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Abstract. In the paper, the algebra A (n), which is generated by an upper triangular
generating matrix with triple relations, is introduced. It is shown that there exists an
isomorphism between the algebra A (n) and the higher-rank Askey–Wilson algebra aw(n)
introduced by Crampé et al. Furthermore, we establish a series of automorphisms of A (n),
which satisfy braid group relations and coincide with those in aw(n).
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1 Introduction

The study of algebraic structures has been a cornerstone of mathematical research, providing
profound insights and applications in various fields. The Askey–Wilson algebras AWq, intro-
duced by Zhedanov in [20], have significant implications in mathematical physics, quantum
groups and orthogonal polynomials. For instance, Koelink and Stokman [13] studied the so-
lutions of the Askey–Wilson q-difference equation, which is related to Askey–Wilson algebras,
offering valuable insights into the associated functions and transformations. Crampé and Gabo-
riaud et al. [5] investigated the connections between Askey–Wilson algebras and the universal
R-matrix of Uq(sl2), providing a new perspective for understanding these algebras. Terwilliger
and Vidunas [19] studied the relationships between the Askey–Wilson algebras and the corre-
sponding Leonard pairs, to highlight the importance of these algebras in representation theory.
Terwilliger in [18] introduced the universal Askey–Wilson algebra ∆q, which are generalization
of AWq. We point out that Huang in [11, 12] gave the classification of finite-dimensional irre-
ducible modules of ∆q. Lavrenov [16] demonstrated their applications in integrable system, to
show strongly their significance in theoretical physics. More relevant references can be found
in [3, 6, 10, 14, 15].

As a natural extension, it is interesting to address the definition of the higher-rank Askey–
Wilson algebras and explore their structures and properties, which can provide more complex
descriptions with richer symmetries and representation theories. These descriptions can demon-
strate advantages in solving complex physical systems and high-dimensional spaces. Baseilhac
and Koizumi [1] have explored applications of a deformed analogue of Onsager’s symmetry, which
can be viewed as an analog of higher-rank Askey–Wilson algebras, in physical systems such as
the XXZ open chain. De Bie and van de Vijver [8] investigated the discrete realization of the
higher rank Racah algebras. The readers can be referred to [2, 7, 9, 17] for more applications.

To the best of our knowledge, Crampé et al. [4] recently introduced definition of the higher-
rank Askey–Wilson algebras explicitly. This definition is strongly general and provides a broader
framework to understand these algebras. In the same paper, the authors explored Casimir
elements and a series of automorphisms, which enjoy the braid group relations. We hope to
find more intuitive definition of the higher-rank Askey–Wilson algebras by the generators and
relations, and furthermore to recover the above braided group automorphisms. Fortunately,
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these higher-rank Askey–Wilson algebras can be defined equivalently by the generators located
in upper-triangular matrix with triple relations. It is remarked that the proof presented in [4]
is comprehensive, but relies heavily on computations of computer algebra. This sometimes may
obscure those people who are not familiar with the computer algebra tools to understand their
proofs. In the present paper, our viewpoint provides more accessible methods for studying these
algebras, which is not merely to replicate the known result. It is also useful to understand the
higher-rank Askey–Wilson algebras for a wider audience.

Now we prepare to give the outline of the paper. In Section 2, the crucial notations and
fundamental concepts are introduced, and we define the algebras A (n) by an upper triangu-
lar generating matrix A with several relations. Several basic properties for these algebras are
described. In Section 3, it is shown that A (n) is isomorphic to the higher-rank Askey–Wilson
algebra aw(n) given by Crampé et al. in [4]. In Section 4, we establish a series of automor-
phisms of A (n), which coincide with those automorphisms of aw(n) given in [4]. In Section 5,
we prove that those automorphisms established in Section 4 satisfy the braid group relations
independently in our approach. We provide the detailed proofs of these results. The exploration
may help us to understand aw(n) in a more intuitive way, also to point out what we can do in
the future such as constructing the PBW basis of the algebra A (n) or equivalently aw(n).

2 The algebra A (n)

In this section, we list some notations to use in the sequel, then we give the definition of the
algebra A (n).

Always assume that K is an algebraically closed field with charK = 0, and q ∈ K with q4 ̸= 1.
Let Z be the ring of integers, N the set of the nonnegative integers and N∗ = N\{0}. For i, j ∈ Z,
we denote by [[i, j]] the set {i, i+ 1, . . . , j}, where i < j.

Suppose that A, B are the operators and set

[A,B]
△
= AB −BA, [A,B]q

△
=
qAB − q−1BA

q − q−1
.

Then, for given operators A, B, C, one easily sees that

[A,B] + [B,A] = 0, (2.1)

[A,B] =
q − q−1

q + q−1
([A,B]q − [B,A]q), (2.2)

[[A,B]q, C]q − [A, [B,C]q]q =
1(

q − q−1
)2 [B, [C,A]], (2.3)

[A, [B,C]q]q − [B, [C,A]q]q =
q + q−1

q − q−1
[[A,B], C]q2 , (2.4)

[A, [B,C]q] + [C, [A,B]q] + [B, [C,A]q] = 0. (2.5)

Also, if [A,B] = 0, then

[A,B]q = AB, [A,CB]q = [A,C]qB, [A,BC]q = B[A,C]q, (2.6)

[A, [C,B]q]q = [[A,C]q, B]q, [A, [B,C]q]q = [B, [A,C]q]q. (2.7)

In particular, if [A,B] = [A,C] = 0, then

[A, [B,C]q]q = A[B,C]q. (2.8)

We denote by A
△
= (ai,j)n×n an upper triangular generating matrix: ai,j = 0 whenever i > j.

Now, for convenience we partition the matrix into blocks in the following way:
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� the block A11(i− 1, i− 1): a (i− 1)× (i− 1)-submatrix consisting of the first i− 1 rows
and columns;

� the block A12(i − 1, j − i): a (i − 1) × (j − i)-submatrix consisting of the rows from the
1-th to the (i− 1)-th and columns from the i-th to the (j − 1)-th;

� the block A14(i− 1, n− j): a (i− 1)× (n− j)-submatrix consisting of the rows from the
1-th to the (i− 1)-th and columns from the j-th to the n-th;

� the block A32(j − i− 1, j − i− 1): a (j − i− 1)× (j − i− 1)-submatrix consisting of the
rows from the (i+1)-th to the (j−1)-th and columns from the (i+1)-th to the (j−1)-th;

� the block A34(j − i, n − j): a (j − i) × (n − j)-submatrix consisting of the rows from
the (i+ 1)-th to the j-th and columns from the (j + 1)-th to the n-th;

� the block A44(n − j, n − j): a (n − j) × (n − j)-submatrix consisting of the rows from
the (j + 1)-th to the n-th and columns from the (j + 1)-th to the n-th.

Obviously, the i-th row and j-th column do not belong to any of the blocks mentioned above,
which are naturally partitioned.

According to the partition, the matrix A is now represented as

A11(i− 1, i− 1) A12(i− 1, j − i)

a1,j
...

ai−1,j

A14(i− 1, n− j)

ai,i · · · ai,j−1 ai,j ai,j+1 · · · ai,n
0
...

A32(j − i− 1, j − i− 1)

0 · · · · · · 0

ai+1,j
...
aj,j

A34(j − i, n− j)

A44(n− j, n− j)


, (2.9)

where

A11(i− 1, i− 1) =

a1,1 · · · a1,i−1

. . .
...

ai−1,i−1

 ,

A12(i− 1, j − i) =

 a1,i · · · a1,j−1
...

...
...

ai−1,i · · · ai−1,j−1

 ,

A14(i− 1, n− j) =

 a1,j · · · a1,n
...

...
...

ai−1,j · · · ai−1,n

 ,

A32(j − i− 1, j − i− 1) =

ai+1,i+1 · · · ai+1,j−1

. . .
...

aj−1,j−1

 ,

A34(j − i, n− j) =

ai+1,j+1 · · · ai+1,n
...

...
...

aj,j+1 · · · aj,n

 ,
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A44(n− j, n− j) =

aj+1,j+1 · · · aj+1,n

. . .
...

an,n

 .

The following notations are assigned:

� For generators ai,j ∈ A and ak,l ∈ A34(j − i, n − j), we choose the entries in the i-th,
k-th, and (j +1)-th rows, and the (k− 1)-th, j-th, and l-th columns, where i < k ≤ j < l.
Hence, we yield the submatrix

A k−1,j,l
i,k,j+1 =

ai,k−1 ai,j ai,l
ak,j ak,l

aj+1,l

 , (2.10)

and let

f
(
A k−1,j,l

i,k,j+1

) △
= ai,j + ak,l (ai,k−1aj+1,l + ak,jai,l)− (ai,k−1ak,j + ai,laj+1,l) , (2.11)

g
(
A k−1,j,l

i,k,j+1

) △
= ak,l + ai,j (ai,k−1aj+1,l + ak,jai,l)− (ai,k−1ai,l + ak,jaj+1,l) . (2.12)

For example, if we choose

A 1,3,4
1,2,4 =

a1,1 a1,3 a1,4
a2,3 a2,4

a4,4

 ,

then

f
(
A 1,3,4

1,2,4

)
= a1,3 + a2,4 (a1,1a4,4 + a2,3a1,4)− (a1,1a2,3 + a1,4a4,4) ,

g
(
A 1,3,4

1,2,4

)
= a2,4 + a1,3 (a1,1a4,4 + a2,3a1,4)− (a1,1a1,4 + a2,3a4,4) .

� For generators ai,j ∈ A and ak,l ∈ A34(j− i, n− j), we choose the entries in the i-th, k-th,
and (j + 1)-th rows, and the j-th, l-th, and m-th columns, where i < k ≤ j < l < m ≤ n.
Hence we yield the submatrix

A j,l,m
i,k,j+1 =

ai,j ai,l ai,m
ak,j ak,l ak,m

aj+1,l aj+1,m

 , (2.13)

and let

detq
(
A j,l,m

i,k,j+1

) △
= [[ai,j , ak,l]q, aj+1,m]q + [ai,l, ak,m]q + [[ai,m, ak,j ]q, aj+1,l]q

− [[ai,l, ak,j ]q, aj+1,m]q − [[ai,j , ak,m]q, aj+1,l]q − [ai,m, ak,l]q, (2.14)

detq
(
A j,l,m

i,k,j+1

) △
= [[aj+1,m, ak,l]q, ai,j ]q + [ak,m, ai,l]q + [[aj+1,l, ak,j ]q, ai,m]q

− [[aj+1,m, ak,j ]q, ai,l]q − [[aj+1,l, ak,m]q, ai,j ]q − [ak,l, ai,m]q. (2.15)

For example, if we choose

A 3,4,5
1,2,4 =

a1,3 a1,4 a1,5
a2,3 a2,4 a2,5

a4,4 a4,5

 ,
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then

detq
(
A 3,4,5

1,2,4

)
= [[a1,3, a2,4]q, a4,5]q + [a1,4, a2,5]q + [[a1,5, a2,3]q, a4,4]q

− [[a1,4, a2,3]q, a4,5]q − [[a1,3, a2,5]q, a4,4]q − [a1,5, a2,4]q,

detq
(
A 3,4,5

1,2,4

)
= [[a4,5, a2,4]q, a1,3]q + [a2,5, a1,4]q + [[a4,4, a2,3]q, a1,5]q

− [[a4,5, a2,3]q, a1,4]q − [[a4,4, a2,5]q, a1,3]q − [a2,4, a1,5]q.

Now we can introduce the definition of the algebra A (n) explicitly.

Definition 2.1. TheK-algebra A (n) is an associative algebra generated by the upper generating
matrix A in (2.9), subjecting to the following defining relations:

R1: The entries ai,j commutates with all entries in A except in A12 (i− 1, j − i) and A34(j− i,
n− j).

R2: The entries of any submatrix A k−1,j,l
i,k,j+1 as (2.10) enjoy the relations

[ak,l, [ai,j , ak,l]q]q = f
(
A k−1,j,l

i,k,j+1

)
, [ai,j , [ak,l, ai,j ]q]q = g

(
A k−1,j,l

i,k,j+1

)
. (2.16)

R3: The entries of any submatrix A j,l,m
i,k,j+1 as (2.13) enjoy the relations

detq
(
A j,l,m

i,k,j+1

)
= detq

(
A j,l,m

i,k,j+1

)
= 0. (2.17)

In this situation, we say that the algebra A (n) is generated by the matrix A with the
relations (R1)–(R3).

Remark 2.2. For n = 2, relations (R2) and (R3) are automatically disappeared. Hence, the
algebra A (2) is generated by a1,1, a1,2, a2,2 with the relations

[a1,1, a1,2] = [a1,1, a2,2] = [a1,2, a2,2] = 0.

In other words, A (2) ∼= K[x1, x2, x3].
For n = 3, the relation (R3) is disappeared. Hence, the algebra A (3) is generated by the

entries in the matrixa1,1 a1,2 a1,3
a2,2 a2,3

a3,3

 ,

with the relations (R1) and (R2). The relation (R1) indicates that a1,1, a2,2, a3,3, a1,3 are central
and the relation (R2) says that(

q2 + q−2
)
a2,3a1,2a2,3 − a22,3a1,2 − a1,2a

2
2,3

=
(
q − q−1

)2
(a1,2 + (a1,1a3,3 + a2,2a1,3) a2,3 − (a1,1a2,2 + a1,3a3,3)),(

q2 + q−2
)
a1,2a2,3a1,2 − a21,2a2,3 − a2,3a

2
1,2

=
(
q − q−1

)2
(a2,3 + (a1,1a3,3 + a2,2a1,3) a1,2 − (a1,1a1,3 + a2,2a3,3)).

Recall that the Askey–Wilson algebra AWq, introduced by Zhedanov in [20], is presented
with generators K0, K1 and relations(

q2 + q−2
)
K1K0K1 −K2

1K0 −K0K
2
1 = BK1 + C0K0 +D0,(

q2 + q−2
)
K0K1K0 −K2

0K1 −K1K
2
0 = BK0 + C1K1 +D1,
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where B, C0, C1, D0, D1 are the structural constants of the algebra. If we set central elements

B =
(
q − q−1

)2
(a1,1a3,3 + a2,2a1,3) , C0 = C1 =

(
q − q−1

)2
,

D0 = −
(
q − q−1

)2
(a1,1a2,2 + a1,3a3,3) , D1 = −

(
q − q−1

)2
(a1,1a1,3 + a2,2a3,3)

are in the field K, then the algebra A (3) is just a particular Askey–Wilson algebra AWq.

