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Abstract. We study quantum g-series invariants of 3-manifolds Z, of Gukov—Pei-Putrov—-
Vafa, using techniques from the theory of normal surface singularities such as splice diagrams.
We show that the (suitably normalized) sum of all Z, depends only on the splice diagram,
and in particular, it agrees for manifolds with the same universal abelian cover. We use these
ideas to find simple formulas for Z, invariants of Seifert manifolds. Applications include
a better understanding of the vanishing of the ¢-series Z,. Additionally, we study moduli
spaces of flat SLy(C) connections on Seifert manifolds and their relation to spectra of surface
singularities, extending a result of Boden and Curtis for Brieskorn spheres to Seifert rational
homology spheres with 3 singular fibers and to Seifert homology spheres with any number
of fibers.
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1 Introduction

Low-dimensional topology and singularity theory have been always closely related, with singu-
larities of curves and surfaces providing interesting examples of knots and 3-manifolds in the first
place. More recently, the techniques from singularity theory have been very fruitful in the study
of invariants coming from gauge theory, such as Seiberg—Witten invariants and Heegaard—Floer
homology of Ozsvath and Szabd, in the work of Némethi and Nicolaescu [48]. In this paper,
we apply those techniques to quantum invariants of 3-manifolds.

More specifically, we study g¢-series invariants Z, (Y'; q) of a 3-manifold Y, the so-called GPPV
invariants, associated with quantum groups U,(g) at generic |¢| < 1 and labeled by a spin®
structure o € spin®(Y) on Y. They are expected to have a categorification [34].

Mostly interested in topological and geometric aspects, throughout the paper, we consider
the simplest non-trivial choice of g = sly, which corresponds to the “gauge group” G = SU(2),
though much of the discussion can be generalized to higher rank root systems.! Also, unless
stated otherwise, throughout the paper, we work in the category of connected irreducible oriented
negative definite plumbed 3-manifolds [50] with b; = 0, for which one can use the definition
of Zy(Y;q) as in [33]. (A reader interested in various generalizations and extensions is welcome
to consult [2, 7, 29, 57, 58, 59, 61].)

'We note that by “gauge group” one can mean at least two different things. One is the gauge group in complex
Chern—Simons theory, for which Zy (Y'; q) provides a non-perturbative definition that behaves well under cutting
and gluing. In contrast, the other one is a gauge group in 3d-3d correspondence and string theory fivebrane setup.
The former group is a complexification of the latter, and it is the latter that we use to label Z,(Y’; ¢) in this paper.
So, even when we talk about G = SU(2), the gauge group in complex Chern—Simons theory and its relations to
quantum groups is, in fact, SL2(C).
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Our main goal is to approach the invariants EU(Y; q) by using various methods of the singu-
larity theory of normal complex surfaces, most notably the universal abelian covers and splice
diagrams. Among other things, this new perspective leads to simpler expressions for Z,(Y’; q)
for certain families of 3-manifolds (see Theorem 4.2) and sheds new light on what topological
information they capture. Specifically, Z,(Y’;q) have close cousins Z,(Y;q) (without a hat!)
that are not expected to admit a categorification, but are nevertheless more natural from the
viewpoint of complex Chern—Simons theory [30]. While both sets of invariants can be defined
independently, they are linearly related and, therefore, can be expected to contain roughly the
same topological information about Y. By taking a closer look at the structure of the lin-
ear relation between Z, (Y;q) and Z,(Y; q) through the looking glass of the singularity theory,
we observe that Zy(Y; q) is, surprisingly, a much simpler invariant of Y in the precise sense that
we explain below.

We hope that a fresh new look through the lens of the singularity theory in the future will lead
to a better understanding of the structure of the invariants Z,(Y; q), just as it led to simplified
formulae for Seifert manifolds in this work. The fact that singularity theory involves complex
surfaces brings us one step closer to one of the main motivations in studying these invariants,
namely developing new homological 3-manifold invariants that could help us explore the world
of smooth 4-manifolds.

1.1 Main results

Let Y be a closed, oriented, irreducible 3-manifold which is plumbed, see Section 2 for definitions.
Moreover, assume that the plumbing matrix can be chosen to be negative definite. We call such
a 3-manifold a negative definite plumbed manifold as is traditional.> Note that these conditions
are equivalent to Y being a link of an isolated normal surface singularity X. Moreover, let us
assume that Y is a rational homology sphere, i.e., b1(Y) = 0, so it has finite H := H;(Y,Z).
Under these assumptions, Z, (¢) invariants were defined in [33].

The splice diagram is a combinatorial notion developed by Neumann, Eisenbud and Wahl
[19, 54] for the study of singularities and 3-manifolds described above. Constructed from the
plumbing graph, it contains certain essential part of it and proves very useful for studying
of Z,(q) invariants. The following theorem states that the series Zo(q) = > ,cspinc(v) Zs(q)
essentially depends on the splice diagram (see Section 3.1 for definitions). This applies in
particular to homology spheres, where it provides a useful computational tool for obtaining the
unique Z,(q) = Zo(q). Denote by A(Y) the Casson-Walker invariant [69).

Theorem 1.1. Let Y be a 3-manifold satisfying the assumptions above. The q-series
g ) 2y () (1.1)
depends only on the splice diagram of Y.
Topologically, splice diagrams determine universal abelian covers and vice versa [54, 60].
Universal abelian cover of a manifold Y is the maximal cover of Y with abelian deck group and
by our assumptions, this cover is finite. We obtain the following corollary of the theorem.

Corollary 1.2. If Y] and Ys have the same universal abelian cover, then

g ) 7z, (Y1, q|H1(Y1)\) = ¢ M)z, (Ya, q\Hl(Yz)l)_

2The reader should keep in mind that negative definiteness is a property of the plumbing graph rather than
of Y.
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For example, Seifert manifolds Y7 = M (1;(7,1),(7,1),(7,4)), Yo = M(1;(7,1),(7,2),(7,3))
satisfy Y** = Y and H = (Z/7Z)?. Then )\(Yl) =0, \(Ys) = —21/2 (see (3.4)) and

Zo(Yl,q49) _ (1217/2(1 — 330 433 — M 4 5 4 ) — %7 (Y2’q49)‘

Seifert manifolds (Seifert fiber spaces) mentioned above are circle fibrations over 2-dimen-
sional orbifolds. They admit “star-shaped” plumbing graphs and form basic building blocks of
plumbed manifolds in Jaco—Shalen—Johannson decomposition. In this special case, we can go
further with simplifications of Zy(Y') and we will give an explicit and rather simple formula, the
“reduction” Theorem 4.2, using the data of Seifert fibration (rather than that of the plumbing
graph). Using the group action of H on Y, we will extract the separate Z,(q) for each o
in spin“(Y').

The next theorem gives explicit formulas for Zg(q) invariants of Seifert manifolds, see Sec-
tion 4 for definitions and conyentions. We introduce the “Laplace transform” L,4, defined
on monomials as L(t") = ¢iz and extended linearly to any formal power series in ¢. For
a rational function f(¢), we denote s.e. f(t) the “symmetric expansion”, which is the average of
the expansions of the given rational function as t — 0 (as a Laurent power series in t) and as
t — o0 (as a Laurent power series in t_l). Finally, we pick a reference “anticanonical” spin®
structure o° to express all Z,(q) using the natural action of H = Hy(Y,Z) = {(go,...,gx) on
spin(Y) (see Sections 2.1 and 4 for notations and definitions).

Theorem 1.3 (reduction theorem). Let Y = M(b;(a1,b1), (az,b2),..., (ax,br)) be a Seifert
manifold over S? (k > 3) with

k
e = —b—i—Zbi/ai < 0.
=1

We set A =ajag---a and A; = A/a; fori=1,..., k. Then

Zo(¢™) = ¢*La(see. fo(t)). (1.2)

B (tAl _ t—Al) (tAQ _ t—Ag) .. (tAk _ t—Ak)
(tA . t_A)k:—Q

9

and A = A(Y') is an explicit rational number given in (4.8). Moreover, for h € H we have

Znoac(q) = qA/|H‘£A|H\(S-e' fhoac(t)),

where

S g (0 = teDA-T a0 2 (e 2 1)

These formulae have both computational and conceptual significance. While in the original
formulation of Z,(q) we need to work with the plumbing data, which can be very large due
to the presence of continued fractions, here we get Z;(q) simply from the data of the Seifert
fibration. It also sheds light on the role of the action of H, leading to a better understanding of
the vanishing of the g-series for certain o in Corollary 4.3. Note that the independence of fy(t)
on b; in (1.2) is an instance of Theorem 3.5.
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1.2 Spectra in algebra and geometry

Finally, in Section 5, we tie together several aspects of the story, mainly focusing on Seifert
manifolds. These involve geometric structures, such as flat connections on Y and the invariants
of the corresponding Brieskorn-type complete intersection singularity, as well as vertex algebras.

The Z,(Y) invariants are defined and studied using plumbing graphs. In singularity theory,
negative definite plumbing graphs correspond to resolutions of the singularity which are smooth
complex surfaces. Many deep results in singularity theory concern other smooth surfaces related
to the singularity, namely those which are results of a smoothing. The theory of Milnor fibra-
tions was originally developed for singularities of a single holomorphic function (hypersurface
singularities) [43] and later extended to complete intersections [40].

Spectrum of hypersurface singularity [67] was defined by Arnold, Steenbrink and Varchenko
and generalized later by Steenbrink and Ebeling to complete intersections [18]. The spectrum
is a collection of real numbers that refine the eigenvalues of the monodromy, using a natural
mixed Hodge structure on the cohomology of Milnor fiber. Its most important property is the
upper-semicontinuity under deformations.

