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Abstract. We study the structure of wave functions in complex Chern—Simons theory
on the complement of a hyperbolic knot, emphasizing the similarities with the topological
string/spectral theory correspondence. We first conjecture a hidden integrality structure in
the holomorphic blocks and show that this structure guarantees the cancellation of potential
singularities in the full non-perturbative wave function at rational values of the coupling
constant. We then develop various techniques to determine the wave function at such rational
points. Finally, we illustrate our conjectures and obtain explicit results in the examples of
the figure-eight and three-twist knots. In the case of the figure-eight knot, we also perform
a direct evaluation of the state integral in the rational case and observe that the resulting
wave function has the features of the ground state for a quantum mirror curve.
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1 Introduction

Chern—Simons (CS) theory with a complex gauge group has been an excellent laboratory for
studying various aspects of quantum field theory (QFT) since it is essentially exactly solvable.
In recent years, building on previous work by physicists and mathematicians, perturbative and
non-perturbative methods have been introduced, making it possible to calculate various ob-
servables, and many beautiful and interesting results have been obtained. For example, for the
complements of hyperbolic knots in the three-sphere, the wave function of the theory with gauge
group SL(2, C) has been defined rigorously [2], inspired in part by physics developments [11, 27].
This wave function satisfies, in addition, a difference equation [4], which can be determined by
an appropriate quantization of the classical A-polynomial of the knot [16], as expected from
physics arguments [22].

In this paper, we will further study the wave functions for complements of hyperbolic knots in
CS theory with gauge group SL(2,C). As we will show, they share many structural similarities
with the wave functions occurring in topological string theory and, more precisely, in the context
of the so-called topological string/spectral theory (TS/ST) correspondence [6, 21, 37, 42] and
its open string version [15, 38, 39, 44]. Indeed, it has been found in both cases that the WKB
expansion in & of the perturbative wave function of the topological string can be resummed into
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a g-series,! where ¢ = ¢'”. However, this ¢-series displays singularities at all points of the form
h e 27Q. (1.1)

Since these singularities are not present in the non-perturbative definition of the wave function,
they are an artifact of the resummed WKB expansion. This feature, in turn, requires the pres-
ence of a non-perturbative sector that cancels the singularities and leads to a finite answer for
the full wave function. The cancellation of singularities at the values of A in equation (1.1) is
a defining attribute of Faddeev’s quantum dilogarithm [13], which can be regarded as a simple
example of a wave function in complex CS theory. A similar cancellation mechanism has ap-
peared in a more complicated context in ABJM theory, where it is sometimes referred to as the
HMO mechanism [24], and is one of the facets of the non-perturbative proposal for topological
string theory put forward in [6, 21, 42]. Moreover, the concrete realization of the cancella-
tion of singularities in topological string theory is a consequence of the integrality structure
of the topological string amplitudes. In the closed string case, one has the Gopakumar—Vafa
integrality [20] and its refinement [28]. In the open string case, as shown in [31, 38, 44], one
needs an integrality property akin to the one found in [30, 36, 40]. In this paper, we con-
jecture an integrality structure for the resummed WKB expansion of the wave functions of
complex CS theory and support our claims with explicit evidence obtained in examples. This
integrality structure, indeed, guarantees the cancellation of singularities. A similar integrality
property has been found in [12], and it would be interesting to clarify its relationship with our
results.

Our integrality conjecture characterizes the so-called holomorphic blocks of the wave func-
tions [5], and the corresponding integer invariants can be calculated from these blocks when they
are explicitly known. Analogously to the case of topological string theory, at the special values
of /i in equation (1.1), which we refer to as rational points, the generic formula for the exact
wave function has an apparent singularity. However, after the cancellation mechanism takes
place, one typically finds a relatively simpler expression. It is an interesting task to determine
this expression for general rational numbers, as it was done for Faddeev’s quantum dilogarithm
in [18]. In this paper, we develop various independent techniques to achieve this goal, following
ideas proposed in the context of the open TS/ST correspondence [23, 25, 44]. To begin with,
one can use the underlying integrality structure to derive an explicit answer at rational values
of h in terms of the newly introduced integer invariants. Second, one can start directly from the
AJ equation for the wave function and specialize it to rational values, where one finds a quasi-
periodic structure similar to the one appearing in spectral problems on lattices. Finally, one can
directly evaluate the Andersen—Kashaev state integral at rational points using the techniques
of [18]. We apply these three distinct methods and explicitly show that they lead to the same
results in examples.

The paper is organized as follows. In Section 2, we review the necessary background notions
on complex CS theory and the AJ conjecture. In Section 3, we present most of our results.
In particular, we state the integrality conjecture for the WKB resummed wave function and
show how it implies the cancellation of singularities at rational values of h. We also provide
two different techniques for evaluating the wave function at rational points. In Section 4, we
illustrate these results by performing explicit computations in the examples of the figure-eight
and three-twist knots. In Section 5, we evaluate directly the state integral in the rational case
for the figure-eight knot. Finally, we conclude and list some open problems in Section 6. In the
three appendices, we provide additional details on the calculations we perform in Section 3 and
recall some useful properties of Faddeev’s quantum dilogarithm.

!This is a resummation of a convergent series, so it does not involve the more sophisticated summability
techniques that apply to divergent series, like the Borel-Laplace resummation.
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2 Complex Chern—Simons theory and the A-polynomial

In this section, we review the fundamental aspects of complex CS theory on a closed three-
manifold and the construction of the classical and quantum A-polynomials of a hyperbolic knot.
The physical understanding of the connection to A-polynomials was developed in [22], and an
excellent summary can be found in [9]. The AJ conjecture, which is at the basis of many of
our computations, was proposed in [16]. We pay special attention to the case of CS theory
with SL(2,C) gauge group on the complement of a hyperbolic knot in the three-sphere and
introduce the two benchmark examples that we will consider later in this work, that is, the
figure-eight and three-twist knots.

2.1 Classical and quantum A-polynomials

The classical action of CS theory with complex gauge group G¢ can be written as [43]

/
/Tr(A/\dA+2A/\A/\A>+t/ Tr(AAdA+2AAAAA), (2.1)
M 3 8 Ju 3
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where t, t are complex parameters, M is the underlying closed three-manifold with bound-
ary X = 0M, and A is the complex gauge field, which is a one-form on M taking values in
the Lie algebra gc. Here, A denotes the complex conjugate of A. The coefficients ¢, ¢ can be
written as t = k +is and ' = k — is. Here, quantization of the theory implies that the level k is
an integer, while unitarity requires s to be either real or purely imaginary, although we will not
use this in our discussion. We also introduce the complex coupling constant b? defined by

2 t'

A classical solution on M is identified with a gauge equivalence class of flat G¢-connections
on M, which are gauge fields A satisfying the classical Euler-Lagrange equations

dA+ANA=dA+ANA=0. (2.3)
Because a flat Ge-connection on M is determined by a homomorphism

p: m(M)— Gg, (2.4)
the moduli space of classical solutions on M is thus

Mgt (Ge, M) = Hom(m (M), Ge)/~, (2.5)

where 71 denotes the fundamental group and ~ is conjugation by elements of the gauge group G¢.
The classical phase space of the theory is instead given by the moduli space of flat G¢-connections
on the closed Riemann surface ¥ modulo gauge transformations, that is,

Mgt (Ge, X) = Hom(m1(X2), Ge)/~, (2.6)
which comes naturally equipped with the symplectic two-form

/
w= t/Tr(5A/\5A)+t/Tr(5ﬁ/\5fl). (2.7)
8w » 8 »

™

Recall that there is a natural map

L Maat(Ge, M) = Maar(Ge, X) (2.8)
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induced by the inclusion 71(X) < 71 (M). Indeed, the image of the moduli space of classical
solutions in equation (2.5) under this map is a Lagrangian submanifold of the classical phase
space. Namely,

L = 1(Mgat(Ge, M)) C Mgat(Ge, ) (2.9)

is Lagrangian with respect to the symplectic structure in equation (2.7).
In this paper, we will focus on a three-manifold M obtained as the complement of a hyperbolic
knot? K in the three-sphere S, that is,

M = S*\K, (2.10)

which has a single toral boundary ¥ = T2. Its moduli space of flat G¢-connections identifies
a complex Lagrangian submanifold £ of the full phase space

Mt (Ge, T?) = (Tc x Te)/W, (2.11)

where T¢ is the maximal toral subgroup of G¢ and W is the Weyl group. Let us denote
by P = (P1,...,P.)and X = (X1,...,X,), where r is the rank of the gauge group, the complex
variables parametrizing each copy of the maximal torus T¢ in equation (2.11), which are defined
modulo the action of the Weyl group.® It follows that the irreducible components of £ are
described by W-invariant polynomial equations

Aci(P,X)=0, i=1,...,r (2.12)

where the polynomials Ay ;(P, X) have coefficients in Z [7].

Quantizing the classical phase space in equation (2.6) with its symplectic structure in equa-
tion (2.7) produces an infinite-dimensional Hilbert space Hy, and the Feynman path integral
over the manifold M leads to a state |[M) € Hy. In the case of a hyperbolic knot comple-
ment, the polynomials Ay ;(P,X) in equation (2.12) are expected to produce quantum oper-
ators A;C,i(IAD,X,q), i = 1,...,r, acting on Hy, which annihilate the state |M). Here, the
complex variables P, X are promoted to operators P, X satisfying the commutation relations

PX;=¢X;P,  i,j=1,...,m (2.13)
where 6;; is the Kronecker delta, we have introduced ¢ = e’ and
h = 27b? (2.14)

is the complex coupling parameter playing the role of Planck’s constant. We will sometimes
denote 7 = b%. Note that the quantization of the theory depends on the level k through the
parameter b?, and, in this work, we will restrict ourselves to the case k = 1. See, e.g., [8].

The classical constraints in equation (2.12) become Schrédinger-like operator equations in
the quantum theory. Namely,

A (P, X, q)xxc(h) =0, i=1,...,m, (2.15)
where xx(h) is the partition function associated with the manifold M in equation (2.10). Fol-
lowing the conventions of [17], we define the continuous complex variables u = (uy, ..., u,) such
that

X; = e2mbui i=1,...,m (2.16)

2A three-manifold M is hyperbolic if there is a discrete faithful representation of its fundamental group 1 (M)
into the group of orientation-preserving isometries of H®, that is, the group Isom™* (]HIS) >~ PSL(2,C). A hyperbolic
knot is a knot whose complement in the three-sphere is hyperbolic.

3P and X can be interpreted as the vectors of eigenvalues of the holonomies of the flat gauge connections on
the boundary torus over its two basic one-cycles.
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The corresponding quantum operators 4; determine a complete basis of states |u) € Hy on
which they act by multiplication. Therefore, the partition function on M can be regarded as
a wave function in u-space, which we represent as

xi(u; h). (2.17)

We stress that the quantization of the A-polynomials in equation (2.12) is not obtained simply
by promoting P, X to their operator counterparts. On top of ordering issues, the resulting
operators have a non-trivial dependence on A through ¢. It is fair to say that the spectral theory
of these operators is not entirely understood, and a deeper grasp of this issue might clarify the
corresponding non-trivial quantization problem. A concrete way of constructing the quantum
A-polynomials is, for example, to use the original AJ conjecture of [16].

The wave function yx(u; k) can be computed perturbatively in a saddle-point approximation
where the saddle, or classical solution of the Euler-Lagrange equations, is described by the group
homomorphism in equation (2.4). Equivalently, the saddle points can be identified with the
different classical solutions P(®) to equation (2.12) for fixed X, which we mark with the discrete
label a. We recall that the branches of the polynomials in equation (2.12) come in conjugate pairs
due to the symmetry of the theory under conjugation. Thus, each flat connection A, labeled
by p € Hom(71 (M), Gc), has a conjugate flat connection AP corresponding to the conjugate
homomorphism p. Consequently, we will denote by & the branch conjugate to . Note that there
is always an abelian branch a = abel described by the equations P, = --- = P, = 1, which is
self-conjugate, and a geometric branch? o = geom containing the discrete faithful representation
of w1 (M) into PSL(2,C), which has a distinct conjugate o = conj. In the rest of this work, we
will only consider non-abelian branches. Therefore, we simplify the factor corresponding to the
abelian classical solution from the polynomials in equation (2.12) and proceed to quantize the
simplified form.

When computed in the saddle-point approximation, that is, using the WKB method, around
the classical solution labeled by «, the perturbative wave function is denoted by X,(Ca)’WKB (u; h)
and given by an asymptotic series in & of the form [11]

()

2

o 1 «
X (s ) = exp (hSé (u)

logh+ > Sfffﬂu)h”) , (2.18)

n=0

where the leading-order coefficient Séa)(u) is determined by the classical CS functional in equa-

tion (2.1) up to integer multiples of 27wiu, the next-to-leading-order coefficient 6(®) is an integer
that vanishes when a # abel, and the higher-order coefficients S’,(la)(u), n > 1, are obtained, in
principle, by summing the contributions of n-loops Feynman diagrams systematically.