Example 2.3. The algebra A (4) is generated by ai,j (1 ≤ i ≤ j ≤ 4) with the relations as
follows:

R1: a1,1, a2,2, a3,3, a4,4, a1,4 are in the center of A (4) and

[a1,2, a1,3] = [a1,2, a3,4] = [a1,3, a2,3] = [a2,3, a2,4] = [a2,4, a3,4] = 0;

R2:

[a2,3, [a1,2, a2,3]q]q = f
(
A 1,2,3

1,2,3

)
, [a1,2, [a2,3, a1,2]q]q = g

(
A 1,2,3

1,2,3

)
,

[a3,4, [a2,3, a3,4]q]q = f
(
A 2,3,4

2,3,4

)
, [a2,3, [a3,4, a2,3]q]q = g

(
A 2,3,4

2,3,4

)
,

[a2,4, [a1,3, a2,4]q]q = f
(
A 1,3,4

1,2,4

)
, [a1,3, [a2,4, a1,3]q]q = g

(
A 1,3,4

1,2,4

)
,

[a2,4, [a1,2, a2,4]q]q = f
(
A 1,2,4

1,2,3

)
, [a1,2, [a2,4, a1,2]q]q = g

(
A 1,2,4

1,2,3

)
,

[a3,4, [a1,3, a3,4]q]q = f
(
A 2,3,4

1,3,4

)
, [a1,3, [a3,4, a1,3]q]q = g

(
A 2,3,4

1,3,4

)
;

R3: detq
(
A 2,3,4

1,2,3

)
= detq

(
A 2,3,4

1,2,3

)
= 0.

The following relations are used to prove the main results.

Lemma 2.4. For the submatrix A i,l,m
j,k,i+1 as (2.13), the following relations hold in A (n):

[[aj,l, ak,m]q , aj,i]q + aj,k−1ai+1,laj,m + [ak,l, ai+1,m]q

= aj,m [ak,l, aj,i]q + aj,k−1 [aj,l, ai+1,m]q + ai+1,lak,m, (1.a)

[[aj,i, ak,m]q , aj,l]q + aj,k−1ai+1,laj,m + [ai+1,m; ak,l]q

= aj,k−1 [ai+1,m, aj,l]q + aj,m [aj,i, ak,l]q + ai+1,lak,m, (1.b)

[[ak,m, aj,l]q , ai+1,m]q + ak,ial+1,maj,m + [ak,l, aj,i]q

= aj,m [ak,l, ai+1,m]q + al+1,m [ak,m, aj,i]q + ak,iaj,l, (2.a)

[[ai+1,m, aj,l]q , ak,m]q + ak,ial+1,maj,m + [aj,i, ak,l]q

= [ai+1,m, ak,laj,m]q + al+1,m [aj,i, ak,m]q + ak,iaj,l, (2.b)

[[ak,l, aj,i]q , ak,m]q + aj,k−1ak,ial+1,m + [aj,l, ai+1,m]q

= ak,i [aj,l, ak,m]q + aj,k−1 [ak,l, ai+1,m]q + al+1,maj,i, (3.a)

[[ak,m, aj,i]q , ak,l]q + aj,k−1ak,ial+1,m + [ai+1,m, aj,l]q

= ak,i [ak,m, aj,l]q + aj,k−1 [ai+1,m, ak,l]q + al+1,maj,i, (3.b)

[[aj,l, ai+1,m]q , ak,l]q + aj,k−1ai+1,lal+1,m + [aj,i, ak,m]q

= ai+1,l [aj,l, ak,m]q + al+1,m [aj,i, ak,l]q + aj,k−1ai+1,m, (4.a)

[[ak,l, ai+1,m]q , aj,l]q + aj,k−1ai+1,lal+1,m + [ak,m, aj,i]q

= ai+1,l [ak,m, aj,l]q + al+1,m [ak,l, aj,i]q + aj,k−1ai+1,m, (4.b)



On the Higher-Rank Askey–Wilson Algebras 7

[[ai,l, aj,i]q , ak,l]q + ak,i−1ai+1,laj,l + [aj,i−1, ak,i]q

= ai+1,l [aj,i−1, ak,l]q + aj,l [ai,l, ak,i]q + ak,i−1aj,i, (5.a)

[[ak,l, aj,i]q , ai,l]q + ak,i−1ai+1,laj,l + [ak,i, aj,i−1]q

= ai+1,l [ak,l, aj,i−1]q + aj,l [ak,i, aj,k]q + ak,i−1aj,i, (5.b)

[[ai,l, aj,i]q , ai,m]q + aj,i−1ai,ial+1,m + [aj,l, ai+1,m]q

= ai,i [aj,l, ai,m]q + aj,i−1 [ai,l, ai+1,m]q + aj,ial+1,m, (6.a)

[[ai,m, aj,i]q , ai,l]q + aj,i−1ai,ial+1,m + [ai+1,m, aj,l]q

= ai,i [ai,m, aj,l]q + aj,i−1 [ai+1,m, ai,l]q + aj,ial+1,m. (6.b)

Proof. We only verify the relation (1.a) here. The proofs of the other relations are in a similar
way. We have

[[aj,l, ak,m]q , aj,i]q + aj,k−1ai+1,laj,m + [ak,l, ai+1,m]q

− aj,m [ak,l, aj,i]q − aj,k−1 [aj,l, ai+1,m]q − ai+1,lak,m

=== [[aj,l, ak,m]q − aj,mak,l, aj,i]q + aj,k−1ai+1,laj,m − aj,k−1 [aj,l, ai+1,m]q

+ [ak,l, ai+1,m]q − ai+1,lak,m

(2.17)
===== − [[aj,i, [ak,l, ai+1,m]q]q − ai+1,l [aj,i, ak,m]q − ak,i [aj,l, ai+1,m]q

+ ak,iai+1,laj,m, aj,i]q + aj,k−1ai+1,laj,m − aj,k−1 [aj,l, ai+1,m]q

+ [ak,l, ai+1,m]q − ai+1,lak,m

=== −[[[aj,i, ak,l]q , ai+1,m]q, aj,i]q + ai+1,l[[aj,i, ak,m]q , aj,i]q

+ ak,i[[aj,l, ai+1,m]q , aj,i]q − aj,iak,iai+1,laj,m + aj,k−1ai+1,laj,m

− aj,k−1 [aj,l, ai+1,m]q + [ak,l, ai+1,m]q − ai+1,lak,m

(2.16)
=====
(2.7)

−
[
g
(
A k−1,i,l

j,k,i+1

)
, ai+1,m

]
q
+ ai+1,lg

(
A k−1,i,m

j,k,i+1

)
+ ak,i[[aj,l, ai+1,m]q , aj,i]q

− aj,iak,iai+1,laj,m + aj,k−1ai+1,laj,m − aj,k−1 [aj,l, ai+1,m]q

+ [ak,l, ai+1,m]q − ai+1,lak,m

(2.7)
==== −

[
g
(
A k−1,i,l

j,k,i+1

)
+ aj,k−1aj,l − ak,l, ai+1,m

]
q
+ ak,i[[aj,l, ai+1,m]q , aj,i]q

+ ai+1,l

(
g
(
A k−1,i,m

j,k,i+1

)
+ aj,k−1aj,m − ak,m

)
− aj,iak,iai+1,laj,m

(2.12)
===== (ak,iai+1,l − aj,k−1aj,iai+1,l) ai+1,m − ai+1,l (ak,iai+1,m − aj,iaj,k−1ai+1,m)

=== 0.

This proof is finished. ■

Lemma 2.5. For the submatrix A i,l,m
j,k,i+1 as (2.13), the following relations hold in A (n):

[ak,iaj,l − [aj,i, ak,l]q , ai+1,lak,m − [ai+1,m, ak,l]q] = 0, (2.18)

[ak,iaj,l − [aj,i, ak,l]q , aj,k−1ai+1,m − [aj,i, ak,m]q] = 0, (2.19)

[aj,k−1ai+1,m − [aj,i, ak,m]q , ak,laj,m − [aj,l, ak,m]q] = 0, (2.20)

[aj,ial+1,m − [aj,l, ai+1,m]q , ai+1,lak,m − [ak,l, ai+1,m]q] = 0, (2.21)

[aj,ial+1,m − [aj,l, ai+1,m]q , ak,laj,m − [aj,l, ak,m]q] = 0. (2.22)
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Proof. Here we only verify the relation (2.18). The proofs of the other relations are in a similar
way. We have

[−[aj,i, ak,l]q + ak,iaj,l,−[ai+1,m, ak,l]q + ai+1,lak,m]

=== − [−[aj,i, ak,l]q + ak,iaj,l, [ai+1,m, ak,l]q] + ai+1,l[−[aj,i, ak,l]q + ak,iaj,l, ak,m]

(2.5)
==== [ai+1,m, [ak,l,−[aj,i, ak,l]q + ak,iaj,l]q] + [ak,l, [−[aj,i, ak,l]q + ak,iaj,l, ai+1,m]q]

+ ai+1,l[−[aj,i, ak,l]q + ak,iaj,l, ak,m]

(2.16)
=====
(2.17)

[ai+1,m,−aj,i + aj,k−1ak,i + ai+1,laj,l] + [ak,l, [aj,l, ak,m]q − aj,k−1al+1,m

− ak,laj,m + aj,k−1al+1,m + ai+1,l(−[aj,i, ak,m]q + aj,k−1ai+1,m + ak,iaj,m)]

+ ai+1,l[−[aj,i, ak,l]q + ak,iaj,l, ak,m]

(R1)
==== ai+1,l[ai+1,m, aj,l] + ai+1,l[ak,l,−[aj,i, ak,m]q + aj,k−1ai+1,m + ak,iaj,m]

+ ai+1,l[−[aj,i, ak,l]q + ak,iaj,l, ak,m]

=== ai+1,l([ai+1,m, aj,l]− [ak,l, [aj,i, ak,m]q − aj,k−1ai+1,m − ak,iaj,m]

− [[aj,i, ak,l]q − ak,iaj,l, ak,m])

(2.2)
====

q − q−1

q + q−1
ai+1,l([ai+1,m, aj,l]q − [aj,l, ai+1,m]q

+ [ak,l,−[aj,i, ak,m]q + aj,k−1ai+1,m + ak,iaj,m]q

− [−[aj,i, ak,m]q + aj,k−1ai+1,m + ak,iaj,m, ak,l]q

+ [−[aj,i, ak,l]q + ak,iaj,l, ak,m]q − [ak,m, (−[aj,i, ak,l]q + ak,iaj,l)]q)

===
q − q−1

q + q−1
ai+1,l(([ai+1,m, aj,l]q + [[ak,m, aj,i]q, ak,l]q − ak,i[ak,m, aj,l]q

− aj,k−1[ai+1,m, ak,l]q)− ([aj,l, ai+1,m]q + [[ak,l, aj,i]q, ak,m]q

− ak,i[aj,l, ak,m]q − aj,k−1[ak,l, ai+1,m]q))

(3.a)
====
(3.b)

0.

This proof is finished. ■

Proposition 2.6. The sub-algebra W of A (n) generated by the entries of A k−1,j,l
i,k,j+1 as (2.10) is

isomorphic to A (3).

Proof. The algebra A (3) is described as in Remark 2.2. Set a map ψ : W to A (3) such that

ψ
(
A k−1,j,l

i,k,j+1

)
= ψ

ai,k−1 ai,j ai,l
ak,j ak,l

aj+1,l

 =

a1,1 a1,2 a1,3
a2,2 a2,3

a3,3

 .

It is obvious that ψ is an algebraic isomorphism. Finally, we note that ai,k−1, ak,j , aj+1,l, ai,j
are in the center of the subalgebra W. ■

Corollary 2.7. Given two generators ai,j , ak,l ∈ A , then [ai,j , ak,l] = 0 if one of the following
holds:

(1) i = k;

(2) j = l;

(3) ai,j, ak,l locate on the anti-diagonal of any 3× 3 submatrix of the matrix A .
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Proof. It is obvious by Definition 2.1 and Proposition 2.6. ■

We also have the following obvious results.

Corollary 2.8. The generators ai,i (i ∈ [[1, n]]) and a1,n are in the center of A (n).

Proposition 2.9. We have the following filtration of algebras:

A (1) ⊆ A (2) ⊆ · · · ⊆ A (n− 1) ⊆ A (n).

3 The relations between algebra A (n) and aw(n)

In this section, we first recall the concept of the higher-rank Askey–Wilson algebras aw(n)
introduced in [4]. Then we explore the relationship between algebras A (n) and aw(n). In
fact, we shall see that A (n) is just isomorphic to the algebra aw(n). In other word, we get
a equivalent definition of the higher-rank Askey–Wilson algebras aw(n).

To see the fact, firstly, let us review the definition of aw(n) in [4].

The following relevant notations and terminology on sets and subsets are used:

� For two subsets I, J ⊆ {1, . . . , n}, we say that I < J if and only if

i < j, ∀i ∈ I, j ∈ J.

� A non-empty subset I ⊆ {1, . . . , n} is said to be connected if it consists in a subset of
consecutive integers.

� Two disjoint connected subsets I, J ⊆ {1, . . . , n} are said to be adjacent if their union is
connected.

� A hole H between two disjoint connected subsets I1 and I2 means that H consists in the
connected subset between I1 and I2, as the picture:

. . . , •, •, . . . , •,︸ ︷︷ ︸ •, . . . , •,︸ ︷︷ ︸ •, . . . , •,︸ ︷︷ ︸ •, . . .

I1 H I2

In this picture and in all the similar pictures below, the integers dotted by •’s are ordered
either from left to right or from right to left (depending on the respective positions of I1
and I2 in the natural order). So such a picture does not mean that I1 < I2, but I1, H, I2
are adjacent connected subsets.

� A sequence (I1, . . . , Ik) of non-empty connected subsets of {1, . . . , n} is said monotonic if
either I1 < I2 < · · · < Ik or I1 > I2 > · · · > Ik.

Let us consider two non-empty and disjoint connected subsets I1, I2 of {1, . . . , n} with a non-
empty hole H between them:

. . . , •, •, . . . , •,︸ ︷︷ ︸ •, . . . , •,︸ ︷︷ ︸ •, . . . , •,︸ ︷︷ ︸ •, . . .

