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1 Introduction

Let A be a finite-dimensional k-algebra of tame representation type, k& an algebraically
closed field. We recall that A is of tame representation type if for all natural numbers
d, there is a finite number of A-k[z]-bimodules M, ..., M,, which are free of finite rank
as right k[z]-modules and such that if M is an indecomposable A-module of k-dimension
equal to d, then M = M; ®j,) k[z]/(x — ) for some 1 <i <n and A € k.

It is known from [6] that for each dimension d, almost all A-modules of dimension
at most d are controlled by finitely many isomorphism classes of generic modules in the
sense of (i) of Theorem 1.2. A question arises naturally: are Hom-spaces of A-modules
also controlled by those of generic modules? In this paper, we will give a positive answer.

If G is a left A-module then G can be regarded as a left End, (G)-module, and we call
its length as End, (G)-module, the endolength of G. We say that G is a generic module
if it is indecomposable, of infinite dimension over k£ but finite endolength. We recall that
if G is a generic A-module and R a commutative principal ideal domain which is finitely
generated over k, then a realization of G over R is a finitely generated A-R-bimodule T'
such that if K is the quotient field of R, then G = T ®r K and dimg (T ®g K) is equal
to the endolength of G.

As an example consider, A=k(Q), the Kronecker algebra defined by quiver @), then G
is a generic module, and T is a realization of G over R = k[z].

Q= - . G= ki) k(z), T= klz] Kz
b id id

We denote by A-Mod the category of left A-modules, by A-mod the full subcategory of
A-Mod consisting of the finite-dimensional A-modules, and by A-ind the full subcategory
of A-mod consisting of the indecomposable A-modules.

We recall from Theorem 5.4 of [6] that if A is of tame representation type then given
any generic A-module there is a good realization of G over some R in the sense of the
following definition:

Definition 1.1. Let T be a realization of a generic module G over some R, then T is
called a good realization if:

(i) T is free as right R-module;

(ii) the functor T'®pr — : R-Mod — A-Mod preserves isomorphism classes and inde-
composability;

(iii) if p € R is a prime, n > 1 and S, ,, denotes the exact sequence

™

0— R/(p") X R/ @ R/ = R/(p") — 0
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where 7 is the canonical projection, then T'®g S, ,, is an almost split sequence in A-mod.

We know from Theorem 4.6 of [6] that if G is a generic A-module then there is
a splitting Enda(G) = k(z) @ radEnda(G). This splitting induces a structure of left
A*®) = A @, k(z)-module for G and such structure is called an admissible structure. The
main aim of this paper is to prove of the following theorem:

Theorem 1.2. Let A be a finite-dimensional k-algebra of tame representation type, k
an algebraically closed field. Let d be an integer greater than the dimension of A over
k. Then there are generic A-modules G, ..., Gy with admissible structures of left A*®)-
modules and good realizations T; over some R;, finitely generated localization of k[z], of
each G; and indecomposable A-modules Ly, ..., Ly with dim,L; < d for j =1, ...,t with the
following properties:

(i) If M is an indecomposable left A-module with dimM < d, then either M = L,
for some j € {1,....t} or M =T, ®g, R;/(p™) for some i € {1,...,s} some prime element
p € R; and some natural number m. If M s an indecomposable which is simple, projective
or injective left A-module, then M = L; for some j € {1,...,t}.

(ii) If M = T, @, Ri/(0™), N = T; ®r, R;/(q"), Li") = L, @ k(z) with i,j €
{1,...,s},ue {1,....t}, p a prime in R;, g a prime in R;, then

dimyrady’ (M, N) = mndimygyradyee (G, G;),
dimyrady’ (L, M) = mdimygyrad e (Lﬁ(w), Gi),
dimyrady’ (M, L,) = mdimradyee (G, Lﬁ(x)).
(iii) Suppose M =T; @, R;/(p™), N =T; ®g, R;/(q"), then if i =j, p=q,
Hom, (M, N) = Homg, (R;/(p™), Ri/(p")) ® rady’ (M, N).
And if i # j or (p) # (q):
Homy (M, N) = rady’ (M, N).

Moreover, Homy (L,, M) = rad} (L., M), Homy (M, L,) = rady (M, L,).

For the proof of our main result we first study layered bocses of tame representation
type (see Theorem 9.2). For this we use the method of reduction functors F' : B-
Mod — B;-Mod between the representation categories of two layered bocses By and B,
(see [5], [7] and section 7 of this paper). We prove that given a layered bocs A of tame
representation type and a dimension vector d of A there is a composition of reduction
functors F' : B-Mod — A-Mod with B a minimal bocs such that if M € A-Mod with
dimM < d, then there is a N € B-Mod with F(N) = M. Observe that in Theorem
A of [5] several minimal bocses are needed. In section 6 we study the Hom-spaces for
minimal bocses. Consider now the category P'(A) of morphisms f : P — Q with P,Q
projective A-modules and f(P) C rad@. There is a layered bocs D(A), the Drozd’s bocs,
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such that D(A)-Mod is equivalent to P'(A). Using our results on Hom-spaces for minimal
layered bocses we study the Hom-spaces in P*(A) obtaining a version of Theorem 1.2 for
PL(A) (see Theorem 9.5). Finally, we use the relations between Hom-spaces in P(A)
and A-Mod collected in the results of sections 2 and 3.

2 Generalities

Here we state the general results needed in our work. We recall that an additive k-category
R is a Krull-Schmidt category if each object is a finite direct sum of indecomposable
objects with local endomorphism rings. In this case, the indecomposable objects coincide
with those having local endomorphism rings.

Let R be a Krull-Schmidt category. A morphism f : E — M in R is called irreducible
if it is neither a retraction nor a section and for any factorization f = vu, either u is a
section or v is a retraction.

A morphism f: E — M in R is called right almost split if

(i) f is not a retraction ;

(ii) if g : X — M is not a retraction, there is a s : X — E with fs = g.

Moreover, f: E — M a right almost split morphism is said to be minimal if fu = f
with u € Endg (E) implies u is an isomorphism.

One has the dual concepts for left almost split morphisms and minimal left almost
split morphisms.

Remark. Any minimal right almost split morphism f : F — M is an irreducible
morphism. Moreover if X # 0, g : X — M is an irreducible morphism iff there is a
section o : X — F with fo =g.

In particular if h : FF — M is also a minimal right almost split morphism there is an
isomorphism u : F' — E with fu = h.

Similar properties hold for minimal left almost split morphisms.

Definition 2.1. A pair of composable morphisms in R,
ML ESLN

is said to be almost split if
(i) ¢g is a minimal right almost split morphism;
(ii) f is a minimal left almost split morphism, and;

(it}) gf = 0

In the following, we use the following notation. If f : & — M and f' : £/ — M’
are morphisms in R, a morphism from f to f’ is a pair (u,v) where v : £ — E’ and
v: M — M’ are morphisms such that f'u = vf. If u,v are isomorphisms, we say that f
and ¢ are isomorphic. Similarly if M LESN , M’ LB 5 N are pairs of composable
morphisms, a morphism from (f, g) into (f, ¢’) is a triple (uy, ug, ug) where uy : M — M,
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Uy : B — E’, uz : N — N’ are morphisms such that usf = f'uy,usg = g'us. If uy, us, us
are isomorphisms we say that the pair (f,g) is isomorphic to the pair (f’,¢’). The pairs
(f,g) and (f',¢") are equivalent if M = M’, N = N’ and there is an isomorphism from
the first pair into the second one of the form (157, u, 1y).

If A is an additive category with split idempotents a pair (i,d) of composable mor-
phisms X LY 4 Zin A s said to be exact if 7 is a kernel of d, and d is a cokernel of
1. Let £ be a class of exact pairs closed under isomorphisms. The morphisms ¢ and d
appearing in a pair of £ are called an inflation and a deflation of &, respectively.

We recall from [9] that the class £ is an exact structure for £ if the following axioms
are satisfied:

E.1 The composition of two deflations is a deflation.

E21If f: Z/ — Z is amorphism in A for each deflation d : Y — Z there is a morphism
f Y =Y and a deflation d' : Y’ — Z’ such that df’ = fd'.

E.3 Identities are deflations. If de is deflation, then so is d.

E.3° Identities are inflations. If jz is a inflation, then so is 1.

If £ is an exact structure for A then we denote by Ext4(X,Y’) the equivalence class
of the pairs Y LELXmE IfAisa k-category, Ext (7, —) is a bifunctor from .4
into the category of k-vector spaces, contravariant in the first variable and covariant in
the second variable.

An object X € A is called E-projective if Ext 4(X, —) = 0, and it is called E-injective
if EXtA(—, X) = 0.

Definition 2.2. An almost split pair X — Y — Z in A which is in £ is called an almost
split £-sequence.

As in the case of modules, one can prove that in the above definition, X and Z are
indecomposables.

Now, consider (A, E) an exact category with A a Krull-Schmidt k-category such that
for X,Y € A, dimyHomy(X,Y) is finite. Let C be a full subcategory of A having the
following property:

(A) If X is an indecomposable object in C there is a minimal left almost split morphism

nA, [: X —-Y @®..8Y, withY; e C.

We recall that a morphism f : M — N with M, N indecomposable objects in A is
called a radical morphism if f is not an isomorphism.

Proposition 2.3. Let C be a full subcategory of A with condition (A).

Suppose h : M — N is a morphism in A with M, N indecomposable objects in C
such that h = > h;, where each h; is a composition of m radical morphisms between
indecomposables in A, then h =Y g; with each g; composition of m radical morphisms
between indecomposables in C.

Proof. By induction on m. If m = 1 our assertion is trivial. Assume our assertion is
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true for m — 1. We may assume h = s, ---s; with s; : M; — M,,, M; indecomposable
object of A for j=1,...m+1, My = M, M,,.; = N. By (A), there is a left almost split

Uy

morphism M = M, LY@ .Y, with Y3, ....Y; € C. We have u = - |. Then there

Uy

isv=(v1,...,0) : Y1® ... Y, — My with vu = 51 = Zle v;u;. Therefore,

t
h =58, S28 = E S+ SoUU;.
i=1

Now, consider g; = S, - - - s9v; : Y; — N which is a composition of m—1 radical morphisms.
Then, by induction hypothesis, each g; is a sum of m — 1 radical morphisms between
indecomposables in C. Consequently, h is a sum of compositions of m radical morphisms
between objects in C. This proves our claim. U

We recall that an ideal of a k-category R is a subfunctor of Homg(—,7). If I,J
are ideals of R, I.J is the ideal such that for X,Y € R, IJ(X,Y) consists of sums of
compositions ¢gf with f € J(X,Z),g € I(Z,Y) for some Z € R. We denote by I* the
ideal I and, by induction, I" = [""']. For R a Krull-Schmidt k-category we define
the ideal radg such that for X and Y indecomposable objects of R, radg(X,Y) = the
morphisms which are not isomorphisms. The infinity radical is defined by

rady = ﬂrad%.

n

Corollary 2.4. With the hypothesis of proposition 2.3, for X, Y € C,
radg’(X,Y) =radj (X, Y).

Proof. We may assume X and Y are indecomposables. It follows from Proposition 2.3
that radg'(X,Y) = rady (X, Y) for all m. Hence,

radZ’(X,Y) = ﬂrad?(X, Y) = ﬂrad"A%(X, Y)=rad}(X,Y).

m m

Now, we recall the following definition of [5], section 2:

Definition 2.5. If (A4, ) is an exact category with A4 a Krull-Schmidt category, we say
that it has almost split sequences if

i) for any indecomposable Z in A there is a right almost split morphism Y — Z and
a left almost split morphism 7 — X;

ii) for each indecomposable Z in A which is not E-projective, there is an almost split
E-sequence ending in Z, and for each indecomposable Z in A which is not E-injective,
there is an almost split £-sequence starting in Z.
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Remark. If the exact category (A, E) has almost split sequences one can consider the
valued Auslander-Reiten quiver of A as in the case of the category of finitely generated
modules over an artin algebra.

Proposition 2.6. Suppose (A,E4) and (B,E) are two ezxact categories such that the
first category has almost split sequences and F : B — A is a full and faithful functor
sending Eg-sequences into € g-sequences. Let {E;}ien be a set of pairwise non-isomorphic
objects in B which are not Eg-projectives, and almost split Eg-sequences:

(61)2 ElgEgﬂEl

fi

gi-1 s
(i) : B "—" Ei1 @ E, (gmc—l;ﬂ E;
for i > 1. Then, if there is an almost split E4- sequence ending in F(E;) which is
the image under F of a sequence in Eg, then the image F(e;) of the sequence e; is an
Eq-almost split sequence for all i € N.

Proof. There is a sequence in &z, (a) : M - E - FE; whose image under F is an
almost split € 4-sequence. Since F'is a full and faithful functor, then (a) is an almost split
sequence. This implies that (a) is isomorphic to (e1). Therefore, the image under F' of
(e1) is isomorphic to the image under F' of (a) which is an almost split sequence, and so,
the image of (e;) under F'is an almost split sequence.

Suppose that F(e;) is an almost split sequence for all [ < i. By hypothesis, (e;11)
is a non-trivial Eg-sequence, since F is a full and faithful functor. Then F(e;4q1) is a
non-trivial €4-sequence. Thus, F(F;1) is not E4-projective. Then there is an almost
split sequence

Liyy — My — F(Ei+1)-

Here F(e;) is an almost split sequence. Then we have an almost split sequence:

F(E;) = F(Ei41) ® F(Ei_y) — F(E)),

and so, we have an irreducible morphism F(E;) — F(E;;1). Therefore, M; 1 = F(E;) &
Y. Thus, we have an irreducible morphism L;,; — F(E;). This implies that L;,; &
F(E;yq) or Liy; = F(E;_1). But we have an almost split sequence starting and ending
in F(FE;_1). Therefore, if L;y; = F(E;_1), then F(E;11) = F(F;_1) implies F;1; = E; 1,
which is not the case, therefore L; ;1 = F(FE;;1). Then the socle of Ext 4 (F(Ei+1), F(Fit1))
as End 4(F(E;+1))-module is simple. As previously stated, F'(e;11) is a non-zero element
of the above socle, and; therefore, F'(e;11) is an almost split sequence. U

3 The categories P(A) and P!(A)

Let A be a finite-dimensional algebra over an arbitrary field k. We denote by A-Proj the
full subcategory of A-Mod whose objects are projective A-modules, and by A-proj, the
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full subcategory of A-mod whose objects are projective A-modules.
Here A-proj has only a finite number of isoclasses of indecomposable objects, then for
any indecomposable projective A-module P there are morphisms

p(P):r(P) — P, AP):P —I(P)

such that they are a minimal right almost split in A-proj and a minimal left almost split
in A-proj, respectively. Observe that p(P) and A(P) are also a minimal right almost split
and a minimal left almost split morphism, respectively, in the category A-Proj.

Denote by P(A) the category whose objects are morphisms X = fx : Py — Qx, with
Px,Qx € A-Proj. The morphisms from X to Y, objects of P(A), are pairs u = (uq, uz)
with uy : Px — Py, us : Qx — Qy such that usfx = fyus. If u = (up,uz) : X — Y and
v = (v1,v2) : Y — Z are morphisms, its composition is defined by vu = (vyuy, vous).

We denote by & the class of pairs of composable morphisms X — Y - Z such that
the sequences of A-modules:

0—>PXE>PY2>P2—>O

0—Qx =2 Qy >Qz—0

are exact and then split exact.
Proposition 3.1. The pair (P(A),€) is an exact category.
Proof. See [1]. O

For P any projective A-module consider J(P) = (P r P), Z(P) = (P 2 0),
T(P) = (0% P). It is easy to see that the objects J(P) and T(P) are &-projectives and
the objects J(P),Z(P) are E-injectives. One can see without difficulty that the exact
category (P(A), £) has enough projectives and enough injectives.

