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Figure 10. Images of the branch cuts Im z(u) = 0 and Im ∂Ω
∂z = 0 in the uniformizing plane,

for a = 1.059, b = 0.880, c = 0.880. The curves indeed do not intersect, and so the direction of
steepest descent is constant along each connected component of the branch cuts.
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since all quantities above are positive. In the “−” case, algebraic manipulation yields the fol-
lowing equivalent inequality:
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Since sin2 θ < 3
4 (recall the range of θ for r−), we find that the above is positive, and so
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It follows that the inequalities (iii) and (iv) hold.
Thus, we have proven that, provided (a, b, c) ∈ R =

{
(a, b, c) | 0 < b ≤ 1, 1 ≤ a ≤ b−1,

0 < c ≤ b
}
, the only intersection points of the branch cuts and the places where the direction

of steepest descent of Ω(u) changes sign are at (possibly) the branch points. The branch cuts
Im z = 0 and the curves Im ∂Ω

∂z = 0 in the uniformizing plane are shown in Figure 10 for
a particular choice of the parameters (a, b, c); one can see explicitly that these curves do not
intersect. ■

This lemma is fundamental in proving the required lensing inequalities; we now proceed to
the proofs of these.