I1 H I2

The element CI1I2 is defined by

CI1I2 := −[CI1H , CHI2 ]q + CI1CI2 + CHCI1HI2 . (3.1)

Now we can describe the definition of higher-rank Askey–Wilson algebra aw(n).
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Definition 3.1 ([4]). The algebra aw(n) is the unital associative algebra generated by the
elements CI , where I is any non-empty connected subset of {1, . . . , n}, satisfying the following
relations:

� for any two connected subsets I and J , [CI , CJ ] = 0 if I ∩ J = ∅ or I ⊂ J ;

� for any monotonic sequence of three adjacent non-empty connected subsets (I1, I2, I3),

CI1I2 = −[CI2I3 , CI1I3 ]q + CI1CI2 + CI3CI1I2I3 ,

where CI1I3 is defined by (3.1);

� for any monotonic sequence of four adjacent non-empty connected subsets (I1, I2, I3, I4),

CI1I4 = − [CI1I3 , CI3I4 ]q + CI1CI4 + CI3CI1I3I4 ,

where CI1I3 , CI1I4 and CI1I3I4 are defined by (3.1).

Theorem 3.2. The algebra A (n) is isomorphic to aw(n).

Proof. To see this, we define a map ϕ : A (n) → aw(n), which assigns aij to C{i,i+1,...,j},
where {i, i+ 1, . . . , j} ⊆ {1, 2, . . . , n}.

It is evident that the mapping ϕ is well-defined. In the following, we show that ϕ is indeed
an algebra homomorphism.

(a) ϕ keeps the relations (R1) in Definition 2.1. For a given generator ai,j ∈ A , if there exists
ak,l ∈ A such that [ai,j , ak,l] = 0, then ak,l ̸∈ A12(i− 1, j − i) ∪ A34(j − i, n− j). Now, we set

I1 = {i, i+ 1, . . . , j}, I2 = {k, k + 1, . . . , l}.

If ak,l belongs to A11(n− j, n− j) or A44(i−1, i−1), then I1∩I2 = ∅. If ak,l ∈ A14(i−1, n− j),
we have I1 ⊆ I2. If ak,l ∈ A32(j − i, j − i), we have I2 ⊆ I1. In addition, if ak,l is located on the
same row or column as ai,j , then I1 ⊆ I2 or I2 ⊆ I1. Therefore, in all the aforementioned cases,
we have

ϕ(ai,j)ϕ(ak,l)− ϕ(ak,l)ϕ(ai,j) = CI1CI2 − CI2CI1 = 0.

(b) ϕ keeps the relations (R2) in Definition 2.1. Recall that A k−1,j,l
i,k,j+1 as in (2.10), we have

i < k ≤ j < l and define

I1 = {i, i+ 1, . . . , k − 1}, I2 = {k, k + 1, . . . , j}, I3 = {j + 1, . . . , l}.

The sequences (I1, I2, I3) and (I3, I2, I1) are two monotonic sequences.
Accordingly, we have

[ϕ(ak,l), [ϕ(ai,j), ϕ(ak,l)]q]q

= [CI2I3 , [CI1I2 , CI2I3 ]q]q = [CI2I3 ,−CI1I3 + CI1CI3 + CI2CI1I2I3 ]q

= − [CI2I3 , CI1I3 ]q + CI2I3CI1CI3 + CI2I3CI2CI1I2I3

= CI1I2 − CI1CI2 − CI3CI1I2I3 + CI2I3CI1CI3 + CI2I3CI2CI1I2I3

= ϕ (ai,j)− ϕ (ai,k−1)ϕ (ak,j)− ϕ (ai,l)ϕ (aj+1,l)

+ ϕ (ak,l) (ϕ (ai,k−1)ϕ (aj+1,l) + ϕ (ak,j)ϕ (ai,l)) ,

and

[ϕ (ai,j) , [ϕ (ak,l) , ϕ (ai,j)]q]q
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= [CI2I1 , [CI3I2 , CI2I1 ]q]q = [CI2I1 ,−CI3I1 + CI3CI1 + CI2CI3I2I1 ]q

= − [CI2I1 , CI3I1 ]q + CI2I1CI3CI1 + CI2I1CI2CI3I2I1

= CI3I2 − CI3CI2 − CI1CI3I2I1 + CI2I1CI3CI1 + CI2I1CI2CI3I2I1

= ϕ (ak,l)− ϕ (ai,k−1)ϕ (ai,l)− ϕ (ak,j)ϕ (aj+1,l)

+ ϕ (ai,j) (ϕ (ai,k−1)ϕ (aj+1,l) + ϕ (ak,j)ϕ (ai,l)) .

Hence,

[ϕ (ak,l) , [ϕ (ai,j) , ϕ (ak,l)]q]q = f
[
ϕ
(
A k−1,j,l

i,k,j+1

)]
,

[ϕ (ai,j) , [ϕ (ak,l) , ϕ (ai,j)]q]q = g
[
ϕ
(
A k−1,j,l

i,k,j+1

)]
.

(c) ϕ keeps the relations (R3) in Definition 2.1:
Let us consider A j,l,m

i,k,j+1 as in (2.13), we must have i < k ≤ j < l < m. Set

I1 = {i, i+ 1, . . . , k − 1}, I2 = {k, k + 1, . . . , j},
I3 = {j + 1, . . . , l}, I4 = {l + 1, . . . ,m}.

Then, (I1, I2, I3, I4) and (I4, I3, I2, I1) are two monotonic sequences and we have

[[ϕ(ai,j), ϕ(ak,l)]q, ϕ(aj+1,m)]q + [ϕ(ai,l), ϕ(ak,m)]q + [[ϕ(ai,m), ϕ(ak,j)]q, ϕ(aj+1,l)]q

−[[ϕ(ai,l), ϕ(ak,j)]q, ϕ(aj+1,m)]q − [[ϕ(ai,j), ϕ(ak,m)]q, ϕ(aj+1,l)]q − [ϕ(ai,m), ϕ(ak,l)]q

= [[CI1I2 , CI2I3 ]q, CI3I4 ]q + [CI1I2I3 , CI2I3I4 ]q + [[CI1I2I3I4 , CI2 ]q, CI3 ]q

− [[CI1I2I3 , CI2 ]q, CI3I4 ]q − [[CI1I2 , CI2I3I4 ]q, CI3 ]q − [CI1I2I3I4 , CI2I3 ]q

= [[CI1I2 , CI2I3 ]q − CI2CI1I2I3 , CI3I4 ]q + [CI1I2I3 , CI2I3I4 ]q

+ CI3 (CI2CI1I2I3I4 − [CI1I2 , CI2I3I4 ]q)− CI1I2I3I4CI2I3

= [−CI1I3 + CI1CI3 , CI3I4 ]q + [CI1I2I3 , CI2I3I4 ]q + CI3 (CI1I3I4 − CI1CI3I4)

− CI1I2I3I4CI2I3

= −[CI1I3 , CI3I4 ]q + [CI1I2I3 , CI2I3I4 ]q − CI1I2I3I4CI2I3 + CI3CI1I3I4

= −[CI1I3 , CI3I4 ]q − CI1I4 + CI1CI4 + CI3CI1I3I4

= 0.

We also have

[[ϕ(aj+1,m), ϕ(ak,l)]q, ϕ(ai,j)]q + [ϕ(ak,m), ϕ(ai,l)]q + [[ϕ(aj+1,l), ϕ(ak,j)]q, ϕ(ai,m)]q

− [[ϕ(aj+1,m), ϕ(ak,j)]q, ϕ(ai,l)]q − [[ϕ(aj+1,l), ϕ(ak,m)]q, ϕ(ai,j)]q − [ϕ(ak,l), ϕ(ai,m)]q

= [[CI3I4 , CI2I3 ]q, CI1I2 ]q + [CI2I3I4 , CI1I2I3 ]q + [[CI3 , CI2 ]q, CI1I2I3I4 ]q

− [[CI3I4 , CI2 ]q, CI1I2I3 ]q − [[CI3 , CI2I3I4 ]q, CI1I2 ]q − [CI2I3 , CI1I2I3I4 ]q

= [[CI3I4 , CI2I3 ]q − CI3CI2I3I4 , CI1I2 ]q + [CI2I3I4 , CI1I2I3 ]q

+ CI2 (CI3CI1I2I3I4 − [CI3I4 , CI1I2I3 ]q)− CI2I3CI1I2I3I4

= [−CI4I2 + CI2CI4 , CI1I2 ]q + [CI2I3I4 , CI1I2I3 ]q + CI2 (CI4I2I1 − CI4CI1I2)

− CI2I3CI1I2I3I4

= −[CI4I2 , CI1I2 ]q + CI2CI4I2I1 + ([CI2I3I4 , CI1I2I3 ]q − CI2I3CI1I2I3I4)

= −[CI4I2 , CI1I2 ]q + CI2CI4I2I1 − CI4I1 + CI1CI4

= 0.

Hence,

detq
(
ϕ
(
A j,l,m

i,k,j+1

))
= detq

(
ϕ
(
A j,l,m

i,k,j+1

))
= 0.
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The above statements mean that ϕ is indeed an algebra homomorphism.

Furthermore, we define a map φ : aw(n) → A (n), which sends generator CI of aw(n) to aiI ,jI ,
where iI = min I and jI = max I.

Now, we have i ≤ j and I = {i, i+1, . . . , j} be a non-empty connected subset of {1, 2, . . . , n}.
Similarly, it is straightforward to see that φ is an algebra homomorphism. Also, φϕ (ai,j) =
φ (CI) = ai,j and ϕφ (CI) = ϕ (ai,j) = CI . It follows that ϕ is an isomorphism of algebras.

Thus A (n) ∼= aw(n) and the proof is finished. ■

4 Automorphisms of A (n)

In this section, we construct a series of automorphisms of A (n), which coincide with those
of aw(n) in [4]. The proofs of the results are sketch in [4] and slightly difficult to handle. Here
we give the proofs in detail.

For the upper triangular generating matrix A = (aij)n×n of the algebra A (n) and the map
f : A (n) → A (n), the notation f (A ) is defined by the upper triangular matrix (f (A )i,j)n×n,
where f (A )i,j := f (ai,j). For convenience, we denote

a1,j
δ0 △

= − [a2,n, a1,j ]q + aj+1,na1,1 + a2,ja1,n, (4.1)

a1,j
δ′0

△
= − [a1,j , a2,n]q + aj+1,na1,1 + a2,ja1,n, (4.2)

ak,i
δi △
= − [ai,i+1, ak,i]q + ai+1,i+1ak,i−1 + ai,iak,i+1, (4.3)

ai+1,l
δi △
= − [ai,i+1, ai+1,l]q + ai,iai+2,l + ai+1,i+1ai,l, (4.4)

ak,i
δ′i

△
= − [ak,i, ai,i+1]q + ai+1,i+1ak,i−1 + ai,iak,i+1, (4.5)

ai+1,l
δ′i

△
= − [ai,i+1, ai+1,l]q + ai,iai+2,l + ai+1,i+1ai,l, (4.6)

where 1 ≤ i ≤ n− 1, 2 ≤ j ≤ n− 1, 1 ≤ k ≤ i− 1 and i+ 1 < l ≤ n− 1.

Now, let δ0, δ
′
0 : A (n) → A (n) the maps be given by

δ0(A ) =



a1,n a1,2
δ0 · · · a1,j

δ0 · · · a1,n−1
δ0 a1,1

a2,2 · · · a2,j · · · a2,n−1 a2,n
. . .

...
...

...
...

aj,j · · · aj,n−1 aj,n
. . .

...
...

an−1,n−1 an−1,n

an,n


,

δ′0(A ) =



a1,n a1,2
δ′0 · · · a1,j

δ′0 · · · a1,n−1
δ′0 a1,1

a2,2 · · · a2,j · · · a2,n−1 a2,n
. . .

...
...

...
...

aj,j · · · aj,n−1 aj,n
. . .

...
...

an−1,n−1 an−1,n

an,n


,
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the map δi, δ
′
i : A (n) → A (n) (i ∈ [[1, n− 1]]) be given by

δi(A ) =



a1,1 a1,2 · · · a1,i
δi a1,i+1 a1,i+2 · · · a1,n

. . .
...

...
...

...
...

ai−1,i
δi ai−1,i+1 a1−1,i+2 · · · ai−1,n

ai+1,i+1 ai,i+1 ai,i+2 · · · ai,n
ai,i ai+1,i+2

δi · · · ai+1,n
δi

ai+2,i+2 · · · ai+2,n

. . .
...

an,n


,

δ′i(A ) =



a1,1 a1,2 · · · a1,i
δ′i a1,i+1 a1,i+2 · · · a1,n

. . .
...

...
...

...
...

ai−1,i
δ′i ai−1,i+1 a1−1,i+2 · · · ai−1,n

ai+1,i+1 ai,i+1 ai,i+2 · · · ai,n
ai,i ai+1,i+2

δ′i · · · ai+1,n
δ′i

ai+2,i+2 · · · ai+2,n

. . .
...

an,n


.

For the maps δ0, δ
′
0, the first row a1,j (2 ≤ j ≤ n−1) of A are mapping to a1,j

δ0
(
resp. a1,j

δ′0
)
,

δ0(a1,1) = a1,n, δ0(a1,n) = a1,1, and the other generators are fixed. Similarly, for the maps δi, δ
′
i

(i ∈ [[1, n− 1]]), the generators of A are fixed except those of the (i + 1)-th row and the i-th
column.

Subsequently, we aim to demonstrate that the maps δi, δ
′
i (i ∈ [[0, n− 1]]) defined in this way

are automorphisms and satisfy the braid group relations. We begin by introducing two lemmas.

Lemma 4.1.

