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Abstract

The notion of quasiregular (Representation of Lie groups, Nauka, Moscow, 1983) or
geometric (Grundlehren der Mathematischen Wissenschaften, Band 220, Springer, Berlin,
New York, 1976; Encyclopaedia of Mathematical Science, Vol. 22, Springer, Berlin, 1994, pp.
1-156) representation is well known for locally compact groups. In the present work an analog
of the quasiregular representation for the solvable infinite-dimensional Borel group G = Bor
is constructed and a criterion of irreducibility of the constructed representations is presented.
This construction uses G-quasi-invariant Gaussian measures on some G-spaces X and extends
the method used in Kosyak (Funktsional. Anal. i Prilozhen 37 (2003) 78-81) for the
construction of the quasiregular representations as applied to the nilpotent infinite-
dimensional group B}
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1. Introduction
1.1. The setting and the main results

With any action o: G— Aut(X) (Aut(-) denoting the group of all measurable
automorphisms) of a group G on a G-space X (i.e. a space on which G acts) and G-
quasi-invariant measure g on X one can associate a unitary representation
nhX . G U(L*(X, p)), of the group G by the formula (2**f )(x) = (du(o,1 (x))/
du(x))"?f (a1 (x)),f € L2(X, ). Let us set a(G) = {a, € Aut(X)|re G}. Let a(G)' be
centralizer of the subgroup o(G) in Aut(X): o(G) = {gedut(X)|{g,0:} =
gog ot = eVie GY.

Conjecture 1 (Kosyak [27,28]). The representation n**X : G— U(L*(X, w)) is irreducible
if and only if

() w9 Luvgea(G)\{e}, (where L stands for singular),
(2) the measure u is G-ergodic.

We say that a measure p is G-ergodic if f(a,(x)) = f(x)Vte G implies f(x) = const
for all functions fe L' (X, u).

In this paper we shall prove Conjecture 1 in the case where G is the infinite-
dimensional group, namely the Borel group G = Bor)), the space X = X" being the
set of left cosets G,,\Bor", G,, suitable subgroups of the group BorM and u any
Gaussian product-measures on X”. See below for explanation of the concepts used
here.

1.2. Regular and quasiregular representations of locally compact groups

Let G be a locally compact group. The right p (respectively left 1) regular
representation of the group G is a particular case of the representation n%*X with the
space X = G, the action o being the right action « = R (respectively the left action
o = L), and the measure p being the right invariant Haar measure on the group G
(see for example [9,21,22.45]).

A quasiregular representation of a locally compact group G is also a particular case
of the representation n**X (see for example [45, p. 27]) with the space X = H\G, the
action o being the right action of the group G on the space X and the measure u
being some quasi-invariant measure on the space X (this measure is unique up to a
scalar multiple). In [21,22] this representation is also called geometric representation.

1.3. An analog of the regular and quasiregular representations of infinite-dimensional
groups and the Ismagilov conjecture

The work of Gel’fand played a decisive role in representation theory in general
and in representation theory of infinite-dimensional groups, in particular see [11-13].
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Using his orbit method, developed in [19], Kirillov described in [20] all unitary
irreducible representations of the completion in strong operator topology of the
group U(oo) = lim, U(n) (where lim stands for inductive limit).

This approach was generalized by Ol’shanskii for the inductive limits of other
classical groups K(oo0) = lim, K(n) where K is U, O or Sp. In [38] the complete

classification of the so-called “tame” representations of the group K(oo) was
obtained. The book [37] deals with the representation theory of the automorphism
groups of infinite-dimensional Riemannian symmetric spaces.

The book of Ismagilov [16] is devoted to the representations of two classes of
infinite-dimensional Lie groups: that of current groups and that of diffeomorphism
group and some of their semidirect product.

The book of Neretin [34] is devoted to the representations theory of the following
infinite-dimensional groups: groups of diffeomorphisms of manifolds, groups
associated to Virasoro or Kac—-Moody algebras, infinite groups of permutations
S, groups of operators in Hilbert spaces, groups of currents, and finally groups of
automorphisms of measure spaces.

The book of Albeverio and coauthors [2] is devoted to representation theory of
gauge groups and related topics.

Let S, = J,>; S be the group of finite permutation of the natural numbers. All
indecomposable central positive definite functions on S, , which are related to factor
representations of 11}, were given by Toma [42].

Later Vershik and Kerov obtained the same result by a different method in [43]
and gave a realization of the representation of type II; in [44].

In [35,36] Obata construct and classifies a family U%* of uncountably many
irreducible representations of the group S.. This family consists of induced
representations.

In [18] generalized regular representations {7 : ze C} of the group S, x S, were
studied. These representations are deformations of the biregular representation of
S, in (S,). A two-parameter family of the generalized regular representations
T.. of the group S, was mentioned also in [18]. In [8] the corresponding spectral
measure P.. was studied. The correlation functions are of a determinantal form
similar to those studied in random matrix theory.

In [7] the asymptotics of the Plancherel measures M), for the symmetric groups S,
is studied. It is shown that M, converge to the delta measure supported on a certain
subset Q of R? closely connected to Wigner’s semicircle law for distribution of
eigenvalues of random matrices. In particular this gives a positive answer to a
conjecture of Baik et al. [3].

In the present article we will consider only the approach which deals with the
analog for infinite-dimensional groups of the regular and quasiregular representa-
tions of finite-dimensional groups. Let G be an infinite-dimensional topological
group. To define an analog of the regular representation, let us consider some
topological group G, containing the initial group G as a dense subgroup G = G (G
being the closure of G). Suppose we have some quasi-invariant measure g on X = G
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with respect to the right action of the group G, i.e. « = R, R;(x) = xt~!. In this case

we shall call the representation %G an analog of the regular representation. We shall
denote this representation by 7%#, and the Conjecture 1 is reduced to the following
Ismagilov conjecture.

Conjecture 2. The right regular representation T®* : G— U(L*(G, p)) is irreducible if
and only if

(1) phLuvieG\{e},
(2) the measure u is G-ergodic.