2.2 The case of SL(2,C) gauge group
In this work, we take G¢ = SL(2,C). Therefore, we have simply » = 1 and

A (P, X) = A1 (P, X1) (2.19)
is the classical A-polynomial of the knot [7]. The operators P, X act on u-states as
Plu) = Ju+ib),  X|u) = X|u). (2.20)

Equivalently, P is the operator that shifts X into ¢X, and X is the ordinary multiplication.
Building on previous results [11, 26, 27], the exact, non-perturbative partition function yx(u; k)

4On the geometric branch, w can be thought of as parametrizing the quantum deformations of the complex
hyperbolic structure of M.
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has been constructed from an ideal triangulation of M and identified with a finite-dimensional
integral whose integrand is a product of Faddeev’s quantum dilogarithm functions [13], known
as the state-integral invariant, or Andersen—Kashaev invariant [2, 3, 9]. This is a holomorphic
function of h € C' = C\(—00,0] and u € C. It has been explicitly verified in the examples of the
figure-eight and three-twist knots and conjectured in general [4] that it obeys the g-difference
equation encoded in the quantum A-polynomial of the knot, that is,

Ax (P,X, q)xx(u; h) = 0. (2.21)
Recall that S-duality exchanges b with 1/b. Therefore, the S-dual images of i and ¢ are

2mi ~—1

hD = T = QD = eihD =er = q ) (222)
T

27i

where we have introduced ¢ = e~ - , while the variable v is invariant under the action of S-
duality and X transforms into

27w

Xp=e® =X7. (2.23)
Remarkably, the wave function yx(u;h) is also invariant under this transformation, that is,

xk(u; h) = xx(u; hp), (2.24)
and, in particular, it satisfies the S-dual quantum A-polynomial equation®

Ax(Pp,Xp,ap)xx(u;h) =0, (2.25)

where Pp is the quantum operator acting on u-states by shifting v into u+1i/b, or, equivalently,
transforming Xp into gpXp, and Xp acts by multiplication.

p®,
(50

Figure 1. The hyperbolic knots known as the figure-eight knot (4;), on the left side, and the three-twist
knot (52), on the right side.

Throughout this work, we examine the two simplest examples of hyperbolic knots, which
allow us to perform explicit and detailed calculations to support and give insight into our claims.
These are the figure-eight and three-twist knots.

®Since the wave function simultaneously obeys distinct ¢- and gp-difference equations, the solution space
of equations (2.21) and (2.25) may be naturally regarded as a bimodule over the difference operator algebras
associated with the quantum A-polynomial and its S-dual image. We will not, however, pursue this perspective
further here.
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Example 2.1. The figure-eight knot, denoted as 4;, is shown on the left side of Figure 1. Its
classical A-polynomial can be written in symmetrized form as

Ay (PX)=P'+P—- (X?+X?-X-X"1-2). (2.26)

The corresponding polynomial equation A4, (P, X) = 0 has only two distinct non-abelian branch-
es. Explicitly, the geometric and conjugate branches are labeled as

o = geom, conj, (2.27)
and they are described by

T(X)+(1-X?)\/A(X)

p(geom,conj) _ 2.28
2X2 ) ( )
where we have introduced
T(X)=1-X-2X% - X3+ x4 (2.29a)
AX)=1-2X — X2 —2Xx3 4+ x*. (2.29b)
Building on the results and conventions of [17], the descendant A-operator is given by
2
A41(P7X7qmaq ZC] X q 7q (23())
7=0
where m takes values in Z and the coefficient functions C} (X' ,q", q) are
Co(X,q™,q) = P X? (-1 + ¢ X?), (2.31a)
Cl (qum,q) — _qm(_1 + q2+mX*2) (1 _ qX _ q1+mX2
- q3+mX2 _ q3+mX3 + q4+2mX4)’ (231b)
Co(X,q™.q) = X2 (-1 + ¢ T X?). (2.31c)

If we set m = 0, symmetrize by multiplying by p-1 , simplify a common factor ¢ 2x2 , and perform
the change of variable X — ¢ 'X, we obtain the conventional A-operator of the figure-eight
knot, that is,

A41(P7X7q) :CO(XaQ)P_1+Cl(X7Q) +C2(X7q)Pv (232)

where the coefficient functions C} (X' , q) are

Co(X,q) = ¢X? -1, (2.33a)
C1(X,q)=-(X*-1)(X*+X?-X-X'—qg—q), (2.33b)
Co(X,q) =q¢ ' X* -1 (2.33¢)

Example 2.2. The three-twist knot, denoted as 59, is shown on the right side of Figure 1. Its
classical A-polynomial can be written in symmetrized form as

A5,(P,X)=P'— (X2 - X' +2X +2X? - X?)
(X' -2-2Xx +X° - XY)P - X?P2 (2.34)
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The corresponding polynomial equation As, (P, X) = 0 has three distinct non-abelian branches:
the geometric branch, its conjugate, and a third, self-conjugate branch. We label them by

o = geom, conj, self. (2.35)

Again, following [17], the descendant A—operator is given by
3
A5, (P, X,q",q) =) _Cj(X,q" q) P (2.36)
7=0

where m takes values in Z and the coefficient functions Cj} (X' ,q", q) are

Co (X, q".q) = — q2+mX2(1 - qQX) (1+ qQX') (1- q5X2), (2.37a)
Cl(X,qm,q) =(1- qX) (1+ qX) (1- q5X2) (1- gX — qX? — *X? 4 X2
NS S SRS CRIPLY SRS SRS o (2.37b)
C'Q(X,qm,q) = qX(l — qQX) (1 + q2X) (1 — qu) (1 — X — P — P X PP X?
IS SRS CIPLI CRPLCS CNS SRS O (2.37¢)
Cs (X, q".q) = q8+mX4(1 - qX) (1+ qX') (1- qu). (2.37d)

If we set m = 0, symmetrize by multlplymg by P2 and perform the change of variable X =
1X we obtain the conventional A- operator of the three-twist knot, that is,

A52(P7X7q) :CO(Xaq)P_2+Cl(X7Q)P_1 +02(X7Q) +C3(X7Q>pa (238>

where we have defined

Co (X,q) = — Xz(l - qQXQ) (1- q3X2), (2.39a)
Cl(X,q) = (1 —XQ) (1 —q3X2) (q2X3 — qQXQ — qX5
+ 20X g X4 X2 - X - X+ 1), (2.39b)
CQ(X,q) = X(l — QQX'Q) (1 — q_lXQ) (—q4X5 —|—q4X3
+q3X4—q3X3—q3X2—q2f(3+qf(3—2qf(—f(2+1), (2.39c¢)
Cs (X, q) = q4X4(1 - X2) (1- q_le). (2.39d)

3 The structure of the wave function

In this section, we study the non-perturbative wave function xi(u; %) introduced in Section 2
by exploiting ideas from topological string theory. In particular, we propose new conjectures on
the structure of this wave function, which are motivated by similar results in the open version
of the TS/ST correspondence [31, 38, 39, 44] and by the evidence presented in Section 4. In the
following, we will not explicitly indicate the knot K to avoid the cluttering of notation.

3.1 General conjectures

Our first claim is that the WKB expansion in equation (2.18) can be resummed at all orders
in /2 and order by order in X = 2™  Explicitly, for a fixed choice of «, we have that

X(a)’WKB(u; h) = exp <h8(()a)(x) + Sga)(x) + ¢(O‘)’WKB(X;q)> 7 (3.1)
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where séﬁ) (x) are R-polynomials in the variable® z = log X and

FONIE(X;9) = 7 0l (@)X + a0 X (32
n>1

The coefficient functions afrz (¢) can be written as

(a)

o it (q)
a2 (g) = i = Dgrem M€ Zso, (3.3)
where &fg (q) € Zg] such that
a%™(q) =0,  neZs, (3.4)

and oo is a function of m € Zy that takes values in N, depends on the choice of classical
branch «, and satisfies

Ogeom,m = O, O'a7,‘m‘ =0 Vo (3.5)

In both examples of the figure-eight and three-twist knots studied in Section 4, we have precise
expressions for o, for all choices of o # geom, which are given in equations (4.7), (4.27),
and (4.28). Moreover, our conjectural statements above simplify notably in the particular case
of the geometric branch, whose function qﬁ(geom)’WKB(X ;q) has a series expansion including only
the positive powers of X and whose coefficients a&ge"m)(q) have a trivial factor of g%seomn» =1 in
the denominator.

Note that we use the same notation for the perturbative WKB series in equation (2.18) and
its resummation in terms of ¢ in equation (3.1). However, in the rest of this paper, we will always
refer to the resummed version of x(®)>WKB(y: ;) as in equation (3.1). In fact, there is additional
structure in the resummed perturbative wave function. Our second claim is that ¢(°‘)’WKB(X i q)
has an integrality /multicovering-type property. Namely, for a fixed choice of a, we have that

¢(a),WKB(X; q) = Z Dga) (qk) D" (qk) x sk

—Xsk + ’
2 kdh = 1)ghoes k(gk —1)ghoa.—s

(3.6)

where D(f;)(q) € Z[q]. Equivalently, we can write the coefficient functions from equation (3.2) as

5 n e Z>(], (37)
k

where the sum runs over all positive integer divisors of n. Since the following discussion holds
for all non-abelian choices of the classical branch, let us now drop the explicit dependence on «
to simplify the notation and introduce

Dys(q)
(g —1)g7"

Using equations (3.6) and (3.8), we can write

exp(quWKB(X;q)) = exp ( Z ;bs(qk)XSk> exp ( Z %-Dfs (qk)X_Sk)

Das(q) = s € L>o. (3.8)

k,s>1 k,s>1
= Expy, ( > Di(g)X s) Expy ( > D os(g)X S) : (3.9)
s>1 s>1

5The S-dual image of = is zp = log Xp = 27z /h.
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where Expx , denotes the plethystic exponential in the variables X, ¢. See, e.g., [35]. It follows
that we can extract the functions D4 4(q) by applying the plethystic logarithm in the same two
variables, which we denote by Logy ,, to both sides of equation (3.9). Specifically, we find that

> Dii(q)X* =TLogy, (eXp (Zain(Q)X i")) =) “g‘:)ain (¢")XEk (3.10)

s>1 n>1 kn>1

where p(k) is the Mobius function, which leads to the closed formula

Dis(q) = Z Mgf) ats (qk), 8 € Zyp. (3.11)
k|s

Note that this is the formal inverse of equation (3.7), which can be equivalently written as

1 -
azn(q) =Y Din(d),  n€Zso (3.12)
k|n

Let us explain how our conjectures originate from insights from the TS/ST correspondence.
See [37] for a review and further references. In the context of the TS/ST correspondence, an
analogous statement to the AJ conjecture for the CS wave function in equation (2.21) arises from
the quantization of the mirror curve to a toric Calabi—Yau threefold and the corresponding spec-
tral problem. Its wave function can be computed in the WKB approximation as a formal power
series in Ai. It was noted in [31, 38] that this A-expansion could be suitably resummed, producing
the same picture we described in our claims above. This structure is similar to the one appear-
ing in perturbative open topological string theory [36, 40], but it is slightly less constrained.
Specifically, one has the structure of [40] but not the more detailed substructure found in [36].
The integrality property in equation (3.6) characterizes what is called an admissible series by
Kontsevich and Soibelman in [34],” and it is observed in other instances, e.g., as shown in [1].

We can now ask how the resummed perturbative partition functions in equation (3.1) relate
to the exact partition function y(u;#%) described in Section 2. It follows both from physical
arguments [5] and from explicit computations [8, 17, 19] that the exact wave function can be
conjecturally decomposed as

X(u;h) =" CaS(X; )8 (Xp3 gp), (3.13)

where the sum runs over the different non-abelian branches of the classical A-polynomial labeled
by «, C, is an appropriate complex constant, and S(®) (X; q) is known as holomorphic block. Since
the holomorphic block labeled by « must reproduce the perturbative expansion of the wave
function around the corresponding classical solution, it can be identified with the resummed
WKB series in equation (3.1), that is,

S (X;q) = exp <;is(()a)(x) + s§0‘)(x) + () WKB (k. q)) ) (3.14)
Therefore, our conjecture in equation (3.6) implies that holomorphic blocks in complex CS
theory have the stated integrality /multicovering-type property, i.e., they are admissible series in
the Kontsevich—Soibelman sense. This could have been anticipated from the relation between
holomorphic blocks and open topological string partition functions found in some examples [5].
Indeed, we will show in Section 4 that, starting from the known closed expressions for the

"We thank Stavros Garoufalidis for pointing this out to us.
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holomorphic and antiholomorphic blocks [5, 8, 17], we can successfully verify the integrality
structure in equation (3.6) for all non-abelian choices of the flat connection in the examples
of the figure-eight and three-twist knots. Furthermore, we will provide a compact proof of
admissibility in the same examples by direct application of a theorem of [34] together with
well-established g-series identities.

Let us comment that the structure in equations (3.13) and (3.14) is again similar to what
has been found in the open TS/ST correspondence [15, 31, 38, 39, 44]: the exact wave functions
are given by sums of products of the resummed WKB wave functions and their duals.® As
we mentioned in Section 1, a structure similar to the one in equation (3.2) has already been
conjectured in [12], where the resummed WKB expansion is obtained by solving directly the
quantized A-polynomial equation. The approach of [12] does not appeal to the decomposition
into holomorphic blocks, and our explicit results for the resummation of the WKB expansion in
the case of, e.g., the figure-eight knot in Section 4 appear to be different from those in [12].7

3.2 Cancellation of singularities

Recall that the exact wave function x(u;h) is a holomorphic function of & € C'. In particular,
it is well-defined for

h= gwg, (3.15)
where P, @) are coprime positive integers. We will refer to values of A of the form in equa-
tion (3.15) as rational values. On the other hand, due to the conjectured integrality structure in
equation (3.6), ¢(®)WKB (X ¢) is singular precisely for these values of %, thus implying that the
singularities must disappear in the decomposition of x(u;h) in equation (3.13). More precisely,
we will show how these singularities cancel in the sum

P @WEB (X1 q) 4 ¢ @WEB (X 1 gp), (3.16)

which implies non-trivial constraints on the coefficients &fg(q) in equation (3.3). This type

of branch-by-branch cancellation of singularities found a prototypical example in Faddeev’s
quantum dilogarithm [18] and played a major role in the understanding of the ABJM matrix
model [24] and the TS/ST correspondence [21, 29, 42].

