VIK 515.1

ABTOoMoOpdizmu Ta eHgoMopdi3Mu po30UTTIB TOMOJOTIIHIX
ITPOCTOPIB

Cepri#t Makcumenko and €sren [Tomymax

Anoranisa. Hexait X — rononoriuaumii npocrip i A — nesike posdurta X 1Y = X/A — dakrop-
MHOXKHMHA HaJsiena Bianosiguoo dgakrop-ronosorieo. Toni rpyna H(A) asromopdismis A (robro
romeomopdizmis X, gKi 1epecraB/isioTb eJIeMeHTH PO3OUTTs) IPUPOAHUM YUHOM Jie romMeoMopdi-
3Mamu Ha Y. B poGori mocmimzKyeThest muTaHHs KoM BiAmoBiaHWit romomopdism i ¢ H(A) —
H(Y) B rpymy romeomopdismis Y € HenepepBHUM BiTHOCHO KOMIIAKTHO BiAKpUTHUX TOHO0ri. OTpu-
MaHi pe3y/ibTaTH MalOTh 3aCTOCYBAaHHS JIO TEOpil MapyBaHb.

1. Beryn

Hexaii X ta Y — tonosoriuni mpocropu i H(X) ra H(Y) —ix Bignosigui rpymu romeomopdi-
sumiB. Toxi icHye mpupoiHa JiBa [isi «3aminamu KoopauHaT» mpsmoro mobyrky H(X) x H(Y) na
npoctopi C(X,Y') Bcix Henepepsuux Bimobpazxkens X — Y, ska BU3HAUEHA 32 TPABUIOM:

p: H(X) x HY) x C(X,Y) - C(X,Y), p(h, ¢,p) — ¢popoh . (1.1)
[amumu croBaMu, MI Ma€MO HACTYIHY KOMYTATHBHY JiarpaMy 3/1iBa:
pL Ld)opohl pj jp (1-2)
y -y y 2oy

to6To mapa (h, ¢) € H(X) x H(Y) nepeBoaurh JiBy BepTHKAJIBbHY CTPLIKY IH€l JiarpaMu B Mpasy.

i1 Takoro BU1y BUHHKAIOTH Y BCiX 6€3 BUKJIIOUEHHS PO3/ILIaX MATEMATUKH B PI3HUX KOHTEKCTAX
i pisanx Kareropigx. Hampukian, koo X ta Y — (TOMOJIOrYHI) BEKTOPHI TPOCTOPH, TO TPUPOIHO
3aMIHOTH iX Tpynu romMeomopdi3miB Ha rpymu Jdiniitnux aBromopdismis, a C(X,Y) na mpoctip
(HenepepBHEX) Jinifinux Bigobpaxkenb X — Y.

g p € C(X,Y) nexait St(p) := {(h,¢) € H(X) x H(Y) | popoh™t = p} —crabinizaTop p
BigHocHO miei mii. TIpm mpoMy TOTOKHICTL ¢ o p o h™! = p iHoxi 3pyuHinre 3ammcyBaTn y BHLIAMIL
¢op=mpoh. Toai (h,p) € St(p) o3ravae kKomyTaTuBHICTH TTpaBoi Aiarpamu B (1.2).

Hampuknaz, wexait X =Y = R, ap € C(X,Y), h € H(X) 1a ¢ € H(Y) BusHaueni 3a
bopmynamu p(x) = 23, h(z) = 2z, ¢(x) = 8x. Toxi Toroxkuicts 823 = (22)3, o3Hauae MmO ¢ o p =
po h, To6to (h,®) € St(p).

Haranaemo, 1o Bimobpazkenus p: X — Y HasuBaeTbesd darxmoprum, KO BOHO CIOP’€KTHBHE,
a miamuokuHa A C Y € Bimkpuroio Toai it ume Toai, komu p~ ' (A) sigkputa B X. IHmmmvu ciosa-
Mu, Y Ma€ HafibiIbIln CHIbHY TOIIOJIONIO BiIHOCHO siKOI p HenepepBHe. /lobpe BijloMo i ejiemeHTapHO
JOBOJIUTRCSI, 110 KOXKHE sidkpume (abo samkHene) CIop €KTHBHE HenepepBHe Binobpazkenus € da-
KTODHHM.

B naniit poboTi BUBYAlOTHCs JesKi BaacTuBocTi crabinizatopis St(p) daxkropHux BimobpazkeHb
p: X =Y, nig akux Y He € raycaopdoBum mpoctopoM, (aus. miaposain 1.2). Taka curyaris gy zxe
THIIOBA Y BUMAAKY KoM X — I1e MHOTOBHU/L i3 33 IaHUM Ha HbOMY po36uTTaM A Ha 3aHYpeHi i IMHO-
TOBU/IH, SIKi MOXKYTh MaTH pi3Hi po3miprocTi, a Y = X/A — dbakTop-npocTip 1o JaHOMY PO3OUTTIO
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HaJlIeHH (paKTOPHOIO TOIOJIOTIE BIIHOCHO TpUPoaHOro hakTop-pimobpazkenus p: X — Y. Ilpu-
KJIQJIAMU TAKUX pO30UTTIB € mapysanHs, [40]|, po3burrsa Ha opbitu miii rpyn JIi Ha X Ta po36urrst
Ha (KOMIIOHEHTH 3B’3sIHOCTI) MHOXKUH piBHsA (dbyHKIiH Ha X, nus. Hanp. |5, 19, 4, 9, 15, 2, 3| Ta
inmii poboru. Binbir Toro, sKkimo geski auctku pozdurra A He € 3amkaenumu B X, (Hanpuk/iaz, €
MIBPHAME Y sIKifich BiAKpuTiii migmuaoxKuHi), T0 Y BiKe He Oyme HaBiTh 1] MPOCTOPOM.

1.1. TTocranoBka 3amaqi. /[s ronmosorigaoro npoctopy X mosxadaruvemo depes E(X) 1=
C(X, X) mpocrip Bcix HenepepBHuX Bimobpaxkenb X — X, saki Takoxk Oyje 3pyIHO HA3WBATH
endomopgiamamu X .

Hexaii mami A — geske posdurta X, Y = X/A —signosigna dakrop-muoxuna i p: X — Y
dakTop-Bi0oOpParKeHHsI, IKe CTaBUTh Y BIAMOBLIHICTH KOXKHIi#M Toumi © € X Toi €IuHUil eJleMeHT
w € A, skuit mictuth x. Hacuuennam (gidnocro A) migvmuoxkuaun L C X HA3UBATUMEMO MHOKUHY
Sa(L) := p~'(p(L)), mo € ob’cxnannsam Beix exementis A, siki mepernnaors L. Bixnosixno, L
HA3UBAETHCA Hacuywenoto, akmo L = Sa(L).

Crainytoun Tepminosiorii [14|, nenepepsre BimoGpaxkenss h: X — X Ha3uBaTUMEMO

— endomopdizmom po3ouTTa A, AKINO 71 KOKHOTO ejieMenTa w € A iioro o6pas h(w) micmumubces
B JiesKOMY (MOK/IHBO iHmoMmy) exementi w’ € A, tobro h(w) C w';

— snympiwnim endomopdizmom A, axmo h(w) C w mis Beix w € A, 10610 h Bimobparxkae KOxKeH
enemeHT A B cebe.

Lomeomopdizm h: X — X HazeBemo

— asmomopdiamom A, SKIIO JJIsi KOKHOrO ejemenTa w € A foro obpas h(w) momoscnud 3
JeakuM ejemMerTom w' € A, 10610 h(w) = w';
— eHympiwHim asgmomopdizmom A, skmo h(w) = w st Beix w € A.
MuoxkuHE BCix engomMopdismis ta apromopdiszmis A nosnadarumemo depes E(A) ta H(A),
a IX MAMHOXKWHU BHYTPImHIX engoMopdizmi ta aBromMopdizmiB — depe3 E;n(A) ta Hinn(A),
BinnoBitHO. MaroTh Miclie 0UeBUIHI BKJIIOUYEHHS:

Hinn (D) — H(A)—H(X)

]

Einn (D) E(A) £(X)

Kpiwm toro, Bigrocuno onepanil kommosurii Bimobpaxens E(A) 1a E;,,(A) € Monoinamu, a H(A) Ta
Hinn(A) — rpynamu, npuaomy Hi,,(A) € Hopmanbhoo B H(A).

Hexait h € £(A). 3rigno o3mademnusi, A/t KOXKHOTO w € A icHye equnnit w' € A, Takwuii, Mo
h(w) C w'. Tomi BiAMOBIAHICTD W — W' MOMXKHA PO3IJSIATH K BimoOparkeHHs ¢p: Y — Y, ske
3a/10BOJILHSIE TOTOXKHICTD ¢ 0 p = p o h.

JIEMA 1.1.1. Hadiaumo Y ¢arxmoproro monosoziero. Todi

(a) dasn xoocnozo h € E(A) indyrosane sidobpascenns ¢p: Y — Y € nenepepsnum;

(6) soxpema, axuo h € 2omeomopdizmom, mo ¢p — makooc 2omeomopdism, npuwomy (h,¢p) €
St(p), mobmo ¢pop=poh;

(B) eidnosidnicmo h — ¢y € 2omomopdismom monoidie : E(A) — E(Y), a ii obmesrcenna
Vlray: H(A) = HY) e comomoppizmom epyn 3 a0pom Hipn(A).

JIOBEJAEHHSA. Teepmkenns (a) € Bimomum Hacaiakom dakroprocti p, Hanp. [10, Prop. 2.4.2],
(6) caimye 3 (a), a (B) € HACAIAKOM KOMYTATHBHOCTI paBoi miarpamu B (1.2). O

Tomomopdizm ¢: E(A) — E(Y) nasuBatumemo 20momopdismom dii nHa npocmopi posbumma
A. Haginamo E(A) Ta £(Y) BiANOBIIHIME KOMIAKTHO-BIIKPUTHME TOHOJIOrAME. B naniit pobori
HaBe/IeHO JIOCTATHI YMOBH, 3a sIKUX roMoMopdism ¢ 6ye nemepeppanM (Jema 1.2.3, Teopema 1.2.6
Ta HACTITOK 1.2.7).



ABTOMOP®IZMU TA EHIOMOP®I3MI PO3BUTTIB TOIIOJJIOITYHUX ITPOCTOPIB 3

KopucHicTh TaKOTO TBEPAKEHHS MOJIATAE, 30KpeMa, B TOMY, IO TOJII BU3HAYEH] 1HIYKOBaHI T0-
momopdizmu mE(A) = mE(Y) Ta mH(A) — mpH(Y') BiAmOBIAHKX FOMOTOMIYHAX TPYI (& TAKOK
IPYI TOMOJIOTIH UM KOrOMOJIOTIiH), a OT¥Ke MOYKHA BCTAHOBUTHU MEBHUIT 3B’sI30K MizK TOMOTOIYHHY-
mu runamu rpyi E(A) ra £(Y), a TakoxK gKych J0AaTKOBY 1H(MOPMAIIIO 1IPO caMe po30uTTsi, JuB.
nanp. jsemy 4.7.2. Tomonorii Ta romoromiuni rpynu rpyn H(A) Busuanuch B 6aratbox poborax,
11, 38, 12, 13, 25, 24, 39, 23, 27|.

SIKIII0 OB/ IHKA eJIeMeHTIB PO3OUTTSI «240004bHO pe2ysapHay, (HATPUKIIAI, ¥ BUNAIKY, KO
p: X — Y € JIOKaJIbHO TPUBIAJBHUM DPO3IIAPYBAHHIM), TO JIesdKy iHGOPMAIio mpo 3B’ 430K MiK
H(A) ta H(Y'), 30KkpeMa, HemepepBHICTh 1), MOXKHA OTPUMATH CTAHJAAPTHUMHI METOJaMHU aaredpa-
igHOl Ta JudepeHIiaJIbHol TOHOIOorT 3a paXyHOK BJIACTHBOCTI HMiJHSATTSA IOMOTOIIM, JUB. 0OTOBO-
peHHsI HizK4Ie. AJle ByKe HABITh B CUTYyAllll KOJIU pO3OUTTS A € «peryassipHAM» TLILKH «IOKAJTIHHO»
(mampukia, Koau A € HeCHHTYJISPHUM TTAPYBAHHSIM ), BCTAHOBJICHHST HEIEPEPBHOCTI ) MOYKe BH-
SIBUTUCH HETPUBIAJIbHOIO 3a/1a49ei0. BiaMiTuMO TakoxK, 10 HaBe/IeHI HUKYe YMOBH € JIMIIIE JIOCTa~
THIMHI 1 HEZKYe MH TaKOXK JTa€MO NPUKJIaAR po30UTTIB A [ IKUX HEIEPEePBHICTH 1) BTPAYAETHCA.

B po6oti asropis 32, Teopema 1.4] aJist meBHOrO KJacy OJHOBAMIDHHX IMapyBaHb A Ha HEKOM-
MAKTHHUX MOBepXHAX X 0e3 BCTAHOBJEHHS HENEPEPBHOCTI 1) JIOBEIEHO, MO 1 IHIYKYE rOMOMOPQi3M
ToH(A) — meH(Y). PakTudro TOI pe3yabrar i 6yB MOTHBAINE JJIsl JOCTIZKeHb JaHOI CTATT.

