 00y, udy, 005, O Ou, s Oy

The corresponding finite symmetry transformations are (i)—(iii) scalings, (iv) the modification
of v with adding a summand proportional to u and (v)—(viii) shifts.

In summing up, we should like to stress that in order to bring this problem into the proper
form of a direct group classification problem, we would first have to define a class of differential
equations with the arbitrary element being K regarded as a function of a suitable subset of the
independent variables, the dependent variables as well as their derivatives. More precisely, to
account for all possible forms given in Table 6-4 of [144], we would have to consider the class of
equations with the arbitrary element K = K (2,0, ., 7., 52). This would result in a very general
class, the complete group classification of which is too cumbersome. We do not attempt to give
a partial classification here, as the model is too idealized to be of practical use in the era of
supercomputers. Still, this example should serve as an illustration how critical the choice of a
parameterization scheme influences the symmetries admitted by the closed model.

Example 2.35. All invariant local parameterization schemes constructed in the literature so
far were of first order. That is, for the parameterization of the unclosed terms only the resolved
variables and their derivatives have been used. However, the construction of invariant parame-
terization schemes is not restricted to first order closure schemes as will be demonstrated in this
example.

More specifically, we are interested in finding invariant parameterization schemes for geostro-
phic eddies in the ocean. The initial model consists of the incompressible Euler equations on
the beta-plane (written in stream function form) and the energy equation, i.e.

Gt + ¢m<y - QbyCz + B, = 0, or N + wmny - %% =0,

(2.5.5)
E + V- (Bv) =0,

33



where n = ¢ + fo + By = Yz + Pyy + fo + By is the absolute vorticity, given as the sum of the
relative vorticity ¢ and the Coriolis parameter f = fy + By using the S-plane approximation,
B = ¢ + F is the Bernoulli function, given as the sum of the mass-specific potential energy
and the mass-specific kinetic energy F = v2/2 = (V1/)?/2. This model was recently considered
in [90].

Note that the second equation of system (2.5.5) is not independent of the first equation as it
is a conservation law of this equation. This observation is important as in constructing invariant
parameterization schemes for the averaged (time-filtered) system associated with model (2.5.5)
only the symmetries of the first equation in (2.5.5) are relevant.

This averaged model is given by

N + ¢a:77y - wyﬁx =V (V’TI’), (2 5 6)
ke —v -k x v/ +V-Bv =0, o
where k = v/2/2 = (V4')2/2 is the turbulent kinetic energy and k = (0,0,1)T is the vertical
unit vector.

System (2.5.6) includes three unknown terms that have to be parameterized, namely V- (v//),
v -k x n/v/ and V - B'v/. Here we consider parameterization schemes of order one-and-a-half,
that is, we will find possible functional relations between the unclosed terms and 1, 7, k as
well as their derivatives. Note that there is a fundamental difference between the dependent
variable 1 (and hence ¢) and k. Whereas v has an unaveraged counterpart v, there is no such
counterpart for k. It is therefore necessary to find the prolongation of the symmetries of the
original vorticity equation on the space spanned by (¢, x,y, 1) to the relevant space for the closed
form of system (2.5.6), which is spanned by (¢, z,y,, k).

The symmetries of the barotropic vorticity equation were first computed in [68], see also [18§]
for a recent discussion. The most general transformation from the maximal Lie invariance group
of the vorticity equation on the beta-plane is

t=e"(t+e1), T=e¢=(x+ f(t), J=e¢ =(y+ea),

- 5.7
b= e — iy +9(), (257)

where f and g are arbitrary real-valued functions depending on ¢, and €1, €2 and €3 are arbitrary
constants. So as to extend this transformation to the turbulent kinetic energy, it is necessary
to investigate the transformation properties of V¢’. This is readily done by considering the
splitting v, = 1, + 1, and by determining the transformation behavior of the right-hand side
expression. Note that 1, transforms as 1;5 = e72%4), which is a mere consequence of (2.5.7)
and the use of the chain rule. Thus, we have

72)32 = 6_263¢x = e (@Z)x + Q;Z)lx) = QZ):E + d)lj
from which we find that ;p:; = e 2%39), and 1’/7,5 = e 2%3¢)! . In a similar fashion, we note that
ﬂ;i/ = 6_%3(@% —fi) = 6_263(7/_’3/ + w?/; —fi)= ‘/_’1} + %'

and therefore ;/)_Vg = e %3 (&y — f+) and % = 6*2531% hold. From the transformation results for

Yl and w'y it follows that the turbulent kinetic energy k transforms as
k= e %3k,
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We now aim to construct invariant parameterization schemes for the system (2.5.6) using the
method of invariantization. For this, we need the moving frame that is associated to the maximal
Lie invariance group of the vorticity equation on the beta-plane and is extended to k. Without
giving the details of this computation, we should like to stress that due to the presence of the
arbitrary functions f and g in the transformation (2.5.7) the symmetry group of the vorticity
equation is infinite dimensional. Moving frames can be computed for infinite dimensional Lie
groups as well, see e.g. [107]. This is done by specifying not only the group parameters ¢; and
the arbitrary functions, but also the derivatives of these arbitrary functions up to any order.

For the vorticity equation on the beta-plane, the moving frame was constructed in [16]. Tt
reads

g1 =1In \/@a g9 =—t, e3=—y, f = -,

Ak = (Dt - %Dx)k%, dtF = _(Dt - wny)k%
where £ = 0,1, ..., and Dy, D, and D, denote the total derivative operators with respect to ¢, x

and y. This moving frame can now be used to invariantize any existing parameterization scheme
for the averaged unclosed model (2.5.6). For this invariantization, the dependent variables as
well as their derivatives in (2.5.8) should be regarded as mean quantities.

As an example, consider the model proposed in [90], which is

it + Vufly — Vyiie = V - (8V7) — AVA7,

g g 0 (2.5.9)
ki + hoky — Pyke = =KV - Vi + V - (AVE) — rk

where A is a constant biharmonic diffusion coefficient and «, A and r are the parameters of the
closure model. For k, the expression

R = 277;ddyk (2.5.10)

was proposed, in which 7 denotes a dimensionless constant and T¢qqy is the eddy turnover time-
scale. The constant A is the eddy energy diffusivity and 7 is an inverse time scale for the eddy
energy decay. To simplify this system, we set » = 0 which is relevant for the case of freely-
decaying turbulence in the ocean. The following consideration could of course be adapted for
the case r # 0.

It is straightforward to check that, as it stands, system (2.5.9) preserves all Lie symmetries
of the barotropic vorticity equation except for the scale invariance associated with the group
parameter 3. Specifically, while the terms on the right hand side scale as e~2%3, the term

4 This problem was

AV47 scales as €3, That is, the constant A cannot be dimensionless.
extensively analyzed in [16] where it was shown that linear hyperdiffusion cannot preserve the
scale invariance of the original vorticity equation. In order to recover this invariance, we can use
the invariantization map (2.5.8) and apply it to the first equation in the closed system (2.5.9).

This leads to
Tt + Vaily — Vyile = V - (KV7]) — Ay/ |03 V47, (2.5.11)

where A is now truly dimensionless. For the case x = 0 this model was successfully used in [16]
to carry out freely decaying turbulence tests that yielded energy and enstrophy spectra in close
accordance with the Batchelor-Kraichnan theory of two-dimensional turbulence, see e.g. [147].

—2e3

“The term V - (kV7) scales properly as e provided that relation (2.5.10) is used and the eddy turnover

time scales similar as t, i.e. Teqay ~ €.
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Turning to the energy equation in system (2.5.9) we note that the terms on the left-hand side
scale as 9% and thus the constants x and \ have to be chosen in such a manner that also the
right hand side scales as e~%3; specifically, x and ) should scale like e 733, We already fixed the
form of k by using Eq. (2.5.10) and due to scaling the eddy turnover time as Tcqqy ~ €, the
first term on the right-hand side in the energy equation scales properly. Then, choosing A to be
of similar form as «, i.e. A = 23T¢qqyk, for another dimensionless constant 7, it indeed scales as
€73 as required.

We should also like to note that the invariantization of the vorticity equation in (2.5.9) leading
to Eq. (2.5.11) is not unique. More specifically, it is always possible to recombine an invariant
equation with other differential invariants in order to arrive at a new invariant equation. For
example, the equation

Tt + Vaily — Uyile = V - (£V) — VH(AVE V).

is also readily checked to be invariant under the maximal Lie invariance group of the original
vorticity equation. In particular, the term VQ(A\‘l/kTr’VQﬁ) also scales like e=2%3. From the
physical point of view, this parameterization of the eddy vorticity flux might be desirable as the
hyperdiffusion-like term is now in conserved form.

In the same way other invariant equations could be constructed and tested numerically. In
particular, with the moving frame (2.5.8) at hand it is straightforward to determine various
differential invariants and to recombine them to subgrid-scale closure models for the three un-
closed terms in system (2.5.6). This is a constructive way for finding all possible invariant
parameterization schemes of order one-and-a-half for the model (2.5.5).

Example 2.36. We construct conservative parameterization schemes for the eddy vorticity flux
in the barotropic vorticity equation on the f-plane, see [24] for more details. Extensions to the
beta-plane equation or the barotropic ocean model discussed in the previous example can be
readily realized.

The Reynolds averaged vorticity equation on the f-plane is

The task is to find a parameterization for the eddy vorticity flux in such a manner that the
closed vorticity equation admits some of the conservation laws of the original vorticity equation.

In the following, we focus on conservation laws of the vorticity equation associated with the
characteristics

A= h(t)7 A? = f(t)ZU, AP = g(t)y7 At = —.

Denoting the left hand side of the vorticity equation by V, V' = ¢ + ¥.(y — 9¥y(s, the corre-
sponding conservation laws read

RV = (hQ)t + (—hoyC — hthe ) + (hapaC — hatdy)y,
faV = (fxQ)e + (= fryC + fuiby — frxipe + frt)),
+ <fx7/}x< - g(wﬁ - ¢y2) - ftxwy> s
)
gyV = (9y¢): + (—gywyé — gwﬁ —97) - gtywx)x
+ (9yaC — g¥utly — gyty + gi1h),
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—ov = (5702) + (~vwe - 596, ) + (<o + )
t T Yy

Physically, these conservation laws correspond to generalizations of the conservation of (i) cir-
culation, (ii)—(iii) the momenta in x- and y-direction and (iv) usual kinetic energy conservation.

In [24] we proved the statement that if a single differential equation £: A(z,u(™) = 0
admits characteristics of conservation laws of the form h(z!)+ f*(2!)2?, with arbitrary functions
h = h(z') and f' = fi(z'), i = 2,...,p, then the left hand side A of £ can be represented as

_ . R AR D)
A= Y D,D,F,
2<i1 <io<p

where the F1%2 are certain differential functions of w.
Specifying this statement for the vorticity equation, it is possible to re-express V as

Ct + %Cy - wyCa: = Di(iﬂt - wa:wy) + Dny(ngg - %2,) + Di(l/}t + %%)
The validity of this representation is readily checked by direct expansion of the right hand side.

The same statement can then be used to find parameterizations for the eddy vorticity flux
V- (v'{’). Here we know that the eddy vorticity flux must be represented as V- (v/(’) = D2F! +
DggDyF12 + D;F 22 for arbitrary differential functions F''', F''2 and F?? of 1) in order to preserve
generalized circulation and momenta also in the parameterized equation. To additionally ensure
energy conservation in the parameterization for V - (v/(’), it is sufficient to choose F'*', F'2 and
F?2 such that 9V - (v/{’) is a total divergence, i.e.

PV - (VI{) = p(D2F + DD, F'? + D2 F??) = Div H

for some conserved vector H = (H', H?, H3). In what follows Div denotes the total divergence,
DivH = D;H' + D, H? + DyH3. Using integration by parts the last equation becomes
. @myFlQ + 7/_}ny22 = Div Q,

where Q = (Q', Q?, @) is another tuple of differential functions. This is a single inhomogeneous
linear algebraic equation for the components F'', F12 and F?2. The solution of this equation
can be represented in a symmetric way as

Fl_ @nyQ _ szxypza + R

F'2 = §u PP — 4y, P! + R,

F? =gy P! — 45 P* + R,
where P’ are arbitrary differential functions of v, i = 1,2,3, and the triple of differential
functions R’ is a particular solution of the equation,

A simple particular solution satisfies the additional constraints R? = 0, R' = R3, which gives
Div@Q
T

The possible singularity in points where the vorticity vanishes can be compensated by ensuring

R*=0, R'=R’=

that Div Q) vanishes in the same points. For example, if Q = ¢2S for some triple S of differential
functions of 1, then

Div Q = (*Div S + 2{(S' ¢ + S + S3¢,).
The substitution of the above solution into the expressions for F1, F12 and F?? leads to the

following assertion:
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Proposition 2.37. If the unclosed vorticity flux V - ('v’ is parameterized in the Reynolds aver-
aged vorticity equation by

Di(&yyfﬂ - &mypg) + DIDy("Za:xP?) - @Z_}yypl) + Dz(d_}mypl - ﬂ_szP2)
+ (D7 4+ D)(¢Div § + 25" ¢y + 25%C, +25°(,)

for some differential functions P* and S* of 1, i = 1,2,3, the resulting closed equation (2.5.12)
possesses the conservation laws associated with characteristics h(t), f(t)z, h(t)y and ¢. That
18, the closed equation will preserve generalized circulation, generalized momenta in x- and y-
direction and energy.

We point out that this parameterization, although being of particular form, includes the
arbitrary differential functions P’ and @ that can be chosen freely. This means that there is
no single parameterization scheme that preserves generalized circulation, momenta and kinetic
energy. Rather, there is a general class of parameterization schemes which is compatible with
the preservation of these conservation laws. As similar observation was made in the previous
Example 2.35 were it was shown that there is not a single invariant parameterization scheme for
eddies in a barotropic ocean. This means that other desirable physical properties can be included
in the parameterizations which gives quite some freedom in constructing suitable closure models.

2.6 Conclusion and outlook

In this chapter we have discussed the use of tools from the group analysis of differential equa-
tions to systematically construct parameterization schemes with symmetry properties. Similar
techniques can also be applied to find closure models that lead to closed systems of equations
that admit nontrivial conservation laws. These methods are constructive in that they allow one
during the design of a parameterization to control the geometric properties of the closed system
of governing equations. This is in stark contrast to the conventional design of parameterization
schemes for unresolved processes where the preservation of symmetries or conservation laws is
often only determined after the fact and not constructively included in the closure design itself.

Due to the fundamental importance of symmetries and conservation laws in physics, it is
expected that parameterization schemes that capture these essential properties of differential
equations are prime candidates for a realistic modeling of subgrid-scale processes. A crucial
fact that has been pointed out throughout this chapter is that the parameterization schemes
obtained using group analysis tools are usually still classes of closure models. That is, other
desirable properties can be included to narrow down the class to a specific subgrid-scale model.
A schematic summary of the construction of invariant and conservative parameterization scheme
is presented in Figure 2.6.

The field of geometry-preserving subgrid-scale modeling is still relatively recent and hence
there are numerous uninvestigated problems. Most of the methods that have been introduced
in this chapter are designed for the construction of local parameterization schemes. The reason
for this is that point symmetries of differential equations are naturally local objects, i.e. they
are applied on each point of a domain. This nature of point symmetries matches well with
local parameterization schemes. On the other hand, group analysis of differential equations is
applicable to integro-differential equations as well, see e.g. the review [62]. Despite not being
a well-developed subject today, the group analysis of integro-differential equations provides a
viable route to extending the theory of invariant parameterization schemes to non-local closure
models. This will be of obvious importance for various processes in atmosphere—ocean dynamics.
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Figure 2.1: Schematic overview of the construction of invariant and conservation parameteriza-

tion scheme.

Another problem that deserves particular attention is related to the construction of higher-
order parameterization schemes. For the sake of simplicity, most of the material presented in this
chapter focused on first-order closure models only. In Example 2.35 we have indicated that for
the construction of such higher-order parameterizations still the symmetries of the original model
are relevant, provided they are properly extended to those subgrid-scale flux variables, for which
equations are attached to the averaged initial system. This prolongation of transformations to
the proper subgrid-scale fluxes amounts to an extension of the space of dependent variables,
which necessitates the computation of differential invariants for a wider set of variables. Still,
the principal construction of parameterization schemes using this extended set of differential
invariants does not change for higher-order parameterizations, although the practical realization
becomes computationally more cumbersome due to the increased number of variables.

We finally indicate once again the relevance of conservative invariant parameterization schemes.
Realistic processes of the atmosphere are usually linked to both symmetries and conservation
laws of systems of differential equations and hence they should play a joint role in the con-
struction of physical parameterization schemes. The attractive feature of conservative invariant
parameterization is that it typically yields a more specific parameterization ansatz than closure
models that only preserve either symmetries or conservation laws. The more specific a param-
eterization ansatz, the simpler it becomes to test a candidate parameterization in a numerical
model for the Earth system.
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Chapter 3

Enhanced preliminary group
classification of a class of generalized
diffusion equations

3.1 Introduction

Group classification of differential equations is an efficient tool for investigating symmetry prop-
erties of classes of differential equations. These are differential equations that include arbitrary
constants or functions of the independent and dependent variables as well as of derivatives of
the dependent variables up to a certain order. It is known for a long time that depending on
the value of these arbitrary elements the resulting differential equations from the given class
can have different Lie invariance groups. The first examples of group classification were pre-
sented by Sophus Lie for the class of second order linear partial differential equations [83] and
the class of second order ordinary differential equations [85]. Later, Ovsiannikov began the
rigorous development of the theory of group classification [112]. In short, the solution of the
group classification problem consists in finding the kernel of Lie invariance groups (i.e. those
Lie symmetries that are admitted for all values of the arbitrary elements) and all inequivalent
extensions of Lie invariance groups with respect to the kernel group. The equivalence involved
means the similarity of equations up to transformations from a certain equivalence group (e.g.
usual, generalized or conditional equivalence), see [127] for more detailed information.

For classes of differential equations being of simple structure (e.g., ones parameterized only
by constants or functions of the same single argument), the corresponding group classification
problems can be completely solved via compatibility analysis and explicit integration of the
determining equations for Lie symmetries depending on values of the arbitrary elements and
up to the equivalence chosen. Complete group classification can also be carried out for classes
of differential equations possessing the normalization property. The algebraic method of clas-
sification effectively works for such classes. See the next section and also [127, 150] for a more
comprehensive review on different methods of group classifications.

In the situation where the class depends in a more complicated way on its arbitrary elements,
it may happen that both the determining equations are too difficult to be directly solved and the
application of the algebraic method does not give the exhaustive solution. In this case, however,
at least a partial solution of the group classification problem, known as preliminary group clas-
sification, is possible. The basic idea of preliminary group classification is to study only those
extensions of the kernel group that are induced by the transformations from the corresponding
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equivalence group. The problem of finding inequivalent cases of such Lie symmetry extensions
then reduces to the classification of inequivalent subgroups (resp. algebras) of the equivalence
group (resp. algebra). This approach was first described in [1] and became prominent due to
the paper [63].

Despite the approach of preliminary group classification is rather common, it is not well de-
veloped up to now. The basic mechanisms were formulated in [63] as two propositions for the
specific class of nonlinear wave equations of the form vy = f(z, vy)vze + g(z,v,) and were later
adopted in other papers for respective classes of equations. In the present paper, we state a
stronger version of these propositions for general classes of differential equations. Another weak-
ness commonly observed is that, when the equivalence algebra g™ of the class of equations under
consideration is infinite dimensional, only Lie symmetry extensions induced by subalgebras of a
finite-dimensional subalgebra gy of g~ are investigated, without giving any sound justification
for the choice of gi'. In fact, this restriction is needless as it is possible to classify subalgebras of
infinite-dimensional algebras in much the same way as subalgebras of finite-dimensional algebras
[9, 13, 18, 20, 49, 79, 88, 123, 127, 159]. It can even be simpler to classify low-dimensional sub-
algebras of the whole infinite-dimensional equivalence algebra g~ as the adjoint action related
to g~ is more powerful and allows for greater simplification than the adjoint action corresponding
to the finite-dimensional subalgebra g;. One more common weakness in papers on the subject
is that usually only extensions induced by one-dimensional subalgebras of equivalence algebras
are studied. Moreover, these one-dimensional subalgebras (of a finite-dimensional subalgebra g§
of g~) are classified only with respect to the restricted equivalence relation which is generated
by the adjoint representation of gy'. This leads to an overly large number of inequivalent sub-
algebras compared to the list of one-dimensional subalgebras that would be obtainable if the
classification was done using the adjoint representation of the entire g~ .

In the present paper, we comprehensively carry out preliminary group classification for the
class of (1 4 1)-dimensional second order quasilinear evolution equations of the general form

A =y — fz,u)u> — g(z, u)ug, =0, (3.1.1)

where f and g are arbitrary smooth functions of x and u, and g # 0. The class (3.1.1) was
considered in the recent paper [93] but results obtained therein are not correct. It is reviewed
above that there are a number of typical weaknesses in papers on preliminary group classification,
and results of [93] properly illustrate these weaknesses, cf. the first paragraphs of Sections 3.4
and 3.6 and Remark 3.27. This is why we aim to accurately present the revised preliminary
group classification of the class (3.1.1) and to give all calculations in considerable detail.

The class (3.1.1) was considered in [93] as a class of generalized Burgers equations as it
includes the potential Burgers equation as a particular element for the choice f = g = 1.
This class also contains (1 + 1)-dimensional linear evolution equations, which correspond to
the values f = 0 and g not depending on u. As a prominent example for a linear differential
equation, one can recover the linear heat equation by choosing f =0 and g = 1. An important
subclass of the class (3.1.1) is the class of (1+1)-dimensional nonlinear diffusion equations of the
general form u; = (F(u)uy),, where F' # 0. It is singled from the class (3.1.1) by the constraints
g. = 0 and f = g,. Moreover, any equation of the form (3.1.1) with f, = g, = 0 is reduced to
a diffusion equation by a simple point transformation acting only on the dependent variable w.
The solution of the group classification problem for this class by Ovsiannikov [111] (see also
[1, 112]) gave rise to the development of modern group analysis.

The class (3.1.1) is included in the wider class of equations u; = F(t, x, u, g ) Uz +G(t, x, u, uy),
for which the complete group classification was carried out in [9] by a method similar to that
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applied in the present paper. The fact that this class is normalized (cf. Section 3.2) played a
crucial role in the entire consideration in [9]. However, as this class is essentially wider than the
class (3.1.1), the corresponding equivalence algebras are rather different. This is why the results
of [9] cannot be directly used for deriving the group classification of the class (3.1.1).

It should also be stressed that it is not natural to exclude linear differential equations from
the present consideration. In fact, there are equations in the class (3.1.1) which are linearized
by point transformations from the equivalence group G~ of this class. The most prominent
example of such a transformation in the above class is the transformation of the potential
Burgers equation to the linear heat equation by means of the point transformation @ = e* [101,
p. 122]. That is, u is a solution of the potential Burgers equation whenever 4 is a solution of
the linear heat equation. In the course of preliminary group classification of the class (3.1.1) we
encounter other examples of linearizable equations. Furthermore, the equivalence algebra gy of
the subclass of (3.1.1), which is compliment to the subclass of linear equations and, therefore,
singled out by the constraint f2 + g,2 # 0, is much narrower than the equivalence algebra g™~ of
the entire class (3.1.1). More precisely, the algebra gy is singled out as a subalgebra of g™~ by
the constraint h,, = 0, cf. Theorem 3.11.

The further organization of this paper is the following. The subsequent Section 3.2 discusses
the theory of preliminary group classification. We generalize and extend assertions presented
in [63] and formulate them rigorously using the modern language of group analysis. In Section 3.3
we derive the determining equations for Lie point symmetries of equations from the class (3.1.1)
and find the corresponding kernel of Lie invariance algebras. The equivalence algebra g~ and
the equivalence group G™ of the class (3.1.1) is computed in Sections 3.4 and 3.5, respectively.
Throughout the paper, by the equivalence group we mean the Lie pseudo-group of point equiv-
alence transformations (i.e., local equivalence diffeomorphisms), cf. [109] and references therein
for theory of pseudo-groups. The reason for carrying out preliminary group classification is
elucidated. In Section 3.6, we classify inequivalent one- and two-dimensional subalgebras of the
essential subalgebra of g~. The corresponding inequivalent cases of symmetries extensions of the
kernel algebra are presented in Section 3.7 and supplemented with three- and four-dimensional
extensions via the classification of all appropriate subalgebras of g~. The paper concludes with
a short summary and further comments in Section 3.8.

3.2 Enhanced method of preliminary group classification

By now, the method of preliminary group classification was neither explained for general classes
of differential equations nor properly related to the general group classification problem. This
should be done first in this section before we study the preliminary group classification of (3.1.1).
For this aim, we need a few notions of the theory of group classifications, which can be found
in the recent paper [127].

The most essential notion concerns the formal definition of classes of differential equations.
In general, a class (of systems) of differential equations is given by a system of [ differential
equations of the form L(x,u ), 0(x,us))) = 0 in m dependent variables u = (ul,...,u™) and n
independent variables x = (z1,...,x,), where u(p) denotes the set of u’s and all their derivatives
up to order p. The differential functions 0(x, u(,)) = (0% (z, Uep))s - - - 08 (x, U(p))) denote a tuple
of k arbitrary elements that parameterize the given class of differential equations. The tuple 6
is usually constrained to satisfy a system S of auxiliary conditions, S(z,u,), 0 q)(z,u(p))) = 0,
in which z and u,) are regarded as independent variables. The set of solutions of this auxiliary
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system will also be denoted by §. In addition, this set can be further constrained by satisfying
one or more nonvanishing conditions X(z, u(,), 0(q)(,u(p))) # 0. Putting together all these
notions, we denote the class of differential equations with the arbitrary element running through
the set S by L|s. The single elements of this class are denoted by Ly, respectively.

Specifically, for the class (3.1.1) we have 6 = (f, g), and the arbitrary elements f and g depend
only on z and u. Therefore, the associated auxiliary system S is formed by the equations

ft = fut = fuz = futt = futz = fuza: = O’
gt = gut = guw - gutt - gut:c - guwac =0.

The auxiliary conditions f; = 0 and g, = 0 play a special role. All the other auxiliary conditions
can be taken into account implicitly. The nonvanishing condition associated with the class (3.1.1)
is g # 0, i.e., we have ¥ = g. The condition g # 0 should be explicitly included in the definition
of the class (3.1.1) since equations of the same form with g = 0 are of another (first) order,
possess completely different transformational properties and are not related to equations with
g # 0 by point or other reasonable transformations.

Having properly defined classes of differential equations, it remains to introduce the notion
of admissible transformations and normalized classes of differential equations in order to explain
the general strategy of (preliminary) group classification.

Definition 3.1. The set of admissible transformations in the class L|s is given by T(L|s) =
{(0,0,0) | 0,6 € S, € T(6,0)}, where T(6,6) denotes the set of point transformations that
map the system Ly to the system Lj.

The set of admissible transformations can be used for many issues related to the problem of
group classification. It can be considered as an extension or generalization of the equivalence
group of a class of differential equations. Indeed, the usual equivalence group G~ of a class
L|s is naturally embedded in the set of admissible transformations. In particular, it is given
by the admissible transformations (0, @6, ®|, ), where ® is an equivalence transformation, i.e.
VO € S: @0 € S. In this last tuple, ®|(,,) € T(0, ®f) denotes the projection of ® to the space
of variables x,u. The maximal point symmetry group Gy of the system Ly coincides with the
set of admissible transformations from Ly to itself, i.e., Gy = T(6,0).

Important properties of classes of differential equations, relevant for the problem of group
classification, are given by different kinds of normalization with respect to point (resp. contact)
transformations [122, 127].

Definition 3.2. The class of differential equations L|s is normalized in the usual sense if any
admissible transformation is induced by a transformation of the (usual) equivalence group, i.e.
V(0,0,p), 30 € GT: 0 = @0 and p = D[, 4)-

Denote by gy the maximal Lie invariance algebra of the equation Ly. Using the above
notations it is possible to obtain the general picture of the group classification problem. The
first step in order to carry out group classification is the determination of the kernel g”' (i.e.,
intersection) of maximal Lie invariance algebras of systems from the class £|s. The kernel is
found by deriving the determining equations of Lie symmetries and splitting with respect to both
derivatives with respect to u and the arbitrary elements 6. This gives those part of the maximal
Lie invariance algebra gy that is admitted for any value of 8. The subsequent step consists of
determining the equivalence group G (resp. the equivalence algebra g™~) of the class £|s. The
equivalence group G is needed since it generates a natural equivalence relation on cases of
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symmetry extension of the kernel and hence they should be studied up to this equivalence. The
final task is to describe all inequivalent cases of symmetry extension, i.e., values of 6 for which
gy # 9"

For the implementation of the above classification program, several special techniques have
been developed. They either lead to the complete group classification or to a preliminary group
classification of the given class.

Complete group classification is often possible for normalized classes of differential equations.
For such classes, symmetry extensions of the kernel algebra can only be induced by transforma-
tions from the corresponding equivalence algebra. This reduces the group classification problem
to the algebraic problem of classifying inequivalent subalgebras of the equivalence algebra. This
is why we refer to this method as the algebraic method. Results on complete group classification
of various classes of differential equations can be found, e.g. in [1, 9, 79, 123, 127, 128, 129, 159].
The equations studied in these papers all possess the normalization property.

Another method leading to the complete solution of the group classification problem consists
of a compatibility analysis and direct integration of the determining equations of Lie symmetries
of the given class [1, 2, 65, 94, 95, 96, 97, 112, 150]. It was indicated in the introduction that it
is often only for rather simple classes that this method works.

Complete preliminary group classification employs essentially the same techniques that are
used for complete group classification within the framework of the algebraic method. The
main difference is that the underlying class does not possess the normalization property. This
implies the existence of extensions of the kernel algebra that are not induced by subalgebras of
the equivalence algebra. In turn, for normalized classes of differential equations the results of
complete preliminary group classification and complete group classification coincide [122, 127].

In most papers on preliminary group classification only a partial solution of the corresponding
problems is achieved since usually not the whole equivalence algebra is used for an investigation
of cases of symmetry extensions. This is why we refer to this method as the method of partial
preliminary group classification. It is the most incomplete and heuristic method of group clas-
sification, as there are often no obvious criteria which subalgebras of the equivalence algebra to
single out for an investigations of symmetry extensions of the kernel algebra. Results on partial
preliminary group classification are presented, e.g., in [1, 63, 93, 140].

On the side of complete group classification, the theoretical background was already set-
tled [87, 112] and extended [122, 127]. It remains to detail the framework of preliminary group
classification. In its essence, it rests on the following two propositions, which were first for-
mulated without proof in [63] for the class of equations investigated. We present an enhanced
version of these propositions for general classes of differential equations.

Proposition 3.3. Let a be a subalgebra of the equivalence algebra g~ of the class L|s, a C g~
and let Go(x,u(r)) € S be a value of the tuple of arbitrary elements 6 for which the algebraic
equation 0 = GO(x,u(,,)) is invariant with respect to a. Then the differential equation Lgo is
invariant with respect to the projection of a to the space of variables (x,u).

Proof. Choose an arbitrary operator @ from a and consider the one-parameter group G gen-
erated by this operator. As the equation 6 = 90(x,u(r)) is invariant with respect to G, any
transformation 7 from G; maps the corresponding equation Ly from the class L|s to itself.
This means that the projection PT of 7 to the space of variables (z,u) is a point symmetry
of Lgo. Therefore, the projection PGy of (G1 is a point symmetry group of Lgo and its generator,
which is the projection of the operator @), belongs to the Lie invariance algebra of Lgo. 0
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Proposition 3.4. Let S; be the subset of S that consists of all arbitrary elements for which
the corresponding algebraic equations are invariant with respect to the same subalgebra of the
equivalence algebra g~ and let a; be the mazximal subalgebra of g~ for which S; satisfies this
property, i = 1,2. Then the subalgebras a1 and ag are equivalent with respect to the adjoint action
of G~ if and only if the subsets S1 and S are mapped to each other by transformations from G™ .

Proof. Assume that as = 7,a;, where 7 € G~ and 7T, denotes the associated push-forward of
vector fields. For §° € S; the algebraic equation § = #° is invariant with respect to a;. Since
T is an equivalence transformation, we also have that 70° € S. By supposition, 6 = T6° is
invariant with respect to 7.a; = ay. This implies that 76° € Sy from which it can be concluded
that 78; C Ss. Similarly, for 8% € Sy, the algebraic equation § = #° is invariant with respect to
as and 716° € S. As T. 'as = ay, the algebraic equation § = 7160 is invariant with respect
to aj, which implies that T-10° € S;. From this last condition we obtain TS; D Sy. It therefore
can be concluded that there exists a bijection between &1 and Sa, generated by a transformation
from G™.

Conversely, suppose that S2 = TS! for T € G™. If § = 6 is invariant with respect to a; then
6 = T is invariant with respect to Tra;. As 69 is arbitrary, this implies that T.a; C as. In a
similar manner as in the previous paragraph, we can show that 7, 'as C a; using the inverse
transformation of 7. Then we have 7,7, 'as C Tra; and thus as C T,a;. This is why as = Tra;
must hold, which completes the proof of the proposition. ]

Roughly speaking, the first proposition defines the method of how to construct cases of sym-
metry extensions if the equivalence algebra of the class of differential equations to be investigated
is already known. The second proposition then states that the problem of finding inequivalent
cases of such symmetry extensions of the kernel algebra is reduced to the algebraic problem of
the classification of subalgebras of the equivalence algebra.

Remark 3.5. Within the set S; defined in Proposition 3.4, there is an equivalence relation
generated by transformations from G~ whose push-forwards to vector fields preserve the sub-
algebra a; of g~. Such transformations form the normalizer of the subgroup of G™ associated
with a;. This equivalence relation can be used to choose simple forms of representatives of the
set S;.

This now completes the picture of the methods available for general group classification prob-
lems. It should be clear that these methods apply to different classes of differential equations.
This is why it is essential to investigate properties of the given class before choosing a particular
method of group classification. This is done in the present paper. It is shown in the subse-
quent sections that the class (3.1.1) is not normalized. Moreover, a compatibility analysis of
the determining equations of Lie symmetries of this class is also an overly complicated task.
This is why it cannot be expected to solve the complete group classification problem for (3.1.1)
in a reasonable way. Still, the given class is adequate to be investigated using the method of
complete preliminary group classification.

Recall that, as mentioned in the introduction, the class (3.1.1) is contained in the wider class
of equations of the general form u; = F'(¢,x, u, uy)uz, + G(t, x,u, u,), which is normalized and
for which the group classification problem was solved in [9].

The following folklore assertion is true.

Proposition 3.6. The kernel (common part) G" = (\geg Go of the mazimal point symmetry
groups Gy, 0 € S, of systems from the class L|s is naturally embedded into the (usual) equivalence
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group G~ of this class via trivial (identical) prolongation of the kernel transformations to the
arbitrary elements. The associated subgroup Gn of G™ is normal.

Proof. Let To be an arbitrary element of G, i.e. Ty is a point symmetry transformation for
any equation from the class £|s. Denote by 7o the trivial prolongation of Ty to the arbitrary
elements 6, Tof = 6. The transformation 7g obviously belongs to G™, since it maps any equation
from L|s to the same equation in the new variables and therefore saves the entire class £|s.
Taking an arbitrary transformation 7 € G, consider the composition 7-2757. In order
to check that G™ is a normal subgroup of G*, we should prove that this composition belongs
to GN. We fix any 6 € S and denote 70 by 6. Then 7970 = 6 and hence T 17576 = 6.
This means that the projection PT 1757 to the space of variables (z,u) is a point symmetry
transformation of Ly for any 6§ € S. In other words, the transformation PT 17,7 is an element
of G". Therefore, T-177, which is the trivial prolongation of PT 1757 to the arbitrary
elements, belongs to G". O

Properties of G™ described in Proposition 3.6 were first noted in different works by Ovsian-
nikov (see, e.g., [114] and [112, Section I1.6.5]). Another formulation of this proposition is given
in [87, p. 52], Proposition 3.3.9.

Corollary 3.7. The trivial prolongation g of the kernel algebra g to the arbitrary elements
1s an tdeal in the equivalence algebra g~ .

By definition, any element of the algebra §"' formally has the same form as the associated
element from g, but in fact is a vector field in the different space augmented with the arbitrary
elements.

Proof. Consider arbitrary vector fields Qo € g and Q € g~. Denote the trivial prolongation
of Qg to the arbitrary elements by Qo, s0 Qo € g"'. It is necessary only to prove that Qo € g~ and
[Q, Qo] € §". Let Gy = {To(e) = exp(¢Qo)} and G = {T(¢) = exp(¢Q)} be local one-parameter
transformation group associated with Qo and Qo, respectively. As Gois a subgroup of G, the
vector field Q belongs to g~.

For each sufficiently small ¢ define the composition 7(€) = To(—v/&)T(—v&)To(v/2)T (V)
and consider the vector field

G=13| 70
e=0+

which coincides with [Q, Qg], see e.g. [101, Theorem 1.33]. As both T(—/2)70(v2)T (V) and
7o(—+/€) belong to G (cf. Proposition 3.6), the transformation 7 () also is an element of Gy.
Therefore, Q € g™~. O

As the kernel is included in the maximal Lie invariance algebra of any equation from the class,
we should classify only subalgebras of the equivalence algebra that contain the ideal associated
with the kernel.

Example 3.8. In general, the kernel g"' is not necessarily an ideal of the maximal Lie invariance
algebra gy for each 6 € S. Indeed, consider the class of (1 + 1)-dimensional nonlinear diffusion
equations of the general form w; = (F(u)uy )z, where F' # 0, cf. the introduction. The kernel of

—4/3

this class and the maximal Lie invariance algebra of the diffusion equation with F' = u are
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o = (04, Oy, 2t0; + 20,) and g1 = (0y, O, 2t0; + 10y, 4t0; + 3ud,, x20, — 3wud,) [1, 111, 112],
respectively. At the same time, the kernel g is not an ideal of g1, [, g1] Z g, since

[0, 220, — 3zudy) = 220, — 3xud, € g".

Note that the class of diffusion equations is semi-normalized (see [122, 127] for the definition of
semi-normalization) but not normalized in the usual sense.

Corollary 3.9. If the class L|s is normalized in the usual sense, the kernel algebra g is an
ideal of the maximal Lie invariance algebra gy for each 6 € S.

Proof. We fix an arbitrary element §° € S. Denote by §go the maximal subalgebra of g™ such that
the algebraic equation 6 = 0°(x, u(r)) is invariant with respect to it. This subalgebra necessarily
contains the trivial prolongation g"' of the kernel algebra g"' to the arbitrary elements. Thus, we
have that §"' C ggo C g~ and, in view of Corollary 3.7, g is an ideal in g~. Therefore, g" is an
ideal in ggo. As the class L|s is normalized in the usual sense, the projection of ggo to the space
of the variables (z, u) coincides with the maximal Lie invariance algebra ggo of the equation Lgo.
By the construction, the projection of g to the space of the variables (z,u) coincides with g".
Hence g"' is an ideal in ggo. O

Often the equivalence algebra can be represented as a semi-direct sum of the ideal associated
with the kernel and a certain subalgebra. To obtain preliminary group classification in this
case, we in fact need to classify only inequivalent subalgebras of the complement of the kernel
ideal. Projections of these subalgebras to the space of equation variables will give all possible
inequivalent extensions of the kernel.

Example 3.10. We present a class of differential equations for which the above representation is
not possible. This is the class of (1 + 1)-dimensional linear second order homogeneous evolution
equations which has the general form

up = A(t, x)ugy + B(t, 2)uy, + C(t, x)u, (3.2.1)

where A = A(t,x), B = B(t,x) and C = C(t,z) are arbitrary smooth functions, A # 0. The
kernel Lie algebra of class (3.2.1) is g = (ud,). Its equivalence algebra g™ is spanned by
operators of the form

70 + £05 + n'udy +

(260 = 7)0a + (& — 7)B — 203 A = &)0p + (nf — Ang, — By — C&)dc,
where 7 = 7(t), £ = £(t, z) and ' = ' (¢, z) are arbitrary smooth functions of their arguments.
The kernel g"' can be identified with the ideal of g™, generated by the vector field ud,,, which is
assumed now to act in the space of variables and arbitrary elements. Moreover, this vector field

commutes with all elements of g~. At the same time we have [0, tud,] = ud,. Therefore the
algebra g™ cannot be represented as a semi-direct sum of g and a subalgebra.

3.3 Determining equations of Lie symmetries

The method of computing Lie symmetries is classical and can be found in all textbooks on
this subject, see, e.g. [25, 101, 112]. Owing to its algorithmic nature, it was implemented in a
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number of symbolic computation programs [31, 32, 55, 135]. For an equation A = 0 from the
class (3.1.1), the condition of infinitesimal invariance with respect to a vector field

Q =71(t,z,u)0 + &(t, z,u)0p + n(t, T, u)0,
has the form Q(Z)A|A:0 =0, ie.,

QWA =n' — ¢foul — nfuti = 2fuzn” — £gatian — NGutizs — gn"™" =0 (3.3.1)
wherever A = 0. Here Q) is the second prolongation of the vector field Q,

Q® = Q + 1"y + 1"y + 1"y + 11Oy + 1" O (3.3.2)

where the coefficients can be determined by using the general prolongation formula. In (3.3.1)
we only need the coefficients n', n* and **. They read [101, 112]

n' =Di(n — Tur — ug) + Tug + Eugg,
n* =Dy(n — Tup — Eug) + Ty + sy, (3.3.3)
Nt = D:2(:(77 — TUt — §ux) + TUtzz + EUsza,

where D; and D, denote the operators of total differentiation with respect to ¢ and x, respectively,
Dy = 0y + w0y + U Oy, + Ut O, + -+, D, = 0y + w30y + U304, + UggOy, + -+

Upon plugging the coefficients (3.3.3) into the infinitesimal invariance condition (3.3.1), we
obtain the following equation

Dtn —uDyr — uth€ - ff:cu?c - Ufuui - 2fu$(D:v77 —utDp7 — u$Dz§) - fg:vu:v:v -
NGulzz — g(Din — utDiT — uIDiﬁ — 2u Dy — 2uy, D, E) = 0.
(3.3.4)

In order to constrain this equation on the manifold of equations (3.1.1), we set u; = fu2 + gz
Then, splitting (3.3.4) with respect to the various derivatives of u we obtain the following
overdetermined system of determining equations of Lie symmetries:

Ug Ut - Ty = 0,

Ugt Tz = 0,

Ug Uy : §u =10,

Uy Fre+ M = 260) + 9w + Ef2 +1fu =0, (3.3.5)
Ugz : 9(1e — 28z) + £92 + Mgu = 0,

Uy : &+ 22 + 9(2Neu — &) = 0,

L Nt — GNza = 0.

As usual for classes of differential equations, the determining equations split into a part not
involving the arbitrary elements and a part explicitly involving them (the classifying part).
In the present case, the first three equations do not involve f and g and can therefore be
integrated immediately. They give 7 = 7(t) and £ = £(¢, ), i.e. the symmetry transformations
are projectable and transformations of ¢ only depend on t.

The remaining four equations form the system of classifying equations. In the case of arbi-
trariness of the functions f and g, we can further split system (3.3.5) with respect to derivatives
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of f and g. This yields the kernel of maximal Lie invariance algebras, which gives rise to those
symmetry transformations that are admitted for all elements of the class of equations (3.1.1).
Splitting yields

5:’)7:07 tho’

i.e. the kernel algebra g"' is generated solely by the operator 9y, g"' = (9;). That is, for arbitrary
values of f and g, the only symmetry admitted by equations of the class (3.1.1) is the time
translation symmetry (¢, z,u) — (t +¢,z,u), € € R.

