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Abstract. Einstein gravity in both 3 and 4 dimensions, as well as some interesting genera-
lizations, can be written as gauge theories in which the connection is a Cartan connection
for geometry modeled on a symmetric space. The relevant models in 3 dimensions include
Einstein gravity in Chern—Simons form, as well as a new formulation of topologically massive
gravity, with arbitrary cosmological constant, as a single constrained Chern—Simons action.
In 4 dimensions the main model of interest is MacDowell-Mansouri gravity, generalized
to include the Immirzi parameter in a natural way. I formulate these theories in Cartan
geometric language, emphasizing also the role played by the symmetric space structure of
the model. I also explain how, from the perspective of these Cartan-geometric formulations,
both the topological mass in 3d and the Immirzi parameter in 4d are the result of non-
simplicity of the Lorentz Lie algebra s0(3,1) and its relatives. Finally, I suggest how the
language of Cartan geometry provides a guiding principle for elegantly reformulating any
‘gauge theory of geometry’.
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1 Introduction

It is hard to overstate the importance of Elie Cartan’s mathematical legacy, not only to mathe-
matics per se, but also to physics. Cartan was surely among the earliest to contemplate the
geometry of Einstein’s spacetime in a deep way, and in this his superior geometric intuition was
a distinct advantage.

Cartan was perhaps the first to appreciate that it is not the metric of spacetime that is most
fundamental, but the connection (and the coframe field, which he introduced to the subject).
One piece of evidence for this is that in the Newtonian limit, while there is no sensible met-
ric description of spacetime, Cartan found a beautiful reformulation of Newtonian gravity in
the language of spacetime curvature, that is, in the language of connections [30, Chapter 12].
Motivated by physical considerations, Cartan also generalized Riemannian geometry to include
torsion [12], and used this in a proposed generalization of Einstein gravity [37]. This theory
turned out to be important for coupling spinning particles to the gravitational field; though
at the time spin had not been discovered in physics, spinors themselves were known — Cartan
himself had discovered them in 1913 [11].

Cartan’s spaces with torsion include spaces with an absolute notion of parallelism between
tangent spaces. When Einstein proposed a unified theory based on absolute parallelism, a long
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and fascinating correspondence (1929-1932) between Cartan and Einstein ensued, concerning
gravity, differential equations, and geometry [13].

But, besides his work directly in relativity theory, Cartan seems to have had a knack for
inventing exactly the sort of mathematics that turns out to be useful for spacetime physics.
Considering, for example, the Chern—Simons formulation of 3d general relativity [1, 39], reviewed
in Section 4, it is remarkable how many of the ingredients are due to Cartan. The basic fields are
the coframe field e and the spin connection w. Cartan developed frame field methods extensively,
and was probably the first to introduce them in general relativity; he was also the originator
of connections in the general sense. Moreover, the trick — rediscovered in physics many years
later by MacDowell and Mansouri [28] — of combining the spin connection and coframe field
into a single connection A = w @ e, is an idea of Cartan’s, at the foundation of the more general
theory of Cartan connections. A Chern—Simons action for this Cartan connection reduces to the
Palatini action of 3d gravity:

Scs(A) = /tr (e AxR+ te Ax[ee]).

Here we notice more of Cartan’s work: the action is built using Cartan’s exterior differential
calculus — essential in all background-independent gravity theories, since, in the absence of any
a priori metric structure, one needs a calculus that depends only on the differentiable structure.
Finally, Cartan also invented the Killing form, written here as ‘tr’.

In this expository article, I focus on just two aspects of Cartan’s geometric work: symmetric
spaces [23, 26] and Cartan geometry [3, 25, 33, 34]. After briefly reviewing the geometric ideas,
I explain their application to certain gravity theories: Einstein gravity in 3d and its extension
to ‘topologically massive gravity’, and 4d MacDowell-Mansouri gravity, generalized to include
an Immirzi parameter.

2 Reductive and symmetric Klein geometries

An essential insight in Felix Klein’s Erlanger Programm of 1872 was that problems in homoge-
neous geometry are ‘dual’ to problems in group theory. In particular, homogeneous manifolds
are all isomorphic to G/H for some Lie group G and closed subgroup H, while ‘features’ of
a given geometry can be understood by considering the subgroups of G fixing these features. In
Klein’s duality between geometry and algebra, ‘sub-features’ and subgroups are inversely related
in a Galois-like correspondence.

A standard example is Euclidean space R™. It is homogeneous, meaning that it has a symmet-
ry group G = ISO(n) := SO(n) x R™ that acts transitively. The subgroup stabilizing a chosen
point is H = SO(n), and so R™ may be identified with the coset space ISO(n)/SO(n). The
subgroup stabilizing a line and a point on that line is isomorphic to O(n — 1). So, a typical
geometric statement, like “this point is contained in that line”, has the algebraic counterpart
“this SO(n) subgroup contains that O(n — 1) subgroup”.

Cartan was involved in both specialization and generalization of the Erlanger Programm,
and these are the subject of this and the next section. Interestingly, both of these directions in
Cartan’s geometric research play a vital role in the formulations of gravity we shall discuss. On
one hand, he made significant contributions to the theory of ‘symmetric spaces’, which have even
‘more’ symmetry, in a certain precise sense, than generic Klein geometries. On the other hand,
he also laid the foundations for a radical generalization of Klein’s work, in which the symmetries
of an arbitrary smooth homogenous geometry hold only at an ‘infinitesimal’ level, in much the
same way that symmetries of Euclidean space only hold infinitesimally in Riemannian geometry.