Remark 3. In the case of the right regular representation, the group o(G) =

R(G)' = Aut(G) obviously contains the group L(G), the image of the group G with
respect to the left action.

The work [14] initiated the study of representations of current groups, i.e. groups
C(X,U) of continuous mappings X+ U, where X is a finite-dimensional
Riemannian manifold and U is a finite-dimensional Lie group.

The regular representation of infinite-dimensional groups, in the case of current
groups, was studied firstly in [1,3,4,15] (see also the book [2]). An analog of the
regular representation for an arbitrary infinite-dimensional group G, using a G-
quasi-invariant measure on some completion G of such a group, is defined in [23,25].

For X =S', U a compact or non-compact connected Lie group, a Wiener
measures on the loop groups G = C(X,U) were constructed and their quasi-
invariance were proved in [31-33].

Conjecture 2 was formulated by Ismagilov for the group G = B} and any
Gaussian product measure on the group G = BV and was proved for this case in
[23,24]. Here G = B is the nilpotent group of finite upper triangular matrices of
infinite order with unities on the principal diagonal and BY is the group of all upper
triangular matrices of infinite order with unities on the principal diagonal.

For any product measure on the group BY Conjecture 2 was proved in [26] under
some technical assumptions on the measure.

In [25] the criterion was proved for groups of the interval and circle
diffeomorphisms. For the group of the interval diffeomorphisms the Shavgulidze
measure [40] was used, the image of the classical Wiener measure with respect to
some bijection. For the group of circle diffeomorphisms the Malliavin measure [32]
was used.

Whether the Conjecture 2 holds in the general case is an open problem.

Let us consider the special case of G-spaces, namely the homogeneous space X =
H\G, where H is a subgroup of the group G and the measure y is some quasi-invariant
measure on X (if it exists) with respect to the right action of the group G on the
homogeneous space H\G. In this case we call the corresponding representation 7%#\¢
an analog of the quasiregular or geometric representation of the group G (see [27]).
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In [27,28] the Conjecture 1 was proved for the nilpotent group G = B} and some
G-spaces X", me N, being the set of left cosets G,,\B", where G,, are some subgroups
of the group BY. Here u is an arbitrary Gaussian product-measure on X™. In [29] it
was shown that Conjecture 1 holds for the inductive limit G = SLy(200,R) =
lim, SL(2n — 1, R), of the special linear groups (simple groups) acting on a strip of

length me N in the space of real matrices infinite in both directions, and the measure
u being the product Gaussian measure.

In the present article we prove Conjecture 1 for the solvable infinite-dimensional
Borel group G = Borg‘ acting on G-spaces X, meN, where X" is the set of left
cosets G,,\Bor", and G,, are some subgroups of the group Bor". The measure u can
be any Gaussian product-measure on X".

2. The infinite-dimensional Borel group Bor)

Let Ej, be infinite-dimensional matrix units k,neN. We define the infinite-
dimensional group of upper triangular matrices

G = Bor™ = {x = Z Xien Epen| X1n € R, X 0,k ne N}
1<k<n
and the subgroup

G = Bory = {xeBor"|x — I is finite},

where I = 3", _\ Ex is a neutral element in the group Bor".
We call Bor}' the infinite-dimensional Borel group. Obviously Bor})' is the inductive
limit Bor}) = lim,, Bor(m,R), of the finite dimensional (classical) Borel group

BOI’(I/}’Z, IR) = {X = Z xknEkn|xknEvakk¢07 1 <k<n<m},

1<k<n<m

with respect to the imbedding Bor(m,R)sx+>x + E;i1 1 € Bor(m+ 1,R). For
meN we also define the subgroups G,, resp. G" of the group Bor" as follows:

Gm:{xeBorNx: Z xk,,Ekn—i—zm:Ekk}a

m<k<n k=1

o0
G" = {xeBorNx = Z XinEwn + Z Ekk}.

I<k<mik<n k=m+1
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Since Bor™ = G, - G" the space X" of left cosets X" = G,,\Bor" is isomorphic
to the group G”. By construction, the right action R of the group G is well
defined on the space X™. More precisely if we define the decomposition
X =X, xX"

B()}’N SXF=> Xy, . xMEGm ' Gm7
the right action R, will be defined as follows:
R(x™) = (x"t™")", Xx"eG", teBor.

Define the measure u” = ,u’(’}j 4 ON the space X"~ G™ by the formula

d:u'(/?),’a) (x) = ® dlu“(bkn,ak,,) (xkn) ’

I<k<mk<n

where b = (bin)<ps @ = (@kn) i <p» in >0, ar, € R and the one-dimensional Gaussian
measure i, is defined as follows:

iy (t) = (b/1) Pexp(~b(t —a)’) dt, b>0, acR.

Lemma 4. We have (,uz'; a>)R’ ~ P‘?},.a) for all te Bor!, where ~ means equivalence.

Proof. Let us fix some 7€ Bor}). Since the group Bor)) is the inductive limit so
te Bor(p,R) for some peN. Hence we are in the case of the right action of some
locally compact group G on some finite-dimensional homogeneous space X = H\G
with some quasi-invariant measure.

Let us suppose that p>m, if p<m the proof will be even simpler. We define two
subgroup G"(p) and G,,(p) of the group Bor(p, R)

G"(p) = G" " Bor(p,R),  Gp(p) = Gy Bor(p, R).

Then Bor(p,R) = G, (p) - G"(p) for m<p. Since for te Bor(p, R) the right action
x> R;(x) changes only a finite number of coordinates of the point xe X", so we are
in some finite dimensional subgroup X™(p) = G,,(p)\Bor(p, R) ~ G"(p) of the group
X" ~(G". The measure :“’(7),[4) is a product Gaussian measure, hence the projection

1(} (p) of this measure onto this subgroup G"(p)

dﬂ?;,a) (p) (X) = ® d“(bk,,,uk,,) (xkn)

I<ksmk<n<p
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is equivalent with the corresponding Haar measure on this subgroup. We note that
the Haar measure dh(x) on the group Bor(p,R) is equal

-1
dh(x) — |detl(x)| H dxkn = < H |xkk|> H kan,

1<k<n<p 1<k<p I<k<sn<gp

where dx is the Lebesgue measure on the real line R. Hence the Haar measure
dh™(p)(x) on the group G"(p) is equal

-1
dn™ (p)(x) Zm L Hgnsp dxp, = (1 Hm |ka|> 1 H dxpn.

