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1 Introduction

The study of cohomology of the moduli space of curves was initiated by Mumford [3] in the 1980s.
The most progress has been made in understanding the subring R*(My) of tautological classes.
A systematic study by Faber and Zagier of the algebra of x classes on the moduli space M, of
nonsingular genus g curves led to a conjecture in 2000 of a concise set FZ of relations among x
classes in

R*(Mg) C A*(My).

There are several proofs of the Faber—Zagier conjecture, one of them is given by Pandharipande
and Pixton in [5], exploiting moduli space of stable quotients on P!.

Recent progress in 2012 has appeared in Pixton’s paper [8] about hypothetically the full
set of relations in the tautological ring of Mg,n- Pixton’s relations recover FZ when restricted
to My C M,.

Using homogeneity of Witten’s 3-spin class, authors of [6] proved Pixton’s relations hold
in H* (ﬂg,n, Q), proving Faber—Zagier conjecture in cohomology. The set of Pixton’s relations
(in Chow or cohomology) is conjectured to be full.

In this paper, we explicitly obtain the Pandharipande-Pixton—Zvonkine (PPZ or also called
r-spin) relations [6, 7] in the group RH?(M,,, Q) (although we omit the easiest case g = 0 for
brevity). We show that the PPZ relations we obtained coincide with relations from Arbarello-
Cornalba’s result [1, Theorem 2.2]. In [1], the authors proved that their set of relations
in H?(Mgn,Q) is full. Also using the fact that PPZ (for r = 3) relations coincide with Pixton’s
relations and hold in H* (ﬂgﬁn, Q), proved in [6], we prove Pixton’s conjecture in cohomology
for this codimension.
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2 Preliminaries

2.1 Tautological classes on Mg,n

Throughout the article, we are working with cohomology with coefficients in Q.

Let ﬂg,n be the Deligne-Mumford compactification by stable curves of the moduli space of
nonsingular complex genus g curves with n markings, see [13] for the survey. Let m: Cy,, — My,
be the universal curve. Considering ég,n and ngn as orbifolds is sufficient for our purposes.

The fiber of a cotangent line bundles L;, i = 1,...,n over ﬂg,n over a point x € ﬂg,n is
a cotangent line to a curve (Cy,x) € Zg,n at i-th marked points. Denote the first Chern class of
the line bundles L; by ¢; (¢-classes)

Y = a1(L;) € H* (Mg, Q).
k-classes are defined via the universal map 7: Mg,nﬂ — ﬂgm,
ri = me (V) € H* (Mo, Q).
Natural maps between moduli spaces of curves include:

(i) Maps forgetting the last m points and further stabilizing the curve p,, : Mg,nm — MM.
(ii) Gluing maps of separating kind r: Mg, n,+1 X Mg, ny41 — My, which identify the point
with label ny + 1 on the first curve with point label ny + 1 on the second curve.
iii) Gluing maps of nonseparating kind ¢: M,_1p+2 — M,, which identifies points with
g map P g q g—1,n+ g, p
labels n + 1 and n + 2.

Let RH*(M,,,) C H*(My,,) be the subring of tautological classes in the rational cohomol-
ogy ring. It is defined as the smallest Q-subalgebra closed under push-forwards by forgetting
and gluing maps.

First examples of elements in RH* (ﬂg,n) include the following classes. 1 € H° (ﬂg,n) is
tautological since RH* (ﬂg,n) is a ring with unit by definition. Classes represented by boundary
strata and their intersections also lie in tautological ring since they are images under gluing maps.
It is clear that k- and 1-classes lie in RH* (ﬂg,n) from their definition and from relation v; =
— T (D?), where D; € H? (ﬂgmﬂ, Q) is a class of a divisor whose generic point is represented
by a nodal curve with two irreducible components of genera g and 0 and i-th and (n + 1)-th
points lie on a rational component.

The natural question are the rings RH* (ﬂg,n) C H* (ﬂg,n) isomorphic is open but there
was a significant progress from the pioneering studies of moduli of curves initiated by Mumford.

2.2 Cohomological field theories

We recall here the basic definitions of a cohomological field theory (CohFT) by Kontsevich and
Manin, see [4] for a survey.
It consists of the following data (V',7,1,(¢g.n)2g—2+n>0), Where

(i) V is a finite-dimensional Q-vector space,
(ii) 7 is a non-degenerate symmetric bilinear 2-form (metric),

(iii) 1 € V is a distinguished element(unit vector).