Recall that for pairwise coprime integers p, g, r, the Brieskorn homology sphere Y = X(p, ¢, r)
is the link of the Brieskorn singularity X : 2P +y2 4 2" = 0. A relation between the Milnor fiber
of X and the topology of the link was given by Fintushel and Stern [24].

Theorem 1.4 ([24, Theorem 2.10]). Let A\(Y') be the SU(2) Casson invariant of Y and o(X)

the signature of the Milnor fiber of X. Then A\(Y) = #.

This relation, the celebrated ‘Casson invariant conjecture’ [53] has been extended in several
directions, e.g., to the singularities of splice-type [49]. In a similar spirit, Curtis [16] defined
the SL2(C) Casson invariant )\gLQ © (Y') and with Boden proved a relation between )\SCL2 © (Y)
and the Milnor number p(X), the rank of the cohomology of the Milnor fiber [4].

Theorem 1.5 ([4, Theorem 2.4.]). With the notation above, /\gLQ(C) (V) = @.

We extend this relation in two directions — to Seifert rational homology spheres with 3 singular
fibers, and to Seifert homology spheres with any number of singular fibers.

For a Seifert rational homology sphere Y = M (b; (a1,b1), ..., (as,bs)), we need to consider
the spectrum of the universal abelian cover singularity X?P, given by the equation X2P: ]t +
z5? + 3® = 0, where a1, as, ag are not necessarily coprime. Instead of the Milnor number,
we consider the number of orbits of a natural non-free (Zs)?-action of the spectrum spec (X ab)
of X (see (5.2) and (5.3)). The action replaces the factor of 1/4 in Theorem 1.5.

On the topology side, we need the number )\rslil; ©) (Y') of characters of non-abelian flat con-
nections, including the reducible ones (not present for Seifert homology spheres). This number
was computed by Cui, Qiu and Wang [15].

Proposition 1.6 (Proposition 5.2). Let Y = M (b;(a1,b1),...,(as,b3)) be a Seifert rational
homology sphere. With the notation above, we have

spec (Xab)

nab
At (Y) = (Z2)?

For Seifert homology spheres, we use an alternative definition of Casson invariant )‘ng ©
by Abouzaid and Manolescu [1], which takes into account higher-dimensional components of
the moduli space of SLy(C) flat connections on Y. Brieskorn singularity is replaced by the
Brieskorn-Hamm complete intersection (see (5.7)).
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Theorem 1.7 (Theorem 5.3). Let Y be a Seifert homology sphere and X the corresponding
Brieskorn-Hamm complete intersection singularity with Milnor number u(X). Then

Miao)(Y) = M(4X) (1.3)

The proof is merely a combination of formulas by Hamm [36] for Milnor number and Boden
and Yokogawa [5] for the flat connections, but we could not find it in the literature.*

If one asks what is the topological analogue of the spectrum or the eigenvalues of the mon-
odromy, the closest seem to be the “rotation numbers” of the components of the moduli space
of connections. In the course of the proof of Theorem 5.3, it is quite amusing to notice that not
only these numbers match, but also the multiplicities of the spectral numbers match the Euler
characteristic of the higher-dimensional components of the moduli space of connections. This
suggests a deeper structure behind the numerical relation (1.3).

The above relation between the monodromy of a singular surface with the moduli spaces of
representations suggests the existence of new nonabelian noncommutative Hodge structure —
a combination of Higgs bundles and Landau—Ginzburg theory, and related to it a new, derived
spectrum. We sketch some examples and pose some questions about these structures. This more
Hodge theoretic, rather than topological construction opens new ways of studying degenerations
of nonabelian Hodge structures and a potential Landau—Ginzburg theory interpretation of Z, (q).

On the algebra side, namely in vertex algebra (VOA), there is a different notion of the
spectrum. It also refers to a collection of rational numbers, {A;}, that determine leading g-
powers in the g-expansion of VOA characters. These numbers are called conformal weights or
conformal dimensions since they are defined as eigenvalues of the conformal vector Lg, which is
part of the mathematical definition of vertex algebra.

Since one of the predictions of the so-called 3d-3d correspondence is that a closed 3-manifold Y
corresponds to a VOA [8, 9, 68] for which Z, is a character, it is natural to ask how the spectrum
of conformal weights A, relates to other spectra mentioned above, defined more geometrically.
Contrary to what one might naively expect, we find that the spectrum of conformal weights A,
is rather different from the spectrum of the corresponding hypersurface singularity: while the
former determines the leading ¢-power in the g-expansion, the latter encodes the structure of
the g-series coefficients at large g-powers. In turn, the latter determines the behavior of the
g-series near ¢ = " ~ 1 or, equivalently, the expansion in % near /i = 0.

To summarize, expansion in ¢, as in Z,(q), has direct contact with counting problems (curve
counting, BPS states, etc.), with vertex algebras, and with the spectrum of conformal dimen-
sions. These connections become less natural near ¢ = e ~ 1, where connections to complex
Chern—Simons theory and the spectrum of hypersurface singularities become manifest. The two
expansion limits are related by resurgent analysis, a powerful technique that, roughly speaking,
allows to transfer (enlarge) the domain of a given function (or a power series, possibly, with zero
radius of convergence).

This interplay between expansions near ¢ = 0 and ¢ = ¢” ~ 1 plays an important role in
curve counting [17, 28, 37, 42] and — since Z,(q) admit an interpretation via curve counting too
[20, 21, 33, 34] — in the study of Z, (q)-invariants [3, 11, 13, 30, 70]. In particular, near ¢ = " ~ 1
more natural objects are Z,(q), without a ‘hat’, and trans-series Z,(q) of the complex Chern-
Simons theory. This is consistent with what we find here: Zy and, more generally, Z, appear to
be more natural from the perspective of the singularity theory. And, perhaps not surprisingly
(given the above explanations), the spectrum of the hypersurface singularity associated with Y

3Boden and Curtis [4, p. 10] related the Euler characteristic of the union of the top-dimensional components
of the moduli space with the Milnor number of a related hypersurface singularity.
4Recently, Mufioz derived the same result using gauge theory [44, Corollary B.
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Figure 1. Moves on plumbing trees that preserve the 3-manifold.

is closely related to the set of values of the classical Chern—Simons functional on Y, i.e., to the
singularities on the Borel plane.

2 Plumbed manifolds

In this section, we study Z,(q) invariants and their modifications. We use the definition
given by the integral formula [29, 33] and interpret its parts, building analogies with invari-
ants that appear in the study of normal surface singularities, such as the topological Poincaré
series.

Recall the theory of plumbed 3-manifolds. Let I' be a finite tree (a graph with no cycles). We
call leaf a vertex of degree one and node a vertex of degree 3 and more. Additionally, we assign
an integer label (framing) m, to each vertex v. Associated with this data, there is a plumbed
manifold Y: For each vertex v, we take a circle bundle over 2-sphere with Euler number m,,
and then we glue along tori corresponding with the edges. One can think of Y as the boundary
of a 4-manifold X constructed by gluing disc bundles in a similar fashion. It is convenient to
describe I' by the plumbing matriz M

m, if v =w,
Myw =141 if (v,w) € Edges(T),

0 otherwise.

Two different plumbing graphs represent the same 3-manifold Y if and only if they are related
to each other by Kirby—Neumann moves [50]; see Figure 1.

The main source of plumbed manifolds are the isolated normal singularities of complex sur-
faces. To any such singularity germ (X, 0), we can assign a 3-manifold (“the link of the singu-
larity”) by embedding a neighborhood of the singular point into (C",0) and intersecting with
a sufficiently small real sphere around zero (see, e.g., [47] for details of the construction). Such
plumbing graphs are always negative definite in the sense that the plumbing matrix is. Con-
versely, every negative definite plumbing graph is a resolution graph of some singularity and the
corresponding 3-manifold is its link.

Example 2.1. The singularity E12: 22 + 43 + 27 = 0 has a resolution with the intersection
matrix

-7 0 0 1
0 -3 0 1
0o 0 -2 1

1 1 1 -1

This matrix is correspondingly a negative definite plumbing matrix of the link of Fy2, Brieskorn
sphere 3(2,3,7).
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2.1 Lattices and spin® structures

Before we get into the Z,(q) invariants, we need some preparation on lattices associated with
plumbed manifold Y and spin® structures on Y. We will use o, ¢’ to denote spin® structures
and g, h, ... for elements of H = H1(Y,Z). Denote H= Hom(H,C*) the Pontryagin dual of H.
For a rational homology sphere Y, H is finite and acts freely and transitively on the set of spin®
structures spin®(Y), so |spin®(Y)| = |H|. We denote the action of h on o by ho.

Assume now that X is a plumbed 4-manifold with boundary ¥ and plumbing matrix M of
size s x s. We consider the lattice L = H»s (X ,Z) equipped with the intersection form. This
form induces an embedding of L to L' = H? (X ,Z) and extends naturally to L'. We identify the
lattice L' with (Z*, (I, M~1")) and L with MZ* C L'.> The group H is then naturally identified
with L'/L = Z°/MZ?* using the short exact sequence

0— H*(X,Y,Z) - H*(X,Z) - H*(Y,Z) > 0

and Poincaré—Alexander duality in the first and third term. As M is negative definite, the order
of H is |H| = det(—M).