3pobumo mie JekiTbKa TpocTuX 3ayBazkenb mpo E(A).

JIEMA 1.1.2 (Xapakrepusanis niarpynu H(A) C E(A)). Ipyna H(A) asmomopdismic A cria-
daemucs 3 maxuz 2omeomopdismic h € H(X), wo h ma tioeo obepnenuti h™" nanescamo do E(A),
mobmo

H(A) ={h e EA)NH(X) | € E(A)}.

JOBEJEHHS. 3a oznauensm, H(A) C E(A)NH(X). Tomy axmo h € H(A), o h™! € H(A) C
E(A)NH(X) i, sorpema, h~! € E(A).

Hasnaxu, vexait h € E(A)NH(X) rakuii, mo h~! € E(A) i nexait w — nesknii enement A. Toni
h(w) C W' mast pgeskoro w' € A. Tlokaxkemo, o macupasai h(w) = . Miiicuo, ockinbku h™ €
E(A), ro h1(W') C w” mst geskoro W’ € A. Beigcu cainye, mo w = h™(h(w)) C h71(W) C W,
Ante A e posburrsv X, a Tomy w = ", a suaunrh h~H(w') = w, Tob6TO h(W) = W'

[TPUKJIAL 1.1.3. Poszaanemo nacmynme pozbumma A wucrosoi npamoi X = R na namypanvhi
YUCAG A KOMNOHEHNU 00N068HeHHA 0 HUT, MoOmo:

A (—oosHU{tuG2)u{2tU---Un—Ln)u{ntU (mn+1)d---

i eomeomoppism h: R — R, h(z) = x — 1. Todi h € endomopgizmom A, ane we asmomopdizmom
A.

JIOBEAEHHSA. 3a nmobymoBoro, h 3COBYE BJIiBO eneMeHTH po30uTTs A. 30KpeMa,

h({n}) ={n—1} € A, h((nin—1)) =(n—Ln-2) €A, n>2,
aJte
h({1}) = {0} & (—o0s1), h((=00;1)) = (=00;0) & (—o00; 1),
a orxe h € E(A) \ H(A).
Ile rtakox Bummubae 3 jemn 1.1.2, ockinbkun h~'((—oo;1)) = (—00;2) He € HiAMHOKHHOW
esemenTa po3burra A, Tobro h™t ¢ E(A). O

BAVBAXKEHHA 1.1.4 (O6pas romomopdisma ). 1) dkmo A — po3burrs X Ha OJHOTOIKOBI
i IMHOKHHH, TO (akTop BigoGpazxenus p: X — Y, oueBuano, € romeomopdizmom, a ¢: E(A) —
E(Y) i3omopodizmMoM MOHOIIIB.
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2) Hexait © € X — nosinbHa TouKa, y = p(r) € Y —ii 06pasz B Y. Tozi nocriitae BimobpazkeHHst
¢ X = X, ¢,(2') = x, B Touky x € enmomopdizmom A, a ¢(c,;) = ¢,: Y — Y, B cBot0 uepry, €
HOCTIHHUM BioOpazkeHHsIM Y B TOUKY Y. 30KpeMa, 00pa3 1 3a62c0u HeMpPusiasvhul i MiCmums
NIOMOH0I0 nocmitHuT 610obpatcers.

3) 3 inmoro 60Ky, obpas ¥(H(A)) rpymu aBromopdizmis A mae Olibire oOMeKeHb 3a pa-
XyHOK TOTO, 10 Y Moxke OyTu HeogHOpigHuM. B poborax [1, 14| mocaimzkyBaBest 3B’S30K Mix
OJTHOPITHICTIO TOMOJIOTTIHOrNO MHOTOBHUTY Ta iforo BaactusicTio OyTu raycaopdosum. Hexait A —
OJHOBUMipHe ImapyBanHs Ha mtomuni X = R? (po36uTTs Ha «JI0KaJbHO HapaJe/bHi» HelepepBHi
kpusi). Toxi mo6pe Bimomo, mo dakrop-mpoctip Y = X/A € onHoumipaum (B3araji KazKydn)
HeraycaopdoBuMm MHOTOBIIOM. B [14, npukiian 3.5] Takok MOKA3aHO, MO JJisl KOKHOI CKIHU€HHOT
rpymu G icuye Take omnosuMipae mapybamaa A ma R?, mo ¢ (H(A)) = H(Y) 2 G.

1.2. OcHoBHi pesyabratu poboru. Haramaemo, mo Bigobpaxenus p € C(X,Y) Hasuae-
THCA KOMNAKIMHO-HAKPUBAIOYUM, SKITIO T KOXKHOI KOMIAKTHOI miaMuoxuuau L C Y icuye Taka
koMmmakTHa miamuoxknaa K C X, mo p(K) = L.

JIEMA 1.2.1. Kootcra 3 nacmynnus ymos € docmammvboro 0as mozo, w,0b HEMEPEPBHE CHOP €K-
TuBHe 61006pascerna p: X — Y 0YA0 KOMNAKMHO-HAKPUBAIOYUM.

(1) p — Bnacwe sidobpascerma, mobmo das Koscnozo komnaxmy L CY npoobpas p~t(L) e xomna-
KIOM;

(2) Y — peeyaapruii npocmip (3adososvhsc akciomu eiddiavrocmi Ty © Ts), a p OMycKae noKanbHi
PO3TUHM, MobMO 0ada KoocHoz0 Yy € Y icuyroms sidkpumut oxia V' i nenepepsie 6i000patcerms
f:V =X maxi wo po f =idy;

(3) Y — pezyaapruudi npocmip, a p — AOKAABHO MPUSLAADHE PO3ULAPYEUHHA

(4) X — napaxomnaxmuuid e2aycdopposudi, a p: X — Y € samruenum 6idobpasicernam,
[34, Prop. 7.2|;

(5) X — mempuunuid npocmip, Y — 2aycdopposut, p: X — Y — sidkpume 6idobpasicerns i 0
Kootcnoi mouku y € Y ii npoobpas p~(y) € nosnum (sidnocno mempuru na X ), (33, Cor.

1.2(b)].

JOBEAEHHSA. [lns Bractusocti (1) e mpsMo caijye 3 0O3HAYEHHS KOMIAKTHO-HAKDHBAIOYOTO
Bi106pazKeHHs, BIACTHBICTD (3) € YaCTKOBUM BHITQIKOM BJIACTUBOCTI (2), KA JOBOAUTHCS €JIEMEH-
TapHO. 0

BiamiTumo 1mie ogua KOpucHUit hakT Mpo KOMITAKTHO-HAKPUBAIOYl BiTOOparkKeHHS:

JIEMA 1.2.2. Hexati p: X — Y — xomnaxmuo-naxpusarove sidobpascenns. Todi das xoocroi
nidmmootcunu Q C 'Y obmedicenna py = plp-1(Q): pHQ) — Q maxosc e KOMNAKMHO-HAKPUCAIO-
YUM.

JOBEIEHHA. Lle ciiaye 3 Toro, Mo BJACTUBICTH TOIOJIOTTIHOTO ITPOCTOPY “OyTH KOMIAKTOM
€ BHYTPIIMTHBOIO 1 He 3aJIe’KUTh BiJl TOTO, HiIITPOCTOPOM SKOTO MMPOCTOPY € AaHuil mpoctip. iicHo,
Hexait . C () —xkommakTHa miaMuOKHHA (). Tomi L € KOMIAKTHOIO MAMHOXKHUHOK Y. OCKiIbKI
P € KOMIIAKTHO-HAKpUBaK1uM, 10 icuye rtakuii komuakr K C X, mo p(K) = L. Ane roni K C
p~Y(L) C p~HQ), a suaunrs po(K) = p(K) = L, T06T0 py TAKOXK € KOMIAKTHO-HAKPUBAIOYUM. []

Xoua hakTOpHI Ta KOMIIAKTHO-HAKPUBAIO4i BijoOpazkenus J06pe BUBYEHI i TPOJOBAKYIOTH BH-
BuarTuch, Hanp. |36, 37, 35|, |34, pozain 7|, [33, Cor. 1.2(b)|, [42, 41, 8|, B ocHOBHOMY BOHH
PO3TJISAIAIOTHCS TITBKU /I8 TayCI0p(OBUX TPOCTOPIB.

Takoxk aBropu jaHol poOOTH He 3HAUILIM B JIOCTYIHII MaTeMaTHIHIN JiTepaTypi JOCTiIzKEHD
KOMIIAKTHO-HAKPUBAIOUUX BiToOparkeHb B KOHTEKCTI HemepepBHOCTI romomopdizma 1. 30Kpema,
HaCTYITHA MPOCTa JieMa BUIAECTHCSI HOBOIO:
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JIEMA 1.2.3. Hezati A —maxe pozbummasa monosozivnozo npocmopy X, wo 6idnosione ga-
xmop-eidobpascenta p: X — Y € komnaxmuo-naxpusarouum. 100t indyrxosanuti 2omomopdiam 0
HA NPOCTOPI UbO20 PO36UMM.A

P: E(A) = E(Y)
€ HeNnepepeHUM BIOHOCHO KOMNAKMHO GIOKPUMUT MONOA021I.

JOBEAEHHSA. Haramaemo, mo nepenb6asa koMnakTHO Bigkpuroi Tonosorii Ha E(Y) ckaagae-
ThCsI 3 MHOXKHH
N(L,V)={ke&Y)| k(L) CV},
ne L C Y —xomnakrha, a V C Y — Binkpura. Hexait h € E(A) 1 N(L, V) — neaxuii oxin ¢ (h) B
E(Y), mo HamexkuTh 10 1i€l nependasu, Tooro Y (h)(L) C V. Ockinbku p € KOMIAKTHO-HAKPHBA-
109mM, TO icHye Komnakt K C X, taxwuit mo p(K) = L. IToknagemo U = p~1(V). Toxi

W(E) C h(p™ (L)) Cp~ ' ((h)(L) Cp~ (V) =T,

orxe h € N(K,U).

[Tokaxkemo, mo wacupasai (N (K,U)) C N(L,V), saacaigok doro ¢ i Gyje HenepepsHUM B
touni h. Hiiicuo, nexaii g € N(K,U), tobro g(K) C U. Toxi
p

P(9)(L) = (g)(p(K)) = p(9(K)) C p(U) =V.
Omrxe ¥(g) € N(L,V), Tomy 1 € HenepepBHUM. O

Jpyruit pe3yabrar crarTi jJa€ J0CTaTHI YMOBH KOJIM BiakpurTe BijoOpaxkenus p: X — Y €
KOMITAKTHO-HAKPUBAIOYINM JIjIs1 Heraycaopdosoro Y.

OBHAYEHHS 1.2.4. Ckasrcemo, wo monosoziunut npocmip X € JI0KaJIbHO KOMMIAKTHUM, AKULO
Kootcna mouka x € X mae 603y KOMNAKMHUT 0K0AL8, MOOMO 0Af K02CHO20 610Kpumo20 ooy U
MONKY, T ICHYE Komnaxmma muoxncuna K, maxa wo v € Int K C K C U.

SAVBAKEHHSA 1.2.5. Icuye me npunaiiMui ABi Bapiamii 03Ha9€HHs JTOKAJIbHOI KOMIAKTHOCTI:

(K1) koxma Touka x € X Mae KOMIAKTHHUIT OKiI, TOOTO icHye KOMIAKTHA MHOKHHA [ JIst SIKOT
x C Int K;
(K2) koxma Touka € X Mae 3amrHenull KOMIAKTHIH OKLI.

Ho6pe Bimomo i Hecknaauo nepesipuru, mo (K2) wme ekpiBasentno Osmadenuto 1.2.4, a (K1) €
HACTIIKOM KOYKHOTO 3 HABeJIEHHUX O3HAUeHb. BiMbIN Toro, mid raycaopdoBHX MPOCTOPIB BCi I
o3HaveHHd 36iratoThes. B maniit pobori Mu 3aBK /11 PO3yMITUMEMO JIOKAJIbHY KOMIIAKTHICTH B CEHCI
Osznauenns 1.2.4.

Ckaxemo, mo migmaoxkuaa A C Y € 40KaAbHo CKINYENHO010, SIKITO JIJIsl KOXKHOI TOYKH Y € Y
icaye oxin U, mis sskoro neperun U N A € CKIHYEHHOIO MHOXKHHOIO.

Takoxk, ToukH Y, 2 € Y Ha3BeMO 15-6100iavHumy, AKIO BOHA MaloTh okomn U, ta U, gki He
NePeTHHAIOTHCA MizK c00010. Ko Touka y € Y He € ThH-BiIUIbHOIO BiJl 9KO1 HEOYTH 1HIIIOI TOYKH
z €Y, 1o y OyJie HA3UBATUCST MOUKO0N PO32AAYHCEHHA TIPOCTOPY Y, muB. nioapoduti y Po3mimi 2.4.
Yepes Br(Y) IO3HAYATHMEMO' MHOXKHHY BCIX TOYOK PO3TaJysKeHHs TOMOJIONIIHOTO HpOcTOpy Y.

TEOPEMA 1.2.6. Hexati X — A0KaAbHO KOMNAKMHUT 2aycdopdhosutl monoso2iunut npocmip, a
Y —Ti-npocmip, y axoeo muoocuna Br(Y') mouox poseanrystcenns e aokarvno ckinuennoro. Todi
KootcHe sidkpume Henepepsre . cop’ekmueste gidobpasicenns p: X — Y € KoMNnaxmHo-Haxpueao-
YUM.