(1) For A i,j,m
1,k,i+1 as (2.13), we have[
a1,i

δ0 , a1,k−1
δ0 ]q = a1,ia1,k−1 − a1,1 [a2,i, a1,k−1]q − ai+1,na1,na1,k−1

+ a1,1
[
a1,i

δ0 , ak,n
]
q
+ a2,k−1a1,i

δ0a1,n

+
1(

q − q−1
)2 [a2,n, [a1,k−1, a1,i

δ0
]]
, (4.7)[

a1,i
δ0 , a1,j

δ0
]
q
= a1,ia1,j − a1,1a2,ia1,j − a1,n [ai+1,n, a1,j ]q + a1,1a1,i

δ0aj+1,n

+ a1,n
[
a1,i

δ0 , a2,j
]
q
+

1(
q − q−1

)2 [a2,n, [a1,j , a1,iδ0]], (4.8)[
a1,k−1

δ0 , a1,j
δ0
]
q
= a1,k−1a1,j − a1,1a2,k−1a1,j − a1,n [ak,n, a1,j ]q + a1,1a1,k−1

δ0aj+1,n

+ a1,n
[
a1,k−1

δ0 , a2,j
]
q
+

1(
q − q−1

)2 [a2,n, [a1,j , a1,k−1
δ0
]]
, (4.9)[

a1,m
δ0 , a1,j

δ0
]
q
= a1,ma1,j − a1,1 [a2,m, a1,j ]q − a1,nam+1,na1,j + a1,1

[
a1,m

δ0 , aj+1,n

]
q

+ a1,na1,m
δ0a2,j +

1(
q − q−1

)2 [a2,n, [a1,j , a1,mδ0
]]
,[

a1,m
δ0 , a1,i

δ0
]
q
= a1,ma1,i − a1,1 [a2,m, a1,i]q − a1,nam+1,na1,i + a1,1

[
a1,m

δ0 , ai+1,n

]
q

+ a1,na1,m
δ0a2,i +

1(
q − q−1

)2 [a2,n, [a1,i, a1,mδ0
]]
.
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(2) For A k−1,i,l
j,k,i+1 as (2.10), we have[
ak,i

δi , ai+1,l
δi
]
q
= ak,iai+1,l − ak,i−1ai,iai+1,l + ak,i

δiai,iai+2,l

− ai+1,i+1 [ak,i+1, ai+1,l]q + ai+1,i+1

[
ak,i

δi , ai,l
]
q

+
1(

q − q−1
)2 [ai,i+1,

[
ai+1,l, ak,i

δi
]]
, (4.10)[

aj,i
δi , ak,i

δi
]
q
= aj,iak,i − ai+1,i+1aj,i+1ak,i − ai,i [aj,i−1, ak,i]q + aj,i

δiak,i−1ai+1,i+1

+ ai,i
[
aj,i

δi , ak,i+1]q +
1(

q − q−1
)2 [ai,i+1,

[
ak,i, aj,i

δi
]]
, (4.11)[

aj,i
δi , ai+1,l

δi
]
q
= aj,iai+1,l − aj,i−1ai,iai+1,l + aj,i

δiai,iai+2,l − ai+1,i+1[aj,i+1, ai+1,l]q

+ ai+1,i+1

[
aj,i

δi , ai,l
]
q
+

1(
q − q−1

)2 [ai,i+1,
[
ai+1,l, aj,i

δi
]]
. (4.12)

(3) For A i,l,m
j,k,i+1 as (2.13), we have[
ak,i

δi , ai+1,m
δi
]
q
= ak,iai+1,m − ak,i−1ai,iai+1,m + ak,i

δiai,iai+2,m

− ai+1,i+1 [ak,i+1, ai+1,m]q + ai+1,i+1

[
ak,i

δi , ai,m
]
q

+
1(

q − q−1
)2 [ai,i+1,

[
ai+1,m, ak,i

δi
]]
, (4.13)[

aj,i
δi , ai+1,m

δi
]
q
= aj,iai+1,m − aj,i−1ai,iai+1,m + aj,i

δiai,iai+2,m

− ai+1,i+1 [aj,i+1, ai+1,m]q + ai+1,i+1

[
aj,i

δi , ai,m
]
q

+
1(

q − q−1
)2 [ai,i+1,

[
ai+1,m, aj,i

δi
]]
.

Proof. We only focus on proving only one of them, the others are similar and straightforward.
For example,

[
a1,i

δ0 , a1,k−1
δ0
]
q

(4.1)
====

[
a1,i

δ0 ,− [a2,n, a1,k−1]q + a1,1ak,n + a2,k−1a1,n
]
q

=== −
[
a1,i

δ0 , [a2,n, a1,k−1]q
]
q
+ a1,1

[
a1,i

δ0 , ak,n
]
q
+ a2,k−1a1,i

δ0a1,n

(2.3)
==== −

[[
a1,i

δ0 , a2,n
]
q
, a1,k−1

]
q
+ a1,1

[
a1,i

δ0 , ak,n
]
q
+ a2,k−1a1,i

δ0a1,n

+
1(

q − q−1
)2 [a2,n, [a1,k−1, a1,i

δ0
]]

(4.1)
=====
(2.16)

[a1,i − a1,1a2,i − ai+1,na1,n, a1,k−1]q + a1,1
[
a1,i

δ0 , ak,n
]
q

+ a2,k−1a1,i
δ0a1,n +

1(
q − q−1

)2 [a2,n, [a1,k−1, a1,i
δ0
]]

=== a1,ia1,k−1 − a1,1 [a2,i, a1,k−1]q − ai+1,na1,na1,k−1 + a1,1
[
a1,i

δ0 , ak,n
]
q

+ a2,k−1a1,i
δ0a1,n +

1(
q − q−1

)2 [a2,n, [a1,k−1, a1,i
δ0
]]
.

This proof is finished. ■
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Lemma 4.2.

(1) For A k−1,i,j
1,k,i+1 as (2.10), we have

[a2,i, [ak,j , a1,i]q − ai+1,ja1,k−1 − ak,ia1,j ]q + a2,k−1a1,j

=
[
a1,i

δ0 , [ak,j , ai+1,n]q − ai+1,jak,n − ak,iaj+1,n

]
q
+
[
a1,k−1

δ0 , aj+1,n

]
q
, (4.14)

[ai+1,n, [ak,j , a1,i]q − ai+1,ja1,k−1 − ak,ia1,j ]q + [ak,n, a1,j ]q

=
[
a1,i

δ0 , [ak,j , a2,i]q − ak,ia2,j − a2,k−1ai+1,j

]
q
+
[
a1,k−1

δ0 , a2,j
]
q
. (4.15)

(2) For A k−1,i,l
j,k,i+1 as (2.10), we have

[ai+2,l, [ak,l, aj,i−1]q − aj,k−1ai,l − ak,i−1aj,l]q + ak,i−1aj,i+1

=
[
[ak,l, aj,i]q − aj,k−1ai+1,l − ak,iaj,l, ai+1,l

δi
]
q
+
[
ak,i, aj,i

δi
]
q
, (4.16)

[[ak,l, aj,i−1]q − aj,k−1ai,l − ak,i−1aj,l, ak,i+1]q + [ai,l, aj,i+1]q

=
[
[ak,l, aj,i]q − aj,k−1ai+1,l − ak,iaj,l, ak,i

δi
]
q
+
[
ai+1,l, aj,i

δi
]
q
. (4.17)

(3) For A i,l,m
j,k,i+1 as (2.13), we have

ak,i−1([aj,l, ai+1,m]q − ak,i−1ai+1,laj,m) + [aj,i−1, [ak,l, ai+1,m]q − ai+1,lak,m]q

= ak,i
δi([aj,l, ai+2,m]q − ai+2,laj,m) +

[
aj,i

δi , ai+2,lak,m − [ak,l, ai+2,m]q
]
q
, (4.18)

[aj,i+1, ai+1,lak,m − [ak,l, ai+1,m]q]q + [ak,i+1, [aj,l, ai+1,m]q − ai+1,laj,m]q

=
[
aj,i

δi , ai,lak,m − [ak,l, ai,m]q
]
q
+
[
ak,i

δi , [aj,l, ai,m]q − ai,laj,m
]
q
, (4.19)

ai+1,l
δi([ak,m, aj,i−1]q − ak,i−1aj,m) +

[
ai+1,m

δi , ak,i−1aj,l − [ak,l, aj,i−1]q
]
q

= ai+2,l([ak,m, aj,i]q − ai+2,lak,iaj,m) + [ai+2,m, [ak,l, aj,i]q − ak,iaj,l]q, (4.20)[
ai+1,m

δi , ak,i+1aj,l − [ak,l, aj,i+1]q
]
q
+
[
ai+1,l

δi , [ak,m, aj,i+1]q − ak,i+1aj,m
]
q

= [ai,m, ak,iaj,l − [ak,l, aj,i]q]q + [ai,l, [ak,m, aj,i]q − ak,iaj,m]q. (4.21)

Proof. We only focus on proving one of them, the others are similar and straightforward. For
example,

[a2,i, [ak,j , a1,i]q − ai+1,ja1,k−1]q − ak,ia2,ia1,j + a2,k−1a1,j
(4.b)
==== (ak,i[a2,j , a1,i]q − a1,1ak,iai+1,j − [a2,j , a1,k−1]q + a1,1ak,j)

+ ak,ia2,ia1,j + a2,k−1a1,j

=== (−[a2,j , a1,k−1]q + a2,k−1a1,j)− ak,i(−[a2,j , a1,i]q + a2,ia1,j)

+ a1,1ak,j − a1,1ak,iai+1,j

(2.a)
==== ([a2,n, [a1,j , ak,n]q]q − a1,n[a2,j , ak,n]q + a2,k−1aj+1,na1,n − aj+1,n[a2,n, a1,k−1]q)

− ak,i([a2,n, [a1,j , ai+1,n]q − aj+1,n[a2,n, a1,i]q + aj+1,na2,ia1,n

− a1,n[a2,j , ai+1,n]q]q) + a1,1ak,j − a1,1ak,iai+1,j

=== [a2,n, [a1,j , ak,n]q − ak,i([a1,j , ai+1,n]q + aj+1,na1,i)]q + a1,1(ak,j − ak,iai+1,j)

− a1,n([a2,j , ak,n]q − a2,k−1aj+1,n + ak,i([a2,j , ai+1,n]q − aj+1,na2,i))

− aj+1,n[a2,n, a1,k−1]q
(2.16)
=====
(2.17)

[[a2,n, a1,i]q,−[ak,j , ai+1,n]q + ak,iaj+1,n + ai+1,jak,n]q − aj+1,n[a2,n, a1,k−1]q
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− a1,1([ai+1,n,−[ak,j , ai+1,n]q + ak,iaj+1,n + ai+1,jak,n]q − aj+1,nak,n)

− a1,n([a2,i,−[ak,j , ai+1,n]q + ak,iaj+1,n + ai+1,jak,n]q + a2,k−1aj+1,n)

===
[
a1,i

δ0 , [ak,j , ai+1,n]q − ai+1,jak,n − ak,iaj+1,n

]
q
+
[
a1,k−1

δ0 , aj+1,n

]
q
.

This proof is finished. ■

Proposition 4.3. δ0, δ
′
0 are automorphisms of algebra A (n) and δ0δ

′
0 = δ′0δ0 = id.

Proof. To prove that δ0 is an algebra homomorphism, it is sufficient to demonstrate that δ0
keeps the relations of A (n) associating with a1,i, i ∈ [[1, n]] .

The relations (R1): If i = 1 or i = n, a1,1 and a1,n are in the centers of A (n). By the
definition of δ0, δ0(a1,1) = a1,n, δ0(a1,n) = a1,1, which are also in the center of A (n). We
suppose that i ∈ [[2, n− 1]]. If there exists aj,k such that [a1,i, ak,l] = 0, we consider two cases:

When j = 1 and k ̸= n, let us assume that i < k, we have

[δ0 (a1,i) , δ0 (a1,k)]

(4.1)
====
(δ0)

[
a1,i

δ0 ,− [a2,n, a1,k]q + ak+1,na1,1 + a2,ka1,n
]

(R1)
====

[
a1,i

δ0 ,− [a2,n, a1,k]q + a2,ka1,n
]

(2.17)
=====

[
a1,i

δ0 , [[ai+1,n, a2,k]q , a1,i]q − a2,i [ai+1,n, a1,k]q + ai+1,k(a2,ia1,n − [a2,n, a1,i]q)
]

(4.1)
====

[
a1,i

δ0 , [[ai+1,n, a2,k]q , a1,i]q − a2,i [ai+1,n, a1,k]q + ai+1,k(a1,i
δ0 − ai+1,na1,1)

]
(R1)
====

[
a1,i

δ0 , [[ai+1,n, a2,k]q , a1,i]q − a2,i [ai+1,n, a1,k]q
]

(2.7)
====

[
a1,i

δ0 , [ai+1,n, [a2,k, a1,i]q]q − a2,i [ai+1,n, a1,k]q
]

===
[
a1,i

δ0 ,
[
ai+1,n, [a2,k, a1,i]q − a2,ia1,k

]
q

]
(2.5)
==== −

[
ai+1,n,

[
[a2,k, a1,i]q − a2,ia1,k, a1,i

δ0
]
q

]
−
[
[a2,k, a1,i]q − a2,ia1,k,

[
a1,i

δ0 , ai+1,n

]
q

]
(2.8)

=====
(2.21)

−a1,iδ0 [i+1,n, [a2,k, a1,i]q − a2,ia1,k]− a1,i
δ0 [[a2,k, a1,i]q − a2,ia1,k, ai+1,n]

(2.1)
==== 0.

When δ0(ak,l) = ak,l, we have

[δ0(a1,i), δ0(aj,k)]
(δ0)
====

[
aδ0j,i, aj,k

] (4.1)
==== [aj,k,− [a2,n, a1,i]q + ai+1,na1,1 + a2,ia1,n]

=== −[[a2,n, a1,i]q , aj,k] + [ai+1,na1,1, aj,k] + [a2,ia1,n, aj,k]

(R1)
==== 0.

Consequently, if [ai,j , ak,l] = 0, then
[
ai,j

δ0 , ak,l
δ0
]
= 0, which implies that[

ai,j
δ0 , ak,l

δ0
]
q

(2.6)
==== ai,j

δ0ak,l
δ0 .