Proposition 3.2. The indecomposable E-projectives in P(A) are the objects
J(P) and T(P) for P indecomposable projective A-module.

The indecomposable E-injectives in P(A), are the objects J(P) and Z(P) for P inde-
composable projective A-module.

We denote by P(A) the category having the same objects as P(A) and morphisms
those of P(A) modulo the morphisms which factorizes through E-injective objects.

We have a full and dense functor Cok : P(A) — A-Mod which in objects is given by
Cok(fx : Px — Qx) = Cokerfx.

Proposition 3.3. The functor Cok : P(A) — A-Mod induces an equivalence Cok :
P(A) — A-Mod.

Proof. One can prove (see [1] ) that if f : X — Y is a morphism in P(A) then Cok(f) =0
iff f factorizes through some E-injective object in P(A). O
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We consider now p(A), the full subcategory of P(A) whose objects are morphisms
between finitely generated A-modules.

Proposition 3.4. The exact category (p(A),E) has almost split £- sequences.
Proof. See [1]. O

Now consider P*(A) the full subcategory of P(A) whose objects are those X = fy :
Px — Qx with Im(fx) C rad(Qx). We denote by &; the class of composable morphisms
in P'(A) which are in £ . By p'(A) we denote the full subcategory of P'(A), whose
objects are morphisms between finitely generated projective A-modules.

Proposition 3.5. The pair (P*(A), &) is an exact category.
Proof. See [1]. O

For an indecomposable projective A-module P denote by R(P) the object p(P) :
r(P) — P and by L(P) the object A\(P) : P — I(P). Observe that P a left A-module is

in A-proj if P is indecomposable and projective.

Lemma 3.6. The morphism
o(P) = (p(P),idp) : R(P) — J(P)

is a minimal right almost split morphism in P(A), the morphism
7(P) = (idp, \(P)) : J(P) — L(P)

is a minimal left almost split morphism in P(A).

Proposition 3.7. Suppose v : X — Y is a morphism in PY(A) such that Cok(u) = 0,
then u = gh with h : X — W, g: W — Y and W a sum of objects of the form Z(P) and

R(Q).
Proof. It follows from Proposition 3.3 and Lemma 3.6. U

Proposition 3.8. The indecomposable E,-projectives in P'(A) are the objects T(P) and
L(P) with P indecomposable projective A-module. The indecomposable & -injectives are
the objects Z(P) and R(P) with P an indecomposable projective A-module.

Proof. It follows from Proposition 3.2 and Lemma 3.6. U

Proposition 3.9. For X,Y € PY(A), there is an exact sequence

0 — Hompi(4)(X,Y) N Homy (Px, Py) @ Homa(Qx, Qy)
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2 rady(Px, Qy) 5 Extpiy)(X,Y) — 0
Proof. See Proposition 5.1 of [1]. O

Now, if X = (Px X Qx) € P(A) choose some minimal projective cover Py % P,
Kerh — 0 with h = D(A)® fx : D(A)®a Px — D(A) @5 Qx. We put 7X = (P, 5 P)).

Proposition 3.10. If X is an indecomposable which is not & -projective in p*(A), then
there is an almost split £ -sequence:

(1) Y-F—X

with Y = 7X. Dually of Y is indecomposable non &;-injective, then there is an almost
split £, -sequence (1).

Proof. See [10] for k a perfect field and [1] for the general case. O

Proposition 3.11. For X, Y € p'(A), there is an isomorphism of k-modules
Etil(A) (X, Y) = DHOInpl(A)(Y, T(X))

Here Homy,(n)(Z, W) stands for the morphisms from Z to W modulo those morphisms
which are factorized through E-injectives objects.

Proof. It follows from Corollary 9.4 of [9]. O
As a consequence we obtain:

Proposition 3.12. (See [3] and [1]) For X,Y € p'(A), there is an isomorphism of
k-modules:

Extp1(4)(X,Y) = D(Homy (Cok(Y'), DtrCok(X))/S(Cok(Y'), Dtr(Cok(X)))
where S(M, N) are the morphisms which factorizes through semisimple A-modules.

Proposition 3.13. If Y % E % X is an almost split sequence in p(A) with Cok(Y) # 0
and Cok(X) # 0, then

0 — Cok(Y) ‘X" Cok(B) “M Cok(X) — 0

is an almost split sequence in A-mod. Moreover, if Cok(Y') is not a simple A-module,
then the sequence Y — E - X lies in p*(A).

Proof. For the first part of our statement see Proposition 5.6 of [1], for the second part
see Theorem 2.6 of [10] and Proposition 5.7 of [1]. O
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Suppose now that A is a basic finite-dimensional k-algebra, and 1, = Y " ¢; is a
decomposition into pairwise orthogonal primitive idempotents. Moreover, assume that
dimg(A/radA)e; = 1 for all i = 1,...,n. For M € A-mod we put

dimM = (dimge; M, ..., dimge,, M).
For X = fx : Px — Qx an object in p'(A) we put
dimX = (dim(Px/radPyx),dim(Qx /radQx)) € Z*".

In the following, we consider three bilinear forms defined on Z*":

For x = (21, .o, @p; ) ooy 20), Y = (Y1 ooy YUn3 YLy o Ul ), WE PUL

ha(x,y) = Z(%%‘ + ayy;)dimg (e;Aej) — Z z;y;dimg (e;radAey),

,J 0]

sa(x,y) = Z iy, ga(T,y) = Z(%yg + x;y; - $iy;‘)(dimk€iA€j)'
i=1

27]

Cleaﬂy gA(X7 y) = hA(X7 y) - SA(X7 y)
Proposition 3.14. For X,Y € p'(A) we have:

(1)dimgHom,i 4 (X, V) — dimgExtyi ) (X, V) = hy(dimX, dimY);

(2)dimgExt,a) (X, Y) = dimpHomy (Cok(Y'), DtrCok(X)) — sp(dimX, dimY');

(3)dimiHomy (Cok(Y'), DtrCok(X)) = dimzHomy ) (X,Y) — ga(dimX, dimY).

Proof. The part (1) follows from Proposition 3.9, part (2) follows from Proposition 3.12
and from the equalities:

dim;S(Cok(Y'), DtrCok(X)) = dimHomy (topCok(Y'), socDtrCok(X))

= sp(dimX, dimY’).
Finally, (3) follows from (1) and (2). O

4 Bocses

We recall that a coalgebra over a k-category A is an A-bimodule V' endowed with two
bimodule homomorphisms, a comultiplication g : V — V ®4 V and a counit € : V' — A,
subject to the conditions

(k@ Dp= 1 pu
(e@Dp=1i, (1®@eu=i
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with i, : V2 A®,V and i, : V =2V ®4 A the natural isomorphisms. Observe that A is
a coalgebra over A with comultiplication A = A ® 4 A the natural isomorphism and the
counit the identity morphism id4 : A — A.

A bocs is a pair A = (A, V) with A a skeletally small k-category and V' a coalgebra
over A.

The bocs (A, A) is called the principal bocs.

The category A-Mod has the same objects as A-Mod, the covariant functors A — k-
Mod. Then, if M, N are in A-Mod, a morphism in A-Mod is given by an A-module
morphism from V&4 M to N. The compositionof f: V@, M — Nandg: VR4 N — L
is given by the composition

VaaM S ve,ve M X ve,N LI,
the identity morphism for M in A-Mod is given by the composition:
VesM S A, M 5 M,

where o is given by o(a ® m) = am for a € A, m € M. We identify A-Mod with
(A, A)-Mod.

Suppose now A = (A, V) and B = (B, W) are two bocses, denote by ey, py, ew,
pw the corresponding counits and comultiplications. A morphism of bocses 0 : A — B
is a pair (0o, 1) where 6y : A — B is a functor and 0 : V' — 4, Wy, is a morphism of A-A
bimodules such that

ewb = bpev,and  7(0; ® O1)py = pwbs,

where 7 is the natural map W @4 W — W @ W. A morphism of bocses 6 : A — B
induces a functor * : B-Mod — A-Mod. For M € B-Mod we put 6*M = » M and if
f:W ®p M — N is a morphism in B-Mod then 6*(f) is the composition:

V@a (M) S W s (M) S WesM LN

where 7 is the natural morphism.
Observe that if

are morphisms of bocses then (¢gby, p1601) = ¢ : A — C is a morphism of bocses. Clearly
(¢0)" = (0)"(¢)".

Lemma 4.1. If 0 = (6p,6,) : A= (A, V) — B = (B,W) is a morphism of bocses then
(0)"(1, ew)" = (1, ev)" (6o, 60)"
Proof. It follows from the definition of morphism of bocses and the above. O

Let A = (A,V) be a bocs and A" a subcategory of A with the same objects as A. A
morphism w : A" — 4V of A-A" bimodules is said to be a grouplike of A relative to
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A'if (i,w) : (A", A") — Ais a morphism of bocses, where i : A" — A is the inclusion. If
the induced functor (i,w)* : A-Mod — A’-Mod reflects isomorphisms we say that w is a
reflector. If w g A'y, — —4/Va is a grouplike we have that w is completely determined
by the elements wx = w(idx) for all X € indA’ such that p(wy) = wx @ wx.

If A= (A,V)isabocs V = Kere is called the kernel of A. Then there is the following

exact sequence of A-A bimodules:
0TSV 5 A0

where o is the inclusion.

We recall that if w : A" — 4V is a grouplike, it determines two morphisms d; :
Ay — 4Vaand 6y 0 4V 4 — 4V @4V 4, given for a € Homy(X,Y) andv € V(X,Y)
by :

0(a) = awx —wya, V) =pul) —wy ®v—1vQ wy.

Observe that (ida,e) : A — (A, A) is a morphism of bocses. Therefore, it induces
a functor (ida,e)* : A-Mod — A-Mod. For M € A-Mod, (ida,€)*(M) = M, and
for h : M — N a morphism of A-modules (ida,e)*h : V ® 4M — N is given by
(ida, €)*(h)(v @ m) = h(e(v)m) for m € M,v € V.

For M € A-Mod, (i,w)*(M) = 4#M and if f : V®4 M — N is a morphism in A-Mod,
fO=(,w) f: 4M — 4N is given by fO(m) = f(wx ®m) for m € M(X).

Given A = (A, V) a bocs with a grouplike w relative to some A" subcategory of A, for
any morphism, f: V ®4 M — N we have the morphisms f° = (i,w)*f € Homu/ (M, N),
fl=flc®1): V®4 M — N. The pair of morphisms (f°, f!) satisfies the following
property:

() am) = aof(m) + 1(61(a) © m).

Now, for any object Y € A we have :
VoiM)Y)=V(=Y)0asM=wy @ M(Y)® (Ve M)(Y),
therefore, a pair of morphisms (f°, f!) with
Y € Homuy (M, N) and f' € Homu(V ®4 M, N)

which satisfies the condition (A) determines a morphism of A-modules f: V ®4 M — N.
Thus, any morphism f : V ®4 M — N is completely determined by the pair (f°, f1)
satisfying property (A). In the rest of the paper, we put f = (f°, f1).

Proposition 4.2. If f = (f%, f)) : M — N, g = (¢°,¢') : N — L are morphisms in
A-Mod then gf = (¢°f°, (gf)') with

(9f) (vem)=g'(v® f(m)+g"(f (vem))+ 291(03 ® f (v @ m)),

where v € V,m € M and 52(v) =Y, v} @ v
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Proof. It follows from the fact that (i,w)* is a functor and from the definitions. U

Following [5], if A is a k-category a morphism a € A(X,Y’) is called indecomposable
if both X and Y are indecomposable objects of A. Similarly, if W is an A-A bimodule
an element of W is an element w € W(X,Y) for some X,Y. In case both X and Y are
indecomposable, w will be called indecomposable. If X and Y are objects of A , then we
denote by Fxy the A-A bimodule given by

FX,Y = HOHlA(—,X) R HOHlA(Y, —).

We say that the A-A bimodule W is freely generated by the elements w; € W(X;,Y;),i =
1,...,n if there is an isomorphism of A-A bimodules

w . F’Xl’y1 EB EBFXn,Yn — W

such that ¢ (idy, ® idy,) = w;, for i =1,...,n.

Now, suppose that A’ has the same objects as A, and T is an A’-A’ -subimodule of
Ay, denote by T®" the tensor product T @4 T ®4r ... @4 T of n copies of T and set
T° = A’. Then the direct sum of A’-A’-bimodules:

T® — éT@m
n=0

can be regarded as a category with the same objects as A and product given by the
natural isomorphisms T®" @ T®™ — TEm+n,

We recall from Definition 2.5 of [5] that if A’ has the same objects as A, we say that
A is freely generated over A by morphisms aq, ..., a, in A if the a; freely generate an A’-A’
subimodule T" of 4/ A4 such that the functor T® — A induced by the inclusion of A’ and
T in A is an isomorphism.

Definition 4.3. A k-category A is called minimal if it is skeletal and is equivalent to
mod(k) X ... x mod(k) x P(R;) X ... x P(R,,)

where R; = klx, fi(x)™!] with f;(z) is a nonzero element of k[x] and P(R) denotes the
category of finitely generated projective left R-modules. We denote by indA the set of
indecomposable objects of a minimal category A.

Definition 4.4. Let A = (A, V) be a bocs with kernel V. A collection L = (A’; w; ay, ..., Gy;
U1, ... Um), 18 a layer for A, if
L1) A’ is a minimal category;

L3) w is a reflector for A relative to A’;

L4) V is freely generated as an A-A bimodule by indecomposable elements vy, ...v,;

(L5) let §; : A — V be the morphism induced by w, Ag = A’ and fori € {1,....,.n—1},
A; the subcategory of A generated by A" and ay, ...a;, then for any 0 < i < n, §;(a;11) is

(
(L2) A is freely generated over A’ by indecomposable elements ay, ..., a,;
(
(

contained in the A;-A; subimodule of V generated by vy, ...v,,.
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A bocs having a layer will be called layered.

Suppose A = (A, V) is a bocs with layer L = (A;w;aq, ..., an; v1,...0y). Through-
out this paper, we denote by A-mod the full subcategory of A-Mod whose objects are
representations M such that > ., dim, M (X) < oo.

For A as before we have

V@aM ““EBfl Y;) @ M(X;)

for M € A-Mod. Thus, for M, N € A-Mod we have an isomorphism:
darv + @ Homy,(M(X;), N(Y;)) — Homa(V @4 M, N).

Therefore, in this case a morphism f : M — N in A-Mod is given by a pair of morphisms
(% o n(fis s f))s f© € Homu (M, N), f} € Homy (M (X;), N(Y7)),
i=1,...,msuch that forall a; : X; = Y;,j=1,...,n and u € M(Xj)
fy,(aju) = a; 3, (w) + darn(fi, o f)(01(ay) @ w).
Observe that ¢y n(f1, ..y [r)(vi @ u) = fl(u) for u e M(X;),i=1,...,m.
Lemma 4.5. With the above notations, if (f,0) : M — N and
(R°, ¢n (h1y s hy)) : N — L are morphisms in A-Mod then:

(hO,QSN’L(hl,...,hm))(f,()) = (hof, ¢M,L(gla---7gm)) Wlth g, = hzsz

Similarly, if (h°, oprn(P1y ooy hin)) : M — N, (f,0) : N — L are morphisms
in A-Mod, then:

(f,0)(R°, dnsn(hay o b)) = (FR°, drn g1y ooy Gm)),  With g = fy.hy

In later sections we need the following.

Definition 4.6. Let A = (A, V) be a bocs with layer (A’;w;ay, ..., ay; v1, ..., vy). Then
a sequence of morphisms in A-Mod,

MLESLN
is called proper exact if gf = 0 and the sequence of morphisms
0— MLty g

in A’-Mod is exact. An almost split sequence in A-mod which is also a proper exact
sequence is called a proper almost split sequence.