Again, we hide the explicit dependence on the classical solution « to simplify the notation.
Here and in the rest of this work, we will only reintroduce it when necessary. We will now study
how the cancellation occurs in the exact wave function x(u;h) as given in equation (3.13), and,
in Section 3.3, we will compute the finite, well-defined piece that is left from the cancellation
and constitutes the sum in equation (3.16). Moreover, as we will see in Section 3.4 along the
lines of [44], it is possible to compute this finite part by using only the information contained in
the quantum operator A(P, X, q). We take

_ b _ 27 .
g=e"=¢e"Q, P,Q € Z~q coprime, (3.17)
and, substituting into equation (3.2), we find that the possible singularities of p“VXB(X: ¢) occur
when n = s@Q and s € Z~¢. In fact, for these values of n, the coefficient functions ai,(q) in
equation (3.3) become
d:ﬁ:sQ(Q)

a+5Q(q) = Q@ g (3.18)

8In the TS/ST correspondence, one can also define off-shell wave functions, in which case the dual blocks differ
from the original ones.

90ne reason for this difference, which was pointed out to us by Sergei Gukov, is that the results of [12] involve
the super A-polynomial, which might lead to a different specialization for SL(2,C).
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Similarly, considering the dual variable

ar?i - Q

gp=e f =e?™P (3.19)

the possible singularities of the dual function ¢“VXB(Xp;gp) occur when n = sP and s € Z~y.
Indeed, the coefficient functions a1, (¢p) in equation (3.3) become

a+sp(qp)
a+sp(qp) = 5 (3.20)
’ sP(ay —1)ap™"
Let us now introduce
i 4n?i P
ge = e, ge,p =€ he | he = 27— + €, D<ex 1, (3.21)

Q

and consider the limit € — 0. As detailed in Appendix A, equations (3.18) and (3.20) produce
the NLO e-expansions

_ 1 1 1 0 d:l:sQ(Q)
() = <_(SQ)26 C25Q " (SQ)QQ&) qo+sQ +0(e), (3.22a)

. i 1 i 1 1 0 &:I:SP(QD)
a+sp(qe,n) = <(SQ) tp <27rsQ - 2) + (SP)QQDan> e +O(e),  (3.22b)

respectively. We then require the cancellation of the e-poles in equations (3.22a) and (3.22b),
which yields the relation

disQ (62ﬂi5)672ﬂ'igdisQ — &isP (eQWi%)ef27Ti%UisP’ (323)

for all s, P,Q € Z~q with P, QQ coprime. We remark that, for the geometric branch, the formula

in equation (3.23) assumes the simplified form!?
P .
g (5 = algem (@15, 320

where again s, P, Q) € Z~o with P, @ coprime.

Let us now prove that the cancellation formula in equation (3.23) is a direct consequence of
the integrality structure presented in equation (3.6). More precisely, equations (3.3) and (3.7)
imply that

k—
an(q)q " = kDi(q%)g k7> " qi, (3.25)
k|n j=0

>—‘

.

2ril

and, after substituting n = s@) and ¢ = " @ with s, P, Q) as above, we obtain

&SQ (e27riQ) —2miL 07sQ — Z k‘Dk 27r15P —271’15P0'k Z e27r1 (3.26)

k|s@

Since the sum over j on the right-hand side is non-zero if and only if k|s, equation (3.26) gives

is0 (e2’“@ —2miGosg => KDp(l)=c, €Z,  s€ L, (3.27)
k|s

10A similar cancellation requirement was obtained in [44] in the study of the wave function for quantum mirror
curves.
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which is independent of the choice of P, Q) € Z~ coprime, thus proving the cancellation identity
in equation (3.23). We note that the case of a_,(q) is handled analogously, yielding the same
result. In particular, recalling that o_,, = 0, n € Z~, it defines the sequence of integers

i-so(¢™2) =S KD (1) =, €2,  s€ L. (3.28)
k|s

Finally, applying the Md&bius inversion formula for arithmetic functions, we deduce that

1
Dio(l) = 5 > n(R)ess, s € Zso, (3.29)
k|s

where (k) is the Mobius function. As we will see, the construction presented here is experi-
mentally verified for the knots 4; and 59 in Section 4.

3.3 The wave function in the rational case, I

We will now apply the results obtained in Section 3.2 to derive explicitly the exact wave func-
tion x(u; h) in equation (3.13) as a formal power series in X, X ~! for rational values of h. Let us
start from the holomorphic components ¢(®)>WKB(X: ) and fix % as in equation (3.15), that is,
_ ih _ 2mL .

g=¢e¢"=¢e""2, P,Q € Z~¢ coprime. (3.30)
As before, we drop the label « for simplicity and intend the following discussion to hold for
each non-abelian choice of the classical branch independently. The singular terms come from
the values n = s@Q for s € Z~g, while choosing n = s@Q + k with 1 < k < @ — 1 produces
only regular terms. Specifically, the terms involving singularities are obtained by substituting
equation (3.22a) into equation (3.2) and contain the non-singular contributions

Z (1 4 1 g 6) &isQ(Q) X E5Q (3.31)

4 a2 o
= 2 sQ 7 0q) sQq°*sQ

The regular terms associated with n # s@Q are instead

Q-1

1 di(sQ+k) (9) +(sQ+k)
X .32
2 1 2 GQ + ke ’ (332

where we have used that ¢*®** = ¢F. Thus, the sum of the quantities in equations (3.31)
and (3.32) is the finite part of the function ¢“VXB(X;q) evaluated at the rational point in
equation (3.15). It is convenient to introduce the functions

ds q S
SD(QH (X) = Z &Qqus(lX “, (3.33a)
s>1
() — a-sq(q) —sQ
0y (X) = ; Ca0)pa X (3.33b)
o >0 (sQ + k)qos@+k ’ A ) .
SD;ET)(X) _ Z a—(s@+k) (9) X~ (5Q+k) k=1,....Q—1, (3.33d)

5 —(5Q + k)@
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where we hide the dependence on ¢ to simplify the notation. Moreover, we define

PQ(X) = 03 (X) + 5 (X), (3.342)
op(X) = oD (X) = FolT(X),  k=1,...,Q-1. (3.34b)

Putting equations (3.31) and (3.32) together and suitably identifying the functions just intro-
duced in equation (3.34), we can write the resummed series in the holomorphic block as

1 o [ xr =
VE(Xiq) = —geqlX) +ag [ ealX) G+

or(X)
e
purll Al

(3.35)

Let us now consider the antiholomorphic component (;SWKB(X p;qp) and fix h as above. The
derivation, in this case, is very similar to the previous one except for one novelty, that is, the
appearance of log X terms, which originate from the e-expansion of the S-dual variable

Xp=X7=X8%. (3.36)

Let us add a small positive term € to the rational value of & as in equation (3.21). Then, we
consider the limit € — 0 and find that

ol

Q_1 2
pd € Q
Xep=Xhe =X 5sEr = X (1_2762132610gx+0(62)). (3.37)
As described before, the singular terms come from the values n = sP for s € Z~(, while choos-
ingn = sP + k with 1 < k < P—1 produces only regular terms. Specifically, the terms involving
singularities are obtained by substituting equations (3.22b) and (3.37) into equation (3.2) and
contain the non-singular contributions

i 1 1 0 i dj:sP(QD) +
4 gp——F —log X | =12 xEsQ 3.38
; (2773@ 2 + quD dgp + 2 8 > quUDiSP ( )

The regular terms associated with n # sP are instead

P—1 .
1 a 4D Q
- 1 Z i(SP"r‘k?g'(i(sp)-Hc) Xi(sp+k) P , (339)
o 4o — 155 (sP+k)gp
where we have used that gp = ™% and thus qSDP th — q%. Therefore, the sum of the quantities

in equations (3.38) and (3.39) is the finite part of the function ¢VXB(Xp;qp) evaluated at the
rational point in equation (3.15). As we have done for the holomorphic part, we introduce the
functions

~ dSP QD S
s>1 s84p

(- a—sp(qp) s

20 (Xp) =" X5, (3.40b)
s>1 (sP)dp

~(+4) sp+k(qD) 5Ptk

Xp) =S —LePthldD) _ ysPik g p_q, 3.40c

80]{; ( D) ; (SP + k)quP+k D ( )

(=) _ a_(sp+k)(4D) —(sP+k) _

27 (Xp) = e Xp . k=1,...P—1, (3.40d)

s>0 —(sP +k)qp
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where we hide the dependence on ¢p to simplify the notation. Moreover, we define

Zr(Xp) = 35 (Xp) + 5% (Xp), (3.41a)
Zn(Xp) = 27 (Xp) — by (Xp),  k=1,...,Q-1. (3.41b)

Putting equations (3.38) and (3.39) together and suitably identifying the functions just intro-
duced in equation (3.41), we can now write the resummed series in the antiholomorphic block as

1 i ~
6" (Xpigp) = — (2 + %ng) #p(Xp)
iP ) Xp dX}, | = @r(Xp)
+ +q )/ X D 4 . 3.42
(W Vo), PRI TE L A (3.42)

Finally, we observe that

PP (Xp) = LoD (x),  F(Xp) =

= 0ol (x), (3.43)

as a direct consequence of the cancellation symmetry in equation (3.23). Therefore, after sum-
ming equations (3.35) and (3.42) and using the relations in equation (3.43), we obtain the
expression

oVEB(X;q) + oVEB(Xpsap)

L 1Q 'Q b
_Q\ [T Lo ‘Pk(Xﬂ
1 sQ <1 P>/o o5 k§: ;—1: i (3.44)

Besides, the power series newly defined in equations (3.34) and (3.41), which dictate the formula
for the exact wave function at rational points by means of equation (3.44), are explicitly and
uniquely determined by the function

T(X)=TH(X)+1E)(X) = Z nqon ny Z W -X, (3.45)

n>1

where, again, we hide the dependence on ¢ to simplify the notation. Indeed, we can write

1
eo(X) =5 ) T"X), (3.46a)
Q m=0
=,
m=0
and similarly
=
vr(Xp) =5 ) T(apXp), (3.47a)
m=0
=
o (Xp) = 5 X ap" T (GBXp),  k=1...P-L (3.47)
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Let us stress that the derivation we have presented here implies a fixed choice of the classical
branch. Indeed, the functions Y(X), ¢qo(X), ¢r(X), ¢r(Xp), ¢r(Xp) are implicitly dependent
on the label a. We note that, applying equations (3.27) and (3.28), we can simply read off the
integer coeflicients c+s, s € Zg, from the function ¢g(X). Namely, we have that

Cs g Cos g
po(X)=>" @X Q_ @X @ (3.48)
s>1

after substituting ¢°? = 1. In Appendix B, we describe an alternative way of computing the
integer sequences {cis}, s € Z~o using equation (3.44). We will show in Section 4 that, starting
from the known closed expression for the holomorphic and antiholomorphic blocks, we can
successfully compute the integer coefficients for both series in X, X! and all choices of the flat
connection « in the examples of the figure-eight and three-twist knots.

3.4 The wave function in the rational case, 11

In Section 3.3, we showed that the exact wave function x(u;%) in equation (3.13) at rational
values of % is determined by the functions T(®(X), defined in equation (3.45), and their deriva-
tives with respect to g, up to the constants C, and the exponential prefactors containing 58,11) (z).
We will now prove that the functions Y(®) (X)) can be obtained by solving directly the quantum
A-polynomial in closed form. We will focus on g¢-difference equations of order two and three.
These are the relevant cases for the examples studied in Section 4. The matrix formalism pre-
sented below was used in [44] for a second-order g-difference equation in the context of quantum
mirror curves.