In the subsequent, we directly use this fact without further explanation.
The relations (R2): If we have chosen the submatrix A k−1,i,j

1,k,i+1 as (2.10), the proof deduces
to the simpler case when k = 2 or j = n and straightforward. In more tedious calculations, we
concentrate on exploring the general cases where k ̸= 2 and j ̸= n and have

[[δ0(ak,j), δ0(a1,i)]q, δ0(ak,j)]q
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(4.1)
====
(2.7)

−[a2,n, [[ak,j , a1,i]q, ak,j ]q]q + a1,1[[ak,j , ai+1,n]q, ak,j ]q + a1,n[[ak,j , a2,i]q, ak,j ]q

(2.16)
===== −

[
a2,n, f

(
A k−1,i,j

1,k,i+1

)]
q
+ a1,1g

(
A i,j,n

k,i+1,n

)
+ a1,nf

(
A k−1,i,j

2,k,i+1

)
(2.11)
=====
(2.12)

−[a2,n, a1,i]q + a1,1ai+1,n + a2,ia1,n

+ ai+1,jak,j(−[a2,n, a1,k−1]q + a1,1ak,n + a2,k−1a1,n)

+ ak,iak,j(−[a2,n, a1,j ]q + a1,1an,n + a2,ja1,n)

− ak,i(−[a2,n, a1,k−1]q + a1,1ak,n + a2,k−1a1,n)

− ai+1,j(−[a2,n, a1,j ]q + a1,1an,n + a2,ja1,n)

(4.1)
==== aδ01,i + ai+1,jak,ja

δ0
1,k−1 + ak,iak,ja

δ0
1,j − ak,ia

δ0
1,k−1 − ai+1,ja

δ0
1,j

(δ0)
==== δ0 (a1,i) + δ0 (a1,k−1) δ0 (ai+1,j) δ0 (ak,j) + δ0 (ak,i) δ0 (a1,j) δ0 (ak,j)

− δ0 (a1,k−1) δ0 (ak,i)− δ0 (ai+1,j) δ0 (a1,j)

and [
δ0 (a1,i) , [δ0 (ak,j) , δ0 (a1,i)]q

]
q

(4.1)
====
(δ0)

−
[
a1,i

δ0 , [a2,n, [ak,j , a1,i]q]q + a1,1[ak,j , ai+1,n]q + a1,n[ak,j , a2,i]q
]
q

(2.3)
====

(
−
[[
a1,i

δ0 , a2,n
]
q
, [ak,j , a1,i]q

]
q
+

1(
q − q−1

)2 [a2,n, [[ak,j , a1,i]q, a1,iδ0]]
)

+ a1,1
[
a1,i

δ0 , [ak,j , ai+1,n]q
]
q
+ a1,n

[
a1,i

δ0 , [ak,j , a2,i]q
]
q

(4.1)
=====
(2.16)

[a1,i, [ak,j , a1,i]q]q − a1,1[a2,i, [ak,j , a1,i]q]q − a1,n[ai+1,n, [ak,j , a1,i]q]q

+ a1,1
[
a1,i

δ0 , [ak,j , ai+1,n]q
]
q
+ a1,n

[
a1,i

δ0 , [ak,j , a2,i]q
]
q

+
1(

q − q−1
)2 [a2,n, [[ak,j , a1,i]q, a1,iδ0 ]]

(2.16)
===== g

(
A k−1,i,j

1,k,i+1

)
− a1,1[a2,i, [ak,j , a1,i]q]q − a1,n[ai+1,n, [ak,j , a1,i]q]q

+ a1,1
[
a1,i

δ0 , [ak,j , ai+1,n]q
]
q
+ a1,n

[
a1,i

δ0 , [ak,j , a2,i]q
]
q

+
1(

q − q−1
)2 [a2,n, [[ak,j , a1,i]q, a1,iδ0]]

(2.12)
===== ak,j − a2,iai+1,j − a1,1[a2,i, [ak,j , a1,i]q]q − a1,n[ai+1,n, [ak,j , a1,i]q]q

+ a1,1
[
a1,i

δ0 , [ak,j , ai+1,n]q
]
q
+ a1,n

[
a1,i

δ0 , [ak,j , a2,i]q
]
q
+ a1,ia1,k−1ai+1,j

+ a1,iak,ia1,j − a1,k−1a1,j +
1(

q − q−1
)2 [a2,n, [[ak,j , a1,i]q, a1,iδ0]]

(4.7)(4.8)
=======

(4.9)
ak,j − a2,iai+1,j − a1,1[a2,i, [ak,j , a1,i]q]q − a1,n[ai+1,n, [ak,j , a1,i]q]q

+ a1,1
[
a1,i

δ0 , [ak,j , ai+1,n]q
]
q
+ a1,n

[
a1,i

δ0 , [ak,j , a2,i]q
]
q

+ ai+1,j

(
a1,i

δ0a1,k−1
δ0 + a1,1[a2,i, a1,k−1]q

+ ai+1,na1,na1,k−1 − a1,1
[
a1,i

δ0 , ak,n
]
q

− a2,k−1a1,i
δ0a1,n

)
+ ak,i

(
a1,i

δ0a1,j
δ0 + a1,1a2,ia1,j + a1,n[ai+1,n, a1,j ]q
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− a1,1a1,i
δ0aj+1,n − a1,n

[
a1,i

δ0 , a2,j
]
q

)
−
(
a1,k−1

δ0a1,j
δ0 + a1,1a2,k−1a1,j

+ a1,n[ak,n, a1,j ]q − a1,1a1,k−1
δ0aj+1,n − a1,n

[
a1,k−1

δ0 , a2,j
]
q

)
+

1(
q − q−1

)2 ([a2,n, [[ak,j , a1,i]q − ai+1,ja1,k−1 − ak,ia1,j , a1,i
δ0
]

+
[
a1,j , a1,k−1

δ0
]])

(2.2)
==== ak,j − a2,iai+1,j + ai+1,ja1,i

δ0a1,k−1
δ0 + ak,ia1,i

δ0a1,j
δ0 − a1,k−1

δ0a1,j
δ0

− a1,1([a2,i, [ak,j , a1,i]q − ai+1,ja1,k−1 − ak,ia1,j ]q + a1,k−1
δ0aj+1,n)

+ a1,1
([
a1,i

δ0 , [ak,j , ai+1,n]q − ai+1,jak,n − ak,iaj+1,n

]
q
+ a2,k−1a1,j

)
− a1,n([ai+1,n, [ak,j , a1,i]q − ai+1,ja1,k−1 − ak,ia1,j ]q + [ak,n, a1,j ]q)

+ a1,n
(
[a1,i

δ0 , [ak,j , a2,i]q − ak,ia2,j − a2,k−1ai+1,j ]q +
[
a1,k−1

δ0 , a2,j
]
q

)
(4.14)
=====
(4.15)

ak,j − a2,iai+1,j + ai+1,ja
δ0
1,ia

δ0
1,k−1 + ak,ia

δ0
1,ia

δ0
1,j − aδ01,k−1a

δ0
1,j

=== δ0 (ak,j)− δ0 (a2,i) δ0 (ai+1,j) + δ0 (ai+1,j) δ0 (a1,i) δ0 (a1,k−1)

+ δ0 (ak,i) δ0 (a1,i) δ0 (a1,j)− δ0 (a1,k−1) δ0 (a1,j) .

Hence,

f
(
δ0
(
A k−1,i,j

1,k,i+1

))
= [δ0 (ak,j) , [δ0 (a1,i) , δ0 (ak,j)]q]q,

g
(
δ0
(
A k−1,i,j

1,k,i+1

))
= [δ0 (a1,i) , [δ0 (ak,j) , δ0 (a1,i)]q]q.

The relations (R3): Choosing the submatrix A i,j,l
1,k,i+1(l ̸= n), we have

[[δ0 (ai+1,l) , δ0 (ak,j)]q , δ0 (a1,i)]q + [δ0 (ak,l) , δ0 (a1,j)]q + δ0 (ai+1,j) δ0 (ak,i) δ0 (a1,l)

−δ0 (ak,i) [δ0 (ai+1,l) , δ0 (a1,j)]q − δ0 (ai+1,j) [δ0 (ak,l) , δ0 (a1,i)]q − δ0 (ak,j) δ0 (a1,l)

(4.1)
====
(δ0)

[[ai+1,l, ak,j ]q,−[a2,n, a1,i]q + a1,1ai+1,n + a2,ia1,n]q

+ [ak,l,−[a2,n, a1,j ]q + a1,1aj+1,n + a2,ja1,n]q

+ ai+1,jak,i(−[a2,n, a1,l]q + a1,1al+1,n + a2,la1,n)

− ak,i[ai+1,l,−[a2,n, a1,j ]q + a1,1aj+1,n + a2,ja1,n]q

− ai+1,j [ak,l,−[a2,n, a1,i]q + a1,1ai+1,n + a2,ia1,n]q

− ak,j(−[a2,n, a1,l]q + a1,1al+1,n + a2,la1,n)

(2.7)
==== −[a2,n, [[ai+1,l, ak,j ]q, a1,i]q]q + a1,1[[ai+1,l, ak,j ]q, ai+1,n]q

+ a1,n[[ai+1,l, ak,j ]q, a2,i]q − [a2,n, [ak,l, a1,j ]q]q + a1,1[ak,l, aj+1,n]q

+ a1,n[ak,l, a2,j ]q − [a2,n, ai+1,jak,ia1,l]q + a1,1ai+1,jak,ial+1,n

+ ai+1,jak,ia2,la1,n

+ [a2,n, ak,i[ai+1,l, a1,j ]q]q − a1,1ak,i[ai+1,l, aj+1,n]q − ak,ia1,n[ai+1,l, a2,j ]q

+ [a2,n, ai+1,j [ak,l, a1,i]q]q − a1,1ai+1,j [ak,l, ai+1,n]q − ai+1,ja1,n[ak,l, a2,i]q

+ [a2,n, ak,ja1,l]q − a1,1al+1,nak,j − ak,ja2,la1,n
(2.15)
===== −

[
a2,n,det

q
(
A i,j,l

1,k,i+1

)]
q
+ a1,1([ai+1,l, [ak,j , ai+1,n]q]q + ai+1,jak,ial+1,n

+ [ak,l, aj+1,n]q − ak,i[ai+1,l, aj+1,n]q − ai+1,j [ak,l, ai+1,n]q − al+1,nak,j)
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+ a1,ndet
q
(
A i,j,l

2,k,i+1

)
(2.17)
=====
(6.a)

0

and

[[δ0 (a1,i) , δ0 (ak,j)]q , δ0 (ai+1,l)]q + [δ0 (a1,j) , δ0 (ak,l)]q + δ0 (ak,i) [δ0 (ai+1,j) , δ0 (a1,l)]q

−δ0 (ai+1,j) [δ0 (a1,i) , δ0 (ak,l)]q − δ0 (ak,i) [δ0 (a1,j) , δ0 (ai+1,l)]q − δ0 (ak,j) δ0 (a1,l)

(4.1)
====
(δ0)

[−[a2,n, a1,i]q + a1,1ai+1,n + a2,ia1,n, [ak,j , ai+1,l]q]q

+ [−[a2,n, a1,j ]q + a1,1aj+1,n + a2,ja1,n, ak,l]q

+ ak,iai+1,j(−[a2,n, a1,l]q + a1,1al+1,n + a2,la1,n)

− ai+1,j [−[a2,n, a1,i]q + a1,1ai+1,n + a2,ia1,n, ak,l]q

− ak,i[−[a2,n, a1,j ]q + a1,1aj+1,n + a2,ja1,n, ai+1,l]q

− ak,j(−[a2,n, a1,l]q + a1,1al+1,n + a2,la1,n)

(2.7)
==== −[a2,n, [a1,i, [ak,j , ai+1,l]q]q]q + a1,1[ai+1,n, [ak,j , ai+1,l]q]q

+ a1,n[a2,i, [ak,j , ai+1,l]q]q − [a2,n, [a1,j , ak,l]q]q + a1,1[aj+1,n, ak,l]q

+ a1,n[a2,j , ak,l]q − [a2,n, ak,iai+1,ja1,l]q + a1,1ak,iai+1,jal+1,n

+ ak,iai+1,ja2,la1,n + [a2,n, ai+1,j [a1,i, ak,l]q]q − ai+1,ja1,1[ai+1,n, ak,l]q

− ai+1,ja1,n[a2,i, ak,l]q + [a2,n, ak,i[a1,j , ai+1,l]q]q − ak,ia1,1[aj+1,n, ai+1,l]q

− ak,ia1,n[a2,j , ai+1,l]q + [a2,n, ak,ja1,l]q − a1,1al+1,nak,j − ak,ja2,la1,n
(2.14)
===== −

[
a2,n,detq

(
A i,j,l

1,k,i+1

)]
q
+ a1,1([ai+1,n, [ak,j , ai+1,l]q]q + [aj+1,n, ak,l]q

+ ak,iai+1,jal+1,n − ai+1,j [ai+1,n, ak,l]q − ak,i[aj+1,n, ai+1,l]q

− a1,1al+1,nak,j) + a1,ndetq
(
A i,j,l

2,k,i+1

)
(2.17)
=====
(6.b)

0.

Hence,

detq
(
δ0
(
A i,j,l

1,k,i+1

))
= detq

(
δ0
(
A i,j,l

1,k,i+1

))
= 0.

In particular, when l = n, we have

detq
(
δ0
(
A i,j,n

1,k,i+1

))
= detq

(
δ0
(
A i,j,n

1,k,i+1

))
= 0.

Therefore, δ0 is an algebra homomorphism of A (n). Similarly, δ′0 is also an algebra homomor-
phism. In fact, we also have

δ0δ
′
0 (a1,1) = δ0 (a1,n) = a1,1, δ0δ

′
0 (a1,n) = δ0 (a1,1) = a1,n,

δ0δ
′
0 (a1,i) ,= δ0

(
a1,i

δ′0
)
= a1,i + [[a2,n, a1,i]q, a2,n]q − f

(
A 1,i,n

1,2,i+1

)
= a1,i,

δ0δ
′
0 (ai,l) = δ0 (ai,l) = ai,l,

where i ̸= 1 and l ∈ [[1, n]]. This means that δ0δ
′
0 = id. Similarly, δ′0δ0 = id.

The proof is finished. ■

Proposition 4.4. δi, δ
′
i, i ∈ [[1, n− 1]] are the automorphisms of algebra A (n) and δiδ

′
i = δ′iδi

= id.
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Proof. To prove that δi is an algebra homomorphism, it is sufficient to demonstrate that δi
keeps the relations of A (n). It is similar for δ′i. By definition of δi, we only need to show that δi
keeps those relations that concern with the (i + 1)-th row’s generators ai+1,k and i-column’s
generators aj,i.

The relations (R1): Noting that ai,i and ai+1,i+1 belong to the center of A (n), we easily see
that δi (ai,i) = ai+1,i+1, δi (ai+1,i+1) = ai,i. Consequently, δi must keep the relations associated
with these elements.

