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ÏÐÎ ÀÑÈÌÏÒÎÒÈÊÓ ÀÏÐÎÊÑÈÌÀÖIÉ ÏÀÄÅ
ÔÓÍÊÖIÉ ÒÈÏÓ ÌIÒÒÀÃ-ËÅÔÔËÅÐÀ

Îòðèìàíî àñèìïòîòè÷íå çîáðàæåííÿ äëÿ ïîõèáîê àïðîêñèìàöié Ïàäå

ôóíêöié òèïó Ìiòòàã-Ëåôôëåðà Eρ(z; ν), 0 < ρ < 1, ν > 0.

Öiëi ôóíêöi¨ òèïó Ìiòòàã-Ëåôôëåðà âiäiãðàþòü âàæëèâó ðîëü â
òåîði¨ iíòåãðàëüíèõ ïåðåòâîðåíü òà iíòåãðàëüíèõ çîáðàæåíü ôóíêöié
â êîìïëåêñíié ïëîùèíi (äèâ. [1]). Âîíè âèçíà÷àþòüñÿ ñòåïåíåâèìè
ðÿäàìè

Eρ(z; ν) =
∞∑
k=0

zk

Γ(kρ + ν)
, (1)

äå ρ òà ν � äåÿêi íåâiä'¹ìíi ïàðàìåòðè.
Àïðîêñèìàíòè Ïàäå ôóíêöié ez, sin z, cos z, sh z, òà ch z, ùî ìî-

æóòü áóòè çîáðàæåíi ÷åðåç ôóíêöi¨ òèïó Ìiòòàã-Ëåôôëåðà, ùî âiä-
ïîâiäàþòü çíà÷åííÿì ïàðàìåòðiâ ρ = 1, ρ = 1

2 , ν = 1, ν = 2, áóëè
äîñëiäæåíi Â.Ê. Äçÿäèêîì â ðîáîòàõ [2,3]. Â [4�6] àâòîðîì òà Ì.Ì.
×èïîì ðåçóëüòàòè Â.Ê. Äçÿäèêà áóëè ÷àñòêîâî ðîçïîâñþäæåíi íà
ôóíêöi¨ òèïó Ìiòòàã-Ëåôôëåðà çàãàëüíîãî âèãëÿäó (äëÿ äîâiëüíèõ
ρ òà ν). Çîêðåìà, â öèõ ðîáîòàõ áóëî âñòàíîâëåíî, ùî àïðîêñèìàí-
òè Ïàäå ôóíêöi¨ (1) ïîðÿäêó [N − 1/N ], N ∈ N, òîáòî ðàöiîíàëüíi
ïîëiíîìè ç ÷èñåëüíèêîì ñòåïåíÿ ≤ N − 1 òà çíàìåííèêîì ñòåïåíÿ
≤ N, ùî íàáëèæàþòü âêàçàíó ôóíêöiþ â îêîëi ïî÷àòêó êîðäèíàò ç
ïîðÿäêîì O

(
z2N

)
(äèâ., íàïðèêëàä, [7,8]), ìîæóòü áóòè çîáðàæåíi ó

âèãëÿäi

[N − 1/N ]f (z) =
PN−1(z)
QN (z)

, (2)
äå

QN (z) =
N∑
k=0

c
(N)
k zN−k, (3)

PN−1(z) =
N∑
k=1

c
(N)
k zN−k

k−1∑
m=0

zm

Γ
(
m
ρ + ν

) , (4)
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ïðè÷îìó êîåôiöi¹íòè c
(N)
k , k = 0, N, íåòðèâiàëüíîãî óçàãàëüíåíî-

ãî ïîëiíîìà

XN (t) =
N∑
k=0

c
(N)
k

t
k
ρ+ν1

Γ
(
k
ρ + ν1 + 1

) , (5)

ç òî÷íiñòþ äî ìóëüòèïëiêàòèâíî¨ êîíñòàíòè âèçíà÷àþòüñÿ ç âèêîðè-
ñòàííÿì, âëàñíå, óìîâ éîãî áiîðòîãîíàëüíîñòi âèãëÿäó

