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Figure 7. The contour Γ, which starts at e3πi/4 · ∞, passes through −α, +α on the real axis,
and then goes off to e−πi/4 · ∞.

3.4 Definition of the contours Γ, Γ1, and Γ2

Our next step is to define a number of contour which our Riemann–Hilbert problem will rely on.
These contours will be chosen so that the functions Ωj(z) satisfy certain inequalities on them.
The first such contour is Γ, on which the matrix-valued function Y(z) has jumps. We redefine Γ
to be the contour starting at e

3πi
4 · ∞, passes through z = −α, then continues along the real

axis until it reaches z = +α, then goes off again to infinity in the direction e−
πi
4 . The modified

contour Γ is depicted in Figure 7.

We also define two new contours, Γ1 and Γ2, which will appear in the first transformation.
The contour Γ2 is defined to start at z = −∞, then travel along the real axis until it reaches
z = −β; the contour then goes off to infinity in the sector −π

4 < arg(z + β) < 0. The exact
direction of approach to infinity will be established in the next section, when we will require
certain inequalities to hold on Γ2.

Similarly, we define Γ1 to be the contour starting at infinity in the sector 0 < arg(z − β) < 3π
4 ,

and approaches the point z = β; then, Γ1 goes off to infinity again along the positive real axis.
Again, the exact specifications of Γ1 will be established in the next section to guarantee that
certain inequalities hold. The family of contours Γ, Γ1, and Γ2 are depicted in Figure 8. We label
the regions above Γ1, below Γ2, and bounded between Γ1 and Γ2 by Ωu, Ωℓ, an Ωc, respectively.

3.5 Lensing Inequalities

We now begin the work of proving that the function Ω we constructed indeed satisfies the in-
equalities necessary for lensing. The main idea of this section is contained in this subsection;
it explains how we can extend local inequalities near the branch points to inequalities that
hold on the full branch cuts. Most of the work that remains in the subsequent subsections
involves expanding Ω near the branch points, and checking that the correct inequalities hold
there. This check differs in the generic, critical, and multicritical cases, as the expansions of Ω
near the branch points are different in each case. However, we stress that the proof is essen-
tially the same, and relies only on the following lemma. We will first need some setup in the