HACIIOK 1.2.7. B ymosaz meopemu 1.2.6, nexati A = {p~*(y) | y € Y} — posbumma X na
npoobpasu mouox gidnocro p. Todi

losnauenns “Br” B3are sig tepminy “branch point”.
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(1) ecomomopgpism it : E(A) — E(Y) e nenepepsnum;

(2) indykosane eidobpasicerna vo: mo(E(A),idx) — mo(E(Y),idy) Misre eidnosionumu mroscu-
HAMU KOMNOHEHM ATHITHOT 36 A3HOCNE € 20MOMOPPIZMOM MOHOTDLE;

(3) indyrosane sidobpasicenna vy: mo(H(A),idy) — mo(H(Y),idy) e comomoppizmom epyn.

JloBenenns 1€l TeopeMH Ta HACHiAKy Oyie HaBeseHe B po3aun 3. Hespaxkaioun Ha BeJIMKY Kilb-
KicTh KOMOIHAII yMOB, TeopeMa 1.2.6 3acTocoBHA JI0 MapyBaHb Ta OPOIT Jiif rpyl HA MHOTOBHIAX.
A came, mae micne Takuit

HAcniaok 1.2.8. Hexatli X — zaycdopgosuti monosozivnut npocmip 1 A — make pozbumma X
HO 3AMEHEHT NIOMHONCUHU, UL0 MHONACUHA MOYOK DO32ANYNCEHHA B10N0610H020 PaKmMOP-NPoCcmopy
Y = X/A € aokanrvno ckinuennoro. Hpunycmumo marxosc, wo 6uKOHAHG 00HG 3 MAKUT YMOG:

(a) X —ue mnoz06ud, a A —wapysanna na X ;

(6) npocmip X aokanrvro xomnaxmuud, a A e posbummam X na opbimu 0ii deaxoi epynu 20-
meomopgpizmic G C H(X).

Todi gaxmop-eidobpasicenns p: X — Y € KoMNaKMHO-HAKPUBAIOUUM, 6 omotce, 610nosioHUT 20-

momopdism 01 Y : E(A) — E(Y) e nenepepenum.

JIOBEAEHHS. 3ayBaxKuMo, 0 po30uTTa A 3a0BOIbHSIE BC1 MPUIYIIeHHSA TeopeMu 1.2.6 oKpiM,
MOKJINBO, BIIKpUTOCTI (bakTOp-Bimobpakenus p. Ase, nobpe Bigomo, namp. [40, reopema 4.10], mo
Jis mapyBanb akTop-sijodpaxkents p: X — Y € BiAKpUTUM.

Tak camo, skio G C H(X) geska rpyna romeomopdiszmis X, 10 jijis KOXKHOT BIAKPUTOL IIiji-
vuoxuan U C X muoxuna p~(p(U)) = gGg(U) € BLIKPUTOIO sIK 00’€THAHHS BIAKPUTHX MHOXKIH.

g

A tomy p(U) € Bigkpurowo B Y, 3a paxyHOK (bakTopHOCTI TOmoorii Ha Y. O

HenepepsHicTs 1 1, 30KkpeMa, HACTIIOK 1.2.8, BAKOPUCTOBYBABCsI B |7 JJIs MOCIiIZKEHHST TOMO-
JIOTIYHOI CTPYKTYPHU T'PYIl 130MeTpiil CUHTYJISPHUX IIAPYyBaHb.

2. TlomepenHi BimomocTi

2.1. Tomosoriuni moHoimu. Haramaemo, mo crpykrypa Mmonoidy Ha MHOXKHHI G 1€ aco-
niaTuBHe BigoOpaxkeHHs MHOXKeHHS i: G X G — G, gke Mae odunuvwhut eneMeHT e € (G, TOOTO
p(a, (b, e)) = u(u(a,b),c)iula,e) = ule,a) = a aus Beix a, b, ¢ € G. 3a3udail GyeMo MO3HAYATH
p(a,b) aepes ab.

Tomomopdizm vonoinis q: G — H 3 OTUHUISEMHE €g 1 €y BiANOBIIHO, 1€ Take BiZoOpasKeHHs,
o q(eq) = ey i q(ab) = q(a)q(b) nast Beix a,b € G.

Momnoin GG, Ha iiennii TOMOJIOTIEI0, BiTHOCHO SIKOI (i € HETIePePBHUM BiJ0OpasKeHHsIM, HA3HBAE-
THCT MONOAOLIYHUM MOHOTOOM.

Hexait G — ronosioriaauit monoin. /s koxkuoro a € G MO3HAYNMO 1depes

Go={7(1) € G|~y € C([0;1],G),~(0) = a}

KOMITOHEHTY JIiHIHOT 3B’ s13H0CTi (G, 10 MIiCTHTB @, TOOTO (G CKJIaTA€ThCs 3 KIHIIIB BCIX HEIIePepBHUX
msaxis y: [0;1] — G, mo nounHalOTHCsI B 6. MHOXKHHA BCIX KOMIIOHEHT JiHifiHOT 3B’ a3H0cTi G 3
BriieHuM ejeMeHToM G, mo3HadacTbes mo(G,e) 1 HasuBaeThest 0-10 20MOMONIYHON MHOHCUHON
G 6 mouyi e. PopMaJIbHO BOHA MOYKe OYTH O3HAUYeHA STK MHOXKHHA KJIACIB TOMOTOTIT

WO(Gv 6) = [({Oa 1}’ 0)7 (G> 6)]

Bigo6pazkens 3 0-sumipnoi cepu S° = 9[0;1] = {0,1} — G, axi sianpasasiors 0 B e. Bzaraui
KaxKyun, 0-a TOMOTOIIYHA MHOXKIMHA TOIMOJIOTIIHOrO IIPOCTOPY He € IPYIOI0 Ha BLAMIHY Bl IHIIUX
mvuokuH (G e) 3 k > 1. Oanak, mo(G, e) nacaiaye aarebpaiany crpyktypy G i € MoHOIIOM, a60
rpymor Tak camo gk (G. A came, Mae Miclle HACTYIIHA IIPOCTa i 70Ope BiIoOMa JIeMa:
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JIEMA 2.1.1. (a) Hexal ¢: G — H — 2omomopdiam monoidie. dxuwo esemenm a € G 0bo-
pomnuti, mo ¢(a) e obopommuum ¢ H i ¢p(a)™ = ¢(a™'). Boxpema, avwo G e epynorw, i ¢ —
crop’exkmuenuti, mo H maxooic e 2pynoio.

(6) Hexal G — monosozivnut monoid 3 odunuuero e. Todi das ecix a,b € G sukonyemovcs
sraouenna G,Gy := (G X Gy) C Ggp. Boxpema, onepayia x na wo(G, €), 6usHa“EHa 30 NPABUAOM
Gox Gy = Gy, susnauae na mo(G, e) empyxmypy monoiga. Ilpu uvomy npupodua npoexuyis q: G —
mo(G,e), q(a) = G, cmae mopdizmom eidnosionus monoidie.

Sxwo G e epynoto (ane ne 0606°43K060 MoNoA02iuHO0, MOOGMO 61d0bpatcenta 63ammas o0ep-
Herozo esemenma He 0606°asko6o nenepepene), mo Ge € nopmasvnoio 6 G, G, = aG, = G.a das
Kootcnozo a € G, a momy eidobpasicenns npoexyii q € xomnosuyicro q: G — G/G. = my(G,e).

(B) Hexativ: G — H — nenepepenutl 20MOMOPPHIZM MONOAOINHUL MOHO0IDI6 3 00UHUYAMU €g
ma ey, 6idnosiono. Todi imdyrosane eidobpascenna Vy: mo(G,eq) — mo(H, ey) € 2omomopgizmom
monoidie. Sxwo mo(G,eq) 1 mo(H, ey) — epynu, mo 1y € 20MoMOPPHIZMOM 2DYN.

JOBEJEHHSA. (6) Ockinbku 3a o3HaveHHsM MHOXKuHH G, 1 G} € JNiHIAHO 3B’S3HUMH, TO iX
100yToK GGy = Gy X Gy) Texk € JiHiiHo 38’g30uM. Biabin Toro, ocKiIbKE BiH MIiCTHTH ab, TO
w(Gy X Gy) C Gp.

Bei inmmi TBep/zKeHHS JIeMH TPOCTL 1 MU 3aJIUIITAEMO 1X YATATY. [

2.2. JIoka/ibHO KOMITAKTHI TPOCTOPMH.

JIEMA 2.2.1. Hexati X — aokaavho xomnaxmuuti monoaoziunutd npocmip 6 cenci O3nauen-
Ha 1.2.4.

(1) Hexati dani K —xomnaxm i U — sidkpuma nidmmoscuna npocmopy X. dxwo K C U, mo
icnye komnaxm L, maxutd wo K CInt L C L C U.

(2) Hrxwo p: X — Y — sidkpume nenepepshe crop’ekmuesne sidobpascenmns, mo npocmip Y ma-
KOXHC € NOKANDHO KOMNGKIMHUM.

JloBeieHHS THOT'O HECKJIATHOI'O TBEPIXKEHHS MH TAaKOXK 3a/IUIIAEMO YUTAUYeBi.

2.3. KomnakTHo Bigxpwuri Tomosoril. Hexait X, Y — ronosoriuni npocropu i C(X,Y) —
MHOXKWHA BCIiX HemepepBHUX BijoOpaxkenb f: X — Y. Jlna xoxkuoro kommaktaoro K C X i
Bijikpuroro U C Y mokJajgeMo

N(K,U)={feC(X,Y)| f(K) CU}.

Toni xomnaxmmuo eidkpuma tonosoris Ha C(X,Y) mopoazkena mnepeabas3orn, sika CKIATAECTHCS 3
vuoxua N (K,U), ne K upobirae Bel kKomMmakTHi migmaoxkuaun X, a U mpobirae Bel Biakputi
MiIMHOXKHHHA Y .

Hna y € Y nosuaunmo wepes ev,: C(X,Y) = Y gidobpasicenna obuucaenma 6 mouyi y, 03Ha-
qene gk evy(f) = f(y). Hacrynma jsema 3a3Bnuait opmymmoerses qis raycaopgosoro Y, ajge Bona
BipHa 1 B OLIBII MIUPOKUX MPUITYIIIEHHIX:

JIEMA 2.3.1. Hexatt X,Y,Z — monoao2iuni npocmopu.

(1) Hexatip: C(X,)Y)xC(Y,Z) — C(X, Z), u(f,g9) = go f, — eidobpascenna xomnosuuii. druyo
Y e aokaavro womnarmmuum, mo 8idobpastcenna [ nenepepene 8idHOCHO KOMNAKMHO 610KpU-
muz monoaoziti na 6idnosidnur npocmopax, |10, Teopema 3.4.2]

(2) HrxwoY e aokanvro komnaxmuum, mo E(Y) := C(Y,Y) € monosoziurum monoidom 6idHocHo
onepayii komnosuyii eidobpascens. Tomy 3a aemoro 2.1.1, moE(Y') mae tmdyrosany cmpykmypy
monoida, a moH(Y) — ecmpyxmypy epynu.
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JOBEJEHHSA. (1) Hexaii f € C(X,Y), g € C(Y, 7). Hexaii muoxxuna N (K, W), ne K C X —
KOMIakTHA, a W C Z — BiIKpuTa, € eJeMenToM mepeadasu, mo Mictuth go f B C(X, 7). [loznaanmo
L=f(K)iV =g Y(W). Toni muoxuna L kommakTha, V — Binkpura i L C V. OTxke, 3rigHo 3
nyakrom (1) Jlemn 2.2.1 icaye komnakraa muoxuua M C Y rakamo L C Int M C M C V.

Toui N(K, Int M) € Binkpurum oxkosom f 8 C(X,Y), a N (L, W) — Bigkpuruit okin g B C(Y, Z).
Binapmm Toro,

p(N (K, Int M) x N(M,W)) C N(K,W).
Miiicuo, axmo f' € N(K,Int M) i g € N(M, W), to
g o f(K) Cg'(Int M) C ¢'(M) C W,

r0610 (i(f',9') = ¢ o f' € N(K,W).
Trepmkenns (2) caigye 3 gemn 2.1.1 ta tBepkenus (1) npu X =Y = Z. O

2.4. Toukm pozranykents 1) mpocrtopiB. Hexait Y — romosoriunnii mpocrip. Ckazkemo,
mo JiBi ToukM Y,z € Y Th-6iddiavni (B Y) KO BOHH MAalOTh HemepeTuHHi oKosH. [lo3Hadummo
aepes hel(y) muoxkuny Beix z € Y, ki e € Ty-6iddiavrnumu 6id y. OUeBHIHO, MO BKIOYCHH 2z €
hel(y) exBiBasieHTHE TOMY, IO KOYKEH OKIT TOUKM 2 MEPETHHAE MOBULIbHUI OKLT TOUKH y. Hazsemo
muokuHy hel(y) eaycdopposum samurannam touku y. Jlerko Gaumru, mo hcl(y) 36iractbes 3
MEPETUHOM 3aMHUKaHb BCIX OKOJIB TOYKH Y-

hel(y) = N V. (2.1)

V' € OKOJIOM TOYKH Y

Bokpema, y € hel(y). Binbm toro, y € hel(z) Toai it e Toxi, komm z € hel(y). Orke, BigaoOMeH S
y € hcl(z) € pedbnekcuBHEM 1 cuMeTpUYHNM, ajie B3araji KayKydu BOHO He TPAH3WUTHBHE.