1∫
0

XN (t)
(1− t)

j
ρ+ν2

Γ
(
j
ρ + ν2 + 1

)dt = 0, j = 0, N − 1, (6)

êîëè ν1 òà ν2 � äåÿêi áiëüøi íiæ −1 ÷èñëà, ñóìà ÿêèõ äîðiâíþ¹ ν−2.
Ïðè öüîìó ïîõèáêà àïðîêñèìàöi¨ ìîæå áóòè çîáðàæåíà ó âèãëÿäi

Eρ(z; ν)− [N − 1/N ]f (z) =

=
zn

QN (z)

1∫
0

XN (t)Eρ
(
z(1− t)

1
ρ ; ν2 + 1

)
(1− t)ν2dt. (7)

Äîâåäåíî òàêîæ, ùî ïðè 0 < ρ ≤ 1 âêàçàíi àïðîêñèìàíòè çáiãàþòüñÿ
äî íàáëèæóâàíî¨ ôóíêöi¨ ðiâíîìiðíî íà êîæíîìó êîìïàêòi êîìïëåêñ-
íî¨ ïëîùèíè ïðè N →∞.

Â [9] âèâ÷àëèñÿ àïðîêñèìàíòè Ïàäå ôóíêöié òèïó Ìiòòàã-
Ëåôôëåðà äëÿ âèïàäêó ρ = 1, òîáòî äëÿ âèðîäæåíèõ ãiïåðãåîìåò-
ðè÷íèõ ôóíêöié 1F1(1; ν + 1; z). Â [10,11] äîñëiäæåíî ïîâåäiíêó ðÿä-
êiâ òàáëèöi Ïàäå (òîáòî àïðîêñèìàíò Ïàäå ïîðÿäêiâ [M,N ], N →∞)
ôóíêöié òèïó Ìiòòàã-Ëåôôëåðà òà ¨õ óçàãàëüíåíü.

Â öié ðîáîòi îòðèìàíî àñèìïòîòè÷íi ðiâíîñòi äëÿ ïîõèáîê àïðîê-
ñèìàöié Ïàäå ôóíêöié òèïó Ìiòòàã-Ëåôôëåðà Eρ(z; ν) ïðè ν > 0,
0 < ρ < 1 ïîðÿäêiâ [N − 1/N ], N ∈ N.

Òåîðåìà 1. Äëÿ ïîõèáîê àïðîêñèìàöié Ïàäå ôóíêöié òèïó
Ìiòòàã-Ëåôôëåðà Eρ(z; ν), 0 < ρ < 1, ν > 0, ïîðÿäêiâ
[N − 1/N ], N ∈ N, ìàþòü ìiñöå àñèìïòîòè÷íi ðiâíîñòi

Eρ(z; ν)− [N − 1/N ]f (z) =
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= z2N HN

HN−1

(
1 +O

(
|z|e|z|

N
1−ρ
ρ

))
, N →∞, (8)

äå HN , N = 0,∞, � âèçíà÷íèêè Ãàíêåëÿ ïîñëiäîâíîñòi êîåôiöi¹íòiâ
{sk}∞k=0 ðÿäó (1):

HN = det ‖sk+j‖Nk,j=0 =

∣∣∣∣∣∣∣∣∣
s0 s1 . . . sN
s1 s2 . . . sN+1

...
...