So for te G"(p) = Bor(p, R) the Haar measure dh™(p) is right invariant by definition
of the Haar measure. It is easy to verify that for another 7€ G, (p) = Bor(p, R) it is
quasi-invariant. [

Let us define the representation
TREM 2 Bory v U(Hyy = L*(X™, 1} )
by the following formula:
(T ) () = (dpyt (RN (X)) Jdug () P (R ().
It is natural to call this representation an analog of the quasiregular or geometric

representation.
Let us set for teR, k,neN, 1<k<n<m,

0 b . 1 0
S/%n(:u) = Z ;1 (2b + aim>7k<n5 S)fn(:u) = 2 Zbﬂm aima

m=n m=n

o0

S,fn (u,t) = Z Cm—l—Z km (=2 + Ly’

m=n

Let also Py =Y o' Ew — 2Ek, | <k <m. In the case m = 2 we have
-1 0 1 0
P1 — y PZ = )
0 1 0 -1

1 ¢ -1 ¢
exp(tE1z)=<0 l) and exp(tElz)Plz(O 1>.
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Theorem 5. Four following conditions (1)—(iv) are equivalent for the measure p = ,u?’}h a)

(i) the representation TR*™ is irreducible;
(i) pt L u for all te Bor(m, R)\{e}, where L,(x) = tx,xe X";

(iii)
(a) phre Ly, 1<k<m,
(b) phewtt L ¥ eR\{0}, 1<k<n<m,
(c) plewimwr | yWeeR, 1<k<n<m,
(iv)
(a) St (u) = oo, 1<k<m,
(b) SE (1) = oo, 1<k<n<m,

Moreover (iii)(a) < (iv)(a), (iii)(b) < (iv)(b) and (iii)(c) < (iv)(c).

Remark 6. We note that the measure ,u’(’;, ) On the space X™ is Bor))-right-ergodic

since it is a product measure.

We note also that conditions (iii)(a) for 1<k<m are the particular cases of
conditions (iii)(c) for r=0 and 1<k<n=m. Indeed exp(tEwm)Pr|,_o=
Py, 1<k<m.

Proof of Theorem 5. It is sufficient to prove the following implications:
(1) = (i) = < (1ii))(b) = (@{iv)(b) p = (i).

Parts (i) = (ii) = (iii) are obvious. To prove (iii) = (iv) it is sufficient to consider
the elements Py = > Eyy — 2Ek, | <k <m in the group Bor(m, R) (see Lemma 9),
the one parameter subgroups exp(tEi,) =1 + tE, |<k<n<m,teR\{0} of the
group Bor(m,R) (see Lemma 10) and the following images of these subgroups:
exp(tE,)Pr, teR (see Lemma 12).

Remark 7. In [27,28] it was proved that in the case of the connected nilpotent group

G =B(m,R) = {I—i—x =7+ Z anEkn|an€R}

I1<k<n<m
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it is sufficient, for (/‘?zla,a))b J_,uz';j,a)VteB(m, R)\{e} to verify only for one-parameter
subgroups exp(tEx,) = I + tEp,, 1 <k<n<m,teR\{0} (which generate G).

However in the case of the solvable (non-connected) classical Borel group
G = Bor(m,R) it is not sufficient to verify the conditions (M?Z_a))L' ST
Bor(m,R)\{e} for one-parameter subgroups exp(tEy,), | <k<n<m,1eR\{0}. Even
if we add all the elements Py, 1 <k<m it will still not be sufficient, in general. This
can be seen by the following.

Counterexample. Let m = 2 and let the measure ,u be defined by taking a;, =

i1 = bin = 1,by01 = (n+1)*,neN. In this case SILI( ) = Sh(u) = Sty(u) = .
By Lemmas 9 and 10, we conclude that (u % ))L'Eu» J_u%baa)Vte R\{0},k = 1,2 and
(1, )0 Lpi?, ) Vie R0}, But S5 (1,2) =5 300, pe 4 3007, B (—2a1, +
2ay)’ =30, 1< 0. Hence, by Lemma 12 we conclude that ( #%hm)LexpuElz)Pl ~ ,u%b:a).

The idea of the proof of irreducibility (i.e. part (iv) = (i)): Let us denote by A" the
von Neumann algebra generated by the representation TR+

A" = (T} |te G)".

We show that conditions (iv) imply (") <= L (X™, u™). Using the ergodicity of the
measure u" = '“?Z.u) this proves the irreducibility. Indeed in this case an operator
Ae(A™) should be the operator of multiplication by some essentially bounded
function aeL*(X™ w"). The commutation relation [4, T*"] =0 Vre Bor)
implies a(xt) = a(x)(modu™) Vie Bor}), so by ergodicity of the measure " on the
space X we conclude that 4 = a = const. This then proves part (iv) = (i) of
Theorem 5.

The inclusion (A") = L®(X™, ™) is based on the fact that the operators of
multiplication by independent variables xz,, | <k <m, k<n, may be approximated (if
conditions (iv) are valid) in the strong resolvent sense, by some polynomials in the
generators Ay =4 Tﬁ’;g; l,—o,k,neN,k<n i.e. that the operator xy, are affiliated
to the von Neumann algebra 2.

Definition. Recall (see [10]) that a non necessarily bounded operator A4 in a Hilbert
space H is said to be affiliated to a von Neumann algebra M of operators in this
Hilbert space H, which is denoted by AnM, if exp(itd) e M for all teR.

