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Abstract. The starting point of this work is a theorem due to Maxwell characterizing the
distribution of a Gaussian vector with at least two coordinates. We define the Gaussian
orthogonal, unitary and symplectic tensor ensembles for notions of real symmetric, hermi-
tian and self-dual hermitian tensors which recover the classical vector and matrix Gaussian
ensembles when the order is one and two. We give a complete family of invariant polyno-
mials for orthogonal, unitary and symplectic transformations and we prove a Maxwell-type
theorem for these Gaussian tensor distributions unifying and extending the ones known for
vectors and matrices.
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1 Introduction and main results

1.1 Characterization of Gaussian distributions

Gaussian distributions are ubiquitous in modern science, and there are numerous ways to observe
and understand their occurrence. They are, among others, the maximum entropy at fixed
variance or the eigenvector of the Fourier transform. One very nice geometric characterization of
multivariate Gaussian distributions is due to Maxwell [4, 13]. His theorem states that a—random
vector of dimension two or more has independent entries and is rotationally invariant if and only
if its components are Gaussian, centered, with the same variance. In other words, such a random
vector has a law with a density of the form

H — aexp(~|H[3/v),

with (a,7) € R} x R%. Indeed, the rotational invariance forces the law to depend only on
the norm of the vector and the independence of the entries then forces it to be proportional to
a dilated Gaussian vector law. A short proof is given in Section 2.1. It has a lot of application
in physics, see the reviews [8, 15], and it inspired Boltzmann for his kinetic evolution equation.
Maxwell observes this phenomenon in order to derive the distribution of velocities in an ideal
gas at equilibrium. When the vector has three entries, the distribution is called Mazwellian in
statistical physics.

There exists a generalization of this result to the order two, due to Rosenzweig and Porter [16].
The theorem states that a real symmetric (resp. hermitian, resp. self-dual hermitian) random
matrix of dimension two or more has in the same time independent entries (up to symmetries)
and a law invariant by orthogonal (resp. unitary, resp. symplectic) transformation if and only if
its law has a density of the form

H + exp(—aTr(H?) + bTr(H) +¢),

where (a,b,c) € R% x R x R. We aim to prove that both vector and matrix results may be
unified in an overall characterization of Gaussian tensor ensembles of any order p > 1.
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Theorem (main). For any p > 1 and N > 2, a real symmetric (resp. hermitian, resp. self-dual
hermitian) random tensor H of order p and dimension N (1.2) has

— independent entries (up to symmetries),

— a law invariant by orthogonal (resp. unitary, resp. symplectic) transformation (see Defini-
tion 1.3),

if and only if it belongs to the Gaussian orthogonal (resp. unitary, resp. symplectic) tensor
ensemble (1.3), that is, it has a law with a density of the form

H — aexp(—||H - BI[§/7),
where (o, 3,7) € R x R x RY, and T is the symmetric tensor identity (Definition 1.1).

This phenomenon is purely multivariate as it is always true in dimension two or more, but
trivially false when N = 1, where any law is product and rotational invariance becomes symme-
try. A counterexample is given by the Rademacher law %.

1.2 Real and complex tensors

A tensor is an element of the vector space ((CN )®p for some p > 1 and N > 1. The integer p
is called the order, when p = 1 (resp. p = 2) we recover complex vectors (resp. matrices) space.
The integer N is called the dimension, note that we are dealing in this work only with cubic
tensors, that is, when each one of the p legs has the same dimension N, because we focus on
global invariance and not local one. For a complex tensor H &€ ((CN )®p , the Frobenius norm
of H is the sum of the square of the modulus of the entries of the tensor, that is,

IHIE= D [Hiil”

i1yl

When H is real, it is just the sum of the square of the entries.

Real symmetric and antisymmetric tensors. Let H € (RN )®p be a real tensor of or-
der p and dimension N for some p > 1, N > 1. The symmetric group S, acts on (]RN )®p
by permutation of the indices HY ;= Hi,,, i, for o € Sp. A tensor is sald symmetric
it H = H?, for all 0 € 5,. Note that when p = 1, a vector is always symmetric. We de-
note S®)(N) the set of real symmetric tensors of order p and dimension N. Moreover, we define
an antisymmetric tensor as a real tensor satisfying Hlezp = ¢e(T)Hy,,...i,, for all 7 € Sp. Simi-
larly, we denote A®)(N) the set of real antisymmetric tensors of order p and dimension N. We
say (i1,..-,1p) ~ (j1,-- -, Jp) if VK, i = joi) for some o € S, and we denote

B = {(il,...,ip) € {1,... ,N}p | E]jl,...,jp/g S.t. (il,...,ip) ~ (J1,715- - ,jp/g,jp/g)},

the set of paired indices. When p is even, one can check that if H is antisymmetric, Hi .. .i,=0
for all (i1, ...,7,) € B. Denote I';, __; the cardinality of the class of (i1,...,7,) under ~, that is,

p!
U1yeenslp N , R ’
[T=1¢iin, . ip)!
with ¢;(i1,...,4p) the number of occurrences of j in (i1,...,1%p).

Definition 1.1. The symmetric tensor identity, denoted I](\Z;) or just L, is the tensor Z =0 if p
odd and

Liy,ip = Liiy,ipyen/Tin,ipy - if p even.
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Hermitian tensors. Now, let p be an even integer. Let H € ((CN )®p be a complex tensor of
order p and dimension N. We say that H is hermitian if H = H® +iH®  with H® ¢ S®)(N)
and HM) € AP)(N). Hence, for any (iy, . . . ,4,) € P, we have in particular Hi . iy = Hi(f]’)wip eR.
We denote HP)(N) the set of Hermitian tensors of order p and dimension N.