. . .
...

sN sN+1 . . . s2N

∣∣∣∣∣∣∣∣∣ , N = 0,∞. (9)

Äîâåäåííÿ. Ñïî÷àòêó âñòàíîâèìî àñèìïòîòè÷íó ðiâíiñòü äëÿ çíà-
ìåííèêiâ àïðîêñèìàíò Ïàäå

QN (z) = c
(N)
N

(
1 +O

(
|z|e|z|

N
1−ρ
ρ

))
, N →∞. (10)

Äëÿ öüîãî íàãàäà¹ìî, ùî, ÿê âñòàíîâëåíî â [4], óçàãàëüíåíèé ïîëiíîì
XN (t) âèãëÿäó (5), äëÿ ÿêîãî âèêîíóþòüñÿ óìîâè áiîðòîãîíàëüíîñòi
(6), ìà¹ òî÷íî N ïðîñòèõ íóëiâ íà iíòåðâàëi (0, 1) i îòæå, ìîæå áóòè
çîáðàæåíèé ó âèãëÿäi:

XN (t) =
c
(N)
N tν1

Γ
(
N
ρ + ν1 + 1

) N∏
m=1

(
t

1
ρ − t

1
ρ

m,N

)
, (11)

äå 0 < t1,N < t2,N < · · · < tN,N < 1, à òîìó äëÿ êîåôiöi¹íòiâ c
(N)
k ,

k = 0, N, áóäóòü ìàòè ìiñöå îöiíêè

∣∣∣c(N)
k

∣∣∣ ≤ ∣∣∣c(N)
N

∣∣∣ Γ
(
k
ρ + ν1 + 1

)
Γ
(
N
ρ + ν1 + 1

)(N
k

)
.

Äiéñíî, ç (5) òà (11) ìà¹ìî

c
(N)
k

Γ
(
k
ρ + ν1 + 1

) =
c
(N)
N

Γ
(
N
ρ + ν1 + 1

) (−1)N−kαN−k(t
1
ρ

1,N , t
1
ρ

2,N , . . . , t
1
ρ

N,N ),
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äå αk(τ1, τ2, . . . , τN ) � åëåìåíòàðíèé ñèìåòðè÷íèé ìíîãî-
÷ëåí k�ãî ïîðÿäêó âiä çìiííèõ τ1, τ2, . . . , τN . Âðàõîâóþ÷è, ùî
t1,N , t2,N , . . . , tN,N ∈ (0, 1), ìà¹ìî∣∣∣∣αN−k(t

1
ρ

1,N , t
1
ρ

2,N , . . . , t
1
ρ

N,N )
∣∣∣∣ ≤ (Nk

)
,

à îòæå, ¹ ñïðàâåäëèâîþ íàâåäåíà îöiíêà äëÿ |c(N)
k |.

Ç (3) âèïëèâà¹, ùî

QN (z) =
N∑
k=0

c
(N)
k zN−k = c

(N)
N +

N−1∑
k=0

c
(N)
k zN−k.

Îñòàííþ ñóìó ìîæíà îöiíèòè â íàñòóïíèé ñïîñiá:∣∣∣∣∣
N∑
k=1

c
(N)
N−kz

k

∣∣∣∣∣ ≤ ∣∣∣c(N)
N

∣∣∣ N∑
k=1

Γ
(
N−k
ρ + ν1 + 1

)
Γ
(
N
ρ + ν1 + 1

) N !
k!(N − k)!

|z|k ≤

≤
∣∣∣c(N)
N

∣∣∣ N |z|Γ
(
N−1
ρ + ν1 + 1

)
Γ
(
N
ρ + ν1 + 1

) ×

×

1 +
N∑
k=2

Γ
(
N−k
ρ + ν1 + 1

)
Γ
(
N−1
ρ + ν1 + 1

) (N − 1)!
k!(N − k)!

|z|k−1

 ≤
≤
∣∣∣c(N)
N

∣∣∣ N |z|Γ
(
N−1
ρ + ν1 + 1

)
Γ
(
N
ρ + ν1 + 1

) (
1 +

N∑
k=2

|z|k−1

k!

)
≤

≤
∣∣∣c(N)
N

∣∣∣ N |z|Γ
(
N−1
ρ + ν1 + 1

)
Γ
(
N
ρ + ν1 + 1

) (
1 + e|z|

)
.