Let 1 and & be the vectors of the framings and the degrees of the vertices, respectively.
The spin® structures on Y are naturally identified with the characteristic vectors, which are the
clements of the set Char(Y) = (2Z° + 1m)/2MZ*. As in [29], we use the identity 6 + m = M,
where @ = (1,1,...,1), to further identify Char(Y) with a slightly different set Char’(Y")

Char'(Y) = (2Z° + §) /2M Z?, (2.1)

via the map induced by [ 1 — Mi.

The set of spin® structures has natural involution ¢ — & which on characteristic vectors
(either Char or Char’) acts simply by & — —&. Fixed points of this involution, i.e., the inter-
section (2Z° + ) N MZ?*, are naturally identified with spin structures.

In the context of links of singularities, a special choice of spin® structure plays an impor-
tant role [48]. This “canonical” spin® structure o“®" has characteristic vectors m + 2@ € Char
and 2 — ¢ in Char’. A more suitable choice for our purposes is the “anticanonical” spin® struc-
ture 02 := g0 with characteristic vector § — 2ii in Char’.

The choice of spin® structure ¢ gives us a H-equivariant map H — spin®(Y’) given by
h — ho®. In terms of a vector representative h of h in H = 75 /MZ* and § — 2ii € Char'(Y),
the action reads h — 6 — 2@+ 2h. Note that this map preserves the involutions if and only if 2¢
is a spin structure. This is not the case in general.

2.2 The g-series invariants

Following [29], we fix a plumbing tree I" with s vertices, denote vectors in [ezs by letters with
arrows and write [,, for respective component of a vertex v.

Let Y be a rational homology sphere given by a negative definite plumbing® with a fixed
plumbing graph I' on s vertices and plumbing matrix M € GL(Z, s). Denote by § the vector
in Z* of degrees of vertices of T

®The basis Ef, i = 1,...,s (resp. E;) of L' (resp. L) used in [47] corresponds to the vectors —e; (resp. Me;)
where e; is the standard basis of Z™.

5In [29], a definition was given for a more general class of plumbing graphs called weakly negative plumbings.
However, it can be shown that every weakly negative graph can be transformed to a negative definite graph by
a sequence of Kirby—Neumann moves, by a modification of the argument used for the characterization of negative
definite plumbings by Eisenbud and Neumann [19]. Therefore, we use definite graphs only.



8 S. Gukov, L. Katzarkov and J. Svoboda

The g-series Z, (q) are defined as’

~ —35—Tr(M) dz, 1\ 27 des(v) M
Zs(q) =q 1 - V.p. H Sz, (zq, — Zu) -0, (q, 2), (2.2)
|20 |=1 vEVert
where
_ o _ oM~
@UM(qv Z) = Z q 4 H Zi“.
feQMZ.s+E veVert

Here, v.p. denotes taking the principal value of the integral, given by the average of the
integrals over the circles |z,| =1+ € and |z,| = 1 — ¢, for € > 0 small. The negativity condition
is needed for the convergence of this g-series. The label ¢ stands for a choice of spin® structure
on Y, identified with a vector in Char'(Y) = (2Z° + S')/QMZS; see (2.1).

We can reformulate the integral formula using symmetric expansions. Recall that for a ra-
tional function r(t) € C(t), the symmetric expansion of r(t), denoted s.e.r(t), is the average of
Laurent expansions around 0 and oo

s.e.r(t) := %(expn r(t) + expn r(t)).

t—0 t—o0

Using this notion, we can turn (2.2) into the following formula:

—3s—Tr(M)

Zo(g) =27 1 L_m(F,(2)),

where Fy(2) = Fy(z1,...,25) € Z[[zfﬁl, ol zgﬂ]] are formal power series
1 2—0,
F,(2) =7y ( H 2s.e. <zv — Zu) ) , (2.3)
vEVert

where 7, is the projection on the class of o

-

Wg(gf) _ {Ef if [[] = o,

0  otherwise.

L_pr denotes the following transformation (“Laplace transform”) L_p: 2 —q— 4, ex-
tended linearly to formal power series in Z+!.
We can eliminate the projections using the spin® structure ¢

N Fue(Dh= [[ 2272 [ 28 (9022 — 1), (2.4)

heH vEVert vEVert

where g, are the generators of H given by classes [e,] of canonical basis vectors of Z°/MZ?.
Both sides of this equation should be understood as elements of the group ring Z[Z*!|[H] of H,
with coefficients in formal power series in z' and the symmetric expansion is naturally extended

to C(t)[H].

"Let us note that by the Weyl Zs symmetry of the integrand, we have Zs = Z5 and they are often identified.
We do not do it here, i.e., use the so-called “unfolded” version [8].
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3 Zy and splice diagrams

In this section, we will concentrate on the series Zy(q) defined as the sum of Z,(q) over all
o € spin“(Y), Zo(q) = >, espinc(v) Zo(q). Clearly, one has

—3s—Tr(M)

Zo(q) =2"%¢ *  L_mu(F(2)),

where F'(Z) is given by the expansion (2.3) without the projection .

We will prove that Zo(q) can be reconstructed® from less data than the full plumbing graph
(see Theorem 3.5). The relevant notion is the splice diagram [19, 50, 64], which was originally
developed for the study of singularities but proves to be very useful in our context as well. For
homology spheres, the plumbing graph can be reconstructed from the splice diagram, but the
splice diagram can be used for faster computations of the unique Zg(q) = Zp(q) in this case.

3.1 Splice diagrams

We will recall the notions of maximal splice diagram and splice diagram. The maximal splice
diagram [54] is a useful way to repackage the data of the plumbing graph I". Tt is directly related
to the inverse matriz of the plumbing matrix, which occurs in the formula for Z,(q). Even more
importantly, it gives a good grasp of which entries of this matrix are important and which can be
suppressed in some situations. This leads to the notion of the splice diagram. Splice diagrams
are useful for constructing algebraic equations of singularities from topology; see Section 3.4.

Definition 3.1. The maximal splice diagram of Y is a graph on the same set of vertices as I
with a weight w,. for each pair (v,e) of an edge e with its endpoint vertex v. The weight wy.
is given by the determinant of —M"¢ where M"¢ is the plumbing matrix of the connected
component of I'\e not containing v.

The splice diagram is formed from the maximal splice diagram by deleting the vertices of
degree two and their weights, merging the neighboring edges, and finally removing the weights
at leaves. In other words, we keep only the information of the weights around nodes.

Example 3.2 ([54]). Let Y be a manifold given by the plumbing graph in Figure 2. It is
a homology sphere. Its maximal splice diagram and splice diagram are shown at Figure 3.

-2 -3 -2

-3 -2
Figure 2. Plumbing graph of a homology sphere Y.
o 92— "5—e
11\2 5/ 9 .\2 5/.
~o—T7—1—0—1—11-6 3>F7—114<2

3 2
o/5/ \28\0 o/ \o

Figure 3. Maximal splice diagram and splice diagram of Y.

8Up to an overall power.
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The plumbing graph and the maximal splice diagram are essentially equivalent as follows
from the next theorem [19]. For v, w vertices of the maximal splice diagram, we define N,,, as
the product of all weights adjacent to the shortest path between v and w, not lying on the path.
For a matrix A, denote adj(A) the adjugate matrix of 4, i.e., adj(A) = det(A)A~L.

Theorem 3.3 ([54, Theorem 12.2]). Let M be a plumbing matriz of a negative definite man-
ifold Y and let N be as above. Then we have N = adj(—M). Therefore, the mazimal splice
diagram of Y determines the plumbing graph I' of Y.

This theorem allows us to understand what information is contained in the splice diagram. It
contains exactly the data of adj(—M )., for pairs (v, w) of type (leaf, node), (node, leaf), (node,
node), and finally (leaf, leaf) for two distinct leaves.

The theorem is illustrated on Theorem 3.2 in Figure 4.

Figure 4. The entry adj(—M ), = 2-2 -5 is given by the product of adjacent weights to the path

connecting two vertices.

3.2 Universal abelian covers

Recall our assumption that Y is a rational homology sphere, so H = H;(Y,Z) is finite with
corresponding finite universal abelian cover Y. Universal abelian covers are related to splice
diagrams by the following theorem, explaining their topological significance.

Theorem 3.4 ([54, 60]). Two manifolds’ Y1 and Ya have homeomorphic universal abelian covers
if and only if they have the same splice diagram.

It is often useful to consider Y as the quotient of Y2P by H as quantities attached to Y2P are
often simpler, and then they can be subsequently equivariantly refined using the action of H.
In singularity theory, Y2 is sometimes a link of a simpler singularity, e.g., it is of Brieskorn
diagonal type for quasi-homogeneous singularities. One can think of Zy(q) as being attached
to Y2P and Z,(q) being the H-equivariant refinement. This is formalized in Theorem 3.5 and
Corollary 3.7.

Note that for Y plumbed, the universal abelian cover Y2P is plumbed as well. It does not
have to be, however, a rational homology sphere, when Y is, or some intermediate covering
may lack this property. Unlike for the universal cover, taking the universal abelian cover is not
an idempotent operation, i.e., as it may have nontrivial H again and the construction can be
repeated. For example, one has a tower of links of singularities

2:1 4:1 3:1 2:1
SS A1 D4 Eﬁ > E7.

It is an interesting question how the Z, (¢) invariants behave with respect to taking covers. The
only clue we have is the relation for lens spaces and their universal abelian cover, the 3-sphere S3,
see Section 4.2.

9Satisfying our usual assumptions, see Section 1.1.
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3.3 Z, and splice diagrams

We will now prove that the series Zy(q) can be reconstructed from the splice diagram, up to
a prefactor, which is proportional to the Casson-Walker invariant A(Y') [69]. Let H = H1(Y,Z)
and A(Y') be the Casson—Walker invariant.