Definition 4.7. With the notation of Definition 4.6 an indecomposable object X € A’
is called marked if A'(X, X) # kidx.
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5 Hom-spaces of Minimal Bocses

We recall from [5] that a minimal bocs is a bocs A = (A, V') with layer
L= (A5w;a1, ..., 00,01, s V)

such that A" = A. Therefore in this case the a4, ..., a, do not appear.
Throughout this section, B = (B, W) is a minimal bocs with layer

L = (B;w;wy,...,wy), where w; € W(X;,Y;).
For M, N € B-Mod we put Homg(M, N)! = {f : M — N|(1,w)*(f) = 0}.

Proposition 5.1. Let B = (B, W) be a minimal bocs and ¢ : W — B the counit of W.
Then for M, N € B-Mod we have

Homg(M, N) = (1,¢)*(Homp(M, N)) @ Homp(M, N)*.
Proof. We have (1, €)*(1,w)* = idg.mod- O

Observe that if we have any pair of morphisms (f, ¢arn(ha, ..., b)) with f € Homp(M, N),
h; € Homy (M (X;), N(Y;)) where w; : X; — Y;, this pair is a morphism from M to N in
B-Mod, because in a minimal bocs §; = 0 and condition (A) before Proposition 4.2 is
trivially satisfied. Then we have:

Corollary 5.2. For M, N € B-mod :

dimyHomg(M, N) =) ~ dim;Homy (M (X;), N(Y7)).

w;

The morphisms in the image of (1, €)* have the form (f,0) where the morphism f is
in Homg(M, N).

Lemma 5.3. (Compare Definition 3.8 in [5]) Let M, N be two objects in B-Mod, then
M = N in B-Mod iff M = N in B-Mod.

Proof. If h : M — N is an isomorphism in B-Mod then (1,w)*(h) is an isomorphism
in B-Mod. Conversely, if g : M — N is an isomorphism in B-Mod then (1,¢€)*(g) is an
isomorphism in B-Mod. O

Clearly, Lemma 5.3 implies that indecomposable objects in B-Mod and B-Mod coin-
cide.

We have B(Z,Z') = 0 for Z # Z' € indB and for Z € indB, B(Z,7Z) = Ry =
klz, h(z)~tidz with h(x) € klx] or B(Z,Z) = kidz. Take M an indecomposable object
in B-mod, then there is only one Z € indB such that M(Z) # 0. Here M is a covariant
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functor of B into k-Mod, M(Z) is a left Rz- module. Therefore if B(Z, Z) = Ry # kidy,
M(Z) = Ry/(p") with p =x — X\ a prime element in Ry, if B(Z,Z) = kidz, M(Z) = k.

For Z € indB with B(Z,Z) = Rz # kidz and p = x — A, a prime element in Ry we
define M(Z,p,n) € B-Mod by

M(Zp.n)(W) =0 for W #ZW endB, M(Z.p.n)(Z) = R/(")
If B(Z,Z) = kidz we define S; € B-mod by
Sy;(W)=0 for W#Z W eindB, Sz(Z)=k.

Lemma 5.4. If M is an indecomposable object in B-mod then M = M(Z p,n) or
M = Sy for some Z € indB.

Lemma 5.5. Let (f,0) : M — N be a morphism in B-Mod such that for all Z € indB,
fz : M(Z) — N(Z) is surjective. Then if h : L — N is a morphism in B-Mod with
(1,w)*(h) =0, there is a morphism g : L — M in B-Mod with (f,0)g = h.

Proof. Take h : L — N with (1,w)*(h) = 0, then h = (0, ¢ n(h1, ..., hy)). We may
assume that there is a j with 0 # h; € Hom (M (X;), N(Y;)) and h; = 0 for ¢ # j.

We have that fy, : M(Y;) — N(Y;) is an epimorphism. Consequently, there is
a k-linear map o : N(Y;) — M(Y;) with fy,0 = idyy,. Take now g; = oh; €
Homy(L(X;), M(Y;)), and 0 = ¢g; € Homy(L(X;), M(Y;)), for i # j. Take now the

morphism

g=1(0,0Lm(g1, -, Gm)) : L = M

then by Lemma 4.5 (f,0)g = (0, 1 n(A1, ..., Aw)) with A; = fy,g;. Therefore, \; = 0 for
i #jand \; = fy,g; = fy,oh; = h;. Consequently, (f,0)g = (0,¢rn(A1,..; Am)) =
(0, LN (h1y ooy hin)) = h. O

Similarly, we have the dual version of the above result.
Lemma 5.6. Let (f,0) : M — N be a morphism in B-Mod such that for all Z € indB,
fz: M(Z) — N(Z) is an injection. Then if u : M — L is a morphism with (1,w)*(u) = 0
there is a morphism v : N — L with v(f,0) = u.

For Z, 7' € indB we denote by t(Z, Z') the number of w; € W (Z, Z").

Lemma 5.7. Suppose M, N are indecomposable objects in B-mod with M(Z) # 0, N(Z') #
0, Z, 7' € indB. Then

dim,Homg(M, N)! = +(Z, Z')dim, M (Z)dim, N (Z').

Proof. It follows from Corollary 5.2. O
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Lemma 5.8. If M, N are indecomposable objects in B-mod, then
rady (M, N) C Homg(M, N)*.

Proof. Suppose thereis a h € rady (M, N) with (1,w)*(h) # 0. Then thereisa Z € indB
with M(Z) # 0,N(Z) # 0. Since (1,w)* reflects isomorphisms, then (1,w)*(h) is not
an isomorphism. Consequently, B(Z,Z) = Ry # kidy and M = M(Z,p,m), N =
M(Z,p,n).

Hererady (M, N) = rady (Rz/(p™), Rz/(p")) = 0. Then there is a s with rad (M, N) =
0.

On the other hand, there is a chain of non-isomorphisms between indecomposables:
MEx Bx, - X BN

with g = (1,w)*(fs -+~ faf1) # 0.
But g = (1,w)*(fs) -+ - (L,w)*(f1) € rad3(M, N) = 0, a contradiction. This proves our
claim. O

Consider M M(Z,p,m),N = M(Z,p,n) indecomposables in B-mod. If f :
Rz/(p™) — Rz/(p") is a morphism of Rz-modules, we put u(f) : M — N given by

(
u(f)z = f and u(f)w =0 for W # Z.

Proposition 5.9. Let M, N be indecomposables in B-mod with M(Z) # 0 or N(Z) # 0
for some Z € indB with B(Z,Z) # kidz, then

rady (M, N) = Homp(M, N)*.

Proof. By Lemma 5.8, it is enough to prove that if f : M — N is a morphism in B-mod
with (1,w)*(f) = 0 then f € radg (M, N). Suppose M(Z) # 0 with B(Z,Z) = Ry #
idzk. Then we may assume M = M(Z,p,m). Take any natural number n. Consider the
monomorphism 4; : Rz/(p') — Rz/(p"*) given by 4;(mi(a)) = miy1(pa) for a € Rz and n;
Rz — Rz/(p?) the quotient map. Take (u,0) = (w(inim-1),0)...(w(ims1),0)(u(ip),0) :
M(Z,p,m) — M(Z,p,m + n). Here uy : M(Z,p,m)(Z) — M(Z,p,m +n)(Z) is a
monomorphism . By Lemma 5.6, there is a morphism ¢ : M(Z,p,m+n) — N in B-Mod
such that t(u,0) = f.

Now, (u,0) € radg(M, M(Z,p,m + n)), and, therefore, f = t(u,0) € radj(M, N) for
all n, then f € rady (M, N).

For the case in which N(Z) # 0 with B(Z, Z) # kidz one proceeds in a similar way.
U

Corollary 5.10. If M, N are indecomposable objects in B-mod, and Z, 7" € indB with
M(Z)#0, N(Z') #0, and B(Z,Z) # kidy or B(Z',Z") # kidy, then

dimgrad®’ (M, N) = dim M (Z)dim, N (Z")¢t(Z, Z").
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Corollary 5.11. Let M = M(Z,p,m),N = M(Z',q,n),S = Sw be indecomposables in
B-mod, with B(Z,Z) # kidz, B(Z',Z") # kidg, B(IW,W) = kidw. Then if Z = Z',
P=4q,

Homg(M, N) = Hompg(M, N) @ rady (M, N),
with dimg(Hompg(M, N)) = min{m,n}.
And if Z # 7" or Z = 7', and (p) # (q)

Hompg(M, N) = rady (M, N).
Moreover,

Hompg(M, S) = radg (M,S) and Homg(S, M) =radg (S, M).

0 0
Lemma 5.12. If0 — M LB L N — 0 is a short exact sequence in B-Mod, then the

0
pair of morphisms in B-Mod, M R E (W) N is an exact pair of morphisms.

Proof. We claim that f = (f°,0) is a kernel of (¢°,0). Assume there is a morphism
uw = (uu') = («°0) + (0,u') : L — FE such that gu = (¢%u° (gu)!) = 0. Here
¢°u® = 0, then there is a unique morphism in B-Mod, v° : L — M with f%° = «°.
Now, u' = ¢r p(ur, ..., uy), with u; : L(X;) — E(Y;) where w; € W(X;,Y;). Then
(gu)' = érN(99u1, -, 6y, Um). Therefore, for i = 1,...,m, gy.u; = 0. Thus, there
are linear maps v; : L(X;) — M(Y;) with fQv; = w; for i = 1,...,m. Then taking
v = (V" ¢ra(v1, ..., v)) we have fv = u. Clearly v is unique with this property. This
proves our claim. In a similar way one can prove that ¢ is a cokernel of f. U

Lemma 5.13. Suppose (a) : M LE%Nisa proper exact sequence in B-Mod. Then

©,0) E (9&9) N

(a) is isomorphic to the sequence: M Uy
Proof. By Lemma 5.5 and its proof, there is a morphism u = (0,u!) : E — FE such that
(¢°,0)u = (0,¢"). Then (¢° 0)(1g,u') = g, with 0 = (1g,u') an isomorphism. Thus,
(¢°,0)0f = gf = 0. But by the above Lemma, (f°,0) is a kernel of (¢°,0), then there is
a morphism A = (A% AY) : M — M with (f° 0)\ = of. Here fOA° = f9 since f% is a
monomorphism then \° = 1,;. Therefore, A : M — M is an isomorphism. This proves
our claim. U

From Lemma 5.12 and Lemma 5.13, we deduce that proper exact sequences are exact
pairs of morphisms. Denote by &, the class of proper exact sequences in B-Mod, then we
have the following.

Proposition 5.14. The pair (B-Mod, &,) is an exact category.

Proof. Observe first that ¢ = (¢°% ¢') : E — M is a deflation if and only if ¢° is an
epimorphism. In fact, if ¢ is a deflation, by definition of proper exact sequence ¢° is an
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epimorphism. Conversely, suppose ¢° is an epimorphism, then as in the proof of Lemma
5.5 there is an isomorphism 7 : £ — E such that (¢°,0) = g7. Taking f°: N — E the
kernel of ¢° in B-Mod, we see that (¢°, 0) is a deflation, thus g is a deflation too. Similarly,
one can prove that f : N — FE is an inflation if and only if f° is a monomorphism.
From this, it is clear that conditions E.1, E.3 and E.3° hold. For proving E.2, assume
g : ' — N is a deflation and h : L. — N is an arbitrary morphism. Then we have
the morphism (g,h) : E® L — N. Now, (g,h) = ((¢°,h°),(g",h')), here ¢° is an
epimorphism, then (g%, h°) is also an epimorphism, thus (g, k) is a deflation, therefore it
has a kernel, M = E @ L. Take uy : M — E equal to u composed with the projection
on F and —uy : M — L, the composition of v with the projection on L. Now, one can
see that us is a deflation and gu; = hus. Therefore, E.2 holds. O

Let Zi, ..., Zs be all marked objects in indB. For i =1, ..., s take R; = B(Z;, Z;) and
the B-R;-bimodule B; = B(Z;,—). Then if p is a prime element of R; and n a positive
integer, M(Z;, p,n) = B; ®g, Ri/(p"). We denote by S} the exact sequence in R;-mod:

™

—P
0— R/(") B2 (Ri/ (™) @ Ri/™™Y) “ = R/(p") — 0.

Proposition 5.15. The sequence B; Qg, S;7n.'

B; @, Ri/ (") 57 By @p, (Ri/(0"") & Ri/(0"™))

1d®

B; ®r, Ri/(p")

s a proper almost split sequence in B-mod.

Proof. The sequence S;m is an almost split sequence in R;-mod. Now, using Lemma 5.5
and Lemma 5.6 one can prove that B; ®pg, S]im is a proper almost split sequence. U

6 Hom-spaces between A-k(z)-bimodules

Let A = (A, V) be a bocs with layer (A’;w;ay, ..., ay; v, ..., V). We recall from [6] that
an A-k(x)-bimodule is an object M € A-Mod with a morphism a,; : k(x) — End4(M).
If M and N are A-k(x)-bimodules, a morphism f: M — N in A-Mod is a morphism of
A-E(x)-bimodules if for all ¢ € k(z), fau(q) = an(q)f.

We denote by A-k(x)-Mod the category whose objects are the A-k(z)-bimodules and
the morphisms are morphisms of A-k(z)-bimodules. If F': B-Mod — A-Mod is a functor
with A, B layered bocses, then F' induces a functor F*@) : B-k(z)-Mod — A-k(x)-Mod. If
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M is a B-k(z)-bimodule, with oy : k(z) — Endg(M) then F(M) is an A-k(x)-bimodule
with apry = Fayr @ k(z) — End4(F(M)). Observe that if f: M — N is a morphism
of B-k(x)-bimodules, then F(f) is a morphism of A-k(x)-bimodules. Now, if F' is full
and faithful then F(f) : F(M) — F(N) is a morphism of A-k(x)-bimodules if and
only if for all ¢ € k(z) , F(f)F(am(q)) = F(an(q))F(f) and this is true if and only if
faum(q) = an(q)f for all ¢ € k(x). Thus, F induces a full and faithful functor

F*@) . Bk (x)-Mod — A-k(x)-Mod.

The A-k(z)-bimodule M is called proper if there is a [y : k() — End(M) such
that ay = (1,€)* B, thus an(q) = (Bum(q),0) for all ¢ € k(x). Observe that if M is
a proper A-k(x)-bimodule then M is an A-k(z)-bimodule. We denote by A-k(x)-Mod”,
the full subcategory of A-k(x)-Mod whose objects are the proper bimodules. Suppose
0 : A — B is a morphism of bocses with ez the counit of B and €4 the counit of A ,
then 6* : B-Mod — A-Mod is a full and faithful functor. Observe that if M is a proper
B-k(z)-bimodule then ayy = (1,€5)* Gy with Sy @ k(x) — Endg(M). Then 6*(M) is a
A-E(x)-bimodule, using Lemma 4.1 we have

ag-(nry = (0o,01)"(1,€e8)" Bar = (1, €4)" (6o, 00)" Bars

thus 6*(M) is a proper B-k(x)-bimodule, consequently #* induces a full and faithful
functor (0*)*@) : B-k(x)-Mod? — A-k(z)-Mod?”.

Proposition 6.1. Let M, N be proper A-k(x)-bimodules. Then
F =0 omun(fiss fin)) : M — N is a morphism of A-k(z)-bimodules if and only if f° is
a morphism of A'-k(x)-bimodules and f; € Homy,) (M (X;), N(Y;)) for allv; € V (X, Y)).