Choosing a basis {e;} of V, denote by 7, = n(e;,er) the value of the metric on the basis
vectors and by 7/F the inverse matrix. Given these data (V,7,1) the (cgn)2g—2+n>0 is a col-
lection of linear operators ¢y, € H*(My,) ® (V*)®". It means that ¢y, associate a (non-
homogeneous)cohomology class cg7n(3:1 ®--Qwxy) € H* (ﬂg,n) to a vector 71 ® - - - @z, € VO

The CohFT axioms imposed on ¢, are the following.
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Definition 2.1. A tuple (V,n,1,(cgn)29—2+n>0) is called a cohomological field theory (with unit)
if it satisfies the following axioms:

(i) For all z; € V,
Cg,n(wl ®---Qxp) = Cg,n(xg(l) - ® xo(n))

for each o in the symmetric group 3, acting on the set of marked points and simultaneously
on copies of V in the tensor product V©n,

(ii) The pullback of ¢4, under the gluing map ¢ of nonseparating kind equals the contraction
of cg—1,n4+2 With Wk ® ej ® ey, inserted at the two identified points!

q*cg,n(xl X xn) = Z Ujkcgfl,nJrZ(l'l R RTy Ve R ek)
j7k
in H*(Mg_142,Q) for all z; € V. The pullback of ¢, ,, under a gluing map r of separating
kind equals the contraction ¢, ,,+1 ® Cgymyt1 again with 7% ® e; ® ey, inserted at the two
identified points

r*(cgn(21 @+ @ zn))
= Z Ujkcgl,erl(l‘l Q- QT @ ej) ® ng,n2+1($n1+1 ® - @ Ty @ ey)
ok

in H* (ﬂgl,n1+1a Q) ® H* (Mgz,anrly Q) for all z; € V.
(iii) The pullback of ¢4, under the map p forgetting the last point is required to satisfy

Cgni1l(T1® - @2, ®1) =piegn(r1® - @ xy)

for all ; € V. In addition, the equality co3(z; ® x; ® 1) = n(xs,x;) is required for
all x; e V.

Remark 2.2. A tuple (V, 1, (¢gn)2g—2+n>0) is called a cohomological field theory (without unit)
if it satisfies properties (i) and (ii) above.

The degree zero part w of a CohFT ¢ = (cgn)2g—24n>0 is called the topological part of c
won = [egn]” € H* (Mg, Q) @ (V)"

Via property (ii) one sees that wy ,(x1 ® -+ ® xy,) is determined by considering stable curves
with a maximal number of nodes. Such a curve is obtained by identifying several rational curves
with three marked points. The value of wg, (21 ® -+ ® ) is thus uniquely specified by the
values of wp 3 and by the quadratic form 7. In other words, given V' and 7, a topological part is
uniquely determined by the associated quantum product, introduced in the next subsection.

Our main example of CohFT will be the CohFT associated with Witten’s r-spin class and
its shifted version.

Example 2.3 (Witten’s r-spin class). Let r > 2 be an integer. For every r, there is a CohFT
obtained from Witten’s r-spin class, introduced by Witten in [12]. See [9, 10] for an algebraic
construction of Witten’s top Chern class where it was proved that the axioms of CohFT (i)—(iii)
hold.

'Here and in the rest of the paper, we use the Einstein summation convention.
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Witten’s r-spin theory gives a family of classes

Wy n(ar, ... an) € H (Mg,)

for ai,...,a, €4{0,...,7r —2}.
Now given an (r — 1)-dimensional Q-vector space V, with basis ey, ..., e,_2, metric
Nab = 77(6(1, eb) = 5a+b,r—27

and unit vector 1 = ey one defines a CohF'T Wy , by

W VEY = H* (M), W (6o @+ ®ea,) =Wy (a1, .. an).

Witten’s class Wy (a1, ..., an) has (complex) degree given by the formula

(r-2g-D+¥La

degcWy (a1, ..., an) =Dy ,(a1,...,an) =

If Dy, (ai1,...,ay) is not an integer, the corresponding Witten’s class vanishes.

To formulate the Givental-Teleman classification result, we need the following notion of
semisimplicity of a CohFT.

Let (V,n,1) be a data associated with a CohFT c4,. For 1,22 € V, the quantum prod-
uct x1 @ xo € V is uniquely determined by the condition: for every x3 € V

n(x1 @ x2,x3) = co3(T1 @ T2 ® x3) € Q.

