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Jlekmiag 1. IlougarTa TomoJiorii. Ba3a i mepenbaza

4 BepecuHsa 2025

Bamava 1.1. Onucaru sei Tornostorii va mMuoxkuni X = {a, b} 3 1BOX TOUOK.
Bagaga 1.2. Onucaru el Tonostorii Ha MuokuHL X = {a,b, ¢} 3 TPHOX TOUOK.

3ajaua 1.3. Yu MoxKHA cKa3aTH, IO IedKl 3 TOIOJIOrii B IIOIEPEeIHIX 3a/1a9aX € «OJHAKOBUMUI B SIKOMYCh
cenciy»? Kimo Tak, TO sik (GOPMaAi3yBaATH 1€ MOHSTT «OJHAKOBOCTI» 7

3amava 1.4. [MokazarTwm, 1110 TOIOIOTIST T HA MHOXKUHI X € IMCKPETHOIO TO/I 1 TIMBKU TO/Ii, KOJU T MICTUTH
BCl 0AHOTOYKOBI MHOKHUHH. T0OTO KOXKHA TOYKA, € BiAKPUTOIO.

Yu mpapja, 110 TOJi KOXKHA TOUKA € 3aMKHEHOI MHOXKHWHOIO.

ITpumycTrmo, 1110 B TOMOJIOTIT 7 KOKHA TOUKA € 3aMKHEHOI0 MHOXKHUHOIO. Uu mpaBia, o TOIi TOTOJIOTid
T — IACKpeTHa?

Banaua 1.5. Hexait X — noBiabHa (MOXKINBO HECKIHUEHHA) MHOKWUHA, T — CIM’S TMHOXKUH, sIKA CKJIa-
JAETHCS 3 yCiX MAMHOXKIHA X, TOMOBHEHHS /10 IKUX € CKindennuM, 1 7 = 7/ U {J}.
(a) Ilepesipuru, 1mo 7 € Tomosoriero Ha X (BOHA HA3UBAETBCS MONOA0ZIEN 3APUCHEORO).
(6) Mpumnycrumo, mo X — ckinuenna muoxkwuua. 1110 Togl MokHa ckazaTu tipo 7/ 1 77
(8) Hexait o/ — ciM’s i IMHOXKUH, KA CKIAJAETHCS 3 YCIX MiAMHOKUH X | TOTOBHEHHS /10 IKAX € CKiH-
gerHuM abo 3nivernm i 0 = o’ U {@}. Yu 6yae o Tonosorier?
(r) Hexait ' — ciM’st HiAMHOXKUH, sIKa CKIAJAETHCS 3 YCIX TMAMHOKUH X, JOTIOBHEHHS JI0 IKUX € HECKIH-
geHHUM, ase 3jidennm. Sk cuissianocarsea 1 1 o? Un Gyme n' U {, X} Tononoriern?

Bamaua 1.6. Hexait 0 = {A;}icp — ciM’st nigMHOKMH MHOXKMHKM X | sIKa Ma€ Taki BJIaCTUBOCTI:

(a) 9,X € o;

(6) mnga nosinbaux A, B € 0 maemo, mo AU B € o;

(B) mnst moslmsrol mincim’i {A;}jcs C o i1 mepetun ()| A; € 0.

JjeJ

[Mokazaru, mo roxi cim’ss 7 = {X \ 4;}ica € Tonosoriero va X.
Bamaua 1.7. Hexait 7 — Tonosorist va X 1 8 = {U;}ien — ciM’s nigmuoXRnH MHOXKUHN X, 00’€qHAHHS
aknx nae X. [lokazarn, mo HACTYOHI YMOBU eKBiBaJeHTHI:

(a) B — me 6aza s T;

(6) mns nosinbhoro U € 7ix € U icaye take V € B, mo x € V C U.

3anaga 1.8. Hexail 7 — cTanmapTHa TOTOJIOTIA Ha YnuCI0Biil npsmiit R, 6a30t0 dKoT € BiIKpUTI iHTEpBaJIH.
(a) Tokazaru, mo cim’s a = {(—00;a), (a;+00) }ecq € mependazoro miel Tomoorii.
(6) Yu 6yzne nmepenbazoro st T Taka cim’st op = {(—00;a)}aeq € mepenbaszoro miel Tomosorii?


https://imath.kiev.ua/~maks/lectures/2025/gen_top

(B) st KOXKHOT 3 HACTYIHUX TiAMHOXKHUH B R BU3HAYUTH UM € BOHW BIAKPUTUMH ab0 3aMKHEHUM. Bin-
oBi/Ib OOIPYHTYBATH.
(i) N,Z,Q,I = R\ Q — MHOXXWHU HATYyPaJbHUX, [UINX, PAIOHAJBHUX Ta iPPAIOHATBHAX THCEJT
BiJITIOBIJTHO;
(ii) cermentu [a;b], (a;b], [a;b), (a;b) nia a < b;
(iii) mocaimoBHICTE {%}nEN;
) {5 }nen U {—4};
(v) {3 }nen U {0}

Bamaua 1.9. (*) Hexait @ = {4, }iep — civ’st nigmuoxkna muoxkuan X . TTobyyBaTn MiHiMaIbHy TOMOJIOTIO
"a X, B gKiif BCl eJleMeHTH 3 v € 3aMKHEHUMU.

(iv

Banaua 1.10. (*) Busnauits ananoru nepeabasu i 6a3u TonoI0Til B TepMiHAX 3aMKHEHUX MHOXKUH.