Ckakemo, o Touka y € Y € moukor pozeasyocenns sxmo hel(y) \ {y} # &, Tobro icmy-
I0Tb TOYKH, MO He € To-BiaaiibHuMu Biji y. MHOXKHHY BCiX TOYOK PO3TajyzKeHHS ITPOCTOpy Y
no3unagarumemo gepes Br(Y).

3AYBAXKEHHA 2.4.1. B poborax |28, 30, 29, 26, 31, 32| aBTopu HA3UBAIH TOYKH PO3TATY 2Ke-
HHA “ cneytasvhumy movkamu”, aae B JaHiil poOOTI MU 3MIHIUJIA HA3BY Ha “MouKU po32asyHcerms’,
cainytoun [18, 17|, Tomy mio Taka HasBa Kpaie BiJoOpazkae CrpyKTypy HPOCTOPY B OKOJI TakKol
rouku. B pobori [14, po3/in 3| MEOKHHA TOYOK PO3rayzKeHHs mo3nadaerbes depes NH(Y).

Otxke, B HAIUX TMO3HAYEHHSX HACTYMHI YMOBHU €KBiBAJEHTHI:
(a) Y € raycaopdosun; (6) hel(y) = {y} ans Beix y € Y (B) Br(Y) = 2.

Hexaii L C Y — jesika nigmuoxkuna. st Kool touku y € L noznauumo uepes hely (y) muo-
JKUHY BCIX TOYOK 2 € L, 110 He € Th-BiiiJibHUMHI Bi/l ¢ B HiAnpocTopi L 3 TOMOJIOTIEI0 iH/1yKOBAaHOIO
3 Y. 3po3sywmiso, 1o

helz(y) C hel(y) N L, (2.2)

OJlHAK O0epHEHEe BKJIIOUYEHHS BUKOHYEThHCS He 3aBIKJI.
JIEMA 2.4.2 ([32, Jlema 2.2.2]). Hexati L CY — dosiavna nidmmoorcuna.

(1) Hxwo LNhel(y) = {y} daa xoorcnozo y € L, mo 6 indykosanit monoaozii L ¢ eaycdopposum.
(2) Jlaa xoocnozo z € Br(Y) nacmynnud nidnpocmip B npocmopy Y € 2aycdopposum:

B = (L\Br(Y)) U{z} = L\ (Br(Y)\{z})

(3) SAwxwo L e xomnarmom, mo L C LU Br(Y).
(4) Hexati L — xomnaxm. Todi hel(y) N L # & daa wosicroi mouru y € L.
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(5) Hexai A, B CY dei 36’a3ni nidmmoocunu, a € A 1 b € B — maki mouku, wo b € hel(a). Todi
C =AUB — 36’a3na.

(6) Mae micue sxarouenna Br(L) C Br(Y).

(7) Hexati {I';}ien dosinvra cim’sa sidkpumux eaycdopposur niommosicurn ¢ Y i I' = ig/\ r, —ii
06’ednarmsa. Toodi

JOBEJEHHS. Ilepuri Tpu TBep/KeHHs joBejieHi B [32, Jlema 2.2.2]

(4) Ipumycrumo 1o icHye Taxka Todka y € L, mo hel(y) N L = @. OcTanHs yMoBa 03HAYAE, MO
To4uKa ¥y T5-BiAiIbHA Bij KOXKHOI TOUKHU u € L, TOOTO 3HAMIeThCd apa HeIePeTUHHUX BiAKPUTUX
okoaiB U, > y iV, 2 u. Ockiibku L — KOMIIAKT, TO MOXKHa& BHOpaTH CKiHYeHHHN HAOIp TOYOK
U, ..., Uy, TAKHHA IO BiATOBiOHI okoIn V7, ..., V,, nokpuBaiorh L. Toxi Ui N...NU,, € BLAKPUTUM
OKOJIOM ¥, fIKHii He TepeTHHAEThC 3 L, ToOTO 4 € L, M0 CyIepednTh IPHITYIeHHIO.

(5) dxmo C' — ne3p’si3ua, TO 3HadyThCs BiakpuTi Heneperunui okoan U D A1V D B. Aue
TOJII BOHU BIIILIOTH TOYKHU @ 1 b, 1110 CynepeduTh MPUIYIIEHHIO.

(6) Hexait a,b € L nosinbhi Ty-weBigminpai B L Toukn. Ile o3naugae, mo sxmo U — noBiabHuIit
oKia Touku a B Y, a V — noBiabuuit okin toukn b B Y, 10 @ # (LNU)N(LNV)=LNUNV.
Ane Toni UNV # &, 10610 @ i b Tako:K HeBiIiibHI B Y.

(7) Brutouenns Br(T') D #SJGA Br(I'; UT;) criaye 3 (6). Hasmaku, mexait a,b € I' gosinbHi

Ty-pesippineai B I' Toukn. Toxi @ € I'; i b € T'; mna meaxux 7,5 € A. Ocxineku I'; Ta I'; €
raycaopgoBuMu i BiaKpuTuMu, TO ¢ # j, 60 iHakmre a i b Biggiasaucs 6u B [;.

Mu crBepiazkyemo, mo Toji a i b mesinaiapui 8 I'; UL, Hificno, axio a i b sigaiaeni 8 I UL, 1o 3
siakpuTocti UL caigye, o Bonn TakozK Bijingauch o6u B I, a e cynepednTs npunymensio. [

SAVBAYKEHHA 2.5. Jlust raycmopdosoro npocropy Y reepkenus (3) Jlemn 2.4.2 ¢ nobpe
BIJIOMUM 1 CTBEP/IKYE, 10 KOYKHA KOMIAKTHA MMiMHOKHHA L 1mpocTopy Y € 3aMKHEHOI0, mobmo,
L=L.

2.6. JlokaapHO ckiHuenui MHOXKuUHHI. [linMuoxkuHa A C Y Ha3HBAETLCA AOKAABHO CKIH-
YeHHOM0, SIKINO I KOKHOTO z € Y icHye Takui Binkputuit okin U, mo neperwa U N A € cKiHYIeH-
M. Tnmumvu caosamu, cim's {{a} | a € A} opnoroukoBux nigMuOKUH A HOBHHHA OYTH JIOKAJILHO
CKIHYeHHOIO B Y.

JIEMA 2.6.1 (|32, Jlema 2.3.1]). Poseaanemo nacmynmi ymosu na nidmmosicuny A C'Y mono-
020020 npocmopy Y :
(1) A e samrnenoro i duckpemnoro;
(2) das koscnozo y €Y icnye sidkpumudi oxia V, wo nepemunae A ne Giavw wiste 6 00Hil
Moy,
(3) A € aokaavro cKinwerHow.
Todi sukonyromovea nacmynui imnaikayii: (1) = (2) = (3).
Srxuwo Y e Ti-npocmopom, mo (3)=(1), mobmo 6ci nasedeni ymosu exkeigasrenmmi.

3. JoBenenua Teopemu 1.2.6 Tta Hacaiaky 1.2.7

Hexait X — noxkasbHo KoMnakTHE raycgopdoBuil Tomosoridnuii mpocrtip, Y — Ti-poctip, y
sskoro MHOKuHA Br(Y) TOYOK po3raiyKeHHs € JIOKAJbHO CKiHueHHOIO, i p: X — Y — Biakpure
HellepepBHE i CIOp’€KTUBHE BigoOpasKeHHs.
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HoBenennss reopemn 1.2.6. [lorpibno mokasaru, 1o p € KOMIIAKTHO-HaKpuBaoduM. Cro-
YATKY 3ayBaykKHUMO, 10 OCKLIbKE MuOxKuHAa Br(Y') € JoKaabHO CKiHYeHHOIO, TO, 3a JeMo 2.6.1,
KOKHA TOUKa Yy € Y Mae Biakputuit okin V,, saxuit neperunae Br(Y') me 6inbire Hixk B oxmiit Tour,
TOOTO

Br(Y)nV, c {y}.

Hexaii L — komnakTaa nigMuozxKuua mnpocropy Y. [Tokaxkemo, 1o icHye Taka KOMIAKTHA ITij1-
mvuokuua K C X, mo p(K) = L. Ockinbrn X € raycaopdoBuM i JOKATHHO KOMITAKTHUM, JJIsI
KOXKHOI Toukn x € p (L) icuye BigkpuTuit oxkin U, 3 KOMOAKTHAM 3aMUKaHHAM U, TaKmil 1o
Uy Cp~ Y (Vp). Toni BUKOHYETBCS HACTYIHA JIeMa:

JIEMA 3.1. Mae micue pisnicmo

Lnp@) =L npT). (3.1)

3 wei caidye, wo
(a) wmroorcuna p~*(L N p(Uy,)) samrnena 6 p~* (p(Uy));
(6) mmoorcuna K, :=p Y (LNp(U,)) N U, xomnaxmmna;

() p(K;) = LNp(U,).

JOBEAEHHS JIEMU 3.1. (3.1) Brmouenns Lnp(U,) € LNp(U,) oueBnano BuKoHyeThest. Hab-
maxw, 3 gemu 2.4.2(3) maemo, mo L C L UBr(Y), a Tomy

LnpU,;) c (LUB(Y)NpU,) = (LNp(U,)) U (Br(Y)Np(U,)).

Ane
Br(Y) Np(U;) C Br(Y)N Ve C {p(x)} € LNp(U,),

tomy Taxkox L Np(U,) € LN p(U,).

(a) 3 (3.1) caigye, mo nepernn LNp(U,) = L Np(U,) € samkmernum B p(U, ). Orxe p~H(LNp(U,))
€ 3aMKHEHOIO M IMHOKIHOIO p~* (p(m)) OCKLIbKH BiTOOpazKeHHsl p HelepepBHe.

(6) Brizmo 3 (a), K, = p (L N p(U,)) N U, € NepeTHHOM JBOX 3AMKHEHHX IIiIMHOZKIH
pt(p(U,)). Tomy K, € 3aMKHEHOIO TIIMHOKHHOIO KOMIAKTa Uy, OTKE TAKOJK € KOMITAKTOM.

(B) JloBeseHHsI IIOTO TBEP/ZKEHHs 0A3YEThCA HA HACTYIHOMY TPOCTOMY CIIOCTEDEZKEHH].

Hezxatip: U — V e sidobpasceruam miorc muoscunamu U iV . Todi 0aa 006iAHUT NIOMHOHCUH
A CU i BCYV sukonyemvca piswicms p(p~*(B) N A) = BN p(A).

Bokpema, g A = U, i B = LN p(U,) orpumaemo

p(Ke) = p(p™ (LN p(0:) NUs) = (LN p(U:) Np(U:) = LN p(Us).
ITe 3aBepinye jopejiennst jgemu 3.1. O

Busegemo teopemy 1.2.6 3 tBepmkenns (B) qemu 3.1. Ockinbku BioOpazkeHHsI P BiJKpuUTe,
10 p(U,) € BIAKPUTHM OKOJIOM TOYKH P(T), OTZKe 3 KOMIAKTHOCTI L ciijye, mo icHye cKiHdYeHHWH
Habip TOYOK Ty, ..., T, € p~ (L), Takuii mo

Lc OpW) < Op0).

n
Hexait K = U K,,. Tonl mHozkuna K KOMIIaKTHa 1
i=1

p(K) =p( 0 K, ) = O p(,) @ O (L0p(T:) = L

Teopemy 1.2.6 moBeneHo.
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Hosenennst Hacaiaky 1.2.7. Hexait A = {p~'(y) | y € Y} posburra X Ha mpoobpasu
TOYOK BiTHOCHO P.

(1) 3a Teopemoro 1.2.6 dakrop-Bigotpaxkents p: X — Y € KOMIAKTHO-HAKPUBAIOUHM, & TOMY
3a jgemoio 1.2.3 romomopdizm aii ¢: E(A) — E(Y) € nenepepBHUM.

(2) Ockinbku X € g0KanbHO KOMIAKTHEM, TO (X ) € TOnOIOri9HIM MOHOTI0M, TOOTO omepartis
muO)KeHHsT B (X)) HemepepBHa BiHOCHO KOMIAKTHO BiaKpuToi Tomosoril. Toxi oOmerkeHHs Ii€l
orepartii £(A) X E(A) — E(A) na monoig engomopdizmis A Takoxk Oyae HenepepsuuM, To6To E(A)
TaKOZK € Tonojorivnnm Monoigom. ToMmy MHOXKIHA T) (5 (A), idX) KOMITOHEHT JTiHIlHOI 3B’ A3HOCTI
E(A) mae innykoBany 3 £(X) crpykrypy Monoifa, nus. jgemy 2.1.1(0).

Bisbir TOro, OCKibKH p € TAKOXK BIAKPUTHM BiJOOpAKeHHSIM, TO 3MiIHO TBepJzKeHHs (2)
Jlemu 2.2.1, Y e noxanbno xommakrauM. Tomy £(Y) e Tomosoriunmm momnoimom 3rigmo 3 Jle-
Moo 2.3.1(2), a muokuna o (E(Y),idy) mae inykopany 3 £(Y) ¢TpykTypy MOHOIIA.