3.4.1 Solving a second-order g-difference equation

Recall that, for each choice of «, the resummed perturbative wave function X(O‘)’WKB(u; h) is
given in equation (3.1). Equivalently, we write

X(a),WKB(u; h) = eihs(()a)(x)Jrsga)(x)\I;(a),WKB (X:q), (3.49)

where we have introduced the notation
T(OWEB(¥: ) = exp(¢{®) VKB (X q)), (3.50)

which will be useful in the following discussion. Let us assume that the corresponding quantum
A-polynomial equation, that is,

A(P, X, q)x"WVEB(u; h) =0, (3.51)

is of second order. This is the case of the 4;-knot, as shown in equation (2.30). After ap-
propriately accounting for the correction due to the exponential prefactor containing the func-
tions 50?{1) () in equation (3.49), the g-difference equation above becomes

WWEB (X5 q) + AX) W WVEB (X g) + BX) WO WEB (71X q) =0, (3.52)

where A(X), B(X) are functions of X and ¢. Let us observe that, due to the conjectural
structure in equations (3.2) and (3.3), we have that

U(@)-WEB(g X q)

v(@ (X) = G@WEB (X1 )

= exp (T (X)), (3.53)
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and we can now write equation (3.52) in terms of the above function v(®(X) as
v(X)v(¢'X) + A(X)v(¢ ' X) + B(X) =0, (3.54)

where we have dropped the label « from the notation for simplicity. Let us further assume
that A is fixed as in equation (3.15), that is,

oriL

qg=¢"=¢e"0q, P, € Z~q coprime, (3.55)
and introduce the sequence of functions {vy}, k € Z>¢, of X and ¢ defined by

vg = v(g FX). (3.56)
They satisfy the system of equations

VkUk+1 + A(q_kX)ka + B(q_kX) =0, 0<k<Q-1, (3.57)

as a consequence of equation (3.54). We solve this system recursively, as follows. We define the
sequences {a(k) (X)} and {b(k) (X)}, k € Zxo, via the relations

aW(X) = A(X), (3.584)
bM(X) = B(X), (3.58b)
vour - v 4+ aP (X))o + 0P (X) =0, k> 1. (3.58¢)

If we multiply equation (3.58¢) by vi11 and apply equation (3.57), we obtain a recursion relation
which can be written in matrix form as

a* (X)) [(—A(g7FX) 1\ [(aP(X)
(o)) = (ot o) (o) 1359
and it can be solved as
a @ (X —1
<b(Q)EX))> — Mo(X) < ) > . (3.60)
Here, Mg(X) is the matrix
C /_A(FX) 1 M (X) Mua(X)
Mo =1 (Zatwx) o) = (o) Ma)): (361

where the product is ordered from left to right as k increases. Recalling that ¢© = 1, we obtain

MQ(qu)=(:A(X) 1) Mq(X) (—A(X) 1)1

B(X) 0 “B(X) 0
_ (Mo — AMip A(Mi1 + AMi2) — (Mo + AMa) (3.62)
—BMs My + AM 2 ’ ’

where we have removed the explicit dependence on X for compactness. Following equations
(3.60) and (3.62), we find that!!

ol (g71 X — M (X) + A(X)Mi2(X)
(b(@ég—lx*;)_( 22B(X)M12(X) - ) (3.63)

HThere is a sign misprint in the corresponding equation in [44].
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Let us now define the function
v = vy - - - Vg1, (3.64)

which is invariant under g-shifts. We consider equation (3.58¢) for & = @ and, shifting X
into ¢~1X, we produce the system

vo (TTv + a@ (X)) + b @ (X) =0, vy (TIv + a(@ (a7'X)) + b@ (¢7'X)=0. (3.65)

By substituting the expressions for a(¥)(X), a(@) (q_lX) and b(@ (X)), b@) (q_lX) in terms
of the entries of the original matrix Mg(X) in equations (3.60) and (3.63) and then using
equation (3.57) with £ = 0, we can rewrite the system above as

vo(Ilv — M11(X)) — Ma1(X) =0, v — Mao(X) — vgMi2(X) =0, (3.66)

or, equivalently, in the matrix form

MH(X) —Iv MQl(X) (%)) _ 0 (3 67)
Mia(X) Moo(X) — v 1 0/ '
It follows straightforwardly that IIv is an eigenvalue of the transpose matrix Mg(X )T with

eigenvector (vg,1)T. Specifically, we have that

o Mo(X) £ /A (X)

11 3.68
v : , (3.69)
where we have introduced

Ag(X) = (tr Mg(X))? — ddet Mg(X), (3.69)

while det Mg (X) and tr Mg (X) denote the trace and determinant of the matrix, respectively.
Note that, following equation (3.61), both det Mg(X) and tr Mg(X) are invariant under g-
shifts and so depend on X through X%. The function vg can be found, for example, using the
second line of equation (3.66), yielding

o — v — Maop(X) M1 (X) — Maa(X) £ /Ag(X)
T Mp(X) 2M12(X) ’

(3.70)

while the functions v, k € Z~q, are obtained by successively ¢-shifting vg. This gives the solution
to equation (3.54) for all rational values of h. However, we stress that, for such a solution to
be consistent with the original choice of a classical branch labeled by «, we must impose that,
taking P = @ = 1, we find

vp = Iv = P, (3.71)

where P(® is the selected non-abelian solution of the classical A-polynomial at fixed X after
taking into account the corrections due to the exponential prefactor in equation (3.49). In this
way, we remove the sign ambiguity in equation (3.68) and correspondingly in equation (3.70).
We conclude by observing that equation (3.53) implies

T(X) = logvg = log (M“(X) — ijiig)i AQ(X)) : (3.72a)
0o(X) = Cglog v = élog (trMQ(X);E AQ(X)) : (3.72b)
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where we have applied the relation

Q-1
ITv = exp (Z T(qmX)> = exp(Qy (X)), (3.73)

m=0

which is a direct consequence of equation (3.46a). Again, the sign ambiguity in equation (3.72)
is resolved by the requirement in equation (3.71).

3.4.2 Solving a third-order g-difference equation

We will show how the matrix formalism of Section 3.4.1 can be applied to solve a third-order
g-difference equation in closed form. In particular, let us return to the quantum A-polynomial
equation satisfied by the resummed perturbative wave function x(®)>WKB (y: k) in equation (3.51)
and assume it is of order three. This is the case of the 52-knot, as shown in equation (2.36).
As before, after appropriately accounting for the correction due to the exponential prefactor
containing the functions 3(()(,}1) (x) in equation (3.49), the g-difference equation takes the form

W@WEB (X ) + A(X) WO WEB( X q) + B(X) W@ WEB (71X q)
+ C(X) W WEB (472X q) = 0, (3.74)
B

where A(X), B(X), C(X) are functions of X and ¢. We can now introduce the function v(® (X)
as in equation (3.53) and write equation (3.74) equivalently as

V(X)v(g X)v(g?X) + A(X)v(g ' X)v(¢?X) + B(X)v(¢?X) + C(X) =0, (3.75)

where we have dropped the label « from the notation for simplicity. Let us further assume that ¢
is fixed as in equation (3.55) and define the sequence of functions {vy}, k € Z>¢, of X and ¢ by

v = U(q_kX). (3.76)
It follows from shifting X into ¢~*X in equation (3.75) that they satisfy the system of equations

VkUk+1Vk+2 + A(¢FX ) vp 12 + B(¢ T X )vgye + C(¢7FX) =0,
0<k<Q-1. (3.77)

In order to solve the above system recursively, let us define the sequences {a(k)(X )}, { bR (X )},
and {c(k) (X)}, k € Zxo, via the relations

aM(X) = A(X), (3.78a)
»(V(X) = B(X), (3.78Db)
(X)) = C0(X), (3.78¢)
vov1 -+ Upgt + P (X)vgvpgr + 0P (Xvpy + (X)) =0, k> 1. (3.784)

If we multiply equation (3.78d) by vi42 and apply equation (3.77), we obtain a recursion relation
which can be written in matrix form as

a1 (X) ~A(g7*x) 1 0\ [a®(X)
(X)) | = -B(¢*X) 0 1| |bR(X)], (3.79)
D (X) —C(¢7*x) 0 0 \e®(X)
and it can be solved as
al@(X) -1
V(X)) | = Mo(X)| 0 |. (3.80)

A (X) 0
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Here, Mg(X) is the matrix

Q —A(qu) 1 0 Mu(X) M12(X) M13(X)
MoX) =T | -B(¢*X) 0 1] = Ma(X) Man(X) Ma(X) |, (3.81)
k=1 —C(qu> 0 0 M31<X) M32(X) M33(X)

where the product is ordered from left to right as k increases. As before, let us introduce
v = vov1 - - - Vg1, (3.82)

which is invariant under g-shifts. Moreover, as it will be useful in the following, we compute the
g-shifted matrix

-1

~AX) 1 0 —AX) 1 0
Mo(g'X)=[-B(X) 0 1| Mo(X)|-B(X) 0 1] (3.83)
-C(X) 0 0 -C(X) 0 0

which can be written as

—AMis+Mas —AMi3+Mas %(M11+AM12+BM13)—%(M21+AM22+BM23)
—BMia+Mszy —BMiz+Mssz Z(Mii+AMia+BMiz)—E(Mar+AMay+BMas) |,

—C Mo —CM;is (Mi1+AMi2+BM;3)
(3.84)

where we have removed the explicit dependence on X for compactness. Let us now take equa-
tion (3.78d) for k = @, which gives

vour (T + @D (X)) + b9 (X)vy + D (X) = 0, (3.85)

Equation (3.80) allows us to express the functions a(?)(X), b(@(X), and ¢(@)(X) in terms of
the entries of the matrix Mg (X), so that equation (3.85) becomes

vour (ITv — M11(X)) — Mo (X)vg — M31(X) =0. (3.86)

Shifting X into ¢~ X, using equation (3.77) with & = 0, and applying the dictionary encoded
in the matrix in equation (3.84), we find the second equation

Ul(HU - MQQ(X)) - M32(X) - Mlg(X)Uo’Ul =0. (3.87)

Subsequently shifting X into ¢~'X in the equation above, again using equations (3.77) and
(3.84), we obtain the third equation

ITv — Mgg(X) — M23(X)U1 — M13(X)U0’U1 =0. (3.88)

Equations (3.86), (3.87), and (3.88) assemble into a cubic system which can be written in matrix
form as

M (X) - Mo (X) M3 (X) VU1 0
Mlg(X) MQQ(X) — v M32(X) (] = 0 . (3.89)
M13(X) MQg(X) M33(X) —Iv 1 0

We conclude that ITv is an eigenvalue of the transpose matrix Mg (X)T

(vovr,v1,1)T. The characteristic polynomial is

with eigenvector

p(z) = det(zl3 — MQ) = 2° + daz® + dyz + do, (3.90)



On the Structure of Wave Functions in Complex Chern—Simons Theory 21

where I3 is the 3 x 3 identity matrix and

dy = — M1 — Moz — Mas, (3.91a)
dy = — Moz Mazz — Mo Moy — MigMszy + Myt Mag + Mg Msz + Mo Mass, (3.91b)
do = — M1 Moo M3zsz + Myi Moz M3z + Maa M3z Miz + Mzz Mo Mio

— MarMigMszz — Mz M1 Mas. (3.91c)

The eigenvalues of the matrix Mg (X)? are the roots of p(z), that is,

1 Ao
Mv=—=(do+ 0y + — 3.92
v 3 < 2 1+ 02 + @2> , ( )
where we have
Oy = d3 — 3dy, (3.93a)
01 = 2d3 — 9dad; + 27dy, (3.93b)

enﬂﬂ%i 3
0y = 5 01 + /07 — 46}, m=0,1,2. (3.93c)

The function vy is obtained, for example, by solving the system of equations (3.87) and (3.88),
yielding

_ MapMss — MapTlv — MasMsy — Mssllv + (ITv)®
—Mia M3z + Mapllv + M1z M3 ’

Vo (3.94)

while the functions vg, k € Zsq, are computed by successively g-shifting vg. This gives the
solution to equation (3.75) for all rational values of 4. As we have done in Section 3.4.1, we
can now fix the ambiguity in equation (3.92) and correspondingly in equation (3.94), that is,
the value of m = 0,1, 2 in the definition of ©2, by imposing the consistency of the solution with
the original choice of a non-abelian classical branch labeled by «. Specifically, we require that
equation (3.71) holds in the case of P = @ = 1 after accounting for the exponential prefactor in
equation (3.49). Again, we conclude by observing that equations (3.53) and (3.73) imply

T(X) = log vy, wo(X) = Cglog ITov. (3.95)

Note that the procedure described here for a third-order g-difference equation can be generalized
to higher orders.

4 Examples

In this section, we will illustrate how the conjectures and computational methods of Section 3
apply to the two simplest hyperbolic knots, i.e., the figure-eight (4;) and three-twist (52) knots.
We will first verify the integrality structure of equation (3.6) starting from the known decompo-
sition into holomorphic and antiholomorphic blocks. We will then determine the wave function
at rational values of A following the matrix formalism of Section 3.4 and cross-check the agree-
ment of our results. Finally, we will include a short proof of admissibility for the examples at
hand based on a theorem of Kontsevich and Soibelman [34].
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4.1 The figure-eight knot

The state integral of the figure-eight knot x4, (u; k) can be expressed as [5, 8, 17]

X4, (u h) —e %—%cg( 7Ti(—2u2—4cbu)j( 4mbu 27rbu7 q)j(e47rb*1u7e27rb*1u; q—l)

+ em(uszCbu)j(e%rbu 27rbu7 q)j(eZﬂ-b Ly ,e727rb*1u; q~71)), (4_1>
where c¢p, = i(b +b71)/2 and the g-special function J(x,y;q) is defined by'?
n n+1)/2xn

> (
J(x,y:q9) = (y4: D)oo Z(—l)"(q

= (@) (yg a)n’ (4.2)

while (yq; q)oo and (yq; q), denote the quantum dilogarithm and the g¢-shifted factorial, respec-

tively. See Appendix C for their definitions. By means of equation (4.1), we can identify
¢(geom),WKB (X7 q) = log j(XQ, X; Q), (43&)
¢(COHj),WKB(X; q) — logj(X,X_l; q), (43b)

together with Cgeom = Ceonj = eT and

. (geom) (geom) 2 2. .

is; (x) (geom) isg (xp) (geom) x oz ™ ik

Yo W) Yo ¥D) _r L gy
- + 5 (x) + I + 5 (zp) T ATt (4.4a)

(conj) (conj) ) 2:

isy ' (z) (conj) isy” (D) (conj) iz Tr x T 1h

o W) o D) T I I 4.4b
s (@) + o e (wp) = 5+ + 5 T3, T8 (4.4b)

Indeed, the two terms in the right-hand side of equation (4.1) represent the contributions coming
from the geometric and conjugate branches, respectively. These are the only two non-abelian
branches of the 41-knot, as described in Example 2.1. Moreover, we solve equations (4.4a)
and (4.4b) order by order in x and h and obtain that

2 2

com T X eom
ORI i O (4.50)

, 2 2 .
S(()conJ)(l,) _ % + %’ s(lconj)(x) _ g (4.5b)

In this way, we have fully determined the perturbative wave functions X("‘)’WKB(U; h) of the
figure-eight knot in the resummed form of equation (3.1). We verify successfully that they are
annihilated by the A-operator in equation (2.32), as expected.