In this section, I review some geometric and algebraic properties of special classes of Klein’s
homogeneous spaces: reductive spaces and symmetric spaces. Throughout this paper G will
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denote a Lie group, H C G a closed subgroup, which we think of as the stabilizer of a point in
the homogeneous space G/H; the Lie algebras will be denoted g and §.

Intuitively, a reductive space is one in which it makes sense, at least at an infinitesimal level,
to ask whether a symmetry acts as a ‘pure translation’ at a given point. Let us explain this
in a bit more detail. In an arbitrary homogeneous space, symmetries can be differentiated,
so that elements of the Lie algebra g (‘infinitesimal symmetries’) give tangent vectors at the
basepoint of G/H (‘infinitesimal displacements’). A reductive space, roughly speaking, is one
in which this process has a natural one-sided inverse; while there may be many infinitesimal
symmetries giving rise to a given infinitesimal displacement, in a reductive geometry there is
always a canonical choice of infinitesimal symmetry, the ‘pure translation’ or ‘transvection’.
These transvections identify the tangent space at the basepoint of G/H with a linear subspace p
of g. To be consistent with symmetries, p must be invariant under the action of the stabilizer H;
this requirement automatically gives consistent behavior under a change of basepoint.

More formally, first observe that g is a representation of Ad(H) and has h as an invariant
subspace. When h has an H-invariant complement p in g, the direct sum of Ad(H) representa-
tions

g=bop

is called a reductive splitting of g, and elements of p are called transvections. The Klein
geometry G/H is reductive if g admits such an invariant splitting. Note in particular that for
a reductive splitting we have

[h,b] C b, b, p] C p.

A symmetric space, intuitively speaking, is a space that looks the same if you invert it through
any fixed point. Essentially, for an ‘internal observer’, this means the space looks the same in
any direction as it does in the opposite direction.

Formally, symmetric spaces may be defined in a number of related ways. The most general
algebraic characterization, due to Cartan, is that a symmetric space is a homogenous space G/H
such that H is the connected component of the set of elements of GG fixed by an involutory group
automorphism [14]. At the Lie algebra level, this means g has an involutory automorphism

X=X (1)
under which b is fixed and has a complement p that is an eigenspace with eigenvalue —1, i.e.,
X=Xy+X, = X=X,-X,

It is easy to check that this property is equivalent to the statement that g = h @ p is a reductive
splitting which also happens to be a Z/2-grading of g, where the subrepresentations h and p
have respective grades 0 and 1, i.e.,

[b,h] C b, [b,p] C p, [b,p] .

A Lie algebra g equipped with such a Z/2-grading is called a symmetric Lie algebra. (Of
course, the Z/2-grading here has no immediate relationship to supersymmetry.) For purposes
of this paper, we may define a symmetric space to be a reductive geometry G/H such that
g = h @ p is a symmetric Lie algebra; this is the only property of symmetric spaces we shall
need. More information on symmetric spaces can be found in the references [23, 26].

Some of the most important homogeneous spaces used in physics are symmetric spaces. In
particular, the standard homogeneous solutions of Einstein’s equations — de Sitter, Minkowski,
and anti de Sitter spacetimes — are symmetric spaces; we describe these in detail in the next
section, after a brief overview of Cartan geometry.
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3 Cartan geometry and Cartan gauge theory

Cartan geometry [8, 9, 10] has been called “the most important among [Cartan’s] works on
differential geometry” [14]. It is also the foundation of some of the most elegant gauge-theoretic
formulations of gravity, as I show in this paper.

In Cartan geometry, Klein geometry is generalized, roughly speaking, by considering spaces
that look like G/H only infinitesimally. 1 sketch here what this means at a local level. More
details in the global setting, especially in the context of general relativity, may be found
in [38]. More complete mathematical references are the articles by Alekseevsky and Michor [3],
Kobayashi [25], Ruh [33], and the book by Sharpe [34].

Locally, a G-connection on M is just a g-valued 1-form A: TM — g. A Cartan connection
satisfies the additional requirement that the composite of A with the quotient map:

TM 2>g——>g/h 2)
\/

e

restricts to a linear isomorphism on each tangent space T, M. This obviously implies
dim(M) = dim(G/H).

In fact, the g/h-valued 1-form e in (2), called the coframe field or soldering form, is viewed
at each point as attaching, or ‘soldering’, the tangent plane of M to the tangent plane of the
homogeneous model G/H. Gauge transformations living in H change the identification of T, M
with g/bh via the adjoint representation, so any structure on g/h that is H-invariant can be
pulled back to the tangent spaces of M. In particular, an invariant inner product on g/h pulls
back to give a semi-Riemannian metric on M.

The Cartan connection A: TM — g itself can interpreted geometrically as giving instructions
for ‘rolling’ the homogeneous space G/H along a path in M. It associates, to each tiny motion
along M, a tiny transformation of the homogeneous space that is ‘soldered’ to it.