Self-dual hermitian tensors. Let p = 2 (mod 4) be an integer and let H € (C2N)®p be
a complex tensor of order p and dimension 2/N. The quaternion elements, denoted

10 i 0 0 —1 0 —i
1:60:(0 1)’ el:(o —i)’ e2:<1 0)’ e3:<—i o)’

form a complete set and any 2 x 2 complex matrix can be written

a b _a—i—dl_ia—de _b—ce _Hb—i—c
c d) 2 9 1T g 2 2

e3.

Thus, identifying (CQN)®p with ((C2 ® C2)®p/2 X (CN)®p, the complex tensor H may be canon-
ically written as a tensor ) of order p, dimension N and with entries in ((C2 ® (C2)®p / 2, given by

p/2

Q _ Z Q(e1,...,sp/2) ®e657
s=1

617"'7€p/2€{0717273}

with Q(e1r/2) & (CN)®p. Denote € = (e1,...,€6y2) and for 0 < k < 3, ng(e) := [{s: €; = k}|.
Let € be the set of tuples € such that ni(e) + nz(e) = na(e) (mod 2), where the number of
imaginary and the number of antisymmetric quaternions have same parity. We say that @ (and
then H) is self-dual hermitian if

QY e SP(N) ifeeé€ and QY e AP(N) otherwise.

We finally denote Q)(2N) the set of self-dual hermitian tensors of order p and dimension 2N.

We briefly discuss the motivation from the perspective of theoretical physics. Rephrasing
Dyson and Mehta, self-dual Hermitian operators correspond to Hamiltonians of systems (with
odd spin) that are invariant under time reversal but not rotationally invariant. More precisely,
a quaternion element

q=q"1+¢Wer + ¢Pez + ¢Pes

is called real if ¢(@, ¢ ¢® ¢®) e R (note that this differs from ¢ € ]RZXQ). If the quaternion
is complex, its quaternion conjugate is

7=q"1—qWes — ¢Pey — ¢Pes,

and its Hermitian conjugate is

gt = 01 — (Wre; — (@rey — (P*eg.

For H a matrix of dimension 2N written as @ = (g¢;j) of dimension N with quaternionic en-
tries, time reversal invariance and Hermiticity require respectively g;; = ¢;; and q;rj = @ji, which
gives Q0 .= ( l(jq))ij is real symmetric and QM, Q@ Q) are real antisymmetric. We observe
here that the time invariance forces Q@ to be antisymmetric because e is the only anti-
symmetric quaternion basis element and the Hermiticity forces Q), Q) to be antisymmetric
because e; and es are the complex quaternion basis elements. This is the first motivation of
our definition of self-dual hermitian tensors. For a tensor (p-spin) model, we require QL to
be real symmetric or antisymmetric according to whether the number of antisymmetric quater-
nions factors e appearing in the decomposition ®§/: 21 €., has the same parity as the number of
complex quaternions factors e; and eg, or not.



4 R. Bonnin

Example 1.2. For p = 2, this coincides with the classical definition of self-dual Hermitian
matrix. In this case,

RQ=QVe1+QW e+ QP @es + Q¥ ®es,
with Q© = (Q©)" and Q®) = —(Q®) for k € {1,2,3}.

The first genuine tensor example is p = 6. Here we have p/2 = 3 and for € = (€1, €2, €3),
the parity condition is nj(€) 4+ nz(€) = na(€) (mod 2), or in other words e € £ if the number of
non-zero coefficients is odd. We have, for example,

(0,0,0),(1,1,0),(1,3,0) €€,  but (1,0,0),(1,1,1),(1,3,2) ¢ &,

meaning that Q000 Q110 Q13.0) are symmetric tensors of order 3 and Q100 Q111
Q(132) are antisymmetric ones.

Similarity transformations. Let U be a nonsingular N x N matrix. For p > 1 and N > 1,
the multilinear transformation of a tensor H € ((CN )®p under U is a tensor denoted U - H €
(CN )®p . Three particular similarity transformations will capture our attention: the cases
where U belongs to O(N) the orthogonal group (UTU = IN), to U(N) the unitary group
(U*U = IN) and to Sp(2N) the symplectic group (UTJU = J with J = exI% in symplectic
notation). In these cases, the similarity transformations are given by

— for U € O(N) and H € S®)(N),

(U-H)iy,.i Z Hj, . ,JpHUjma

]19 7,717

— for U € U(N) and H € HP)(N),

p/2 p/2
(U-H) 217 ol Z Hj, . JpHUmt 182t — HUJéﬂéta
J15esp t=1
— for U € Sp(2N) and H € Q) (2N),
p/2 p/2
(U-H) 217 -l Z Hj, . JpHUJzt 1i2¢— 1H(_JUJ)j2ti2t'

t=1

Definition 1.3. A real symmetric (resp. hermitian, resp. self-dual hermitian) random tensor H
is said orthogonal invariant (resp. unitary invariant, resp. symplectic invariant) if H has the
same law as U - H for any U € O(N) (resp. U(N), resp. Sp(2N)).

Remark 1.4. In the complex case, one could also consider the transformation

p/2

t)
(H' (U(l)’ T U(p/2 zl, i Z J15edp H ]2t 112¢—1 H Uj(2tl2t’

where we act with a different unitary on each leg of the tensor. In this case we speak of local
unitary invariance and many applications exist in quantum physics. We refer the reader to the
rich works of Gurau [7], Lionni [12] or Sasakura [17] for instance.

Remark 1.5. In the symplectic case, it is also possible to consider the similarity transfor-
mation (U - H);,,. ;, = Zj17-~-7jp Hj, ., [17-, Uj,,, and in this case the trace invariants (see
Section 1.4) are multigraphs where edges are decorated by a J instead of multigraphs where odd
halfedges are matched with even ones. We do this choice because we want to recover similarity
transformations of the type H +— U~'HU in the matrix case.
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1.3 Gaussian tensor ensembles

Gaussian orthogonal tensor ensemble. A real symmetric tensor H € S,(IV) belongs to
the GOTE(0,1) if, as a tensor-valued random variable, it has a density with respect to the
natural Lebesgue measure on S,(NN) proportional to

) o e (_ ||I;r;|%).