3.4 The equivalence algebra

In order to investigate inequivalent cases of symmetry extensions of the kernel algebra g, the
equivalence algebra (group) must be computed. Unfortunately, the equivalence algebra presented
in [93] is not correct. It can easily be checked that their operator b(z)d, does not generate
an equivalence transformation for general values of b. Similarly, also their operator a(x)d, +
2fa(x)0f + ga'(x)0, cannot generate equivalence transformations for arbitrary values of a. The
problem indeed is that their infinitesimal invariance condition for equivalence transformations
is incorrect. This is why it is necessary to re-derive the equivalence algebra for the class of
equations (3.1.1) here.

Theorem 3.11. The equivalence algebra g~ of the class of equations (3.1.1) is generated by the
following operators,

O, 0Oy, D'=t0 — fO; — g0y, D" =20, +2f0; + 290y,

(3.4.1)
g(h) = hau - (hu.f + huug)afv

where h = h(u) is an arbitrary smooth function of w.

Proof. The proof is done using infinitesimal methods. We seek for operators of the form
Y = 70; + £0, + 10y + 005 + 00,

that generate continuous equivalence transformations, where 7, ¢ and 7 are functions of the
variables ¢,  and u, whereas ¢ and 6 are regarded as functions of ¢, x, u, f and g. That is,
we aim to determine the usual equivalence algebra rather than some generalized equivalence
algebra [92, 127]. The class of equations (3.1.1) must be augmented with the auxiliary system

51 = ft = 0, SQ =gt = 0. (3.4.2)

The complete auxiliary system should also include the conditions that the arbitrary elements f
and g do not depend on nonzero order derivatives of u. However, these conditions already are
implicitly taken into account by the supposition that the coefficients of Y does not involve these
derivatives.

The joint invariance condition then reads

YA, =0, YS 0, Y5, 0, (3.4.3)

‘M: ‘M:

where M denotes the joint system of the equations A =0, S; =0 and Se = 0,
YV = QW + 0d; + 00, + 0y, + 6'0,,,
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and Q? is defined by (3.3.2). The coefficients ¢! and 6 can be obtained by the first prolongation
considering (¢,z,u) and (f,g) as independent and dependent variables, respectively,

ot = Dt(SO —7ft = &fe — nfu) + 7 e + Efre + 0 frus

0" = Di(¢ — 79 — €9z — 19u) + Tgut + EGez + NGtus
where D; = 8, + Jt0f + g0y + - -+ is the corresponding operator of total differentiation with
respect to t. In view of the auxiliary system (3.4.2), the total derivative operator reduces to the
partial derivative, i.e. D; = 0.

The second and the third conditions from (3.4.3) then imply that

or —&fr —mfu=0, O —&Ggs — mgu = 0.
Since these equations should be satisfied for all values of the arbitrary elements f and g, we can
split with respect to the derivatives f., fu., g and g, to obtain that

or =0, =& =m =0.
It remains to investigate the first condition in (3.4.3). In detail, it reads

0" = 2fugn® — pui — g — Oug, =0,
or, after expanding,

Dt77 —u Dy — U:Jthf - QfU:Jc(DmT/ — D7 — Uxng) - (Pui -

g(D2n — w; D21 — u,D2E — 2u4, Dt — 2up,DoE) — g, = 0.
We now split this equation with respect to the derivatives of u similar as done in the course of
deriving the determining equations of Lie symmetries. The splitting with respect to us, implies
that 7 = 7(¢). Splitting with respect to uguz,, we derive that £ = £(z). These conditions already

simplifies the above invariance condition substantially. Collecting coefficients of the remaining
monomials of derivatives leads to

Ugz : 0 = (2 — 71)g,

uj: o= (26— 70— M) f — g,
Uy : 200 f + 20gug — Szag = 0,

1: gNgz = 0.

In view of ¢, = 0y = & = ny = 0, the general solution of this system is

T:C]_t+62, 52031’-}—047 n:h(u)7
©=(2c3 —c1 —hy)f —huug, 0= (2c3—c1)g,

where ¢y, ..., ¢4 are arbitrary constants and h is an arbitrary smooth function of u.
This completes the proof of the theorem. O

The equivalence algebra g™ can be represented in several ways, which are important for differ-
ent purposes. The representation crucial for the present case is that g~ = (9;)&(D*, D*, 9., G(h)),
see Remark 3.15 for further details. Another natural representation is g~ = (9; € D!) ® (0, &
D*) @ (G(h)). This representation implies that g™ is the direct sum of a finite-dimensional and
an infinite-dimensional parts. This representation is helpful for the determination of the adjoint
actions, see Section 3.7.
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3.5 The equivalence group

In the previous section we have determined the equivalence algebra of the class (3.1.1) using
infinitesimal techniques. In order to obtain the complete point equivalence group (including also
discrete transformations), the direct method should be applied. For the sake of completeness
and illustration we present the corresponding computations here.

Theorem 3.12. The equivalence group G~ of the class of equations (3.1.1) is formed by the
transformations

where Ay, A1, Bo, B1 € R, U is an arbitrary smooth function of u and A1B1U, # 0.

Proof. We begin with a preliminary description of admissible transformations of the class (3.1.1).
In other words, we derive determining equations for point transformations that map a fixed
equation from the class (3.1.1) to an equation from the same class. As (3.1.1) defines a subclass
of (1+ 1)-dimensional evolution equations, we at once know that the transformation component
of t depends only on t, see e.g. [73, 88]. Moreover, each equation from the class (3.1.1) belongs to
the class of second-order quasi-linear evolution equations having the form u; = F(t, z, u)ug, +
G(t,z,u,uy). Hence in view of Lemma 1 of [65] the transformation component of x depends only
on t and z. That is, the transformations of variables will be of the form ¢ = T'(t), # = X(t, z),
= U(t,z,u), where T; X, U, # 0. The transformed derivatives then read

ﬁ~:1<DU—XtD U) Tr:LDU ﬂ~~:<1D>2U

t Tt t X:c x ) T Xz A TT Xw x .

Substituting these derivatives into the transformed form of (3.1.1) and taking into account the
initial form (3.1.1), we obtain

T <Ut )QDIU> + ?t(fux + gugz) = f ( X, ) +g <XIDI> U, (3.5.1)

where f = (X,U) and g = g(X,U). Splitting equation (3.5.1) with respect to uy, and u,;

Ugg: = )gfg, (3.5.2a)
uy: f% = fﬁg + Q%, (3.5.2b)
Up:  — )Tit;: = )gg <2Um - %UO + Qij(g“, (3.5.2¢)
1: ;t (Ut - ))E:CU”C> =f (%)2 + )?% <Um — %Uz) : (3.5.2d)

Equation (3.5.2a) defines the transformation rule for the arbitrary element g. Substituting
equation (3.5.2a) into (3.5.2b) leads to the transformation rule for the arbitrary element f,

X2 X2Up
Ul

=70~ 102 9
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In general, system (3.5.2) forms the determining equations for admissible transformations of
the class (3.1.1). Unfortunately, this system is too difficult to be integrated since there are
a lot of different cases of its solution depending on specific values of the arbitrary elements.
However, this system allows to easily determine the equivalence group. For this aim, we can
split equations (3.5.2c) and (3.5.2d) with respect to f and §. This gives at once X; = X, =
Uy = Uy = 0 since U, # 0. Furthermore, differentiating the first equation of system (3.5.2)
with respect to t leads to the final restriction 73 = 0. Solving these determining equations for
equivalence transformations completes the proof of the theorem. ]

Corollary 3.13. A complete set of discrete equivalence transformations in the group G~ , which
are independent up to their composition and composition with continuous transformations are
exhausted by the three transformations of alternating signs

It: (t,x,u,f,g)H(—t,x,u,—f,—g),
Ix: (t,x,u,f,g)r—>(t,—az7u,f,g),
Iu: (t,x,u,f,g)r—>(t,:1:,—u,—f,g).

The equation (3.1.1) with the specific value 6y = (f,g) = (—=4/3u~7/3,u=*/3) admits the Lie
symmetry operator 220, — 3zud,. The transformations from the corresponding one-parameter
transformation group belong to T(6p, 6p). As the associated admissible transformations are not
induced by elements of the equivalence group G™ of the class (3.1.1), this class is not normalized.
Similar assertions are true for the potential Burgers equations (f = g = 1), linear equations from
the class (3.1.1) (f =0, g, = 0), etc. As system (3.5.2) is too complicated and the equivalence
group G~ is quite narrow in comparison with the class (3.1.1) (the transformations from G~ are
parameterized by four constants and only a singe function of one argument and, at the same
time, the tuple of arbitrary elements consists of two functions of two arguments), this justifies
why preliminary group classification is well suited for the class of equations (3.1.1).

Remark 3.14. It is not possible to simplify the general equation from the class (3.1.1) by
equivalence transformations. The interesting particular case of simplification by equivalence
transformations is given by equations of the form (3.1.1) with f proportional to g. If f = cg,
where ¢ is a nonzero constant, then the corresponding equation of the form (3.1.1) is mapped
by the transformation

t=t i=x, U=e" (3.5.3)

to the equation of the same form with f =0 and § = ¢(&,¢ ' Ina).

3.6 Classification of subalgebras

In order to carry out preliminary group classification, it is necessary to derive an optimal list
of inequivalent subalgebras. In the existing literature on the subject, usually only subalgebras
of a certain finite-dimensional subalgebra of the equivalence algebra are classified up to inner
automorphisms of this subalgebra. This restriction is, however, not necessary in the present
case, although this is done in [93]. Furthermore, it should be noted that in [93] an algebra was
chosen for preliminary group classification, which is not related to the corresponding equivalence
algebra that was derived.

To classify subalgebras of a Lie algebra of vector fields, it is necessary to know the adjoint
action of the corresponding transformation (pseudo)group on this algebra. There exist two dif-
ferent methods for the computation of the adjoint action. The first method employs information

52



on the structure of the Lie algebra and is more suitable in the finite-dimensional case although
it also works for certain infinite-dimensional algebras [18, 20, 49, 123]. The adjoint action of a
one-parameter Lie group generated by an element v of the Lie algebra on this algebra can be
determined either from the Lie series

o0 n

w(e) = Ad(e)wo i= Y = {v", wo},

n=0
where {v", wq} 1= wo, {v", wo} := (—1)"[v, {v"~!, wo}], or, by solving the Cauchy problem

c(%v = [w,v], w(0)=wy,
see [101] for more details.

Following the second method, it is necessary only to calculate the actions of push-forwards
of the transformations from the (pseudo)group on generating vector fields of the algebra. While
the first method involves only the abstract structure of Lie algebras and therefore at once gives
results for the whole class of isomorphic algebras, the second method relies on the specific
realization of the Lie algebra by vector fields. At the same time, the second method works more
properly in the infinite-dimensional case.

We now derive the optimal lists of one- and two-dimensional subalgebras for the entire equiv-
alence algebra g™.

The nonzero commutation relations of generating elements (3.4.1) of g~ are

[8907Dx] = 8:07 [8t7Dt] = atv [g(h1)7 g(hz)] = g(hlhi - h2h11L)

The nonidentical adjoint actions related to generating elements of g~ and computed using the
first method are

Ad(e9)D* = DT —£d,,  Ad(eD")d, = €8,  Ad(e9M)G(h2) = G(h2),
Ad(ef2)Dt = Dt — £, Ad(eP")d, = ey,

where h2(u,e) = h*(H'(u, —¢))/H\(u, —¢) and {@& = H'(u,e)} is the one-parameter transfor-
mation group generated by the projection of the operator G(h') to the space of the variable u,
ie. HY = h'(H') and H'(u,0) = u. Although the four adjoint actions related to the finite-
dimensional part of g~ are suitable to be applied to the classification, there arises an inconve-
nience with the adjoint action Ad(eag(hl)) owing to problems with proving the existence of the
required function h'.

This is why, in what follows we use the adjoint action of the entire equivalence group G~ on
the equivalence algebra g™, calculated by the second method. Any transformation 7 from G~
can be represented, for convenience, as a composition

T =T (Ao)T(Bo) D' (A1)D*(B1)S(U),

cf. Theorem 3.12, where

Tt(Ap): t=t+ Ay, T=uz, U= u, Jg=g, f:f,

T*(By): =t F=x+ By, @=u, i=yg, f=f,

DEAL): = Ait, i=uz, i = u, g=Alg, f=A'f, (3.6.1)
D(By): t=t, # = Bz, i=u, g=Blg, [=Bf,

S(U): EZt) r=u, u=U(u), g=y, fi:f/Uu*gUuu/Ug



are translations with respect to ¢ and x, scalings with respect to ¢ and x and an arbitrary trans-
formation of u, respectively, and Ay B1U, # 0. Transformations of each of the above kinds form
a subgroup of G~. The last three subgroups contain the discrete transformations Iy, I, and I,
respectively. Namely, I; = D(—1), I, = D*(—1) and I, = §(—u). As a result, additionally to
avoiding the above problems with the existence of required values of functional parameters, in
this way we at once include discrete equivalence transformations in the classification procedure.

The nonidentical actions of push-forwards of transformations (3.6.1) on generating elements
of g™ are exhausted by the followings:

{-Tf(BO)Dx =D* — BO&'E» ‘Df(Bl)ax = Blaam 9*(U)g(h) = g(h(U)/Uu)a
Tt(Ag)D! = Dt — Ao, Dt (A1)d; = A0,

where the function U = U(u) is the inverse of U.

Remark 3.15. The kernel algebra generated by 9; is an ideal in the equivalence algebra g™,
which has the structure g~ = (9;) € (D%, D, d,,G(h)). Hence the classification of subalgebras
of g~ can be reduced to the classification of subalgebras of the algebra g3l = (D*, D*, 9., G(h)),
which is the “essential” part of g™. This will yield the possible Lie invariance algebra extensions
of the kernel algebra obtainable by preliminary group classification. Moreover, the push-forwards
of translations and scalings with respect to ¢ should not be applied under the classification of
subalgebras.

Theorem 3.16. An optimal list of one-dimensional subalgebras of the algebra gg, is exhausted
by the algebras

(D +aD"' —G(9)), (D'+480, —G(9)), (0:—G(8)), (G(1)), (3.6.2)
where a € R and 8,6 € {0,1}.

Proof. We use the approach for the classification of subalgebras that is outlined in [101]. We start
with the most general form of an element of the algebra gz,

vl = alD® + a}D' + ald, + G(hY),

where the constants ai, al, azl]’ and the function h' = h'(u) are arbitrary but fixed, and sim-
plify it as much as possible by means of push-forwards of transformations from the equivalence
group G~. In the case h' # 0 the function-parameter h' can be set to —1 by usage of G, (U)
with the inverse U to a solution U = U(u) of the equation U, = —hl(U). In other words, up to
G™~-equivalence we can always assume that —h! = 4§ € {0,1}.

If a # 0, we scale v! to set aj = 1 and use the push-forward of a T%(By) to set ai = 0. The
notation a = a} leads to the first subalgebra in the list (3.6.2).

If a} = 0 and a # 0, we set a} = 1 by scaling v! and use D%(B;) with certain B; to set
al = —5, where 0 € {0,1}. This gives the second listed subalgebra.

In the remaining case aj = al = 0 we obtain the two last subalgebras from the list (3.6.2)
under the assumptions azl)) # 0 and a} = 0, respectively, since the nonvanishing value of a} is
set to be equal to 1 by scaling v!' and the condition aé = 0 necessarily implies that h! # 0 and
hence, up to G™~-equivalence, h' = 1. ]

Theorem 3.17. An optimal list of two-dimensional subalgebras of the algebra gg.s reads
(D* — G(5), D! — G(6)), (D*+aD'+G(u),d, —G(1)), (D*+aD'—G(s),d,)
(D' = G(6),0. — G(5)), (D" +aD'+bG(u),G(1)), (D' -0, +0bG(u),G(1)), (3.6.3)
(0 = 0G(u),6(1)), (G(1),G(u)),
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where a, b, 4, 5 and & are constants, and we can assume that (575 € {0,1}, beR ifd =1 and
5e{0,1} if 6 =0.

Proof. The proof of the above theorem is similar to those in the one-dimensional case, see
a detailed explanation and other examples in [13, Chapter 7]. We start with two linearly
independent copies of the most general element of g~,

vl = alD® + a}D' + alo, + G(hY),
v? = a}D” + 3D + a30, + G(h?),

and simplify them as much as possible by means of adjoint actions and nondegenerate linear
combining. The additional complication concerns taking into account that the elements v!
and v? should form a basis of a Lie algebra, i.e., their commutator should lie in their span,
[vl,v?] € (v!,v?). Usually this places further restrictions on the admitted form of the elements.

To simply describe the conditions defining the different cases of the classification of two-
dimensional subalgebras, we introduce the matrix notation

1 1
A — a/—Ll aﬂn
H1-fin - CL2 . CL2 ’
M1 Hn

where pu; € {1,2,3} and n < 3. In what follows, the right hand side of a matrix equation
Apy.p, = 0 or a matrix inequality A, ..., # 0 is the zero matrix of the appropriate dimension.
In the course of classification, we should investigate two principal cases.
1. rank(Aj23) = 2. This is the first cases which is partitioned into the three subcases

(a) det Ao # 0; (b) det Ao =0, det A3 # 0; (C) det A1 =0, det A3 = 0.

In the last subcase we necessarily have det Asg # 0. By means of a change of the basis we at
first set A1 = E, A13 = E and Aoz = E, respectively. Here E is the 2 x 2 identity matrix.
If the new h? is nonvanishing, we set h? = —1 using G.(U) with the inverse U to a solution
of the equation U, = —h?(U). In other words, up to G™-equivalence we can always assume
that —h%2 = § € {0,1}. We also set h' € {—1,0} in a similar way if h2> = 0. Specifically, in
subcase (a) we further use the push-forward of T7%(al) to set ai = 0. As the resulting operators
should commute, we derive that a2 = 0 and kL = 0. This case hence leads to the first subalgebra
from the list (3.6.3). In subcase (b) we re-denote ai by a. Under the assumptions made, the
commutator [v!,v?] equals —vy. Therefore, the condition hy = —1 implies that hl =1, i.e. we
can set h! = u using a change of the basis and the push-forward of 7%(By) with certain By. This
gives the second subalgebra from the list (3.6.3). If ho = 0, we obtain the third subalgebra. In
subcase (c), the corresponding subalgebra is commutative and hence hl = 0. Applying a scaling
of vo and the push-forward of D¥(B;) with certain By, we simultaneously set h!,h? € {—1,0}
and hence construct the fourth listed subalgebra.

2. rank(Aja3) < 1. Up to a change of the basis, we can assume that a? = a3 = a2 = 0 and
hence h? # 0, i.e., analogously to the previous case we can set h? = 1 by some G,(U). Then up
to a linear combining of v! and v? the commutation condition [v!,v?] € (v!,v2) implies that
hl = b = const and, therefore, we can set h! = bu. The four last algebras from the list (3.6.3)

represent the subcases
(a) a1 # 05 (b) aj = 0,05 #0; (c) a3 = 0,05 =0,a5 #0;  (d) a} = a3 = a3 =0,

in which by a scaling of v; we can set a% =1, a% =1, azl,) =1 and b = 1, respectively, For the
basis elements to have the appropriate canonical form, we should additionally set aé = 0 by
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some T¥(By) and re-denote a} by a in subcase (a) and also set a3 € {—1,0} by some D¥(B;) in
subcase (b) and b € {—1,0} by some D7 (B;) and a scaling of v; in subcase (c).
This completes the proof of the theorem. O

Note that all except the last subalgebras from the lists (3.6.2) and (3.6.3) represent parame-
terized classes of subalgebras rather than single subalgebras.

3.7 Preliminary group classification

Based on Proposition 3.3 and the above classification of subalgebras, we can obtain the extensions
of the kernel algebra (9;) within the class (3.1.1) by projections of inequivalent one- and two-
dimensional subalgebras of the equivalence algebra g~ to the space of variables (t,z,u). As
a first step, for each of the subalgebras we solve the associated invariant surface condition
for (f,g), namely, the system of equations &f, + nfy = ¢, £g9. + ngy, = 0, where the operator
7O + £0, + N0y + @0r + 00, runs through a basis of the subalgebra.

In Tables 3.1 and 3.2 we collect the general solutions of the invariant surface condition
for (f, g) (or, in other words, the entire subclass of the corresponding invariant equations), which
is associated with the one- and two-dimensional subalgebras of g™ listed in (3.6.2) and (3.6.3),
respectively. In these tables, f and ¢ are arbitrary functions of single arguments and ¢; and ¢
are arbitrary constants such that g # 0 and ¢y # 0.

Table 3.1: One-dimensional Lie symmetry extensions for class (3.1.1) related to g~.

N f g Additional operator
1 (u+(5ln\x|) g(u+dn|z|)z? atO + x0y — 00,
2a | f(u+dx)e” glu+dx)e™™ t0; + Op — 60y

ob | f(x)e" glz)et t0 — Oy

3 | f(u+ox) g(u+ox) Op — 00y

4| f(z) g() Dy

Table 3.2: Two-dimensional Lie symmetry extensions for class (3.1.1) related to g™.

N f g Additional operators

1| cretatd coetig2+o 20y — 80y, tOy — Oy

2 | clut+ x| eolu+ x>~ | atdy + 20, + udy, O — Oy
3a | crel2—au coe(2—a)u atd; + x0, — Oy, Oy

3b | f(u) g(u) 2t0; + 10y, O

4 cle“JrSI C2€u+5x t8; — Oy, Oy — 00y

5 | cp]xl?o? calz|?> atdy + 0, + bud,, 9y

6 | cre(ltd)z coe® 10y — Oy + budy, Oy

7 | c1e®® Co Op — 0uOy, Oy

8 |0 g(x) O, uly
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The second algebra from the list of one-dimensional subalgebras (3.6.2) is associated with
a symmetry extension of an equation from the class (3.1.1) if and only if at least one of its
parameters ¢ and & does not vanish. In addition, to find the corresponding ansatzes for f and g
it is necessary to consider different cases of values of the parameters. This is why this subalgebra
leads to two cases (2a and 2b) of Table 3.1. Analogously, equations from the class (3.1.1) are
invariant with respect to the projections of the first, fourth or sixth algebras from the list of
two-dimensional subalgebras (3.6.3) if and only if 6 # 0, i.e., we can assume that 6 = 1. For the
third algebra we should have either § # 0 (then we can again assume that § = 1) or (d,a) = (0, 2)
that gives Cases 3a and 3b, respectively.

There are several reasons why Tables 3.1 and 3.2 do not give a proper classification result.
We present these reasons in the form of the following series of remarks.

Remark 3.18. As the whole consideration is done up to G~-equivalence, we should additionally
factorize the general solutions of the invariant surface conditions for f and g with respect to this
equivalence. Using transformations from G~ in Table 3.2 we can set ¢; = 1 (by scaling of ¢ and
alternating its sign) and, in Cases 5p—g, 65— and 75—g, c1 = 0 (by the transformation (3.5.3)
with ¢ = ¢1/cg, cf. Remark 3.14). For the other values of the parameters b and ¢ in these cases,
the constant ¢; can be assumed, up to G~-equivalence, to belong to {0,1}. If a # 2 in Case 3,
we can scale the value 2 — a to 1.

Remark 3.19. Extensions presented in Tables 3.1 and 3.2 are not necessarily maximal even for
the general values of the parameter-functions f and g or the constant parameters c; and cy. It
lies in the nature of preliminary group classification that equations can admit operators which
are not projections of operators of the equivalence algebra. For example, in the last case of
Table 3.2 any corresponding equation is linear and therefore admits an infinite-dimensional Lie
invariance algebra including also the operators of the form (¢, z)d,, where ¢ runs through the
set of solutions of the equation under consideration. (Of course, for certain values of g this
equation possesses an even wider Lie invariance algebra, cf. [83, 112].) A similar remark is
true for Case 5p—q, (resp. Case 6p—¢, resp. Case 7s—g) of Table 3.2 since each of the equations
corresponding to this case is reduced by an equivalence transformation to the linear equation
with f =0 and g = |z|>~® (resp. g = €%, resp. g = 1), cf. Remark 3.18.

Remark 3.20. What is more essential is that presented extensions are not maximal even among
extensions related to subalgebras of g™. In particular, Case 35— of Table 3.1 coincides by the
arbitrary elements with Case 3b of Table 3.2 and hence should be excluded from the extension
list. Within Table 3.2, if a = 2 the arbitrary elements in Cases 3a and 5p—y coincide with
those of Case 75—g. Hence in Case 75—g we have the additional operator 2t0; + x0, induced
by the operator D* + 2D". The algebra presented in Case 3,4 is also not maximal, cf. Case 1
of Table 3.3. Cases 4, 6 and 7 admit additional extensions by the operator w0, if ¢4 = 0 or
e=1v/29, if ¢; # 0 and b= 0 (resp. § = 0), owing to the connection of these cases with Case 8
via the transformation (3.5.3).

Remark 3.21. An effect of the lack of maximality of extensions is that under the simplification
of the form of arbitrary elements by equivalence transformations the corresponding invariance
algebra may be replaced a similar one. Thus, under setting ¢; = 0 in Cases 5p—g, 6p—¢ and 7s—g
the basis element 0, is replaced by u0,.

In order to complete the preliminary group classification of the class (3.1.1), we should at
first construct the exhaustive list of G™-inequivalent subalgebras of g~ whose projections to the
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space of the variables (¢,z,u) are Lie invariance algebras of equations from the class (3.1.1).
For convenience such subalgebras will be called appropriate. Then we should study the problem
whether these subalgebras are maximal among the subalgebras with the same property for a cer-
tain subclass of the class (3.1.1). The majority of one- and two-dimensional subalgebras of g~
are appropriate. This is why for subalgebra dimensions one and two it is not too important
whether all or only appropriate subalgebras are classified but this is not the case for greater
dimensions. As the arbitrary elements f and g depend on two arguments, the condition that
the associated projection is a Lie invariance algebra of an equation from the class (3.1.1) is a
strong restriction for subalgebras of g™ of dimension greater than two and even leads to the
boundedness of dimension of such subalgebras.

Let g7 = (D!, G(h)), where h runs through the set of smooth functions of u. For a subalgebra s
of g~, we denote dims N g7” by ms.

Lemma 3.22. D' & s and ms; < 2 for any appropriate subalgebra s of g~ .

Proof. Let s be an appropriate subalgebra of g™. Then the system of invariant surface conditions
associated with elements of 5 should have a solution (f°, ¢°) with ¢° # 0. The invariant surface
condition for g associated with the operator D! is g = 0 that contradicts the auxiliary inequality
g # 0. Hence D! ¢ s.

In what follows, the indices ¢ and j run from 1 to 3. Suppose that the subalgebra s contains
at least three linearly independent elements from g7, vi = G(h%) + a'D!. The corresponding
invariant surface conditions for ¢ form the system hg,+a’g = 0. We consider it as a homogenous
system of linear algebraic equations with respect to (g, g). This system should have a nonzero
solution since g # 0. Therefore hia/ — hia’ = 0. In view of the linear independence of v!, v?
and v3, this implies that all a’ = 0 and thus g, = 0. Now we interpret the system of invariant
surface conditions h'f, + hi f + hi,g = 0 for f as a homogenous system of linear algebraic
equations with respect to (fu, f,g). As g # 0, this system should possess a nonzero solution and
hence the determinant of its matrix vanishes. At the same time, the determinant coincides with
the Wronskian of the linearly independent functions h', h? and h3, which is not equal to zero.
The contradiction obtained implies that ms < 2. O

Corollary 3.23. Any appropriate subalgebra s of g~ is of dimension not greater than four.

Proof. The projection of any element from s\ g" to (D*,d,) should be nonzero. Therefore,
dims < dim(D*, 9,) + mg = 4. O

Corollary 3.24. sNgy =sN(G(h)) for any appropriate subalgebra s of g~ with mg = 2, where
h runs through the set of smooth functions of u.

Proof. As ms = 2, the subalgebra s contains two linearly independent elements from g7°, v =
G(h") + a’Dt, i = 1,2. Analogously to the proof of Lemma 3.22, we consider the system of the
invariant surface conditions h'g, + a'g = 0 for ¢ associated with v’ as a homogenous system
of linear algebraic equations with respect to (g, g), which has a nonzero solution since g # 0.
Therefore, the determinant of its matrix equal zero, h'a? — h?a! = 0. In view of the linear
independence of v! and v?, this implies that a' = a? = 0. ]

As we have classified all one- and two-dimensional subalgebras of g™, it is enough to describe
appropriate subalgebras only of dimensions greater than 2.
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Theorem 3.25. A complete list of G™ -inequivalent appropriate subalgebras of g~ is exhausted
by the following subalgebras:

(D* +G(2),0,, D" — G(1)), (D" +2D" + bG(u),dx,G(1)),
(D" +aD',G(1),G(u)), (0, —0D", G(1),G(u)), (D*+2D" 0,,G(1),G(u)),

where a, b and § are constants and we can assume that § € {0,1}.

Proof. Let s be an appropriate subalgebra of g~ and dims > 3. Then, ms; > 0. Hence we should
consider only the cases ms = 1 and ms = 2.

The condition mg; = 1 means that the subalgebra s contains exactly one operator of the form
vl = G(h') + alD!, where h! # 0, in view of Lemma 3.22. By scaling of v! we can set a3 = —1
if ad # 0. Moreover, as the function-parameter h' does not vanish it can be set to 1 upon using
G.(U) with the inverse U to a solution U = U (u) of the equation U, = h'(U). As a result we
have two G™-inequivalent forms for v': (i) vl = G(1) — D!, (ii) v} = G(1). The conditions
dims > 3 and mg = 1 simultaneously imply that dims = 3. This is why we should have two
more linearly independent operators of the form v¢ = a{D? + a4D! + a0, + G(h?), i = 2,3, from
s\ g7 for which rank(a}, a});—23 = 2, cf. the proof of Corollary 3.23. By linear combining of v2
and v3 we set a? = a3 = 1 and a3 = a3 = 0.

In subcase (i) we additionally subtract abv! from v* to obtain a} = 0 in the new operator v,
i = 2,3. The simplified form of vZ and v3 is v2 = D* +G(h?) and v3 = D! + G(h?), respectively.

2

As 5 is a Lie algebra and {v!,v2,v3} is a basis of 5, any commutator of v’s should lie in their

linear span. This in particular implies that the operators v and v should commute with v!,
2 3]

which is equivalent to the conditions h2 = 0 and h3 = 0. Then, the commutator [vZ,v?] equals

O,, which should belong to s. Therefore, h? = 0. The complete system of invariant surface

2 v3} has a solution with nonvanishing g if and only if h? = 2.

conditions associated with {v!,v
As a result we obtain the first listed subalgebra.

Analogously, in subcase (i) we have [v!,v!] = G(hi) = b'v!, where b° = const, i = 2,3,
i.e., up to linear combining of v¢ with v!, h* = bu. The condition [v2,v3] = 9, € s yields
that a3 = b> = 0. In order to provide the requested compatibility of the entire system of the
associated invariant surface conditions with the inequality g # 0, we necessarily have a3 = 2.
Re-denoting b = b, we recover the second subalgebra from the above list.

If ms = 2, the subalgebra s contains two linearly independent operators v: = G(h?), i = 1,2.
Similarly to case 2d of the proof of Theorem 3.17, we can assume up to G~ -equivalence and a
change of the basis in (v!, v?) that h' =1 and h? = u. Consider any v = a;D* + asD? + a30, +
G(h) from the complement to (G(1),G(u)) in 6. Lemma 3.22 implies that (a1, as) # (0,0). There-
fore, [v?,v] € (v!,v?). The last condition is equivalent to h,,uh,—h € (1,u). Consequently,
we obtain h € (1,u). Hence, up to linear combining with elements from (G(1),G(u)), we can
always assume that h = 0. In other words, the subalgebra s can be represented as a direct sum
of the algebra (G(1),G(u)) and a subalgebra of g5° = (Dy, Dy, 05). G™~-inequivalent subalgebras
of g3’ that do not contain the operator D! are exhausted by the algebras (D® +aD"), (9, — dD")
and (D* + aD?,d,), cf. the proofs of Theorems 3.16 and 3.17. In the last subalgebra, owing
to the required compatibility of the system of invariant surface conditions associated with s we
have a = 2.

This completes the proof of the theorem. O

The symmetry extensions induced by subalgebras from Theorem 3.25 are collected in Ta-
ble 3.3, where a is an arbitrary constant, a # 2. Note that the extension induced by the second
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subalgebra is not maximal among extensions related to g~. This is why we do not include it into
Table 3.3. The general solution of the associated system of invariant surface conditions is f = ¢;
and g = cg, where ¢; and ¢ are arbitrary constants, co # 0. Such values of arbitrary elements cor-
respond to the potential Burgers equation or the linear heat equation if ¢; # 0 or ¢; = 0, respec-
tively. The linear heat equation is given by Case 4 of Table 3.3 and the potential Burgers equa-
tion, which additionally possesses the Lie symmetry operator e~ <1%/¢29,, induced by Q(e*clu/ ),
is reduced to the same case by a transformation similar to (3.5.3), cf. Remark 3.20. Analogously,
we should choose § = 1 in the fourth subalgebra for the associated extension to be maximal.

Table 3.3: Lie symmetry extensions for class (3.1.1) related to g™ of dimension greater than two.

N| f g Additional operators
1| ce* | e¥ 20y + 20y, O, tO; — Oy
210 |z|27% | atd; + 20y, Ou, udy
310 e t0; — Oy, Oy, U0y

410 1 2t0; + x0y, Oy, Oy, U0y

Summing up the whole consideration of the present paper, we prove the following theorem:

Theorem 3.26. The complete preliminary group classification of class (3.1.1) is split into Ta-
bles 3.1-3.3, where 6 # 0 in Case 3 of Table 3.1 and in Table 3.2 we should globally set co =1,
exclude Case 3a and assume that 0 # —2 in Case 1, é # 0 in Case 4, b # 0 in Cases 5 and 6,
and § =1 in Case 7.

Remark 3.27. Table 3 from [93], summing up the partial preliminary group classification of the
class (3.1.1) therein, is incorrect. Neither are all of the equations listed really invariant under
the operators presented in the table, nor are these operators proper additional operators in view
of the kernel (9;). The main problem is that the basis element 0; of the kernel is involved by
linear combining to these additional operators which, moreover, are not linearly independent.

The number of inequivalent cases to be investigated under the usage of the entire infinite-
dimensional equivalence algebra g™ is rather small. This is due to the greater effectiveness of the
adjoint action of the whole equivalence group, which allows for stronger simplifications under
classification of inequivalent subalgebras. By using only a finite-dimensional subalgebra of g~
as usually done, the number of cases of extensions to be treated is generally greater. This is
one more justification why it is favorable to use complete preliminary group classification rather
than partial preliminary group classification.

3.8 Conclusion

The main aim of this paper is a careful explanation of the technique of preliminary group clas-
sification, its status in the picture of group classification, its benefits and its limitations. These
points are those we consider to be mainly lacking so far. While preliminary group classification
is generally attractive due to the relative simplicity of its algorithm, various of the results ob-
tained by now using this approach have only little practical relevance, since they are presented
without a detailed analysis of the class of differential equations. Moreover, in various papers
only partial preliminary group classification was carried out, without indicating a sound physical
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justification for the chosen subalgebras of the respective equivalence algebras. Indeed, in some
instances this choice might been motivated for the sake of pure mathematical convenience, which
counteracts the initial aim of group classification of differential equations.

In the present paper we substantially enhance the existing framework of preliminary group
classification. We show that it is possible and convenient to treat subalgebras of the entire equiva-
lence algebra even in the case if this algebra is infinite dimensional. This is the principal difference
compared to existing works on the subject of preliminary group classification, in which the prob-
lem is only partially solved by involving classification of subalgebras of a fixed finite-dimensional
subalgebra of the equivalence algebra with respect to restricted adjoint actions. Furthermore, it
is emphasized that only appropriate subalgebras satisfying certain properties should be classified.

The algorithm of complete preliminary group classification can be summed up as follows:

e Find the equivalence algebra g~ and the equivalence group G~ of the class £|s under
consideration.

e Classify appropriate subalgebras of g~ up to G™-equivalence, each of which satisfies the
properties below:

— Tt contains the kernel algebra g" of £|s.

— The associated system of invariant surface conditions with respect to the arbitrary
elements is compatible.

— It is the maximal subalgebra among all subalgebras of g~ that have the same set of
solutions for the associated systems of invariant surface conditions.

e For each of the listed subalgebras, find the general solution of the associated system of
invariant surface conditions with respect to the arbitrary elements.

e Simplify these solutions using transformations from G~ whose push-forwards to vector
fields preserve the corresponding subalgebras of g™, i.e., these transformations lie in the
normalizers of the corresponding subgroups of G™.

The systematic approach of complete preliminary group classification is exemplified with the
class of generalized diffusion equation (3.1.1) that was recently attempted to be investigated
in [93] using symmetry tools. Owing to the number of inconveniences of [93], we regard the
class (3.1.1) as well-suited to explain the methodology of preliminary group classification. We
use both the framework of the infinitesimal and the direct methods to derive the equivalence
algebra and the equivalence group of the class (3.1.1). In addition, the direct method also allows
us to obtain the classifying equations of admissible transformations. Similar as the determining
equations of Lie symmetries, these classifying equations of admissible transformations are too
difficult to be solved directly, which at once limits the chance to obtain a complete group
classification of the class (3.1.1) directly.

It is important to indicate once more that the extensions of the kernel algebra constructed in
this paper by using preliminary group classification are not necessarily maximal. That is, there
are various equations in the class (3.1.1) which have the maximal Lie invariance algebras wider
than the associated subalgebras of the equivalence algebra. This observation is another way of
proving that the class (3.1.1) is not normalized.
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Chapter 4

Complete group classification of a
class of nonlinear wave equations

4.1 Introduction

The method of preliminary group classification was first introduced in Ref. [1] and became well-
known due to Ref. [63]. In the latter paper, a partial preliminary group classification was carried
out for the class of equations of the form

utt:f(x7ux)uxx+g(‘r7u$)7 (411)

where f # 0. The essence of the approach applied in [63] is given by the classification of one-
dimensional extensions of the kernel algebra with respect to a fixed finite-dimensional subalgebra
of the infinite-dimensional equivalence algebra of the class studied.

The symmetry analysis of the same class was continued in a number of papers. The interest
in such studies is stimulated because equations of the form (4.1.1) are used as mathematical
models of different continuous media. They arise, e.g., in the theory of elasticity, in particular,
in the course of modeling hyperelastic homogeneous rods [66].

Thus, in [54] the partial preliminary group classification of the class (4.1.1) with respect to
one-dimensional subalgebras of an infinite-dimensional subalgebra of the equivalence algebra
was considered. Second-order differential invariants of the equivalence algebra were computed
in [64]. Another direction of investigation for the class (4.1.1) was initiated in [61]. Instead of
equations of the form (4.1.1), related systems of two equations where the first derivatives of u
play the role of the dependent variables, were considered and mapped to the form v, = a(z, v)w,
and w; = b(z,v)v,. For the class of systems of this form, certain properties were investigated
within the framework of symmetry analysis, including the computation of the equivalence and
kernel algebras and the compatibility analysis of the determining equations for Lie symmetries.
Upper bounds for the dimension of Lie symmetry extensions were established for the two cases
which arose. This study was completed in [69] by exhaustive group classification of such systems
using the algebraic method.

A comprehensive review of the literature on group analysis of different classes of (1 + 1)-
dimensional wave equations was presented in [79]. Some of these classes are contained in the
class (4.1.1) or intersect it nontrivially. In particular, the simple subclasses of (4.1.1) singled out
by the constraints f, = ¢ = 0 and f, = g, = 0 were considered in [110] and [50], respectively. The
class (4.1.1) has also a subclass in common with the class of nonlinear wave equations of the gen-
eral form uy = ugy + F(t, 2, u, uy;), whose Lie symmetries were exhaustively investigated in [79]
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using the algebraic method. The intersection obviously consists of equations of the form (4.1.1)
with f = 1. Any equation of the form (4.1.1) is a potential equation for the wave equation of
another form, vy = (f(x,v)vy + g(z,v))s, also called the nonlinear telegraph equation [26, 56].

Following the paper [63], several classes of differential equations were investigated within the
framework of preliminary group classification. Given a class of differential equations, this ap-
proach in its essence rests on computing optimal lists of inequivalent subalgebras of the associated
equivalence algebra and studying the Lie symmetry extensions induced by these subalgebras.
While in the majority of papers on this subject, including Ref. [63], only symmetry extensions by
means of inequivalent subalgebras of a fixed finite-dimensional subalgebra of a possibly infinite-
dimensional equivalence algebra are considered, we have shown in [43] that this restriction is in
fact not necessary. Stated in another way, there is no obstacle in studying extensions induced
by subalgebras of the whole (infinite-dimensional) equivalence algebra. This is, what we have
called the complete preliminary group classification as opposed to the various partial prelimi-
nary group classifications, which were carried out e.g. in [63, 140]. As an example, in [43] we
solved the complete preliminary group classification problem for the class of nonlinear diffusion
equations of the general form wu; = f(x, u)u2 + g(x, u)uyy.

Moreover, in case when the class is normalized (at least in the weak sense [123, 127]) the
same approach gives at once the complete group classification, cf. Section 4.3. This fact was
implicitly used in various instances. The most classical examples for this finding are Sophus
Lie’s classifications of second order ordinary differential equations [85] and of second order
two-dimensional linear partial differential equations [83]. For numerous modern examples see,
e.g. [9, 78, 79, 80, 126, 156, 159] and references therein. The technique of group classifica-
tion explicitly based on the notion of normalized classes of differential equations was developed
in [122, 123, 127] and then applied to different classes of Schrédinger equations, generalized
vorticity equations, generalized Korteweg—de Vries equations, etc. All the above techniques can
be interpreted as particular versions of the algebraic method.

The purpose of the present paper is to systematically carry out the preliminary group clas-
sification of the class of differential equations (4.1.1) in a similar fashion as in [43] and thereby
to exhaustively solve the complete group classification problem for this class of nonlinear wave
equations using the partition into normalized subclasses. The version of the algebraic method
applied in the present paper differs from the Lahno—Zhdanov approach [9, 78, 79, 80, 159] as
it does not involve the classification of low-dimensional Lie algebras but is rather based on the
classification of all appropriate subalgebras of the corresponding equivalence algebra.

In order to guarantee the nonlinearity of equations of the form (4.1.1), we explicitly include
the nonvanishing condition (fu,,gu,u,) 7 (0,0) in the definition of the class to be studied.
The reason why we are only concerned with the nonlinear case here is that nonlinear and linear
equations of the form (4.1.1) are not mixed by point transformations (cf. Remark 4.29) and have
quite different Lie symmetry properties. Moreover, linear wave equations of the form (4.1.1) were
already well investigated within the framework of classical symmetry analysis in [25, 113]. Note
that the consideration is local and all variables and functions take real values throughout the
paper although the transition to the complex case needs only minor corrections.

The further organization of this paper is the following. The theoretical background of point
transformations in classes of differential equations is reviewed in Section 4.2. This includes the
definitions and properties of a class of differential equations, its subclasses, the set of admissible
transformations, the usual equivalence group and algebra, different notions of normalized classes
of differential equations, etc. Section 4.3 contains a concise description of the group classifica-
tion problem together with a discussion on the theory of preliminary group classification and
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complete group classification with the algebraic method. The group analysis of the class (4.1.1)
is started in Section 4.4 by studying the structure of the equivalence algebra of (4.1.1). The
computation of the determining equations for admissible transformations of the class (4.1.1) and
the equivalence group of this class by the direct method is given in Section 4.5 and Section 4.6,
respectively. The determining equations of Lie symmetries of equations from the class (4.1.1)
are analyzed in Section 4.7. We obtain the kernel algebra of this class and prove that the ma-
jor subclass of the class (4.1.1) is weakly normalized with respect to the equivalence algebra
of (4.1.1). The group classification of the complement of the subclass is also carried out. Com-
pleting the study of admissible transformations by the direct method, in Section 4.8 we partition
the class (4.1.1) into two subclasses, which are, respectively, normalized and semi-normalized
with respect to the equivalence group of the entire class (4.1.1). In this way we prove that
the class (4.1.1) is semi-normalized. Both the equivalence algebra and the equivalence group
are used in Section 4.9 to classify subalgebras of the equivalence algebra that may be used for
preliminary group classification. The adjoint action of the equivalence group on the associated
algebra is computed using pushforwards of vector fields, as it was recently proposed in [43]. The
calculations completing the group classification of the class (4.1.1) and the corresponding list of
inequivalent Lie symmetry extensions can be found in Section 4.10. In Section 4.11 we briefly
sum up the results of the present paper and compare the techniques of partial preliminary group
classification, complete preliminary group classification and complete group classification within
the framework of the general algebraic method.

