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Marcos MARIÑO a and Claudia RELLA b
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Abstract. We study the structure of wave functions in complex Chern–Simons theory
on the complement of a hyperbolic knot, emphasizing the similarities with the topological
string/spectral theory correspondence. We first conjecture a hidden integrality structure in
the holomorphic blocks and show that this structure guarantees the cancellation of potential
singularities in the full non-perturbative wave function at rational values of the coupling
constant. We then develop various techniques to determine the wave function at such rational
points. Finally, we illustrate our conjectures and obtain explicit results in the examples of
the figure-eight and three-twist knots. In the case of the figure-eight knot, we also perform
a direct evaluation of the state integral in the rational case and observe that the resulting
wave function has the features of the ground state for a quantum mirror curve.
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1 Introduction

Chern–Simons (CS) theory with a complex gauge group has been an excellent laboratory for
studying various aspects of quantum field theory (QFT) since it is essentially exactly solvable.
In recent years, building on previous work by physicists and mathematicians, perturbative and
non-perturbative methods have been introduced, making it possible to calculate various ob-
servables, and many beautiful and interesting results have been obtained. For example, for the
complements of hyperbolic knots in the three-sphere, the wave function of the theory with gauge
group SL(2,C) has been defined rigorously [2], inspired in part by physics developments [11, 27].
This wave function satisfies, in addition, a difference equation [4], which can be determined by
an appropriate quantization of the classical A-polynomial of the knot [16], as expected from
physics arguments [22].

In this paper, we will further study the wave functions for complements of hyperbolic knots in
CS theory with gauge group SL(2,C). As we will show, they share many structural similarities
with the wave functions occurring in topological string theory and, more precisely, in the context
of the so-called topological string/spectral theory (TS/ST) correspondence [6, 21, 37, 42] and
its open string version [15, 38, 39, 44]. Indeed, it has been found in both cases that the WKB
expansion in ℏ of the perturbative wave function of the topological string can be resummed into
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a q-series,1 where q = eiℏ. However, this q-series displays singularities at all points of the form

ℏ ∈ 2πQ. (1.1)

Since these singularities are not present in the non-perturbative definition of the wave function,
they are an artifact of the resummed WKB expansion. This feature, in turn, requires the pres-
ence of a non-perturbative sector that cancels the singularities and leads to a finite answer for
the full wave function. The cancellation of singularities at the values of ℏ in equation (1.1) is
a defining attribute of Faddeev’s quantum dilogarithm [13], which can be regarded as a simple
example of a wave function in complex CS theory. A similar cancellation mechanism has ap-
peared in a more complicated context in ABJM theory, where it is sometimes referred to as the
HMO mechanism [24], and is one of the facets of the non-perturbative proposal for topological
string theory put forward in [6, 21, 42]. Moreover, the concrete realization of the cancella-
tion of singularities in topological string theory is a consequence of the integrality structure
of the topological string amplitudes. In the closed string case, one has the Gopakumar–Vafa
integrality [20] and its refinement [28]. In the open string case, as shown in [31, 38, 44], one
needs an integrality property akin to the one found in [30, 36, 40]. In this paper, we con-
jecture an integrality structure for the resummed WKB expansion of the wave functions of
complex CS theory and support our claims with explicit evidence obtained in examples. This
integrality structure, indeed, guarantees the cancellation of singularities. A similar integrality
property has been found in [12], and it would be interesting to clarify its relationship with our
results.

Our integrality conjecture characterizes the so-called holomorphic blocks of the wave func-
tions [5], and the corresponding integer invariants can be calculated from these blocks when they
are explicitly known. Analogously to the case of topological string theory, at the special values
of ℏ in equation (1.1), which we refer to as rational points, the generic formula for the exact
wave function has an apparent singularity. However, after the cancellation mechanism takes
place, one typically finds a relatively simpler expression. It is an interesting task to determine
this expression for general rational numbers, as it was done for Faddeev’s quantum dilogarithm
in [18]. In this paper, we develop various independent techniques to achieve this goal, following
ideas proposed in the context of the open TS/ST correspondence [23, 25, 44]. To begin with,
one can use the underlying integrality structure to derive an explicit answer at rational values
of ℏ in terms of the newly introduced integer invariants. Second, one can start directly from the
AJ equation for the wave function and specialize it to rational values, where one finds a quasi-
periodic structure similar to the one appearing in spectral problems on lattices. Finally, one can
directly evaluate the Andersen–Kashaev state integral at rational points using the techniques
of [18]. We apply these three distinct methods and explicitly show that they lead to the same
results in examples.

The paper is organized as follows. In Section 2, we review the necessary background notions
on complex CS theory and the AJ conjecture. In Section 3, we present most of our results.
In particular, we state the integrality conjecture for the WKB resummed wave function and
show how it implies the cancellation of singularities at rational values of ℏ. We also provide
two different techniques for evaluating the wave function at rational points. In Section 4, we
illustrate these results by performing explicit computations in the examples of the figure-eight
and three-twist knots. In Section 5, we evaluate directly the state integral in the rational case
for the figure-eight knot. Finally, we conclude and list some open problems in Section 6. In the
three appendices, we provide additional details on the calculations we perform in Section 3 and
recall some useful properties of Faddeev’s quantum dilogarithm.

1This is a resummation of a convergent series, so it does not involve the more sophisticated summability
techniques that apply to divergent series, like the Borel–Laplace resummation.
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2 Complex Chern–Simons theory and the A-polynomial

In this section, we review the fundamental aspects of complex CS theory on a closed three-
manifold and the construction of the classical and quantum A-polynomials of a hyperbolic knot.
The physical understanding of the connection to A-polynomials was developed in [22], and an
excellent summary can be found in [9]. The AJ conjecture, which is at the basis of many of
our computations, was proposed in [16]. We pay special attention to the case of CS theory
with SL(2,C) gauge group on the complement of a hyperbolic knot in the three-sphere and
introduce the two benchmark examples that we will consider later in this work, that is, the
figure-eight and three-twist knots.

2.1 Classical and quantum A-polynomials

The classical action of CS theory with complex gauge group GC can be written as [43]

S =
t

8π

∫
M

Tr

(
A ∧ dA+

2

3
A ∧A ∧A

)
+

t′

8π

∫
M

Tr

(
Ā ∧ dĀ+

2

3
Ā ∧ Ā ∧ Ā

)
, (2.1)

where t, t′ are complex parameters, M is the underlying closed three-manifold with bound-
ary Σ = ∂M , and A is the complex gauge field, which is a one-form on M taking values in
the Lie algebra gC. Here, Ā denotes the complex conjugate of A. The coefficients t, t′ can be
written as t = k + is and t′ = k− is. Here, quantization of the theory implies that the level k is
an integer, while unitarity requires s to be either real or purely imaginary, although we will not
use this in our discussion. We also introduce the complex coupling constant b2 defined by

b2 =
t′

t
. (2.2)

A classical solution on M is identified with a gauge equivalence class of flat GC-connections
on M , which are gauge fields A satisfying the classical Euler–Lagrange equations

dA+A ∧A = dĀ+ Ā ∧ Ā = 0. (2.3)

Because a flat GC-connection on M is determined by a homomorphism

ρ : π1(M) → GC, (2.4)

the moduli space of classical solutions on M is thus

Mflat(GC,M) = Hom(π1(M), GC)/∼, (2.5)

where π1 denotes the fundamental group and∼ is conjugation by elements of the gauge groupGC.
The classical phase space of the theory is instead given by the moduli space of flatGC-connections
on the closed Riemann surface Σ modulo gauge transformations, that is,

Mflat(GC,Σ) = Hom(π1(Σ), GC)/∼, (2.6)

which comes naturally equipped with the symplectic two-form

ω =
t

8π

∫
Σ
Tr(δA ∧ δA) +

t′

8π

∫
Σ
Tr
(
δĀ ∧ δĀ

)
. (2.7)

Recall that there is a natural map

ι : Mflat(GC,M) → Mflat(GC,Σ) (2.8)
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induced by the inclusion π1(Σ) ↪→ π1(M). Indeed, the image of the moduli space of classical
solutions in equation (2.5) under this map is a Lagrangian submanifold of the classical phase
space. Namely,

L = ι(Mflat(GC,M)) ⊂ Mflat(GC,Σ) (2.9)

is Lagrangian with respect to the symplectic structure in equation (2.7).
In this paper, we will focus on a three-manifoldM obtained as the complement of a hyperbolic

knot2 K in the three-sphere S3, that is,

M = S3\K, (2.10)

which has a single toral boundary Σ = T2. Its moduli space of flat GC-connections identifies
a complex Lagrangian submanifold L of the full phase space

Mflat

(
GC,T2

)
= (TC × TC)/W, (2.11)

where TC is the maximal toral subgroup of GC and W is the Weyl group. Let us denote
by P = (P1, . . . , Pr) and X = (X1, . . . , Xr), where r is the rank of the gauge group, the complex
variables parametrizing each copy of the maximal torus TC in equation (2.11), which are defined
modulo the action of the Weyl group.3 It follows that the irreducible components of L are
described by W-invariant polynomial equations

AK,i(P ,X) = 0, i = 1, . . . , r, (2.12)

where the polynomials AK,i(P ,X) have coefficients in Z [7].
Quantizing the classical phase space in equation (2.6) with its symplectic structure in equa-

tion (2.7) produces an infinite-dimensional Hilbert space HΣ, and the Feynman path integral
over the manifold M leads to a state |M⟩ ∈ HΣ. In the case of a hyperbolic knot comple-
ment, the polynomials AK,i(P ,X) in equation (2.12) are expected to produce quantum oper-
ators ÂK,i

(
P̂ , X̂, q

)
, i = 1, . . . , r, acting on HΣ, which annihilate the state |M⟩. Here, the

complex variables P , X are promoted to operators P̂ , X̂ satisfying the commutation relations

P̂iX̂j = qδijX̂jP̂i, i, j = 1, . . . , r, (2.13)

where δij is the Kronecker delta, we have introduced q = eiℏ, and

ℏ = 2πb2 (2.14)

is the complex coupling parameter playing the role of Planck’s constant. We will sometimes
denote τ = b2. Note that the quantization of the theory depends on the level k through the
parameter b2, and, in this work, we will restrict ourselves to the case k = 1. See, e.g., [8].

The classical constraints in equation (2.12) become Schrödinger-like operator equations in
the quantum theory. Namely,

ÂK,i

(
P̂ , X̂, q

)
χK(ℏ) = 0, i = 1, . . . , r, (2.15)

where χK(ℏ) is the partition function associated with the manifold M in equation (2.10). Fol-
lowing the conventions of [17], we define the continuous complex variables u = (u1, . . . , ur) such
that

Xi = e2πbui , i = 1, . . . , r. (2.16)

2A three-manifold M is hyperbolic if there is a discrete faithful representation of its fundamental group π1(M)
into the group of orientation-preserving isometries of H3, that is, the group Isom+

(
H3

) ∼= PSL(2,C). A hyperbolic
knot is a knot whose complement in the three-sphere is hyperbolic.

3P and X can be interpreted as the vectors of eigenvalues of the holonomies of the flat gauge connections on
the boundary torus over its two basic one-cycles.
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The corresponding quantum operators ûi determine a complete basis of states |u⟩ ∈ HΣ on
which they act by multiplication. Therefore, the partition function on M can be regarded as
a wave function in u-space, which we represent as

χK(u; ℏ). (2.17)

We stress that the quantization of the A-polynomials in equation (2.12) is not obtained simply
by promoting P , X to their operator counterparts. On top of ordering issues, the resulting
operators have a non-trivial dependence on ℏ through q. It is fair to say that the spectral theory
of these operators is not entirely understood, and a deeper grasp of this issue might clarify the
corresponding non-trivial quantization problem. A concrete way of constructing the quantum
A-polynomials is, for example, to use the original AJ conjecture of [16].

The wave function χK(u; ℏ) can be computed perturbatively in a saddle-point approximation
where the saddle, or classical solution of the Euler–Lagrange equations, is described by the group
homomorphism in equation (2.4). Equivalently, the saddle points can be identified with the
different classical solutions P (α) to equation (2.12) for fixed X, which we mark with the discrete
label α. We recall that the branches of the polynomials in equation (2.12) come in conjugate pairs
due to the symmetry of the theory under conjugation. Thus, each flat connection A(ρ), labeled
by ρ ∈ Hom(π1(M), GC), has a conjugate flat connection A(ρ̄), corresponding to the conjugate
homomorphism ρ̄. Consequently, we will denote by ᾱ the branch conjugate to α. Note that there
is always an abelian branch α = abel described by the equations P1 = · · · = Pr = 1, which is
self-conjugate, and a geometric branch4 α = geom containing the discrete faithful representation
of π1(M) into PSL(2,C), which has a distinct conjugate α = conj. In the rest of this work, we
will only consider non-abelian branches. Therefore, we simplify the factor corresponding to the
abelian classical solution from the polynomials in equation (2.12) and proceed to quantize the
simplified form.

When computed in the saddle-point approximation, that is, using the WKB method, around
the classical solution labeled by α, the perturbative wave function is denoted by χ

(α),WKB
K (u; ℏ)

and given by an asymptotic series in ℏ of the form [11]

χ
(α),WKB
K (u; ℏ) = exp

(
1

ℏ
S
(α)
0 (u)− δ(α)

2
log ℏ+

∞∑
n=0

S
(α)
n+1(u)ℏ

n

)
, (2.18)

where the leading-order coefficient S
(α)
0 (u) is determined by the classical CS functional in equa-

tion (2.1) up to integer multiples of 2πiu, the next-to-leading-order coefficient δ(α) is an integer
that vanishes when α ̸= abel, and the higher-order coefficients S

(α)
n (u), n ≥ 1, are obtained, in

principle, by summing the contributions of n-loops Feynman diagrams systematically.

2.2 The case of SL(2,C) gauge group

In this work, we take GC = SL(2,C). Therefore, we have simply r = 1 and

AK(P,X) = AK,1(P1, X1) (2.19)

is the classical A-polynomial of the knot [7]. The operators P̂ , X̂ act on u-states as

P̂ |u⟩ = |u+ ib⟩, X̂|u⟩ = X|u⟩. (2.20)

Equivalently, P̂ is the operator that shifts X into qX, and X̂ is the ordinary multiplication.
Building on previous results [11, 26, 27], the exact, non-perturbative partition function χK(u; ℏ)

4On the geometric branch, u can be thought of as parametrizing the quantum deformations of the complex
hyperbolic structure of M .
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has been constructed from an ideal triangulation of M and identified with a finite-dimensional
integral whose integrand is a product of Faddeev’s quantum dilogarithm functions [13], known
as the state-integral invariant, or Andersen–Kashaev invariant [2, 3, 9]. This is a holomorphic
function of ℏ ∈ C′ = C\(−∞, 0] and u ∈ C. It has been explicitly verified in the examples of the
figure-eight and three-twist knots and conjectured in general [4] that it obeys the q-difference
equation encoded in the quantum A-polynomial of the knot, that is,

ÂK
(
P̂ , X̂, q

)
χK(u; ℏ) = 0. (2.21)

Recall that S-duality exchanges b with 1/b. Therefore, the S-dual images of ℏ and q are

ℏD =
4π2

ℏ
=

2π

τ
, qD = eiℏD = e

2πi
τ = q̃−1, (2.22)

where we have introduced q̃ = e−
2πi
τ , while the variable u is invariant under the action of S-

duality and X transforms into

XD = e
2πu
b = X

2π
ℏ . (2.23)

Remarkably, the wave function χK(u; ℏ) is also invariant under this transformation, that is,

χK(u; ℏ) = χK(u; ℏD), (2.24)

and, in particular, it satisfies the S-dual quantum A-polynomial equation5

ÂK
(
P̂D, X̂D, qD

)
χK(u; ℏ) = 0, (2.25)

where P̂D is the quantum operator acting on u-states by shifting u into u+i/b, or, equivalently,
transforming XD into qDXD, and X̂D acts by multiplication.
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Figure 1. The hyperbolic knots known as the figure-eight knot (41), on the left side, and the three-twist

knot (52), on the right side.

