MATH 4576 RINGS AND FIELDS QUIZ 2

Prof. 1. Drozd Spring 2011
(1) [4] Find d(z) = ged(f(x), g(z)) in F[z] and a Bézout presenta-
tion d(z) = u(x ) ( )—1—1}( )g(x), where
(a) F=R, f(z) =22+ 32 -4z + 1, g(z) = 2* — 1.

We use the Euclidean Algorithm and calculate:

f(x) = (22° + 3z 4+ 2)g(z) + (—x + 3), set r(z) = —x + 3,
g(x) = (—z —3)r(xz) + 8, set r(x) =8,

r(z) = (— éx + §>r1(x)

Therefore, ged(f
sociated to ri(x)

1 1 3

1= gg(az) + (gx + g)T(.ﬁE) =

- %g(m) + (é“f * §><f<x> = (207 + 32 4 2)g(2)) =

= (éx + g)f(a:) — (ix?’ + ng + %SE + g)g(x)

(x),g(z)) = 1 (the monic polynomial as-
). Now,

(b) F =2, f(x) =22* + 2>+ 2+ 2, g(x) = 2® + 2? + 1.

As above:

flz)=(2x+ 1)g(x)+ (2 + 1), set 2z + 1 = r(x),

g(x) = (22" + x + Lr(x),
hence, ged(f(z),g(x)) = x + 2 (divide r(z) by 2 to get 1
for the leading coefficient). Now,

r+2=22x+1)=2f(z) — (z + 2)g(x).

(2) [2] Decompose the polynomial z* + z* —z — 1 into a product of
irreducible polynomial in the ring Q[z].

f(1)=0,s0z—1] f(z). Get f(z) = (x—1)(x3+22%+22+1).
The seconf factor has a root —1, so is divisible by = + 1. Get
2?4227+ 204+ 1 = (z+1)(2® + v+ 1). Here the second factor
has no roots and os of degree 2, hence is irreducible. Therefore,
the decomposition is:

f(x)=(z—1)(z+1)(2* +z+1).



(3) [2] Show that 2 + 322 + 4 is irreducible in Z;[x].

Since deg f(x) = 3, we obly have to check that f(z) has no
roots in Z7. We have:

f(B)=f(=2)=1, f(6) = f(-1) =6,

so f(x) has no roots indeed.

(4) [2] Give an example of a polynomial f(x) which is a unit in
Z4|x] though deg f(x) > 0.

For instance, 2z + 1, since (2z+1)(2z+1) = 42’ +4z+1 =1
in Z4.