Remark 8. We will prove the approximation of xy, firstly for one vector
le L*(X ’",uz” ). Secondly, the approximation also holds for some dense (in the

space L>(X™, ,u'” )) set D of analytic vectors for the corresponding operators

D=1ls(X"= H X

I1<k<mk<n

aeA),
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where A = {0 = (%n)| < <mi<nt are the set of finite (i.e. oy, = 0 for a large n )
multi-indices oz, = 0,1, .... and /.s.(f,) means linear space generated by the set of
vectors (f,). So using the [39, Theorem VIII, 25] we conclude that the convergence
holds in the strong resolvent sense. The proof is the same as the proof of [24, Lemma
2.2, p. 250]. Since the generators A,f,;'" are affiliated to the von Neumann algebra ™
so the limit xy, is also affiliated.

We have for the generators the following expressions:

m k

Rm Rm

A" =Y xuDp, m<k<n, AZ" =" xgDp, 1<k<mk<n,
r=1 =

where D/(,, = 8/8xk,7 — bk,,(xk,, — ak”).
The approximation uses conditions (iv) and is based on the following estimation
(see for example [6, Chapter I, Section 52])

Zxk_1> (Z lk> m

k

min E akx
xeR"( k

We will also use the same estimation in a slightly different form

Zxkbk—l> (Z Z) 1. (2)

k

Q@( E akxk

. . . p2\ !
The extremum in (2) is obtained for x; = z—:(zzzl ;—i) .

In what follows, we will say that two series >, nar and )", bx with positive
elements ay, by >0 are equivalent and will use the notation Y, @k ~ D cn Dk if they
are convergent or divergent simultaneously. It is easy to see that for positive
ay, b >0,keN the following asymptotic holds:

dj dj
—* < = 3
Here and in the following we shall use for two sequences (ay),.n and (b,),.n the

notation a,~b, as n— oo, if for some const C;,C,>0 and a large numbers
N eN holds

ay < Ciby < Cray.

In this case we say that the sequences are “equivalent at infinity”.
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Proof of part (iii) = (iv): This follows from Lemmas 9-12. Let us denote by y, the
measure

e = ® Kb ain) -
n=k

Then obviously uf, , = ®}L u. We will prove (iii) = (iv) only for m = 2. For

(i
another m>2 the proof is similar. To prove (iii)(a)<>(iv)(a) it is sufficient to
consider m = 1 and the measure u! = ,u%b a) In this case P = —E/;. We prove a little

more, namely

Lemma 9. The following three conditions are equivalent:

M (u (lba) " Lpfy V1€ Bor(1,R)\{e} = GL(1,R)\{e};
@) (u (lb )E A (x )—H(zm)(— )J—.U(bﬂ)(x)%
() Sfi () =232, cnbunai, = ©.

Proof. Let us consider ¢:=tE;;€Bor(1,R). We have L,(x) =tx =), \tXinEin,
S0

d(:u(lb‘g))Ll(x) = ® ,Lt bm al xln ® eXP bln(txln - aln)z) dlxln

neN

=®

neN

= dﬂ(zzb.a/z) (x).

eXP lzbln(xln - aln/l)z) dxi, = @)N d'“(tzb]n,aln/t)
ne

It is known (see [17,41]) that two Gaussian product measures u(lb’a) and ,u%b,ﬂ,) on
X'=2R* =R x R x --- are equivalent if and only if (1) ﬂ%b,o)Nﬂgb',o) and (2)
'u%b,a)Nﬂ(lb,a’)' Otherwise they are orthogonal. Condition (1) is equivalent with

4b1,b1 .. . . . 2
[Lien m>0 and condition (2) is equivalent with Y, _« bin(a1, —a1,')” < 0.

. . 4£2h b 2 .
Obviously 10 Ltiy0) since TToen g 5% = [en (,2%)2 =0 if f#1, so
L

('“Eb,a)) - thzb o/t J_/Jébmwe R,|t|#1,1#0. In the case ¢=-—1 we have
(:“Eb,a))LiE” = Eb’w) SO (ﬂébw)LEll J_,ug,w) if and only if
Zne Nbln(aln + aln)Z = 4Zner1"a%n =o. O

Equivalence (iii)(b) <> (iv)(b) follows from the following
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Lemma 10. For the measure ,u%b’a) = u; ®u, one has (1, ®,u2) SPE2) ~ (1 @ py )V E
R\0 =

1 &b 1
Sﬁ(,u)zz Iy Zblna§n<oo. (4)

Proof. We will use two obvious formulas (the second formula follows from the first
one)

\/1% /R exp(—bx* + cx) dx = \/ll;exp (22), (5)
\/i /Rexp(—b/Z[(x + s)2 + x?]) dx = exp (— b4s2> (6)

Since

1 ¢ 1 ¢ ; +t
exp(tEpp) = ( ) and exp(fElz)(xm> = ( )(Xh) = (Xln in)7
0 1 X2n 0 1 X2n X2n

we have for the Hellinger integral H(u,v) (see [30]):

H((1y ® )12y @ py)

o0

Lexp(:
= H H((M(bln alu) ®M b2rl 0’?7;)) plt2) ’ M(bln:alﬂ) ®M(h2f1~,02n))
n=2

/b1,b
n 2n < xln + X2y — aln)2

+(xln - aln) ] b2n(x2n a2n) ) dxln den

by, 2b1uX3
/ ieXp <_% - b2n(x2n - a2n)2> den
R

1 4

)
0 b b
= /l \/%exp (—x%n (b2n + 41n> + 2banaznXon — b2ﬂa§n) dxa
R

\::8
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if and only if

o0

L 2

SE (u § i 5 b, <. O
n=2

@‘
S

Remark 11. To obtain the same conditions we may use the generator corresponding
to the left action of the group exp(zE;,) on the space X2.

Indeed if (u(zb’a>)Le*P<’Elz)~ 'u%b,a) we can define a one-parameter unitary group

L"“%h.a)
T as follows:

exp(tE12)
2 2 L;(l (tE>)
Loty 0) _ (d.u(gw)) PUEL) (x) 4
(TexP([ED}f )(X) - dﬂ(zb,a) (X) f(Lexp(tElz) (x))

A direct calculation gives us the generator

ALsnu(ha _ d T b(/ | - D
12 dt 1+x15.2 =0 = Xonln,

where Dy, = 0/0xkn — biu(X1n — a1,,). Finally we get

2
L,‘uz‘ 2
||A12 (M)IH =

0

Z x2nD]nl

n=2
i“xb(x a ib (1 ) SE (u).