Throughout this work, we examine the two simplest examples of hyperbolic knots, which
allow us to perform explicit and detailed calculations to support and give insight into our claims.
These are the figure-eight and three-twist knots.

5Since the wave function simultaneously obeys distinct q- and qD-difference equations, the solution space
of equations (2.21) and (2.25) may be naturally regarded as a bimodule over the difference operator algebras
associated with the quantum A-polynomial and its S-dual image. We will not, however, pursue this perspective
further here.
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Example 2.1. The figure-eight knot, denoted as 41, is shown on the left side of Figure 1. Its
classical A-polynomial can be written in symmetrized form as

A41(P,X) = P−1 + P −
(
X2 +X−2 −X −X−1 − 2

)
. (2.26)

The corresponding polynomial equation A41(P,X) = 0 has only two distinct non-abelian branch-
es. Explicitly, the geometric and conjugate branches are labeled as

α = geom, conj, (2.27)

and they are described by

P (geom,conj) =
T (X)±

(
1−X2

)√
∆(X)

2X2
, (2.28)

where we have introduced

T (X) = 1−X − 2X2 −X3 +X4, (2.29a)

∆(X) = 1− 2X −X2 − 2X3 +X4. (2.29b)

Building on the results and conventions of [17], the descendant Â-operator is given by

Â41

(
P̂ , X̂, qm, q

)
=

2∑
j=0

Cj

(
X̂, qm, q

)
P̂ j , (2.30)

where m takes values in Z and the coefficient functions Cj

(
X̂, qm, q

)
are

C0

(
X̂, qm, q

)
= q2+3mX̂2

(
−1 + q3+mX̂2

)
, (2.31a)

C1

(
X̂, qm, q

)
= −qm

(
−1 + q2+mX̂2

)(
1− qX̂ − q1+mX̂2

− q3+mX̂2 − q3+mX̂3 + q4+2mX̂4
)
, (2.31b)

C2

(
X̂, qm, q

)
= q2X̂2

(
−1 + q1+mX̂2

)
. (2.31c)

If we setm = 0, symmetrize by multiplying by P̂−1, simplify a common factor q2X̂2, and perform
the change of variable X̂ → q−1X̂, we obtain the conventional Â-operator of the figure-eight
knot, that is,

Â41

(
P̂ , X̂, q

)
= C0

(
X̂, q

)
P̂−1 + C1

(
X̂, q

)
+ C2

(
X̂, q

)
P̂ , (2.32)

where the coefficient functions Cj

(
X̂, q

)
are

C0

(
X̂, q

)
= qX̂2 − 1, (2.33a)

C1

(
X̂, q

)
= −

(
X̂2 − 1

)(
X̂2 + X̂−2 − X̂ − X̂−1 − q − q−1

)
, (2.33b)

C2

(
X̂, q

)
= q−1X̂2 − 1. (2.33c)

Example 2.2. The three-twist knot, denoted as 52, is shown on the right side of Figure 1. Its
classical A-polynomial can be written in symmetrized form as

A52(P,X) = P−1 −
(
X−2 −X−1 + 2X + 2X2 −X3

)
−
(
X−1 − 2− 2X +X3 −X4

)
P −X2P 2. (2.34)
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The corresponding polynomial equation A52(P,X) = 0 has three distinct non-abelian branches:
the geometric branch, its conjugate, and a third, self-conjugate branch. We label them by

α = geom, conj, self. (2.35)

Again, following [17], the descendant Â-operator is given by

Â52

(
P̂ , X̂, qm, q

)
=

3∑
j=0

Cj

(
X̂, qm, q

)
P̂ j , (2.36)

where m takes values in Z and the coefficient functions Cj

(
X̂, qm, q

)
are

C0

(
X̂, qm, q

)
= − q2+mX̂2

(
1− q2X̂

)(
1 + q2X̂

)(
1− q5X̂2

)
, (2.37a)

C1

(
X̂, qm, q

)
=
(
1− qX̂

)(
1 + qX̂

)(
1− q5X̂2

)(
1− qX̂ − qX̂2 − q4X̂2 + q2+mX̂2

+ q3+mX̂2 + q2X̂3 + q5X̂3 + q5X̂4 + q5+mX̂4 − q6X̂5
)
, (2.37b)

C2

(
X̂, qm, q

)
= qX̂

(
1− q2X̂

)(
1 + q2X̂

)(
1− qX̂2

)(
1− q2X̂ − q2+mX̂ − q2X̂2 − q5X̂2

+ q4X̂3 + q7X̂3 − q5+mX̂3 − q6+mX̂3 + q7X̂4 − q9X̂5
)
, (2.37c)

C3

(
X̂, qm, q

)
= q8+mX̂4

(
1− qX̂

)(
1 + qX̂

)(
1− qX̂2

)
. (2.37d)

If we set m = 0, symmetrize by multiplying by P̂−2, and perform the change of variable X̂ →
q−1X̂, we obtain the conventional Â-operator of the three-twist knot, that is,

Â52

(
P̂ , X̂, q

)
= C0

(
X̂, q

)
P̂−2 + C1

(
X̂, q

)
P̂−1 + C2

(
X̂, q

)
+ C3

(
X̂, q

)
P̂ , (2.38)

where we have defined

C0

(
X̂, q

)
= − X̂2

(
1− q2X̂2

)(
1− q3X̂2

)
, (2.39a)

C1

(
X̂, q

)
=
(
1− X̂2

)(
1− q3X̂2

)(
q2X̂3 − q2X̂2 − qX̂5

+ 2qX̂4 + q−1X̂3 + qX̂2 − q−1X̂2 + X̂2 − X̂ + 1
)
, (2.39b)

C2

(
X̂, q

)
= X̂

(
1− q2X̂2

)(
1− q−1X̂2

)(
−q4X̂5 + q4X̂3

+ q3X̂4 − q3X̂3 − q3X̂2 − q2X̂3 + qX̂3 − 2qX̂ − X̂2 + 1
)
, (2.39c)

C3

(
X̂, q

)
= q4X̂4

(
1− X̂2

)(
1− q−1X̂2

)
. (2.39d)

3 The structure of the wave function

In this section, we study the non-perturbative wave function χK(u; ℏ) introduced in Section 2
by exploiting ideas from topological string theory. In particular, we propose new conjectures on
the structure of this wave function, which are motivated by similar results in the open version
of the TS/ST correspondence [31, 38, 39, 44] and by the evidence presented in Section 4. In the
following, we will not explicitly indicate the knot K to avoid the cluttering of notation.

3.1 General conjectures

Our first claim is that the WKB expansion in equation (2.18) can be resummed at all orders
in ℏ and order by order in X = e2πbu. Explicitly, for a fixed choice of α, we have that

χ(α),WKB(u; ℏ) = exp

(
i

ℏ
s
(α)
0 (x) + s

(α)
1 (x) + ϕ(α),WKB(X; q)

)
, (3.1)
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where s
(α)
0,1 (x) are R-polynomials in the variable6 x = logX and

ϕ(α),WKB(X; q) =
∑
n≥1

a(α)n (q)Xn + a
(α)
−n(q)X

−n. (3.2)

The coefficient functions a
(α)
±n(q) can be written as

a
(α)
±n(q) =

â
(α)
±n(q)

n(qn − 1)qσα,±n
, n ∈ Z>0, (3.3)

where â
(α)
±n(q) ∈ Z[q] such that

â
(geom)
−n (q) = 0, n ∈ Z>0, (3.4)

and σα,m is a function of m ∈ Z ̸=0 that takes values in N, depends on the choice of classical
branch α, and satisfies

σgeom,m = 0, σα,−|m| = 0 ∀α. (3.5)

In both examples of the figure-eight and three-twist knots studied in Section 4, we have precise
expressions for σα,m for all choices of α ̸= geom, which are given in equations (4.7), (4.27),
and (4.28). Moreover, our conjectural statements above simplify notably in the particular case
of the geometric branch, whose function ϕ(geom),WKB(X; q) has a series expansion including only
the positive powers of X and whose coefficients a

(geom)
n (q) have a trivial factor of qσgeom,n = 1 in

the denominator.
Note that we use the same notation for the perturbative WKB series in equation (2.18) and

its resummation in terms of q in equation (3.1). However, in the rest of this paper, we will always
refer to the resummed version of χ(α),WKB(u; ℏ) as in equation (3.1). In fact, there is additional
structure in the resummed perturbative wave function. Our second claim is that ϕ(α),WKB(X; q)
has an integrality/multicovering-type property. Namely, for a fixed choice of α, we have that

ϕ(α),WKB(X; q) =
∑
k,s≥1

D
(α)
s

(
qk
)

k
(
qk − 1

)
qkσα,s

Xsk +
D

(α)
−s

(
qk
)

k
(
qk − 1

)
qkσα,−s

X−sk, (3.6)

where D
(α)
±s (q) ∈ Z[q]. Equivalently, we can write the coefficient functions from equation (3.2) as

a
(α)
±n(q) =

∑
k|n

D
(α)
±n

k

(
qk
)

k
(
qk − 1

)
q
kσα,±n

k

, n ∈ Z>0, (3.7)

where the sum runs over all positive integer divisors of n. Since the following discussion holds
for all non-abelian choices of the classical branch, let us now drop the explicit dependence on α
to simplify the notation and introduce

D̃±s(q) =
D±s(q)

(q − 1)qσ±s
, s ∈ Z>0. (3.8)

Using equations (3.6) and (3.8), we can write

exp
(
ϕWKB(X; q)

)
= exp

( ∑
k,s≥1

1

k
D̃s

(
qk
)
Xsk

)
exp

( ∑
k,s≥1

1

k
D̃−s

(
qk
)
X−sk

)

= ExpX,q

(∑
s≥1

D̃s(q)X
s

)
ExpX,q

(∑
s≥1

D̃−s(q)X
−s

)
, (3.9)

6The S-dual image of x is xD = logXD = 2πx/ℏ.
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where ExpX,q denotes the plethystic exponential in the variables X, q. See, e.g., [35]. It follows
that we can extract the functions D̃±s(q) by applying the plethystic logarithm in the same two
variables, which we denote by LogX,q, to both sides of equation (3.9). Specifically, we find that

∑
s≥1

D̃±s(q)X
±s = LogX,q

(
exp

(∑
n≥1

a±n(q)X
±n

))
=
∑
k,n≥1

µ(k)

k
a±n

(
qk
)
X±nk, (3.10)

where µ(k) is the Möbius function, which leads to the closed formula

D̃±s(q) =
∑
k|s

µ(k)

k
a± s

k

(
qk
)
, s ∈ Z>0. (3.11)

Note that this is the formal inverse of equation (3.7), which can be equivalently written as

a±n(q) =
∑
k|n

1

k
D̃±n

k

(
qk
)
, n ∈ Z>0. (3.12)

Let us explain how our conjectures originate from insights from the TS/ST correspondence.
See [37] for a review and further references. In the context of the TS/ST correspondence, an
analogous statement to the AJ conjecture for the CS wave function in equation (2.21) arises from
the quantization of the mirror curve to a toric Calabi–Yau threefold and the corresponding spec-
tral problem. Its wave function can be computed in the WKB approximation as a formal power
series in ℏ. It was noted in [31, 38] that this ℏ-expansion could be suitably resummed, producing
the same picture we described in our claims above. This structure is similar to the one appear-
ing in perturbative open topological string theory [36, 40], but it is slightly less constrained.
Specifically, one has the structure of [40] but not the more detailed substructure found in [36].
The integrality property in equation (3.6) characterizes what is called an admissible series by
Kontsevich and Soibelman in [34],7 and it is observed in other instances, e.g., as shown in [1].

We can now ask how the resummed perturbative partition functions in equation (3.1) relate
to the exact partition function χ(u; ℏ) described in Section 2. It follows both from physical
arguments [5] and from explicit computations [8, 17, 19] that the exact wave function can be
conjecturally decomposed as

χ(u; ℏ) =
∑
α

CαS(α)(X; q)S(α)(XD; qD), (3.13)

where the sum runs over the different non-abelian branches of the classical A-polynomial labeled
by α, Cα is an appropriate complex constant, and S(α)(X; q) is known as holomorphic block. Since
the holomorphic block labeled by α must reproduce the perturbative expansion of the wave
function around the corresponding classical solution, it can be identified with the resummed
WKB series in equation (3.1), that is,

S(α)(X; q) = exp

(
i

ℏ
s
(α)
0 (x) + s

(α)
1 (x) + ϕ(α),WKB(X; q)

)
. (3.14)

Therefore, our conjecture in equation (3.6) implies that holomorphic blocks in complex CS
theory have the stated integrality/multicovering-type property, i.e., they are admissible series in
the Kontsevich–Soibelman sense. This could have been anticipated from the relation between
holomorphic blocks and open topological string partition functions found in some examples [5].
Indeed, we will show in Section 4 that, starting from the known closed expressions for the

7We thank Stavros Garoufalidis for pointing this out to us.
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holomorphic and antiholomorphic blocks [5, 8, 17], we can successfully verify the integrality
structure in equation (3.6) for all non-abelian choices of the flat connection in the examples
of the figure-eight and three-twist knots. Furthermore, we will provide a compact proof of
admissibility in the same examples by direct application of a theorem of [34] together with
well-established q-series identities.

Let us comment that the structure in equations (3.13) and (3.14) is again similar to what
has been found in the open TS/ST correspondence [15, 31, 38, 39, 44]: the exact wave functions
are given by sums of products of the resummed WKB wave functions and their duals.8 As
we mentioned in Section 1, a structure similar to the one in equation (3.2) has already been
conjectured in [12], where the resummed WKB expansion is obtained by solving directly the
quantized A-polynomial equation. The approach of [12] does not appeal to the decomposition
into holomorphic blocks, and our explicit results for the resummation of the WKB expansion in
the case of, e.g., the figure-eight knot in Section 4 appear to be different from those in [12].9

3.2 Cancellation of singularities

Recall that the exact wave function χ(u; ℏ) is a holomorphic function of ℏ ∈ C′. In particular,
it is well-defined for

ℏ = 2π
P

Q
, (3.15)

where P , Q are coprime positive integers. We will refer to values of ℏ of the form in equa-
tion (3.15) as rational values. On the other hand, due to the conjectured integrality structure in
equation (3.6), ϕ(α),WKB(X; q) is singular precisely for these values of ℏ, thus implying that the
singularities must disappear in the decomposition of χ(u; ℏ) in equation (3.13). More precisely,
we will show how these singularities cancel in the sum

ϕ(α),WKB(X; q) + ϕ(α),WKB(XD; qD), (3.16)

which implies non-trivial constraints on the coefficients â
(α)
±n(q) in equation (3.3). This type

of branch-by-branch cancellation of singularities found a prototypical example in Faddeev’s
quantum dilogarithm [18] and played a major role in the understanding of the ABJM matrix
model [24] and the TS/ST correspondence [21, 29, 42].