Çà ôîðìóëîþ Ñòiðëiíãà (äèâ. [12, ñ.83])

Γ
(
N−1
ρ + ν1 + 1

)
Γ
(
N
ρ + ν1 + 1

) =
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=
e−

N−1
ρ −ν1−1

(
N−1
ρ + ν1 + 1

)N−1
ρ +ν1+ 1

2 √
2π

e−
N
ρ −ν1−1

(
N
ρ + ν1 + 1

)N
ρ +ν1+ 1

2 √
2π

(
1 +O

(
1
N

))
=

=
e

1
ρ(

1 + 1
N−1+(ν1+1)ρ

)N−1
ρ +ν1+ 1

2
(
N
ρ + ν1 + 1

) 1
ρ

(
1 +O

(
1
N

))
=

= O

(
1

N
1
ρ

)
, N →∞.

À òîìó àñèìïòîòè÷íà ðiâíiñòü (10) äiéñíî ¹ ñïðàâåäëèâîþ.

Ðîçãëÿíåìî òåïåð âåëè÷èíó

IN =

1∫
0

XN (t)Eρ
(
z(1− t)

1
ρ ; ν2 + 1

)
(1− t)ν2dt =

=

1∫
0

XN (t)
∞∑
j=N

zj
(1− t)

j
ρ+ν2

Γ
(
j
ρ + ν2 + 1

)dt =

=
c
(N)
N

HN−1

1∫
0

∣∣∣∣∣∣∣∣∣∣∣

s0 s1 . . . sN
s1 s2 . . . sN+1

...
...

. . .
...

sN−1 sN . . . s2N−1

x0(t) x1(t) . . . xN (t)

∣∣∣∣∣∣∣∣∣∣∣
∞∑
j=N

zjyj(t)dt,

äå

xk(t) =
t
k
ρ+ν1

Γ
(
k
ρ + ν1 + 1

) , k = 0,∞,

yj(t) =
(1− t)

j
ρ+ν2

Γ
(
j
ρ + ν2 + 1

) , j = 0,∞.
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Âðàõîâóþ÷è óçàãàëüíåíå ìîìåíòíå çîáðàæåííÿ (äèâ. [8, ñ.48])

sk+j =
1

Γ
(
k+j
ρ + ν

) =

1∫
0

xk(t)yj(t)dt, k, j = 0,∞,

îòðèìó¹ìî

IN =
c
(N)
N

HN−1

∞∑
j=N

zj

∣∣∣∣∣∣∣∣∣∣∣

s0 s1 . . . sN
s1 s2 . . . sN+1

...
...

. . .
...

sN−1 sN . . . s2N−1

sj sj+1 . . . sj+N

∣∣∣∣∣∣∣∣∣∣∣
=

=
c
(N)
N zN

HN−1
(HN +

∞∑
j=1

zjHN,j). (12)

Î÷åâèäíî, HN,1 ¹ êîåôiöi¹íòîì ïðè xN (t) â óçàãàëüíåíîìó ïîëiíîìi

XN+1(t) =

∣∣∣∣∣∣∣∣∣∣∣

s0 s1 . . . sN+1

s1 s2 . . . sN+2

...
...

. . .
...

sN sN+1 . . . s2N+1

x0(t) x1(t) . . . xN+1(t)

∣∣∣∣∣∣∣∣∣∣∣
,

à ïîëiíîì XN+1(t) çãiäíî ç (11) ìîæíà çàïèñàòè ó âèãëÿäi:

XN+1(t) =
c
(N+1)
N+1 tν1

Γ
(
N+1
ρ + ν1 + 1

) N+1∏
m=1

(
t

1
ρ − t

1
ρ

m,N+1

)
,

äå 0 < t1,N+1 < t2,N+1 < · · · < tN+1,N+1 < 1, i îòæå,

HN,1 =
∣∣∣c(N+1)
N

∣∣∣ ≤ ∣∣∣c(N+1)
N+1

∣∣∣ Γ
(
N
ρ + ν1 + 1

)
Γ
(
N+1
ρ + ν1 + 1

) (N + 1) =

= HN ·O

(
1

(N + 1)
1−ρ
ρ

)
, N →∞,
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Äàëi, ïîçíà÷àþ÷è ÷åðåç YN (t) áiîðòîãîíàëüíèé ïîëiíîì

YN (t) =
N∑
j=0

c
(N)
j yj(t) =

∣∣∣∣∣∣∣∣∣∣∣

s0 s1 . . . sN
s1 s2 . . . sN+1

...
...