4.2 Point transformations in classes of differential equations

To make this paper self-contained, in this and in the next sections we restate some important
notions from the theory of group classification. More information on this subject can be found,
e.g. in [87, 112, 123, 127].

The central notion underlying the theory of group classification is an appropriate definition
of a class of (systems of) differential equations. In practice, the structure and properties of a
class of differential equations determine which methods of group classification (e.g. complete vs.
preliminary, direct vs. algebraic) are the most appropriate for it. In short, the definition of a
class of differential equations comprises two ingredients.

The first ingredient is a system of differential equations Ly: L(x,ugpy, 0y (7, upy)) = 0,
parameterized by the tuple of arbitrary elements 0(z, ug,)) = (0' (2, u(y)), ..., 0%(x, u())), where
x = (x1,...,2y,) is the tuple of independent variables and u(p is the set of all dependent
variables u = (u',...,u™) together with all derivatives of u with respect to z up to order p.
The symbol 6,y stands for the set of partial derivatives of 6 of order not greater than ¢ with
respect to the variables o and w,).

The second ingredient concerns possible values of the tuple of arbitrary elements 6. This tuple
is required to run through the solution set S of a joint system (also denoted by §) of auxiliary
differential equations S(z,u(,), 0(¢) (7, u(y))) = 0 and inequalities 3(z, uy), 0(¢) (7, u(p))) # 0, in
which both z and u(,) play the role of independent variables and S and X are tuples of smooth
functions depending on z, u(,) and 6. The nonvanishing conditions ¥ # 0 might be essential to
guarantee that each element of the class has some common properties with all the other elements
of the same class, such as the same order p or the same linearity or nonlinearity properties.
Thereby, these inequalities can be the crucial factor in order to solve the given group classification
problem up to a certain stage. In spite of this, they are often omitted without good reason.
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Definition 4.1. The set {Ly | 6 € S} denoted by L|s is called a class of differential equations
defined by the parameterized form of systems Ly and by the set S of the arbitrary elements 6.

An additional problem in defining a class of differential equations is that the correspondence
6 — Ly between arbitrary elements and systems (treated not as formal algebraic expressions
but as real systems of differential equations or manifolds in the jet space J (P) which is the space
of the variables (x,u(,)) may not be injective. The values 6 and 0 of arbitrary elements are
called gauge-equivalent if Lo and L; are the same system of differential equations, i.e., their
solution sets coincide. We formally consider Ly and L; as different representations of the same
system from L|s. For the correspondence 6 — Ly to be one-to-one in the presence of nontrivial
gauge equivalence, the set S of arbitrary elements should be factorized with respect to the gauge
equivalence relation by changing the representation of the class £L|s. If this is not convenient, the
gauge equivalence should be carefully taken into account when carrying out symmetry analysis
of the class L|s [65].

In the course of group classification of a complicated class of differential equations it is often
helpful to consider subclasses of this class. A subclass is singled out from the class L|s by
attaching additional equations or nonvanishing conditions to the auxiliary system S.

Thus, for the class of equations of the general form (4.1.1) we have the single unknown
function v of two independent variables ¢ and x. The associated tuple of arbitrary elements
consists of two functions f and g whose domains are contained in the second-order jet space,
i.e., in the space of t, x and u together with all derivatives of u up to second order. The indicated
dependence of f and g only on x and u, requires that the arbitrary elements of this class satisfy
the auxiliary system of differential equations

ft = fu = fut = futt = futz = fum = 07
gt = gu = gut = gutt = gutcc = guzx = O

As we consider wave equations, we also impose the inequality f # 0. In the present paper we
study the subclass of equations of the form (4.1.1) that consists only of truly nonlinear equations
and, therefore, is singled out from the entire class of equations of the general form (4.1.1) by the
additional nonvanishing condition (fy,, gu,u,) 7 (0,0). It is the set of equations which is called
the class (4.1.1) throughout the paper.

Several properties hold for subclasses of a class L|s. The intersection of a finite number
of subclasses of L|s is also a subclass of L|s, which is defined by the union of the additional
auxiliary systems associated with the intersecting sets. At the same time, the complement
Lls = Ll of the subclass L|s: in the class L]|s is a subclass of L|s only in special cases, e.g., if
the additional system of equations or the additional system of nonvanishing conditions is empty
(cf. Remark 4.20). Namely, if the subset S’ of arbitrary elements is singled out from S by the
system S| =0, ..., S’ = 0 then the additional auxiliary condition for & is [Sf|*+- - -+]S% | # 0.
If S’ is defined by the inequalities 3} # 0, ..., ¥/, 0 then the additional auxiliary condition
for S"is ¥} --- X, =

A point transformation in a space is an invertible smooth mapping of an open domain in this
space into the same domain. Given a class L|s of differential equations, point transformations
related to L|s form objects of different structure.

Let Ly and L be elements of the class L|s. By T(6, 0) we denote the set of point transfor-
mations in the space of variables (z,u) mapping the system Ly to the system Lj;. Using this
notation, the maximal point symmetry (pseudo)group Gy of the system Ly coincides with 7°(6, 0).
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If T(G,é) # @, i.e. the systems Ly and L; are similar with respect to point transformations,
then T(6,0) = ¢ 0 Gy = Gj o ¢, where ¥ is a fixed transformation from T/(#, 0).

Definition 4.2. The equivalence groupoid of the class L|s is called the set of admissible trans-
formations of this class T = T(L|s) = {(6,6,¢)| 6,0 € S, p € T(0,0)} naturally equipped with
the groupoid structure.

If the number m of dependent variables is equal to one, one can consider more general contact
transformations [112] in the same way instead of point transformations.

The notion of admissible transformations [122, 127] is a formalization of the notion of form-
preserving [73, 74] or allowed [156] transformations. First descriptions of the sets of admissible
transformations for nontrivial classes of differential equations were given by Kingston and Sopho-
cleous [72] for a class of generalized Burgers equations and by Winternitz and Gazeau [156] for a
class of variable-coefficient Korteweg—de Vries equations. An infinitesimal analogue of the notion
of admissible transformations was proposed and studied by Borovskikh in [28]. In terms of equiv-
alence groups and normalization properties of subclasses (see Definitions 4.6 and 4.7), the sets of
admissible transformations were exhaustively described for a number of different classes of dif-
ferential equations which are important in applications, such as nonlinear Schrodinger equations
[126, 127], variable-coefficient diffusion—reaction equations [149, 150], generalized Korteweg—
de Vries equations including variable-coefficient Korteweg—de Vries and modified Korteweg—de
Vries equations [129], systems of (1 + 1)-dimensional second-order evolution equations [128],
generalized vorticity equations [123], etc.

Definition 4.3. The (usual) equivalence group G~ = G™~(L|s) of the class L|s is the (pseudo)

group of point transformations in the space of (z, U ) which are projectable to the space of

p)
(:U,u(p/)) for any 0 < p/ < p, are consistent with the contact structure on the space of (:L',u(p))

and preserve the set S of arbitrary elements.

Recall that a point transformation ¢: Z = ¢(z) in the space of the variables z = (z1,..., 2x) is
called projectable to the space of the variables 2’ = (2;,,..., z;,,), where 1 <4y < --- <ip <Kk,
if the expressions for z’ depend only on 2’. We denote the restriction of ¢ to the 2’-space as
@l 2 = p|(2'). A point transformation ® in the space of (z,u), ), which is projectable to
the space of (z,uy)) for any 0 < p’ < p, is consistent with the contact structure on the space
of (z,u(y,)) if @\(%u(p)) is the p-th order prolongation of ®|, ).

Each transformation ® from the equivalence group G™ (i.e., an equivalence transformation
of the class L|s) induces the family of admissible transformations of the form (6, ®0, ®|, )
parameterized by the arbitrary elements 6 running through the entire set S. Roughly speaking,
G~ is the set of admissible transformations which can be applied to any 6 € S.

There exist several generalizations of the notion of equivalence group in the literature, in
which some of the restrictions on equivalence transformations (projectability or locality with
respect to arbitrary elements) are weakened [65, 91, 127, 149, 150].

The common part G = G"(L|s) = yes Go of all Gy, 6 € S, is called the kernel of the
mazximal point symmetry groups of systems from the class L|s [112]. The following assertion is
true (see, e.g., [43, 127]).

Proposition 4.4. The kernel group G of the class L|s is naturally embedded in the (usual)
equivalence group G~ of this class by the trivial (identical) prolongation of the kernel transfor-
mations to the arbitrary elements. The associated subgroup Gn of G™ is normal.
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Properties of G™ described in Proposition 4.4 were first noted in different works by Ovsian-
nikov (see, e.g., [114] and [112, Section I1.6.5]). Another formulation of this proposition was
given in [87, p. 52], Proposition 3.3.9.

As the study of point transformations of differential equations usually involves cumbersome
and sophisticated calculations, instead of finite point transformations one may consider their
infinitesimal counterparts. This leads to the linearization of the related problem which essen-
tially simplifies the whole consideration. In the framework of the infinitesimal approach, a
(pseudo)group G of point transformations is replaced by the Lie algebra g of vector fields on the
same space, which are generators of one-parameter local subgroups of G.

In particular, the vector fields in the space of (x,u) generating one-parameter subgroups of
the maximal point symmetry (pseudo)group Gy of the system Ly form a Lie algebra gy called
the maximal Lie invariance algebra of the system Ly. Analogously to symmetry groups, the
common part g = g"(L]s) = Nyes 9o of all gy, 6 € S, is called the kernel of the mazimal Lie
invariance algebras of systems from the class L|s. It is the Lie algebra associated with the kernel
group G".

The equivalence algebra g~ is the Lie algebra formed by generators of one-parameter groups
of equivalence transformations for the class £|s. These generators are vector fields in the space of
(x, U(p) s ) which are projectable to the space of (z, u(p/)) for any 0 < p’ < p and whose projections
to the space of (z, U(p)) are the p-th order prolongations of the corresponding projections to the
space of (z,u).

An infinitesimal analogue of Proposition 4.4 is the following assertion.

Corollary 4.5. The trivial prolongation g of the kernel algebra g to the arbitrary elements
18 an ideal in the equivalence algebra g~ .

By definition, any element of the algebra g"' formally has the same form as the associated
element from g but in fact is a vector field on the different space augmented with the arbitrary
elements.

It is convenient to characterize and estimate transformational properties of classes of differ-
ential equations in terms of normalization.

Definition 4.6. A class of differential equations L|s is normalized if its equivalence groupoid
is induced by transformations of its equivalence group G™, meaning that for any triple (6,6, )
from T(L]s) there exists a transformation ® from G such that 6 = ®0 and ¢ = |, ).

Definition 4.7. A class of differential equations L|s is called semi-normalized if its equivalence
groupoid is induced by transformations from its equivalence group G~ and the maximal point
symmetry groups of its equations, meaning that for any triple (6,6, ¢) from T(L|s) there exist a
transformation ® from G~ and a transformation ¢ from the maximal point symmetry group Gy
of the system Ly, such that § = ®0 and ¢ = D|(z,u) © P

In other words, a class of differential equations is semi-normalized if arbitrary similar systems
from the class are related via transformations from the equivalence group of this class.

Normalized and semi-normalized classes of differential equations have a number of interesting
properties which essentially simplify the study of such classes. In particular, if the class L|s is
normalized in the usual sense, its kernel algebra g is an ideal of the maximal Lie invariance
algebra gy for each § € S. In general, this claim is not true even if the class is only semi-
normalized. See Example 1 in [43].

The above notion of normalization (resp. semi-normalization) relies on finite admissible trans-
formations. A weaker version of normalization is defined in infinitesimal terms [123].
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Definition 4.8. A class of differential equation L|s is weakly normalized if the union and,
therefore, the span of maximal Lie invariance algebras gy of all systems Ly from the class is
contained in the projection of the equivalence algebra g™ of the class to vector fields in the space
of independent and dependent variables, i.e.

U go CPg™ (or (gg|0€S)CPg).
s

Here by P we denote the projection operator that acts on vector fields of the general form
Q = &(x,u)0y, +1*(x,u)0ua + p*(z,u,0)Jps on the space of variables z, u and 6 yielding vector
fields of the form PQ = £'0,, + 7*0ya, which are defined on the space of variables z and u.

It is obvious that any normalized class of differential equations is both semi-normalized and
weakly normalized.

In general, the normalization of a class of differential equations can be checked by computing
the equivalence groupoid of the class and its equivalence group (e.g. using the direct method)
and testing whether the condition from Definition 4.6 is satisfied. It is often convenient to
begin with a normalized superclass and construct a hierarchy of normalized subclasses of the
superclass or a simple chain of such nested subclasses each of which contain the class under
consideration [127, 128, 129]. The weak normalization property in turn can be verified by
finding the equivalence algebra of the class and an inspection of the determining equations for
Lie symmetries of systems from the class (see the next section). As the computations needed
to check for weak normalization involve the solution of linear partial differential equations (in
contrast to the computations using the direct method of finding equivalence and admissible
transformations), they can be realized in an algorithmic way even for quite cumbersome classes
of multidimensional partial differential equations. At the same time, establishing the usual
normalization property is more useful and allows one to obtain deeper results than using its
weak infinitesimal analogue.

4.3 Algebraic method of group classification

Now that we have introduced necessary notions related to point transformations within classes
of differential equations, we can go on with the general discussion of the framework of group
classification in some more detail.

The solution of the Lie-Ovsiannikov group classification problem for a class £|s of differential
equations includes the construction of the following elements:

e the equivalence group G™ of the class L|s,

e the kernel algebra g"' = g"'(L|s) = Npes 9o of the class L]|s, i.e., the intersection of the
maximal Lie invariance algebras of systems from this class,

e an exhaustive list of G™~-equivalent extensions of the kernel algebra g" in the class £L]s,
i.e., an exhaustive list of G™~-equivalent values of 6 with the corresponding maximal Lie
invariance algebras gy for which gy # g

More precisely, the classification list consists of pairs (S, {gs,0 € S;}), v € I'. For each vy € '
L|s, is a subclass of L|s, gg # g" for any # € S, and the structures of the algebras gy are
similar for all € S,. In particular, the algebras gg, 0 € S, have the same dimension or display
the same arbitrariness of algebra parameters in the infinite-dimensional case. Moreover, for any
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6 € S with gy # g"' there exists v € I such that § € Sy mod G~. All elements from Uwel“ S, are
G~ -inequivalent. Note that in all examples of group classifications presented in the literature
the set I was finite.

The procedure of group classification can be supplemented by deriving auxiliary systems
of differential equations for the arbitrary elements, providing extensions of Lie symmetry, cf.
Remark 4.20. In other words, for each v € I" one should explicitly describe the subset S, of S
which is the union of G™-orbits of elements from &,. Although this step is usually neglected, it
may lead to nontrivial results (see, e.g., [29]).

If the class L|s is not semi-normalized, the classification list may include equations similar
with respect to point transformations which do not belong to G~. The knowledge of such
additional equivalences allows one to substantially simplify the further symmetry analysis of the
class L|g. Their construction can be considered as one further step of the algorithm of group
classification [65, 125, 150]. Often it can be implemented using empiric tools, e.g., the fact
that similar equations have similar maximal invariance algebras. A more systematic way is to
describe the complete set of admissible transformations.

In practice, the procedure of group classification within the Lie—Ovsiannikov approach can
be realized by implementing a few consecutive steps.

Given a class L|s, it is convenient to start the procedure with the computation of the equiv-
alence algebra. This can be done either using the infinitesimal method [1, 112] or by deriving
the set of generators for the one-parameter groups of the equivalence group, provided that the
latter is known. Computing the equivalence algebra independently from the equivalence group
is important, as it gives a test and a tool for the calculation of the equivalence group. In partic-
ular, often only the connected component of unity of the equivalence group is found using the
knowledge of the equivalence algebra. The equivalence algebra also plays a distinct role in the
course of applying the algebraic method of group classification.

The most powerful tool for the construction of the equivalence group, which is the next step of
the procedure, is the direct method involving finite point transformations. Such a construction
can be understood as the final stage in the preliminary investigation of the equivalence groupoid
of the class L|s and allows finding both continuous and discrete equivalence transformations.
Due to involving finite point transformations the related calculations are cumbersome and lead
to a nonlinear system of partial differential equations. An alternative approach in order to at
least restrict the form of point equivalence transformations is based on the condition that any
such transformation induces an automorphism of the equivalence algebra.

The system of determining equations for the coefficients of Lie symmetry operators of a
system Ly from the class L|s follows from the infinitesimal invariance criterion [25, 101, 112],
stating that

Qep) L (2, ugp), 9((1)(3”7“(19)))‘55 =0

holds for any operator Q = &' (z,u)dy, + n%(w,u)0ya from g, where the arbitrary elements 0
play the role of parameters. In what follows we assume the summation convention for repeated
indices. The indices ¢ and a run from 1 to n and from 1 to m, respectively. @), denotes the
standard p-th prolongation of the operator @),
Q) =Q+ Z (D‘fl ...Dpm (na(x, u) — fl(l‘,u)uf) + §Zug’l) Oya .
0<|a|<p

D; = 0; + ug, ;0ua is the operator of total differentiation with respect to the variable z;. The
tuple o = (v, . . ., ay,) is a multi-index, a; € NU{0}, |a|: = a1+ - -+ ay. The variable u on the
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jet space J®) is identified with the derivative l®lu®/dz{" ... dz%n, and ug, ; = Oug /Ox;. Some
determining equations do not involve the arbitrary elements and thus can be integrated imme-
diately. The remaining determining equations explicitly depending on the arbitrary elements
are referred to as the classifying equations.

Varying the arbitrary elements 6, we can split the determining equations with respect to
different derivatives of . The additional splitting results in equations for those symmetries that
are admitted for any value of the arbitrary elements and form the kernel of the mazimal Lie
invariance algebras.

The further analysis of the determining equations is usually much more intricate. The classi-
fying equations are inspected for specific values of the arbitrary elements 6, which give extensions
of the solution sets of the determining equations, associated with symmetry extensions of the
kernel algebra. The sets of values found for 6 should be factorized with respect to the equiva-
lence relation requested. Still, it is the complexity of this analysis that led to the development
of a great variety of specialized techniques of group classification, which are conventionally
partitioned into two approaches.

The first method is the direct compatibility analysis and integration, up to the equivalence
relation, of the determining equations depending on the values of the arbitrary elements. It
is mostly suitable for classes with arbitrary elements that are constants or functions of single
arguments. Algorithms of group classification that are realized in present day’s computer algebra
packages for the calculation of Lie symmetries are based on this method [5, 32, 55, 152, 157].

The other method is of algebraic nature. It is based on the following two properties: For each
fixed value of the arbitrary elements the solution space of the determining equations is associated
with a Lie algebra of vector fields. Additionally, if systems of differential equations are similar
with respect to a point transformation then its pushforward relates the corresponding maximal
Lie invariance algebras. This is why any version of the algebraic method of group classification
existing in the literature involves, in some way, the classification of algebras of vector fields up
to certain equivalence induced by point transformations. The key question is what set of vector
fields should be classified and what kind of equivalence should be used.

It is obvious that for each equation Ly from the class £|s its maximal Lie invariance algebra
gp is contained in the union g = (Jycg 99. The definition of g- implies that this set consists of
vector fields for which the system of determining equations is consistent with respect to the arbi-
trary elements with the auxiliary system of the class £|s. Therefore, the set g” can be obtained
at the onset of group classification, independently from deriving the maximal Lie invariance
algebras of equations from the class L|s. As it is not convenient to select linear subspaces of the
set g¥ in the general case, we can extend gV to its linear span g¥ = (gy|@ € S), but fortunately
we often have g¥ = g{. Via pushforwarding of vector fields, equivalence (resp. admissible) point
transformations for the class £|s induce an equivalence relation on algebras contained in g“.
Such an algebra is called appropriate if it is the maximal Lie invariance algebra of an equation
from the class L|s. We should classify, up to the above equivalence relation, only appropriate al-
gebras. They satisfy additional constraints. The simplest restriction for appropriate subalgebras
is that each of them contains the kernel algebra g”'. The condition that the algebras are really
maximal Lie invariance algebras for equations from the class £|s is more nontrivial to verify.

Substituting the basis elements of each appropriate algebra obtained in the course of the
algebra classification into the determining equations gives a compatible system for values of the
arbitrary elements associated with Lie symmetry extensions within the class L|s. Solving the
last system completes the group classification within the most general framework of the algebraic
method. This whole construction is based on the following assertion:

70



Proposition 4.9. Let S; be the subset of S that consists of all arbitrary elements for which the
corresponding equations from L|s are invariant with respect to the same algebra of vector fields,
i = 1,2. Then the algebras g"'(L|s,) and g"(L|s,) are similar with respect to pushforwards of vec-
tor fields by transformations from G~ (resp. point transformations) if and only if the subsets S
and Sz are mapped to each other by transformations from G~ (resp. point transformations).

If the class L|s is weakly normalized, the union g¥ (resp. the span g<>) is well agreed with G™-
equivalence. As a result, the algebraic method is appropriate for complete group classification of
the class L|s. This is not the case when the main part of g“ does not lie in the projection Pg™.
Then the approach of preliminary group classification [1, 63] is relevant to give a partial solution
of the group classification problem for the class £L|s by the algebraic method. Preliminary group
classification essentially rests on the following two propositions (they were first formulated in [63]
in the particular case of the class (4.1.1); see [43] for their general formulation and proofs):

Proposition 4.10. Let a be a subalgebra of the equivalence algebra g~ of the class L|s, a C g~
and let Ho(aj,um) € S be a value of the tuple of arbitrary elements 6 for which the algebraic
equation 0 = HO(JJ,U(T)) is invariant with respect to a. Then the differential equation Lgo is
invariant with respect to the projection of a to the space of variables (x,u).

Proposition 4.11. Let S; be the subset of S that consists of tuples of arbitrary elements for
which the corresponding algebraic equations are invariant with respect to the same subalgebra of
the equivalence algebra g~ and let a; be the maximal subalgebra of g~ for which S; satisfies this
property, i = 1,2. Then the subalgebras a1 and ag are equivalent with respect to the adjoint action
of G~ if and only if the subsets S1 and S are mapped to each other by transformations from G™ .

Roughly speaking, in the course of preliminary group classification of the class £|s we classify
subalgebras of g~ instead of algebras of vector fields contained in g”. Then the objects to be
classified (subalgebras of g™) are well agreed with the equivalence relation used (G™~-equivalence).
If a proper subalgebra s of g™ is fixed and then only subalgebras of s instead of the entire
algebra g~ are classified up to the internal equivalence relation of subalgebras in s and used
within the framework of the algebraic method, we call this approach partial preliminary group
classification.

In view of Definition 4.8 and Proposition 4.10 the following assertion is obvious.

Corollary 4.12. For a class of differential equations that is weakly normalized, complete pre-
liminary group classification and complete group classification coincide.

In fact, only certain subalgebras of the equivalence algebra g™~ whose projections are contained
in g¥ N Pg™ should be classified.

Definition 4.13. Within the framework of preliminary group classification, we call a subal-
gebra a of the equivalence algebra g~ appropriate if its projection Pa to the space of system
variables is maximal among Lie invariance algebras of a system from the class £L|s, which are
induced by subalgebras of g™ .

Appropriate subalgebras of g~ satisfy restrictions similar to those for appropriate algebras
contained in g“. As the kernel is included in the maximal Lie invariance algebra of any equation
from the class, in view of Corollary 3.7 any appropriate subalgebra a of g~ should contain, as
an ideal, the trivial prolongation g of the kernel algebra g to the arbitrary elements. The
condition that the projection Pa of a is a Lie invariance algebra of a system from L|s can
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be checked by two obviously equivalent ways: It is sufficient to prove that there exists a value
6°(x, u(y) € S of the tuple of arbitrary elements 6 for which the algebraic equation ¢ = 6°(x, Ur)
is invariant with respect to a. The other way is to study the consistency of the system DE, with
the auxiliary system of the class L|s with respect to the arbitrary elements. By DE, we denote
the system obtained by the substitution of the coefficients of each basis element of Pa into the
determining equations of the class £|s. Simultaneously we should verify the maximality of the
projection Pa in the sense of Definition 4.13.

Remark 4.14. Often the equivalence algebra can be represented as a semi-direct sum of the
ideal associated with the kernel algebra and a certain complementary subalgebra. To obtain
preliminary group classification in this case, we in fact need to classify only inequivalent subal-
gebras of the complement. Projections of these subalgebras to the space of equation variables
will give all possible inequivalent extensions of the kernel algebra. This was the case for the
class of generalized diffusion equations studied in [43]. In the present paper, the situation will
be different, see Remark 4.31.

The importance of semi-normalization of a class of differential equations for the optimal
solution of the group classification problem for this class is connected with the following property
of semi-normalized classes.

Proposition 4.15. For a class of differential equations that is semi-normalized, the group clas-
sification up to equivalence generated by the corresponding equivalence group coincides with the
group classification up to general point equivalence.

In other words, for a semi-normalized class of differential equations there are no additional
equivalence transformations between cases of Lie symmetry extensions which are inequivalent
with respect to the corresponding equivalence group. This results in a clear representation
of the final classification list. As normalized classes of differential equations are both semi-
normalized and weakly normalized, it is especially convenient to carry out group classification
in such classes by the algebraic method. This is why the normalization property can be used
as a criterion for selecting classes of differential equations to be classified or for splitting such
classes into subclasses which are appropriate for group classification.

4.4 Equivalence algebra

The equivalence algebra of the entire class of equation of the general form (4.1.1) was already
computed in [63]. It coincides with the equivalence algebra of the class considered in the present
paper, which consists of purely nonlinear equations of the above form. This is why here we only
represent the generating elements of this algebra in a convenient form and refer the reader to [63]
for more details. The equivalence algebra g™ of the class (4.1.1) is generated by the vector fields

D" = udy + 10, + g0y D' =0, ~ 20; — 200, P' =0,
/D(QD) = Spa:v - (quxaum + Q@wfaf + (Pac:cuwfaga (4.4.1)
g(¢) = 7/)811 + ¢x8uz - @Z}:Jca:faga ]:1 = tau, ]:2 = t2§u -+ 28g,

where ¢ = p(x) and ¢ = ¥(x) run through the set of smooth functions of x. The nonvanishing
commutation relations between the these vector fields are exhausted by

[9(1/1)777"] = g(¢)a [fl)Du] = Jrl? [‘F27Du] = ]:27
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D!, Fl1 = F', D' F? =2F?
[ptvpt] = Pt? [,Ptvfl] = g(1>7 ['pt7f2] = 2-717
[D(¢"), D(¢*)] = D(¢'0s — 010%),  [D(9),G(¥)] = G(rha).

In fact, in (4.4.1) we present only the projections of generating elements of g~ to the
space of (t,z,u,uy, f,g) instead of the whole elements, which are vector fields in the space
of (t,7,u(2),f,g). In each generating vector field the coefficients associated with derivatives
of u can be computed by prolongation from the coefficients of 9;, d, and 9, and, therefore, are
not essential. However, it is necessary to include the terms with 9,, in the representation of
these vector fields in order to ensure proper commutation relations between them. Moreover,
the derivative u, is a significant argument of the parameter-functions f and g and hence the
minimal space on which equivalence transformations can be correctly restricted is the space of
the variables (t,z,u,u,, f,g). This is why at least the projections to the same space should be
given for vector fields from g~.

The form (3.16) of the equivalence algebra given in [63] differs from (4.4.1). Namely, the
operators G(1) and G(x) were singled out from the family {G(¢)}. In addition, we combined
the operators from [63] in order to separate scalings with respect to u, which gives simpler
commutation relations between generating vector fields.

4.5 Preliminary study of admissible transformations

The infinitesimal invariance criterion allows finding of all continuous equivalence transformations
by means of solving a linear system of partial differential equations. In order to determine the
complete point equivalence group (including both continuous and discrete equivalence transfor-
mations) and the set of admissible transformations, it is necessary to apply the direct method.
We will start our consideration with a preliminary investigation of the set of admissible transfor-
mations, which will give relevant information also on the equivalence group of the class (4.1.1).
That is, we directly seek for all point transformations

t=T(t,z,u), *=X(tzu), a=Ultzu), (4.5.1)
for which the Jacobian J = 9(T, X,U)/0(t, z,u) does not vanish, that map a fixed equation of
the form (4.1.1) to an equation of the same form, @z = f(#,z)uzz + §(%,1z). To carry out
this transformation in practice, it is necessary to find the transformation rules for the various
derivatives of @ with respect to ¢ and #. In order to obtain them we apply the total derivative
operators D; and D, respectively, to the expression @(t, %) = U(t,x,u), assuming ¢ = T'(t, z,u)
and & = X (¢,x,u). This gives

u;DT + uz Dy X — DU = 0,

u;D,T + uz D, X — DU =0,

Uiz (DeT)? + 2177 (D X ) (DyT) + tiz5(De X)? + 4D T + ;DX — DU = 0,

57D, T)? + 2075 (D X ) (D T) + tizz (D X)? + 4DAT + 4z D2X — D2U = 0.

Solving the last two equations for uy and u,,, respectively, and substituting the results into (4.1.1),
we obtain

tiz7(DyT)? + 27 (D T) (D X) + tizz (D X)? + @ V'T + 4z VX — VU

= f(ag(DsT)? + 205D T) (D X) + 133 (D2X)? + 4VIT + 43V X — VEU) (4.5.2)

— g(uTy + 13 Xy, — Uy),
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where we use the notation V! = 0y + 2us0y + 4204y and V® = Opp + 2030y + 20y and
additionally have to set i = fizz + g wherever it occurs. As the derivative uz; does not appear
in the transformed form of equations from the class (4.1.1), the associated coefficient in (4.5.2)
vanishes, i.e.

Eq. (4.5.3) involves only original (untilded) variables and is a polynomial in u;. Therefore, we
can split it with respect to u; by collecting the coefficients of different powers of this derivative.
(Note that we cannot as directly split Eq. (4.5.3) with respect to the derivative u;, which is an
argument of the function f.) As a result, we derive that

ur:  TyX, =0, (4.5.4)
ub: Tu Xy + T, X, =0, (4.5.5)
u): TXy = f(ToXy + (TuXy + T Xy)ug). (4.5.6)

Multiplying Eq. (4.5.5) by T,, (resp. X,), we obtain, in view of Eq. (4.5.4), that T, X; = 0 (resp.
T: X, = 0). We apply the trick with the multiplication by T, (resp. X,) also to Eq. (4.5.6)
and take into account the equations T, X, = 0, T,,X; = 0 and 73X, = 0 already derived and
the inequality f # 0. This gives equations which involve no arbitrary elements and hence can
be further split with respect to u,. Therefore, these equations are equivalent to the equations
T.X; = 0 and X, T, = 0, respectively. The system T,X; = 0, T, X, = 0, T, X, = 0 (resp.
X1 =0, X,T, =0, X, T, = 0) implies that T;, = 0 (resp. X,, = 0) since otherwise the
Jacobian J of the point transformation (4.5.1) vanishes. The condition

means that any admissible point transformation of the class (4.1.1) is fiber-preserving. In view of
this condition, Eqgs. (4.5.4) and (4.5.5) are identically satisfied and the remainder of Eq. (4.5.6)
is

T,X;, = fTuX,. (4.5.7)

After substituting u; = f’&/i}j + g, we can also split (4.5.2) with respect to 4zz, which gives,
in view of T, = X,, = 0, the equation

T2+ X2 = f(fT,2 + X.2). (4.5.8)

Unfortunately, the direct splitting with respect to other derivatives in Eq. (4.5.2) is not possible.
The remaining part of (4.5.2) therefore is

GT2 + 4Ty + 4z Xer — (Upe + 2Upguy + Upti})

~r2 | - 9 (4.5.9)

The additional condition to keep in mind is the nondegeneracy of transformations (4.5.1), which
in view of the conditions T, = X, = 0 is reduced to the inequality U, (13X, — T»X¢) # 0 and
hence (13X, — T, X:) # 0 and U, # 0.
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4.6 Equivalence group

At this point, we continue the consideration by computing the equivalence group as it is needed
even for the analysis of the determining equations for coefficients of Lie symmetry operators
and the exhaustive description of admissible transformations. In the case of equivalence trans-
formations, the arbitrary elements f and g should be varied. Hence we can split Eqgs. (4.5.7)—
(4.5.9) also with respect to the arbitrary elements. Eq. (4.5.7) and the nondegeneracy constraint
T X, — T, X; # 0 imply that either T; = X, =0 and T, Xy # 0 or T, = X; = 0 and T: X, # 0.

For T} = X, = 0, Eq. (4.5.8) is simplified to X? = ffT2. As the expression for the deriva-
tive u, in the new variables is u, = (Tu; — U,)/Uy, i.e., it does not involve 4z, the equality
X2 =f fT 2 is split into the two equations T, = 0 and X; = 0, which contradict the nondegen-
eracy condition.

Therefore we necessarily have T, = X; = 0 and thus T'= T'(t), X = X (z), where T; # 0 and
X, # 0. Then Eq. (4.5.8) is reduced to fT? = fX2 and the differentiation of this equation with
respect to t yields

- U. U. ~
O, Ty f + waf% — 0. (4.6.1)
X

Since Eq. (4.6.1) holds for all f, we can split it and derive Ty = 0, Uy = 0 and Uy, = 0.
Collecting coefficients of u? in Eq. (4.5.9) we moreover find that U,, = 0. Taking all the
constraints derived into account, Eq. (4.5.9) reads

gT’tQ - Utt = f < X sz - U:m: - 2Uwuu1> + gUu

Differentiating this equation with respect to u and ¢ allows deriving that U, = 0 and Uy = 0.
Collecting all the restrictions derived up to now, any equivalence transformation must satisfy
the following system of differential equations

Tu = Lz = Ttt - 07 Xu = Xt = O; Uuu = Utu = Ua:u = Utm = Uttt =0. (462>

Integrating the above system in view of the nondegeneracy condition J # 0, we proved the
following theorem:

Theorem 4.16. The equivalence group G~ of the class (4.1.1) consists of the transformations

t=cit+cy, T=o(x), @=cou+cyt’+cst+(x), Uz = 702%4—1/13;7
& (4.6.3)
2 . .
~ _ 1 Ccou, +1/1
[= %fa g=—= <629+ #‘mef — Y f + 204) )
51 551 T
where ¢y, ..., cq are arbitrary constants satisfying the condition cica # 0 and ¢ and ¥ Tun

through the set of smooth functions of x, @, # 0.

After comparing the equivalence algebra g™~ and the equivalence group G~, the following
corollary is evident:

Corollary 4.17. The class of equations (4.1.1) admits three independent discrete equivalence
transformations, which are given by (t,z,u, f,q9) — (—t,x,u, f,g), (t,z,u, f,g9) — (t,—x,u, f, g)
and (t) xz,u, fa g) = (ta x, —u, f7 _g)
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Theorem 4.16 implies that any transformation 7 from G~ can be represented as the compo-

sition
T = D'(c1)P(co)D(p) D (c2)F " (ca) F2(e3) (1),

where the above parameterized equivalence transformations are

Plco): t=t+co, T=2, 0U=u, UG = Uy, f=1 J=9,

Di(ey): t=cit, F==xz, U=u, Uz = Ug, f:cl_2f, g:cl_2g,

Dip): t=t,  I=¢, a=uy Uz = us/pu, [ =00f, §= 9+ Quaticf /0,
D(eg): t=t, =z, U= cou, Uz = Coly, =1, J = cag,

Flez): t=t, T=x, U=u+cst, Uz = Uy, f=Ff g=g

F2(cq): t=t, T=x, U=u+cyt?, Uz = ug, f:f, g =g+ 2cy,

S(): ft=t,  E=wx, G=utt, Gp=te+ty, f=f G=9—Vul

and the nondegeneracy requires that cijcap, # 0. These transformations are shifts and scalings
in ¢, arbitrary transformations in z, scalings of u, gauging transformations of u with square

polynomials in ¢ and arbitrary functions of x.

4.7 Determining equations for Lie symmetries

Suppose that a vector field Q@ = 7(t, x, u)0 +£(t, x, u)0x +n(t, x,u)0, belongs to the maximal Lie
invariance algebra g™®* of an equation £: L = 0 from the class (4.1.1), i.e. it is the generator of a
one-parameter Lie symmetry group of the equation £. The criterion for infinitesimal invariance
of £ with respect to @ is implemented using the second prolongation of (), which reads

Q) = Q +1'0u, + 1" 0u, + 1" 0uy + 10y, + 700y

The coefficients nt, n%, n'*, n® in Q(2) can be determined from the general prolongation formula
for vector fields, see, e.g. [25, 101, 112]. Using the second prolongation of @), the infinitesimal
invariance criterion reads Q(Q)L\ L—o = 0, where the notation |;—o means that the condition
Q(2)L is required to hold only on equations from the class (4.1.1). Applying the infinitesimal
invariance condition to the class (4.1.1) then yields

77“ - (ffa: =+ nxfuz)um — " = €9z — 1" gu, =0 for U = fuge + 9, (4-7-1)
where

7’]33 = Dx(T] — TUt — fux) + T Uty + guxxa
nxl‘ = Di(?] — TUt — §ux) + TUtgy + guzxwa
n'" = Di(n — Tup — Eug) + Tume + gy,
Dy = Oy +uOy+ugy Oy, +uip Oy, + -+ and Dy = Oy +1z 0y +Uyyp Oy, +Uzr Oy, +- - - are the operators of

total differentiation with respect to ¢ and x, respectively. Expanding the infinitesimal invariance

condition (4.7.1) we obtain

Dfn — uthT — ufog — 2u Dy — 2u, D&
= f(D2n — wD2T — uD2€ — 2u4, Dyt — 22U, DyE) (4.7.2)
+ (gfz + (Dxn —uDy7 — Ume&)fuz)uxw +&9: + (Dwn —uDy7 — UxDmf)guzy
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where we have to substitute uy = fuz, + ¢g. The above equation can be split with respect to
the derivatives u¢,, ug, and u;. Collecting the coefficients of ugue, U, and ugz,uy, we produce
& =0, & = f(1p + Tuts), 2f7y = (T2 + Tutz) fu,. Supposing that £ = 0, the second equation
immediately implies that 7, = 0. Otherwise, for & # 0 we can solve the second equation for f
and substitute the obtained expression into the third equation. After simplification we get that
&1, =0, i.e. 7, = 0. Therefore, we always have

§u=0, 7,=0, gt:sza Tacfu:c =0.

Further splitting of Eq. (4.7.2) and taking into account the above restrictions gives

Nuu = 0, (4.7.3a)
2(re — &) f +Efe + N2+ (Mu — &) ue) fu, =0, (4.7.3b)
20w — Tt + Taaf + TaGu, =0, (4.7.3c)
it — Entte — (Naz + (2Nuae — Exa)ta) f+ (M — 27)g
= &9x — (e + (Nu — &2)Ua)Gu, = 0. (4.7.3d)
The equations &, = 0, 7, = 0 and n,, = 0 neither involve the arbitrary elements f or g

nor their derivatives. This is why they can be integrated immediately and give restricting
conditions on Lie symmetries valid for all equations of the form (4.1.1). In particular, we have
n=n(t,z)u+n"t ).

In order to derive the kernel algebra of the class (4.1.1), we further split the classifying part
of the determining equations (4.7.3) with respect to the arbitrary elements and their derivatives.
This immediately gives that the kernel algebra is

gﬁ = <8t7 8U7 tau>7

which is a realization of the three-dimensional (nilpotent) Heisenberg algebra. Consequently,
the Lie symmetries admitted by each equation from the class (4.1.1) are exhausted by trans-
formations of the form (t,x,u) — (t + €1,x,u + €2 + e3t), where 1, €2 and e3 are arbitrary
constants.

Up to this point the nonlinearity of the equations under consideration was of no impor-
tance. Only the general form (4.1.1) was essential. Now we start to exploit the nonlinearity
condition (fy,, Gu,u,) 7 (0,0), which is included in the definition of the class (4.1.1).

First assume that f,, = 0 and therefore g,,,, # 0. Differentiating Eq. (4.7.3c) with respect
to u,, we immediately find that 7, = 0. In view of the equation & = f7, we also have & = 0.
Upon differentiating Eq. (4.7.3b) with respect to ¢ we obtain 7 = 0. Eq. (4.7.3c) then implies
N = 0. Finally, we differentiate Eq. (4.7.3d) with respect to u and wu, (resp. ¢t and u,, resp. t).
This gives 7y, = 0 (resp. 1z = 0, resp. e = 0).

Now we assume that f,, # 0. In this case, the equation & = f7, can be split to yield
& =7, = 0. Eq. (4.7.3c) thus implies 27, = 74. Differentiating Eq. (4.7.3b) with respect to u,
we obtain 7, = 0. The differentiation of Eq. (4.7.3d) with respect to u then yields 7, = 0 and
hence 11 = 0 as 2ny, = 7. Differentiating Eq. (4.7.3b) twice with respect to t leads to 1y, = 0.

Collecting the results from the above two cases, for the class (4.1.1), whose definition includes
the condition (fu,, Gu,u,) # (0,0), we always have

Ty = Ty = éu = ét = Nuu = Nzu = Mtte = Tttt = 0, 277tu = Ttt- (474)

Hence only Egs. (4.7.3b) and (4.7.3d) essentially involve arbitrary elements and are really clas-
sifying determining equations for the class (4.1.1). They must be solved up to the equivalence
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relation induced by transformations from G™. Also note that for f,, # 0 and 7, = 0 we find by
differentiating both these equations with respect to ¢ that 7, = 0 and 7y = 0.
This completes the proof of the following proposition:

Proposition 4.18. For each equation from the class (4.1.1), any symmetry operator QQ with
e = 0 lies in the projection of the algebra g~ to the space of equation variables, i.e. QQ € Pg™.

It thus remains to investigate the case in which f,, # 0 and the corresponding maximal
Lie invariance algebra g™m®* = g™®*(f ¢) contains a vector field Q with 7y # 0. In view of
max

system (4.7.4) the general form of vector fields from g™ is

Q = (agt® + a1t + ag)d; + ()0 + ((agt + by)u + 1°(t, )0,

where the constants ag, ai, as and by and the functions ¢ = &(z) and 7° = n°(¢, z), where
nY. = 0, are additionally constrained in such a way that the coefficients 7 = ast® + ait + ap,
¢ =¢&(x) and n = (t + by)u + n°(¢,x) also satisfy Egs. (4.7.3b) and (4.7.3d). For convenience,
we will mark the values of coefficients and parameters corresponding to the vector field Q by
breve. As as # 0, by scaling of Q we can set ds = 1. As the vector field 8; belongs to g”, it

max contains also the commutator

necessarily is in g™#* for any f and g. Therefore, the algebra g
[8,5,(2]. Linearly combining Q with d; and Q = [8t,Q] we can also set ag = @13 = 0. Hence
Q = 2t0; + (u + 77) .-

Substituting the coefficients of Q into Eq. (4.7.3b), we obtain the equation 4f + (uy +3) fu, =
0, where 3 = g, should be a smooth function depending at most on z since 1%, = 0 for any
operator @ from g™®*. The general solution of this equation is f = a(z)(uz + B(z)) ™4, where «
is an arbitrary function of x. Using transformations from the equivalence group G~ we can
simplify f and set o = +1 and 8 = 0. If we plug the form f = +u;* into Eq. (4.7.3b), we obtain

max - EFrom this condition, we

that 7, — & = 2(ny — &) + 2nzu, t for an arbitrary operator from g
can immediately conclude that 7, = 0 and &, = 2by, i.e. & = 2b1x + bg for some constant by.