The law of such a tensor is orthogonally invariant because the density f only depends on the
Frobenius norm, and for all U € O(N), ||U - H||r = ||H||r. Moreover, taking into account the

symmetry, this also implies that H;, i, ~ N (O, %) Note that one could also write the
variance as p
p 1 0
) L . s -
o .= = Cill1y...51p)",

i1,enip F’£17~--aip (p—1)! ]1;[1 J( p)
with again ¢;(i1,...,7p) the number of occurrences of j in (i1,...,i,). More generally, we say
that H € Sp(N) belongs to the GOTE(S, v) if the density is proportional to

H — BT|3
2py

Gaussian unitary tensor ensemble. An hermitian tensor H € #,(/N) belongs to the
GUTE(0, 1) if, as a tensor-valued random variable, it has a density with respect to the natural
Lebesgue measure on H,(N) proportional to

F(H) o exp (—”i"F)

The law of such a tensor is unitary invariant, and the symmetries in the hermitian character of

the tensor gives that if (i1,...,4,) € P H;, 5, ~ N(O, 3T P__ ), and otherwise, if the indices
. B] yenes i

are not paired, !

HZ'L_”’Z‘I) ~N <O, 21_‘p> +iN’ <O, 2Fp> ,

i1 yesip i1 yeslp

where N and N/ are two independent Gaussian laws on R. More generally, we say that
H € S,(N) belongs to the GUTE(f, v) if the density is proportional to

_HH—ﬂIH%)_

F(H) o exp ( —

Remark 1.6. One could now define a complex Wigner tensor as W = H/N *3 with H an
Hermitian tensor whose entries are centered, have finite moments and the same variance as
a tensor from the GUTE(0, 1), and prove the convergence of the tensor moments as done in our
previous works for the real case [1, 2].

Gaussian symplectic tensor ensemble. Finally, a self-dual hermitian tensor H € Q,(2N)
belongs to the GSTE(0, 1) if, as a tensor-valued random variable, it has a density with respect
to the natural Lebesgue measure on Q,(2/N) proportional to

) ox s (- 2L2IE ),

p
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The law of such a tensor is symplectic invariant. Remark that for a self-dual hermitian tensor
the entries of all the Q(9) are in particular real, so the entries g := Qiy,....i, of the tensor @) sat-
isfy for s € {1,...,p/2} and ¢ = (u1,...,1p) € {1,2}P, q. = Gr,(,) if 1251 = 125 and q, = — Gy
if 1951 # 25, where 7g: (L1,...,0p) — (t1,...,3 — t25-1,3 — 125, ...,Lp) is the partial symme-
try. It is similar to what happens in the matrix case where the quaternionic elements, de-
noted H, are the ones with real coordinates in the quaternion basis (ey)o<k<s, that are matri-

ces of the form ( A ) The symmetries in the self-dual hermitian character give this time:

if (il,...,ip) € B,

p
qa,.1~N <0, ) and q,...12 =0,
Al i,

and otherwise, if the indices are not paired,

p - p
ql,...,l N <07 AT ) +LN <0> AT >7

1 yensip i1yesip

P A P
q17"'7172 N < ’ 4F ) + L/\[ < ’ 4Fi17"'7ip) 7

i1,---7ip

where N and N’ are again independent Gaussian laws on R. More generally, we say that
H € S,(N) belongs to the GSTE(f, v) if the density is proportional to

FUH) o exp <_2HH—WH%>
Py

1.4 Trace invariants

If H and H' are two tensors of order p and p’ and same dimension N, and r < p,p’, the
contraction of H and H' along their r first legs, is defined as the (p 4+ p’ — 2r)-order tensor

! !/
Hx H) = E H. . . H. .. . )
( T syl p o/ o ' . J1seesJry¥lseestp—r JLseesdralp—r+1lsslpyp/_op
jl"":]'r‘

To contract along legs different from the first ones, one could previously act on H and H' by
permutations, and in particular, one may get the tensor resulting of the contraction of the r-th
leg of H with the t-th one of H' by H1") x; H'(1) | The contraction operation is crucial in the
tensor setting. In particular, it enables to construct a family that generates all the polynomials
of the tensor invariant under orthogonal, unitary or symplectic transformation. This complete
family is given by the so-called trace invariants, see Section 3 for their detailed definition and the
proofs that they form a complete family in each case. They are encoded by p-regular multigraph;
where the odd halfedges must be matched with even halfedges for the unitary and symplectic
cases. More precisely, given a p-regular multigraph with & vertices (and kp/2 edges), we decorate
the vertices by the tensor H and the edges by indices i1,...,%g,/2. Then the trace invariant is
given by the sum, over each index going from 1 to the dimension N, of the product over the
vertices of the entry of H given by the p indices around the vertex. A detailed example is given
in Example 3.1 in the beginning of Section 3 where trace invariants are properly introduced. We
call the rank of a trace invariant the number of vertices in the associated multigraph.