This idea is perhaps most vividly imagined by considering the example of Cartan geometry
based on 2-dimensional spherical geometry, where G = SO(3), H = SO(2). An instructive way
to think of this example is by considering the motion of a ‘hamster-ball’ — a transparent plastic
ball whose motion over a surface M is controlled by a hamster moving inside of it:

| /A\G/H
(\ )
263,

Each tiny motion of the hamster in some direction tangent to the surface completely determines
a tiny rotation of the ball, an element of s0(3). This gives a Cartan connection locally described
by a 1-form A: TM — so(3). If the hamster moves along some path « on the surface M, the
holonomy of this Cartan connection along ~ then gives a group element describing how the ball
rotates as it moves [38].

The geometric beauty of Cartan’s approach to connections is its concreteness. While the
more general principal bundle connections of Ehresmann are appropriate for the gauge theo-
ries of particle physics, whose gauge symmetries act on some abstract ‘internal space’, Cartan
connections are much more directly related to the geometry on the base manifold.

An example to keep in mind for Cartan geometry is the model Klein geometry G/H itself.
The homogeneous space G/H has a canonical Cartan connection, given by the Maurer—Cartan
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form A: TG — g, which is a 1-form on the total space of the principal H-bundle G — G/H.
In local coordinates A can be viewed as a g-valued 1-form on G/H, and this local connection
1-form satisfies the property that the coframe (2) is nondegenerate. If g/h has an H-invariant
inner product of some signature (for example, if the Killing form on g induces a nondegenerate
form on the quotient), then pulling back along e makes G/H a homogeneous semi-Riemannian
manifold. General Cartan geometries modeled on G/H may locally be viewed as deformations
of G/H itself.

If the model Klein geometry is reductive, then the quotient representation g/h may be iden-
tified with a subrepresention p C g of H, with g = h ® p. Given this splitting of g, we can
decompose A uniquely as the a sum

A=w+te, wEQl(P,f)), eEQl(P,p),

where w is an H-connection and the coframe field is now a p-valued 1-form.
The curvature of this connection is:

F =R+ jle,e] + dye. (3)

The first term of this 2-form, the curvature R = dw + %[w, w] of the H-connection, takes values
in b, while the last takes values in p, but the middle term, in a general reductive geometry, may
have both h and p parts. Thus

Fh:R—i-%[e,e]h Fp:dwe—i-%[e,e]p

are the h and p components of the curvature, called the corrected curvature of w, and the
torsion.

Reductive geometries have many other nice properties. For example, they have natural
covariant derivative operators analogous to those of Riemannian geometry [34, p. 197]. Also,
the Bianchi identity in any reductive Cartan geometry splits neatly into h and p parts:

daF =0 = d,R=0 and  d%e+[e,R] =0.

If the reductive geometry happens to be symmetric, a number of additional special features
emerge. First, for a Cartan connection A = w + e based on a symmetric geometry, [e, €] is
a 2-form with values in b, so the curvature (3) splits more cleanly:

Fy =R+ §[e.e], F, =d,e.

Moreover, since g = h @ p is a symmetric Lie algebra, the connection A can be composed with
the involution (1) to give a new connection:

A=w—e.
The curvature of A is:
F=R+ e €] — due,

so the map A — F[A] taking a connection to its curvature is equivariant with respect to the
involution (1) on g. This give a nice way of calculating h and p-valued parts of the curvature in
the symmetric case: the part of F' symmetric under the involution:

Fy = %(F—i—f) =R+ [e,¢€]
is the corrected curvature, while the antisymmetric part:
Fy=YF-F)=de

is the torsion.
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de Sitter, Minkowski, and anti de Sitter models

Let us now give more explicit descriptions of Cartan geometries for the most important symmet-
ric space models for studying gravity, namely the homogeneous constant-curvature spacetimes
with cosmological constant A. For spacetime dimension n, the relevant symmetry groups are:

SO(n, 1), A >0 (de Sitter),
G=4( ISO(n—1,1), A =0 (Minkowski), (4)
SO(n —1,2), A <0 (anti de Sitter)

and in each case the stabilizer is the Lorentz group H = SO(n —1,1). These are each symmetric
Lie algebras:

g=hap, (5)

where H acts as Lorentz transformations on p = R".

A Cartan connection A modeled on one of the homogeneous spacetimes G/H above may be
written in index notation as A’ ;, where the indices I,.J = 0,1, ...n label matrix components in
the fundamental representation of g. Letting lower case indices a, b, . . ., take values 0,1,...,n—1,

we can take the b part of A, a Lorentz connection, to be the upper left block of matrix components
of A:

Aab = wab.
This leaves the last row and column for the components of the p part, which we write

1
A%, = Ze“, A, = —%ea.
Here we scale the coframe field e by a constant £ with units of length, and e is the sign of the

cosmological constant:
e =sgn(A).