Brigro (1) romomopdism monoinis ¢: E(A) — E(Y') € HenmepepBHUM, a TOMY iHIyKOBaHe Bij-
obpazkeHHs g : T (S(A),idx) — T (S(Y),idy) MizK BiJITOBIIHUME MHOKHHAMH KOMIIOHEHT JTi-
HiitHOT 3B’a3HOCTI € roMoMopdizmMoM MoHOIIIB, AuB. Jemy 2.1.1(B).

(3) Ockinbru (H(A)) C H(Y), T0o obmexenns Y|yay: H(A) = H(Y) € HenepepBHIM TOMO-
mMopdizMoM Tpyi, a Tomy 3rigHOo 3 jgemowo 2.1.1(B) BiH iHgAyKye ToMOMOPMI3M BiNOBIIHUX TPYII
KOMITOHEHT JIiHiitHol 38’s3H0CTI Yo o (H(A),idx) — 7o (H(Y),idy).

4. IIpuknamn

Ak 1 Bume, wexait A — geske po3burrs Tomosorivroro mpocropy X i p: X — Y = X/A
BijinoBiHe (pakTOP-BiNOOpaAKEHHS.

Teopema 1.2.6 nae suie gocraThi yMoBH, 11100 BimoopaxkenHs p: X — Y = X/A 6yno kommakT-
HO-HAKPUBAIOYUM.

Mu HaBegeMoO HpHKJ/IaJ Kjaacy mpoctopiB X 1 IX mpupoaHux po3buTTiB A, 10 BiAIOBIIA0TH
yMOBaM IIi€l TeopeMH, & TaKOXK TiCHO TOB’sI3aHu{l KJIac IIPOCTOPIB i po3OUTTIB, IO HE BiIIMOBIIAIOTH
YyMOBaM TeOPEMH, ajie MAlOTh KOMIAKTHO-HAKPUBAIOUl (haKTOP-BiIOOPaKEHHS.

Awnanoriuno, wacaizok 1.2.7 mgae quime goctaTHi yMOBH 3a gKuX romomopdizm mii ¢: E(A) —
E(Y') Oyue HelepepBHUM BIJIHOCHO KOMIIAKTHO BiJIKPUTUX TONOJIOLI{. AJjte € bararo curyariii, Kojm
HPUIIYITEHHA HACHIAKY 1.2.7 He BUKOHYIOTHCS, ajie ¢ € HellepepBHUM.

Mu po3sriigneMo JIeKiIbKa IMPUKIAIIB, B AKUX TPOCTIp Y Mae OLIbI “narToyioriuyni’ BJAaCTHBOCTI.
[Tonpu neBHy TPUBIATLHICTD JICAKHUX 3 HABEJIEHUX HUZKYE TBEP/ZKEHD, BOHU OMUCYIOTH CUTYAIlil, dKi
Jy7Ke 9acTO 3yCTPidaloThCd B TeOpil MapyBaHb.

4.1. Cwmyracti noBepxHi. Hexail va aBoBumipHiii moBepxui X (3 Mexkero) 3ajiaHe OTHOBH-
mipue mapyBanHsa A i wexait p: X — Y = X/A — npoekiis Ha #oro npocTip JHCTKIB.

O3HAYEHHS 4.2. Ckasrcemo, wo napa (X, A) nasescums do kaacy F, aKu0 60na 6i0nosidae
HACTNYNMHUM YMOBAM.:

(A1) X wmae saiuenny 6a3y monoroeii;
(A2) Kootcen aucmor w wapysarns A € HEKOMNAKMHOI0 3GMKEHEH010 NidMmHoNHCcUuHO X, mobmo

ye 0bpas npamoi R nid dierw saacrozo mononsoziunozo exsadennas R C X;
(A3) xoostcna xomnonewma meosci X € aucmrom A.

O3HAYEHHA 4.3. Hexail (X, A) naresicums do kaacy F. JTucmor w € A nasusamumemo

a) perynspHumM, Axwo icnye tozo eidkpumuti nacunenud okia U, maxud wo napa (U,U) “mae
mpusiaavhe wapyeanns”, mobmo icruye 2omeomopdizm (U, U) napu

e abo na napy (R x [-1,1,R x (=1,1)), axwo w C Int X,

e abo Ha napy (R x [0;1],R x [0, 1)) axuLo w C 0X,
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AKUT 61000pasCAE AUCTIKY WAPYSAHHA A HA AUCTKU MPUBLAALHOZ0 WAPYEaHHA Ha npami R X t,
npuvomy obpazom w € R x 0;

6) CUHTYNSPHUM, AKULO 6TH HE € PEYAAPHUM;

B) cneyiansuum, axuso p(w) € Br(Y).

[Mpukaaau AucTKiB uX THIIB 306pazkeni Ha puc. 4.1. Y BUNAJKY a) BCl JUCTKH € PEryIspHIMH.
X — Y
— X —) R [Y

a) peryJasipHui b) cuuryastpHmii ¢) crerjasbHul

X P IY

— > o6

Puc. 4.1. Twunum aucTkiB mapyBaHHS

Hozaaanmo Ayeg, Agpec 1 Aging BIIIOBITHO ciM'T BCIX PeryIApHUX, CHEIIaJbHAX 1 CHHTYIAPHAX
muctkiB A. Toni BUKOHYIOTHCs HACTYHI criBBigHOmMen s (auB. [31]):

Aspec C Asing> A= Areg U Asing-

O3HAYEHHSA 4.3.1. Hassemo nosepxhio 3 wapysanmam (S, Ag) KBa3icMyrow, axuo
a) KOMHCHA KOMNOHEHMa Meoci noseprri S — ye sidkpuma dyza, axa € aucmrom Ag;

6) obmeocenns wapyeanna Ag na snympiwnto wacmuny Int S moorce bymu 2omeomopdro 6io-
obpasicerno na R? max, wo aucmu wapysanna Ag 61006pasamuca Ha AUCTIU MPUGIAALHOZ0
wapysarna {R X y}lyer Ha eopusonmanvhi ainii.

O3BHAYEHHA 4.3.2. Hezati A = {Rxy}ycjon] — mpusiarvre wapyearnns npocmopy Rx[0; 1] na
eopuzonmanvii Ainii. Hexatd dani S C R x [0; 1], Bigkputa 6 indyxosanit monoarozii nidmmostcuna
maxa, wo R x (0,1) C S. Todi nosepxhs 3 wapysanmsm (S, Als) nasusamumemves MOJENbHOK
CMYTO0.

Otxke, MojesbHa cmyTa € o0’eananasaM R X (0,1) i He O6Labm HiXK 3J1i9eHHOT ciM’T (MOXKJINBO
? )
MOPOXKHBOT) BIIKPUTUX MOMAPHO HEMEPETHHHHX iHTepBaJiB, ski mictarbes B R x {0, 1}.

SAVBAJKEHHSA 4.3.3. KurtodoBa BigMiHHICTD KBa3iCMyTH Bi/l MOJEIHLHOI CMYTH MOJISITAE B TOMY,
IO MOJIeJhbHA CMyTa S BKJIAJAEThCS B «3aMKHeHY cmyry» R x [0;1] mak, mo R x (0;1) C S C
R x [0;1], T0o6TO KOMIIOHEHTH MeXKi S MOKYTh 3’'SIBJIATHCH TUIBKH 3 «JBOX GOKiBy» S. 3 iHIIOrO
OOKY, KOMIIOHEHTH MeKi KBa3icMyru S MOXKYTh OyTH Ha i1 «BHYTPINIHIX JUCTKAX», IUB. puc 4.2.

a) MOJEIbHA CMyTa b) kBazicmyra

Puc. 4.2. Cuyrn

O3HAYEHHSA 4.34. Hexati X — dsosumipruti monosozivnud mnozoeud (noseprua), a Xo =

|| Sy — 06’ednanma nonapro nenepemunnux kasicmyr {Sy}ren. Ksasicmyractum atnacom na X
A€A
Ha3UuBaEMbCA akTopHe sidobpasicennsn q: Xo — X, axe 3a00804vHAE MAKY YMOBY:

o icuyromo dei nenepemunni cim’t X = { X, er 1 Y = {Y, },er nonapro pisnux xomnornenm xpato
Xo, wWo nymepyromovea mum camum Habopom imdexcie I, maxi w0
(a) eidobpasrcenna q in’exmusne na Xo \ (X UY);



ABTOMOP®IZMU TA EHIOMOP®I3MI PO3BUTTIB TOIIOJJIOITYHUX ITPOCTOPIB 13

(6) q(Xy) = q(Y,) 0aa woorcnozo v € I', i obmeorcenna

aly,

—Y

Y

alx,

Xy ——q(X,) = q(Y;)
OleRMUGHI.

Sxwo seci cmyeu { Sy }aen € Modeavrumu, mo Keazicmyeacmul amaac ¢ HA3UBAGMUMEMO CMYracTUM.

BayBaxkumo, 1o mapyBaHs Ag, Ha KBasicMyrax Sy OJHO3HAYHO BH3HAYAIOTH MApyBaHHA Ag
Ha X,. Takok, obpasu JUCTKIB mapyBanHs A i Ji€0 BigoOparkeHHS ¢ KOPEKTHO O3HAYAIOTH
mapyBauasg A Ha X. Haspemo foro kaHoHiwHUM WapyeaHHAM, U0 N0 A3GHE 3 KEA3ICMY2GCTNUM
aMmAGCOM (.

O3HAYEHHSA 4.3.5. [loseprnsa 3 wapysannam (X, A) nazusaemocs (KBasi)cMyractoro nosepr-
Her, AKWO 60Ha JoNYcKae (K6asi)emyzacmull amaac, 3 AKUM N06 A3GHE WAPYEarHA /\.

TEOPEMA 4.3.6 (|31, Teopema 4.4]). Hezat (X,A) — noseprua 3 wapysannim, Aka Hase-
otcumo do kaacy F, mobmo 3adososvnae ymosu (Al)-(A3) osnavenns 4.2. Todi nacmynmi ymosu
EKELEANCHITVHI:

(Ad) cim’a Aging 6CIT CUNRYAAPHUT AUCTIKIS WAPYEAHHA [\ AOKAALHO CKINYEHHA;
(A5) (X,A) € emyeacmoro nosepxuero.

3 ymosu (A2) cainye, mo npocrip sauctkis Y € Ti-pocropom. Ockinbru p~H(Br(Y)) = Agpee C
Aging, a GakTOp-BimoOpaXKeHHs p BIIKPHTe, TO 3 HACALAKY 1.2.8 oTpuMyeMo Takuit

HAcmiaok 4.3.7. Hezati (X, A) — emyeacma nosepzua, p: X — Y — npoexuia na npocmip
aucmrkie wapysarms A. Todi 61dobpastcenms p € KOMNAKMHO-HAKPUBGIOUUM, & OMIAHCE 20MOMOD-
dism P E(A) — E(Y) € nenepesrum.

Tomoroniuni Tunu rpyn aBromopdiszmis cmyractux nosepxosb (X, A) BuBganuck B poborax |28,
29, 30, 26, 31, 32|. 3okpema B [28, Theorem 4.4| noBeaeno, 1o s 38’ 43001 HOBepXHI X KOMITO-
HEHTH 3B’3HOCTI IPYI Hiny(A) Ta H(A) € craryBaHnME 3a BUK/IIOYEHHSM JBOX THIIB IIAPyBaHb
Ha nutiHApi Ta crpiuni Mpobiyca Ha «mapasenbHi mpamis. Biabin Toro, B [26, Theorem 8.1| rpyna
ToH inn(A) 0OTOTOKHEHA 3 I'PYIION aBTOMOPMI3MIB JegKoro rpada, akuil «Koayes iHbOopMaIio mpo
ckieiiky X 3 mogenbaux cmyr. Hapemri, B [32, Theorem 1.4] nokasano, mo sipo romoMopdizma
U moHinn(A) = m€(Y) abo TpuBianbhe, abo izomopdiue Zs.

4.4. OagHoBuUMIipHIi H1apyBaHHs HA TJIOMIHHI. J[0C/IIXKeHHAM OJHOBUMIPHUX ITapyBaHb HA
HOBEPXHSX 3aiiMasIoch 6araTo BiIOMUX MaTeMaTHKiB, y ToMy uuci X. Yirai, M. Mopc, B. Kamramn.
Sokpema, B. Kamnany Hame:kuTh nmeBHa “Kaacudikaliiss’ oTHOBUMIPHIX HEOCOOINBUX IMapyBaHb HA
mromumi. Moro ocHOBHHH pe3y/abTar MoKHa ¢HOPMY/IIOBATH HACTYIHHM YHHOM.

TEOPEMA 4.4.1 (W. Kaplan |20, 21]). Koowcne odnosumipne wapysamnns A na naouwsuni R? ¢
K6a31CMY2aCMO10 NOBEPITHEN.

IcuyroTh ogHOBUMIpHI MAapyBaHHS HA IJIONNHI, SIKi HE € CMYTaCTHMH MOBEPXHSIMU. 30KpeMa,
B NIpUKJIaL 7.7 31 crarTi [26] HABOAMTHCS TMapyBaHHs, I sKoro miaMuokuHa Br(Y) mpocropy
JIUCTKIB He € JIOKAJbHO CKiHdeHHo10. Tomy Teopema 1.2.6 He Moxke OyTH 3acTOCOBAaHA /IO JOBIIHHOTO
IMapyBaHHS 3 IbOTO KJacy. MM He MeHII, MU IOKaKeMo, 110 CIIpaBe/IJInBa TaKa

TEOPEMA 4.4.2. Hewati A — odnosumipne wapysanna na naowuni R2. Todi eidobpasicerins
npoexuii p: R? - Y = R?/A ¢ KoMnaxmuo-naxpueaowum.