If [aj,i, ak,l] = 0 and k > j, we have for l = i that

[δi(aj,i), δi(ak,i)]
(4.3)
====

[
−[ai,i+1, aj,i]q + ai+1,i+1aj,i−1, ak,i

δi
]

(3.b)
====

[
[ak,i+1, [aj,i−1, ak,i]q]q − ak,i−1[ak,i+1, aj,i]q

− aj,k−1([ai,i+1, ak,i]q − ai+1,i+1ak,i−1), ak,i
δi
]

(4.3)
====

[
[ak,i+1, [aj,i−1, ak,i]q]q − ak,i−1[ak,i+1, aj,i]q

+ aj,k−1

(
ak,i

δi − ai,iak,i+1

)
, ak,i

δi
]

(R1)
====

[
[ak,i+1, [aj,i−1, ak,i]q]q − ak,i−1[ak,i+1, aj,i]q, ak,i

δi
]

===
[
[ak,i+1, [aj,i−1, ak,i]q − ak,i−1aj,i]q, ak,i

δi
]

(2.5)
==== −

[[
[aj,i−1, ak,i]q − ak,i−1aj,i, ak,i

δi
]
q
, ak,i+1

]
−
[[
ak,i

δi , ak,i+1

]
q
, [aj,i−1, ak,i]q − ak,i−1aj,i

]
(2.8)

=====
(2.18)

−ak,iδi [[aj,i−1, ak,i]q − ak,i−1aj,i, ak,i+1]

− ak,i
δi [ak,i+1, [aj,i−1, ak,i]q − ak,i−1aj,i]

(2.1)
==== 0.

Similarly, we can prove that [δi(ai+1,j), δi(ai+1,k)] = 0. If k = i+ 1, we have

[δi(aj,i), δi(ai+1,l)]
(4.3)
====

[
−[ai,i+1, aj,i]q + ai,iaj,i+1, ai+1,l

δi
]

(2.a)
====

[
[ai,l, [aj,i+1, ai+1,l]q]q − ai+2,l[ai,l, aj,i]q

− aj,l([ai,i+1, ai+1,l]q + ai,iai+2,l), ai+1,l
δi
]

(4.3)
====

[
[ai,l, [aj,i+1, ai+1,l]q]q − ai+2,l[ai,l, aj,i]q

+ aj,l(ai+1,l
δi − ai+1,i+1ai,l), ai+1,l

δi
]

(R1)
====

[
[ai,l, [aj,i+1, ai+1,l]q]q − ai+2,l[ai,l, aj,i]q, ai+1,l

δi
]

===
[
[ai,l, [aj,i+1, ai+1,l]q − ai+2,laj,i]q, ai+1,l

δi
]

(2.5)
==== −

[[
[aj,i+1, ai+1,l]q − ai+2,laj,i, ai+1,l

δi
]
q
, ai,l

]
−
[[
ai+1,l

δi , ai,l
]
q
, [aj,i+1, ai+1,l]q − ai+2,laj,i

]
(2.8)

=====
(2.20)

−ai+1,l
δi [[aj,i+1, ai+1,l]q − ai+2,laj,i, ai,l]

− ai+1,l
δi [ai,l, [aj,i+1, ai+1,l]q − ai+2,laj,i]

(2.1)
==== 0.
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If δi(ak,l) = ak,l, we have

[δi (aj,i) , δi (ak,l)] = −[[ai,i+1, aj,i]q , ak,l] + [ai+1,i+1aj,i−1, ak,l] + [ai,iaj,i+1, ak,l] = 0.

Similarly, we can prove that [δi (ai+1,j) , δi (ak,l)] = 0.

The relations (R2): If we have chosen the submatrix A k−1,i,l
j,k,i+1 as (2.10), the proof deduce to

the simpler case when k = i or l = i+ 1 and straightforward. In more tedious calculations, we
concentrate on exploring the general cases, where k ̸= i and l ̸= i+ 1,

[δi(ak,l), [δi(aj,i), δi(ak,l)]q]q
(4.3)
==== −[ak,l, [[ai,i+1, aj,i]q, ak,l]q]q + ai+1,i+1[ak,l, [aj,i−1, ak,l]q]q

+ ai,i[ak,l, [aj,i+1, ak,l]q]q
(2.16)
===== − [ak,l, [[ai,i+1, aj,i]q, ak,l]q]q + ai+1,i+1f

(
A k−1,i−1,l

j,k,i

)
+ ai,if

(
A k−1,i+1,l

j,k,i+2

)
(2.7)
==== −[ai,i+1, [ak,l, [aj,i, ak,l]q]q]q + ai+1,i+1f

(
A k−1,i−1,l

j,k,i

)
+ ai,if

(
A k−1,i+1,l

j,k,i+2

)
(2.16)
===== −

[
ai,i+1, f

(
A k−1,i,l

j,k,i+1

)]
q
+ ai+1,i+1f

(
A k−1,i−1,l

j,k,i

)
+ ai,if

(
A k−1,i+1,l

j,k,i+2

)
(2.11)
===== −[ai,i+1, aj,i]q + aj,i−1ai+1,i+1 + ai,iaj,i+1

+ aj,k−1ak,l(−[ai,i+1, ai+1,l]q + ai,iai+2,l + ai+1,i+1ai,l)

+ aj,lak,l(−[ai,i+1, ak,i]q + ak,i−1ai+1,i+1 + ai,iak,i+1)

− aj,k−1(−[ai,i+1, ak,i]q + ak,i−1ai+1,i+1 + ai,iak,i+1)

− aj,l(−[ai,i+1, ai+1,l]q + ai,iai+2,l + ai+1,i+1ai,l)

(4.3)
==== aj,i

δi + aj,k−1ak,lai+1,l
δi + aj,lak,lak,i

δi − aj,k−1ak,i
δi − aj,lai+1,l

δi

=== δi(aj,i) + δi(aj,k−1)δi(ai+1,l)δi(ak,l) + δi(ak,i)δi(aj,l)δi(ak,l)

− δi(aj,k−1)δi(ak,i)− δi(aj,l)δi(ai+1,l)

and

[δi(aj,i), [δi(ak,l), δi(aj,i)]q]q
(4.3)
==== −

[
aj,i

δi , [ai,i+1, [ak,l, aj,i]q]q
]
q
+ ai+1,i+1

[
aj,i

δi , [ak,l, aj,i−1]q]q

+ ai,i
[
aj,i

δi , [ak,l, aj,i+1]q
]
q

(2.3)
==== −

[[
aj,i

δi , ai,i+1

]
q
, [ak,l, aj,i]q

]
q
+

1(
q − q−1

)2 [ai,i+1,
[
[ak,l, aj,i]q, aj,i

δi
]]

+ ai+1,i+1

[
aj,i

δi , [ak,l, aj,i−1]q
]
q
+ ai,i

[
aj,i

δi , [ak,l, aj,i+1]q
]
q

(4.3)
=====
(2.16)

[aj,i − aj,i−1ai,i − ai+1,i+1aj,i+1, [ak,l, aj,i]q]q + ai+1,i+1

[
aj,i

δi , [ak,l, aj,i−1

]
q
]q

+ ai,i
[
aj,i

δi , [ak,l, aj,i+1]q
]
q
+

1(
q − q−1

)2 [ai,i+1,
[
[ak,l, aj,i]q, aj,i

δi
]]

=== [aj,i, [ak,l, aj,i]q]q − ai,i[aj,i−1, [ak,l, aj,i]q]q − ai+1,i+1[aj,i+1, [ak,l, aj,i]q]q

+ ai+1,i+1

[
aj,i

δi , [ak,l, aj,i−1]q
]
q
+ ai,i

[
aj,i

δi , [ak,l, aj,i+1]q
]
q

+
1(

q − q−1
)2 [ai,i+1,

[
[ak,l, aj,i]q, aj,i

δi
]]

(2.12)
=====
(2.16)

ak,l − aj,k−1aj,l − ai,i[aj,i−1, [ak,l, aj,i]q]q + ai,i
[
aj,i

δi , [ak,l, aj,i+1]q
]
q



22 W. Wang and S. Yang

− ai+1,i+1[aj,i+1, [ak,l, aj,i]q]q + ai+1,i+1

[
aj,i

δi , [ak,l, aj,i−1]q
]
q
− ak,iai+1,l

+ aj,iak,iaj,l + aj,iaj,k−1ai+1,l +
1(

q − q−1
)2 [ai,i+1,

[
[ak,l, aj,i]q, aj,i

δi
]]

(4.10)(4.11)
=========

(4.12)
ak,l − aj,k−1aj,l − ai,i[aj,i−1, [ak,l, aj,i]q]q + ai,i

[
aj,i

δi , [ak,l, aj,i+1]q
]
q

− ai+1,i+1[aj,i+1, [ak,l, aj,i]q]q + ai+1,i+1

[
aj,i

δi , [ak,l, aj,i−1]q
]
q

−
(
ak,i

δiai+1,l
δi + ak,i−1ai,iai+1,l − ak,i

δiai,iai+2,l + ai+1,i+1[ak,i+1, ai+1,l]q

− ai+1,i+1

[
ak,i

δi , ai,l
]
q

)
+
(
aj,i

δiak,i
δi + ai+1,i+1aj,i+1ak,i + ai,i[aj,i−1, ak,i]q

− aj,i
δiak,i−1ai+1,i+1 − ai,i

[
aj,i

δi , ak,i+1

]
q

)
aj,l + aj,k−1

(
aj,i

δiai+1,l
δi

+ aj,i−1ai,iai+1,l + aj,i
δiai,iai+2,l + ai+1,i+1[aj,i+1, ai+1,l]q

− ai+1,i+1

[
aj,i

δi , ai,l
]
q

)
+

1(
q − q−1

)2 ([ai,i+1, [ak,l, aj,i]q − aj,lak,i

− aj,k−1ai+1,l +
[
ai+1,l, ak,i

δi
]])

(2.2)
==== ak,l − aj,k−1aj,l − ak,i

δiai+1,l
δi + aj,i

δiak,i
δiaj,l + aj,i

δiaj,k−1ai+1,l
δi

+ ai,i
(
[aj,i

δi , [ak,l, aj,i+1]q − aj,lak,i+1 − aj,k−1ai+2,l]q + ak,i
δiai+2,l

)
− ai,i([aj,i−1, [ak,l, aj,i]q − aj,k−1ai+1,l − aj,lak,i]q + ak,i−1ai+1,l)

+ ai+1,i+1

([
aj,i

δi , [ak,l, aj,i−1]q − ak,i−1aj,l − aj,k−1ai,l
]
q
+
[
ak,i

δi , ai,l
]
q

)
− ai+1,i+1

(
[aj,i+1, [ak,l, aj,i]q − aj,k−1ai+1,l − ak,iaj,l]q + [ak,i+1, ai+1,l]q

)
(4.16)
=====
(4.17)

ak,l − aj,k−1aj,l − ak,i
δiai+1,l

δi + aj,i
δiak,i

δiaj,l + aj,i
δiaj,k−1ai+1,l

δi

=== δi (ak,l)− δi (aj,k−1) δi (aj,l)− δi (ak,i) δi (ai+1,l) + δi (aj,i) δi (ak,i) δi (aj,l)

+ δi (aj,i) δi (aj,k−1) δi (ai+1,l) ,

we have

[δi (ak,l) , [δi (aj,i) , δi (ak,l)]q]q = f
(
δi
(
A k−1,i,l

j,k,i+1

))
,

[δiaj,i, [δi (ak,l) , δi (aj,i)]q]q = g
(
δi
(
A k−1,i,l

j,k,i+1

))
.

Similarly, we can get that

[δi (ai+1,l) , [δi (aj,k) , δi (ai+1,l)]q]q = f
(
δi
(
A i,k,l

j,i+1,k+1

))
,

[δi (aj,k) , [δi (ai+1,l) , δi (aj,k)]q]q = g
(
δi
(
A i,k,l

j,i+1,k+1

))
,

[δi (ak,i) , [δi (aj,l) , δi (ak,i)]q]q = f
(
δi
(
A k−1,l,i

j,k,l+1

))
,

[δi (aj,l) , [δi (ak,i) , δi (aj,l)]q]q = g
(
δi
(
A k−1,l,i

j,k,l+1

))
,

[δi (ak,l) , [δi (ai+1,j) , δi (ak,l)]q]q = f
(
δi
(
A k−1,j,l

i+1,k,j+1

))
,

[δi (ai+1,j) , [δi (ak,l) , δi (ai+1,j)]q]q = g
(
δi
(
A k−1,j,l

i+1,k,j+1

))
.