Again, we hide the explicit dependence on the classical solution α to simplify the notation.
Here and in the rest of this work, we will only reintroduce it when necessary. We will now study
how the cancellation occurs in the exact wave function χ(u; ℏ) as given in equation (3.13), and,
in Section 3.3, we will compute the finite, well-defined piece that is left from the cancellation
and constitutes the sum in equation (3.16). Moreover, as we will see in Section 3.4 along the
lines of [44], it is possible to compute this finite part by using only the information contained in
the quantum operator Â

(
P̂ , X̂, q

)
. We take

q = eiℏ = e
2πiP

Q , P,Q ∈ Z>0 coprime, (3.17)

and, substituting into equation (3.2), we find that the possible singularities of ϕWKB(X; q) occur
when n = sQ and s ∈ Z>0. In fact, for these values of n, the coefficient functions a±n(q) in
equation (3.3) become

a±sQ(q) =
â±sQ(q)

sQ
(
qsQ − 1

)
qσ±sQ

. (3.18)

8In the TS/ST correspondence, one can also define off-shell wave functions, in which case the dual blocks differ
from the original ones.

9One reason for this difference, which was pointed out to us by Sergei Gukov, is that the results of [12] involve
the super A-polynomial, which might lead to a different specialization for SL(2,C).
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Similarly, considering the dual variable

qD = e
4π2i
ℏ = e2πi

Q
P , (3.19)

the possible singularities of the dual function ϕWKB(XD; qD) occur when n = sP and s ∈ Z>0.
Indeed, the coefficient functions a±n(qD) in equation (3.3) become

a±sP (qD) =
â±sP (qD)

sP
(
qsPD − 1

)
q
σ±sP

D

. (3.20)

Let us now introduce

qϵ = eiℏϵ , qϵ,D = e
4π2i
ℏϵ , ℏϵ = 2π

P

Q
+ ϵ, 0 < ϵ ≪ 1, (3.21)

and consider the limit ϵ → 0. As detailed in Appendix A, equations (3.18) and (3.20) produce
the NLO ϵ-expansions

a±sQ(qϵ) =

(
− i

(sQ)2ϵ
− 1

2sQ
+

1

(sQ)2
q
∂

∂q

)
â±sQ(q)

qσ±sQ
+O(ϵ), (3.22a)

a±sP (qϵ,D) =

(
i

(sQ)2ϵ
+

1

sP

(
i

2πsQ
− 1

2

)
+

1

(sP )2
qD

∂

∂qD

)
â±sP (qD)

q
σ±sP

D

+O(ϵ), (3.22b)

respectively. We then require the cancellation of the ϵ-poles in equations (3.22a) and (3.22b),
which yields the relation

â±sQ

(
e
2πiP

Q
)
e
−2πiP

Q
σ±sQ = â±sP

(
e2πi

Q
P
)
e−2πiQ

P
σ±sP , (3.23)

for all s, P,Q ∈ Z>0 with P , Q coprime. We remark that, for the geometric branch, the formula
in equation (3.23) assumes the simplified form10

â
(geom)
sQ

(
e
2πiP

Q
)
= â

(geom)
sP

(
e2πi

Q
P
)
, (3.24)

where again s, P,Q ∈ Z>0 with P,Q coprime.
Let us now prove that the cancellation formula in equation (3.23) is a direct consequence of

the integrality structure presented in equation (3.6). More precisely, equations (3.3) and (3.7)
imply that

ân(q)q
−σn =

∑
k|n

kDk

(
q

n
k
)
q−

n
k
σk

k−1∑
j=0

q
n
k
j , (3.25)

and, after substituting n = sQ and q = e
2πiP

Q with s, P , Q as above, we obtain

âsQ
(
e
2πiP

Q
)
e
−2πiP

Q
σsQ =

∑
k|sQ

kDk

(
e2πi

sP
k
)
e−2πi sP

k
σk

k−1∑
j=0

e2πi
sP
k
j . (3.26)

Since the sum over j on the right-hand side is non-zero if and only if k|s, equation (3.26) gives

âsQ
(
e
2πiP

Q
)
e
−2πiP

Q
σsQ =

∑
k|s

k2Dk(1) = cs ∈ Z, s ∈ Z>0, (3.27)

10A similar cancellation requirement was obtained in [44] in the study of the wave function for quantum mirror
curves.
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which is independent of the choice of P,Q ∈ Z>0 coprime, thus proving the cancellation identity
in equation (3.23). We note that the case of â−n(q) is handled analogously, yielding the same
result. In particular, recalling that σ−n = 0, n ∈ Z>0, it defines the sequence of integers

â−sQ

(
e
2πiP

Q
)
=
∑
k|s

k2D−k(1) = c−s ∈ Z, s ∈ Z>0. (3.28)

Finally, applying the Möbius inversion formula for arithmetic functions, we deduce that

D±s(1) =
1

s2

∑
k|s

µ(k)c± s
k
, s ∈ Z>0, (3.29)

where µ(k) is the Möbius function. As we will see, the construction presented here is experi-
mentally verified for the knots 41 and 52 in Section 4.

3.3 The wave function in the rational case, I

We will now apply the results obtained in Section 3.2 to derive explicitly the exact wave func-
tion χ(u; ℏ) in equation (3.13) as a formal power series in X, X−1 for rational values of ℏ. Let us
start from the holomorphic components ϕ(α),WKB(X; q) and fix ℏ as in equation (3.15), that is,

q = eiℏ = e
2πiP

Q , P,Q ∈ Z>0 coprime. (3.30)

As before, we drop the label α for simplicity and intend the following discussion to hold for
each non-abelian choice of the classical branch independently. The singular terms come from
the values n = sQ for s ∈ Z>0, while choosing n = sQ + k with 1 ≤ k ≤ Q − 1 produces
only regular terms. Specifically, the terms involving singularities are obtained by substituting
equation (3.22a) into equation (3.2) and contain the non-singular contributions∑

s≥1

(
−1

2
+

1

sQ
q
∂

∂q

)
â±sQ(q)

sQqσ±sQ
X±sQ. (3.31)

The regular terms associated with n ̸= sQ are instead

Q−1∑
k=1

1

qk − 1

∑
s≥0

â±(sQ+k)(q)

(sQ+ k)qσ±(sQ+k)
X±(sQ+k), (3.32)

where we have used that qsQ+k = qk. Thus, the sum of the quantities in equations (3.31)
and (3.32) is the finite part of the function ϕWKB(X; q) evaluated at the rational point in
equation (3.15). It is convenient to introduce the functions

φ
(+)
Q (X) =

∑
s≥1

âsQ(q)

sQqσsQ
XsQ, (3.33a)

φ
(−)
Q (X) =

∑
s≥1

â−sQ(q)

(−sQ)qsQ+σ−sQ
X−sQ, (3.33b)

φ
(+)
k (X) =

∑
s≥0

âsQ+k(q)

(sQ+ k)qσsQ+k
XsQ+k, k = 1, . . . , Q− 1, (3.33c)

φ
(−)
k (X) =

∑
s≥0

â−(sQ+k)(q)

−(sQ+ k)qsQ+k+σ−(sQ+k)
X−(sQ+k), k = 1, . . . , Q− 1, (3.33d)
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where we hide the dependence on q to simplify the notation. Moreover, we define

φQ(X) = φ
(+)
Q (X) + φ

(−)
Q (X), (3.34a)

φk(X) = φ
(+)
k (X)− qkφ

(−)
k (X), k = 1, . . . , Q− 1. (3.34b)

Putting equations (3.31) and (3.32) together and suitably identifying the functions just intro-
duced in equation (3.34), we can write the resummed series in the holomorphic block as

ϕWKB(X; q) = −1

2
φQ(X) + q

∂

∂q

∫ X

0
φQ(X

′)
dX ′

X ′ +

Q−1∑
k=1

φk(X)

qk − 1
. (3.35)

Let us now consider the antiholomorphic component ϕWKB(XD; qD) and fix ℏ as above. The
derivation, in this case, is very similar to the previous one except for one novelty, that is, the
appearance of logX terms, which originate from the ϵ-expansion of the S-dual variable

XD = X
2π
ℏ = X

Q
P . (3.36)

Let us add a small positive term ϵ to the rational value of ℏ as in equation (3.21). Then, we
consider the limit ϵ → 0 and find that

Xϵ,D = X
2π
ℏϵ = X

Q
P

1

1+ ϵ
2π

Q
P = X

Q
P

(
1− Q2

2πP 2
ϵ logX +O

(
ϵ2
))

. (3.37)

As described before, the singular terms come from the values n = sP for s ∈ Z>0, while choos-
ing n = sP + k with 1 ≤ k ≤ P−1 produces only regular terms. Specifically, the terms involving
singularities are obtained by substituting equations (3.22b) and (3.37) into equation (3.2) and
contain the non-singular contributions∑

s≥1

(
i

2πsQ
− 1

2
+

1

sP
qD

∂

∂qD
∓ i

2π
logX

)
â±sP (qD)

sPq
σ±sP

D

X±sQ. (3.38)

The regular terms associated with n ̸= sP are instead

P−1∑
k=1

1

qkD − 1

∑
s≥0

â±(sP+k)(qD)

(sP + k)q
σ±(sP+k)

D

X±(sP+k)Q
P , (3.39)

where we have used that qD = e2π
Q
P and thus qsP+k

D = qkD. Therefore, the sum of the quantities
in equations (3.38) and (3.39) is the finite part of the function ϕWKB(XD; qD) evaluated at the
rational point in equation (3.15). As we have done for the holomorphic part, we introduce the
functions

φ̃
(+)
P (XD) =

∑
s≥1

âsP (qD)

sPqσsP
D

XsP
D , (3.40a)

φ̃
(−)
P (XD) =

∑
s≥1

â−sP (qD)

−(sP )q
sP+σ−sP

D

X−sP
D , (3.40b)

φ̃
(+)
k (XD) =

∑
s≥0

âsP+k(qD)

(sP + k)q
σsP+k

D

XsP+k
D , k = 1, . . . , P − 1, (3.40c)

φ̃
(−)
k (XD) =

∑
s≥0

â−(sP+k)(qD)

−(sP + k)q
sP+k+σ−(sP+k)

D

X
−(sP+k)
D , k = 1, . . . , P − 1, (3.40d)
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where we hide the dependence on qD to simplify the notation. Moreover, we define

φ̃P (XD) = φ̃
(+)
P (XD) + φ̃

(−)
P (XD), (3.41a)

φ̃k(XD) = φ̃
(+)
k (XD)− qkDφ̃

(−)
k (XD), k = 1, . . . , Q− 1. (3.41b)

Putting equations (3.38) and (3.39) together and suitably identifying the functions just intro-
duced in equation (3.41), we can now write the resummed series in the antiholomorphic block as

ϕWKB(XD; qD) = −
(
1

2
+

i

2π
logX

)
φ̃P (XD)

+

(
iP

2πQ
+ qD

∂

∂qD

)∫ XD

0
φ̃P (X

′
D)

dX ′
D

X ′
D

+

P−1∑
k=1

φ̃k(XD)

qkD − 1
. (3.42)

Finally, we observe that

φ̃
(+)
P (XD) =

Q

P
φ
(+)
Q (X), φ̃

(−)
P (XD) =

Q

P
qsQ(1−

Q
P )φ

(−)
Q (X), (3.43)

as a direct consequence of the cancellation symmetry in equation (3.23). Therefore, after sum-
ming equations (3.35) and (3.42) and using the relations in equation (3.43), we obtain the
expression

ϕWKB(X; q) + ϕWKB(XD; qD)

=

(
−1

2
− Q

2P
− iQ

2πP
logX

)
φQ(X) +

(
iQ

2πP
+ 2q

∂

∂q

)∫ X

0
φQ(X

′)
dX ′

X ′

+ sQ

(
1− Q

P

)∫ X

0
φ
(−)
Q (X ′)

dX ′

X ′ +

Q−1∑
k=1

φk(X)

qk − 1
+

P−1∑
k=1

φ̃k

(
X

Q
P

)
qk

Q2

P2 − 1
. (3.44)

Besides, the power series newly defined in equations (3.34) and (3.41), which dictate the formula
for the exact wave function at rational points by means of equation (3.44), are explicitly and
uniquely determined by the function

Υ(X) = Υ(+)(X) + Υ(−)(X) =
∑
n≥1

ân(q)

nqσn
Xn +

∑
n≥1

â−n(q)

(−n)qn+σ−n
X−n, (3.45)

where, again, we hide the dependence on q to simplify the notation. Indeed, we can write

φQ(X) =
1

Q

Q−1∑
m=0

Υ(qmX), (3.46a)

φ
(±)
k (X) =

1

Q

Q−1∑
m=0

q∓mkΥ(±)(qmX, q), k = 1, . . . , Q− 1, (3.46b)

and similarly

φ̃P (XD) =
1

P

P−1∑
m=0

Υ(qmDXD), (3.47a)

φ̃
(±)
k (XD) =

1

P

P−1∑
m=0

q∓mk
D Υ(±)(qmDXD), k = 1, . . . , P − 1. (3.47b)
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Let us stress that the derivation we have presented here implies a fixed choice of the classical
branch. Indeed, the functions Υ(X), φQ(X), φk(X), φ̃P (XD), φ̃k(XD) are implicitly dependent
on the label α. We note that, applying equations (3.27) and (3.28), we can simply read off the
integer coefficients c±s, s ∈ Z>0, from the function φQ(X). Namely, we have that

φQ(X) =
∑
s≥1

cs
sQ

XsQ − c−s

sQ
X−sQ, (3.48)

after substituting qsQ = 1. In Appendix B, we describe an alternative way of computing the
integer sequences {c±s}, s ∈ Z>0 using equation (3.44). We will show in Section 4 that, starting
from the known closed expression for the holomorphic and antiholomorphic blocks, we can
successfully compute the integer coefficients for both series in X, X−1 and all choices of the flat
connection α in the examples of the figure-eight and three-twist knots.

3.4 The wave function in the rational case, II

In Section 3.3, we showed that the exact wave function χ(u; ℏ) in equation (3.13) at rational
values of ℏ is determined by the functions Υ(α)(X), defined in equation (3.45), and their deriva-
tives with respect to q, up to the constants Cα and the exponential prefactors containing s

(α)
0,1 (x).

We will now prove that the functions Υ(α)(X) can be obtained by solving directly the quantum
A-polynomial in closed form. We will focus on q-difference equations of order two and three.
These are the relevant cases for the examples studied in Section 4. The matrix formalism pre-
sented below was used in [44] for a second-order q-difference equation in the context of quantum
mirror curves.