Let us now test the conjectural integrality structure in equation (3.6) for both the geometric
and the conjugate branches. Expanding the right-hand side of equations (4.3a) and (4.3b) gives

kX )n n(n+1)/2 x2n
(geom),WKB . — o 6a.
d)g (XaQ) E k:(q )+lg<n§>onl 1(17(1)( _ ZX))’ (46 )

k>1

e I 1<1 X ) (4.65)

n>0

(conj),WKB X _ qu 1

n n(n+1)/2X2n >
k>1 (

Let us note that both terms on the right-hand side of equation (4.6a) for the geometric branch
contribute with positive powers of X. For the conjugate branch, we note that the negative

12 7(x,y;q) is closely related to the Hahn-Exton ¢-Bessel function [33, 41].
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powers of X arise entirely from the first term on the right-hand side of equation (4.6b), while
a factor of g%enin with

n2

Oconj,n = \‘8J ) n € Zso, (47)

appears in the denominator of the power series in X obtained by expanding the second term. Let
us stress that this negative power of ¢ arises from the factors [;"; (X — qi)_l in the summand
inside the logarithm, and it is absent from both the X ~!-series for the conjugate branch and
the X-series for the geometric branch.

After extracting the coeflicients afg(q), n € Zg, from the series for ¢(®WKB(X:q), one

obtains the functions D(f;)(q), s € Z~o, by applying the formulae in equations (3.8) and (3.11). It

is non-trivial that the resulting functions are polynomials with integer coefficients. In particular,
the first few of them are

Dggeom)(q) _ Dégeom)(q) —q, D:())geom) (Q) _ qz, DZ(Lgeom)(q) _ qg,
DE () = (1 +q),  DE™(q) =¢*(1+2q),
DE™(g) = ¢* (14 ) (14 ¢ + %), (4.8)

q
q

for the geometric solution, and
DgCOIlj) (q) — 07 DéCOHj) (q) — DéCOHj) (q) — DZ(LCOIlj) (q) — _1, DéCOHj) (q) — _1 _ q,
Déconj)(q) — 924, Dgconj)(q) =—(1+ q)(l +q+ q2)7 (4.9)
for its conjugate. Trivially, we have that
Dg)=q, D=0 s>2 (4.10)

We have verified the inte%rality structure numerically up to s = 20. It is then straightforward
to compute the integers ciofs), s € Z~o, using equations (3.27) and (3.28), which give

{cgge°m>}sez>o ={1,5,10,21,51,122,295,725,1792,4455,11133, 27930, . .. }, (4.11a)
{chOHJ)}S€Z>O = (—1){0,4,9,20,50,121,294,724,1791, 4454, 11132, 27929, . .. }, (4.11b)
while c(fgnj) =1 for all s € Z~y. We point out that the integers in equation (4.11a) appear to

match numerically the sequence'?

o (CONCArD) S

k=0

Moreover, we remark that the above sequences of integers satisfy
ngeom) + Cgconj) _ C(_C;)nj), s € Zwyp. (4]_3)

The same integer constants are obtained by implementing the alternative computational method
proposed in Appendix B.

Let us now go back to the quantum A-polynomial for the 4;-knot written in equation (2.32).
The corresponding second-order ¢-difference equation is

Ag, (P, X, q)x P WVEB (u; 1) = 0, (4.14)

13This is the entry A132461 in the on-line encyclopedia of integer sequences.
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where x(®WEKB(y: 1) is the resummed perturbative wave function in equation (3.49) associated
with the branch a. In the rational case of ¢ = €™ @ with P,Q € Z-q coprime, equation (4.14)
can be solved in closed form by directly applying the results of Section 3.4.1. For simplicity, let
us consider the classical solution av = geom and drop the label from our notation. After suitably
taking into account the exponential prefactor containing the functions sp 1(x) in equation (4.5a),
the g-difference equation above assumes the form in equation (3.52) with the identifications

0w 201(X,q) o, X2 1

_ 2 21 ) _ 2 2 .

AX)=q¢%X Co(Xq) X X 1a(X,q), (4.15a)
5 4C0(X,q) o4 X% —1
2 4“0 2 4

B(X)=q*X Co(X ) =q T T (4.15b)

where Cy, C1, Cy are the coefficient functions defined in equation (2.33) and we have introduced
AX:;q)=X’+X?2-_X-X't_g—qL (4.16)

Substituting the expressions in equations (4.15a) and (4.15b) into equation (3.61), we com-
pute the matrix Mg(X) and obtain explicit formulae for tr Mg(X), det Mg(X), and Ag(X).
Specifically, we find that

tr Mo(X) = X 19(1 — X9 —2Xx2Q — X3¢ 4 X1Q), (4.17a)
det Mg(X) = X9, (4.17b)
Ag(X) = X591 — X29)*(1 - 2X9 — x2Q — 2X3@ 4 x19), (4.17¢)

and plugging these into equation (3.72) with a choice of plus sign to satisfy the requirement
in equation (3.71) for a = geom, we obtain the functions Y(X) and ¢g(X). Observe that all
functions in equation (4.17), and thus also ¢ (X), depend on X through X9, as expected, and
we can identify

tr Mo(X) = X 497(X9) = X a(x9%1), (4.18a)
Ag(X) = X739(1 - X29)°A(X?) = X*Q(a(x?1)* —4), (4.18Db)
where a(X; q) is defined in equation (4.16), while 7'(X) and A(X) are the functions introduced
in equations (2.29a) and (2.29b), respectively, which appear in the formula for the solutions to

the classical A-polynomial of the figure-eight knot in equation (2.28). In particular, it follows
that

T(X9) + (1 - X%29),/A(X?)

pQ(X) = 0% 5X10
. ~ 2
1 a(X91) +4/a(XQ1)" —4
= —log ( ) ( ) , (4.19)
Q 2X2Q

which gives us another way to numerically evaluate the integer constants cs, s € Z~, for the
geometric branch, following equation (3.48) for any choice of P,Q € Z~¢ coprime. This is in full
agreement with our previous computations. In principle, one could use the formula for ¢g(X)
with P = @ =1, that is,

or(X) = log (a(x; 1) + 2)?2()(; 12 = 4) | (420)
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to derive the conjectural expression in equation (4.12), but we have not attempted to do so.
The same formalism can be applied to the conjugate branch of the figure-eight knot, in which
case the appropriate functions sgi(x) are written in equation (4.5b) and the sign ambiguity
in equation (3.72) is resolved by imposing the condition in equation (3.71) with o = conj,
which implies a choice of minus sign. Again, the corresponding computation of the integer
constants cig, s € Z~q, for the conjugate branch agrees with the results obtained above.

4.2 The three-twist knot

The state integral of the three-twist knot xs,(u; i) can be expressed explicitly as [5, 8, 17]

_mi_ 5mi2 i(—2u2—
X5, (u; h) — e 1273 % (em( 2u 4cbu)rH(eZ7rbu7e47rbuje47rbu

-1 -1 -1,
x?—[(ezﬂb u e471'b u e47rb u_q 1)

) ) 7

)

o2 _ _ _
+em( 2u +4cbu)rH(e 27rbu’e 4dmbu e 4dtbu.

: 1q)

_ -1 _ -1
X/H(e 27b u,e 47b u,

+ H (2P 2P 1 q)H(e%bilu, e 2m i), (4.21)

—4rb~lu, ~—1
e G )

where c¢p, = i(b + bfl)/2 and the g-special function H(z,y, z;q) is defined by'*

o

1@, 9,20) = (06 ooy Do nz:;) (@ Dn(2q; On(yg; On”

qn(n+l) P

(4.22)

while (2¢; ¢)o and (2q; q), denote the quantum dilogarithm and the g-shifted factorial, respec-
tively. See Appendix C for their definitions. As for the case of the figure-eight knot in Section 4.1,
using equation (4.21), we can identify

d)(geom),WKB (X; q) — logH(X, X2, XZ; q)’ (4.23&)
¢(conj),WKB (X; q) _ log%(X_l, X—27 X—2; Q), (4.23b)
AWK (X 0y = log H(X, X1, 1;q), (4.23c)

3mi

together with Cgeom = Ceonj = Ceerf =€ 4 and

(geom) (geom)

u +S§geom)(m) n w +s§ge°m)($p)

h hip

:?;+27;7;+x+5g:+52111, (4.24a)
ist(fm:(@ +sleom () 4 W +si (gp) = “;”; - 27%” —z+ 5;? + %, (4.24D)
LS(()SG:(x) . Sgself) () + ié’(()se;zj(xD) n Sgself) (xp) = 5;? % (4.24¢)

Indeed, the three terms in the right-hand side of equation (4.21) capture the contributions to
the exact partition function coming from the geometric, conjugate, and self-conjugate branches,
respectively. These are the only three non-abelian branches of the 53-knot, as described in
Example 2.2. Moreover, as before, we solve equations (4.24a), (4.24b), and (4.24c) order by
order in z and A and obtain that

2 2
Sggeom) (z) = 5% _ %’ Sggeom) (z) = =, (4.25a)

Y9 (x,y; q) is closely related to the g-hypergeometric function.
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conj 572 22 conj
@ =TG- e = (4.250)
2
S5 () — 5g . ) =0, (4.25¢)

In this way, we have fully determined the perturbative wave functions x(®»WKB(y: %) of the
three-twist knot in the resummed form of equation (3.1). As before, we verify successfully that
they are annihilated by the A-operator in equation (2.38), as expected.

Let us now test the integrality conjecture in equation (3.6) for all three non-abelian branches.
Expanding the right-hand side of equations (4.23a), (4.23b), and (4.23c) gives

k(Xk+X2k:)
(b(geom),WKB (X; CI) _ q—
2 k)

g+ x2n

+ log ; T (=) =aX)(1—gX?) )’ (4.26a)

. Xk x—2

¢l WER (X q) = ; . (k(qk—i 1) )
+ log ,;) T ;(&U an) ) (4.26b)

Xk X~
LD WER (X g) = ; : (k(qu_ 1) :

+ log 7;) T ;((n;i))qinx) X =) (4.26¢)

Both terms on the right-hand side of equation (4.26a) for the geometric branch contribute with
positive powers of X. For the conjugate branch, we note that the negative powers of X arise
entirely from the first term on the right-hand side of equation (4.26b), while a factor of g7conin
with

77,2

Uconj’n = \‘4J y n € Z>07 (427)

appears in the denominator of the power series in X obtained by expanding the second term.
Let us stress that this negative power of ¢ arises from the factors'® I, (X q ) (X2 —qi) “Lin
the summand inside the logarithm, and it is absent from both the X ~!-series for the conjugate
branch and the X-series for the geometric branch. Finally, in the case of the self-conjugate
branch, the first term on the right-hand side of equation (4.26c) supplies both positive and
negative powers of X, while the second term only adds to the X-series after expansion. Hence,

a more complicated factor of g7self:n with

where P(n) denotes the n-th prime number, occurs in the denominator of the power series in X
after summing up the contribution from the expansion of the second term on the right-hand side

5Note that there are twice as many contributing factors of ¢~* here compared to the conjugate branch of the
figure-eight knot, in agreement with the observed formulae for the functions oconj,» in equations (4.7) and (4.27).
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of equation (4.26¢). This originates from the factors ;" ; (X — qi)_1 in the summand inside the
logarithm.