Rank one and two. If p is odd, there is no trace invariant of rank one. Otherwise, if p
is even, there is only one trace invariant of rank one which is associated to the bouquet graph
(one vertex and p/2 self-loops, see Figure 1). The rank-one trace invariant is given by the paired
trace of H defined as follows:

0 if p odd,
Tr**(H) = Z Hilvila---7ip/27ip/2 if p even.

il7“"ip/2
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For the case of rank two, the trace invariants are associated to the graphs with two vertices,
a number 1 < r < p of edges between these two vertices with p —r even, and the other edges are
self-loops. A distinguished trace invariant of rank two is particularly interesting: the Frobenius
norm || H|%, associated to the melon multigraph, see Figure 1. It corresponds to the case where
the two vertices are linked by r = p edges and there is no self-loop; in the hermitian case the ¢-th
halfedge of the first vertex is matched with the (¢ 4+ 1)-th one of the second vertex (p+1 = 1)
and in the self-dual hermitian case the 2¢-th one of a vertex is matched with the (2t — 1)-th one
of the other vertex. The computation proving that the trace invariant associated to the melon
is the Frobenius norm is done in Section 3.4. Note finally that we have

1H = BZ|§/v = all H|[F + 0T (H) +c,

with a =1/, b= —28/v and ¢ = BQHI”%/'Y-

L & o=

Figure 1. Bouquet graph (p = 10), melon graph (p = 5), another trace invariant of rank 2 (p = 5),
respectively mg(H) = Tr**(H), mg(H) = |H||%, ma(H) = 3, 4 o 4.0 HaabedHebede-

Remark 1.7. In the vector case, there exists only one trace invariant (associated to the melon
graph with two vertices and one edge) given by ||H||% = |H|3. In the matrix case, since the
2-regular multigraph are exactly the cycles, the trace invariants are the traces of powers of H

(it is known since Weyl [19] that (Tr(H*)), _ is a basis of invariants).

1.5 Maxwell theorem

The original Maxwell theorem states that a random vector of dimension two or more has in-
dependent entries and is rotationally invariant if and only it has a law with a density of the
form H — exp(—a|H|3 + ¢), with (a,c) € R% x R. The generalization of this result to the order
two gives that a real symmetric (resp. hermitian, resp. self-dual hermitian) random matrix of
dimension two or more has in the same time independent entries (up to symmetries) and a law
invariant by orthogonal (resp. unitary, resp. symplectic) transformation if and only if its law is
proportional to the one of the GOFE (resp. GUE, resp. GSE) eventually dilated and translated,
that is, a law with a density of the form

H s exp (—aTr(H?) +bTr(H) +c),

where (a,b,c) € R x R x R. A complete proof can be found in the monograph of Mehta [14],
our general proof will adapt this one in the tensor setting. Indeed, with the objects we intro-
duced previously, both vector and matrix result may be unified in an overall characterization of
Gaussian tensor ensembles for any p > 1.

Theorem 1.8 (main). For any p > 1 and N > 2, a real symmetric (resp. hermitian, resp.
self-dual hermitian) random tensor H of order p and dimension N has in the same time in-
dependent entries (up to symmetries) and a law invariant by orthogonal (resp. unitary, resp.
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symplectic) transformation if and only if it belongs to the Gaussian orthogonal (resp. unitary,
resp. symplectic) tensor ensemble, that is, it has a law with a density of the form

H — aexp (=||H - BZI[E/7)
where (o, 3,7) € RL x R x R%, or equivalently,
H s exp (—a|H||f +bTr** (H) + c),
where (a,b,c) € R} x R xR.

It is very insightful to understand what does this result means in terms of invariants. The
theorem proves that independence of the entries and invariance force the law to depend in the
same way on only two very particular trace invariants: the Frobenius norm (associated to the
melon graph) and the paired trace (associated to the bouquet graph, existing only when p is
even).

Letac extension. There exists an extension of the original Maxwell theorem due to Le-
tac [11] for N > 3, with counterexamples for N = 2. He observes that a random vector H € RY
has independent entries and is “isotropic”, that is, P(H = 0) = 0 and H/|H| is uniformly
distributed on the sphere, if and only if its components are independent centered Gaussian
variables with the same positive variance. It implies Maxwell theorem when N > 3 because
rotational invariance and independence of the entries imply isotropy for three or more variables,
but isotropy contrasts strongly with rotational invariance for two independent random variables.
To the best of the author’s knowledge, no generalization to matrices or higher orders exists, we
discuss about it in Section 2.3. We will therefore consider a real symmetric random tensor H
with independent entries up to symmetries such that H/||H||r is uniformly distributed on the
Frobenius sphere.

2 Proof of Maxwell theorem

2.1 Warm-up: Proof of the original theorem for vectors

First, the law of a Gaussian vector belonging to N(O, O'ZIN) = N(O, 02)®N, having for density
H— exp(%\H ]% — % 1n(27r02)), is product and rotationally invariant. Reciprocally, let N > 2
and p be a law on RY product and rotationally invariant. Assume in a first time that p has
a smooth density f: RY — (0,00). As u is product, f must be of the form f(H) = [[X, fi(H;),
that is,

N N
Inf(H)=> Infi(H;) =Y g:(H).
=1 =1

Hence, taking the derivative along one coordinate we get 9;In f(H) = g.(H;), so 0; In f(H) must
depend only on H;. Moreover, the rotational invariance implies In f(H) = w(\H \%), so we have

O;In f(H) =2/ (|H|3)H,.

As 9;In f(H) depends only on H; and N > 2, then ¢/’ must be constant. That gives that there
exists a, b such that ¥(x) = ax + b, so finally f(H) = elH3+b and a < 0 because f is a density.

It remains to prove that we can assume without loss of generality that u has a smooth den-
sity. Otherwise, take H. = H + eWW where W ~ N(0,Iy). It has a smooth density given
by ux N(0,Iy), it is still rotationally invariant and has independent entries, so it is Gaussian
according to what we just proved. Hence, H, and W are L? and centered so H too. The
two first moments of H. converge to the ones of H and the Fourier transform of H. satis-
fies ¢, (t) = du(t)pw(et) — ¢p(t) when € goes to zero. As a consequence, H. being Gaussian,
we obtain that H is Gaussian too.
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2.2 Proof of the main theorem

We first consider the orthogonal case, we will give the details of the slight modifications necessary
to obtain the two others ones in a second time. In order to prove the main theorem, let us
introduce, for 6 € [0, 27],

cosf sinf O 0
—sinf® cosf O 0
Uy = 0 1 0
0 0 1
and denote
0 -1 0
aur 1 0 0
A=y, =
o0 ° U
0 - --- 0

The proof will rely on the fact that if H has a law orthogonally invariant, then the law of H
and H' = Uy - H is the same and one may differentiate with respect to 6. We first state some
useful intermediate results that we are going to prove in a second time.

