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Figure 2. The left picture illustrates the phase portrait for the 2-matrix model with quartic
interactions in the (τ, t,H) plane. The region where the spectral curve is of genus zero analyzed
in this work lies in the half space where τ > 0, t < 0, and is bounded by the red and blue surfaces.
The genus zero partition function F (τ, t,H) is continuous on this surface, and in the genus zero
region; on the surface, F is analytic away from the low-temperature critical curve, shown here
in light blue. The multicritical point

(
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)
is the meeting point of the high-temperature

critical curve (orange), the two phase boundaries joining the low and high temperature phases
(yellow), and the low-temperature critical curve. The picture on the right represents the phase
diagram in the coordinates τ , t, q and only the part 0 < q ≤ 1.

The critical curve γb is the interface between the low-temperature and high-temperature
critical surfaces. A graphical representation of these critical surfaces is given in Figure 2. From
the parametrization of the critical surfaces, it is not hard to compute the normal to these surfaces.
It is interesting to note that the normal is continuous when passing from the low-temperature
to the high-temperature critical surface.

Before we comment further on these critical surface, we first mention the necessary technical
result that our map Π indeed parametrizes the phase space D and that the critical surfaces
indeed are the sets defined by t = tcr.

Proposition 2.5. The set Π(R) is the region enclosed by τ = 0, τ = 1, q = 0, q = 1, t = 0,
and the critical surfaces Slow ∪ Shigh ∪ γb. Moreover, D = Π(R) and σ(t, τ,H) = a2bc.

The proof of this proposition is given in Appendix D.
The critical surfaces Slow, Shigh are implicit in the subsequent works of Boulatov and Kaza-

kov [14], although they are never explicitly derived. Our parametrizations based on (3.4)–(3.6)
of these surfaces is new and turn out to be very useful in our analysis of the Riemann–Hilbert
problem.

Remark 2.6. When (a, b, c) tend to a point on the critical surface, the Jacobian
∂(τ,t,q)
∂(a,b,c) → 0.

In terms of the equation 0 = I(σ; τ, t, q), this may be interpreted as the root σ = σ(τ, t, q)
becoming a double root, i.e.,

I(σ; τ, t, q) =
∂I

∂σ
(σ; τ, t, q) = 0,

for (a, b, c) on the critical surface and away from the multicritical point. At the multicritical
point (τ, t, q) =

(
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72 , 1
)
, the root σ becomes a triple root of the equation 0 = I(σ; τ, t, q).

One can thus characterize the critical surface as a subset of the zero locus of the discriminant of
equation (2.1). In Appendix C, we write an an explicit formula for this discriminant, and thus
furnish an implicit formula for the critical surface.