The quantum product e is commutative by CohFT axiom (i). Let us check that associativ-
ity of e follows from CohFT axiom (ii). Further, we often write just co3(x1,z2,23) instead
of co3(x1 ® 2 ® x3) for short. Fix a basis {e;} of V. Then the product in this algebra gives
rise to structure constants e, ® e, = cflbei, where the Einstein summation convention is assumed.
Hence

n((ea®ep) @ ec,eq) = clynle; ® ec, €q) = copclonja.
Observe that ¢!, = n'co 3(eq, €p, €), hence we get

nipco,3 (6aa €p, ep)njqco,3(eia €c, eq)ﬁjda

which is the same as ¢*co.4(eq, €p, €c, €4) by axiom (ii). On the other hand

n(eq o (er®ec),eq) = chonleq ® € eq) = Ciccimjd = n"co3(ep, ec, ep)n’9c0,3(€as €1y €0)Mjd

= 00,3(6b7 €c, 6p)77ip60,3(6a, €is Gd),

which is again ¢*cp(eq, €p, ec,€q) by axioms (i) and (ii). Then from the nondegeneracy of 7
the associativity follows. Moreover, a simple check shows that (V,e, 1) is a Frobenius algebra,
see [2]. A CohFT cg4,, is called semisimple if the algebra (V,e,1) is semisimple, i.e., the com-
plexification V' ®g C has a basis {e;} of idempotents e; ® e; = d;;¢;. Since W;n itself is not
semisimple, we will need its shifted version.

Example 2.4 (shifted Witten’s r-spin class). Given a vector 7 € V,., the shifted Witten’s class
is defined by
1
WoT (v ® - ®vp) = Z ﬁpm*wgwm (Ul R QU Q 7_®m)7
m>0 "
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where pp: Mg pim — My, is the forgetful map. The shifted Witten’s class W™ determines
a CohFT with unit. Namely, applying a map forgetting the last point, we get

- 1
pT r (v1®"'®vn):Zum*pT Z,n+m(v1®"'®vn®7®m)
m>0

1
- Z %pm*wgm—i-m-‘rl (vl @ QU ® 7_®m ® 1)
m>0 "

=W, (1@ ®v,®1).

Moreover, let us choose a particular point 7 = (0,7¢,0,...,0) = r¢e; € V, and check the
semisimplicity of this CthT
Denote by (a1, ...,a,)" fMo Wy (ea, ® - ® eq,) the n-point function. Firstly, we use

the known values for Wltten s class
1 -
Wo3(€q, b, €p) = Opr—2—a—b, Wou(er,er,er—2,e,2) = ;[pt] € H*(Mo4,Q).

Using [7, Proposition 4.1], we compute the 3-point function (a, b, p>?:5p,r727a7b+5p,2r737a7b¢~
Then we compute
nir—2mambe; — e,y ifa+b<r—2,

Ca 07 €p = Copei = NPWos(easen ep)ei = 4 o o oy -
’ on® e; = ¢pegip—ry1 ifa+b>r—1.

Then changing a basis to &, := ¢~% (D¢, the new product is

~ ~ _ —1 g+b 1fa/+b§7"—2 ~
€q OF € = QZS (at+b)/r €q ® €y = ~a . T = €a+b mod r—1-
€atb—r—1 fa+b>r—1

Finally, after another change of basis €; := Zg;g £%e,, €1 =1, we derive a basis of idempo-
tents

r—2
= S ai+bj a(i—j)+cj~. a(i—j) 5. _ =
giozej= Y &"™ME ) modr1 = § 3 ’e; E goli—de; — 1)d;€;,
a,b=0 a,c=0

since if i —j = # 0 then 14+ &% 4 --- + 6022 = 0. So, {&;/(r — 1)} is a basis of idempotents.

Now we recall how to assign to the given CohFT (V,n, 1, (¢gn)2g—24n>0) a Frobenius manifold
structure on V. Choose a basis V' = C(ey,...,en) and a distinguished vector 1 = e;. A full
CohFT potential F € C[[t**,h]] is the following formal power series in t%%, dy > 0, iy €

{1,...,N}:
F({thr} n) :=> 1 F,,

920
where
Fo({teie}) = Z Z / Con(Cins - vs i, ST - gt gln,
nzx(g) d17 7 Mg n
i1, 7'Ln
The stability condition is captured by
3 ifg=0,
x(g):=4q1 ifg=1,
0 ifg>2.

Note that the intersection numbers above are nonzero only in degrees 3g — 3 + n.
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A Frobenius potential F € (C[[tl, . ,tN]] is defined as
F(tl, e ,tN) = fo({tdk’ik }) |{tdk *=0,d, >0}

_Z TL— Z / cOn 67'1""761'”)757:1"'757:”,

n>3 '11, Lin=1 Mo,n

where we put t# := tO#,
It gives the structure of formal Frobenius manifold with flat metric 7, =
a Frobenius algebra structure with multiplication e, ® eg := cam?ﬂeeg, where

O3F

aigimor and

OF

art’) = g (1) =

(7704,8) ! .

CohFT axioms force F' to satisfy the WDVV equation caggn%c(;w = cmgn% Csap-

2.3 Reconstruction

Let ¢ = (¢g,n)2g—24n>0 be a CohF T, not necessarily with unit, associated with data (V,n). Let R
be a matrix series

Y Rt ed+ 2 End(V) 2],
k=0

which satisfies the symplectic condition n(R(z)z, R(—z)y) = n(z,y) for all z, y in V. The group
of such series acts on a space of CohFTs and we now recall the action, following closely [4,
Section 1.2.1].