Proposition 2.1. We have

OH P -
(89) :ZlAaqH(’).

In other words,

N

OH

<80> = Z(Ailka,ig,...,ip + AigkHiy g,y + 0+ Ak Hiy i k)
115000p k=1

Lemma 2.2. Let g1, g2, g3 be three continuous and differentiable functions such that g1 (zy) =
92(x) +93(y). Then, there exists «, 1, B2, B3 such that for all k € {1,2,3}, gr(u) = alnu+ S,
with By = B2 + Ps.

Proof of Theorem 1.8. Let H be a real symmetric tensor having independent entries and
a law p orthogonally invariant. Possibly after changing H into H + ¢W with W belonging to
the GOTE, we may assume without loss of generality that p has a smooth density given by

fH)y = 1 Fori(Hir i)

i1 <-<ip

By orthogonal invariance, % In f(H) = 0. Then using the computation of Proposition 2.1, we
find

0 Z 1 Ofir,ip OHiy i
Wit firyoiy(Hiy i) OHyy i 0

P

N
1 8f yeeel
= Z L Z(Ailka,ig,...,ip + A Hiy geyiy + o+ A iy iy k)
Jir oy OHiy iy £
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Moreover, we know that A;j is equal to —1 if (i,k) = (1,2), to 1 if (i,k) = (2,1) and to 0
otherwise. We introduce a brief notation for ease of notation in the sums with multi-indices.
For given integers r € {1,...,p — 1} and i 41,...,ip, let us denote fo; . 4, for fo, . avip_,..ip
and Hy, .. 4, for Hay . 4.y ,,..ip- In particular, fi(Hi) = fi,,..i,(Hi,,..i,). The previous
equations gives finally

_ -1 ofr 1L 0fs
0= 2 [ﬁ(Hl)aHlH?*f2<H2>aH2H1]

3<in< <y
+ 2 1 7 .
1 Of12 ]
+ 7 H o H + PR N 21
fi2(Hi2) 8H1,2< 1,1 2,2) Z [..] o

3<ia < <ip

The different brackets depend on mutually exclusive sets of variables, and their sum is 0, so each
must be a constant and in particular for given integers i, > --- > i3 > 3, there exists C' = Ci2,,,,7ip
such that
-1 9 1 0
— iH2 + ﬁ 1.
fi(Hy) OH, f2(Hz2) 0H;

Hence, after dividing by HiHo we get

C _-1 1 op 1 1 9f
H\Hy, H; fi(H\)0H, H f>(H2) OH'

and now applying Lemma 2.2 we find that the constant C' must be zero. That means

Lo on 11 op
Hy fi(H1) 0Hy  Hs fo(Hs) OHy'

and this must be a constant ¢’ = ¢, ; , which gives

1 0fi ,

fi(Hy) 0H, — ©

yeenrlp

1-

After integrating we find In fi1(Hy) = %’Hf, so ¢ must be negative (f1 is a density) and

we denote it —2a in place of, with a € R% (depending on is,...,%,). Finally, we conclude
from all of this fi,.. .i,(Hi,,..i,) :exp(—aHfi%._’ip). The same holds for fo(Hz) giving

J2inip(H2jis i) = exp(—aH%iz’._’ip). Note that involving the symmetries and orthogo-
nal matrices Uy with the rotation acting at different positions than (1,2), it follows that
any p-tuple of indices with at least one index i distinct from all other ones gives a contri-
bution f;, i, (Hi,..4,) = exp(—ail7”.7%717%“,...JPHEIW.JP). Now, the second bracket in equa-

tion (2.1) gives for iy > --- > i3 > 3,

9 ( -1 0f1a 1 0fa2
fii(Hi1) OH1qp  fo2(Ha2) OHa o

..... i
> —2a12,4s,....i,(H1,1 — Ha2) = =0,

and we deduce immediately

1 df11 ), — 1 0fap
fia(Hia) OHya " foo(Hap2) OHo o

that is, finally

+aHz2 = by, iy,

a2
fl,l,ig,...,ip(Hl,l,ig,,...,ip) = exXp (—§H1,1,i37...,z'p - le,Lis,...,ip> :
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But as all invariants are expressible in terms of the trace invariants, the two only ones which
can appear are the melon (corresponding to the Frobenius norm) and the bouquet (correspond-

ing to the paired trace), and the constants must satisfy T bi1,i1,...,ip/2,ip/2 =

. . D] geees ip
% and by, ... ;, = 0 otherwise, leading to
81587 500y 7‘p/2‘7‘p/2
a 2
f(H)=exp| — Z T Hz‘l,.‘.,ip
< . 11 yeenydp
11 < <ip
b
+Lpeven ) T Hiiipiy T
i1< <im0 115815--tp /25tp /2
2 } :
= €exp ( —a Z Hi17...,’ip + b]lp even Hilai11'~')7:p/2)ip/2 + C) .
il""vip 74'17“-»1'1)/2
This concludes the proof. |

Proof of Proposition 2.1. Consider the transformation H = U - H' with U = Uy. Then we
have the equality

N P N

/ T
> UikHrigiy = > Hiy 5 T Uiic > UinkUi s,
k=1 t=2 k=1

j17""jp
p
_ / . o
- Z Hjlv-“:jp HU]ﬂt X 1]1=z1a
j17"'7j}7 t=2

which finally gives

N p
> UikHrinoiy= Y, Hiygoogo [ Ui (2.2)
k=1 t=2

j27~--’jp
Now one can compute the differentiation of H with respect to 6,

OH Lo oU;, ;.
(5), = % e Sl (%)

e =1t

2 anrﬂ'r ! a
I ST | (2
™ t=1

r=1 J1seens Jp
J 3’; t#r
- Z Z Z ( 80 ) o X U]Tk Hi17~~-77;r—17k7i7‘+1,-..,Z'p7
r=1 k=1 Jr ryJr

where we used equation (2.2) for the last line. Replacing by A, we finally get the result

OH N
<80> = > (AirHry, .y + Aigk Hiy iy + o+ AieHiy iy 1 k) u
7;17---7i17 k=1

Proof of Lemma 2.2. Differentiating the relation g1(zy) = g2(x) + g3(y) with respect to =
gives ¢} (zy) = ygh(x), and after integrating with respect to y, we get g1 (zy) = xgh(z) Iny+ h(z)
Hence, inserting this equation in the initial relation, we have

93(y) = g1(zy) — g2(x) = zgy(x) Iny + h(z) — ga().