JloBenenHst Oa3y€eThCsa HA BJIACTHBOCTSIX OJHOBHMIPHHUX IMapyBaHb A Ha IJIONIKHI Ta IX IPOCTO-
piB uCTKiB Y 1 HaBeJeHe B KiHII ITHOTO MiAPO3/ILTY.
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JIEMA 4.4.3. Kootcen aucmok w wapysanms A posbusac niowsuny 1a 06t 610Kpumis nidmMmocu-
nu Do 1 Dy 2omeomopdni sidkpumum duckam, npudomy w = Do N Dy. Bracaidok yvozo fosiibHa
Touka y = p(w) posbusae npoctip Y wa dei 6idkpumi 36°a3ni niOMHOHCUHY Yyo ma Yyl.

JTOBEJIEHHS. [ificno, srigno (A2), icaye Take Baacue Bkaajgenns a: R — R? mo a(R) = w.
To/1i BOHO 1IPOJIOBZKYETHCH JI0 HEIIEPEPBHOI'O BiIOOPazKeHs OJHOTOYKOBUX KOMIIaKTUMIKAIii

ST =RU{oo} = R?U {oo} = 52

Ouesuno, mo @ in’exkTusHe. ToMy 3 KoMIakTHOCTI ST ctifye, Mo & € TONOJOriYHIM BKJIa,IeHHAM.
Temnep 3 Teopemu zKopiaHa BUILINBAE, 10 06pa3 @ posbusae S? Ha JBI BIAPUTHX TUCKH, a TOMY
obpas a (To6To MUCTOK w) postuBae R2. O

O3HAYEHHSA 4.4.4. Hexwati v: R — R? — in’exmusne nenepepene eidobpasicenna (npocma
kpusa). Hazeemo ~y JOKANLHUM PO3TUHOM WaPYSaHHA A, AKUL0 60HG NEPEMUHAE KONHCEH AUCTOK
A ne Oiavwe Hige 8 00Hit mouyi. Tnwumu crosamu, kKomnosuyia poyv: R — Y e in’ekmuenum
61000PAHCEHHAM.

Biavw mozo, A0KarvHul po3muk Y HA3UBGMUMEMO A-BIACHUM, AKUL0 OAf KONHCHOT 00MEHCEHOT
mmoscurny B C R?, npoobpas v~ (Sa(B)) ii nacuuenna Sa(B) = p~*(p(B)) € obmesrcenum 6 R.

BigMiHHICTD MiXK HOBLIBHHMHI JIOKAJBHUMHU PO3THHAME Ta A-BJIACHUME PO3THHAMEI ITOKA3AHO
Ha puc. 4.3.

\&
P
\

Puc. 4.3. Jlokanphi po3ruan: o — A-BaacHuii, § — He € A-BJIaCHAM

B sara;pHOMY BHIAJIKY He Yepe3 KOXKHY TOUYKY MoBepxHi X 3 mapyBaHHIM A MOXKHA IPOBECTH
JIOKaJIbHUI po3TuH. Hampukiaz, e He MOXKHA, 3pOOUTH JIJIs YKOJTHOI 3 TOUOK CUTYJISPHOIO JINCTKA,
mo Ha puc. 4.16). 3 iHmoro GoKy jist MAPyBaHb HA IJIOMIUHI Ma€ Miclle TaKUil pe3yJIbTar:

JIEMA 4.4.5 (muB. |20, Teopemu 36 i 37|). Yepes koorcny mouky naowsurny nporodumo A-
gaachutll posmun v wapysarns A.

Hexaii v: R — R? — jiokanbuuii postun A i I' = poy(R) — iioro o6pasz B Y. Toxi jna s < 1
Oy/e 3pydYHO IO3HAYATH

(—o0s8)r :=por((—o0;s)),  (s;thr=poy((s;t),  (+00)r :=poy((t;+00)).
SAVBAYKEHHA 4.4.6. Bimomo (auB. Hanpukaaz [43, crop. 260]), mo JgokaabHUT PO3THH 7 B
KOKHIil TOUI MOYKHA JIOKAJbHO “BUIpPAMUTH’ BiIHOCHO ImapyBauHs. To6ro, skmo z € v(R), o
icnyors BinkpuTuit ok U 3 x 1 romeomopdism f: U — (—1,1) x (—1,1), Taki mo
o f(z) =(0,0), f(R)NU) ={0} x (—=1,1);

e 3B’g3HI KOMIOHEHTH 00pa3iB JUCTKIB mapyBanaa A mig gieio f — 1e Habip iHTepBaJiB
{(_17 1) X {U} ‘ vE <_17 1)}

JIEMA 4.4.7. Hexati v: R — R?* — aoxaavnudi posmun A, T = poy(R) — tioeo 0bpas 6 Y,
teRia=poy(t) €. Todi 9 := (—oo;t)r i [} := (t;+00)r € eidxpumumu 6 T i nasesrcamo
0o pisnux Komnowenwm 36 asnocmi mroxcuru Y \ {a}.

3okpema, 6idobpasicerns p o 7y € sidkpumum eraadenmnam, a Gozo obpas I' e 2aycdopdosum
nPocmopom 6 mdykosanit 3 Y monoaozii.



ABTOMOP®IZMU TA EHIOMOP®I3MI PO3BUTTIB TOIIOJJIOITYHUX ITPOCTOPIB 15

JOBEJEHHSA. 3a semomo 4.4.3 muoxkuna Y\ {a} € au3 toHKTHUM 06 € THAHHSIM JIBOX BIIKPHTHX
3B’ a3Hmx MHOKUH Y0 Ta V!, Ockinbku ['Y i I'} € 3B’a3HMMH, TO KOXKHA 3 HUX MOBHICTIO MiCTHTHCS
a6o B YY abo Y,!. 3 inmoro 60Ky, 3 IOKATBHOT BUIPAMIAEMOCTI 7y B TOUII @ ¢imye, mo [ mepetnnae
06uasi 3 mux muoxkun. Ile i oznaqae, mo I'Y i T’} micraTbest B pisHux MHOKHHAX Y0 a6o Y.!.

Jani, moxkua Bazaru, mo It C Y, i =0,1. Toui I =T NY/, a orxe I'! € Biaxpuroio B I

Ockinbku inrepsann {(—oo;t), (t;00) hier yTBOPIOIOIOTE Hepeaba3y Tomosorii na R, a ix o6pasu
HiJT €0 p 0 7Y € BIAKPUTUMHU B Y, TO p O Y € BIIKPUTUM BKJIAJICHHSM. 0

JIEMA 4.4.8. Hezati 7,7 : R — R? — dea aokarvnuz posmunu A, a T = poy(R) ma " =
po~(R) — iz obpasu 6 Y.

1) Hxwo NI # &, mo ued nepemun € sidkpumum iHmepsaiom. 3okpema, 3HaUYMbCER MaKi
crinuenni abo neckinvenni s < t, s <t' € R, wo

NI = (s;t)r = (858 (4.1)

2) Hxwo obudsa wucaa s i ' € ckinuennumu, mo mouku a =poy(s) €' mab=po~y(s) eI’
— Ty-nesiddinvui. Ananoziune meepdocenns mae micue oan t,t'. Mu nasusamumemo ui mouku
TOYKaMu pO3rasy)eHHs Ha KiHysx nepetuny [ N 1.

3) Mwnooicuna Br(I' UT") mowox poseanyoicernna niommoorcunu I' UT 6 indykosaniti 3 Y mono-
02T TOONCHE 3 MHOACUHOT0 TMOYOK PO32asYHCeRHA Ha Kinuar nepemuny I' NI, Sokpema, sona
abo noposicHs, abo CKAGOGEMDCA 3 060T YU YOMUPLOT MOUOK.

JOBEJAEHHSA. 1) dkmo T'NTY # &, 10 1eil mepeTud € BiAKpUTOWO miaMHOXKuHOKO B I i TV
(koxkHa 3 gakux romeoMopdua R), a Tomy BiH MicTuTh X04a 6 aBi Touku. Hexait a = poy(s),b =
por(t) e NI ansa nesxux s < t € R. Tlokaxkemo, mo Tosi

poy([s;t]) CT". (4.2)

Le osnauarume Jiniitay 38’s3uicts I' N IY, a Tomy I' NIV 6yme BiakpuTuM iHTEpBAIOM.

Hexaii g € (s;t)1ic=po~y(q) € I'. Toxi, 3rimuo gemu 4.4.3, Y\ {c} € mu3’oHKTHEM 06 € THAHHSIM
BiakpuTux 38’g3amx MuoxuH Y. i V! mpmuomy moxkna sBazkatm, mo a € Y i b € Y. Toni
I nepernnarume obuasi kommonentu Y \ {c}. fximo x npunycruru, mo ¢ ¢ 17, 1o MmHOKHHA
Y\ {c} =Y UT'UY}! Gyae 38’a3n010, mo nemoxsuso. Tomy ¢ € T,

2) 3ayBazKuMo, 10 iHTEPBAJIH

{(s—&s+0)r},,CT, {(s/ =0+ )}y, CT

YTBOPIOIOTH 6a3u Tomosorii B Touri a Ha ' Ta Touni b na I Bignosigno. Ane 3 (4.1) caigye, 1o
Oy/b-sKi JIBa 3 HUX MAlOTh HEIOPOZKHIH 1epeTun:

(s—0;8+0)rN(s =08+ =(s;s+e)r=(s;8+)pcI'Nl’,

s esakux €,& > 0. Tomy Touku a i b € Th-HeBIAALILHIMH.
3) Jlerko 6aunTwu, 1O BCI IHII TAPU TOYOK, 10 HE € TOUKAMEI PO3TATYKEHHSI HA KIiHIISAX ePETHHY
I' NI, € nonapuo Tr-Bigaiabaumu. e moBoauTh Halle TBEPIKEHHS. [
JIEMA 4.4.9. 1) aai=1,...,n nexati v;: R — R? — qokasvnuti posmun A, T; = p o v;(R)

— di020 obpaz 6 Y i ' = ,LnJl [;. Tooi
1=

Br(I')= U Br(Il;ul}). 4.3
r(I) 1<igi<n r(I; i) (4.3)

i U MHOHCUHG MIcumMb He Oiaviwe wioie 2n(n — 1) mouox.
2) Hezxatd dani K C T — xomnaxmna niommoocuna. Todi

I'n(K\K) c Br(D). (4.4)
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3) Biavw mozo, snatidemvca ckinvenne wucao mmogrcur S, ..., S, C T, xoorcna 3 axuz e
3aMKHEH010 NEOMHOdCUNON dearozo L' 6 tndykosanit 3 Y monosoeii mak, wo K = UF_|S;.

JOBEAEHHSA. 1) Toroxuits (4.3) npsvo cainye 3 jemn 2.4.2(7) 60 KokHa MHOXKHHA ['; €
BiakpuToro i raycaopdosoro. Ockimpku Br(I'; UT';) mictuts ne 6inbme 4-x To4ox, To Br(I') micurs
He Ginbine 4n(n — 1)/2 = 2n(n — 1) Touok.

2) Hns nosejenns (4.4), HarajaeMo CHiBBiIHOIIEHHs MiK 3aMukanHsvu K B I ta Y

Clp(K) = T' N Cly (K).
Tenep 3rigno gemu 2.4.2(3), Clp(K) € K UBr(I'), a 3nauntn
Br(l') D Clp(K)\ K = (I'NCly(K))\ K =T N (Cly(K) \ K).

3) Mpumycrumo, mo nepernn K NBr(I') ckranaerses 3 k To90K Y1, . .., Y. Toi Yo € I'ga) As
nesikoro (He 060B’s13k0BO €1iHOTO) F(v). duist koxuoro av = 1, .. ., k BuGepenmo Binpizok A, C I'ga),
KU MICHTB Y, ¥ CBOIH BHYTDINIHOCTI 1 He MicTuTh iHImuX To90K 3 Br(I') okpim y,. ITokiagemo
TaKOXK

k
Bngg\ gllntAa, 5:1,...,71.

Mu cTBepaKyemo, mo neperunn K N A, € samxaennM B ['g(,), a neperun K N B € 3aMKHEHAM
B Fﬂ.

MiiicHo, ockinbku A, Micruth enuny Touky 3 Br(I'), a came {y,}, i ng rouka namexurs 1o K,
TO

AN (K\K) € A,NTN(K\K) C (A,NTNK)\K C (A,\K)NnBr(l') = @.

Tomy K N A, = K NA,, a oT:Ke 1ell IIepeTHH € 3aMKHEHHM B I'3(a)-
Amnasoriuno, ockineku Bg \ K He mictuts Touok 3 Br(I'), To

BsN(K\K) C BsNnT'N(K\K) c (BsNTNK)\K C (Bg\K)NBr(l') = g,

a tomy K N Bg = KNBg ¢ 3amxuennm B ['g.
[Mokmtamemo S, == KNA,i8% = Kn Bg. Tonl ni MHOXKHMHHU 33JI0BOJIBHAIOTH TBEPJIZKeHHHA
3). O

JIEMA 4.4.10. Hezati v: R — R?* — A-eaacnuti posmun, I' = p o y(R) — tiozo obpas 6 Y, i
K CY — xomnaxmua niomMHoHcuna.