Bamaua 1.11. (*) Hexaii (X, <) uacTkoBO BHOPsiJIKOBaHA MHOXKHMHA (T06TO BigHOIIEHHST < € pediekcus-
HUM, aHTHCHMETPUIHUM 1 TpausuTuBHUM). Hexait Takox a < b o3magae, mo a < b i a # b. [Jasg KoKHOT
mapu a < b € X BU3HAUNMO MHOXKWHHI

(a;0) :=={z € X |a <z <b}, [a;b) :={x € X |a <z <b}
i po3ryistHeMO Taki cimM’T mijiMHOXKUH B X:
T={(a;b) |a <be X}, o={[a;b] |a<be X}.

(a) Ywm 3aBxkau T € 6a30t0 geaxol ronoqorii 7 va X7 dxmo i, 3uaiigite ymosu va (X, <), 3a axkux ne
BipHO.

(6) Ywm zaBxkam o € 623010 3AMKHEHUX MHOYKWH JIesTKOT Tomosioril & Ha X7 SIKio Hi, 3HANITH yMOBH HAa
(X, <), 3a sxux 1e BipHO.

(B) 4ki cniBBimHOIMIEHHST MiXK T 1 67 3a sIKMX yMOB BOHU TOTOXKHI, a00 0JlHA 3 HUX CHJIBHIIIA 3a 1HIILY?

Jlekmig 2. Tomeomopdizmu, pakTOpHI BiIOOpPaKeHHd Ta iHAYKOBaHI TO-
moJiorii

11 Bepecus 2025

3anaua 2.1. Hexait X, Y, Z — Tonosoriuni npocropui f: X = Yig: Y — Z — romeomopdizmu. dosectu,
mo go f: X = Z arakox f~':Y — X takox € romeomopdizmamu.

Bamaua 2.2. Hexait (X, 7) — ronosnoriunuii npocrip. Ioznaunmo gepes H(X) MuoXKuHy BCiX #Oro romeo-
mopddizmie. dosect, mo H(X) € rpymnor BigHOCHO KOMIIO3uIiil Bigoopaxens. 1o € onuHrnaHIM ereMeToM
el rpynm’?

Bamaga 2.3. Hexait X,Y — rmonmojoriuni npocropu. Tlokasaru, mo xoxen romeomopdizm f: X — Y
(stk1IO BiH icHY€) IHIYKYy€ TaKy KOMYTATHBHY JHarpaMmy

H(X,Y)

hy Wf

H(X) hi— fohof~ H(Y)

B AKiil BCi cTpiakm € Giexmisvm. Bigbmt Toro, qoseaiTs, mo mmkas crpinka H(X) — H(Y), h— foho f~1,
€ i3oMopdizMOM TpyII.



Banaua 2.4. Hexait X = {a,b,c} — MHOXUHA, M0 CKJIATAETHCS 3 TPHOX TOYOK. [T KOXKHOI 3 cimeii
MHOXKWH (¢ HABEJIEHWX HUXKYe, OMNUCATH BCI TMAMHOXKWHU TOTOJOTII T, TOPOMXKEeHOI o aK Tepeadasorno i
obuamcauTn Tpymy romeomopdismis H (X, 7) (111 coporieHHst ToO3HAYEHh MU He THUIeMO (irypHi Ty ZKKH,
o610 a noszuauae {a}, ab:= {a,b} i v.1.).

) a={a,b,c};
6) a= {ab bcks
B) a =

r) a= {a c,ab};
(m) o=

(a
(
(
(

Banaua 2.5. Hexait (X, 7) — romosoriunuit poctip, B C A C X — migvuoxunu. [lokazaru, mo

8 = (TA)B
TobTo, 110 TomosToriT Ha B imgykoBani 3 X Ta A TOTOXKHI.

Bamaua 2.6. Hexait (X, 7) — ronosoriunuii npocrip, B C A C X — nigmuoxkunu. Ipumycrumo, mo A —
BinkpuTa B X. IlokazaTu, 1Mo HACTYITHI YMOBH eKBiBaJleHTHI

(a) B € BiIKpUTOIO B T;

(6) B € BIAKpUTOIO B TA;
Tnmumu cnosamu, 74 = {B € 7 | B C A}.

Banaua 2.7. Hexait (X, 7) — Tonomorianuii npocrip, B C A C X — nigmuoxkuan. [Ipunycrumo, mo A —
3zaMKHeHa B X . Ilokazaru, 1Mo HACTYITHI YMOBH e€KBIBaJI€HTHI

(a) B € 3aMKHEHOIO B T;

(6) B € 3aMKHEHOIO B T4;

Jlekiiia 3. ®PakTopHi Ta HemepepBHI BigobpakeHHsd. CKJeOBaHHS TIPO-
CTOpPIB

18 BepecuHa 2025
Jnst muozkuan X MO3HAYATHMEMO depe3 2% MHoKIHY Beix migvuoKmH B X . Yepes @y mO3HAUATHMEMO

TIOPOJKHIO MHOMKHHY, IKa PO3IIAMAETLCA AK eleMeHT (abo ofHOeTeMeHTHA IiaMHOKHHA) 27 . 3okpema,
KOXKHa TOIOJIOrid Ha X — Ie [JedKa OiIMHOKIHA B 2% , TII0 33JI0BOJILHSE BIJIIIOBITHI aKCIOMU.

Hexait f: X — Y — BimoOpaszkemis MixK MHOXKIHaAME. Tomi BOHO iHIAYKYyE

e Bigobpaxenns {: 2% — 2 gke crapure y Bignosinmicrs migmuoxuni A C X ii o6pas f(A), To6ro

(4) = f(A);

e BimoGpaxemnnsd fi,, : 2¥ — 2%, axe craBurh v BigmosigHicTs miaMuoxum B C Y ii moBHuil mpoobpas

F7Y(B), 10610 finy(B) := f~1(B).

