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Figure 4. The branch cuts in the uniformizing plane u = x+iy away from the multicritical point
(left) and at the multicritical point (right). The noncritical case has a = 1.0184, b = c = 0.9100.
The images of each sheet under the uniformizing map are labelled I, . . . , IV. Note that, at
criticality, the second sheet is split into two connected components; this is consistent with the
picture in the physical plane, depicted in Figures 5 and 6.

Away from the multicritical point and curve γb, the spectral curve is 4-sheeted; this family
of spectral curves have generically the same structure, and are shown in Figure 5. There are 4
branch points, all of which lie on the real axis: at ±α := X(±a), and ±β := X(±b). We have
the inequalities 0 < α < β < ∞. The structure of the curve is as follows: Sheets 1 and 2 are
glued along [−α, α], sheet 2 is glued to sheet 3 along the interval (−∞,−β], and finally sheets 2
and 4 are glued along [β,∞). At the multicritical point a = b = c = 1, and on the curve γb, the
curve further degenerates, and the branch points ±β → ±α. This family of spectral curves is
shown in Figure 6. In this case, sheets 1 and 2 are glued along the interval [−α, α], sheet 2 is
glued to sheet 3 along the interval (−∞,−α], and finally sheet 2 is glued to sheet 4 along the
interval [α,∞).

In the uniformization plane, the spectral curve is shown at and away from the multicritical
point (1, 1, 1) in Figure 4.

3.3 The functions Ω

Of particular importance is the following (multi-valued) function

τΩ(X) = τ

∫
Y dX.

This function will play the role of what is often referred to as the g-function in our Deift/Zhou
steepest descent analysis of the Riemann–Hilbert problem. The function τΩ(X) is in general
a multivalued function in C; its real part, however, can be defined in a single-valued manner
on the spectral curve. The function Ω(u) :=

∫
Y (u)X ′(u)du in the uniformization coordinate

is explicit:

τΩ(u) = τ

∫
Y dX = τ

∫
Y (u)X ′(u)du

=
1

a2b4c2 + 3a2b2 + 3a2c2 + 3b4 + 3b2c2 − 3
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