As we have done for the 4;-knot, after extracting the coefficients afg(q), n € Zso, from the
series for ¢(®)WKB(X: ) we obtain the functions Dias) (q), s € Zp, by applying the formulae
in equations (3.8) and (3.11). Again, these are non-trivial polynomials with integer coefficients.
In particular, the first few of them are

DE™(q)=q,  DE™(q) = —a(-1+q),  DE™(q) = DE™(q) = —¢",

DE™(q) = ¢* (-1 +¢%),  DE™(q) = ¢* (-1 +2¢° + ¢*),

DE™(q) = ¢* (<14 9(1+9)°), (429)
for the geometric solution,

Di*(g) = Dy (@) = -1, DF™()=-2-q,  D{"(g)=~(1+a)(1+2),

D (g) = —2 — 29— T¢® — 4g® — ¢,

D™ (q) = —(1 4 q) (1 + 2 + 3¢° + 66> + 7¢* + 2¢°),

DY) (g) = —2 — 29 — 8¢% — 11¢® — 20¢* — 23¢° — 32¢° — 19¢" — 6¢° — ¢°, (4.30)
for its conjugate, and

Dgself) (q) _ 2q’ Déself) (q) -1+ q27 D:(Sself) (q) -1+ q2 + 2q47

DE(g) = —1— g+ ¢® +2¢" +3¢° + ¢,
DE(g) = =14 ¢ —¢® +2¢° +4¢° + ¢ + 6¢7 + 2¢° + 2¢°,
DEM(q) = =1 — ¢ — 2¢* + 2¢° — 2¢° + 4¢7 + ¢* + 8¢° + 4¢"°

+ 11q11 + 7(]12 + 5q13 + 3q14 +q15’
Dgself) (@) = —1—¢>—2¢° +¢% — 4¢" + 4¢® — 3¢° + 9¢'° + 4¢*! + 184"
+12¢"3 + 27¢"* + 18¢" + 17¢'% + 10¢*7 + 8¢*® + 2¢*° + 2¢%°, (4.31)
for the self-conjugate one. Trivially, we have that

Dl () =Dy =g, D@ =0, s>3,

S

D) =g,  DE(@ =0, s>2 (4.32)

—S

We have verified numerically that the polynomials D4(q) have integer coefficients up to s = 20
for all three branches. We then compute the integers ci;, s € Zsq, using equations (3.27)
and (3.28), which give

{cgge°m>}sez>0 ={1,1,-8,—15,1,64, 148,49, —575, —1599, —1088, 5088, . . . }, (4.33a)
{ cleomi)} = (—1){1,5,28,101,401, 1544, 6077, 24101, 96418, 388205, 1571307,
SEZ>0
6387608, ... }, (4.33b)
{cgself>} = {2, 10, 38,122,402, 1486, 5931, 24058, 96995, 389810, 1572397,
s€Zxo
6382526, ... }, (4.33c)
while ¢ = [s]2 + B[s + 1]2, where [s]2 denotes the remainder of the division of s by 2,
and c(_sil =1 for all s € Z~g. We observe that the above sequences of integers satisfy the
relation
olieom) . ofeoni) | fself) _ gleond) | ol g (4.34)
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corresponding to the analogous formula in equation (4.13) for the figure-eight knot. Note that,
in both our examples, the sum over all non-abelian branches of the integers cga) at fixed s equals

the sum of the integers c(_as) , that is,

S =3 sezs,, (4.35)

which appears to be a periodic function of s. Again, the alternative computational approach of
Appendix B agrees with the above results.

Let us now go back to the quantum A-polynomial for the 52-knot written in equation (2.38).
The corresponding ¢-difference equation in the form of equation (2.21) is of third order. Precisely,
we have

As, (P, X, q)x VKB (u; 1) = 0, (4.36)

where x(®)>WKB(y: 1) is the resummed perturbatiye wave function in equation (3.49) associated
with the branch «. In the rational case of ¢ = ¢’™Q with P,Q € Z~¢ coprime, equation (4.36) can
be solved in closed form by directly applying the results of Section 3.4.2. As for the 41-knot, let
us consider the case a = geom and drop the label to simplify our notation. After appropriately
accounting for the exponential prefactor containing the functions sg 1(x) in equation (4.25a), the
g-difference equation above assumes the form in equation (3.74) with the identifications

020X, q) .1 Ci(Xg)
AR = ety PR Gy o
_ y-6Co(X;q) '
C(X) =X CS(Xv Q)’

where Cy, C1, Ca, C3 are the coefficient functions defined in equation (2.39). Substituting the
expressions in equation (4.37) into equation (3.81) and computing the matrix Mg (X), we can
then derive explicit formulae for IIv and vy from equations (3.92) and (3.94). We stress that
the ambiguity in the definition of O3 is resolved by requiring equation (3.71) to be satisfied
with « = geom, which implies the choice m = 2. Plugging these into equation (3.95), we find
the functions T(X) and ¢g(X) for the geometric branch of the three-twist knot. We can easily
use the resulting explicit expression for ¢g(X) to numerically evaluate the integer constants c,
s € Zsg, for the geometric branch by applying equation (3.48) for any choice of P,Q € Z-g
coprime, thus producing a third independent computation which is in perfect agreement with the
previous two. The same discussion can be applied to the conjugate and self-conjugate branches
of the 55-knot, in which case the appropriate functions sp j(x) are written in equations (4.25b)
and (4.25c) and the ambiguity in the choice of m in equation (3.93c) is fixed by imposing the
condition in equation (3.71) with az = conj, self, yielding m = 1 and m = 0, respectively. Again,
the corresponding integer constants cis, s € Z~q, for the conjugate and self-conjugate branches
match our previous computations.

4.3 Proofs of admissibility

As mentioned in Section 3.1, the conjectured integrality property of the resummed perturba-
tive wave function in equation (3.1) can be stated as admissibility in the sense of Kontsevich—
Soibelman.

Recall that a formal power series in one variable z with coefficients in the ring of formal
Laurent series Z((q/?)), that is, F(2;q) = . ,50 Anz" € Z((¢*/?))[z], is admissible if and only
if it can be expressed as a (possibly infinite) product of quantum dilogarithms of the form

F(z;q) = H H(q’ﬂzs; q)iis’i) ecl+ zZ((ql/Q)) I=], c(s,i) € Z, (4.38)

s>14i€Z
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where ¢(s,7) = 0 for |i] > 0 and fixed s. It follows that admissible series form a group under
multiplication. Note that the formula above is equivalent to

£ (@)
F(z;q) = ex S I
(2;q) = exp k,sz>1k(q _1)z

which reproduces in z the same integrality structure we conjectured for the X, X~ !-series
in equation (3.6) with one caveat. More precisely, for all choices of non-abelian branch «
and up to the exponential prefactors, the resummed WKB wave function in equation (3.1)
is expected to be a product of two admissible series in X and X!, respectively, such that
q’kUSDs(qk) = fs (qk/2) € Z[qi] for all k, s.

The notion of admissibility can be appropriately extended'S to apply to multi-variable series
in Z((ql/ NW[{zi}ici], where I = 1,...,|I|. The authors of [34] proved that admissibility is
preserved under certain transformations. In particular, for any given symmetric integer matrix
B = (b ;)i j=1,..|1), & series

F(zq) = Z AnHZ?i € Z((¢"?) [{zi}ied] (4.40)

R
{niyezly €

fs(q) € Z]q*], (4.39)

is admissible if and only if the twisted series

F(z; q) _ Z (_ql/Q)ZLIjl-zl bi jnin; A, H sz (4'41)

{m}ezm el

is admissible [34, Theorem 9]. In what follows, we will refer to this statement as the Kontsevich—
Soibelman (KS) theorem.

We will now show that the g¢-special functions appearing as exp(qﬁ(a)’WKB(X ;q)) in the
holomorphic/antiholomorphic block decompositions in equations (4.1) and (4.21) for the non-
perturbative wave functions of the figure-eight and three-twist knots are admissible.!”

Proof of admissibility for the 4,-knot. Let us consider each classical branch separately.
(1) For a = geom, equations (4.2) and (4.3a) imply the g-series representation

o0 n n(n+1)/
¢(geom),WKB(X;q) . X X2n
e = (¢X;q
007; n(4X5)n
( 1 n n(n+1)/ (_1)m m(m+1)/2 (4'42>
— Z qnm 2n q )(m7
oo (¢ @)n (& @)m

where we have applied the identities in equations (C.3) and (C.5a) in the second equality.
Observe that the twist factor ¢ corresponds to the symmetric integer matrix

By, = <(1) (1)> , (4.43)

while the untwisted series
00 _1>nqn(n+1)/2 K20 (_l)mqm(m+1)/2

(
2 (¢ Dn (@ Dm

m,n=0

X™ = (¢X%4q)_(aX;: 0 (4.44)

'®In fact, admissibility is defined in [34] for series in R((q'/?))[{2i}ics], where R is a A-ring and ¢'/2, {2;}ier
are line elements.
17We thank the anonymous referee for providing us with a sketch of the proof.
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is the product of two quantum dilogarithms and therefore admissible. We conclude by means of
the KS theorem.
(2) For o = conj, equations (4.2) and (4.3b) imply the g-series representation

(conj),WKB y. _ o (_1)nqn(n+1)/2 .
e = (gX 1;cl)ooz(q- DnlaX G

X2n xXm
0(X;q) q , 4.45
Z (& Dn (¢ Dm (4.45)

m,n=0

where we have applied the identities in equations (C.2b), (C.3), and (C.5b) in the second equality,
and we have denoted by

0(X;q) = (¢X "5q) (X3 oo (4.46)

nm

the g-theta function. Observe that the twist factor g™ corresponds to the symmetric integer

matrix

“Ba, = (_01 —01> , (4.47)

while the untwisted series

o

xooxm 1
(@ Dn (G Dm  (X21q) (X:Q)so

(4.48)

m,n=0

is the product of two quantum dilogarithms and therefore admissible. Again, we conclude by
means of the KS theorem. |

Proof of admissibility for the 5,-knot. Let us consider each classical branch separately.
(1) For o = geom, equations (4.22) and (4.23a) imply that

e¢(geom),WKB (X;q)

o0 n(n+1)
q 2
= (¢X:9)(¢X%q xX2n
( ) nzo(q 0)n(aX:q)n(aX%9),,
o n(n+1) _1\ym,m(m+1)/2 _ 1)k k(k+1)/2
(6 On (¢ @)m (6 Qk

m,n,k=0

where we have used the identities in equations (C.3) and (C.5a) in the second step. Observe
that the twist factor ¢"™*"* corresponds to the symmetric integer matrix

011
Bs,=(1 0 0/, (4.50)
1 00
while the untwisted series is the product of three admissible series'®
> n(n+1)
(4X%0) (06X )0 Y T X2, (4.51)
= (G 0)n

The KS theorem applies.

8The third factor in equation (4.51) can be thought of as the twist of 1/(¢X;¢)e by a factor q"2, which gives
a one-dimensional matrix B = (2).
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(2) For a = conj, equations (4.22) and (4.23b) imply that

> n(n+1)
—2n
iq ) X
Joo! nz_% n(aX7Yq), (¢X7%q)

n

e¢(conj),WKB (X

q) — (qul

oy o (4.52)

(6 Dn (6 ODm (G )k’

= 0(X;¢)0(X?%q) Z g "k
m,n,k=0

where we have used the identities in equations (C.2b), (C.3), and (C.5b) in the second step. The
g-theta function 6(X; q) is introduced in equation (4.46). Observe that the twist factor ¢~ "*
corresponds to the symmetric integer matrix

0o -1 -1
—Bs,=-1 0 0], (4.53)
-1 0 0
while the untwisted series is the product of three quantum dilogarithms
1
(4.54)
(X%9)2 (X5 0)oc
The KS theorem applies.
(3) For a = self, equations (4.22) and (4.23c) imply that
> n(n+1)
p(sel) WKB (x10y ( ] —1. q
e = (aX59)00 (4 X 50
o )= Z_% (@ O)n(aX;0)n(aX 55 9),
i qnmfnk (_1)nqn(n+1)/2 (_1)mqm(m+1)/2 xm Xk (455>
o (¢ @)n (¢ @)m (¢; @)k

where we have used the identities in equations (C.2b), (C.3), (C.5a), and (C.5b) in the second
step. The g¢-theta function 6(X;q) is introduced in equation (4.46). Observe that the twist

factor ¢"™ " corresponds to the symmetric integer matrix
0 1 -1
By,=(1 0 0], (4.56)
-1 0 0

while the untwisted series is the product of three quantum dilogarithms

1
(45 @)oo (g X; Q)oom-

Once more, the KS theorem applies. |

(4.57)

We conclude by noting that the admissible series in X! are remarkably simpler than the
corresponding X-series in the factorisations in equations (4.45), (4.52), and (4.55). Particularly,
they appear within products of g-theta functions in both examples of the 4;- and 59-knots.

5 The wave function from the state integral

In this section, we consider the Andersen—Kashaev invariant yx(u;#) in its original form as
a finite-dimensional state integral [2, 3, 9], whose integrand is a product of Faddeev’s quantum
dilogarithm functions [13]. We evaluate it directly at rational values of A by applying the
techniques of [18], thus providing a third method for the computation of the exact wave function.
For simplicity, we focus on the case of the figure-eight knot and show that this third approach
agrees with the two previous methods presented in Section 3. A similar calculation in the
case b? = 1 was done in unpublished work by Szabolcs Zakany.
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5.1 Evaluation at rational points

Following the conventions of [2], the state integral for the 4;-knot takes the form!?