(1) Todi nidmmoscuna (po ) H(K) C R e obmesrcenoro.
(2) Biavw mozo, daa kostcnoi nidmmooicunu S C T'N K, wo e samrnenoro 6 I' 6 indyrosanit 3 Y
mononozii, niomnoscuna T := (po~y)~1(S) C R e xomnaxmmor, a momy xomnaxmmorw 6yoe

YT) =~( 7(5)) = vR)Np~ ().
3oxpema, modi S = p(y(T)) e obpasom xomnarmmoi muosrcunu y(T).

JTOBEJIEHHS. (1) Hexait B, C R? — pigkpurnii kpyr pagiycy 7 > 0 3 mnearpoMm B 0 €
R2. Ockiibku Binobpazkenns npoekuii p sijaxpure (qus. [40, Teopema 4.10]), To nabip MHOKUH
{p(B;)}r>0 yrBOpIOE Bigkpure mokputtsa Y (a pasom 3 Hum i K). Toxi 3 komnakraocti K ciimnye,
mo K C p(B,) nna gesikoro p > 0. Ockinbku v € A-BJIACHEM PO3THHOM, TO

Y (Sa(By) =7 (p  (p(By) = (poy) ' (p(B,))

€ 0OMezKeroI0 MHOKIHOIO0. Tomy T migmuosknna (p o y) ™! (K) Takoxk Gyne 00MeKeHOW.

(2) Ockinbku Bimobpazkennd p o v: R — [' menepepsue, To muoxuna T = (p o) 1(S) —
samkHeHa B R. Binbmr roro, 3rizao 3 (1), BoHa Takok oOMerkeHa, 60 MICTUThCS B OOMeKeHii
muozkuHi (p o) 1(K). Tomy T — KOMIAKT. O
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JTOBEJIEHHA TEOPEMU 4.4.2. Hexait K C Y — xoMmnakThHa migMHOKHHA. OCKIIbKH depes
KOXKHY TOUYKY ILIONIUHU HPOXOIUTH A-BJIACHHI PO3THH, TO 3HAHIETHCS CKIiHUEHHE YHUCI0 TAKUX

postuHiB 7;: R — R2, i = 1,...,n, 3 obpasamu ['; := p o (R), mo K MicTuThea B 06’¢aHanmi
n
i=1

3a siemoro 4.4.9, 3HaAAETHCA CKIHYEHHEe YHCI0 MAMHOXKIH MHOXKIAH S, .. ., .S, C K Takux, 1o

Sa € 3aMKHEHOIO B JeakoMmy ['g) 1 K = 81 Sy
o=

Toxi 3a nemoro 4.4.10(2), 11g KOKHOTO (v MHOXKHHA
Qa ‘= VB(a) ((p o Vﬁ(a))_l(sa)) C R2

€ KOMIAKHTOI 1 p(Qy) = So. Tomy Q = Ql ()., TakoK KoMmmakHTa i p(Q) = K. O

4.5. TpuBianpua TomoJorig Ha Y. Haramaemo, 1o TomoJioris Ha MHOXKHUHI Y, sIKa CKJIa1a-
€ThCs TLIBKY 3 JIBOX MHOXKUH {&, Y } HazuBaeThest mpusiaivroto (a60 anmuduckpemnorn).

JIEMA 4.5.1. Hezat suxonyemvcea odna 3 HACMYNHUT YMOS:

(a) koorcen eaemenm posbumma A € 6cr00u uinbH00 NIOMHOHCUHOW 6 X ;
(6) Y mae mpusiarvhy monosozii.

Todi komnaxmuo eidxpuma mononozis na E(Y) := C(Y,Y) makooc e mpusiaavroro, a 3navumo
6ydv-axe sidobpasicenns 6 E(Y) e nenepepsrnum. 3oxpema, nenepepsrum 6yoe .

JOBEJIEHHS. Jlerko nepesipuru, mo ymosu (a) i (6) ekBiBajeHTHi.

OckinbKy TOmoIOris HA Y MICTUTH JINIITe CKiHUeHHY KiTbKICTH HEOPOYKHIX MHOKHUH (HACTIDAB-
i, OJIHY TaKy MHOKHHY ), TO KOKHa HIJIMHOXKHHA L npoctopy Y € KoMIakTHOW. BHACIII0K OO
KOKEH eJIeMeHT Iependa3n KOMIIAKTHO Biakpuroi Tomosorii Ha C(Y,Y) mae Bun

N(LY)={feCYY) [ f(L) cY}=CY),

ne L — joBiibHA HEMOPOXKHS TiAMHOXKHHA Y . [HIIUMHU €/1I0BaAMU, KOMIIAKTHO BiJIKPHTA TOMOJIOTiS
wa C(Y,Y) micturs e oany Henopoxkuio muokuay C(Y,Y), 10610 € TpuBiaibHOO. O

4.6. IIpocropm Bepa. Haramaemo, mo miaMaoKkuHA U TOMOJOTIYHOTO TPOCTOPY X Ha3WBa-
€ThCs MHOXKHUHOIO nepwot xkamezopii 6 X, axkmo U € 3/iiueHHEM 00’€IHAHHAM Hijle He IILILHUX B
X muoxkuH. fkmo U He € MHOXKUHOIO TEePIIol KATeropii, To BOHA HA3MBAEThCsI MHOXKUHOIO dpy2o0i
rxamezopii 6 X. IIpocmip Bepa — 11e Tonosioriunuit npocrip X, 1o € Apyroi kareropii B cobi, T100TO
floro He MOKe TPEeJICTaBUTHU sIK 3JliYeHHe 00’€HaHHs Hijle He MJIbHUX B X IiIMHOYKHUH.

JIEMA 4.6.1. Hexati monoaoziuna epyna G die na monosoziunomy npocmopt X, A — pozbummasa
X na G-opbimu, Y = X/G — eidnosionuii gaxmop-npocmip, i p: X — Y — npupodna npoexyis.
Hpunycmumo, wo

(a) X e eaycdopgosum npocmopom Bepa;
o0

6) G = YU G; moorcha npedcmasumu Y 6uzaadi 34IMeHH020 00 €OHAHHA KOMNAKMHUL Ni0-
1=

mroorcurn G; (nanpuraad, koau G € epynoro JIi);
(B) dia G mae npunatmni dei pisnux opbimu, mobmo Y micmumos Gisvuwe 00Hier mouKu;
(r) kootcna opbima 01 G € wiavhor 6 X;

Todi p He € KOMNAKMHO-HAKPUBAIOUUM, GNE 20MOMOPHI3M 1) — HenepepsHul.

JOBEJIEHHA. 3 npunytienss (1) i gemu 4.5.1 BUmIMBae, 1Mo ¢ € HemepepBHAM 1 Mo Y Mae
TPHUBiaJBbHY TOIOJIOTiI0. 30KpeMa, KoxkHa miaMHoKuHa L C Y € KOMIIaKTHOIO.
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BaMIIIIOCh JOBECTH, IO P He € KOMIIAKTHO-HAKPUBAIOUNM. 3rifHo (B), Y Mae npuHaiiMHi 1B
TOUYKH, & OTKe icHye BiracHa miamuoxuua L npocropy Y. Toai momosuenns L' =Y \ L takox €
BJIACHOIO MIMHOKHIHOIO Y. OTKe L 1 L' € BIacHUMI KOMIAKTHAMH mijiMHOKIHaMK Y . [Tosnagnmo

A:=p L), A =p N L) =X\ A

Ockinbku KoxKHa opbita mil p mineHa B X, 70 A 1 A’ Tum Giabine € migbHaMEu B X .

[Tpunyctumo, 1o 3HaiiayThes Taki KommakTai MuokuEn K C A1 K' C A, mo p(K) = L
i p(K') = L'. Tlokaxemo, 1o 1ie CylnepednTuMe yMOBAM JIEMH, & 3HAYUTH JIOBEJE, 110 P HE €
KOMIIAKTHO-HAKPUBAIOIIM.

Hexait p: G x X — X —Binobpaxkenns aii. 3riguo (6), G = ile G, ne el ninvuoxkunu G; C G
¢ kommaktHuMu. Toxi pisuocti p(K) = L i p(K') = L' o3nagators, 1o

A:M(GXK):iGUNM(GiXK)a A,:M(GXK,):iGUN/vb(GiXK,)- (4.5)

Ockinbku G;, K, K’ ¢ xomnaktHuMu, a (o — HenepepBHe, 70 MHOKIHA (G X K) ta u(G; x K')
TaKoXK € KoMmnakTaumu. To/i Bonu Takoxk 3aMkKHeHi B X, Tomy 1o X — raycaopdonuii.

3a mobyaoBo0, A’ € BCoOAM TIABHOW (MepeTHHAE KOXKHY BIAKPUTY MiIMHOXKHHY B X) i He
nepernnae 3amkHeHy MHOXKUHY (1(G; X K). Tomy p(G; X K) Mae mopoxKHIO BHYTPITHICTh, TOOTO
€ Hije He miabHOW. Anamoriuno, pu(G; x K') Takox € Hife He miabHO0. Ate Toji

R /— . . /
X=AuA = U p(Gi x K) | ] L p(Gix K

€ 00’eIHAHHSAM 3JIYEHOr0 YMCJIa Hije He MILIBHUX MHOXKHH, IO CYIIEPEYUTh TOMY, 1m0 X € Ipo-
cropoMm Bepa. Takum ymHOM, HAallle OIpUIYLIIEHHS Npo icHyBaHHs KoMmmakTis K ta K’ He Biphe, a
3HAYUTH P HE € KOMIIAKTHO-HAKPUBAIOYUM BiJIOOPAZKEHHSIM. U

HACHIIOK 4.6.2. Hexati monoaoziuna 2pyna G die na mononozivnomy npocmopi X', Al —
posbumma X' na G-opbimu, Y' = X'/G — eidnosionui gaxmop-npocmip, i p': X' — Y’ — npupo-
ona npoexuyia. Hpunycmumo, wo icnye G-insapianmmua niommnoocuna X C X', daa axoi eurxonai
ymosu Aemu 4.6.1. Todi p' He € xomnaxmuo-naxpusaowum 6idobpacrceHHIM.

JTOBEJEHHS. [ificno, G-impapiantaicts X o3Hadae, mo X = (p/)~1(Y') € nopHuM npoobpazom
muoxkuau Y = p/(X) C Y, a dakrop-sigobpaxennst p: X — Y € obmexennsm p’ va X. 3a
nemoto 4.6.1, p He € KOMIAKTHO-HAKPUBAIOYNM, & TOMY P’ TAKOXK He 0yJ1e KOMIAKTHO-HAKPUBAIOIUM
3rigHo 3 gJemoio 1.2.2. O

4.7. IppanionanbHmit MOBOpPOT Koua. Hexait S' = {|z| = 1} € C— oguunune xojo Ha
koMIiekcHiit momuui, a € (0,1), i f: S — St f(2) = ze*™, — nosopor Ha KkyT 2mc. ITeparnii
{f*}rez BimoGpazKenHsa f HOPOIKYIOTH fifo Tpynu Z Ha S, 3a1amy BizoOpazkKeHHAM

p:Zx St — Stk 2) = fF2), (k,2) € Z x S

Hexait A — posburTs Kosia Ha opbiru miei i i p: S1 — Y = S'/A — pinnosinue daxrop-
Big0oOpasKeHHs.

JIEMA 4.7.1. Tomomopgiam 1 € nenepepsrum. 3 w020 6OKY, P € KOMNGKMHO-HAKPUBAIOUUM
modi G auwe modi, Koru o PAyioHaNbHe.