Hexait A C X — minmuoxuna. Toni f-nacunennam A C X Ha3zHBATUMEMO MHOXKHUHY

Sat(A) == f7H(f(A)) = finy 0 F(A).

AHDICBKOI0 MOBOIO HACUMEHHA TIEPEKIATACTHCS K saturation, 3BIACH 1 TIOXOIUTH MO3HAYECHHS.
Kazatumemo Takoxk, mo A € nacuuenorw, skmo A = f=1(f(A)).

Baysaskenns 3.1. s nigmuoxkuan B C Y, gk enementa B € 2Y | 11 mpoobpas BigrOCHO | CKIa12€THCS
3 ycix migmuoxnH A C X, 0bpasu akux TOTOXKHI 3 B, T06T0

“i(B)=1"1({BY) ={A€2¥ | f(4) = B}. (1)

Bokpewma, {~H(B) micturh oamoroukony muoxuny fin, (B) = {f~1(B)} C 2% — nosuuit npoobpas B, ae,
B3aram Kaxyqn, {~1(B) Moke MICTHTH GLTbITe eleMeHTiB.



Hakpuxnazn, nexait f: R — R, f(z) = 22,1 B = {9}. Toxi

_I(B) = {{_3}7 {3}7 {37 _3}}a finv(B) = {37 _3}'

Baysaxkenns 3.2. Tns migvuoxunn A C X, ax enemenra A € 2% i1 npoobpas i, 1 (A) eidnocno fin,
cxaadaemupea 3 ycir nidmmoocun B C Y, npoobpasu axux momoocni 3 A. Taxum umnom, gxmo A we €
1poobpazom skoick Muoxunn B C Y, 1o fi,, "1 (A) = @. B nporuiexknomy sunaixy, akmo A = f~1(B)
I geskol miamuoxknan B C Y, To

fine "1 (A) = {f(AUC|C Y\ f(X)}.
Binpm 3araneHo, gkmo 7 C 2% — cim’a migmeoxKuHE B X, TO
finy ™ (T)
CKJAMAEThCS 3 YCix NiOMHOoCUR 3 Y, npoobpasu AKUL HAAENHCAMD O T.

Bamaua 3.3. Hexait f: X — Y — Bimobparkernust Mizk MHOKuHaMA. [[oKaXKiTh, 110 HACTYIIHI YMOBH €KBi-
BAJIEHTHI:

(a) f — crop’ekTuBHE;

(6) BimoGpaenns fi,,: 2¥ — 2% £ (B) = f~Y(B), € in’exrunnum;

() (fin) H(@x) = {@y}, T06TO aAKmO Mpoobpas f~1(B) muoxurn B C Y TopoxHiil, To BOHA cama

HOPOKHS.

B ocranmsomy miynkTi (fin,) (@ x) osmauae mpoobpas oaHOTOUKOBOT MHONKMHM Tx € 2% BigHocHO Bij-
obpaxkeHHs fi,,.

3amaua 3.4. Hexait f: X — Y — noBiabHe BigobpaxkeHud MiK MHOKHHAMHU. [loKaxKiTh, 1110
finy M (finu (B)) == fin, "' ({FH(B)}) = {B N f(X)}u 2"V (2)
[HmuMu croBaMu, KoxkHa miaMHoxuHa Q C Y, maa axoi f~1(Q) = f~1(B) := fi,(B), Mae Bursas
Q= (BN f(X))UC,
ae C C Y\ f(X) nesdka miMHOXKUHHM, sIKa BXKe MA€ IIOPOXKHINA 1poodpas.

Ocranni JBi 330241 MOXKYTh 3/1aBATUCH 3aHAITO (POPMATBHUMHU, aJie iX PO3YMiHHSA Oy/1€ KODUCHUM JIJIst
O3HAYEHHS PI3HUX THUIIB BiJOOParKeHb i CIIBBIIHOIIEHD MiXK HIM.

Osuavennsa 3.5. dxwo o — deakxa monoaozia Ha Y , mo npoobpas
fHo) = finlo) ={f1(B) | Beo} c2¥
HA3UBATNUMEMO TIPOODPABOM TOIIOJIOLI] 0.
Takox 4yepes & = {Y \ B | B € 0} no3HavarnMemMo MHOXHUHY BCIX 3AMKHEHUT MHOXKWH B 0.

Banaua 3.6. Hexait X — muoxuna, (Y, o) — Tononoriuauii npocrip i f: X — Y — neaxe Bimobpazkennst.
[oxazxiTs, mo f~!(o) e Tonmosoriero na X.

Busnaunmo Tenep mekinbka THUIB BigoOparKeHb:

Osuavenns 3.7. Hexatii (X,7) ma (Y,0) — monoaoziuni npocmopu i f: X — 'Y — eidobpasicerns. Todi
f masusaecmocea



e HEIEPEePBHUM, AKWO0 04 KoocHoi 6idkpumoi muosicunu B 6 Y ii npoobpas f~1(B) € sidxpumum s
X, mobmo
finv(o) C 3

o iminianbaum, axuo eidkpumumu 6 X € 6 mounocmi npoobpasu f~H(B) eidkpumuz mmoocun B 3Y,
mobmo npoobpas i, (o) monosoeii o momosicrnut 3 T:

finv(o-) =T;

e dakTopHEM, Ak MHodcuna B C Y eidkpuma modi i misvku modi, xosu ii npoobpas 1 (B) e
sidxpumum ¢ X, mobmo
-1
o = fin, (7);

® BiIKPUTHUM, AKWO 00pa3 KOHCHOT GI0KPUIMOT MHOMCURY € 8LOKPUMUM, MOOMO
(1) Co.