12 R. Bonnin

The right-hand side term must be independent of y which means that there exists constants a, b3
such that zg5(x) = a and h(z) — ga(x) = b3, that is, g3(y) = alny + b3, and by integration
of gh(z) = a/z we also have ga(x) = alnz+by. Finally, this gives g1 (2y) = aln(zy)+ba+b3. W

Unitary and symplectic cases. We adapt the proof for hermitian and self-dual hermitian
tensors. For 6 € [0,27], we take the same matrix Uy which is both orthogonal, unitary and
symplectic (of size 2N in this last case), that is,

cosf sinf 0 0
—sinf cosf O 0 0 -1 0
0 1 0 aUe 1 0 0
U9: and A— U@ 9
00 0 0
0 0 0 0
0 0 1
or in quaternionic notations
lcosf —egsind 0 --- 0 es 0 0
0 1 -~ 0
Us = . R
0 1 o -~ - 0

The computation of the derivatives of H with respect to 6 is exactly the same. Now recall
that if H is hermitian (resp. H is self-dual hermitian identified as Q with (p/2)-quaternionic
entries), it is of the form H = H©® +iH® (resp. Q ZEGS QW ®p 1 €, ) With HO e sP)(N),

D e AP)(N) (resp. QY e SPI(N)ifeec & QO e AP(N) otherwise). Hence if H, resp. H,
is a tensor hermitian, resp. self-dual hermitian, with independent entries and a law unitary, resp.
symplectic, invariant, their laws have densities (without loss of generality after adding a tensor
from the GUTE, resp. GSTE) of the form

H fu z1 H le 11 ..... zp)’

i1 < <ip iy <--<ip
not paired

and
_ (e) ()
_H H fil,m, 217 By H H f”bh ol QH, oy )
66511§§zp 6 g i1 <--<ip
not paired
Denote i = (i1,...,4p). Then, the invariance under respective similarity transformations gives
0
= —Inf(H
- n f(H)
B Z 1 5fi(0) 8Hi(0) Z 1 8fi(1) 5,Hi(1)
et L I P T R
not paire
and

1 a9 ol 1 a9 ol
0 - Z Z € € . € ) + Z Z € € : € )
T, 1@ 0 99| 2| LA, 1@ 0 9

not paired
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Each bracket in both equations depends on mutually excluding sets of variables and can be
treated individually. We derive mutatis mutandis exactly the same computations as for the real
case. We obtain

R D S TR DR A

i < <ip 11,..0p iy eip
not paired
+ § LH(O) . . +c
i i i 1158159 tp/25p /2
i1§~"§ip/2 15%15--5tp/25tp /2

= exp —a E 7417 e Hll, 2 +b E 7417117 ’p/Q’p/2+C

1,.. ﬂp 01, ’p/2

in the unitary case, and

fm=ew (-3 ¥ @) Y @)

€€ i1 <<ip Lty & iﬁfp;riﬁ Lir,oip
b
e —— c 2.
+ Z . . . Q'Ll7zl7 ) p/27 p/2 + ( 3)
1< <o 11521 5--5p /25Tp /2

in the symplectic one. Since

Qi B = D [(Qirip)eri

L1y tp€{1,2}
= > Re((Qirip)irn)? (@i iy iy)?
L17...,LPE{1,2}
€ 2 € 2
= > @) X @)
e (€)+n3(e)=0[2] eny(e)+ns(e)=1[2]

_ Z (6) 2
7417 7Zp ’
then

IR = D7 1Qu = Y2 (@

ilr-'vip 01y 37'11 €

and we deduce immediately from equation (2.3) the desired result.

2.3 Letac extension

In this subsection, we discuss briefly about a Letac-type extension of the theorem. We say that
a real symmetric tensor H is isotropic if H/||H||r is uniformly distributed on the unit Frobenius
sphere of S®)(N). In the case p = 2, such matrices have been studied by Kopp and Miller in [9]
as spherical matrix ensembles, but we would prefer the term isotropy instead of sphericity which
could refer to rotational invariance in the physics literature. The original result for vectors by
Letac is the following.

Proposition 2.3 (Letac [11]). A random vector H € RN, N > 3 has independent coordi-
nates and is isotropic if and only if its components are Gaussian, centered, with the same vari-
ance v € R%..
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Corollary 2.4. A random vector H € S(p)(N) with p > 2, N > 2 has independent coordinates
up to symmetries and is isotropic if and only if it belongs to the GOTE(0,v), v € R .

Proof. Let p > 2,N > 2, K := > >0, -3, 1and &: SW(N) — RF be de-
fined by

O(H) =(1/Tiy,.oiy Higy iy 1 S i1 <00 <y < N).