. . .
...

sN−1 sN . . . s2N−1

y0(t) y1(t) . . . yN (t)

∣∣∣∣∣∣∣∣∣∣∣
,

áóäåìî ïîñëiäîâíî ìàòè

HN,2 =

1∫
0

XN (t)yN+2(t)dt =

=
1

c
(N+2)
N+2

1∫
0

XN (t)
(
YN+2(t)− c(N+2)

N+1 yN+1(t)− c(N+2)
N yN (t)

)
dt =

= − 1

c
(N+2)
N+2

1∫
0

XN (t)
(
c
(N+2)
N+1 yN+1(t) + c

(N+2)
N yN (t)

)
dt =

= − 1
HN+1

(
c
(N+2)
N+1 HN,1 + c

(N+2)
N HN

)
.

Âðàõîâóþ÷è ïîïåðåäíi âèêëàäêè, ìà¹ìî∣∣∣c(N+2)
N+1

∣∣∣ ≤ HN+1 ·O(
1

(N + 2)
1−ρ
ρ

), N →∞.

Àíàëîãi÷íî, ç âèêîðèñòàííÿì ôîðìóëè Ñòiðëiíãà

∣∣∣c(N+2)
N

∣∣∣ ≤ ∣∣∣c(N+2)
N+2

∣∣∣ Γ
(
N
ρ + ν1 + 1

)
Γ
(
N+2
ρ + ν1 + 1

) · (N + 2)(N + 1)
2

=

=
HN+1

2
·O(

1

((N + 2)(N + 1))
1−ρ
ρ

), N →∞.
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Îòæå, îòðèìà¹ìî îöiíêó

HN,2 ≤ HN,1 ·O(
1

(N + 2)
1−ρ
ρ

)+

+
1
2
HN ·O

(
1

((N + 2)(N + 1))
1−ρ
ρ

)
≤

≤ HN ·O (
1

((N + 2)(N + 1))
1−ρ
ρ

)+

+
1
2
HN ·O(

1

((N + 2)(N + 1))
1−ρ
ρ

) =

=
3
2
HN ·O(

1

((N + 2)(N + 1))
1−ρ
ρ

).

Äiþ÷è i íàäàëi àíàëîãi÷íèì ÷èíîì, ïîìi÷à¹ìî, ùî ðiâíîìiðíî ïî j

HN,j ≤
αj
j!
HN ·O

((
(N + j)!
N !

) ρ−1
ρ

)
, N →∞, (13)

äå α0 = 1, α1 = 1, α2 = 3, α3 = 13 i ò.ä. Ùîá çíàéòè âåëè÷èíè αj ,
çàïèøåìî

HN,j =

1∫
0

XN (t)yN+j(t)dt =

=
1

c
(N+j)
N+j

1∫
0

XN (t)

(
YN+j(t)−

j−1∑
m=0

c
(N+j)
N+m yN+m(t)

)
dt =

= − 1

c
(N+j)
N+j

j−1∑
m=0

c
(N+j)
N+m HN,m.

Ïðèïóñêàþ÷è çà iíäóêöi¹þ, ùî íåðiâíîñòi (13) ñïðàâåäëèâi äëÿ âñiõ
m = 0, j − 1, çâiäñè áóäåìî ìàòè

HN,j ≤
1

c
(N+j)
N+j

j−1∑
m=0

HN,m ·
HN+j−1

(j −m)!
·O

((
(N + j)!
(N +m)!

) ρ−1
ρ

)
≤
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≤
j−1∑
m=0

αm
m!
· HN

(j −m)!
·O

((
(N +m)!