® 3AMKHEHHM, AKUWO 00pa3 KONHCHOT 3AMKEHEHOT MHONCUHY € 3AMKEHEHUM, MOOMO
(T) Coa.

Bokpema, Hexait B C Y - nigmuaoxkuna i ig: B — Y — Bigobpaxenns Brjtouenusi, T06to ig(b) = b
ms Beix b € B. Tozi mpoobpas
op:=ig(c)={BNV|Vea}

Ha3UBACTBCA 1HOYK08aHO10 Tonoaozict Ha B. Borna ckiagaerbes i3 «CaiaiB» ereMeHTis 3 0 Ha B.

Banada 3.8. Hexait o, f — asi Tomosiorii Ha muoxkuHI X . IloKaxKiTh, 110 HACTYIIHI YMOBY €KBiBaJIEHTHI:
(a) a D B, 106T0 @ cubHimIA 32 [
(6) roroxue Bimobpaxenss idx: (X, a) — (X, 3) € HenepeppHuM.

Bamaua 3.9. Hexait f: (X,7) — (Y,0) — menepepsre Bigobpaxenus, 7/ — meska Tomnosoria na X, a o’
— nesika, Torogioris Ha Y. ITokaxirts, mo skmo 7 O 710 D o, 1o f: (X,7) — (Y,0') 3ammmaerscs
HETePEPBHIM.

Bamaua 3.10. (Tomeomopdizmu) Hexait f: (X, 7) — (Y, 0) — Giekuisa MixK TOMOIOMYHEME ITPOCTOPAMHE.
[lokaxKiTh, M0 TOAI HACTYITHI YMOBHU €KBIBaJEHTHI:
(a) f — imgykye Giekiio MiK MHOXKWHAMH TOMOJIOTIH, TOOTO Bimobpaxkerns o = f(7) 1 imgykoBane
Biobpaxkennss T 5 A — f(A) € o € biekmniero.
(6) f — imimiansme, Tobro T = f~1(0);
(8) f - daxropne;
(1) o) =N (@),
(n) Bimobpaxkenns f: (X,7) — (Y,o)i f~1: (Y,0) — (X, ) memepepsHi.
(e) f - menepepsue i Biakpure;
(k) f — HemnepepBHe i 3aMKHEHe.
3a BUKOHAHHS 1TUX YMOB [ HA3UBAIOTH 20MEOMOPPI3MOM;

Banaua 3.11. Hexait f: (X,7) — (Y,0) — BimoOpazkeHHsT MiXK TOMOJOTIYHUMEH TpocTopamu. JlosemiTh
TaKl iMITKAIT

’f - FOMeOMOpCbiSM‘:>’f - iHiHiaﬂbHe‘

ﬂ ﬂ

’f - @aKTopHe‘:>’f - HenepepBHe‘




Banaua 3.12. Hexait f: (X,7) = (Y,0)ig: (Y,0) — (Z,n) — aBa BimoGpaxkenHsi. SIKio Born obuasa €
HenepepBEAMY (BiAMOBIHO, IHIIabHUME, hakTOpHEMEI, TOMEOMOPdI3MAMY, BIIKPUTUMY, 3AMKHEHUMN ),
TO TaKy K BJIACTHBICTH Mae Ix kommosutis go f: (X, 1) — (Z,n).

Banaua 3.13. (Daxropni Bimobpakenns) Hexaii f: (X, 7) — (Y, 0) — BimobpakeHHs MizK TOTOJOIIHUMA
npocropamu. JloBemiTh, M0 HACTYIIHI yMOBY €KBIBaJIEHTHI
(®1) f - daxTopue, 0610 B C Y nHasescumsd do o modi i auuie modi, koau f~1(B) € T; inmmmMu cioBaMu

0= finv_l(T);

(®2) migvaokuEa B C Y € 3aMKHEHO0I0, TOHTO HATEKUTH 10 & TOJ i jiumme Toji, Ko i mpoobpas f~1(B)
€ 3aMKHEHUM, TOOTO HAJIEXKUTh 10 T; IHIINMH CJIOBAMH

o= finv_l(%)%

(®3) oxHOUACHO BHKOHAHI TPU TaKi yMOBH:

(2) [~ o) =TnfH(2");

(6) obpas f(X) e Biakpuro-3amKHeHHM, a KoxkHa Touka = € Y \ f(X) € Biakpuroiw B 0.

Banaua 3.14. Tokaxirs, mo KoxkHEe Biakpure (a60 3aMKHEHE) HEEpepBHE CIOP’€KTUBHE BiA00parKkeHHs
€ paKTOPHUM.

Banaua 3.15. Hexait f: (X,7) — (Y, 0) — crop’ekTuBHE Bi1oOpaskeHHs MizK TOMOJIOTITHUMH TPOCTOPAMU.
ITokaxkirh, 1110 TOJI HACTYIIHI YMOBM €KBIBAJIEHTHI:

(a) f - imimjasbme;

(6) f impykye Giekmito Mix ciM’siMu T 1 0.
JoBeniTh, 3a 1UX YMOB f € BIAKPUTHM i 3aMKHEHUM OJHOYACHO, a OTXKe 1 (DaKTOPHUM.

