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Figure 11. The contours γj , j = 1, . . . , 4.

as z → ∞, where γj , j = 1, . . . , 4 are one of the contours in Figure 11. Before studying the
asymptotics of the integrals (4.2), we will study the solutions to the so-called saddle point
equation. The saddle point equation is defined to be
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The large z asymptotics of the integrals (4.1) are determined in terms of certain solutions to the
saddle point equation, in a sense we shall make explicit later on. We define sk(z), k = 1, 2, 3
to be particular solutions to the saddle point equation, defined as follows. First, we define the
Riemann surface of this equation as S, consisting of three sheets Sk, k = 1, 2, 3:

S1 := C \
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)
,

S2 := C \[z∗,∞),

S3 := C \(−∞,−z∗].
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−t > 0 are the branch points of the saddle point equation. Let s2(z) be

the unique solution of the saddle point equation which is real for z ∈ R \{±z∗}. This solu-
tion admits an analytic continuation to all of S2. We then define s1(z), s3(z) as the analytic
continuations of s2(z) to sheets S1 and S3, respectively. We have the following lemma, regarding
the properties of the sk(z).

Lemma 4.1.

(1) Boundary values of sk(z). The following relations hold:

s3,±(z) = s1,∓(z), z ∈ (−∞,−z∗], s1,±(z) = s2,∓(z), z ∈ [z∗,∞).

(2) Asymptotics of sk(z). As z → ∞,
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