We can then calculate the b and p components of the curvature F' = dA + A A A:

€ 1
Fab:Rab—ﬁea/\eb F“nzzdwea.
The first of these components explains the term ‘corrected curvature’ for Fj: if we constrain the
torsion part d,e to vanish and choose, in dimension n > 3,

€ 2A

2 (n—-1)(n-2)

then the condition for the corrected curvature to vanish is precisely that spacetime be locally
isometric to the homogeneous model with cosmological constant A. Indeed, rewritten in metric
variables, the corrected curvature in any of these examples is

2A
] (GupGvo — GuoGup) -

Rywpo = Ruvpe — m

The correction term is precisely the Riemann tensor of the model G/H, so R, o satisfies the
cosmological Einstein equation G, + Ag,, = 0 if and only if R, s satisfies the ‘cosmologically
corrected’ Einstein equation G,,, = 0, where the cosmological Einstein tensor G,,, = R, — %ng,
is built from R, = R”;,, and R = Rﬁ, the corrected Ricci tensor and scalar curvature.
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Translating between the Lie algebra-valued form language and the index notation requires
a bit of care, especially with with respect to signs. In particular, the expression %[e, e] for the
p-valued 1-form e means the same as e® A e® or —e® A € or 0, depending on the sign of A, as
indicated above. However, the form notation is tremendously unifying. In the rest of this paper,
I use only the Lie algebra-valued differential form notation, and use units

0=1, (6)

writing simply A = w + e, as in the general discussion above. This has the advantage that, in
the torsion-free case, the equation

R+ 1ile,e] =0

describes locally homogeneous geometry for any of the spacetime models we have just de-
scribed; all information about signs is hidden in the Lie bracket, according to the choice of
gauge group (4), and for many purposes we may thus treat all cases in parallel.

Elsewhere [38] I have emphasized that MacDowell-Mansouri gravity is a gauge theory for
a Cartan connection based on these models. In fact, there are many more gravity models that
are best viewed in this way. I review a few of these in the following sections. (See also the
references [2, 22, 29, 40] for related applications of Cartan geometry to gravity.)

4 3d Einstein gravity

The first clue that 3d gravity is a gauge theory for a Cartan connection is quite simple. In the
language of the previous section, the 3d Einstein equations may be written as

R(w) + %[e, e] =0, d,e =0,

where w and e are the components of a Cartan connection A = w + e for the gauge group (4)
of gravity (with n = 3) appropriate to the cosmological constant, and R is the curvature of w.
These are summarized by the single equation

F=0.

which simply says the Cartan connection is ‘flat’, meaning the Cartan geometry is locally the
same as that of the Klein model.

In fact, solutions of 3d gravity have been studied using a special case of Cartan geometry,
though not in quite this language. For flat Cartan geometries, the ‘rolling’ described in Section 3
is essentially trivial and spacetime is locally isometric to the Kleinian model spacetime G/H.
Flat Cartan geometry reduces precisely to the theory of geometric structures. A manifold
with a G/H geometric structure can be viewed as a manifold whose charts are maps into the
homogeneous model G/H, rather than R™, and whose transition functions are required to live
in the symmetry group G. These were descibed by Ehresmann [17], and studied extensively
by Thurston [35, 36], particularly in the 3d Riemannian case, where they are the basis for the
geometrization conjecture, now proven, largely by Perelman. The theory of geometric structures
is an important tool in geometric toplogy (see, e.g. Goldman’s papers [20, 21] and references
therein). It has been used by Carlip to study solutions of 3d general relativity, and 3d quantum
gravity [4, 5].

This Cartan-geometric formulation of 3d general relativity is ultimately based on a Chern—
Simons theory for a Cartan connection. Gravity in 3 dimensions was studied as a Chern—Simons
theory first by Achucarro and Townsend [1], and then in further detail by Witten [39]. While
these ideas are in principle familiar, here I cast the Chern—Simons formulation in the language
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of Cartan connections for the relevant symmetric Lie algebras, and indicate what role is played
by the symmetric space structure of the model. In particular, in Proposition 4, we shall see
that the Chern—Simons formulation can be elegantly expressed in terms of the symmetric space
structure of the de Sitter, Minkowski, and anti de Sitter spacetimes: 3d general relativity is the
part of Chern—Simons theory that is antisymmetric with repect to the involution on the model
symmetric space.

Given any nondegenerate invariant bilinear form 3: g ® g — R, the Chern—Simons action

ﬁym:;/ﬁmAwugAAmﬂp

results in the classical field equations F' = 0, which may be interpreted as the 3d Einstein
equations. But what the Chern—Simons action for A looks like in terms of the constituent
fields w and e depends on the properties of the bilinear form (3, as the following straightforward
propositions show.

Proposition 1. Let G/H be a symmetric space such that the symmetric splitting g = b @ p has
b Lbandp L p for an invariant bilinear form B: g® g — R. If A = w + e is a symmetric
Cartan connection, then up to boundary terms,

S&Mﬁi/ﬁ@AR+kAkﬂy

Proposition 2. Let G/H be a symmetric space such that the symmetric splitting g = h @ p
has b L p for an invariant bilinear form f: g® g — R. If A = w + e is a symmetric Cartan
connection, then up to boundary terms,

SgS(A) = /ﬁ (WA (dw + 3w, w]) + e A dye) .

If G is a simple group, then every invariant inner product on g is a multiple of the Killing form,
so in this case there is only one choice of 8 up to normalization. The choice of normalization
corresponds to a choice of coupling constant, which influences the strength of possible interaction
terms and scales quantum fluctuations.