Theorem 3.5. Let Y be a negative definite plumbed manifold which is a rational homology
sphere. Then the g-series ¢ 5*(Y) Z, (q|H|) only depends on the splice diagram of Y .

Proof. We will express the elements of the inverse matrix M ! using Theorem 3.3. Then we
will find that those entries which are not expressible using splice diagram contribute only by an
overall power of ¢q. Here the integrand of Zy(q) plays an important role. Finally, we will relate
this overall power to A(Y).

The series Z (q'H |) can be written, up to prefactor ¢, as a sum of terms

g~ At (=MM /4 (Eadi(~M)D)/4 H oo 2 (=M /4 (3.1)

v,wEVert
for [ € 27° + 5. Now if we look at the expansion of
(20 — zv_l)Q—deg(v) (3.2)

we see that a vector [ contributes to Zy (q'H ‘) only if it has zero components for vertices of degree
two. The only entries of adj(—M) which enter the formula are therefore adj(—M),, with v, w
leaves or nodes. By Theorem 3.3, all these entries are encoded in the splice diagram, except
from adj(—M )y for a leaf v. In the product (3.1), they contribute by

H qadj(_M)UUl%/4 — queLeaves adj(_M)””/4 (33)

vELeaves

because for leaves, we have 2 = (+1)% = 1, from the term (zv —zy 1). We see that these entries
contribute to each monomial by the same overall power of q. Up to this power, Zj (q'H |) depends
only on the splice diagram.

We are left to investigate the g-power

0= [H|(—3s — Te(M))/4+ Y adj(—M)y,/4.

vELeaves

A well-known formula for Casson—Walker invariant of negative definite plumbings A(Y") reads [48,
p. 296]

24

—@)\(Y) =Tr(M)+3s+ Y (2-6,)M,,)}, (3.4)

ve Vert
which can be rewritten using |H| = det(—M) as

6A(Y) = |H|(=35 = Te(M))/4+ > (2= &) adj(=M)u/4, (3.5)

vEVert

U= 6)‘(Y) - Z (2 - 51}) adj<_M)vv/4'
vENodes

We see that the overall prefactor [ equals 6A(Y") plus terms that depend again only on the
splice diagram. |
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Figure 5. Two plumbed manifolds with the same splice diagram.

Remark 3.6. The exponent 6A(Y)/|H| in Zyp(q) is the first coefficient A; of the Ohtsuki se-
ries [45, 55]. This is in agreement with the expectation that Zy(q) is the resummation of the
Ohtsuki series [30].

The theorem formalizes the idea of the “unimportance” of the vertices of degree two in the
plumbing graph I'. It provides a computational tool for homology spheres where the unique Z (q)
and Zy(q) coincide, as the splice diagram is generally much smaller than the plumbing graph.

Using the relation of splice diagrams with universal abelian covers in Theorem 3.4, we obtain
the following corollary, relating the series Zy(q) of two non-homeomorphic 3-manifolds.

Corollary 3.7. If Y1 and Ya have the same universal abelian cover, then
qfﬁ)\(Yl)ZO (H7q|H1(Yl)‘) — qu/\(Yz)ZO (Y27 q\Hl(Yz)l)_

Example 3.8. Let us take the manifold from Theorem 3.2 and call it Y7. Another manifold Y5
with the same splice diagram and H; = Z/177Z is given in Figure 5.
We have

1
ZO(Yl’Q):§q7/2(—1+q—2q2+q3+q5+3q9+q10—q14—q16—q17+'--),

1
Zo(Yg,q”) = 54 53/2(_1+q_2q2+q3+q5+3q9+q10_q14_q16_q17_’_.”)'

We see that they coincide up to an overall power. The Casson-Walker invariants are A(Y;) = —4
and A\(Y2) = —9, respectively.

Note that the series Z (Yg,q”) decomposes into 17 g¢-series Z, (Yg,q”). Since the Zj se-
ries for Y7 and Y3 coincide up to the overall factor and scaling, we also have a decomposition
of Zy(Y1,q). This decomposition would be far from obvious without the knowledge of Y> or,
equivalently, the Z/177Z action on Y].

Remark 3.9. For rational homology spheres that are not Seifert-fibered, there is always a finite
number of manifolds with a given splice diagram. Their number, however, grows rapidly [52,
Proposition 4.3]. When Y is an integral homology sphere, then the splice diagram determines
the maximal splice diagram and hence the plumbing graph [19].

3.4 Splice and splice-quotient singularities

In singularity theory, splice diagrams are used to define splice-quotient singularities [54]. This
important class includes, e.g., weighted homogeneous, and rational singularities. Starting with
a plumbed rational homology sphere Y and its splice diagram, one first constructs the equations
for the splice-type singularity'® X@P. These are equations in variables corresponding to the
leaves of the splice diagram. They define an isolated complete intersection surface singularity.
The splice-quotient X is the quotient of X?" by a natural action of H{(Y). Note that the
construction relies on certain technical conditions on the plumbing graph.

10N\ ore precisely, an equisingular family of singularities.
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The importance of these singularities stems from their topological nature. They provide
a good testing ground for comparing topological and analytical invariants. On the other hand,
one should keep in mind that they are very special in some sense, even among the singularities
with given link Y. A nice illustration of the above philosophy is provided by a theorem of
Némethi.

Theorem 3.10 ([47, 8.5.19-8.5.26]). A normal isolated surface singularity whose link is a ra-
tional homology sphere is a splice-quotient if and only if the analytical Poincaré series coincides
with the topological Poincaré series.

As we explained in Section 2, Z, (¢) can be thought of as H-equivariant decomposition of Zj.
Hence we expect that they should be related to the splice-quotient X, whose link is the man-
ifold Y. The series Zp(q) should be related to the splice singularity, the universal abelian
cover X?2b.

Question 3.11. Is there a complex analytic version of Z,(q) invariants such that it coincides
with the usual Z,(q) in the case of quasi-homogeneous singularities, or more generally, splice-
quotients?

While we cannot provide the answer at the moment, we observe in Theorems 3.5 and 4.2,
that the structural properties of Z,(q) are strikingly similar to the properties of invariants, such
as the topological Poincaré series or Seiberg—Witten invariants, which have analytic analogs [47].

4 Seifert manifolds

We will now specialize our discussion to Seifert manifolds. For those, the plumbing graph can
be chosen to be star-shaped, i.e., with at most one node. We assume that Seifert manifolds
are fibered over S?, are rational homology spheres and can be presented by a negative definite
plumbing.

Let us fix some notation. We mostly follow [47] but use b; instead of w;. In [29], the sign
of b and the roles of a; and b; are flipped. Seifert (reduced) data consist of an integer b and
tuples (a1,b1), (a2, b2),..., (ag,by) of integers such that 0 < b; < a; and ged(a;,b;) = 1 for
i =1,2,... k. Associated with it is a Seifert manifold Y = M (b; (a1,b1), (az,b2), ..., (ak,bx))
fibered over the sphere with k singular fibers. We always assume that k& > 3. Seifert manifolds
with k& < 3 are lens spaces, and we can easily enlarge k& by adding tuples (1,0). The manifold Y’
can be described by a star-shaped plumbing graph with the central node having the framing —b
and with k legs, see Figure 6. The framing of vertices on j-th leg is given (starting at the node) by
Hirzerbruch-Jung EHJ ) continued fraction of a;/b;, namely the sequence —clj ,—02] e —cgfj)
with cg]) > 1 and cij) > 2 fori=2,...,n;, such that

@ L ) , 1
#: [cgj),cgj),...,cgfj)] ::cgj)— N .
j 9
2 1
9
We label the leaves of the plumbing graph as vi,ve,...,v; and the node as vy. We denote
u A A
A= ; A= — A= )
1:[ Qi i @ ) ij aia;
=1
The fundamental group 71(Y) has a presentation given by elements g1, go,...,gr and go

satisfying [gi, go] = 1, g;" = go, for i =1,2,... k, Hle gf.” = g§. The group H = Hy(Y,Z) is its
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(1) (1) (1)

—c; ' —cy —Cpy
—b
el el )

Figure 6. Plumbing graph of a Seifert manifold.

abelianization, and we denote the generators by the same letters. Note that g; can be identified
with the classes [e;] € H = Z°/MZ?® of the canonical basis vectors for the corresponding leaf v;
and go = [eo] is the class of the node.

Lete=—-b+), (% be the Euler number of the Seifert fibration. Seifert manifold Y over S?

can be represented by a negative definite plumbing if and only if e < 0. Assuming this, Y is
a rational homology sphere and the order of the group H = H;(Y,Z) can be computed as

|H| = Ale| = ’Ab +) A

Remark 4.1. As we saw in Section 3, some invariants of Y can be read from the splice diagram
of Y while others need the full plumbing data. Our primary example are Zy(q) and Z\U(q),
respectively. In the Seifert case, the splice diagram contains exactly the integers a;; see Figure 7,
so this distinction is about (in)dependence on b and b;.!!

One has different examples of this phenomenon: While for fixed a1, as, ..., a, the order of H
can be arbitrarily large, the group H/(go) is independent of b;, with order A/lcm(ay,as,...,ax).
Geometrically, go is the generator corresponding to the fiber of the Seifert fibration, and H/(go)
is the fundamental group of the base orbifold S?. Another interesting example is provided by
the counts of SLy(C) vs SU(2) connections, see Section 5.