One can define a new CohF'T Rc on the vector space (V,7n) is expressed as a sum over stable
graphs I, see [6, Section 0.2] for an exposition, with summands given by products of vertex, edge,
and leg contributions. Let Gg,, denote the set of all stable graphs (up to isomorphism) of genus g
with n legs. To each stable graph I', one can associate the moduli space M = [Toev mg(v),n(v)
with 2¢g(v) —2+4n(v) > 0. There is a canonical morphism cr: Mr — Mg, with image equal to
the boundary stratum associated to the graph I

Then new CohFT Rc is expressed as

Ry = 3 it (H Cont(v) T Cont(e) [ Cont(i )

IeGgn veV ecE leL
where we place

(i) Cont(v) = cy(v),n(v) at each vertex, where g(v) and n(v) denote the genus and number of
half-edges and legs of the vertex,

(i) the End(V)-valued cohomology class Cont(l) = R™'(¢;) at each leg, 1y € H? (M g(y) n(v): Q)
is the cotangent class at the marking corresponding to the leg,

(iii) Cont(e) = (7' — R (¥l ' R™Y( ;’)T)/(¢é + ) at each edge, where ¢, and ¢! are
the cotangent classes? at the node which represents the edge e.

Then we can state Givental-Teleman classification result for CohFTs, proved initially in [11]
for underlying Frobenius potentials. Let ¢ be a semisimple CohFT with unit on (V,7,1), and

2Note that if 1 or 1. corresponds to a marking on genus 0 component with less then four markings, then it
is zero.
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let w be the topological part of c. For a matrix R satisfying the symplectic condition, de-
fine Rw = R(T(w)), where T € V[[z]] is a series with no terms of degree 0 or 1

T(z) =2(Id— R7'(2)) - 1 € 2°V[[2]],

acting on a CohFT ¢4, by the formula

o0

(Tc)g,n(xl @ xn) = Z %pm*(cg,n—&-m(xl R Q@ Ty T(an-&-l) PXEERNY T(d’n—i—m)))a

m=0

where py, : ﬂgm_;_m — ﬂg,n is the morphism forgetting the last m markings.
By [6, Proposition 2.12], R.w is a CohFT with unit on (V,7,1). The Givental-Teleman
classification asserts the existence of a unique R-matrix which exactly recovers c.

Theorem (Teleman). There exists a unique symplectic matriz R € Id + z - End(V)[[z]] which
reconstructs ¢ from w, ¢ = R.w, as a CohFT with unit.

3 Tautological relations at semisimple point:
T =(0,7¢,0,...,0)

We chose this point since at this point one can derive the relatively simple expression for the
topological field theory of the corresponding shifted Witten’s CohFT, although the closed for-
mulas for R-matrix are not known. Acting on the topological field theory by R-matrix, we
successfully deduce the PPZ relations (also called r-spin relations) for > 3 in tautological ring,
using degree vanishing argument. We will follow Pandharipande—Pixton—Zvonkine [7].

The shifted along the second basis vector e; € V,, Witten’s CohFT is semisimple and has
a relatively simple expression for its topological part. As we saw in Example 2.4, the quantum
product at 7 is given by

- - €atb ifa+b<r-—2,
€a @7 €h = § ~ _
€atb—r+1 fa+b>r—1.

By [7, Proposition 4.2], the associated topological field theory takes the form
(5 =y _ gD g
Wyn(€y ® - ®eq,) =¢ —1(r—1)9.4, (3.1)

where ¢ equals 1if g—1—3"7" | a; is divisible by » —1 and 0 otherwise. The idea is the following.
Firstly, from definition of €, observe that

r—2
P~ o~ ~ ¢ —1 ifa+b+c=—-1 modr—1,
w0’3(6a76b560) = 0 else

_r=2
and hence 1, = ¢ ™1

~1044br—2 in a basis {é;}. Then wg’,g for general g and n is the same as
the restriction of g, to a maximally degenerate curve [C] € Hg,n with 2g — 2 + n rational
components and 3g — 3 + n nodes. From this, 3-valent dual graph we see that the sum of the
insertions to wy' from {0,...,r — 2} plus one is divisible by 7 — 1 and the sum of the insertions
on each edge is r — 2. From this, it is clear that g — 1+ a; must be divisible by » — 1. We place
an arbitrary insertion on a single branch of a node at every independent cycle of the dual graph,
t}(lenl)t}’l_e2 other insertions are uniquely determined. This gives us a factor (r — 1)9. The factor
gD