The situation in 3d gravity is quite different: the relevant gauge groups:

SO(3,1), A>0,
G={ 1S0(2,1), A=0,
SO(2,2), A<o.

are not simple. In fact, the Lie algebras each have two-dimensional spaces of invariant inner
products. In particular, as observed by Witten, for s0(3,1) and s0(2,2), it is possible to choose
the inner product 3 such that the conditions of either Proposition 1 or Proposition 2 are satisfied.
The obvious choice, obtained by taking § proportional to the Killing form, corresponds to the
situation of Proposition 2. But, we may also insert an ‘internal’ Hodge star into one of the
factors — the Lie algebra g for A # 0 has a notion of Hodge duality by virtue of the isomorphism
g = A2R* - and this puts us in the situation of Proposition 1. In fact, the inner product tr(X+Y")
makes sense for iso(2,1), as well, and is nondegenerate, and it is this inner product that gives
the 3d Einstein-Palatini action with A = 0 [39].

Explicitly, letting ‘tr’ denote the Killing form (or a multiple thereof), these two choices lead
to the distinct actions:

Sir(A) = L / tr (Anx(dA+1[A,4]))  and

S (A) = ;/tr (AN (dA+ LA, A)) .
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where the latter is nondegenerate for A # 0. The version with the Hodge star gives the Palatini
action for 3d general relativity:

SUX(A) = /tr (e AxR+ e Axle,e]), (7)
while omitting the star gives Chern—Simons in w plus the torsion term:
S8(A) = [t (0 (o + onw]) +ende). @

Varying e and w independently, the resulting variations of these actions, up to boundary
terms, are respectively

/tr (6w A (R+ 3[e,€]) + e A dye) and /tr (6e Ax(R+ [e,e€]) + 0w A xdye) .

The equations of motion resulting from either of these actions are thus the same, as expected,
since both must ultimately say “F = 0”. However, it is worth observing that in (7) the Einstein
equation comes from variation of e and the vanishing of the torsion from the variation of w,
while in (8) these roles are reversed. While the classical theories corresponding to (7) and (8)
are the same, they differ as quantum theories [39].

More generally, we get a theory classically equivalent to Palatini-style 3d general relativity by
taking a generic linear combination of (7) and (8). This corresponds to using a Chern-Simons
action with a generic bilinear form

B(X,Y) =1tr(X(co+ c1%)Y), (9)

where cg, c; € R are constants. Every invariant bilinear form on the Lie algebra g is of this form,
as shown in Appendix B.

Proposition 3. Let g = s0(3,1), is0(2,1), or s0(2,2). Starting with any invariant symmetric
bilinear form B on g, and defining the Chern—Simons action

Sos(A) =1 /ﬁ(A NdA+ LAN[A, A)
we have
SPU(A) = 1 Spal(w, €) + coSes(w) + co/tr(e A dye),

where (co,c1) are constants that relate the inner product 3 to the Killing form tr via (9).

Since tr(XY') is nondegenerate in the A # 0 cases, § will be degenerate if and only if
(co + c1%)Y = 0 for some Y € g. This happens in the anti de Sitter case, where the choice
cp = £c; annihilates (anti) self dual elements of s0(2,2). For A =0, 3 is degenerate on iso(2,1)
if cl1 = 0.

Proposition 3 shows we can pick the inner product 3 on g to obtain any linear combination
of Palatini and Chern—Simons actions we wish. A related question is whether, given a generic
inner product 3, we can somehow recover the standard Palatini action. This can be done if we
make use of the involution (1) for our symmetric Lie algebra. Composing this involution with
the connection A maps e — —e, and the action (7) changes sign, while (8) is invariant. This
easily implies Palatini gravity is the “antisymmetric part”, with respect to the involution on g,
of a generic Chern—Simons action. More precisely, this shows:
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Proposition 4. Let g = s0(3,1), is0(2,1), or s0(2,2). Starting with any invariant symmetric
bilinear form B on g, and defining the Chern—Simons action

Sos(A) = ;/ﬁ (ANdA+LANA, A))
we have

%Sgs(A) + %558(21) = cpScs(w) + co/tr(e A dye)
and

%SgS(A) — 5525(2) = /tr (e AR+ e Ax[e,e])

where (co,c1) are constants that relate the inner product 3 to the Killing form tr via (9).

It seems worth remarking here that Proposition 4 is at least superficially different from the
most familiar way of writing 3d gravity as a difference of Chern—Simons theories. The standard
approach [39], in the anti de Sitter case A < 0, is based on the Lie algebra isomorphism

50(2,2) 2 sl(2,R) @ sl(2,R) (10)
obtained by splitting X € s0(2,2) into a self dual part X and an anti-self dual part X ~:
X=X"+X", X* = L(X £%X), *XT = £ X+

The self dual and anti self dual subalgebras are Killing-orthogonal, and rewriting Proposition 4
in terms of these gives the usual s[(2,R) x s[(2,R) version. Unfortunately, this approach is less
satisfactory for A > 0, since s0(3, 1) has a splitting analogous to (10) only after complexification,
forcing one to use a complex connection A = w + ie, the geometric meaning of which is unclear.
The approach used in this section, based on a symmetric Cartan connection, is more natural:
it puts the s0(3,1) and s0(2,2) versions on equal footing, since what is important here is not
the Lie algebra coincidence (10), but the symmetric splitting (5) that all of the relevant gravity
gauge groups have.

5 Topologically massive gravity

It is indeed surprising that the classical equations of 3d general relativity arise from any member
of an infinite family of inequivalent actions, corresponding to different choices of invariant inner
product (9) on g (Witten [39] aptly described this behaviour as “enigmatic”). We can shed light
on this situation by considering the extension of 3d general relativity to ‘topologically massive
gravity’, where we shall see that the classical theory does depend on the choice of inner product
in the Chern—Simons action. In fact, here we find that the 2-dimensional space of invariant
inner products correspond to the two coupling parameters in the theory.