Jlekiiia 4. BHyTpimHicTh, MeXKa, 3aMUKAHHS 1 30BHIITHICTh MHOXKITHU

2 >XxoBTH4A 2025

Banaua 4.1. Hexait (X, 7) — Tonomoriunuii mpoctip A C X — migmuoxuna. JloBeaiTs Taki TBEPIKEHHS.
(a) A - Bimkpura Toxi Jmie ToAl, Kowm Int(A) = A;

(6) Int(A) = ) U U - ne maiibiabnra BiAKpuTa MHOKMHA, 10 MICTHTHCA B A;
JUer
(B) A - zamkmena Tosi utme TO, Ko A = A;
(r) A= N r; F — 1ie nepetns BCix 3aMKHEHUX MHOXKHUH B X, 10 MicTaTh A.
CFeT

Bamaua 4.2. ki 3 onepaniii Int(-), =, Fr(-), Ext(-) € igmemnoneranmu, 106710 TX 107BifiHE 3aCTOCYBAHHS
BXKe He 3MIHIOE MHOXKHHY. [HIIMMH cjI0BaMH, 91 BIPHO, 10 AJIs JoBLILHOI miaMmuoxuun A C X:

Int(Int(A)) = Int(A), A=A, Fr(Fr(A)) = Fr(A), Ext(Ext(A)) = Ext(A).
JloBemiTh KOXKHY 3 IUX TOTOXKHOCTEH, ab0 HABEIITH MPUKIAI, sIKITO BOHA HE BipHA.

Banaua 4.3. fk i3 onepaniit Int(-), =, Fr(-), Ext(-) nomapuo komyrytors? Tobro, 4 BipHO, HAIpPUKIIAI,
mo Int(A) = Int(A) mas xkoxuol miamuoxuan A C X7 Jlas KOKHOU Tapu IMUX Oepariil J0BeIiTh, 10
BOHM KOMYTYIOTh, 200 HABEITh MPUKJIa]], KO BOHU HE KOMYTIOTh.

Banaua 4.4. Hexaii (X, 7) — Tonosiorianuii npocrip 3 ronosorieto 3apucbkoro, npuuomy X — HECKIHIEHHA
migmuoxkuHa 1 A C X — wenopoxus Bigkpnra maoknua. Onunrits Int(A), A, Fr(A), Ext(A).

Banaua 4.5. Hexait (X, 7) — Tononoriunuit npocrip 3 Tpusiagbhoo Tomosorien, i A C X — HenopoxHs
MHOKMHA, sIKa He ToTOKHa 3 yciM X. Onumits Int(A), A, Fr(A), Ext(A).



JIekiiga 5. 3aMuUKaHHA MHOXXUHH

9 >xosTHA 2025

Bamaua 5.1. (Teopema Kyparoscokoro) Hexait X — nosimbua muokuna i ¢: 2% — 2% — ginobpaskenns,
IO 33/I0BOJILHSIE TaKi YMOBH:

(2) c(®) = o

(6) A C c(A) nna xoxuol muoxkuau A C X;

(B) ¢(c(A)) = c(A) nna xoxuol MmuoRnEN A C X;

(r) ¢(AUB) = c(A) Uc(B) anst gosiibanx muoxkuu A, B C X.
Hexait 0 = {c(A) | A € 2%} — obpas mbOTO BiOGPasKeHHs, TOOGTO MHOMKHHA BCIX MIMHOKHAH 3 X, aKi
matorbest Burg) ¢(A) g geskoro A C X. Hexait rakox 7 = {X \ ¢(4) | A C X} — MHOXKXHHA JONOBHEHD
70 eseMenTiB 0. JloBeaiTh, mo T — e Tomooria Ha X, mpudomy A = c¢(A) maa seix A C X.

Banaua 5.2. Hexaii (X, p) — MmeTpuanmit npoctip i 7 — Tonosorig Ha X, iHIyKOBaHA METPHUKOIO p, TOOTO
6a3010 T € CyKyIHICTh yCix BigkpuTux mapis B merpuni p. Jloseaits, mo jaus koxnol migmuoxkunn A C X:

A={ze€ X |p(x,A) =0}.

Bamaua 5.3. Hexait (X, 7) — rononoriunuii npocrip. Yu BipHO, 110 muist goBinbaux nigmaoxus A, B C X

ANB=ANDB?
JoseaiTh e abo HaBEAITH KOHTPIPHUKJIIAT.

Bamaua 5.4. Hexaii f: (X,7) — (Y, 0) — BimobparkeHHs1 MizK TOIIOJOITYHUMH TPOCTOPAMH 3 TOHOJOTIAME
3apucbKoro.
(1) TlokaxkiTh, 110 HACTYIIHI YMOBY €KBiBaJEHTHI:
(a) f — memepepsHe;
(6) f — ckimuenno-kparne, T06TO IPoobpaz koxkuoi Toukn f!(y) € ckinyennmm;
(2) Ilpumycrumo, mo f — ciop’ektusne. 1lokaxiTh, 1110 HACTYHI YMOBH €KBiBAJEHTHI:
(a) f — BiaKpuTE HEEPEPBHE;
(6) f — daxropme;

Yu unimBae 3 1ux yMoB, 1m0 [ € TakoX iHinaasauM? JoBemiTh 1me abo HaBediTh KOHTPIPUKIIAL.

Jlekmig 6. AxciomMu BiAIiJIbHOCTI

16 >xoBTH" 2025

Banaua 6.1. Hexait (X, 7) — Tomosoriunnit mpocrip i k = 0 abo 1. TTokaxirs, 1Mo /11 HACTYIHI yMOBH
eKBiBaJICHTHI:
(a) (X, 7) — Ty-nipocrip;
(6) y koxuOI Touku x € X icuye okin U sikuii € Tj-IpoCTOPOM B IHIYKOBaHIN TOMOJIOTIT T(/;
(B) icuye Bizkpure nokpurtsa {U;}iea nupocropy X, rake, mo koxHa MHOX)uHa U; € Tp-npocTopoM B
ingyKoBaHil TOIOJIOTI Ty, .
Yu Bipue e TBepaxentd gag k = 27 Jlosegirs 1e abo HABEAITH KOHTPIPUKIIAL,

Bamaua 6.2. [MokaxiTh, 110 TOLOA0rE 3apPUCHLKOI0 Ha MHOXKMUHI X € Haiiciabiioo 17 ToloJ10ri€n cepey,
ycix 17 Tomosioriit Ha X.