7—1 comes from matching nodes and rational component powers of ¢.
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There is an approach for computing R-matrix recursively explained in [7, Proposition 4.4].
The upshot is the explicit formula for the coefficients.
In a basis €, ..., &_2 the R-matrix (R,;)%, m >0, a,b € {0,...,r — 2} has coefficients

(Rm>b = [—7"(7" - 1)¢ﬁ]7mpm(7’,7” —2-0) if b+m=a modr—1,
and 0 otherwise. The inverse matrix R~!(z) has coefficients

(R;ml)z = [7“(7" - 1)¢ﬁ]7mpm(7”, a) it b+m=a modr-—1,

and 0 otherwise. Here the polynomials P,,(r,a) with initial condition Py(r,a) = 1 are defined
by the following recursive procedure. For m > 1,

a

1
Py (rya) = B Z(Zmr —7r—2b)Py—1(r,b—1)
b=1

T

1

—2
R (r—1=>0b)2mr —b)(2mr —r — 2b)Pp,—1(r,b — 1).

b=1
In fact, we will need only first two values

1 1
Py=1, P1—§a(r—1—a)—ﬂ(2r—1)(r—2).

Now let W™ be the cohomological field theory given by the shift of Witten’s r-spin class by
the vector 7 = (0,7¢,0,...,0). Using the Givental-Teleman classification theorem, W™ can
be recovered as an R-matrix action on the topological field theory w"T and by [7, Theorem 9]
Witten’s r-spin class W;n(al, ..., ap) equals the part of Wy, of degree

(r=2)g=D+>",a

Dyn(at, ... an) =

in H* (ﬂgyn). The parts of Wy, of degree higher than Dy, vanish. This theorem is the key
point to find relations.

Now we describe the procedure of finding r-spin relations at the point 7 from the shifted Wit-
ten’s class. It will be convenient to specialize the decoration procedure introduced in Section 2.3
to the case of the reconstruction of the shifted Witten’s CohFT Wy, from its topological part.

Fix r > 3. Fix n numbers 0 < ay,...,a, < r — 2. All constructions below depend on an
auxiliary variable ¢ which keeps track the codimension and we fix its exponent d. A tauto-
logical r-spin relation T(g,n,r,a1,...,a,,d) = 0 depends on these choices, and it is obtained
as T =r9~1 Yoreo 7r>(kk T;./k!, where T}, is the coefficient of ¢¢ in the expression in the decorated
stable graphs of Mg’n+k- described below, and (k). ﬂg7n+k — ﬂg,n forgets the last k points.
Fix a stable graph I' € G, ;,1«, and then equip

(i
(i

(iii

each vertex v of T with w”/ ,
g(v),n(%)

the first n legs by >~ (R;ll)a'z/)imgb, i=1,...,n,

the k extra legs (the dilaton legs) with —>"> (R;f)nggjl'éb, i=1,...,k,

(iv) each edge e, where we denote by 1. and 1! the 1)-classes on the two branches of the

corresponding node, with

)
)
)
)

. i 11
nZ/ZN - Z?rj’,m”:() (R;n});-/nj,]” (R;L}/);//(d}é)ml( é/)m”~

Cont(e) = o €ir @ €.
e e
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The summations above by repeating indices is assumed. Then T} is defined as the sum over
all decorated stable graphs obtained by the contraction of all tensors assigned to their vertices,
legs, and edges, further divided by the order of the automorphism group of the graph.

Observe that the exponent d of ¢ comes from many places, so let us collect the total degree.

e Every time we fed a leg we get a factor ¢~ /(=1 from R! and if we are interested in
relations in the group RH?P ( gn,(@) then the sum of indices > m; of matrices R}
should be equal to D. Hence, we get a factor ¢~ 1

e At every vertex v equipped with w” v n(v), we get a contrlbutlon o} (g()=1)(r=2)/(r=1) and
the total contribution from all the vertices will be ¢(2=v (V)= ME = = ¢9717% where v is the
number of irreducible components and ¢ is the number of nodes the curve F has.

e Since we wrote each R, in a basis {€;} and fed the first n legs by the primary ﬁelds
€1,...,6en, we should change a ba81s to {€;}. Hence, we earn an additional factor ¢1 Lia
after the change of basis e; = <Z>r Ig;.

e Dilaton legs will not contribute in the exponent of ¢ since they are fed with ey = €.

e Since each edge of T’ (302nta1ns an inverse metric matrix 0%, it gives a factor qﬁr i and the
total factor will be ¢pr=1 1%, Recall that the number of edges of I' is the number of nodes on
the corresponding curve.

Summing up, the total degree d of variable ¢ for the graph I' in codimension D satisfies
d(r—1) Zaz (9g—1)(r—2)—rD.