3.4.1 Solving a second-order q-difference equation

Recall that, for each choice of α, the resummed perturbative wave function χ(α),WKB(u; ℏ) is
given in equation (3.1). Equivalently, we write

χ(α),WKB(u; ℏ) = e
i
ℏ s

(α)
0 (x)+s

(α)
1 (x)Ψ(α),WKB(X; q), (3.49)

where we have introduced the notation

Ψ(α),WKB(X; q) = exp
(
ϕ(α),WKB(X; q)

)
, (3.50)

which will be useful in the following discussion. Let us assume that the corresponding quantum
A-polynomial equation, that is,

Â
(
P̂ , X̂, q

)
χ(α),WKB(u; ℏ) = 0, (3.51)

is of second order. This is the case of the 41-knot, as shown in equation (2.30). After ap-
propriately accounting for the correction due to the exponential prefactor containing the func-
tions s

(α)
0,1 (x) in equation (3.49), the q-difference equation above becomes

Ψ(α),WKB(qX; q) +A(X)Ψ(α),WKB(X; q) +B(X)Ψ(α),WKB
(
q−1X; q

)
= 0, (3.52)

where A(X), B(X) are functions of X and q. Let us observe that, due to the conjectural
structure in equations (3.2) and (3.3), we have that

υ(α)(X) =
Ψ(α),WKB(qX; q)

Ψ(α),WKB(X; q)
= exp

(
Υ(α)(X)

)
, (3.53)
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and we can now write equation (3.52) in terms of the above function υ(α)(X) as

υ(X)υ
(
q−1X

)
+A(X)υ

(
q−1X

)
+B(X) = 0, (3.54)

where we have dropped the label α from the notation for simplicity. Let us further assume
that ℏ is fixed as in equation (3.15), that is,

q = eiℏ = e
2πiP

Q , P,Q ∈ Z>0 coprime, (3.55)

and introduce the sequence of functions {υk}, k ∈ Z≥0, of X and q defined by

υk = υ
(
q−kX

)
. (3.56)

They satisfy the system of equations

υkυk+1 +A
(
q−kX

)
υk+1 +B

(
q−kX

)
= 0, 0 ≤ k ≤ Q− 1, (3.57)

as a consequence of equation (3.54). We solve this system recursively, as follows. We define the
sequences

{
a(k)(X)

}
and

{
b(k)(X)

}
, k ∈ Z≥0, via the relations

a(1)(X) = A(X), (3.58a)

b(1)(X) = B(X), (3.58b)

υ0υ1 · · · υk + a(k)(X)υk + b(k)(X) = 0, k > 1. (3.58c)

If we multiply equation (3.58c) by υk+1 and apply equation (3.57), we obtain a recursion relation
which can be written in matrix form as(

a(k+1)(X)

b(k+1)(X)

)
=

(
−A
(
q−kX

)
1

−B
(
q−kX

)
0

)(
a(k)(X)

b(k)(X)

)
, (3.59)

and it can be solved as(
a(Q)(X)

b(Q)(X)

)
= MQ(X)

(
−1
0

)
. (3.60)

Here, MQ(X) is the matrix

MQ(X) =

Q∏
k=1

(
−A
(
qkX

)
1

−B
(
qkX

)
0

)
=

(
M11(X) M12(X)
M21(X) M22(X)

)
, (3.61)

where the product is ordered from left to right as k increases. Recalling that qQ = 1, we obtain

MQ

(
q−1X

)
=

(
−A(X) 1
−B(X) 0

)
MQ(X)

(
−A(X) 1
−B(X) 0

)−1

=

(
M22 −AM12

A
B (M11 +AM12)− 1

B (M21 +AM22)
−BM12 M11 +AM12

)
, (3.62)

where we have removed the explicit dependence on X for compactness. Following equations
(3.60) and (3.62), we find that11(

a(Q)
(
q−1X

)
b(Q)

(
q−1X

)) =

(
−M22(X) +A(X)M12(X)

B(X)M12(X)

)
. (3.63)

11There is a sign misprint in the corresponding equation in [44].
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Let us now define the function

Πυ = υ0υ1 · · · υQ−1, (3.64)

which is invariant under q-shifts. We consider equation (3.58c) for k = Q and, shifting X
into q−1X, we produce the system

υ0
(
Πυ + a(Q)(X)

)
+ b(Q)(X) = 0, υ1

(
Πυ + a(Q)

(
q−1X

))
+ b(Q)

(
q−1X

)
= 0. (3.65)

By substituting the expressions for a(Q)(X), a(Q)
(
q−1X

)
and b(Q)(X), b(Q)

(
q−1X

)
in terms

of the entries of the original matrix MQ(X) in equations (3.60) and (3.63) and then using
equation (3.57) with k = 0, we can rewrite the system above as

υ0(Πυ −M11(X))−M21(X) = 0, Πυ −M22(X)− υ0M12(X) = 0, (3.66)

or, equivalently, in the matrix form(
M11(X)−Πυ M21(X)

M12(X) M22(X)−Πυ

)(
υ0
1

)
=

(
0
0

)
. (3.67)

It follows straightforwardly that Πυ is an eigenvalue of the transpose matrix MQ(X)T with
eigenvector (υ0, 1)

T. Specifically, we have that

Πυ =
trMQ(X)±

√
∆Q(X)

2
, (3.68)

where we have introduced

∆Q(X) = (trMQ(X))2 − 4 detMQ(X), (3.69)

while detMQ(X) and trMQ(X) denote the trace and determinant of the matrix, respectively.
Note that, following equation (3.61), both detMQ(X) and trMQ(X) are invariant under q-
shifts and so depend on X through XQ. The function υ0 can be found, for example, using the
second line of equation (3.66), yielding

υ0 =
Πv −M22(X)

M12(X)
=

M11(X)−M22(X)±
√
∆Q(X)

2M12(X)
, (3.70)

while the functions υk, k ∈ Z>0, are obtained by successively q-shifting υ0. This gives the solution
to equation (3.54) for all rational values of ℏ. However, we stress that, for such a solution to
be consistent with the original choice of a classical branch labeled by α, we must impose that,
taking P = Q = 1, we find

υ0 = Πυ = P (α), (3.71)

where P (α) is the selected non-abelian solution of the classical A-polynomial at fixed X after
taking into account the corrections due to the exponential prefactor in equation (3.49). In this
way, we remove the sign ambiguity in equation (3.68) and correspondingly in equation (3.70).
We conclude by observing that equation (3.53) implies

Υ(X) = log υ0 = log

(
M11(X)−M22(X)±

√
∆Q(X)

2M12(X)

)
, (3.72a)

φQ(X) =
1

Q
log Πυ =

1

Q
log

(
trMQ(X)±

√
∆Q(X)

2

)
, (3.72b)
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where we have applied the relation

Πυ = exp

(
Q−1∑
m=0

Υ(qmX)

)
= exp(QφQ(X)), (3.73)

which is a direct consequence of equation (3.46a). Again, the sign ambiguity in equation (3.72)
is resolved by the requirement in equation (3.71).

3.4.2 Solving a third-order q-difference equation

We will show how the matrix formalism of Section 3.4.1 can be applied to solve a third-order
q-difference equation in closed form. In particular, let us return to the quantum A-polynomial
equation satisfied by the resummed perturbative wave function χ(α),WKB(u; ℏ) in equation (3.51)
and assume it is of order three. This is the case of the 52-knot, as shown in equation (2.36).
As before, after appropriately accounting for the correction due to the exponential prefactor
containing the functions s

(α)
0,1 (x) in equation (3.49), the q-difference equation takes the form

Ψ(α),WKB(qX; q) +A(X)Ψ(α),WKB(X; q) +B(X)Ψ(α),WKB
(
q−1X; q

)
+ C(X)Ψ(α),WKB

(
q−2X; q

)
= 0, (3.74)

where A(X), B(X), C(X) are functions of X and q. We can now introduce the function υ(α)(X)
as in equation (3.53) and write equation (3.74) equivalently as

υ(X)υ
(
q−1X

)
υ
(
q−2X

)
+A(X)υ

(
q−1X

)
υ
(
q−2X

)
+B(X)υ

(
q−2X

)
+ C(X) = 0, (3.75)

where we have dropped the label α from the notation for simplicity. Let us further assume that q
is fixed as in equation (3.55) and define the sequence of functions {υk}, k ∈ Z≥0, of X and q by

υk = υ
(
q−kX

)
. (3.76)

It follows from shifting X into q−kX in equation (3.75) that they satisfy the system of equations

υkυk+1υk+2 +A
(
q−kX

)
υk+1υk+2 +B

(
q−kX

)
υk+2 + C

(
q−kX

)
= 0,

0 ≤ k ≤ Q− 1. (3.77)

In order to solve the above system recursively, let us define the sequences
{
a(k)(X)

}
,
{
b(k)(X)

}
,

and
{
c(k)(X)

}
, k ∈ Z≥0, via the relations

a(1)(X) = A(X), (3.78a)

b(1)(X) = B(X), (3.78b)

c(1)(X) = C(X), (3.78c)

υ0υ1 · · · υk+1 + a(k)(X)υkυk+1 + b(k)(X)υk+1 + c(k)(X) = 0, k > 1. (3.78d)

If we multiply equation (3.78d) by υk+2 and apply equation (3.77), we obtain a recursion relation
which can be written in matrix form asa(k+1)(X)

b(k+1)(X)

c(k+1)(X)

 =

−A
(
q−kX

)
1 0

−B
(
q−kX

)
0 1

−C
(
q−kX

)
0 0

a(k)(X)

b(k)(X)

c(k)(X)

 , (3.79)

and it can be solved asa(Q)(X)

b(Q)(X)

c(Q)(X)

 = MQ(X)

−1
0
0

 . (3.80)
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Here, MQ(X) is the matrix

MQ(X) =

Q∏
k=1

−A
(
qkX

)
1 0

−B
(
qkX

)
0 1

−C
(
qkX

)
0 0

 =

M11(X) M12(X) M13(X)
M21(X) M22(X) M23(X)
M31(X) M32(X) M33(X)

 , (3.81)

where the product is ordered from left to right as k increases. As before, let us introduce

Πυ = υ0υ1 · · · υQ−1, (3.82)

which is invariant under q-shifts. Moreover, as it will be useful in the following, we compute the
q-shifted matrix

MQ

(
q−1X

)
=

−A(X) 1 0
−B(X) 0 1
−C(X) 0 0

MQ(X)

−A(X) 1 0
−B(X) 0 1
−C(X) 0 0

−1

, (3.83)

which can be written as−AM12+M22 −AM13+M23
A
C (M11+AM12+BM13)− 1

C (M21+AM22+BM23)

−BM12+M32 −BM13+M33
B
C (M11+AM12+BM13)− 1

C (M21+AM22+BM23)

−CM12 −CM13 (M11+AM12+BM13)

,

(3.84)

where we have removed the explicit dependence on X for compactness. Let us now take equa-
tion (3.78d) for k = Q, which gives

υ0υ1
(
Πυ + a(Q)(X)

)
+ b(Q)(X)υ1 + c(Q)(X) = 0. (3.85)

Equation (3.80) allows us to express the functions a(Q)(X), b(Q)(X), and c(Q)(X) in terms of
the entries of the matrix MQ(X), so that equation (3.85) becomes

υ0υ1(Πυ −M11(X))−M21(X)υ1 −M31(X) = 0. (3.86)

Shifting X into q−1X, using equation (3.77) with k = 0, and applying the dictionary encoded
in the matrix in equation (3.84), we find the second equation

υ1(Πυ −M22(X))−M32(X)−M12(X)υ0υ1 = 0. (3.87)

Subsequently shifting X into q−1X in the equation above, again using equations (3.77) and
(3.84), we obtain the third equation

Πυ −M33(X)−M23(X)υ1 −M13(X)υ0υ1 = 0. (3.88)

Equations (3.86), (3.87), and (3.88) assemble into a cubic system which can be written in matrix
form asM11(X)−Πυ M21(X) M31(X)

M12(X) M22(X)−Πυ M32(X)
M13(X) M23(X) M33(X)−Πυ

υ0υ1
υ1
1

 =

0
0
0

 . (3.89)

We conclude that Πυ is an eigenvalue of the transpose matrix MQ(X)T with eigenvector
(υ0υ1, υ1, 1)

T. The characteristic polynomial is

p(z) = det
(
zI3 −MT

Q

)
= z3 + d2z

2 + d1z + d0, (3.90)
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where I3 is the 3× 3 identity matrix and

d2 =−M11 −M22 −M33, (3.91a)

d1 =−M23M32 −M12M21 −M13M31 +M11M22 +M11M33 +M22M33, (3.91b)

d0 =−M11M22M33 +M11M23M32 +M22M31M13 +M33M21M12

−M21M13M32 −M31M12M23. (3.91c)

The eigenvalues of the matrix MQ(X)T are the roots of p(z), that is,

Πυ = −1

3

(
d2 +Θ2 +

Θ0

Θ2

)
, (3.92)

where we have

Θ0 = d22 − 3d1, (3.93a)

Θ1 = 2d32 − 9d2d1 + 27d0, (3.93b)

Θ2 =
em

πi
3

2

3

√
Θ1 +

√
Θ4

1 − 4Θ3
0, m = 0, 1, 2. (3.93c)

The function υ0 is obtained, for example, by solving the system of equations (3.87) and (3.88),
yielding

υ0 =
M22M33 −M22Πυ −M23M32 −M33Πυ + (Πυ)2

−M12M33 +M12Πυ +M13M32
, (3.94)

while the functions υk, k ∈ Z>0, are computed by successively q-shifting υ0. This gives the
solution to equation (3.75) for all rational values of ℏ. As we have done in Section 3.4.1, we
can now fix the ambiguity in equation (3.92) and correspondingly in equation (3.94), that is,
the value of m = 0, 1, 2 in the definition of Θ2, by imposing the consistency of the solution with
the original choice of a non-abelian classical branch labeled by α. Specifically, we require that
equation (3.71) holds in the case of P = Q = 1 after accounting for the exponential prefactor in
equation (3.49). Again, we conclude by observing that equations (3.53) and (3.73) imply

Υ(X) = log υ0, φQ(X) =
1

Q
log Πυ. (3.95)

Note that the procedure described here for a third-order q-difference equation can be generalized
to higher orders.

4 Examples

In this section, we will illustrate how the conjectures and computational methods of Section 3
apply to the two simplest hyperbolic knots, i.e., the figure-eight (41) and three-twist (52) knots.
We will first verify the integrality structure of equation (3.6) starting from the known decompo-
sition into holomorphic and antiholomorphic blocks. We will then determine the wave function
at rational values of ℏ following the matrix formalism of Section 3.4 and cross-check the agree-
ment of our results. Finally, we will include a short proof of admissibility for the examples at
hand based on a theorem of Kontsevich and Soibelman [34].
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4.1 The figure-eight knot

The state integral of the figure-eight knot χ41(u; ℏ) can be expressed as [5, 8, 17]

χ41(u; ℏ) = e−
πi
12

− 2πi
3

c2b
(
eπi(−2u2−4cbu)J

(
e4πbu, e2πbu; q

)
J
(
e4πb

−1u, e2πb
−1u; q̃−1

)
+ eπi(u

2−2cbu)J
(
e2πbu, e−2πbu; q

)
J
(
e2πb

−1u, e−2πb−1u; q̃−1
))
, (4.1)

where cb = i
(
b+ b−1)/2 and the q-special function J (x, y; q) is defined by12

J (x, y; q) = (yq; q)∞

∞∑
n=0

(−1)n
qn(n+1)/2xn

(q; q)n(yq; q)n
, (4.2)

while (yq; q)∞ and (yq; q)n denote the quantum dilogarithm and the q-shifted factorial, respec-
tively. See Appendix C for their definitions. By means of equation (4.1), we can identify

ϕ(geom),WKB(X; q) = logJ
(
X2, X; q

)
, (4.3a)

ϕ(conj),WKB(X; q) = logJ
(
X,X−1; q

)
, (4.3b)

together with Cgeom = Cconj = e
πi
4 and

is
(geom)
0 (x)

ℏ
+ s

(geom)
1 (x) +

is
(geom)
0 (xD)

ℏD
+ s

(geom)
1 (xD) =

x2

iℏ
+

2πx

ℏ
+ x+

π2i

3ℏ
+

iℏ
12

, (4.4a)

is
(conj)
0 (x)

ℏ
+ s

(conj)
1 (x) +

is
(conj)
0 (xD)

ℏD
+ s

(conj)
1 (xD) =

ix2

2ℏ
+

πx

ℏ
+

x

2
+

π2i

3ℏ
+

iℏ
12

. (4.4b)

Indeed, the two terms in the right-hand side of equation (4.1) represent the contributions coming
from the geometric and conjugate branches, respectively. These are the only two non-abelian
branches of the 41-knot, as described in Example 2.1. Moreover, we solve equations (4.4a)
and (4.4b) order by order in x and ℏ and obtain that

s
(geom)
0 (x) =

π2

3
− x2

2
, s

(geom)
1 (x) = x, (4.5a)

s
(conj)
0 (x) =

π2

3
+

x2

4
, s

(conj)
1 (x) =

x

2
. (4.5b)

In this way, we have fully determined the perturbative wave functions χ(α),WKB(u; ℏ) of the
figure-eight knot in the resummed form of equation (3.1). We verify successfully that they are
annihilated by the Â-operator in equation (2.32), as expected.