As 10 = 0, the substitution of the coefficients of Q into Eq. (4.7.3d) gives the equation
UgpGu, +39 = 179, with separated variables. Both the sides of this equation are equal to a constant
which can be set to zero by a transformation F2(cs) from G~. The equation u;g,, + 39 = 0
is equivalent to the representation g = p(r)u,3, where p is a smooth function of . Then
Eq. (4.7.3d) takes the form 7, — 2bypu,® — (2byx + bo)pzu, > = 0 and the subsequent splitting
with respect to u, implies that 79, = 0 and (1(2b12+bp)), = 0. We now distinguish the following
cases for values of by and b; depending on the value of u:

0. w is arbitrary. In this case by = bg = 0.

1. p is a nonzero constant. Then by is arbitrary and b; = 0. Using an equivalence transfor-
mation, we can scale u to one.

2. u=vz~! mod G~, where v is a nonzero constant. (A constant summand of = can be set
equal to 0 by a shift of x.) For this value of x we have by = 0 and by is arbitrary.

3. p = 0. This implies that b; and by are arbitrary.

We denote by K the subclass of equations from the class (4.1.1), which are G™-equivalent to
equations with f = +u,* and g = p(x)u;3 and by K the complement of this subclass in the

class (4.1.1). The above consideration shows that only equations from the subclass K admit Lie
symmetry operators that are not contained in Pg™. In other words, the following theorem is true:

Theorem 4.19. The subclass K of the class (4.1.1) that is singled out by the condition

(f,9) # (Fuz*, p(z)uy?) mod G~,

where p(x) is an arbitrary function of x is weakly normalized.
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Remark 4.20. The sets K and K of equations are really subclasses of the class (4.1.1) since
the condition (f,g) = (Fu,*, u(x)u,?) mod G™ and its negation are equivalent to systems of
equations and/or inequalities with respect to the arbitrary elements f and g. Indeed, by acting

on the arbitrary elements f = 4u;* and ¢ = p(r)u,® with transformations from G~ and

xX
eliminating the involved group parameters and the parameter-function u, we arrive at a system
of differential equations in f and g characterizing the subclass K. Namely, the subclass K is

singled out from the class (4.1.1) by the system
Vi, =1, Wy, (VS)uz — W, (V3):quz =0, Wuzuz(VS)uz - Wuz(v3)uzuz =0,

where V = —4f/f,, and W = V3(g + fV, + f,V/2). This implies that the subclass K, as the
complement of K, is defined by the inequality

(Vum - 1)2 + (Wﬂcux (VS)M - Wuw (Vg):wx)2 + (Wuxux(vg)um - Wux(vg)uwux)Q 7"é 0.

The above Cases 0-3 represent the complete group classification of equations from the sub-
class K up to G~ -equivalence. Recall that by the definition of the subclass K any equation from

this subclass is G™-equivalent to an equation with f = +u;* and g = p(z)u; 3.

Lemma 4.21. A complete list of G™ -inequivalent Lie symmetry extensions for equations of the
general form

Ut = iu;4uxa: + M(m)uig (4'7'5>

T

where p traverses the set of smooth functions depending on x, is exhausted by the following cases:

0. arbitrary p: g =g+ <t25t + tudy, 2t0; + udy,),
Lop=1: gm = g + (0u), (4.7.6)
2. p=vrl v#£0: g =g+ (220, + udy),
3. u=0: g% = g\' + (0y, 220, + udy).
Remark 4.22. We can use equations of the general form
Uy = 9(x)u;4um (4.7.7)

as canonical representatives of elements from the class K instead of (4.7.5). Indeed, each equation
from the subclass (4.7.5) is mapped to an equation from the subclass (4.7.7) by the transfor-
mation D(p), where ., & up, = 0 and 6(Z) = +(p.(z))"2. (Here and in what follows all
+ and F are consistent with those from Lemma 4.21.) In other words, we construct a point
transformation mapping [150] between the subclasses (4.7.5) and (4.7.7) which is generated by
a family of equivalence transformations parameterized by the arbitrary element u. Hence, map-
ping and rearrangement of the classification list (4.7.6) lead to the equivalent list based on the

representative form (4.7.7):

0. arbitrary 0: o =g" + (t20; + tudy, 2t0; + udy),

1. 0 =4e?: g™ = g + (20, + ud,), (478)
2. 0==z?, p#£0: g™ =g + (220, + (p+ 1)ud,), o
3. 6==+1: g™ = g\ + (0, 220, + udy).

Cases 0, 1, 2|,=+1, 2|,%+1 and 3 of the list (4.7.6) are mapped to Cases 0, 2[,=—1, 1, 2|,—p/(u51)
and 3 of the list (4.7.8), respectively. Each of the classification lists has certain advantages.
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Thus, the form (4.7.7) is more compact than (4.7.5). At the same time, basis elements of the
algebras presented in the list (4.7.6) do not depend, in contrast to Case 2 of (4.7.8), on equation
parameters. The equation associated with Case 1 of the list (4.7.6) does not explicitly involve
the independent variable z, as opposed to its image given in Case 2|,—_; of the list (4.7.8), for
which the arbitrary element 6 equals 4272

Remark 4.23. Due to Theorem 4.19, to complete the group classification of the class (4.1.1)
it is enough to investigate symmetry extensions induced by subalgebras of the equivalence alge-
bra g~. The corresponding Lie symmetry generators satisfy the following simplified determining

equations:

Tu=Te =Tt = & =& = Nuu = Nzw = Mtz = Mew = Nttt = 0,
Efe + ((nu - gac)ux + nx)fmc = 2(€x - Tt)fa (4‘7'9)
§9z + ((77u - gm)um + nx)guz = (nu - 27})9 + (gzxu:r - nxw)f + Nt

Remark 4.24. Lemma 4.21 obviously implies that the entire class (4.1.1) is not weakly nor-
malized. This can also be proved by the direct computation of the union g¥ of the maximal Lie
invariance algebras of equations from the class (4.1.1) without the study of the subclass structure.
The set g consists of vector fields of the form 7(¢,z,u)d; + £(¢, z,u)d, + n(t, z,u)d, for which
the whole system of determining equations and the nonvanishing condition (fu,, gu,u,) 7 (0,0)
are consistent with respect to the functions f = f(x,u,) and g = g(z,u,). The consistency
condition is the joint system of (4.7.4) and

ntx('r/u - 51‘) = NxNu + gnt:crv
ntU(gmﬂ + 7790%) = 77tmt(77u — 27 + f)a (4.7.10)
Nete (M — 27¢) = Nee(New — 27T41).

It is clear that g is not contained in the projection Pg™ of the equivalence algebra g™, which
is associated with the solution set of the system given in the first row of (4.7.9).

4.8 Equivalence groupoid

Since we have established the equivalence group of the class (4.1.1), we can now describe the
equivalence groupoid of this class in terms of its normalized subclasses. Theorem 4.19 and its
proof give us hints on feasible ways for the classification of admissible transformations.

First we assume that f,, = 0 and therefore g, ., # 0. We differentiate Eq. (4.5.9) with
respect to u; and 1z and take into account Eq. (4.5.7). From the equation gugzungcXmUu*2 =0
obtained and the inequality gy, 7# 0 we can conclude that 7, X, = 0. Then Eq. (4.5.7) also
implies T3 X; = 0.

Suppose that T; = 0. Consequently, in view of the nondegeneracy condition of point trans-
formations we have T, # 0 and X; # 0 and therefore X, = 0. The expressions of u; and u,
via @7 and 1z take the form w, = (Xyuz — Uy) /Uy and uy, = (Tptu; — Uy) /Uy, i.e., the expression
of u; (resp. ug) does not involve 4; (resp. 4z). We differentiate Eq. (4.5.9) twice with respect
to iz and once with respect to u. In view of the supposition 7T; = 0, this gives (Uyy/U2)y = 0.
Then we differentiate Eq. (4.5.9) twice with respect to @

UU/LL
o = 2f 4.8.1
Gugus fU (4.8.1)

u

80



The subsequent differentiation of Eq. (4.8.1) with respect to u gives the equation (Uy,, /Uy, ), = 0,
which together with (U, /U2), = 0 implies that U,, = 0. Then Eq. (4.8.1) is reduced to
Ju,u, = 0 and therefore leads to a contradiction.

This is why we necessarily have T; X, # 0 and consequently Xy = T, = 0. In view of
Eq. (4.5.8), we also obtain the equation f = fX2/T? from which we can conclude, by differen-
tiation with respect to ¢ that T3 = 0. It is also evident that fgl =0.

Owing to the restrictions derived so far, it is now possible to split Eq. (4.5.9) with respect
to us. The coefficient of u? gives Uy, = 0 and that of u; leads to Uy, = 0. The rest of Eq. (4.5.9)
is

GT — Up = (13 Xz — Uze — 2Usyti) + gU,.

This obviously implies that gs.q4, # 0 since gy 4, # 0. We successively differentiate the above
rest with respect to three combinations of variables, (u,@z), (t,4z) and t, which gives Uy, = 0,
U = 0 and Uy = 0, respectively.

Summing up, for the components 1", X and U of admissible transformations of any equation
with f,, = 0 and gy,., 7 0 within the class (4.1.1) we derive the same system of determining
equations as in the case of equivalence transformations, cf. (4.6.2). Moreover, the conditions
fu, = 0 and gy 4, # 0 are saved by the admissible transformations. In this way, we have
established the following theorem:

Theorem 4.25. The subclass of the class (4.1.1) which is singled out by the constraints f,, =0
and Gy, 7 0 is preserved by admissible point transformations within the class (4.1.1). This
subclass is normalized and its equivalence group coincides with the equivalence group G~ of the
entire class (4.1.1).

It now remains to study the case f,, # 0. Eq. (4.5.7) immediately implies that T;X; =
T.X.=0.

Supposing T, # 0, we obtain that X, = 0, Xy # 0 and hence T3 = 0. In view of these
conditions Eq. (4.5.8) is reduced to X? = f fT2. Differentiating the last equation with respect
to u; leads to the equation f fu, T2 = 0, which is equivalent to the equation T, = 0, contradicting
the initial supposition.

Therefore, we have T, = 0, Ty # 0, Xy = 0 and X, # 0 and Eq. (4.5.8) reads

f1? = fx2 (4.8.2)

As the transformation rules for the first derivatives are simplified to

i — U; + Uy uy i — U, +U,u,
i = T , T — X, s
we can conclude from Eq. (4.8.2) that faz = 0 if and only if f,, = 0.
Differentiating Eq. (4.8.2) with respect to u gives (UMJrUuuux)fai = 0, and therefore Uy, = 0

and Uy, = 0. Differentiating Eq. (4.8.2) with respect to ¢ results in the equation

Utu X:Ba:i - Uz U:pt s ~T’tt‘
— ———— 4+ — | fa. +2f—=— =0. 4.8.3
<Xx U *X)f“z* I, (453
Taking into account the simplifications obtained so far, we represent Eq. (4.5.9) in the reduced
form
_ Ui +Uyu U, +Uyu
th2 + tht - Utt - 2Utuut = f <WXII - Umx) + gUu
t x
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The last equation can be split with respect to u¢, giving the equations

U, - U, U, + Uyu
2Ty = 2Up, §T7 + 2Ty — Uy = fl " Xpz — Uz | + gU.. (4.8.4)
T; T; Xy

We now distinguish the two cases Ty = 0 and Ty # 0.

In the case of T} = 0, the first of the above equations implies Uy, = 0. The corresponding
form of Eq. (4.8.3) then leads to Uy, = 0. Differentiating the second equation of (4.8.4) with
respect to t yields Uy = 0. Collecting all the results for this case implies that the transformation
belongs to the equivalence group G™.

We now investigate the case of Tj; # 0. Then, we solve the first equation of (4.8.4) with
respect to Uy, /U, and plug the resulting expression into Eq. (4.8.3). This yields

Ty (. U, Ust\ 7 Ty ~ N Ut 2Ty Up )\ -
St~ HT e ST Sl Lo Jxtatt Tz
<2Tt <Uz Xx) + Xz> fuz - T; f 0, or, (Uz + )

The difference of the second and third terms in the bracket can be encapsulated as a function
of  (or, equivalently, Z), i.e. we can write (43 + 3(Z)) fa, +4f = 0. This implies that

a(z)
(uz + B(T))*

for some smooth function & = &(Z). We now differentiate the second equation of (4.8.4) with

f= (4.8.5)

respect to u, which gives

UutTi _ 1 (U
T; 2\ 1 /)]

where the second equality holds upon differentiating the first equation in (4.8.4) with respect to
t. This implies that

U T T
ltt gy (2t
T; T;

t
which is equivalent to (U,T/Ty), = 0. Integrating this equation gives an expression for U,:
U, = »Ty/T;, where » is a constant. We substitute the expression for U, into the first equation
of (4.8.4) to obtain 27T}, T; — 3T72 = 0. The general solution of the last equation is

_ait+ap
 ast+as’

where a;, i = 0,...,3, are constants with ajas — agas # 0 which are determined up to a common
nonvanishing multiplier. As T3 # 0, we moreover have as # 0 and can assume ag = 1 due to the
indeterminacy up to a constant multiplier. Then we successively gauge as, ag and a; to 0, 1 and
0 by a shift of ¢, a scaling of ¢ and a shift of £, respectively. All the above transformations belong
to the group G™. In other words, T'= 1/t mod G~. Plugging the expression obtained for T" into
the equation U, = »Ty/T; allows deriving that U, = §/t, where ¢ is a nonzero constant.
Combining Eq. (4.8.2) with the expression for f established in Eq. (4.8.5) yields
7 a(X)X; a(z)

/= X2 (Ugug + Uy + B(X) X))t " (e + BV

where a(z) = T,2X2a(X)/U}* and B(z) == (XB(X) + U,)/U,. Furthermore, upon using

transformations from the equivalence group G*~, we can set § = § = 0, which consequently
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implies that U, = 0. By means of equivalence transformations, we can also set a,& € {—1,1}
and as the multiplier relating a and & is strictly positive, we have that & = «. Since the
transformation component X only depends on z, it also follows from 7,2X,2/U2 = 1 that
X, = const. Due to scalings and translations of x, which belong to G™, we can choose X = z.
Therefore, T,2/U* = 1. As T = 1/t and thus U, = §/t, this means that § = 1, i.e., U, = 1/t
and hence U = u/t + U°(t) and iz = u,/t. Here UY = U°(t) is a smooth function arising after
integration with respect to v and depending only on x in view of the condition U, = 0.
The remaining part of Eq. (4.5.9) can be represented as

I _ovp—wh =g, (4.8.6)

where U = u/t + U°(t). The differentiation of Eq. (4.8.6) with respect to t yields ga, iz +
3g + t2(tUS + 2U); = 0. The first two terms do not depend on ¢ and the last summand
depends only on t. Thus, we can separate variables and set t*(tUf} + 2U?); = —33 = const,
where the factor of —3 was introduced for the sake of convenience. Integration of this equation
yields tUj} + 2U? = 3/t3 + s, where » = const. The general solution of this equation is
U® = 3/(2t?) — »t/2 — 01/t + 00, where 01,09 = const. We also have §g, 1z + 3§ = 3, which
upon integration leads to § = i(Z)a;> + 5. Plugging these results into Eq. (4.8.6) gives
g= “i? + 25— (U +20)) = “g) 4

T

Using equivalence transformations, we can put s = » = 0. This is why we have f = 5&;4,

f=0ut g= 6&;3 and g = du; >, where § = £1. That is, the equivalence transformations for
this case reduce to symmetry transformations.
Owing to the above computations, we can formulate the following theorem:

Theorem 4.26. The subclass KC of the class (4.1.1), that consists of equations G~ -equivalent to
equations of the form (4.7.5), is semi-normalized with respect to G™. Any admissible transforma-
tion in this subclass is generated by G™ or is represented as a composition of the transformations
(01,05, T1), (02,02, T3) and (02,03,7T3), where 01 = (f,g), 02 = (Fuy?, pu;?), 63 = (f,§) and
T1, T3 are equivalence transformations and To = 1/t is a symmetry transformation of Lg,. The
complement K of K in the class (4.1.1) (as well as the complement of K in the subclass singled
out from the class (4.1.1) by the condition f,, # 0) is normalized with respect to G™~. The usual
equivalence group of the subclass K coincides with G™.

Corollary 4.27. The entire class (4.1.1) is semi-normalized. Hence the group classification of
the class (4.1.1) up to G~ -equivalence coincides with the group classification of this class up to
general point equivalence.

Remark 4.28. It can be proved using the above consideration that the class (4.7.5) is nor-
malized. The equivalence group G7 of this class consists of the transformations of the general

form
- t ~ . EV|b1A|lu+ b3t + b -
t:al +a05 $:b1t+b0, u = ‘1 ‘ E 25 :U’Zﬂv
ast + as ast + as b1
where a;, 1 = 0,...,3, are constants with A = ajas — agas # 0 which are determined up to a
common nonvanishing multiplier and b;, i = 0,...,3, are arbitrary constants with b; # 0. The

group G can be represented as the product of its two subgroups. The first subgroup is the
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ideal associated with the kernel group of the class (4.7.5) and formed by the transformations
from G7 with by = 1 and byp = 0. The second subgroup corresponds to the subgroup of G™
whose elements save equations of the form (4.7.5) and consists of the transformations from G’
with a3 = 1 and a9 = 0. This is why the list presented in Lemma 4.21 is an exhaustive list
of Lie symmetry extensions in the class (4.7.5) up to both G7-equivalence and general point
equivalence.

Remark 4.29. It follows from the above consideration that the entire class of equations of the
general form (4.1.1) is partitioned into three subclasses associated with the additional constraints
fur # 0, fu, =0 and gy,u, # 0, and fu, = Gu,u, = 0, respectively. Equations from different
subclasses of this partition are not mapped to each other by point transformations. This is the
main reason why it is natural to separate nonlinear equations of the form (4.1.1) from linear
ones, which are well studied and form the last subclass.

Remark 4.30. In order to simplify the calculations, we could have used Theorem 4.4b of
Ref. [73], describing form-preserving transformations between (1 4 1)-dimensional second-order
partial differential equations of the quite general form uy = H(t, x, u, Uy, Uyy), where H,,  # 0.
This theorem directly implies the simplest constraints T, = T, = X, = X; = 0 for admissi-
ble transformations of the class (4.1.1), in view of which the coefficients of any Lie symmetry
operator Q = 70 + £0; + 10, of each equation from the class (4.1.1) satisfy the determining
equations 7, = 7, = &, = & = 0. A partial repetition of computations in the present paper was
necessary in order to find the appropriate partition of the class (4.1.1) into subclasses.

4.9 Classification of appropriate subalgebras

In order to classify subalgebras of the equivalence algebra g~, we should describe the adjoint
action of the equivalence group G~, which consists of transformations of the form (4.6.3), on
the vector fields (4.4.1) generating g~. The description will be implemented by the direct
computation of actions of transformations from G~ on elements of g~ via pushforwards of
vector fields by these transformations [43], which differs from the way presented e.g. in [101].
In other words, the usual transformation rule of vector fields under point transformations will
be used. This method properly works for infinite-dimensional Lie algebras.

Employing elementary equivalence transformations (cf. the end of Section 4.6), we can com-
pute the nonidentical adjoint actions using the respective pushforwards. This yields

F2(ca) D' = D' + 2c4 F2, Di(er)F? = 2 F?,
5« ()D" = D" — G(), Di(e2)G(¥) = c2G (1),
F2(ca)D" = D* — ¢4 F?, DY(co) F? = coF?,
5«(¥)D(p) = D(p) + G(p¥x), D.(0)G(¥) = G((9)),
D.(0)D() = D(2(0)/0),

where 6 = é(m) is the inverse of the function §. It should be stressed that there are more
nonidentical adjoint actions of transformations from G~ on generating vector fields of g~ than
listed above, namely those related with actions on the trivial prolongation "' of the kernel
algebra g to the arbitrary elements, which is an ideal in g™, and those involving P%(cp) and
FL(c3). These adjoint actions, however, do not yield simplifications in the course of classification
of extensions of the kernel algebra.
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We will only classify appropriate subalgebras of g~. Any appropriate subalgebra s of g~
should contain g" = (P!, F! G(1)). For the class (4.1.1) we have two specific representations
of s, which are given by s = §" + (Q',...,Q%) = (P, F!) + (G(1),Q",...,QF), where “4”
denotes the direct sum of vector spaces, g is an ideal of s (since it is an ideal of the entire g™)
and (G(1),Q"',...,QF) is a subalgebra of 5. Q', ..., Q¥ are basis elements from the complement
of g in s and their projections to the space of equation variables yield a proper Lie symmetry
extension of g in the class (4.1.1).

Remark 4.31. The double representation of appropriate subalgebras is related to the represen-
tation of the whole algebra g™ in the form g~ = g™+, where " and g = (D%, D!, D(p), G(v)), F?)
are an ideal and a subalgebra of g™ but the sum is not direct even in the sense of vector spaces
since g Ng = (G(1)). Unfortunately, the equivalence algebra g™~ does not possess the repre-
sentation as a semi-direct sum of the ideal g associated with the kernel algebra and a certain
subalgebra, which additionally complicates the group classification of the class (4.1.1).

This is why we should classify only subalgebras of g~ which are contained in g and contain
(G(1)). The classification should be carried out up to G -equivalence, where Gy is a subgroup
of G~ formed by the transformations (4.6.3) with cp = ¢3 = 0. In fact, we will present the
classification results in terms of extensions of §"' excluding G(1) from the corresponding bases.

The determining equations for Lie symmetries of equations from the class (4.1.1) impose more
restrictions on appropriate subalgebras.

Lemma 4.32. sN (D% G(v), F2) = 5N (D', F2) = {0} for any appropriate subalgebra s.

Proof. Suppose that an appropriate subalgebra s of g™ contains an operator Q) = bD"* + G () +
cF?, where at least one of the constants b and ¢ or the derivative v, of the function 1 = v (x)
does not vanish. Then the operator PQ is a Lie symmetry operator for an equation from the
class (4.1.1). Substituting the coefficients of operator @ into the determining equations (4.7.9)
implies the following conditions on the arbitrary elements f and g:

(bucr: + ¢x)fuz =0, (bux + @Z)x)guz = 2c— ¢xxf + bg'

For both the cases b # 0 and 1, # 0 it follows that f,, = 0 and ¢y, = 0, which contradicts
the definition of the class (4.1.1). The case b = 0, 1), = 0 and ¢ # 0 leads to a contradiction.
Therefore, any appropriate subalgebra does not contain an operator of the form considered.
Analogously, an operator D! + c¢F?, where ¢ is an arbitrary constant, gives the condition
f =0, which is also inconsistent with the definition of the class (4.1.1). O

Lemma 4.33. dim (5 N(D(p),G(v), f2>) < 2 for any appropriate subalgebra s.

Proof. Suppose that s is an appropriate subalgebra of g~ and dim (5 N <D(g0),g(1/1),]:2>) > 2.
This means that the subalgebra s contains (at least) two operators Q° = D(¢*) + G(¥?) + ¢;F2,
where the functions ¢, i = 1,2, should be linearly independent in view of Lemma 4.32. In other
words, the projections PQ’ of Q* simultaneously are Lie symmetry operators of an equation from
the class (4.1.1). By W we denote the Wronskian of the functions ! and @2, W = plp2 — %l
W # 0 as the functions ' and ¢? are linearly independent.

Plugging the coefficients of PQ’ into the first classifying equation from the system (4.7.9)
gives two equations with respect to f only,

(Dbt = V&) fu, — &' fo + 205 f = 0. (4.9.1)
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We multiply the equation corresponding to i = 1 by ¢? and subtract it from the equation for
i = 2 multiplied by ¢'. Dividing the resulting equation by W, we obtain the ordinary differential
equation (uz + ) fu, + 2f = 0, where 3 = (z) := (p )2 — L) /W and the variable x plays
the role of a parameter. It is possible to set 8 = 0 by means of an equivalence transformation,
G(—p). Indeed, this transformation preserves the form of the operators @Q°, only changing the
values of the functional parameters ¢°. In particular, it does not affect the linear independency
of the functions ¢’. The integration of the above equation for 3 = 0 yields that f = au?,
where o = a(z) is a nonvanishing function of z. In view of the derived form of f, splitting of
equations (4.9.1) with respect to u, leads to ¢’a, = 0 and Yia = 0, i.e. ap = 0 and . = 0. As
G(1) € 5, we can assume, up to linear combining of elements of s that ¢ = 0. The constant «
can be scaled to a = +1 by an equivalence transformation.

In a similar manner, consider the last equation from system (4.7.9), taking into account the
restrictions set on parameter-functions and the form of f. For each Q?, this classifying equation
gives an equation with respect to g,

@iua;gux - ‘Pigac = _Qoéxau;l — 2¢;. (4‘9'2)

Again, we multiply the equation corresponding to i = 1 with ¢? and subtract it from the
equation for i = 2 multiplied by ¢!, divide the resulting equation by W and thereby obtain that
Gu, = —pPuz? + pluyt, where p? = p?(z) == aW,/W and p! = pl(z) := 2(c19? — cop!)/W.
Integration with respect to u, directly gives ¢ = p2u;! + pIn|ug| + p°, where p® = p%(x)
is a smooth function of x. The parameter-function x? can be set to zero by the equivalence
transformation D((), where the function ¢ = ((z) is a solution of the equation a(; + p?¢; = 0.
Substituting the derived form of ¢ into equations (4.9.2) and splitting with respect to u;, we
find that ul =0, i =0, p'ud = @i u! + 2¢;. Therefore, u! is a constant and the functions ¢!
and (2 can be set to 1 and z, respectively, upon linear combining of Q°. Then, we have ) = 2¢1,
ol = 2co + pt, ie. ¢p = 0, cg = —p'/2 and p¥ is a constant that can be set to zero by the
equivalence transformation F(—u°/2).

Summing up, we have proved that any equation from the class (4.1.1) admitting (at least)
two linearly independent operators PQ® is G~-equivalent to an equation of the form

-2 1
Upt = FUy Uy + I Jug],

where p! = const. However, the determining equations (4.7.9) in this case yield 1, = 0, 1, = 7,
Eoe =0, u'ny = 0, ny = pt (7:—&2). This obviously implies that the number of such operators Q"
cannot exceed two. O

Corollary 4.34. There are two G~ -inequivalent cases of Lie symmetry extensions in the class
(4.1.1) involve two linearly independent operators of the form PQ?, where Q' = D(¢") + G(¥*) +
Ci‘/—:Q;

L. uy = fuy 2uge +2Injuy|: g™ = g" + (PD(1),PD(x) — PF?),

2. Uy = Fu; Uy gmax = g™ + (PD(1), PD(x), PD! + PDY).
Proof. For p' # 0, we have that 7, = 77 = 0, £, = 0 and, after scaling of ;! to two by an
equivalence transformation, 7y = —2&,. This directly gives the first case. If 4! = 0, we obviously
recover the second case. O

Now that we have computed the essential adjoint actions and classified all appropriate subal-
gebras in Corollary 4.34 for which dim (sN(D(y), G(¥), F?)) = 2, we go on with the computation
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of inequivalent appropriate extensions of g, which contain at most one linearly independent
operator of the form D(¢) + G () + cF?, where ¢ = ¢(x) is a nonvanishing function. In view of
Lemma 4.32 it is obvious that the dimension of such extensions cannot be greater than three.
Here we select candidates for such extensions using only restrictions on appropriate subalgebras
presented in Lemma 4.32. As there exist specific restrictions for two- and three-dimensional
extensions, we will make an additional selection of appropriate extensions from the set of can-
didates directly in the course of the construction of invariant equations.
The result of the classification is formulated in the subsequent lemmas.

Lemma 4.35. A complete list of G~ -inequivalent appropriate one-dimensional extensions of g
m g~ is given by
(D" + D' +D(e) + F?), (D" —pD'+D(e)), (D' —D(1)),

(D'~ G(x)), (D(1)+eF?), (4.9.3)

where € € {0,1} and p is an arbitrary constant.

Proof. The classification of the appropriate one-dimensional extensions can be carried out effec-
tively by simplifying a general element of the linear span (D%, D!, D(p), G(v)), F?),

Q = a1D" 4 asD' + D(¢) + G () + ay F?,

using pushforwards of transformations from G~. For this aim, it is necessary to distinguish
multiple cases, subject to which of the constants a; or functions ¢, 1 are nonzero. We note in
the beginning that owing to the pushforward D, () we can always set ¢ = a3 = const.

For a; # 0 we can scale the vector field @ to achieve a; = 1. Using the pushforward by
a suitable transformation G(x), we can set ¢ = 0. The further possibilities for simplification
depend crucially on the value of as. For as = 1/2, the sum D% + aoD! is invariant under the
pushforward F2(c4) and therefore it is not possible to set a4 = 0. The actions of the pushforwards
of the transformations D(x) and D* allow scaling of ag and a4 to {0,1}. If ay = 1, by denoting
a3 = ¢ we obtain the first case from the list (4.9.3).

For az # 1/2 we can use the pushforward F2(c;) to additionally set ay = 0, which gives,
jointly with the case aa = 1/2 and a4 = 0, the second extension listed, where ay is denoted
by —p.

If a1 = 0 and as # 0, we scale as = 1 and can use the pushforward 3"3 (cq) to set ag = 0.
For a3 # 0, we can scale a3 = —1 by means of the action of D,(z) and additionally put 1) = 0
upon using the pushforward of the transformation G(x). If a3 = 0, we have ¥, # 0 in view of
Lemma 4.32 and hence we can use the action of D, () to set ¢ = —x. This gives the third and
the fourth case of the list (4.9.3), respectively.

In case of a; = ag = 0 but az # 0, we can set a3 = 1 and use the pushforward G, () for a
certain v to arrive at ¢ = 0. The action of D¥(c9) on the resulting vector field allows us to scale
the coefficient a4 so that we have a4 € {0,1}, which yields the fifth element of the above list of
one-dimensional inequivalent extensions.

In view of Lemma 4.32, the case a1 = as = ag = 0 is not appropriate. ]

Lemma 4.36. Up to G~ -equivalence, any appropriate two-dimensional extension of g in g~,
which contains at most one linearly independent operator of the form D(p)+G(v) +cF?, belongs
to the following list:

(D" +D(1), D'+ D(b)), (D"+D(1), D" +G(e")),

(4.9.4)
(a4 D" + asDt + asD(x) + oG (z) + g1 F2, D(1) + 62.7:2>,
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where b, a1, ag, as, €9, €1 and €9 are constants with b # 0, (a1,a2) # (0,0), (az,a3) # (0,0),
(a1,as3,e09) # (0,0,0) and (a1 — 2a2 — az)ea = 0. Due to scaling of the first basis element and
G~ -equivalence we can also assume that one of the a’s equals 1, (a1 —as)eg = 0, (a1 —2az)e; =0,
£€0,€1 € {0, 1} and g9 € {—1,0, 1} or, if g =0, €9 € {0, 1}.

Proof. The general strategy is to take two arbitrary linearly independent elements Q' and Q?
from the linear span (D%, D!, D(yp), G(¢), F2) such that s = g7 + (Q', Q?) is a five-dimensional
subalgebra of g~ satisfying the restriction on elements of the form D(y) + G() + ¢F? and
Lemma 4.32 and simplify Q' and Q? as much as possible by linear combining of elements of s
and pushforwards with transformations from G~. The proof is split into two parts.

First, we consider possible extensions not involving operators of the form D(¢) + G (1) + cF2.
In view of this additional restriction and Lemma 4.32, up to linear combining, we can take the
elements Q' and Q2 in the initial form

Q' =D+ D(") + GWY) + a1 F?, Q> =D' 4+ D(p?) + G(W?) + o F?,

where ! # 0. We set ! =1, ¢! = 0 and ¢; = 0 using D.(6), G.(x) with suitable functions 6
and x and F2(c;), respectively, i.e. Q' = D" + D(1). As the subalgebra s is closed with respect
to the Lie bracket of vector fields, we have [Q*, Q%] = D(p2) + G(¥2 — ¥?) — coF? € (G(1)) and
hence 2 = 0, co = 0 and 12 — 9> = const. Integrating the equations for ¢? and v? gives that
goz = b and ? = d1e* + dj for some constants b, d; and dy. The constant dy can be always set
to zero by linear combining with the operator G(1) belonging to §"'. The further simplification
of Q2 depends on the value of b. If b # 0, the pushforward of G(—d;b~'e®) does not change Q'
and leads to dy = 0. If b = 0, the parameter d; is nonzero in view of Lemma 4.32 and, therefore,
can be scaled to 1 by D%(d;'). As a result, we obtain the first two elements of the list (4.9.4).

Now we investigate the case dim (s N (D(¢), G(¢), F?)) = 1. Then basis vector fields of the
extension of §"' can be chosen in the form

Q' = a1D" + @D + D(¢") + G(') + a1 F?,  Q* =D(¢%) + G(4*) + 2 F?,

where (ay,az2) # (0,0) and p? # 0. We set p? = 1 and ¥? = 0 using D,(0) and G.(x) with
suitably chosen functions 6 and y, respectively. As s is a Lie algebra, we have that [Q?, Q'] =
D(p)+G (L) + (a1 —2a2)ca F? = a3Q2+G(co) for some constants az and cy. Therefore, ol = as,
(a1 —2ag—ag)ca = 0 and 9. = c. Up to combing Q! with Q% and G(1) we obtain that ¢! = azx
and ¢! = cpz. Up to G™-equivalence we can assume that (a3 —a3)co = 0 and (a;—2as)c; = 0. In-
deed, if a; —2as # 0, we can set ¢; = 0 using F2(¢&;) with an appropriately chosen constant &;. To
set cop = 0 in the case a; —ag # 0, we act on s by G, (¢ox) with an appropriately chosen constant ¢
and linearly combine the vector field @2 with G(1). Using pushforwards of scalings of variables
and alternating their signs, we can independently scale the constant parameters ¢y, ¢; and co and
change signs of ¢; and, simultaneously, ¢y and co. Additionally we can multiply the whole vector
field Q' by a nonvanishing constant to scale one of the nonvanishing a’s to one. The conditions
(ag,as) # (0,0) and (a1,as,co) # (0,0,0) follow from Lemma 4.32. After denoting c’s by &’s,
this yields the third case of the list (4.9.4) and thereby completes the proof of the lemma. [

Lemma 4.37. Up to G™-equivalence, any appropriate three-dimensional extension of g in g™,
which contains at most one linearly independent operator of the form D(p) + G(¢) + cF?, has
one of the following forms:

(D" 4+ p1D(z), D' + pyD(x), D(1) +F?), (D" + D(z) +dG(z), D' — G(z), D(1)), (4.9.5)

where p1, p2 and d are constants, € € {0,1}, pipa # 0 and e(p1 — 1) = e(p2 +2) = 0.
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Proof. In view of Lemma 4.32, any three-dimensional appropriate extension of §"', which contains
at most one linearly independent operator of the form D(p) + G(¢)) + cF?2, is spanned by the
vector fields Q' = D¥ + D(p') + G(WY) + 1. F?, Q? = D! + D(¢?) + G(¥?) 4+ o F? and Q3 =
D(p3) + G(¥3) + c3F2, where ¢! and ¢* are smooth functions of z, ¢; are constants, ¢'¢? # 0
and (¢2,42) £ (0,0).

Using F2(c1), D«(0) and G, (x) with suitably chosen functions 6 and yx of z and, if c3 # 0,
@”j(cgl), we set ¢ = 0, o3 =1, 92 = 0 and ¢35 = € € {0,1}. The commutation relations of Q3
with Q! and Q? are

(@ QY =D(ph) + G(WL) + esF* = p1@Q* + d1G (1),
(@Q%,Q% =D(¢2) + G(¥2) — 2¢3F> = p2@Q* + daG(1)

for some constants p; and d;, i = 1, 2. These commutation relations imply the conditions ¢! = p;,
Yl = d; and (p; — 1)e = (p2 + 2)e = 0. Therefore, up to combining Q° with @3 and G(1) we
obtain ¢’ = p;x and 9* = d;x. Then the commutation relation

[Q%, Q"] = (da + pady — p1d2)G(z) + 2F> =0

yields ca = 0 and pad; = (p1 — 1)da. If p1 # 1, we can set di = 0 using Gu(—(p1 — 1)~ di7)
and then the equality padi = (p1 — 1)d2 is reduced to da = 0. Analogously, in the case py # 0
we can set dy = 0 using G.(—py 1d23:) and then the equality pad; = (p1 — 1)dy is equivalent
to di = 0. Summing up, we always have dj = do = 0 mod G™ if (p1,p2) # (1,0). This gives
the first extension in (4.9.5). Otherwise, p; = 1, po = 0 and hence ¢ = 0 and dp # 0. Setting
dy = —1 by D¥(—d, '), we obtain the second extension in (4.9.5). This completes the proof. [J

4.10 Result of group classification

To describe equations from the class (4.1.1) whose Lie invariance algebras contain the pro-
jection Ps of a certain appropriate subalgebra s of g~ to the variable space, we can use two
equivalent ways, which lead to the same system of partial differential equations in the arbitrary
elements f and ¢: For each basis element Q of s we should either substitute the coefficients
of PQ into the last two equations of system (4.7.9) or write the condition of invariance of the
functions f and g with respect to Q. Then we should solve the joint system of the equations
derived. Simultaneously we should check whether the projection Ps is really the maximal Lie
invariance algebra for obtained values of the arbitrary elements f and g.

All the candidates for one-dimensional appropriate extensions listed in Lemma 4.35 are really
appropriate. For each representative of the list we have an uncoupled system of two equations
in f and g, which is easily solved. As a result, we obtain the following list of equations from the
class (4.1.1) that admit one-dimensional Lie symmetry extensions of g"' related to g~:

L1, DY+ 1D +D(e) + F%: uy= Fw)uz uge + §(w) + 21n |ug),

1.2. D“—pD! + D(e): Ut = ’um‘Qp(f( Yoz + §(W)uz),
1.3. D' —D(1): 22( f(ug)uze + 9(ug)),
1.4. D' —G(x): U = €2uz(f($)um + g(z)),

1.5. D(1) +eF?: up = f (e )ag + §(us) + 222,

where w = & — eln|u,|, € € {0,1} and p is an arbitrary constant. Here and in what follows, in
each case we present only vector fields which extend the basis {P?, G(1), F'} of §" into a basis
of the corresponding subalgebra of g~ .
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Calculations of the two-dimensional extensions are more complicated. We first present the
result of the calculations and then give some explanations.

2.1. D*—D(p), D! —D(1), p#0,: uy = £>®|uy|?? (Upe + viiz),
2.2. D+ D(z), D' —G(x): uy = £e2% (v%uy, + va),
2.3. D“+Dt+D( ), D(): wy = f(ug)uge,
2.4. D+ D' +D(z)—G(x), D(1):  uy = Fug, + ev,
2.5. 2D"+ D! +2D(x) + G(z) + F2, D(1):  up = ie2“1um + 21y,
2.6. D+ D(z)+G(z), D(1) +e2F?, g9 € {—1,0,1}:  uy = Fe?ouy, + e + 2e97,
2.7. 2-q¢)D"+ (1—-q)D'+ (2—-q)D(x) +G(z), D(1), ¢ #0,1:
Upy = F€* 0 gy + €17,
28. (2+2p—q¢)D"+ (1+p—q)D' + (1 +2p—q)D(z), D(1), ¢ #0:
Ut = E[ug|Ptze + |z,
2.9. (3+2p)D*+ D!+ (1 + 2p)D(x), D(1) + F2:
U = £ |tug|Puge + e3lug [PV + 22, e3 € {0,1},
2.10. 2(1+p)D*+ (1 +p)Dt + (14 2p)D(z) + F2, D(1):  uy = F|ug|*Puze + 21n |uy,
2.11. 2D + D' +2F2, D(1) + F%:  wy = Fug "uge + 210 |uy| + 2.

Nontrivial constraints for constant parameters which are imposed by the maximality condition
for the corresponding extensions are discussed in detail after Theorem 4.38.

In Cases 2.1 and 2.2, v is an arbitrary constant. These cases correspond to the first and
second spans from Lemma 4.36, respectively. For the associated invariant equations to have a
simpler form, these span are replaced by the equivalent spans (D* — D(p), D! — D(1)), where
p=—b"1 and (D" + D(z), D' — G(x)), respectively. Note that we can always set a constant
multiplier of the arbitrary element f to +1, e.g., by scaling of ¢.

The third span from Lemma 4.36 in fact represents a multiparameter series of candidates
for appropriate extensions, which is partitioned into the Cases 2.3-2.11 in the course of the
construction of invariant equations. Not all values of the series parameters give appropriate
extensions. Additional constraints for parameters follow from the consistency conditions of the
associated system in the arbitrary elements,

fz=0, ((a1 — a3)ug + €0) fu, = 2(ag — a2) f,

gz = 262, ((a1 — az)uy + €0)gu, = (a1 — 2a2)g — 2e2a3x + 2¢1,

with the inequality f # 0 and the requirement that the dimension of extensions does not exceed
two.

The above partitioning is carried out in the following way.

If a1 = ag = a9, the common value of the a’s is nonzero and we can set it to 1 by scaling of
the first basis elements of the span. We also have that e; = 0 mod G~ and €5 = 0. Depending
on either g = 0 or g9 = 1 (which is replaced by the equivalent value £g = —1) we obtain the
Cases 2.3 and 2.4, respectively.

If a1 = as # a9, scaling the first basis elements of the span allows us to set as — as = 1.
The parameter g9 should be nonzero since otherwise f = 0. Therefore, €9 = 1 mod G~. The
conditions as = 1, as = 0 and a9 # 0,1 lead to the Cases 2.5, 2.6 and 2.7, respectively. In the
last case we denote 1 —ag by ¢ and hence ¢ # 0, 1. In Case 2.5 the parameter £ is nonzero since
otherwise the dimension of the extension is greater than two.
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Let a1 # a3. Then g = 0 mod G™ and by scaling the first basis elements of the span we can
also set a; — az = 1. Introducing the notation p = a3 — as and ¢ = a1 — 2az, we obtain that
a1 =24+2p—q, a2 = 1+p—qand ag = 1+ 2p—q. The further partition depends on values of g,
g and €7. For e2 = 0 the dimension of extension is not greater than two only if either ¢ # 0 and
then 1 = 0 mod G~ (Case 2.8) or ¢ = 0 and &1 # 0 and then £; = 1 mod G~ (Case 2.10). The
condition €9 = 1 implies that ¢ = p + 1/2. If additionally either ¢ = ¢; = 0 or ¢ # 0 (and then
g1 = 0 mod G7), we have Case 2.9. Case 2.11 corresponds to the additional constraints ¢ = 0
and €1 # 0 (i.e. &1 = 1 mod G7).

Consider the candidates for three-dimensional appropriate extensions listed in Lemma 4.37.
The compatibility of the associated systems in the arbitrary elements, supplemented with the in-
equality f # 0, implies p;1 +p2 = 1 and d = 0 for the first and the second span of Lemma 4.37, re-
spectively. The general solutions of these systems up to G~-equivalence are (f, g) = (&|u.|?",0)
and (f,g) = (£e?%=,0). This gives the following cases of Lie symmetry extensions:

3.1. (1+p)D"+pD(x), (1+p)D'+D(z), D(1), p# —2,—1,0:  uy = +|uz|*Pug,,
3.2. D+ D(x)+G(z), D' —G(x), D(1): Ugy = Fe2%uy,.