From the topological part expression (3.1), we can say that

Zai:g—1+D+x(r—1)

for z > 0. Now if Witten’s r-spin class vanishes when D > Dy , it is easy to see that d must be
negative.
Finally, observe that

dr—1)=g—-14D+z(r—1)4+(g—1)(r—2)—rD=(g—1—D+x)(r—1),

and hence d < 0 if and only if D > g + z.

This shows that Pixtons’s relations do not allow us to find relations in small degrees directly.
We are interested in relations in complex degree 1 and to get them we need firstly to find
relations in cohomology of higher degrees of the space with larger number of points and then
push them forward by the forgetful morphism. For example, we could find the relations in the
group RH* (ﬂ27n+1,@) and then push them forward by forgetting the last point. Thus, we
would get relations in the group RH? (ﬂgm, Q), but this approach is technically difficult and
we proceed in another way in the genus 2 case. But the genus 1 case can be worked out directly.

4 The case of marked genus 1 curves

In this section by applying the PPZ construction to the genus 1 case, we derive tautological
relations and compare them with Arbarello-Cornalba’s result. In this case, the PPZ approach
works in each positive degree since D > g+a = 1+« is valid for each D > 1 if we choose = = 0.
Firstly, we apply described construction to the space Mj o and then calculate linear relations
in the space ﬂl,n. As a warm-up, we discuss linear relations in the space MLQ. Further, we
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. az
al a2 ’ al al a2

(i) smooth part (ii) bsep (iii) dnonsep

Figure 1. The graphs of strata of M 2 of codimension at most 1.

fix ¢ = 1 for simplicity. The cohomology group RH? (MLQ, Q) is generated by 11, V2, K1, Osep,
Ononsep With relations

1

¢1 = ¢27 le = 5sep + K1, 7#1 = E(Snonsep + (5sep’

see [1, Theorem 2.2].

Example 4.1. For r > 3, the PPZ relations between the generators of the group RH? (MLQ, Q)
generate the set of relations from above.

Proof. Wehave D =1, 2 =0, g =1, a; +as = 1; the degree 1 part of stable graph expressions
gives us tautological relations since 1 = D > g+ x = 1. Generators of this group are 1, 9,
K1, Oseps Ononsep, Where dgep, and dnonsep are Poincaré dual classes to the generic point of divisor
strata, see Figure 1. The graphs with more then 1 edge will not contribute by dimensional
reasons.

Our stable graphs will contain 0, 1 or 2 dilaton leaves, so we will consider these cases sepa-
rately. The smooth part gives

o r—2 00
ST (B S (BR) 0w (@ 6)
m=0b1,b2=0 m=0 ,
r—2
= | D2 (B + (R0 (B + (R ) n) i@, )
b1,b2=0

= (r=D((B)g) "o+ (R ).

az

Since the factor (r(r —1)¢"/ (”"_1))_1 comes from each graph, we will omit it.
Let us develop the edge factor® in more detail up to linear terms in the 1)-classes.

o0
Cont(e)(r +v¢) = |n"" = Y (B)o’ 7 (Roh) o ()™ ()™ | & @ e
m/ m''=1

7;//

=[- (lel)rdﬂ., (' + ¢") + higher degree terms|e; ® €.

3See Section 3.
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ai as
(iv)

Figure 2. The remaining contributing graph with a dilaton leg.

The second and third graphs give

r—2

dp D ((By)oh + (B o) (By) s+ (B i) (R,
b1,b2=0
wg’,g(gbugbz’féi’)"”?ln:‘{(féi”) = —(r = 1)dsep (Rl_l)(l]’

r—

r—2 2
“Guomsep D (By ) o (By ot D7 (BY )y s @y @y B )20,
0

ay as %
b1,b2=0 i=

Given a graph I' with a dilaton leg, the vertex carrying this leg will support a class of positive
degree after push-forward. Thus a codimension 1 class can only be obtained if the graph I' was
already trivial, see Figure 2.

The fourth graph gives

—((RgM)ey + (R + (R (RS + (B v+ (By iawd),
r—2

(R Yok + (Ry M)ok2) w5 (@ @y @) = —(r — 1) (RyD! 2k

So, summing up we get a relation

(T - 1)[P1(T7 a2)¢2 + Pl(T7 al)wl] - 2174(2 —3r+ T2)6nonsep7

—(r—=1)P1(r,1)dsep — (r — 1) Py (r,0)k1 = 0.

