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Figure 16. The isomorphism classes of graphs contributing at genus 0 to the free energy, up

to V = 3 vertices. Each isomorphism class of graph contributes a factor of Ni · Z(i)
V (τ,H).

V = 2. For two vertices, there are two nonisomorphic types of graphs contributing, shown in
the figure. Their corresponding partition functions are

Z
(1)
2 (τ,H) = 2τ−2 cosh(2H) + 2τ2, Z

(2)
2 (τ,H) = 2τ−2 cosh(2H) + 2.

V = 3. There are four nonisomorphic types of graphs contributing, shown in the figure. Their
partition functions are

Z
(1)
3 (τ,H) = 2τ−3 cosh(3H) + 6τ cosh(H),

Z
(2)
3 (τ,H) = 2τ−3 cosh(3H) + 2τ−1 cosh(H) + 4τ cosh(H),

Z
(3)
3 (τ,H) = 2τ−3 cosh(3H) + 6τ−1 cosh(H),

Z
(4)
3 (τ,H) = 2τ−3 cosh(3H) + 4τ−1 cosh(H) + 2τ cosh(H).

Observe that we can write the genus zero free energy (E.6) equivalently as

F (τ, t,H) =

∞∑

V=0

( ∑

|G|=V
NGZG(τ,H)

)
1

V !

( −tτ
4(1− τ2)2

)V
,

where the internal sum is taken over isomorphism classes of graphs G on V vertices, and NG

counts the number of labelled graphs isomorphic to G when one “forgets” the labelling. In this
way, one can explicitly compute that

F (τ, t,H) =
[
2 · Z(1)

1 (τ,H)
]( −tτ

4(1− τ2)2

)