Special cases of Lie symmetry extensions in the class (4.1.1) are presented before this sec-
tion. More precisely, all inequivalent equations whose maximal Lie invariance algebras are not
contained in the projection of the equivalence algebra g™~ to the variable space are listed in
Lemma 4.21. Equations from the class (4.1.1) which are invariant with respect to two linearly
independent operators of the form PQ?, where Q° = D(¢') + G(¢¥*) + ¢;F?2, are described in
Corollary 4.34. For convenience, we collect the derived cases in a single table and formulate the
final result of group classification for the class (4.1.1) as a theorem. Recall that G™-equivalence
coincides with the general point equivalence within the class (4.1.1), cf. Corollary 4.27.

Theorem 4.38. All G~ -inequivalent (resp. point-inequivalent) cases of Lie symmetry extensions
of the kernel algebra g"' = (0, Oy, t0y) for the class (4.1.1) are exhausted by the cases presented
in Table 4.1.

In each case of Table 4.1 we present only vector fields which extend the basis {9, 9y, td,} of g"
into a basis of the corresponding Lie invariance algebra. The spans of g’ and the vector fields
given in Cases 1-6 and 9 of Table 4.1 are the maximal Lie invariance algebras of the corresponding
equations for the general values of the associated parameter-functions f and g, but for certain val-
ues of f and ¢ additional extensions are possible, which are equivalent to other cases of Table 4.1.

In the course of collecting cases of Lie symmetry extensions in Table 4.1, they are arranged
properly. In particular, Cases 1 and 2 of Corollary 4.34 are merged with Cases 2.10 and 3.1
into Cases 16 and 20 of Table 4.1, respectively. As the value p = —1 is singular for the basis of
Case 2.10, the bases of Case 2.10 and Case 2 of Corollary 4.34 are changed in order to be agreed.
Case 2.6 with €5 = 0 is not included in Case 12 of Table 4.1 since it is united with Case 2.7 in
Case 13 of this table.

Within the algebraic approach used for the group classification of the class (4.1.1), the con-
struction of Lie invariance algebras precedes the construction of associated invariant equations.
This is why the simplification of the form of bases of Lie symmetry extensions, in a certain sense,
dominates in Table 4.1. The form of invariant equations can be slightly simplified if simulta-
neous minor complication of bases of the corresponding Lie invariance algebras are permitted.
In particular, multipliers equal to two can be removed from arbitrary elements by equivalence
transformations or re-denoting the parameter p.
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Table 4.1: Lie symmetry extensions of the kernel algebra g"' = (9, 9, t0,) for the class (4.1.1)

N ‘ f ‘ g Basis of extension
One-dimensional extensions
1| floz—eln|us|uy g(z —eln|ug|) +2In |us| | t0: + 260, + 2(u + t%)0,
2 (x—aln|uz| luz|?? | Gz — eIn Jug|) v |*Pus —ptOy + €0z + udy
3| flug)e? G(uz)e®® t0; — Oy
4 | f(z)e*s §(z)e?= t0; — x0u
5| flux) J(ug) + 2ex Oy + et?0,
Two-dimensional extensions
6 | dugt G(z)uy® t20; + tudy, 2t0; + udy
7 562I|ugg|277 p#£0,-2 1/62””|uz| PUug, v(p+1) #0d | pOz — uOu, t0¢ — O
8 | dx2e?ue vxeXie y £ § 20z + U0y, t0y — 20y
9 | flua) 0 Bu, 10; + 20y + udy
10 | & el Oz, 10t + 20z + (u — z)0u
11 | de= Uy Oz, t0¢ + 220, + u + z + t2)8u
12 | de%ue e"r42esx, e2€{—1,1} 20z + (u + 2)0u, O + £2t20
13 | 2= e q#0 Oey (1 — )t + (2 — )20z + (2 — Q)u + x)0u
14 | Ofua|* ual?,  *) O, (14p—q)td: + (14+2p—q) e + (2+2p—q)udy,
15 | &lus|? elug [P/ 2422 Oy + 1204, 10y + (14+2p) 20, + (3+2p)udy
16 | &lus|® 21n |ug| Oz, (14p)t0: + (14+2p)x0s + (2(1+p)u + t2)y
17 | duz?! 21n |uz| + 2z Oy + 20y, t0, +2(u+t2)6u
Three-dimensional extensions
18 6u;4 u;3 t20; + tuOy, 2t0r + udy, Oy
19 | duz? ve luz® v#£0 120; + tudu, 2t0; + udu, 20y + udy
20 | dlus|??, p # —2,0 0 Oz, t0r + 0y + U0y, Pty — udy
21 | fe2u= 0 O, 10 + xO0x + U0y, tOy — x0y
Four-dimensional extensions
Sug? 0 t20; + tudy, 260y + udy, O, 220z + udy

Here § = £1 mod G~ and € € {0,1} mod G~. In Case 15 ¢ = 0mod G~ if p = —1/2.
*) q 7{ 07 (p7 Q) 7é (_17 _1)7 (_27 _3) in Case 14.

Note that the unique inequivalent case of Lie symmetry extension for which the corresponding
Lie invariance algebra is of maximal dimension possible for equations from the class (4.1.1) and
equal to seven, Case 22, is not associated with a subalgebra of the equivalence algebra g~

Now we discuss nontrivial constraints for constant parameters which are imposed by the
maximality condition for the corresponding extensions.

The equation uy = €2*|uy|*”(Jugy + vuy) corresponding to Case 7 for general values of
parameters is linear if p = 0. If p # —1, it is reduced by the transformation £ = |p + 1|77,
&= e @/ PN = u to the equation G5 = |z |*P(0izz + 3~ 'iz) with o = 6 — v(p + 1), which
coincides with the equation of Case 19 (resp. 20, resp. 22) if p # —2 and v # 0 (resp. p = —2
and U # 0, resp. p = —2 and 7 = 0).

The equation uy = 62“1((5372%3; + vzu,) corresponding to Case 8 is similar with respect to
the transformation = ¢, ¥ = z, @ = u+z In |z| — z to the equation iz = %% (§lizz + (v —8)T 1)
which coincides with the equation of Case 21 if v = 4.

92



Any equation from the class (4.1.1) is a potential equation for the equation of the form
v = (f(2,0)vz + g(2,0))s (4.10.1)

with the same value of the arbitrary elements f and g, where the argument u, is replaced by v.
Indeed, Eq. (4.10.1) possesses two inequivalent characteristics of conservation laws, A! = 1 and
A2 = t. The potential systems constructed with the simplest conserved vectors associated with
these characteristics is

L=, wl = flz,v)v, + g(z,0), (4.10.2)
w2 =tvy — v, w?=tf(x,v)v, +tg(z,v). (4.10.3)

We denote tw! — w? by u. In terms of the dependent variables v, w! and w, the joint potential
system (4.10.2), (4.10.3) takes the form u, = v, uy = w!, w} = f(x,v)v; + g(x,v) which is
a potential system for system (4.10.2), i.e., it is formally a second-level potential system of
Eq. (4.10.1). Hence u is a second-level potential for this equation. Excluding v and w! from the
last system, we obtain Eq. (4.1.1). In order to derive Eq. (4.10.1) from Eq. (4.1.1), we should
take the total derivative of Eq. (4.1.1) with respect to = and replace u, by v. As the coefficients of
any Lie symmetry operator Q) = 70; +£0, +nd, of Eq. (4.1.1) satisfy the determining equations
Tu = &u = Nuu = Nzu = 0, the coefficient of 9, in the prolongation of this operator to v according
to the equality v = u, is equal to 1, + (7, — & )u, and hence does not depend on u. Therefore,
Lie symmetries of Eq. (4.1.1) induce no purely potential symmetries of Eq. (4.10.1).

We checked cases from Table 4.1 using the package DESOLV [32, 152] for symbolic calculations
of Lie symmetries, whenever it was possible.

4.11 Conclusion

The results of this paper and those existing in the literature on the symmetry analysis of differen-
tial equations allow us to compare different approaches to the group classification of differential
equations (partial preliminary group classification, complete preliminary group classification and
complete group classification) within the framework of the algebraic method. Given a class L|s
of (systems of) differential equations with the equivalence group G~ and the equivalence alge-
bra g, the application of each of the above approaches involves, in some way, the classification
of certain subalgebras of g™. The essential point is which subalgebras of g™ should be classified
and what equivalence relation should be used in the course of the classification.

Within the approach of partial preliminary group classification, a proper subalgebra s of g~
is fixed and then solely subalgebras of s are classified. This approach may be useful only if the
subalgebra s is relevant from the physical or another point of view. Hence the choice of such a
subalgebra s should be strongly justified which, unfortunately, is often ignored in the existing
literature on that subject. The differences arising from the consideration of the subalgebra s
instead of the whole algebra g™ are especially significant in the case when g~ is an infinite-
dimensional algebra whereas s is a finite-dimensional subalgebra. An seeming advantage of
replacing g~ by s is that in general finite-dimensional algebras are much simpler objects than
infinite-dimensional ones. At the same time, partial preliminary group classification has a few
essential weaknesses most of which are related to the following fact: As the fixed subalgebra s
of g™ is usually not invariant under the adjoint action of the equivalence group G, this group
does not generate a well-defined equivalence relation on subalgebras of s. This is a reason why
subalgebras of s are classified up to the weaker internal equivalence on s, which is induced by
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the adjoint action of the continuous transformation group associated with s, instead of G™-
equivalence.

The exhaustive classification of subalgebras up to internal equivalence is a cumbersome alge-
braic problem, possessing no algorithmic solution even for finite-dimensional algebras. In order
to simplify it, only one-dimensional subalgebras are usually classified which crucially increases
the incompleteness of results obtained in the framework of partial preliminary group classifi-
cation. Although the number of classification cases remains quite large, many of them can be
neglected up to G™-equivalence, not to mention general point equivalence. The presence of
equivalent cases unnecessarily complicates both the solution of the group classification prob-
lem and further applications of classification results, e.g., the construction of exact solutions of
systems from the class L|s.

Complete preliminary group classification of the class L|s is based on the classification of
subalgebras of the entire equivalence algebra g™~ up to G~-equivalence. As both the objects,
g~ and G~, are directly related to the class L|s and well consistent with each other, this
approach appears to be quite natural. For weakly normalized classes of differential equations,
it gives an exhaustive classification list. Moreover, complete preliminary group classification
is always a necessary step in the complete group classification within the framework of the
algebraic method. It is obvious that complete preliminary group classification gives a list which
is closer to exhausting all possible Lie symmetry extensions than any list obtained by a partial
preliminary group classification. At the same time, due to the usage of G™-equivalence, which
is stronger than the internal equivalence on a subalgebra of g™, the former list can contain even
fewer cases than the latter one. For example, 33 cases of one-dimensional extensions of the kernel
algebra were constructed for the class (4.1.1) in [63] in the course of the partial preliminary group
classification involving a ten-dimensional subalgebra of the equivalence algebra of this class. All
these cases are G™-equivalent to particular subcases of Cases 1-5 from Table 4.1 of the present
paper.

The approach of complete preliminary group classification can be optimized by the selection
of appropriate subalgebras of g~. The projection of each appropriate subalgebra to the space
of system variables is maximal among Lie invariance algebras of a system from the class L|s,
which are induced by subalgebras of g~. The simplest common property of appropriate subal-
gebras is that they contain the kernel algebra. Other criteria for the selection of appropriate
subalgebras, including bounds for dimensions of extensions or additional extensions, are derived
by examination the determining equations for Lie symmetries of systems from the class L|s.
In a certain sense, this approach combines the algebraic method of group classification with
the direct method based on the study of compatibility and the integration of the determining
equations up to G~ -equivalence. The use of the optimized technique often allows one to re-
duce the classification problem to the classification of certain low-dimensional subalgebras of
the equivalence algebra, even if the equivalence algebra is infinite-dimensional and there exist
infinite-dimensional extensions of the kernel. The calculations required are not too cumbersome.
Thus, the minimal computations which are necessary for the complete preliminary group classi-
fication of the class (4.1.1) are those given in the first parts of Sections 4.4 and 4.7 and the entire
Sections 4.5, 4.6, 4.9 and 4.10. These computations yield the majority of inequivalent cases of
Lie symmetry extensions for the class (4.1.1), which are presented in Table 4.1 (the exceptions
are only Cases 6, 18, 19 and 22).

There exist two ways to apply the algebraic method to complete group classification. The
first way is to reduce the complete group classification to the preliminary group classification.
The reduction can be realized, e.g., by proving that the class L|s is weakly normalized or by
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partitioning this class into weakly normalized subclasses and other subclasses which can be eas-
ily classified using the direct method. Although the partition into subclasses usually involves
cumbersome and sophisticated computations, it is an effective tool of group analysis since it
accurately adapts the classification procedure to the structure of the class £|s. This is the way
used in the present paper. The class (4.1.1) is partitioned into two subclasses possessing the
same equivalence group as the whole class (4.1.1). One of the subclasses is normalized, the other
is semi-normalized and mapped by equivalence transformations onto its subclass (4.7.5) of struc-
ture suitable for application of the direct method. The group classification of the subclass (4.7.5)
has been obtained in the course of the partitioning which results in only four special cases of Lie
symmetry extension (Cases 6, 18, 19 and 22 from Table 4.1) that are not related to subalgebras
of g~. The second way is to directly classify G™-inequivalent appropriate algebras contained
in the span g¥ = (go|0 € S) of maximal Lie invariance algebras, gg, of all systems from the
class L|s. This way works properly only if the class £|s possesses certain properties, e.g., if the
maximal Lie invariance algebra gy is of low dimension for any 0 € S [69] or if the class L|s is at
least weakly normalized or partitioned into weakly normalized subclasses, although this prop-
erty is usually not explicitly checked [9, 79, 80, 159]. An explanation for the above observation
is that G™-equivalence is not appropriate in the course of classification of subalgebras contained
in g¥ if g¥ is strongly inconsistent with the equivalence algebra g~ (e.g., much wider than the
projection Pg™ of g™ to the space of system variables).

Due to the above partition of the class (4.1.1) we have obtained essentially stronger results
than the solution of the usual group classification problem by Lie-Ovsiannikov for this class.
The partition exhaustively describes the equivalence groupoid of the class (4.1.1). Moreover, the
fact that the whole class (4.1.1) is semi-normalized guarantees that there are no additional point
equivalence transformations between cases of Lie symmetry extensions presented in Table 4.1,
i.e., the same table gives the complete group classification of the class (4.1.1) with respect to
general point equivalence.

The extension and clarification of the group classification toolbox is by no means a purely
mathematical problem. For example, methods from group classification have the potential to
provide a unifying framework to construct invariant local closure or parameterization schemes
for averaged nonlinear differential equations [16, 98, 123, 132]. As finding appropriate closure
ansatzes for averaged differential equations is at the basis of any numerical model of (geophysical)
fluid dynamical systems, it is immediately clear that group classification can play a crucial role
in the construction of different computational codes for such systems. The classes of differential
equations arising in the course of the parameterization problem are usually much wider and
have more complicated structure than the classes studied in conventional group classification.
It generally cannot be expected to completely solve the group classification problems for such
classes using existing methods. Hence, the development of new tools for the group classification
of differential equations together with the improvement of well-known approaches remains an
attractive and challenging research problem. Especially for complex classification problems, the
whole framework of the algebraic method as described and extended in the present paper seems
to be most appealing.
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Chapter 5

Complete point symmetry group of
the vorticity equation on a rotating
sphere

5.1 Introduction

Lie symmetries of the inviscid barotropic vorticity equation on the rotating sphere (sBVE)
were computed in [18] and used in [18, 23] in order to derive a point transformation mapping
the equation in a rotating reference frame to the equation in the rest frame and to construct
exact solutions. Therein it was also indicated that besides an infinite-dimensional maximal Lie
invariance group the barotropic vorticity equation on the sphere admits two independent (up to
composition with each other and with continuous transformations) discrete symmetries, which
merely alternate signs of two pairs of variables, (the time, the longitude) and (the latitude, the
stream function), respectively. However, no systematic derivation of discrete symmetries or,
more generally, the complete point symmetry group of the sSBVE was given in the literature up
to now.

With the present paper, we aim to complete the description of point symmetries admitted by
the sSBVE by computing the complete point symmetry group Gg of this equation. We simplify
the computation within the framework of the direct method via combining it with an advanced
version of the algebraic approach originally proposed in [58, 59], essentially modified in [21] and
then developed in [15, 20]. As a result, we prove that in fact the group Ggq is generated by Lie
symmetry transformations of the sSBVE and the above two discrete transformations.

The sBVE is an appropriate equation to demonstrate advantages of the enhanced version of
the algebraic approach. In principle, the group G might be computed using merely the direct
method based on the definition of the set of transformations to be found and the prolongation
of finite transformations to derivatives by the chain rule. This approach is widely applied in the
literature for finding complete point symmetry groups of single systems of differential equations
or equivalence groups and equivalence groupoids (i.e., sets of all admissible point transforma-
tions) of classes of such systems, see, e.g., [72, 73, 74, 123, 127, 149, 150] and references therein.
At the same time, the sSBVE is a third-order nonlinear partial differential equation for a single
scalar function of three independent variables, and one of the independent variables explicitly
appears in the equation. Hence the mere application of the direct method for the computation of
the group Ggq is too cumbersome. Moreover, the SBVE admits an infinite-dimensional maximal
Lie invariance algebra and therefore the version of the algebraic method proposed in [58, 59]
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is not applicable here, because it relies on the computation of automorphism matrices, which
properly works only in the finite-dimensional case. From the physical point of view, the sSBVE
is of superior importance as it is capable of describing qualitatively the large-scale behavior of
the flow in the middle of the troposphere. Due to its relevance for the larger atmospheric scales,
it is especially convenient to consider the vorticity equation in spherical coordinates.

Our paper is organized in the following way: In Section 5.2 we recall the known point sym-
metries of the sSBVE. In Section 5.3 we describe a method that can be applied to determine
the complete point symmetry group of a system of differential equations possessing a nontriv-
ial Lie invariance algebra. This method involves the notion of megaideals of Lie algebras and
properly works even for systems whose maximal Lie invariance algebras are infinite dimensional.
Section 5.4 is central. After determining a convenient set of megaideals for the maximal Lie
invariance algebra of the vorticity equation on the sphere, we derive a maximal system of con-
straints for elements of the group Gq, which are related to properties of the adjoint action of Gq
on its Lie algebra, and then complete the computation of G by the direct method using the
constraints derived within the framework of the algebraic approach. We briefly sum up our
results in the conclusion.

5.2 The model

Introducing the stream function in the system of nonlinear incompressible Euler equations in
a single thin atmospheric layer on the sphere leads to a single third-order nonlinear partial
differential equation for the stream function, which is referred to as the barotropic vorticity
equation on the sphere. It reads

G+ VaGu — Yulx +2QPx =0, (= Y+ (1= 1)) s (5.2.1)

1 — p?
where A\ and ¢ are the longitude and latitude, respectively, and p = sing, v is the stream
function generating an incompressible two-dimensional flow on the sphere, which is related to
the vorticity ¢ by means of the Laplacian on the sphere and €2 is the constant angular velocity of
the rotating sphere. The derived latitudinal variable p runs from —1 (South Pole) to 1 (North
Pole). For convenience, we assume the mean radius of the Earth to be scaled to one.

It was shown in [18, 23] that Eq. (5.2.1) admits the infinite-dimensional maximal Lie invari-
ance algebra, which is denoted as §&°. This algebra is generated by the vector fields

D =t — (v — Qu)dy — Qto, P =0, Z(g) = g(t)0y, J1 = 0y,
sin(\ + Qt) s + cos(A + Qt)

Jo = 1— 120, +Qdy),
T = MCOS()\ + Qiﬁ)a _ sin(A + Q) ((1— 12)), + 0d,) .

where the parameter-function g traverses the set of smooth functions of . The structure of the
algebra S is s0(3) @ (g2 € (Z(g))), where the three-dimensional orthogonal algebra so(3) is
realized by the vector fields J;, i = 1,2,3, g2 = (D, P) is a realization of the two-dimensional
non-Abelian algebra and (Z(g)) is an infinite-dimensional Abelian ideal in S&°.

An important property of the above family of Lie invariance algebras parameterized by the
angular velocity €2 is that it is not singular with respect to the parameter 2 at 2 = 0, i.e.
it includes the case of the rest reference frame, and it is natural to denote the maximal Lie
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invariance algebra of Eq. (5.2.1) with Q = 0 by S§°. It was shown in [18, 23] that £ can be set
to zero in the algebra S&° by means of the transformation

t=t, fi=p A=A+Qt, ¢ =1—Qu (5.2.2)

The same transformation also allows one to set €2 to zero in the vorticity equation (5.2.1). Note
that the transformation (5.2.2) was originally derived in [116], where it was used to transform
the vorticity equation into a reference frame with vanishing angular momentum. The transfor-
mation (5.2.2) can also be found by noting that the algebras S&° and Sg° are isomorphic and
by constructing the mapping relating these two algebras. For our purpose this transformation
is especially convenient as it leads to a simplified form of both the vorticity equation (5.2.1)
and the maximal Lie invariance algebra S (i.e. we can work with S§°). Moreover, setting € to
zero makes clear the physical meaning of basis elements of the algebra S§°. If 2 = 0, the vector
field D generates simultaneous scalings in ¢ and ¥ and the vector field P is associated with time
translations. The elements of the form Z(g) are the infinitesimal counterparts of gauging of the
stream function up to a summand being a smooth function of t. The vector fields J;, 1 = 1, 2, 3,
generate rotations represented in angular coordinates.

It was claimed in [18, 23] that in addition to continuous symmetries generated by elements
from the maximal Lie invariance algebra S&° (or, equivalently, S§°), there are two discrete
symmetries admitted by Eq. (5.2.1) and these are given by the changes of the signs, (¢, \, i, ) —
(=t, =X, ) and (t, A, p, ) — (t, X, —p, —10), respectively. While it is straightforward to check
by direct substitution that these transformations are indeed symmetries of (5.2.1), it is more
elaborate to derive them directly from the invariance criterion. This was not done in [18, 23].
It is even harder to prove that there are no other independent (up to composition with each
other and with continuous symmetry transformations) discrete symmetries than these two mirror
symmetries. It is the purpose of this paper to show by determining the complete point symmetry
group of the sSBVE that there are indeed only these two discrete symmetries.

5.3 How to find the complete point symmetry group
via the algebraic method

It is considerably more difficult to find discrete point symmetries of a system of differential
equations than its Lie symmetries. The reason for this is that the powerful infinitesimal sym-
metry criterion is only applicable for transformations depending on continuous group parame-
ters [25, 59, 101]. This is also the reason why to date no existing computer algebra package, such
as [55, 135, 153] can be used for this purpose, because all such packages rely on the integration
of the infinitesimal determining equations, which by definition only exist for Lie symmetries and
are linear. Finding discrete point symmetries or the complete point symmetry group of a system
of differential equations therefore has in fact to be done by hand, using computer programs only
for related routine calculations in interactive mode.

Before we start the computation of the complete point symmetry group Gg for Eq. (5.2.1)
with © = 0, let us recall about the general method proposed in [21], which in some sense
can be seen as a refinement of the technique suggested in [58, 59] by involving the notion of
megaideals [124].

Namely, we use the following property: Given a system of differential equations L, for any
transformation T from the mazimal point symmetry (pseudo)group G of the system L the linear
mapping T.: g — @ generated by T on the maximal Lie invariance algebra g of the system L
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via push-forwarding of vector fields in the space of system wvariables is an automorphism of g,
T. € Aut(g), and hence it preserves all megaideals of g.

The correspondence T — 7, defines a representation of G on g, which is often unfaithful.
In particular, this is the case if the group G (resp. the algebra g) has a nontrivial center. The
representation image G, is a subgroup of the automorphism group Aut(g), which may be smaller
than the entire group Aut(g). The continuous point symmetries of the system L generate, via
finite compositions, a connected normal subgroup U of G and induce mappings on g which
can be considered as internal automorphisms of g and which generate a normal subgroup of
Aut(g). We denote this subgroup by Int(g). Elements of the factor group G/U (more precisely,
their representatives in G) are interpreted as “discrete symmetries” of the system £ which are
independent up to composing with continuous symmetries of £. As the representations of G
and U on g via push-forwarding of vector fields are not necessarily faithful, there is no assurance
on the existence of a bijection between the factor groups G /U and Aut(g)/Int(g). The rigorous
consideration gives rise to a number of difficult problems which concern the relation of algebras
of vector fields and (pseudo)groups of transformations in the infinite-dimensional case and which
are out of the subject of this paper. At the same time, these problems can be easily solved in
particular cases, e.g., related to models of fluid dynamics and meteorology.

If the algebra g is not low dimensional, the computation of Aut(g) itself may be a complicated
problem. Moreover, the group Aut(g) may be much wider than G, especially if the algebra g
is infinite dimensional. If this is the case, in the course of the construction of Aut(g) we will
spend efforts for finding elements from Aut(g) \ G, which are in fact needless for determining
G.. To avoid such needless computations, instead of the condition G C Aut(g) we can use the
weaker condition that G,i C i if i is a megaideal of g.

In general, a megaideal i of a Lie algebra g is a vector subspace of g that is invariant under
any mapping from the automorphism group Aut(g) of g [21, 124], i.e., Tz = z for any z € i
and any T € Aut(g). Every megaideal of g is an ideal and a characteristic ideal of g. A set of
megaideals of g can be computed without knowing of Aut(g). Both the improper subalgebras
of g (the zero subspace and g itself) are (improper) megaideals of g. If i; and iy are megaideals
of g then so are i; +1ig, i; Niy and [i1, i2], i.e., sums, intersections and Lie products of megaideals
are again megaideals. If i3 is a megaideal of i; and i; is a megaideal of g then i is a megaideal
of g, i.e., megaideals of megaideals are also megaideals. All elements of the derived, upper and
lower central series of g, including the center and the derivative of g, as well as the radical and
nil-radical of g are its megaideals. In order to have a sufficient store of megaideals, we need one
more way for finding new megaideals from known ones.

Proposition 5.1. If iy, i1 and iy are megaideals of g then the set s of elements from iy whose
commutators with arbitrary elements from iy belong to iy is also a megaideal of g.

Proof. 1t is obvious that s is a linear subspace of g. Consider an element zy € ip such that
[20, 21] € 12 for arbitrary z; € i;. Then for arbitrary T € Aut(g) and arbitrary z; € i; we have
[T20,21] = [T20,TT 121] = T[20,T '21] € i2 as T 121 € i1, and hence [29, T 'z1] € ip. This
means that Tzg € s, i.e., 5 is a megaideal of g. O

As the megaideals i; and i2 are necessarily usual ideals and hence [ig,i1] C ip N iy, it in fact
suffices to consider the case when i is contained in ig Ni;. If ig Ni; = {0}, the megaideal s
coincides with ip. A particular case of Proposition 5.1 with ig = i; = g and i, = {0} implies that
the centralizer of every megaideal is a megaideal.
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Once a convenient set of megaideals is found, one should try to obtain maximal restrictions on
the form of a point symmetry transformation 7, which are feasible using the algebraic approach.
If all derived restrictions on 7 are taken into account, one has to substitute the restricted form of
a general point transformation into the initial system of differential equations and proceeds the
computation of the complete point symmetry group within the framework of the direct method.

5.4 Computation of the complete point symmetry group
We fix the value €2 = 0. It is straightforward to compute the following megaideals of g = S§°:

g = (N, T T3, P, 2(9), ¢ =(N,T.T5,.2(9)), ¢" =(T,TT3),
Colg) =Zy = (2(1)), Cq(0") =Zy = (2(9)), Cy(a") =(D,P,Z(9)),
(Cg(a™)) = (P, 2(9)),

where o', Z; and Cy(b) denote the derivative and the center of a Lie algebra a and the centralizer
of a subalgebra b in a, respectively.

Now we apply Proposition 5.1 to the case ip = i1 = (Cq4(g"”))" and vary is. If iy = (Z(1)) we
obtain s = (Z(1), Z(t)) and hence this is a megaideal. We reassign the last s as iy and iterate
this procedure, which results in the series of megaideals

(Z(1), 2(t), ..., Z(t"), n € No.

Megaideals of S5 which are sums of other megaideals are not essential for the computation of
the complete point symmetry group G of the vorticity equation (5.2.1) for Q = 0 by the algebraic
method since they give weaker constraints for components of point symmetry transformations
than their summands. Even if a megaideal i is not a sum of other megaideals, the condition
G.i C i may imply only constraints which are consequences of constraints derived in the course
of the consideration of other megaideals. In order to simplify the computation, we choose a
minimal set of megaideals which allow us to easily obtain a maximal set of constraints available
within the algebraic framework. We selected such megaideals from the above list:

(2(1), (Z),2@®), (P,2(9)), (Jr,T2,Ts)- (5.4.1)

The general form of a point transformation that can be applied to the vorticity equation on
the sphere (5.2.1) with 2 =0 is

T: (£75\7/17/1Z) = (T7A’M7 ‘IJ)’

where T, A, M and ¥ are regarded as functions of ¢, A\, u and 1, whose joint Jacobian J does not
vanish. To derive a constrained form of 7, we use the selected four megaideals (5.4.1) of S§°.
For the transformation 7 to be qualified as a point symmetry of the vorticity equation on the
sphere, its counterpart T, push-forwarding vector fields should preserve each of these megaideals.
Moreover, for any megaideal m of g the mapping induced by 7 on m is an automorphism
of m. This property is convenient to use for finite-dimensional megaideals. Thus, the megaideal
(T, T2, J3) is isomorphic to the algebra so0(3), whose automorphism group is exhausted by
internal automorphisms and hence isomorphic to the special orthogonal group SO(3).
As a result, we obtain the conditions

T.Z2(1) = Ty0; + Ad,a;\ + My0; + \I’d,a& = Cé(l), (5.4.2a)
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TLZ(t) = H(Ty0; + Ay + Mydj + Wy0;) = d Z(8) + doZ(1), (5.4.2b)

3
T.Ji =Y bijJ;, i=1,2,3 (5.4.2d)
j=1

where § is a smooth function of ¢ which is determined, as the constant parameters ¢, do, di, a1,
az, az and b;j, by T, and the vector field from the corresponding left-hand side, (b;;) is a special
orthogonal matrix, and i,j = 1,2, 3.

We will derive constraints on 7T, by sequentially equating the coefficients of vector fields in
the conditions (5.4.2a)—(5.4.2d) and by taking into account the constraints obtained in previous
steps.

Thus, condition (5.4.2a) directly implies that Ty = Ay, = My = 0 and ¥y, = ¢. Then the
last value is nonzero since the Jacobian J does not vanish. The equation ¢t = dit + do derived
from condition (5.4.2b) gives that d; # 0 and hence the ¢t-component of the transformation 7
depends only on t and the dependence is affine, f = T(t) = cd; 't — dod;*. Condition (5.4.2c) is
split into the equations T; = a; (and hence a; = cdfl #0), Ay = M; = 0 and ¥; = g. Collecting
coefficients of 9 in condition (5.4.2d), we obtain that ¥y = ¥, = 0. The integration and
arrangement of all the above equations for the components of 7 results in the representation

T:a1t+a07 A:A()\,,U,), M:M()\,,U,), ‘I’:CTﬁ‘f‘f(t)’

where a1, ag and c are arbitrary constants with a1c # 0, f is an arbitrary smooth function of ¢,
the pair of the smooth functions A and M has nonvanishing Jacobian and additionally satisfies
equations implied by condition (5.4.2d). Up to internal automorphisms of the algebra S§° which
are generated by the rotation operators [J1, J2 and J3, we can set the matrix (bz-j) to be the
unit matrix. Then we obtain the following system of equations with respect to the functions A
and M:

JIA=1, A= sinA, J3A = cos A, (5.4.3a)

M M
V1 — M? V1 — M?
TIIM =0, JoM=+1—-M2cosA, J3M = —+\/1— M?2sinA, (5.4.3b)

The equations J1A = 1 and /1M = 0 imply that A = A+ YT(u) and M = M(u). We
substitute these expressions into the last two equations of (5.4.3b) and split them with respect
to X\. This gives the conditions v1— M?sinT = 0 and /1 —p2M, = V1 —M?cosT. As
M,, # 0, we have that sin Y = 0, i.e. T = 7k, where k € Z. The same procedure applied to the
last two equations of (5.4.3a) results in the condition

po (=DM
Vi@ V1-M?

which is equivalent to M = (—1)*u. Then the equation /1 — p2M,, = /1 — M2 cos Y is iden-
tically satisfied.

There are no more constraints which can be derived within the framework of the algebraic
method. The further consideration is based on the direct calculation of transformed derivatives,
which is quite easy since the expressions for the transformation components have already been
specified. Thus, the transformed left-hand side of the vorticity equation (5.2.1) with Q = 0,

G+ (W56 — ¥als) = a%(t + (=1)*E(WrC — ¥ulr),

101



identically vanishes for each solution of (5.2.1) if and only if ¢ = (—1)¥/a;. This means that
up to rotations, which are generated by vector fields from (71, J2, J3), any transformation from

the group Gy takes the form

f=ait+as, A=\ ji=ep, zzizailwf(t),

where ag and a; are arbitrary constants with a; # 0, ¢ = £1 and f is an arbitrary smooth
function of ¢. (We neglect the shift of A by 7wk as it is a rotation associated with J; and
denote (—1)* by €.) A transformation of the above form belongs to the connected component
of the unity in Gg if and only if a; > 0 and € = 1. Therefore, there are only two discrete
transformations in Gg which are independent up to combinations with each other and with
continuous transformations. These are, e.g., the transformations with (a1,e) = (—1,1) and
(a1,e) = (1,—1), where in both the cases we set ag = 0 and f = 0, which merely alternate the
signs of the variables {t,v¢} and {u, 1}, respectively.

The transformation which alternates the signs of the variables {\, i} is in fact not a discrete
symmetry of the vorticity equation (5.2.1) for 2 = 0 as it is the rotation by the angle 7 with
respect to the axis corresponding to A = 0 and p = 0. The above symmetry transformations
alternating signs of different sets of variables can be combined in order to obtain other pairs
of simple discrete transformations which are independent of each other up to continuous trans-
formations. An example of such a pair is given by the transformations merely alternating the
signs of the variables {¢,A\} and {u, 1}, respectively. These transformations coincide with those
stated in [18, 23]. This completes the description of the complete point symmetry group of the
barotropic vorticity equation on the sphere with Q = 0.

By use of the transformation (5.2.2) the above discrete transformations can also be transferred
to discrete symmetries of the vorticity equation on a constantly rotating sphere.

Summing up the above consideration, we obtain the following assertion.

Theorem 5.2. The complete point symmetry group of the barotropic vorticity equation on the
sphere (5.2.1) is generated by one-parameter groups associated with vector fields from the alge-
bra S&° and two discrete transformations, e.g.,

(t,)\,,U,, w) = (_tv_)\7/1’7¢) and (taAvlL?w) = (t7)‘7 — K, —¢)

Corollary 5.3. The factor group of the complete point symmetry group of the barotropic vorticity
equation on the sphere (5.2.1) with respect to its connected component of the unity is isomorphic
to the group Zo X Zo.

5.5 Conclusion

In this paper we verified the claim raised in [18, 23] that the barotropic vorticity equation on
the sphere possesses two independent (up to composition with each other and with continuous
symmetry transformations) discrete symmetries. The computation involved two parts, an alge-
braic step and a step related to the direct method of finding point symmetries. In view of the
structure of the maximal Lie invariance algebra S§°, we were able to find a sufficiently large
number of megaideals of S5° and then selected those of them which were essential for our consid-
eration, i.e. the megaideals (5.4.1). This allowed us to derive important restrictions on the form
of point symmetry transformations and therefore strongly economized the remaining computa-
tions which were necessary to be carried out using the direct method. We should in particular
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stress that by taking into account all the constraints that are derivable by the algebraic method,
we already obtained a strongly restricted form of the admitted point symmetries. Only a single
constraint, which relates the constants a1, £ and ¢, could not be found from the transformation
behavior of the megaideals and consequently had to be determined using the direct method. As
the sSBVE is a complicated third-order nonlinear partial differential equation in (1+2) variables,
not deriving the above restricted form would have rendered it quite problematic to compute the
complete point symmetry group using only the direct method.

By Proposition 5.1 we also extended the number of possibilities to determine megaideals of
Lie algebras. This will be crucial for the computation of the complete point symmetry group
of other systems of differential equations as the method we proposed in [21] and applied in this
paper heavily relies on the availability of a large number of megaideals of the associated maximal
Lie invariance algebras.

Another novel feature of the present paper is the combining of a simplification of automor-
phisms via factoring out internal automorphisms as originally proposed in [58, 59] with the
algebraic technique based on megaideals. This is advantageous for the case under consideration
as the rotations from SO(3) in angular coordinates have a rather cumbersome representation,
i.e. already the direct integration of the Lie equations associated with elements of s0(3) is a
nontrivial problem. If the calculation of the complete point symmetry group Gy would be done
without factoring out internal automorphisms, the integration of the Lie equations would be
implicitly repeated during the computation, which would considerably complicate the calcula-
tions within the algebraic method. As so0(3) is both a direct summand and a megaideal of S§°,
the extension of any automorphism of s0(3) to the complement of so0(3) in S§° by identity is an
automorphism of S5°. Moreover, any such automorphism of S§° is internal as the automorphism
group of s0(3) coincides with the group of internal automorphisms. Hence we can easily factor
out such automorphisms assuming in the course of the computation that the basis elements 71,
Jo and J3 are identically transformed. Factoring out other internal automorphisms does not
essentially simplify the consideration.

To conclude, it often happens that some discrete symmetries of a system of differential equa-
tions are known but it is difficult to prove that there are no other discrete symmetries. It will
therefore be instructive to test the refined algebraic method for the computation of discrete
symmetries as presented in this paper with equations which are known to possess nontrivial
discrete symmetries, such as the potential fast diffusion equation vy = vy, /vy, cf. [121].
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Chapter 6

Differential invariants for the
Korteweg—de Vries equation

6.1 Introduction

Invariants and differential invariants are important objects associated with transformation groups.
They play a role for finding invariant, partially invariant and differentially invariant solu-
tions [52, 101, 112], in computer vision [104], for the construction of invariant discretiza-
tion schemes [17, 22, 41, 71, 82, 102, 133] and in the study of invariant parameterization
schemes [14, 16, 123].

There are two main ways to construct differential invariants for Lie group actions. The
notation we use follows the book [101] and the papers [33, 45, 102, 104, 106, 107]. Let G be a
(pseudo)group of transformations acting on the space of variables (x,u), where x = (z!, ..., 2P)
is the tuple of independent variables and u = (u!,... u9) is the tuple of dependent variables.
Let g be the Lie algebra of vector fields that is associated with G.

The first way for the computation of differential invariants uses the infinitesimal method [38,
52, 101, 112]. The criterion for a function I defined on a subset of the corresponding nth-order
jet space to be a differential invariant of the maximal Lie invariance group G is that the condition

pr™v(I) = 0, (6.1.1)

holds for any vector field v € g. In equation (6.1.1), the vector field v is of the form v =
£z, u)dyi + dpolx, u)dye (the summation over double indices is applied), and pr(™v denotes the
standard nth prolongation of v. In the framework of the infinitesimal method, the differential
invariants I are computed by solving the system of quasilinear first-order partial differential
equations of the form (6.1.1), where the vector field v runs through a generating set of g.

The second possibility for computing differential invariants uses moving frames [33, 45, 46].
The main advantage of the moving frame method is that it avoids the integration of differential
equations, which is necessary in the infinitesimal approach. At the same time, using moving
frames allows one to invoke the powerful recurrence relations, which can be helpful in studying
the structure of the algebra of differential invariants.

In this paper, we study differential invariants for the maximal Lie invariance group of the
Korteweg—de Vries (KdV) equation. This problem was already considered in [33, 106] and in [3§]
within the framework of the moving frame and infinitesimal approaches, respectively. Thus, on
one hand it is instructive to compare and review the results available in the literature. On the
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other hand, we extend these results in the present paper. In particular, we explicitly present
functional bases of differential invariants of arbitrary order for the aforementioned group.

The further organization of the paper is the following. In Section 6.2 we restate the maximal
Lie invariance group of the KdV equation. Section 6.3 collects some results related to a moving
frame for the maximal Lie invariance group of the KdV equation as presented in [33]. We also
introduce an alternative moving frame in this section. Section 6.4 contains our main results,
which are a complete list of functionally independent differential invariants for the maximal
Lie invariance group of KdV equation of any order as well as the description of a basis of
differential invariants for the new normalization introduced in Section 6.3. Section 6.5 contains
some remarks related to the results of the paper.

6.2 Lie symmetries of the KdV equation

The KdV equation is undoubtedly one of the most important partial differential equations in
mathematical physics. It describes the motion of long shallow-water waves in a channel. Here
we will use it in the following dimensionless form:

U + Uy + Uggy = 0. (6.2.1)

The KdV equation is completely integrable using inverse scattering [51]. The coefficients of each
vector field Q = 7(t, x,u)0 +&(t, ©, u)0r +n(t, z,u)d, generating a one-parameter Lie symmetry
group of the KdV equation satisfy the system of determining equations

o=Tu=&=m=1=0, n=&§—3ury, nu=—37=-2% (6.2.2)
with the general solution
T=3cut+c1, E=cqx+cst+ca, nN=-—2c4u+ cs,

where ¢y, ..., cq are arbitrary constants. Hence the maximal Lie invariance algebra g of (6.2.1)
is spanned by the four vector fields

B, Oy, tDy+0u, 3t0h + 1wy — 2ud,. (6.2.3)

Associated with these basis elements are the one-parameter symmetry groups of (i) time trans-
lations, (ii) space translations, (iii) Galilean boosts and (iv) scalings. The most general Lie
symmetry transformation of the KdV equation can be constructed using these elementary one-
parameter groups:

T=e¥(t+e)), X=c*(x+ey+eie3+est), U=ce *4(u+e3), (6.2.4)

where €1, ...,e4 € R are continuous group parameters. The KdV equation also admits a discrete
point symmetry, given by simultaneous changes of the signs of the variables ¢ and .
The prolongation of the general element @ of the algebra g has

n® = —(3a1 + a2 + 2)cslq — O1C3UG —1 a9+15

as the coefficient of 9,,, where @ = (a1, a2) is a multiindex, aj,a2 € NU {0}, and u, =
9N1FO2q /9t 92 as usual.
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Using the chain rule, from the above transformation formula (6.2.4) one obtains the expres-
sions for the transformed derivative operators,

Dy = e 3% (Dy — e3D,), Dx = e %D,.

In [33] these operators were used for listing some of the lower order transformed partial deriva-
tives of u. However, in order to obtain a closed formula for a functional basis of differential
invariants of arbitrary order for the KAV equation, it is useful to attempt to derive a closed-
form expression for the transformed derivatives of u. Such an expression is

Ua = 6_(3a1+a2+2)64 (Dt — EgDm)angQU

o 6.2.5
— ¢~BartartDe 30 (Lgy)h (‘3;{:1) Yo, —kz-+k- (6.2.5)
k=0

In particular, the expressions for Ur and Ux are

Ur = e %4 (uy — ezug), Ux = e *“u,.

6.3 A moving frame for the KdV equation

As the maximal Lie invariance group of the KdV equation is finite-dimensional, we only review
the construction of moving frames for finite-dimensional group actions here. Details on the
moving frame construction for Lie pseudogroups can be found, e.g., in [33, 107].

Definition 6.1. Let there be given a Lie group G acting on a manifold M. A right moving
frame is a mapping p: M — G that satisfies the property p(g - 2) = p(z)g~! for any g € G and
ze M.

The theorem on moving frames, see e.g. [46, 104, 106], guarantees the existence of a moving
frame in the neighborhood of a point z € M if and only if G acts freely and regularly near
z. Moving frames are constructed using a procedure called normalization, which is based on
the selection of a submanifold (the cross-section) that intersects the group orbits only once and
transversally.