This equality must hold for every r > 3, so collecting degrees of a variable r, we get following
relations:

1
Y1 = o, 2P = 6sep + K1, Y1 = 75n0nsep + 5sep- u

12
Similarly, we derived all PPZ relations in RH? (ﬂlm, Q) for all r simultaneously, and prove
that they in fact are the full set of relations in H? (MLWQ). In fact, we prove a stronger
statement that the PPZ relations for every particular r > 3 generate the full set of relations.
The group H? (ﬂl,n, @) is generated by 1, ..., ¥n, K1, 59, Ononsep With relations

n
120 = pomsep + 12 D 69, i=1,...m, k1= dhi— 8y (41)
Jc{1,...,n}jieJ 1=1 Jc{1,...,n}
|J|>2

see [1, Theorem 2.2].
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Proposition 4.2. For every particular r > 3, the PPZ relations between the generators of the
group H? (./\/ll,n,@) generate the set of relations from above.

Proof. There are

n+1+(">+---+<”>+1:2n+1
2 n

generators Y1, ..., U¥n, K1, 59, Ononsep- Here (59 is the class of the divisor representing a curve
with markings from J C {1,...,n}, |J| > 2 on the genus 0 component. Having n markings,
we have n relations coming from n different choices of a vector (a1, ...,a,) with > 27" ja; = 1.
Further, in the arguments of the topological part, we write just b; instead of €, for short. The
contribution of the smooth part has the form

n

SRS + (R i]win (0, 0)

i=1
=(r—1)[ (Rfl)“i_l +o Y (RYHTH.

a an

The contribution of a graph 59 with separating node has the form

n r—2
_591_[ [(Ral)ij + (Rfl)f_l%] Z wi | 114+1(@iy 5 - - -7aim,P)a
i=1

T
p,q=0

wO,lJ\—i—l(ajlv EEELINIE q) (Rl_l)f—qu’

where

1 ifaj+p=0 modr—1,

wl,|[|+l(ai17 s 7ai|1|7p) = (T’ - 1) {0 otherwise

1 ifl4+a;y+¢g=0 modr—1,

w0,|J\+1(aj17'“’ajIJ\’Q) - {() otherwise

From this, we immediately see that each (Rl_l)f_Q_q = (Rl_l);]al is nonzero since r — 2 + ay +
1—1= —a; modr — 1 is true for every complementary subsets I,J C {1...n}. The total
contribution over graphs with one separating node is

- Y S -n(EM,"

JC1,...,n
[7]>2

and specifying a; = 1, a; = 0, 7 # j, we would get
—(r=1)Pi(r,1) > 85— (r—1)Pi(r,0) > 85.
JlieJ Jli¢J
1

The contribution of a graph with a nonseparating node gives —dnonsepsg (2—3r+r2) as before.
The contribution of a graph with one dilaton leg has the form

n r—2
— H [(Ral)zz + (Rl_l)Ziilwi] Z(Ro_l)g)"flwl,n—i-l(ala ceey Oy, w),
i=1 w=0

which is nonzero if and only if w = r — 2 and equals —(Rl_l)g_2(r — 1)ky.
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So, for each fixed i = 1,...,n, we have the relation
(r—1) [a(r, s + Pi(r,0) Z%] ,
J#i
~(r=1DPi(r,1) Y 05— (r=1DPu(r,0) Y o,
JjieJ Jli¢J

1
7P1(T’ 0)(T - 1)51 - 6nonsepﬂ(2 —3r + 7"2) = 0,

which is a polynomial in r of degree 3. Taking coefficients and multiplying by 12 and 24,
respectively, to clear denominators, we get

[7'3]2 H1:Z¢Z‘— Z 50,
i=1 Jc{1,...,n}
(P12 19> " 65+ 7 > 65+ Gnonsep + 71 = 198 + 7> _ 4y,

JlieJ Jlig.J i

and eliminating kappa class, we find

12¢i:5nonsep+122(50, 1=1,...,n.
JlieJ

The relations coming from [r], [1] are consequences of relations coming from [r3], [r?]. Suppose
now that we have another PPZ relation Q = 0 in degree 1. Put r = 3 for simplicity. As we
noted at the end of Section 3, this relation came from a certain choice of a tuple (aq, ..., a,) such
that > a; =1 mod 2 and 1 > %Z a;. There are only n possibilities corresponding to a choice
of one a; = 1 and 0 the others. So, @) is a linear combination of them.

Moreover, we claim that we get relations (4.1) for every particular r > 3, not just for simul-
taneously all r. For this, it is sufficient to express -classes in terms of boundary divisor classes
and use the linear independence of the latter, which follows from [1, Theorem 2.2].