Banaua 6.3. Hexait (X, 7) — Tonosorianuii mpocrip. Beegemo rake Binnomenns ~ wa X:

® TOYKHU X ~ Y TOJI I TIIbKK TOJIl, KOJIM KOYKEH OKILJI TOYKM X MICTUTb Y 1 KOXKEH OKLJI TOYKHK Y MICTUTH Z.



1. ITokaxiTh, 1m0 ~ — 1€ BigHOMmeHHs eKkBiBaseHTHOCTI. Hexait Y = X/ ~ MHOXKUHA KJ1aciB eKBiBaJIeH-
THOCTI 1 p: X — Y — dakTop Bigobpaxkenns. Hagiaumo Y dakTOpHOIO TOTOIOTIE0 BIAHOCHO P.

2. HoBeniTs, mo Y € Tp-ipocToOpoM.

3. TTokaxiTh, Mo 15 KOXKHOTO HemepepsHOTo Bimobpaxenns f: (X, 7) — (A,n) B To-npocrip A, ichye
€IMHe HemepepBHE Big0OparKeHHs f Y — A take, mo f = f o p. ImmumMu croBaMu Mae Miclle Taka
KOMYTaTHUBHA, Jlarpama

X—f>A

L7

Y

Banaua 6.4. Hexait (X,7), (Y.o0) — Tonosoriuni nmpocropu i k = 0,1, 2. [lokaxirs, mo mis HACTYIHI
YMOBH €KBIBaJIEHTHI:

(a) (X,7)1i (Y.o) — Tp-tipocropu;

(6) ix Tomosoriuamit 106yToK (X X Y, T X 0) € T)-mpocTopom.

Jlekiiia 7. Axciomu BigmiabaocTi 13,7T,. Jlema ¥Ypucona

23 >xoBTHH"A 2025

3amaua 7.1. Hexait X — Tomosoriunmit mpoctip. [lokakiTh, 1110 HACTYIIHI YMOBU € €KBiBaJEHTHUMMA:
(a) X — Ty-mpoctip;
(6) mna koxmol 3amkuenol migmuoxuan A C X i 1T Bigkpurtoro oxony U icHye immmuii BiakpuTwii okin
V takmit, mo ACV CV CU.

Bagaua 7.2. Hexait f,g: X — Y — nBa memepepBHi BimoOparkeHHsT MiK TOMNOJOTIYHUME IIPOCTOPAMH, 1
A={zx e X | f(zr) = g(x)} — nigmuoxkuna B X, 1110 CKJIAJIAETHC 3 TOYOK B KUX f 1 ¢ upuiiMarTs
oaHakoBi 3Hadenns. [lokaxirs, mo gaxmo Y — raycaopdosuii, To A — 3aMKHeHa B X.

Bamaua 7.3. Hexait f: X — A — perpaxkiiia Tomojoriaaoro npoctopy X Ha mimuOoKuHY A C X, TOo6TO
Take HerepepsHe Bimobpaxkenhs, mo f(a) = a s Beix a € A. HokaxiTe, mo skmo X — raycaopdosuit,
10 A — 3amkHena B X.

Banaua 7.4. Hexait X — Ty-upocripi A C X — 3amkHeHa 1miMHOKUHA, ToMeomopdHa Biapisky. JloseaiTs,
mo A e perpakrom X, T00TO icHye HemepepsHe Bimobpaxenus r: X — A rtake, mo r(a) = a mag Beix
a € A. (Bukopucraiite jemy YpucoHa)

Jlekiiia 8. Teopema Tirme. Beroau miiyibHi 1 HiZie He HIJIbHI MHOXXWHU

30 >xoBTHA 2025
Hexait (X, 7) — ronosoriunuii npocrip.

Banaga 8.1. Hexait A C X — zamkmena migMmpoxuda. IToxkaszaru, mo A mige He minpHa TOml 1 TIALKH
Toai, kosn i1 gonosHeHHst X \ A € BCIO/M IIIIbHIM.

Banaua 8.2. Hexait A C X — nigmuoxkuna. st nigvuoxuan B C A nosuauumo yepes clx (B) i clx(B)
— 3aMUKaHHsS B B 7 1 B iHAyKOBaHil TomoJsiorii T4. JloBeaiTs, Mo

Clx(B) =AnN Clx(B).

Banaua 8.3. Hosenith, mo koxxua MHOKHHA A C X € BCIOAW MILTHHOI B B CBOEMY 3aMuKaHHi clx (A)



Bamaua 8.4. [IokaxiTh, 110 HepeTHH CKIHIeHHOTO YUCIa BIAKPUTHX BCIOAN IMIIHHUX MiIMHOKIH € BCIOIN
MIJIbHOO

Bamaga 8.5. Hexaii 7 — Tonojoria 3apuckkoro Ha X i A C X — nigmuaoxkuHa. [ToKaxXiTh, 1110 KOXKHA
HeckindeHHa migMHOKMHA A C X € BCroan MIbHO.

Bama4ga 8.6. Hexait f: X — Y — HemepepreHe ciop’ekTusHe BimobOpaskerus i A C X — BCooau IIIHHA
migmuoxkuua. Hu BipHo, mo f(A) € Beroan minbhoo B Y? oBemiTh 1e a60 HaBeIITh KOHTPIPUKIA].

Hapnaxnu, nexait B C Y — Bcroan mmiiibHA i aMuoKIHa. Y Bipro, mo f~1(A) e Bcioan mimbrO0 B X ?
JoseniTs e abo HaBeOITh KOHTPIPHUKIAL.