Let us now test the conjectural integrality structure in equation (3.6) for both the geometric
and the conjugate branches. Expanding the right-hand side of equations (4.3a) and (4.3b) gives

ϕ(geom),WKB(X; q) =
∑
k≥1

qkXk

k
(
qk − 1

) + log

(∑
n≥0

(−1)nqn(n+1)/2X2n∏n
i=1(1− qi)(1− qiX)

)
, (4.6a)

ϕ(conj),WKB(X; q) =
∑
k≥1

qkX−k

k
(
qk − 1

) + log

(∑
n≥0

(−1)nqn(n+1)/2X2n∏n
i=1(1− qi)(X − qi)

)
. (4.6b)

Let us note that both terms on the right-hand side of equation (4.6a) for the geometric branch
contribute with positive powers of X. For the conjugate branch, we note that the negative

12J (x, y; q) is closely related to the Hahn–Exton q-Bessel function [33, 41].
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powers of X arise entirely from the first term on the right-hand side of equation (4.6b), while
a factor of qσconj,n with

σconj,n =

⌊
n2

8

⌋
, n ∈ Z>0, (4.7)

appears in the denominator of the power series in X obtained by expanding the second term. Let
us stress that this negative power of q arises from the factors

∏n
i=1

(
X − qi

)−1
in the summand

inside the logarithm, and it is absent from both the X−1-series for the conjugate branch and
the X-series for the geometric branch.

After extracting the coefficients a
(α)
±n(q), n ∈ Z>0, from the series for ϕ(α),WKB(X; q), one

obtains the functionsD
(α)
±s (q), s ∈ Z>0, by applying the formulae in equations (3.8) and (3.11). It

is non-trivial that the resulting functions are polynomials with integer coefficients. In particular,
the first few of them are

D
(geom)
1 (q) = D

(geom)
2 (q) = q, D

(geom)
3 (q) = q2, D

(geom)
4 (q) = q3,

D
(geom)
5 (q) = q3(1 + q), D

(geom)
6 (q) = q4(1 + 2q),

D
(geom)
7 (q) = q4(1 + q)

(
1 + q + q2

)
, (4.8)

for the geometric solution, and

D
(conj)
1 (q) = 0, D

(conj)
2 (q) = D

(conj)
3 (q) = D

(conj)
4 (q) = −1, D

(conj)
5 (q) = −1− q,

D
(conj)
6 (q) = −2− q, D

(conj)
7 (q) = −(1 + q)

(
1 + q + q2

)
, (4.9)

for its conjugate. Trivially, we have that

D
(conj)
−1 (q) = q, D

(conj)
−s (q) = 0 s ≥ 2. (4.10)

We have verified the integrality structure numerically up to s = 20. It is then straightforward
to compute the integers c

(α)
±s , s ∈ Z>0, using equations (3.27) and (3.28), which give{

c(geom)
s

}
s∈Z>0

= {1, 5, 10, 21, 51, 122, 295, 725, 1792, 4455, 11133, 27930, . . . }, (4.11a){
c(conj)s

}
s∈Z>0

= (−1){0, 4, 9, 20, 50, 121, 294, 724, 1791, 4454, 11132, 27929, . . . }, (4.11b)

while c
(conj)
−s = 1 for all s ∈ Z>0. We point out that the integers in equation (4.11a) appear to

match numerically the sequence13

⌊s/2⌋∑
k=0

((
s− k

k

)
+

(
s− k − 1

k − 1

))2

, s ∈ Z>0. (4.12)

Moreover, we remark that the above sequences of integers satisfy

c(geom)
s + c(conj)s = c

(conj)
−s , s ∈ Z>0. (4.13)

The same integer constants are obtained by implementing the alternative computational method
proposed in Appendix B.

Let us now go back to the quantum A-polynomial for the 41-knot written in equation (2.32).
The corresponding second-order q-difference equation is

Â41

(
P̂ , X̂, q

)
χ(α),WKB(u; ℏ) = 0, (4.14)

13This is the entry A132461 in the on-line encyclopedia of integer sequences.

https://oeis.org/A132463
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where χ(α),WKB(u; ℏ) is the resummed perturbative wave function in equation (3.49) associated
with the branch α. In the rational case of q = e

2πiP
Q with P,Q ∈ Z>0 coprime, equation (4.14)

can be solved in closed form by directly applying the results of Section 3.4.1. For simplicity, let
us consider the classical solution α = geom and drop the label from our notation. After suitably
taking into account the exponential prefactor containing the functions s0,1(x) in equation (4.5a),
the q-difference equation above assumes the form in equation (3.52) with the identifications

A(X) = q−2X−2C1(X, q)

C2(X, q)
= −q−2X−2 X2 − 1

q−1X2 − 1
ã(X; q), (4.15a)

B(X) = q−2X−4C0(X, q)

C2(X, q)
= q−2X−4 qX2 − 1

q−1X2 − 1
, (4.15b)

where C0, C1, C2 are the coefficient functions defined in equation (2.33) and we have introduced

ã(X; q) = X2 +X−2 −X −X−1 − q − q−1. (4.16)

Substituting the expressions in equations (4.15a) and (4.15b) into equation (3.61), we com-
pute the matrix MQ(X) and obtain explicit formulae for trMQ(X), detMQ(X), and ∆Q(X).
Specifically, we find that

trMQ(X) = X−4Q
(
1−XQ − 2X2Q −X3Q +X4Q

)
, (4.17a)

detMQ(X) = X−4Q, (4.17b)

∆Q(X) = X−8Q
(
1−X2Q

)2(
1− 2XQ −X2Q − 2X3Q +X4Q

)
, (4.17c)

and plugging these into equation (3.72) with a choice of plus sign to satisfy the requirement
in equation (3.71) for α = geom, we obtain the functions Υ(X) and φQ(X). Observe that all
functions in equation (4.17), and thus also φQ(X), depend on X through XQ, as expected, and
we can identify

trMQ(X) = X−4QT
(
XQ
)
= X−2Qã

(
XQ; 1

)
, (4.18a)

∆Q(X) = X−8Q
(
1−X2Q

)2
∆
(
XQ
)
= X−4Q

(
ã
(
XQ; 1

)2 − 4
)
, (4.18b)

where ã(X; q) is defined in equation (4.16), while T (X) and ∆(X) are the functions introduced
in equations (2.29a) and (2.29b), respectively, which appear in the formula for the solutions to
the classical A-polynomial of the figure-eight knot in equation (2.28). In particular, it follows
that

φQ(X) =
1

Q
log

T
(
XQ
)
+
(
1−X2Q

)√
∆
(
XQ
)

2X4Q


=

1

Q
log

 ã
(
XQ; 1

)
+
√

ã
(
XQ; 1

)2 − 4

2X2Q

 , (4.19)

which gives us another way to numerically evaluate the integer constants cs, s ∈ Z>0, for the
geometric branch, following equation (3.48) for any choice of P,Q ∈ Z>0 coprime. This is in full
agreement with our previous computations. In principle, one could use the formula for φQ(X)
with P = Q = 1, that is,

φ1(X) = log

(
ã(X; 1) +

√
ã(X; 1)2 − 4

2X2

)
, (4.20)
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to derive the conjectural expression in equation (4.12), but we have not attempted to do so.
The same formalism can be applied to the conjugate branch of the figure-eight knot, in which
case the appropriate functions s0,1(x) are written in equation (4.5b) and the sign ambiguity
in equation (3.72) is resolved by imposing the condition in equation (3.71) with α = conj,
which implies a choice of minus sign. Again, the corresponding computation of the integer
constants c±s, s ∈ Z>0, for the conjugate branch agrees with the results obtained above.

4.2 The three-twist knot

The state integral of the three-twist knot χ52(u; ℏ) can be expressed explicitly as [5, 8, 17]

χ52(u; ℏ) = e−
πi
12

− 5πi
3

c2b
(
eπi(−2u2−4cbu)H

(
e2πbu, e4πbu, e4πbu, ; q

)
×H

(
e2πb

−1u, e4πb
−1u, e4πb

−1u; q̃−1
)

+ eπi(−2u2+4cbu)H
(
e−2πbu, e−4πbu, e−4πbu; q

)
×H

(
e−2πb−1u, e−4πb−1u, e−4πb−1u; q̃−1

)
+H

(
e2πbu, e−2πbu, 1; q

)
H
(
e2πb

−1u, e−2πb−1u, 1; q̃−1
))
, (4.21)

where cb = i
(
b+ b−1

)
/2 and the q-special function H(x, y, z; q) is defined by14

H(x, y, z; q) = (xq; q)∞(yq; q)∞

∞∑
n=0

qn(n+1)zn

(q; q)n(xq; q)n(yq; q)n
, (4.22)

while (xq; q)∞ and (xq; q)n denote the quantum dilogarithm and the q-shifted factorial, respec-
tively. See Appendix C for their definitions. As for the case of the figure-eight knot in Section 4.1,
using equation (4.21), we can identify

ϕ(geom),WKB(X; q) = logH
(
X,X2, X2; q

)
, (4.23a)

ϕ(conj),WKB(X; q) = logH
(
X−1, X−2, X−2; q

)
, (4.23b)

ϕ(self),WKB(X; q) = logH
(
X,X−1, 1; q

)
, (4.23c)

together with Cgeom = Cconj = Cself = e
3πi
4 and

is
(geom)
0 (x)

ℏ
+ s

(geom)
1 (x) +

is
(geom)
0 (xD)

ℏD
+ s

(geom)
1 (xD)

=
x2

iℏ
+

2πx

ℏ
+ x+

5π2i

6ℏ
+

5iℏ
24

, (4.24a)

is
(conj)
0 (x)

ℏ
+ s

(conj)
1 (x) +

is
(conj)
0 (xD)

ℏD
+ s

(conj)
1 (xD) =

x2

iℏ
− 2πx

ℏ
− x+

5π2i

6ℏ
+

5iℏ
24

, (4.24b)

is
(self)
0 (x)

ℏ
+ s

(self)
1 (x) +

is
(self)
0 (xD)

ℏD
+ s

(self)
1 (xD) =

5π2i

6ℏ
+

5iℏ
24

. (4.24c)

Indeed, the three terms in the right-hand side of equation (4.21) capture the contributions to
the exact partition function coming from the geometric, conjugate, and self-conjugate branches,
respectively. These are the only three non-abelian branches of the 52-knot, as described in
Example 2.2. Moreover, as before, we solve equations (4.24a), (4.24b), and (4.24c) order by
order in x and ℏ and obtain that

s
(geom)
0 (x) =

5π2

6
− x2

2
, s

(geom)
1 (x) = x, (4.25a)

14H(x, y; q) is closely related to the q-hypergeometric function.
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s
(conj)
0 (x) =

5π2

6
− x2

2
, s

(conj)
1 (x) = −x, (4.25b)

s
(self)
0 (x) =

5π2

6
, s

(self)
1 (x) = 0. (4.25c)

In this way, we have fully determined the perturbative wave functions χ(α),WKB(u; ℏ) of the
three-twist knot in the resummed form of equation (3.1). As before, we verify successfully that
they are annihilated by the Â-operator in equation (2.38), as expected.

Let us now test the integrality conjecture in equation (3.6) for all three non-abelian branches.
Expanding the right-hand side of equations (4.23a), (4.23b), and (4.23c) gives

ϕ(geom),WKB(X; q) =
∑
k≥1

qk
(
Xk +X2k

)
k
(
qk − 1

)
+ log

∑
n≥0

qn(n+1)X2n∏n
i=1

(
1− qi

)(
1− qiX

)(
1− qiX2

)
 , (4.26a)

ϕ(conj),WKB(X; q) =
∑
k≥1

qk
(
X−k +X−2k

)
k
(
qk − 1

)
+ log

∑
n≥0

qn(n+1)Xn∏n
i=1

(
1− qi

)(
X − qi

)(
X2 − qi

)
 , (4.26b)

ϕ(self),WKB(X; q) =
∑
k≥1

qk
(
Xk +X−k

)
k
(
qk − 1

)
+ log

∑
n≥0

qn(n+1)Xn∏n
i=1

(
1− qi

)(
1− qiX

)(
X − qi

)
 . (4.26c)

Both terms on the right-hand side of equation (4.26a) for the geometric branch contribute with
positive powers of X. For the conjugate branch, we note that the negative powers of X arise
entirely from the first term on the right-hand side of equation (4.26b), while a factor of qσconj,n

with

σconj,n =

⌊
n2

4

⌋
, n ∈ Z>0, (4.27)

appears in the denominator of the power series in X obtained by expanding the second term.
Let us stress that this negative power of q arises from the factors15

∏n
i=1

(
X−qi

)−1(
X2−qi

)−1
in

the summand inside the logarithm, and it is absent from both the X−1-series for the conjugate
branch and the X-series for the geometric branch. Finally, in the case of the self-conjugate
branch, the first term on the right-hand side of equation (4.26c) supplies both positive and
negative powers of X, while the second term only adds to the X-series after expansion. Hence,
a more complicated factor of qσself,n with

σself,n =

⌊
1

24

(
P

(⌊
2(n+ 2)

3

⌋)2

− 1

)⌋
, n ∈ Z>0, (4.28)

where P (n) denotes the n-th prime number, occurs in the denominator of the power series in X
after summing up the contribution from the expansion of the second term on the right-hand side

15Note that there are twice as many contributing factors of q−1 here compared to the conjugate branch of the
figure-eight knot, in agreement with the observed formulae for the functions σconj,n in equations (4.7) and (4.27).
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of equation (4.26c). This originates from the factors
∏n

i=1

(
X− qi

)−1
in the summand inside the

logarithm.
As we have done for the 41-knot, after extracting the coefficients a

(α)
±n(q), n ∈ Z>0, from the

series for ϕ(α),WKB(X; q), we obtain the functions D
(α)
±s (q), s ∈ Z>0, by applying the formulae

in equations (3.8) and (3.11). Again, these are non-trivial polynomials with integer coefficients.
In particular, the first few of them are

D
(geom)
1 (q) = q, D

(geom)
2 (q) = −q(−1 + q), D

(geom)
3 (q) = D

(geom)
4 (q) = −q3,

D
(geom)
5 (q) = q4

(
−1 + q2

)
, D

(geom)
6 (q) = q4

(
−1 + 2q2 + q4

)
,

D
(geom)
7 (q) = q5

(
−1 + q(1 + q)2

)
, (4.29)

for the geometric solution,

D
(conj)
1 (q) = D

(conj)
2 (q) = −1, D

(conj)
3 (q) = −2− q, D

(conj)
4 (q) = −(1 + q)(1 + 2q),

D
(conj)
5 (q) = −2− 2q − 7q2 − 4q3 − q4,

D
(conj)
6 (q) = −(1 + q)

(
1 + 2q + 3q2 + 6q3 + 7q4 + 2q5

)
,

D
(conj)
7 (q) = −2− 2q − 8q2 − 11q3 − 20q4 − 23q5 − 32q6 − 19q7 − 6q8 − q9, (4.30)

for its conjugate, and

D
(self)
1 (q) = 2q, D

(self)
2 (q) = 1 + q2, D

(self)
3 (q) = 1 + q2 + 2q4,

D
(self)
4 (q) = −1− q + q2 + 2q4 + 3q6 + q7,

D
(self)
5 (q) = −1 + q − q2 + 2q3 + 4q5 + q6 + 6q7 + 2q8 + 2q9,

D
(self)
6 (q) = −1− q2 − 2q4 + 2q5 − 2q6 + 4q7 + q8 + 8q9 + 4q10

+ 11q11 + 7q12 + 5q13 + 3q14 + q15,

D
(self)
7 (q) = −1− q3 − 2q5 + q6 − 4q7 + 4q8 − 3q9 + 9q10 + 4q11 + 18q12

+ 12q13 + 27q14 + 18q15 + 17q16 + 10q17 + 8q18 + 2q19 + 2q20, (4.31)

for the self-conjugate one. Trivially, we have that

D
(conj)
−1 (q) = D

(conj)
−2 (q) = q, D

(conj)
−s (q) = 0, s ≥ 3,

D
(self)
−1 (q) = q, D

(self)
−s (q) = 0, s ≥ 2. (4.32)

We have verified numerically that the polynomials D±s(q) have integer coefficients up to s = 20
for all three branches. We then compute the integers c

(α)
±s , s ∈ Z>0, using equations (3.27)

and (3.28), which give{
c(geom)
s

}
s∈Z>0

= {1, 1,−8,−15, 1, 64, 148, 49,−575,−1599,−1088, 5088, . . . }, (4.33a){
c(conj)s

}
s∈Z>0

= (−1){1, 5, 28, 101, 401, 1544, 6077, 24101, 96418, 388205, 1571307,

6387608, . . . }, (4.33b){
c(self)s

}
s∈Z>0

= {2, 10, 38, 122, 402, 1486, 5931, 24058, 96995, 389810, 1572397,

6382526, . . . }, (4.33c)

while c
(conj)
−s = [s]2 + 5[s+ 1]2, where [s]2 denotes the remainder of the division of s by 2,

and c
(self)
−s = 1 for all s ∈ Z>0. We observe that the above sequences of integers satisfy the

relation

c(geom)
s + c(conj)s + c(self)s = c

(conj)
−s + c

(self)
−s , s ∈ Z>0, (4.34)
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corresponding to the analogous formula in equation (4.13) for the figure-eight knot. Note that,
in both our examples, the sum over all non-abelian branches of the integers c

(α)
s at fixed s equals

the sum of the integers c
(α)
−s , that is,∑

α

c(α)s =
∑
α

c
(α)
−s , s ∈ Z>0, (4.35)

which appears to be a periodic function of s. Again, the alternative computational approach of
Appendix B agrees with the above results.