In topologically massive gravity [15], one takes (the negative of) the Einstein—Hilbert action
and adds a Chern—Simons term in the spin connection:

Stuc(e) = /tr (—e A*R — te Axle e] + i (w A dw+ Jw A [w,w])) , (11)

where the coupling parameter p is called the ‘topological mass’. We emphasize that this action
depends only on the coframe field e, and w = wle] is the torsion-free spin connection.

G+ Aet O =0, (12)
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where G is the Einstein tensor, C' is the Cotton tensor — the conformal curvature in three
dimensions — and the cosmological constant A is +1, 0 or —1, according to our choice of units (6).

Paradoxically, while standard 3d Einstein gravity is a topological field theory, adding the
‘topological mass’ term in (11) makes the theory not topological — solutions of the equations of
motion (12) are not all locally gauge equivalent. The somewhat misleading name ‘topologically
massive’ comes from the topological character of Chern—Simons theory and because adding this
term here gives mass to the gauge field. In fact, the linearized approximation of the theory may
be described in terms of massive scalar wave equations [7, 15].

It follows immediately from Proposition 3 that topologically massive gravity (11) is simply
a single Chern—Simons action, once we impose the zero-torsion constraint d,e = 0:

Proposition 5. Let g = s0(3,1), iso(2,1), or s0(2,2), and form a Cartan connection from just
the coframe field, defined by A(e) = w(e) + e, where w(e) is the torsion-free spin connection.
Then the action for topologically massive gravity, with cosmological constant appropriate to g,
s given by

Sruc(e) = S(ﬁ:s(A(e)), (13)
where S5 is the Chern—Simons action for the bilinear form B(X,Y) = tr(X(i +x)Y).

When A < 0, so that g = s0(2,2), the choice 4 = +1 makes the Chern—Simons action in
this proposition degenerate. However, it becomes nondegenerate if we restrict to (anti) self dual
connections A = FxA. Interestingly, these particular values y = +1 of the mass have been
the subject of much recent work in 3d gravity, sparked by a claim [27] that the theory, while
nontrivial, becomes ‘topological in the bulk’ at these values. What precisely happens at these
values of p is still somewhat mysterious; I shall not consider this topic further here (see [7] for
many references), but focus on the geometric content of the theory for generic p.

One can also ask, in parallel with Proposition 4, how to construct topologically massive
gravity starting with any generic invariant inner product on g. This is easy, using the results of
Proposition 4 and imposing the d,e = 0 constraint: if we normalize our bilinear form so that
B(X,Y) = (X(co +%)Y), then the result is

Sruale) = =3 (1= 25 ) Ses(A(e) + 5 (1+ 75 ) Ses(A(e)). (14)

Heo Heo

This generalizes to arbitrary A (and to arbitrary (3) our earlier result [7] that topologically
massive gravity with A < 0 is a linear combination of Chern—Simons theories. There we used
the approach based on the Lie algebra coincidence (10) and wrote topologically massive AdSs
gravity as a sum of Chern—Simons actions whose coefficients

(1 + i) and (1 - i)

turn out to coincide with the left and right central charges of the boundary conformal field
theory. Rewriting (14) in the s[(2,R) @ s[(2,R) basis recovers this result.

A few words about using a first-order formalism in topologically massive gravity are in order.
Deser [16] has analyzed the obstacles to using the Palatini approach in the original topologically
massive gravity action (11). Here it was pointed out that there are really four choices: one
can choose, independently in the Einstein term and the Chern—Simons term, either to use an
arbitrary connection w, or the Levi-Civita spin connection w(e). The interesting results are:

1. Forcing the torsion constraint only in the Einstein term, while using an arbitrary connec-
tion in the Chern—Simons term:

S(w,e) := Sgu(w(e)) + iSCS(w)

recovers pure metric Einstein gravity.
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2. Allowing an arbitrary connection in the Einstein term (as in the original Palatini ap-
proach), while imposing the torsion constraint on the Chern—Simons term:

S(w,e) = Sgu(w, e) + %Scs(o?(e))
recovers topologically massive gravity.

Using the Levi-Civita connection in both terms, one has the standard action (11) for topologically
massive gravity, while the final possibility — independent coframe and connection in both terms —
was found to be much less tractable [16]. This is perhaps best explained by considering (13)
as the defining action of topologically massive gravity, rather than (11). The two actions (11)
and (13) are equivalent when the torsion constraint is imposed. However, if we relax this
constraint and use a Palatini approach, they are not: they differ by the term

/tr(e A dge).

From the perspective of (13), then, a naive application of the Palatini method to topologically
massive gravity gives, not a first-order version of topologically massive gravity, but simply
ordinary 3d Einstein gravity.

A genuine first order formulation of topologically massive gravity may be obtained by adding
to the action a Lagrange multiplier term forcing the torsion — or in other words, the p-part of
the curvature, Fy, = %(F — F) — to vanish. A similar first order formulation has been used to
analyze the constraint algebra of topologically massive gravity [6]. However, the latter approach
uses an SL(2,R) connection w + pu*e, with p as the length scale, as opposed to the G connection
w @ e used here, and as a result involves an additional constriant term.