/
Y

ag

/

Figure 7. Splice diagram of Seifert manifold M (b; (a1,b1), ..., (ak, bx)).

4.1 Reduction theorem for Seifert manifolds

It is natural to ask if we can express the Z, (¢) invariants of Seifert manifolds using Seifert data,
rather than the plumbing graph (which is significantly larger due to continued fractions). This
was done for Seifert homology spheres with three singular fibers (Brieskorn spheres) in [29] and
generalized slightly in [57], using false theta functions. Another approach to reduction of Z,
appeared recently in [14], for pairwise coprime a;.

The main theorem of this section, Theorem 4.2, generalizes these results to any number of
fibers, removes the conditions on H and, perhaps more importantly, makes the role of Seifert

11 And it is vacuous for integral homology spheres where b and b; are uniquely determined by a;.
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data more transparent. It also emphasizes the role of the series Zy(g), treating Z,(q) as its
H-equivariant refinement, using the anticanonical spin® structure ¢®° from Section 2.1. This
“reduction theorem” gives us a formula for Zy(q) and Eg(q) using single variable rational func-
tions. Recall the “Laplace transform” L4 defined as

La(t") =q" /™. (4.1)

Theorem 4.2 (reduction theorem). Let Y = M(b;(a1,b1), (az,b2),..., (ax,br)) be a Seifert
manifold over S? (k > 3) with e < 0. Then Zg (q'H‘) = ¢ La(s.e. fo(t)), where

(tAl _ t*z‘h) (tAz _ t*Az) o (tAk _ t*Ak)

= 4.2

fO(t) (tA B t_A)k_Q ) ( )
and A = A(Y') is a rational number described in the proof. Moreover, we have

Zpoac(q) = ML g1 (5-e. frose (1)),
where

A
Z Froac (t)h = tE=DA=T A (glt —1)-- (91;:}22 F - 1)‘ (4.3)
heH (got?4 — 1)

Proof. We will start with the series Zy(q) for simplicity. The idea is to reduce the multivariate
integrand of Zj to univariate rational function fy(t), and then study the effect of this operation
on the exponents given by the theta function. The function fy(¢) is obtained from the integrand
in Zy(q) by the following substitution

zi — t4 for the leaves, 29 — t4  for the node. (4.4)

When computing Zj (q'H ‘) from the definition, we substitute each monomial # with q(f’adj(_M A,

We have the following relations from Theorem 3.3 (see Figure 7)
adj(—M)o() = A, adj(—M)(]Z’ = Az‘, adj(—M)ij = Aij fOI‘ 7 75 ] (4.5)

We can use (4.5) to expand the exponent (ignoring factors of 4 in what follows)

(Ladj(—=M)I) =13A+2 loliAi + Y liljAy + > 17 adj(—M (4.6)
1#0 '2720 1#£0
2y

On the other hand, if we first perform the substitution (4.4) and then Laplace transform £4 (4.1),
we get

2
(loA +> ziAi> JA=TA+2Y loliAi+ ) LiljAA; /A

i#0 i#0 1,570
=15A+2) Dolidi + Y LiljAjj. (4.7)
i#0 1,570

We see that the two expressions (4.6) and (4.7) differ only in terms corresponding to “a leaf
with itself”, 12A4;; vs. (2 adj(—M);;. Since [? = (+1)% = 1 for each vector ['€ 7* that contributes
a nonzero term to Zy(q), these numbers give the same contribution to every term of the sum,
so they contribute by an overall power of ¢ in the series Zy(q),

= |H|(—3s — Tr(M +Zad3 ZA2
1#0 z;é()
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— —|H|(3s + Tr(M)) + <Z(2—5)adj( M); ) (2 — o) adj(— O_ZZA2
i 1#0

= —|H| <3s + Tr(M) + 2(2 - 51-)(M_1)ii> —(2—60)A — %ZA?

i£0

= 2UN(Y) — <2 — S0+ Y 2 > (4.8)

1#0

In the last equation, we used the formula (3.4) for Casson—Walker invariant A as in the proof of
Theorem 3.5. To obtain the formula for Z,(q), we follow the same computation of the exponents
(without scaling g by |H|), applied on the equivariant expression (2.4). [

We now give some remarks on interpreting this result and its relation to previous works.
Seifert manifolds have often been used as examples for exploring interesting phenomena for 7 (q),
e.g., [8,9, 10, 41, 68]. Our theorem gives an easy-to-use formula that can be used to check many
conjectures, such as connections with logarithmic vertex algebras in Section 5.

The reduction theorem can be considered an analogue of the reduction procedure of Némethi
[47, p. 364], which was developed in greater generality. It is natural to proceed in this di-
rection for more general graphs and try to obtain more general reduction theorems for Z,(q)
invariants. A clue toward a more general reduction was already presented in [6] for H-shaped
graphs with exactly 6 nodes. Splice diagrams provide a natural framework for generalizing these
computations for any plumbing.

The function fy(t) is a “symmetrized and inverted version” of the univariate Poincaré series
of the splice type singularity defined by the splice diagram. For Seifert manifolds, those are com-
plete intersections of Brieskorn type [51]. Following [3, 30], we can also identify the function fo(t)
with the Borel transform of the perturbative expansion in complex Chern—Simons theory; its
singularity structure is the central element of the resurgent analysis. Indeed, as explained in the
Introduction, Zj is a very natural object from the viewpoint of complex Chern—Simons theory
and resurgent analysis. Unfortunately, it generally lacks integrality and many other important
properties, e.g., it is not expected to admit a categorification, whereas Z,—(q) enjoy these prop-
erties. Our discussion here seems to suggest that for the latter, the role of the Borel plane is
played by the Poincaré series of the corresponding splice-type singularity. It would be interesting
to explore this further.

A useful corollary of Theorem 4.2 explains frequent vanishing of the Za(q) series for Seifert
manifolds.

Corollary 4.3. LetY be a Seifert manifold with k singular fibers as above, for which the element
go € H\(Y,Z) is trivial, i.e., |e|llem(ay,...,ax) = 1. Then there are at most 28 nonzero Z,
mvariants.

Proof. As gg is trivial, the only elements of H which appear in the expansion of

_ o (@t = 1) (gt — 1)
S froec (Oh = t TR (4.9)

are the products of the generators in the numerator. Hence each such element h is of the

form h = g g3? - - - g;*, where u; is 0 or 1. There are at most 2% such products, so at most 2"
elements h with a nonzero coefficient fp.gac(t). [

Example 4.4. For any positive integer n, Seifert manifold M(2;(n,n — 1), (n,n — 1),(n, 1))
has |H| = n3/n = n? and |go| = n/n = 1 so there are only eight nonzero g-series Z, (g). On
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Figure 8. Plumbing graph and splice diagram of Seifert manifold Y = M (2;(2,1), (3,2),(3,2)).

the other hand, consider M(1;(3,1),(4,1),(5,1)).2 It has |H| = 13 and all thirteen Z,(q) are
nonzero, as gg generates H.

Example 4.5. Let us illustrate in detail how the reduction theorem works on the Seifert mani-
fold Y = M(2;(2,1),(3,2), (3,2)), the link of Eg singularity 22+ + 2% = 0. A plumbing graph
and splice diagram for Y are given in Figure 8.

Zy(q): Consider the function fy

(tg _ t79) (tﬁ _ t*G) (tﬁ _ t*ﬁ) (t9 o t79) (t12 + t712 _ 2)
fO(t) = 118 _4—18 = $18 _ ¢—18 :

(4.10)

If we expand fy(t) as a power series in ¥ using the symmetric expansion, we obtain

1
5(---+t_33+2t_27+t_21—t‘15—2t_9+t_3+t3—2t9—t15+t21+2t27+t33—|—---).

Laplace transform L5 substitutes each monomial ¢t with q”2/ 418

G312 — P 5 +2¢0+ ¢ — 2% — O 4¢P 120 ) = q25/8Z0(q3).
The exponent 25/8 is related to the Casson—Walker invariant A(Y) = —11/12 as in the proof

25 18 6%+ 6%+ 9?
—— =-A=6AY)+ —— ———
8 (Y)+ 4 4-18
Z,(q): We have e = —1/6 and |H| = |e|ajazas = 3. The group H is generated by g1, g2, g3, 9o
satisfying g% = go, gg’ = go, gg’ = go, glg%gg = gg. It is easy to see that g9 = g1 = 1, and put
g:=go = g% and o := ¢2°. The rational functions in Theorem 4.2 read

_as—o—g (01" — 1) (922 — 1) (gst? — 1) (gt —1) (g% — 1)
gfh-a(t)ht got36—1 =t 1+t18
t?l +t_3 _tg
= 1+t18 +(g+92)1 tlS'

These functions are expanded as

1 .
s.e. fo(t) = §(~--+t’21 — T B 2 ),

s.e. foo(t) =s.e frog = (=t TP 47T 70— 4 2T 4P ),

N =

n?/4-183 /3 — q25/24

After performing the Laplace transform L4 g: t" — ¢ and multiplying by ¢*

we obtain the g-series:

Zo@=q"'-14+q+¢" - "+ " +* - -+ P+ - -
Zgo(@) = Zpo(@) =P (14 —® + ¢ = + g% — ¢ + % — ¢! %+ ).
12The link of Sy singularity =3y + y%z + z22 = 0.
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4.2 Lens spaces

In the previous subsection, we studied Seifert manifolds with 3 or more singular fiberes, but
the method of the proof of Theorem 4.2 also lets us to compute Z,(q) of lens spaces L(p, 7).
This has been done systematically only in the case of r = 1 in [32]. The lens space Y = L(p, )
with p > r > 0 can be expressed as a plumbed manifold given by a path

—C1 —C2 —C3 —Cg
——o—o0 -0

where the coefficients are given by the continued fraction p/r = [c1,ca,...,¢s]. The rational
function in the integrand in (2.2) is simply (z1 -2y 1) (zs —zs_l), with two variables corresponding
to the leaves. The relevant entries of the adjugate of the plumbing matrix are adj(—M )11 = r,
adj(—=M)ss = r*, adj(—=M)15 = 1, where 0 < r* < p satisfies r7* = 1 (mod p).