= 2nP1n\X1n — ln A ay =M
o 2 \2b "

To prove (iii)(c) < (iv)(c) we use

Lemma 12. For the measure ,u(zbﬂ> we have (#?bla>)LexP(Ib17)-"l ~ /l Vte R<

b, 1 &
S (=7 Z by D b2 + 1)’ < o0, (7)
2n n=2

Proof. Since

eXp(lElz)Plz((l) i)<_01 (1)>:(_01 i>
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¥ *1 t n - +t n
wemon ()= (o D))= (")
Xon 0 1 Xop Xon

we have for the Hellinger integral H(u,v) (see [30]):

and

LCX L. 2
H((:u%b,a)) P20 ) M%}Lﬂ))
0
Lex 1
= H H( H(byyain) ®N(b2nwa2n)) peEDR (#(blmaln) ®'u(bzn,d2n)))

= b1,b b
= H /2 1;22” €Xp <_ %[(_xln + X2y — aln)z

2
+ (xln - aln)2] - b2n(x2n - a2n)2> dxip, dxap

:(since — Xip + X2y — a1y = _(xln - aln) + (_2aln + txZn))
- [bay bin(—2ay, + txs,)?

= H / iexp ! ( ! 2 ) - bzn(XZn - a2n)2 dx2n
prai) R! Y 4

. = bon 5 by
_g /Rl \/7exp<—x2n(b2n+ 2

*blnaln b2na2,1) dxy

n) + x2n(2b2na2n + tblnaln)

bty + thinai,)’
( 2;_[72” + 12[1;: 1") - (blna%n + bzna%n))
n n
b _ 2
ln( 2a1n + taZn) >0
4(1+ 5
if and only if
L— & 1 & 2
Sli (:ua Z) = Z b— E Z bln —2a1, + taZn) < 0. U
n=2 21 n=2

This finishes the proof of Theorem 5(iii) = (iv).
Proof of Theorem 5 (iv) = (i): Let us denote by (f,|neN) the closure of
the linear space generated by the set of vectors ( f,),.n in a Hilbert space H. For

the measure dp ) (x) = (b)) Pexp(—b(x — a)*) dx on R we shall consider the
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following expectations, using the notation Mf for fe L' (R, Kp.a)), With

M = [ 10 di (),
Mx=a, Mx*=2b)"'+d>=¢, Mx=302b)"a+d~ac, (8)
Mx* =3(2b) 7 +6(2b) 'd* +a*~ ¢, 9)

M|x> — Mx*)? = Mx* — (Mx?)? = 202b) 2 +4(2b) "> ~(2b) 'e.  (10)
If D=d/dx — b(x — a) and Dy, = 0/0xpn — bjn(Xkn — ar,) we have

MD*1 =—b/2, M|D1* =b/2, M|D*1] =3(b/2)*, (11)
M|(D* — (MD*1)1* = 2(h/2)*, (Dys1,1) =0, (12)

(Dinl,Di1) =0, ((Di, — MD*1)1,Dy,,D1) =0 for (kn)#(rs).  (13)
For m =1 we have

R1 Rl
Aln = x11D1, 1 <, Ak,, :xllen72<k<n-

Lemma 13. We have for neN
X11X1, € <Afk’1A5k’11 = X11X1,,D%k1‘k€ N,n<k>.
Moreover x“x],,ni’ll.

Proof. We have AR'AR'1 = x1x,D}1. Since by = MD}1=-t% and

S ktkMD? 1 =1 hence
blk
Dy +—5- )1
( 1k + 2)

2

N 2

= [lxuxwll® > 4

k=1

N
R1 (R,1
[Z tkAlk Ank —xllxl,,]l

k=1
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Using (2) and a; = c11c1n||(D%k ””‘)1|| = cllc1n2(%) ~2(%) we have

2| N
> uMDj1=1

min ‘

[Z ZkA nk xllxln‘|1

(e} = Je=1
-1
N2
i) w-x, (bu/2)*
~(28) Etoen g iy B o5 o
k=1 %k G W 2(0u/2)° keN

Lemma 14. One has
xip€ (xpxilkeNy < St (p) = 0.
Moreover xllrﬂll.

Proof. Since by = Mx . = air and >, tp Mxy = 1, hence

2
’HZ thnxlk—xn]l :HXHHZ‘HZ X1k — 111
x %

2

2
=i Z (X1 — aw) || = cn Z 2lxik — awl)”
k k
—en Y ’ZLNZ 2 b
T K2by T K2by
Using (2) we have
2 N
IBII] [Z eX11 X1 — x“] 1 Z tMxy =1
K} k=N,

keN Ak keN

-1
Nz bi Nz*)w

_ E Zk 0@00—2 —~E by = St (W) O
i=n, 9k

So x;; and xj;x; are affiliated to the von Neumann algebra A' and hence

xn ', keN. This completes the proof of the Theorem 5(iv) = (i) for m = 1.
For m =2 we have

R2 R2
A7 = x11Dyp, 1<, Akr; = X1 D1y + x01 Doy, 2< k<.

1n
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We have 4 conditions:
L L L L,— —
Sti(w) = Spp(u) = S»(w) = o, S5 (1) = oVieR.