The relations (R3): Choosing the submatrix A i,l,m
j,k,i+1 as (2.13), we explore the cases when

k ̸= i and l ̸= i+ 1 and have that

[δi (aj,l) , δi (ak,m)]q + [[δi (aj,i) , δi (ak,l)]q , δi (ai+1,m)]q + δi (ak,i) δi (ai+1,l) δi (aj,m)

− δi (ak,i) [δi (aj,l) , δi (ai+1,m)]q − δi (ai+1,l) [δi (aj,i) , δi (ak,m)]q − δi (ak,l) δi (aj,m)
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(2.7)
====
(4.4)

[aj,l, ak,m]q −
[
aj,i

δi , [ai,i+1, [ak,l, ai+1,m]q]q]q + [[aj,i
δi , ak,l]q, ai,iai+1,m]q

+
[[
aj,i

δi , ak,l
]
q
, ai+2,i+1ai,m

]
q
+ aj,mak,i

δiai+1,l
δi − ak,i

δi [aj,l, ai+1,m
δi ]q

− ai+1,l
δi
[
aj,i

δi , ak,m
]
q
− ak,laj,m

(2.3)
==== [aj,l, ak,m]q − ak,laj,m −

[[
aj,i

δi , ai,i+1

]
q
, [ak,l, ai+1,m]q

]
q

− 1(
q − q−1

)2 [ai,i+1,
[
[ak,l, ai+1,m]q, aj,i

δi
]]

+ ai,i
[
aj,i

δi , [ak,l, ai+2,m]q
]
q

+ ai+1,i+1

[
aj,i

δi , [ak,l, ai,m]q
]
q
−
[
aj,l, ak,i

δiai+1,m
δi
]
q

−
[
ai+1,l

δiaj,i
δi , ak,m

]
q
+ aj,mak,i

δiai+1,l
δi

(2.16)(4.10)
=========
(4.12)(4.13)

[aj,l, ak,m]q − ak,laj,m + [aj,i, [ak,l, ai+1,m]q]q

− ai,i[aj,i−1, [ak,l, ai+1,m]q]q − ai+1,i+1[aj,i+1, [ak,l, ai+1,m]q]q

− 1(
q − q−1

)2 [ai,i+1,
[
[ak,l, ai+1,m]q, aj,i

δi
]]

+ ai,i
[
aj,i

δi , [ak,l, ai+2,m]q
]
q

+ ai+1,i+1

[
aj,i

δi , [ak,l, ai,m]q
]
q
−
[
aj,l, ak,iai+1,m − ak,i−1ai,iai+1,m

+ ak,i
δiai,iai+2,m − ai+1,i+1[ak,i+1, ai+1,m]q + ai+1,i+1

[
ak,i

δi , ai,m
]
q

− 1(
q − q−1

)2 [ai,i+1,
[
ai+1,m, ak,i

δi
]]]

q
−
[
aj,iai+1,l − aj,i−1ai,iai+1,l

+ aj,i
δiai,iai+2,l − ai+1,i+1[aj,i+1, ai+1,l]q + ai+1,i+1

[
aj,i

δi , ai,l
]
q

− 1(
q − q−1

)2 [ai,i+1,
[
ai+1,l, aj,i

δi
]]
, ak,m

]
q
+ aj,m(ak,iai+1,l

− ak,i−1ai,iai+1,l + ak,i
δiai,iai+2,l − ai+1,i+1[ak,i+1, ai+1,l]q

+ ai+1,i+1

[
ak,i

δi , ai,l
]
q
+
[
ai,i+1,

[
ai+1,l, ak,i

δi
]]
)

(2.17)
=======
(2.b)(2.2)

detq
(
A i,l,m

j,k,i+1

)
− ai,i

(
[aj,i−1, [ak,l, ai+1,m]q − ai+1,lak,m]q

− ak,i−1([aj,l, ai+1,m]q − ai+1,laj,m)−
[
aj,i

δi [ak,l, ai+2,m]q + ai+2,lak,m
]
q

+ ak,i
δi([aj,l, ai+2,m]q + ai+2,laj,m)

)
− ai+1,i+1

(
[aj,i+1, [ak,l, ai+1,m]q

− [ai+1,l, ak,m]q]q −
[
aj,i

δi [ak,l, ai,m]q − [ai,l, ak,m]q
]
q

− [ak,i+1, [aj,l, ai+1,m]q − aj,mai+1,l]q +
[
ak,i

δiaj,mai,l − [aj,l, ai,m]q
]
q

)
+ ai,ial+1,m

(
−
[
aj,i

δiak,i+1

]
q
+ ak,i

δiaj,i+1 + [aj,i−1, ak,i]q − aj,iak,i−1

)
− ai+1,i+1al+1,m

(
ak,iaj,i+1 − ak,i−1aj,i

δi − [ak,i+1, aj,i]q +
[
ak,i

δiaj,i−1

]
q

)
(2.17)
===== ai,i

([
aj,i

δi [ak,l, ai+2,m]q − ak,i+1al+1,m − ai+2,lak,m
]
q

− ak,i
δi([aj,l, ai+2,m]q − aj,i+1al+1,m − ai+2,laj,m)

)
− ai,i([aj,i−1, [ak,l, ai+1,m]q − ak,ial+1,m − ai+1,lak,m]q

− ak,i−1([aj,l, ai+1,m]q − aj,ial+1,m − ai+1,laj,m))

− ai+1,i+1([aj,i+1, [ak,l, ai+1,m]q − ak,ial+1,m − ai+1,lak,m]q

− [ak,i+1, [aj,l, ai+1,m]q − aj,ial+1,m − ai+1,laj,m]q)

+ ai+1,i+1

([
ak,i

δi [aj,l, ai,m]q − aj,i−1al+1,m − ai,laj,m
]
q
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−
[
aj,i

δi [ak,l, ai,m]q − ak,i−1al+1,m − ai,lak,m
]
q

)
(2.b)

=====
(2.17)

−ai,i(ak,i−1([aj,l, ai+1,m]q − ak,i−1ai+1,laj,m) + [aj,i−1, [ak,l, ai+1,m]q

− ai+1,lak,m]q − ak,i
δi([aj,l, ai+2,m]q − ai+2,laj,m)−

[
aj,i

δi , ai+2,lak,m

− [ak,l, ai+2,m]q
]
q

)
+ ai+1,i+1

(
[aj,i+1, ai+1,lak,m − [ak,l, ai+1,m]q]q

+ [ak,i+1, [aj,l, ai+1,m]q − ai+1,laj,m]q −
[
aj,i

δi , ai,lak,m − [ak,l, ai,m]q
]
q

−
[
ak,i

δi , [aj,l, ai,m]q − ai,laj,m
]
q

)
(4.18)
=====
(4.19)

0

and

[δi (ak,m) , δi (aj,l)]q + [[δi (ai+1,m) , δi (ak,l)]q , δi (aj,i)]q − δi (ai+1,l) [δi (ak,m) , δi (aj,i)]q

− δi (ak,i) [δi (ai+1,m) , δi (aj,l)]q + δi (ai+1,l) δi (ak,i) δi (aj,m)− δi (ak,l) δi (aj,m)

(2.7)
====
(4.3)

[ak,m, aj,l]q −
[[[
ai+1,m

δi , ai,i+1

]
q
, ak,l

]
q
, aj,i

]
q

+
[[
ai+1,m

δi , ak,l
]
q
, ai+1,i+1aj,i−1

]
q
+
[[
ai+1,m

δi , ak,l
]
q
, ai,iaj,i+1

]
q

− ai+1,l
δi
[
ak,m, aj,i

δi
]
q
− ak,i

δi
[
ai+1,m

δi , aj,l
]
q
+ ai+1,l

δiak,i
δiaj,m − ak,laj,m

(2.3)
==== [ak,m, aj,l]q − ak,laj,m −

[[
ai+1,m

δi , ai,i+1

]
q
, [ak,l, aj,i]q

]
q

− 1(
q − q−1

)2 [ai,i+1,
[
[ak,l, aj,i]q, ai+1,m

δi
]]

+ ai+1,i+1

[
ai+1,m

δi , [ak,l, aj,i−1]q
]
q
+ ai,i

[
ai+1,m

δi , [ak,l, aj,i+1]q
]
q

−
[
ak,m, ai+1,l

δiaj,i
δi
]
q
−
[
ak,i

δiai+1,m
δi , aj,l

]
q
+ ai+1,l

δiak,i
δiaj,m

(2.16)(4.10)
=========
(4.12)(4.13)

[ak,m, aj,l]q − ak,laj,m + [ai+1,m, [ak,l, aj,i]q]q

− ai+1,i+1[ai+2,m, [ak,l, aj,i]q]q − ai,i[ai,m, [ak,l, aj,i]q]q

− 1(
q − q−1

)2 [ai,i+1,
[
[ak,l, aj,i]q, ai+1,m

δi
]]

+ ai+1,i+1

[
ai+1,m

δi , [ak,l, aj,i−1]q
]
q
+ ai,i

[
ai+1,m

δi , [ak,l, aj,i+1]q
]
q

−
[
ak,m, ai+1,laj,i − ai+2,lai+1,i+1aj,i + ai+1,l

δiai+1,i+1aj,i−1

− ai,i[ai,l, aj,i]q + ai,i
[
ai+1,l

δi , aj,i+1

]
q

− 1(
q − q−1

)2 [ai,i+1,
[
aj,i, ai+1,l

δi
]]]

q
−
[
ai+1,mak,i

− ai+2,mai+1,i+1ak,i + ai+1,m
δiai+1,i+1ak,i−1 − ai,i[ai,m, ak,i]q

+ ai,i
[
ai+1,m

δi , ak,i+1

]
q
− 1(

q − q−1
)2 [ai,i+1,

[
ak,i, ai+1,m

δi
]]
, aj,l

]
q

+
(
ai+1,lak,i − ai+2,lai+1,i+1ak,i + ai+1,l

δiai+1,i+1ak,i−1 − ai,i[ai,l, ak,i]q

+ ai,i
[
ai+1,l

δi , ak,i+1

]
q
+
[
ai,i+1,

[
ak,i, ai+1,l

δi
]])
aj,m

(2.17)
=======
(2.a)(2.2)

detq
(
A i,l,m

j,k,i+1

)
− ai+1,i+1

(
[ai+2,m, [ak,l, aj,i]q − ak,iaj,l]q

− ai+2,l([ak,m, aj,i]q − ak,iaj,m)−
[
ai+1,m

δi , [ak,l, aj,i−1]q − ak,i−1aj,l
]
q
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+ ai+1,l
δi([ak,m, aj,i−1]q − ak,i−1aj,m)

)
− ai,i

(
[ai,m, [ak,l, aj,i]q

− [ak,i, aj,l]q]q −
[
ai+1,m

δi , [ak,l, aj,i+1]q − [ak,i+1, aj,l]q
]
q

− [ai,l, [ak,m, aj,i]q − aj,mak,i]q +
[
ai+1,l

δi , aj,mak,i+1 − [ak,m, aj,i+1]q
]
q

)
− ai+1,i+1aj,k−1

([
ai+1,m

δi , ai,l
]
q
− ai+1,l

δiai,m − [ai+2,m, ai+1,l]q
)

+ ai+1,mai+2,l + ai,iaj,k−1

(
−ai+1,lai,m + ai+2,lai+1,m

δi + [ai,l, ai+1,m]q

−
[
ai+1,l

δi , ai+2,m

]
q

)
(2.17)
===== ai+1,i+1

([
ai+1,m

δi , [ak,l, aj,i−1]q − ai,laj,k−1 − ak,i−1aj,l
]
q

− ai+1,l
δi
(
[ak,m, aj,i−1]q − ai,maj,k−1 − ak,i−1aj,m

))
− ai+1,i+1([ai+2,m, [ak,l, aj,i]q − ai+1,laj,k−1 − ak,iaj,l]q

− ai+2,l([ak,m, aj,i]q − ai+1,maj,k−1 − ak,iaj,m))

− ai,i([ai,m, [ak,l, aj,i]q − ai+1,laj,k−1 − ak,iaj,l]q

− [ai,l, [ak,m, aj,i]q − ai+1,maj,k−1 − ak,iaj,m]q)

+ ai,i
([
ai+1,l

δi , [ak,m, aj,i+1]q − ai+2,maj,k−1 − ak,i+1aj,m
]
q

−
[
ai+1,m

δi , [ak,l, aj,i+1]q − ai+2,laj,k−1 − ak,i+1aj,l
]
q

)
(2.a)

=====
(2.17)

ai+1,i+1

(
ai+1,l

δi([ak,m, aj,i−1]q − ak,i−1aj,m)

+
[
ai+1,m

δi , ak,i−1aj,l − [ak,l, aj,i−1]q
]
q

− ai+2,l([ak,m, aj,i]q − ai+2,lak,iaj,m)− [ai+2,m, [ak,l, aj,i]q − ak,iaj,l]q
)

+ ai,i
([
ai+1,m

δi , ak,i+1aj,l − [ak,l, aj,i+1]q
]
q

+
[
ai+1,l

δi , [ak,m, aj,i+1]q − ak,i+1aj,m
]
q

−
[
ai,m, ak,iaj,l − [ak,l, aj,i]q

]
q
−
[
ai,l, [ak,m, aj,i]q − ak,iaj,m

]
q

)
(4.20)
=====
(4.21)

0,

Hence,

detq
(
δi
(
A i,l,m

j,k,i+1

))
= detq

(
δi
(
A i,l,m

j,k,i+1

))
= 0.

Similarly, we can get that

detq
(
δi
(
A l,i,m

j,k,l+1

))
= detq

(
δi
(
A l,i,m

j,k,l+1

))
= 0;

detq
(
δi
(
A l,m,i

j,k,l+1

))
= detq

(
δi
(
A l,m,i

j,k,l+1

))
= 0;

detq
(
δi
(
A k,l,m

i+1,j,k+1

))
= detq

(
δi
(
A k,l,m

i+1,j,k+1

))
= 0;

detq
(
δi
(
A k,l,m

j,i+1,k+1

))
= detq

(
δi
(
A k,l,m

j,i+1,k+1

))
= 0.

Hence, the maps δi is an algebra homomorphism of A (n). Similarly, δ′i is an algebra homomor-
phism.

In fact, δi (resp. δ
′
i) are automorphisms of A (n). Indeed,

δiδ
′
i (ai,i) = δi (ai+1,i+1) = ai,i, δiδ

′
i (ai+1,i+1) = δi (ai,i) = ai+1,i+1,

δiδ
′
i (aj,i) = δi

(
aj,i

δ′i
)
= −

[
aj,i

δi , ai,i+1

]
q
+ aj,i−1ai,i + ai+1,i+1aj,i+1

= [[ai,i+1, aj,i]q , ai,i+1]q − f
(
A i−1,i,i+1

j,i,i+1

)
+ aj,i = aj,i,
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δiδ
′
i (ai+1,l) = δi

(
ai+1,l

δ′i
)
= −

[
ai+1,l

δi , ai,i+1

]
q
+ ai+1,i+1ai+2,l + ai,iai,l

= [[ai,i+1, ai+1,l]q , ai,i+1]q − g
(
A i,i+1,l

i,i+1,i+2

)
+ ai+1,l = ai+1,l,

δiδ
′
i (aj,l) = δi (aj,l) = aj,l,

where j ̸= i+ 1 and l ̸= i. Hence δiδ
′
i = id and similarly, we have δ′iδi = id.

This proof is finished. ■

Remark 1. The automorphisms δi of A (n) coincide with those given in [4]. Indeed, one can
easily see that

A (n)

ϕ

��

δi // A (n)

ϕ

��
aw(n) ri

// aw(n).

5 The braid relations

In this section, we prove that the automorphisms established in Section 4 satisfy the braid group
relations.

A group Bn is called a braid group if Bn is generated by σ1, . . . , σn with the following relations:

σiσi+1σi = σi+1σiσi+1, i ∈ [[1, n− 1]] , (5.1)

σiσj = σjσi, |i− j| ≥ 2, i, j ∈ [[1, n]] . (5.2)

Accordingly, we have

Theorem 5.1. The algebra automorphisms δi where i ∈ [[0, n− 1]] of A (n), satisfy the braid
relations

δiδi+1δi = δi+1δiδi+1, i ∈ [[0, n− 2]] ;

δiδj = δjδi, |i− j| ≥ 2, i, j ∈ [[0, n− 1]] .