Following the idea of the proof of Theorem 4.2, we can set z; = ¢ and z;, = t" and ex-
press Zp(qP) as a Laplace transform in a single variable ¢. The overall ¢g-power is fixed by

comparing analogues of (4.6) and (4.7),

Zo(Y;qP) = qp-_‘?’s%wqadj(—M)11+adj(—M)ss+2q—5—4—5—2£r((t _ t_l) (tT _ t"“))
_ 2q6)\(Y)q727%[’T (tr+1 . trfl) _ 2q6)\(Y) (q1/2 . q’1/2) _ qﬁ)\(Y)ZO(S37 q).

In the second equation, we used again the formula (3.5) for the Casson—Walker invariant A\(Y"),
which can also be expressed as p-s(r,p)/2 where s(r, p) is the Dedekind sum [47, Example 9.3.6].
The independent factor (q1/2 — q*1/2) is the Zo(q) of the 3-sphere S3. As S3 is the universal
(abelian) cover of the lens space, we get a direct relation between the invariants of the base
space and the cover.

For the equivariant version, we have

> Zngre(@)h = ¢ Vg=i 3 £, (17177 (182 = 1) (9517 — 1))
heH
= qﬁ/\(Y)/p((

1/2p _ ( —1/213)

g19s + 1)q g1+ 9s)q
= POV (g 4+ 1)~ (3] + 1)), (a1

where g1 and g, = g are the generators of H = Z,, corresponding to the leaves.

As a corollary, the collection {Z,(q)}g cspin®(¥) distinguishes lens spaces. Indeed, the expres-
sion 4.11 specializes for ¢ = 1 to the Reidemeister—Turaev torsion (as conjectured in [12]), which
is known to have this property. It is interesting to notice that one needs to consider the whole
package of Z,(q) invariants — the set of exponents of ¢ itself does not distinguish lens spaces
as there are distinct lens spaces with the same Casson—Walker invariant.

5 Zy, irreducible connections, spectrum

In this last section, we explore the interplay between four different objects associated with
a Seifert manifold Y: the g-series Zp, irreducible flat SLy(C)-connections, the spectrum of the
associated splice-type singularity, and the related vertex algebras. In Section 3, we examined
which invariants of the 3-manifold depend on the full data of the plumbing graph, or rather just
on the splice diagram. With the exception of vertex algebras, all objects listed above are of the
latter type.'® It is an interesting question whether the discussion in this section generalizes to
more complicated plumbed manifolds.

131n particular, all of them become essentially trivial for lens spaces.
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This connection also hints at a deeper relation between geometric structures, leading to
a conjectural notion of a nonabelian noncommutative Hodge structure. Seifert manifolds form
a rather special class, and their properties are closely related to the base orbifold curve. Some
of the relations described may be of algebraic origin rather than topological.

5.1 Irreducible flat connections on Seifert manifolds and spectrum

In this subsection we study the relation of flat connections on Seifert manifolds and the spectrum
of the corresponding splice-type singularities. We extend the relation between the SLy(C) Casson
invariant and Milnor number of Brieskorn spheres [4, equation (2.9)] in two directions — to
Seifert rational homology spheres with 3 singular fibers, and to Seifert homology spheres with
an arbitrary number of singular fibers. The argument is elementary, based on previously known
results, but putting them together requires some care.

We first recall the case of Brieskorn spheres. For pairwise coprime integers aq,as,as > 2,
consider the equation

X a' +a5? + a5t =t (5.1)

For t = 0, the hypersurface X = X defines an isolated singularity at the origin whose link is
the Brieskorn sphere Y = X(aq,a9,a3). The family X; is a natural one-parameter smoothing
of X with the corresponding Milnor fiber F' and the monodromy operator h on H?(F,C). The
eigenvalues of h are roots of unity. Moreover, there is a canonical mixed Hodge structure on
the cohomology of F' which allows us to lift the eigenvalues of h to rational numbers via the
exponential map z — exp(2wiz). They are called spectral numbers and their set is the spectrum
of the singularity X.

The spectrum of (5.1) has the following simple description. Let D3 be the collection of
tuples (dy, da, d3) satisfying 0 < d; < a; for i = 1,2,3. Then the spectral numbers are

di  dy  ds

7+7+73 (dlad27d3) eD3 (52)
aiq a as

Their number equals the total rank of H?(F,C), the Milnor number u(X), u(X) = |D3| =
(a1 — 1)(0,2 — 1)(&3 - 1).

The SL2(C) Casson invariant Ang(C) (Y) was defined in [16]. For Brieskorn spheres, Bo-
den and Curtis proved that it is equal to the number of characters of irreducible flat SLo(C)-
connections [4]. Those can be labeled by the orbits Ds/(Z3)?, where the free (Zs)?-action is
given by the cyclic permutations of

dl — al —dl, dg —)CLQ—dQ, dg —>d3. (5.3)
This gives the following.

Theorem 5.1 ([4, Theorem 2.4]). With the notation above, )‘ng(C)(Y) = "TX).

5.1.1 Rational homology spheres

Let Y = M(b;(a1,b1),...,(as,b3)) be a Seifert rational homology sphere. To obtain a gener-
alization of Theorem 5.1 for this case, we need to modify both sides of the equation. On the
singularity side, the equation (5.1) is the splice-type equation constructed from the splice dia-
gram of Y, or equivalently, the universal abelian cover X2 of a quasihomogeneous singularity X
with the link Y [51]. Moreover, the (Zz)2-action (5.3) on the spectrum of X?" is no longer free.
We denote by |spec(X??)/(Z2)?| the number of orbits of the (Z3)-action (5.3) on (5.2).

On the topology side, we need to consider characters of all non-abelian flat SLa(C) con-
nections, as opposed to the irreducible ones. Their number was computed by Cui, Qiu and
Wang [15]. We denote it by )‘Islil;(c) (Y) in an analogy with the SLo(C) Casson invariant.
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ab
Proposition 5.2. With the notation above, )‘ISliz(C) }SPGC(X )|

Proof. The formula for /\gig’((c) (Y) in [15, p. 20] reads

tiom =[5 12115) ¢ 12512 125 o

The orbits of the action (5.3) can be computed using Burnside’s lemma

> D§. (5.5)

9€(Z2)?

‘D3/(Z2) = ‘( |

Here D denotes the set of tuples in D3 fixed by an element g € (Z3)%. Denote

a =

1 if a is even,
0 if ais odd.

Then from (5.5) we have
1
‘Dg/(Zg)ﬂ = Z((_Il(_lg(ag — 1) + c‘ch‘zg(al — 1)
+ @3@1(&2 — 1) + (a1 — 1)(a2 —1)(as — 1)) (5.6)
We can write (5.4) as

a; —1 ai as — 1 a2 az — 1 as a; —1 ai
< 2 +2>< 2 +2>< 2 +2 + 2 2 '

1

We see that the terms containing an even number of factors of the type %= cancel out and we
obtain the expression (5.6). [

5.1.2 Seifert homology spheres

Let Y = M(b;(a1,b1),...,(ak,bg)) be a Seifert homology sphere with k£ > 3 singular fibers.
The corresponding splice-type singularity is the Brieskorn-Hamm complete intersection [51].
It is given by a system of £ — 2 equations in k variables of the following form: Let o;; be
a complex matrix of size (k — 2) x k with all maximal subdeterminants being nonzero. Consider
the functions f;(z): CF = C,i=1,...,k — 2, given by

k
x) = Z aijx?j. (5.7)
j=1

The system fi(x) = fao(x) = -+ = fr_2(x) = 0 defines a complex surface X with an isolated
complete intersection singularity at the origin, whose link is Y.

Let us denote by M*(Y, SLy(C)) the moduli space of irreducible flat SLy(C) connections on Y
modulo conjugation. This moduli space can be described as a certain moduli space of parabolic
Higgs bundles over the (orbifold) base CP! [5]. It follows that M*(Y,SLy(C)) is smooth, and
has components of complex dimensions 0, 2,4, ...,2k — 6.

The SLa(C) Casson invariant ASL o (Y) counts the zero-dimensional components of M*(Y,
SL2(C)). An alternative definition, denoted by /\SL ((C)( ), is due to Abouzaid and Manolescu [1].
For a Seifert homology sphere Y, it coincides with the Euler characteristic of M*(Y,SLy(C)).
We will demonstrate that this version of SLy(C) Casson invariant is related to the Milnor number
of the complete intersection X.
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Theorem 5.3. Let Y be a Seifert homology sphere and X the corresponding Brieskorn-Hamm
complete intersection singularity with Milnor number p(X). Then )\gLQ(C)(Y) = @.