Consider the two cases:
() X g bim/bom = 0,
(b) >omis bim/bam < 0.
We use the expression Afr;zAflf = xnxlkD%n + x11x26 D1, D2y,

Lemma 15. We get for neN

xuxin€ (AR AR keN, n<ky <> by /by = 0.
n=2

Proof. We have
AR 2Ank = x11 Dix (X1, D15 + X2, D) = x11x1,D%; + x11X2, D11 Doy

Since by = MD3} 1 = — %% and ", 44 MD?,1 = 1 hence

2
1

N
R2 (R2
[E A AT + XX,
=

N

=l > 4

k=2

2

b1k
|:x1n (D%k + D ) + x2nleD2k:| 1

Using (8), (11) and (12) we have

ai = €11

b
[xl,, (D%k + ;) + inleDzk:| 1

2
b b b
= ¢y <Cln2( ;k) + znék;k>

~ (b%, + bikbax) so, using (2) we get

2y

> uMD}1=1

L} k=2

N
[z AL AR ] |

k=2

min ‘

-1
N 2 o0 2 o0 o0
bk N- b/ ( ) b1k
= E =] — 0w = E L~ E — 0
( ak) a4 b+ bubx +b1kb2k

k=2

So, in case (a) we have x“xlknmz,ke N. By Lemma 14 we have
xi1€ {xnxi]l <k) < SE (1) = 0. Since x11,x11x1x and x1, Dy, are affiliated to
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the algebra A° we conclude that xix and Dy, are also affiliated to the algebra A,
Hence A}If,f — X1uD1x = X2, Dy, 2<n<k and x2,x2, D3, nA*, 2<n<p<k. By
analogy with Lemma 13 we conclude that x;,x,,2<n<p are affiliated to the
algebra 2°.

Lemma 16. We have for n=2

Xon € {xopxoi|keN,n<k) @S%z(u) = 0.

Proof. The proof is similar to the one of Lemma 14. [

So xonA?, k=2. This proves the irreducibility for m = 2 in case (a).
Now we consider case (b). For 2<p<n<k we use the expression

Afk’zAf,f = (x1p D1k + x2p Doic) (X1, D1k + X2, D)

2 2
= xlpxlnle + (xlpx2n + x2pxln)leD2k + x2px2nD2k~

Lemma 17. We get for p,neN,;2<p<n

0
XopXop + ﬁ(p,n)xlpxlne <A5k2A5k21|k6 N,n<k) if 2y = Z b%k/(blk + b2k>2 = 0
k=n+1

and when the limit exists lim,, f,,(p,n) = f(p,n) eR, where

s buba (g BT
Bulpsm) == 3 ak(P’”)<k;—1 ak(P’”)> "

k=n+1

and

ak(pa n)

b\’ b1k bay b\’
= Clpcln2 7 +(Clpc2n + cpCin + 2alpaZnaZpaln> 77 + C2pc2n2 7 .
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Proof. Since by = MD3,1 =~ and 3, ttMD3,1 = 1 hence

N
‘ [Z Ay A+ (xapxan + Bp,m)xipxin) | 1
k=n+1
- N 2 blk
= Z t | X1pX1n le+7 + (X1pX2 + X2pX10) D1 Dose
k=n+1
) bzk a blk
+ X2pXon D3, +7 1 + X1pX1n ﬂ(P Z Tk —
k=n+1
ul bk
< Z Iy |:xlpxln (D?;ﬁj) + (X1pXon + X2pX10) Diic Dok
k=n+1
b
T o (ng +;>]1H - Wl ()
k=n+1
Since
ul bk
Z 1 {xlpxm (ka + 5 ) + (X1pX20 + X2pX10) D13 Dagc
k=n+1
b 2 X,
+x2px2n D2k + 2 1 = Z Zkak(p7n),
k=n+1

where (we will use (8), (11) and (12))

ak(pan)
_ >, b b :
= ||| X1pX1a | Dix +7 + (X1pXan + X2pX1n) D1k Do + XapXan | D3y + — > 1
b \* b b by \*
= Clpclnz <;k> +(Clp02n + C2pClin + 2a1pa2na2paln) 21k ;k + CZpCan <§k>
~ay = (b + bZk)z, using (2) we have
a bk
min Z Tk [lexln (ka + ) + (X1pX2n + X2pX15) D1 Dog
{a} k=n+1 2
bzk 2 N _IN
2 — 0
N e L IR TR ot T
=n+1 k=n+1

b2
@OO_ZM@ ~y

ke
feen ien (D + bax)
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. b2, \—
Using (2) we get # = _Zakb(Z;,n) HINE Tatm) "so

N N 2 -1
b _ bixboy b2k
05 =3 (Z daim| =P

k=n+1 k=n+1 k=n+1

To complete the proof of the lemma it is sufficient to use (15). [

Lemma 18. Let we have three sequences of real numbers (a,),(b,) and (o) with
(@) >0, cn @n = 0, S0 bkl (0, a) ' <C,meN,  for  some C>0 and
lim, o, = a#0. If the limit exists lim,, f5,, = f€ R, where

m -1
ﬁm Z bk (Z al\’) ) (16)

then the limit also exists lim,, f,,(2) = (o) eR, and f(a) = f, where

—1

:[))m(oc) = i Ockbk <Zm: O(kak> . (17)
k=1 k=1

Proof. Let us put ¢, = a, — «, then lim, ¢, = 0 and we have
_ -1
Z;?:]akbk o ﬁm +a lZlelskbk (227:1“/6)

P (2) = = m T
" ZZ:]OCkak 1+“712k:18kak(2k:161k) !

It is sufficient to prove that lim,f; ,, = 0 and lim,,f8,,, = 0, where

m m -1 -1

=3 st (ar) a3 (S )
k=1 k=1 K

We prove that lim,, f8,,, = 0. Indeed, let us fix some 6>0. We can find a number

N eN such that |g| <9, k> N and for this number N we can find another number M

such that |Zk | rai|( N+M ar)”' <4. Finally, we have

|Zk 15kak|+52k N+1ak

S <3 +06=126.