Proof. The proof includes more tedious calculations, but to understand them in a better way,
we write them down in detail.

Firstly, we prove that δiδi+1δi = δi+1δiδi+1, i ∈ [[0, n− 2]].
(a) When i = 0. If k ∈ [[3, n]] and j ∈ [[2, n]], obviously we have δ0δ1δ0 (ak,j) = ak,j =

δ1δ0δ1 (ak,j). If k = 1 or k = 2 or j = 3, then we have

δ0δ1δ0 (a1,1) = a1,1 = δ1δ0δ1 (a1,1) , δ0δ1δ0 (a1,n) = a2,2 = δ1δ0δ1 (a1,n) ,

δ0δ1δ0 (a2,2) = a1,n = δ1δ0δ1 (a2,2) ,

δ0δ1δ0 (a1,j)
(4.1)
====
(4.3)

[a1,2, [a2,n, a1,j ]q]q + a2,2aj+1,n − a1,n [a1,2, a2,j ]q + a1,1a3,ja1,n

− a1,1
(
aj+1,na1,2 +

[
a1,2

δ0 , a2,j
]
q
− a2,2a1,j

δ0
)

(3.b)
==== [a1,2, [a2,n, a1,j ]q]q + a2,2aj+1,n − a1,n [a1,2, a2,j ]q

+ a1,1a3,ja1,n − a1,1 [a3,n, a1,j ]q
(2.7)
==== [[a1,2, a2,n]q , a1,j ]q − a1,1 [a3,n, a1,j ]q + a2,2aj+1,n

− a1,n([a1,2, a2,j ]q − a1,1a3,j)
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(4.3)
==== [[a1,2, a2,n]q − a1,1a3,n, a1,j ]q + a2,2aj+1,n + a1,n

(
a2,j

δ1 − a2,2a1,j
)

(4.3)
==== −

[
a2,n

δ1 , a1,j
]
q
+ a2,2aj+1,n + a2,j

δ1a1,n

(4.1)
====
(4.3)

δ1δ0δ1 (a1,j) ,

δ0δ1δ0 (a2,j)
(4.1)
====
(4.3)

[[a2,n, a1,2]q , a2,j ]q − a1,1 [a3,n, a2,j ]q + a3,ja1,n

− a2,2 [a2,n, a1,j ]q + a1,1a2,2aj+1,n

(2.7)
====
(4.3)

[a2,n, [a1,2, a2,j ]q]q − a1,1
(
a3,ja2,n − a2,j

δ1a1,n +
[
a2,n

δ1 , a1,j
]
q

)
+ a3,ja1,n − a2,2 [a2,n, a1,j ]q + a1,1a2,2aj+1,n

=== [a2,n, [a1,2, a2,j ]q − a1,1a3,j − a2,2a1,j ]q + a1,na3,j

+ a1,1
(
a2,j

δ1a1,n −
[
a2,n

δ1 , a1,j
]
q

)
+ a1,1a2,2aj+1,n

(1.b)
====
(4.3)

−
[
a2,n, a2,j

δ1
]
q
+ a1,na3,j + a1,1

(
a2,j

δ1a1,n −
[
a2,n

δ1 , a1,j
]
q

)
+ a1,1a2,2aj+1,n

(4.1)
====
(4.3)

δ1δ0δ1 (a2,j) .

(b) When i ∈ [[1, n− 2]]. If k ̸= i+1, i+2 and j ̸= i, i+1, obviously we have δiδi+1δi (ak,j) =
ak,j = δi+1δiδi+1 (ak,j). If k = i+ 1 or k = i+ 2 or j = i or j = i+ 1, we have

δiδi+1δi (ai,i) = ai+2,i+2 = δi+1δiδi+1 (ai,i) ,

δiδi+1δi (ai+1,i+1) = ai+1,i+1 = δi+1δiδi+1 (ai+1,i+1) ,

δiδi+1δi (ai+2,i+2) = ai,i = δi+1δiδi+1 (ai+2,i+2) ,

δiδi+1δi (ak,i)
(4.3)
====
(4.4)

−
[
ai+1,i+2, ak,i

δi
]
q
+ ai+1,i+1ai+2,i+2ak,i

δi + ak,i−1ai+2,i+2

− ai+1,i+1

[
ai+1,i+2

δi , a1,i+1

]
q
+ ai,iai+1,i+1a1,i+2

(4.3)
==== [ai+1,i+2, [ai,i+1, ak,i]q]q − ai+1,i+2ak,i−1ai+1,i+1

− ai,i [ai+1,i+2, ak,i+1]q + ai+1,i+1ai+2,i+2ak,i
δi + ak,i−1ai+2,i+2

− ai+1,i+1

[
ai+1,i+2

δi , ak,i+1

]
q
+ ai,iai+1,i+1ak,i+2

(2.7)
==== [[ai+1,i+2, ai,i+1]q − ai+1,i+1ai,i+2, ak,i]q + ak,i−1ai+2,i+2

− ai,i([ai+1,i+2, ak,i+1]q − ai+1,i+1ak,i+2)

(4.4)
==== −

[
ai,i+1

δi+1 , ak,i
]
q
+ ak,i−1ai+2,i+2 + ai,iak,i+1

δi+1

(4.3)
====
(4.4)

δi+1δiδi+1 (ak,i) ,

δiδi+1δi (ak,i+1)
(4.3)
====
(4.4)

[[ai,i+1, ai+1,i+2]q , ak,i+1]q − ai+1,i+1 [ai,i+2, ak,i+1]q

− ai+2,i+2 [ai,i+1, ak,i]q + ak,i−1ai+1,i+1ai+2,i+2 + ai,iak,i+2

(2.17)
===== [ai,i+1, [ai+1,i+2, ak,i+1]q]q − ai+1,i+1

([
ai,i+1

δi+1 , ak,i
]
q

− ai,iak,i+1
δi+1 + ai,i+1ak,i+2

)
− ai+2,i+2([ai,i+1, ak,i]q

+ ak,i−1ai+1,i+1ai+2,i+2) + ai,iak,i+2
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(2.16)
=====
(4.4)

[[
ai,i+1

δi+1 , ai+1,i+2

]
q
− ai,iai+1,i+1 − ai+2,i+2ai,i+2, ak,i+1

δi+1
]
q

− ai+1,i+1

[
ai,i+1

δi+1 , ak,i
]
q
+ ak,i−1ai+1,i+1ai+2,i+2

+ ai,iak,i+1
δi+1ai+1,i+1 + ai,iak,i+2

δi+1

===
[[
ai,i+1

δi+1 , ai+1,i+2

]
q
, ak,i+1

δi+1
]
q
− ai,iai+1,i+1ak,i+1

δi+1

− ai+2,i+2

[
ai,i+2, ak,i+1

δi+1
]
q
− ai+1,i+1

[
ai,i+1

δi+1 , ak,i
]
q

+ ak,i−1ai+1,i+1ai+2,i+2 + ai,iak,i+1
δi+1ai+1,i+1 + ai,iak,i+2

δi+1

(4.3)
==== δi+1

(
−
[
ai+1,i+2

δi , ak,i+1

]
q
+ ak,i

δiai+2,i+2 + ai,iak,i+2

)
(4.3)
====
(4.4)

δi+1δiδi+1 (ak,i+1) ,

δiδi+1δi (ai+1,j)
(4.3)
====
(4.4)

[[
ai+1,i+2

δi , ai,i+1

]
q
, ai+2,j

δi+1
]
q
− ai,i

[
ai,i+2, ai+2,j

δi+1
]
q

− ai+1,i+1[ai+1,i+2
δi , ai+2,j ]q + ai,iai+1,i+1ai+3,j + ai+2,i+2ai,j

===
[[
ai+1,i+2

δi , ai,i+1

]
q
− ai,iai,i+2, ai+2,j

δi+1
]
q

− ai+1,i+1

[
ai+1,i+2

δi , ai+2,j

]
q
+ ai,iai+1,i+1ai+3,j + ai+2,i+2ai,j

(2.16)
===== −

[
ai+1,i+2, ai+2,j

δi+1
]
q
+ ai+1,i+1ai+2,i+2ai+2,j

δi+1

− ai+1,i+1

[
ai+1,i+2

δi , ai+2,j

]
q
+ ai,iai+1,i+1ai+3,j + ai+2,i+2ai,j

(4.4)
==== [ai+1,i+2, [ai,i+1, ai+1,j ]q]q − ai,i [ai+1,i+2, ai+2,j ]q

+ ai+1,i+1

(
ai+2,i+2ai+2,j

δi+1 − ai+1,i+2ai,j −
[
ai+1,i+2

δi , ai+2,j

]
q

)
+ ai,iai+1,i+1ai+3,j + ai+2,i+2ai,j

(2.17)
===== [[ai+1,i+2, ai,i+1]q , ai+1,j ]q − ai,i [ai+1,i+2, ai+2,j ]q

− ai+1,i+1 [ai,i+2, ai+1,j ]q + ai,iai+1,i+1ai+3,j + ai+2,i+2ai,j

(4.3)
====
(4.4)

δi+1δiδi+1 (ai+1,j) ,

δiδi+1δi (ai+2,j)
(4.3)
====
(4.4)

−[ai+1,i+2
δi , ai+2,j ]q + ai,iai+3,j + ai+2,i+2ai+2,j

δi+1

(2.17)
===== [[ai,i+1, ai+1,i+2]q , ai+2,j ]q − ai+1,i+1 [ai,i+2, ai+2,j ]q + ai,iai+3,j

− ai+2,i+2 [ai,i+1, ai+1,j ]q + ai+1,i+1ai+2,i+2ai,j

(2.17)
===== [ai,i+1, [ai+1,i+2, ai+2,j ]q]q − ai+1,i+1

(
ai,i+1ai+3,j − ai,iai+2,j

δi+1

+
[
ai,i+1

δi+1 , ai+1,j

]
q

)
− ai+2,i+2 [ai,i+1, ai+1,j ]q + ai,iai+3,j

+ ai+1,i+1ai+2,i+2ai,j
(4.4)
==== −

[
ai,i+1, ai+2,j

δi+1
]
q
+ ai,iai+1,i+1ai+2,j

δi+1 + ai,iai+3,j

− ai+1,i+1

[
ai,i+1

δi+1 , ai+1,j

]
q
+ ai+1,i+1ai+2,i+2ai,j

(2.16)
=====
(4.4)

[[
ai,i+1

δi+1 , ai+1,i+2

]
q
− ai+2,i+2ai,i+2, ai+2,j

δi+1
]
q
+ ai,iai+3,j

− ai+1,i+1

[
ai,i+1

δi+1 , ai+1,j

]
q
+ ai+1,i+1ai+2,i+2ai,j
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(4.3)
==== δi+1

(
−
[
ai+1,i+2

δi , ai+2,j

]
q
+ ai,iai+3,j + ai+2,i+2ai+2,j

δi+1
)

(4.3)
====
(4.4)

δi+1δiδi+1 (ai+2,j) .

Hence, δi satisfy the relation (5.1). Now, let us prove that δi satisfy the relation (5.2).

(a) If one of i and j is equal to 0, let us say i = 0, then j ≥ 2. If k ̸= 1, j + 1, and l ̸= j, we
have δ0δj (ak,l) = ak,l = δjδ0 (ak,l). If k = 1 or k = j + 1 or l ̸= j, we have

δ0δj (a1,1) = δ0 (a1,1) = a1,n = δj (a1,n) = δjδ0 (a1,1) ,

δ0δj (a1,n) = δ0 (a1,n) = a1,1 = δj (a1,1) = δjδ0 (a1,n) ,

δ0δj (a1,m) = δ0 (a1,m) = a1,m
δ0 = δj

(
a1,m

δ0
)
= δjδ0 (a1,m) ,

δ0δj (aj+1,j+1) = δ0 (aj,j) = aj,j = δj (aj+1,j+1) = δjδ0 (aj+1,j+1) ,

δ0δj (aj+1,l) = δ0
(
aj+1,l

δj
)
= aj+1,l

δj = δj (aj+1,l) = δjδ0 (aj+1,l) ,

δ0δj (aj,j) = δ0 (aj+1,j+1) = aj+1,j+1 = δj (aj,j) = δjδ0 (aj,j) ,

δ0δj (ak,j) = δ0
(
ak,j

δj
)
= δj (ak,j) = δjδ0 (ak,j) .

(b) If 0 < i < j, then if k ̸= i+ 1, j + 1, and l ̸= i, j, we have δiδj (ak,l) = ak,l = δjδi (ak,l). If
k = i+ 1 or k = j + 1 or l = i or l = j, we have

δiδj (ai,i) = δi (ai,i) = ai+1,i+1 = δj (ai+1,i+1) = δjδi (ai,i) ,

δiδj (ai+1,i+1) = δi (ai+1,i+1) = ai,i = δj (ai,i) = δjδi (ai+1,i+1) ,

δiδj (aj,j) = δi (aj+1,j+1) = aj+1,j+1 = δj (aj,j) = δjδi (aj,j) ,

δiδj (aj+1,j+1) = δi (aj,j) = aj,j = δj (aj+1,j+1) = δjδi (aj+1,j+1) ,

δiδj (ak,i) = δi (ak,i) = ak,i
δi = δj

(
ak,i

δi
)
= δjδi (ak,i) ,

δiδj (ak,j) = δi
(
ak,j

δj
)
= ak,j

δj = δj (ak,j) = δjδi (ak,j) ,

δiδj (ai+1,l) = δi (ai+1,l) = ai+1,l
δi = δj

(
ai+1,l

δi
)
= δjδi (ai+1,l) ,

δiδj (aj+1,l) = δi
(
aj+1,l

δj
)
= aj+1,l

δj = δj (aj+1,l) = δjδi (aj+1,l) .

Up to now, δi also satisfy the relation (5.2).

In summary, the proof is finished. ■

6 Conclusion

In the paper, we offer an equivalent perspective on defining the higher-rank Askey–Wilson
algebras A (n) provided by the authors in [4]. We also write down a series of automorphisms in
our settings, which coincide with those in [4]. The detailed proofs are done here that satisfy the
braid group relations in A (n).

In our future work, we will explore the PBW basis of A (n) and investigate the theory of
their representations. It is interesting to find a more intuitive geometric interpretation of A (n).
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