There exist infinitely many possibilities to construct a moving frame. The single moving
frames differ in the choice of the respective cross-sections. The moving frame constructed in [33]
rests on the normalization conditions

T=0 X=0 U=0, Up=1, (6.3.1)

i.e., it is defined on the first jet space J'. It is necessary to construct the moving frame on the
first jet space, as the maximal Lie invariance group of the KdV equation does not act freely on
the space M, spanned by ¢, 2 and u. The action of G first becomes free when prolonged to J?,
which is then the proper space to construct the moving frame p™): J' — G on. Solving the
above algebraic system (6.3.1) for the group parameters €1, . .., e4 yields the moving frame pM)

1
g1 =—t, €y=—x, €E3=—U, 4= R In(u; + uuy), (6.3.2)

which is well defined provided that u; + uu, > 0. This moving frame becomes singular when
ut + uu, = 0. The latter condition is equivalent, on the manifold of the KdV equation, to the
condition that u,,, = 0 and implies, together with the KdV equation, that u,, = 0.
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Another possible normalization, leading to an alternative moving frame, is the following:
T=0 X=0, U=0, Ux=1
Solving the normalization conditions gives the associated moving frame

1
€1 =—t, €y =—x, E3=—U, €E4= 3 In u,, (6.3.3)

which is well defined provided that u, > 0.

Note that for u; + uu, < 0 (resp. u; < 0) one can replace the condition Upr = 1 by Up = —1
(resp. Ux =1 by Ux = —1).

6.4 Differential invariants for the KdV equation

The above moving frames can now be used to construct differential invariants using the method
of invariantization [33, 104, 106].

Definition 6.2. The invariantization of a function f: M — R is the function defined by

We first construct the set of all functionally independent differential invariants for the maxi-
mal Lie invariance group of the KdV equation using the moving frame (6.3.2). An exhaustive list
of differential invariants of any order was not given in [33]. Such a list is obtained by plugging
the moving frame (6.3.2) into the transformed derivatives (6.2.5). This yields

(631

— (o « «
I = t(Us) = (ug + ung)~G002t2/5 3" ( kl) LTI (6.4.1)
k=0

where a; > 1 or ag > 0. Invariantizing t, xz, v and wus, one recovers the normalization con-
ditions (6.3.1) and the associated differential invariants are dubbed phantom invariants. The
corresponding invariantized form of the KdV equation is 1+ Ip3 = 0.

Using the alternative moving frame (6.3.3), invariantization of (6.2.5) leads to the following
set of functionally independent differential invariants of the maximal Lie invariance group of the
KdV equation,

aq
I = (Us) = uj Berteatd/3 37 (O]‘;) T, (6.4.2)
k=0

where a; > 0 or ag > 1, and H! = 1(t) = 0, H? = 1(z) = 0, Ioo = ¢(u) = 0 and Ip; = t(u,) = 1
exhaust the set phantom invariants for this moving frame. Then the invariantization of the KdV
equation yields the invariant form I19+ Ip3 = 0. The advantage of the form (6.4.2) of differential
invariants compared to the form (6.4.1), which follows from the normalization (6.3.1) chosen
in [33], is that these invariants are singular only on the subset u, = 0, which is contained in the
subset u;, = 0 on which the invariants (6.4.1) are singular (again, when restrict to the KdV
equation).

In principle, by computing the form of differential invariants of any order we have already
solved the problem to exhaustively describe all the differential invariants for the maximal Lie
invariance group of the KdV equation. On the other hand, it is instructive to study the structure
of the algebra of differential invariants in some more detail.
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In particular, an interesting open problem in the theory of differential invariants is to find
minimal generating set of differential invariants in an algorithmic way. This is the set of dif-
ferential invariants that is sufficient to generate all differential invariants by means of acting on
the generating invariants with the operators of invariant differentiation and taking combinations
of the basis invariants with these invariant derivatives. Often the computation of the syzygies
among the differential invariants is a crucial step to prove the minimality of a given generating
set. The two operators of invariantization for the maximal Lie invariance group G of the KdV
equation follow from the invariantization of the operators of total differentiation D; and D, and
they are

D! = o(Dy) = (uy + uugy)~>/%(Dy + uDy),
Dix =1(Dy) = (u + uux)_1/5Dx.

In [33] it was claimed that the invariants

Uy Ut + 22Uty + Ullgy

= —-—- Ton =
01 (ug + uug)3/5’ 20 (ug + uny)8/5

form a generating set of the algebra of differential invariants for the KdV equation. While this is
certainly true, this set is not minimal. In [106] it was shown that the differential invariant Io; is in
fact sufficient to generate the entire algebra of differential invariants for the KdV equation. The
crucial step missed in finding the minimal generating set in [33] was the use of the commutator
formula for the operators of invariant differentiation D} and D}, which is

[D}, D] = 2(I11 + I§,)D} — (120 + 6191)DL. (6.4.3)
From the recurrence relation
Dilor = 21§, + Iy — 201120

one can solve for I1; in terms of Iy; and Iyy. Applying the commutation relation (6.4.3) to the
invariant Iy then allows solving for I solely in terms of I, which explicitly gives
[Di, Di)Io; — (Dllm + 812))Dilo; + 2101 D}, 101

5 101Digy — 3DL Iy

Iz =

which shows that Iy; is indeed the minimal generating set of the algebra of differential invariants
for the KdV equation.

We now repeat the computation of a basis of differential invariants for the moving frame (6.3.3).
The associated operators of invariant differentiation for this moving frame are the same that
were constructed in [38] within the framework of the infinitesimal approach,

D} = u, (D +uD,), D} =u,"*D,.

The computation of corresponding recurrence relations differs from that given in [33, 106]
only in minor details. Identifying c3 = & and ¢4 = 17}, we obtain the invariantized forms

F=ur), £=u9), =1 =1n),
3oy + ag + 2

i = i) = =B — oy 0102 >0,
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and the first three forms 7, £ and 7 jointly with 71 = ¢(7!) make up, in view of the invariantized
counterpart of the determining equations (6.2.2), a basis of the invariantized Maurer—Cartan
forms of the algebra g. The recurrence formulas for the normalized differential invariants are

Ay H' =w' + 7, dpH? =w? + &, duda = Ty t1.000" + Loy ans1w? + 7%,

where the form w! = ((dz) and w? = ((dz) constitute the associated invariantized horizontal
co-frame, dy, is the horizontal differential and so d,F' = (DiF)w! + (DLF)w?. We take into
account that H' = 0, H2 = 0, Iop = 0 and Iy; = 1 and solve the corresponding recurrence
formulas with respect to the basis invariantized Maurer—Cartan forms,

T = —wl, &= —w2, n= —Low' — w2, #1 = ! + Tw?.

Then splitting of the other recurrence formulas yields

: 3a1 + ag + 2

Dilo = Ini 11,00 — ffnfa + a1li0lo; —1,00+1,
. 3a1 + ag + 2

D;Ia - Ia1,a2+1 - fIOQIa + Olllal—l,a2+17

where o1 > 0 or ag > 1.

It is obvious from the above split recurrence formulas for that the whole set of differential
invariants of the maximal Lie symmetry group of the KdV equation is generated by the two
lowest-order normalized invariants

—5/3 —4/3
Lo = uy P (up + ),  Too = uy ¥ Pug,.

At the same time, the differential invariant Iys is expressed in terms of invariant derivatives of I
and hence a basis associated with the moving frame (6.3.3) consists of the single element 3.

Indeed, we have
[DL,Di] = —IpoD} + (1 + 2 111)DL = —IgoD} + (3(DL o) + 2IioIge + 2)DY)

as I11 = D;Im + %Im[og — 1. Applying the commutation relation for Diz and Di to I1p and
solving the obtained equation with respect to Iy, we derive the requested expression,
[Di, D110 — (DL + 2)Di 1o

2LoDLIp — Dilyg

Iy =

6.5 Conclusion

The present paper is devoted to the construction of differential invariants for the maximal Lie
invariance group of the KdV equation. We illustrate by examples that it is worthwhile to ex-
amine different possibilities for choosing the normalization conditions, which is a cornerstone
for the moving frame computation. This is an important investigation as the form of differ-
ential invariants obtained depends strongly on the set of normalization equations chosen. In
the present case of the maximal Lie invariance group of the KdV equation, using Ux = 1 as
a normalization condition instead of the condition Ur = 1 chosen in [33] leads to the normal-
ized differential invariants (6.4.2) which have a simpler form than the normalized differential
invariants (6.4.1) associated with the latter condition. The same claim is true concerning the
corresponding operators of invariant differentiation, recurrence formulas, etc. Moreover, the dif-
ferential invariants (6.4.2) are singular only on a proper subset of the set of solutions of the KdV
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equation for which the differential invariants (6.4.1) are singular. The invariantized form of the
KdV equation is more appropriate using the normalization condition Ux = 1. In contrast to the
condition Up = 1, this condition also naturally leads to the separation of differential invariants
which involve only derivatives of u with respect to x that may be essential as the KdV equation
is an evolution equation.

We also show that for Lie groups of rather simple structure, it is possible to construct func-
tional bases of differential invariants of arbitrary order in an explicit and closed form like (6.4.1)
and (6.4.2). This observation was first presented in [16] for an infinite-dimensional Lie pseu-
dogroup. Such a closed-form expression is beneficial as it is generally simpler than the form of
differential invariants obtained when acting with operators of invariant differentiation on basis
differential invariants. It is difficult to conceive finding similar expressions for arbitrary order
within the framework of the infinitesimal method in a reasonable way.
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Chapter 7

On the ineffectiveness of constant
rotation in the primitive equations

7.1 Introduction

A main motivation for the study of Lie point symmetries of differential equations is that they
provide systematic tools which allow finding of ansatzes that reduce the number of independent
variables in partial differential equations. Depending on the particular form of the reduction
ansatz, the reduced differential equations can then be often integrated to yield exact solutions
that are also particular solutions of the initial system of partial differential equations.

Another important application of symmetries of differential equations is that they can provide
a necessary condition of whether two equations can be mapped to each other. This criterion
is most effective in the case when the target equation is linear as then the initial equation is
linearizable. For the equations of hydro-thermodynamics, Lie symmetries have proved to be
extremely successful in finding transformations relating different equations. The most famous
example for this finding is certainly the linearization of the Burgers equation by means of the
Hopf-Cole transformation [101], which in fact is a non-invertible transformation, mapping the
Burgers equation to the linear heat equation. Also other equations of hydrodynamics, such
as the one-dimensional system of shallow-water equations, the Thomas equation, the potential
Burgers equation, the cylindrical Korteweg—de Vries equation and the —2 diffusion equation are
linearizable by point transformations [26, 25, 59, 77]. All these transformations can be found
by invoking the structure of the maximal Lie invariance algebras of the equations involved.
For invertible point transformations as will be considered in the present paper, the relevant
necessary criterion for the existence of a mapping relating two system of differential equations
to each other is that the maximal Lie invariance algebras of the initial and the target system
are isomorphic [26, 25].

Quite recently, a number of point transformations were found that allow canceling terms
related to the Coriolis force in the equations of fluid dynamics. Although somehow expectable
from the physical point of view, these transformations are often nontrivial. Examples of particu-
lar models where such a transformation was already found are the vorticity equation in spherical
coordinates [18, 23, 116], the barotropic potential vorticity equation [19] and the shallow-water
equations on flat [35] and parabolic topography [36].

It is the purpose of the present paper to show that such a transformation eliminating the
Coriolis force also exists for the more complex system of the primitive equations. The primitive
equations are a system of nonlinear partial differential equations for the momentum, mass and
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energy conservation. They form the dynamical core of most of the modern large-scale weather
and climate prediction models.

A further major result of this paper is the computation of the complete point symmetry group
of the primitive equations using the algebraic method proposed in [21]. To the best of our knowl-
edge, this is the first computation of the complete point symmetry group of a multidimensional
system of nonlinear partial differential equations admitting an infinite dimensional maximal Lie
invariance group of complicated structure. The core part of the method is the computation
of wide sets of megaideals that place suitable restrictions on admitted point symmetries of the
primitive equations. Without the use of megaideals, the computation of the complete point sym-
metry group would require the solution of a cumbersome nonlinear system of partial differential
equations, which in general is a hopeless endeavor.

The further organization of this paper is as follows. In Section 7.2 the primitive equations
are introduced. In Section 7.3 we compute the symmetries of the primitive equations and
explicitly find a point transformation that allows canceling of the effects of a constant rotation.
In Section 7.4 we determine the complete point symmetry group of the primitive equations using
the algebraic method. Section 7.5 is devoted to the usage of the transformation found and the
computation of selected exact solutions of the primitive equations. The final Section 7.6 briefly
sums up the results of the paper.

7.2 The primitive equations

We consider the primitive equations on the plane using pressure coordinates, i.e. the pressure
p is used as a vertical coordinate instead of the actual geometric height z. The advantage of
using pressure coordinates is that the continuity equation reduces to a diagnostic equation in
this case. The system of primitive equation then reads [67]

vt+v-Vv+va+f(—v,u)T+V¢:0,
R

P (7.2.1)
Uy + vy +wp = 0,
R J
Ty +v VT +wly— ——T =,
Cpp Cp

where v = (u,v) is the horizontal component of the velocity vector, V = (0;,0,) is the two-
dimensional nabla operator, w is the vertical velocity in the pressure coordinate system, i.e.
the material derivative of the pressure p, ¢ is the geopotential and T is the temperature. All
the unknown functions, v, w, ¢ and T depend on (¢, x,y,p). Subscriptions of functions denote
differentiation with respect to the corresponding variables. The constants f, R, ¢, in the above
system are the Coriolis parameter, the gas constant for dry air and the specific heat of dry air
at constant pressure. The function J = J(¢,z,y,p) is the external heating. The first equation is
the momentum equation, the second equation is the hydrostatic equation, the third equation is
the continuity equation and the last equation is the a version of the first law of hydrodynamics.
From the physical point of view, the system (7.2.1) forms the dynamical core of most of the
present day’s atmospheric numerical models.

The physical constants R and ¢, are always positive. Moreover, from the practical point
of view, the thermodynamic relation ¢, = ¢, + R applies for ideal gases. By definition, c,
is the specific heat at constant volume, which is the amount of energy needed to heat one
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kilogram of a compound by one Kelvin while holding the volume constant. As there is no
compound which will be heated by one Kelvin without supplying energy (i.e. always ¢, > 0),
this implies that ¢, > R. So as to simplify the subsequent expressions, we will put xk = R/¢,
subsequently where 0 < k < 1. For the Coriolis parameter f we distinguish between the
cases of f = 0 (no rotation of the reference frame) and f = const (constant rotation of
the reference frame). There arises the question of whether the choice f = const is a phys-
ically interesting one. By definition, f = 2Qsing, where  is the angular velocity of the
Earth and ¢ is the geographic latitude. Thus, f = f(¢) and therefore changes along the
meridians. On the other hand, this change is rather small and eventually can be neglected
for domains extending only moderately in North—South direction. For example, for a do-
main extending approximately 300 kilometer in North—South direction, the relative change
in the value of f from the South to the North is only about 5% around the mid-latitudes.
Therefore, for processes that take place on relatively small domains, f = const to a good
approximation.

One process that can be described with the model (7.2.1) for f = const is the land—sea breeze.
This is a circulation often induced by differential heating of a land-sea boundary, with winds
directed landward during day and seaward during night. As the land—sea breeze can persist for
several hours, the effect of the Coriolis force cannot be neglected. It is generally found that
around six hours after the beginning of the sea breeze the circulation is weakened due to the
effects of the Coriolis force [39]. This is why f = const is essential in numerical models that aim
to capture the land—sea circulation in an accurate way, see [39, 115] and references therein for a
detailed review over numerical studies of this particular circulation pattern.

Another reason why it convenient to assume f = const in the above system is the usage
of Cartesian coordinates. For processes taking place on a large enough domain, the tangen-
tial plane approximation of the Earth is not reasonable any more. For such processes or for
the general description of the global atmospheric circulation, it is more appropriate to study
the primitive equations in spherical coordinates and to use f = 2Q2sin ¢ without approxima-
tion.

Within the framework of group analysis of differential equations, the parameterized sys-
tem (7.2.1) should be interpreted as a class of systems of differential equations with the arbitrary
elements f, R, ¢, and J. Two of the arbitrary elements are inessential, in that it is possible
to scale R =1 (by a scaling of T" and ¢,) and f = 1if f # 0 (by a scaling of (¢,z,y,p)). For
physical reasons we will not make a use of these scaling. The possibility to set f = 1 is also
not overly relevant as we will show in the following section that f can be set to zero by a point

transformation.

7.3 Lie symmetries

In the following we will mostly be concerned with the system (7.2.1) in the case of J = 0,
corresponding to the case of a non-heated atmosphere (adiabatic case). We now compute the
Lie symmetries for this case using the infinitesimal invariance criterion [101]. The result gives
the coefficients of the vector field

Q=70 + &0y + €905 + EP0p + "0y + 0°0y + €20 + 0%y + 1" Or,

which is the infinitesimal generator of the maximal Lie invariance algebra gy of the primitive
equations (7.2.1). We have computed the maximal Lie invariance algebra using the Maple
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package DESOLV [31, 32, 152]. Splitting the general expression for @ gives the following basis
elements of g;:

Dy =ty + ftydy, — f'txﬁy — (u— fto— fy)dy — (v + ftu+ f2)d, — wd,
— (20 + f2(2® +y?))0y — 2T,
Dy = 20, + yOy + u0y + v0y + 2004 + 21707, D3 = pOy + wl,, (7.3.1)
P =0, J=—-Yy0+x0y—0v0y+udy, S=7p"(cp0p—0r),
X(Y) =7 Ox+% O — (v - X+ [0y —72)0s,  Z(a) = ady,

where f = f/2, x = (z,y), Ox = (02, 0y), Oy = (Ou, By), v = (71,7?), and the parameters v*, 72
and «a run through the set of smooth functions depending on t.

The associated one-parametric groups are (i) time-translations, (ii)—(iv) scalings, (v) planar
rotations, (vi)—(vii) generalized Galilean transformations, (viii) gauging of the geopotential and
(ix) generalized shifts.

The algebra gy is not singular in the Coriolis parameter f, which means that it is possible
to set f = 0 in (7.3.1). The remaining question is whether there are additional infinitesimal
generators extending the algebra gp when f = 0 in (7.2.1). Computing Lie symmetries of sys-
tem (7.2.1) for f = 0 shows that this is not the case, i.e. the primitive equations in a nonrotating
reference frame admit gg as the maximal Lie invariance algebra, whose basis elements are

Dy = t0y — u0y — v0, — wl,, — 2¢0y — 2107,

Dy = 10, + yOy + u0y + v0, + 2004 + 21707, D3z = pOy + w0,
P=0 J=—y0y+ a0y —v0,+udy, S=p“(c,04—0r),
X(Y) =7 O0x+7:-Ov — v - x05,  Z(a) = ady,

(7.3.2)

The nonzero commutation relations among basis elements of gg are exhausted by

D1, 0] = =0, [D1,S]=2S, [D1,X(v)] =X(tv,), [D1,2(a)] = Z(2a + tay),
=28, [D2, X(¥)] = =X (), [D2,2(a)] = —22(e), [D3,S] = &S,
B, X(V)] = X(vy), [0 Z()] = Z(au), [T, X()] = X(¥?, =),

X(v), X(0)]=2(0 vy —7 ou).

S
@
u

Based on the above commutation relations, one can see that the Lie algebra gg has the struc-
ture of go = (g2 @ g3) € i, where go = (0, D1) is a realization of the two-dimensional non-
abelian algebra, g3 = (D2, D3, J) is a realization of the three-dimensional abelian algebra and
i = (X(v),2(a),S) is an infinite dimensional ideal in go, i = ((X (7)) € (Z(«))) ® (S), and
(Z(a)) and (S) are abelian ideals in the entire algebra go.

Upon redefining the basis elements in the algebra g; according to

8t_>8t_fja X(v) = X(7)

where 4 = (y! cos(ft) — 42 sin(ft), 7" sin(ft) + 2 cos(ft)) and the remaining basis elements
remain unchanged, they satisfy the same commutation relations as the basis elements of gg.
Therefore, the algebras gy and go are isomorphic, which is a necessary condition for the existence
of a point transformation mapping the primitive equations with f 7% 0 to the primitive equation
in a resting reference frame (f = 0) [25]. This allows us to use the algebraic method for finding
the transformation relating the two systems with f = 0 and f # 0 to each other.
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Suppose that a point transformation

T: 3= T (t,x,y,p,u,v,w, ¢, T), (7.3.3)

Where 1’ E {t7$7y7p7 u’ U7w’ ¢7T}7 (Zt7z‘r7zy7zp’ ZU7ZU7ZUJ’Z¢72T) = (t7 x’ y)p’u7v7w7 ¢7T) and
tween the algebras gy and go. Then, the relation upon the corresponding basis elements ¢ and
@ of the algebras gy and go, respectively, reads

OT = 0% (7.3.4)

which is the usual rule for the transformation of vector fields.

Evaluating (7.3.4) for the transformation component of p, it follows from the transformation
of Z that 7] = 0 and from S that 77 = 0. As X(v)7? = 0 must hold for arbitrary smooth
functions v, one obtains that 7 = T = T = T = 0. Moreover 9,77 = 0 and from the two
different scaling operators D; and D3 we conclude that p = p. Using similar arguments, one
also finds that ® =w, T =T and { = .

Now consider the transformation components of £ and . In view of the operators Z and &
we again conclude that 77 = 7F = 7/ = 77 = 0. From the condition that X(v)7" =
ol and X(v)TY = o2 it follows that 7% = a'(t)z + a®(t)y + a*(t)u + a*(t)v + 2°(p,w) and
TY = b (t)z + b2(t)y + b3 (t)u + b*(t)v + 3°(p,w). The condition that (9, — f7)T* = 0 implies
that a} — fa2 =0, a? + fal =0, a} — fa4 = 0 and a} + fa3 = 0. From J7* = =TV it
follows that b! = —a?, b® = a', b® = —a* and v* = a3. The equation D;7* = 0 enforces
that a® = a* = 0 and therefore also v® = b* = 0. Integration of the equations for a! and a?
gives that a' = ¢; cos(ft) + cosin(ft) and a2 = ¢y cos(ft) — e sin(ft). From the constraint
alyt + a2y = o! = cos(ft)y! — sin(ft)7? we conclude that ¢; = 1 and ¢ = 0. The action
of the scaling operators D; and Ds finally requires that 20 = y° = 0. Therefore one obtains
& = cos(ft)x — sin(ft)y and § = sin(ft)x + cos(ft)y.

We next consider the transformation components of @ and ¥. Again the condition that
Z(a)T" = Z(a)T" = ST = ST" =0 leads to T3 = T = T = T = 0. The condition that
X(y)T* = o} and X(v)T"Y = o7 implies that T* = d' (t)x+d*(t)y+d*(t)u+d*(t) +u’(p,w) and
TV = e (t)z+e2(t)y+e3 (t)u+et(t)+1°(p,w). The relations di — fd? = 0, d2+ fd* = 0, d3— fd* =

0 and df+fd3 =0ande' = —d?, €2 =d', 3 = —d* and e* = ¢® follow from the transformations
rules (9, — fJ)T% =0 and JT* = —T", respectively. The scaling transformation Dy 7% = —T*
enforces the relations the relation d* = d?/ f and d® = —d?/ f . Integrating the equations for

d1 and da, including the constraint that X' (v)7% = o} and invoking the transformations of the
scaling D3 leads to the transformation @ = cos(ft)u — sin(ft)v — f(sin(ft)z + cos(ft)y) and
o = sin(ft)u + cos(ft)v + f(cos(ft)x — sin(ft)y).

It thus remains to determine the transformation behavior of ¢. From Z(a)7¢ = & and
ST? = pc, it follows that 7:;) =1 and TT(b = 0. The actions (9, — fT)T® = 0 and JT? = 0
imply that 7;” = 0. From X (y)T% = —4, - X it follows that 7.’ = 7. = 0 and 7¥ = f2z and
7;(]5 = f2y. The action of the scaling operators D; and D3 on 7% implies that ’7;? =T7% =0.
Therefore, ¢ = ¢ + f2(x2 + y2)/2.

It can be checked that all the equations from the condition Q7" = Qéi not used to derive
the above form of the transformation ¢ = T(t,z,y, p,u,v,w, ¢, T) reduce to identities. It can
also be checked by direct substitution that the same transformation also relates the primitive
equations with f # 0 to the equations in which f = 0. This proves the following theorem.

115



Theorem 7.1. The primitive equations (7.2.1) in a reference frame with constant rotation can
be transformed to the primitive equations in a reference frame at rest, i.e. f =0 upon using the

transformation
t=t, os(ft)r —sin(ft)y, §= Sin(f t)z + cos(ft)y, p=p,
U= COS(f ) sin(ftyv — f(sin(ft)z + cos(ft)y),
7 = sin(ft)u + cos(ft)v + F(cos(ft)x — sin(ft)y), (7.3.5)
O=w, ¢= gf)—i—%(x +y?), T=T,

where f = f/2. The same transformation maps the maximal Lie invariance algebra gy to go.

Remark 7.2. In cylindrical coordinates, (7,6, p), the transformation (7.3.5) takes the particular
simple form

where u” and u? are the velocity components in radial and in azimuthal direction, respectively.

So as to derive the transformation (7.3.5) using the algebraic method it was necessary to
assume J = 0, i.e. the system was required to be adiabatic. This assumption is crucial as
for general functions J = J(t,z,y,p) the primitive equations (7.2.1) only admit the gauging
operators Z(a) and S. The span of these gauging operators is not enough to derive a sufficient
number of equations for the transformation components (7.3.5). On the other hand, one can
check the validity of this transformation for the case J # 0 by direct computation. As the
differential operator v - V is invariant under the transformation (7.3.5) and this is the only
term that is transformed in the temperature equation, the same transformation also maps the
primitive equations for J # 0 in a rotating reference frame to the corresponding system in the
resting reference frame with possibly another value of J.

Corollary 7.3. Transformation (7.3.5) maps the non-adiabatic (J # 0) system of primitive
equations in a reference frame with constant rotation to the non-adiabatic system of primitive
equations in a reference frame at rest with possibly another value of J.

Remark 7.4. Owing to the invariance of the advection operator v - V under the transforma-
tion (7.3.5), it is possible to extend the system of primitive equations (7.2.1) by equations of the
form

Si+v-VS+wS, = Q,

without introducting new nontrivial transformation components for the prognostic variable S
and the source term Q, i.e. S = S and Q = Q. Examples for physically relevant equations
of the above form are, e.g., the moisture equation or any equation for a passively transported
atmospheric tracer.

Remark 7.5. In the case ¢, = R, the system of primitive equations (7.2.1), where we set 2 =0
without loss of generality, admits a wider maximal Lie invariance algebra gg than gg. Additional
basis elements go in comparison with gg are

R(A) = 2007 + M2 0z + \jy0y — 200 — (/\gft — )\;553)87; — ()\Ef) — /\gggj)&; —
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- - 1 2, - -~
(AN@ + 2X5D) 0 — (2)‘f¢ + 5)\5{{(382 + y2)> 6(5 — 20T 05,

T
P(y) = 05 + ;05 + ?8@

where A and 9 run through the set of smooth functions of ¢. It is clear that the operator R(\)
is a generalization of the usual shifts in ¢ (A = const) and the scaling operator 2D; + Dy (A = t).
For arbitrary A, R(A) can be interpreted as re-parameterization of time. The operator P(¢) in
turn is a generalized Galilean boost in p-direction. At the same time, this example is unphysical

as ¢, > IR

7.4 Complete point symmetry group

The above consideration shows that without loss of generality it suffices to carry out group
analysis of the primitive equations (7.2.1) only for the case f = 0 In this section we find
the complete point symmetry group G° of Egs. (7.2.1) with f = 0 by the algebraic method
proposed in [21]. This method may be treated as an enhancement of the approach suggested
in [58, 59] (see also [53]) by embedding the notion of megaideals [124]. See [44] for recent
advances of the enhanced method. Its main benefit is that it can be applied even to systems of
differential equations possessing infinite-dimensional Lie invariance algebras, which is the case
for Egs. (7.2.1), Although it can also simplify related computations for higher-dimensional Lie
invariance algebras.
The algebra g = go has the following obvious megaideals:

o' =(P,SX(7),2(a)), ¢"=(X(),Z(a)), §"=2Zy ={Z(a)),
Zy =(S,2(1)), Zyng” =(Z(1)),
my = GCy(g") = (D5,8, 2(e)), my =(S), Cylm) =(T,X(7), 2(a)),

where a’, Z, and Cq4(b) denote the derivative and the center of a Lie algebra a and the centralizer
of a subalgebra b in a, respectively. Here and in what follows the parameters ', ¥? and « run
through the set of smooth functions depending on t.

To find more megaideals of g, we apply Proposition 1 from [44] for various special choices
of the megaideals ig, iy and iy of g. This proposition states that the set s of elements from i
whose commutators with arbitrary elements from i; belong to iy is also a megaideal of g. Thus,
for ip = g, i1 = ¢’ and iy = Zy N g”" = (Z(1)), we obtain s = (Z(1), Z(t)) and hence this is a
megaideal. We reassign the last s as i and iterate the procedure with the same ig and i;, which
gives the series of megaideals (Z(1), Z(t),..., Z(t")), n € Ny.

A convenient choice for ip and iy is ig = i1 = g when iy is varying. For iy = m} and iy = g we
respectively have the megaideals s = (D3, S) =: mg and s = (kD2 + 2D3, T, X (), Z(«)). Then
Cy(mz) = (P, X(7v), Z(v)), and Cy(mg) = (D1 + D32, D2+ 2D3, T, P, X(7), Z(a)) =: m3 are also
megaideals, as well as Cn, (Zy N g") = (D1 + Do, T, P, X (), Z()).

Applying again Proposition 1 from [44] on the next step, we take iy = i; = Cy(m2) and
iy = g”’ and derive the megaideal s = (X(1,0), X(0,1), Z(«)) =: my. We reassign the last s as
i9 and iterate the procedure with the same iy and i;, which gives the series of megaideals

(X(1,0),Xx(0,1), X(t,0), X(0,¢t),...,X(t",0), X(0,t"), Z(a)), n € Ny.
Considering ip = g and i; = my @ m) with iy = g, we get s = (D1, P, S, X(v), Z(«a)).
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Some of the above megaideals of gg can be neglected in the course of computing the complete
point symmetry group Gy of the primitive equations (7.2.1) with f = 0 by the algebraic method.
Indeed, the condition G,i C i for a megaideal i may only result in constraints for components
of point symmetry transformations that are consequences of those obtained in the course of the
computation with other megaideals. In particular, this is the case if a megaideal i is a sum
of other megaideals. To optimize the computation, we select a minimal set of megaideals that
allow us to easily derive a set of constraints for components of point symmetry transformations
that is maximal within the algebraic framework. We choose the following megaideals from those
we have computed:

(Z(0), (2, 2@®)), (S), (X(1,0),X(0,1), Z(e)),

(X(£,0), 2(0,1), X(1,0), (0, 1), Z(a)),

(X(t%,0), X(0,1%), X(t,0), X(0,t), X(1,0), X(0,1), Z(a)), (7.4.1)
(T, X(7), 2()), (P, X(7),Z(a)), (D1+D2,J,P,X(7), Z(a)),

(D3,5), (D1, P,S,X(7), Z()).

We additionally ordered the megaideal list in such a way that megaideals heading the list
give more elementary equations of the form ’7'2{ = 0 with some 4,5 € {t,z,y,p,u,v,w, ¢, T} or
allows us to specify the expressions for some 7.

The general form of point transformations that acts in the space of the independent and
dependent variables of the primitive equations (7.2.1) is given by Eq. (7.3.3), where the corre-
sponding Jacobian J does not vanish. For a point transformation 7 to be qualified as a point
symmetry of the primitive equations (7.2.1) with f = 0, its counterpart 7T, push-forwarding vec-
tor fields should preserve each of the selected megaideals (7.4.1) of the algebra go. As a result,
we obtain the conditions

TZ(1) = Tj0s = a1 Z(1), (7.4.2a)
TZ(t) = tT}0s = a2 2 () + asZ(1), (7.4.2b)
’ﬁkS = p“(cﬂ;f — T2z = asS, (7.4.2c)
(1,0) = 7,0z = (bw b5 + Z(a), (7.4.2d)
X(0,1) = T, 9z = X (09, 033) + Z(a"), (7.4.2¢)
X(t,0) = (tT; + Tz = X (biit + b1}, biit + b)) + Z(a'), (7.4.2f)
X(0,8) = (tT, + T,)0z = X (biaf + bid, byst + b39) + Z(&'?), (7.4.2g)
7; (t2, 0) = (277 + 2T} — 227)0s
= X (b2 + 21 4 029, 03212 + b3 T + b)) + Z(a2Y), (7.4.2h)
T X(0,8%) = (T, + 2tT,) — 2yT})0::
= X (02382 + b1t 4 029, 3212 + b2E + b29) + Z(a??), (7.4.2i)
ToT = (aT) —yT +uT) —vT)0s = asJ + X(7°) + 2(&°), (7.4.2))
TP =Tz = agP + X (') + Z(a%), (7.4.2k)
To(D1 + D) = (T, + 2T + yT, +wT3)0z = ar(D1 + Da) + asP + X (7°) + Z(a°),
(7.4.21)
T.Ds = (pT, + wT)0z = agDs + a1oS, (7.4.2m)
T.Dy = (tT¢ —uT} —vT} — wT — 2d>’7:; — 2T'T73) s
= a1 Dy + aeP + a138 + X (3%) + Z(ab), (7.4.2n)
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where i € {t,z y p,u,v,w, ¢, T}, and we assume summation with respect to repeated indices;

as, s = 1,. 3, 099, 019, b 20 b2 and b7, k,l = 1,2, are constants; 4™ = (™1, 4™2),
m=3,...,0, and the parameters a%, &', G2, 3™ 4™ and &™ are smooth functions depending
on t.

We will derive constraints on 7 by sequentially equating the coefficients of vector fields in
the conditions (7.4.2) and by taking into account the constraints obtained in previous steps.

Thus, the condition (7.4.2a) directly implies that 7'; =a; and 7! = 0 if i # ¢. Then the
constant aq is nonzero since the Jacobian J does not vanish. The equation a1t = ast + ag derived
from the condition (7.4.2b) gives that as # 0 and hence the component 7* depends only on ¢
and the dependence is affine,

T = alaglt — agagl.
This completely specifies expression for 7* and also implies that 9; = a7 'a20;.
The condition (7.4.2(:) is split into the equations p””(cﬂf—’T}T) = —ay(TP)", p“(cp7;¢—7'T¢) =
ascy(TP)" and cp7;f £ =0fori+# ¢, T. Therefore, T} = as(T?/p)", 73? = cpa1 —cpaa (TP /p)"~,
. =0 for i # ¢, T, and ay # 0.

Considering simultaneously the pairs of the conditions (7.4.2d) and (7.4.2e), (7.4.2f) and
(7.4.2g), as well as (7.4.2h) and (7.4.2i), we derive that

Tx bll? 7;51 b21, 7;¢ — 6&01,
Tm 127 Ty = b227 7? =a%,
Ta =bnt+b) =00t TP = byt +b3) — bt Tp'=by, Ty =by, T =a" —ta",

T =bigt + by — 099t TY = byt +bys —b99t, T =bly, TS =by, T.0=a"?—ta”,
Ti=T]=0, i=tpwT;

Ti=T, =0, i# vy,

bO0t% 4 2t (bt + by — bt) = biat® + byt + bkl, 2bjt = 205t + b3y, k1 =1,2
otart — 269 — 2010 = —203%2% — 26327 + &°

2tat? — 1262 — 2a1y = —20%2% — 20337 + d22
The last two equations imply that [b77| # 0 (otherwise, the Jacobian J equals zero) and thus
the transformation components & = 7% and § = 7Y depend only on (¢,z,y). More precisely, in
terms of the constants bg? we have the representation

T4 = b0z + 0% + BL(t), TY =03z + b3y + B(t),

where ¥ are smooth functions of t. As 72 = T/ = T,* = T/ = 0, we obtain b:1#+b? — 5% = 0.
Then b)) = aja; 1b1 and b)Y = afa; 2bkl, i.e., B = qja;'B" and B = aa;*B??, where
we use the matrix notation B = 0%9), BM = (b}}) and B** = (b77). On the other hand,
—2(B?)TB% = —2¢,E, where F is the 2 x 2 unit matrix, i.e., (B)TB® = aja;%E, which
implies, e.g., for the (1,1)-entry that (b09)% + (b99)? = aay?. Therefore, a; > 0 and thus we
can represent the matrix B in the form

00 3/2 -1
B™ =a)'"ay O,

where O is a 2 x 2 orthogonal matrix. This completes specifying the expressions for 7% and TY.
The representation for B% implies b3 = b33 and 89 = —b). Using this, we derive from
the condition (7.4.2j) that B%x = asx + (722, —731)T, which gives a5 = 1, 81(t) = 7*(f) and
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B%(t) = —431(f). In view of the above equations for derivatives 7;{ with 4,7 = u,v, briefly
representable as (77) = B, we also get from the condition (7.4.2j) that a; 'aaBv =
asv + (’??2, —’yg’l)T. Arranging the last equation results to finally specifying the expressions
for 7% and T,

az

a
T = 200+ 0o + 510, T = 2 0Fu+ b8+ 5(1),

1,]=u,v

As the derivatives 7 and 7o’ may depend only on ¢, the condition (7.4.2j) gives that T =
72 = 0. The variables z and y are involved in the expression of 7¢ only within the summand
—ada;*By - B''x.

The condition (7.4.2k) obviously implies the elementary equations 7, = T* = T, = 0 and
the constraint that the transformation component 7¢ may involve the variable ¢ only via the
above summand and one more summand that depends only on .

Two more elementary equations, 7 = 7./ = 0, follows from the condition (7.4.21). The
equation implied by (7.4.21) for T is t7;' = a7T" + as, which gives a; = 1. Then the equation
implied for 7% takes he form w7% = 7. The main feature of 7% obtained from (7.4.21) is that
the term w7 depends only on ¢, x and y.

Consider equations yielded by the condition (7.4.2m). Thus, the equation for 77 is p’7;T =
—a10p”, and hence 7;1% =0. As T = a4(TP?/p)", we get that (T?/p), =0, i.e. pT) = TP. The
equation for T? is pT) = agTP. Therefore, ag = 1. Then the equation for 7% takes the form
pT,’ + w7y = T* and, after combining with the analogous equation that is obtained from the
condition (7.4.21), reduces to the equation 7;* = 0.

Collecting coefficients of 0;, 07 and 8(2; in (7.4.2n) results in the equations t7? =anT'+ao,
—2T7-7T = —2@117_T — alg(Tp)H and

t7 —wT — ¢T7 — 21T} = —2a11T% + arzep(TP)" — 45, - % + a5,

The essential consequence of the first equation is a7 = 1. Then the third equation implies that
T¢ does not depend on and w since we have already proved that all summands in the left hand
side of the equation as well as TP have this property. From the second and third equations it
is obvious he variable p is involved in the expressions of 77 and 7% only within the summands
—1a13(TP)" and 3aizc,(TP)", respectively.

We introduce notation of the following constants:

3/2
as ay ay TP 1
€0 =—"—"), 51:7#07 €2 = >07 €3 = — >Oa 54:*012557
as as as D 2
Tw

€5 = 7 # 0, e = a45§.

The constant €3 should be greater than zero for both physical and mathematical reasons since
the exponent €5 should be well defined for all k2 0 < x < 1 and, in view of the physical
interpretation of the variable p, both its initial and transformed values should simultaneously
be positive. The constant €2 can be assumed positive since the parameters €5 and O are defined
up to simultaneously alternating their signs. Collecting all the restrictions we have derived for
the components of the transformation 7 within the algebraic approach and using the above
notation, we obtain the preliminary representation of this transformation,

t=eit+eo, xX=e20x+0B(t), p=-esp,

D) 1 .
VELOVE LA, @=e (7.4.3)
bt 8% 3 K €9 - .
0= 50+ 5 o) THeacp _?ﬁtt(t).oera( ), T = e6T — eap”
1 1 1

120



Not all parameters in the representation (7.4.3) are independent. For the transformation 7
to really be a point symmetry of the primitive equations (7.2.1), some parameters have to satisfy
additional constraints that cannot be derived within the framework of the algebraic approach.
This is why the computation should be completed by the direct method. The application of the
direct method can be simplified by factoring out a priori known continuous transformations.
Thus, we can set g = ¢4 =0, 3 =0, a =0 and O to be equal to the diagonal matrix with the
diagonal entries —1 and 1.

We calculate expressions for transformed derivatives and substitute them to the primitive
equations (7.2.1) written in terms of the transformed variables, which are with tildes. Then we
choose u, v¢, ¢p, wp and T; as principal derivatives, express them in terms of other (parametric)
derivatives from (7.2.1), substitute the obtained expressions into the system derived on the
previous step. Splitting the resulting system with respect to parametric derivatives gives the
missing equations,

&

€5 = &3, &g = -
€1

This equations jointly with the representation (7.4.3) leads to the following assertion:

Theorem 7.6. The complete point symmetry group of the primitive equations (7.2.1) consists
of the transformations

t=eit+eo, X=e20x+0(t), P=esp,

€ 1 -
lOV + aﬁt(t)7 W = e3w,

{, p—
€1
7 5% k€2 a 6% K
¢ =S¢ +eacpp” — 5Bu(t) - Ox+alt), T==5T—eap”,
€1 €1 €1
where €, ..., €4 are arbitrary constants with ¢1 # 0, e2 > 0 and e3 > 0; B = (B, B?); the

parameters B, % and o run through the set of smooth functions of t; O is an arbitrary 2 x 2

orthogonal matriz.

Corollary 7.7. The discrete symmetries of the primitive equations (7.2.1) are exhausted, up to
combining with continuous symmetries and with each other, by two involutions, which are the
inversion of time, t — —t, and simultaneous mirror mappings in the (z,y)- and (u,v)-planes,
(z,y,u,v) = (—z,y, —u,v).

7.5 Exact solutions

Finding the transformation (7.3.5) has two more immediate benefits. It allows one to take
arbitrary exact solutions of the primitive equations in the resting reference frame to exact
solutions of the primitive equations in a constantly rotating reference frame and vice versa.
This transformation is also important because it enables one to carry out Lie reductions using
the simplified Lie invariance algebra go, spanned by the operators (7.3.2) and then to extend the
solutions obtained to the rotating case. Examples for both of the above usages are presented in
this section.
Physically, the simple solution of the nonrotating primitive equations,

u=up(p), v=wo(p), w=0, ¢=9(p), T=T(p),
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where the relation between T and p is given via the hydrostatic equation, describes a stably
stratified atmosphere with a horizontally homogeneous horizontal wind field, a vanishing vertical
velocity and horizontally homogeneous fields of geopotential and temperature. The inverse of
transformation (7.3.5) takes this solution to

cos <£t> uo(p) + sin (£t> vo(p) + gy;

0=

0 = —sin <£t> ug(p) + cos <£t> vo(p) — gx,
~ 2 ~

5=0, b=ol) - L), T=T0),

which is a solution of the primitive equations in a constantly rotating reference frame. This
solution now is horizontally isotropic in the geopotential, while there is still no vertical velocity.
Physically, this means that the effects of a constant rotation cannot lead to vertical motion if
the initial vertical velocity is vanishing. The above solution then describes the inertia motion
of fluid particles under the action of the Coriolis force, cf. [35] for the corresponding solution of
the rotating shallow-water equations. This type of motion can be frequently observed for buoys
in the ocean.

