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Âiäîáðàæåííÿ êëàñó Ñîáîë¹âà

Íåõàé G � îáëàñòü ó êîìïëåêñíié ïëîùèíi C, p> 1.

Âiäîáðàæåííÿ f : G→ C íàëåæèòü êëàñó Ñîáîë¹âà W1,p
loc , ÿêùî

1. f àáñîëþòíî íåïåðåðâíå ìàéæå íà âñiõ ëiíiéíèõ âiäðiçêàõ, ùî

íàëåæàòü îáëàñòi G òà ïàðàëåëüíi êîîðäèíàòíèì îñÿì;

2. âñi ÷àñòèííi ïîõiäíi âiäîáðàæåííÿ f ëîêàëüíî iíòåãðîâíi â G ó

ñòåïåíi p.

Ãîìåîìîðôiçì f êëàñó Ñîáîë¹âà W1,1
loc íàçèâà¹òüñÿ ðåãóëÿðíèì,

ÿêùî éîãî ÿêîáiàí Jf = |fz|2−|fz̄|2 > 0 ìàéæå âñþäè.

Òóò

fz =
fx− ify

2
, fz =

fx+ ify

2
.



Êóòîâà äèëàòàöiÿ

Ïîçíà÷èìî Bε = {z ∈ C : |z|6 ε}, B= {z ∈ C : |z|< 1}.

Íåõàé f : B→ C � ðåãóëÿðíèé ãîìåîìîðôiçì êëàñó Ñîáîë¹âà

W
1,1
loc, p> 1. Áóäåìî íàçèâàòè p-êóòîâîþ äèëàòàöi¹þ

âiäîáðàæåííÿ f âiäíîñíî òî÷êè z0 = 0 âåëè÷èíó:

(1) Dp(z) =Dp(re
iθ ) =

|fθ (reiθ )|p

rpJf(reiθ )
.

Òóò z= reiθ , Jf � ÿêîáiàí âiäîáðàæåííÿ f.

Âïåðøå ïðè p= 2 êóòîâà äèëàòàöiÿ ðîçãëÿäàëàñÿ ó ðîáîòàõ

Ãóòëÿíñüêîãî Â. ß. i áóëà çàñòîñîâàíà äî äîñëiäæåííÿ ðiâíÿíü

Áåëüòðàìi.



Îñíîâíèé ðåçóëüòàò

Òåîðåìà. Íåõàé f : B→ B � ðåãóëÿðíèé ãîìåîìîðôiçì êëàñó

Ñîáîë¹âà W1,2
loc i f(0) = 0. Ïðèïóñòèìî, ùî p> 2 òà iñíó¹ k> 0,

òàêå, ùî

liminf
ε→0

 1

|Bε |

∫
Bε

D
1

p−1
p (z)dxdy

p−1

6 k< ∞.

Òîäi

liminf
z→0

|f(z)|
|z|

6 cpk
1

p−2 < ∞,

äå cp � äîäàòíà êîíñòàíòà, ÿêà çàëåæèòü òiëüêè âiä p.



Ïðèêëàä

Ïðèïóñòèìî, ùî f : B→ B, äå f(z) = kz, 0< |k|6 1. Íåõàé

z= reiθ , òîäi f(z) = kreiθ . Çíàõîäèìî

∂ f
∂θ

= kireiθ ,
∂ f
∂ r

= keiθ , Jf

(
reiθ
)
=

1

r
·Im

(
∂ f
∂θ

· ∂ f
∂ r

)
= |k|2.

Çâiäñè

Dp

(
reiθ
)
=

| ∂ f
∂θ |

p

rpJf (reiθ )
= |k|p−2,

lim
ε→0

 1

|Bε |

∫
Bε

D
1

p−1
p (z)dxdy

p−1

= |k|p−2 < ∞.

Ç iíøîãî áîêó, î÷åâèäíî

lim
z→0

|f(z)|
|z|

= |k|< ∞.



Íàñëiäîê

Íàñëiäîê. Íåõàé f : B→ B � ðåãóëÿðíèé ãîìåîìîðôiçì êëàñó

Ñîáîë¹âà W1,2
loc i f(0) = 0. Ïðèïóñòèìî, ùî p> 2 i

(2) liminf
ε→0

1

|Bε |

∫
Bε

D
1

p−1
p (z)dxdy = 0.

Òîäi

(3) liminf
z→0

|f(z)|
|z|

= 0.



Ïðèêëàä

Ïðèïóñòèìî, ùî f : B→ B, äå f(z) = z · |z|α , α > 0.

Íåõàé z= reiθ , òîäi f(z) = rα+1eiθ . Çíàõîäèìî

∂ f
∂θ

= irα+1eiθ ,
∂ f
∂ r

= (α +1)rαeiθ

i

Jf

(
reiθ
)
=

1

r
·Im

(
∂ f
∂θ

· ∂ f
∂ r

)
= (α +1)r2α .

Òîäi

Dp

(
reiθ
)
=

| ∂ f
∂θ |

p

rpJf (reiθ )
=

1

α +1
· rα(p−2).



Ïðèêëàä

Î÷åâèäíî,

lim
ε→0

 1

|Bε |

∫
Bε

D
1

p−1
p (z)dxdy

p−1

=

= lim
ε→0

1

πε2

∫
Bε

(
1

α +1
· rα(p−2)

) 1
p−1

rdrdφ = 0.

Ç iíøîãî áîêó,

lim
z→0

|f(z)|
|z|

= 0.