Proof. The SLy(C)-representations of 7 (Y') were studied in [4, proof of Theorem 2.7]|. Here we
present an equivalent description, similar to the one given in [3].!* For any n satisfying3 < n < k,
the set of components of M*(Y,SLy(C)) of dimension 2n — 6 can be identified with the set of
orbits D,,/(Z2)"!. Here D,, consists of tuples (di,ds,...,d;) satisfying 0 < d; < a; with
exactly n numbers d; being nonzero. The action of (Zg)”_1 takes d; — a; — d; simultaneously
for an even number of nonzero d;, generalizing (5.3). The numbers d; can be thought of as
rotational numbers of the corresponding representation with the choices of a representative in
the (Z2)" ! orbit corresponding to taking different presentations of the fundamental group.

We obtain that the number of components of the dimension 2n — 6 is

en(ar —1lyag —1,...,a — 1)
on—1 ’

(5.8)
where e,, is the elementary symmetric polynomial

en(x1, 29, ..., 28) = g LjyLjy - L,
1< <ga < <jn<k

Boden and Yokogawa [5] computed the Poincaré polynomial of the components of the moduli
space M*(Y, SLa(C)). In particular, for any component C' C M*(Y, SL2(C)) of dimension 2n—6,
its Euler characteristic is

X(O) = (n—1)(n —2)274 = <" ) 1) gn-3, (5.9)

From (5.8) and (5.9), we obtain that the Euler characteristic of M*(Y,SL2(C)) is

MMV SLa(@))) = 3 e (s

2
3<n<k
1 n—1

=3 > en(a1—1,...,ak—1)< ) > (5.10)
3<n<k

We now describe the monodromy eigenvalues (and hence the Milnor number), as computed
by Hamm [36]. Let X* be the surface given by the equations (5.7) except the last one (fx_o = 0).
The function fr_o is regular on X* except at 0, and we can define the monodromy operator h
of the Milnor fiber of f;_s. We have the following.

Lemma 5.4 ([36, Lemma 4.2]). The characteristic polynomial p(t) of the monodromy h is
given by

n—1
)= TI  dapamea, 2,
3<n<k,
1<j1<<jgn<k
where

dercanen(®) = [ (eFB/ertfezmrin/en) ).
dly"'zdn7
1<d;<¢;,
i=1,....,n

4Note that some components of lower dimensions were omitted there due to a too restrictive fundamental
domain for the (Z2)" ™! action below.
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We see that the eigenvalues of h are labeled by tuples (dy,ds, ... ,d,) for n from 3 to k in the
same way as are the (2n — 6)-dimensional components of M*(Y, SLy(C)) (without the (Zg)"!

action). Moreover, the eigenvalues have multiplicities (”;1) Together, the Milnor number is

wx)= % en(al—l,...,ak—l)(n;1>,

3<n<k
which gives the result by comparing with (5.10). |

Example 5.5. For Y = 3(2,3,5,7), we have e3(1,2,4,6)/4 = 23 zero-dimensional components
and e4(1,2,4,6)/8 = 6 two-dimensional components and /\ISDLQ((C)(Y) =23+6-6 = 59. The corre-
sponding Brieskorn-Hamm singularity X has 92 eigenvalues of multiplicity 1 and 48 eigenvalues
of multiplicity 3, so that u(X) =236 =4 -59.

The above considerations suggest that this relation is not just a numerical coincidence and
should be given an interpretation on the level of cohomology of the moduli space M*(Y, SLy(C))
and of the Milnor fiber. Abouzaid and Manolescu defined the sheaf-theoretic SLy(C) Floer ho-
mology using Heegaard splitting, giving two Lagrangians in the character variety of the Heegaard
surface. They considered certain perverse sheaf of vanishing cycles, which can be thought of
as being associated with a function related to the Lagrangians.'® The resulting cohomology is
expected to be closely related to MTCIY, G¢] and to the Floer homology of Vafa—Witten theory
on Y; see, e.g., [27, 34, 35]. In particular, these connections indicate a direct relation to the
sheaf counting (Vafa—Witten theory) on the complex surface X.

Further support for this relation comes from the analogy between the above proposition and
the “Casson invariant conjecture” relating the Agy(z) with the one eight of the signature o of
the Milnor fiber [53]. Since the latter has been verified for splice-quotients in [49], it would be
interesting to explore a suitable analogue for SLy(C).

5.2 Nonabelian noncommutative Hodge structure (NCNA)

In this section, we give some questions and speculative interpretations of the relation between
the moduli spaces of flat connections and the spectra of singularities. We will develop this
further in separate paper.

Consider a germ of a singular affine hypersurface X (more generally, a complete intersection)
with an isolated singular point 0, with the link ¥ of X being a homology sphere.' We have
m1(X\0) = m(Y), so we can use the algebraic structure on X\0 to study moduli spaces of
representations.

Following C. Simpson [65] and T. Mochizuki (see the survey of Sabbah [63]), we have a real-
analytic isomorphism of the Betti and Dolgachev moduli spaces H5(Y) & Mpo (X\0).

Theorem 5.6 (Simpson, Mochizuki). H}, (X \0) carries a nonabelian mizved Hodge structure.

As in the previous subsection, we consider the smoothing one-parameter family {X; — Xp},
with the monodromy operator (see Figure 9). Associated with the family is the spectrum of
singularity, denoted by S, encoding the Hodge-theoretic information.

Many of the classical aspects of Hodge theory have not been developed for mixed nonabelian
Hodge structures. In particular, no Clemens—Schmid sequence is known for mixed nonabelian

151 geometric and physics realizations of knot and 3-manifold invariants this function is known as the super-
potential of a 3d theory [20, 21, 25, 26, 31, 56, 62]; it defines a Landau—Ginzburg (LG) model that we discuss in
more detail shortly.

6For rational homology spheres, one would have to pass to the universal abelian covering X, which makes
the discussion more involved.
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~ T

Figure 9. The monodromy of an isolated surface singularity.

Hodge structures. We propose the nonabelian noncommutative Hodge structure (NCNA) as
a possible approach to the Clemens—Schmid sequence for mixed nonabelian Hodge structures
based on the theory of Landau—Ginzburg models. Our considerations suggest the following
nonabelian noncommutative Hodge Structure, illustrated in Figure 10.

H(X) — Hp, (X\0)
gpl H(X)
C

Figure 10. Nonabelian noncommutative structure combining the moduli spaces of representations with
Landau—Ginzburg theory.

The critical sets of the function ¢ are the moduli spaces of connections, carrying the non-
abelian Hodge structures. The proposals for constructing ¢ using a reduction of the Chern—
Simons functional were given, e.g., [20, 21]. The noncommutative Hodge structure (NC) is
encoded in the global structure of ¢ and in the spectrum, which labels the components, and
the multiplicity corresponds to the Euler characteristic of the components, as explained in the
previous subsection. The noncommutative nonabelian Hodge structure H can be thought of as
a combination of these two phenomena. The properties of H are expected to be combinations
of A and B sides of properties [38]. We formulate these as questions.

Question 5.7.

(1) Does H behave as a B-side classical mixed Hodge structure?
(2) Does H behave as an A-side NC Hodge Structure?

(3) Does H have all properties of spectra, e.g., Thom—Sebastiani?
(4)

Are the stability conditions of the corresponding Fukaya—Seidel category determined by
the bases of the Hitchin systems for the moduli spaces of representations?

(5) Do the wall-crossing of phenomena for the above stability conditions determine the Z,(q)
invariants associated with Y'? This approach relates to the calculations by [20, 21] and [66].

Here are some additional questions about the abstract properties of proposed structures:

(1) Consider an L-hyperplane section of X. Is it true that Hxnr, C Hx?
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(2) Does ‘H have Thom—Sebastiani and semi-continuity properties?

(3) Does the Hitchin base B of the moduli space Mpe1(X\0) embed into the space of stability
conditions for Fukaya—Seidel category associated to the LG model Hx?

StabFS(H(X)) D B= @5 Hy, (Sym*(X\0))?
i ESpec

Example 5.8. X: 22 4+ 43 + 27 = 0 O Brieskorn homology sphere (2,3, 7).

SLo(C)

There are three irreducible flat SLo(C)-connections, corresponding to the three (Zz)? orbits of
the spectrum of X given by d—21 + %2 + d73 with dy = 1, do = 1,2 and d3 = 1,2,3,4,5,6. The
Landau-Ginzburg model for the link of X was proposed in [20]. As pointed out in loc.cit., the
Landau—Ginzburg potential may have additional critical points that have interpretation (and
play an important role) in curve counting and also in 3d-3d correspondence [25, 26].

Motivated by the previous subsection, we can see two approaches to building not only new
NCNA Hodge structures but also two new ways to build invariants of 3-manifolds.

Approach 1: In [1], Abouzaid-Manolescu show that the moduli space of SLs(C) representa-
tions of m1(Y') (for any 3-manifold Y') is a derived critical locus, and they prove it by choosing
a Heegaard splitting. The question is how the space and the function f such that crit(f) = X
depend on the choice of Heegaard splitting.

In this derived situation, it is conceivable we can define a derived version of the classical
spectrum.

Conjecture 5.9. The derived spectrum of f is an invariant of Y, i.e., independent of Heegaard
splitting of Y.

Approach 2: Use the approach of [20, 21] to construct the potential. We must find a La-
grangian submanifold in a 3d Calabi—Yau manifold T*Y associated with Y’; the disk counting
then produces a potential f. Carrying this out might give a simpler proof of the above conjec-
ture. Furthermore, the Fukaya—Seidel category for f in this approach is expected to be related
to the “category of line operators” MTCIY, G¢] in [8, 34].

The spectra defined in the first and second approaches may be the same. It seems conceivable
that the following conjecture holds.

Conjecture 5.10. The derived spectrum is the “same” for all potentials f with the same derived
critical locus X.

The above considerations suggest three invariants of derived singularity theory with increasing
order of complexity.