Baniml<
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To prove that lim,, $, ,, = 0 we have

N+M N N+M
8 = 1> Skbk|<|Zk:1 exbi| 4 03wy 1bx]
ILN+MI| — N+M = N+M
dok—1 ak k=1 @k

<0+ 6C,

if we chose N like before and M such that |SF | exby| (S0 ar) ' <. O

To prove that f(p,n) in Lemma 17 does not depend on p and #n let us denote by

poo buwbw b (buct b’

) k 3 k
(bi + b))’ (bu + ba)? ax(p,n)

In case (b) we have

b3, .
a, = — = o0 and lim oy #0.
/;1 % (bix + bax)? k

Indeed

ol ar(p,n) _ Clnclp( b )2
, (bix + b)’ 2 \bix + b
b1k

+ (ClnCZp + CoanClp + 2alna2pa2na1p) - .
Abuc + buc)’

2
L Sy ( bk )
2 bk + b ’

so limg o' =242, hence limy o = —2-#0. Then using (14), (16) and (17) we

conclude that f8,,(p,n) = f,,(o). By Lemma 18 we have p(p,n) = (o) = . We show
that f = 0 in case (b). Indeed, in this case we have

< b%n : - bln - bln
72<OO since OO>Z b7~ 71) o
n=2 (bln + b2n) n— Y2n n= Yln + Doy

Using Cauchy—Schwarz—Bunyakovskii inequality we have

1/2 1/2
i ‘b1"b2n| < i b%n i b%n
n=2 (bln + b2n)2 n=2 (bln + b2n)2 n=2 (bln + b2n)2

hence

n=2 (bln + b2n n=2 (bln + b2n

Y b 12 / n b2 ~1/2
el i) k)

so f=Ilimy y =0.
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Hence by Lemma 17 we have in case (b) xszznnﬂz,ZSpén. By Lemma 16 we
conclude that xz,,nQIZ ,2<n.
Now we use the combination for 2<p<k<n

R2 -
ARZ g% X1pD1n + x2p D2y X146 D1 + X2 Doy
det| P" kn | — det| T ’
X2p X2k X2p X2k
[x1pD1n X16cD1n
=det|” "
L X2 X2k
—xlp X1k
=det :|Dln = (X1pXok — X1xX2p) D1
L X2p X2k

Multiplying the latter expression by Af,;z = x11D1, we get x11(X1,Xk — X16%2,) D3,
Using the same argument as in Lemma 13 we get

X1 (X1pxar — X1ex, )2, 2<p<k. (18)

By Lemma 13 we have x},#2 and since x,,72*,2<n, using (18) we get (x~'),, =

(xnng)*l(xlszk — xszlk)nQ[272<k, and (x’l)Zk = —ka(ng)fl,k>2 (see Remark
19 for details).

Remark 19. In the case of the group B acting on the space X* with the measure
(p,q) under the conditions > i b1k /ba < o0 it was possible to approximate (see [27])
firstly the elements (x~'),,,n>2, further (x~!),,,n>2, of the inverse matrix X' and

only then the element (x~!);, = —x|, where
1 xpp X135 ... X !
X '=]10 1 X23 ... Xy
0 O 1 ... 0
I —x1p —Xxp3+XpXx3 ... =X+ X12X2,
=10 1 —X23 —Xop
0 0 1 0

In the case of the group Bor)) acting on the similar space X? with the measure Hb.a)
(we use the same notation for the space and the measure) under the conditions
Z,:i 1 b1k /ba < oo we will have a similar sequence of action. We note that for the
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matrix X in this case we have

X1 X122 X133 ... Xin
-1
X = 0 X22  X23 e X2p
0 0 1 ... 0
1 X12 1 1
— - (X12X23 — X22X13) (X12X27 — X22X15)
X11 X11X22  X11X22 X11X22
=, L X Yo
X22 X22 X22
0 0 1 0
As before we approximate firstly the elements (x’l)zn = —x2n(ng)7l7n>2, further

(x’l)ln = (xllxzz)fl(xuxz,,—xzle,,),n>2, of the inverse matrix X~', then the

X1

element (x~');, = (x1)”' (Lemma 22) and at last the element (x~'),, = — 212,

Lemma 20. We have for 2<p

% 2
. a
x1p = Bra(p)xap € (x1pXak — xppx1i) |1 <p <k Hif Z ﬁ =®
k=p+1 2biyx " 2by

and when the limit exists lim, fy,,,(p) = B12(p) € R, where

-1

m m 2

N a2k (457"
ﬁlz,m(p) - E Cop + C1p E [N + C1p .

k=p+1 2by * 2by \k=p+1 2by ' 2by

Proof. Since ay = Mx» = ay and >, tx Mxy = 1 hence

N
[ Z e (X1pXok — X1xX2p) — (X1 — BIZ(P)XZP)] 1

k=p+1

N N
[xlp > el —ax) —xzp Y tlxik — ai)

k=p+1 k=p+1
N
—X2p< Z Lk — [M(P))] 1
k=p+1
N N
<||x1, Z tie(Xok — aok) — X2p Z (X1 — aik)
k=p+1 k=p+1
N
+ Z teave — Bra(p) |l |x2|l- (19)
k=p+1
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Since
N N 2
Xip Y tlvk —axw) —xyp Y el — aw)
k=p+1 k=p+1
)| & ’ )| & ’
= bepllP|] D0 ek — an)|| HlleapllP|] D tr(xix — ane)
k=p+1 k=p+1
N N
C1 &)
= ti(#"‘#) = > fGa(p),
v 2k 1k WS
where a;(p) = % + 2(2;, using (2) we have
N> N> 2 N>
ming |1xi, Y (v —an) —xp > el —aw)|| | D tuMxy =1
{tk} k=N, k=N, k=N,
-1
N> b2 b2 2
N> a
= Z : _HLOQOO:Z : :Z €2 chlp'
&, () = oap) vt
-1
Using (2) we get #; = -, % Zl/?:,m &aﬁ , SO

2y " 2by 2byg " 2bay

-1

N N N 2
S nan= 3 (8 ) g
k@k — cy +c'lp 2 +i — PI12,N .

k=p+1 k=p+1 2b1k 2bok k=p+1 2b1k 2by

To complete the proof of the lemma it is sufficient to use (19). O

Using Lemma 18 we prove that f,(p) does not depend on p. Let us denote
bx = biaiao, ar = birds,

-1

m m
aikaoy i )
U = o (bikaicar) ", B = E biraira E bikas,

Clp
by 1 2by k=p+1 k=p+1

Since limy oy = 2c2‘p1 >0, and lim,, §,,(p) = f(p)eR so by Lemma 18 we conclude

that BlZ(p) = B = limm ﬂm'

Lemma 21. One has for 2<p

% P
. a
Bai X1y — xap€ {(X1pXok — X1xXop) |l <p<k ) if E %: o0

_1
k=p+1 2by; + 2byy.
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and when the limit exists lim, B, ,, = B € R, where

m m 2
N arg Ay
Pam= Y, T\ > Tt

ki1 e T 3y \kSpat o T 2y

Proof. The proof is the same as the proof of the previous lemma. [
Now we consider two subsets of the set N of all natural numbers:
Nl - {I’IGN|(12n aln} N2 = {I’IEN|CZ%H<(1%”}.