Proof. We have that M and N are proper bimodules so, ay/(q) = (6m(q),0) and
an(q) = (6n(q),0) with morphisms of k-algebras £y : k(z) — Enda(M) and By :
k(x) — Enda(N). Then a morphism f : M — N in A-Mod is a morphism of A-k(z)-
bimodules if and only if fap(q) = an(q)f for all ¢ € k(x). Then, by Proposition 4.2,
the above holds if and only if f°8:/(q) = Bn(q)f° for all ¢ € k(x), and for all v; and all
4 € k@), u € MX): By (@0un (o s f) (0 © 1) = oain(frs o o) (01 @ Bar (@)(1)).
Using the relations given in Lemma 4.5, we obtain that the latter equality is equivalent
to On(q) fi(u) = fi(Ba(q)(w)). From here we obtain our result. O

Corollary 6.2. Let B = (B, W) be a minimal bocs with layer (B;wpg;wy, ..., wy,), with
w; € W(X,,Y;). Then if M and N are proper B-k(x)-bimodules we have:

Homp (o) (M, N) 2 Homp.y(o) (M, N) & @D Homy o) (M (X;), N(Y7)).
Let B = (B,W) be a minimal bocs with layer (B;w;wy, ..., w,,), for Z a marked

object in indB we define QQ; € B-Mod as follows: Qz(Z) = k(z) where B(Z,Z) =
klz, f(x)"]idz and the action of x on Qz(Z) is the multiplication by z, Qz(W) = 0 for
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Z # W. The action of k(z) is the multiplication on the right by the elements of k(x).
Here Q7 is a proper B-k(x)-bimodule. Using the notation of section 5, we have as a
consequence of the above corollary:

Corollary 6.3. If Z, Z' are marked objects and W is a non-marked object in ind B, write
S{féx) = Sw ® k(z). We have:

dimy ey Homp () (Qz, Qz) = 0(Z, Z") +1(Z, Z")
where §(Z,7") =1 if Z = Z' and zero otherwise. Moreover
dimyp) (radp ) (Qz, Si™)) = H(Z, W),
dimy () (radpi(e) (S, Qz)) = t(W, Z).
Corollary 6.4. With the notations in Corollary 6.3 we have :
Homp i) (Qz, Qz') = k() © radpre)(Qz,Qz) when Z =27,

Homp () (Qz, Qz) = radpi@)(Qz, Qz) when Z # 7.

Moreover:
Homgp (. (QZ, ) = radp ) (Qz, Sy Sy );

x) k T
HomB—k(:c)(SW ,Qz) = radp.p() (Sy " Qy).
From the above corollaries, we obtain the next proposition.

Proposition 6.5. Let B = (B,W) be a minimal bocs with layer (B;w;wy, ..., Wy,).
Suppose Z, Z', and W are objects in ind B with B(W,W) = idwk, B(Z,Z) # idzk,
B(Z',Z") # idgyk. Take M = M(Z,p,m), N = M(Z',q,n), L = Sw with p,q prime
elements in B(Z,Z) and B(Z',Z"), respectively. Then

dimgradg (M, N) = mn(dimg,Hompg ) (Qz, Qz) — 6(Z, Z"));

dimyrad;’ (M, L) = mdimygyradg.iz) (@ z, LF@) K
dimyrad®’ (L, M) = mdimk(x)radg_k(x)(l} v ,QZ).

7 D-isolated Objects

Let A = (A, V) be a bocs with layer L = (A";w;aq, ..., ap; vy, ..., vy). We recall that an
object X € indA’ is called marked if A'(X, X) # kidx, we denote by m(A’), the set of
marked objects of A’. For M € A-mod we define its dimension vector

dim} :indA’' >N by dimM(X) = dim M (X).
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By DimA we denote the set of functions d : indA” — N. If d,d’ € DimA we have d +d’,
defined by (d 4+ d')(X) = d(X) + d'(X) for all X € indA’. The norm of d € DimA is
defined by [[d|| = Y77, d(X)d(Y:) + > xemian d(X)?, where a; : X; — Y;. For M € A-
mod we define the norm of M, ||M|| = ||dimM]]|.

If d € Dim(A) we define |d| = >y 40 d(X). For M € A-mod, we put [M| =
|dim /| which is called the dimension of M.

Take # : A — B a functor with B a skeletally small category, the induced bocs
AB = (B, W) is given as follows: W = B®4 V ®4 B with counit

eg: W — B
given by ep(b; @ v ® by) = b16(e(v))be for by, by morphisms in B, v € V. The coproduct
pp : W =W g W

is given by pup(b; @ v®@by) = >, b1 ® v} ®1®1® v? ® by, where by, by are morphisms in
Band v eV with 6(v) =Y, v} @ v?.
There is a morphism of A-A-bimodules

0,:V—->W

given by 61(v) = 1® v ® 1, for v € V. Then we obtain a morphism of bocses (6, 6,) :
A — AP which induces a full and faithful functor #* : A”-Mod — A-Mod.
Assume AP has layer

0 I, .
L’ = (B ,w,bl, ...,bn/,wl, ...,wm/).

There is an additive function #° : Dim(A”) — Dim(A), given by #°(d)(X) = >, d(Y})
with 0(X) =, Y}, Y; € indB’". We have dim6*(M) = t’(dimM), for M € AB-mod.

Following [6], we say that that the bocs A = (A, V) with counit € : V' — A and layer
L = (Ajw;ay, ..., an; 01, ..., v is of wild representation type or simply wild if there is a
functor F': A — ¥, where ¥ are the finitely generated free k(z,y)-modules such that the
induced functor:

(F,Fe)" : ¥-Mod — A-Mod

preserves isomorphism classes and indecomposables.

From [7], we know that a layered bocs A = (A, V') which is not of wild representation
type is of tame representation type. This is, for each natural number d, there are a
finite number of A-k[z]-bimodules M, ..., My free of finite rank as right k[z]-modules,
and such that every indecomposable M in A-Mod with |dimM| < d is isomorphic to
M; @) klz]/(x — A) for some 1 <7 < sand A € k.

This section is devoted to find some subset D of DimA with A a bocs of tame rep-
resentation type such that the marked indecomposable objects of A become D-isolated
objects in the sense of Definition 7.4. For this we need the following specific functors (see
section 4 of [5]):
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1. Regularization. Suppose a; : X; — Y; with §(a;) = v;. Then B is freely gener-
ated by A’ and ag, ..., a,,. The functor § : A — B is the identity on A’, 0(a;) = 0, 0(a;) = a;
for i = 2,...,n. The bocs AP = (B, W) has layer (A";wp; as, ..., an; 01(v2), ..., 01 (V).

The functor 6* . AB-Mod — A-Mod is an equivalence of categories, Dim(AP) =
Dim(A) and ¥ = id. In this case ||t?(d)|| > ||d||, and one has the equality if and only if
d(X1)d(Y1) = 0.

2. Deletion of objects . Let C be a subcategory of A. Let B’ be the full subcategory
of A" whose objects have no non-zero direct summand isomorphic to a direct summand
of an object of C. Take I the set of i € {1,...,n} such that a; € A(X;,Y;) with X;,Y; in
B', and I; the set of j € {1,...,m} such that v; € V(X;,Y;) with X;,Y; in B’. Then B
is freely generated by B’ and the a; with ¢« € Iy. The functor 6 : A — B is the identity
on B" and §(X) = 0 for all X € C. The bocs AP has layer (B';wg; (a;)icry; (01(v)))jer)-
Here M € A—Mod is isomorphic to some 6*(N) if and only if M(X) = 0 for all X
indecomposable objects of C. The function t : Dim(A®) — Dim(A) is an inclusion,
d € Dim(A) is in the image of ¢/ if and only if d(X) = 0 for all X indecomposable
objects of C. In this case |[t’(d)|| = ||d]].

3. Edge reduction . Suppose a1 : X; — Y; with X; # Y7 is such that d(a;) = 0,
and A'(X1, X,) = kidx,, A (Y1,Y1) = kidy,. Let C be the full subcategory of A" whose
objects have no direct summands isomorphic to X; or Y;. Now denote by D a minimal
category with three indecomposable objects Z1, Zy, Z3, D(Z;, Z;) = kidy, for i = 1,2, 3.
Take B’ = C' x D. The category B is freely generated by B’ and elements by, ..., b,. The
number of arrows b; : W; — W7 with W; and W7 different from Z, is n — 1, where n is
the number of a;.

The functor 6 : A — B is the identity on C' and 6(X,) = Z, & Zs, (Y1) = Zy & Zs.

The bocs AP = (B, W) has a layer of the form (B’,wp; by, ..., bs; w1, ...w, ). Moreover,
if M € AB-Mod, 6*(M)(a;) = 0 for all i € {1,...,n} if and only if M(b;) = 0 for all
je{l,...,s} and M(Zy) = 0. The functor §* is an equivalence of categories. Moreover
1£9(d) || > I1d]]if and only if (¢(d))(X,) (#(d) (1)) # 0. TE|9(d)]| = ||d]| and [|#(')]| =
||d’||, then t?(d) = t?(d’) implies d = d'.

4. Unraveling . Let X be an indecomposable object in A" with A'(X,X) =
klz, f(x)"Y]idx. Suppose S = {A1,..., \;} is a set of elements of k which are not roots
of f(x). For r a positive integer there is a functor § : A — B, where B is freely gen-
erated by B’ and elements bq,...,bs, B = C x D, where C is the full subcategory of
A’ whose objects have no direct summands isomorphic to X. The category D is the
minimal category with indecomposable objects Y, Z; ; with ¢ € {1,...,r},j € {1,...,t},
D(Z;j,Z;;) = kidg, ;. D(Y,Y) = klz, f(z)~", g(x)"]idy, where g(z) = (z— X\ ) (:p At).
The functor 6 : A — B acts as the identity on C' and §(X) =Y & EB] VD, Zij, where
Z’ is the direct sum of 4 copies of Z; ;.

The bocs AP = (B, W) has a layer of the form (B';wpg; by, ..., bs; wy, ..., wy,).

Moreover for N € AP-mod we have the following:

(a) [IN|| < ||6%(V)]], with strict inequality if 6*(N)(g(z)) is not invertible.

(b) If M € A-mod and for all Z € indA’, dim, M (Z) < r then there is a N € AP-mod
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such that 0*(N) = M.

(c) 0*(N)(z) = N(z) © @’_, Di_, N(Z};)(x) with eigenvalues of N(z) not in S, and
N(Z};)(x) = Ji(X;), the Jordan block of size i and eigenvalue \;.

(d) Suppose M € A-mod is an indecomposable with M(X) # 0 and M (W) = 0 for
all W £ X, W € indA’, M(a;) = 0 for i € {1,...,n}. Then if the unique eigenvalue of
M (z) is not in the set S, there is a N € AP-mod with N(W) = 0 for all W € indB’,
with W # Y, N(b;) =0 for all j € {1,...,s} and 0" (N) = M.

(e) The number of b; : Y7 — Y5 with Y3, Y5 non isomorphic to Z;; is equal to n, the
number of a;.

Definition 7.1. Let A = (A, V) be a bocs with layer (A";w;ay, ..., an; vy, ...y ). We say
that M € A-Mod is concentrated in the indecomposable X € A" if M(X) # 0, M(Y) =0
for Y indecomposable in A’} Y # X and M(a;) =0 for all ¢ € {1,...,n}.

Proposition 7.2. Let A= (A, V) be a bocs which is not wild, with layer

(A w;ay, ..., ap; 01, ..., Uy). Let X be an indecomposable object in A" with

A(X, X) = K[z, f(x)"Y]. Then given a fived dimension vector d with d(X) # 0, there is a
finite subset S(X,d) of k such that if M is indecomposable in A-mod with dimM = d and
A in k but not in S(X,d) is an eigenvalue of M(x), then M = M', with M' concentrated
mn X.

Proof. We may assume d is sincere. We prove our assertion by induction on ||d||. If
I|d|| = 1, take S(X,d) the set of roots of f(x). Then if M is an indecomposable in
A-mod, M(X) # 0, dimM = d, clearly M is concentrated in X.

Suppose our result proved for all non-wild layered bocses and dimension vectors with
norm smaller than . We may assume that for all a; : X; — Y; with d(a;) = 0, Y; is not
equal to Xj, since if X; =Y}, then because A is not wild and by Proposition 9 of [7] we
have A'(X;, X;) = kidx,, so we may move a; into A, such that A'(X;, X;) = k[z], with
z = a;.

Take a; : X1 — Yj the first arrow. By condition L.5 of a layered bocs we have

Sar) =Y cjuid;,
jET

where ¢; € A'(Y1,Y1),d; € A'(Xy,X;) and T is the set of all j € {1,...,m} such that
v; : V(X1,Y1). We have then the following possibilities: §(a;) = 0 or d(a;) = > ¢ivid;
with some c;v;d; # 0. If all ¢;, d; € k, we may assume d; = 1 for all ¢ € T". In this case we
put v; = v; for i # j and v; = > ¢jv;. Taking {0, vy, ..., v, } instead of {vy, ..., v} we
have again a layer for A, thus in this case we may assume d(a;) = v;. In case that for some
j €T, cjisnotin k or d; is not in k, we have A'(Y1,Y7) # kidy, or A'(Xy, X;) # kidx,.

Case 1. §(a;) = v;. Take 6% : AB-Mod — A-Mod the regularization of a;. Here 6*
is an equivalence and the norm of d in A” is smaller than r. Our claim is true for X
and the norm 7’ of d in A®. Take S(X,d) = S'(X,d), with S’(X,d) the subset of k for

which our claim is true in AP,
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Then if M € A-mod is indecomposable with dimM = d and A is an eigenvalue of
M (z) which is not in S(X,d), we may assume M = 0*(N). Here M(z) = N(x), thus
N = N’ with N’ concentrated in X, but this implies that 6*(NN’) is concentrated in X,
thus 0*(N') = 0*(N) = M, proving our claim.

Case 2. §(a;) = 0. Since A is not wild, by Proposition 9 of [7], A'(Xy, X1) = kidx,
and A'(Y1,Y]) = kidy,. Here X; is not equal to Y;. We have the edge reduction of ay,
0* . AP-Mod — A-Mod, with A = (B, W). Consider the dimension vectors di, ..., d; of
those N € AP-mod such that dimf*(N) = d.

The norms of the d; are smaller than r. Here X is not equal to X; and to Y;. Therefore
X is an indecomposable object of B’. We may consider the subsets S(X,d;), ..., S(X, d;).
Take S(X,d) = S(X,d;)U...US(X,d)).

Let M be an indecomposable in A-mod with dimM = d. Suppose A is an eigenvalue
of M(x) which is not in S(X,d). Since 6* is an equivalence there is a N € AP-mod such
that 0*(N) =2 M. We may assume 0*(N) = M, then M(X) = N(X) and M(z) = N(z).
Here dimN = d; for some i € [1,]. Therefore, since A is an eigenvalue of N(z) which is
not in S(X,d;), N = N’ with N’ concentrated in X, consequently *(N’) is concentrated
in X and 6*(N') = M.

Case 3. a; : Xj — Y] with A'(Xy, X,) # kidx, or A'(Y1,Y7) # kidy,.

Using the notation of [5], we have an unraveling in X; or in Yj, for » and some
elements of k, Ai,...,\s followed by regularization of b : ¥ — Y; or of b : X; — Y,
with b the generator corresponding to a,. Let 6* : AB-Mod — A-Mod be the unravel-
ing functor followed by the corresponding regularization, with A” = (B, W) and layer
(B, wp; by, ..., by;wy, ...y wy,).

In case X is not equal to X; and to Y; we proceed as in Case 2.

Suppose now that the unraveling is in X with X = X; or X = Y, such that
0(X) =Y @ (B,,Z,). Take all dimension vectors di,...,d; of those N € AP-mod
with dimf#*(N) = d.

The norms of all d; are smaller than . Then we may take S(Y,d;). We put S(X,d) =
S(Y,dy)U...uS(Y,d;) U{A, ..., \s}.

Let M be an indecomposable in A-mod with dimM = d, M(X) # 0 and A an
eigenvalue of M (x) which is not in S(X,d).

There is a N € AP with 0*(N) = M. We may assume 0*(N) = M. There is a d;
with i € [1,1] such that dimN = d;.

