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Figure 1. The phase portrait for the 2-matrix model with quartic interactions in the plane
H = 0. The low-temperature critical curve is represented by the solid red line; the high-
temperature critical curve is represented by the dashed red line.

2.2 Structure of the phase space

We will now discuss the structure of the phase space D in greater detail. We will start by
discussing the H = 0 first, as it is somewhat simpler, and then discuss the general situation.

2.2.1 H = 0

We begin with a description of the phase space when H = 0, as this region can be presented in
a more transparent manner. All of the proofs of statements in this section follow from the more
general results of the generic case (H ̸= 0). For H = 0, 0 < τ < 1 we have the following values
for tcr(τ, 0):
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See also Figure 1. These curves can be obtained as the most negative real solution to the system
of equations I(σ; τ, t, 0) = 0, ∂I

∂σ (σ; τ, t, 0) = 0. The intersection of D and the H = 0 plane is
the region enclosed by t = 0, τ = 0 and a curve connecting (0,− 1

12 , 0) to (1, 0, 0). This curve
consist of two parts: one part connecting

(
0,− 1

12 , 0
)
to the multicritcial point

(
1
4 ,−
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72 , 0

)
, and

the other connects
(
1
4 ,−

5
72 , 0

)
to (1, 0, 0). We will refer to the first curve as the low-temperature

critical curve and denote it by γlow,0. The second, denoted by γhigh,0, will be referred to as the
high-temperature critical curve. Note that these are precisely the critical curves that appeared
in Kazakov’s original work [57]. Note that, when τ → 0, the partition function ZN (τ, t, 0;n)
decouples into two independent partition functions for the 1-matrix model. The point

(
0,− 1

12 , 0
)

is the critical point for the 1-matrix model that was studied in [38, 43, 44]. In this case, the phase
transition can be described in terms of special solutions to the Painlevé I equation. At the multi-
critical point, σ(τ, t, 0) is a triple root and the description of this phase transition is the topic
of a forthcoming paper.

We now proceed with general case.