JIOBEAEHHSI. $IKimo « parionabae, To IpocTip Y romeoMopduuii Koy i mpoekmis p: ST — Y
€ JIOKAJhbHO TPUBIAJBHUM DPO3IMApPYBaHHIM (HACIpAB/Il Ile HABITH CKIHYEHHO KpDATHE HAKPUTTH).
Ockinbku, S* Ta Y — komnaxThi raycaopdosi, To p~!(L) € KOMIAKTOM JId BCIX KOMIAKTHHX
(=3aMKHEHVX) MAMHOXKHUH B Y, & 3HAYUTH P € KOMIAKTHO-HaKpuBaouuM. Tomy 1) Byiie Hemepeps-
HUM.
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dIxmo Xk « ippalionanibHe, To Jig rpynu Z nHa S Binnosizae ymosawm Jjemn 4.6.1, a Tomy 1)
3aJIUIIAETHCS HEIIePEPBHUM, ajie P BxKe He Oy/1e KOMIAKTHO-HAKPUBAIOUUM. 0

O6uncaumo Bianosigauit romomopdism ¢: H(A) — H(Y') Ha “romoroniunomy pisHi” ayst pa-
nionanpHOro @ = m/n, e (m,n) = 1. SayBaxkumo, mo A € posbutram S! Ha cymixKHI K1acu 3a

il miarpymnoio Z, = {eQWZk/"}k —0,1,..,n—1, & OTZKe BIJOOpasKeHHd P: S — Y = S moxxna BuzHaunTn
3a dopmynoio p(z) = 2". Biqmirumo, mo npu npoMy p 6yie HaBiTh roMOMOPMIZMOM IPYIL.
Hexait q: St — Sl, q(¢) = ¢ = ¢!, — BinoOpazkeHHA KOMILICKCHOTO CIPAKEHHA. BoHO €

izomopdizmom S mopanky 2, a ToMy BH3HAUEHO BiJNOBLAHMN HamiBIpaMuit 106yToK S' X Zsy. 3a
O3HAYEHHsIM, e JeKaproBuii 106yTok Muoxuu St X {£1} 3 rakoio onepaniero:

s
(¢7 6) ' (¢75) = (¢q (1/})7 55)
JHob6pe Bigomo, 1o ust rpya izomopdua 10 oproroajbaol rpynu O(2) i 11 TakozK MOXKHA PO3LJIsjia-
T sk migrpyny B rpyni H(S') romeomodizmis kona. [pu mpomy O(2) romeomopdHa jiu3’ IOHKTHOMY
00’e THAHHIO TBOX KiJI.
Jlani, merko mepeBipuTH, 10 11 KOXKHOTO N > 1, BigobpazkeHHst

Gn 0(2) - 0(2)7 gn(¢75) = (p(¢)75) = <¢n’5>
—1e romomopdism 3 siapom Z,. 30Kpema, g, 36epirac inBapianTHuMEu Kommonentn O(2) i Ha
KOZKHII 3 HUX € N-JUCTHUM HAKPHBAIOYUM BlI0ODAZKCHHSIM.

JIEMA 4.7.2. Mae micue maxa KomMymamuena 0ia2pama:

12, H(A) 2 H(S') —= 1

1 —= Z,— 0(2) —Z> 0(2) 1

6 AKI PAJKU € MOYHUMU, 4 BEPMUKAALHI GKANUEHHA — UE 20MOMONIYUHE EKBIBAAEHMHOCTNI. S0Kpe-
Ma, P IHOYKYE MAKT 20MOMOPPIBMU 20MOMONIUHUT 2PYN.:

1dZ2

¢02 7TOH<A) == 7T00(2) ZQ Em— ZQ == 7T00< ) = WoH(Sl),
P mH(A) = mO0Q2) =7 £ 5 7 — 1,0(2) = mH(SY).
Bei inwi 2omomoniuni epynu O(2), H(A) ma H(S') — mpusiarvni.

HOBEAEHHSA. 1. TouHiCTh HUKHBOI HOCJIIAOBHOCTI TPUBiaIbHA.

2. Bigmitumo, 110 gapo ¢ CKJIAJAECThCd 3 MAHATTIB idgi, a OTXKe BOHO TOTOXKHE 3 IPYIIOIO
MOBOPOTIB Z,. Lle mokasye TounicTs B cepemuabomy wieni O(2).

3. TToxkaxkeMo CIOP’€KTHBHICTD 1. 3ayBazKuMo, 110 Koxken romeomopdism h: St — St zammmae
1HBapiaHTHOIO Hmrpyny nZ C mSt. Tomy 3a BAACTHUBICTBLIO MAHATTS FOMOTOIIH JIs HaKpI/ITTlB
iciye romeomopdism h: St — S raxuii, mo po h = hop. Lle osmauae, mo h € H(A) i h = y(h).

4. Teepmzxenns npo te, mo O(2) e cuapaum gedpopManiitnum perpakrom H(S!) mobpe Bimome
i 10BOZMTHCs efeMeHTapHo, Hanp. [16, Prop. 4.2|. Tex came moBesieHHsI MOKa3ye, 1o 1 jgedop-
marniifna perpakiis jumae H(A) inBapianTHIM. U

4.8. IppanioHanbHMIA TOTIK Ha TOPi. Biabm 3arannno, nexait 7% = S x ST = R?/7Z2 — 2-
Top, « € R, a H : T? x R — T? —notik o3HaueHmii 3a (l)opMyﬂOIo H(z,y,t) = (x + t,y + at).
Hexait A ¢ mapysanusym T2 na op6itu noroky H ip: T? — Y = T?/A — BijobparkeHns B IpoCTip
OPOIT.

JIEMA 4.8.1. Tomomopgiam 1 € nenepepsrum. 3 w020 6OKY, P € KOMNGKMHO-HAKPUBHIO UM
modi G auwe modi, Koru o PAyioHasbHe.
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JopeneHHs TOCTIBHO IOBTOPIOE HoBedeHHs Jlemu 4.7.1.

4.9. Ilpukaan Ham>xkya. Hobpe Bimomuii Kaac roMmeoMopdi3MiB KoJjia, o 36epiraioTh opi-
eHTaIio, nodyaosanuit Apuosbaom lanxkya. [IpepcraBuuku nporo Kjiacy Maiorh OJiyKarodi iHTep-
BaJIM Ta ippanioHasbHi ducia obepranss, aus. 6, 22].

Posrnaremo romeomopdism f: St — St mo mazexknTh nnoMy kaacy. Bimomo, mo f mae Taki
BJIACTHUBOCTI:

(i) icuye mize He mirbHa MHO)KHMHA Kantopa I' C St raka mo f(I') = T, i auis KoxHOT TOUKE
x € I' 1i opbira Oy (z) = Y f*(x) € minpuow B T

(ii) icmye Bimkpura gayra Jo C ST pna axoi ST\ T = |_|Z f™(Jo)-
me

Hexait A € po36uTTsm Koma Ha opbit fip: ST — Y = S'/A — signosigne bakTop-BinoGpaskeHus.

[Mosuauumo J,, = f"(Jy), m € Z. Bipmitumo, wo Jyp1 = f(Jn) 1 flr, 0 Jm — a1 €
roMeoMop@i3zmMoM Jjid KOKHOTO M.

Hexaii Takoxx Q = p(T') i J = p(S*\T). Toni Y = Q U J, ockimpkn I' i '\ T’ ¢ nacnuenn-
Mu MHOXKuHAME BigHOocHO A. Bijgbimr Toro, () € 3aMKHEHOIO MiAMHOXKHUHOK Y, a J — BIKPHUTOM.
Besnocepeiabo meperipsieTnes, 1mo J romeomopduo Biakpuromy intepsasy (0;1) B Tomosorii iu-
JMYKOBaHiit 3 Y, a TaKoXK 10 KOKHE BimoOpaxKkeHHd | @ Jn — J, m € Z, € ToMeoMopdizMOoM.

r
f Jiv1 = f(J;)
J;
a

Puc. 4.4.

Hagenemo nmeaxi BiaacTuBocTi Tomosorii Ha Y.

JIEMA 4.9.1. (a) Hexati U C S* — gidxpuma nidmmoocuna. Sxuwo UNT # &, mo U nepemu-
nae xKootcny opbimy f, omowce ona mae nacunenns p—t(p(U)) = St
(6) Kootcna sidxpuma muoocuna V- CY | wo nepemunae Q, sbizaemoca 3 Y ;
(B) Kootcna niomnoorcuna L CY, wo nepemunae Q, € KOMNAKMHOW.
(r) Hexati k: Y — Y € nenepepsnum eidobpastcenmam, npuvomy k(y) € J das dearozo y € Q.
Todi k e nocmitinum sidobpasicennam y mouky k(y).

JIOBEJIEHHA. (a) Hexait y € UNT iz € S*— nolabHa TOUKA.

dxmo z € T', 1o opbita Of(x) € minbnow B I' 3riguo (i), orxke oxin UNT toukn y B I' mepernnae
O¢(x). Bokpema, U N Of(x) # @.

B nporunesknomy Bunajgky r € J; s jgesikoro i € Z. Ockimbku J; N[ # @ i niamerpn
inreppasis J; npsamyiors 10 0 npu j — 00, 10 J,, C U s neaxoro m € Z, orxe [ (x) € J,, C
U. Takum aunoM, i B npomy Bunmaaky U N Of(x) # @.

(6) Hexait Binkpurta migmuoxkuua V' C Y nepermnaerbes 3 (. Toni BigkpuTa HacHYeHa MHO-
xuna U := p~ (V) neperunaernes 3 I'. Tomy U = S* srigno (a) , otxe V =Y.

(B) Hexait y € LN Q, £ = {W,}jea € BinkpuruM nokputraMm L, erement W; aroro MicTuTs y.
Toni W; =Y arigno (6), orxke {W;} € omHoeIeMeHTHUM TANOKPUTTAM &, siKe HOKpUBae L.
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(r) Hexait V' C J-— Biakpuruii okin toukn k(y). Tomi k~'(V) € BIAKpHTEM OKOJIOM TOUYKH
y € Q, Tomy kH(V) =Y srigno (a). Orke, 06pa3 Y MICTHTBCS B TOBLIHHOMY OKOJI TOUKH k(Y).
Ockinbknu J € T1-mpocTopoM, TO

{kw)}= ) V.
k(y)eV,
V' Bigkpure

seigku k(YY) C {k(y)}, Buacaimok doro k € mocTifinuM BiToOpasKeHHIIM. O

JIEMA 4.9.2. Jlaa zomeomopdisma Haroicya f: ST — St zomomopdism : E(A) — E(Y) ¢
nenepeperum, are garmop-sidobpasicenns p: ST — Y ne e KoMNAKMHO-HAKPUEAIOUUM.

JTOBEAEHHS. Henepepsnicmo 1. Hexait h € E(ST, A), ¢ =(h) € E(Y) i
N(L,V)={le&Y)|I(L) cV}

— sIKuit HeOy/Ib eJIeMeHT Tepeda3n KOMIAKTHO Biakpurol Tonosorii Ha £(Y), skuil mictuts ¢ (TyT
L CY — neska KoMIakTHa MHOKHHA, a V C Y — Binmkpura). 3okpema, ¢(L) C V.

Posrigrnemo m1Ba BUMAIKHA.

a) fxmo VNQ # &, o 3a gemoro 4.9.1(6), V =Y. Tomy N (L, V) =N (L,Y) = E(Y), a orxke
muozxknaa ¢~ (N(L,V)) = ¢~ (E(Y)) = E(A) e Biakpuromo.

b) Mpunycrumo, mo V N Q = &, 10610 V' C J. 3HOBY PO3IIsTHEMO JBI MOKIUBOCTI.

bl) Hexait L N Q # @. Ockinbku ¢(L) C V, 3 jgemu 4.9.1(r) caigye, mo ¢ € mocriiinum
BI10OpazKeHHAM B [IedKy TOUKY y € Y. 3 piBHOCTI poh = ¢op Takox BuiLmuBae, mo h(S') C p~1(y).
Ante p~1(y) He MiCTHTDH HETPHBIATBHUX 3B’ A3HUX MiAMHOKHH, TOMY A € HOCTIHHAM BiI0OpazKeHHSAM,
i fioro o6pas micTuThea B geskomy inrepsani J;. Hexait U; = J;Np~ (V). Tomid = N (S, U;)NE(A)
e okozoM h B E(A) 1 ¢(U) CN(L,V).

b2) Hapemrri, npumyctuvo mo LN Q = &, a omxke L,V C J. Tosnauumo Ky = p~1(L) N Jy i
U =p (V). Toni obmexenns p|g,: Ko — L € romeomopdizmom, oTke MHOKAHA K| KOMIAKTHA.
Binbm toro, 3 piBaocti po h = ¢op cainye, mo h(Ky) C U, romy U := N (Ko, U)NE(A) € oxoom
h B E(A).

Mu cTBepAKYEMO, O w(U) C N(L,V). Hiiicho, sixkmo g € U, o g(Ky) C U, a Toxi

¥(g)(L) = (g) o p(Ko) = po g(Ko) Cp(U) C V.
Orxke, TomoMopdhi3M 1) € HermepepBHIM.

osederna moezo, w0 p He € KOMNAKMHO-HAKPUBAIOYUM 61000pascennam. Posrasaemo obme-
xeutst fo = flp: ' — T'. Ockiabku ' € inBapianTHOO MHOXKHHOW [ 3rigHo BiaactuBocti (i) i
Q) = p(T'), T0 KOpeKTHO O3HAUeHA IPOoeKIisa py = plr: ' — @ mpocropy I' Ha dakrop mpoctip Q.
3ayBaKuMo, IO TOJ J1id

pZxT =T, pk,z) = f5(2) = f5(2),

romeoMopdizmy f mHa I' 3amoBosbusie ymosu Jjemu 4.6.1. [iiicro, I' € raycaopdoBuM mpocTopoM
Bepa, Z ¢ 06’eHannsM 3J1i9€HON0 YMCIa KOMIAKTHAX (HAIPUKJIA, OJHOTOYKOBUX) HIJAMHOZKIH,
nist Z mae Oinbite oauiei opbiru i 3rigno Baacrusocti (i) xoxua opbita B I € minsuoio s I
Towmy, 3rignao gemu 4.6.1, dakrop-sinobpaxkenus py = p|r He Oy KOMIAKTHO-HAKPUBAIOYNM,
& 3HAYUTHh KOMIIAKTHO-HAKPUBIOYUM He Oyjie i p. 0

Pobora migrpumana rpaatamu Simons Foundation (1030291, 1290607, S.I.M Ta Y.O.P), (SFI-
PD-Ukraine-00014586, S.I.M.). Asropu Bastani npodecopy P. Gartside 3a indopmariito mpo pobo-
Ty [14].
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