Here M (z) = N(z) & M'(x) with eigenvalues of M'(z) contained in {\i, ..., \s}. The
eigenvalue A\ of M(z) is not in S(X,d), therefore, X is an eigenvalue of N(z). But A is
not in S(Y,d;), then N = N’ with N’ concentrated in Y. This implies that 6*(N’) is
concentrated in X and M = 6*(N'). O

Notation 7.3. We recall that if d and d’ are dimension vectors of the bocs A = (A, V)
we say that d < d’ if for all indecomposable objects X of A’ d(X) < d'(X). Then if D is
a finite set of dimension vectors of A, we denote by s(D) the set consisting of all vectors
in D, all sums d 4+ d’ with d,d’ € D, and all vectors e with e < f with f one of the above
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dimension vectors. Clearly s(D) is also a finite set.

Definition 7.4. Let A = (A, V) be a bocs with layer (A";w;ay, ..., an;v1, ..., v,) and D
be a finite set of dimension vectors of A. We say that X, an indecomposable object in
A’ with A(X, X) = k[z, f(z)idx is D-isolated if for any indecomposable M € A-mod
with dimM € s(D) and M(X) # 0, there is a M’ € A-mod, concentrated in X with
M= M.

Lemma 7.5. Let A= (A, V) be a layered bocs as above, which is not of wild representa-
tion type, and D be a finite set of dimension vectors of A such that for all indecomposable
X € A thereis ad € D withd(X) #0, and ay : X1 — Y. Then

(1) if X1 and Yy are both D-isolated and 6(ay) € L,V + VI, with I, an ideal of
A'(X1,X1), Zy an ideal of A'(Y1,Y1), then T, = A'(Xy, X3) or Iy = A'(Y1, Y7);

(2) if X, is D-isolated, A'(Y1,Y]) = kidy,, 6(a1) € VI, with Iy an ideal of A'(X1, X1),
then T; = A'(Xy, X1);

(3) if Y1 is D-isolated, A'(X1, X,) = kidy,, 6(a1) € I,V with I, an ideal of A'(Y1,Y?),
then Iy, = A'(Y1, Y7).

Proof. We have
(%) d(ay) = Z hsvs + Z VsJs
s€Ty s€Th
with hy € Ty, g5 € 1;.

(1) Suppose our claim is not true, then we may assume Z; and Z, are maximal ideals.
Then A'(Xy,X3)/77 = k and A'(Y1,Y1)/Zy = k. First assume X; = Y;. Take the
representation M of A such that M (X;) = M; & M,y with M; = A'(Xq, X1)/Z; fori = 1,2,
M(W) =0 for W # X;. Take M(a,) such that 0 # M(ay)(My) C My, M(ay)(My) =0
and M(a;) =0 for j > 1. Here dimM € s(D), then if M is indecomposable, M = M’
with M’ concentrated in X, but this implies that M’ is indecomposable as A’-module,
which is not the case because as A’-modules, we have M’ = M = M; & M,. Therefore,
M = Ly & Lo, with Ly, Ly indecomposables, and dimL;,dimL, are in s(D). Then
Ly = L, Ly = L, with L), L}, concentrated in X, thus M = L = L\ @ L), and L(a;) = 0.
There is an isomorphism f = (f°, f!) : M — L. Then from (*) we obtain

L(an) f%, = fsM(ar) = > L(h) fH(v) + > fH(vs) M(gy),

seTt s€Ty

then, since L(a;) = 0 and Z; M; = 0, from the above formula we obtain
M (ar) (M) = fy, M(ar)(M;) C T,L,

then if Il = IQ, IQL = 0, SO f%M(al)(M) =0. If Il % IQ, A,(Xl,Xl) = Il +1-2 We
have
i fy, M (a1)(M) C T,T,L = 0,

I fy, M (a1)(M) C fy, (IoMs) = 0.
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Consequently, f. M(a;) = 0, a contradiction to M(a;) # 0. Thus we obtain our state-
ment in this case.

Now, assume X; # Yj, take M the representation of A such that M (X;) = A'(Xy, X1)/Z4,
M(Yy) = A'(Y1,Y1)/Zy, M(Z) = 0 for Z indecomposable non-isomorphic to X; or Y7i;
M(ay) # 0 and M(a;) = 0 for all j > 1. Clearly dimM € s(D). We claim that M = L
with L(a;) = 0. In fact if M is indecomposable then M = M’ with M’ concentrated
in X; since M(X;) # 0, and M = M" with M" concentrated in Y;, since M(Y;) # 0.
Thus X; = Y7 a contradiction, therefore M is decomposable M = L = L; & Ly with
Li(X1) = M(Xy), Li(Yr) =0and Ly(Xy) = 0, La(Y1) = M (Y1), consequently, Li(a;) =0
and Ly(aqy) = 0, and, therefore L(a;) = 0, proving our claim.

Then there is an isomorphism (f°, f') : M — L. Here f§ : M(X;) — L(X;) and
[y, : M(Yy) — L(Y7) are isomorphisms. From (x) we obtain

L(a)f%, = fM(a) =Y Lho) f'(v,) + Y f1(v,)M(g,) =0,

seTy s€Ty

consequently, fy M(a;) =0, so M(a;) = 0, a contradiction.

(2) We are assuming that X is D-isolated, by Definition 7.4, A'(X;y, X;) # kidx,.
Here we suppose A'(Y1, Y1) = kidy,, then X; # Y. If our claim is not true, we may assume
that Z; is a maximal ideal and A’'(Xy, X)/Z; = k. Consider now M, the representation of
A, such that M(X,) = A'(X1, X4)/Ty, M(Yy) =k, M(Z) = 0 for Z indecomposable non-
isomorphic to X; and to Y3, M(ay) # 0, M(a;) =0 for all j > 2. If M is indecomposable,
then M = M’ with M’ concentrated in X7, since M (X;) # 0, a contradiction to M (Y;) #
0. If M is decomposable, we may construct a module L = L; & Ly and lead to a

contradiction similar to (1).
(3) The proof is similar to (2). d

Remark 7.6. Let A be a non wild bocs and #: A — B any of our reduction
functors such that it does not delete marked indecomposable objects. If A has layer
(Aswiay, ..., an; vy, ..., vy) and AP has layer (B';wp; by, ..., by wy, ... w,y ), then to each
marked X € indA’ corresponds a marked X™ € B’ such that §(X) = X" ® Y with YV
either 0 or a sum of non-marked indecomposables. Conversely each marked object in B’
is equal to some X™. Moreover,

i) if N € AB-Mod is concentrated in X™ then 6*(N) is concentrated in X.

ii) Suppose N € AB-Mod is indecomposable with N(X™) # 0 and 0*(N) & M with
M concentrated in X, then there exists N € AB-Mod concentrated in X™ such that
N' = N.

Lemma 7.7. If 0 : A — B is a reduction functor and (e) : M L E% Nisa proper
ezact sequence in AP-mod, then 0*(e) : 6*(M) Y 0*(E) -l 0*(N) is a proper exact

sequence in A-mod (see Definition 4.6).

Proof. Let f : L — H be a morphism in A”-Mod. From the explicit description of #*
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for each of the reduction functors given in section 4 of [5] one can see that if (i,wp)*(f)
is a monomorphism (respectively an epimorphism), then (i,w)*0*(f) is a monomorphism
(respectively an epimorphism). We have dimE = dimM + dimAN, then dimf*(E) =
t’(dimFE) = dim#*(M) + dimf*(N). Therefore, dimy0*(E)(X) = dimp0*(M)(X) +
dim0*(N)(X), for each X € indA’. From this and our first observation we may conclude
that 0*(e) is a proper exact sequence, proving our claim. U

8 An improvement of the Tame Theorem

In this section, we prove in Theorem 8.5 that given a tame layered bocs A and a positive
integer 7, then there is a minimal layered bocs B and a functor F : B-Mod — A-
Mod, which is a composition of the reduction functors of section 7, such that for any M
representation of A, with dimension smaller than or equal to r there is a representation
N of B with F(N) = M. This is an improvement of Theorem A in [5] which needs several
minimal bocses.

We recall that if A = (A, V) is a bocs, then a family F of non-isomorphic indecom-
posable objects in \A-mod is called a one-parameter family if there is T an A-k[z, f(x) -
bimodule free of finite rank as right k[, f(z)~!]-module, such that for all A\ € k which is
not a root of f(x), thereisa N € F with T'®y (x)-1k[z]/(x—A) = N and for each N € F
there is an unique A € k which is not a root of f(x) with N =T @y, -1 k[z]/(x — N).

Two one-parameter families F; and JF, are said to be equivalent if there is only a
finite number of elements in F; which are not isomorphic to objects in F,. It follows
from Theorem 5.6 of [6] that if A is not of wild representation type and D is a finite set of
dimension vectors there is only a finite number m(.A, D) of non-equivalent one-parameter
families of objects in A-mod having dimension vectors in s(D). Observe that the number
of D-isolated objects X in A’ is smaller than or equal to m(A, D).

In the following, Ay = (Ao, Vo) is a fixed layered bocs which is not of wild represen-
tation type and Dy a fixed finite set of dimension vectors of Ay. Consider the family
P of pairs (A, D) with A a bocs with layer (A”;w;ay, ..., an;v1, ..., ), D a finite set of
dimension vectors of A such that there exists # : Ay — A a composition of reduction
functors with A7 = A and t(D) C Dy. We denote by mg the number m(Ag, s(Dy)).
Observe that since * is a full and faithful functor and Ay is not of wild representation
type, then A is not of wild representation type.

If (A, D) € P, for each X € indA’ which is D-isolated we have a one-parameter fam-
ily of representations of A. To different D-isolated indecomposables in ind A’ correspond
non-equivalent one-parameter families of representations of A. By the definition of P,
there exists a composition of reduction functors 6 : Ay — A with t?(D) C Dy. Therefore,
the image under #* of the one-parametric family corresponding to a D-isolated indecom-
posable in A" is a one-parametric family of Ay with dimension vector in s(Dy). Therefore,
the number of D-isolated indecomposables in A’ is smaller or equal to my.

Notation. Suppose A is a layered bocs which is not of wild representation type and
D is a finite set of dimension vectors of A. For j a non-negative integer, we denote by
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S(A,D)(j) the subset of D consisting of the d in D with ||d|| = j.
Take (A, D) a pair in P, we define a function ¢(A,D) : {—1,0,1,2,...,00} — {0,1,2,...}
in the following way:

c(A,D)(00) = mgy — i(A, D)
with i(A, D) the number of indecomposables in A" which are D-isolated.

c(A,D)(-1)=n

where 7 is the number of a; in the layer of A. For j a non-negative integer we put
(A, D)(j) = CardS(A, D)(j).
The functions ¢(A, D) belong to H, the set of functions

f:{-1,0,1,...,00} = {0,1,.... }

with f(x) =0 for almost all z € {—1,0,1, ..., 00}.

If f,g are elements in H we put f < g if there is a s in {—1,0,1,...,00} such that
f(s) < g(s) and f(u) = g(u) foru € {—1,0,1,...,00},u > s. Clearly if we have an infinite
sequence of elements in H with:

fl Z f2 Z Z fm Z fm+1 Z

then there exists [ such that for all m > [, f,, = fi.

Notation. If § : A — B is any of our reduction functors and D is a finite set of dimension
vectors of A, we say that 6* is D-covering if for each M € A-mod with dimM € D there
exists a N € AP-mod with 6*(N) = M. If  : A — B is a composition of our reduction

functors, we denote by D? the set of d’ € Dim(AP) such that t/(d’) € D.
In the statement of the following Lemma, we use the notation of Remark 7.6.

Lemma 8.1. Let 0 : A — B be any of our reduction functors such that it does not delete
marked objects. Then if X is D-isolated, one has that X™ is DP-isolated. Conversely if
0 is a reqularization or the deletion of an object W such that A(W) = 0 for all d € D
and X™ is DB-isolated then X is D-isolated.

Proof. Suppose X is D-isolated in A. We shall prove that X™ is DP-isolated in A”.
For this take an indecomposable N € AP-mod, with dimN € s(D?) and N(X™) # 0.
Consider M = 6*(N), then following the notation of Remark 7.6, M(X) = N(X™) @
N(Y), thus M(X) # 0, moreover dimM € s(D). Since X is D-isolated, then there
exists M' € A-mod, with M = M’ and M’ concentrated in X. Therefore, by Remark 7.6
there is a N’ concentrated in X™ such that N = N’. From here we conclude that X™ is
DE-isolated. This proves the first part of our claim.

Suppose now that @ is a regularization. In this case t? = id and D? = D. Suppose
X™ is DB-isolated, let us prove that X is D-isolated. Let M be an indecomposable in
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A-mod, with dimM € s(D) and M(X) # 0. Since #* is an equivalence of categories,
there is a N € AP-mod with 6*(N) = M. We have N(X™) = M(X), and, therefore,
N(X™) # 0. Moreover, dimN € s(D?). Since X™ is DP-isolated, there is a N’ € AB-
mod, concentrated in X™ such that N' = N. We have M’ = 6*(N’) is concentrated in
X, clearly M = M’, proving our claim.

A similar proof is done for the case 6 is the deletion of an indecomposable W with

d(W) =0 foralld € D. O

Lemma 8.2. Let 6 : A — B be a reduction functor which is not an unraveling or the
deletion of some X for which there is a d € D with d(X) # 0. Suppose there is a d" with
t9(d’) € D and ||t°(d')|| > ||d||. Let

r = max{|[t"(d")|| | t'(d') € D, and [|t"(d)]| > [|d']]}.
Then for j > r,
(AP, DP)(j) = c(A,D)(j) and (AP DP)(r) < c(A,D)(r).
Proof. Let us prove first that for j > r, t¥ induces an injective function
t] : S(A”,DP)(j) — S(A, D) ().

Take d’ € S(AZ, DB)(5), then ||t°(d")|| > ||d’|| = j > r. By definition of r, ||t/(d')|| =
||d'|| = j. Thus, ¢” induces a function ¢9. If t(d") = t4(d"), we have |[t*(d’)|| = ||d|| and
|[¢°(d”)|| = ||d"||, therefore d’ = d”. Consequently, f is an injective function.

Suppose j > r. Take d € S(A, D)(j), since 8* does not delete indecomposable objects
X € indA’ for which there is a f € D with £f(X) # 0 then there is a d’ € S(A?, DP) with
t%(d’) = d. We have r < ||d|| = [[t?(d")|| > ||d’||. By definition of r, |[t?(d")|| = ||d|| = j.
Thus d’' € S(A”, DP)(j). Consequently, ¢/ is a bijective function and we have proved the
first part of our claim.

For the second part of our claim, take d’ € D such that r = ||t?(d’)|| > ||d’||. We have
d =t(d") in S(A,D)(r). Let us prove that d is not in the image of t/ : S(AZ, D®)(r) —
S(A,D)(r). If § is a regularization or deletion of objects, t? is an injective function and
if d = t%d"), with ||d”|] = r, since ? is injective we have d’ = d”, a contradiction.
We only need consider the case in which # is an edge reduction of a; : X; — Yj. Since
1dJ] = [1(@)]] > (1], d(X)A(Y2) £ 0 and if d = #(d) then 7 = [[#(d")]| > |||

proving our claim. |

Lemma 8.3. Suppose (A, D) is a pair in P. Let § : A — B be the deletion of a non-
marked indecomposable X € A, such that for alld € D, d(X) = 0, then c¢(AZ, DP)(u) =
c(A, D)(u) for allu € {0,1,..,00}.