Let us now go back to the quantum A-polynomial for the 52-knot written in equation (2.38).
The corresponding q-difference equation in the form of equation (2.21) is of third order. Precisely,
we have

Â52

(
P̂ , X̂, q

)
χ(α),WKB(u; ℏ) = 0, (4.36)

where χ(α),WKB(u; ℏ) is the resummed perturbative wave function in equation (3.49) associated
with the branch α. In the rational case of q = e

2πiP
Q with P,Q ∈ Z>0 coprime, equation (4.36) can

be solved in closed form by directly applying the results of Section 3.4.2. As for the 41-knot, let
us consider the case α = geom and drop the label to simplify our notation. After appropriately
accounting for the exponential prefactor containing the functions s0,1(x) in equation (4.25a), the
q-difference equation above assumes the form in equation (3.74) with the identifications

A(X) = q−2X−2C2(X, q)

C3(X, q)
, B(X) = q−2X−4C1(X, q)

C3(X, q)
,

C(X) = X−6C0(X, q)

C3(X, q)
,

(4.37)

where C0, C1, C2, C3 are the coefficient functions defined in equation (2.39). Substituting the
expressions in equation (4.37) into equation (3.81) and computing the matrix MQ(X), we can
then derive explicit formulae for Πυ and υ0 from equations (3.92) and (3.94). We stress that
the ambiguity in the definition of Θ2 is resolved by requiring equation (3.71) to be satisfied
with α = geom, which implies the choice m = 2. Plugging these into equation (3.95), we find
the functions Υ(X) and φQ(X) for the geometric branch of the three-twist knot. We can easily
use the resulting explicit expression for φQ(X) to numerically evaluate the integer constants cs,
s ∈ Z>0, for the geometric branch by applying equation (3.48) for any choice of P,Q ∈ Z>0

coprime, thus producing a third independent computation which is in perfect agreement with the
previous two. The same discussion can be applied to the conjugate and self-conjugate branches
of the 52-knot, in which case the appropriate functions s0,1(x) are written in equations (4.25b)
and (4.25c) and the ambiguity in the choice of m in equation (3.93c) is fixed by imposing the
condition in equation (3.71) with α = conj, self, yielding m = 1 and m = 0, respectively. Again,
the corresponding integer constants c±s, s ∈ Z>0, for the conjugate and self-conjugate branches
match our previous computations.

4.3 Proofs of admissibility

As mentioned in Section 3.1, the conjectured integrality property of the resummed perturba-
tive wave function in equation (3.1) can be stated as admissibility in the sense of Kontsevich–
Soibelman.

Recall that a formal power series in one variable z with coefficients in the ring of formal
Laurent series Z

((
q1/2

))
, that is, F (z; q) =

∑
n≥0Anz

n ∈ Z
((
q1/2

))
[[z]], is admissible if and only

if it can be expressed as a (possibly infinite) product of quantum dilogarithms of the form

F (z; q) =
∏
s≥1

∏
i∈Z

(
qi/2zs; q

)c(s,i)
∞ ∈ 1 + zZ

((
q1/2

))
[[z]], c(s, i) ∈ Z, (4.38)
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where c(s, i) = 0 for |i| ≫ 0 and fixed s. It follows that admissible series form a group under
multiplication. Note that the formula above is equivalent to

F (z; q) = exp

∑
k,s≥1

fs
(
qk/2

)
k
(
qk − 1

)zsk
 , fs(q) ∈ Z

[
q±
]
, (4.39)

which reproduces in z the same integrality structure we conjectured for the X, X−1-series
in equation (3.6) with one caveat. More precisely, for all choices of non-abelian branch α
and up to the exponential prefactors, the resummed WKB wave function in equation (3.1)
is expected to be a product of two admissible series in X and X−1, respectively, such that
q−kσsDs

(
qk
)
= fs

(
qk/2

)
∈ Z

[
q±
]
for all k, s.

The notion of admissibility can be appropriately extended16 to apply to multi-variable series
in Z

((
q1/2

))
[[{zi}i∈I ]], where I = 1, . . . , |I|. The authors of [34] proved that admissibility is

preserved under certain transformations. In particular, for any given symmetric integer matrix
B = (bi,j)i,j=1,...,|I|, a series

F (z; q) =
∑

{ni}∈Z
|I|
≥0

An

∏
i∈I

zni
i ∈ Z

((
q1/2

))
[[{zi}i∈I ]] (4.40)

is admissible if and only if the twisted series

F̃ (z; q) =
∑

{ni}∈Z
|I|
≥0

(
−q1/2

)∑|I|
i,j=1 bi,jninjAn

∏
i∈I

zni
i (4.41)

is admissible [34, Theorem 9]. In what follows, we will refer to this statement as the Kontsevich–
Soibelman (KS) theorem.

We will now show that the q-special functions appearing as exp
(
ϕ(α),WKB(X; q)

)
in the

holomorphic/antiholomorphic block decompositions in equations (4.1) and (4.21) for the non-
perturbative wave functions of the figure-eight and three-twist knots are admissible.17

Proof of admissibility for the 41-knot. Let us consider each classical branch separately.
(1) For α = geom, equations (4.2) and (4.3a) imply the q-series representation

eϕ
(geom),WKB(X;q) = (qX; q)∞

∞∑
n=0

(−1)nqn(n+1)/2

(q; q)n(qX; q)n
X2n

=
∞∑

m,n=0

qnm
(−1)nqn(n+1)/2

(q; q)n
X2n (−1)mqm(m+1)/2

(q; q)m
Xm,

(4.42)

where we have applied the identities in equations (C.3) and (C.5a) in the second equality.
Observe that the twist factor qnm corresponds to the symmetric integer matrix

B41 =

(
0 1
1 0

)
, (4.43)

while the untwisted series

∞∑
m,n=0

(−1)nqn(n+1)/2

(q; q)n
X2n (−1)mqm(m+1)/2

(q; q)m
Xm =

(
qX2; q

)
∞(qX; q)∞ (4.44)

16In fact, admissibility is defined in [34] for series in R
((
q1/2

))
[[{zi}i∈I ]], where R is a λ-ring and q1/2, {zi}i∈I

are line elements.
17We thank the anonymous referee for providing us with a sketch of the proof.
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is the product of two quantum dilogarithms and therefore admissible. We conclude by means of
the KS theorem.

(2) For α = conj, equations (4.2) and (4.3b) imply the q-series representation

eϕ
(conj),WKB(X;q) =

(
qX−1; q

)
∞

∞∑
n=0

(−1)nqn(n+1)/2

(q; q)n
(
qX−1; q

)
n

Xn

= θ(X; q)

∞∑
m,n=0

q−nm X2n

(q; q)n

Xm

(q; q)m
, (4.45)

where we have applied the identities in equations (C.2b), (C.3), and (C.5b) in the second equality,
and we have denoted by

θ(X; q) =
(
qX−1; q

)
∞(X; q)∞ (4.46)

the q-theta function. Observe that the twist factor q−nm corresponds to the symmetric integer
matrix

−B41 =

(
0 −1
−1 0

)
, (4.47)

while the untwisted series

∞∑
m,n=0

X2n

(q; q)n

Xm

(q; q)m
=

1(
X2; q

)
∞(X; q)∞

(4.48)

is the product of two quantum dilogarithms and therefore admissible. Again, we conclude by
means of the KS theorem. ■

Proof of admissibility for the 52-knot. Let us consider each classical branch separately.
(1) For α = geom, equations (4.22) and (4.23a) imply that

eϕ
(geom),WKB(X;q)

= (qX; q)∞
(
qX2; q

)
∞

∞∑
n=0

qn(n+1)

(q; q)n(qX; q)n
(
qX2; q

)
n

X2n

=
∞∑

m,n,k=0

qnm+nk q
n(n+1)

(q; q)n
X2n (−1)mqm(m+1)/2

(q; q)m
Xm (−1)kqk(k+1)/2

(q; q)k
X2k, (4.49)

where we have used the identities in equations (C.3) and (C.5a) in the second step. Observe
that the twist factor qnm+nk corresponds to the symmetric integer matrix

B52 =

0 1 1
1 0 0
1 0 0

 , (4.50)

while the untwisted series is the product of three admissible series18

(
qX2; q

)
∞(qX; q)∞

∞∑
n=0

qn(n+1)

(q; q)n
X2n. (4.51)

The KS theorem applies.

18The third factor in equation (4.51) can be thought of as the twist of 1/(qX; q)∞ by a factor qn
2

, which gives
a one-dimensional matrix B = (2).
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(2) For α = conj, equations (4.22) and (4.23b) imply that

eϕ
(conj),WKB(X;q) =

(
qX−1; q

)
∞
(
qX−2; q

)
∞

∞∑
n=0

qn(n+1)

(q; q)n
(
qX−1; q

)
n

(
qX−2; q

)
n

X−2n

= θ(X; q)θ
(
X2; q

) ∞∑
m,n,k=0

q−nm−nk X2n

(q; q)n

Xm

(q; q)m

X2k

(q; q)k
,

(4.52)

where we have used the identities in equations (C.2b), (C.3), and (C.5b) in the second step. The
q-theta function θ(X; q) is introduced in equation (4.46). Observe that the twist factor q−nm−nk

corresponds to the symmetric integer matrix

−B52 =

 0 −1 −1
−1 0 0
−1 0 0

 , (4.53)

while the untwisted series is the product of three quantum dilogarithms

1(
X2; q

)2
∞(X; q)∞

. (4.54)

The KS theorem applies.
(3) For α = self, equations (4.22) and (4.23c) imply that

eϕ
(self),WKB(X;q) = (qX; q)∞

(
qX−1; q

)
∞

∞∑
n=0

qn(n+1)

(q; q)n(qX; q)n
(
qX−1; q

)
n

= θ(X; q)
∞∑

m,n,k=0

qnm−nk (−1)nqn(n+1)/2

(q; q)n

(−1)mqm(m+1)/2

(q; q)m
Xm Xk

(q; q)k
, (4.55)

where we have used the identities in equations (C.2b), (C.3), (C.5a), and (C.5b) in the second
step. The q-theta function θ(X; q) is introduced in equation (4.46). Observe that the twist
factor qnm−nk corresponds to the symmetric integer matrix

B′
52

=

 0 1 −1
1 0 0
−1 0 0

 , (4.56)

while the untwisted series is the product of three quantum dilogarithms

(q; q)∞(qX; q)∞
1

(X; q)∞
. (4.57)

Once more, the KS theorem applies. ■

We conclude by noting that the admissible series in X−1 are remarkably simpler than the
corresponding X-series in the factorisations in equations (4.45), (4.52), and (4.55). Particularly,
they appear within products of q-theta functions in both examples of the 41- and 52-knots.

5 The wave function from the state integral

In this section, we consider the Andersen–Kashaev invariant χK(u; ℏ) in its original form as
a finite-dimensional state integral [2, 3, 9], whose integrand is a product of Faddeev’s quantum
dilogarithm functions [13]. We evaluate it directly at rational values of ℏ by applying the
techniques of [18], thus providing a third method for the computation of the exact wave function.
For simplicity, we focus on the case of the figure-eight knot and show that this third approach
agrees with the two previous methods presented in Section 3. A similar calculation in the
case b2 = 1 was done in unpublished work by Szabolcs Zakany.
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5.1 Evaluation at rational points

Following the conventions of [2], the state integral for the 41-knot takes the form19

χ41(u; ℏ) =
1

2πb
e−

x
2
− x

2b2
− ix2

2πb2

∫
R+i0

Φb

(x−y
2πb

)
Φb

( y
2πb

) e ixy

πb2 dy, (5.1)

where x = 2πbu and ℏ = 2πb2, as before, while Φb(z) denotes the Faddeev’s quantum diloga-
rithm. We refer to Appendix C for its definition and some useful properties. Let us define the
function

f(y) =
Φb

(x−y
2πb

)
Φb

( y
2πb

) e ixy

πb2 , (5.2)

where we consider x ∈ R fixed. The singularities of f(y) are poles located at the points

y = x− πi(2M + 1)− πib2(2N + 1), (5.3a)

y = −πi(2M + 1)− πib2(2N + 1), (5.3b)

where M,N ∈ N, as dictated by the singularities and the zeroes of Faddeev’s quantum diloga-
rithm in Appendix C. Therefore, f(y) is a holomorphic function in the upper half-plane. Let us
now fix the rational value

b2 =
P

Q
, P,Q ∈ Z>0 coprime, (5.4)

and observe that the function f(y) satisfies the relation

f(y + 2πiP ) = f
(
y + 2πib2Q

)
= Φb

(
x− y

2πb
− ibQ

)
Φb

( y

2πb
+ ibQ

)−1
e

ixy

πb2
−2xQ

= f(y)
(
1 + eQ(x−y)−πiPQ

)(
1 + eQy+πiPQ

)
e−2xQ, (5.5)

and similarly

f(y − 2πiP ) = f
(
y − 2πib2Q

)
= Φb

(
x− y

2πb
+ ibQ

)
Φb

( y

2πb
− ibQ

)−1
e

ixy

πb2
+2xQ

= f(y)
(
1 + eQ(x−y)+πiPQ

)−1(
1 + eQy−πiPQ

)−1
e2xQ, (5.6)

where we have applied the periodicity formulae for Φb(z) at rational values in equations (C.17a)
and (C.17b). Since P,Q ∈ Z>0 and thus eπiPQ = e−πiPQ, it follows from equations (5.5) and (5.6)
that f(y) satisfies the functional equation

f(y + 2πiP )f(y − 2πiP ) = f(y)2. (5.7)

It is straightforward to verify that

f(y)(f(y)− f(y + 2πiP )) ̸= 0, ∀y ∈ R+ i0, (5.8)

and therefore we can use [18, Lemma 2.1] to write∫
R+i0

f(y)dy =

(∫
R+i0

−
∫
R+i0+2πiP

)
f(y)