6 MacDowell-Mansouri gravity

The action of MacDowell-Mansouri gravity [28, 38] is:

Sun(A) = —%/tr(Fb/\*Fh). (15)

Here F' is the curvature of a Cartan connection A = w + e for the 4d de Sitter or anti de Sitter
model, so the relevant gauge groups are

_ [ SO(4,1), A >0,
H=5031), G= { S0(3,2), A <0.
While this looks vaguely like a topological theory of the form [ F?, two crucial tricks make the
theory nontrivial: the projection F' — Fy into the so(3,1)-part of F":

Fy=3(F+F)

and also the Hodge star operator x on s0(3,1). As shown below, the action reproduces general
relativity. Since I have given a detailed account of the Cartan-geometric underpinnings of this
theory elsewhere [38], I focus here on a couple of features not brought out there.

First, a few brief comments about gauge invariance are in order. One initially unattractive
feature of the MacDowell-Mansouri formulation, from a gauge theory perspective, is that in the
action (15) we seem to have broken the G-invariance ‘by hand’ down to some specific SO(3,1)
subgroup. This was certainly the implication in the original MacDowell-Mansouri paper, where
an index in the action was explicitly fixed to a specific value. However, one can also set up
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MacDowell-Mansouri gravity so that the de Sitter symmetry is spontaneously broken. The
selection of an SO(3,1) subgroup is a gauge choice, in that it can be made independently at
each point, and the choice has no bearing on the physics. This choice amounts to picking
a basepoint in the Klein geometry associated to each point [38]. The idea that this “section
of basepoints” should serve as a gauge field in Cartan-type gauge theory is noting new — for
example, twenty years ago, Aldinger [2] proposed a related SO(4, 1) Cartan-type gauge theory, in
which this section serves as a Higgs field. For more recent discussions of spontaneous symmetry
breaking in MacDowell-Mansouri-like gauge theories of gravity, see e.g. [18, 19, 24].

Now, a key point is that, even though (15) is based on four-dimensional Cartan geometry,
the action really only uses the Killing form on the stabilizer h = s0(3,1). This is the same as
the Lie algebra generating isometries of three-dimensional de Sitter space. We can thus use the
same trick as in 3d gravity, and try using a more general inner product

B(X,Y) =tr(X(co+ c1%)Y)
on the Lie algebra b, giving the generalized MacDowell-Mansouri action
St ) = = [ BF, A Fy).
Substituting Fy, = R + %[e, e] in this action leads to a variety of terms. The terms involving

tr(R A R) and tr(R A xR)

are topological invariants with vanishing variation, due to the Bianchi identity and the identity
0R = d,dw. These are well-known to arise in the MacDowell-Mansouri approach, and have
been discussed elsewhere (see e.g. [18, 31]); here I simply discard them for convenience. Also,
the Killing form on s0(3,1) extends to the Killing form on all of g, and this lets us use adjoint-
invariance to conclude that

tr([e,e] Ale,e]) =tr(e Ale, e, e]]) =0

since [e, [e, e]] vanishes by the graded Jacobi identity for g-valued forms. Fortunately, the Hodge
star saves the other e term from the same fate, giving the cosmological constant term. We are
thus left with:

S8(4) = — /tr (le.e] A xR+ Ye e Axfe.e) + e c] AR)

where we have identified (cg,c1) = (1,1/v). Noting that in 4 dimensions our choice of units
¢ =11in (6) implies A = 43, this is the action for general relativity with Immirzi parameter ~.
This may be compared to the action of Freidel and Starodubtsev [18], which uses a BF theory
action for G, ‘perturbed’ by a B A B term which essentially uses this generalized inner product.
The generalization of MacDowell-Mansouri gravity to include the Immirzi parameter has also
been nicely discussed by Randono [32].

7 Conclusion

Starting from the 4d Palatini action and interpreting the spin connection and coframe field
as components of a Cartan connection, one is led almost automatically to the MacDowell-
Mansouri formulation. (This was my viewpoint in [38].) A similar statement can be made
about passing from the 3d Palatini action to the Chern—Simons formulation. These examples
suggest a general strategy for neatly rewriting geometric field theories in the geometric language
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of Cartan connections. Since Cartan geometry is the natural connection-based language for
describing quite general sorts of geometry, one might suspect that this should be possible for
any sensible ‘gauge theory of geometry’.

As an application of this principle, I have here given a new formulation of topologically
massive gravity as a single constrained Chern—Simons theory. This formulation is related to the
SL(2,R) x SL(2,R) formulation given previously [7], though there a linear combination of two
Chern—Simons theories was necessary.

Some properties used in these Cartan-geometric gravity theories are special to de Sitter,
Minkowski, and anti de Sitter models. In particular, the Hodge star exists only on certain
special Lie algebras. On the other hand, many calculations in this paper have used nothing
particular to these models, but would work for Cartan geometry based on any symmetric Klein
geometry G/H. It would be interesting to generalize these theories, writing down actions for
geometric gauge theories based on other Cartan geometries.

A The modesty of Lie algebra-valued differential forms

In the spirit of Elie Cartan, I have avoided as much as possible “the debauch of indices”,
using instead the cleaner language of Lie algebra-valued forms. Here I provide, especially for
convenience of the reader more accustomed to index-based calculations, some of the standard
formulas. All basic calculations in the field theories described in this paper may be carried out
using the tools presented here.