Proof. By Lemma 8.1 ¢(A”, DP)(0c0) = ¢(A,D)(c0). On the other hand, by our hy-
pothesis, # induces a bijective function ¢’ : D® — D and |[t?(d)|| = ||d||, for all d € D’.
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Therefore, c¢(AP, DP)(j) = ¢(A,D)(j) for all non-negative integers j. This proves our
claim. 0

Lemma 8.4. Let (A, D) be a pair in P. Suppose that for each X € indA’ there exists d €
D with d(X) # 0. Then, if A is not a minimal bocs, there is a composition of reduction
functors 0 : A — B, with 0* a s(D)-covering functor, such that ¢(AP, DP) < ¢(A, D),
or there is a change of layer of A such that if ¢'(A, D) is the corresponding function we
have (A, D) < ¢(A, D).

Proof. (1) Suppose a1 : X; — X; and d(a;) = 0. Since A is not of wild representation
type, then by Proposition 9 of [7] we have A'(Xy, X1) = kidx,. Take B’ = A’(a;) and
change the layer (A’;w;aq, ..., a,;v1,...0,) by the layer (B';w;ag, ...,an;v1,...,0,). We
have B'(X1, X1) = k[ai]idx,. Clearly if W is an object non isomorphic to X; in indA’,
this object is D-isolated with respect to the original layer of A if and only if it is D-
isolated with respect to the new layer. Here it is possible that X, which is not marked
with respect to the original layer of A, becomes a D -isolated object with respect to the
new layer. Therefore, if we denote by (A, D) the corresponding function with respect
to the new layer we have ¢/(A, D)(o0) < ¢(A, D)(c0).

The norm of a dimension vector does not depend of the choice of the layer, therefore,
d(A,D)(j) = c(A,D)(j) for all non-negative integers j. Moreover,

d(A,D)(-1) =c(A,D)(-1) - 1.

Therefore, (A, D) < ¢(A, D).

(2) Suppose there is a marked X € indA’ which is not D-isolated. Take S =
Udespy (X, d), with S(X,d) the sets of Proposition 7.2. Take r the maximal of the
numbers d(X) with d € s(D). Consider now the unraveling 6 : A — B in X with respect
to r and S. Clearly, the functor 6* : AP-Mod — A-Mod is a s(D)-covering functor. We
have 6(X) = X" oD, j Z;j. We shall see that X™ is DP-isolated. Take N an indecompos-
able in AP-mod with N(X™) # 0 and dimN € s(D?), then dimf*(N) € s(D). We have
0*(N)(X) = N(X™) & @D, ; N(Zi;)" # 0. Take any eigenvalue of N(x), this is an eigen-
value of *(N)(x) which is not in S, therefore, it is not in S(X,d) with d = dim#*(N).
Therefore, by Proposition 7.2, 0*(N) = M, with M concentrated in X. But this implies
that M (x) has only one eigenvalue which is not in S. Therefore, M = 6*(N’) with N’
concentrated in X™. But N = N/, this proves that X™ is DB-isolated. We have

c(AP, DP)(0) < ¢(A, D)(00) — 1.

Therefore, c¢(AP, DP) < c¢(A, D).

(3) Suppose a; : X7 — Y; with §(a;) = 0 and X; # Y. Take 6 : A — B the reduction
of a;. By Lemma 8.1, ¢(A?, DF)(00) < ¢(A,D)(c0). If there is a d' € DP such that
[t9(d")|| > ||d’||, by Lemma 8.2, ¢(AZ DP) < ¢(A, D). On the other hand if for all
d’ € DB, ||t/(d)|| = ||d||, then again by Lemma 8.2, ¢(AZ, DP)(j) = c(A, D)(j) for
all non-negative integers j. We have that for all d € D, d(X;)d(Y;) = 0. This implies
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that for all d’ € DP, d'(Z,) = 0. Take 6 : B — C the deletion of Z,. By Lemma 8.3
we have c¢(((A)B)Y, (D)) (u) = (AP, DB)(u) = ¢(A, D)(u) for all u # —1. Moreover,
c(((A)P)7, (DP))(=1) = (A, D)(=1) — 1, therefore, c((A%)7), (DF)Y) < (A, D).

(4) 6(a1) = vy. In this case take 6 : A — B the regularization of a;. As in the above
case if there is a d’ € DP with |[t/(d')|| > ||d’||, then ¢(AP, DB) < ¢(A, D). On the other
hand if for all d’ € DZ, ||t%(d’)|| = ||d||, by Lemma 8.1 ¢(AZ, DP)(0) = ¢(A, D)(c0).
By Lemma 8.2, ¢(AP, DP)(j) = ¢(A, D)(j) for all non-negative integers j. Moreover,
c(AP, DB)(—1) = ¢(A, D)(—1) — 1. Therefore, c(AP, DP) < c¢(A, D).

(5) 0(ar) = > ,cprsvs with a; : Xy — Yy, T the set of s such that v, € V(X1, Y1)
and s € A'(Y1, Y1) @k (A'(X1, X1))? = H. If there is a marked object in ind A" which
is not D-isolated we may proceed as in (2). Therefore, we may assume that all marked
objects in ind A" are D-isolated. The ring H is isomorphic either to k, or to k[z, f(x)™!],
or to k[z,y, f(x)71, g(y)!]. Let Z be the ideal of H generated by the elements {r,}scr.
If T # H, then A'(Xy,X,) # kidx, or A'(Y1,Y1) # idy,. Moreover there are ideals
T, ¢ A(Y1,Y:) and T, C A'(X,, X)) with T € T, @ (A/(X1, X1))® + A (Y, Y3) @ T,
I, # A'(Y1,Y)) and Z; # A'(Xy1,X;). Thus, §(ay) € L,V(X,, Y1) + V(Xy,Y1)Z; with
I, # A'(Y1,Y1) and Z; # A'(Xy, Xy).

Then if A'(X1, X1) # kidyx, and A'(Y1,Y)) # kidy,, both X; and Y are D-isolated.
But this contradicts (1) of Lemma 7.5 (recall that A is not of wild representation type).

If A(Xy,X,) # kidx, and A’ (Y1,Y1) = kidy,, then X, is marked, so it is D-isolated,
we have Z; # A'(Xy, X1), and Z, = 0, but this contradicts (2) of Lemma 7.5. In case
A'(Xy,X1) = kidx,, then Y] is a marked object in indA’, so it is D-isolated and this
contradicts (3) of Lemma 7.5.

Therefore, Z = H and 1 = ) __,u;r;. This implies that there is a free basis of
V(X1,Y1), with one of their elements equal to §(a;), then we may apply case (4). O

Theorem 8.5. Let Ay = (Ao, Vo) be a layered bocs which is not of wild representation
type. Then given a positive integer r there is a composition of reduction functors 6 :
Ay — B with AP a minimal layered bocs such that for all M € Ag-mod with |M| < r
there exists N € B-Mod with 0*(N) = M.

Proof. Take Dy the set of d € Dim(Aj) such that erindAg d(X) < r, Dy is a finite
set. Denote by P the family of pairs (A, D), with A a layered bocs, D a finite subset of
Dim(.A) such that there is a functor, composition of reduction functors 6 : Ay — B with
t’(D) C Dy and 6* a s(Dy)-covering functor.

Let A = (A, V) be a bocs with layer (A";w;ay, ..., an;v1,...,0,) and D be a set of
dimension vectors of A, such that (A, D) is in P.

For X € indA’ we denote by dx the dimension vector of A such that dx(X) =1 and
dx(Z) =0 for Z € indA’ with Z # X.

We will consider non-empty sets D of dimension vectors of A with the following two
conditions:

(a) Ifd € D and d’ < d, then d’ € D.
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(b) If X is a marked object in indA’ then dx € D.

Let § : A — B be a reduction functor which does not delete marked objects of
indA" and such that 6* : Mod-A” — Mod-A is a s(D)-covering functor, we claim
that if D satisfies properties (a) and (b), then D also satisfies these properties. Let
(B';w; by, ..., by;wy, ..., wy) be a layer for A5,

Here 0% is a s(D)-covering functor, then DP is a non-empty set. Suppose now that D
satisfies properties (a) and (b). Property (a) for DB, follows from the fact that d’ < d in
D implies t/(d’) < t/(d).

For proving property (b) of D, suppose W is a marked object in B’. Then following
the notation of Lemma 7.6, W = X™ for some marked object X € indA’. Consider
dym, dimension vector of A®. Then for Z € indA’, Z # X we have 0(2) = @, Zi
with Z; € indB’, Z; # X™. Then t’(dx=)(Z) = Y_;dxn(Z;) = 0. We have 0(X) =
X"o,;Y; withY; € indB’, Y; # X™, then t'(dym)(X) = dxm(X™) = 1. Consequently,
t’(dxm) = dyx € D, thus dx= € DB, proving our claim.

Now, suppose D satisfies properties (a) and (b), and 6 : A — B is the deletion of all
objects Z € indA” such that d(Z) = 0 for all d € D. Since D satisfies property (b), then
6 does not delete marked objects. Therefore, D satisfies properties (a) and (b).

Now, if A® is not a minimal bocs, by Lemma, 8.4 there is a reduction functor p : B —
Aj; such that p* is a s(DP)-covering functor with

c((AP)1, (D)) < (AP, DP),
or there exists a new layer for A” such that
(AP, DP) < c(A”, D).

By the proof of Lemma 8.4, we know that p does not delete marked objects, then
(DP)A1 satisfies properties (a) and (b). Now for any Z € indB’ there exists some d € DB
with d(Z) # 0, thus dz < d, so by property (a), dz € DE, then D also satisfies property
(b) with respect to the new layer.

Then starting from (A, Dy), we can construct a sequence of composition of reduction
functors:

Ao loay B4y — "5 A,
with sets of dimension vectors D; = (D;_1)? of A; = (A;_1)? having conditions (a) and
(b), such that all functors 6} are s(D;)-covering functors. Moreover, we have a strictly
decreasing sequence in H,

C(Ao,po) > C(Al,pl) > > C(Al,pl).

In 'H we can not have infinite strictly decreasing sequences, so there is a sequence of
reduction functors as before with A; a minimal bocs, proving our result. O
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9 Hom-spaces in D(A)-mod and in P(A)

We may observe that if A; and Ay are two Morita-equivalent finite-dimensional k-algebras,
then Theorem 1.2 is valid for A; if and only if it is valid for Ay. Therefore, without loss
of generality, we assume in the rest of the paper that A is a basic algebra.

Assume k is an algebraically closed field and 1 = """ | ¢; is a decomposition of the
unit element of A as a sum of pairwise orthogonal primitive idempotents. Then we
have \A = @, Ae; a decomposition as sum of indecomposable projective A -modules
and A = S & J a decomposition as a direct sum of S-S-bimodules, with J = rad(A),
S = ke;®...0ke,, a basic semisimple algebra. We can construct a basis T' = {aq, ..., &y, } of
J with a; € eyyradAey;), inductively extending a basis of J* to J*~! by adding elements
each of which lies in egJe; for some s and ¢. In the following, if L is a right S-modulo we
denote its dual with respect to S by L* = Homg(L, S). For each element o € ;)T ey
we define the element of € J*, by oj(a;) = 0 for a; # «a; and oj(a;) = ey, clearly
a; € ey esy) the elements aj form a basis for J*.

Uy 0
In the following, if Uy, Uy, Us are k-vector spaces we denote by , the set of
Uy Us
U
matrices of the form , with u; € U;, i = 1,2,3. With the usual sum of matrices

Uz U3
and multiplication of scalars in k& by matrices, the above set is a k-vector space.
In order to define the Drozd’s bocs of A we need to consider the following two matrix

S0
algebras A = ,and A" = . We are going to define a coalgebra V' over

J* S 0S8
A which is isomorphic to the coalgebra given in Proposition 6.1 of [5]. First consider the
morphism of S-S-bimodules:

m:J S (Jos J) 2T @g J*

00
where v : J®g J — J is the multiplication. We have the k-vector spaces W, = ,

J*0
and W, = , the elements of both vector spaces can be multiplied as matrices

0 J*
by the right and the left by elements of A’, thus Wy and W; are A’-A’-bimodules.

We have a morphism of A’-A’-bimodules,

m: W, — Wy @a Wy
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such that its composition with the isomorphism

J*®g J* 0
Wi @a Wy = )
0 J*®g J*
h 0 m(h) 0
is the map that sends to
0g 0 m(g)
_ J* 0
Now, consider the k-vector space V' = , with M = J* ®g J*, this is
Mo M J*

an A-A-bimodule with the following actions of A over V:

S1 0 hl 0 Slhl 0
g So (w1, ws) ho (sowy + g ® hy, Sows) Sahs
hl 0 s1 0 h181 0
(w1, wa) ho g So (w181, we81 + ha ® g) hass

The k-linear map 6 : A — V given by

s;1 0 0 0
o( )= :
h s9 (m(h),—m(h)) so

is a derivation, thus it gives an extension of A-A-bimodules:
0-V5V 5S40

where V =V @ A as right A-modules, and putting w = (0,1), the left action of A over
V is given by a(v + wb) = av + §(a)b + wab, for a,b € A, v € V. Here V is generated by
W, as A’-A’-bimodule. We have:

(a) A=W =A@ W,

(b) The multiplication map A ®4 Wi ®4 A — V is an isomorphism.

We have a morphism of A-A-bimodules pi:V — V ®4 V, with u(w) = w ® w and for
ve W, uw)=vw+w®v+ A(v), where A is the composition of morphisms:

W S Wi W, = VeaV—-VesV

The A-A-bimodule V is a coalgebra over A with counit € and comultiplication pu.

We have 1 = Z?:’QI j=1 Jij & decomposition of the unit of A as a sum of pairwise

e; 0 00
orthogonal primitive idempotents, where f; o = and f;1 =
00 0 e;
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Denote by D the full subcategory of A-proj whose objects are all finite direct sums
of objects Af; ;. By D’ we denote the subcategory of D with the same objects as D and
such that D'(X, X) = kidy for all X € indD and D'(X,Y) = 0 for X,Y € indD with
X #Y. If Af and Ag are in indD, and x € fAg we denote by v, : Af — Ag the right
multiplication by z.

Now, if W is an A-A-bimodule we denote by ¥(W) the D-D bimodule given by
Y(W)(ASf, Ag) = fWg and if v, : Af' — Af, v, : Ag — Ag’ are morphisms then
VW) (va, vy) - O(W)(Af, Ag) — d(W)(Af', Ag’) is given by d(W)(vy, vy)(w) = zwy for
w € Y(W)(Af, Ag). Similarly, for L a right A-module and M a left A-module we define
functors, ¥(L) : D — Mod-k and ¢(M) : D’ — Mod-k. If f: W; — W, is a morphism
of A-A-bimodules we have an induced morphism J(f) : 9(Wy) — 9(Wa). If g : Wy — W
is a morphism of A-A-bimodules then J(fof1) = U(f2)U(f1). The morphisms between
left A-modules and right A-modules induce also morphisms between the corresponding
functors.

Fixed L a right A-module we have F' : A-mod — Mod-k, given in objects by F(M) =
HWL)@pId(M) and if f : M; — My is a morphism of left A-modules, then F/(f) = 1®9(f).
The functor F' is right exact and commutes with direct sums. Consequently, F' = W ® 4
M, with W the right A-module J(L)(A) = L, therefore J(L) ®p (M) = L @4 M an
isomorphism natural in L and M.

Now, suppose V] and V5 are A-A-bimodules then for Af, Ag € indD we have (¢(V;)®p
V(V2))(Af, Ag) = d(V1)(Af, =) @p I (Va) (=, Ag) = 9(fV1) @p I(Vag) = fV ®4Vyg. Now,
it is easy to see that in fact we have :

() (V1) @p I(Va) 2 I(Vy @4 Va)

The morphism of A-bimodules 1 : V' — V®4V induces a morphism of D-D-bimodules
() : (V) = I(V)@pd(V). In asimilar way the morphism of A-A bimodulese: V — A
induces a morphism of D-D-bimodules 9(¢) : 9(V) — 9(4A4) = D. Now it is clear that
D(A) = (D, Vp) with Vp = 9(V) is a bocs, the Drozd’s bocs of A.