(1) Hypercohomologies of the perverse sheaf of vanishing cycles F'. When F' comes from the
Heegaard splitting of a 3-manifold Y, the above hypercohomologies form an invariant
of Y [1].
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(2) We can enhance the above hypercohomologies with a mixed Hodge structure. Combined
with the monodromy, it leads to the derived spectrum. In the case of the derived spectrum
connected with a moduli space of SLy(C) representations, it defines invariants of this
moduli space and an invariant of the 3-manifold Y.

(3) We can bring additional data to the above potential f — a divisor D along which f
has a log behavior. This allows an additional spectral grading from the number of times
a path coming from one component of the critical set goes around D and ending on another
component of the critical set.

Changing the divisor D leads to different filtrations and functors among different Fukaya—
Seidel categories. In such a way, we get an enhancement of classical singularity theory. In the
case of a 3-manifold, all of the above data of singularity theory (commutative spectrum, derived
spectrum, and spectral grading) are recorded by the g-series Zy (Y;q). These make Z,(Y; q) an
interesting starting point for producing invariants of 4-manifolds via categorification.

Some of these ideas have appeared before in the singularity theory and category theory —
see, e.g., [23, 39]. This will require a new theory of spectra in the case of shifted symplectic
structures.

5.3 Relation to vertex algebras and invariants of complex surfaces

The nonconventional modular properties of Z,(q)—invariants perfectly fit those exhibited by
characters of a logarithmic vertex algebra. In fact, the relation of the form Z,(q) = Xo(q) is
one of the predictions of the so-called “3d-3d correspondence” in physics, and can be viewed as
its mathematical incarnation. Here, x,(q) is a character of a log-VOA labeled by 3-manifold YV
(and a choice of the root system, which is implicit throughout the paper).

For a plumbed 3-manifold Y, a specific choice of a plumbing graph corresponds to a choice of
a 4-manifold X, with Y = 0X as its boundary (X is given by 4d Dehn surgery). If the plumbing
is negative definite, this 4-manifold can be equipped with a complex structure (as a resolution
of a normal surface singularity) and we can study analytical invariants of the complex surfaces
and compare them to topological invariants of the underlying 4-manifold and to invariants of Y.
Since various g¢-series invariants of X were available for quite some time, it is natural to ask
how they compare with Z,(q) and Zp(gq). The development of Z,(Y;q) was, in fact, largely
motivated [34] by the connection to the Vafa-Witten and Donaldson-Thomas invariants of X
which share many similarities with Z, (Y; q). For example, both require a choice of an additional
structure whose cutting-and-gluing is described by a ‘decorated’ version of TQFT, and both are
related to characters of VOAs labeled by the corresponding 3-manifolds or 4-manifolds.

To keep this discussion more concrete and to explore these relations more deeply, let us
consider a rather special class of spherical 3-manifolds of ADE type, i.e., Y = S3/T, where I'
is a discrete subgroup of SU(2). In type A, I' = Z, is simply a cyclic group and Y = L(p, 1)
is a Lens space. Similarly, for Eg we get a Poincaré sphere, and we refer to other spherical
3-manifolds in this family by their type, e.g., as “Eg manifold” and so on.

Theorem 5.11 (following [46]). For a discrete subgroup I' C SU(2) of ADE type, let Xt be the
corresponding ALE space given by a resolution of the C?/T singularity. Then, for any

p € Hom(T, GL(N))

the generating series of Vafa—Witten (and Donaldson—Thomas) invariants counting rank-N
sheaves on Xr is a character of the affine Lie algebra g at level N

Zvw(Xri4,p) = Zpr(Xri ¢, p) = X3V (q),
where g is related to I' by McKay correspondence.
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Note that all representations p: I' — GL(V) can be conjugated to U(NN) representations. In
particular, this means that for spherical manifolds S3/I" the problem of enumerating U(N) flat
connections is equivalent to the problem of classifying GL(V) flat connections.!” For example,
when I' is of type A, i.e., a cyclic group Z,, we can think of p as a Young tableau that can
fit in a rectangle (of the size determined by N and the order of I'). The number of such p
is equal to %. We can also use the relation U(N) = %imm to enumerate SU(N)
or SL(N) representations p: I' = SL(N). Their number, equal to %, is the number of
representations of su(V),. R

The analogous statements for 3-manifold g-series invariants can be stated in terms of Z,(Y’; q).
We will illustrate it on the Fg manifold, continuing Example 4.5. Other spherical manifolds can

be treated similarly.

Example 5.12. From the expressions in Example 4.5, we can write 20 and Z; in terms of false
theta-functions

> 207 0 ) sy 0 2 5 7
Zo(Eg) = - Vel + U’ ) = l—q+q¢ +¢ —q"+---),
(Eo) (@)oo (q)oo( 6 o) (q)oo( )
_2_3 _2/3
3 8 ~
Z1(E) =L =00 =L (14— + ¢ =P +¢®+ ), (5.11)

where we restored the universal factor ﬁ present for all 3-manifolds'® and used the standard
notation for the false theta-functions

+1, n=24a mod 2p,

) (5.12)
0, otherwise.

V(D (g) = > uS) () € g7 Zlql], ¥l (n) = {
n=0

In particular, we have A, = hy — 57 € {—1, —%}, which already gives some information about
the central charge ¢ of the corresponding log-VOA and conformal weights h, of its modules.
Let a,b € Z>1, ged(a,b) = 1. For v/, s' € Z, set

-1 §-1
Br’,s’ = <_ + > Vabw,

a b

where w = %oz is the fundamental weight of g = sls. In particular, for n,ni,ne € Z, n1+ns =n

and 1 < s<a,1<r <b, we have

s—1 r

-1
B(_na S, ’l“) = <_n - a + b > \/%w = 62—r+bn172—s—an2

and let us denote by mg the Fock space with weight 3. For the conformal vector

1 1 1 b a
W= San@ + Qow(-9)|0) €m0, Qo= Vab (a - b> = \/; - \/;

the central charge ¢ and the conformal weight h,/ o of |3,/ &) € 75, , is given by

_ K\2
C=1—12|Qowl2=1—6(aabb)=1—6<Z—2+Z>,

17 This simple fact plays an important role in relating infinite-dimensional algebras and modular data associated
to 4-manifolds and to 3-manifolds [22]; in particular, for spherical 3-manifolds the set {p} labels simple objects
in MTC[Y] [8].

8Due to its universal nature, this factor is often omitted for simplicity, but it is important in matching partition
functions of 3d physical theory [33] and in comparing with characters of logarithmic vertex algebras [8, 9, 68]. If
we were to study higher rank invariants for more general root systems, there would be several such factors [57].
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1 c—1 (ar' —bs")? — (a—b)?
Rt o1 = — /o — 2 =
r!,s 2|Br ,8 Q0w| + 24 dab
2_1b rd—-1 §?—1a

1 o 2 TTaiw

Therefore, the character y s := tr MqLofi of mg, , is

LI RIVES S S (e
X . — — 4%’ T 3212 — qZ r!,s! 0 .
s (@)oo n(q)

In particular,

Van—s+p=? _ 1
()" n(q)
(1,

1,p) with p > 2 (so that s =1 and 1 < r < p), we have

qﬁ (—nab—bs+ar)?

XTg(—nss,r) —

For the case (a,b) =

1 gt (- D)
n(q)

Xmp(—nitr) =

By the Felder complex, the character of the irreducible module M (0;1,7) C mg(q;1,) of the (1,p)
singlet log-VOA M (0;1,1) C mg(o,1,1) is given by

1 L _@mi)ptr)? | = (p
XM(O;].,T‘) = Z XWB(—Zm;l,r) — XWB(—(Qm-!—l);l,p—r) = 7( ) Z q4p( (2m+1)pEr) — \I/}(jp T‘)_
m>0 na m>0

For example, from (5.11) we read off the value of p = 6 Wthh gives ¢ = 13 — 6p — 6p~ ! =
—24. This, in turn, implies that h, = A, + 57 = ( { 1, 5} for the Fg manifold.
Therefore, we conclude that for the Eg manifold, Z (Y q) are characters of a logarithmic (1, 6)
singlet model.

Similarly, one can prove the following analogue of Theorem 5.11.

Theorem 5.13 (following [9]). For the family of spherical 3-manifolds, Y = S3T, the non-
perturbative SLo(C) invariants Z,(Y;q) are equal to characters of the following (logarithmic)
verter algebras:

e In type A, Z,(Y; q) is a character of an ordinary (non-logarithmic) vertex algebra, namely
the character of a Feigin—Fuchs module of the Virasoro algebra (or, equivalently, that of
ac=1 “free boson” VOA).

e In type D,, Z\U(Y; q) is a character of a logarithmic (1,p) singlet model, with p =n — 3.
e In type E, Z,(Y;q) is a character of a logarithmic (1,p) singlet model, with p = 6, 12,
and 30 in the case of Fg, E7, and Eg, respectively.

Remark 5.14. In type A, the assertion follows from the explicit expression (see, e.g., [34])

= 1
Z5(Y;q) = —=—dq°.
7 (@)oo
The only interesting aspect of this case are the values of A, = hy — 57, which are analogs of “cor-
rection terms” in the Heegaard Floer theory and whose computation requires some care [2, 32].

We also note that Theorem 4.2 gives an explicit way of how to write Z,(q) invariants in
terms of linear combinations of derivatives of false theta functions. We hope these expressions
can help explore further relations between Zg(q) invariants and VOA characters and construct
new logarithmic vertex algebras.
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