N !

) ρ−1
ρ

)
O

((
(N + j)!
(N +m)!

) ρ−1
ρ

)
=

= HN ·O

((
(N + j)!
N !

) ρ−1
ρ

)
j−1∑
m=0

αm
m!(j −m)!

.

Òàêèì ÷èíîì, îòðèìó¹ìî ðåêóðåíòíå ñïiââiäíîøåííÿ äëÿ âåëè÷èí
αj , j = 0,∞,

αj
j!

=
j−1∑
m=0

αm
m!(j −m)!

.

Ðîçãëÿíåìî òâiðíó ôóíêöiþ

A(w) =
∞∑
j=0

αj
j!
wj .

Äëÿ íå¨ áóäå ñïðàâåäëèâèì ñïiââiäíîøåííÿ

A(w) = 1 +
∞∑
j=1

wj
j−1∑
m=0

αm
m!(j −m)!

=

= 1 +
∞∑
j=0

wj+1

j∑
m=0

αm
m!(j + 1−m)!

=

= 1 +
∞∑
m=0

αm
m!

∞∑
j=m

wj+1

(j + 1−m)!
=

= 1 +
∞∑
m=0

αm
m!

∞∑
j=0

wj+m+1

(j + 1)!
= 1 +

∞∑
m=0

αmw
m

m!

∞∑
j=0

wj+1

(j + 1)!
=

= 1 +A(w) (ew − 1) .

Îòæå, òâiðíà ôóíêöiÿ A(w) áóäå äîðiâíþâàòè

A(w) =
1

2− ew
, (14)
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à òîìó âåëè÷èíè αj , j = 0,∞, ìîæíà çíàõîäèòè çà ôîðìóëàìè

αj =
dj

dwj

{
1

2− ew

}∣∣∣∣
w=0

. (15)

Âèêîðèñòîâóþ÷è (13) ç âðàõóâàííÿì (14), (15), áóäåìî ìàòè∣∣∣∣∣∣
∞∑
j=1

zjHN,j

∣∣∣∣∣∣ ≤ HN

∞∑
j=1

αj
j!
|z|j ·O((

(N + j)!
N !

)
ρ−1
ρ ) ≤

≤ HN ·O(
1

(N + 1)
1−ρ
ρ

)
∞∑
j=1

αj
j!
|z|j ·O( (

(N + j)!
(N + 1)!

)
ρ−1
ρ ) ≤

≤ HN ·O(
1

(N + 1)
1−ρ
ρ

)
∞∑
j=1

αj
j!
|z|j ·O(

1

(N + 2)(j−1) 1−ρ
ρ

) ≤

≤ |z|HN ·O(
1

(N + 1)
1−ρ
ρ

)O(
e|z|(N+2)

ρ−1
ρ − 1

2− e|z|(N+2)
ρ−1
ρ

) ≤

≤ HN ·O(
|z|

N
1−ρ
ρ

), N →∞,

çâiäêè îòðèìó¹ìî ç îãëÿäó íà (12) íåîáõiäíó àñèìïòîòèêó äëÿ âåëè-
÷èí IN , à îòæå, âðàõîâóþ÷è (7) i (10), i òâåðäæåííÿ òåîðåìè.

Çàóâàæèìî, ùî òåîðåìà 1 ¹ óçàãàëüíåííÿì òåîðåìè 2.1 ç [3]. Âiä-
çíà÷èìî òàêîæ, ùî, ÿê i ó âèïàäêó ðîçãëÿíóòèõ Â.Ê. Äçÿäèêîì
ôóíêöié ez, sin z, cos z, sh z òà ch z, ó âèïàäêó ôóíêöié òèïó Ìiòòàã-
Ëåôôëåðà Eρ(z; ν), 0 < ρ < 1, ν > 0, àïðîêñèìàíòè Ïàäå ïîðÿäêiâ
[N − 1/N ], N ∈ N, çäiéñíþþòü íàáëèæåííÿ, ùî ïî ïîðÿäêó ñïiâ-
ïàäà¹ ç íàéêðàùèì ðàöiîíàëüíèì íàáëèæåííÿì, à ñàìå, ìà¹ ìiñöå
òàêèé ðåçóëüòàò.