The bocs D(A) is isomorphic to the one given in Theorem 4.1 of [8] (see also the bocs
given in the proof of Theorem 11 in [7]). We have now a grouplike wp relative to D',
given by way = fwf € 9(V)(Af, Af). Observe that we have ¥(u)(war) = war ® way.
The set of elements way is called a normal section in [8].

We are now going to construct a layer for D(A), with this purpose for each i = 1, ..., n,
consider the following elements of D and Vp = 9(V),

00

by = Vr@i) € D(Aft(i),laAfs(i),2> = HomA(Aft(i),laAfs(i)Q)a SL’(@) = 7 Vil =
a; 0
00 a; 0 )
€ ﬁ(v)(Aft(i),la Afs(i),l) = ft(i),lvfs(i),b Vi2 = , an element in 19<V)(Aft(i),27 Afs(i)z) :
0 of 00
T2V fs),2-

Consider the set L = (D';wp; by, ...y by 011, ooy U1, V1.2, oo, Un2). We will see that L is
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a layer for D(A). Here D’ is a minimal category, so L.l is satisfied. Properties (a), (b)
and (c) imply L.2 and L.4. By (1) of Proposition 3.1 of [8], we have L.3.
For proving L.5 observe that m(a}) = > ., af

o0 @ (asar)af @ af, then

(51(()@) = V(l, bi)th(i)’l — V(bz, 1)(,0)( = —(5(1‘2> =

s(i),2

Z a;‘k(asat)(vt,lxs - xtvs,2) - Z a;‘k(asat)(bsvt,l - vs,th)-

st s,t

Then by our choice of the a;, we have o (asay) = 0 for s > or t > 4. This proves L.5,
therefore L is a layer for D(A).

In the following we put D(A) =D and X, = Af;; fori=1,...,n;j=1,2.

There is an equivalence of categories = : D-Mod — P!(A). If M € D- Mod then,

Z(M) : @ Aei @p M(X13) — @D Aes @ M(Xa),
i=1 1=1

such that for m; € M(X,;), and ¢; € Ae;,

n n

EM)O c@m) = ey ® M(b;)(my).

i=1 j=1

For a morphism of the form f = (f° f!): M — N in D-Mod, Z(f) is given by the
pair of morphisms:

[1]

(f)u: D Aei @k M(X,5) — @ Aer @ N(Xy), u=1,2
i=1 i=1

such that for m; € M(X,,) and ¢; € Ae; we have

n n n

BN @m) = a® [, (m) + Y caina; © 1 (05) (ma)-

i=1 i=1 j=1

Observe that if M is a proper D-k(z)-bimodule then Z(M) is an object in P*(A*®) and
if f: M — N is a morphism between proper D-k(z)-bimodules then Z(f) is a morphism
in PY(A*@®). Therefore = induces an equivalence:

=ZF@) - Dok (x)-Mod? — PHAF®),

Lemma 9.1. There are constants ly and ly such that if we have an almost split sequence
in D(A)-mod starting in H' and ending in H such that Z=H is not E-injective, then
|H'| < 1|H| and |H| < ls|H'|.

Proof. We put [ = dimiA. Suppose =H = f : P, — P,, here =H is indecomposable and
it is not £-injective. Therefore, ZH has not direct summands of the form P — 0, this
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implies that kerf is contained in radP;, then f induces a monomorphism P, /radP; —
Imf /radlmf, consequently dimy(P;/radP;) < dimgImf < dimgP,. Then we have:

dimpCok(ZH) < dimy Py, < dim P + dim P, < |H]L.

Moreover:
dimg Py < Ildimy (P, /radP,) < IdimyCok(=ZH)

and |H| = dimy (P, /radPy) + dimg (P /radPy) < dimy P, + dim;Cok(ZH )
< (1 +1)dim,Cok(ZH).

On the other hand, there is a constant [y such that for all non projective indecompos-
able M € A-mod, dim;M < lpdimyDtrM (see proof of Theorem D in [5]). By Proposi-
tions 3.10 and 3.13, Cok(EH") = DtrCok(=H). Then dim,Cok(ZH') < lydim;Cok(ZH).
Therefore :

|H'| < dimg(Cok(EH"))(1+1) <

lodimy (Cok(ZH)) (1 +1) < lo|H|I(1 + 1) = 1, |H].

The second part of our statement is proved in a similar way. O

Theorem 9.2. Let D = (D,V) be the Drozd’s bocs of a tame algebra A. Then (D-
Mod, Ep) is an ezact category, with Ep the class of proper exact sequences. This exact
category restricted to D-mod has almost split sequences in the sense of Definition 2.5.
Given a positive integer r, there is a composition of reduction functors 6 : D — B with
B = (B,Vy) = D? a minimal layered bocs having the following properties.

(i) For any indecomposable M € D-mod with |M| < r there is a N € B-mod with
M = 6*(N). Moreover any proper almost split sequence in D-mod starting or ending in
an indecomposable M with |M| < r is the image under 6* of an almost split sequence (in
the sense of Definition 2.1) in B-mod.

(i) The image under 0* of a proper exact sequence in B-mod is a proper exact sequence
in D-mod.

(#ii) The image under 0% of a proper almost split sequence in B-mod is an almost split
sequence in D-mod.

() Let Zy, ..., Zs be all the marked objects of ind B with

and M(Z;,p,m), Qz,, the indecomposable objects in B-Mod defined in section 5 and 6
respectively. Then B; = Hompg(Z;, —) is a B-R;-bimodule such that Qz, = B; ®g, k()
and M(Z;,p,m) = B; ®g, R;/(p™).

Take the D-R;-bimodule D; = 0*(B;), then

0"(Qz) = D; ®r, k(z), and 0" (M(Z;p,n)) = D; ®g, Ri/(p™).

Moreover, dim(D; ®@g, R;/(p™)) = mdimy,,)(D; ®g, k(z)).
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Proof. There is an equivalence = : D-Mod — P'(A), observe that if (a) is a pair of
composable morphisms X — E — Y in D-Mod, =(a) is a sequence in the class £ in
P1(A) if and only if (a) is a proper exact sequence. Therefore if & is the class of proper
exact sequences in D-mod, the pair (D-mod, &;) is an exact category with almost split
sequences, moreover if (a) is a pair of composable morphisms in D-mod, =(a) is an almost
split £-sequence if and only if (a) is an almost split & -sequence.

Take the number (1 + ), with | = max{l;, s}, {1, the constants of Lemma 9.1.
Then by Theorem 8.5 there is a composition of reduction functors 6, : D — C' with
C = (C,Vg) = D a minimal bocs with layer (C’;w;wy, ..., w,) such that the full and
faithful functor 67 : C-Mod — D-Mod has the property that for all M € D-Mod with
|M| < r, there is a N € C-Mod with (6,)*(/NV) = M. Take now 6, : C'— B the deletion
of all marked indecomposable objects Z € indC with [t (dz)| > r, where dz € Dim(C)
with dz(Z) = 1,and dz(Z') =0 for Z' # Z, Z' € indC. Then we have § = 656, : D — B
and B = (B, V) = ((D)°)? = D? is a minimal layered bocs.

(i) Take an indecomposable object M € D-mod with |M| < r, then there is a N} € C-
mod with (6;)*(N;) = M. Since N; is an indecomposable object in the minimal bocs
C, then either M = M(Z,p, m) for some marked Z € indC or M = S, for some non-
marked Z € indC. In the first case |t/ (dimN;)| = m|t? (dz)| = |dimM| < r. Thus,
t%1(d,)| < r. Consequently, in both cases Ny (W) = 0 for W a marked object in indC' with
[t%(dw )| > r, then there is a N € B-mod with Ny 2 (6,)*(N). Therefore M = *(N)
proving the first part of (i). For the second part take M — E — L a proper almost
split sequence in D-mod, then if either M or L have dimension equal or smaller than r,
all indecomposable summands of the other terms of the sequence have dimension equal
or smaller than (I 4+ 1)r, consequently our proper almost split sequence is isomorphic to
the image under (6;)* of an almost split sequence (in the sense of Definition 2.1) (ay) :
M, — E; — Ly in C-mod. Then if M; or L; is an object of the form M (Z,p,m), with Z
a marked object in indC', we have M; = Ly and Ey = M(Z,p,m — 1) ® M(Z,p,m + 1).
Here |M(Z,p,m)| < r implies |t (dz)| < r, then the sequence (a;) is the image under
(02)* of an almost split sequence in B-mod. In case that M; or L; is an object of the form
Sz for a non marked object in indC, then all other terms of (a;) are sums of objects of
the form Sy, with W a non-marked object in indC'. Therefore, again (a1) is the image
under (f3)* of an almost split sequence in B-mod. This proves the second part of (i).

(ii) Follows from Lemma 7.7.

(iii) Take now Z a marked indecomposable in B and M(Z,p,1) € B-mod with p a
fixed prime element in Ry = B(Z,Z). By definition of B we have [t’(dz)| < r and
05(Z) = Z € C. There is a non-trivial proper sequence ending and starting in M (Z, p, 1),
since #* is a full and faithful functor, there is a non-trivial proper exact sequence ending
and starting in 0*(M(Z,p,1)). Then H = 0*(M(Z,p,1)) is not & -projective. Therefore,
there is an almost split sequence (a) : H' — Hy — H. By the second part of (i) the
sequence (a) is the image under 6* of an almost split sequence (b) in B-mod. Then using
Proposition 2.6 we obtain (iii).

(iv) The first part follows from the definition of 6*. For proving the second part take
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X an indecomposable object in D and assume 6(X) = @;:1 n;Z;, where Zy, ..., Z; are

all indecomposable objects of B. Then for each i € {1, ..., s}:
dimy ) (0°B, @, K(x))(X) = dimy (B(Z:.6(X)) @, k(z)) =

dimy o) (R @, k(1)) = .

On the other hand:
t°(dz,)(X) = dz(0(X)) = n.

(3

Therefore t?(dz,) = dim(0* B; @g, k(x)). Then
dim(D; @g, Ri/(p™)) = dim(6*(M(Z;, p,m)) = mt’(dz,),
proving (iv). O
In the following we put A*®) = A @ k(x).

Definition 9.3. If R is a k-algebra a P(A)-R-bimodule is a morphism X = fx : Py —
@ x, where Px and ) x are A-R-bimodules which are projectives as left A-modules and fx
is a morphism of A-R-bimodules. If Z is a left R-module, X ®p Z = f®1: Px Qg Z —
(x ®r Z.

We recall from section 3 that if X : Py — Qx is an object in p'(A), then dimX =
(dim(topPx ), dim(topQx)). Then if H' € D-mod, dim(ZH’) = dimH’. In case X €
P (A*®) we put dimy,)X = (dimy,)(topPyx), dimy,)(topQx)), then if H' € D-k(z)-
mod, we have dimy,)(EH') = dimy,,) H'.

An indecomposable object H = fy : Py — Qg in P(A) which is not in p(A) is
called generic if Py and Qg have finite length as Endp(a)(H)-modules. A structure of
P(A)-k(z)-bimodule for H is called admissible in case Endpa)(H) = k() ® R, where
R = radEndpy(H) and k(z),, denotes the set of morphisms h : H — H of the form
h = (m(x)idp,, m(z)idg, ) with m(z) € k(x).

Definition 9.4. Suppose T = f# 1+ Pp — @ is a P(A)-R-bimodule with R a finitely
generated localization of k[z] and P, Q; finitely generated as right R-modules. We say
that T is a realization of H if T ®p k(x) =2 H. The realization T of H over R is called
good if:

(i) P; and Q) are free as right R-modules;

(ii) the functor T®gr—: R-Mod — P(A) preserves isomorphism classes and indecom-
posable objects;

(iii) for p a prime in R, and n a positive integer T Qg Sp.n 1s an almost split sequence,
where S, ,, is the sequence given in (iii) of Definition 1.1.

We are now ready for giving a version of Theorem 1.2 for P(A).
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Theorem 9.5. Let A be a finite-dimensional algebra over an algebraically closed field k
of tame representation type. Let r be a positive integer. Then there are indecomposable
objects in p*(A), Ly, ..., Ly with |L;| < v for j =1,...,t and generic objects in P*(A) with
admissible structure of P(A)-k(x)-bimodules, Hy, ..., Hy such that for j =1,...,s, H; has
a good realization T] over R;, a finitely generated localization of k[x], with the following
properties:

(i) If X is an indecomposable object in p'(A) with |X| < r, then either X = L; for
some j € {1,...t} or X = T, @p, R;/(p™) for some i € {1,...,s}, some prime element
p € R; and some natural number m.

(i) If X = T, @p, Ri/(p™),Y =T} ®r, R;/(q"), withi,j € {1,..., s}, p a prime in R;,
q a prime in R;, and L, with v € {1,...,t}, then

dimgrad,y ) (X, Y) = mndimyyrad i yre) (Hi, Hj),
dimgrady ) (X, [A/u) = mdimy(g)rad, yre)) (H;, [A/Z(x)),
dimyrad,y (Lu, X) = mdimk(x)radpl(,\km)([A/Z(x), H;).
(iii) If X = T; ®p, Ri/(p™),Y =Tj @r, R;/(q"), then if i = j and p = q,
Homy,i(0) (X, Y) = Homg, (R;/(p"), Ri/ (p™)) ® rad,i ) (X, Y).
Ifi#j ori=j and (p) # (q):
Homy,i(4) (X, Y) = rad,i (X, Y).
Moreover:
Homy,1 (o )(Lu,X) = rad,¢ (Lu,X) Homy,i (p) (X, L,) = rad, ) (X, L,).

Proof. We apply Theorem 8.5 for the Drozd’s bocs D = (D, Vp) of A and the positive
integer r({+1) with | = max{ly, ls} where [, l; are the integers given in Lemma 9.1. Then
we obtain a minimal layered bocs B = (B, V) having properties (i () (1v) of Theorem 9.2.
We have the reduction functor § : D — B, suppose §(X,;) = @, n] ;2 with j = 1,2 and
1 =1,...,n given in the beginning of this section.

Let Zi, ..., Z, be the marked objects of indB and Z,q, ..., Zs; be the non-marked
objects. We have B;, R; and D; given in (iv) of Theorem 9.2.

Consider TZ ==D;. TZ =g;: P, — Q;, then:

P, :@AGU@)D,(XM @Aev @k Homp(Z;,0(X1,.)) @Aev Qk ”1v

Similarly Q; = @, Ae, @, nb  R;. If X € Ae,, and m € D;(X,), then:

g(A@m) = > Aa; @ Homp(1,0(b;))(m)

dj: X1,5(5) = X2,0(5),5(7)=v
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We have
H, =ZD; ®p, k(x) = fi: Py, = Qu,, Pu, = P, ®r, k(z), Qu, = Q; ®r, k(z),

with f; = ¢; ® li(), therefore H; = T, ®pr, k(x).

Moreover, Py, = @, nj ,A"" (e, ® 1) and Qu, = @, nb A" (e, @ 1).

For i = 1,...,s consider the objects H; € PY(A). For all i = 1,...,s we have an
isomorphism induced by the functor =Z6*:

Ends(Qz) = Endg(Qz,)" ® Ends(Qz)" — Endpi(a)(H,;),

where Endz(Qz,)? denotes the morphisms of the form (f°,0) and Ends(Qz,)* denotes the
morphisms of the form (0, f!). Here Ends(Qz,)" = Endpg, (k(x)) = k(z),,, where k(z),,
denotes the right multiplication by elements of k(x). Here B is a layered bocs, therefore a
morphism (fY, f1) is an isomorphism if and only if fY is an isomorphism, thus the elements
in Endz(Qz,)" are the non-units in Endz(Qz,). Thus since the sum of non-units is again
non-unit, Endg(Qz) is a local ring and its radical is Endg(Qz,)!. The image under Z6*
of an element in Ends(Qz)° is of the form (idp, m(x),idg, m(x)), with m(z) € k().
From here we obtain that the P(A)-k(z)-structure of H; is admissible. Clearly, T} is a
realization of H;.

