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Figure 12. The opened lenses.

5 The third and fourth transformations U 7→ T 7→ S

Here, we perform the lensing transformations. The first lensing transformation will open lenses
around the unbounded branch cuts (−∞,−β] ∪ [β,∞); this will constitute the transforma-
tion U 7→ T. The lens opening around the central cut [−α, α] is performed next; this will
constitute the transformation T 7→ S. We remark here that the choice of (a, b) (i.e., whether the
spectral curve is critical, generic, or multicritical) is irrelevant here, as all of the lensing proposi-
tions of Section 3.5 guarantee the same inequalities hold around the branch points. These cases
will become distinguished when we later try to find a parametrix.

5.1 The transformation U 7→ T

The opening of lenses here is based on the factorization of the jump matrix
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where g+(z), g−(z) are the boundary values of one of the functions Ω3(z)−Ω2(z), Ω4(z)−Ω2(z)
from above/below the contour.

By the lensing propositions of the previous section, there exist lens-shaped regions such
as those depicted in Figure 12 around (−∞,−β] (respectively, [β,∞)) such that the differ-
ences Re[Ω3 − Ω2] (respectively, Re[Ω4−Ω2]) are positive in this region. Define Γ1,u, Γ1,l as the
boundaries of the lensing region around [β,∞) in the upper and lower half planes, and similarly
define Γ2,u, Γ2,l as the boundaries of the lensing region around (−∞,−β]. The sectors enclosed
by these contours are labelled as follows:

� Σ1,u is the region enclosed by Γ1,u and [β,∞),

� Σ1,l is the region enclosed by Γ1,l and [β,∞),

� Σ2,u is the region enclosed by Γ2,u and (−∞,−β],
� Σ2,l is the region enclosed by Γ2,l and (−∞,−β].


