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Figure 8. The contours Γ, Γ1, and Γ2. Also depicted are the regions Ωℓ and Ωu (shaded), as
well as Ωc (unshaded).
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Figure 9. The curve Im z = 0, and the curve C, which characterizes the places that ∇ReΩ(u)
and ∇ Im z(u) are perpendicular. At the places where C and Im z = 0 intersect, the normal
vectors to these curves are perpendicular, implying that the direction of steepest descent may
change sign, as shown above.
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These functions define the preimages of the branch cuts (without the branch points) in the
uniformizing plane in polar form: r+(θ; a, b) defines the preimage of the cut connecting sheets 1
and 2, and r−(θ; a, b) defines the preimages of the cuts between sheets 2 and 4
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. One can obtain these expressions by solving

the equation Im z
(
reiθ
)
= 0 for r (see equation (3.3)). Note that r±(θ; a, b) = r±(θ; b, a). There

are six connected components of these curves, corresponding to the +/− sides of each branch
cut. We now can state the main lemma.