In order to prove that 7} is a good realization of H;, we must prove conditions (i),
(ii) and (iii) of Definition 9.4. Condition (i) is clear. For proving condition (ii) take
eg : Vg — B the counit of the bocs B. By Lemma 5.3 the functor (idg,es)* : B-
Mod — B-Mod preserves indecomposables and isomorphism classes. Consider B; the full
subcategory of B whose unique indecomposable object is Z;, then we have the composition
n; of full and faithful functors:

R;-Mod — B;-Mod — B-Mod.
The composition:
Ri-Mod % B-Mod "2 B-Mod % D-Mod = PL(A)

is isomorphic to TZ ®p, —. Therefore the functor T, ®p, — preserves isomorphism classes
and indecomposable modules. The condition (iii) of Definition 9.4 is a consequence of
(iii) of Theorem 9.2.

Now, we may assume that L; = E0*(Sz,,,) for j = 1,...,t is such that |L;| <.

(i) Take X an indecomposable object in p'(A) with | X| < r, then by (i) of Theorem
9.2 there is an indecomposable object N in B-mod with Z6*(N) = X. Since N is
indecomposable, then N = Sz = for some j = 1,...,¢ and then either X = [A/j, or
N = M(Z;,p,n) for some i = 1,...;s, some prime element p € R; and some positive
integer n, in this case by (iv) of Theorem 9.2 we have M (Z;,p,n) = B; ®g, R;/(p"™). Then
X = Z0*B; ®g, Ri/(p") = T, ®g, R;/(p"). Thus we have proved i).

(ii) Consider C the full subcategory of p'(A) whose objects are the objects of the
form T; ®p, R;/(p™). We have already proved that 7} is a good realization of Hj;, then
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by property (iii) of Definition 9.4 the category C consists of whole Auslander-Reiten
components of p'(A), thus C has property (A) of section 2, then by Corollary 2.4 for
X =T, @g Ri/(0™), Y = T; ®r, Ri/(¢"), dimprad (X,Y) = dimrad(X,Y) =
dimyradZ (M (Z,p,m), M(Z', q,n)).

We recall from the discussion at the beginning of section 6 that the full and faithful
functor 6* : B-Mod — A-Mod restricts to a full and faithful functor (6*)*®) : B-k(z)-
Mod? — D-k(x)-Mod®. Then the first equality of (ii) follows from that of Proposition
6.5.

Observe that Li") = 26%(S,.,, K@) = EG*(Séﬁ)u). The second and third equality of
(ii) follow from those of Proposition 6.5.

(iii) Follows from Corollary 5.11 and from Corollary 2.4. O

10 Hom-spaces in A-Mod

In this section we discuss the Hom-spaces in A-Mod for a tame algebra A and prove our
main result, Theorem 1.2. For X = fx : Px — Qx € p(A) we define | X| = |[dimX| =
dimy (Px /radPyx) + dimg(Qx /radQx).

There is an integer [y such that for any indecomposable non-injective A-module M,
dimgtrDM < lodimi M. Let d be any positive integer greater than dim,A, consider
do = d(1 + 1) take s(do) = (dimg(A) + 1)dy. If M € A-mod with dim;M < dy and X =
fx : Px — Qx is a minimal projective presentation of M, we have dim(Q x /rad@x) < dp
and dimg(Px/radPx) < dimg(Imfy) < dimpQx < dimg(M/radM)dimpA < dodimyA,
so | X| < s(dp). Taking the number r = s(do)(1 +1) in Theorem 9.5 with | = max{l;, l5},
where [; and [y are the constants of Lemma 9.1, we obtain the generic objects in P(A),
Hy, ..., H, with admissible A-k(z) structures and the indecomposables in p*(A), Ly, ..., L;.
For each i = 1,....,s we have the realizations TZ over R; of H;. We have the generic
A-modules G; = Cok(H;) and the following isomorphism of A-k(z)-bimodules, G; =
Cok(H;) = Cok(T, ®g, k(x)) = Cok(T}) ®p, k(x), with T; = Cok(T}) a A-R-bimodule
finitely generated as right R;-module. The A-k(x) structure of H; is admissible, then
Endp)(H;) = k(2)m @ R; with R; a nilpotent ideal. Then, End(G;) = k(x)idg, @
radEnd, (G;), therefore, the endolength of G; coincides with dimy,)G;. Consequently, T;
is a realization of G;.

Lemma 10.1. G; and T; satisfy the conditions (ii) and (iii) of Definition 1.1.

Proof. Take W € R;-Mod, we claim that T, ®pg, W has not indecomposable direct
summands of the form Z(P) = P — 0. Suppose some indecomposable Z(P) is a direct
summand of T} @, W = Z0*(W'), with W’ = (idp, eg)*n;(W). Here Z(P) is injective
in P'(A), then Z(P) = Z6*(Sz,) for some non-marked indecomposable object Z, € B.
Since the functor Z0* is full and faithful, we have that Sz, is direct summand of W’ but
this is impossible because W’(Z,) = 0. The above proves that T; @z, W is in P2(A), the
full subcategory of P'(A) whose objects have not direct summands of the form Z(P).
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Now the functor Cook : P?(A) — A-Mod preserves indecomposables and isomorphism
classes (see (2) of Lemma 3.2 of [6]). Consequently, the functor Cok(T;®r, —) = T Qp, —
preserves indecomposables and isomorphism classes. This proves that 7; has property (ii)
of Definition 1.1.

For proving condition (iii) of Definition 1.1 take p a prime element in R;. There is
an almost split sequence in p'(A) starting in T, ® r, Ri/(p™), therefore this object is not
injective in p'(A) and therefore its cokernel is not zero. By Proposition 3.13 the image
under the functor Cok of the almost split sequence starting in 7} ® g, Ri/(p™) is an almost
split sequence in A-mod. This proves that the A-R;-bimodule T; satisfies condition iii)
for all i € {1, ..., s}. O

Lemma 10.2. Let L; = C’ok(ﬁj) with j = 1,....t. If M is an indecomposable A-module
with dimyM < d, then M has the form given in (i) of Theorem 1.2.

Proof. There is an indecomposable object X € p'(A) with M = Cok(X), since | X| <
s(d) <r, X 2T, ®g, R;/(p™) or X = L;. But then either M = Cok(T, ®p, R;/(p™)) =
T, ®r, Ri/(p™), or M = L;. This proves the first part of (i). For the second part of
(i), by Proposition 5.9 of [1] we have that if X is an indecomposable object in p'(A)
with C'ok(X) non-simple injective, then there is an almost split sequence in p(A) starting
in X and ending in an injective object with all its terms in p'(A), so this is an almost
split sequence in p*(A). If Cok(X) is simple then X is injective in p'(A), if Cok(X) is
projective, then X is projective in p'(A). Now if X = T, ®pg, Ri/(p™), since T, is a good
realization of H;, there is an almost split sequence starting and ending in X. Therefore,
if M is an injective, projective or simple A-module, then M = L; for some j =1, ...,¢. O

Lemma 10.3. Let X =T, ®p, R;/(p"),Y = T; @g, Ri/(p™), M = CokX, N = CokY,

then the functor C'ok induces an isomorphism:
Cok : Hompi () (X,Y)/rad™(X,Y) — Homy (M, N)/rad™ (M, N).

Proof. In fact, take a morphism u : X — Y such that Cok(u) = 0. Then by Proposition
3.3, u is a morphism which is a sum of compositions of the form wou; with vy : X — W,
us : W — Y and W an indecomposable injective in P(A). Then either W = Z(P) =
(P 2 0)or W=J(P)= (P g P) for some indecomposable projective A-module P. In
the first case T is also an injective object in p'(A), then W is not in the Auslander-Reiten
component containing X, therefore usu; € rad>(X,Y). Now, if W = J(P), we recall
(see Lemma 3.6) that there is a right minimal almost split morphism o(P) : R(P) —
J(P), then u; = o(P)u}, with v} : X — R(P). Here R(P) is injective in p'(A), then
uguy = ugo(P)u] is in rad™(X,Y), therefore, u € rad>(X,Y’), proving our Lemma. O

Lemma 10.4. If M = T, @g, R;/(p™), N = Tj @g, R;/(¢"), Le) = L&) with i,j €
{1,...,s}, uwe{l,...,t}, p a prime element of R;, q a prime element of R;, then M, N, L,
satisfy (111) of Theorem 1.2.
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Proof. Let M = CokX, N = CokY, X,Y € p'(A). If i = j and p = ¢ by the first formula
in (iii) of Theorem 9.5 and Lemma 10.3 we obtain our result. If ¢ # j or (p) # (q) we
have Homy,i(4) (X, Y) = radi (X, Y), thus Homy (M, N) = rad’ (M, N). Moreover, the
third and fourth formula of (iii) of Theorem 9.5 gives Homy (L,, M) = rad} (L., M) and
Homy (M, L,,) = rady (M, L,,) respectively. O

Lemma 10.5. Let M = T; ®g, R;/(p™), N = T; ®g, R;/(q"), fori,j € {1,...,s}, p a
prime in R;, q a prime in R;. Then
dimyrady’ (M, N) = mndimygyradyee (G, G;).
Proof. Suppose X = T} @g, Ri/(p™) and Y = T} ®r, R;/(¢") are minimal projective
presentations of M and N respectively. Then if z, = dimy,)H, for v =1,...,s, by (iv)
of Theorem 9.2 we have dim; X = mz;, dim,Y = nz,.
Suppose now i # j or i = j and (p) # (¢). In this case Homa (M, N) = rad3’ (M, N)

and Homy,i(0) (Y, X) = radi,) (Y, X). Here DirN = N, then by (3) of Proposition 3.14
and the first equality in (ii) of Theorem 9.5 we obtain

dim;Homy (M, N) = mn(dimyyrad, zwe)(Hy, Hi) — ga(25,24)).
On the other hand, since Dtryr«)G; = G; (see Proposition 6.5 of [2]) we have
dimk(x)HOmAk(z)(Gi, G]) = dimk(x)Hompl(Ak(z))(Hj7 HZ> — Jpk(z) (Zj, Zi>.

We know from Corollary 2.3 of [2], that the indecomposable projective A*(*)-modules are
of the form P ®y k(x), with P indecomposable projective A-module, then gy = gpxw).
Observe that if i # j, rad,yrw)(Hj, H;) = Homy, sk (Hj, H;) and radyee (Gi, Gj) =
Homyxe) (G4, G;), moreover for i = j,

dimy, (o) End,iyre)y (H;) = 1+ dimygyradEnd yrew)) (H;) and

dimy ) End gk (G;) = 1 4 dimy,yradEnd yx@) (G;). Thus we obtain:

dimk(m)radAk(z)(Gi, G]) = dimk(m)radpl(,\k(@)(ﬂj, HZ> - gA(Zj, Zi).

From here we obtain our equality for i # j or i = j and (p) # (q).
For i = j and p = ¢ and the first equality of (iii) of Theorem 9.5 we obtain

dimyHom,: () (X, Y) = min{m,n} + mndimy radHom, yre) (Hy, H;),
therefore
dimyHomy (M, N) = min{m,n} + mndimyradHom xw (G;, G;).

By Lemma 10.4 the first equality of (iii) Theorem 1.2 holds, then we have
dimyrady’ (M, N) = mndimyyradEnd sue) (G;), obtaining our result. O
Lemma 10.6. Let M = T, ®g, R;/(p™) for i € {1,...,s}, p a prime element in R;,
L, = Cok(Ly,), for some u € {1,...,t}. Then

dimyrady? (L,, M) = mdimyrad ywe (Gi, LE®).
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In particular for Ae an indecomposable projective A-module there is a u € {1, ...t} such
that Ae = L,, then dimzeM = mdimy,)eG;.

Proof. Consider 1, = dimyL, = dimk(m)ﬁﬁ(x). We have DtrM = M, then by (3) of
Proposition 3.14 and the second equality of (ii) of Theorem 9.5 we have:

dimyHomy (L, M) = mdimk(x)Hompl(Ak(z))(Hi, f/ﬁ(x)) — mga(zi, L,).

We have CokLE®) =~ (C’ok:[:u)k(:”) = Lﬁ(x), thus again by 3) of Proposition 3.14, recalling
that Dtryk.G; = G;, we obtain:
dimk(x)HomAW)(LZ(x), G;) = dimy(zyHomy, ywe)y (H;, EZ(I)) — ga(zi, L).

From here we obtain the first part of our Lemma. For the second part of the Lemma,
observe that by assumption, dim;A < d, then by Lemma 10.4 we obtain our result. [

Lemma 10.7. Let M = T;®g, R;/(p™) fori € {1,...,s}, p a prime in R;, L, = Cok(Ly,)
forwe {1,...t}. Then

dimyrady’ (M, L,,) = mdimy,)rad ke (G, LE@),

Proof. Assume first L, is injective, then we may suppose L, = D(eA). We have:
dimgHomy (M, D(eA)) = dimpHomper (eA, D(M)) = dimpD(M)e = dimy(eM)

= mdimy ) Hom sk (G, Dy ((e @ 1)A*)) = mdimy iy Hom k) (Gi, (D(eA)F®)).
Where D,(—) = Homy (—, k(x)).

Now assume L is not injective. Consider an almost split sequence starting in L:
0-LLaom B %L -0,

with E, indecomposable for s =1, ...,m.

By the choice of the integer dy, the objects F, and L' are isomorphic to objects L,
or T; ®g, R;/(p™), but in this latter case L is in the component of an object of the form
T; ®g; R;/(p™), which implies that L = T; ®@g, R;/(p") for some n, which is not the
case therefore L' = L, for some v = 1,...,t. Then L' = CokL,. Take 1, = dimL, =
dimk($)if(x).

By (3) of Proposition 3.14 and the third equality of (iii) of Theorem 9.5 we obtain

dim;Homy (M, L) = m(dimk(m)Hompl(Ak(z))(ﬁﬁ(w), H;) — ga(ly,2)).
On the other hand, by Corollary 2.2 of [2] we have
Dtr i) (LF@) = (Dtr L,)H®) 2= [F@),
Then:

dimk(m)HOHlAk(z) (GZ, Lk(m)> = dimk(x)HOmpl(Ak(z))(f/,ﬁ(m)7 HZ> — gA(lm ZZ-).



R. Bautista et al. / Central European Journal of Mathematics

From here we obtain our Lemma. O
Lemma 10.8. T; is a free right R;-module, fori =1, ...s.

Proof. Since T; is a finitely generated right R;-module if it is not a free right R;-module
there is a primitive idempotent e of A such that eT; = CyCy with C free and C a torsion
R;-module, then we may assume Cy = (9, 1;/(p™)) ® Ca with a prime element p € R;,
positive integers m;, and Cy = @, R;/(q,"), where p, g, are coprime in R;. Suppose m =
min{my, ..., my}, Co = R.. Take M = T; ®r, R;/(p™), then by the second part of Lemma
10.6, dimzeM = mdimy,)eG; = mdimygel; Q) k(r) = mdimCy @y, k(z) = ml. But
dimgeM = dimgeT; Qp, R;/(p™) = dim;Cy ®g, R;/(p™) + dimg(R;/(p™))* = ml + am, a
contradiction. Therefore, 7; is free as right R;-module proving our result. U

Proof (of Theorem 1.2). The A-R;-bimodule T; is a good realization of G; over R; for
1 =1,...,s by Lemma 10.8 and Lemma 10.1.

(i) of Theorem 1.2 follows from Lemma 10.2, (ii) follows from Lemma 10.5, Lemma
10.6 and Lemma 10.7. Finally (iii) follows from Lemma 10.4. O
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