Then ® is linear, bijective, and an isometry in the sense that |®(H)| = ||H||p for all H € S®)(N).
Next, ®(H) is a random vector of R, K > 3, with independent coordinates since ® is a ten-
sor function. Moreover, since H/||H|| is uniformly distributed on the unit Frobenius sphere
of S?P)(N), and since ® is a linear isometry, it follows that ®(H)/|®(H)| = ®(H/|H||f) is
uniformly distributed on the unit Euclidean sphere of R¥. Therefore, by Proposition 2.3, ®(H)
is Gaussian, and therefore H is Gaussian since ® is linear and bijective. |

The question is now: Can we deduce Maxwell theorem from this result as it is the case for
vectors when N > 37 Note that for p even and for all @ € R, aZ is orthogonal invariant,
but oZ/||aZ||r = Z/+/|P] is not uniformly distributed on the unit Frobenius sphere. Moreover,
if the law of H is orthogonal invariant, then for all @ € R, the law of H + o[ is also orthogonal
invariant. We conjecture that if H is orthogonal invariant with independent entries, then H' :=
S—E(S1,....1)Z is isotropic. This would give the theorem by applying Corollary 2.4 to H'. Remark
that in the matrix case, if H is orthogonal invariant with independent entries, E(H;;) = 0
for all 1 <i < j <n and the law of Hy; does not depend on k so H' is centered, orthogonal
invariant with independent entries. Is it sufficient for isotropy 7 We leave this question open to
the interested reader.

3 Complete family of invariants

We define properly the trace invariants and then prove that any invariant polynomial can be
written as a linear combination of the trace invariants. This name was first given by Gurau
in [6]. Let g,(f ) the set of all connected p-regular multigraphs with n vertices, that is, graphs
where multiedges and self-loops are allowed and each vertex has multiplicity p, with a given
order for the p edges around each vertex. We denote v the p-tuple of neighboring edges of v.
The edges are indexed by i1, ..., %,y,/2. Note than np must be even, otherwise there is no trace
invariant of rank n. Then, for H a tensor of order p, dimension N and G = (V, E) € | |,~¢ g,(f’ ),
we define the trace invariant associated to G as the polynomial N

N
mG(H) = Z H Hi<3v>1 »»»»» (6v)p”

1<iq,...ip<Nv=1

In the hermitian and self-dual hermitian cases, we ask moreover that the edges of the multigraphs
connect two halfedges of different parity, that is, (Gv)9;—1 and (Ow)gy for two vertices v and w
no necessarily distinct.

Example 3.1. Let H be a (symmetric or hermitian) tensor of order 4 and dimension N. We give
an explicit example of trace invariant associated to a 4-regular multigraph.

We claim that the trace invariant are a complete family of all the invariant polynomials in
both three cases. Note that exactly the same result holds for polynomials in the entries of
a family of tensors, with possibly different orders. A complete family is given by trace invariants
associated to graphs having vertices with multiplicity matching with the order of a tensor of the
family (these polynomials are also called tensor maps or tensor networks).
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u

Figure 2. For this graph, we have du = (1,2,3,4),0v = (5,3,2,1) and dw = (4,5,6,6). We decorate
the vertices u, v and w by H and each edge by an index (i) for edge k). The associated trace invariant

is given by > oo Hivvinisyia His i ingin Hiis s o -

3.1 Orthogonal case

The proof in the orthogonal case is already properly given by Kunisky, Moore and Wein in [10,
Appendix A]. They recall references where the result appeared [5, 19] but they give a proof more
suitable to our context. We recall here their path. Let H be a real symmetric tensor of order p,
dimension N and R be a polynomial of degree n in the entries of H. Then there exists a vector
of coefficients C' € (RN")" ~ (RY )®np such that

§ ) R @n >
HZh Slp * Z(n 1)p+1r-olnp CZl,.-.,an T <H 7C ’

i i ~~

1y--5inp —(H®")i1 ceinp

Then for U € O(N), since R is orthogonal invariant, we have
R(H)=R(U"-H)=(U"-H®*",C) = (H*",U-C) = (H®", (U*")" %, C),

with 0 = (2 np+1)(4 np+3)---(np 2np—1), 50 (UE™"P)i, vy = 11 Uigsinys, (We contract
along the odd legs because each U has one contracted leg in U - C'). We can now symmetrize C'
by taking the expectation over the Haar measure, that is,

R(H) = (H®",Eycom)U®™ np C).

It is well known [3, 18] that the expectation over the orthogonal group can be written in terms
of the Weingarten functions, that is,

®np,o _
(EUGO(N)U )z‘l,...,iznp - Z Wey,r H 0iy i u(t) Qi 1, inp+7(t)”
v,TEM(np)

where M(np) € Sy, is the set of involutions without fixed point (perfect matchings) and
Wg, , € R is the Weingarten coefficient associated to (v, 7). Now we get

np
(Eveom U™ %, C)u, inp Z O‘(T)H(Sit’if(t)’

TEM(np)
and denoting S; the tensor associated to the matching 7 with entries (Sr);,...i, = [[124 Oitsir oy
we have
RH)= Y oan)(H,S)= > ar)mgem(H),
TEM(TLP) TGM(?’LP)
where G(7) is the multigraph canonically associated to 7, that is, a vertex v € {0,...,n—1} has

neighboring edges v = (vp+1,..., (v + 1)p) and the halfedge (0v) is matched with 7((0v)).
This concludes the proof.
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3.2 Unitary case

Let us adapt this in the unitary case. Let p be an even integer and H a p-order hermitian tensor.
The computation is slightly different from the one did for the case of local unitary invariance,
where the legs are distinguished in p different colors and cannot be matched with one of another
color, see for instance the rich monograph of Gurau [7]. Let R be an invariant polynomial of
degree n. We still have R(H) = (H®P,C), so for U € U(N),
RH)=R(U"-H)=(UT -H*",C)
= (H®",U-C) = (H®", (U2 @ UP"P/2)7 &, C),

where we denote

eo=2np+1)4 np+3)---(np 2np—1), and

_ 9 _
* (U®np/2 ® U®np/2)?1,..-,i2np = ?ﬁ{ Ui2t_1,inp+2t—1Ui?tainp—o-%‘

Taking the expectation over the Haar measure gives
R(H) — <I{®n7 EUEU(N) (U®np/2 ® U@np/Z)U *np C>,
and we derive thanks to complex Weingarten calculus developed by Collins et al. [3]

(Eveuow) (UE™? @ TE™/2)7)

(51 7--~ai2np
np
- Z Weor H Oi iy 1y Ot trimpr ()
vreM({1,3,...mp—1},{2.4,...np}) t=1

where M({1,3,...,np — 1},{2,4,...,np}) is the set of involution with no fixed points from
{1,...,np} into itself such that all the images of elements of {1,3,...,np—1} arein {2,4,...,np}
and reciprocally (M is for “matching”). Hence,

R(H) = Z a(T)mer) (H),
TeM({1,3,...,np—1},{2/4,...,np})
where G(7) is the multigraph associated to 7, where the even halfedges are then matched with

odd halfedges.