Namely, we rewrite the system of relations in the form

(r—=1)Pi(r,)tp1 + (r = 1)Pi(r,0)tba + - -+ + (r — 1) P1(r,0)¢y, — (r — 1) Py(r,0)k1 = By,

(7“ — 1)P1(7“, 0)¢1 + -+ (7“ — 1)P1 (’I”, 0>'¢n—1+ (7“ - 1)P1 (’I”, 1)’¢n— (7“ — 1)P1 (7’, O)Hl = Bn,
1+ + Y — K1 = Bpya,

where the last equation is the coefficient of r3 from above. Here the terms B; are linear combi-
nations of boundary divisors with coefficients depending on 7.
The matrix M on the left-hand side has determinant

det M = (—=1)"(r — 1)*(Py(r,0) — Py (r, 1))" " Y((n — 1)Pi(r,0) + Py(r,1) — nPy(r,0)),

and after further simplification it is seen that for » > 3

det M = —1 [W] £ 0.

This means that for every r > 3 each 1; can be expressed as a sum of divisor classes, without
passing to taking coefficients [rz] Expressions of ¢; coming from r > 3 and r’ > 3 give a linear
relation on boundary divisor classes, which are linear independent. In other words, we get
the same relations for each particular » > 3. Moreover, these relations are the same as in
Arbarello-Cornalba’s [1, Theorem 2.2], where it is proved that it is the full set of relations
in H? (an,Q). |
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o o=0 ®

() Sinr (i) & (iii) K1

Figure 3. Divisors in M.

5 The case of marked genus 2 curves

In this section, by applying the PPZ construction to the genus 2 case, we derive tautological
relations and compare them with the Arbarello-Cornalba’s result.

The group RH? (ﬂgm,(@) is generated by ki1, ¥1,...,%, and divisor classes 5(1), §i, I c
{1,...,n}, &/, with one relation

5</‘31_Z¢i+ Z 5(I]>_51/rr+7 Z 5{7

ICl,...;n ICl,...,n
see [1, Theorem 2.2].

Proposition 5.1. For every particular r > 3, the PPZ relations between the generators of the
group RH? (./\/lgm,(@) generate the set of relations from above.

Proof. We proceed as follows. Firstly, we find relations in My using 3-spin structures, then
pull them back by forgetting n points. Get again a PPZ relation and argue why what we get the
full set of relations. We are using the PPZ relations are stable under pulling back via forgetting
morphism 7: Mg ntk — Mgn

™ T(g,n,r,a1,...,an,d) =T(g,n+k,r,a1,...,ay,0,...,0,d).

Now, the Picard group of My is S%Janned on k1, 61 and dyy, see Figure 3.
Witten’s class has degree D3 , which is less than one, so we get a relation. Graphs
in Figure 3 give the following contrlbutlons

(r— 1261 (R7Y)0 % = —(r — 1%k P1(r,0),

2 —3r 42

— an Hwi,1(4) (Ry )7« 9 351:—(7"—1)2131(7",1)517 —(r = 1)dir 51

1,j=0
When we put r = 3, after simple algebra, we get 5x1 = 701 + Oirr-
Now we pullback this relation by forgetting n points m: Ms,, — Mas. Using the well-known
formulas for the pull-backs along the forgetful map

TR =R =G, T = — 0y, WO =07 + 010

we get, after iterating n times, the relation

5<,~@1 =D i+ Y. 55) =0, +7 > o
IC1,...,n IC1,...,n
Now suppose we have another PPZ relation Q = 0 in degree 1. As we noted at the end of
Section 3, this relation came from a certain choice of a tuple (ai,...,a,) such that > a; =0
mod 2 and 1 > HTZG’ Now we have only one possibility corresponding to the choice when
all a;’s equal to 0. So, Q is proportional to our relation. Moreover, this relation is the same as in
Arbarello-Cornalba’s [1, Theorem 2.2]. Other choices of r > 3 would lead to the same relation
since the set of Arbarello-Cornalba relations is full and PPZ relations hold in cohomology. So,
we are done. |
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6 Higher genera and conclusion

In genus 3 with no markings, we get zero contributions since the parity conditions for vertices are
not compatible. We can not satisfy the conditions. For example, curves with a node separating
genus 1 and genus 2 components give

1

=61 Y wii(Pwii(p)wza(a) (R,
P,q=0

So, p and ¢ must be p = 0, ¢ = 1, hence (Rfl)g is zero. We can not satisfy the conditions
> a;=1 mod 2 and 1 > Zag” at all.

In genus 4 with no markings, we get the expression of the Witten’s class instead of a tau-
tological relation since Dio = 1. And in higher genera, the degree of Witten’s class is bigger
than 1 for all r. These considerations agree with early computations and do not contradict
the fact that the only relations in RH? (Mg,n, Q) with g > 3 have the trivial form 0, = d4_,
h=0,...,9—1.

From above, it is clear that the tautological PPZ relations for every particular r are in fact
the full set relations in H? (ﬂg,n, Q)

RH2 (ﬂgm, Q) = H2 (Hg,m Q) ’

which confirms Pixton’s hypothesis in this codimension.
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