To systematically carry out Lie reductions of the primitive equations (7.2.1) with f =0, it is
necessary to compute an optimal list of inequivalent subalgebras, which forms the cornerstone of
the reduction procedure. We do not aim to establish a complete list of inequivalent subalgebras
of dimensions one, two and three here, which for the proper cases would allow reduction of
the number of independent variables by one, two or three. In other words, the corresponding
reduced systems would be systems of partial differential equations in two independent variables,
systems of ordinary differential equations and systems of algebraic equations, respectively.

Instead, we consider the Lie reduction with respect to the subalgebra

s = (X(y) +d'S, X(o) + d*S),

where a' and a? are arbitrary constants, the pairs v = (v!,7?) and o = (c!,0?) of smooth
functions of t are linearly independent and ;-0 —0o -y = 0. Note that in this case the operators
X(v) and X (o) commute and form a proper subalgebra that is suitable for Lie reduction.
Previous experience shows, that this algebra is indeed an element of the optimal list of two-
dimensional subalgebras of the primitive equations, see the corresponding results for the vorticity
equation, the Euler equations, the Navier—Stokes equations and the magneto-hydrodynamic
equations [49, 119, 120, 130]. An appropriate reduction ansatz corresponding to this subalgebra
is

1 1

A+a’ - X X
V=V — (oa
5 Yt 5 ty
w=w,

ot -x ~tx

A P
¢=0¢+ Czo?(@laL —a’yt) x - g X T T our X
K
T =p"T+ p?(alcrL —a’yh) - x,

where v+ = (2, =), ot = (6%, —0!), § = y'0? — %0l =~ -6t = —4L -0 # 0 (§ can

be assumed to be positive up to simultaneously alternating signs, e.g., of 4! and ~42), and
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quantities with hat depend on the invariant independent variables ¢t and p. By the way, for each
pair 3 = (B, %) one has the representation

L L

o -8 vy -0 O B ., 7B |

B = 5 5 7= 5 + 5 7
The above ansatz reduces the primitive equations (7.2.1) with f =0 to
1.3 1.3 K

Vi + v, + z 5 v'yt i VCTt + cp%(alo'J‘ —a*yt) =0, (7.5.1a)
¢p+ Rp" 1T =0, (7.5.1b)
4]
gt +&, =0, (7.5.1¢)
. L1
Ty + &T, + g(alo'J‘ —a*yt) v =0, (7.5.1d)

Upon integrating the reduced continuity equation (7.5.1c) to yield
O =06:6""p +x(1),

it is clear that the above system is reduced to a linear system of four (1+1)-dimensional first-order
partial differential equations, which can be solved in the following way. We make the change of
dependent variables v = GV, where the 2 x 2 nondegenerate matrix-function G = G(t) is chosen
as a solution of the equation Gy — HG = 0 with the 2 x 2 matrix-function H = H (t) defined by
Hx = § Yot -x)y, — 6 1 (y* - x)o;. Let G~! denote the inverse of the matrix G. Then the
first two equations (7.5.1a) reduce to

K
Vi + @V, + cp%G—l(alal — a2yt =0, (7.5.2)
which is an inhomogeneous system of two decoupled linear partial differential equations. The
change of the independent variables

r=t, €=-2 0@t with () = F(t)

o(t) to O(t)

maps the system (7.5.2) to the system of trivial ordinary differential equations with the indepen-

dt’,

dent variable 7, where £ plays the role of parameter. The general solution of the latter system
can be found by quadratures. This gives the following expression for v:

v(t,p) = G(t)vo(f) — ch(t)/ (5(7’))“_1 (f + 0(7))HG_1(7)(CL10’J‘(7‘) — a27l(7)) dr,

to

where v

is a pair of arbitrary smooth functions of €.
In order to solve the equation (7.5.1d), we substitute the obtained expression for v into it,

switch again to the variables (7,¢) and integrate with respect to 7. As a result, we have

' Yalod(r) —atyh )
Pt =1) - [ SIS (a4 00m) ) dr

where T is an arbitrary smooth function of &.

The last step of solving the system (7.5.1) is the integration of the equation (7.5.1b) with
respect to p, which gives
P
6=¢"(t) ~R | p*'T(t,p)dp,
Po
where ¢ is an arbitrary smooth function of ¢, which can be neglected.
Substituting the expressions derived for the values with hats into the ansatz, we obtain the
entire family of s-invariant solutions of the primitive equations (7.2.1).
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7.6 Conclusion

The present paper is devoted to an investigation of the system of primitive equations from its
symmetry point of view. We found a point transformation that allows to cancel the effects of a
constant Coriolis force in this system. This transformation might be relevant for application of
the primitive equations on the f-plane, such as in studies of land-sea breezes.

In practice, the primitive equations (7.2.1) as presented in Section 7.2 are forced and damped
by external mechanisms, such as external heating (including .J), phase transitions of water
(including an equation for moisture) and bottom friction (including friction in the momentum
equations). The presence of these additional mechanisms substantially narrows the number
of admitted Lie symmetries. It was discussed in Section 7.2 that for arbitrary J only Z(«)
and S are admitted as Lie symmetries. Symmetry breaking due to external forcing terms thus
substantially hinders the applicability of symmetry methods. On the other hand by omitting
these external influences it is possible to arrive at a system that has a wide maximal Lie invariance
(pseudo)group and is therefore accessible to the machinery of group analysis. Eventually, results
derived for the simplified equations can be extended to the usual system. In this manner we
have shown in the present paper that the same transformation (7.3.5) that maps the rotating
primitive equations to the non-rotating ones in the adiabatic case extends trivially also to the
non-adiabatic case, without the necessity to modify J in the transformed equation. In other
words (7.3.5) in not an equivalence transformation.

In a similar manner, it can be checked that the transformation (7.3.5) also maps the dissipative
primitive equations in a constantly rotating reference frame to the dissipative primitive equations
in a resting reference frame. This means that attaching classical friction, vAv, to the right-hand
side of the momentum equations in (7.2.1) does not require to modify transformation (7.3.5) in
order to set f to zero.

In Section 7.2 we discussed an application of the model of primitive equations for the choice
f = const, i.e. on the f-plane. For domains extending farther in North—South direction, the
latitudinal variation of the Coriolis parameter becomes relevant. The next order of accuracy
approximation for f in a Cartesian plane is f = fy + By, 8 = const, i.e. a linear variation of
the rotation. It can be checked that in this case, the primitive equations (7.2.1) only admit
a six-parametric maximal Lie invariance group which therefore cannot be isomorphic to the
maximal Lie invariance algebra gy (7.3.2) computed in Section 7.3. This at once implies that
there cannot exist a point transformation which maps the case of f = fy 4+ By to the primitive
equations in a resting reference frame.

In Section 7.4 we established another main result of this paper by computing the complete
point symmetry group of the primitive equations using the algebraic method. This computation
was rather elaborate due to the wide spaces of both independent and dependent variables of
the primitive equations. It was necessary to establish a suitable set of megaideals, finding
of which crucially relied on the iterative use of Proposition 1 from [42]. Without this set of
megaideals it would have been overly difficult to simplify the determining equations of point
symmetry transformations for the primitive equations enough to enable their direct integration.
This example thus shows the power of the algebraic method for finding complete point symmetry
groups for large systems of nonlinear partial differential equations admitting infinite dimensional
Lie pseudogroups, which would be challenging with the conventional direct method.

In Section 7.5 we shortly discussed the construction of exact solutions of the primitive equa-
tions with rotation. The mapping (7.3.5) allows one to carry over solutions of the nonrotating
equations to the equations in a rotating reference frame. This is important from the point of
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view of exact solutions that can be obtained from Lie reduction, as the operators from the
algebra go are considerable simpler than those from the algebra g;. In the paper, we derived
an exact solution of the primitive equations that arises from a completely integrable case of
Lie reduction. The case considered is certainly the most important example of reduction with
respect to two-dimensional subalgebras. We should also like to stress that upon constructing the
optimal lists of inequivalent subalgebras, a considerable fraction of these lists will not be suitable
for Lie reduction. In particular, all algebras including (Z(«)), (S) or some combination of these
two basis elements as subalgebra will not allow one to find a reduction ansatz. Moreover, a
number of cases arising from three-dimensional subalgebras will also not be needed for reduc-
tion. More precisely, reductions using algebras including (X (v) + a'S, X (o) + a%S), a',a® € R,
yio! —olyt =0 for i = 1,2 as a subalgebra are not required the system of differential equations
resulting from reduction using this subalgebra can be completely integrated by quadratures.

In view of the remarks of the previous paragraph, despite we have not systematically followed
the steps of group-invariant reduction, the results obtained are in a certain sense a substantial
part of the exact solutions of the primitive equations that can be found by Lie reduction. A more
detailed exposure of the group analysis of the system of primitive equations will be presented
elsewhere.
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Chapter 8

Invariant parameterization and
turbulence modeling on the
beta-plane

8.1 Introduction

As atmospheric and oceanic numerical models get increasingly complex, it becomes more and
more challenging to propose valuable conceptual paradigms for those processes that the model
is still not able to capture owing to its limited spatial and temporal resolution. This problem
is common to all numerical models irrespectively of their eventual degree of sophistication [143,
144]. In the beginning of numerical modeling in geophysical fluid dynamics, it was often the
lack of computer power that dictated which processes had to be parameterized, even with a
concise understanding of these processes. As computers became more capable, the problem of
parameterization shifted to processes occurring on rather fine scales where it can be difficult to
retrieve accurate experimental data. Accordingly, for various processes that should be taken into
account in order to improve the forecast range of a numerical model, there is still no satisfactory
general understanding. This naturally makes it difficult to set up valuable parameterization
schemes, which for this reason is usually an elaborate task.

On the other hand, processes that occur in geophysical fluid dynamics and that can be de-
scribed using differential equations also might have certain structural or geometrical properties.
Such properties can be conservation of mass or energy or other fundamental conservation laws.
Real-world processes are generally also invariant under specific transformation groups, as e.g.
the Galilean group. This is why one can ask the question whether it is reasonable to con-
struct parameterization schemes for processes possessing certain structural features in a manner
such that these features are preserved in the closed model. In this way, even if a model is
not able to explicitly resolve processes, loosely speaking, it takes into account some of their
significant properties. This study was initiated in [98] for the problem of finding invariant
turbulence closure schemes for the filtered Navier—Stokes equations. In the present paper we
aim to give a further instance for invariant parameterization schemes by constructing closure
ansatzes that retain certain Lie point symmetries of the barotropic vorticity equation on the
beta-plane.

This possible stream of constructing geometrically motivated parameterization schemes in
some sense parallels the present general trend in numerical modeling to design specially adapted
discretizations of differential equations that capture a range of their qualitative or global fea-
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tures, such as conservation laws, a Hamiltonian structure or symmetry properties. Especially the
possibility of constructing discretization schemes that have the same symmetries as the original
differential equations they are a model of, as proposed and discussed e.g. in [41, 70, 71, 133, 146],
is of immediate relevance to the present work. This is because, strictly speaking, a discretiza-
tion of a system of differential equation is in practice not enough to set up a valuable nu-
merical model. There always has to be a model for the unresolved parts of the dynamics.
(Neglecting them is in general not a good idea as for nonlinear differential equations these
parts will, sooner or later, spoil the numerical integration.) Then, if one aims to construct
an invariant discrete counterpart of some relevant physical model, care should also be taken
about the invariance characteristics of the processes that are not explicitly resolved. This is
where the method of finding invariant parameterization schemes comes into play. The com-
bination of invariant discretization schemes for the resolved part of the model with invari-
ant parameterization schemes for the unresolved parts yields a completely invariant numerical
description of a given system of differential equations. Such a fully invariant model might
be closer to a true geometric numerical integration scheme than solely a symmetry preserv-
ing discretization without any closure for the subgrid-scale terms or with some non-invariant
closure.

Perhaps the most relevant usage of the barotropic vorticity equation is related to two-
dimensional turbulence. Turbulence on the beta-plane (or, more general, on the rotating sphere)
is peculiar in that it allows for the combination of turbulent and wave-like effects. It is believed
to explain the emergence of strong jets and band-like structure on giant planets in our solar
system and is therefore the subject of intensive investigation, see e.g. [57, 89, 134, 137, 147] and
references therein. In the present paper we focus on freely decaying turbulence on the beta-
plane by using invariant hyperdiffusion terms to initiate the energy—enstrophy cascades. These
cascades are likely responsible for the emergence of coherent, stable structures (vortices) that
are ubiquitous in large-scale geophysical fluid dynamics.

The outline of the paper is as follows. In the subsequent Section 8.2, we discuss and slightly
extend the concept of invariant parameterization schemes as introduced in [98] and [123]. Special
attention will be paid to methods related to invariant parameterization schemes and inverse
group classification. In Section 8.3 we present the maximal Lie invariance algebra g; and the
maximal Lie invariance pseudogroup of the barotropic vorticity equation on the beta-plane. The
computation of the algebra g, is briefly described in Appendix 8.10. A concise description of the
general method for computing differential invariants of Lie (pseudo)groups using the method
of moving frames is given in Section 8.4. In Section 8.5 the algebra of differential invariants is
determined for the maximal Lie invariance pseudogroup of the vorticity equation. The related
computation can be found in Appendix 8.11. Two examples for invariant parameterization
schemes constructed out of existing schemes using the invariantization process are presented in
Section 8.6. Section 8.7 is devoted to the application of differential invariants in turbulence on
the beta-plane. In particular, invariant hyperdiffusion schemes are introduced. The vorticity
equation on the beta-plane is integrated numerically using both invariant and non-invariant
hyperdiffusion and the corresponding enstrophy spectra are obtained. In Section 8.8 we discuss
the possibility of deriving invariant parameterization schemes that also respect conservation
laws. As an example, an invariant diffusion term is constructed that preserves the entire maximal
Lie invariance pseudogroup of the vorticity equation and also preserves conservation of energy,
circulation and momentum. The results are summarized and further discussed in the final
Section 8.9, in which we also indicate possible future research directions in the field of invariant
parameterization.
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8.2 Invariant parameterization schemes

The problem of finding parameterization or closure schemes for subgrid-scale terms in averaged
differential equations that admit Lie symmetries of the original (unaveraged) differential equation
was first raised in [98], see also [99, 131]. Recently, we put this idea into the framework of group
classification [123], by showing that any problem of constructing invariant parameterization
schemes amounts in solving a (possibly complicated) group classification problem.

As for the classical group classification, there are two principal ways to construct parame-
terization schemes, the direct and the inverse one [123]. In the direct approach, one replaces
the terms to be parameterized with arbitrary functions depending on the mean variables and
derivatives thereof. This is in the line with the general definition of all physical parameterization
schemes, which are concerned to express the unknown subgrid-scale terms using the information
included in the grid-scale (mean) quantities. The form of dependency of the arbitrary functions
on the mean variables is guided by physical intuition. It determines the properties of all the
families of invariant parameterization schemes that can be derived (e.g. the highest order of
derivatives that can arise). Once the general form of the arbitrary function is chosen, one is
left with a possibly rather general class of differential equations, which is amenable with tools
from usual group classification, see e.g. [15, 43, 127]. This in particular will lead to a list of
families of mutually inequivalent parameterization schemes that admit different Lie invariance
algebras. One can then select those families that preserve the most essential symmetry features
of the process to be parameterized. The final step is to suitably narrow the selected families by
including other desirable physical properties into the invariant parameterization scheme.

In the present paper, however, we will be solely concerned with the inverse approach, which is
why we will discuss it in a more extended manner. The inverse approach rests on the fact that any
system of differential equations can be rewritten in terms of differential invariants of its maximal
Lie invariance group, provided that the prolongation of the group to the corresponding jet space
acts semi-regularly [101]. This property can be used in the course of the parameterization
problem in the following way: Suppose that we are given a Lie group G regarded as important
to be preserved for valuable parameterization schemes as a Lie symmetry group. Computing
a basis of differential invariants of G along with a complete set of its independent operators of
invariant differentiation, see e.g. [45, 46, 105, 112], serves to exhaustively describe the entire
algebra of differential invariants of G. As any combination of these differential invariants will
necessarily be invariant with respect to GG, assembling them together to a parameterization will
immediately lead to a closure scheme admitting G as a Lie symmetry group.

The key question hence lies in the correct selection of a suitable symmetry group. The initial
point for the selection is given by symmetry properties of the model to be parameterized. In the
course of the parameterization one can intend to preserve the whole Lie symmetry group of the
initial model or its proper subgroups. The choice for an invariance group for parameterization
obviously should not solely be justified using mathematical arguments. Sometimes, it can be
motivated from obvious physical reasons. If the process to be parameterized can be described
within the framework of classical mechanics then any reasonable parameterization for that pro-
cess should be invariant under the Galilean group. Moreover, for turbulence closure schemes,
scale invariance might be of particular importance. For processes that can be described in the
framework of a variational principle and respect certain conservation laws, it might be reasonable
that the parameterization scheme to be developed respects the associated Noether symmetries.

There are several processes in fluid mechanics that are intimately linked to the presence of
certain boundary conditions (e.g., turbulence near walls, boundary layer convection, etc.). For
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such processes the inclusion of the particular boundaries is an integral part in the formulation of
a parameterization scheme. At first glance, to find invariant parameterization schemes for such
processes it is inevitable to single out those subgroups of the maximal Lie invariance group G
of the system L of differential equations describing the process of interest that are compatible
with a particular boundary value problem. The main complication with this approach is that
most of boundary value problems admit no symmetries, see e.g. [25]. At the same time, it is
more natural to assume that symmetries of £ act as equivalence transformations on a joint
class of physically relevant boundary value problems for £, i.e., these transformations send a
particular boundary value problem to another problem from the same class [22]. Even the basic
physical symmetries including shifts in space and time, rotations, scalings, Galilean boosts or
Lorentz transformations, which are related to fundamental properties of the space and the time
(homogeneity, isotropy, similarity, Galilean or special relativity principle, respectively), usually
act on boundary value problems in much the same way as equivalence transformations. This
is why it is the generation of a group of well-defined equivalence transformations on a properly
chosen class of boundary value problems that can serve as a criterion for selecting a subgroup
of GG to be taken into account in the course of invariant parameterization of L.

Employing techniques of inverse group classification does not automatically lead to ready-to-
use parameterizations, but it gives a frame in which parameterizations can be defined without
the violation of basic invariance properties. Examples of the violation have been reported in
the recent literature. See, e.g., [98] for a discussion about the Smagorinsky model in the filtered
Navier—Stokes equations violating scale invariance and [123] for a note on the Kuo convection
schemes that describes a Galilean invariant process in a non-invariant fashion. The construction
of parameterization schemes that fail to preserve essential symmetries can be easily avoided
by applying the above methods of inverse group classification. This may help to restrict the
large number of possible closure schemes using geometrical reasoning and thereby may assist in
finding a proper description of unresolved subgrid-scale processes.

There is yet a second possibility to construct invariant parameterization schemes using the
inverse group classification approach, which has not been reported in [123]. It rests on the
construction of moving frames for the Lie group GG with respect to which parameterizations under
study should be invariant. It is a general feature of a moving frame that it allows constructing
of invariant counterparts of differential functions. This property enables the construction of an
invariant parameterization scheme out of a non-invariant one. It is simply necessary to apply
the moving frame corresponding to the selected Lie group G to the specific closed differential
equation. More precisely, consider a system L of differential equations

Ll(x,U(n))ZO, l=1,...,m.

The dependent variables u can be represented according to u = @+u’, where @ is the averaged or
filtered part of the dynamics (i.e. the resolved or grid-scale part) and u' denotes the departure of
u from the mean or filtered part @ (i.e. the subgrid-scale part). Numerical models in geophysical
fluid dynamics are formulated as equations for the resolved part, which are obtained from L' = 0
by averaging or filtering, leading to

where L! are smooth differential functions of their arguments. The particular form of L! depends
on the actual averaging rule chosen and the form of the initial system £. The unknown subgrid-
scale terms that arise in the course of averaging (e.g. by using the Reynolds averaging rule for
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products, ab = ab + a’b') are collected in the tuple w. These terms have to be parameterized
in order to close the above system of averaged differential equations. A local parameterization
scheme establishes a particular functional relation

w = 9(:6, ﬂ(r))

between the subgrid-scale and grid-scale quantities. Let there be given a moving frame p\9) of or-
der j = max(r,n) for the selected Lie group G, see Section 8.4. Any particular parameterization
scheme can then be invariantized via replacing L' and @ by their invariantized counterparts,

UL @, Uy, w)) = LH(pD - 2, p9) 1y, w)  and 102, () = 0(pY) - 2, p9) - 4y).

Example 8.1. It is instructive to illustrate this idea with a simple example. Let us consider
the famous Korteweg—de Vries (KdV) equation,

Ut + Uy + Ugrr = 0.

Its maximal Lie invariance group Giqy is four-dimensional and the most general transformation
leaving the KdV equation invariant is

(T, X, U) = (6384 (t + 61), e (:L‘ + &9 + €183 + €3t), e 2 (U + 63)), (8.2.1)
where €1, ...g4 are arbitrary constants. Let us now apply the classical Reynolds averaging to
the KdV equation. This yields

o 13

Ut + Uy + Uggy = _§(u ):va

where the right-hand side is the term we seek closure for. A simple closure ansatz is the down-
gradient parameterization, i.e. we close the above equation by setting w'2/2 = —k,, where for
the sake of simplicity we use x = const. This yields the closed KdV equation

Ut + Uty + Ugpy = Klgg. (8.2.2)

However, it is easily verified that this equation is not invariant under the transformation (8.2.1).
Namely, the scale invariance is lost, i.e. the closed KdV equation is invariant only under the
three-parameter group of transformations associated with the group parameters €1, €2 and 3.
To restore scale invariance, we can invariantize the closed KdV equation (8.2.2) using the moving
frame associated with the group Gggqv.

Moving frames for the group Gkqv were constructed in [42, 33]. It is convenient to invariantize
Eq. (8.2.2) using the moving frame with

1

g1=—t, e€9=—x, €3=—U, 4= glnﬂr.
This is done by firstly applying the transformations (8.2.1) to (8.2.2) which yields

Ut + Uy + Uggy = KE Uz,
showing explicitly that this equation fails to be scale invariant. The invariantization is completed
upon substituting the moving frame for ¢4 giving

Ut + Uly + Ugge = K \/3 UpUgg-
It is readily checked that this closed equation is invariant under the same symmetry group
Gxkav as is the original KdV equation. The price for restoring scale invariance of the closed
KdV equation invoking the simple down-gradient parameterization is that the closure scheme

becomes nonlinear. We will observe the same effect when invariantizing linear hyperdiffusion
models for the vorticity equation on the beta-plane, which will be shown in detail below.
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8.3 Lie symmetries of the vorticity equation

The barotropic vorticity equation on the beta-plane is a simple but still genuine meteorological
model. It has the form

Gt + Vely — YyCe + By, =0, or '+ J(w, M) =0. (8.3.1)

Here J(a,b) := azby — ayby, ¥ = 9(t, z,y) is the stream function, ¢ = ¢z, + 1y, is the vorticity
and (* = (+f = (+fy+ By is the absolute vorticity under the S-plane approximation f = fy+ Sy
of the Coriolis parameter f, 5 is a nonzero constant parameter (the differential rotation). The
constant fy is dynamically inessential and can be neglected.

The maximal Lie invariance algebra g; of Eq. (8.3.1) is spanned by the vector fields

D =t0 — 20, —ydy — 39y, 0O 0y, X(f)=f()0: — i(t)ydy Z(3) = §(t)0y,

where the parameters f and g run through the set of smooth functions of ¢ [18, 60]. More
details on how the above vector fields are obtained can be found in Appendix 8.10. The vorticity
equation (8.3.1) also admits two independent discrete symmetries, which alternate signs of the
pairs (¢,x) and (y, 1), see [21] for more details. Such discrete symmetries will not be taken into
account in the course of construction of differential invariants. Any nonzero value of 5 can be
gauged to one by a scaling transformation.

The one-parameter Lie (pseudo)groups generated by the above vector fields read

Lo s (tz,y, ) — (51t e e, e Ty, 6_3€1’l/))
PSQ: (tax7y7w) = (t+€27xay,¢)
Ley: (G2,y,0) = (8, 7,y +€3,7)

Ffi (t,m,y,d})H(t,$+f(t)aya¢—ft(t)y)
Ty: (La,y,9) = (82,59 +g(t)),

where ¢, € R and f(t) := &4 f (t) and g(t) := e5g(t). Accordingly, the admitted Lie symmetries of
the barotropic vorticity equation on the beta-plane are scalings, time translations, translations
in y-direction, generalized Galilean boosts in the z-direction and gaugings of the stream function
with smooth time-dependent summands.

We will compose transformations from these one-parameter Lie (pseudo)groups in the fol-
lowing way I' = I';) oI';, oI'c; o'y o I'y to a transformation I' from the maximal Lie symmetry
pseudogroup G of the vorticity equation (8.3.1). Any transformation of G then has the form

(T, X, Y, 0) = (e (t +e2), e (w + f(1)), e (y +e3), e (0 + (1) — felt)y)). (8:3.2)

In what follows, we set h(t,y) = g(t) — fi(t)y for convenience and use the substitution h, = — f;,
whenever h, occurs.

Note that the maximal Lie invariance algebra gg of the usual vorticity equation, which is also
called the barotropic vorticity equation on the f-plane and corresponds to the value 5 = 0, is
much wider than the algebra g; and contains g; as a proper subalgebra [6, 7]. The algebra gg is
spanned by the vector fields from g; jointly with the vector fields

t0 — 0y, —yOy +ady, —tyds +twdy + L(a® +yH)dy, h(t)dy + hi(t)zdy,

where the parameter h runs through the set of smooth functions of £. This means that in addition
to the transformations from G the maximal Lie symmetry pseudogroup Gy of the usual vorticity
equation also contains one more family of scalings, usual rotations in the (z,y)-plane, rotations
depending on t with constant angle velocities and generalized Galilean boosts in the y-direction.
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Remark 8.2. In order to set up a numerical model, a decision has to be taken about which
boundary conditions should be implemented. It is very rare that the numbers of symmetries
admitted by a differential equation is not reduced for an associated boundary value problem. The
most immediate boundary conditions in the atmospheric sciences are periodic ones. However,
a periodic domain implies a fixed domain size and therefore breaks the scale invariance of
Eq. (8.3.1). On the other hand, scale invariance is an equivalence transformation of the class of
all periodic boundary value problems of the vorticity equation, see also the discussion in [22].
A more serious problem is that the periodicity in y-direction is not natural for the beta-plane.
On the other hand using a channel model (rigid walls in the North and in the South of the
domain) breaks also the translational invariance in y-direction thereby reducing the admitted
Lie symmetry group even stronger than in the presence of doubly periodic boundary conditions
(though, in contrast to usual hyperdiffusion, it would not be necessary to define an additional
boundary condition for the invariant hyperdiffusion as by definition 1, = 0 at the walls of
the channel and the diffusion term therefore vanishes there). This is why we will use doubly
periodic boundary conditions although 8 # 0 here. Despite this slight inconsistency, doubly
periodic boundary conditions are used quite extensively in studying turbulence properties on
the beta-plane [89, 134, 147].

The above form (8.3.1) of the vorticity equation is not particularly useful for a numerical
evaluation. The reason is, of course, that any numerical model can be run only at a finite
resolution, which requires a suitably chosen averaging or filtering of Eq. (8.3.1). As from the
point of view of invariant parameterization schemes the precise type of averaging is only of
secondary importance, we will employ a classical Reynolds averaging to Eq. (8.3.1) in the paper.
This leads to the averaged vorticity equation

Et + &x&y - Qz)yér + B@Z_jx = (C/'QZ};)I - (C"@Wz)ya (8'3'3)

where the right-hand side of this equation denotes the eddy-vorticity flux, which we aim to

parameterize subsequently. For the sake of notational simplicity, we will omit bars over the
mean quantities from now on.

Slightly more generally, the vorticity equation (8.3.1) can be augmented with external forc-
ings F' and dissipative terms D yielding a general expression of the form

Ct + 1/1ny - ¢y€x + 5% =F+D. (8.3.4)

A further question we aim to address is whether symmetries might be helpful in deriving invariant
expressions for F' and D. As by definition F' denotes external forcing terms, it is not immediately
clear why symmetries of the vorticity equation should place restrictions on the form of F.
However, as we shall show, symmetries are valuable in finding invariant diffusion terms D that
can be used in the course of turbulence modeling. For the sake of simplicity we therefore will
use Eq. (8.3.4) for the case of FF = 0 and D # 0, i.e. we assume that no external forcing acts
on the system to which a damping is attached. Physically, the presence of F' and D can be
interpreted as symmetry breaking in the vorticity equation (8.3.1). Which symmetries are to
be broken and which are to be preserved can be controlled upon expressing the term D via
differential invariants derived in Section 8.5. This is a comprehensive problem and not all of
the cases arising might be interesting from the physical point of view. We therefore restrict
ourselves on the case where D or the eddy vorticity flux in Eq. (8.3.3) can be represented in
such a manner that the resulting equation admits all the transformations from the maximal
Lie invariance pseudogroup (8.3.2). This is the approach proposed in [98] and it appears to be
suitable for the beta-plane equation.
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8.4 Algorithm for the construction of differential invariants

Given a transformation pseudogroup G in the space of p independent variables z = (x!, ..., 2P)
and ¢ dependent variables u = (u!,...,u9), in order to exhaustively describe its differential
invariants one should find either a functional basis of differential invariants of any fixed order or
a complete set of independent operators of invariant differentiation and a minimal set of differ-
ential invariants generating all differential invariants via invariant differentiation and functional
combination. Within the framework of the method of moving frames the solution of this problem
is split into two parts [33]. It is convenient to compute normalized differential invariants and
operators of invariant differentiation using the explicit expressions for transformations from G.
The corresponding computation consists of two procedures, normalization and invariantization.
At the same time, the derivation of syzygies (i.e., relations involving operators of invariant
differentiation) between normalized differential invariants is mostly based on the determining
equations of GG, and an important tool for this is given by recurrence formulas. In this section
we briefly describe related basic notions and results, paying the main attention to the compu-
tational realization of algorithms in fixed local coordinates. See [33, 45, 46, 105, 107, 108] for
detail and rigorous presentations.

In what follows the index j runs from 1 to p, the index a runs from 1 to q. We use two kinds of
integer tuples for the indexing of objects. One of these kinds is given by the usual multi-indices
of the form a = (o, ..., ap), where aj € Ng = NU{0} and |a| = a1 +--- + . By 0; we denote
the p-index whose jth entry equals 1 and whose other entries are zero. Thus, both the derivative
ooty /(9z1)1 - .- (92P)® and the associated variable of the jet space J®(z|u) are denoted by
ul, D* =D} ---Dp?, etc. Here D; = 0, +> 0a Ug i, Oya is the operator of total differentiation
with respect to the variable z7. The other kind of index tuples is presented by J = (j1,...,jx),
where 1 < jr < p, k = 1,...,k, k& € Ng. Such index tuples are used for the indexing of
compositions of operators of invariant differentiation, which do not commute. Namely, we write
DY for D ---Dj . The symbol dj, denotes the horizontal differential, dy F' = Z?Zl(DjF)dmj for
a differential function F' = Fu], i.e. a function of 2’ and u%.

The normalization procedure for the pseudogroup G consists of three steps:

1. Choose a parameterization (local coordinates) of G and find explicit formulas for the
prolonged action of G in terms of the jet variables.

2. Choose a subset of the transformed jet variables and equate the expressions for them to
chosen constants.

3. Solve the obtained system of normalization equations as a system of algebraic equations
with respect to the parameters of the pseudogroup G including the derivatives of the
functional parameters.

The second step is nothing but a choice of an appropriate (coordinate) cross-section of the G-
orbits. This should be implemented in a way ensuring that the system from the third step will
be well defined and solvable.

The normalization procedure results in the construction of a moving frame p for the pseu-
dogroup G, which is, roughly speaking, an equivariant map from the jet space to G. Once the
moving frame is constructed it can be used to map any object x(z, U(y) defined on an open
subset of the jet space (a differential function, a differential operator or a differential form) to
its invariant counterpart, t(x(z, u(,))) = x(p™ (z, U(p)) (T, Ugny)). To carry out this in practice,
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one should replace all occurrences of the pseudogroup parameters in the transformed version of
the object by their expressions obtained with the normalization procedure.

Thus, the invariantization of the coordinate functions 27 and u2 of the jet space yields the so-
called normalized differential invariants H? = 1(27) and I2 = 1(u2). In fact, the invariantized
coordinate functions whose transformed counterparts were used to set up the normalization
equations are equal to the respective constants chosen in the course of normalization and hence
these objects are called phantom differential invariants. Non-phantom normalized differential
invariants are functionally independent and any differential invariant can be represented as a
function of normalized differential invariants. Invariantization of the operators of total differen-
tiation, D, gives the operators of invariant differentiation, Dij, which upon acting on differential
invariants produce other differential invariants. Note that the domain of the jet space, where
invariantized objects are well defined, depends on what cross-section is chosen.

In order to determine the algebra of differential invariants the normalized differential invari-
ants and the operators of invariant differentiation play a key role. It has been proved [112] that
for any Lie (pseudo)group the algebra of differential invariants can be completely described upon
finding a finite generating set of differential invariants. As stated above, all the other differential
invariants are then a suitable combination of the basis differential invariants or their invariant
derivatives. The hardest part in describing the algebra of differential invariants is usually to find
a minimal generating set of these invariants. Proving the minimality of a given basis usually
involves the computation of the syzygies among the differential invariants, meaning functional
relations among the differentiated differential invariants DL 12, S(...,D}I2,...) = 0.

In general, the normalized differential invariants are derived from invariantization of the
derivatives of the dependent variables, whereas the differentiated differential invariants are ob-
tained by acting on normalized differential invariants of lower order with the operators of in-
variant differentiation. The central point is that the operations of invariant differentiation and
invariantization of a differential function in general do not commute. Roughly speaking, the
failure of commutation of these two operations is quantified by the so-called recurrence relations

p
A/ =/ + &, Al =) Ia 50 + 9™, (8.4.1)
J=1

where w/ = 1(da7) [33, 107]. The forms & = ((&7) and ¢* = 1(¢?) are the invariantizations of
the coefficients of the general prolonged infinitesimal generator

P q P P
Qoo = Z fjazj + Z Z Spa’a ug > ‘pa’a = D* (@a - Z fju§j> + Z fjug+5j,
j=1 =0 a=1 j=1 j=1
of G. More rigorously, here & and u% are interpreted as coordinate functions on the space of
prolonged infinitesimal generators of G, i.e., first-order differential forms in the jet space. Hence
their invariantizations should also be forms, which are called invariantized Maurer—Cartan forms.
The left-hand sides of the relations (8.4.1) are zero for phantom differential invariants. If the
cross-section is chosen in a proper way, the recurrence relations for the phantom invariants can
be solved for the independent invariantized Maurer—Cartan forms, which in turn can be plugged
into the relations for the non-phantom differential invariants. Collecting coefficients of w’ then
yields a closed description of the relation between normalized and differentiated differential
invariants, which in turn might enable the determination of a basis of differential invariants. For
this latter task, specialized methods from computational algebra can be applied [108], which is,
however, not necessary in the present case due to the relatively simple structure of the maximal
Lie invariance pseudogroup G; of Eq. (8.3.1).
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8.5 Differential invariants for the beta-plane vorticity equation

In order to derive the moving frame for the maximal Lie invariance pseudogroup G of the
barotropic vorticity equation on the beta-plane, it is necessary to prolong the group actions to
the derivatives of 1. For this aim, we have to derive expressions for the implicit differentiation
operators, D7, Dx and Dy. They can be determined as the dual of the lifted horizontal coframe
for GG1, which reads

dyT = (Tt + ’lthd,)dt + (Tx -+ ¢xT¢)dJZ -+ (Ty + wyTw)dy = e1dt
dnX = (Xi + v Xyp)dt + (X + 0 Xyp)de + (Xy + ¢y Xy)dy = e ! frdt — e “'da
dpY = (Yt + 1/JtY¢)dt + (Yx + 1/Jwa)dJJ + (Yy + %Yw)dy =e “'dy.

Therefore, the required implicit differentiation operators are
Dr =e (D — fiD;), Dx =€e°'D,, Dy =¢€"'D,, (8.5.1)

where D¢, D, and D, denote the usual operators of total differentiation with respect to ¢, z and v,

respectively, Dy = 0y +) ., Ya+6,0p,, Dz = 02+, Yat6,0p, and Dy = 0y+) ", VYa+5,0y,. Here
and in what follows o = (@1, a9, a3) is a multi-index running through N3, |a| = a1 + a2 + as,
5 = (1,0,0), 62 = (0,1,0), 93 = (0,0,1) and the variable 1)y, = ¥a,a5as Of the jet space
corresponds to the derivative 9%l¢) /9t 9z*2dy*s. We also use the notation fey = d¥f/dt* and
h(yy = 0%h/0t*, k € Ny. The transformed derivatives o, = Al /T X *29Y 3, |a| > 0, are
then

U, = D%ngfD?/?’\I/ — e(a2+a37a173)€1 (Dt _ fth)angzD;fs (1/} + h)

_ e(a2+a3—o¢1—3)51 <(Dt o ftDz)a11/)0a2a3 + { _f(a1+1)7 g = 07 az =1 }) '

h(al), Qg = (3 = 0

We carry out the normalization procedure in the domain of the jet space which is defined by
the condition 1, # 0. We choose the conditions for normalization, which allow us to express all
the pseudogroup parameters (including the derivatives of functional pseudogroup parameters)
in terms of variables of the jet space:

T:X:YZO, \Ilk(JO:\IIkOI :0, k‘:O,l,..., \11010:6, (852)

where € = sgn ... These conditions yield a complete moving frame for the maximal Lie invari-
ance pseudogroup of the vorticity equation, which explicitly reads

6lzln\/ ‘wx’7 g9 = —t, €3 =Y f:_xv
f(k+1) = (Dt - wny)k¢y7 h(k) = _(Dt - ¢yDI)k¢7 k=0,1,....

The series of equalities for fxy1) an h) is proved by induction with respect to k using the

(8.5.3)

equations

fte1) = (Dr — fiDa)Feby, by = —(D¢ — fiDa)F 1.

The nontrivial normalized differential invariants are found via invariantizing the deriva-
tives 1, for the values of « for which ¥, are not involved in the construction of the above
moving frame, i.e., for

ac A=N\ {(k,0,0), (k,0,1), (0,1,0), k € No}.
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In other words, for each aw € A we should substitute the expressions (8.5.3) for the pseudogroup
parameters into the expressions for W,,. (The invariantization of the coordinate functions chosen
for the normalization conditions (8.5.2) are equal to the corresponding normalization constants
and are the phantom normalized differential invariants for the moving frame (8.5.3).) As a
result, we obtain the differential invariants

Ia = L(d}a) = ’¢x|(a2+a3_a1_3)/2(Dt - prDx)al"?Z}Oagag, o€ A.

The order of I,, as a differential function of ¢ equals |«|. It is also obvious that any finite number
of the invariants I, are functionally independent. This agrees with the general theory of moving
frames [33, 45, 107], which also implies a stronger assertion.

Theorem 8.3. For eachr > 2 the functions I, = |1),|(@2T3701=3)/2(Dy —4p, D, )" payas, where
a € A and |a| < r, form a local functional basis of differential invariants of order not greater
than r for the maximal Lie invariance pseudogroup G1 of the barotropic vorticity equation on
the beta-plane.

The description of differential invariants of GG given in Theorem 8.3 is sufficient for appli-
cations within the framework of invariant parameterization. At the same time, it is interesting
and useful to have more information on the structure of the algebra of differential invariants of
the pseudogroup G including the operators of invariant differentiation.

Theorem 8.4. The algebra of differential invariants of the mazximal Lie tnvariance pseudogroup
of the barotropic vorticity equation on the beta-plane (8.3.1) is generated, in the domain y of

the jet space where D2(\/|t.]) # 0, by the single differential invariant Iyog = Vzz/\/|Ve| along

with the three operators of invariant differentiation

) 1 . )
D; = ﬁ(Dt - wny), D, = V/|¢z2|Da, D;; =V W’z|Dy-
X
All other differential invariants are functions of Iyog and invariant derivatives thereof. The
proof of this theorem is presented in detail in Appendix 8.11.

8.6 Invariantization of parameterization schemes

The Replacement Theorem states that any differential invariant I(z,u(,)) of order n can be ex-
pressed in terms of the normalized differential invariants via replacing any argument of I(z, u(,))
by its respective invariantization, see [46]. In particular, any system of differential equations
can be represented using the normalized differential invariants of its associated maximal Lie
invariance group. The invariantization of the vorticity equation (8.3.1) in view of the moving
frame (8.5.3) reads (I120 + T102) + (Zo21 + Ioos) + 5 = 0, or, explicitly
w%—@%—ﬂ:& (8.6.1)
(o
This is the fully invariant representation of the barotropic vorticity equation on the beta-plane.
Differential invariants computed in the previous section can be assembled together to in-
variant parameterizations of the eddy-vorticity flux in the averaged vorticity equation (8.3.3).
Alternatively, we can invariantize any existing parameterization scheme under the moving frame
action (8.5.3). The following two examples implement this idea.
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Example 8.5. A classical albeit simple parameterization for the eddy-vorticity flux is

evf = (C’i/}é)m — (C'd{fp)y = Do (K () + Dy (K¢y),

where K = K (z,y) might be considered as a spatially dependent function. The most straightfor-
ward way to cast this parameterization into the related invariant one is by applying the moving
frame (8.5.3) to the terms on the right-hand side. This yields

evf' = D} (K (Iozo + To12)) + D}, (K (Ioz1 + Toos)) = K (Toao + 21022 + Toos)
=K |¢x|(<zx + ny)»

where evfl = (evf) and K = const now as ¢(z) = +(y) = 0. The invariant representation of the
closed barotropic vorticity equation then reads

Ct—f(/}%ﬂ_i_gy_Fﬁ:K\/w(Cxw‘i‘ny)'

Example 8.6. The anticipated (potential) vorticity method was originally proposed by Sadourny
and Basdevant [136]. The idea of this method is to approximate the diffusion effect in the vor-
ticity equation by a weighted upwind estimate of the vorticity itself, i.e. by employing

G+ (1, ¢*) = v (4, A" (¥, (7)),

where v is a constant, n € Ny and ¢? is the absolute vorticity. Here and in what follows A = V?
is the two-dimensional Laplacian. The purpose of adding the specific forcing term on the right-
hand side of the vorticity equation is to suppress the high frequency noise in the vorticity field
and at the same time to ensure that energy is conserved during the integration while enstrophy
is dissipated. The latter properties can be easily verified upon multiplying Eq. (8.3.1) with the
stream function i and any function of the absolute vorticity ¢?, respectively, and integrating
over the domain (2, see also [148].

There is a problem with this parameterization scheme in that it is not Galilean invariant.
Galilean invariance (as well as the proper scale invariance), however, can be easily included by
the method of invariantization. For the sake of demonstration, we consider the case of n = 0
here, which is the original version of the anticipated vorticity closure. Upon using the moving
frame (8.5.3), we obtain

1
V[l

Attaching this to the invariant representation of the vorticity equation (8.6.1), the vorticity

T, T(W,C))) = ——T (W, €) + VIGalCGy

equation with fully invariant closure reads (¢ = sgny)

G+ S, ) = v/ [a (e (hy, €*) + Yalyy)- (8.6.2)

It is obvious that this parameterization is quite different from that proposed in [136]. It cannot
be brought in the form of nested Jacobian operators and it does not conserve energy any more
(for the derivation of conservative invariant closure schemes, see Section 8.8). On the other
hand, the inherent invariance of the closed vorticity equation (8.6.2) under Galilean and scale
symmetry is an appealing property for itself and might be relevant e.g. when vorticity dynamics
is studied in a moving coordinate frame.