Òåîðåìà 2. Â êðóçi KR = {z : |z| ≤ R} äîâiëüíîãî ðàäióñà R > 0
äëÿ àïðîêñèìàíò Ïàäå [N−1/N ]f (z), N ∈ N, ôóíêöi¨ f(z) = Eρ(z; ν),
0 < ρ < 1, ν > 0, òà ¨¨ íàéêðàùèõ ðàöiîíàëüíèõ àïðîêñèìàíò [N −
1/N ]?f (z), òîáòî ðàöiîíàëüíèõ ïîëiíîìiâ âèãëÿäó

[N − 1/N ]?f (z) =
P ?N−1(z)
Q?N (z)

,
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äëÿ ÿêèõ âèêîíóþòüñÿ ñïiââiäíîøåííÿ∥∥f − [N − 1/N ]?f
∥∥
CKR

=

= EN−1,N (f) = inf
deg PN−1≤N−1

degQN≤N

∥∥∥∥f − PN−1

QN

∥∥∥∥
CKR

,

áóäóòü ñïðàâåäëèâèìè íåðiâíîñòi:∥∥f − [N − 1/N ]?f
∥∥
CKR

≤ ‖f − [N − 1/N ]f‖CKR ≤

≤
∥∥f − [N − 1/N ]?f

∥∥
CKR

(
1 +O

(
ReR

N
1−ρ
ρ

))
.

Äîâåäåííÿ. Ïåðøà ç íåðiâíîñòåé âèïëèâà¹ ç îçíà÷åííÿ íàéêðàùîãî
íàáëèæåííÿ. Ùîá âñòàíîâèòè äðóãó íåðiâíiñòü, âèêîðèñòà¹ìî ëåìó
3.1 ç [3]. Ñôîðìóëþ¹ìî ¨¨.

Ëåìà. ßêùî â îäíîçâ'ÿçíié îáìåæåíié îáëàñòi G äåÿêà
àíàëiòè÷íà â G i íåïåðåðâíà íà G ôóíêöiÿ ϕ(z) ìà¹ â G ïðèíàéìíi
n+ 1 íóëü, òî ïðè äîâiëüíîìó öiëîìó m ≥ 0 ìà¹ ìiñöå íåðiâíiñòü

En,m(ϕ) ≥ min
z∈∂G

|ϕ|,

äå

En,m(f) = inf
deg Pn≤n
degQm≤m

∥∥∥∥f − Pn
Qm

∥∥∥∥
CG

.

Äàëi, ðîçãëÿíåìî

EN−1,N (f) =
∥∥f − [N − 1/N ]?f

∥∥
CKR

=

=
∥∥(f − [N − 1/N ]f )−

(
[N − 1/N ]?f − [N − 1/N ]f

)∥∥
CKR

≥

≥ inf
deg P2N−1≤2N−1

degQ2N≤2N

∥∥∥∥(f − [N − 1/N ]f )− P2N−1

Q2N

∥∥∥∥
CKR

.

Äî ôóíêöi¨ f − [N − 1/N ]f ìîæíà çàñòîñóâàòè òâåðäæåííÿ ëåìè.
Îòæå,

EN−1,N (f) ≥ min
z∈ΓR

|f(z)− [N − 1/N ]f (z)| =
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= R2N

∣∣∣∣ HN

HN−1

∣∣∣∣ (1 +O

(
R

N
1−ρ
ρ

))
=

= ‖f − [N − 1/N ]f‖CKR

(
1 +O

(
ReR

N
1−ρ
ρ

))
,

ùî i ïîòðiáíî áóëî äîâåñòè.
Çàóâàæèìî, ùî òåîðåìà 2 óçàãàëüíþ¹ òåîðåìó 3.1 ç [3].
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