1− f(y + 2πiP )/f(y)
dy. (5.9)

19Note that the expressions in (4.1) and (5.1) differ by the global exponential factor e
− πi

12
(b2+b−2)− x

2
− x

2b2 .
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Let us now compute the integral on the right-hand side of equation (5.9) applying the residue
theorem. We start by using equation (5.5) to express the integrand in the form

f(y)

1− f(y + 2πiP )/f(y)
=

f(y)e2xQ

G(x, y)
, (5.10)

where we have introduced the function

G(x, y) = e2xQ −
(
1 + eQ(x−y)−πiPQ

)(
1 + eQy+πiPQ

)
. (5.11)

Since the numerator in equation (5.10) is holomorphic in the upper half of the complex plane,
the relevant singularities of the integrand are the solutions to G(x, y) = 0 at fixed x ∈ R that
lie within the domain of integration. Specifically, these are

y±,k(x) = 2πi
k

Q
− πiP − 1

Q
log

−
1 + exQ − e2xQ ±

√
∆
(
exQ
)

2exQ

 , (5.12)

where k ∈ Z such that 0 ≤ k ≤ PQ− 1, the function ∆(X) is defined by

∆(X) = 1− 2X −X2 − 2X3 +X4, (5.13)

and the branch of the logarithm is chosen in such a way that Im(y±,0(x)) ∈ (0, 2π/Q] for
each value of x ∈ R. Note that ∆(X) is the same function introduced in equation (2.29b),
which appears in the formula for the solutions to the classical A-polynomial of the figure-eight
knot in equation (2.28) and in the formula for the function φQ(X) obtained via the matrix
formalism of Section 3.4.2 in equation (4.19). Besides, the functions y±,k(x) only depend on x
through exQ = XQ. We denote y±(x) = y±,0(x) for simplicity, so that

y±,k(x) = y±(x) + 2πi
k

Q
, 0 ≤ k ≤ PQ− 1. (5.14)

For y
(ϵ)
±,k(x) = y±,k(x) + ϵ and ϵ → 0+, we have the asymptotic expansions

1

G
(
x, y

(ϵ)
±,k(x)

) = ∓ 1

ϵQ
√

∆
(
exQ
) +O

(
ϵ0
)
, 0 ≤ k ≤ PQ− 1. (5.15)

Note that the leading-order term in the expansion above does not depend on the integer k. The
integral in equation (5.9) can then be evaluated via the sum of residues of the integrand in
equation (5.10) at the singularities in equation (5.12). We find in this way that

∫
R+i0

f(y)dy = 2πi

PQ−1∑
k=0

Res
y(x)=y±,k(x)

(
f(y)e2xQ

G(x, y)

)

= − 2πie2xQ

Q
√
∆
(
exQ
) PQ−1∑

k=0

e−
2xk
P
(
eFk(y+(x)) − eFk(y−(x))

)
, (5.16)

where we have introduced the notation

Fk(y(x)) =
iQxy(x)

πP
+ logΦb

(
x− y(x)

2πb
− ib

k

P

)
− log Φb

(
y(x)

2πb
+ ib

k

P

)
, (5.17)
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for 0 ≤ k ≤ PQ− 1. Therefore, substituting equation (5.16) into equation (5.1), we obtain that
the state-integral invariant of the figure-eight knot at rational values is given exactly by

χ41(u; ℏ) =
e

x2Q
2πiP

+x(2Q− 1
2
− Q

2P )

ibQ
√

∆
(
exQ
) PQ−1∑

k=0

e−
2xk
P
(
eFk(y+(x)) − eFk(y−(x))

)
. (5.18)

We conclude by noting that Φb(z) for b2 ∈ Q>0 can be expressed explicitly in terms of more
elementary functions [18]. The relevant formula is written in equation (C.18) and can be used to
simplify the computational implementation of equation (5.18) for arbitrary P,Q ∈ Z>0 coprime.
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Figure 2. The state integral χ41
(u; ℏ) in the closed form of equation (5.18) as a function of x ∈ R, at

the bottom, and its components χ
(±)
41

(u; ℏ) in equation (5.19), in the top left and top right, respectively,

for P = Q = 1. The real and imaginary parts are displayed in blue and red.

We will now comment on the most notable features of the exact expression for the non-
perturbative wave function in equation (5.18). It will be useful to introduce

χ
(±)
41

(u; ℏ) =
e

x2Q
2πiP

+x(2Q− 1
2
− Q

2P )

ibQ
√

∆
(
exQ
) PQ−1∑

k=0

e−
2xk
P eFk(y±(x)), (5.19)

where again x ∈ R, so that we write

χ41(u; ℏ) = χ
(+)
41

(u; ℏ)− χ
(−)
41

(u; ℏ). (5.20)

Observe that the S-duality, which acts in the rational case via P ↔ Q and x ↔ xQ/P ,
leaves ∆

(
exQ
)
unchanged while transforming y±,k(x) into y±,k(x)Q/P , and therefore the closed

formula for the state integral of the 41-knot in equation (5.18) is S-invariant, as expected.
Similarly, we also find that its components in equation (5.19) are themselves invariant under
S-duality. Moreover, we have that

Im
(
χ
(+)
41

(u; ℏ)
)
= Im

(
χ
(−)
41

(u; ℏ)
)
, (5.21)
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while both Re
(
χ
(±)
41

(u; ℏ)
)
and Im

(
χ
(±)
41

(u; ℏ)
)
are even functions of x ∈ R with singularities

located at the points

x =
1

Q
log

(
3±

√
5

2

)
, (5.22)

which correspond to the zeros of ∆
(
exQ
)
in equation (5.13) and, as such, do not depend on

the value of P . The discontinuities of Re
(
χ
(±)
41

(u; ℏ)
)
cancel with each other to give a smooth

difference function in equation (5.20), which is itself symmetric under x → −x. Remarkably,
we find that the total state integral χ41(u; ℏ) is a real-valued smooth square-integrable function
of x ∈ R, while both functions χ

(±)
41

(u; ℏ) are neither real-valued, smooth, or square-integrable
when considered separately. To illustrate these properties with an example, we show in Figure 2
the functions in equations (5.18) and (5.19) for the benchmark choice P = Q = 1. The same
features and similar functional profiles are verified for various choices of P,Q ∈ Z>0 coprime. We
show in Figure 3 the full non-perturbative wave function for a sample of small values of b2 ∈ Q>0.
We observe that χ41(u; ℏ) has a Gaussian-type profile centered at x = 0 with lateral oscillations
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Figure 3. The real part of the state integral χ41
(u; ℏ) in the closed form of equation (5.18) as a function

of x ∈ R for rational values of b2. We show b2 = 1/3 (in red), 1/2 (in green), 2/3 (in blue), and 1 (in

black), on the left, and b2 = 3 (in red), 2 (in green), 3/2 (in blue), and 1 (in black), on the right. The

imaginary part is identically zero and not displayed explicitly in the plot.

around the x-axis that are quickly dampened. The peak at the origin can be evaluated directly
from equations (5.12), (5.17), and (5.18) for arbitrary P,Q ∈ Z>0 coprime, yielding a result
which is left unchanged by P ↔ Q, as expected from the S-invariance of the state integral and
evident in Figure 3. In particular, the highest peak corresponds to the choice P = Q = 1 and
amounts to

χ41(0; 2π) =
2√
3
sinh

(
V

2π

)
, V = 2 Im

(
Li2
(
e

πi
3
))

= 2.0298832 . . . , (5.23)

where Li2(z) is the standard dilogarithm and V is the volume of the 41-knot, as expected
from [18]. As b2 < 1 decreases, the shape of the function χ41(u; ℏ) tightens, while for increas-
ing b2 > 1, the shape widens, and in both cases the peak lowers.

We point out that the structure of the exact wave function at rational values for the figure-
eight knot obtained here is tantalizingly close to what has been found in the spectral theory
of quantum mirror curves. The case of ℏ = 2π, corresponding to b2 = 1, was studied in
detail in [38, 39]. As in equation (5.20), the wave functions in [38, 39] are the sums of two
individual functions corresponding to two different choices of branch cut in the mirror curve.
Each component function is singular when considered alone. Still, the singularities cancel each
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other in the sum, and one obtains a square-integrable wave function in the end, similar to the one
plotted in Figure 2. We observe that, in the case of the quantum mirror curves studied in [38, 39],
one is working with exponentiated Heisenberg operators, and the resulting wave functions do
not satisfy the nodal theorem for the Schrödinger operator typical of confining potentials, since
the ground state changes sign in a small region. This same feature is also evident in our plots
for the exact wave functions of the 41-knot at rational points shown in Figures 2 and 3. Such
a property suggests that the wave function occurring in complex CS theory is a ground state for
an appropriate spectral definition of the quantum A-polynomial. We will return to this point in
the conclusions.

Finally, let us stress that the results above provide a third method for the computation of the
exact wave function at rational values of ℏ to be compared with the previous two presented in
Section 3. We conclude by verifying numerically that our closed formula in equation (5.18) for
the state integral of the figure-eight knot at rational values matches the results of Section 4.1.
Specifically, the two components χ

(±)
41

(u; ℏ) in equation (5.19) can be formally identified with
the two terms in the holomorphic/antiholomorphic block decomposition in equation (4.1), which
correspond to the conjugate and geometric classical branches, respectively. This identification
will be clarified in the discussion in the following section.

5.2 Factorization and two special subcases

Let us apply the explicit formula for the Faddeev’s quantum dilogarithm at the rational point
b2 = P/Q, P,Q ∈ Z>0 coprime, in equation (C.18) to the expression for Fk(y(x)), 0 ≤ k ≤
PQ− 1, which is given in equation (5.17). After appropriately rearranging the terms, we obtain
the factorization

eFk(y(x)) = eF0(y(x))f0,k(y(x))f1,k(y(x))f2,k(y(x)), (5.24)

where we have introduced the functions

f0,k(y(x)) =
[(
1− eQ(x−y(x))+πi(P+Q)

)(
1− eQy(x)+πi(P+Q)

)] k
PQ , (5.25a)

f1,k(y(x)) =

Q−1∏
j=1

[(
1 + e

x−y(x)+πiP
Q

(2j+1))(
1 + e

y(x)+πiP
Q

(2j+1+2k/P ))(
1 + e

x−y(x)+πiP
Q

(2j+1−2k/P ))(
1 + e

y(x)+πiP
Q

(2j+1))
] j

Q

, (5.25b)

f2,k(y(x)) =

P−1∏
j=1

[(
1 + e

Q
P
(x−y(x))+πiQ

P
(2j+1)

)(
1 + e

Q
P
y(x)+πiQ

P
(2j+1+2k/Q)

)(
1 + e

Q
P
(x−y(x))+πiQ

P
(2j+1−2k/Q)

)(
1 + e

Q
P
y(x)+πiQ

P
(2j+1)

)
] j

P

, (5.25c)

for 0 ≤ k ≤ PQ− 1. Thus, we can write the state integral for arbitrary rational values of b2 in
equation (5.18) in the equivalent form

χ41(u; ℏ) =
e

x2Q
2πiP

+x(2Q− 1
2
− Q

2P
)

ibQ
√
∆
(
exQ
) [

eF0(y+(x))A(y+(x))− eF0(y−(x))A(y−(x))
]
, (5.26)

where the function A(y(x)) is defined by

A(y(x)) =

PQ−1∑
k=0

e−
2xk
P f0,k(y(x))f1,k(y(x))f2,k(y(x)), (5.27)

and F0(y(x)) can be expressed explicitly in terms of more elementary functions using equa-
tion (C.18). We stress that the formula for the state integral in equation (5.26) allows us to
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more clearly separate the contributions from the two non-abelian flat SL(2,C)-connections of
the 41-knot labeled by α = geom, conj, as in the holomorphic/antiholomorphic block decompo-
sition in equation (3.13). Indeed, expanding the functions F0(y∓(x)) in powers of X,X−1 and
suitably identifying the terms in the expansions, we derive the integer constants c

(α)
±s , s ∈ Z>0,

previously written in equations (4.11a) and (4.11b), for the geometric and conjugate branches,
respectively.

Let us consider now the two special choices b2 = P and b2 = 1/Q for P,Q ∈ Z>0. In both
subcases, the closed formula for the state integral of the figure-eight knot in equation (5.26)
specializes in a correspondingly simpler and more compact form. We start by choosing b2 = P
positive integer. After some manipulations, the factorization formula in equation (5.24) reduces
to the relation

eFk(y(x)) = eF0(y(x))
k−1∏
j=0

(
1 + e

1
P
(x−y(x))−πi

P
(2j+1)

)(
1 + e

1
P
y(x)+πi

P
(2j+1)

)
, (5.28)

where 0 ≤ k ≤ P − 1, and we can write the state integral in equation (5.26) for b2 = P as

χ41(u; ℏ) =
e

x2

2πiP
+x( 3

2
− 1

2P
)

ib
√
∆(ex)

[
eF0(y+(x))B(y+(x))− eF0(y−(x))B(y−(x))

]
, (5.29)

where the function B(y(x)) is simply defined by

B(y(x)) =
P−1∑
k=0

e−
2xk
P

k−1∏
j=0

(
1 + e

1
P
(x−y(x))−πi

P
(2j+1)

)(
1 + e

1
P
y(x)+πi

P
(2j+1)

)
, (5.30)

and F0(y(x)) can be expressed explicitly by means of equation (C.20a). Let us now choose
b−2 = Q positive integer. After some manipulations, the factorization formula in equation (5.24)
becomes

eFk(y(x)) = eF0(y(x))
k−1∏
j=0

(
1 + e

x−y(x)−πi
Q
(2j+1))(

1 + e
y(x)+πi

Q
(2j+1))

, (5.31)

and the exact partition function in equation (5.26) for b2 = 1/Q assumes the simplified form

χ41(u; ℏ) =
e

x2Q
2πi

+x( 3Q
2
− 1

2
)

ibQ
√
∆
(
exQ
)[eF0(y+(x))C(y+(x))− eF0(y−(x))C(y−(x))

]
, (5.32)

where the function C(y(x)) is given by

C(y(x)) =
Q−1∑
k=0

e−2xk
k−1∏
j=0

(
1 + e

x−y(x)−πi
Q
(2j+1))(

1 + e
y(x)+πi

Q
(2j+1))

, (5.33)

and F0(y(x)) can be expressed explicitly by means of equation (C.20b). We observe that
the reduced factorization formulae in equations (5.28) and (5.31) for b2 = P and b2 = 1/Q
with P,Q ∈ Z>0 can alternatively be derived by substituting ibk/P = ib−1k and ibk/P = ibk
into the arguments of the Faddeev’s quantum dilogarithms in equation (5.17) and applying the
periodicity properties in equations (C.15c) and (C.15d) and equations (C.15a) and (C.15b) to the
resulting formulae for Fk(y(x)), 0 ≤ k ≤ PQ− 1, respectively. In the general case of b2 = P/Q,
instead, we cannot resort to these quasi-periodicity properties because the functions Fk(y(x))
contain, in general, a fractional shift in the arguments of the Faddeev’s quantum dilogarithms.
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6 Conclusions

In this paper, we have made various observations on the structure of the wave functions in
CS theory with gauge group SL(2,C) on the complement of a hyperbolic knot in the three-
sphere. We have first conjectured explicit integrality properties for the resummed WKB ex-
pansion of the wave function, which can be tested directly using the decomposition into holo-
morphic/antiholomorphic blocks. Our integrality conjecture guarantees that the singularities
appearing in the holomorphic blocks at rational values of ℏ get canceled against those occurring
in the corresponding antiholomorphic blocks. We have then developed various techniques to
compute the wave function in the rational case effectively. In particular, we have analyzed the
quantum A-polynomial at rational points by exploiting the underlying quasi-periodic structure
and solved the associated q-difference equation in closed form in the general cases of orders two
and three. The calculation methods we have introduced have been applied to the examples
of the figure-eight and three-twist knots, and our conjectural statements have been verified.
Finally, we have performed a direct evaluation of the Andersen–Kashaev state integral of the
figure-eight knot at rational values, which gave us further insights into the properties of the
exact wave functions. All computational approaches yielded compatible results.