1 _z_ =z _ _ia? P =y izy
Xaq (u; h) = S—-e7 2722 anb? / L’;b)eﬂé dy, (5.1)
mb rtio b (55)

where z = 27rbu and i = 27b?, as before, while ®y,(2) denotes the Faddeev’s quantum diloga-

rithm. We refer to Appendix C for its definition and some useful properties. Let us define the
function

@ =y iz
fly) = — (ZZb ) emt, (5.2)
q>b (27Tb)
where we consider x € R fixed. The singularities of f(y) are poles located at the points
y =2 —m(2M + 1) — 7ib?(2N + 1), (5.3a)
y = —mi(2M + 1) — 7ib?(2N + 1), (5.3b)

where M, N € N, as dictated by the singularities and the zeroes of Faddeev’s quantum diloga-
rithm in Appendix C. Therefore, f(y) is a holomorphic function in the upper half-plane. Let us
now fix the rational value

P
Q )

and observe that the function f(y) satisfies the relation

b? = P,Q € Z~g coprime, (5.4)

. P T—y . Y ao) e
fly+27iP) = f(y + 2xib Q) = ¢, (27rb 1bQ> Dy (27rb + 1bQ> enb

= f(y) (1 + Qv =mPQ) (1 4 (QuITIPQ)o=22Q (5.5)

and similarly

27b 27b
_ f(y)(l _'_eQ(a:—y)-HriPQ)*l (1 +er—niPQ)*1e2xQ, (5.6)

fly—27iP) = f(y — 2mib*Q) = @y, (” + ibQ) oy (52 - ibQ>_1 erih+20Q

where we have applied the periodicity formulae for ®y,(z) at rational values in equations (C.17a)
and (C.17b). Since P, Q € Z¢ and thus e™FQ = ¢=™PQ it follows from equations (5.5) and (5.6)
that f(y) satisfies the functional equation

fly +2miP) f(y — 27iP) = f(y)*. (5.7)
It is straightforward to verify that
fW)(fly) = fly+27iP)) #0,  Vy e R+10, (5.8)

and therefore we can use [18, Lemma 2.1] to write

= _ fy)
R+i0 Frdy = </R+io /R+io+2mp> - fly+ 27riP)/f(y)dy' (5.9)

(b2 b)) L 2,

'9Note that the expressions in (4.1) and (5.1) differ by the global exponential factor e~
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Let us now compute the integral on the right-hand side of equation (5.9) applying the residue
theorem. We start by using equation (5.5) to express the integrand in the form

f(y) _ f(y)e*@

1— fly+2niP)/fly)  G(x,y)

where we have introduced the function
G(z,y) = 2@ — (1 4 QW) =mPQ) (] 4 QuimPQ) (5.11)

Since the numerator in equation (5.10) is holomorphic in the upper half of the complex plane,
the relevant singularities of the integrand are the solutions to G(x,y) = 0 at fixed x € R that
lie within the domain of integration. Specifically, these are

" L 1ee s [A(e0)
=21~ — 7P — = log | — (5.12)

Yt k() 0 0 5570 :

where k € Z such that 0 < k < PQ — 1, the function A(X) is defined by
AX)=1-2X — X2 —2Xx3 + X4, (5.13)

and the branch of the logarithm is chosen in such a way that Im(y+o(z)) € (0,27/Q] for
each value of z € R. Note that A(X) is the same function introduced in equation (2.29b),
which appears in the formula for the solutions to the classical A-polynomial of the figure-eight
knot in equation (2.28) and in the formula for the function ¢g(X) obtained via the matrix
formalism of Section 3.4.2 in equation (4.19). Besides, the functions y4 x(z) only depend on z
through @ = X?. We denote y4 () = y+ o(x) for simplicity, so that

yj;]{;(llf) :yi(fﬂ)‘FQﬂ'ig, 0<k<PQ-1. (5.14)

For ygf)k(x) =ys x(z) + € and € — 07, we have the asymptotic expansions

1 1
_— + O(€°), 0<k<PQ-1. (5.15)

Gr.y @) Q\/A(e?)

Note that the leading-order term in the expansion above does not depend on the integer k. The
integral in equation (5.9) can then be evaluated via the sum of residues of the integrand in
equation (5.10) at the singularities in equation (5.12). We find in this way that

PQ-1 eQacQ
fly)dy = 27 Z Res (f(y))

R+i0 o V(@)=Y k(@) G(z,y)
. o PQ-1
_ _M Z e—%(eFk(w(ﬂf)) _eFk(yf(x)))’ (5.16)
Q\/A(e™?) k=0

where we have introduced the notation

Fr(y(x)) = IQTT%@ + log @y, (:c;Tryb(a:) — ibi) — log @y, <y25:2 + ib;i) , (5.17)
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for 0 < k < P(Q — 1. Therefore, substituting equation (5.16) into equation (5.1), we obtain that
the state-integral invariant of the figure-eight knot at rational values is given exactly by

29 | 1(2g-1-8,) PQ-1
xar (us h) = £ ( ) S o (o ) el o), (5.18)
ib@ A(ech) k=0

We conclude by noting that ®,(z) for b> € Q¢ can be expressed explicitly in terms of more
elementary functions [18]. The relevant formula is written in equation (C.18) and can be used to
simplify the computational implementation of equation (5.18) for arbitrary P, Q € Z~¢ coprime.

0 0
1 [ N ] » (w ]
ol ] ol ]
-3 — -3 i
-10 s 0 5 10 -10 s 0 5 10

0.4

03}

0.2f

0.1}

0.0 ~—

0 s o s Tw

Figure 2. The state integral x4, (u; %) in the closed form of equation (5.18) as a function of x € R, at
the bottom, and its components ngf)(u; h) in equation (5.19), in the top left and top right, respectively,
for P = @ = 1. The real and imaginary parts are displayed in blue and red.

We will now comment on the most notable features of the exact expression for the non-
perturbative wave function in equation (5.18). It will be useful to introduce

(:t) egﬂl?)+z(2Q_7_ PQ !

Xa, (u;h) = Z o efhuz(®) (5.19)
ibQy/A(e*@) k=0

where again x € R, so that we write
Xay (s h) = X57 (us ) = x5, (s ). (5.20)

Observe that the S-duality, which acts in the rational case via P < @ and z < zQ/P,
leaves A (e®@) unchanged while transforming y4 () into y1 x(2)Q/P, and therefore the closed
formula for the state integral of the 4;-knot in equation (5.18) is S-invariant, as expected.
Similarly, we also find that its components in equation (5.19) are themselves invariant under
S-duality. Moreover, we have that

I (x5 (us 7)) = Tm (x5, (us 1), (5.21)
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while both Re(xff) (u;h)) and Im(x%) (u; b)) are even functions of x € R with singularities
located at the points

1 3+5
x = Qlog( 5 >, (5.22)

which correspond to the zeros of A(er) in equation (5.13) and, as such, do not depend on
the value of P. The discontinuities of Re (XE;T) (u; h)) cancel with each other to give a smooth
difference function in equation (5.20), which is itself symmetric under x — —z. Remarkably,
we find that the total state integral x4, (u; i) is a real-valued smooth square-integrable function
of x € R, while both functions X4j1[ (u; h) are neither real-valued, smooth, or square-integrable
when considered separately. To illustrate these properties with an example, we show in Figure 2
the functions in equations (5.18) and (5.19) for the benchmark choice P = @ = 1. The same
features and similar functional profiles are verified for various choices of P, Q) € Z~( coprime. We
show in Figure 3 the full non-perturbative wave function for a sample of small values of b? € Q.

We observe that x4, (u; ) has a Gaussian-type profile centered at x = 0 with lateral oscillations

0.4 T T 0.4
0.3+ 1 0.3r 8
0.2} 1 0.2} ]
01f 1 01f ]
0.0 <A S 0.0 —

-10 —‘5 é 1-0 -10 —‘5 10

Figure 3. The real part of the state integral x4, (u; k) in the closed form of equation (5.18) as a function
of x € R for rational values of b2. We show b? = 1/3 (in red), 1/2 (in green), 2/3 (in blue), and 1 (in
black), on the left, and b? = 3 (in red), 2 (in green), 3/2 (in blue), and 1 (in black), on the right. The
imaginary part is identically zero and not displayed explicitly in the plot.

around the z-axis that are quickly dampened. The peak at the origin can be evaluated directly
from equations (5.12), (5.17), and (5.18) for arbitrary P,Q € Zso coprime, yielding a result
which is left unchanged by P <> @, as expected from the S-invariance of the state integral and
evident in Figure 3. In particular, the highest peak corresponds to the choice P = Q = 1 and
amounts to

2 V o
x4, (0;2m) = 7 sinh (2W> , V=2Im(Lig(e3)) =2.0298832.. ., (5.23)

where Lig(z) is the standard dilogarithm and V' is the volume of the 4;-knot, as expected
from [18]. As b? < 1 decreases, the shape of the function x4, (u; h) tightens, while for increas-
ing b%2 > 1, the shape widens, and in both cases the peak lowers.

We point out that the structure of the exact wave function at rational values for the figure-
eight knot obtained here is tantalizingly close to what has been found in the spectral theory
of quantum mirror curves. The case of i = 27, corresponding to b?> = 1, was studied in
detail in [38, 39]. As in equation (5.20), the wave functions in [38, 39] are the sums of two
individual functions corresponding to two different choices of branch cut in the mirror curve.
Each component function is singular when considered alone. Still, the singularities cancel each
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other in the sum, and one obtains a square-integrable wave function in the end, similar to the one
plotted in Figure 2. We observe that, in the case of the quantum mirror curves studied in [38, 39],
one is working with exponentiated Heisenberg operators, and the resulting wave functions do
not satisfy the nodal theorem for the Schrodinger operator typical of confining potentials, since
the ground state changes sign in a small region. This same feature is also evident in our plots
for the exact wave functions of the 4;-knot at rational points shown in Figures 2 and 3. Such
a property suggests that the wave function occurring in complex CS theory is a ground state for
an appropriate spectral definition of the quantum A-polynomial. We will return to this point in
the conclusions.

Finally, let us stress that the results above provide a third method for the computation of the
exact wave function at rational values of h to be compared with the previous two presented in
Section 3. We conclude by verifying numerically that our closed formula in equation (5.18) for
the state integral of the figure-eight knot at rational values matches the results of Section 4.1.
Specifically, the two components Xé(fl[) (u; k) in equation (5.19) can be formally identified with
the two terms in the holomorphic/antiholomorphic block decomposition in equation (4.1), which
correspond to the conjugate and geometric classical branches, respectively. This identification
will be clarified in the discussion in the following section.

5.2 Factorization and two special subcases

Let us apply the explicit formula for the Faddeev’s quantum dilogarithm at the rational point
b> = P/Q, P,Q € Z~q coprime, in equation (C.18) to the expression for Fy(y(z)), 0 < k <
PQ — 1, which is given in equation (5.17). After appropriately rearranging the terms, we obtain
the factorization

Fily(@) — D for(y(@) frry(@)) for(y(2)), (5.24)

where we have introduced the functions

forly(a)) = [(1 — eQ—y@)Fmi(PQ)) (1 _ (Qu@)+mi(P+Q))] %’ (5.254)
VL[ (1 4 " ¥@+G GIH1Y (1 4 (V@G (27+1420/P)) 5
- : i .25b
fik(y 1;[ (1+ oTY(@)+ WéP(Qj-i-l—Zk/P)) (1+ ey(x)+7n$(2j+1))] , (5.25Db)
T+ o @—y(@)+75 (27D (1 + o Bu(@)+T Q(2j+1+2k/Q)) ?
‘ 2
Faaly 1;[ L (1 + o2 (z—y(2))+ 752 (2j+1—2k/Q)) (1 Te Ly()+ 2 (QJH)) ) (5.25¢)

for 0 < k < PQ — 1. Thus, we can write the state integral for arbitrary rational values of b? in
equation (5.18) in the equivalent form

AR T T Foly— (=)
X4, (u; h) = [e" 0w+ Ay () — e W=D A(y_(2))], (5.26)
ibQy/A(e*@)

where the function A(y(z)) is defined by

PQ-1

Z e F fou (@) Fra(y(@)) forly(@)). (5.27)

and Fy(y(z)) can be expressed explicitly in terms of more elementary functions using equa-
tion (C.18). We stress that the formula for the state integral in equation (5.26) allows us to
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more clearly separate the contributions from the two non-abelian flat SL(2, C)-connections of
the 4;-knot labeled by a = geom, conj, as in the holomorphic/antiholomorphic block decompo-
sition in equation (3.13). Indeed, expanding the functions Fy(y+(x)) in powers of X, X1 and
suitably identifying the terms in the expansions, we derive the integer constants cyy, s € Zso,
previously written in equations (4.11a) and (4.11b), for the geometric and conjugate branches,
respectively.

Let us consider now the two special choices b?> = P and b? = 1/Q for P,Q € Z~¢. In both
subcases, the closed formula for the state integral of the figure-eight knot in equation (5.26)
specializes in a correspondingly simpler and more compact form. We start by choosing b? = P
positive integer. After some manipulations, the factorization formula in equation (5.24) reduces
to the relation

k-1
Filv@) = oFol@) TT (1 + eP Y@= F D) (1 4 opy@+H I+ (5.28)
=0

where 0 < k < P — 1, and we can write the state integral in equation (5.26) for b?> = P as

2
%_}_I(é_i)

Xay (s ) = 282 2 [P @By (2) — ePW-EDB(y_(2))], (5.29)
ib\/A(e?)

where the function B(y(z)) is simply defined by

!