Jlekuia 9. 3B’43HICTH

6 smcronama 2025
Hexait (X, 7)1 (Y,0) — Tonosoriusi mpocTopm.

Bagaga 9.1. Hexait A C X —38’a38a nigMuoxkneaa i B C X Taka miaMHoxkuHa, mo A C B C A. JloBeniTs,
mo B TakoxK 3B’43HA.

Bamaua 9.2. [doBeriTs, mo 38’sg30a KoMrnonenTa C,, KOXKHOI TOYKN £ € X € 3aMKHEHOI MHOXKIHOO.
3anayga 9.3. s koxuOrO parnioHainbHoro uncia ¢ € Q snaiiniTe itoro KommnoneHTy 3B’a3H0cTi B Q.

Bagaua 9.4. IlokasxiTh, 10 TOmoOTiIHIN mpocTip X € 3B’I3HUM TOI 1 TIMBKU TOI, KOJIU I KOXKHOL
mapu Tou0K z,y € X icHye 3B’s3Ha migmuokuHa A C X, gKa MicTuTh 00MBI 11l TOYKH.

Bamaua 9.5. [loBediTh, 10 KOMIOHEHTH 3B’SI3HOCTI AOBLIBHUX TOUOK T,y € X abo He MepeTHHAIOTLCS,
abo TOTOXKHI.

3ajgaua 9.6. Hexait f: X — Y — nenepepsre Binobpaxkennss i A C X — 38’a3Ha nigMmaoxkuna. ITokaxiTs,

Jlekmiag 10. 3B’a3HIicTb Biapi3ska. JIiHITHO 3B’43Hi IIpocTOpPU

13 amcTomama
Hexait (X, 7)1 (Y,0) — Tomosoriaui mpocTopm.

Banaua 10.1. Hexait f: X — Y — menepepsre Bijobpaxkenns i A C X — JiHiiHO 3B’93HA TIMHOKIHA.
[Mokaxirts, mo Tomi i1 06pas f(A) e miHiiiHO 3B'sI3HNM (IK TiIMHOXKIHA B Y 3 IHIYKOBAHOK TOMOJIOTIEH. )

Bamaua 10.2. Hexait U,V C X — asi giniitno 38’s3ui minMuo:kuau, Taki, mo U NV # @. JdoseniTs, mo
Toxi ix o6’ ennanug U UV TakoxXK € JiHIAHO 3B’ I3HIM.

3amaua 10.3. Beegemo wa X Take BigHOmeHnHns: akimo x,y € X, 10 £ ~ Yy Toal i TIIBKU TOAI, KOJIK
ICHy€ NUIAX MiXK TTUMH TOYKaMu. [IOKaxiTb, MO ~ € BIAHOIIEHHAM eKBiBaJIeHTHOCTI. BiamoBijgHi KJjach
eKBIBAJIEHTHOCTI HABUBAKTHCT KOMNOHEHMAMU AIHITHOT 36 A3nocmi npocmopy X .

Bagaga 10.4. OnumniTs jgixiiiHo 38’ a3mi miaMmuoxunn R.



Jlexnia 11. JlokaJsbHo (JiHiiiHO) 3B’s3Hi IpocTOpPNU

20 aMmcTomaga

Hexait (X, 7)1 (Y,0) — Tonosorivsi mpocTopm.
dxmo B 3a1a9ax HUXKYE B JY’KKAX CTOITH C0BO (JIHIAHO), TO BOHA TAKOXK BipHA /s 1 yist JiHIHHO
3B’SI3HUX IIPOCTOPIB.

Banaua 11.1. Hexait X — jokasbno (sinifino) 38’a3uumit npocrip i U C X — Bigkpura 1igMHOXKMHA.
Hosenith, mo U Takox € JIOKaJILHO (JIHIHHO) 3B'sI3HOTO.

Banaua 11.2. Hexait X — snokanpHo (miHiitHO) 3B’s3Hmit mpoctip 1 f: X — Y — Henepepshe BiakpuTe
ctop’ekTuBHe Bimobpazkenusi. [TokaxiTe, mo Toai Y Takox € JoKaabHO (JMiHIHHO) 3B a3HMM.

Banaua 11.3. Hosenits, mo X X Y e jgokasbHo (iHi{HO) 3B’d93HUM TOAL 1 TLIBKU TO/I, KOJTH TAKUMHU €
X TaY.

Bamaua 11.4. Hexait a = {C;}icp — nokanbHO ckingenna cim’s migvuoxuna X. ToseiTs, mo Togi cim’s
a = {C;}ien, MO CKIAJAETHCS 3 3AMUKAHb €JIEMEHTIB 3 (v, TAKOXK € JIOKAJIBHO CKIHUEHHOIO.

Jlekiia 12. KoMnmakTHiI TOIIOJIOTIYHiI ITPOCTOPH

27 Jaucromaga

Bamaga 12.1. Chopmysaoiite 03HAUEHHST KOMITAKTHOCTI TOTOJOTIIHOTO TTPOCTOPY X B «JABOICTHX» TEpP-
MiHaX 3aMKHEHUX ciMell MAMHOXKIH. I 1Iboro BUKOPHUCTafiTe FOTOBUM TEPMIH:

o Civm'st migpmuoxkuH {F; }icp B X HA3UBAETHCH UEHMPOBAHON, SIKITO TIEPETHH JOBIILHONO CKIHUEHHOTO
qnciIa 11 e1eMeHTiB HeMOPOKHii.

Otxke, TOTPIOHO MaTH O3HAMEHHS] KOMIAKTHOCTI B TepMiHAX [MEHTPOBAHUX CiMel MHOXKUH.