Our investigation raises two main questions. The first one concerns the interpretation of
the integrality structure of the resummed WKB expansion of the wave function in terms of
an enumerative problem, or a BPS counting problem, in the dual supersymmetric theory [10],
either directly or potentially exploiting results from the resurgent analysis of the perturbative
wave functions performed in [17]. The second one concerns the shape of the wave function
obtained by directly evaluating the state integral. As highlighted in Section 5, this is enticingly
similar to the functional profiles of the ground state wave functions computed in the context of
the TS/ST correspondence [38, 39]. This observation raises the issue of understanding the AJ
conjecture of [16] from a purely quantum-mechanical point of view. The AJ conjecture can be
explained, a priori, as a consequence of the quantization of the classical moduli space described
by the A-polynomial, as pointed out in [22] and briefly recalled in Section 2. However, the
precise details of this quantization procedure still need to be fully understood from a physical
perspective. We know that the quantization is non-trivial and cannot be obtained by simply
promoting the classical variables X, P to Weyl operators. In addition, the classical phase space
is not compact, which carries various problems concerning its appropriate quantization. From
a quantum-mechanical angle, in such a situation, we would generically expect to have, at most,
metastable states with complex energies. We are, therefore, tempted to conjecture that the
observed non-trivial quantization of the A-polynomial is required to obtain a normalizable wave
function with precisely zero energy. We hope to address this question in the near future.

A Computing the ϵ-expansions

For completeness, we include here the details of the computations performed in Section 3.2.
We observe that, as a consequence of equations (3.3) and (3.7), the coefficient functions â±n(q)
satisfy the relation

â±n(q)q
−σ±n =

∑
k|n

kD±k

(
q

n
k
)
q−

n
k
σ±k

k−1∑
j=0

q
n
k
j , n ∈ Z>0, (A.1)

and we write the Z-polynomials D±k(q) explicitly as

D±k(q) =

degD±k∑
ℓ=0

D±k,ℓq
ℓ, k ∈ Z>0, (A.2)
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where D±k,ℓ is an integer and degD±k denotes the degree of the polynomial. Let us now take

q = e
2πiP

Q , P,Q ∈ Z>0 coprime, (A.3)

while we introduce

qϵ = eiℏϵ , ℏϵ = 2π
P

Q
+ ϵ, 0 < ϵ ≪ 1, (A.4)

and consider the limit ϵ → 0. In the case n = sQ, s ∈ Z>0, we have the ϵ-expansions

D±k

(
q

sQ
k

ϵ

)
=

(
1 + iϵq

∂

∂q

)
D±k

(
q

sQ
k
)
+O

(
ϵ2
)
, (A.5a)

k−1∑
j=0

q
sQ
k
(j−σ±k)

ϵ =

(
1 + iϵq

∂

∂q

) k−1∑
j=0

q
sQ
k
(j−σ±k) +O

(
ϵ2
)
, (A.5b)

and therefore also

â±sQ(qϵ)q
−σ±sQ
ϵ =

(
1 + iϵq

∂

∂q

)
â±sQ(q)q

−σ±sQ +O
(
ϵ2
)
. (A.6)

We now observe that

1

qsQϵ − 1
= − i

sQϵ
− 1

2
+O(ϵ), (A.7)

and, combining equations (A.6) and (A.7), we finally obtain the NLO ϵ-expansion in equa-
tion (3.22a). On the dual side, we consider

qD = q
Q2

P2 = e2πi
Q
P , qϵ,D = e

4π2i
ℏϵ , (A.8)

and take again the limit ϵ → 0. It follows that

qϵ,D = qDe
−iϵQ

2

P2 +O(ϵ2). (A.9)

Similarly to the case above, when n = sP , s ∈ Z>0, we have the ϵ-expansions

D±k

(
q

sP
k

ϵ,D

)
=

(
1− iϵ

Q2

P 2
qD

∂

∂qD

)
D±k

(
q

sP
k

D

)
+O

(
ϵ2
)
, (A.10a)

k−1∑
j=0

q
sP
k
(j−σ±k)

ϵ,D =

(
1− iϵ

Q2

P 2
qD

∂

∂qD

) k−1∑
j=0

q
sP
k
(j−σ±k)

D +O
(
ϵ2
)
, (A.10b)

and therefore also

â±sP (qϵ,D)q
−σ±sP

ϵ,D =

(
1− iϵ

Q2

P 2
qD

∂

∂qD

)
â±sP (qD)q

−σ±sP

D +O
(
ϵ2
)
. (A.11)

Finally, we note that

1

qsPϵ,D − 1
=

iP

sQ2ϵ
− 1

2
+

i

2πsQ
+O(ϵ), (A.12)

and, combining equations (A.11) and (A.12), we obtain the NLO ϵ-expansion in equation (3.22b).
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B An alternative way of obtaining the integer sequences

We present an alternative, simple way of computing the integer sequences {c±s}, s ∈ Z>0,
defined in equations (3.27) and (3.28), using the results on the exact wave function at rational
values obtained in Section 3.3. Let us denote by ϕWKB

(±) (X; q) the contributions to the holo-
morphic component ϕWKB(X; q) from the positive and negative powers of X, respectively, so
that equation (3.2) assumes the form

ϕWKB(X; q) = ϕWKB
(+) (X; q) + ϕWKB

(−) (X; q), (B.1)

and analogously for the antiholomorphic component ϕWKB(XD; qD). We fix ℏ as in equa-
tion (3.15) and consider the formula for ϕWKB(X; q)+ϕWKB(XD; qD) in equation (3.44). Setting
the values P = Q = 1, the X-series becomes

i

2π

∑
s≥1

Xs

s2

[
(2πis+ 1− s logX + 4πiσs)âs(1)− 4πi

∂

∂q
âs(q)q=1

]
. (B.2)

Let us now go back to the sum in equation (3.16) and apply the change of variable ℏ → −ℏ, which
transforms q, qD into q−1, q−1

D , while keeping X, XD fixed. After performing the ϵ-expansion
as in Section 3.2 and then taking P = Q = 1 in the sum ϕWKB

(+)

(
X; q−1

)
+ ϕWKB

(+)

(
XD; q

−1
D

)
, we

find the very close but not identical quantity

i

2π

∑
s≥1

Xs

s2

[
(2πis− 1 + s logX + 4πiσs)âs(1)− 4πi

∂

∂q
âs(q)q=1

]
. (B.3)

By taking the difference of equations (B.2) and (B.3), we arrive at

i

π

∑
s≥1

Xs

s2
(1− s logX)âs(1). (B.4)

Therefore, if we compute the function[(
ϕWKB
(+) (X; q) + ϕWKB

(+) (XD; qD)
)
−
(
ϕWKB
(+)

(
X; q−1

)
+ ϕWKB

(+)

(
XD; q

−1
D

))]
P=Q=1

, (B.5)

its expansion in powers of X is precisely the series in equation (B.4). From the coefficients of
this expansion, we can easily extract the desired integers cs = âs(1) for s ∈ Z>0. Let us now
consider the X−1-series in equation (3.44). Again, setting the values P = Q = 1, we find

i

2π

∑
s≥1

X−s

s2

[
(2πis+ 1 + s logX)â−s(1)− 4πi

∂

∂q
â−s(q)q=1

]
. (B.6)

As before, we go back to the sum in equation (3.16) and apply the change of variable ℏ → −ℏ,
which transforms q, qD into q−1, q−1

D , while keeping X, XD fixed. After performing the ϵ-
expansion as in Section 3.2 and then taking P = Q = 1 in the sum

ϕWKB
(−)

(
X; q−1

)
+ ϕWKB

(−)

(
XD; q

−1
D

)
,

we find the slightly different quantity

i

2π

∑
s≥1

X−s

s2

[
(2πis− 1− s logX)â−s(1)− 4πi

∂

∂q
â−s(q)q=1

]
. (B.7)
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By taking the difference of equations (B.6) and (B.7), we arrive at

i

π

∑
s≥1

X−s

s2
(1 + s logX)â−s(1). (B.8)

Accordingly, if we compute the function[(
ϕWKB
(−) (X; q) + ϕWKB

(−) (XD; qD)
)
−
(
ϕWKB
(−)

(
X; q−1

)
+ ϕWKB

(−)

(
XD; q

−1
D

))]
P=Q=1

, (B.9)

its expansion in powers of X−1 is precisely the series in equation (B.8). From the coefficients of
this expansion, we can straightforwardly obtain the desired integers c−s = â−s(1) for s ∈ Z>0.

C Faddeev’s quantum dilogarithm and other special functions

The quantum dilogarithm is the function of two variables defined by the series [14, 32]

(zqα; q)∞ =

∞∏
i=0

(
1− zqα+i

)
, α ∈ R, (C.1)

which is analytic in z, q ∈ C with |q| < 1 and admits asymptotic expansions around q a root of
unity. The q-Pochhammer symbols, also known as q-shifted factorials, are defined by

(z; q)n =
n−1∏
i=0

(
1− zqi

)
, n ∈ Z>0, (C.2a)

(z; q)−n =
1

(zq−n; q)n
=

(−z)−nqn(n+1)/2(
z−1q; q

)
n

=
1(

zq−1; q−1
)
n

, n ∈ Z>0, (C.2b)

with (z; q)0 = 1. Equivalently, we can write

(z; q)n =
(z; q)∞
(zqn; q)∞

, n ∈ Z. (C.3)

Moreover, the quantum dilogarithm satisfies the q-binomial theorem, which can be expressed as

(xz; q)∞
(z; q)∞

=
∞∑
n=0

(x; q)n
(q; q)n

zn, (C.4)

where x, z, q ∈ C and |q| < 1, and implies the following q-series identities:

(qz; q)∞ =

∞∑
n=0

(−1)nqn(n+1)/2

(q; q)n
zn =

1(
z; q−1

)
∞
, (C.5a)

1

(z; q)∞
=

∞∑
n=0

zn

(q; q)n
=
(
q−1z; q−1

)
∞. (C.5b)

The Faddeev’s quantum dilogarithm Φb(z) is defined in the strip | Im(z)| < | Im(cb)|, where

cb = i
(
b+ b−1

)
/2, (C.6)

by the integral representation [13, 14]

Φb(z) = exp

(∫
R+iϵ

e−2izy

4 sinh(yb) sinh
(
yb−1

) dy
y

)
, (C.7)
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which implies the symmetry properties

Φb(z) = Φ−b(z) = Φb−1(z). (C.8)

When Im
(
b2
)
> 0, the formula in equation (C.7) is equivalent to

Φb(z) =

(
e2πb(z+cb); q

)
∞(

e2πb−1(z−cb); q̃
)
∞

=
∞∏
n=0

1− e2πb(z+cb)qn

1− e2πb−1(z−cb)q̃n
, (C.9)

where

q = e2πib
2
, q̃ = e−2πib−2

. (C.10)

Note that the function in equation (C.9) can be extended to the region Im
(
b2
)
< 0 by means of

equation (C.8) and further admits an analytic continuation to all values of b such that b2 /∈ R≤0.
Moreover, Φb(z) can be extended to the whole complex z-plane as a meromorphic function with
an essential singularity at infinity, poles at the points

z = cb + imb+ inb−1, (C.11)

and zeros at the points

z = −cb − imb− inb−1, (C.12)

for m,n ∈ N. It satisfies the inversion formula

Φb(z)Φb(−z) = eπiz
2
Φb(0)

2, Φb(0) =

(
q

q̃

)1/48

= eπi(b
2+b−2)/24, (C.13)

the complex conjugation formula

Φb(z) =
1

Φb(z)
, (C.14)

and is a quasi-periodic function. Precisely, as a direct consequence of its definition in equa-
tion (C.9), we find the relations

Φb(z + ibk) = Φb(z)

k−1∏
j=0

(
1 + e2πbz+πib2(2j+1)

)−1
, (C.15a)

Φb(z − ibk) = Φb(z)
k−1∏
j=0

(
1 + e2πbz−πib2(2j+1)

)
, (C.15b)

Φb

(
z + ib−1k

)
= Φb(z)

k−1∏
j=0

(
1 + e2πb

−1z+πib−2(2j+1)
)−1

, (C.15c)

Φb

(
z − ib−1k

)
= Φb(z)

k−1∏
j=0

(
1 + e2πb

−1z−πib−2(2j+1)
)
, (C.15d)

where k ∈ Z>0. If we consider the special case of b2 ∈ Q>0 and, specifically, take

b2 =
P

Q
, P,Q ∈ Z>0 coprime, (C.16)
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then the periodicity formulae above give in particular

Φb(z + ibQ) = Φb(z)
(
1 + e2πbQz+πiPQ

)−1
, (C.17a)

Φb(z − ibQ) = Φb(z)
(
1 + e2πbQz−πiPQ

).
(C.17b)

Finally, in the above rational case of equation (C.16), it was shown in [18] that Faddeev’s
quantum dilogarithm can be expressed as

Φb

( z

2πb

)
= exp

[
i

2πPQ
Li2
(
ew(z)

)
+

(
1 +

iw(z)

2πPQ

)
log
(
1− ew(z)

)
− logDQ

(
e

w(z)
Q ; e

2πiP
Q
)
− logDP

(
e

w(z)
P ; e2πi

Q
P
)]

, (C.18)

where w(z) = Qz + πi(P +Q), Li2(z) is the standard dilogarithm, and

DN (z; q) =
N−1∏
j=1

(
1− zqj

)j/N
, N ∈ Z>0, (C.19)

is the N -th cyclic quantum dilogarithm with D1(z; q) = 1. In the special subcases of b2 = P
positive integer and b2 = 1/Q positive unit fraction, the formula in equation (C.18) simplifies
into

Φb

( z

2πb

)
= exp

[
i

2πP
Li2
(
−ez+πiP

)
+

(
P − 1

2P
+

iz

2πP

)
log
(
1 + ez+πiP

)
− logDP

(
−e

z
P
+πi

P ; e
2πi
P
)]

, (C.20a)

Φb

( z

2πb

)
= exp

[
i

2πQ
Li2
(
−eQz+πiQ

)
+

(
Q− 1

2Q
+

iz

2π

)
log
(
1 + eQz+πiQ

)
− logDQ

(
−e

z+πi
Q ; e

2πi
Q
)]

, (C.20b)

respectively.
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(2025), 2117–2172, arXiv:2310.09262.

[16] Garoufalidis S., On the characteristic and deformation varieties of a knot, in Proceedings of the Casson Fest,
Geom. Topol. Monogr., Vol. 7, Geometry & Topology Publications, Coventry, 2004, 291–309.

[17] Garoufalidis S., Gu J., Mariño M., Peacock patterns and resurgence in complex Chern–Simons theory, Res.
Math. Sci. 10 (2023), 29, 67 pages, arXiv:2012.00062.

[18] Garoufalidis S., Kashaev R., Evaluation of state integrals at rational points, Commun. Number Theory Phys.
9 (2015), 549–582, arXiv:1411.6062.

[19] Garoufalidis S., Kashaev R., From state integrals to q-series, Math. Res. Lett. 24 (2017), 781–801,
arXiv:1304.2705.

[20] Gopakumar R., Vafa C., M-theory and topological strings–II, arXiv:hep-th/9812127.

[21] Grassi A., Hatsuda Y., Mariño M., Topological strings from quantum mechanics, Ann. Henri Poincaré 17
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