For g a Lie algebra, denote the space of g-valued p-forms on M by QP(M,g) := QP(M) ® g.
The bracket of g-valued forms is defined using the wedge product on form parts and the Lie
bracket on Lie algebra parts:

w=w"Qua, p=pf vy = [w,u] = (0 A pP) © [a, vg),

where {v,} is a basis of g. Like the wedge product of ordinary forms, this bracket is graded-
commutative, but with an additional minus sign coming from the Lie bracket:

w,u] = (P p,0],  weQP(M,g),  peQ(M,g).
It also obeys a graded Jacobi identity:
A lw, 1)) = (A, o, ] + (=1)P[w, [A, ).

These two identities make Q(M, g) a Lie superalgebra over C*°(M), with grades Q°V"(M, g)
and Q°44(M, g).

An Ehresmann connection A on a principal G-bundle is locally a g-valued 1-form, and the
exterior covariant derivative is given by:

daw = dw + [A, w].
Obviously the ordinary differential d, which acts only on form parts:
d(w) = d(w* ®vy) 1= dw® @ vy,
is a graded derivation over the bracket of g-valued forms:
dlw, p] = [dw, p] + (=1)P[w, dp],  w € QP(M,g).
Since each [A, —] is also a graded derivation, by the Jacobi identity, so too is da:

dalw, ] = [daw, o] + (-1, dapl,  w € (M, g).
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Now suppose : g ® g — R is a (nondegenerate) Ad(G)-invariant bilinear form. As in the
usual notation of Yang—Mills theory, 3 acts on g-valued differential forms by

Bw A ) := B(va, vg) W A i
When S is the Killing form, this can be written
BlwAp) = ClCh w® AP,

where Cgﬁ are the structure constants of g relative to the basis v,. The invariance of 5 on g
gives a graded invariance of 3 for g-valued forms. In particular, for A € Q" (M, g):

ﬁ([A7W]HU') = <_1)pr+1ﬁ(wa [)\7/1’])

The exterior derivative is a graded derivation over (3 in the sense that, for w € QP(M, g),

d(B(w A p)) = Bldw A p) + (=1)PB(w A dp).

But, using the graded invariance under the Lie bracket, we also have

d(B(w A p)) = Bldaw A p) + (=1)"B(w A dap),

which lets us integrate by parts using any exterior covariant derivative.

B Special properties of six-dimensional Lie algebras

The 6-dimensional Lie algebras so(4), so(3,1), and s0(2,2) inherit a notion of Hodge duality by
the fact that they are isomorphic as vector spaces to A?R*. This Hodge dual satisfies:

o x[X,Y]=[X,«Y];
o tr(X*Y) = tr(YxX), where ‘tr’ denotes the Killing form;
e x> = +1 for g = s0(4) or 50(2,2), ¥ = —1 for g = s0(3, 1).

An oft-used consequence of the first property in calculations in this paper is that if w is an
connection for one of these groups, the covariant differential d,, commutes with the Hodge star:

dy(*X) = d(>X) + [w,*X]| = *(dX + [w, X]) = *xd,X.

It is also easy to check from the above properties that so(4) and so(2,2) have self dual and
anti self dual subalgebras and that these are Killing-orthogonal. This leads to the Lie algebra
coincidences

50(2,2) = sl(2,R) & sl(2,R), s0(4) = su(2) @ su(2).

The Hodge star operator extends to iso(2,1) and iso(3), which are Wigner contractions of
the algebras above. For these, there is a choice, depending on how the contraction is performed,
between x% = +1.

Lemma 1. Let g be one of the Lie algebras so(4), s0(3,1), s0(2,2), iso(3), oriso(2,1). Then
every symmetric invariant bilinear form (B on the Lie algebra g is of the form

B(X,Y) = tr(X(co + a1*x)Y).
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Proof. We have 2-dimensional spaces of invariant inner products, with coordinates (cg,c1),
on each of these Lie algebras, and adjoint-invariance is a linear condition, so we need only
show that the spaces of inner products are 2-dimensional in each case. The Lie algebras so0(4),
$0(3,1) and s0(2,2) correspond to the disconnected Dynkin diagram Do (they have so(4,C) =
50(3,C) @ s0(3,C) as their common complexification). Every invariant symmetric bilinear form
on one of these Lie algebras is thus a linear combination of Killing forms associated to the two
factors. In particular, the vector space of such invariant bilinear forms on the Lie algebra that
are invariant is 2-dimensional.

Next, is0(3) is the semidirect sum of h = s0(3) and the abelian ideal p = R3, An invariant
inner product on iso(3) is thus the sum of invariant inner products on the s0(3) and R? parts,
and invariant inner products on these are unique up to scale. The same arguments hold for
i50(2,1), and in either case we get a 2-dimensional space of invariant inner products. |

Checking which values of (cg,c;1) result in a degenerate inner product is a straightforward
computation.

Starting with a generic nondegenerate invariant symmetric bilinear form on g, we can recover
the Killing form as well as the bilinear form of (7) with the Hodge star. For this, we use
the symmetric Lie algebra structure of g = h @ p and observe that, since h and p are Killing-
orthogonal,

tr(XY) = tr(XY)

while, since x switches h and p components,
tr(X«Y) = —tr(X«Y)

for all X,Y € g.
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