Quite recently, an approximate scale invariant formulation of the anticipated potential vor-
ticity method was proposed in [34] using scale analysis techniques and physical reasoning. The
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motivation for this study is that modern weather and climate models might be required to
operate on grids with variable resolution. Unfortunately, varying resolution in an atmospheric
numerical model is not a simple task as most of the parameterization schemes employed are def-
initely not scale invariant, but rather tuned to yield best results on some fixed grid. This means
that painful efforts might be necessary in order to adjust all the parameterization schemes of
a numerical model to different spatial-temporal resolutions. Having a general method at hand
that allows deriving of scale insensitive closure schemes is therefore of potential practical interest
in numerical geophysical fluid dynamics. Albeit simple, the method of invariantization of ex-
isting parameterization schemes may give appropriate closure schemes that are both physically
meaningful and respect those symmetries that might be essential for a specific process to be
represented numerically.

These are only two examples for fully invariant closure schemes. See one more example in the
next section. In principle, each term of the form S(I',...,IV), where S is a smooth function
of its arguments and I', ..., IV are differential invariants of G, satisfies the same requirement
when added to the right hand side of Eq. (8.6.1). In other words, the general form of closure
ansatzes for Eq. (8.6.1), which are invariant with respect to the entire group G, is

Ct +'¢:va - %Cz +B¢$ = wCCS(Il,...,IN).

8.7 Application of invariant parameterizations to
turbulence modeling

In this section, we give an application in which we aim to demonstrate in practice the ideas out-
lined above and in [123]. This example deals with turbulence properties of the two-dimensional
incompressible Euler equations. Strictly speaking, turbulence is a three-dimensional problem as
a two-dimensional turbulent flow is not stable with respect to fully three-dimensional pertur-
bations to that flow [137]. Nevertheless, there are countless studies concerning the turbulent
properties of two-dimensional flow simply because it is a relevant problem in large-scale geo-
physical fluid dynamics, which behaves as approximately two-dimensional.

In short, the first theoretical results concerning two-dimensional turbulence were derived
in [10, 76], following the pioneering work on three-dimensional turbulence done by Kolmogorov
[75]. Extensive numerical studies have been carried out since then attempting to verify distinct
aspects of the theory proposed [11, 12, 30, 47, 86]. The two-dimensional case is especially
peculiar, as it admits infinitely many conservation laws including the conservation of energy.
The energy in the barotropic vorticity is purely kinetic and can be represented in different ways
using doubly periodic boundary conditions as

1 1 1
£ = 2/Qv2dA = Q/Q(Vw)QdA = —2/ngdA, (8.7.1)

where Q = [0, L;[x [0, L[ and dA = dz dy. The special form of Eq. (8.3.1) leads to the following
class of conservation laws

Cy = /Q g(¢Y)d4,

for any smooth function g of the absolute vorticity (* = (+fy+ Sy. The most relevant realization
of the above conservation laws in the present context is the enstrophy, given for the particular
value g = ((*)%/2.
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First of all, consider the case of no differential rotation (8 = 0), i.e. the Coriolis parameter f
is approximated by the constant fy, which is referred to as the f-plane approximation. It is the
simultaneous conservation of energy and enstrophy in this case that leads to the remarkable
behavior of two-dimensional turbulence [137, 147]. Starting with a random initial velocity (or
stream function field), energy is transported to the large scale, while enstrophy is transported to
the smaller scales. This cascade is associated with an organization of the vortices, with vortices of
the same sign merging into bigger ones (though the precise mechanisms of the cascade including
the role of the vortices are not yet fully understood). In order to initiate these fluxes of energy
to the larger scale and enstrophy to the smaller scale and thus the process of organization, it
is necessary to place a sink of enstrophy at the very small scales. This sink acts as a remover
of enstrophy while ideally conserving energy, as the latter is transported away from the small
scales on which the dissipation acts (which in practice is hard to realize in a numerical simulation
using a finite number of grid points). It is believed that the form of the energy spectrum in a
range above which dissipation is acting (inertial range) can be derived using scaling theory in a
similar manner as it was shown by Kolmogorov for the three-dimensional case.

The energy and enstrophy spectra E(k) and C(k) are defined by

c 1 2 1 2
& 2L$Ly/QV d ST.L, /Q(Vzp) d / (k)dk,

< 1 2 _ 1 2 _
C 2LxLy/Q< dA_2L$Ly/Q(A¢) dA_/C(k)dk,

where £ and C are the average energy and average enstrophy, k = \/(k*)2 + (k¥)? is the scalar

wave number, k¥ and kY are the wave numbers in x- and y-direction, respectively. The pos-
sibility of using a single wave number is due to the assumption of isotropy that is generally
made in turbulence theory and which is reasonable in the case of vanishing differential rotation.
According to the theory, the form of the energy spectrum in the inertial range should follow

E(k) o< k3.

This is referred to as the enstrophy cascade in two-dimensional turbulence. Analogously, the
enstrophy spectrum in the inertial range should follow

Cons(k) < k71 = 2B (k).

The impact of the beta-term in the vorticity equation on the turbulent cascades was first
studied in [134]. In this seminal paper, it was remarked that the Rossby wave solutions admitted
by the beta-plane equation can act as a source of anisotropization of turbulence at the larger
scale. Qualitatively, at some stage the size of the vortices is big enough that they are exposed
to the effect of differential rotation, which essentially hinders the tendency of vortex growth due
to the inverse energy cascade. Rather, the vortices evolve into Rossby wave and eventually to
the formation of zonal jets as observed e.g. on giant planets. Depending on the precise setting
used (e.g. strength of the differential rotation, additional energy injection to the system), the
results of turbulence simulations can vary, but often energy spectra steeper than those predicted
theoretically can be found [57, 89, 134].

In practice, the sink of enstrophy at the small scales is usually implemented by adding a
hyperviscosity of the form

D = (—1)""lvA"¢ (8.7.2)
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for n € N7 to the right-hand side of Eq. (8.3.1), cf. Eq. (8.3.4). However, it can easily be checked
that this form of hyperviscosity is not invariant under the Lie symmetry pseudogroups of the
beta-plane and f-plane equations. More specifically, it violates the scale invariance of Eq. (8.3.1).
From the theoretical point of view, this violation appears to be especially odd, as it is precisely
the scale invariance of the Fuler equations that is used to derive the form of the energy spectrum
in the inertial range.

Theorem 8.3 directly implies that the invariantization t(D) = (—=1)""1v\/[1b,[2" LA™ is a
differential invariant of the maximal Lie invariance pseudogroup of the vorticity equation. In
view of the results of Section 8.6, we conclude that the form of the diffusion term obtained in
the course of the invariantization is

D = [¢pu[u(D) = (=1)"'w/[gu PrHATC.
The completely invariant formulation of the vorticity equation on the beta-plane with hyper-
diffusion therefore reads

Gt + Paly — YyCo + Biow = (1) v/ [ihe [PrHIATC, (8.7.3)

Note, however, that the price for introducing an invariant enstrophy sink is the nonlinearity
of the (hyper)diffusion term. More generally, the situation is alike to the problem of finding a
relation between the Reynolds stresses and the mean strain rate in the Reynolds averaged Navier—
Stokes equations or in large—eddy simulations thereof. It was pointed out that establishing a
relationship between the nonlinear Reynolds stresses and the linear strain rate (i.e. invoking
the Boussinesq hypothesis) may lead to unrealistic results for certain turbulent flows such as
in rotating or stratified fluids or those exposed to abrupt changes of the mean strain rate, see
the discussions in [118, 154]. It is therefore worthwhile pointing out that the requirement of
preserving the entire maximal Lie invariance pseudogroup of the barotropic vorticity equation
on the beta-plane automatically yields nonlinear hyperdiffusion terms. For n = 1, the right-
hand side of Eq. (8.7.3) can be considered as a generalized down-gradient parameterization for
the eddy-vorticity flux, which is also a nonlinear quantity. That is, requiring a (hyper)diffusion
scheme to be scale invariant, it is indispensable to use nonlinear (hyper)diffusion.

It is important to note that the anisotropic coefficient /|, |?"+1 arises due to the special
form of normalization conditions (8.5.2) we have chosen in Section 8.5 for the construction of
the moving frame. This form is by no means unique but rather a consequence of the mov-
ing frame we have invoked. The situation is comparable to the discretization of differential
equations, which can also be done in multiple ways. Some schemes have better properties
than others and ultimately it is necessary to both analyze and test the various schemes for
different sets of problems. Having more than one possibility to construct invariant subgrid-
scale schemes out of a given non-invariant scheme should therefore be considered as an ad-
vantage rather than as a drawback of the proposed method. The knowledge of the com-
plete set of differential invariants, which is obtained as a byproduct when determining the
invariantization map for a given group action, allows one to derive series of invariant closure
schemes starting from that obtained as a direct result of the invariantization of the given ini-
tial scheme. This is facilitated by recombining a given invariant scheme using the differen-
tial invariants, as any functional combination of differential invariants is again a differential
invariant.

A number of alternative (isotropic) forms of a completely invariant nonlinear hyperviscosity
term for the vorticity equation on the beta-plane can therefore be suggested, e.g.

D= ()" e HAR, D= (=) WV (TIVATTIC),  ete,

140



which are derived upon recombining the differential invariants derived in Theorem 8.3. Due to
the wide possibility for varying ansatzes for invariant parameterizations we can control differ-
ent desirable conditions which proper invariant closure schemes should additionally satisfy, cf.
Section 8.8.

Subsequently we will exclusively work with Eq. (8.7.3). Our motivation for choosing the
anisotropic hyperdiffusion (8.7.3) rather than any of the above isotropic ones stems from recent
experiments on turbulence which suggest that contrary to the Kolmogorov hypothesis the small
scales might indeed feel the effects from the large scale being anisotropic, i.e. that anisotropy
can propagate through to the very small scales, see e.g. [139]. However, future tests will be
conducted so as to compare the different forms of invariant hyperdiffusion.

We give some numerical experiments using Eq. (8.7.3) and compare it with the respective
non-invariant model that employs classical hyperdiffusion (8.7.2). Both models are integrated
using a finite difference scheme and biharmonic dissipation is used in all the experiments, i.e.
n = 2. The nonlinear terms on the left-hand side are discretized using the Arakawa Jacobian
operator [8], which guarantees energy and enstrophy conservation of the spatial discretization
in the case of vanishing dissipation, v = 0. A leapfrog scheme is used for the time stepping in
conjunction with a Robert—Asselin-Williams filter [155], in order to suppress the computational
mode. The size of the domain is L, = L, = 2w, with a default of N = 1024 grid points in
each direction, § = 1. The initial condition is a Gaussian random stream function field, with
the initial energy spectrum given by the function E(k) oc k3 exp(—3k2/k:§), where k, = 64. No
normalization of the initial energy was used. The value of v was chosen to be viyy = 110710 in
the invariant case and vpiny = 2 - 1072 for the non-invariant simulations. Note that the value of
Uninv has been selected to lie in between the values given in [30] for the two integrations using
5122 and 40962 grid points. The value of 14, has been chosen so that vi,, ~ max(Vpine/[%z|?)
initially for the sake of comparison.

Both models have been integrated for approximately 10 000 time steps using At = 1-1073.
Hence, all the results presented below were evaluated at approximately ¢ = 10, which should
be long enough so that inertial ranges can form in the energy and enstrophy spectra. Be-
low, we shall like to present the enstrophy spectra for fully developed freely decaying tur-
bulence using both the invariant and the non-invariant hyperdiffusion terms. As was said
above, according to the Batchelor—Kraichnan theory the enstrophy spectrum should be of the
form k! in the intertial range. However, finding experimental evidence for a spectrum of
this form proved rather hard and most numerical simulations carried out so far yield steeper
spectra.

In Fig. 8.1a we show the enstrophy spectrum found from the simulation using invariant
hyperdiffusion. In the region between approximately & = 100 up to & = 300 the spectrum
follows k~! almost perfectly. That is, the invariant hyperdiffusion of the form used in (8.7.3)
leads to an experimental verification of the Batchelor—Kraichnan theory.

In Fig. 8.10 we show the corresponding enstrophy spectrum obtained using conventional
(non-invariant) hyperdiffusion. As in the majority of turbulence simulations, also we obtain
a spectrum in the inertial range that is steeper than k~!, lying between k~! and k=2, in this
case. Moreover, it is instructive to note that the lower parts of the spectra (up to the respective
inertial ranges) are rather similar for both schemes, while differences occur within the inertial
and in the diffusion ranges. This observation underpins that the proposed nonlinear invariant
hyperdiffusion is physically acting as a viscousity term in Eq. (8.7.3).

Fig. 8.2 shows the associated vorticity fields obtained using the invariant and non-invariant
hyperdiffusion schemes at the end of the integration. Note that the value of 8 chosen is rather
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Figure 8.1: Enstrophy spectrum at approximately ¢ = 10 using (a) invariant hyperdiffusion and
(b) non-invariant hyperdiffusion.

Figure 8.2: Vorticity field at approximately ¢ = 10 using (a) invariant hyperdiffusion and (b)
non-invariant hyperdiffusion.

small (and much smaller as compared to the value of § = 3 used in [89]) so the effects of
differential rotation on the vorticity fields are rather minimal. Both fields look qualitatively
similar verifying that invariant hyperdiffusion is capable of producing a physically meaningful
vorticity field.

Remark 8.7. Decaying turbulence simulations are an important class of tests for numerical in-
tegration schemes. On the other hand, from the point of view of both the theory and application,
it is generally more instructive when Eq. (8.3.1) is augmented with some forcing which supplies
energy to the system and thereby prevents turbulence from dying out. As it is then usually
necessary to damp out the energy which is otherwise piling up at small wave numbers (large
scales) due to the inverse energy cascade, an additional drag term is introduced in Eq. (8.3.1).
This drag term can be either physical (e.g. linear Ekman drag due to bottom friction) or, similar
as hyperviscosity, scale selective. In the latter case, one uses a hypoviscosity [40], which is given
by adding a term proportional to A™"(, which acts scale selective by emphasizing the large
scale and thus is effectively energy removing. Again, one could raise the question whether such
a hypofriction should possess some invariance properties, but this is beyond the scope of the
present paper and should be considered in a forthcoming study.
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8.8 Conservative invariant parameterizations

A parameterization is called conservative if the corresponding closed system of differential equa-
tions possesses nonzero conservation laws. Special attention should be paid to parameterizations
possessing conservation laws that have a clear physical interpretation (such as the conservation
of energy, mass, momentum, etc.) and that originate from the conservation laws of the initial
system of equations. If a parameterization is both conservative and invariant with respect to a
pseudogroup of transformations, it is called a conservative invariant parameterization.

The general method for singling out conservative parameterizations among invariant clo-
sure ansatzes is based on the usage of the Euler operators, i.e. variational derivatives with
respect to the dependent variables [101]. Suppose that Lo: f/l(x,ﬂ(n),ﬁ) =0,l=1,...,m,
6 =0(I',...,IV) represent a family of local parameterizations for a system £: L(z, U(py) = 0,
[ =1,...,m, which are invariant with respect to a pseudogroup G. Here L! are fixed smooth
functions of their arguments. The tuple 6 of arbitrary elements consists of smooth functions of
certain differential invariants I', ..., IV of G. It runs through a set of such tuples constrained
by a system of differential equations, where I', ..., IV play the role of independent variables.
We require the tuples (A™!, ..., A™), m = 1,..., M, of differential functions of u to be char-
acteristics of M linearly independent local conservation laws of the system Ly for some values
of 8, i.e. for each m the combination A™ L' 4. + A™ Ll is a total divergence. The theorem on
characterization of total divergences [101, Theorem 4.7] then implies that

ECON™L 4 4 A™L) =0 (8.8.1)

foreach m = 1,...,M and a = 1,...,q, where E? is the Euler operator associated with the
dependent variable u®, E*f = Y (=D)* fua. Splitting Eqs. (8.8.1) with respect to derivatives
of u wherever this is possible, one constructs the system of determining equations with re-
spect to 6, which should be solved in order to derive the corresponding conservative invariant
parameterizations.

As the direct computation is too cumbersome, we use some heuristic arguments and look
for a diffusion ansatz for the barotropic vorticity equation on the beta-plane which satisfies the
following relevant and valuable conditions:

e [t is invariant with respect to the entire maximal Lie invariance pseudogroup G of
Eq. (8.3.1).

e The subgrid-scale term or, more generally, the sink term to be represented is a differential
function of the vorticity.

e This expression is as similar as possible to the hyperviscosity term (8.7.2).
e And, last but not least, the parameterization is conservative. More precisely, it possesses

all the conservation laws of Eq. (8.3.1) with zero-order characteristics.

An example of such a parameterization is given by

7
G+ Yaly —UyCa + B =D, D = VAACQ = TvA(CPAC +6¢H(V()?). (8.8.2)

All the properties listed above can be checked for the sink term (8.8.2). Thus, the expression
for D from (8.8.2) involves only the vorticity and its derivatives and is quite similar to (8.7.2).
Moreover, the diffusion D is a globally defined differential function which is a polynomial of its
arguments. The invariance of Eq. (8.8.2) with respect to G; can be simply checked using the
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infinitesimal invariance criterion. A more sophisticated way to check this invariance is to rewrite
Eq. (8.8.2) in terms of normalized invariants of the pseudogroup Gj, which will not be done
explicitly here. As an unexpected but valuable bonus we have that the maximal Lie symmetry
pseudogroup of Eq. (8.8.2) with the same term D in the case of the f-plane (5 = 0) is even wider
than G. It also includes the usual rotations of the variables (x,y) and the generalized Galilean
boosts in y-direction, which belong to the Lie symmetry pseudogroup Gy of the barotropic
vorticity equation on the f-plane. This in particular means that the parameterization (8.8.2) is
isotropic.

The space of zero-order characteristics of Eq. (8.3.1) is generated by the characteristics A =
f@), A = g(t)y and X = v, where f and g run through the set of smooth functions of ¢.
The physically most important of these characteristics are A = 1, A = y and A = v, which
are associated with the conservation of circulation, r-momentum and energy. Any zero-order
characteristic of Eq. (8.3.1) is a characteristic of Eq. (8.8.2). Indeed, denoting

L:= Ct + %Cy - wny + /3%- -

we derive that

7 7
JL=D, <f¢m PG+ fBY — vfD RS ) D, <f¢yt — fG —vfD, A )

¢ ¢
7
gyL =D, (gyth + gy ¢y — %(wy) + 9ypY — vgyD, CC >
7 A 7
+ D, (gywyt — gy — gyPla + gy — ngDyic +vg f) ,
7 7
6L =Dy (~5(T0) 4D (e + 30%G, 4 50 = D, S 400 B~ i)
(w o~ Lure, o, A 4, 2D <7>
Yy Y 9 x C Yy C Yy .

If we grant that the vorticity equation coupled with some diffusive term possesses a smaller
number of conservation laws (e.g. owing to the special physical properties of this diffusion), we
can use a simpler form for the expression D. For example, the differential function D = vA¢*
leads to a parameterization which is invariant with respect to the entire pseudogroup G and
possesses conservation laws with the characteristics A = f(t), A = g(t)y for arbitrary values of
the smooth parameter-functions f and g.

The parameterization (8.8.2) demonstrates the feasibility of combining invariant and con-
servative properties of closure schemes. This possibility is important for two obvious reasons.
Firstly, conservation laws incorporate relevant physical information that is worth being preserved
by a parameterization scheme. Secondly, from the point of view of constructing parameteriza-
tion schemes, the requirement of preserving both symmetries and conservation laws leads to a
more specific class of schemes than considering either only symmetries or only conservation laws.
The additional narrowing of the class of admitted schemes using geometric constraints can then
help to reduce the number of schemes that must be tested numerically so as to find the optimal
parameterization for a given process.

8.9 Conclusion and discussion

The differential invariants of the Lie symmetry pseudogroup G of the barotropic vorticity equa-
tion on the beta-plane are computed using the technique of moving frames for Lie pseudogroups.
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A basis of these differential invariants along with the associated operators of invariant differ-
entiation is established. Together, they serve to completely describe the algebra of differential
invariants of G7. Although differential invariants have many applications (such as the inte-
gration of ordinary differential equations [101], computation of so-called differentially invariant
solutions [52, 112], the construction of invariant numerical discretization schemes [41], etc.), in
the paper we focus on their usage in the construction of invariant closure schemes or, perhaps
more generally, invariant diffusion terms for the averaged vorticity equation. This is one of
the two general methods proposed in [123] to derive parameterization schemes with symmetry
properties. As an alternative to the direct usage of elementary differential invariants that can be
build together to yield invariant closure schemes, we propose the method of invariantization of
existing parameterization schemes. This method is along the line of invariantization of existing
discretization schemes as introduced in [70, 71]. Although this method is straightforward to
apply, a potential complication is that the result depends on the particular choice of the moving
frame and therefore does not lead to a unique invariant counterpart of an existing non-invariant
scheme. As a consequence, it might be necessary to modify invariantized closure schemes and
to test different invariantizations in order to devise physically valuable closures.

The differential invariants derived are used to construct invariant hyperdiffusion terms in
order to model the behavior of two-dimensional freely decaying turbulence. The resulting en-
strophy spectrum exhibits an arc of approximate k~! slope which is the theoretically derived
shape for the postulated enstrophy inertial range. It should be stressed, though, that the ob-
tained enstrophy spectrum should be taken with a pinch of salt. Since the derivation of the
theoretical form of the spectra in [10, 76] it has been tried in numerous studies to obtain these
spectra in numerical simulations. Although results often vary, spectra are found with a steeper
slope than the predicted k~! curve as described in [11, 12, 30, 81, 89, 138]. It seems to be gener-
ally agreed today that the presence of the stable coherent vortices, which is the main feature of
two-dimensional turbulence, has a strong impact on the derived enstrophy spectra. This holds
in the case of turbulence both on the f-plane and on the beta-plane. The introduction of an
invariant hyperdiffusion-like term certainly complicates the situation as diffusion then is coupled
nonlinearly to the vorticity equation. On the other hand, it was indicated that the presence
of the beta-term in the vorticity equation allows for a nonlocal transfer of anisotropy from the
larger to the smaller scales [89]. A nonlinear diffusion term has the potential to support such
a nonlocal scale interaction and thereby serves as a potential parameterization scheme for nu-
merical models. It should be stressed in this context that in all the simulations we have carried
out, the rate of energy dissipation was lower than using classical hyperdiffusion even in quite
low-resolution numerical experiments.

Apart from the discussion above, the possibility of constructing hyperdiffusion-like enstrophy
sink terms that lead to scale invariant enstrophy spectra seems to be a valuable property for itself.
It is precisely the scale invariance of the Euler equations that is used to predict the behavior
of two-dimensional turbulence in the inertial range and therefore the availability of dissipative
versions of the vorticity equation having the same invariance properties as the inviscid vorticity
equation might be a general advantage. Heuristically, one can expect that an invariant closure
scheme should be better adapted for the problem of reproducing features that have been derived
using symmetries (as the isotropic enstrophy spectrum), similarly as an invariant discretization
scheme often reproduces better invariant exact solutions of a differential equation than non-
invariant discretization schemes [133]. This assumption is supported by the proved relevance
of Lie symmetries in turbulence theory [100]. The results obtained in the present paper do not
contradict this assumption, keeping in mind especially that the premises invoked to obtain the
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theoretical form of the spectra are at present under revision. In this context, it should again be
stressed that there is a multitude of invariant parameterization schemes or invariant diffusion
terms that can be coupled to the vorticity equation on the beta-plane. The fact that already the
simplest invariantized version (8.7.3) of the hyperdiffusion term (which has obvious weaknesses)
shows quite good properties in the course of our numerical tests is a motivating result which
is worth pointing out. Nevertheless, in order to verify and better assess the ability of invariant
hyperdiffusion schemes to model turbulence on the beta-plane, further theoretical and numerical
studies must be carried out.

The method we propose in this paper is fully generalizable. It is the number of variables of
a model and its symmetry group that determine whether the method is computationally more
complicated to realize. Thus, the relative simplicity of constructing diffusion schemes that are
invariant under the entire maximal Lie invariance group is a particular feature of the beta-
plane vorticity equation, which is computationally more involved for vorticity dynamics on the
f-plane. The complication with the latter model is that the corresponding maximal Lie invariance
pseudogroup Gy is even wider than G1. This makes it much harder to derive reasonably simple
closure schemes that are invariant under the entire pseudogroup Gy, see the discussion in [123],
where a generating set of differential invariants of Gy and a complete set of its independent
operators of invariant differentiation are determined. A possible remedy for this complication
is to consider closure schemes that are invariant only under certain subgroups of the maximal
Lie invariance pseudogroup of the f-plane equation. As highlighted in the present paper, the
selection of such subgroups can be justified for physical reasons when boundaries come into play.

Another novel feature of the present paper is the explicit inclusion of conservation laws in
invariant closure schemes. The chance of constructing such conservative invariant parameter-
ization schemes is of obvious physical relevance. For physical processes that do not violate
particular conservation laws, it is natural to require the associated parameterization to be also
conservative. It was demonstrated in the paper for the vorticity equation on the beta-plane
that the concepts of invariant and conservative parameterization schemes can be united to yield
closure ansatzes that preserve both all the symmetries and certain conservation laws of this
equation. The construction of further invariant conservative closure schemes as well as their
exhaustive testing will be a next major challenge in the application of ideas of group analysis to
the parameterization problem.

8.10 Appendix: Symmetries of the vorticity equation
on the beta-plane

We aim to detail the computation of the maximal Lie invariance algebra g; of the vorticity
equation (8.3.1) here. Full expositions on finding Lie symmetries of differential equations can be
found in the standard textbooks [6, 25, 101, 112]. More details on the symmetries (and exact
solutions) of the vorticity equation are presented in [18].

Given a generator

Q=7 2,y,9)0 + &t 2,y,¥)0: + n(t, x,y,9)0y + (t, 2, y,1)0y. (8.10.1)

of a one-parameter point symmetry group of the vorticity equation

A =G+ YeCy — Pyle + Bz =0, (= s + by,

the infinitesimal invariance criterion [101, 112] implies Q3(A) = 0, which has to hold on the
manifold A = 0, where Q)3 denotes the third prolongation of the vector field (). Explicitly, the
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prolonged vector field Q3 is defined by Q3 = Q + >, <Jal<3 ©* 0y, and the coefficients of ()3 are
derived from the general prolongation formula,

¢* = Dy DI?Dy® (0 — Tbs, — EPsy — NPs5) + Thars, + EPatsy + Matss- (8.10.2)

Here we use the notation introduced in the beginning of Section 8.5. Then the condition Q3(A) =
0 expands to

s0120 + S0102 + C)0010<y + ¢x(%0021 + S0003) _ SOOOICx _ 1/’3/(90030 + 90012) + ,8(,0010 _ O,

and the constraint that Q3(A) = 0 has to hold only on the manifold of A = 0 is taken into
account by substituting V. = —Vyy — Vely + Yy — By wherever 1y, occurs. As the
coefficients of ) are only functions of ¢, x, y and %, the expanded condition can be split with
respect to the various derivatives of v. This splitting yields the determining equations for the
coefficients of the vector field @),

T =Ty =Tp =& =& =N =M = Ny = Pz = 0,

(8.10.3)
§e = Ny = —Tt, Py = =&, Py = —37¢.

The general solution of this system of determining equations reads

T=cttcy, E=-—cax+ f(t), n=-cytcy, ¢=-3c1v— fiy+it),

where f and § run through the set of smooth functions of ¢. Thus, the maximal Lie invariance
algebra of infinitesimal symmetries of the barotropic vorticity equation on the beta-plane is
spanned by the vector fields

D =1t0 — 10, — Y0y — 3¢y, O 0y, X(f)=ft)0: — fithydy 2(3) = §(t)0y.

8.11 Appendix: Algebra of differential invariants for
the vorticity equation

In this appendix we present the details for the proof of Theorem 8.4 which exhaustively describes
the algebra of differential invariants for the maximal Lie invariance pseudogroup of the barotropic
vorticity equation on the beta-plane.

A complete set of independent operators of invariant differentiation is derived by invarianti-
zation of the usual operators of total differentiation, yielding

Di = \/liTl(Dt —¢,D,), D.L=+/Jty[Dy, D)= /[th,[D,. (8.11.1)
€T
This is practically realized via substituting the expressions (8.5.3) for the pseudogroup parame-
ters into the implicit differentiation operators (8.5.1). Any operator of invariant differentiation
related to the pseudogroup G is locally a combination of the operators (8.11.1) with functional
coefficients depending only on differential invariants of G;. The commutation relations between
the operators D}, Di and Diy are

. . ) . 13 3
D}, D] = -In20D;} + (1011 + 51110) D3,

2
. . € . . e .
(D, D] = 3 011D + Too2D;, + 51110]3;, (8.11.2)
. . E . £ .
(D%, D] = 3 02003 — 5101113;-
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In order to completely describe the algebra of differential invariants of G, it remains to estab-
lish a basis of differential invariants such that any differential invariant of G; can be represented
as a function of basis elements and their invariant derivatives. It is also necessary to compute a
complete system of syzygies between basis invariants. For this aim, we will evaluate the recur-
rence relations between the normalized differential invariants and the differentiated differential
invariants as detailed in [33, 107]. The starting point for the application of the general algo-
rithm to the maximal Lie invariance pseudogroup G of the vorticity equation on the beta-plane
is the system of determining equations for the coefficients of a vector field (8.10.1) from the
maximal Lie invariance algebra of Eq. (8.3.1), which is given through system (8.10.3). Consider
the prolonged operator Qo = @ + Z‘ al>0 @0y, - The coefficients of () are calculated by the
standard prolongation formula (8.10.2). In view of the determining equations, the coefficients
p* take the form

aq
« — , apo =0, ag=1
0 = (o + a3 — a1 — 3)Tytha — Z ( k1>§(k)¢a—k51+52 + { Sea+n), 2 B _30 } )
k=1 90(051)3 Qg = (3 =
where &) = k¢ otk and Oy = oFp/otk, k = 0,1,2,.... We collect the coefficients of Q
and their derivatives appearing in the expressions for the prolonged coefficients of () and de-
V= y(7), #1 = 1(m),

ek = t(€my)> 1 = t(n) and oF = t(¢k))- In the course of the normalization (8.5.2) the invari-

note the associated invariantized objects, which are differential forms, as 7

antized counterparts ¢ = 1(p®) of the prolonged coefficients of @) are

Jj—1 J

e M ¢ L P O] () Y

k=1 k=1
aq a
P = (az+ag— a1 — 3ot =Y ( ;;)Ia—km&sz if ay>0 or az>1.
k=1

For lower values of |a|, 0 < |a| < 3, we calculate

~100 __ ~1 ;1 ~010 __ ~1 ~001 __ ;1
o =9 —e§, ¢ ==21, ¢ =-E,

P20 = % — €% —2I1oft, MO = 31107t — Toooét, 1 = —€2 — Ioné?,
PP = —Iooott, @M= —Iontt, P02 = —Ipge?!,
@300 = 3% — €% — 3111062 — 39106,
M0 = —dlpo7! — To20€® — 2N20€!,  P*' = €3 — Ion€? — 2Ln€l,
P20 = 201907t — Inzot, PM = 207t — Iom€l,  910% = —2@get! — Igpe€l,
SU30 021 _ 5012 _ 5008 _ ()
From the recurrence relations for the phantom invariants H° = 1(t), H' = «(z), H?> = (y),
Lioo = t(i00), Lio1 = t(¥i01), i = 0,1,..., and Ipio = t(tPo10), which are

dpH' =w'+79=0, dyH' =w?+8°=0, dyH? =w®+7=0, dplooo =w’+¢° =0,

7j—1 .
dnljoo = Ijjow® + ¢/ — &/ =Y (‘;)Ij—k,lofk =0, j=12,...,

J .
dh[jOl = j11w2 + Ij02w3 - £]+1 - Z <i> Ij*k,llgk = 07 ] = O; 1; e
k=1
dnloro = Iow! + Tpoow? + Ipnw?® — 271 =0,
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where w! = 1(dt), w? = ((dz) and w3

Maurer—Cartan forms

3 ~0

éoz_wza 77:_(")7 @

t(dy), we derive expressions for the invariantized

2 A1 _ 1 1 2 3
= —w*, 7 = 5(Iow" + Iogow” + lp11w°),

7—1 .
A . - 1 ~
&= j—1,11w2 + Ij—1,02w3 - Z (j k )I'kl,llfkv

k=1

-1,
@ = —Ijow® +e€? + Z <‘;> I 1106,
k=1

j=1,2,.... The forms é’j should be calculated recursively starting from j = 1. Thus,

o1 2 3
& = Ipniw* + Ippaw®,

€2 = (I — I3 w? + (Iio2 — To11loo2)w?,

€3 = (Io11 — 3Ip11I111 + I3 w? + (Inoz — 3To11 0102 + 13y, To02)w®,

In general, & = &20w?% 4+ €93w3, where the coefficients £/2 and /3 are expressed in terms of

normalized invariants I, with |a| < j + 1.

The recurrence relations for non-phantom normalized invariants correspondingly read

thal agag

aq a

1 ~

- E (k: )Iak61+5g€k
k=1

if ap>0 or

= Ia+§1W1 + Ia+52w2 + Ia+53w3 + (a2 +az —a; — 3)Ia7A'1

ag > 1.

As by definition d,F' = (DiF)w! + (DLF)w? + (DLF)w?’, the above recurrence relations can
be split into a list of equations for first-order invariant derivatives of normalized differential
invariants I, with as > 0 or a3 > 1 by taking into account the expressions for the invariantized

Maurer—Cartan forms:

as +az3—a; —3

Dil, = Ints, + 5 Iola,
: as+az3—a; —3

Dyl = Inys, + 2 32 ! To2olo —
: as+az3—a; —3

Dylo = Iots, + 2 32 ! Ip11ls —

oq o
1 ~
Z <k )Ia—k51+52§k’27

k=1

ai o .
Z < kl) Ia—k51+(52€k73'

k=1

(8.11.3)

We only present the closed expressions for the first-order invariant derivatives of I, with |a| < 3:

i 372
DiI110 = I210 — 51110,

i 3
Dy I110 = L1 — 57110do11 — To201002;

i 1

Dilo20 = I120 — 511101020,
i 1

Diloir = 11 — 511101011,
i 1

Diloo2 = T102 — 511101002;

Dilai0 = I310 — 2I110 210,

i 3
D} I110 = T120 — 51110l020 — To11 1020,

D! To2o0 = Toz0 — 31320, D;Imo = Ipo1 — 31011102,

D! To11 = To21 — 310111020, D;—fon = Ioi2 — 31501,

D! Too2 = To12 — 2 Io20I002, nyfom = Ioo3 — 3 Io11 ooz,
D} In10 = I20 — 200201210 — 2Io111120 + (151, — T111)Lo20,

D, I10 = Io11 — 2Io11 1210 — 20021120 + (Too2Zo11 — T102)To20,

Dily1 = Iz01 — 2I1101201,

D! Ino1 = Io11 — 2Io201201 — 3Too1 111 + I+,

DL-’201 = Iooa — 210111201 — 210021111 — To11T102 + Too2Id1,
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i
D; 1120 = I220 — I1101120,

D3 1120 = I130 — Lo201120 — Lo111030,

Dy li20 = Ti21 — Io111120 — Loo21o30,

D;Ihi1 = I211 — Tiiolhnas

i
D, 1111 = Li21 — Io2ol111 — To11o21,

Dy li11 = Iz — Ioniifinn — Loo2lo21,

D02 = 1202 — 1101102,

D, Io2 = T2 — Io20l102 — Lo111o12,

Dy Loz = T103 — To111102 — Loo2lo12,

DiIo30 = 1130,
Dilo21 = Lo,
Diloi2 = 1112,

DiIooz = L0,

D’ 1030 = Ioao,
D} 1o21 = Ioa,
D Io12 = Io22,

D} 1oos = Ioi3,

Dy, Toz0 = los1,
Dy lo21 = o2z,

Dy Io12 = Iois,

D} Ioos = Joos-

In principle, it is possible to read off the generating differential invariants from the above split
recurrence relations. The expressions for Inis,, Iots, and Inis, derived from (8.11.3) only
involve first-order invariant derivatives of I, and normalized invariants of orders not greater
than |«|. This implies that a generating set of differential invariants consists of invariantized
derivatives which are minimal with respect to the usual partial ordering of derivatives and are
not phantom invariants. We have four such minimal elements,

7%%_%1/}“, Ipgo = Vos , Ao = Vey , looz w_ .
VAME V Y] V Yz VALM

All the other invariantized derivatives are expressed via invariant derivatives of I119, lo20, {011

Iy =

and Igp2. As was indicated above, not all differentiated differential invariants are necessarily
functionally independent, which is encoded in syzygies of the algebra of differential invariants.
Taking into account these syzygies can further reduce the number of generating differential
invariants thereby allowing one a more concise description of the basis of differential invariants.
In the present case, we find the following lower-order syzygies:

Dilo11 — Dy I110 = T11olo11 + Lozoloo2,

D} Io20 — D I110 = Ioao(T110 + Ion1),

D;IOII — DE Too2 = $To20Io02 — 51511,

D} Jo11 — D} Ioz0 = 0,

(D},)*I110 — DiD}Tooz = 5(D} — To11)(Zo2oLoo2) — (D} + Zo11) (311101011 + Toz0L002)

—I011D} 1110 — 002D}, To20,

(D},)?Ioz20 — (D})*Tooz = $D% (To20lo02) — 3D}, (Zo111020)-
From the two first syzygies we can express the invariants Iy1; and Ipge via invariant derivatives
of I110 and g2,
D}z — D I110

Io2o

(D} — T11o) <

Ton1 = — I,
Dilozo — DiTiio

Ip2o

Di I110
1110) - .

Iogp = ——
002 J7 IOQO

020

Another way of finding relations between generating invariants is to use the commutation re-
lations between the operators of invariant differentiation. Evaluating each equality from (8.11.2)
on an element I from the above generating set, we obtain a system of linear algebraic equations

150



with respect to the other elements of these sets, which can be solved on the domain of the jet
space where the determinant of the matrix associated with the system does not vanish. It is
convenient to choose, e.g., I = Igo9. Then, we derive the representations

To20D}, Togo — 2¢[Dl, Dj [ Tozo

I = _
011 D Tono ,
2¢[Di, Di [ Tga0 — To20Di I,
o = e[Di, Dallo2o — Io20Dilozo 2Ty,
D2 Io20
T o [D;7D;J]IOQO _ E D%IOQOI B ED;IOQO

which are defined on the domain Q; of the jet space where DiInag # 0, i.e., D2(\/|¥2]) # 0.
As a result, it is straightforward to establish Theorem 8.4.
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Chapter 9

Summary and conclusion

This thesis was devoted to the study of parameterization schemes with symmetry properties.
We developed and refined several techniques related to the group classification of differential
equations. As was shown in [123] these methods lie at the heart of any invariant parameterization
scheme.

We demonstrated the effectiveness of the newly developed group classification tools by recon-
sidering classification problems related to a class of diffusion—convection and a class of nonlinear
wave equations. Both classes had been considered previously but could not be classified exhaus-
tively. In particular, the problem of complete group classification of the class of nonlinear wave
equations has been a standing problem in this field for more than 20 years.

Having effective classification strategies at ones disposal is of crucial importance for the in-
variant parameterization problem. The reason for this is that the classes of differential equations
that arise in the construction of symmetry-preserving parameterization schemes are usually much
more involved as the classes of equations normally considered in the field of group analysis. This
is the reason why the bulk of this thesis was devoted to a careful extension of the existing group
classification methods.

To make the proposed methods for finding invariant parameterization schemes practical also
for non-specialists, it will be important to automate several of the steps required by using
computer algebra systems. The sophistication of packages for the computation of Lie symmetries
and exact solutions of systems of differential equations as nowadays available for environments
like Maple or Mathematica is unfortunately not paralleled by similar packages for classes of
differential equations. That is, group classification to date is still a problem that has to be
solved largely by hand, which can become quite cumbersome for the complicated classes of
equations arising in parameterization problems. Here we believe that greater progress will be
made for inverse classification problems rather than for the direct ones in the nearer future. This
is due to the equivariant moving frame method, which can be used in the inverse classification
problem and which has the potential of a full automatization using computer algebra packages.
Essentially all the steps required in the construction of a moving frame are entirely algorithmic
and thus do not call for a case-by-case consideration as typically required in direct classification
problems. In fact, Maple already features a package for the computation of moving frames. This
makes the invariantization approach for parameterization schemes introduced in this thesis a
viable way for finding symmetry-preserving closure models.

On the practical side, the methods conceived for constructing invariant parameterization
schemes have been used for problems related to turbulence modeling on the beta-plane, i.e.
the so-called geostrophic turbulence. Geostrophic turbulence is of central importance in the
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atmospheric and planetary sciences as it is believed to explain the emergence of jets and co-
herent structures on the planetary scale. Two-dimensional turbulence is perhaps even harder
to grasp than three-dimensional turbulence as it is always inherently an idealization. True
two-dimensional turbulence is difficult to realize experimentally and thus one usually relies on
numerical simulations to study its properties. Unfortunately, the Batchelor-Kraichnan theory of
two-dimensional turbulence is quite hard to verify, especially when it comes to the description of
the energy spectrum in the enstrophy inertial range. Here several of the numerical simulations
carried out previously report energy spectra that are considerably steeper than the theoretically
predicted k3 slope. In turn, using invariantized hyperdiffusion we showed that producing such
a k™3 spectrum numerically is also practically possible. The extension of this study to the model
of turbulence in a barotropic ocean as introduced in Chapter 2 once more proved the practi-
cality of invariant parameterization schemes. Jointly these results give the hope that invariant
parameterizations will play an important role also for other physical processes that have to be
parameterized in Earth simulation models.

There are several directions in which it is possible to further extend the work reported in
this thesis. First and foremost, it will be necessary to generalize the proposed methods to al-
low constructing invariant nonlocal parameterization schemes. Nonlocal parameterizations are
important because for several processes in geophysical fluid dynamics it is insufficient to pa-
rameterize them using only the information given in a neighborhood around each point. An
important example for such a process is convection, which usually affects a significant part of
an atmospheric column. Nonlocal parameterization schemes are often in the form of integro-
differential equations. From the mathematical side, the study of nonlocal symmetry-preserving
parameterization schemes therefore boils down to the group analysis of integro-differential equa-
tions, which is not at all a well-investigated subject. Here, once again, considerable research
on methods of group analysis will be required before practical examples for invariant nonlocal
parameterization schemes can be constructed.

A further direction that seems promising from both a conceptual and a practical point of
view is the combination of invariant and conservative parameterization schemes. Conserva-
tive parameterization schemes are parameterizations that lead to closed systems of differential
equations preserving certain conservation laws as admitted by the original system of differential
equations. They were briefly introduced in Chapter 2, see also [14, 16], but due to the com-
plexity of classification problems for conservation laws new efficient methods will be required to
tackle the complex models of hydro-thermodynamics. Extending the range of applicability of
such methods and applying them to real parameterization problems thus appears to be a logical
next step in the framework of geometry-preserving parameterization.

In conclusion, structure-preserving parameterization appears to be a natural approach to the
problem of finding consistent subgrid-scale models for the averaged or filtered governing equa-
tions of hydrodynamics and geophysical fluid dynamics. As it becomes increasingly difficult to
devise a unified general parameterization methodology for the multitude of dynamically active
processes in the Earth system, resorting to the paradigm of preserving the geometry of the
fundamental equations describing fluid flow is attractive for good reasons. Most importantly, it
reduces the parameterization problem to first principles. It is known that finding a good parame-
terization is as much an art as it is science. The concept of expressing unresolved processes using
only the information contained in the resolved part of a model is and will always be incomplete.
By bringing the preservation of geometry in the center of the parameterization problem, a consis-
tent framework is made available that uses symmetries of differential equations in the very way
they are implied on physical grounds: to describe the essential properties of the laws of nature.
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