3.3 Symplectic case

Let us now treat the symplectic case. Recall that J is the canonical symplectic form correspond-
ing to the matrix

0 -1 0 0

1 0 -1 0
J=esll = |0 =—JT.

: . .. .o —1

0 ... ... 1 0

With the considered similarity transformation, we have for R an invariant polynomial of degree n
and U € Sp(2N),

R(H) = R(UT - H) = (H®", (U2 & (—JU J)*"P/?)7 %, C),
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H

U
C = (Ueml2 @ gemw/2)? &, C

U

H

U®np/2 U®np/2) *np C = 1 1 as NI
{ H
Weingarten calculus

Figure 3. Sketch of proof, unitary case.

where we denote

e o0=(2np+1)(4 np+3)---(np 2np—1), and
° (U®np/2 ® (- JUJ)®np/2) — T2 U,

i1,i2np 1=1 Uiz 1inpraer (TIU iz iny 421
Again taking the expectation over the Haar measure gives
R(H) = (H®", Eyespn) (US™P? @ (—JUJ)E™/2) x,, C),
and we derive thanks to symplectic Weingarten calculus [3]

(EUGSp(QN) (U®np/2 ® (—JUJ)(me/Q)a)A

117'--7i2np
np/2
— (—1)"p/2 E ' . . . ,
- ( 1) IEUGSp(QN) H UZQt—ly'an-!—Qt—lJ12t7k2t—1Uth-l,kéthlzt7’an+2t
kl,klg,...,k‘np_hk’%p t=1

=2 > Wg, ,

kuk; V,TEM({1,3,...,711)—1},{2,4,-..,np})
np/2

| | t2t—1,ky (21) an+2t LK oy 1)J’52t7k2t 1Jk2tﬂnp+2t

= Z Wgy,T

v,Te M({1,3,...,np—1},{2/4,...,np})

np/2
X H Z Ji2t71,kJiu(2t—1),k E :Jinp+2tflvk/Jk,vimﬂrf(%*l)
t=1 k k'
np/2
= § Wg, - H 6i2t71aiy(2t—1)5inp+2t—1,inp+7_(2t_1)'

v, rEM({1,3,...np—1}1{2.4,... np}) t=1
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np
- Z ngl,T H 6iuiu(z) 5inp+t,inp+7_(t) .
vreM({L3,...np—1},{2,4,....np}) =1

So finally, as in the hermitian case, we find

R(H) = > a(T)mer) (H),

TEM{1,3,nmp—1}{2,4,....np})

where G(7) is the multigraph associated to 7, where the even halfedges are then matched with
odd halfedges.

3.4 The melon graph

The melon is the graph with two vertices linked by p edges, in the hermitian case the t-th
halfedge of the first vertex is linked with the (¢ + 1)-th one of the second vertex and in the
self-dual hermitian case the 2¢-th halfedge of a vertex is linked with the (2¢ — 1)-th one of the
other vertex. Then, the computation of the trace invariant is straightforward:

— in the real symmetric case, -, . Hi i, Hiy.i, = |H| 2,

— in the hermitian case,

Z 1] 4eeeyl 12, Sipyil — Z ( 1(10,) Hip +ZHZ(1,) 7p)

11 5eenslp 11 yeenylp

< (B vic( 2..p)HD ) =|H3,

215--52p 11,

—(—1p-1=—1
— in the self-dual hermitian case, let v, = i, — 2| % | + 1 € {1,2},
Y HiiHieipip

1<i1,0yip<2N
- Z (QL”J 12 J)m »p(QL%J,L%JML%LL%TAJ)L%”v""‘P’LP*l

i1yeensip
) p/2 p/2
- Z Z 'pJ) <®e5s> <®e6s>
11,..0p ee€ 2 s=1 Llyeeslp Ng=1 L2,L1 e slpylp—1
) p/2 p/2
/2 € ,
FYCR@y, (@) (®e)
egg s=1 Llyeolp Ng=1 L2,L1,.-lpslp—1
2 2
= i - —1)"(Q: ipi) s
2. 2+ ) 2@y )
i1,...0p €EE e¢E
where (—1)?/2 = —1 because p = 2 (mod 4). Remark that by choice of £ as the set

of € such that ni(e) + n3(e) = na(e) (mod 2), where n; + n3 is the number of imaginary
quaternions and ny the number of antisymmetric ones appearing in the tensor product
of e, we have

Hoep= > Quuy 1w = 2. @a) s

€: n1=ngz[2] ? e: n1Zns[2] ’

= 2 Quay iy T 2 ESIEY

€: n1=n3[2],n2=0[2] 2 €: n1=ngz[2],n2=1[2] 2
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- > Q) 1)~ > ESINEY

€: n1#n3[2],no=0[2] RS e: n1Zn3[2], n2=1[2] ) 2
= —1 n2 Ei i _ -1 n2 67; -
2"y iy %( Qe

so finally we find

E — E . 7. R 2
Hi17---»ipHi2,i1,~--,ip,ip—1 - Hllv--ﬂpHZlamﬂp - HHHF

1<it ey ip<2N i1 yerip
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