By definition we have

2 2 2 2 2 2

aln + a2n o aln + a2n =+ aln + a2n
Z Loy L - Z S Lo L
neN 2by, ' 2by, neNy 2by, " 2by,  neN, 2by, 2byy

24> 2a>
< g 4 E 2 =0, +02.
neny b T 35 nens 26y T %

with

2a?
0[221617”117 121,2

neN; 2by, ' 2by,

In the case (b) the left part of the latter inequality is infinity. Indeed,

2 2 2 2
ai, +a 2biu(a3, + a3)
E 711" 12” = E Z7in\ e T Ton) ™ 2n) E 2bln(a%n a%n)

neN 2by,  2by, neN 1+b2n neN
_Sll Z 2b1”a2n~Sll( )
neN
+ Z 2b1y <2b2 +a2n> = SlLl(,“) +4S1L2(N) = .
neN n

So g = o or g, = . Let, for example, o, = oo, then we conclude that

2
as, |a1na2n|
Z T = O Z ] 1
+ 55— 1+
neNs 2by, ' 2bia, kelp+lmnNy 2b1, * 2by,
2
a
0
kelp+1,m| AN, 2by, 2bay
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So for some subsequence (m;,), .y = N; the limit exists lim, ﬁ12mr B with |87 <1,

where
-1
2
N, aidic ayy
12,m — E : 1 1 z : 1 1

kelp+1,m ANy by + by \ ke[p+1,m AN,y 2bix + 2by

hence x;, — Blszxzpe {(xipXar — XieXxop) |1 <p <k so xy1(x1p — lexz,,)nQIz. If ﬂlsz =
0 we have xnxlprﬂlz hence x1111912 by Lemma 14 and so xj, also. In this case the
proof of Theorem 5(iv) = (i) is finished.

Let us suppose that ﬁ'INZZ #0.

Lemma 22. We have for feR

i (arx — Pax)’ _

xir€ {xn(xie — Pxap)|2<k) =2 =

ﬁ2 1
k= p+l 2[7lk 2[)2/(

Proof. Since M (xix — fxo) = (aix — Paz) and >, tpr M (x1x — fx2) = 1 we have

2

N
[ Z texn (X — Bxax) — xn] 1
k

=p+1
N 2
= |lxnlf? Z tel(xe — awe) — Bloxak — ax)]
k=p+1
_ XN:ﬂ(l"‘ﬂZl)NzN:[z(l_Fﬁzl)
T 2 by by ) T A b T 20)

At last estimation (2) completes the proof of the lemma. [
Using (b) and SIL[ (u,t) = oo we conclude that ¥, = oo. Indeed

5, = zw: (ai — ﬁazk)zzz i bu(aix — pax)’

) 2 b
k p+l 2;7,,( +p 2ble k=p+1 L+ p ﬁ
= blk — bk -
GO S~ Dk S P (e 2pa)? = STy (1.26) = 0.
k=p+1 2% k= =p+1

At last xy1(x1p, — fx2,),2<p and x;; are affiliated to A%, so (x1p — ﬂxzp)n‘uz and
finally xj, is also affiliated to A% (since xzpn‘llz). Thus we have
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xlk,xz,mQIz, 1<k,2<n. If now 6; = o0, we conclude that
2

Z aln = o0, Z |alnaZn|
S B N
neNy 2by, * 2by, ke[p+1,m| ANy 2b1, ' 2ba,

2

a
< ¥

N T
ke[p+1,ml ANy 2b1, ' 2by,

. . . N — N N
So for some subsequence (m;), =N the limit exists lim, f,/, = B/, By <1,
where

—1
Ny

2
_ aaok ai,
21,m — z : 1 1 2 : 1 1

ke[p-}—l?m]le 2b1x 2by ke[p-’—]ﬁm]r\Nl 2b1k 2bo

hence 57 x1, — xap € < (Xipxan — X1ex2p) |1 <p <k 50 x11 (B x1p — X2p) 2.
If O #0 we have B0 x1, — x2, = o) (x1, — fxzp) with = (). Lemma 22

finishes the proof in this case. If ﬁlNZZ = (0 we have x“xzanIz, 2<p hence x,;72° by

Lemma 16. We have by (18) xy1(x1px2 — xlkxz,,)nﬁlz SO X1pX2k — xlkxzpnﬂlz. We use
now the following expression XipXok — X2,X1k + X2p@ik = XipXok — X2p(X1k —
alk)a nggk
Lemma 23. We have for 2<p
0 2
Dk

X1p€ {X1pXok — Xop(X1x —an )1 <p<k) =23 = Z = .

KSpi1 2o T 3

Proof. Since Mxy, = ay and ), tix Mxy, = 1 we have

N 2
H > telxipxa — xop(xik = @) = x| 1

k=p+1
N 2
= 1| Y alxiplorak — az) — x2p(x1x — ani)]1
k=p+1
_ S 2 2
= >l — ax) = xpp(x1x — ane)]|
k=p+1
N N
— 2 Cip C2p> 2( 1 1 )
= il 5+ | ~ s+
k§+1 k<2b2k b k;l \2by, " 2by

At last estimation (2) complete the proof of the lemma. [J
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But in case (b) as before ¥3~4S% (1) = co. This proves the irreducibility in case
(b) for m = 2.

The proof of Theorem 5(iv) = (i) for m>2 is similar. It follows the schema used
in [27] (see also Ref. [10] in [27]). O
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