1 — A
Blyx) =S e % H (14 eP@¥ED=F D) (1 4 epy()+E @iHD), (5.30)
0 =0

ﬁ

and Fy(y(z)) can be expressed explicitly by means of equation (C.20a). Let us now choose
b=2 = @ positive integer. After some manipulations, the factorization formula in equation (5.24)
becomes

k—1 , :
oFrly(@) — Foly(x)) H(l i ez—y(x)—%(2j+1))(1 + ey(””%@jﬂ)), (5.31)
j=0

and the exact partition function in equation (5.26) for b? = 1/Q assumes the simplified form

22
Q 3Q
e2ﬂ'1+ (77 )

(ush) = ——————_[efol+ (@) z)) — e W=y (2))], 5.39

[NIE

where the function C(y(x)) is given by
Z =20k H D=ty (1 4 Y@ HG R (5.33)

and Fy(y(z)) can be expressed explicitly by means of equation (C.20b). We observe that
the reduced factorization formulae in equations (5.28) and (5.31) for b?> = P and b? = 1/Q
with P, Q € Z~q can alternatively be derived by substituting ibk/P = ib~'k and ibk/P = ibk
into the arguments of the Faddeev’s quantum dilogarithms in equation (5.17) and applying the
periodicity properties in equations (C.15¢) and (C.15d) and equations (C.15a) and (C.15b) to the
resulting formulae for Fj(y(x)), 0 < k < PQ — 1, respectively. In the general case of b? = P/Q,
instead, we cannot resort to these quasi-periodicity properties because the functions Fj(y(x))
contain, in general, a fractional shift in the arguments of the Faddeev’s quantum dilogarithms.
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6 Conclusions

In this paper, we have made various observations on the structure of the wave functions in
CS theory with gauge group SL(2,C) on the complement of a hyperbolic knot in the three-
sphere. We have first conjectured explicit integrality properties for the resummed WKB ex-
pansion of the wave function, which can be tested directly using the decomposition into holo-
morphic/antiholomorphic blocks. Our integrality conjecture guarantees that the singularities
appearing in the holomorphic blocks at rational values of & get canceled against those occurring
in the corresponding antiholomorphic blocks. We have then developed various techniques to
compute the wave function in the rational case effectively. In particular, we have analyzed the
quantum A-polynomial at rational points by exploiting the underlying quasi-periodic structure
and solved the associated g-difference equation in closed form in the general cases of orders two
and three. The calculation methods we have introduced have been applied to the examples
of the figure-eight and three-twist knots, and our conjectural statements have been verified.
Finally, we have performed a direct evaluation of the Andersen—Kashaev state integral of the
figure-eight knot at rational values, which gave us further insights into the properties of the
exact wave functions. All computational approaches yielded compatible results.

Our investigation raises two main questions. The first one concerns the interpretation of
the integrality structure of the resummed WKB expansion of the wave function in terms of
an enumerative problem, or a BPS counting problem, in the dual supersymmetric theory [10],
either directly or potentially exploiting results from the resurgent analysis of the perturbative
wave functions performed in [17]. The second one concerns the shape of the wave function
obtained by directly evaluating the state integral. As highlighted in Section 5, this is enticingly
similar to the functional profiles of the ground state wave functions computed in the context of
the TS/ST correspondence [38, 39]. This observation raises the issue of understanding the AJ
conjecture of [16] from a purely quantum-mechanical point of view. The AJ conjecture can be
explained, a priori, as a consequence of the quantization of the classical moduli space described
by the A-polynomial, as pointed out in [22] and briefly recalled in Section 2. However, the
precise details of this quantization procedure still need to be fully understood from a physical
perspective. We know that the quantization is non-trivial and cannot be obtained by simply
promoting the classical variables X, P to Weyl operators. In addition, the classical phase space
is not compact, which carries various problems concerning its appropriate quantization. From
a quantum-mechanical angle, in such a situation, we would generically expect to have, at most,
metastable states with complex energies. We are, therefore, tempted to conjecture that the
observed non-trivial quantization of the A-polynomial is required to obtain a normalizable wave
function with precisely zero energy. We hope to address this question in the near future.

A Computing the e-expansions

For completeness, we include here the details of the computations performed in Section 3.2.
We observe that, as a consequence of equations (3.3) and (3.7), the coefficient functions a1, (q)
satisfy the relation

axn(q)q 7" =) kDip(qk)q 5= qi, n € Zsy, (A1)
kln Jj=0

and we write the Z-polynomials D, (q) explicitly as

deg Dk
Di(g) = > Dired’s k€ Zsg, (A.2)
=0
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where Dy, ¢ is an integer and deg D4, denotes the degree of the polynomial. Let us now take
2miE .
g=¢e"a, P,Q € Z~q coprime, (A.3)
while we introduce
in P
qe = e''<, h€:27ra—i—6, 0<ex 1, (A4)

and consider the limit ¢ — 0. In the case n = sQ), s € Z~(, we have the e-expansions

2 .0 e 2
Dig(ge" ) =1+ €15, Dir(q® ) +0O(€?), (A.5a)
1w, N
2 G—osr) _ .0 Q) 2
=i <1+1€qaq> jzoq cUmrE) £ 0(e), (A.5b)

and therefore also
. o4y .0\ . o
Q450 (e ) qe 5@ — <1 + 1eqaq> a+5Q(q)q 79 + (9(62). (A.6)

We now observe that

1 i 1
g A RCIL) (A7)

and, combining equations (A.6) and (A.7), we finally obtain the NLO e-expansion in equa-
tion (3.22a). On the dual side, we consider

2.
. 4
= 2mi 2 T2

gp = qrs =€ P, Qe,D = € he (A.8)

and take again the limit ¢ — 0. It follows that

. Q2
Gep = qDe—leﬁ—i—O(@). (AQ)

Similarly to the case above, when n = sP, s € Z~(, we have the e-expansions

£ Q0 5P
Dy (q@kD) = <1 - IGPQQDOD> D4y, (qu ) + 0(62)7 (A.10a)
Z (- otk) _ QfQ - C(j—oxr) 2
. 1- 16 Z + 0(€%), (A.10b)
=0

and therefore also

o 2 0 _
a+sp(9e,p)dep " = <1 - 16;22 175) 8qD> axsp(ap)ap =" + O(e?). (A.11)

Finally, we note that

1
¢f -1 sQ% 2 + 27(8@

+0(e), (A.12)

and, combining equations (A.11) and (A.12), we obtain the NLO e-expansion in equation (3.22b).
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B An alternative way of obtaining the integer sequences

We present an alternative, simple way of computing the integer sequences {cis}, s € Zo,
defined in equations (3.27) and (3.28), using the results on the exact wave function at rational
values obtained in Section 3.3. Let us denote by ngI)(B(X q) the contributions to the holo-
morphic component ¢“VEB(X:¢q) from the positive and negative powers of X, respectively, so
that equation (3.2) assumes the form

VP (X5 9) = o1} P (X3 0) + ()P (X5 ), (B.1)

and analogously for the antiholomorphic component ¢“WXB(Xp:qp). We fix h as in equa-
tion (3.15) and consider the formula for ¢“VEB(X: q)4+¢"VEB(Xp; gp) in equation (3.44). Setting
the values P = () = 1, the X-series becomes

i

X° 0
Py [(27r13 +1— slog X + 4riog)as(1) — 47ria—&s(q)q:1 . (B.2)
™ q
s>1

Let us now go back to the sum in equation (3.16) and apply the change of variable i — —h, which
transforms ¢, ¢p into ¢~ 1, qu, while keeping X, Xp fixed. After performing the e-expansion
as in Section 3.2 and then taking P = @ = 1 in the sum ngI)(B (X; qil) + (;SET)(B (XD; qu), we
find the very close but not identical quantity

i

X 0
o [(27r15 — 1+ slog X + 4mios)as(1) — 47ria—ds(q)q:1 . (B.3)
s q
s>1

By taking the difference of equations (B.2) and (B.3), we arrive at

I X0 s log X)as(1). (B.4)

Therefore, if we compute the function
(P (X30) + ¢ (Xpsap)) — (601 P (X3a7) + o1 (Xpiap')) pgey: (B5)

its expansion in powers of X is precisely the series in equation (B.4). From the coefficients of
this expansion, we can easily extract the desired integers cs = as(1) for s € Z~o. Let us now
consider the X ~!-series in equation (3.44). Again, setting the values P = Q = 1, we find

i XS
or 52

[(271’15 +1+slog X)a_s(1) — 47ri§q&s(q)q:1 . (B.6)

As before, we go back to the sum in equation (3.16) and apply the change of variable h — —#h,
which transforms ¢, ¢p into ¢~ 7, qu, while keeping X, Xp fixed. After performing the e-
expansion as in Section 3.2 and then taking P = @ = 1 in the sum

oS (X567 + 0P (Xpiap'),

we find the slightly different quantity

82

i Z X3 [(271-13 —1—slogX)a_s(1) — 47riaaqd_s(q)q1 . (B.7)
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By taking the difference of equations (B.6) and (B.7), we arrive at

= X7 .
;Z (1 +slog X)a—(1). (B.8)
s>1

Accordingly, if we compute the function
(P (X50) + o (Xpiap)) — (657 (X5071) + o5 (Xp3ap')) pgeys (B9)

its expansion in powers of X ~! is precisely the series in equation (B.8). From the coefficients of
this expansion, we can straightforwardly obtain the desired integers c_s = a_4(1) for s € Z~o.

C Faddeev’s quantum dilogarithm and other special functions

The quantum dilogarithm is the function of two variables defined by the series [14, 32]

[e.9]

(2¢% @)oo = [ J(1 = 2¢*7),  a€R, (C.1)
1=0

which is analytic in z,q € C with |¢g| < 1 and admits asymptotic expansions around ¢ a root of
unity. The g-Pochhammer symbols, also known as g-shifted factorials, are defined by

n—1
(zign = [[(1 - 2¢"),  n€Zso, (C.2a)
=0
1 (_Z)—nqn(n—i—l)/Q 1
yq)—n = = = s cZ R C.2b
(5:9) (2™ q)n (2" 'q;q), (z¢7Y971), e (C:25)

with (z;¢)o = 1. Equivalently, we can write

(z;9)n = ((Z; @)oo n € Z. (C.3)

24" q)oo

Moreover, the quantum dilogarithm satisfies the g-binomial theorem, which can be expressed as

(mZQQ)oo _ i (x;Q)nzn (C4>

(%0)00 = (G

where x, z,q € C and |g| < 1, and implies the following g-series identities:

) =SSN a
(925 9) 0 —nz;) (¢ @)n - (Z;qil)o; (C.5a)
1 > ik
(50 2 (@GDn (507 (C.5b)

The Faddeev’s quantum dilogarithm ®y,(z) is defined in the strip | Im(2)| < |Im(ep)|, where
e =i(b+b"1)/2, (C.6)

by the integral representation [13, 14]

Pp(2) = e / - v (C.7)
z) = ex = '
b P Rtie 4sinh(yb) sinh(yb=1) y )’
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which implies the symmetry properties
Dy (2) = D_p(2) = Pp-1(2). (C.8)

When Im (b2) > 0, the formula in equation (C.7) is equivalent to

o (e2ﬂ'b(z+cb); q)oo o 1_ e27rb(z—|—cb)qn C
b(z) - (627rb—1(zfcb); q~)oo - 71_[0 1— eQﬂ’b—l(zfcb)qn’ ( '9>
where
q= 627rib2’ G = o—2mib~? (C.10)

Note that the function in equation (C.9) can be extended to the region Im(b2) < 0 by means of
equation (C.8) and further admits an analytic continuation to all values of b such that b? ¢ R<op.
Moreover, ®,(z) can be extended to the whole complex z-plane as a meromorphic function with
an essential singularity at infinity, poles at the points

z=cp +imb +inb !, (C.11)
and zeros at the points
z=—cp —imb —inb™ !, (C.12)

for m,n € N. It satisfies the inversion formula
L, q 1/48 o
Bu(e)Bu(—2) = B0, o) = (1) e (13

the complex conjugation formula

Pp(2) = (I)bl(z)’ (C.14)

and is a quasi-periodic function. Precisely, as a direct consequence of its definition in equa-
tion (C.9), we find the relations

k—1
Oy (2 + ibk) = By (2) [ (1 + 2=+ 1D) =1 (C.15a)
7=0
k—1
Oy (2 — ibk) = By (2) [ (1 + 20> (24D (C.15b)
7=0
k—1
By (2 +ib k) = @y (2) [] (1 4 &2 2?21y = (C.15¢)
7=0
k—1
By (z — ib'k) = Bp(2) J[ (1 + 2™ =TI, (C.15d)
7=0

where k € Z~q. If we consider the special case of b?> € Q¢ and, specifically, take

P

b? = 0 P, () € Z~g coprime, (C.16)
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then the periodicity formulae above give in particular

@b(z + ibQ) _ @b(z)(l + erererwiPQ)*l’ (C.l?a)
Dp(z — 1bQ) = Pp(2) (1 + 2@z mQY (C.17Db)

Finally, in the above rational case of equation (C.16), it was shown in [18] that Faddeev’s
quantum dilogarithm can be expressed as

Dy (%> = exp [27rPQ L12(e ( )) + <1+ QWPQ) log(l — el ))

w(z)

—logDQ(e%;e%ig) —log Dp(e P ;e%ig)] , (C.18)

where w(z) = Qz + 7i(P + @), Liz(z) is the standard dilogarithm, and
N-1 N
Dy(zg) = [[(1—24)"",  NeZu, (C.19)
j=1

is the N-th cyclic quantum dilogarithm with Dj(z;¢) = 1. In the special subcases of b?> = P
positive integer and b? = 1/Q positive unit fraction, the formula in equation (C.18) simplifies
into

z i : P-1 iz 4
P (—) = Lio (—e?tmiP =1 log(1 24miP
b\orp) = P | 2np (=) 4 {5+ gpp ) lea(l+ e
—log Dp(—e%Jr%;e%i)} , (C.20a)
z [ : Q-1 1z .
) (7> — Lio(— Qz+7iQ ~ )1 1 Qz+7iQ
b (55 exp 5.0 ir(—e )+ 50 + o og(l+e )
—log DQ(—eZJr%;e%)} , (C.20b)
respectively.
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