Bamgava 12.2. TTokaxiTh, M0 KOXKHA, 3JiU€Ha CITa,THA TTOCIJOBHICTD M AMHOXKIH
FEOFFRD---DFDF4 D

ToroJoriaHoro npocropy X € menrposanoro. Jlosemits akciomy Kantopa (mpo BKJIajeHi BiIpi3ku) 3 Kypcy
MaTEMATUYHOIO aHAJII3Y.

3amaua 12.3. BukopucToByHOUH MEHTPOBAHI CiM’'{ MHOXKWH [OBEMITH TaKi TBEPIKEHHS 3 JEKIl

a) dkmo f: X — Y — memepepsre Binobpazkenus i X — xoMmakTHuii, To iforo obpas f(X) Takoxk €
KOMIIAKTHHUM.

6) BamkHeHa miAMHOXKWUHA F' KOMIAKTHOTO TPOCTOPY X € KOMITAKTHOIO.

Henepepsue Bigobpaxkennst f: X — Y Ha3sUBACTHCH 6AGCHUM, AKIIO A8 KOXKHOI KOMIIAKTHOI IIAMHO-
xuan K C Y i1 mpoobpas f~1(K) € KoMmakTHIM.

Bamaua 12.4. Yu 6yayTs BaacauMmu Taki dyuxmil f: R — R:
(a) f(z) = z
(©) f(x) =
(8) f(x) = Sln( );
(r) f(z) =2 +sin(z).
Bamaga 12.5. [okaxirse, mo venepepsra Gyukiia f: R — R e BiacauM BijgoOparkentsaMm, 7o/ 1 TiabKu
TOJTi, KOJIH

lim |f(z)] = o

r—+oo
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Jlekiia 13. KomnmakTHi TomoJioriuHi mpoctopu. IIpami m100yTKn

4 rpyaHa

3amaua 13.1. Hexait X, K — Tonosioriuni nmpocropu, mpuuomy K — komnaktawit, i X X K — ix Tomojori-
9Hui 700yTOK. JoBeniTh Taki TBEpAKEHHSI.
(a) Hexait x € X — rouka i U C X X K — Biakpurnii okin muoxkuan x X K 8 X x K. Jloseaits, 1mo
icuye Binkputuit okin V' C X — toukn x € X rakuii, mo V x K C X x K.
(6) Hexait F' C X x K - 3amkHeHa miaMHOKAHA 1 © € X — Taka Touka, mo (v X K)NF = @. Josenits,
1o icuye rakuit okin V C X — roukn z € X, mo (V x K)NF = @.
(B) BuBeniTh 3 momepenHBOTO TBEPIZKEHHs, 10 Bimobpaxkenus mpoekiii p: X X K — X € 3aMKHeHUM
Binobpaxennam. (Haragaemo, mo BOHO 3aBxK 11 BigKpuTe)

Hacmpaszi, ocrantsa BJacTUBICTE € XapaKTEPU3AMI€I0 KOMIAKTHUX IIPOCTOPIB, TOHTO

e Tomojoriuauit mpocTip K € KOMIIaKHWM, TOJi 1 JUIEe TOi, KOJAW NJAd JTOBIILHOTO TOIOJIOTiTHOTO
npoctopy X, Bimobpazkenust mpoekiii p: X X K — X € 3aMKHeHUM Bi10OpaKeHHIM.

JHy»xe npocre nosepents e TyT: https://ncatlab.org/nlab/show /closed-projection+characterization+of+compactness
(Proposition 1.3)

Bagmaua 13.2. Hexait {X,}taca, {Xp}oen — A0BlibHI aBI ciM'I TOHOJOrIYHUX MPOCTOPIB, Jl& MHOXKUHU
IH/TeKCIB He MaloTh CIiJbHUX emeMenTiB. [lobynyiiTe npupogauii romeoMopdizm

(1_£Xa) x (bH X,,) ~ E[BXC.

Busesits 3Bizicu acomiaTuBHICTD i KOMYTATHBHICTE TOMOJIOTIYHOTO HOOYTKY, TODTO iCHYBaHHS TOMEO-

MOpdi3MiB:
(T 0 < (I %) = (IT %) < (T] x.).
(QXQ) x (bHXb x llXC) ~ (1‘£Xa x bHXb) x (llxc)_

Bamaga 13.3. Hexait f: X — Y — HenepepsHe BijoOpaxkeHHs MiXK TOHOJOTI9HUME 1ipocTopamu. [purmy-
cTuMo Takok, mo {x;}ieny C X — nocaigosricrs B X, 110 36iraerbes g0 Jesikol Todku x. ITokaxiTk, o
toxi mocainosuicTs { f(x;) bien 36iraeThea mo Touku f(x) € Y.

3anaua 13.4. Haemaku, mexait f: X — Y — BinoOparkeHHsi MiK TONOJIOTIIHUME TTpocTopaMu i x € X —
tTouka. Ilpunycrumo, 1o

® Jiyisi KOXKHOI 110Ca110BHOCTI {7 }ieny C X 36ikHOT 510 2, mocaimoBHicTs i1 06pasis { f(x;) }ien 30irae-
Thest 710 f(x).

HogeniTs, 1o akimo X Mae 3iiueny 6a3y B Toduri x, T0 f — HemepepBHE B Il TOUII.
Migkaska: 4OBOALTE Bif CyNpPOTMBHOIO — NPUNYCTITh, WO f — PO3pUBHE i 3HAWAITH NOCNIAOBHICTE {x;}; €
N C X, wo 3birietscst go x, ane npu uvomy { f(z;)}icn He 3biraetecsa go f(x).
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